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Abstract. In this paper we consider the K-theory of smooth algebraic stacks, establish λ and Adams operations
and show that the higher K-theory of such stacks is always a pre-λ-ring and is a λ-ring if every coherent sheaf is the
quotient of a vector bundle. As a consequence we are able to define Adams operations and absolute cohomology
for smooth algebraic stacks satisfying this hypothesis. We also define a Riemann-Roch transformation and prove a
Riemann-Roch theorem for strongly projective morphisms between smooth stacks. When the stack is a scheme, all
these are shown to reduce to the corresponding results for schemes.
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1. Introduction.

In the case of smooth schemes, say of finite type over a field, absolute cohomology, which is defined as the eigen-
space for the Adams’ operations on rational algebraic K-theory identifies with motivic cohomology with rational
coefficients. In this paper we investigate the corresponding situation for algebraic stacks. To begin with, it ought
to be pointed out that, it has not been known whether there exist λ and Adams operations on the rational higher
K-theory of algebraic stacks. Even for quotient stacks, it has not been known if there exist a λ-ring structure on
rational higher K-theory of algebraic stacks. The first result in this paper is to show that this is indeed the case, at
least for smooth stacks; in fact, we show that the higher rational K-theory of smooth algebraic stacks are pre-λ-rings
and that for algebraic stacks where every coherent sheaf is the quotient of a vector bundle they are in fact λ−rings.

While it is shown how to define the λ-operations in [Gray] for the Quillen K-theory of exact categories or the
Waldhausen analogue of it as in [GSVW] and [GSch], it is not clear that the required relations are satisfied. We
invoke a technique we learned from Bloch’s papers (see for example, [BL]) whereby higher K-groups can be reduced
to certain relative Grothendieck groups. Using this technique, we obtain the theorem stated below, which is one
of the main results of this paper. We begin with a few basic definitions so as to be able to state this in a precise
manner.

Definition 1.1. A pre-λ ring R is a commutative ring with unit and provided with maps λi : R → R, i ≥ 0,
(which are in general not homomorphisms) so that (i) λ0(r) = 1, for all rεR, (ii) λ1 = id and (iii) λn(r + s) =
Σn

i=0λ
i(r).λn−i(s) for all r, sεR. Given a pre-λ ring R, a pre-λ-algebra over R is a commutative ring S (not

necessarily with a unit) provided with the structure of a module over R and so that R⊕ S gets the structure of a
pre-λ-ring with the following operations:

• the sum on R⊕ S is defined by (r, s) + (r′, s′) = (r + r′, s+ s′), r, r′εR and s, s′εS

• the product on R⊕S is defined by (r, s).(r′, s′) = (r.r′, rs′ + sr′ + s.s′) where the products rs′ and sr′ are formed
using the module structure of S over R and the product s.s′ is formed using the product on S and

• one is given maps λi : R⊕S → R⊕S, i ≥ 0 so that λn(r, s) = (λn(r),Σn−1
i=0 λ

i(r).λn−i(s)) for all rεR, sεS. (The
product λi(r).λn−i(s) uses the R-module structure of S and λk(r) is the given λ-operation of R applied to rεR.
Taking the R-component to be zero, this implies one is given maps λi : S → S, i ≥ 0 as well.)

A pre-λ ring R is a λ-ring if λn(1) = 0 for n > 1 and there exist polynomials Pk,l and Pk with integral coefficients
so that:

λk(λl(r)) = Pk,l(λ
1(r), · · · , λk.l(r)) and

λk(r.s) = Pk(λ1(r), · · · , λk(r);λ1(s), · · · , λk(s))

for r, sεR. If R is a λ-ring and S is a pre-λ algebra over R, we say S is a λ-algebra over R if the relations above
also hold for λk(λl(r + s)) and for λk((r + s).(r′ + s′)) if rεR and sεS, i.e. R⊕ S is a λ-ring with the operations
defined above.

Theorem 1.2. (i) Let S denote a smooth algebraic stack (of finite type over a Noetherian base scheme S)
and let S ′ denote a closed algebraic sub-stack. Then, each πn(KS′(S)) is a pre λ-algebra over the pre-λ-ring
π0(K(S)). (Recall this means:. there exist maps λk : πn(KS′(S)) → πn(KS′(S)) so that λ1 = id, λk(K) =

Σk′+k′′=kλ
k′

(K ′).λk′′

(K/K ′) if K ′ // //
K is a cofibration in wPerf(S ×∆[n],S × δ∆[n]) satisfying the above

properties. Here Perf(S ×∆[n],S×δ∆[n]) denotes the Waldhausen category of perfect complexes on S ×∆[n] that
are acyclic along S × δ∆[n].)

The above pre-λ-ring structure is compatible with pull-backs: i.e. if f : S̃ → S is a map of smooth algebraic
stacks and S̃ ′ = S̃×

S
S ′, then the induced map f∗ : πn(KS′(S)) → πn(KS̃′(S̃)), for each fixed n ≥ 0, is a map of

pre-λ-algebras over π0(K(S)).

(ii) In case every coherent sheaf on the smooth stack S is the quotient of a vector bundle, each πnKS′(S) is a
λ-algebra over π0(K(S)) in the above sense.

