Y as an upper triangular matrix

Jonathan Barker and Victor Snaith

Abstract

In the 2-local stable homotopy category the group of left-bu-module
automorphisms of bu Abo which induce the identity on mod 2 homology
is isomorphic to the group of infinite upper triangular matrices with
entries in the 2-adic integers. We identify the conjugacy class of the
matrix corresponding to 1 A 93, where 2 is the Adams operation.

1 Introduction

Let bu and bo denote the stable homotopy spectra representing 2-adically com-
pleted unitary and orthogonal connective K-theory respectively. The main
result of [7] is the existence of an isomorphism of groups

U : UpZy — AUty moq (b A bO).

Here UyZs is the group of upper triangular matrices with coefficients in the
2-adic integers and Auty, Ft—bu_moda(bUADO) denotes the group of left bu-module
automorphisms of bu A bo in the stable homotopy category of 2-local spectra,
which induce the identity on mod 2 singular homology. The details of this
isomorphism are recapitulated in §2.

This isomorphism is defined up to inner automorphisms of Uy Zs. Given
an important automorphism in Auty, r,_y,_0q(bu A bo) one is led to ask what
is its conjugacy class in Uy, Zs. By far the most important such automorphism
is 1 A 93, where ¢® : bo — bo denotes the Adams operation.

The following is our main result, which proved by combining the discussion
of §3.5 with Theorem 4.2.

Theorem 1.1.
Under the isomorphism ¥ the automorphism 1 A ¢? corresponds to an



element in the conjugacy class of the matrix

(11000...\

09 1 00
009 1 0
00 0 9 1

R

By techniques which are described in ([1] pp.338-360) and reiterated in §3,
Theorem 1.1 reduces to calculating the effect on 1 A+? on 7, (bu Abo) modulo
torsion. The difficulty arises because, in order to identify ¥=1(1 A ¥?) one
must compute the map on homotopy modulo torsion in terms of an unknown
2-adic basis defined in terms of the Mahowald splitting of bu A bo (see §2 and
§3). On the other hand a very convenient 2-adic basis is defined in [3] and the
crucial fact is that 1 A+/® acts on the second basis by the matrix of Theorem
1.1. This fact was pointed out to one of us (VPS) by Francis Clarke in 2001
and led to the confident prediction appearing as a footnote in ([7] p.1273).
Verifying the prediction has proved a little more difficult than first imagined!

Once one has Theorem 1.1 a number of homotopy problems become merely
a matter of matrix algebra. In §5 we give an example concerning the maps
IA(Y2=1)(4*—9) ... (¢*—9"1) where we prove a vanishing result (Theorem
5.4) which is closely related to the main theorem of [5], as explained in Remark
5.5. In subsequent papers we shall give further applications to homotopy
theory and to algebraic K-theory.

2 2-adic homotopy of bu A bo

2.1. Let bu and bo denote the stable homotopy spectra representing 2-adically
completed unitary and orthogonal connective K-theory respectively. We shall
begin by recalling the 2-local homotopy decomposition of bu A bo which is one
of a number of similar results which were discovered by Mark Mahowald in
the 1970’s. These results may be proved in several ways [1], [4] and [5]. For
notational reasons we shall refer to the proof, a mild modification of ([1]
pp.190-196), which appears in ([7] §2).

Consider the second loopspace of the 3-sphere, 2253. There exists a model
for 2253 which is filtered by finite complexes ([2] , [6])

y:ﬂcgc&cmcm§:Um

k>1



and there is a stable homotopy equivalence, an example of the so-called Snaith
splitting, of the form
9253 ~ vk21Fk/Fk—1-

There is a 2-local homotopy equivalence of left-bu-module spectra (see [7]
Theorem 2.3(ii)) of the form

IA/ : szobu N (F4k/F4k_1) i) bu A bo.

The important fact about this homotopy equivalence is that its induced map
on mod 2 homology is a specific isomorphism which is described in ([7] §2.2)

From this decomposition we obtain left-bu-module spectrum maps of the
form

b - bu A (F4k/F4k_1) — bu A (F41/F4l_1)

where g, = 1, 1, = 0if [ > k and, as explained in ([7] §3.1), ¢z, is defined
up to multiplication by a 2-adic unit when k& > .

Consider the ring of left bu-module endomorphisms of degree zero in the
stable homotopy category of spectra [1], which we shall denote by
Endie st bu—moa(bu A bo). The group of units in this ring will be denoted
by Autieft—pu—mod(bu A bo), the group of homotopy classes of left bu-module
homotopy equvialences and let Auty, sy, _moq(bu A bo) denote the subgroup
of left bu-module homotopy equivalences which induce the identity map on
H.(bu A bo; Z/2).

Let UyZo denote the group of infinite, invertible upper triangular matrices
with entries in the 2-adic integers. That is, X = (X, ;) € UxZs if X, ; € Zy
for each pair of integers 0 < 4,7 and X;; = 0if 7 > ¢ and X;; is a 2-adic
unit. This upper trianglular group is not equal to the direct limit lim_ U, Zs
of the finite upper triangular groups. The main result of [7] is the existence
of an isomorphism of groups

U : UpeZiy —» ALY, f1 oy moa (b A bO).

By the Mahowald decomposition of bu A bo the existence of ¢ is equivalent to
an isomorphism of the form

v UOOZQ i) Aut?eft_bu_mod(\/kzobu AN (F4k/F4k_1)).

If we choose v, to satisfy vy = tj10b42041 - - -tk k-1 for all & —1 > 2 then,
for X € UyZs, we define ([7] §3.2)

\II(X_I) = ZXl,kLlc,l . bu A (Vk20F4lc/F4lc—1) — bu A (Vk20F4k/F4k_1).
<k

The ambiguity in the definition of the ¢ ,’s implies that ¥ is defined up to
conjugation by a diagonal matrix in UyZs.
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2.2. Bases for T bo)dZs
e Torsion

Let G ; denote the 2-adic homotopy group modulo torsion

G = Ts(bu A Fyy/Fu_1) ® Lo
s,t —

Torsion

SO
e @ 7T5(bU,/\F4t/F4t,1)®Z2 ~ T*(bU/\bO)®Z2
xx — Wit = .

