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1 Introduction

The present preprint is the first one in a short series of preprints. The main aim of this
series is to give a proof of "the only non-trivial result on algebraic cobordism” stated
by V.Voevodsky in [V, Th. 3.22]. In this preprint we introduce the notion of oriented
homology theory on algebraic varieties following the outline of [PS], [P1] and [P2].

So in this preprint we consider a field £ and the category of pairs (X,U) with a
smooth variety X over k£ and its open subset U. By a homology theory we mean a
covariant functor A from this category to the category of abelian groups endowed with
a functor transformation 0 : A(X,U) — A(U) and satisfying the localization, Nisnevich
excision and homotopy invariance properties (2.0.1).

We consider three structures a homology theory A can be equipped with: an orienta-
tion on A, a Thom structure on A and a Chern structure on A. We describe relations of
these structures to each other. These should be considered as a preliminary to construct
trace structure on an oriented homology theory. The proper construction of the trace
structure is postponed to the next preprint.

The author thanks I.Panin very much for useful discussion on the subject of the present
preprint.

1.1 Terminology and notation

Let k be a field. The term ”variety” is used in this text to mean a reduced quasi-projective
scheme over k. If X is a variety and U C X is a Zariski open then Z := X —U is considered
as a closed subscheme with a unique structure of the reduced scheme, so Z is considered
as a closed subvariety of X. We fix the following notation:

e Ab - the category of abelian groups;

e Sm - the category of smooth varieties;

SmOp - the category of pairs (X, U) with smooth X and open U in X. Morphisms
are morphisms of pairs.

We identify the category Sm with a full subcategory of SmQOp assigning to a variety
X the pair (X, 0);



e pt = Spec(k);
For a smooth X and an effective divisor D C X we write L(D) for a line bundle
over X whose sheaf of sections is the sheaf Lx(D) (see [Har, Ch.IL§6, 6.13]).
P(V) = Proj(S*(VV)) - the space of lines in a finite dimensional k-vector space V/;
Ly = Oy(—1) - the tautological line bundle over P(V);

1x - the trivial rank one bundle over X, often we will write 1 for 1x;

e P(E) - the space of lines in a vector bundle E
Lg = Og(—1) - the tautological line bundle on P(E);
E° - the complement to the zero section of E:
EVY - the vector bundle dual to E;

z : X — E - the zero section of a vector bundle F;

2 Homology theories

2.0.1 Definition. A homology theory is a covariant functor SmQOp Ay Ab together with
a functor morphism 0 : A, (X,U) — A,(U) satisfying the following properties

1. Localization: the sequence A,(U) LN A(X) LN A (X, 0) Or, A (U) &5 A(X) is
exact for each pair P = (X,U) € SmOp, where j : U — X andi: (X,0) — (X,U)
are the natural inclusions;

2. FEzcision: the operator A, (X', U") — A.(X,U) induced by a morphisme : (X', U') —
(X,U) is an isomorphism, if the morphism e is etale and for 7 = X — U, Z' =
X' —U" one has e™(Z) = Z" and e : Z' — Z is an isomorphism;

3. Homotopy invariance: the operator A,(X x Al) — A,(X) induced by the projection
X x A! — X is an isomorphism.

The operator Op s called the boundary operator and is written usually as 0. Let us stress
that the functor takes values in the category of abelian groups rather than in the category
of graded abelian groups. The subscript x in A, is used only to stress that we work with a
covariant functor.

A morphism of homology theories ¢ : (As,0a,) — (Bx, 0,) is a functor transformation
w: A, — B, commuting with the boundary morphisms in the sense that for every pair
P = (X,U) € SmOp one has 85 o pp = oy 0 0} .

We write also AZ(X) for A.(X,U), where Z = X — U, and call the group AZ(X)
homology of X with the support on Z. The operator

Au(X) =5 AL(X) (1)
is called the support restriction operator for the pair (X, U).

Below in the text we will often denote a support restriction operaror appearing in
various contexts by .



2.1 General properties of homology theories

We specify here certain properties of an arbitrary homology theory A, which are useful
below in the text.

2.1.1. The localization property implies that A?(X) = A,(X, X) = 0. Therefore A, () =
AY0) =o.

2.1.2. If any two of morphisms (X,U) — (Y, V), X — Y, U — V, defined by a morphism
f: (X,U) — (Y,V), induce isomorphisms on the level of A, then the third of these
morphisms induces an isomorphism on the level of A,.

2.1.3. Localization sequence for a triple. Let 7" C Y C X be closed subsets of
a smooth variety X. Let 0 : AT(X) — A,(X — T) be the boundary map for the pair
(X,X —T). Consider the support restriction map e, : A,(X —T) = AY"T(X — T) and
set Oy =e,00: AT(X) = AV "1(X - T).

We claim that the sequence

o A B ATX) S AT —T) S AY(X) S AT(X) > ..

with the obvious mappings « and S is a complex and moreover it is exact. We call this
sequence the localization sequence for the triple (X, X — 7, X —Y). If Y = X, then this
sequence coincides with the localization sequence for the pair (X, X —T).

2.1.4. Mayer-Vietoris sequence. If X = U; U U, is a union of two open subsets U;
and U; and if Y is a closed subset in X, thenset T; =Y —U;, Y, =Y NU;, Uo = U, NU,
Y, = Uips NY. Consider the morphism of the localization sequences for the triples
X DY DTy and Uy DY, DT induced by the inclusion of the triples (Us, Uy — T, Uy —
Vo) (X, X -T1,X-Y)

A2 (Uy = Ty) 2 AR (Uy) —— AT (Up) —2 AY2(U, — T)

T l
AN(X -T) —2 AY(X) = AT(X) 25 AN(X —T)).
The map 7 is an isomorphism by the excision property. Also by excision property we
may identify AY12(U, — T3) with AY2(Uyp) and AY(X — T1) with AY(U,).
Set d =007 toe,: AY (X) — AY12(Uyy).
We claim that the sequence

o AV (X) S AV (1) B A () @ AV (1) 20 4Y (X)) o .

is exact and call this sequence the Mayer-Vietoris sequence of the open covering X =
U, N U,. The proof of the exactness is straightforward and we skip it.

The Mayer-Vietoris sequence is natural in the following sence.If f : X' — X is a
morphism and X' = U] UUj is a Zariski covering of X' such that f(U}) C U; and if Y’
is a closed subset in X’ containing f~!(Y), then the mappings f, : AY (X') = AY(X),
fo AY (U = AUy, £, AT (U,) — AY12(U5) form a morphism of the corresponding
Mayer-Vietoris sequences.



2.1.5. Let i, : X, — X711 X, be the natural inclusion (r = 1,2). Let Y, C X, be a closed
subset for (r = 1,2) Then the induced map AY'(X;) ® A2 (X,) — AN (X, 1T X5) is an
isomorphism.

Proof. This follows from the Mayer-Vietoris property and the fact that A%(()) = 0.

2.1.6. Strong homotopy invarance. Let p: T — X be an affine bundle (i.e., a torsor
under a vector bundle). Let Z C X be a closed subset and let S = p~'(Z). Then the
natural map p, : A%(T) — AZ(X) is an isomorphism. If s : X — T is a section then the
induced operator s, : AZ(X) — A%(T) is an isomorphism as well.

Proof. First consider the case Z = X. Then S = T and we have to check that the
pull-back map p, : A.(T) — A.(X) is an isomorphism. Choose a finite Zariski open
covering X = UU; such that T; = p~(U;) is isomorphic to the trivial vector bundle over
each U; and then use the morphism of the Mayer-Vietoris sequences and the homotopy
invariance property of the homology theory A,.

To prove the general case consider the localization sequences for the pairs (X, X — Z)
and (7,7 —S). The natural mappings form a morphism of these two long exact sequences.
The 5-Lemma completes the proof.

2.1.7. Deformation to the normal cone. The deformation to the normal cone is a
well-known construction (for example, see [Fu]). Since the construction and its property
(3) play an important role in what follows we give here some details.