Making use of this theorem, we define γ and Adams operations on rational higher K-groups of algebraic stacks
which satisfy the property that every coherent sheaf is the quotient of a vector bundle; further, making use of these
operations we are also able to define the absolute cohomology for such algebraic stacks. One important distinction
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from the corresponding situation for schemes is that the γ-filtration is almost never nilpotent for algebraic stacks
as may be seen in remark 5.9. Though the hypothesis in (ii) seems strong, it is clearly satisfied by all quotient
stacks; nevertheless the above results seem to be unknown even in this case.

We conclude with a Riemann-Roch theorem for strongly projective morphisms as in section 7 and also by
comparing the absolute cohomology with the higher Chow groups for algebraic stacks defined in [J-1] and [J-2].
For quotient stacks associated to actions of linear algebraic groups on quasi-projective schemes over a field, this
identifies the absolute cohomology with the product of the equivariant higher Chow groups considered in [EG1]
and [EG2].

Acknowledgments. We would like to thank Zig Fiedorowicz, Roland Schwanzl and Bertrand Toen for various
discussions related to the paper.

2. K-theory and G-theory of algebraic stacks: the basics

Definition 2.1. An algebraic stack S will mean an algebraic stack (of Artin type) which is finitely presented over
a Noetherian base scheme. An action of a group scheme G on a stack S will mean morphisms µ, pr2 : G×S → S
and e : S → G × S satisfying the usual relations. It is shown in [J-5] that if G is a smooth group scheme acting
on an algebraic stack S, a quotient stack [S/G] exists as an algebraic stack. In this case, there is an equivalence
between the category of G-equivariant OS -module on S and the category of O[S/G]-modules. (See [J-4] Appendix.)
Therefore, one may incorporate the equivariant situation into the following discussion by considering quotient
stacks of the form [S/G].

A bounded complex of OS-module M is strictly perfect if locally on the stack S (i.e. on the smooth topology of
the stack) M is a bounded complex of locally-free coherent OS-modules. M is perfect if locally on the smooth site,
Ssmt, M is quasi-isomorphic to a strictly perfect OS-module. M is pseudo-coherent if it is locally quasi-isomorphic
to a bounded above complex of OS -modules with bounded coherent cohomology sheaves. (One may readily prove,
in view of the hypotheses, that if M is perfect, it is pseudo-coherent. Observe that, the usual definition of pseudo-
coherence as in [SGA]6 does not require the cohomology sheaves to be bounded; we have included this hypothesis in
the definition of pseudo-coherence mainly for convenience.) Let S ′ denote a closed algebraic sub-stack of S. Then
the category of all perfect (pseudo-coherent, strictly perfect) complexes with supports contained in S ′ along with
quasi-isomorphisms forms a bi-Waldhausen category: the cofibrations (fibrations) are those maps that are degree-
wise split mono-morphisms (degree-wise split epimorphisms, respectively). The first (second, third) will be denoted
PerfS′(S) (PseudoS′(S), StPerfS′(S), respectively); the K-theory space (G-theory space) of S with supports in S ′

will be defined to be the K-theory space of the bi-Waldhausen category PerfS′(S) (PseudoS′(S), respectively) and
denoted KS′(S) (GS′(S), respectively). We distinguish these from the corresponding K-theory spectra which will
be denoted KS′(S) (GS′(S), respectively). One may let Mod(S,OS) denote the abelian category of all coherent
OS-modules; now one shows (see [T-T] 1.11.7) thatK(Mod(S,OS)) ' G(S) where the former denotes theK-theory
space of the abelian category Mod(S,OS). We also let PerfS′,fl(S) (PseudoS′,fl(S)) denote the full sub-category
of PerfS′(S) (PseudoS′(S)) consisting of complexes of flat OS-modules in each degree which have the additional
property that they are direct limits of finitely generated flat-submodules at each stalk. (Observe that the existence
of flat resolutions and the Waldhausen approximation theorem (see [T-T] 1.9.8 Theorem) imply that one obtains
a weak-equivalence K(PerfS′(S)) ' K(PerfS′,fl(S)).)

Corollary 2.2. Let S denote a smooth algebraic stack. Then the natural map K(S)→ G(S) is a weak-equivalence.
In case S ′ is a closed algebraic sub-stack of S, the natural map KS′(S)→ G(S ′) is a weak-equivalence.

Proof. The hypothesis that S is smooth, implies every complex of OS-modules which is pseudo-coherent is perfect.
(See [J-2] section 2 for details; it is shown there the same proof as in [T-T] for schemes works.) This proves the
first assertion and the second follows similarly. �

The category of vector bundles on a given stack will be denoted V ect(S). One may provide the category of
bounded complexes Cb(V ect(S)) (i.e. the category of strictly perfect complexes on S) with the structure of a
Waldhausen category with cofibrations and weak-equivalences where the cofibrations are degree-wise split mono-
morphisms of complexes and weak-equivalences are quasi-isomorphisms in the category Cb(Mod(S,OS )). We let
Knaive(S) = K(Cb(V ect(S))) with this Waldhausen category structure.

Proposition 2.3. Assume that every coherent sheaf on the algebraic stack S is the quotient of a vector bundle.
Then the obvious map Knaive(S)→ K(S) is a weak-equivalence.
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Proof. (The proof follows along the same lines as in [T-T] section 3.) However, we sketch an outline for the sake
of completeness. First one may establish the following:

(∗) given any pseudo-coherent complex F • and a map p : P • → F •, with P • a bounded above complex of vector
bundles, there exists a bounded above complex of vector bundles Q•, and maps p′ : P • → Q•, q : Q• → F • so that
p = q ◦ p′ and q is a quasi-isomorphism.

