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Introduction

It is well-known that algebraic K-theory preserves products of rings. How-
ever, in general, algebraic K-theory does not preserve fiber-products of rings, and
bi-relative algebraic K-theory measures the deviation. It was proved by Cortiñas [5]
that, rationally, bi-relative algebraicK-theory and bi-relative cyclic homology agree.
In this paper, we show that, with finite coefficients, bi-relative algebraic K-theory
and bi-relative topological cyclic homology agree. As an application, we show that
for a possibly singular curve over a perfect field k of positive characteristic p, the
cyclotomic trace map induces an isomorphism of the p-adic algebraic K-groups and
the p-adic topological cyclic homology groups in non-negative degrees. As a further
application, we show that the difference between the p-adic K-groups of the inte-
gral group ring of a finite group and the p-adic K-groups of a maximal Z-order in
the rational group algebra can be expressed entirely in terms of topological cyclic
homology.

Let f : A → B be a map of unital associative rings, and let I ⊂ A be a two-
sided ideal such that f : I → f(I) is an isomorphism onto a two-sided ideal of B. In
general the induced map of relative K-groups f∗ : K∗(A, I) → K∗(B, f(I)) is not
an isomorphism and one defines the bi-relative K-groups so as to form a natural
long-exact sequence

. . .→ Kq(A,B, I)→ Kq(A, I)
f∗−→ Kq(B, f(I)) ∂−→ Kq−1(A,B, I)→ . . . .

It was proved recently by Cortinas [5] that the trace map

Kq(A)⊗Q→ HC−q (A⊗Q)

from rational K-theory of A to negative cyclic homology of A⊗Q gives rise to an
isomorphism of the associated bi-relative theories. The purpose of this paper is to
prove the following analogous result for K-theory with finite coefficients.

Theorem A. Let f : A→ B be a map of unital associative rings, and let I ⊂ A
be a two-sided ideal such that f : I → f(I) is an isomorphism onto a two-sided ideal

The first named author was partially supported by COE (Japan), and the National Sci-
ence Foundation. The second named author was partially supported by the National Science

Foundation.

1



of B. Then the map of bi-relative theories induced from the cyclotomic trace map

Kq(A,B, I,Z/pv)→ {TCnq (A,B, I; p,Z/pv)}n≥1

is an isomorphism of pro-abelian groups, for all integers q.
We recall from Bass [1, Thm. XII.8.3] that the common pro-abelian group is

zero, for q ≤ 0. We also remark that Thm. A implies the slightly weaker statement
that the map of spectra induced by the cyclotomic trace map

K(A,B, I)→ TC(A,B, I; p) = holim
n

TCn(A,B, I; p)

becomes a weak equivalence after p-completion. However, for the proof, it is essen-
tial that we work with the pro-abelian groups and not pass to the limit. We also
remark that it is possible to combine Thm. A and the theorem of Cortiñas [5] and
express the integral bi-relative groups Kq(A,B, I) in terms of the topological cyclic
homology and negative cyclic homology.

A weaker version of the theorem of Cortiñas was first stated as a conjecture
by Geller, Reid, and Weibel [10, 11] and used to evaluate the rational algebraic
K-theory of curves over a field of characteristic zero. In a similar manner we obtain
the following result from Thm. A.

Theorem B. Let X → Spec k be any curve over a field of positive characteristic
p, and let 0 ≤ r ≤ ∞ be given by [k : kp] = pr. Then the cyclotomic trace map

Kq(X,Z/pv)→ {TCnq (X; p,Z/pv)}n≥1.

is an isomorphism of pro-abelian groups, for all q ≥ r.
We use Thm. A to reduce to the smooth case which we have proved earlier [9,

Thm. 4.2.2]. We remark again that Thm. B implies the slightly weaker statement
that the map of spectra induced by the cyclotomic trace map

K(X)→ TC(X; p) = holim
n

TCn(X; p)

becomes a weak equivalence after p-completion and passage to (r − 1)-connected
covers. The topological cyclic homology groups on the right-hand side of the state-
ment of Thm. B can often be effectively calculated. As an example, we have the
following result; compare [10]. The proof is similar to the proof of [14, Thm. E]
and [15, Thm. A] and will appear in [13].

Theorem C. Let k be a regular Fp-algebra, and let X = Spec k[x, y]/(xy) be
the coordinate axes in the affine plane. Then for all positive integers q, there is a
canonical isomorphism of pro-abelian groups

{TCnq (X; p)}n≥1
∼←−
⊕
m≥1

WmΩq−2m
k

where WmΩjk is the group of big de Rham-Witt j-forms on Spec k [15, 12].
We remark that the group K2(X) was evaluated previously by Dennis and

Krusemeyer [7]. We also wish to point out that, at present, the structure of the
K-groups of singular schemes is very far from understood. In particular, there
is currently no motivic cohomology theory that can explain the structure of the
K-groups that we find here. To illustrate this, let k be a perfect field of positive
characteristic p. Then Thm. B and C show that the p-adic K-groups of X =
Spec k[x, y]/(xy) are concentrated in even degrees with the group in positive degree
2m canonically isomorphic to the ring Wm(k) of big Witt vectors of length m in
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k. In particular, the p-adic K-groups of X cannot be generated from K1(X) by
means of products and transfers as is the case for smooth schemes.

Finally, let A = Z[G] be the integral group ring of a finite group and B = M a
maximal Z-order of the rational group algebra. Then Thm. A shows that, for every
prime p, the difference between the p-adic K-groups of A and B can be expressed
entirely in terms of topological cyclic homology. Indeed, if we choose B such that
A ⊂ B, then the ideal I = |G| · B is a common ideal of both A and B, and the
quotient rings A/I and B/I are finite. The precise relationship is most clearly
expressed for G a finite p-group where we obtain the following result. We are
grateful to Holger Reich for drawing our attention to this application of Thm. A.

Theorem D. Let Z[G] be the integral group ring of a finite p-group, and let
M ⊂ Q[G] be a maximal Z-order of the rational group algebra such that Z[G] ⊂M.
Then there is a natural sequence of pro-abelian groups

· · · → Kq(Z[G],Z/pv)→


Kq(M,Z/pv)

⊕
TCnq (Z[G]; p,Z/pv)


n≥1

→ {TCnq (M; p,Z/pv)}n≥1 → · · ·

which is exact for non-negative integers q.
We again remark that Thm. D implies the slightly weaker result that the follow-

ing square of spectra becomes homotopy-cartesian after p-completion and passage
to connective covers.

K(Z[G]) //

��

TC(Z[G]; p)

��

K(M) // TC(M; p).

The strength of Thm. D lies in the fact that the maximal order M is a regular ring
whose K-groups fit in the following localization sequence [20, Thm. 1.17].

· · · →
⊕
`

Kq(M`/J`)→ Kq(M)→ Kq(Q[G])→ · · · .

The sum on the left-hand side runs over all rational primes ` and J` ⊂ M` is the
Jacobsen radical in the `-adic completion of M. The rings Q[G] and M`/J` are
semi-simple.

We briefly discuss the proof of Thm. A which, in outline, is similar to the proof
of the theorem of Cortiñas [5]. The proof uses two key observations which are due
to Cuntz and Quillen [6]. The first observation is that it suffices to prove Thm. A
in the case where the non-unital associative ring I can be embedded as a two-sided
ideal I ⊂ T of a free unital associative ring. The second observation is that, in this
case, the pro-algebra {Im⊗Fp}m≥1 is H-unital. By a generalization of the excision
theorem of Suslin-Wodzicki [24, 25], we then show that the pro-abelian groups

{Kq(A,B, Im,Z/pv)}m≥1

are zero, for all integers q. The proof is given in paragraph 1 below. Similarly, we
show in paragraph 2 that the pro-abelian groups

{TCnq (A,B, Im; p,Z/pv)}m,n≥1

are zero, for all integers q. Hence, if I can be embedded as an ideal of a free unital
associative ring, the cyclotomic trace map induces an isomorphism of pro-abelian
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groups in the top row of the following diagram.

{Kq(A,B, Im,Z/pv)}m≥1
∼ //

��

{TCnq (A,B, Im; p,Z/pv)}m,n≥1

��

Kq(A,B, I,Z/pv) // {TCnq (A,B, I; p,Z/pv)}n≥1.

Finally, it follows from a theorem of McCarthy [19] and from [8, Thm. 2.2.1] that
also the lower horizontal map is an isomorphism of pro-abelian groups. The details
of this argument are given in paragraph 3 below. This completes the outline of the
proof of Thm. A.

A pro-object of a category C is a functor from a directed partially ordered set to
the category C, and a strict map between two pro-objects with the same indexing
set is a natural transformation. A general map from a pro-object X = {Xi}i∈I to
a pro-object Y = {Yj}j∈J is an element of the set

Hompro−C(X,Y ) = lim
J

colim
I

HomC(Xi, Yj).

In particular, a pro-object X = {Xi}i∈I in a category with a null-object is zero if
for all i ∈ I, there exists i′ ≥ i such that the map Xi′ → Xi is zero.

This paper was written while the authors visited the University of Tokyo. We
would like to express our sincere gratitude to the university and to Takeshi Saito for
their kind hospitality and for the stimulating atmosphere they provided. Finally,
it is a particular pleasure to acknowledge the help we have had from Cortiñas. He
long ago suggested to us to prove the main theorem of this paper by adapting the
integral excision theorem of Suslin [24] to the pro-setting. He also pointed out a
gap in our arguments in an earlier version of this paper.

1. K-theory

1.1. In this paragraph we prove the following variant of the excision theorem
of Suslin-Wodzicki [25, 24]. Our treatment closely follows Suslin [24]. If I is a
non-unital associative ring, we write Z n I for the unital associative ring given by
the product Z× I with multiplication (a, x) · (a′, x′) = (aa′, ax′ + xa′ + xx′).

Theorem 1.1.1. Let f : A → B be a map of unital associative rings, and let
I ⊂ A be a two-sided ideal such that f : I → f(I) is an isomorphism onto a two-
sided ideal of B. Suppose that for all positive integers q, the pro-abelian group

{TorZn(In)
q (Z,Z/p)}n≥1

is zero. Then for all integers q, the map of pro-abelian groups

{Kq(A, In,Z/pv)}n≥1 → {Kq(B, f(I)n,Z/pv)}n≥1

is an isomorphism.
We will use a functorial version of the plus-construction of Quillen. Hence,

λ : X → X+

will be a natural transformation of functors from the category of pointed spaces
and base-point preserving continuous maps to itself. For example, one can use
the functorial localization [17] with respect to a pointed space W whose reduced
integral homology is trivial and whose fundamental group admits a non-trivial group
homomorphism to GL(Z) [2].
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Let A be a unital associative ring, and let I ⊂ A be a two-sided ideal. Let
GL(I) and GL(A/I) be the kernel and image of the map GL(A) → GL(A/I)
induced by the canonical projection. We let F (A, I) be the homotopy fiber of the
canonical map BGL(A)+ → BGL(A/I)+, and let X(A, I) be the homotopy pull-
back of BGL(A/I) and BGL(A) over BGL(A/I)+. We then have the following
commutative diagram of pointed spaces and base-point preserving continuous maps
where the rows are fiber sequences.