Let 7 : Y — X be a closed imbedding of smooth varieties with the normal bundle N.
There exists a smooth variety X, together with a smooth morphism p, : X; — A! and a
closed imbedding 7, : Y x A! < X, such that the map p; o7, coincides with the projection
Y x At - Al and

e the fiber of p; over 1 € A! is canonically isomorphic to X and the base change of i;
by means of the imbedding 1 < A! coincides with the imbedding i : Y < X;

e the fiber of p, over 0 € A! is canonically isomorphic to N and the base change of i,
by means of the imbedding 0 < A! coincides with the zero section Y «— N.

Thus we have the diagram
(N,N-Y) % (X, X, - Y x A) & (X, X —Y) (2)

Here and further we identify a variety with its image under the zero section of any vector
bundle over this variety.

Let us recall a construction of Xy, p; and #;. For that take X; to be the blow-up of
X x A! with the center Y x {0}. Set X; = X! — X where X is the the proper preimage of
X x {0} under the blow-up map. Let o : X; — X x A! be the restriction of the blow-up
map o’ : X; = X x A! to X; and set p; to be the composition of ¢ and the projection
X x A — Al

The proper preimage of Y x A! under the blow-up map is mapped isomorphically to
Y x A! under the blow-up map. Thus the inverse isomorphism gives the desired imbedding
i 1Y x Al < X, (observe that i,(Y x A') does not cross X).



It’s not difficult to check that the imbedding 7; satisfies the mentioned two properties
( the preimage of X x 0 under the map ¢’ consists of two irreducible components: the
proper preimage of X and the exceptional divizor P(N @ 1). Their intersection is P(V)
and 7;(Y x A!) crosses P(N @ 1) along P(1) = the zero section of the normal bundle N ).

We claim that the diagram (2) consists of isomorphisms on the level of A,. We will
not here give the proof of this theorem because the proof is straightforward analogous to
one given in cohomological context in [P2] (c.f. Theorem 2.2.8).

2.1.8 Theorem. The following diagram consists of isomorphisms

i 1 il
AY(N) = AV (X)) <= AL (X). (3)

Moreover for each closed subset Z C 'Y the following diagram consists of isomorphisms
as well

AZ(NY B AT (X,) & AZ(x). (4)

2.1.9 Corollary. Let jy : P(1& N) < X] be the imbedding of the exceptional divisor into
X, and let j; = e, 04y : X — X|, where e; : Xy — X| is the open inclusion. Then the
mapping

AFV(P(1e N)) = AN (X)) (5)

s an tsomorphism.

Proof. Consider the commutative diagram

AY(N)  —E Ay

*

APOPA @ N)) —Ly AYXA(X))

where the vertical arrows are the natural mappings. These vertical arrows are isomor-
phisms by the excision property. The operator i is an ismomorphism by the first item of
Theorem 2.1.8. Thus the operator ;¢ is an isomorphism. O

2.1.10. Let X be a smooth variety and let L be a line bundle over X. Let E =16 L
and let iy : X = P(L) — P(FE) be the closed imbedding induced by the direct summand

L of E. Let A, (P(E)) & AP®(P(E)) be the support restriction operator and let iL :
A, (P(L)) - A.(P(E)) be the natural mapping. We claim that the following sequence

0— A.(P(L) 2 A,(P(E)) & APO(P(E)) - 0. (6)

is exact.

To prove this consider U = P(F) — P(1) with the open inclusion j : U — P(FE)
and observe that U becomes a line bundle over X by means of the linear projection
g : U — P(L) = X (the line bundle is isomorphic to L") The obvious inclusion iz, :



P(L) < U is just the zero section of this line bundle, i;, = joi;, and the natural operator
il : A(U) — A(P(L)) is an isomorphism (the inverse to the one g,).

Now consider the pair (P(E),U). By the localization property 2.0.1 the following
sequence

o AU) B A PE) S APOPE) ..
is exact. If P(E) & X is the natural projection then the operator iX o p, : A,(P(E)) —
A,(U) splits j,. This implies the surjectivity of j, and the injectivity of 8 in the long
sequence above. To proof that the sequence (6) is short exact it remains to recall that
the operator iL is an isomorpism and i;, = j o ir.

2.1.11. We use here the notation from 2.1.7. Let e, : X; — X be the open inclusion
and let p : P(1® N) — Y be the projection and let s : Y — P(1 & N) be the section
of the projection identifying ¥V with the subvariety P(1) in P(1 & N). The following
commutative diagram will be repeatedly used below in the text

PleN) 25 X/ 2 x
T
Yy Payvxal By

where I; = e; 04; and jg is the inclusion of the exceptional divisor and j; = e; 04, and kg,
k, are the closed imbedding given by y — (y,0) and y — (y, 1) respectively.

2.1.12 Lemma (Useful lemma). Under the notation from 2.1.7 let j, : V; = X, —
Y x A — X' be the inclusion. If the support restriction operator A,(P(1 & N)) —

ATO(P(1 @ N)) is surjective then
Im(j)) + Im(j;) = A.(X),
in the other words the operator
@il AP(LeN) @AW - A(X)
1s an epimorphism. In particular this holds of Y is a divisor on X.

Proof. Consider the commutative diagram

APAeN) —E5  ax)

ﬂl lﬂt
APOP(1e N)) s AY<Al (X)),

where 3 and (3; are the support restriction operators. The bottom operator ;¢ is an
isomorphism by Corollary 2.1.9. The map £ is surective by the very assumption (if YV is
a divisor in X then « is surjective by 2.1.10). Since the composition ;0 j? coincides with
the one 50 o 3 it is surjective as well.

The localization sequence for the pair (X],V;) shows that Im(j!) = Ker(8;). The
Lemma follows. O



2.1.13. Let i : P(V) — P(W) and j : P(V) — P(WW) be two linear imbeddings (
imbeddings induced by linear imbeddings V' into W ). If the dimension of V' is strictly
less than the dimension of W, then i, = j, : A, (P(V)) = A.(P(W)).

In fact, in this case there exists a linear automorphism ¢ of W which has the deter-
minant 1 and such that j = ¢ o4. Since ¢ is a composite of elementary matrices and
each elementary matrix induces the identity automorphism A(P(W)) (by the homotopy
invariance of A) one gets the relation ¢, = id. Therefore j, = ¢, 0 i, = i,.

2.2 Chern and Thom structures on A

In this section A, is a homology theory. If X is a smooth variety we write 1x for the
trivial rank one bundle over X. Often we will just write 1 for 1x if it is clear from a
context what the variety X is.

2.2.1 Definition. A Chern structure on A, is an assignment which associate to each
smooth X, closed subset Z C X and each line bundle L/X a homomorphism e?(L) :
AZ(X) — AZ(X) satisfying the following properties

1. functoriality:
o Letp: (X",U'") — (X,U) be a morphism of varieties, Z = X -U, Z' = X'-U’

and L be a linear bundle on X. Then the following diagram commutes

A7(x1) S a7 (x)
“"*l w*l
z e?(L) z

e Chern homomorphisms commutes with 0 from a long localization sequence.

e ¢?(L,) = e?(Ly) for isomorphic line bundles L, and Ly;

2. nondegeneracy: the operator (p.,p. o e€) : A (X X PY) — A, (X) & A.(X) is an
isomorphism where e = e(q*O(—1)), O(—1) is the tautological line bundle on P?,
g: X xP' - Plandp: X x P! - X are projections;

3. wvanishing: eZ(1x) is a null homomorphism for any pair Z C X.

The homomorphisms e? (L) will be called Chern homomorphisms of the line bundle L.
(It will be proved below in 2.3.9 that these homomorphisms are nilpotent).

if Z = X the superscript in eZ(L) will be omitted.