Now it remains to show that if F • is perfect and P • is a bounded complex of vector bundles, then Q• can be chosen
to be a bounded complex. We may assume that F • is bounded. Let Q• be as in (*). It is perfect and let K be
so that Hn(Q•) = 0, Fn = 0, n ≤ K. We will show Bp(Q•) = Im(d : Qp−1 → Qp) is a vector bundle for some
p << 0 so that τ≥p(Q

•) is a bounded complex of vector bundles. Clearly P • → Q• → τ≥p(Q
•) → τ≥p(F

•) = F •.
For this, assume BK−1(Q•) has finite tor dimension N . Then the short-exact sequence 0 → Bn−1(Q•) → Qn →
Bn(Q•) → 0, n ≤ K, shows by an argument using Tor that BK−N (Q•) is flat. It is locally finitely presented and
hence locally free, i.e. a vector bundle. Therefore, τ≥K−N (Q•) is a bounded complex of vector bundles. Therefore,
it suffices to show that BK−1(Q•) is of finite tor dimension:

Consider α : σ≥K(Q•)(= 0 → QK → QK+1 → · · · ) → Q•. Then Cone(α)[−1] is perfect since Q• and σ≥K(Q•)
are perfect. But Hi(Cone(α)[−1]) = 0 for i 6= K and = Im(dK−1) if i = K. So Imd(dK−1) = BK−1(Q•) is of
finite tor dimension. �

Remark 2.4. The results of Appendix C show that K-theory is a contravariant functor for arbitrary maps between
algebraic stacks.

Examples

• On a quotient stack [X/G], with the scheme X G-quasi-projective (i.e. admits a G-equivariant locally closed
immersion into a projective space Pn on which G acts linearly), every coherent sheaf is the quotient of a vector
bundle

• Converse (Theorem of [EHKV]): If on a Deligne-Mumford stack S , every coherent sheaf is the quotient of a
vector bundle, then it is a quotient stack.

3. G-theory of algebraic stacks: devissage, localization and homotopy property

First we recall that the devissage and localization theorems of Quillen implies corresponding results on the
G-theory of algebraic stacks. This implies the following theorem:

Proposition 3.1. (Localization for G-theory) Let i : S ′ → S denote a closed immersion of algebraic stacks with
open complement j : S ′′ → S. Now one obtains the fibration sequence G(S ′) → G(S) → G(S ′′) → ΣG(S ′) of
spectra. Moreover, one obtains the weak-equivalence G(S ′) ' GS′(S).

Proof. Quillen’s localization theorem for the K-theory of abelian categories (see [Q] section 5, Theorem 5) implies
the existence of the localization sequence: G(S ′)→ G(S)→ G(S ′′). (One needs to show that any pseudo-coherent
complex on S ′′ extends to a pseudo-coherent complex on S: this follows from [L-MB].) Finally, Quillen’s devissage
theorem (see [Q] section 5, Theorem 4) implies the weak-equivalence GS′(S) ' G(S ′). �

Next we consider the homotopy property for G-theory. This will follow by suitable modifications of Quillen’s
arguments. First we extend Quillen’s results on the G-theory of graded and filtered rings. Let S denote an algebraic
stack, and let B = ⊕

n≥0
Bn denote a sheaf of graded OS-modules with B0 = OS and each Bn a coherent OS -module.

A graded B-module M will mean a graded OS-module M = ⊕
n≥0

Mn provided with the extra structure of a sheaf of

graded modules over B. Moreover we will assume that each Mn is a coherent OS -module and that finitely many
of the Mn generate the graded module M over the sheaf of graded algebras B. The category of all such graded
modules over B will be denoted Mod(S,B); the corresponding K-theory space will be denoted G(S,B). We will let
U(B) denote the underlying sheaf of rings obtained by forgetting the grading; U will denote the forgetful functor
sending a sheaf of graded B-modules to the underlying B = U(B)-module.

Proposition 3.2. Assume in addition to the above situation that U(B) is flat over A = U(B)0 and that U(B)0
has finite tor dimension as a U(B)-module. Then the obvious pull-back map Z[t]⊗

Z
π∗(G(S, U(B)0))→ π∗(G(S,B))

is an isomorphism.
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Proof. Lemma 1 of [Q] section 6, shows that if Tor
U(B)
1 (U(B)0, U(N)) = 0 for NεMod(S,B), the natural map

B(−p)⊗
A
T0(N)p → Fp(N)/Fp−1(N) is an isomorphism of B-modules. (Here B(−p)n = Bn−p and Fp(N) is the B

sub-module of N generated by N0,..., Np. )

Next let N denote the full sub-category of Mod(S,B) consisting of modules N so that Tor
U(B)
i (U(N), U(A)) = 0

for all i > 0. This inherits the structure of an exact category with cofibrations and weak-equivalence. Let
NεN. The finite tor dimension hypothesis on U(B)0 as a U(B)0-module shows that one may find a complex
Fn → Fn−1 → ... → F0 → N so that the following hold: (i) The above complex is a resolution of N and
(ii) U(Fi) are flat over U(B). Now one may invoke Quillen’s resolution theorem to show that the obvious map
K(N)→ G(S,B) is a weak-equivalence.