Torsion Torsion

From [1] or [7]
Zo if s even, s > 4t,

0 otherwise

and if és,t denotes 75 (bu A Fyy/Fyy 1) @ Zo then és,t = G, @ W, where W,
is a finite, elementary abelian 2-group.

In [3] a Zy-basis is given for G, , consisting of elements lying in the subring
Zo|u/2,v? /4] of Qy[u/2,v?/4]. One starts with the elements

U2 _ 9i—1u2
C4k:Hf_l(W y ]f:]_,Q,

and “rationalises” them, after the manner of ([1] p.358), to obtain elements of
Zylu/2,v?/4]. In order to describe this basis we shall require a few well-known
preparatory results about 2-adic valuations.

Proposition 2.3.
For any integer n > 0, 9" — 1 = 2"*3(2s + 1) for some s € 7Z.

Proof

We prove this by induction on n, starting with 9 — 1 = 23, Assuming the
result is true for n, we have

(n+1)

92 1 =(9"-1)(9*" +1)
=9 - 19" - 1+2)
= 2"t3(25 4+ 1)(2"+3(25 4+ 1) + 2)

=24 (25 + 1) (2" (25 + 1) + 1)

- o

odd
as required. [J

Proposition 2.4.
For any integer | > 0, 9" —1 = 22W+3(254+-1) for some s € Z, where vy(l)
denotes the 2-adic valuation of I.



Proof
Write | = 2¢0 + 2% + .. 4+ 2% with 0 < e; < eg < ... < ¢ so that
vs(l) = e;. Then, by Proposition 2.3,

2
9l — 1 = Q222

= (2514 1)29 1)) .. (25 + 1)273 + 1)) — 1
= (251 + 1)273 (modulo2¢ 1)

=24%3(2¢t + 1)
as required. [J

Proposition 2.5.
For any integer | > 1, T, (9" = 9"~1) = 2243425 1 1) for some s € Z.

Proof
By Proposition 2.4 we have

[Ty (9 =97 =TI, (7 — 19!
— Hfi‘:l 2U2(l—i—|—1)—|—3(2ti + 1)9i—1

— (Qt + 1)2U2(l!)+3l’
as required. [J
Proposition 2.6. For any integer | > 0, 2230 = 98=el) yhere a(l) is
equal to the number of 1’s in the dyadic expansion of L.
Proof
Write | = 2¢1+2° 4. .. +2% with 0 < e; < eg < ... < ¢ so that a(l) = k.

9" — 1 = 22(0+3(25 + 1) for some s € Z, where 15(l) denotes the 2-adic
valuation of /. Then

() = 2001 4 el 4o 4 2w
+ 2a1—2 + 2(12—2 4+ e+ 20%—2
+ 1 Logeer 4oy gmee
+ 1 4+ .. 4 2%%Te2
+ 1

because the first row counts the multiples of 2 less than or equal to [, the
second row counts the multiples of 4, the third row counts multiples of 8 and
so on. Adding by columns we obtain

() =22 — 1429 — 14 42% 1 =[—k



which implies that 2372 = 93l+l-all) = 94-all) 49 required. O

2.7. Bases continued
. 2_gi—1,,2 . .
Consider the elements cs, = II7; (Y25~ ), introduced in §2.2, for a par-
ticular k = 1,2, . ... For completeness write ¢y = 1 so that ¢y € Qo [u/2,v%/4].
Since the degree of the numerator of ¢4 is 2k, Proposition 2.6 implies that

v? — gi—1y2

f4k — 24k7a(k)72kc4k — 22k7a(k)H£c:1( T )

lies in Zy[u/2,v?/4] but 24—k =2k=1¢c & 7o[u/2,v?/4]. Similarly (u/2) fi =
Qk—alk)=2k=1y 0. € Tio[u/2,v? /4] but 2%—k)=2k=2yc & Z[u/2,v%/4] and so
on. This process is the “rationalisation yoga” referred to in §2.2. One forms
w/ ey, and then multiplies by the smallest positive power of 2 to obtain an
element of Zy[u/2,v?/4].

By Proposition 2.6, starting with fy
the following set of elements of Zo[u /2, v? /4]

f417 (U’/2)f4l7 (u/2)2f4l7 AR (u/2)2l_a(l)f4lﬁ

U(U/2)2l_a(l)f4l, U,2 (u/2)2l—a(l)f4l, ’U,3(U,/2)2l_a(l)f4l, o

As explained in ([1] p.352 et seq), the Hurewicz homorphism defines an
injection of graded groups of the form

= 24-a(D=2l¢,, this process produces

7o (bu A bo) ® Zog
Torsion

— Q[u/2,v°/4]

which, by the main theorem of [3], induces an isomorphism between %
and the free graded Zs-module whose basis consists of the elements of
Zy|u/2,v? /4] listed above for [ = 0,1,2,3,....

From this list we shall be particularly interested in the elements whose
degree is a multiple of 4. Therefore denote by gumu € Zo[u/2,v*/4] for | <m
the element produced from fy in degree 4m. Hence, for m > [, ga, 4 is given
by the formula

2 tte® (200 i 4l — (1) < 2m,

Gam 4l =

[ ] if 41 — (1) > 2m.

Lemma 2.8.
In the notation of §2.2, let I1 denote the projection

- T(bu Abo) ® Zsy
) Torsion o

Then 11(gag,4i) = 0 for all i < k.

G*,* — G*,k = DO Gm,k"



Proof

Since Gy, is torsion free it suffices to show that II(gaxs;) vanishes in
Gk ® Q. When i < k, by definition

o2 Tai (DU A bo) @ Zo
Torsion

T4 (bu A Do) @ Zo
Torsion

RQ C ® Q.