(1.1.2) BGL(I) //

��

BGL(A) //

��

BGL(A/I)

F (A, I) // X(A, I) //

��

BGL(A/I)

��

F (A, I) // BGL(A)+ // BGL(A/I)+.

We consider the relative Serre spectral sequence

(1.1.3)
E2
s,t = Hs(GL(A/I),Ht(F (A, I), BGL(I),Z/p))

⇒ Hs+t(X(A, I), BGL(A),Z/p)

which converges to zero. Indeed, both of the maps BGL(A) → BGL(A)+ and
X(A, I) → BGL(A)+ induce isomorphisms on homology, and hence so does the
map BGL(A) → X(A, I). Hence, the relative homology groups, defined as the
reduced homology groups of the mapping cone, are zero. The diagram (1.1.2) and
the spectral sequence (1.1.3) are both functorial in the pair I ⊂ A. Hence, if we
consider the pro-ideal {In}n≥1 of powers of the ideal I ⊂ A, we obtain a spectral
sequence of pro-abelian groups.

Lemma 1.1.4. If the pro-abelian group {Ht(F (A, In), BGL(In),Z/p)}n≥1 is
zero, for 0 ≤ t < p, then the pro-abelian group

{Hs(GL(A/In),Hp(F (A, I), BGL(I)),Z/p)}n≥1

is zero, for 0 ≤ s ≤ 1. If, in addition, the canonical map

{Hp−1(BGL(In),Z/p)}n≥1 → {H0(GL(A/In),Hp−1(BGL(In),Z/p))}n≥1

is an isomorphism of pro-abelian groups, then the pro-abelian group

{Hp(F (A, In), BGL(In),Z/p)}n≥1

is zero.

Proof. We shall omit the Z/p-coefficients from the homology throughout the
proof. The first claim follows immediately from the spectral sequence. To prove
the second claim, we show that in the exact sequence of pro-abelian groups

{Hp(F (A, In))} → {Hp(F (A, In), BGL(In))} → {Hp−1(BGL(In))},

both maps are equal to zero. We first show that the right-hand map is zero, or
equivalently, that in the following exact sequence of pro-abelian groups, the right-
hand map is injective.

{Hp(F (A, In), BGL(In))} → {Hp−1(BGL(In))} → {Hp−1(F (A, In))} → 0.
5



The right-hand map is surjective by the hypothesis of the lemma, and hence, the
induced sequence of {GL(A/In)}-coinvariants is again exact. By the first statement
of the lemma, the pro-abelian group

{H0(GL(A/In),Hp(F (A, In), BGL(In)))}
is zero, and therefore the map of pro-abelian groups

{H0(GL(A/In),Hp−1(BGL(In)))} → {H0(GL(A/In),Hp−1(F (A, In)))}
is injective. We consider the diagram of pro-abelian groups.

{Hp−1(BGL(In))} //

∼
��

{Hp−1(F (A, In))}

��

{H0(GL(A/In),Hp−1(BGL(In)))} � � // {H0(GL(A/In),Hp−1(F (A, In)))}.

The left-hand vertical map is an isomorphism by assumption. Hence, the upper
horizontal map is injective as desired.

It remains to show that the left-hand map in the sequence at the beginning of
the proof is zero. This is equivalent to showing that in the following exact sequence
of pro-abelian groups, the left-hand map is surjective.

{Hp(BGL(In))} → {Hp(F (A, In))} → {Hp(F (A, In), BGL(In))} → 0.

The surjectivity of the right-hand map was proved above. The induced sequence of
{GL(A/In)}-coinvariants is again exact, and by the first statement of the lemma,
the group of {GL(A/In)}-coinvariants of the right-hand term is zero. Hence, the
map of pro-abelian groups

{H0(GL(A/In),Hp(BGL(In)))} → {H0(GL(A/In),Hp(F (A, In)))}
is surjective. We now consider the following diagram of pro-abelian groups.

{Hp(BGL(In))} //

����

{Hp(F (A, In))}

∼
��

{H0(GL(A/In),Hp(BGL(In)))} // // {H0(GL(A/In),Hp(F (A, In)))}.

The left-hand vertical map and the lower horizontal map are surjective, and we
claim that the right-hand vertical map is an isomorphism. Indeed, since X(A, In) is
a homotopy pull-back, the action of GL(A/In) = π1(BGL(A/In)) on Hp(F (A, In))
is induced from the action of π1(BGL(A/In)+) on Hp(F (A, In)). But

F (A, In)→ BGL(A)+ → BGL(A/In)+

is a fiber sequence of infinite loop spaces, and therefore the fundamental group of
the base acts trivially on the homology of the fiber [27]. This proves that the top
horizontal map in the diagram above is surjective as desired. �

The group of column vectors M∞,1(In) is naturally a left GL(In)-module, so
we can form the semi-direct product group GL(In)nM∞,1(In). We shall show in
Prop. 1.2.7 below that the map induced by the canonical inclusion

{Hq(GL(In),Z/p)} → {Hq(GL(In)nM∞,1(In),Z/p)}
is an isomorphism of pro-abelian groups. But first we show that this implies the
following result.
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Proposition 1.1.5. Let A be a unital associative ring, let I ⊂ A be a two-sided
ideal, and suppose that for all positive integers q, the pro-abelian group

{TorZn(In)
q (Z,Z/p)}n≥1

is zero. Then for all integers q, the pro-abelian group

{Hq(F (A, In), BGL(In),Z/p)}n≥1

is zero.

Proof. For notational convenience we omit the Z/p-coefficients for the homol-
ogy throughout the proof. We shall show that the hypothesis implies that for all
integers q, the canonical map of pro-abelian groups

{Hq(BGL(In))}n≥1 → {H0(GL(A/In),Hq(BGL(In)))}n≥1

is an isomorphism. The proposition then follows from Lemma 1.1.4 by induction
on q starting from the trivial case q = 0.

It suffices, by the proof of [25, Cor. 1.6], to show that for all n ≥ 1, there exists
m ≥ n such that the image of

ιm,n∗ : Hq(GL(Im))→ Hq(GL(In))

is GL(Z)-invariant. To this end we consider the following homomorphisms.

Hq(GL(In)) σ∗−→ Hq(GL(In)nM∞,1(In))
j∗−→ Hq(GL(In)).

The right-hand map is induced from the embedding

j(α, v) =
(

1 0
v α

)
.

By loc.cit., Lemma 1.4, the composite map ϕ∗ = j∗ ◦ σ∗ is injective. Hence, it
suffices to show that the image of the composite map

Hq(GL(Im))
ιm,n∗−−−−→ Hq(GL(In))

ϕ∗−−→ Hq(GL(In))

is invariant under the adjoint action by the subgroup(
1 0
0 GL(Z)

)
⊂ GL(Z).

In effect, we will show that the image of ϕ∗ ◦ ιm,n∗ is invariant under the adjoint
action by the full group GL(Z). The group GL(Z) is generated by the elementary
matrices ek,1(1) and e1,k(1), k ≥ 1, and the diagonal matrix diag(−1, 1, 1, . . . ). It
is clear that the image of ϕ∗ is invariant under the action of the diagonal matrix
diag(−1, 1, 1, . . . ). It remains to show that the image of ϕ∗ ◦ ιm,n∗ is invariant also
under the action of the elementary matrices ek,1(1) and e1,k(1).

The elementary matrices ek,1(1) are in the image of the composite

M∞,1(Z)
γ−→ GL(Z)nM∞,1(Z)

j−→ GL(Z),

where the left-hand map takes β to (1, β). We show in Prop. 1.2.7 below there
exists m ≥ n such that the following map of relative homology groups is zero.

ιm,n∗ : Hq(GL(Im)nM∞,1(Im), GL(Im))→ Hq(GL(In)nM∞,1(In), GL(In)).
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Let β ∈ GL(Z) be an element in the image of j ◦ γ and consider the following
diagram.

Hq(GL(Im))
ιm,n∗

//

σ∗

��

Hq(GL(In))

σ∗

��

Hq(GL(Im)nM∞,1(Im))
ιm,n∗

//

∼ Ad(β)∗

��

Hq(GL(In)nM∞,1(In))

∼ Ad(β)∗

��

Hq(GL(Im)nM∞,1(Im))
ιm,n∗

//

π∗

��

Hq(GL(In)nM∞,1(In))

π∗

��

Hq(GL(Im))
ιm,n∗

// Hq(GL(In)).

The vertical compositions both are the identity homomorphism and, by the choice
of m ≥ n, the image the second horizontal homomorphism ιm,n∗ is contained in the
image the top right hand vertical homomorphism σ∗. This shows that the image of
ϕ∗ ◦ ιm,n∗ is invariant under the action of β in the image of j ◦ γ. In particular, the
image of ϕ∗ ◦ ιm,n∗ is invariant under the action of the elementary matrices ek,1(1).
One shows in a similar way that there exists (a possibly larger) m ≥ n such that
the image of ϕ∗ ◦ ιm,n∗ is invariant under the action of the elementary matrices
e1,k(1). This completes the proof. �

Proof of Thm. 1.1.1. It suffices by simple induction to treat the case v = 1.
Let f : A→ B be as in the statement. By Prop. 1.1.5, the induced map

{Hq(F (A, In),Z/p)}n≥1 → {Hq(F (B, f(I)n),Z/p)}n≥1

is an isomorphism of pro-abelian groups, and [21, Cor. 5.8] then shows that also
the induced map

{πq(F (A, In),Z/p)}n≥1 → {πq(F (B, f(I)n),Z/p)}n≥1

is an isomorphism of pro-abelian groups. �

1.2. The main result of this section is Prop. 1.2.7 below which was used in
the proof of Prop. 1.1.5 above. We begin with some general theory.

Let A be a unital associative ring, and let I ⊂ A be a two-sided ideal. Then
the powers {In}n≥1 form a pro-associative ring without unit. We will say that a
pro-abelian group {Mn}n≥1 is a left module over {In}n≥1 if for all n ≥ 1, Mn is a
left In-module and if for all m ≥ n ≥ 1, the following diagram commutes.

Im ⊗Mm
µm //

ιm,n⊗λm,n
��

Mm

λm,n

��

In ⊗Mn
µn // Mn.