Let n ≥ 0 be a fixed integer. Let Nn denote the full sub-category of N consisting of B-modules N so that
Fn(N) = N . Now one may adopt the proof of Theorem 6, section 6 of Quillen as follows. Let b : (πiG(S,A))n =
πi(K(Mod(S,A)n))→ πi(K(Nn)) be the map defined by the functor defined by (Fj , 0 ≤ j ≤ n) 7→ ⊕

j
B(−j)⊗

A
Fj .

Similarly one defines a map c : πi(K(Nn)) → πi(K(Mod(S,A)n)) = (πiG(S,A))n by N 7→ (T0(N)j). One may
see readily that c ◦ b = id. Using the additivity for exact functors, one may also show that b ◦ c = id which shows
b is an isomorphism. Taking the direct limit over all n→∞, one may complete the proof of the proposition. �

In the following theorem, we let C denote a sheaf of OS-algebras provided with an increasing filtration {Fp|p} so
that gr(C) is a sheaf of a graded rings satisfying the hypotheses as above. We will further assume that each FpC is a
coherent OS-module. A C-module will mean a sheaf of modules M over C so that M is locally a finitely generated C-
module. The category of C-modules admits the obvious structure of an exact category; the corresponding K-theory
will be denoted G(S, C).

Theorem 3.3. Let S denote an algebraic stack and let C denote a sheaf of OS-algebras provided with an increasing
filtration 0 = F−1(C) ⊆ F0(C) ⊆ ... by sheaves of sub-OS modules so that 1εF0(C), Fp(C) ◦ Fq(C) ⊆ Fp+q(C) and
∪
p
Fp(C) = C. Suppose that B = gr(C) is Noetherian and is flat over U(B)0 = U(F0(C)) and that U(B)0 is of finite

tor dimension over U(B). Then the inclusion F0(C)→ C induces a weak-equivalence G(S, F0(C))→ G(S, C).

Proof. First one observes readily that each Fp(C) and hence C is flat over U(B)0. Let C′ = ⊕
n
(Fn(C))zn ⊆ C[z],

where z is an indeterminate. Clearly C ′ is flat over F0(C). B = C′/z.C′ has tor dimension 1 over C ′; since F0(C) has
finite tor dimension over B, it follows that F0(C) has finite tor dimension over C ′ as well. Next we observe from
the last proposition that the obvious pull-back map induces the isomorphisms:

Z[t]⊗
Z
πi(G(S, F0(C)))

'
→πi(K(Mod(S,B)))

Z[t]⊗
Z
πi(G(S, F0(C)))

'
→πi(K(Mod(S, C′)))(3.0.1)

Observe that localizing the sheaf of rings C ′ at S = {zn|n} provides a sheaf of rings that is isomorphic to the
Laurent polynomial ring C[z, z−1]; there is an equivalence of categories between Mod(S, C[z, z−1]) and Mod(S, C)
given by the functor M 7→M/(z − 1)M . Therefore, Quillen’s localization theorem above provides the long-exact-
sequence:

(3.0.2) → πi(G(S,B))
i∗→πi(G(S, C′))

j∗

→πi(G(S, C)) →

Now one may compute i∗ exactly as in [Q] Theorem 7, section 6 and conclude that the functor F 7→ C ′ ⊗
F0(C)

F 7→

C ⊗
F0(C)

F , induces a weak-equivalence G(S, F0(C))→ G(S, C). �

Corollary 3.4. (Homotopy property of G-theory) Let S denote an algebraic-stack and let π : S × A1 → S denote
the obvious projection. Now π∗ : G(S) → G(S × A1) is a weak-equivalence.

Proof. Let C = π∗π
∗(OS) = OS [z]. The filtration of OS [z] by Fp(OS [z]) = the polynomials of degree ≤ p in

z satisfies the hypotheses of the last theorem. Therefore, K(S, C) ' K(S,OS). However, one may observe the
equivalence of Waldhausen categories Mod(S, C) ' Mod(S × A1, π∗(OS)); therefore the last theorem applies to
provide the homotopy property. �
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4. A Waldhausen-style interpretation of relative K-theory

Let i : S ′ → S denote a closed immersion of algebraic stacks with S smooth. Let S0 denote a closed algebraic
sub-stack of S, which we may assume intersects S ′; let S ′0 = S0∩S ′. Clearly i induces a map i∗ : KS0

(S)→ KS′

0
(S ′)

of K-theory spaces. We let KS0
(S,S ′) denote the homotopy fiber of this map. Let PerfS0,fl(S,S ′) denote the

category whose objects are pairs (E , α), where E is a perfect complex of flat OS -modules on the stack S with
supports in S0 and α : i∗(E) → ∗ is a given quasi-isomorphism. (∗ denotes the trivial object.) We define the
structure of a Waldhausen category with cofibrations and weak-equivalences on this category as follows: the
cofibrations (weak-equivalences) (E ′, α′) → (E , α) will be degree-wise split mono-morphisms (quasi-isomorphisms,
respectively) of perfect complexes ε : E ′ → E so that α′ = α ◦ i∗(ε).

Theorem 4.1. With the above definitions, one obtains a natural weak-equivalence K(PerfS0,fl(S,S ′)) ' KS0
(S,S ′)

where the first term is the Waldhausen-style K-theory of PerfS0,fl(S,S ′).