2.2.2 Lemma. Let L be a tautological line bundle O(—1) over X x P'. Then one has
the following relations:

e e(L)2=¢e(L)e(LY) = 0;



o ¢(LY) = —e(L) € Hom(A,(X x P), A,(X x P')).

Proof. To prove the first assertion we show that for any two line bundle L, and Ly over
P! one has e(q*Ly)e(q*L1) = 0 where ¢ : X x P! — P! is a projection.
Fix two points {0},{cc} € P! and consider a commutative diagram

A X x P 2 A5 (x x Pl 1 AN X x (P! - {o0}))
e(q*Ll)l eXX{O}(q*Ll)JV eXx{o}(q*Ll)l
A (X x P 2 A0 (x x Py 2 AN X & (P! - {o0}))

where (3 is a support restriction and < is an excision isomorphism. The right vertical arrow
is null because ¢*L1|xxa1 is a trivial line bundle. Therefore the middle vertical arrow is
null. We get Boe(g*L;) = 0. By 2.1.10) the sequence 0 — A,(X) =% A,(X x P?) LN
AN (X x PY) = 0 is exact.

It implies that I'm(e(¢*Ly)) C Im(s.). Since the line bundle s*¢*Ly is trivial then
e(q*L2)e(q" L1) (A (X x P')) C (e(q"L2)s,)(Au(X)) = (s. 0 e(s*q*L2))(A.(X)) = 0 and
the first part of the lemma is proved.

In the proof of the second part we assume for simplicity that X = pt. It can do
because all line bundles to be considered below becames trivial being restricted to X.

Let 41,49 : P < P! x P! be closed imbeddings, pi, ps : P! xP! — P! be corresponding
projections and A : P! — P! x P! be a diagonal imbedding. Also let s : pt — P! x P!
be any closed imbedding and P : P! x P! — pt be a projection. The projection P* — pt
will be denoted by a small letter p.

We claim the following relation holds:

A, =il +i2 — s,p,. (7)

By property 2 there is an isomorphism A, (P! x P') — A, (pt) ® A.(pt) ® A.(pt) ®
A(pt) given by (Py, P o e(piL), P, o e(psL), P o e(piL)e(p5L)).
In order to check the relation 7 we must check four equations:

P.e(piL)A, = Pee(piL)(iy + 15 — 5.p.)
Pie(psL)A, = Pee(p3L)(iy + 5 — s.p.)
P.e(piL)e(psL)A, = Pe(piL)e(psL) (i, + 15 — s.px).

The first one is obvious. To prove the other three ones it is enough to observe that
e(prL)Ac = Ase(L);  e(prL)iy = dje(L); e(pjL)if =0 for k#r.

Then both hands in the second and third equations are equal to p.e(L) and both
hands in the fourth equation are zero.

Now we are ready to complete the proof of this lemma. Consider a line bundle M =
piL®psLY over P! x P Then it M =L; &M =1L"; A*M = 1p:.



By equation 7 one has P,e(M)A, = P,e(M)(il 4+ 12 — s.p.). Computing left and right
hand we get 0 = p,(e(L) + e(L")).

To prove an equality u = v € Hom(A,(P'), A.(P')) it is sufficient by property 2 in
Definition 2.2.1 to prove that p,u = p,v & pee(L)u = p.e(L)v.

The first one in our case (u = —e(L),v = e(L")) is just have checked. In the second
one both hands are zero because e(L)? = 0 and e(L)e (LV) = 0 by the first assertion of
this Lemma.

U

2.2.3 Definition. If one has a Chern structure (L, X, Z) — €Z(L) on a homology the-
ory A, then the assignment (L, X,Z) s (e)2(L) = eZ(L") will be called a dual Chern
structure with respect to {e}.

We must check that all properties of Chern structure are valid. The only point to
prove is the nondegeneracy. It is hold because by Lemma 2.2.2 ¢/(O(-1)) = e(O(1)) =
—e(O(-1).

2.2.4 Definition. One says that A, is endowed with a Thom structure if for each smooth
variety X, closed subset Z C X and each line bundle L/X it is chosen and fized a
homomorphism th? (L) : AZ(L) — AZ(X) satisfying the following properties

1. functoriality:

Let Z C X and Z' C X' be closed subsets, L/ X be a line bundle over X; ¢ : X' - X
be a morphism such that ¢='(Z) C Z'. Then the following diagram commutes

AZ(LY) s AZ(I)
chI(L’)l ch(L)l
AZ(X") 2 AZ(X),

where L' = L xx X' is a line bundle over X' and o* : L' — L is a morphism of line
bundles induced by .

Homomorphisms th? (L) commutes with 0 from a long localization sequence.

2. If T : Ly toLy is an isomorphism of line bundles over X then for any closed subset
Z C X one has th?(Ly) o7, = th?(L,) € Hom(AZ(L,), AZ(X)).

3. nondegeneracy: th(l) : AX(X x A') — A,(X) is an isomorphism ( here X is
identified with X x {0} ).

2.2.5 Remark. Chern and Thom homomorphisms commutes with 0 from the Mayer-
Vietoris sequence.

2.2.6 Lemma. Any homomorphism th?(L) is an isomorphism.

Proof. The usual arguments using Mayer-Vietoris and long exact sequence for a triple. [



Now we are going to describe a one-to-one correspondence between Chern and Thom
structures on A,.

2.2.7 Lemma. Suppose that a homology theory theory A, is equipped with a Chern struc-
ture. Then the following assertions hold

1. Let e = e(Opn(—1)) and B : A,(P") — AP""(P") be a support restriction. Then
there exists a unique homomorphism e : Afnfl(P") — A, (P™) such that eo § =e.

2. Let L/X be a line bundle, Z C X be a closed subset. Let p: P(1® L) — X be a
projection, s : X — P(1® L) be a closed imbedding identifying X with P(1), sy,
X - P(1a®L) be a closed imbedding identifying X with P(L) and (3 : A ) (P(1e
L)) — AF? (P(1 & L)) be the support restriction. Consider the line bundle M =
O1g1.(1) @ p*L over P(1® L). Then

o s“M=1L, s;M=1x;
e there erists a unique homomorphism o (L) : A (P(1® L)) - AZ(X) such

that a?(L) o 8 = p, o e(M).

Proof. To prove the first statement consider a long localization sequence for pair (P", P"—
P 1), As A, (P" —P"1) = A, (A") & A,(pt) by homotopic invariance each third arrow
in this sequence j, : A,(P" — P"') — A,(P") is mono. Therefore the long sequence
splits into short exact sequences

0— A (A") L5 4,(P™) & AP (P) 0. (8)

As j*Opn(—1) is trivial then e o j, = j, 0 e(j*Opn(—1)) = 0. Hence e factors through
the factorgroup AP"™' (P™) as required.

The proof of the second statement is similar the first one. First of all we compute
s*M and s;M. One has s*Oigr(—1) = 1x and s;O1(—1) = L. Therefore s*M =
1xV®s*p*L=L and s;M = L'V Q® L = 1x.

Consider a long localization sequence for triple P(1 & L) D p~(Z) D s.(Z):

e AT B DP1e L) - P) D AT @PLeL) S ADPLO L)) — ...

where Aﬁ’_l(z)_s*(z)(P(l ®L)—s.(2)) = Aﬁ’_l(z)_s*(z)(P(l @ L) — P(1)) by the excision

property.

Since P(1&L)—P(1) is a line bundle over P(L) (isomorphic to L") then sf : AZ(X) —
AF (D)D) (P(1®L)—P(1)) and (p|paeL)—p(1))« are inverse to each other isomorphisms.
Hence 7, in the long sequences has splitting (s£)~! o p, and this sequence splits into short
exact ones:

0= AZ(X) S5 47 D(PAe L) 5 AP (P e L) - 0. 9)

10



Since s% M is trivial then the homomorpfism e?” (%) (M) factors through 8: e~ () (M) =
er ' (2)(M) o 8. We can set

oZ(L) = p, o e " D(M). (10)
O

2.2.8 Remark. Notation used in the previous lemma will be used below in this section
without any further explanation.

2.2.9 Lemma. Let v : AZ(L) = AP (P11 e L) - P() —» AP PA L)) be
the excision isomorphism. Suppose that A, is endowed with a Chern structure. Let
a?(L) = oZ(L) oy where a homomorphism o?(L) is constructed in Lemma 2.2.7. Then
homomorphisms a?(L) define a Thom structure on a homology theory A,.