By a homomorphism from a left {In}-module {Mn} to a left {In}-module {M ′n} we
mean a strict map of pro-abelian groups f : {Mn} → {M ′n} such that for all n ≥ 1,
the map fn : Mn → M ′n is an In-module homomorphism. We will say that a left
{In}-module {Pn} is pseudo-free if for all n ≥ 1, there are In-module isomorphisms

ϕn : In ⊗ Ln
∼−→ Pn
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with Ln a free abelian group, and if for all m ≥ n ≥ 1, there are maps of abelian
groups σm,n : Lm → Ln such that the following diagrams commute.

Im ⊗ Lm
ϕm //

ι⊗σm,n
��

Pm

λm,n

��

In ⊗ Ln
ϕn // Pn.

A homomorphism f : {Pn} → {Mn} from a pseudo-free {In}-module to an
arbitrary {In}-module is said to be

(i) special if there exists a strict map of pro-abelian groups g : {Ln} → {Mn}
such that for all n ≥ 1, the composite

In ⊗ Ln
ϕn−−→ Pn

fn−→Mn

maps a⊗ x to agn(x).
(ii) pv-special if the {In}-module {Pn} admits a strict direct sum decomposition

ι′ ⊕ ι′′ : {P ′n} ⊕ {P ′′n }
∼−→ {Pn}

such that {P ′n} and {P ′′n } are pseudo-free {In}-modules, such that f ◦ ι′ is special,
and such that f ◦ ι′′ = pvg, for some homomorphism g : {P ′′n } → {Mn}.

Lemma 1.2.1. Let {P ′n} be a left {In}-module. Then there exists a special
homomorphism f : {Pn} → {P ′n} from a pseudo-free left {In}-module {Pn} such
that the image of fn is equal to In · P ′n ⊂ P ′n.

Proof. Let Z{P ′n} be the free abelian group generated by the set of elements
of P ′n. We define Pn be the extended left In-module

Pn = In ⊗
⊕
k≥n

Z{P ′k},

and let λm,n : Pm → Pn be the map

Im ⊗
⊕
k≥m

Z{P ′k}
ιm,n⊗incl−−−−−−→ In ⊗

⊕
k≥n

Z{P ′k}.

Then {Pn} is a pseudo-free {In}-module and the canonical map f : {Pn} → {P ′n}
is a special homomorphism such that the image of fn is equal to In · P ′n ⊂ P ′n. �

Let {Pn} be a pseudo-free {In}-module. An augmented complex of {In}-
modules over {Pn} is, by definition, a sequence of {In}-modules and homomor-
phisms

. . .
d−→ {Cn,2}

d−→ {Cn,1}
d−→ {Cn,0}

ε−→ {Pn}
such that dn ◦ dn and εn ◦ dn are equal to zero, for all n ≥ 1. We say that the
augmented complex ε : {Cn,∗} → {Pn} is

(i) special if the {Cn,q} are pseudo-free, if ε is special, and if the homology of
the augmented complex εn : Cn,∗ → Pn is annihilated by In.

(ii) pv-special if the {Cn,q} are pseudo-free, if ε is pv-special, and if the homology
of the augmented complex εn : Cn,∗ → Pn is annihilated by both In and pv.

Corollary 1.2.2. Let {Pn} be an pseudo-free {In}-module. Then there exists
both a special augmented complex and a pv-special augmented complex over {Pn}.

We remark that the identity homomorphism of a pseudo-free module is usually
not special, and hence, does not constitute an augmented special complex.
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Proof. It is proved by easy induction based on Lemma 1.2.1 that there exists
a special augmented complex

. . . d // {Cn,2} d // {Cn,1} d // {Cn,0} ε // {Pn}.

Then the total complex of the double-complex

. . . d // {Cn,2} d //

pv

��

{Cn,1} d //

pv

��

{Cn,0} ε //

pv

��

{Pn}

pv

��

. . . d // {Cn,2} d // {Cn,1} d // {Cn,0} ε // {Pn}.

is a pv-special augmented complex. �

Proposition 1.2.3. Let I ⊂ A be a two-sided ideal of a unital associative
ring, and suppose that the pro-abelian groups {TorZn(In)

q (Z,Z/p)} are zero, for all
positive integers q. Then every pv-special augmented complex

. . .
d−→ {Cn,2}

d−→ {Cn,1}
d−→ {Cn,0}

ε−→ {Pn},

is exact as an augmented complex of pro-abelian groups.

Proof. By induction, the pro-abelian groups {TorZn(In)
q (Z,Z/pv)}n≥1 are

zero, for all v ≥ 1. We show by induction on q ≥ −1 that the following com-
plex of pro-abelian groups has zero homology.

. . .
d−→ {Cn,2}

d−→ {Cn,1}
d−→ {Cn,0}

d−→ {Cn,−1} = {Pn}

We let Zn,q and Bn,q−1 be the kernel and image of dn : Cn,q → Cn,q−1 and note
that since both In and pv annihilate Hq(Cn,∗) = Zn,q/Bn,q, we have

InZn,q + pvZn,q ⊂ Bn,q.

We first consider q = −1. Then Zn,−1 = Pn, and hence InPn+pvPn ⊂ Bn,−1. But,
by the definition of a special homomorphism, Bn,−1 ⊂ InPn + pvPn, and therefore
Bn,−1 = InPn + pvPn. Hence,

H−1(Cn,∗)
∼←− TorZn(In)

0 (Pn,Z/pv)
∼←− TorZn(In)

0 (In ⊗Mn,Z/p
v)

∼←− TorZn(In)
0 (In,Z/pv)⊗Mn

∼←− TorZn(In)
1 (Z,Z/pv)⊗Mn.

It follows that the pro-abelian group {H−1(Cn,∗)} is zero as desired.
Next, we assume that the pro-abelian group {Hi(Cn,∗)} is zero, for i < q, and

show that the pro-abelian group {Hq(Cn,∗)} is zero. The assumption is equivalent
to the statement that the following sequence of pro-abelian groups is exact.

0→ {Zn,q} → {Cn,q} → · · · → {Cn,0} → {Pn} → 0.

This gives rise to the following spectral sequence of pro-abelian groups.

E1
s,t =


{TorZn(In)

t (Cn,s,Z/pv)}, if 0 ≤ s ≤ q,
{TorZn(In)

t (Zn,q,Z/pv)}, if s = q + 1,
{0}, if s > q + 1,

⇒ {TorZn(In)
s+t (Pn,Z/pv)}.

10



Since {Cn,s} is pseudo-free, we have

TorZn(In)
t (Cn,s,Z/pv)

∼←− TorZn(In)
t (In ⊗Mn,s,Z/p

v)
∼←− TorZn(In)

t (In,Z/pv)⊗Mn,s
∼←− TorZn(In)

t+1 (Z,Z/pv)⊗Mn,s.

It follows that the pro-abelian groups E1
s,t are zero, for 0 ≤ s ≤ q. Hence the

edge-homomorphism of the spectral sequence

{TorZn(In)
q+1 (Pn,Z/pv)} → {TorZn(In)

0 (Zn,q,Z/pv)} = {Zn,q/(InZn,q + pvZn,q)}
is an isomorphism of pro-abelian groups, and since the pro-abelian group on the
left is zero, so is the one on the right. Finally, since InZn,q + pvZn,q ⊂ Bn,q, the
group Zn,q/(InZn,q + pvZn,q) surjects onto the group Zn,q/Bn,q = Hq(Cn,∗), and
hence, the pro-abelian group {Hq(Cn,∗)} is zero as stated. �

Proposition 1.2.4. Let I ⊂ A be a two-sided ideal of a unital associative
ring, and suppose that the pro-abelian groups {TorZn(In)

q (Z,Z/p)} are zero, for all
positive integers q. Let Fi, i ≥ 0, be a sequence of possibly non-additive functors
Fi, i ≥ 0, from the category of {In}-modules to the category of pro-abelian groups
that satisfies the following conditions (i)—(iii).

(i) For every {In}-module {Pn}, the pro-abelian group F0({Pn}) is zero.
(ii) If ε : {Pn[−]} → {Pn} is an augmented simplicial {In}-module such that

the associated augmented complex of pro-abelian groups is exact, then there is a
spectral sequence of pro-abelian groups

E1
s,t = Ft({Pn[s]})⇒ Fs+t({Pn})

such that the edge-homomorphism Ft({Pn[0]}) → Ft({Pn}) is the map induced by
the augmentation ε : {Pn[0]} → {Pn}.

(iii) For every i ≥ 0, there exists v ≥ 0 such that the map of pro-abelian groups

f∗ : Fi({Pn})→ Fi({P ′n})
induced by a pv-special homomorphism f : {Pn} → {P ′n} is zero.

Then for every pseudo-free {In}-module {Pn} and for every i ≥ 0, the pro-
abelian group Fi({Pn}) is zero.

Proof. We prove the statement by induction on i ≥ 0. The case i = 0 is
trivial, so we assume the statement for i − 1 and prove it for i. We choose v such
that for all 0 ≤ t ≤ i, the map of pro-abelian groups

f∗ : Ft({Pn})→ Ft({P ′n})
induced by a pv-special homomorphism f : {Pn} → {P ′n} is zero. Let {Pn} be a
pseudo-free {In}-module and choose a pv-special complex ε : {Cn,∗} → {Pn} over
{Pn}. By Prop. 1.2.3 this augmented complex is exact as an augmented complex of
pro-abelian groups. We let ε : {Pn[−]} → {Pn} be the augmented simplicial {In}-
module obtained from the augmented complex ε : {Cn,∗} → {Pn} by the Dold-Kan
correspondance [28]. By assumption, we then have the following spectral sequence
of pro-abelian groups.

E1
s,t = Ft({Pn[s]})⇒ Fs+t({Pn}).

By the inductive hypothesis, the pro-abelian group E1
s,t is zero, for 0 ≤ t < i, and

hence, the edge-homomorphism

Fi({Pn[0]})� Fi({Pn})
11



is an epimorphism of pro-abelian groups. But the edge-homomorphism is equal to
the map induced by the special homomorphism ε : {Pn[0]} → {Pn} and therefore is
zero by assumption. This completes the proof. �

If a group G acts from the left on a group H, the semi-direct product group
GnH is defined to be the set G×H with multiplication

(g, h) · (g′, h′) = (gg′, (g′−1h)h′).

The projection π : GnH → G and the map σ : G→ GnH given by σ(g) = (g, 1) are
both group-homomorphisms and π◦σ = id. Hence, the homology of the semi-direct
product group decomposes canonically as a direct sum

Hq(GnH) ∼←− Hq(G)⊕Hq(GnH,G).

