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Goals:

e Give a concrete description of Voevodsky' slice tower in terms
of “generalized cycle complexes’ .

e Compute the slices of algebraic K-theory: motivic cohomol-
ogy.

e Describe the building blocks of Al-stable homotopy theory:
birational motives.
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Voevodsky'’s slice tower



Categories of spaces

Fix a field & (perfect?).

e Spc .= the category of simplicial sets: ‘spaces’.

e Spc(k) := the category of presheaves of spaces on Sm/k:
spaces over k.

e Pointed versions Spc,, Spc,(k).

Spc — Spc(k): S — ‘“constant presheaf’ S.
Sm/k — Spc(k): X — “representable presheaf’ Y — Hom(Y, X).



Categories of spectra.
e Spt .= the category of “standard” spectra of pointed spaces.

e Spt(k) := the category of presheaves of spectra on Sm/k
— the category of spectra of pointed spaces over k.

e Sptpi(k) := the category of Pl-spectra over k:

_I_

Qp1 E(X) := E(X x P1/X x 00) := fib[E(X x P1) - E(X x c0)].



Homotopy categories
e Spt — SH the stable homotopy category

o Spt(k) — SHY°(k) =: 8Hs(k) the stable homotopy category
of Sl—spectra on Sm/kps.

o Spt(k) — SHGI(k) — SHNP(k) =: 8H,1(k) the Al-stable
homotopy category of Sl—spectra on Sm/kys.

e Sptpi(k) — SLHN'S(k) =: 8H (k) the Al-stable homotopy cat-
egory of IP’l—spectra on Sm/kyjs.



Suspension spectra and infinite-loop spectra

We have infinite suspension and Oth-space functors

ZOO
Spc, Spt
QOO
Spc,(k) Spt(k)
CZpl
Spt(k)__  Sptpi(k)
oy

which are (left/right) adjoints on the respective homotopy cat-
egories.

Write 355 for 57 0 3°° : Spc, (k) — Sptpi(k), e.g. > Xy, for
X € Sm/k.



Definition 1 SiHefr(k:) C SHpi1(k) is the image of
ZO? : SJ‘CAl(k) — Sg'(]Pl(k‘)

This gives the tower of full triangulated subcategories

C 8IS (k) € R 8HST (k) C ... C SHET (k) C ... C 8Hpa (k).

Lemma 1 The inclusion iy : 181Hefr(lc) — 8Hpi1(k) admits a
right adjoint ry, : 8Hpi1(k) — Z”lsﬂ{efr(k).

This yields the exact functor fn 1= in o7y @ SHET (k) — SHEY (k)
and the natural slice tower (introduced by Voevodsky)

.= fo41€ — fm€ — ... — fo€ — 1€ — ... = &,



T he slices

Definition 2 For & € 8H(k), set sp€ := cofib(f,4+1& — fné): the
nth slice of €.

Conjecture 1 (Voevodsky) The s,& are motives, i.e., have a
natural HZ-module structure.

Other problems
e What motives occur as slices?

e What are the slices of familiar objects in 8H(k), e.g., X,
MGL, XO, W, S.



Main results

Theorem 1 (Voevodsky, L.) sgS = HZ
This result implies Conjecture 1.
Theorem 2 (L.) sp,XK = > o1 HZ.

Theorem 3 (Hopkins-Morel) s, MGL = >, HL~=", L* is the
[Lazard ring:

L* = MU*(pt.).

Theorem 4 (L.) The slices sp&, € € SH(k) are exactly the mo-
tives of the form M(n), where M € DM (k) is a birational motive
in the sense of Kahn-Sujatha.



The program:

e [ he construction of the spectral sequence from motivic co-
homology to K-theory (Bloch-Lichtenbaum, Friedlander-Suslin)
generalizes to the homotopy coniveau tower for an arbitrary
E € Spt(k), X € Sm/k:

S ey s E(x)y & S EOx) = ECD(X) = ...

e For “good’ E, X — E(M(X) is functorial in X, and one can
describe the layers E("/”+1)(X) as a ‘‘generalized codimension
n cycle complex’’, with coefficients in (leE)(o/l).

e For E = (FEp,Eq,...,Em,...) € 8H(k), the sequence

(B, 50D pltm)

gives a model for f,E.



The homotopy coniveau tower



Notation:

A" .= Speckl[tg,...,tn]/ > ;t; — 1
A face F of A" is a closed subscheme defined by

ti1:°°°:tir:O-

n — A" extends to the cosimplicial scheme

A" : Ord — Sm/k.