Gak,4i €U

(b“/\F4k/F4k 1)QZo

However II projects onto @ Torsion and commutes with multi-
plication by u so the result follows from the fact that the homotopy of
bu A Fyy,/Fyp—1 is trivial in degrees less than 4k (see [7] §3). O

2.9. Recall from §2.2 that G = Zs for k = 0,1,2,3,... so we may choose
a generator zy for this group as a module over the 2-adic integers (with the
convention that zyp = fo = 1). Let Zy be any choice of an element in the
2-adic homotopy group C~¥4k,k = G ® Wik, whose first coordinate is zgy.

Lemma 2.10.
Let B denote the exterior subalgebra of 7./2 Steenrod algebra generated by
Sq' and Sq%'. In the collapsed Adams spectral sequence (see [1] or [7])

Byt~ Exty (H*(Fa ) Fur—1;2./2),7./2)

- Wt_s(bu A (F4k/F4k_1)) ® Zg

the homotopy class Zy s represented either in ES’MC or B34+,

Proof

Recall from §22 that 7r4k(bu N (F4k/F4k71)) X ZQ = C~7Y4k,k = Z2 D W4k,k-
The following behaviour of the filtration coming from the spectral sequence
is well-known, being explained in [1]. The group C;‘4k,k has a filtration

CF C...F?CF'CF°= Gy

with Fi/Fitl o 24 and 2F C FH1. Also 2- Wy, = 0, every non-trivial
element of Wy, being represented in Eg"““ . Furthermore for 1 = 1,2,3, ...
we have 2F* = F't! and F! = Z,.

Now suppose that Z; is represented in E§’4k+j for 7 > 2 then zy €
FJ. From the multiplicative structure of the spectral sequence there exists a
generator 2y, of F'! such that 2724, generates F7+! and therefore 2/v2,, = 274
for some 2-adic integer y. Hence 2(27 712y, — Z4¢) = 0 and so 27" 1yZy, — 24 €
Wk x, which implies the contradiction that the generator 24 is divisible by 2
in G4k,k:- U

Theorem 2.11.



In the notation of §2.7 and §2.9

7r4k(bu N bO) ® Z2
Torsion

24k = 22?202[3 (k’i)/\4k,4ig4k,4i €

with sy € Zo, Aagar € Z5 and

Ak —i) — a(k) + a(i) if 40 — (i) > 2k,

B(k,i) =
2%k — a(k) if 4i — a(i) < 2k.

Proof

From [3], as explained in §2.7, a Zy-module basis for Gy, is given by
{94k }o<i<k- Hence there is a relation of the form

Zak = )\4k,4kg4k,4k + 5\419,4(1971)94k:,4(kfl) +.oot X4kaog4k50

where 5\4;6,41- and s, are 2-adic integers.  Applying the projection
IT: G4k’* — G4k,k we see that 24k = H(Z4]C) = )\4k,4kl—[(g4k,4k), by Lemma 2.8.
Hence, if Mgy 4 is not a 2-adic unit, then z4, would be divisible by 2 in Gy
and this is impossible since z4; is a generator, by definition.

Multiplying the relation

2are = Ak ak11(Gar ak) = Aag 4k (far) € Gag-

by (u/2)%~2*) we obtain (u/2)%=®)zy = Ay 4 I1((u/2)%~2®) £41), which
lies in Gigg—2q(k),k, by the discussion of §2.7. Therefore, in Ggi_sa(k)x ® Q2 we
have the relation

k-1
(u/2)* *® 2y, = (u/2)*®) oy + Z Aaai (1/2)%*F) g g3

=0

Since the left hand side of the equation lies in Gigg_2q(k),k, the Q; coefficients
must all be 2-adic integers once we re-write the right hand side in terms of
the basis of §2.7.

For:=0,1,...,k—1

u2k7a(k)+2k74i+a(i)+2ifa(i) . . .
S2h—a(R)+2i—ali) fai if 44— 04(2) < 2k,

(u/2)* e Wgy i =

w2k—a(k)+2k—2i

ST ate T2 J4i if 4i — a(i) > 2k

uik—2i—a(k)

sermmammam Ja i 41— (i) < 24k,
wlk—2i—a(k)

SaE 3o J 4i if 4i — a(i) > 2k.

8



Now we shall write (u/2)2~**)g,, 4 as a power of 2 times a generator derived
from fy; in §2.7 (since we did not define any generators called gagio4; the
generator in question will be ggi—oa(k),4s Only when (k) is even).

Assume that 47 — (i) < 2k so that 20 — (i) < 4k — 2i — a(k) and

uAk—2i—a(k) 1

92k+2i—a(k)—a(i) Ju = 92k—a(k)

u4k74ifa(k)+a(i) (U/Q)Qifa(i)le_

'3

which implies that :\4,6,41- is divisible by 2%=(*) in the 2-adic integers, as
required.

Finally assume that 4i—a(7) > 2k. We have 2i—a(i) < 4k—2i—a(k) also.
To see this observe that «(i) + a(k — i) — a(k) > 0 because, by Proposition

k
2.6, this equals the 2-adic valuation of the binomial coefficient (¢). Therefore
alk) —a(l) <alk—1i) <k—i<4(k—1).

Then, as before,

uik—2i—a(k) 1

o Ak—di—a(k)+a(i) %i—ali) ¢
oth—2i—a(k) ) T Sak—di—a(k)ta(i) Z U (u/2)77 fai
which implies that Ay 4; is divisible by 2%—%-a(k)+a() in the 2-adic integers,

as required. [

Theorem 2.12.

(i) In the collapsed Adams spectral sequence and the notation of Lemma
2.10 Zy, may be chosen to be represented in E3’4k.

(11) In fact, Zy may be taken to be the smash product of the unit n of the
bu-spectrum with the inclusion of the bottom cell ji, into Fux/Fug_1

SO N S4k M bu N F4k/F4k_1.