Proposition 1.2.5. Let {Gn} be a pro-group, and let ε : {Hn[−]} → {Hn} be
a strict augmented simplicial pro-group with a strict left {Gn}-action. Suppose that
the associated complex of pro-abelian groups

· · · → {Z{Hn[2]}} → {Z{Hn[1]}} → {Z{Hn[0]}} ε−→ {Z{Hn}} → 0

is exact. Then there is a natural spectral sequence of pro-abelian groups

E1
s,t = {Ht(Gn nHn[s], Gn,Z/p)} ⇒ {Hs+t(Gn nHn, Gn,Z/p)},

and the edge-homomorphism

{Ht(Gn nHn[0], Gn,Z/p)} → {Ht(Gn nHn, Gn,Z/p)}

is equal to the map induced from ε.

Proof. Let ε : Z{EG[−]} → Z be the augmented simplicial free abelian group
generated by the standard augmented simplicial model EG[−]→ ∗ of a contractible
space with a free G-action. The associated augmented complex

ε : Z{EG[−]}∗ → Z

is a natural resolution of Z by free (right) Z[G]-modules. Suppose that M∗ is a
complex of left G-modules. We define C∗(G;M∗) to be the total complex of the
double-complex Z{EG[−]}∗⊗Z[G]M∗ and the hyper-homology of G with coefficients
in M∗ to be the homology

H∗(G;M∗) = H∗(C∗(G;M∗)).

There is a functorial spectral sequence

(1.2.6) E2
s,t = Hs(G;Ht(M∗))⇒ Hs+t(G;M∗)

with Ht(M∗) considered as complex concentrated in degree zero.
If G acts from the left on a group H, and if M∗ is a complex of left G n H-

modules, then there is a canonical isomorphism of complexes

C∗(GnH;M∗)
∼←− C∗(G;C∗(H;M))

where the G-action on C∗(H;M∗) is induced from the actions by G on H and M∗.
Moreover, if C̃∗(H;M∗) denotes the reduced complex defined as the degree-wise
cokernel of the canonical map C∗({1};M∗)→ C∗(H;M∗), then there is a canonical
isomorphism of complexes

C∗(GnH,G;M∗)
∼←− C∗(G; C̃∗(H;M∗)).
12



We shall only consider this isomorphism in the case where M∗ = Z/p is the complex
that consists of the trivial G×H-module Z/p concentrated in degree zero.

Let ε : H[−] → H be an augmented simplicial group with a left G-action, and
let C̃∗(H[−];Z/p)∗ denote the total-complex of the double-complex associated with
the simplicial complex C̃∗(H[−];Z/p). Then the filtration in the simplicial direction
gives rise to a functorial spectral sequence of hyper-homology groups

E1
s,t = Ht(G; C̃∗(H[s];Z/p))⇒ Hs+t(G; C̃∗(H[−];Z/p)∗).

Suppose now that {Gn} and ε : {Hn[−]} → {Hn} are as in the statement. Then we
obtain a spectral sequence of (strict) pro-abelian groups

E1
s,t = {Ht(Gn; C̃∗(Hn[s];Z/p))} ⇒ {Hs+t(Gn; C̃∗(Hn[−];Z/p)∗)}.

The augmentation induces a (strict) map of pro-abelian groups

ε∗ : {Hq(Gn; C̃∗(Hn[−];Z/p)∗)} → {Hq(Gn; C̃∗(Hn;Z/p))},

and we claim that this map is an isomorphism. Indeed, the hypothesis of the
proposition implies that the map induced by the augmentation

ε∗ : {Ht(C̃∗(Hn[−];Z/p)∗)} → {H̃t(Hn;Z/p)}

is an isomorphism of pro-abelian groups for all t. The claim then follows from the
spectral sequence (1.2.6) which is located in the first quadrant. This proves that
there exists a spectral sequence as stated in the proposition. Finally, it is clear from
the construction that the edge-homomorphism is as stated. �

Let A be a unital associative ring, let I ⊂ A be a two-sided ideal, and let {Pn}
be a left {In}-module. Then the group of column vectors M∞,1(Pn) is naturally
a left GL(In)-module, and we consider the canonical inclusion of GL(In) in the
semi-direct product GL(In) n M∞,1(Pn). The relative homology groups form a
sequence of non-additive functors

Fi({Pn}) = {Hi(GL(In)nM∞,1(Pn), GL(In)),Z/p)}

from the category of left {In}-modules to the category of pro-abelian groups. This
sequence of functors trivially satisfies the condition (i) of Prop. 1.2.4 and it follows
from Prop. 1.2.5 that it also satisfies the condition (ii). Finally, it follows from [24,
Cor. 6.6] that this sequence of functors also satisfies the condition (iii). Hence we
obtain the following result that was used in the proof of Prop. 1.1.5 above.

Proposition 1.2.7. Let I ⊂ A be a two-sided ideal of a unital associative
ring, and suppose that the pro-abelian groups {TorZn(In)

q (Z,Z/p)} are zero, for all
positive integers q. Then the map induced by the canonical inclusion

{Hq(GL(In),Z/p)} → {Hq(GL(In)nM∞,1(In),Z/p)}

is an isomorphism of pro-abelian groups, for all q ≥ 0.

Proof. Indeed, the module {In} is pseudo-free, and hence, Prop. 1.2.4 shows
that the pro-abelian groups

{Hq(GL(In)nM∞,1(In), GL(In),Z/p)}

are zero, for all q ≥ 0. �
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2. Topological cyclic homology

2.1. This paragraph is devoted to the proof of the following result.
Theorem 2.1.1. Let f : A → B be a map of unital associative rings, and let

I ⊂ A be a two-sided ideal such that f : I → f(I) is an isomorphism onto a two-
sided ideal of B. Suppose that for all positive integers q, the pro-abelian group

{TorZn(In)
q (Z,Z/p)}n≥1

is zero. Then for all integers q and positive integers n, the induced map

{TCnq (A, Im; p,Z/pv)}m≥1 → {TCnq (B, f(I)m; p,Z/pv)}m≥1

is an isomorphism of pro-abelian groups.
We first explain that Thm. 2.1.1 follows from the analogous result for topologi-

cal Hochschild homology. The reader is referred to [16] and [12] for further details
on topological Hochschild and topological cyclic homology. Associated with the
unital associative ring A one has the topological Hochschild spectrum T (A) which
is a object of the T-stable homotopy category. The equivariant homotopy groups

TRn
q (A; p) = [Sq ∧ (T/Cpn−1)+, T (A)]T

come equipped with an additional restriction map

TRn
q (A; p) R−→ TRn−1

q (A; p)

whose definition uses the cyclotomic structure of T (A). We consider the family
of groups {TRn

q (A; p)}n≥1 as a pro-abelian group with the restriction map as the
structure map. The group TR1

q(A; p) is equal to the qth topological Hochschild
group THq(A). In general, there are natural long-exact sequences

(2.1.2) · · · → Hq(Cpn−1 , T (A))→ TRn
q (A; p) R−→ TRn−1

q (A; p)→ · · ·

and natural spectral sequences

(2.1.3) E2
s,t = Hs(Cpn−1 ,THt(A))⇒ Hs+t(Cpn−1 , T (A)).

The canonical projection T/Cpn−2 → T/Cpn−1 induces the Frobenius map of equi-
variant homotopy groups

F : TRn
q (A; p)→ TRn−1

q (A; p),

and the topological cyclic homology groups TCnq (A; p) are defined so as to form a
long-exact sequence

(2.1.4) . . .→ TCnq (A; p)→ TRn
q (A; p) R−F−−−→ TRn−1

q (A; p) ∂−→ TCnq−1(A; p)→ . . . .

If I ⊂ A is a two-sided ideal, one has the following natural exact triangle in the
T-stable category.

(2.1.5) T (A, I)→ T (A)→ T (A/I) δ−→ T (A, I)[−1].

Moreover, Bökstedt and Madsen [3, Prop. 10.2] have given a construction of this
triangle with the addtional property that it is also a sequence of cyclotomic spectra.
It follows that there are natural long-exact sequences

. . .→ TCnq (A, I; p)→ TCnq (A; p)→ TCnq (A/I; p) ∂−→ TCnq−1(A, I; p)→ . . .
14



and relative versions of the long-exact sequences (2.1.2) and (2.1.4) and the spectral
sequence (2.1.3). Hence, to prove Thm. 2.1.1 above, it will suffice to prove the
following result.

Theorem 2.1.6. Let f : A → B be a map of unital associative rings, and let
I ⊂ A be a two-sided ideal such that f : I → f(I) is an isomorphism onto a two-
sided ideal of B. Suppose that for all positive integers q, the pro-abelian group

{TorZn(In)
q (Z,Z/p)}n≥1

is zero. Then for all integers q, the induced map

{THq(A, Im,Z/p)}m≥1 → {THq(B, f(I)m,Z/p)}m≥1

is an isomorphism of pro-abelian groups.

2.2. We remark that Thm. 2.1.6 can be regarded as a statement about the
homotopy groups of the underlying non-equivariant spectrum TH(A, I) of the T-
spectrum T (A, I). We first recall the definition of TH(A, I). The category of
symmetric spectra is a closed model category and the associated homotopy category
is the stable homotopy category. The smash product of symmetric spectra defines
a closed symmetric monoidal structure which descends to a symmetric monoidal
structure on the stable homotopy category.

We shall consider various symmetric spectra that are defined as the realization
of semi-simplicial symmetric spectra. To briefly recall this, let ∆mon be the category
whose objects are the finite ordered sets

[k] = {1, 2, . . . , k}, k ≥ 0,

and whose morphisms are all injective order-preserving maps. The morphisms are
generated by the coface maps dr : [k − 1] → [k], 0 ≤ r ≤ k, given by dr(i) = i, for
0 ≤ i < r, and dr(i) = i + 1, for r ≤ i < k. Then a semi-simplicial symmetric
spectrum is a functor X[−] from ∆op

mon to the category of symmetric spectra, and
the realization is the symmetric spectrum defined to be the coequalizer

(2.2.1)
∨
X[k′] ∧ (∆k)+

//
//

∨
X[k] ∧ (∆k)+

//
∥∥[k] 7→ X[k]

∥∥,
where the wedge-sums in the middle and on the left run over all objects and mor-
phisms, respectively, of ∆mon. The two maps are given, on the summand on the
left indexed by the morphism θ : [k]→ [k′], by the maps X[k′]∧ θ∗ and θ∗ ∧ (∆k)+,
respectively. There is a natural spectral sequence

(2.2.2) E1
s,t = πt(X[s])⇒ πs+t(

∥∥[k] 7→ X[k]
∥∥)

where the d1-differential is given by the alternating sum of the maps induced by
the face maps dr : X[s]→ X[s− 1], 0 ≤ r ≤ s.