Proof. The functiorial properties of such constructed a#(L) are obvious consequences
from the analogous properties of Chern homomorphisms.

The only item we need to check is nondegeneracy.

By the nondegeneracy property of Chern structure we have a commutative diagram:

0— A, (X x AY) LA*(X x P1) —’3>Af><{°}(1:>1) — 0

e

0 A(X) — o A (X x PY) —Z% 0 A, (X) 0

where ( = e(O(1)) : A,(X xP!) — A, (X xP!) is the Chern homomorphism. The top row
is exact in the same way as sequence 8. The bottom row is exact by the nondegeneracy
of the dual Chern structure (c.f. Definition 2.2.3).

As two of vertical arrows are isomorphisms the third one is an isomorphism as well. [

2.2.10 Remark. The bar-notation introduced above will be used below without any further
explanation.

2.2.11 Lemma. Let {th”(L)} be a Thom structure on a homology theory A. Define a
homomorphism ¢?(L) as the composition

AZ(X) 25 A OP(1 e L) 5 A@O®ae ) P 42(x)).

Then the assignment (L, X,Z) — c¢?(L) is a Chern structure on A,. Moreover, if
we begin with a Chern structure {eZ(L)} and take a Thom structure to be the one corre-
}

sponding to the Chern structure {eZ(L)} by the construction from lemma 2.2.9 then for
any (L, X,Z) one has ¢Z(L) = eZ(L).

Proof. Functorial properties are obvious.

To proof the nondegeneracy property for a just defined Chern structure it is sufficient
to prove nondegeneracy of the dual Chern structure. The last will follow from the fact
that the sequence

0 — A, (X) = A (X x P 22CD) 4 (x) 0

11



is exact. For simplicity of notation we proceed only the case X = pt.
Consider P! C P? and a point {co} € P? — P!. Then P? — {co} is turned out to be
a line bundle L over P! which is isomorphic to O(1). Then P(1 & L) is isomorphic to

the blow up 1/3\2{00} of the P? at the point {co}. The exceptional divisor D is identified

with P(L) under this isomorphism. We will write P? for I/’\Q{oo} and o : P2 — P2 for the
blowing up. By the excision property one has Af(l)(P(l ®L)—-D)= AP0 (P(1e L))
and AP' (P2 — {o0}) = AP (P?).

Since o : P(1® L) — D — P2 — {0} is an isomorphism then the operator AL (P (1@
L)) &5 AP'(P?) is an isomorphism.

Take a projective line ¢ on P? crossing the point co. Let {0} = P! N ¢ and ¢ C P2
be the strict transform of ¢'. It is easy to see that £ is just a fibre of projective bundle
P(1& L) over a point {0}.

Then closed imbedding i : £ — P(1 & L) can be regarded as a morphism of the
projective bundles ¢/{0} and P(1& L)/P.

Let ig : P! — P2, 7 : P! — / be arbitrary linear embeddings. By the functoriality of
the Thom isomorphisms we have a commutative diagram

AP T A o AP o AP S Aoy

o e .| .|

. . MO AL(PY).

APY AP 2 AP p2) = APO(p(1g L)) 2
The left hand side square commutes by 2.1.13. The bottom row composition map is
the homomorphism ¢(L) by the very definition of ¢(L). Since the diagram commutes one
has the relation p, o ¢(L) = Sy o th(1).
Replacing in the short exact sequence of type 8.

0— A.(pt) > A, (P 2 AP =0

the term A" (P!) by the one A,(pt) we get the short exact sequence

0= A (pt) = A, (PY) 2D% A (pt) = 0

Since p, o ¢(L) = th(1) o § the nondegeneracy property of the ¢(L) follows .

It remains to prove the relation ¢(L) = e(L) for any line bundle L over X.

As in the proof of the second part of lemma 2.2.7 consider the commutative diagram
AZ(X) == A7 PaeL) 2L AP (P1eL)
eZ(L)J( eP_l(Z)(M)J( aZ(L)l
AZ(X) =2 AP D (P(1e L) 2  AZ(X).

*
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The right hand side square commutes by the very definition of the operator a?(L) from
the Lemma 2.2.7. The left hand side square commutes by the functoriality of the Chern
classes and the relation s*M = L.

Then ¢Z(L) = a4(L) o B0 s, = p,os,0e?(L) =e?(L).

2.3 Projective bundle theorem.
The nearest aim is to compute the homology of a projective bundle.

2.3.1 Theorem (Projective Bundle Homology). Let A, be a homology theory equipped
with a Chern structure (L, X, Z) ~ eZ(L) on A,. Let X be a smooth variety and let
E/X be a vector bundle with rk(E) = n + 1. For the endomorphism e = e(Og(—1)) :
A (P(E)) — A.(P(F)) we have an isomorphism

(p*,p* € ...,Px0 en) : A*(P(E)) - A*(X) EBA*(X) T EBA*(X)

where p, : P(E) — X is a projection.

Moreover, for the trivial rank n + 1 bundle E we have e"t! = 0. In addition, all the
assertions hold if the endomorphism e is replaced by the one e(Og(1)) : A.(P(E)) —
A.(P(E)).

Proof. This variant of the proof is based on an unpublished notes of I.Panin.

Let P* ! C P" be a hyperplane and 0 € P® — P" ! be a point. Recall that the
projection P* — {0} — P""! with the center 0 makes P" — {0} into a line bundle over
P! which is isomorphic to Opr-1(1). Let us denote this bundle by L below. Projective

bundle P(1 @ L) is 1som0rph1(: to the blow up P"{o} of the P" at the point {0}. We will
write P" for the P”{O} and o : P" = P" for the blowing up. If P(1@® L) is identified with
P" then o(P(1)) = P"~1 C P".

Let us regard our homology theory A, to be equipped with Thom structure corre-
sponding given Chern structure by Lemma 2.2.9. We will write below in the proof e, for

e(Opr(—1)).
2.3.2 Lemma. Let L, and Ly be two line bundle over P(1® L), and i : P* - P(1 @ L)
be a closed imbedding of any fiber. Then the following three conditions are equivalent:

1. Ll L2)

2. S*Ll = S*LQ and Z*Ll = i*LQ;

3. SZLI = SELQ and Z*Ll = Z*LQ

Proof. This lemma is an easy consequence of a general projective bundle Picar group
computation. Recall that the sequence 0 — Pic(X) £+ Pic(P(E)) = Pic(P") =Z — 0
is exact for any projective bundle p : F — X. Here 7 : P" — X is any fibre of this bundle.
If E=P(1& L) then s* and s} be various splitting of this sequence. The lemma follows
from this remark directly.

O
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2.3.3 Lemma. Let M = O151(1)®p*L be a line bundle over P(1®L). Then the diagram
below commutes.

A(P(e L) L= sPOPp1e L) A (PLe L)

A* (Pn) B A:}:n—l (Pn) é\(OP"’ (71)) A* (Pn)

Proof. The left square commutes by natural reason. Homomorphisms 3’ and 3 are taken
from sequences 8 and 9. Therefore they both are onto. This implies that one has to check
the relation o,.e(M) o f =€, o S0, in order to prove that right square commutes.