Proof

For part (i), suppose that Zs is represented in Ey**1 By Lemma 2.10
we must show that this leads to a contradiction. From [7] we know that on the
s = 1 line the non-trivial groups are precisely E;t’4k+1, E21’4k+3, cee E21’8k+272a(k)
which are all of order two. From the multiplicative structure of the spectral
sequence, if a homotopy class w is represented Eg’4k+2j_1 and E§’4k+2j+1 is
non-zero then there is a homotopy class w' represented in Eg’4k+2j+1 such
that 2w’ = ww. Applied to Z4 this implies that the homotopy element
u?k—alk)+1z . is divisible by 226-2(k)+1  Hence u?¢~k)+1z,, is divisible by
2%k—a(k)+1 in @G, ,, which contradicts the proof of Theorem 2.11.

For part (ii) consider the Adams spectral sequence

E' = Exty (H*(Fu/Fir—1;2/2),2)2) = m_y(bu A Fip/Fip—1) @ Ls.
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We have an isomorphism

H'(Fy/Fuy_1;7)2)
Sq*H'"=Y(Fuy/Fup—1;Z)2) + Sq" H'=3(Fy,/ Fap—1; Z]2)

The discussion of the homology groups H,(Fy/Fux—1;Z/2) given in ([1] p.341;
see also §3.1) shows that Eg’4k & 7Z/2 generated by the Hurewicz image of
N A jx. Therefore the generator of Eg"”“ represents 7 A jg. Since there is only
one non-zero element in E§’4k it must also represent Zy;, by part (i), which
completes the proof. [J

Ey't = Hom( L]2).

3 The Matrix

3.1. Consider the left-bu-module spectrum map of §2.1
b - bu A (F4k/F4k,1) — bu A (F41/F4l,1)

when [ > k. This map is determined up to homotopy by its restriction, via
the unit of bu, to (Fy/Fuk—1). By S-duality this restriction is equivalent to a
map of the form

S® — D(Fy/Fue—1) Nbu A (Fy/Fy_1),

which DX denotes the S-dual of X. Maps of this form are studied by means
of the (collapsed) Adams spectral sequence (see [7] §3.1), where B is as in
Lemma 2.10,

Eyt = Eat3 (H*(D(Fu/Fag-1); Z/2) @ H*(Fy/Fy_1;2/2),7/2)

> Wt_s(D(F4k/F4k_1) A\ (F4l/F4l_1) A bU) X ZQ.

Recall from ([1] p.332) that X% is the (invertible) B-module given by
Z/2 in degree a, ¥ = Hom(X* Z/2) and I is the augmentation ideal,
I = ker(e : B — 7Z/2). Hence, if b > 0, I"®* = Hom(I® Z/2), where I® is
the b-fold tensor product of I. These duality identifications may be verified
using the criteria of ([1] p.334 Theorem 16.3) for identifying ¥:¢1°.

In ([1] p.341) it is shown that the B-module given by

H™(D(Fu/Fag-1); Z/2) = Hy(Far/ Far—1;2/2)

is stably equivalent to ¥2 't112'~! when 0 < 4k = 2r. Therefore
H*(D(Fy,/Fye—1); Z/2) is stably equivalent to £~ "+D[=2""" when 0 <
4k = 2". If k is not a power of two we may write 4k = 2" + 2™ 4 ... + 2™
with 2 < 7r; <79 < ... < 1 In this case

Ho(Fug/ Far—1;2/2) = Q5L Hi(Fai[Fai1;2/2)

Jj=r1

10



which is stably equivalent to Y.2¢+a(k) [2k=a(k) where a(k) equals the num-
ber of 1’s in the dyadic expansion of k, as in Proposition 2.6. Similarly,
H*(D(Fy,/Fu—1); Z/2) is stably equivalent to X —2k—2(k) [a(k)=2k  From this,
for all s > 0, one easily deduces a canonical isomorphism ([7]p.1267) of the

form
E;ﬂf o Extgt(22l—2k+a(l)—a(k)[2l—2k—a(l)+a(k)’ Z/Q)

~ El‘tSB—FQlek*a(l)-l-a(k),t72l+2k70¢(l)+a(/€) (Z/Z, Z/Q)

Also there is an algebra isomorphism of the form Ext3"(Z/2,Z/2) = Z/2[a, ]
where a € Exty', b € Exty’. As explained in ([7] p.1270) iy, is represented
in

E;l(k—l)+a(l)—a(k),4(k—l)+a(l)—a(k) ~ E$t2Bk—21,6k—61) (Z)2,7.)2) = 7.2 = (22,

Proposition 3.2.
Forl < k, in the notation of §2, the homomorphism

(thg)« 2 Garpy — Gury
satisfies (th1)s(2ap) = pag g 22620k +ay2k=2 5 for some 2-adic unit iy 4

Proof

Let Zy € é4k,k be as in §2.9 so that, proved in a similar manner to Lemma,

1,4k+1
E2, k+

2.10, 2z, is represented in in the spectral sequence

E;’t = Emt%t(H* (Far/Fu-1;2/2),2/2)

- Wt,s(bu N (F4k/F4k71)) ® ZQ.

where, from §3.1, we have

E21,4Ic+1 o~ Ext;—}—Zkfa(k),4k+172k7a(k)(Z/Q’ Z/Z) ~ Z/2 — <a2k—|—1—a(k)>'

The multiplicative pairing between these spectral sequences shows that
(tk,1)*(2Z41) € Gagy is represented in the spectral sequence

E‘;’t = Emt?(H* (Fu/Fu 1;2/2),Z/2)

— 7Tt,5(b’u, N (F4l/F4l71)) ® ZQ.