Proof. We will first of all replace all complexes by complexes of flat-modules, i.e. consider the category PerfS0,fl(S)
(PerfS′

0
,fl(S

′)) instead of PerfS0
(S) (PerfS′

0
(S ′), respectively). These have the obvious structure of Waldhausen

categories with cofibrations and weak-equivalences. Let wS.PerfS0,fl(S) (wS.PerfS′

0
,fl(S

′)) denote the corre-

sponding simplicial categories of weak-equivalences. Since the nerve of wS.PerfS0,fl(S) (wS.PerfS′

0
,fl(S

′)) defines
KS0

(S) (KS′

0
(S ′), respectively), it suffices to show that Quillen’s theorem B (see [Q] Theorem B, section 1) applies

for the restriction functor i∗ : wS.PerfS0,fl(S)→ wS.PerfS′

0
,fl(S

′). In fact it suffices to do this for the categories
wPerfS0,fl(S) and wPerfS′

0
,fl(S

′), since one may readily extend the argument to the corresponding simplicial cat-
egories: observe that the constructions below (for example, the co-cylinder construction, the direct image functor
i∗, the pull-back as in ( 4.0.4) and the functorial flat resolution as in Lemma 4.2) preserve cofibrations.

Let F ′, F̄ ′
εPerfS′

0
,fl(S

′) be provided with a quasi-isomorphism φ : F̄ ′ '→F ′. First we replace F̄ ′ by the co-

cylinder of φ, denoted Cocyl(φ) and defined by Cocyl(φ)n = F̄ ′n ⊕ F ′n−1 ⊕ F ′n with differential d(f̄ ′, f, g) =
(dF̄ ′(f̄ ′),−dF ′(f)+φ(f̄ ′)−g, dF ′(g)). Observe that now the projections pr1 : Cocyl(φ)→ F̄ ′ and pr3 : Cocyl(φ)→
F ′ are both degree-wise split surjections and the kernels of each of these morphisms is also a flat OS′ -module in
each degree. Therefore, we will first consider the situation where the following hypotheses are satisfied:

4.0.3. the given morphism φ : F̄ ′ → F ′ is already a split-surjection degree-wise with the kernel a flat OS′ -module
in each degree.

Let w(i∗)/F ′ denote the comma-category whose objects are {(F, βF )|FεPerfS0,fl(S), βF : i∗(F )
'
→F ′} and

morphisms (F, βF )→ (F̄ , βF̄ ) are given by quasi-isomorphisms η : F → F̄ in PerfS0,fl(S) so that β̄F̄ ◦ i
∗(η) = βF .

Composing the quasi-isomorphism βF̄ : i∗(F̄ )
'
→F̄ ′ with φ defines a functor w(i∗)/F̄ ′ → w(i∗)/F ′ sending (F̄ , βF̄ )

to (F̄ , βF̄ ◦ φ). We will denote this functor φ∗. By Theorem B of Quillen (see [Q] p. 89), it suffices to show that
this functor induces a weak-equivalence w(i∗)/F̄ ′ → w(i∗)/F ′.

We will do this by defining a weak-inverse to this functor as follows. Let βF : i∗(F )
'
→F ′ be given. Now one

defines F̄ to be the pull-back:

(4.0.4) F
//
i∗(F

′)

F̄

OO

//
i∗(F̄

′)

' i∗(φ)

OO

Since we have assumed the map φ is a surjection, degree-wise, this is in fact a homotopy pull-back - see [T-T]
(1.1.2.5).) Since S is smooth, i∗(F

′) and i∗(F̄
′) are perfect. Since F is also perfect, the definition of the canonical

homotopy pull-back as in [T-T] (1.1.2.5) shows that F̄ is pseudo-coherent . Since F̄ ' F , it is clear that F̄ is of
finite tor dimension. Therefore F̄ is perfect. At this point, we apply the functorial flat resolution F. defined in the
lemma below to the above diagram which produces:

F.(F )
//
F.(i∗(F

′))

F.(F̄ )

OO

//
F.(i∗(F̄

′))

' F.(i∗(φ))

OO

Each vertex in the above square in naturally quasi-isomorphic to the corresponding vertex in the diagram ( 4.0.4).
On applying i∗ to the above square, we obtain the (strictly) commutative diagram:
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i∗(F.(F ))
//
i∗(F.i∗(F

′))
//
F ′

i∗(F.(F̄ ))

'

OO

//
i∗(F.(i∗(F̄

′)))

OO

//
F̄ ′

'

OO

Since the composition of the maps in the top row, the left and right vertical maps are all quasi-isomorphisms
(observe that the composition of the maps in the top row is in fact the given map βF pre-composed with the
quasi-isomorphism i∗(F.(F ) → i∗(F )) (recall we have replaced all complexes with complexes of flat-modules), so
is the composition of maps in the bottom row, which will be denoted βF̄ . This shows that (F.(F̄ ), βF̄ ) belongs to
w(i∗)/F̄ ′. We obtain a functor φ∗ : w(i∗)/F ′ → w(i∗)/F̄ ′ sending (F, βF ) to (F.(F̄ ), βF̄ ). One may readily verify
that the natural morphisms φ∗(φ

∗(F ))→ F in w(i∗)/F ′ and F̄ → φ∗(φ∗(F̄ )) in w(i∗)/F̄ ′ are quasi-isomorphisms.
Therefore the compositions φ∗◦φ∗ and φ∗◦φ∗ are homotopic to the identity proving that φ∗ : w(i∗)/F̄ ′ → w(i∗)/F ′

is a weak-equivalence for every quasi-isomorphism φ : F̄ ′ → F ′ in PerfS′

0
(S ′), where φ satisfies the hypotheses

in 4.0.3. (See [Wald] Proposition 1.3.1.) This shows that the hypotheses of Quillen’s Theorem B (or rather its dual
formulation) are satisfied proving the theorem in the situation where the hypothesis in 4.0.3 is satisfied.