Last relation is equivalent to o.e(MY) = e,o,. It follows from the functoriality of
Chern homomorphism and the fact that 0*Opa(—1) = O151(—1) ® p*LY. Last equality
is easy to prove using lemma 2.3.2: 570*Opn(—1) = 0*Opn(—1)|(c0} is trivial and s} M is
trivial by lemma 2.2.7; restricting both side of the desired relation onto a fibre we see that
in both cases we get the line bundle LY = Opn-1(—1). So two bundles over P(1& L)) are
isomorphic to each other and lemma follows. O

Before the general case we prove the theorem 2.3.1 for the trivial bundle £ = X x A"+1,
For simplicity of notation we procceed only the case X = pt. In this case P(F) = P™ and
we proceed the proof by the induction on the integer n. By induction assumption there
is an isomorphism

Yn—-1 = ((pn—l)*a (pn—l)* O€n—1,..., (pn—l)* o 62:%) : A*(Pn_l) — A*(pt) EB e @ A*(pt)

and e _; =0.
Let u: A,(P") — A,(P"!) be a composition map

— -1
n—1 Vo1

AP PP A pt) @ -+ @ A (pt) 2 AP

Since i, 0 €,_1 = €, 04, € Hom(A,(P"!), A,(P™)) where 7 : P"~! < P" is a linear
embedding then ui, = id, pr-1).
Under this notation if one prove that

(P uoen) s A(P) — Au(pt) & A, (P"7) (11)

is an isomorphism then the theorem follows.

2.3.4 Lemma. Under induction hypothesis there is a following short exact sequence:

0= A, (P Y 25 4, (P & Al (Pr) - 0.

Proof. Given a point {oo} not lying on P"~! consider a long exact sequence for the pair
(P", P" — {oo}):

= AP = {oo}) Ly AP D Al Py o L

14



Since P" — {oco} can be regarded as a linear bundle on P"~! then zero section natural
map z, : A,(P" 1) = A,(P" — {o0}) is an isomorphism by strong homotopic invariance
2.1.6. Moreover, since j,z, = i, then the homomorphism A, (P") =% A,(P" — {oo}) is
the splitting for j,. Hence, j, is mono and the long exact sequence splits into short exact
sequences: 0 — A, (P" — {oo}) £ A,(P") LN ALY (Pr) 5 0. We can write A,(P"~1) for

A, (P™ — {o0}) and so we get a desired sequence. O

2.3.5 Lemma. Under induction hypothesis one has:

1. The image of the operator e, : A,(P™) — A.(P") lies in the image of i, : A,(P"™!) —
A, (P™) and e = 0.

2. The image of an operator e(M) : A,(P(1® L)) — A, (P(1® L)) lies in the image
of .+ Au(P" 1) — A, (P(1® L)) where s : P"' — P(1& L) is a closed imbedding
identifying P"™" with P(1) as in the lemma 2.2.7.

3. The following relations hold
siPie(M)=e(M); i.ue, =e, (12)

where P : P(1® L) — P™! is a projection.

Proof. Consider a diagram

A, (P™) _P, Aioo} (P") BEL Aioo} (A™)

l/en \Leim} leiboo}

A, (o) e AL (P7) e A1) (pr) <P 41 (A)

It is commutative from functoriality of Chern homomorphism. Show that the right
vertical arrow is null. Since the bundle Opr(—1) becames trivial being restricted to

A" = P? — P! L, P"_ then the right vertical arrow is null by property 3 in definition
2.2.1. The middle vertical arrow is null as well because Jx 18 an excision isomorphism.

Therefore the diagram shows that Bo e, = ex™ o 8 = 0. Since Ker(8) = Im(i,) by
lemma 2.3.4 then Im(e,) C Ker(3) = Im(i,) as required.

This fact implies that "' = 0. Indeed, let e(a) = i.(b) for some b € A,(P"!). Since
e’ ;=0 then "™ (a) = e’ oe(a) =€ 0 i, (b) =i, 0e™_,(b) = 0.

In order to proof the second part of the lemma we consider the commutative diagram:

A(P(L®L) "= AP (P e L) <I— AP (PO & L) — P(1))
e(M) lp(”( ) leP(L)(M)

A(P(1) = A, (P @ L) 2> APB(P(1 o 1)< APB(P(1 & L) — P(1))

15



As above j, is an excision isomorphism. The projection P : P(1® L) — P(1)X is a
homotopic equivalence with inverse s,. Since s;M = 1x by lemma 2.2.7 then j*M =
P*s3 M is a trivial line bundle. Hence, e?*)(M) = 0.

By relation 9 one has Ker(3) = Im(s,). Since S oe(M) = e?#) (M) o f = 0 then
Im(e(M)) C Ker(8) = Im(s,). O

2.3.6 Remark. One can write MV for M and write e(M") for e(M) in the second and
the third assertion of the lemma because their images coincide.

We are ready now to complete the proof of the projective bundle theorem 2.3.1.

Denote by @ the Thom isomorphism th/(L) in the dual Thom structure, i.e. @ =
P,oe(MV) =P, 0e(O1g(-1) @ p*LY) € Hom(AfY(P(1 @ L)), A, (P" 1)) (c.f. formula
10). Here hat-notation is borrowed from lemma 2.2.7.

By the short exact sequence 8

0= A (A" & A, 2 AP () 5 0
one has an isomorphism A, (P") L B, A,(pt) ® AP"7'(P"). The isomorphism of the
second summand AP (P") with A,(P""!) is given by formula @ o &,~" where &, :
Af(l)(P(l ® L)) — AP"'(P") is an isomorphism. By equation 11 it is sufficient to prove
that @o &, ! o =uoe,.
Applying 7, to both sides of desired equality one has to prove

iac. B =iwoe,. (13)

Recall that @ = P, o e(M"). Therefore i,a@ = o,s.P.e(MY) = o,e(M") by the lemma

2.3.5. Since 0,6(MV)&,”" = é, by lemma 2.3.3 then the left hand of equality 13 is equal

to €,8 = e,. But the right hand of this equality is equal to e, by relation 12. Now we
have finished the proof for the case of the trivial vector bundle F.

The general case can be proceeded in the usual way by the Mayer-Vietoris argument.

U

2.3.7 Lemma. Let Z be a closed subset in X, L = ¢*Opa(—1) be a line bundle over
X x P".
Then there is an isomorphism

(Py pa 0 €2°P" (L), ..oy pu 0 (2P (L)) : AP (X x P™) = AZ(X) @ --- @ AZ(X).

Proof. The proof is a straightforward consequence from theorem 2.3.1, the long localiza-
tion sequence for the pair (X x P" (X — Z) x P") and five lemma. O

2.3.8 Corollary. Let E = M & N be vector bundles of constant rank. Then there is an
exact sequence

0= A, (P(N)) & A,(P(E)) & APOD(P(E)) — 0.
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Proof. Consider a long exact sequence for the pair (P(E),P(E) — P(M)). As P(E) —
P (M) can be regarded as vector bundle over P(N) we may replace A,(P(E)—P(M)) by
A (P(N)):

= A, (P(N)) & A,(P(E)) & AP (P(E)) -

By projective bundle theorem i, : A,(P(N)) — A,(P(E)) has an obvious splitting.
Indeed, let tkN =n, &g = e(Or(—1)) and &v = e(On(—1)). Since i,{ny = Egi, then the
homomorphism

(0, p) 0 &p, ., 0 0 &) s AU(P(E)) — Au(pt) & -+ & Au(pt) = AL (P(N))
is a desired splitting. O

2.3.9 Lemma. For each line bundle L over a smooth X and closed subset Z C X the
endomorphism eZ (L) of AZ(X) is nilpotent.

Proof. Recall that the assertion holds in the case L = Opx (1) by the lemma 2.3.5 applied
to the dual Chern structure.

To prove the general case recall that by Claim 3.4.4 from [P2] one can find for any
smooth variety X a diagram of the form

x&x Lpw (14)

with a torsor under a vector bundle p: X’ — X and a morphism f : X’ — P(V) such
that the line bundles L' = p*(L) and f*(Oy (1)) over X' are isomorphic. By the strong
homotopy invariance we can replace X by X' and regard that L = f*Oy(1).