For EE € Spt(k), X € Sm/k, W C X closed, set
EV(X) :=fib(E(X) — E(X \ W)).



e For X € Sm/k:

Sg?>(n) = {W C X x A", closed, codimyxrpW N (X x F) > p}.

e For £ € Sm/k:

EP) (X, n) := hocolim EW(X x A™).
wes) (n)

e This gives the simplicial spectrum E®)(X): n — E®) (X, n),
and the homotopy coniveau tower

S ErtLUx) S B (x) 5 . S EOx) = ECD(x) = ...

Remark: X — E®)(X) is functorial in X for flat maps.



T he unstable theory



The axioms. Fix an E € Spt(k). We will impose 3 basic axioms:

1. homotopy invariance: For all X € Sm/k, E(X) — E(X x Al)
IS a stable weak equivalence.

2. Nisnevic excision: Let f:Y — X be an étale map in Sm/k.
Suppose W C X is a closed subset such that f: f—l(W) — W
is an isomorphism. Then f* : EW(X) — EfTV)(v) is a
stable weak equivalence.

3.m m-fold delooping: There is an E,, € Spt(k) satisfying axioms

1 and 2 and a stable weak equivalence

We also assume that k is an infinite field.



Theorem 5 Let E be in Spt(k) satisfying axioms 1, 2 and 3.m
with m > 2. Then

(1) X — EWP)(X) extends (up to weak equivalence) to a functor
E®) . Sm /k°P — Spt satisfying axioms 1, 2 and 3.(m — 2).

(2) Localization. Let : : W — X be a closed codimension d
closed embedding in Sm/k, with trivial normal bundle, and open
complement 3 : U — X. There is a natural homotopy fiber
sequence in 8H

(Q%lE)(p_d)(W) — E@(X) J, E® (1)

(3) Delooping. Supose E satisfies axioms 1,2 and 3.2. There is
a natural weak equivalence

(Qg}lE)(n) ~, Q]%(E(n—l-m))



Birationality:
Corollary 1 Take E € Spt(k), X € Sm/k, Z C X closed, codimxZ >
d. Then

(BW/HINZ(xy2 o (QL4E) 9D (k(2)).
2eznXx (@)

In particular, for d = 0, Z = X irreducible, this gives

O/ (x) = g0/ (g (x)).

Proof: Localization 4+

For W C X smooth, codimenison g > d with trivial normal bundle

(@ B) Tt D) = (@, )Y w) =o.



The idempotence theorem.
We iterate the operation E — E(®).

Theorem 6 Suppose E satisfies axioms 1, 2 and 3 (form = 4).
Then

(E(P)H)(@) = p(max{pq})
in Sg‘fsl(k)



Generalized cycle complexes
Recall Bloch's cycle complexes:
Let XP)(n) = {z € (X x AM®) | € $P(n)}

Set

FXm) = B9y
This gives the simplicial abelian group 2P(X, —):

n — 2P(X,n).

Set:
CHP(X,n) := m (P (X, -)).



For X € Sm/k, E®/PT1(X) is a “generalized cycle complex”
with coefficients (b, E)(0/1);

Corollary 2 Suppose E satisfies axioms 1,2 and 3 (with m = 4).
There is a simplicial spectrum Eg_)(X ), with

ER X)) = & (25, B)D(2)
2 X (@) (n)

and with EP/P+1)(X) is isomorphic in 8K to E&?(X).



Idea of proof:

From the idempotence theorem: E(@/pt1) = (E®/p+1))®),
By definition of (E®/p+1))(p);
(Ew/p+1))()(X) is the total spectrum of
n — hocolim (E®@/PTINW(x x A™).
westP (n)
From the birationality theorem:

(ECPENV (X x A™) = ® (2 E) 9D (w).
weWN(X xA?)(P)



K-theory

To compute K®/pt1). Q p1 K = K, so just need to compute the
“coefficients” K(0/1),

Note: EO/V(X) = EB(AY, K(x)): Where

sl JF = Spec (OAn ,{v0,-- avn})

K1(0) = 0% for O semi-local + Kq-regularity of NCD's
~ K(AY, p) = EM(Ko(F)) = EMZ.

By the generalized cycle complex theorem:

K@D (x) 2 KD(X) =|n— @ (2p1 K)O/D(2))

EX(p)(n)
Since (2p1 K)O/V)(2) = EMZ, KP/PH1(X) & 2P(X, ).