Ltk dl-a(k)+a(),1+8k—4l-a(k)+a 2%k-+1-a(k) y2k—21
2

by the generator of O because a

is the generator of

E21+4k74l7a(k)+a(l),1+8k74lfa(k)+a(l) o~ EmtlB+4k72l7a(k),1+8k76l7a(k) (Z)2,7,/2).
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Since multiplication by a and b in the spectral sequence corresponds to
multiplication by 2 and u respectively on homotopy groups we have the fol-
lowing table of representatives in m,(bu A (Fy/Fy_1)) ® Zo.

homotopy element | representative | dimension

224 a2l—a()+1I 4]
(u/2)(224) a?=2Wp Al +2
(U/2)2(224l) a2’_a(l)_1b2 41 + 4

(u/2)?=0 (224) ab?—o0 81 — 2a(l)

u(u/2)20(2z2y) | b2 oOF 18] — 20(l) + 2
u?(u/2)220(2zy) | ?=0F2 |81 —2a(l) + 4

Therefore there are two cases for (t4).(22s%). If 2k—21 > 2l— (1) +1 then
p2k—2l represents u2k—21—Q2l—a(l)) (u/2)21—a(l)24l = y2k—dl+a(l) (u/2)2l—a(l)24l and’
up to multiplication by 2-adic units, (tx;)«(2Z2) is equal to
o1 +2k—alk)y Zk—dl+a(l)) (y, /2)2—al) 7, as required. On the other hand, if
2k — 21 < 21 — (l) then g2 —oWF1-2k=20)p2k=20 — (41=2k—a()+1p2k=21 repregents
(u/2)?*=21(2z4) which shows that, up to 2-adic units, (tx,).(2Z4) is equal to
21+2k—a(k)—(4l—2k—a(l)+1)(U/Q)Zk—Zl(QZM) — 94k—a(k)—4l+a(l) (u/?)%_ﬂ(2§4l), as re-

quired. [

Proposition 3.3.
Let ¢ : bo — bo denote the Adams operation, as usual. Then, in the
notation of §2.7,

( 9kg4k,4k + 9k_12u2(k)+3g4k,4k—4 if k > 3,
9gss +9-2%gs4 if k=2,
(LAY (garar) = {
9944 + 2940 if k=1,
\ 90,0 if k=0.
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Proof
The map (1A93), fixes u, multiplies v by 9 and is multiplicative. Therefore

(LAY (ea) = I (Y5 mt)

_ gk_l((90279ku2+9ku27u2)H;c:2(,U279i—2u2))
T, (=97 1)

_ k—1( (90 —9Fu)IIE , (> —9"2u?) k—1( (9 u2—u)IIF_,(v?—9'~2u?)
= 9 ( Héczl(gkigi—l) ) 9 ( Hk 1(9’“ o= 1) )

_ gk (@9 )IE ) (0?9 2u?) k—1((9Fu2—u2)IF (129~ 242)
=9 ( Hf:1(9k_29i_1) ) +9 ( H’?Zl(gkz_gi—l) )

B _ 2Hk (’U2 gi 1 2)
= 9%cyy, + 9*1(9% — 1)((9k 1)r11’° (9% —9i- 1))

= 9k04k + 9k*1u204k_4.
Hence, for k£ > 1, we have

AAY)u(fae) =270 B(1AP), (car)

— 22k7a(k)9kc4k + gkf1u222kfa(k)72k+2+a(k71)+2k727a(k71)C4k74

— 9kf4k: + 9k—1u222—a(k)+a(k—1) f4k74
= fup + 9222 BF fy
which yields the result, by the formulae of §2.7. [J

Proposition 3.4.

When k > 1
(9 gana1 + 9" G a1—4 if 41 — (1) < 2k,
9lg4k,4l + 9l—124l—a(l)—2kg4k,4l74 if 4] — a(l) — 1/2( ) 3
(IAY)u (garat) = 4 < 2k < 4l — a(l),

9lg4k,4l + 9l_123+U2(k)g4k,4l—4 if 2k <4l —a(l) —vo(l) — 3
<4l — a(l)

13



Proof
Suppose that 4] — «(l) < 2k then, by Proposition 3.3 (proof),

(LA ), (gak,a)

= (1 A 9?), (u2b—2t+e® [“Z;ZEIJ;‘”D

— y2k—4+a()) [U2l*°‘(1)(9lf41+9171u22”2(l)+1f41—4)}
- 221—a(l)

_ ol -1, 2k—al+a(l) [uH—oOy22v2 O+,
- 9 g4k,4l + 9 u OZ( ) |: 22l—a(l) :|

2+2—a(l)gra (1) +1
_ql 1—1,,2k—4l+a(l) [ Jai—a
= 9gapu +9" " u tall) [ 52l—a(l) ] .

Then, since 15(l) =1+ a(l — 1) — a(l),

Al-1)—a(l-1)=dl—al)+a(l)—all—1)—4 = 4 —a(l) — 3 - w(l) < 2k

so that

2l—2—a(l-1)
o 2k—4l+4+a(l-1)[© fai—a
R T e

214+2—a(l)
_ . 2k—4l+a(l u fai—a
=u ® [221—2—a(l)+a(l)—a(l—1)]

20+2—a(l)
o 2k—4l4a(l) U fai—4
=u b [221—0(1)—1/2(1)—1]

so that, for 0 < [ < k suppose that 41 — a(l) < 2k,
(LA Y)s(ganat) = 9 Gapar + 9" gapai—a.
Similarly, for 0 < I < k if 4l — (1) > 2k then, by Proposition 3.3 (proof),
(LA V) (gar,m)
= (LAY ([“r])

_ u2(k—l)(glf4l+9l_1“22"2(k)+1f4k74)
= 22D ]

2k —20+20vg (k)+1
_ ol -1Ju 2v2 far—a
= 9gaga +9 [ 520k=1) }

This situation splits into two cases given by
(i) 4 —a(l) =) —3<2k<4l—al) or
(i) 2k <4l —a(l) —wn(l) —3 < 4l — a(l).

14



In case (i) 4l —4 — a(l —1) =4l — a(l) — vo(l) — 3 < 2k and so again we
have

2l-2—a(l—-1)
_ . 2k—4l+4+a(l-1) [ Jai—a
Qakal—4 = U i+ )[W]

u2k_2l+2f4l—4
221—1—vy(l)—a(l)

_wZkm2dgtbna(f,
22k—2i+4l—a(l)—2k

so that
(LA Y)u(gapar) = 9 Gar s + 9l_124l_a(l)_2k94k,4z—4-
In case (ii)

2k —2142
gapais =[]
so that
(LAY (gapa1) = 9 gaar + 971282 E gy 4.
O

3.5. In the notation of §2.1, suppose that A € U, Z, satisfies
\II(A_I) = [1 A 1/)3] € AUt?eft—bu—mod(bu N bO)
Therefore, by definition of ¥ and the formula of Theorem 2.11
D ick Aur(teg) (i) = (L AY)(20)

=3k (2PED N gy 45 (1A 3) s (gap,00)-
On the other hand
Zlgk Apgo(tr)(2a)

= Appzak + D cp Avptian22F 2 obiral)y 220y,
= Ak,sz:ozg(k’i)/\4k,4ig4k,4i

+ 3k Shog Arg pap,g22h2meB)raly 2k=209B800 N ) 1iga ai.