The homomorphism e(Oy (1)) € A(P(V)) is nilpotent as just mentioned above. Thus
the homomorphism ex = e(Oxxpr~(1)) is nilpotent as well.

Let g : X G4 N x « Pr. Then L = 9*Oxxpn(1) and the following diagram
commutes:

A(X) L= A,(X x P?)

le(L) lex

A(X) % A, (X x P).

Since pg = idx the natural homomorphism g, is injective. Therefore it is sufficient to
check that g.e(L)"* = 0.
As g.e(L)"*! = €% g, = 0 the Lemma is proved. O

2.3.10 Remark. Define a group AZ*FP™(X x P®) as an injective limit of the groups
AZ*P"(X x P™). Then by Remark to the lemma 2.3.5 and the lemma 2.5.7 one has
that e7*P"(AZ*P" (X x P™)) = i»~ ' (AZP" (X x P" 1)) where e, = e(Oxxpn(—1))
and i1, : X X P"7 5 X X P" is a linear imbedding. Particularly e?*®~ (¢*L) is a
surjection where L is a tautological line bundle over P*° and q : X X P® — P* is a
projection.
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2.3.11 Lemma. Let A, be a homology theory equipped with the Thom structure {th?(L)}
and let {cZ(L)} be the Chern structure corresponding to this Thom structure as define in
the lemma 2.2.11. Let us take the Thom structure {a?(L)} corresponding to the Chern
structure {cZ(L)} by the construction from lemma 2.2.9. Then for any (L, X, Z) one has
a?(L) = th?(L).

Proof. In the proof of the lemma we will use the notation from lemma 2.2.7. Since (L)
is defined by formula 10 one has to check a relation

P o @~ (M) = thZ(L) (15)

First of all to prove a relation a?(L) = th?(L) we assume the homomorphism ¢Z(L)
to be a surjection.
Consider a diagram:

c?(L)

AZ(X) AZ(X) .

lﬂo& lid

thZ (L
4D p(1 e 1) 2 A2 (x)

where 8 : A7 (9 (P(1@L)) — AP (P(16 L)) is a support restriction. The diagram
commutes by the very construction of the homomorphism ¢#(L) from lemma 2.2.11. Since
cZ(L) is a surjection by assumption and ¢thZ (L) is an isomorphism then [os, is a surjection.

Therefore an equality 15 follows from p, o ? (9 (M) o Bo s, = th?(L) o o s,. Since

P OM)B = @ @ (M) and s*M = L by lemma 2.2.7 then the left hand is equal to
P B (M)s, = pusicZ(s*M) = ¢Z(L). Right hand is equal to ¢Z(L) from the diagram
above.

Lemma 2.3.10 and following remark imply that the lemma holds in the (universal)
case: for the line bundle L = O(—1) over X x P>,

The general case can be be reduced to the universal one as follows.

By Jouanolou trick we can find a diagram of the form 14. Therefore one can regard
X to be an affine variety.

Let f : X — P be a morphism such that L = f*Ope(—1). Set g : X D, x x pe.

Denoting Oxyps(—1) by L' one has L = ¢*L’. Let G, : P(1® L) - P(1 @ L) be an
induced morphism of projective bundles. For a closed subset Z C X denote Z x P> C
X x P* by Z'. Recall that M = Oig.,(—1) ® p*L is a line bundle over P(1 & L) and
M'" = Oi151/(—1) ® P*L' is a line bundle over P(1 & L'). Then one has a commutative
diagram:

AP L)) - AZ(X) —— AP (P(1 0 L)) AZ(X)

oo e Jo .

— 1 chI(L’)O/B’ 1 S« — ’ * 1
Af 1(Z)(P(1 EBL/)) —>A*Z (X « Poo) —>Af 1(Z)(P(1 EBL,)) L>A*Z (X x Poo)

18



One has to check the relation thZ(L) o § = p, o D)(M).

Since g, is mono then it is sufficient to check a relation g,thZ(L)of = g,p.oc?” (D (M).
The right hand is equal to P,G, o ® Z)(M) = P, o cF @) (M")G, because G*M' = M.
Since for the universal case the lemma holds then P, o ¢ ") (M') = th? (L') o B'.
Therefore the right hand is equal to th?'(L') o 'G,. Since the diagram commutes the last
is equal to the left hand. The lemma follows.

O

2.3.12 Definition. The Chern structure on a homology theory A, is said to be COM-
MUTATIVE if for any smooth variety X, closed subset Z C X and line bundles L,/ X
and Ly/X the Chern homomorphisms e?(L,) and e?(Ly) commute with each other.

2.4 Chern classes

2.4.1 Definition. Let A, be a homology theory. We say that A, is endowed with a Chern
class theory if for any vector bundle E/X and any closed subset Z C X there are given
homomorphisms cZ(E) : AZ(X) — AZ(X) such that

1. ¢ depends only on an isomorphism class of E;

For any morphism f : X' — X and vector bundle E/X the following diagram is
commutative:

c#' (B')

A,x) T8 4, (x)

lf* lf*
A(X) L 4 (x)

where E' = E xx X' is a pullback vector bundle over X'; Z C X is a closed subset
and 7' = f~Y(Z);
2. Cg(E) = idA*Z(X),‘

the restriction of the assignment (L, X,Z) — cZ(L) to line bundles is a Chern
structure on A,;

3. Any two homomorphisms 7 (E) and cf(F) commute with each other;
4. Cartan formula: For each short exact sequence of vector bundles 0 — F1 — E —
Ey — 0 we have ¢Z(E) = ¢Z(Ey)ct(Eq) + ¢Z [(F1)c?(Eq) + ... + & (E1)cZ (Esy);

5. Vanishing property: ¢Z(E) =0 for i > rkE.

2.4.2 Theorem. Let A, be endowed with a commutative Chern structure (L, X,Z) —
e”(L). Then there exists a unique Chern class theory on A such that for each line bundle
L one has c¢Z(L) = eZ(L). Moreover the Chern class homomorphisms cZ(E) are nilpotent

fori>0.
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Proof. For simplicity of notation we proceed only the absolute case.

First of all we prove the uniqueness assertion. If there are two assignements E/X +—
ci(E) and E/X — c(F) satisfying the required properties. Then they coincide on line
bundles by the properties 2 and 5. Therefore they coincide on direct sums of line bundles
by the Cartan formula 4. Thus they coincide on all vector bundles by the splitting
principle from Lemma 3.5.1 from [P2].

It remains to construct a Chern classes theory. Let X be a smooth variety and E/X
be a vector bundle with tkE = n. Set { = e(Og(—1)) € Hom(A.(P(E), A.(P(E))).
By theorem (2.3.1) the homomorphism £ can be uniquely represented by n x n matrix
(fij)zj_:lo with entries in Hom(A.(X), A.(X)). More detally, any element a € A,(P(FE))
can be written by theorem 2.3.1 as a column (ay,...,a, 1)T where a; = p.(£%(a)) €
A,(X). Then by definition of &; one has formula (the usually matrix multiplication)

(E(a)) = ’ggkj(aj).

Taking £ = n — 1 one can write:.

/

p«(€"(a)) = &un1(p:(a)) + &nn—2(p:(§(a))) + - - - + Eno(p<(£(a)))- (16)
Set co(E) = id, cx(E) = (=1)F"&, x—1 and ¢, (F) = 0 if m > n. In order to define
Chern class homomorphism with supports one has to apply Projective Bundle theorem
with supports 2.3.7.
2.4.3 Claim. Homomorphisms c;(E) satisfy the theorem.

The rest of the proof is devoted to the proof of this Claim. The property c¢o(E) = 1
holds by the very definition. To prove the property c¢;(L) = e(L) for a line bundle L
observe that P(L) = X and Op(—1) = L over X. Thus £ = e(L) € Hom(A.(X), A.(X))
and the relation (16) shows that ¢;(L) = e(L).