The stable theory



The stable homotopy coniveau tower

The comparison theorem

The Oth slice of the sphere spectrum

The layers as motives



The stable homotopy coniveau tower

Let
E = (Eo,El,...,En,...)

be a IP’l—spectrum over k. We assume that the ¢, are weak
equivalences.

For each n,m we have the weak equivalence e5™~:

n) (P del
7gn+m) (en) \ (Q]PlEn_l_l)(n-l-m) eloop Qpl(ET(ﬁl_—lim—l—l))

Set:
E<m> = (ES™, B{Y L pimtm) )

with attaching maps 5™~



The homotopy coniveau towers

o E7§Lm—|—n—|—1) . 7gjfm—l—n) L

fit together to form the Pl-stable homotopy coniveau tower

= e<m+ 1> —-E<im> — ... = E<O> - E<—1> — ... — €.

in SH(k).



T he comparison theorem
Proposition 1 For € € SH(k), E<m> is in Z]ﬁﬁSﬁ{eff(k)

The universal property of f,€ — &, applied to E<m> — &, gives
the map h: E<m> — fiC.

Theorem 7 For each € € SH(k), the map h : E<m> — fr€ is an
i[somorphism.



Main idea: First show (X35X4)<0>=323X
~ E<m> = € for & € M 8HE,

Using the universal property of fmn, and the definition of E<m>
in terms of spectra with support, get (fim&)<m> = E<m>.

Idempotence theorem ~» (E<m>)<m> = E<m>

p<n>

Consider (E<n>)<n> e<n>"-¢
h<n>l - hi

fn(&)<n>" 1 fu(€) 4-¢

p<">, j and ¢<"™> are isomorphisms. ~+ A<"> is an isomorphism
~» h 1S an isomorphism.



The Oth slice of S
Theorem 8 sgS = HZ.

Idea:
505 = S<0/1> = ((Xp1Spec lc_|_)(()o/1), (ZpiSpec k_|_)g1/2), )

> 23 (Spec k_l_)z(,p/p_'_l) = codim p cycle complex
with coefficients (=3 Speck)(0/D).

T his description allows one to construction a “reverse cycle map”

rev : HZ — S<0/1>
inverse to the canonical map S<0/1> — HZ<0/1> = HZ.



The stable homotopy motive



Motivic stable «,:
Theorem 8 ~» the slices E<n/n 4+ 1> are motives.

Definition 3 For & in SH(k), let nh (&) € DM (k) be the motive
with

H(rHE[n]) = E<n/n + 1>.

wh(€) is the nth stable homotopy motive of €.

Atiyah-Hirzebruch spectral sequence:

EY? = HP(X, (7" €)(n)) = EPTL(X)

Theorem 9 7hX = Z(n)[n] for all n.



Birationality

Definition 4 A motive M is birational ifHomDM(k)(Ztr(X), M[n]) —
Hom p s (1) (Ztr (U), M[n]) is an isomorphism for all open immer-
sions U — X and all n.

Proposition 2 (1) (7h€)(—n) is birational for all &, n.

(2) If M is birational, then M = mfH(M).

In fact, the motive (7h€)(—n)[—n] is the coefficient spectrum
(©p,€)0/1) for g<n/nt1>(qn, )(0/1) is birational by the bira-

tionality theorem.

Conclusion: all objects in 8H(k) are built out of birational mo-
tives and Tate twists.



New cycle theories
(1) K-theory: wh(X)[—n] = Z(n) ~» motivic cohomology HP(—,Z(n)).

(2) K-theory of a c.s. algebra A/k (w. Bruno Kahn): 7 (X 4)[—n] =
Z 4(n) ~ twisted motivic cohomology HP(—,Zs(n)). Z,4 is the
birational motive Z4(X) = Kg(A ® k(X)).

(3) G-equivariant K-theory (w. Christian Serpé): Take a finite
group G acting on a smooth k-scheme X. K&(X) = K-theory
of locally free sheaves on X with G-action.

Associated cycle-theory: For W C X X, Y irreducible, w €¢ W
generic point, Gy = isotropy group. Zg(w) = Ko(k(w) * Gy).

This leads to a G-Bredon motivic cohomology H*(X,Zg(n)), and
a spectral sequence converging to KG(X).



Problem:

Compute the birational motives wH &€ for known &, e.g. KO, W.
Understand these new cycle theories.



T hank you