In order to determine the Ay ;’s it will suffice to express u2k_2l94l,4i as a

multiple of g4 4; and then to equate coefficients in the above expressions. By

definition

( _ T ] 2i—a(i) f,. . i i
uk= 22l diteli) [7“22173(5“] if 4i — a(i) < 21,
2k—21 _

u Garai = 3

ey if 4i — a(i) > 2.

( ., 2k—2ip . .
11‘221_70‘({-‘)17’ if 47 — Ck(l) S 2l,

| s if 4i— ali) > 2
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while Sicali)
pk—titald) (2o il f 44 — afi) < 2K,
9ak,4i =

[ e ] if 4i — a(i) > 2k.

From these formulae we find that

94k 4i if 47 — Ck(l) S 21 S 2]{],
U2k_2lg4ly4z' = 24i—a(i)—2lg4k,4i if 21 < 44 — O!(’L) S 21{7,
22k_2lg4k,4i if 21 < 2k < 49 — O!(l)

Now let us calculate A .
When k£ = 0 we have zp = (1 A ¥*).(20) = Aoo(t0,0)«(20) = Ao 020 so that
A0,0 =1.
When £ =1 we have
Dt ()« (1) = (LAY?)u(24)
= A a(LAY?)(ga4) + 20401 A 90?)s(ga0)

= A1,4(994,4 + 294,0) + 2X40940
and
Y Ank()e(z) = Arjiza + Ao1,02940
= A11(2X1,094,0 + A1,294.4) + Ao1141,0294,0

which implies that Al,l =9 and AO,l = /1,1_,(1)()\4,4 - 8)\4,0) so that AO,I € Z;
When k£ = 2 we have

D<o Aia(20)(28) = (LA P?)a(28)
= (1A Y?)(Ns 8988 + 23 Xs.498,4 + 2% X3,098.0)

= Xss(9%gs8 + 9-23gs4) + 23 Xs,4(99s,4 + 9g8,0) + 23Xs,098,0

16



and

Zlgz Al,z(bz,l)*(zs) = A2,22’8 + A1,2(L2,1)*(Zs) + Ao,z(bz,o)*(zs)
= As2(As 8988 + 2°Xs.408.4 + 2°Xs0950)
+ A1 9(1s 422U 24) + Ao (ps02%u'zp)
= Az o(Ns 8988 + 2254984 + 2° X5 098,0)
+ A1 201842%(20 10980 + A1au?gaa) + Ao2tis023gs 0
= Az 2(As 8985 + 2° Xs 4984 + 2° Xs 098,0)
+A; op8,42%(201098,0 + A1,42gs.4) + Ao2118,02% g3 0-
Therefore we obtain
Ass(9%gss +9-23g84) + 23X8,4(99s.4 + g8,0) + 23 X8,098.0
= As2(Nssgss + 2°Xs 4984 + 2°Xs098,0)
+A10118.42%(201,098,0 + A1,4298,4) + Ao 218,023 78,0
which yields
9% = Ay,
Asgs -9+ Asa(9—9%) = A opus s,
Asa+ Mg o(l — 9?) = A1 2ps a0 + Aooiisp-

Hence A, 5 € Z3.
Now assume that k£ > 3 and consider the relation derived above

SE 0 2P®0 N4 4i (1A %) (Gag i)
= App S8 026D\ gy 45 Gap i
+ 3 ek Shig Ay pag g2 Aok ey 2k=209800 N ) 1 gay 4i.

The coefficient of ga 4r on the left side of this relation is equal to /\4k,4k9k and
on the right side it is Ay g Asgar so that Agy, = ok for all £ > 3. From the
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coefficient of gsy 44 We obtain the relation

AapapQF 12720048 4 93tm) ), gk
= 9h23h B\ 1y

+Ap_1k pagag—a2270EOFTE=192) ke a23T2RI Ny g 9FT
= 9k23t2(k)\ gy 44

+Ap—1 g Harar—a22T2®I Ny g ap4

which shows that Ax_;, € Z35 for all £ > 3. This means that we may conju-
gate A by the matrix D = diag(1l, A1 2, 412423, A12A23A34,...) € UxZs to
obtain

(1 1 €13 Ca Ci5

09 1 C24 Cao5

1)141971 =(C = 0 0 92 1 C35

\ o r )

In the next section we examine whether we can conjugate this matrix
further in Uy Zs to obtain the matrix

(11000...\

091 00
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4 The Matrix Reloaded

4.1. Let B,C € UyZ, denote the upper triangular matrices which occurred
in §3.5

(110 00 ...\ (11 as ca as
09 1 00 ... 09 1 cou Cop
B=|009 10 C=]100 9 1 cp
00 0 9 1 00 0 9 1

\ Pl ) \ P or )

The following result is the main result of this section. Along with the
discussion of §3.5 it completes the proof of Theorem 1.1.