Let I be a non-unital associative ring. We will abuse notation and write I also
for the associated Eilenberg-MacLane spectrum [18, Ex. 1.2.5]. The ring structure
gives rise to a map of symmetric spectra

µ : I ∧ I → I

that makes I a non-unital associative symmetric ring spectrum. We define the
topological Hochschild spectrum of I to be the symmetric spectrum

TH(I) =
∥∥[k] 7→ TH(I)[k]

∥∥
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that is the realization of the semi-simplicial symmetric spectrum defined as follows.
The symmetric spectrum in degree k is the (k + 1)-fold smash product

TH(I)[k] = I∧(k+1)

and the face maps dr : TH(I)[k]→ TH(I)[k − 1], 0 ≤ r ≤ k, are defined by

dr =

{
I∧r ∧ µ ∧ I∧(k−1−r) 0 ≤ r < k,

(µ ∧ I∧(k−1)) ◦ τ r = k.

Here τ is the canonical isomorphism that permutes the first k smash factors and the
last smash factor. We recall from [23, Thm. 4.2.8] that if A is a unital associative
ring, the symmetric spectrum TH(A) defined here is canonically weakly equivalent
to the topological Hochschild spectrum defined by Bökstedt. It is in order to
note that the symmetric spectrum TH(A) defined here is not equipped with the
additional cyclotomic structure that is necessary for the definition of topological
cyclic homology. However, this extra structure is not relevant for the proof of
Thm. 2.1.6.

Let A be a unital associative ring, and let I ⊂ A be a two-sided ideal. We again
abuse notation and write A and I for the associated Eilenberg-MacLane spectra.
Then A is a unital associative symmetric ring spectrum, I is a unital symmetric
A-A-bimodule spectrum, and the map ρ : I → A induced by the inclusion of I in A
is a map of A-A-bimodule spectra. We define a symmetric spectrum

TH(A)′ =
∥∥[k] 7→ TH(A)′[k]

∥∥
as the realization of a semi-simplicial symmetric spectrum defined as follows. Let
P[k] be the category with objects all tuples ε = (ε0, . . . , εk) of integers εi ∈ {0, 1}
and with a single morphism from ε to ε′ if εi ≥ ε′i, for all 0 ≤ i ≤ k. Let E[k] be
the functor from P[k] to the category of symmetric spectra that is given on objects
and morphisms, respectively, by

E[k](ε0, . . . , εr, . . . , εk) = Eε0 ∧ · · · ∧ Eεr ∧ · · · ∧ Eεk

E[k](ε0, . . . , ιr, . . . , εk) = Eε0 ∧ · · · ∧ ρ ∧ · · · ∧ Eεk ,

where E0 = A and E1 = I, and where (ε0, . . . , ιr, . . . , εk) denotes the unique
morphism from (ε0, . . . , 1, . . . , εk) to (ε0, . . . , 0, . . . , εk). Then

TH(A)′[k] = hocolim
P[k]

E[k];

see [4, Chap. XII] for the definition of homotopy colimits. To define the face maps,
we first note that the ring and bimodule spectrum maps define maps of symmetric
spectra µε,ε′ : Eε ∧ Eε

′ → Eεtε
′

where ε t ε′ = max{ε, ε′}. Then the face maps

dr : TH(A)′[k]→ TH(A)′[k − 1], 0 ≤ r ≤ k,

are defined to be the composites

hocolim
P[k]

E[k] δr−→ hocolim
P[k]

E[k − 1] ◦ dr → hocolim
P[k−1]

E[k − 1],

where dr : P[k]→ P[k − 1] is the functor

dr(ε0, . . . , εk) =

{
(ε0, . . . , εr t εr+1, εk) 0 ≤ r < k,

(εk t ε0, ε1, . . . , εk−1) r = k,
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and where δr : E[k]→ E[k − 1] ◦ dr is the natural transformation

δr =

{
Eε0 ∧ · · · ∧ Eεr−1 ∧ µεr,εr+1 ∧ Eεr+2 ∧ · · · ∧ Eεk 0 ≤ r < k,

(µεk,ε0 ∧ Eε1 ∧ · · · ∧ Eεk−1) ◦ τ r = k.

The object (0, . . . , 0) in P[k] is a final object, and hence, the canonical map

TH(A)[k] = E[k](0, . . . , 0)→ hocolim
P[k]

E[k] = TH(A)′[k]

is a weak equivalence [4, XII.3.1]. The canonical maps form a map of semi-simplicial
symmetric spectra and the spectral sequence (2.2.2) shows that the induced map
of realizations TH(A)→ TH(A)′ is a weak equivalence of symmetric spectra.

Let P ′[k] ⊂ P[k] be the full subcategory whose objects are the tuples ε such
that not all of ε0, . . . , εk are equal to zero. The symmetric spectrum

TH(A, I)[k] = hocolim
P′[k]

E[k]

is a sub-symmetric spectrum of TH(A)′[k], and the mapping cone of the canonical
inclusion is canonically weakly equivalent to TH(A/I)[k]. This follows from the
proof of Lemma 2.3.1 below. Moreover, the face maps dr : TH(A)′[k]→ TH(A)′[k−
1], 0 ≤ r ≤ k, restrict to face maps dr : TH(A, I)[k]→ TH(A, I)[k − 1], 0 ≤ r ≤ k,
and we define the symmetric spectrum

TH(A, I) =
∥∥[k] 7→ TH(A, I)[k]

∥∥
to be the realization. Then the canonical weak equivalences of TH(A) and TH(A)′

and of TH(A/I) and the mapping cone of the canonical inclusion of TH(A, I) in
TH(A)′ give rise to the following exact triangle in the stable homotopy category.

TH(A, I)→ TH(A)→ TH(A/I)→ TH(A, I)[−1].

This exact triangle is canonically isomorphic to the exact triangle associated with
the exact triangle (2.1.5) in the T-stable category.

2.3. The category P ′[k] admits a finite filtration

∅ ⊂ Fil0 P ′[k] ⊂ Fil1 P ′[k] ⊂ · · · ⊂ Filk−1 P ′[k] ⊂ Filk P ′[k] = P ′[k]

where Fils P ′[k] is the full sub-category whose objects are the tuples (ε0, . . . , εk)
such that at most s of ε0, . . . , εk are equal to 0. We obtain an induced filtration

∗ ⊂ Fil0 TH(A, I)[k] ⊂ Fil1 TH(A, I)[k] ⊂ · · · ⊂ Filk TH(A, I)[k] = TH(A, I)[k]

where Fils TH(A, I)[k] is the sub-symmetric spectrum of TH(A, I)[k] defined to
be the homotopy colimit of the restriction of the functor E[k] to Fils P ′[k]. The
functor dr : P ′[k] → P ′[k − 1] takes Fils P ′[k] to Fils P ′[k − 1], for 0 ≤ s < k, and
therefore, the face map dr : TH(A, I)[k] → TH(A, I)[k − 1] takes Fils TH(A, I)[k]
to Fils TH(A, I)[k − 1], for 0 ≤ s < k. Hence, we can form the realization

Fils TH(A, I) =
∥∥[k] 7→ Fils TH(A, I)[k]

∥∥
and obtain the following filtration of TH(A, I) by sub-symmetric spectra.

∗ ⊂ Fil0 TH(A, I) ⊂ Fil1 TH(A, I) ⊂ · · · ⊂ Fils TH(A, I) ⊂ · · · ⊂ TH(A, I).

We define the filtration quotient grs TH(A, I)[k] to be the mapping cone of the
canonical inclusion of Fils−1 TH(A, I)[k] in Fils TH(A, I)[k] and let

grs TH(A, I) =
∥∥[k] 7→ grs TH(A, I)[k]

∥∥.
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Since forming mapping cone and realization commute, up to canonical isomorphism,
we can also define grs TH(A, I), up to canonical isomorphism, to be the mapping
cone of the inclusion of Fils−1 TH(A, I) in Fils TH(A, I). We evaluate the homotopy
type of grs TH(A, I) and begin by evaluating that of grs TH(A, I)[k].

Let E1 → E0 be the map of unital symmetric A-A-bimodule spectra associated
with the canonical inclusion of I in A, and let E0 → E−1 be the map of unital
symmetric ring spectra associated with the canonical projection of A onto A/I. We
say that a tuple ε = (ε0, . . . , εk) of integers εi ∈ {1, 0,−1} is a weight of rank k and
write |ε|v for the number of 0 ≤ i ≤ k with εi = v. Then we have the following
analog of the hyper-cube lemma [29, Lemma A.1].

Lemma 2.3.1. For every 0 ≤ s ≤ k, there is a canonical weak equivalence

Φ̄s : grs TH(A, I)[k] ∼−→
∨
Eε0 ∧ · · · ∧ Eεk ,

where the wedge sum is over all weights ε of rank k with |ε|0 = 0 and |ε|−1 = s.

Proof. There is a partial ordering on the set of weights of rank k where ε ≤ ε′
if εi ≥ ε′i, for all 0 ≤ i ≤ k. We first define a map of symmetric spectra

Φs : Fils TH(A, I)[k] = hocolim
Fils P′[k]

Eε0 ∧ · · · ∧ Eεk →
∏

Eε0 ∧ · · · ∧ Eεk

where the product on the right-hand side is indexed by the set of weights of rank
k with |ε|0 = 0 and |ε|−1 = s. Recall from [4, XII.2.2] that to give the map Φs
is equivalent to giving, for each weight ε of rank k with |ε|0 = 0 and |ε|−1 = s, a
compatible family of maps

Φs,ε,ε′ : (Eε
′
0 ∧ · · · ∧ Eε

′
k) ∧ |ε′/Fils P ′[k]|+ → Eε0 ∧ · · · ∧ Eεk ,

where the second smash factor on the left-hand side is the geometric realization of
the nerve of the under-category ε′/Fils P ′[k]. If ε′ = ω is the unique weight of rank
k with ω ≤ ε and |ω|0 = s, then the under-category ω/Fils P ′[k] is the discrete
category with the single object idω : ω → ω, and we let

Φs,ω,ε′ : Eω0 ∧ · · · ∧ Eωk → Eε0 ∧ · · · ∧ Eεk

be the canonical map. If ε′ 6= ω, we let Φs,ε,ε′ be the constant map. To see that
these maps are compatible, suppose that ε′ ≤ ω. Then either ε′ = ω or |ε′|0 < s.
In the former case, there is nothing to check, and in the latter case, the map

Eε
′
0 ∧ · · · ∧ Eε

′
k → Eω0 ∧ · · · ∧ Eωk → Eε0 ∧ · · · ∧ Eεk

is equal to the constant map, since, on at least one smash factor, the composite map
is induced by the composite I → A→ A/I, which is constant equal to zero. Hence,
we obtain the desired map Φs. The image of Φs is contained in the corresponding
wedge sum, and the restriction of Φs to Fils−1 TH(A, I)[k] is equal to the constant
map. Hence, we obtain the map Φ̄s of the statement.