Now we consider the general case, where the hypothesis in 4.0.3 is not necessarily satisfied. For this, we observe
that there is a splitting of the map pr1 : Cocyl(φ) → F̄ ′ defined by η(f̄ ′) = (f̄ ′, 0, φ(f̄ ′)), f̄ ′

εF̄ ′. One may readily
verify that η is a chain map and that the given map φ factorizes as pr3 ◦ η. By what we just proved, applied
to pr1 : Cocyl(φ) → F̄ ′, the induced map pr1∗ : w(i∗)/Cocyl(φ) → w(i∗)/F̄ ′ is a weak-equivalence. So is the
map pr3∗ : w(i∗)/Cocyl(φ) → w(i∗)/F ′. Since the composition pr1∗ ◦ η∗ = id, it follows that the induced map
η∗ : w(i∗)/F̄ ′ → w(i∗)/Cocyl(φ) is also a weak-equivalence. Since φ∗ = pr3∗ ◦ η∗, it follows that the induced map
φ∗ : w(i∗)/F̄ ′ → w(i∗)/F ′ is also a weak-equivalence. This shows that the hypotheses of Quillen’s Theorem B (or
rather its dual formulation) are satisfied by the induced map φ∗ : w(i∗)/F̄ ′ → w(i∗)/F ′ for any quasi-isomorphism
φ : F̄ ′ → F ′ in PerfS′

0
,fl(S

′) proving the theorem. �

Lemma 4.2. (Functorial flat resolutions) There exists a functor F. : wS.PerfS0
(S) → wS.PerfS0,fl(S) having the

following properties. Let U : wS.PerfS0,fl(S) → wS.PerfS0
(S) denote the obvious forgetful functor. Then, there

exists a natural transformation F→ U so that for each MεwS.PerfS0
(S), the corresponding map F(M)→ U(M)

is a weak-equivalence.

Proof. Recall that stack S is of finite type over the Noetherian base scheme S. Therefore, the smooth site Ssmt

is essentially small. Given an MεMod(S,OS), one may define F(M) = ⊕
UεSsmt

⊕
φεHom(jU!j∗U (OS),M)

jU !,φj
∗
U (OS).

(Here jU !,φj
∗
U (OS) = jU !j

∗
U (OS).) We define a surjection ε−1 : F(M) → M by mapping the summand indexed by

φεHom(jU !j
∗
U (OS),M) to M by the map φ. Given a map f : M ′ → M in Mod(S,OS), one defines the induced

map F(f) : F(M ′)→ F(M) by sending the summand jU !,φj
∗
U (OS) to jU !,f◦φj

∗
U (OS) by the identity map. Now one

may readily see that the assignment M 7→ F(M) is functorial in M . Moreover, if M ′ →M is a split monomorphism
in Mod(S,OS), the induced map F(M ′) → F(M) is also a split monomorphism. One may repeatedly apply the
functor F to the kernel of ε−1 to obtain a resolution F.(M)→M . It follows, therefore, that the functor F induces
a functor S.PerfS0

(S) → S.PerfS0,fl(S) that preserves cofibrations (i.e. degree-wise split monomorphisms) and
weak-equivalences. �

Example 4.3. The basic application of the above theorem is to the following situation. Let S1 denote a smooth
algebraic stack and let ∆[n] = Spec(S[x0, · · · , xn]/Σxi − 1). Since ∆[n] ∼= An, S = S1 ×∆[n] is also smooth. We
let S ′ = S1× δ∆[n] or S1×Σ, where Σ = ∆[n]− ∪

i=0,··· ,n−1
δi∆[n] and δ∆[n] = ∪

i=0,··· ,n
δi∆[n] with δi∆[n] denoting

the i-th face of ∆[n]. If S2 is any closed algebraic sub-stack of S1, we may let S0 = S2 ×∆[n].

5. Lambda and Adams operations in K-theory: Absolute cohomology

There is an extension of lambda and Adams’ operations for Waldhausen style K-theory in [GSch]. This involves
first finding an un-delooping of algebraic K-theory at the categorical level considered first in [GSVW] and then
defining operations corresponding to the exterior and symmetric powers at the level of Waldhausen categories
associated to algebraic stacks considered earlier. The definitions of these operations have been given in [GSch]
for Waldhausen categories under the assumption that they preserve weak-equivalences. To make sure that this
hypothesis is satisfied, we consider the left derived functors of these operations in the sense of [DP] and [Ill]. The
techniques of the last section, then enable us to show that the higher K-groups of all smooth algebraic stacks are
pre-λ-rings. Under the additional assumption that every coherent sheaf is a quotient of a vector bundle, together
with an adaptation of some arguments of Gillet, Soulé and Deligne (see [GS]) we show that the λ and Adams’
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operations we define satisfy all the expected relations so that we obtain the structure of a λ-ring on the higher
K-groups of all smooth stacks satisfying this hypothesis.