Theorem 4.2. There exists an upper triangular matriz U € Uy, Zgy such that

U-'CU = B.
Proof
Let U have the form
( 1 Uy,2 Ui,3 Urga  --- \
0 1+ (9 — 1)11,1,2 U 3 U2,4
U= 0 0 1+ (9 — 1)?1,1’2 + (92 — 9)U2,3 U3.4

Then (UB)j,j = Uj,ij,j = Cj,jUj,j = (CU)J',J' and, n fact, (UB)j,j—H =
(CU);,j+1 for all j, too. For any 1 < s < j we have

(UB)j-sj = uj—s% " + tj_s,—1 and

. —=0Qi—s—1, . . . . L .
(CU)j—s; =9 Uj—sj T Uj—s41,j T Cjs,j—s+2Uj—s42,j T + Cjms,jUj -

In order to prove Theorem 4.2 it suffices to verify that we are able to solve
for the w;; in the equations (UB),; = (CU)s; for all s < ¢ inductively in
such in a manner such that, for every k, the first k-columns of the equality
UB = CU is achieved after a finite number of steps. Lemma 4.3 provides a
method which proceeds inductively on the columns of U. [J
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Lemma 4.3. Forj >3 and 1< s < j, uj_s ;1 may be writlen as a linear
combination of Uj g 1,Uj 35 1y Uj_st1,5-1 ONA Uj_ 15, Uiy -+, Ul

Proof

We shall prove the result by induction on j. Consider the case j = 3, we
have the following equation:

Uz 5397 + Us_s2 = 927 U3 43+ Us 53+ C3_s5 sUs_s3 + -+ C3_s3U33
for 1 < s <3 = s=2. Hence substituting s = 2 gives
u139% + Uy = U3 + ug3 + €13u33
= U= (1—9)urs+usz+cra(l+(9—1uss+ (92— 9uy3)
— (1—(9—Derg)ure = (1—9)urz+ (1+ (9> —9))crguzs + 13

and since (1 — (9 — 1)c; 3) is a 2-adic unit we can write u; o as a Zo-linear
combination of u; 3 and us 3 as required.

We now need to show that if the lemma is true for j = 3,4,...,k—1 then
it is also true for 7 = k. This means we need to solve

Up—s 9" 4+ Up_s p—1
= 9F 5Ly ok Up—st1 gk + Chosp—stoUb—stok + -+ Chos iUk k
for ug_sx—1 for 1 < s < k. This equation may be rewritten

Uk—s,k—1

= (97571 — OF Mgk Uk—si1k + Chos kostaUk—st2k T+ **  + Chos KUk k

= (9571 — P Mg gk + Uk stk + Choshost2Uk—si2k T+ -

SR Ckfs,k(l + (9 — 1)U1,2 + (92 — 9)11,2’3 +---+ (9k71 — 9k*2)uk,1,k).
Now consider the case s =k — 1

U, k—1

= (1= 9% Yuy g+ usp + cr3usp + - - -

o Clk (1 + (9 - 1)U1,2 + (92 - 9)’[1,2,3 + -+ (9k_1 — 9]6_2)”]9_1,]9)

B
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By repeated substitutions the bracket B may be rewritten as a linear combi-
nation of uy g1, U251, .., Uk_2k_1 and ug_1 5. The important point to notice
about this linear combination is that the coefficient of u; ;_; will be an even
2-adic integer. Hence, we can move this term to the left hand side of the
equation to obtain a 2-adic unit times u;;_; equals a linear combination of
ULy U2y - - -5 Up—1,k AN Ug g1, U3 k—1, - - -, Uk—2,k—1 &S Tequired.

Now consider s = k — 2

Uz k—1
= (9 — 9]671 .
= ( Yok + Us k + Coala ) +

R CQ,k (1 + (9 — 1)’11/1,2 + (92 — 9)1]&3 + -+ (gk_l — 9k_2)uk_1,k);

-

-~

e

As Dbefore B’ can be written as a linear combination of
UL k=1, U2 h—1, - - - s Uk—2,k—1, Uk—1,, and from the case s = k — 1, uy ,_; may be
replaced by a linear combination of w1, ..., u 1% and ug g 1,..., Uk 24k 1.
Again the important observation is that the coefficient of uy; ; is an even
2-adic integer, hence this term can be moved to the left hand side of the
equation to yield a 2-adic unit times ugy_; equals a linear combination of

ULy U2y - - > Up—1k @Dd Uz p_1,..., Uk 2k 1 &S required.

Clearly this process may be repeated for s = k — 3,k —4,...,2 to get a
2-adic unit times uy_; ;1 as a linear combination of u; 4, ugg, ..., up—1 % and
Uk—s41,k—1,- - -, Uk—2,k—1 as required. [

5 Applications

5.1. bu A bu
Theorem 1.1 implies that, in the 2-local stable homotopy category there
exists an equivalence C' € Aut), ry_y, _moq(bt A bo) such that

C'(1AY*)C ! = Z 9 g + Z Lk k—1
k>0 k>1
where ¢ is as in §2.1, considered as left bu-endomorphism of bu A bo via the
equivalence L of §2.1.

In [7] use is made of an equivalence of the form bu ~ bo A ¥ 2CP?,
first noticed by Reg Wood (as remarked in [1]) and independently by Don
Anderson (both unpublished). This is easy to construct. By definition
bu(X72CP?) = bu?(CP?) & [CP? BU| and from the cofibration sequence
S0 — ¥72CP? — S? we see that bu’(X~2CP?) = Z @ Z fitting into the
following exact sequence

0 — bu’(S?) — b’ (X 2CP?) — bu’(S%) — 0.
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Choosing any stable homotopy class = : ¥ 2CP? — bu restricting to the
generator of bu’(S?) yields an equivalence of the form

bo A (S2CP?) L5 bu A bu 5 bu

in which ¢ denoted complexification and u is the product.
In the 2-local stable homootopy category there is a map

U : X 2CP?2 — X 2CP?

which satisfies U*(2) = 13(z) for all z € bu’(£~2CP?). For example, take ¥
to be 37! times the double desuspension of the restriction to the four-skeleton
of the CW complex CP* = BS! of the map induced by z — 23 on S!, the
circle. With this definition there is a homotopy commutative diagram in the
2-local stable homotopy category

bo A ¥ 2CP? e . bo A ¥ 2CP?
A

12
12

3
bo v > bu

in which the vertical maps are equal given by the Anderson-Wood equivalence.