Now prove the property 1 of 2.4.1. A vector bundle isomorphism ¢ : E — E’ induces an
isomorphism @ : P(E) — P(E’) of the projective bundles and a line bundle isomorphism
*(Op/(—1)) = Og(—1) over P(E). Therefore ®, 0 £ = &' o @, and for all k£ one has

p.((€) 2. (a) = p.(£"(a)). (17)
By the formula 16 one has equations
p:(€"(a)) = (=1)""en(B)(ps(a) + -+ + c1(E) (p (6" ()))

and

P(€)"(@u(a)) = (=1)" " en(E) (P, s (a) + - - - + c1 (B) (PL(€)" (R4 (a))).

But the formula 17 allows us to rewrite the last equation as
p«(£%(a)) = (=1)" e, (E") (pe(a))+- - -+c1 (E") (p« (€77 (a))). Comparing with the previous
equation one gets cx(E') = ¢x(E).

The property f. oc;(E) = ¢;(f*(F)) o f. is proved similarly.

For the rest of the proof we need in the following
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2.4.4 Claim. For a rank r vector bundle E set c¢;(E) = id + c1(E)t + --- + ¢, (E)t" €
End(A.(X))[t]. Let T be a smooth variety and let E = &}_, L; for certain line bundles L;
over T'. Then one has

a(E) = Hct(Li).

Proof. Let &g = e(Og(—1)) where Op(—1) is the tautological line bundle on P(E).
First of all we shall prove the relation

T

[1¢€-ewpL)) =0 (18)

=1

where pg : P(E) — T is a projection. Since all first Chern class homomorphisms commute
the formula above has sense.

To prove the very last relation set ' = L; & --- @ L,_;. The canonical projection
P(E)—P(F) — P(L,) makes P(E)—P(F) into a vector bundle over X = P(L,) with the
zero section P(L,). Therefore the natural mapping A,(P(L,)) = A.(P(E) —P(F)) is an
isomorphism. Let j : P(E) — P(F) — P(E) be an open inclusion. Since Og(—1)|p(z,) =
L, then the bundles j*Og(—1) and j*p} L, coincide.

One has a commutative diagram

ix B
0 — A (P(F)) —“> A, (P(E)) —> AP (p(E)) —=0
lﬁpe@;m LsEe@*ELr) l@““—e"@”@%w)

0— A.(P(F)) == A,(P(E)) —> AP (P(B)) — 0

*

where strings are the short exact sequences of type 2.3.8. The right vertical arrow is
null by following reasons. AE(LT)(P(E)) = Af(L“)(P(E) — P(F)) by exscision property;
but the bundles O(—1) and p*L, coincide being restricted to P(E) — P(F).

So we get that the image of £ — e(p% L,) lies in the image of i,.

Since ([]/Z; &r — e(piL;)) = 0 by induction hypothesis then

(I:I(fE —e(ppLi))) ot =is o 1:[(§F —e(ppLi)) =0

and the relation 18 is proved.

We need to check that cix(E) is just a symmetric polynomial oy(e(Ly),...,e(L,)).
Expanding brackets in the equation 18 one has £" — o1&"™t + -+ - + (—1)"0!, = 0 where
o, = ox(e(p*Ly),...,e(p*L;)). Since p.o}, = oyp, then p,&™ = 01p, "L —09p " 24+ -+
(—=1)"*'p,. Comparing last formula with the formula 16 one completes the proof.

0

Claim 2.4.4 and splitting principle allow us to complete the proof of Claim 2.4.3.
Let E and F be a vector bundles over X. Prove that the homomorfhisms ¢, (FE) and
¢/(F) commute. Indeed, by the splitting principle there exists a smooth variety 7' and
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a morphism r : T — X such that each the vector bundle r*FE and r*F' is a sum of line
bundles and r, : A,(T) — A.(X) is a split surjection.

The homomorphisms ¢, (r*E) and ¢ (r*F) commute as symmetric polynomes of line
bundles chern classes , which are commute because Chern structure is commutative.

Then cx(E)e(F)re = recp(r*E)e(r*F) = roq(r*F)eg(r*E) = ¢(F)c(E)r.. Last
implies commutativity of higher chern classes because 7, is onto.

Cartan formula and nilpotence are easily can be proved essentially in the same way. [

Below we will need Proposition

2.4.5 Proposition. . Namely, let X be a smooth variety and let E be a vector bundles
over X of constant rankn. Let p: P(E) — X be the projection. Then the homomorphism
cn(Op(1) @ p*E) is null.

Proof. Define a rank n — 1 vector bundle @) via the short exact sequence 0 — Og(—1) —
p*E — @ — 0.

Tensoring with line bundle Og(1) and applying Cartan formula we get ¢,(Og(1) ®
p'E) = c1(0)en1(Q) = 0. O

2.5 Orienting a theory

In this subsection A, is a homology theory. Two theorems in this subsection shows
how one can construct an orientation using a commutative Chern structure (or a Thom
structure) on A and how one can construct a commutative Chern structure (or a Thom
structure) using an orientation.

Let us recall that for a vector bundle E over a variety X we identify X with z(X)
where z : X — FE is the zero section.

2.5.1 Definition. An orientation on the theory A is a rule assigning to each smooth
variety X, to each its closed subset Z and to each vector bundle E/X an isomorphism

th?(E) : AZ(E) — AZ(X)
which satisfies the following properties

1. inwvariance: for each vector bundle isomorphism ¢ : E — F' the diagram commutes

Az(g) 22O, 47 (x)

.| e

AZ(F) 220 47 (x)

2. base change: for each morphism f: (X', X' —Z") — (X, X — Z) with closed subsets

Z — X and Z' — X' and for each vector bundle E/X and for its pull-back E' over
X' and for the projection g : E' = E X x X' — E the diagram commutes
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th?' (B
—

AZ(E) AZ (X7
o | |~
azg) 5 az(x)
3. for each vector bundlesp: E — X and q: F — X the following diagram commutes
AZ(Eo F) 220, 47(p)
th? (q*E)l th?(E)

zZ
ALF) T ALX)
and both compositions coincide with the operator th” (E & F).

The operators th?(E) are called Thom isomorphisms. The theory A, is called ori-
entable if there exists an orientation of A,. The theory A, is called oriented if an orien-
tation 1s chosen and fized.

2.5.2 Lemma. If an assignment (E, X, Z) — th?(E) is an orientation on A,, then its
restriction to line bundles is a Thom structure on A,.
If two orientations coinside on each line bundle then they coincide.

Proof. The first assertion is obvious. To prove the second assertion consider two Thom
orientations th(—) and th'(—) which coincide on line bundles. To prove that for a vector
bundle E one has the relation th?(E) = (th')?(E) one may assume by the splitting
principle (c.f. Lemma 3.3.5 from [P2]) that £ = @L; is a direct sum of line bundles. As
each of isomorphisms th?(E) and (th')?(E) can be described in terms of coinciding line
bundles Thom isomorphisms then th?(E) = (th')%(E). O

2.5.3 Theorem. Given a commutative Chern structure (L,X,Z) — e#(L) on A, and
corresponding Thom structure (L, X, Z) — oZ(L) there exists an orientation (X, Z, E) —
th?(E) on A, such that the following properties hold

1. for each smooth variety X, each line bundle L/X and each closed subset Z C X
one has (L) = th?(L);

2. for each smooth X, closed subset Z C X and each line bundle L/ X one has ¢?(L) =
th?(L) o z, where z : (X,X — Z) — (L, L — Z) is the zero section.

Moreover the required orientation is uniquely determined both by the property (1) and by
the property (2).

2.5.4 Theorem. If (X,Z,E) — th?(E) is an orientation on A then the assignment
(L, X,Z) v th?(L) o z, is a COMMUTATIVE Chern structure on A, the assignment
(L,X,Z) — th?(L) is a Thom structure on A, and so constructed Chern and Thom
structures correspond to each other.