We will begin by recalling the un-delooping of K-theory at the categorical level from [GSVW]. Let S de-
note an algebraic stack and let Perf(S) denote the Waldhausen category of perfect complexes. (For what fol-
lows, one may let S ′ denote a closed algebraic sub-stack of the given stack S and consider PerfS′(S) in the
place of Perf(S); however, for the most part we will explicitly consider only the case where S ′ = S.) Let
wS.Perf(S) denote the corresponding simplicial category. PwS.Perf(S) denotes the path object defined by
PwSnPerf(S) = wSn+1Perf(S) and with the induced structure maps. Now GwS.Perf(S) will denote the fibered
product PwS.Perf(S) ×

d0 ,wS.Perf(S),d0

PwS.Perf(S). One may readily verify that the category Perf(S) is pseudo-

additive (see [GSVW] Definition 2.3: observe that it suffices to show that if A
// //

C is a degree-wise split

mono-morphism of complexes, then the natural map C⊕
A
C → C⊕C/A is a quasi-isomorphism. In fact one may show

that this map is an isomorphism in each degree). Therefore the obvious map |GwS.Perf(S)| → Ω|wS.Perf(S)| is
a weak-equivalence.

We next recall the definition of Λk (as in [Gray]). Let Mod(S,OS) denote the category of all OS-modules. Let
Filtk(S) denote the category whose objects are sequences of split mono-morphisms in Mod(S,OS):

M = M0,1
// // M0,2

// // · · · // // M0,k

together with choices of sub-quotients Mi,j = M0,i/M0,jεMod(S,OS). We let

(5.0.5) Λk(M) = M0,1ΛM0,2Λ · · ·ΛM0,k

which is defined locally as the quotient of (M0,1 ⊗M0,2 ⊗ · · · ⊗M0,k) by the module generated by terms of the
form m1 ⊗m2 ⊗ · · · ⊗mi ⊗mi+1 ⊗ · · ·mn −m1 ⊗m2 ⊗ · · · ⊗mi+1 ⊗mi ⊗ · · · ⊗mn. One may verify readily that
the functor Λk applied to an object M in Filtk(S), where each M0,i is flat and is the direct limit of its finitely
generated flat sub-modules, will produce Λk(M) which is also flat. (To see this, one may localize on S to reduce
to the case of a local ring in which case flat and finitely generated implies free.)

One may observe that there is a natural map

(5.0.6) M0,1 ⊗ · · · ⊗M0,k → Λk(M0,1, · · · ,M0,k)

Next we proceed to consider the derived functor of the exterior power: we follow [DP] or [Ill] in this. Observe
that the exterior power Λk is a non-additive functor and therefore one needs to use simplicial techniques in defining
their derived functors. Let Pfl(S) denote the full subcategory of flat OS-modules which are the direct limits of their
finitely generated flat submodules. Recall Perffl(S) denotes the full sub-category of perfect complexes that consist
of flat OS-modules in each degree which are also the direct limits of their finitely generated flat sub-modules. One
obtains an imbedding,

(5.0.7) i : Perffl(S)→ Cos.mixt(Pfl(S))

where Cos.mixt(Pfl(S)) denotes the category of all cosimplicial-simplicial objects of Pfl(S) as follows. (See
[Ill] 4.1.) Let K−n → K−n+1 → · · · → K0 → K1 → · · · → Km denote an object in Perffl(S). One first
sends it to the double complex in the second quadrant with K−n → · · ·K0 along the negative x-axis and the
complex K0 → K1 → · · · → Km along the positive y-axis. Next one applies de-normalization functors (see
Appendix B) that produce the cosimplicial-simplicial object, i(K) in Pfl(S) from this. We define the structure of
a Waldhausen category with cofibrations and weak-equivalences on Cos.mixt(Pfl(S)) by letting the cofibrations
be mono-morphisms that are split in each given degree and the weak-equivalences be maps that induce quasi-
isomorphisms on taking the associated homotopy inverse limit (which will be a simplicial object in Mod(S,OS).)
One may now verify that the composition Tot ◦N ◦ i = id (where N = N v ◦Nh as in Appendix B which sends a
cosimplicial-simplicial object to a mixed complex and Tot denotes taking the total complex of the corresponding
double complex) so that i in fact induces a faithful functor of the associated derived categories obtained by inverting
weak-equivalences. (Observe from Appendix B that the normalization functorN and the functor i preserve flatness.)

Let wSkPerffl(S) be the category whose objects are sequences of cofibrations

K0,1
// // K0,2

// // ... // // K0,k
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together with choices of sub-quotientsKi,j = K0,j/K0,iεwPerffl(S). One defines wSk(Cos.mixt(Pfl(S)) similarly.
We define

(5.0.8) Λk
cs : wSk(Cos.mixt(Pfl(S))) → wCos.mixt(Pfl(S)), Λk : wSkPerffl(S) → wPerffl(S)

as functors of Waldhausen categories in the following manner. Let

K = K0,1
// // K0,2

// // ... // // K0,k εwSk(Cos.mixt(Pfl(S))) (εwSkPerfflt(S), respectively).

We define Λk
cs to be the functor induced by applying Λk : Filtk(Pfl(S)) → Pfl(S) in each cosimplicial-simplicial

degree. The functor Λk : wSkPerffl(S)→ wPerffl(S) is defined by

(5.0.9) Λk(K) = Tot ◦N(Λk
cs(i(K))), KεwSkPerffl(S)

where N = Nv◦Nh once again. A tensor-product ⊗k and a symmetric product Spk : wSkPerffl(S)→ wPerffl(S)
are defined similarly. Observe that exterior and symmetric powers and the tensor product preserve degree-wise
split mono-morphisms, so that these functors in fact preserve cofibrations.