The proof that Φ̄s is a weak equivalence is by induction on k ≥ 0 and is similar
to the proof of [29, Lemma A.1]. Suppose that ε′ ≤ ε ≤ ε′′ are such that for some
0 ≤ v ≤ k, ε′(v) = 1, ε(v) = 0, and ε′′(v) = −1, and that for all 0 ≤ i ≤ k with
i 6= v, ε′(i) = ε(i) = ε′′(i). Then the composite map

Eε
′
0 ∧ · · · ∧ Eε

′
k → Eε0 ∧ · · · ∧ Eεk → Eε

′′
0 ∧ · · · ∧ Eε

′′
k

is the constant map and the induced map from the mapping cone of left-hand map
to the symmetric spectrum on the right-hand side is a weak equivalence. �

18



We define maps of symmetric spectra

Dr,s :
∨
Eε0 ∧ · · · ∧ Eεk →

∨
Eε0 ∧ · · · ∧ Eεk−1 , 0 ≤ r ≤ k,

where the wedge sum on the left and right-hand side is over all weights ε of rank
k and k − 1, respectively, with |ε|0 = 0 and |ε|−1 = s. Let ε be a weight of rank k
with |ε|0 = 0 and |ε|−1 = s, and let 0 ≤ r ≤ k. We define a weight ∂r(ε) of rank
k − 1 with |∂r(ε)|0 = 0 and with |∂r(ε)|−1 ≤ s as follows. If 0 ≤ r < k, we let

∂r(ε)i =


εi for 0 ≤ i < r,
max{εr, εr+1} for i = r,
εi+1 for r < i ≤ k − 1,

and if r = k, we let

∂k(ε)i =

{
max{εk, ε0} for i = 0,
εi for 0 < i ≤ k − 1.

If now ε is such that |∂r(ε)|−1 < s, we define the component Dr,s,ε of the map Dr,s

to be the constant map. If ε is such that |∂r(ε)|−1 = s, we define the component
Dr,s,ε of the map Dr,s to be the composite

Eε0 ∧ · · · ∧ Eεk δr−→ E∂r(ε)0 ∧ · · · ∧ E∂r(ε)k−1 ↪→
∨

ε′∈P(k−1,s)

Eε
′
0 ∧ · · · ∧ Eε

′
k−1 ,

where the right-hand map is the canonical inclusion. The proof of Lemma 2.3.1
gives the following result.

Addendum 2.3.2. For all 0 ≤ s ≤ k and 0 ≤ r ≤ k, diagram

grs TH(A, I)[k] ∼
Φ̄s //

dr

��

∨
Eε0 ∧ · · · ∧ Eεk

Dr,s

��

grs TH(A, I)[k − 1] ∼
Φ̄s //

∨
Eε0 ∧ · · · ∧ Eεk−1

commutes. Here the wedge sums on the right-hand side run over all weights of rank
k and k − 1, respectively, with |ε|0 = 0 and |ε|−1 = s. �

We next evaluate the homotopy type of the realization grs TH(A, I). We recall
that the right-hand side of the statement of Lemma 2.3.1 forms a semi-simplicial
symmetric spectrum grs TH(A, I)†[−] with face maps

Dr,s : grs TH(A, I)†[k]→ grs TH(A, I)†[k − 1], 0 ≤ r ≤ k,
and that by Addendum 2.3.2, the weak equivalences of Lemma 2.3.1 form a map
of semi-simplicial symmetric spectra. The induced map of realizations

Φ̄s : grs TH(A, I)→ grs TH(A, I)†

is a weak equivalence of symmetric spectra as one sees by using the natural spectral
sequence (2.2.2). It is clear that for s = 0,

gr0 TH(A, I)† = TH(I).

For s > 0, we further write

grs TH(A, I)†[k] = grs TH(A, I)†0[k] ∨ grs TH(A, I)†1[k]
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where the first term on the right-hand side consists of the single wedge summand
with weight ε = (−1, . . . ,−1, 1, . . . , 1) and where the second term consists of the re-
maining wedge summands. The face maps preserve this decomposition, and hence,
after realization, we have a natural isomorphism of symmetric spectra

grs TH(A, I)† ∼←− grs TH(A, I)†0 ∨ grs TH(A, I)†1.

Following [29, Lemma 3.3] we introduce a further filtration of the semi-simplicial
symmetric spectrum grs TH(A, I)†1[−]. Let

Fil′u grs TH(A, I)†1[k] ⊂ grs TH(A, I)†1[k]

consist of the wedge summands that are indexed by the weights ε for which there
exists k − u ≤ j ≤ k with εj = −1, and let gr′u grs TH(A, I)†1[k] be the filtration
quotient. After realization we get an induced filtration of the symmetric spectrum
grs TH(A, I)†1 with filtration quotients

gr′u grs TH(A, I)†1 =
∥∥[k] 7→ gr′u grs TH(A, I)†1[k]

∥∥.
We recall that the bar-construction B(I) of the non-unital associative symmetric
ring spectrum I is defined to be the realization

B(I) =
∥∥[k] 7→ B(I)[k]

∥∥
of the semi-simplicial symmetric spectrum whose symmetric spectrum in degree k
is B(I)[k] = I∧k, if k > 0, and the trivial symmetric spectrum B(I)[0] = ∗, if k = 0,
and whose the face maps are defined by

dr =

{
I∧(r−1) ∧ µ ∧ I∧(k−r−1) 0 < r < k

∗ r = 0 or r = k.

The structure of grs TH(A, I) is given by the following result.
Lemma 2.3.3. There are isomorphisms in the stable homotopy category

(A/I)∧s ∧B(I) ∧ Ss−1 ∼−→ grs TH(A, I)†0∨
B(I)∧` ∧ (A/I)∧s ∧ I∧u ∧ Ss+u−1 ∼−→ gr′u grs TH(A, I)†1

where, in the second line, the wedge sum runs over all sequences (n0, . . . , n`) of
non-negative integers of length ` ≥ 1 such that ni > 0, for i > 0, and such that
n0 + · · ·+ n` = s. The isomorphisms are natural with respect to the pair (A, I).

Proof. To establish the first isomorphism, we note that

grs TH(A, I)†0[k] =

{
(A/I)∧s ∧B(I)[k − (s− 1)] k ≥ s
∗ 0 ≤ k < s

with face map dr = (A/I)∧s ∧ di, if r = s − 1 + i with 0 < i < k − (s − 1), and
dr = ∗, otherwise. The desired isomorphism is then given by an isomorphism of
symmetric spectra

α : (A/I)∧s ∧B(I) ∧∆s−1/∂∆s−1 ∼−→ grs TH(A, I)†0
defined as follows. The map α is induced by the maps of symmetric spectra

αk : (A/I)∧s ∧B(I)[k − (s− 1)] ∧∆k−(s−1)
+ ∧∆s−1

+ → grs TH(A, I)†0[k] ∧∆k
+

which, in turn, are induced by the maps of pointed spaces

α′k : ∆k−(s−1)
+ ∧∆s−1

+ → ∆k
+
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that are given by the formula

α′k((u0, . . . , uk−(s−1)), (t0, . . . , ts)) = (t1, . . . , ts, t0u0, . . . , t0uk−(s−1)).

One checks that the maps αk, k ≥ 0, factor through the equivalence relation that
defines the realization and induce the isomorphism α as stated.

The proof of the second isomorphism is similar but notationally more involved.
The symmetric spectrum gr′u grs TH(A, I)†1[k], for 0 ≤ k < s, is trivial, and for
k ≥ s, is equal to∨

(A/I)∧n0 ∧B(I)[k1] ∧ (A/I)∧n1 ∧ · · · ∧B(I)[k`] ∧ (A/I)∧n` ∧ I∧u

where the wedge sum runs over all sequences of non-negative integers (n0, . . . , n`)
and (k1, . . . , k`) such that ` ≥ 1 and ni > 0, for i > 0, and such that n0+· · ·+n` = s
and k1 + · · ·+ k` = k− (u+ s− 1). The face map Dr,s takes the summand indexed
by (n0, . . . , n`) and (k1, . . . , kt, . . . , k`) to the summand indexed by (n0, . . . , n`) and
(k1, . . . , kt − 1, . . . , k`) by the map induced from

di : B(I)[kt]→ B(I)[kt − 1],

if there exists 1 ≤ t ≤ ` and 0 < i < kt such that

r = n0 + k1 + n1 + · · ·+ kt−1 + nt−1 − 1 + i,

and it annihilates the summand indexed by (n0, . . . , n`) and (k1, . . . , k`), otherwise.
In particular, the face maps preserve the index (n0, . . . , n`). Hence, as a semi-
simplicial symmetric spectrum, gr′u grs TH(A, I)†1[−] decomposes as a wedge-sum
indexed by the sequences (n0, . . . , n`). Let E(n0, . . . , n`)[−] denote the wedge-
summand corresponding to the index (n0, . . . , n`). To finish the proof of the lemma,
we observe that there is a natural isomorphism of symmetric spectra

β : B(I)∧` ∧ (A/I)∧s ∧ I∧u ∧∆s+u−1/∂∆s+u−1 ∼−→
∥∥[k] 7→ E(n0, . . . , n`)[k]

∥∥.
The map β is defined in a manner similar to the map α above and is induced from
the maps of pointed spaces

β′(k1,...,k`)
: ∆k1

+ ∧ · · · ∧∆k`
+ ∧∆s+u−1

+ → ∆k
+

that to the (`+ 1)-tuple of points with barycentric coordinates

((u1,0, . . . , u1,k1), . . . , (u`,0, . . . , u`,k`), (t0, . . . , ts+u−1))

associates the point with barycentric coordinates

(t1, . . . , tn0 ,t
′
0u1,0, . . . , t

′
0u1,k1 , tn0+1, . . . , tn0+n1 , . . .