Now suppose that we form the smash product with ¥ 2CP? of the 2-local
left bu-module equivalence bu A bo ~ Visobu A (Fy/Fu—1) to obtain a left
bu-module equivalence of the form

bu A bu =~ Visobu A (Fap/Fag—1) A Y 2CP2.
For | < k set
Ky =ty AW 2 bu A (Fup/Fag_1) A S 2CP? — bu A (Fy/Fy_1) A X 72CP?
then we obtain the following result.

Theorem 5.2.
In the notation of §5.1, in the 2-local stable homotopy category, there exists
C" € Aut), py_py_moq(bu A bo) such that

1A bu A bu — bu A bu
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satisfies

(CADAAYYC AT =D Frpp+ Y Kot
k>0 k>1
5.3. Endleft_bu_mod(bu A bO)

In this section we shall apply Theorem 1.1 to study the ring of left-bu-
module homomorphisms of bu A bo. As usual we shall work in the 2-local
stable homotopy category. Let UsZs denote the ring of upper triangular,
infinite matrices with coefficients in the 2-adic integers. Therefore the group
UxZs is a subgroup of the multiplicative group of units of UsZs. Choose a
left-bu-module homotopy equivalence of the form

L: szobu N (F4k/F4k_1) s bu A bo,

as in §2.1. For any matrix A € U,Z, we may define a left-bu-module endo-
morphism of bu A bo, denoted by A4, by the formula

)\A = IA/ : ( Z Al,kl/k:,l) . i/
0<i<k

Incidentally here and throughout this section we shall use the convention that
a composition of maps starts with the right-hand map, which is the opposite
convention used in the definition of the isomorphism ¥ of §2.1 and [7]. When
A € UyZy we have the relation Ay = W(A™'). For A, B € Uy Z; we have

Aa-Ap = (L- ocich Avktii) - L) (L- (Poctcs Brastst) - L)
=L (Zoglgtgs Aug Bystsy) - L

L- (Zoglgs (AB)i5tsg) - L

== )\AB-
By Theorem 1.1 there exists H € Uy Z- such that
LAY® = Agpg—

for
(110 0

=]
/

09 1 0 0
B=| 009 1 0

00 0 9 1
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Hence, for any integer u > 1, we have 1 A (¢* — 9“7 1) = Ayp, y-1 where
B, = B—9*"! € Uy Zy and 9* ! denotes 9* ! times the identity matrix.
Following [5] write ¢, : bo — bo for the composition ¢, = (¢* — 1)(¢* —
9)...(¢* —9" ). Write X,, = B\B,...B,, € UyxZs.

Theorem 5.4. (i) In the notation of §5.3 1 A ¢, = Agx, g1 forn > 1.

(i) The first n-columns of X, are trivial.

(iii) Let Cp = Cone(L : Vocg<n_1bu A (Fix/Fir_1) — bu A bo,, which is
a left-bu-module spectrum. Then in the 2-local stable homotopy category there
exists a commutative diagram of left-bu-module maps of the form

bu A bo 1A ¢n bu A bo

~

Tn an

where m, is the cofibre of the restriction of L. Also @n 1s determined up to
homotopy by this diagram.
(iv) More precisely, for n > 1 we have

(Xn)ss+j=0if j<Oorj>n
and the other entries are given by the formula
(Xn)sistt = 3 Ak A(ks) ... A(ky)
1<k1<k2<...<kt<n
where

A(kr) = IT; (9t —9n7),

ji=n—ki1+1

Alk) =TI 5, 11 (9° — 92270,

jo=n—ka+1

A(ks) =TT}, 20 Ty 2 (9°F = 97,

ja=n—k3+1

Aky) =TI = 90,

Jt=1
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Proof

Part (i) follows immediately from the discussion of §5.3. Part (ii) follows
from part (iv), but it is simpler to prove it directly. For part (ii) observe
that the B; commute, being polynomials in the matrix B so that X, =
Xn_1Bp. Since (By)s; is zero except when ¢t = s,s + 1 so that (X,);; =
(Xn—l)i,j(Bn)j,j + (Xn—l)i,j—l(Bn)j—l,j; which is zero by induction lf] <n.
When j = n by induction we have (X,,);; = (Xy_1)in(Bn)nn which is trivial
because (By)n, = 9"7! — 9""!. In view of the decomposition of bu A bo,
part (iii) amounts to showing that HX,H ™' corresponds to a left-bu-module
endomorphismm of Vo< bu A (Fy/Fy,—1) which is trivial on each summand
bu A (Far/Fyr—1) with & < n — 1. The (7,7)-th entry in this matrix is the
multlple of bj—14—1 - bu A (F4j_4/F4j_5) — bu A (F4i—4/F4i—5) given by the
appropriate component of the map. The first n columns are zero if and only
if the map has no non-trivial components whose domain is bu A (Fyj_4/Fy;_5)
with j < n. Since H is upper triangular and invertible, the first n columns of
X, vanish if and only if the same is true for HX,, H~!. Finally the formulae
of part (iv) result from the fact that B; has 9™~! — 99! in the (m, m)-th
entry, 1 in the (m, m + 1)-th entry and zero elsewhere. [

Remark 5.5. Theorem 5.4 is closely related to the main result of [5]. Follow-
ing [5] let bo™ — bo denote the map of 2-local spectral which is universal for
all maps X — bo which are trivial with respect to all higher Z/2-cohomology
operations of order less than n. Cf with [5] Theorem B. Milgram shows that
bon factorises through a map of the form 6y, : bo — X860 ~2(™) and that
Gon+1 factorises through a map of the form 6y, 1 : bo — L8 H4pspn—aln)
and then uses the 6,,’s to produce a left-bo-module splitting of bo A bo. Using
the homotopy equivalence bu ~ bo A ¥~ 2CP? mentioned in [7] one may pass
from the splitting of bu A bo to that of bo A bo (and back again). In the light
of this observation, the existence of the diagram of Theorem 5.4 should be
thought of as the upper triangular matrix version of the proof that the 6,’s
exist. The advantage of the matrix version is that Theorem 5.4(iv) gives us
every entry in the matrix X,,, not just the zeroes in the first n columns.
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