Moreover the construction of an orientation by means of a Chern (or a Thom) struc-
ture given by Theorem 2.5.3 and the construction of a Chern and a Thom structure by
means of an orientation are inverse of each other.
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Proof of Theorem 2.5.8. Let E/X be a rank n vector bundle, Z C X be a closed subset
and let F' = E & 1. Recall that the sequence 2.3.8 is exact:

0 = A%2 O(p(R)) &5 47 D p(F)) L 4> (P(F)) = 0.
Since
&FD(0p(1) ® pyBYi. = i.dE P(05(1) @ pE) = 0

by Proposition 2.4.5 then F (Z)(Op(l) ® p*E) factors through support restriction 3:

D (0p(1) @ ppE) = &7 D (Op(1) @ plE) o .
Set
thZ(E) = p* 0 677 D (0p(1) @ p*E) : A=A (P(F)) — AZ(X). (19)

and define the homomorphism th?(E) : AZ(E) — AZ(X) as follows

th?(E) = th%(E) o j,. (20)

(here p : P(F) — X is the projection and j : E = P(F) — P(1) — P(F) is the open
inclusion). To show that the assignment (X, Z, E) — th?(FE) is an orientation it remains
to check the properties from 2.5.1.

The second and the first property follows immidiately from the functoriality of the
Chern classes 2.4.2.

To prove that the operator th” (E) is an isomorphism it is enough to check that th(E)
is an isomorphism.

For that consider the commutative diagram with exact rows

0——= A,(P(E)) A(P(F)) ATV @®(F)—0
lv l(th(E)o/B, 2 lm
00— A(X)" — A(X) ® A(X)" A(X) 0

where v = (pZ,pP(g, ..., 0P, (p = e(Or(1)) and a = (pf, pF'¢p, ..., pF 7Y, Gr =
e(Or(1)).

The map v is an isomorphism by the projective bundle theorem. Thus to prove that
the right vertical arrow is an isomorphism it suffices to check that the map (th(E) o, «)
is an isomorphism. Using the Mayer-Vietoris property and Remark 2.2.5 one may assume
that the bundle E is the trivial rank n bundle. In this case one has ¢,(Op(1)") = (p.
Thus the map (th( )oﬁ, a) = (pFe,(Or(1)®pr'E), «) coincides in this case with the
map (pf'¢%, pf,....pF 1) and it is an isomorphism by the projective bundle theorem.

Basically the property (3) follows from the Cartan formula for Chern classes. But to
give a detailed prove one needs certain preliminaries. For simplicity we write the proof
below without supports. It will be an easy exercise to give a complete proof in usual way.

Let E = E; @& E5 be a vector bundle over a smooth variety X and let F, = E, & 1
(r=1,2)and let F = E® 1 and let p: P(F) — X be the projection.

We will identify E with the open subset P(F) — P(FE) of P(F) and identify E; with
the open subset P(F,.) — P(E;) of P(F,). Let P(F;) be the subvariety in P(F) defined by
the direct summund F, of F. Let i, : P(F;) — P(F) be the closed embedding.
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Let p, : P(F,) — P(1) be the projection and let g, : P(F) — P(F,) be the projection.
Then we have a diagram

P(F)—~P(F))
lQI . lpl
P(F,) —2~P(1).

In the diagram we can regard P(F) 2 P(F}) as a projectivization of a vector bundle
piFy = 1@ ptE, over P(F}) and similarly can treate P(F) & P(F,).
The support restriction operators

By AP (F)) — AT (P(F))

are surjective for (r = 1, 2) because they are the operators from the short exact sequences
of the form (2.3.8).
Denote the homomorphisms

e (Or(1) ® " (1)), ¢, (O (1) @ p"(Ez)) € Hom(A.(P(F)), A.(P(F)))

by a? and o respectively.
Consider a following diagram:

APF) —= APEFE) > APE)

B1 B1 q?
P(F) of (71 P(F) th(p; B3)

AP (p(F)) AP (p(F)) BB 4 PR
B ql pl
thP D) (p* F1) TGN
AP (p(F)) PEEWEED PO p gy I 4 P(1).

Left bottom square and top right square are just from definition of respective Thom
isomorphisms. Right bottom square is commutative from the functoriality of Thom iso-
morphisms (recall that ¢; is a projection in a projective bundle associated with piFEs).

As B: A, (P(F)) — Af(l)(P(F)) is onto then it is enough to prove a relation

th(Es) o thPM (p5Ey) B = thPW(E)B (21)

Diagram above shows that left hand is equal to p,ajcs. But the right hand is
PiCnyiny(Or(1) ® p*E). By cartan formula aqyoe = ¢4y 10, (Or(1) @ p*E1) & (Or(1) ®
P*E3)) = Cny4ny (Or(1) @ p* E) as required to prove the property (3). Thus the assignment
(X,Z,E) — th?(E) is indeed an orientation on A,.

We still have to check that the orientation 1 and 2 of Theorem 2.5.3.

The first is obvious by very definition of higher Thom isomorphisms coinciding with
that of Thom isomorphism for line bundle.

The requirement 2 is satisfied from the first one and Lemma 2.2.11.
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To complete the proof of Theorem it remains to prove the uniqueness of the orientation.
To prove the uniqueness of the orientation satisfying the property 1 take two orientations
w and w' on A, satisfying the property 1. To check that they coincide it suffices by
Lemma 2.5.2 to check that their restrictions to line bundles coincide. This is the case by
the requirement 1. Thus w = w'.

Now prove the uniqueness of the orientation satisfying the requirement 2. Let L +—
e(L) be a Chern structure and let w and ' be two orientations satisfying the requirement
2. We will show that w = W'

The restriction of these orientations to line bundles are Thom structures on A. By the
same Lemma the orientations coincide if the mentioned Thom structures on A coincide.
To prove that the two Thom structures on A coincide it suffices by Lemma 2.2.9 to check
that the two corresponding Chern structures L — e,(L) and L — e, (L) coincide. But
that is the case. The proof of the relation w = w' is completed. O

Proof of Theorem 2.5.4. The restriction of orientation on line bundles is a Thom struc-
ture.

By lemma 2.2.11 assignment L +— e(L) = th(L) o z, is a Chern structure. The only to
prove, that this Chern structure is commutative.

Let L; and Ly be line bundles over X, Z C X is a closed subset. We need to check
e?(Ly)e?(Lg) = e”(Lg)e”(L,).

Consider arank 2 bundle ¥ = L1®Ly. Let zgp : X - E, 2, : X - Lianduy : L1 - F
be a zero sections of respective bundles.

E Z
Let us calculate a composition A7 (X) = AZ(F) B, AZ(X) in two ways.
For the first one, th” (E)s? = th?(L)th” (pLs)s? where p;, : L, — X is a projection.
Consider a diagram

Zl u2
AZ(X) —— AZ(L)) —— AZ(E)
eZ(Lz)l EZ(P’{M)J ch(P’{Lﬂl

AZ(X) = aX(D) 4 Az(L).

Right square is commutative by definition Chern by Thom (cf. Lemma 2.2.11). Left
square is commutative by functoriality of Chern.

Recall that also by Lemma 2.2.9 th?(L;)z} = e?(L,).

As uys; = s we get from diagram above th”(L)th?(pi{Ly)s? = th?(Li)sle?(L,) =
e?(Ly)e” (Lsy).

Commutativity of Chern is proven because left hand is stable under exchanging L,
and L.

Now verify that the correspondences between orientations and Chern structures in the
two theorems are inverse to each other. We know that the correspondences between Thom
structures and Chern structures are inverse to each other. By theorem 2.5.3 an orientation
is uniquely defined by corresponding Thom structure. Moreover, the correspondences be-
tween orientation being restricted to line bundles and Chern structure defined by theorem
2.5.3 are the same as the correspondences between Thom structures and Chern structures
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described in Lemmas 2.2.9 and 2.2.11. Since the last correspondences are inverse to each
other then the correspondences described by theorem 2.5.3 are inverse to each other.
The theorem is proved.

O
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