. . . ,t′0u`,0, . . . , t
′
0u`,k` , tn0+···+n`−1+1, . . . , ts+u−1)

where t′0 = t0/`. This completes the proof of the lemma. �

2.4. Let I be a non-unital associative ring, and let also I denote the associated
Eilenberg-MacLane spectrum. We proceed to describe the spectrum homology

H∗(B(I),Z/p) = π∗(B(I) ∧ Z/p).
We let S be the sphere spectrum and define a unital symmetric ring spectrum SnI
to be the wedge-sum S ∨ I with multiplication map

(S ∨ I) ∧ (S ∨ I) ∼−→ S ∨ I ∨ I ∨ I ∧ I → S ∨ I.
The left-hand map is the canonical isomorphism and the right-hand map is given
by the canonical inclusion ι1 : S → S ∨ I on the first summand, by the canonical
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inclusion ι2 : I → S∨I on the second and third summands, and by the composition
of the multiplication µ : I ∧ I → I and the canonical inclusion ι2 : I → S ∨ I on the
last summand. The map ε : Sn I → S that annihilates the summand I is a map of
unital symmetric ring spectra and a retraction of the unit map η = ι1 : S → S n I.
We define the two-sided bar-construction to be the geometric realization

B(S, S n I, S) =
∣∣[k] 7→ B(S, S n I, S)[k]

∣∣
of the simplicial symmetric spectrum with the symmetric spectrum in degree k
defined to be B(S, S n I, S)[k] = (S n I)∧k and with face and degeneracy maps

dr =


ε ∧ (S n I)∧(k−1) r = 0
(S n I)∧(r−1) ∧ µ ∧ (S n I)∧(k−r−1) 0 < r < k

(S n I)∧(k−1) ∧ ε r = k

sr = (S n I)∧r ∧ η ∧ (S n I)∧(k−r) 0 ≤ r ≤ k.
The geometric realization of a simplicial symmetric spectrum is formed as in (2.2.1)
but with the category ∆mon replaced by the category ∆ where morphisms are all
order-preserving maps. The symmetric spectrumB(S, SnI, S) containsB(S, S, S) =
S and B(I) as sub-symmetric spectra, and the canonical map

S ∨B(I)→ B(S, S n I, S)

is an isomorphism. The homology of B(I) is given by the following result.
Lemma 2.4.1. Let I be a non-unital associative ring. Then there is a natural

first quadrant spectral sequence

E2
s,t = TorZnIs (Z,Z/p)⊗Ht(Z,Z/p)⇒ Hs+t(B(S, S n I, S),Z/p).

Proof. Let ε : R ∼−→ I be a weak equivalence of non-unital associative sim-
plicial rings such that for all s ≥ 0, the non-unital associative ring R[s] is a free
abelian group. The induced weak equivalence of the associative symmetric ring
spectra, which we also write ε : R ∼−→ I, gives rise to an equivalence of spectra

B(S, S nR, S) ∼−→ B(S, S n I, S).

The left-hand spectrum is the geometric realization of the simplicial symmetric
spectrum that in degree k is given by the k-fold smash product of SnR[k] and the
map is induced by the canonical map R[k] → I. The skeleton filtration gives rise
to a first quadrant spectral sequence

E2
s,t = Hs([k] 7→ Ht(B(S, S nR[k], S)[k],Z/p))⇒ Hs+t(B(S, S nR, S),Z/p).

Since R[k] is a free abelian group, the canonical maps

Ht(B(S, S nR[k], S)[k],Z/p)← B(Z,Z nR[k],Z)[k]⊗Ht(Z,Z/p)

→ B(Z,Z nR[k],Z/p)[k]⊗Ht(Z,Z/p)

are isomorphisms. Therefore, we can write

E2
s,t = Hs(B(Z,Z nR[−],Z/p)[−])⊗Ht(Z,Z/p).

It remains to prove that

Hs(B(Z,Z nR[−],Z/p)[−]) = TorZnIs (Z,Z/p).

We recall that the canonical map of simplicial abelian groups

B(Z,Z nR[−],Z nR[−])[−]→ Z
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is a weak equivalence. Moreover, since R[k] is a free abelian group, for all k ≥ 0,
this map is a projective resolution in the sense of [22, p. 6.7] of the simplicial
ZnR[−]-module Z. It follows that the simplicial abelian group B(Z,ZnR[−],Z/p)
represents the derived tensor-product Z⊗L

ZnR[−]Z/p. Finally, the Künneth spectral
sequence of [22, §6, Thm. 6(b)] collapses to yield an isomorphism

TorZnIs (Z,Z/p) ∼−→ Hs(Z⊗LZnR[−] Z/p).

This completes the proof. �

Proof of Thm. 2.1.6. We prove that the canonical map

{THq(Im,Z/p)}m≥1 → {THq(A, Im,Z/p)}m≥1

is an isomorphism of pro-abelian groups, for all q. It suffices by [21, Cor. 5.8] to
show that the canonical map

{Hq(TH(Im),Z/p)}m≥1 → {Hq(TH(A, Im),Z/p)}m≥1

is an isomorphism of pro-abelian groups, for all q. This map is the edge-homomorphism
of the following first-quadrant spectral sequence of pro-abelian groups.

E1
s,t = {Ht(grs TH(A, Im),Z/p)} ⇒ {Hs+t(TH(A, Im),Z/p)}.

Hence, it is enough to show that the pro-abelian groups E1
s,t are zero, for s > 0.

We have a direct sum decomposition

E1
s,t = Ht(grs TH(A, Im)†0,Z/p)⊕Ht(grs TH(A, Im)†1,Z/p)

and an additional first-quadrant spectral sequence
′E1
u,v = {Hv(gr′u grs TH(A, Im)†1,Z/p)} ⇒ {Hu+v(grs TH(A, Im)†1,Z/p).

It follows that to prove the theorem, it will suffice to show that the pro-abelian
groups {Hq(grs TH(A, Im),Z/p)†0} and {Hq(gr′u grs TH(A, Im),Z/p)†1} are zero, for
all positive integers s and all non-negative integers u and q. But this is an immediate
consequence of Lemmas 2.3.3 and 2.4.1, since we assumed that the pro-abelian
groups {TorZn(Im)

q (Z,Z/p)} are zero, for all positive integers q. �

3. Proof of Theorems A and B

3.1. In this section we complete the proof of Thm. A. The following result is
similar to the proof of [6, Thm. 5.3].

Lemma 3.1.1. If the statement Thm. A holds whenever I can be embedded as
a two-sided ideal of a free unital associative ring, then it holds in general.

Proof. Suppose that X is a functor from unital associative rings to symmetric
spectra that satisfies that for every pair of rings (A,B) the canonical map

X(A×B)→ X(A)×X(B)

is a weak equivalence. We can then extend X to a functor X ′ defined on non-unital
associative rings as follows. If I is a non-unital associative ring, we define X ′(I)
to be the homotopy fiber of the map X(Z n I) → X(Z) induced by the canonical
projection. If A is a unital associative ring, the map ZnA→ Z×A that takes (x, a)
to (x, x · e+ a) is a ring-isomorphism, and hence, we obtain a weak equivalence

X(Z nA) ∼−→ X(Z×A) ∼−→ X(Z)×X(A)
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of symmetric spectra over X(Z). These maps induce a weak equivalence of the
homotopy fiber X ′(A) of the map X(Z n A) → X(Z) and the homotopy fiber
X ′′(A) of the canonical projection from X(Z) × X(A) to X(Z). This shows that
we have natural weak equivalences

X ′(A) ∼−→ X ′′(A) ∼←− X(A),

and hence, the functor X ′ extends, up to canonical weak equivalence, the functor X
to non-unital associative rings as claimed. In the following, we will write X instead
of X ′ for the extended functor.

Let Xn(A) be the homotopy fiber of the cyclotomic trace

K(A)→ TCn(A; p).

Then Thm. A is equivalent to the statement that for every unital associative ring
A, for every two-sided ideal I ⊂ A, and for all integers q, the canonical map

{Xn
q (I,Z/pv)}n≥1 → {Xn

q (A, I,Z/pv)}n≥1

is an isomorphism of pro-abelian groups. We let F (A) denote the free unital asso-
ciative ring generated by the underlying set of A. There is a canonical surjective
ring-homomorphism F (A) → A. We consider the following diagram of non-unital
associative rings, where the rows and columns of the underlying diagram of abelian
groups are all short-exact sequences.

J(A, I) //

��

J(A) //

��

J(A/I)

��

F (A, I) //

��

F (A) //

��

F (A/I)

��

I // A // A/I.

Since the non-unital rings in the top row can be embedded as ideals of free unital
associative rings, the diagram gives rise to the following map of long-exact sequences
of pro-abelian groups.

:

��

:

��

{Xn
q (J(A, I),Z/pv)}

f ′∗ //

��

{Xn
q (J(A), J(A, I),Z/pv)}

��

{Xn
q (F (A, I),Z/pv)} f∗ //

��

{Xn
q (F (A), F (A, I),Z/pv)}

��

{Xn
q (I,Z/pv)}

f ′′∗ //

��

{Xn
q (A, I,Z/pv)}

��
: :
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Finally, since the non-unital associative rings J(A, I) and F (A, I) can be embedded
in a free unital associative ring, the maps labelled f ′∗ and f∗ are isomorphisms of
pro-abelian groups. Hence, so is the map labelled f ′′∗ . This completes the proof. �

We recall the following result of Cuntz and Quillen [6, Prop. 4.1]. Let k be a
field, and let I ⊂ T be a two-sided ideal of a free unital associative k-algebra. Then
there exists a k-linear section

(3.1.2) α : I → T ⊗k I
of the multiplication µ : T ⊗k I → I such that the following diagram commutes.

T ⊗k I

µ

��

id⊗kα // T ⊗k T ⊗k I

µ⊗kid

��

I
α // T ⊗k I.

This is stated in loc.cit. for I is a two-sided ideal of free unital associative C-algebra,
but the proof works for every ground field. The diagram shows, in particular, that
the map α takes I2 to I ⊗k I. We use this to prove the following result.

Proposition 3.1.3. Let I ⊂ T be a two-sided ideal of a free unital associative
ring. Then the pro-abelian groups

{TorZn(Im)
q (Z,Z/pv)}m≥1

are zero, for all positive integers q.

Proof. We recall that the bar-complex B∗(I) of the non-unital associative
ring I is defined to be the chain complex that is zero in degree zero and the n-fold
tensor product I ⊗ · · · ⊗ I in positive degree n and with differential

b′(x1 ⊗ · · · ⊗ xn) =
∑

0<i<n

(−1)ix1 ⊗ · · · ⊗ xixi+1 ⊗ · · · ⊗ xn.

Since Zn(Im) is flat over Z, the group TorZn(Im)
q (Z,Z/pv) is canonically isomorphic

to the qth homology group of the bar-complex B∗(Im)⊗Z/pv. Hence, it suffices to
show that for every m ≥ 1, there exists m′ ≥ m such that the chain-map induced
from the canonical inclusion

B∗(Im
′
)⊗ Z/pv → B∗(Im)⊗ Z/pv

induces the zero map on homology. Since also Im ⊂ T is a two-sided ideal of a free
unital associative ring, it will suffice to treat the case m = 1. By simple induction,
it also suffices to consider the case v = 1.

The tensor-product I ⊗ Fp is a non-unital associative Fp-algebra, and there is
a canonical isomorphism of complexes of Fp-vector spaces

B∗(I)⊗ Fp
∼−→ B∗(I ⊗ Fp).

Let (I ⊗Fp)′ and I ⊗ Fp be the kernel and image of the map I ⊗Fp → T ⊗Fp such
that we have the following extension of non-unital associative Fp-algebras.

(I ⊗ Fp)′ → I ⊗ Fp → I ⊗ Fp.
The non-unital associative Fp-algebra I ⊗ Fp is a two-sided ideal of the free unital
associative Fp-algebra T ⊗ Fp. Let

α : I ⊗ Fp → (T ⊗ Fp)⊗ (I ⊗ Fp)
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be the section of the multiplication from (3.1.2). Then the formula

s(x1 ⊗ · · · ⊗ xn) = (−1)nx1 ⊗ · · · ⊗ xn−1 ⊗ α(xn)

defines a null-homotopy of the chain map

B∗(I2 ⊗ Fp) = B∗((I ⊗ Fp)2)→ B∗(I ⊗ Fp)

induced by the canonical inclusion.
We next let K∗(I ⊗ Fp) be the kernel complex of the following chain-map

induced by the canonical projection.

B∗(I ⊗ Fp)→ B∗(I ⊗ Fp).

The Fp-vector space Kn(I ⊗ Fp) is generated by the tensors x1 ⊗ · · · ⊗ xn, where
at least one of x1, . . . , xn is in (I ⊗ Fp)′. We claim that the chain-map

K∗(I2 ⊗ Fp)→ K∗(I ⊗ Fp)

induced by the canonical inclusion is equal to zero. This follows immediately from
the statement that the following map induced by the canonical inclusion is zero.

(I2 ⊗ Fp)′ // (I ⊗ Fp)′

(I2 ∩ pT )/pI2 // (I ∩ pT )/pI.

Hence, it suffices to show that I2 ∩ pT ⊂ pI, or equivalently, that if x ∈ I and
y ∈ I, and if xy ∈ pT , then xy ∈ pI. We claim that xy ∈ pT implies that x ∈ pT
or y ∈ pT . If x ∈ pT , we write x = px′ with x′ ∈ T . Then xy = px′y and since I
is a left ideal, x′y ∈ I. Similarly, if y ∈ pT , we write y = py′ with y′ ∈ T . Then
xy = pxy′, and since I is a right ideal, xy′ ∈ I. In either case, xy ∈ pI as desired.

It remains to prove that xy ∈ pT implies that x ∈ pT or y ∈ pT , or equivalently,
that if the class x̄ȳ ∈ T/pT is zero then one of the classes x̄ ∈ T/pT and ȳ ∈ T/pT
is zero. Suppose conversely that both x̄ ∈ T/pT and ȳ ∈ T/pT are non-zero. The
ring T/pT is a free unital associative Fp-algebra. Hence, we can write x̄ and ȳ
uniquely as sums

x̄ =
∑
ω

aωω, ȳ =
∑
ω

bωω,

where ω runs over all finite words with letters in a set of generators of T/pT , and
where aω, bω ∈ Fp are zero for all but finitely many ω. The multiplication in T/pT
concatenates words and multiplies coefficients. Let ω1, . . . , ωm and ω′1, . . . , ω

′
n be

shortest words that occur with non-zero coefficients in x̄ and ȳ, respectively. Then
the words ω1ω

′
1, . . . , ω1ω

′
n, . . . , ωmω

′
1, . . . , ωmω

′
n are all different and are exactly the

shortest words that occur with a non-zero coefficient in x̄ȳ. In particular, x̄ȳ ∈ T/pT
is non-zero as desired.
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Finally, we consider now the following diagram with long-exact columns.

:

��

:

��

:

��

Hq(K∗(I4m ⊗ Fp))
0 //

��

Hq(K∗(I2m ⊗ Fp))
0 //

��

Hq(K∗(Im ⊗ Fp))

��

Hq(B∗(I4m ⊗ Fp)) //

��

Hq(B∗(I2m ⊗ Fp)) //

��

Hq(B∗(Im ⊗ Fp))

��

Hq(B∗(I4m ⊗ Fp))
0 //

��

Hq(B∗(I2m ⊗ Fp))
0 //

��

Hq(B∗(Im ⊗ Fp))

��
: : :

The top and bottom horizontal maps are zero by what was proved above, and a
diagram chase then shows that the composite of the two middle horizontal maps is
zero. This completes the proof. �

Lemma 3.1.4. Let f : A→ B be a map of unital associative rings, and let I ⊂ A
be a two-sided ideal such that f : I → f(I) is an isomorphism onto an ideal of B.
Suppose that the cyclotomic trace induces an isomorphism of pro-abelian groups

{Kq(A,B, Im,Z/pv)}m≥1
∼−→ {TCnq (A,B, Im; p,Z/pv)}m,n≥1,

for all integers q. Then the map induced by the cyclotomic trace

Kq(A,B, I,Z/pv)
∼−→ {TCnq (A,B, I; p,Z/pv)}n≥1

is an isomorphism of pro-abelian groups, for all integers q.

Proof. We note that for all positive integers m and n, we have a commutative
diagram of spectra in which the columns are exact triangles.

K(A,B, Im) //

��

TCn(A,B, Im; p)

��

K(A,B, I) //

��

TCn(A,B, I; p)

��

K(A/Im, B/Im, I/Im) //

��

TCn(A/Im, B/Im, I/Im; p)

��

K(A,B, Im)[−1] // TCn(A,B, Im; p)[−1].

The induced diagram of homotopy groups with Z/pv-coefficients gives rise, as m
and n vary, to a map of long-exact sequences of pro-abelian groups. The map
of pro-abelian groups induced by the top horizontal map in the diagram above
is an isomorphism by assumption, and we wish to show that the map of pro-
abelian groups induced by the second horizontal map in the diagram above is an
isomorphism. By a five-lemma argument this is equivalent to showing that the map
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of pro-abelian groups induced from the third horizontal map in the diagram above
is an isomorphism. But it follows from [19] and from [8, Thm. 2.2.1] that for m ≥ 1
fixed, the cyclotomic trace induces an isomorphism of pro-abelian groups

Kq(A/Im, B/Im, I/Im,Z/pv)
∼−→ {TCnq (A/Im, B/Im, I/Im; p,Z/pv)}n≥1.

But then the map of pro-abelian groups obtained by also allowing m ≥ 1 to vary
is an isomorphism. This completes the proof. �

Proof of Thm. A. By Lemma 3.1.1, we can assume that the non-unital as-
sociative ring I can be embedded as a two-sided ideal I ⊂ T of a free unital
associative ring. Moreover, by Lemma 3.1.4 it suffices to show that for all integers
q, the cyclotomic trace induces an isomorphism of pro-abelian groups

{Kq(A,B, Im,Z/pv)}m≥1
∼−→ {TCnq (A,B, Im; p,Z/pv)}m,n≥1.

We claim that both pro-abelian groups are zero. Indeed, by Thm. 2.1.1 the pro-
abelian groups {TCnq (A,B, Im; p,Z/pv)}m≥1 are zero, for all integers q and all
positive integers n. Hence, the pro-abelian groups {TCnq (A,B, Im; p,Z/pv)}m,n≥1

are zero, for all integers q as claimed. Finally, in order to show that also the pro-
abelian groups {Kq(A,B, Im,Z/pv)}m≥1 are zero, for all integers q, it suffices by
Thm. 1.1.1 to show that the pro-abelian groups {TorZn(Im)

q (Z,Z/p)m≥1} are zero,
for all positive integers q. This was proved in Prop. 3.1.3 above. �

3.2. In this section we prove Theorems B and D of the introduction.

Proof of Thm. B. Let X → Spec k be a curve over a field k, that is, a
separated morphism of finite type with X of dimension one. We wish to show that
for all q ≥ r, the cyclotomic trace

Kq(X,Z/pv)→ {TCnq (X; p,Z/pv)}n≥1

is an isomorphism of pro-abelian groups. We first reduce to the case where X is
affine. So assume that the theorem holds for affine curves. A covering {Ui} of X
by affine open subschemes gives rise to spectral sequences of pro-abelian groups

E2
s,t = Ȟ−s({Ui},Kt(−,Z/pv))⇒ Ks+t(X,Z/pv)

and

E2
s,t = {Ȟ−s({Ui},TCnt (−; p,Z/pv))}n≥1 ⇒ {TCns+t(X; p,Z/pv)}n≥1.

Indeed, for K-theory, this follows from [26, Thm. 10.3], and for topological cyclic
homology, this follows directly from the definition of the topological cyclic homology
of a scheme [9, Def. 3.2.3]. The cyclotomic trace induces a map of spectral sequences
which, by assumption, is an isomorphism on E2

s,t for t ≥ r. But then the cyclotomic
trace also induces an isomorphism of the pro-abelian groups in the abutments in
degrees q ≥ r. So the theorem holds for X.

So assume that X is affine. By an argument similar to the proof of Lemma 3.1.4
above, we can further assume that X is reduced. By induction on the number
of irreducible components in X, we can further reduce to the case where X is
irreducible. Indeed, let Z and Z ′ be two proper closed subschemes of X and suppose
that Z and Z ′ cover X, or equivalently, that the corresponding ideals I and I ′ of
the coordinate ring A intersect trivially. Then it follows from Thm. A that the
cyclotomic trace induces an isomorphism of pro-abelian groups

Kq(A,A/I ′, I,Z/pv)
∼−→ {TCnq (A,A/I ′, I; p,Z/pv)}n≥1,
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for all integers q. This proves the induction step.
Finally, let X → Spec k be a reduced and irreducible affine curve. The coordi-

nate ring A is an integral domain, and we let B be the integral closure. We claim
that the conductor ideal I = {a ∈ A | aB ⊂ A}, which is the largest ideal of A that
is also an ideal of B, is non-zero. Indeed, the extension A ⊂ B is finite, so we can
write B = b1A+ · · ·+ bmA. Since A and B have the same quotient field, there are
elements ai ∈ A such that aibi ∈ A, 1 ≤ i ≤ m. But then the product a1 . . . am is
in I. The ring B is a regular k-algebra, and the quotients A/I and B/I are finite
k-algebras. Hence, we know from [9, Thm. 4.2.2] and from [19] and [8, Thm. 2.2.1]
that the cyclotomic trace induces an isomorphism of pro-abelian groups

Kq(R,Z/pv)
∼−→ {TCnq (R; p,Z/pv)}n≥1,

for q ≥ r, if R is one of B, A/I, and B/I. But then Thm. A shows that this map
is an isomorphism, for q ≥ r, also if R = A. �

Proof of Thm. D. The ideal I = |G| ·M is a common ideal of A = Z[G]
and B = M [1, Cor. XI.1.2], and hence, we can apply Thm. A. It follows that the
exactness of the sequence in the statement of Thm. D is equivalent to the exactness
of the corresponding sequence with Z[G] and M replaced by Z[G]/I and M/I. The
latter are both artinian rings whose quotient by the Jacobsen radical is a semi-
simple Fp-algebra. Hence, the exactness of the latter sequence follows from [14,
Thm. 5.1(i)] and from [8, Thm. 2.2.1]. �
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