In order to show that we obtain power operations in K-theory one needs to verify that certain conditions are
satisfied by the exterior and symmetric powers. These are the conditions denoted (E1) through (E5) in [Gray] and
also in [GSch] section 2. We summarize them here:

(E1) Given V1
// // V2

// // ... // // Vk
// // W1

... // // Wn
εwSk+nPerffl(S) there is a nat-

ural map Λk(V1, ..., Vk)⊗Λk(W1, ...,Wn)→ Λk+n(V1, ..., Vk ,W1, ...,Wn). These maps are associative in the
obvious sense.

(E2) Given V1
// // V2

// // ... // // Vk
// // W1

... // // Wn
εwSk+nPerffl(S) there is a nat-

ural map Λk+n(V1, ..., Vk ,W1, ...,Wn)→ Λk(V1, ..., Vk)⊗Λn(W1/Vk, ...,Wn/Vk).These maps are associative
in the obvious sense. The above conditions are for any choice of quotient objects W1/Vk, ...,Wn/Vk.

(E3) Given V1
// // V2

// // ... // // Vk
// // W1

// // ... // // Wn
// // U1

// // ... // // Ul

εwSk+n+lPerffl(S) the following diagram commutes

Λk+n(V1, ..., Vk,W1, ...,Wn)⊗ Λl(U1, ..., Ul)

��

//
X

��
Λk(V1, ..., Vk)⊗ Λn(W1/Vk, ...,Wn/Vk)⊗ Λl(U1/Vk, ..., Ul/Vk)

//
Y

where

X = Λk+n+l(V1, ..., Vk,W1, ...,Wn, U1, ..., Ul) and

Y = Λk(V1, ..., Vk)⊗ Λn+l(W1/Vk, ..,Wn/Vk, U1/Vk, ..., Ul/Vk).
(E4) Given V1

// // V2
// // ... // // Vk

// // W1
// // ... // // Wn

// // U1
// // ... // // Ul

εwSk+n+lPerffl(S) the following diagram commutes

Λk(V1, ..., Vk)⊗ Λn+l(W1, ...,Wn, U1, ..., Ul)
//

��

Λk+n+l(V1, ..., Vk,W1, ...,Wn, U1, ..., Ul)

��
Λk(V1, ..., Vk)⊗ Λn(W1, ...,Wn)⊗ Λl(U1/Wn, ..., Ul/Wn)

//
Z

where

Z = Λk+n(V1, ..., Vk,W1, ..,Wn)⊗ Λl(U1/Wn, ..., Ul/Wn))).
(E5) Given V1

// // V2
// // ... // // Vk

// // W1
// // W2

// // U1
// // ... // // Ul

εwSk+n+lPerffl(S) the following sequence of perfect complexes is an exact sequence:

Λk+l+1(V1, ..., Vk,W1, U1, ..., Ul)→ Λk+l+1(V1, ..., Vk,W2, U1, ..., Ul)

→ Λk(V1, ..., Vk)⊗ Λl+1(W2/W1, U1/W1, ..., Ul/W1)
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i.e. The first map is a cofibration and the second is its quotient.

Here is an outline of how to establish these properties.

5.0.10. First we observe that the functor Tot ◦N is compatible with the obvious tensor structures: i.e. given C,
C ′

εCos.mixt(Pfl(S)), there is a natural isomorphism Tot ◦N(C ⊗ C ′) ∼= Tot(N(C))⊗ Tot(N(C ′)).

We will now consider the statement in (E1). Since the functor Λk
cs is induced by the functor Λk (as in ( 5.0.5)), the

existence of the corresponding map in (E1) when V1
// // V2

// // ... // // Vk
// // W1 ... // // Wn

belongs to wSkCos.mixt(Pfl(S)) is clear. Now one applies the functor Tot ◦N to both sides and makes use of the
above observation 5.0.10 above to obtain the map in (E1) when

V1
// // V2

// // ... // // Vk
// // W1 ... // // Wn εwSk+nPerffl(S).

One proves (E2) by first observing the corresponding statement is true when Λk is replaced by Λk
cs and for

V1
// // V2

// // ... // // Vk
// // W1 ... // // Wn εwSk+n(Cos.mixt(Pfl(S))). This follows read-

ily from the definition of the functor Λk in ( 5.0.5). Next apply Tot ◦ N and use the observation in 5.0.10 to
obtain the associativity of the maps there. The remaining assertions (E3) through (E5) are established similarly:
one observes these are true for the functor Λk

cs and then applies the functor Tot ◦ N along with the observation
in 5.0.10.

5.0.11. Let ⊗ : wS.Perffl(S) × wS.Perffl(S) → wS.Perffl(S) denote the usual tensor product. Observe that
this preserves cofibrations and weak-equivalences in each argument.

5.0.12. Following [Gray] and [GSch], we next define for each Aε∆ and each integer k ≥ 1, a category (actually a
partially ordered set) Γk(A). First one defines γ(A) to be the partially ordered set {L,R} t A with L < a, R < a
for all aεA. For c, dεA, we have c < d if c < d in the usual order in A. We take for the objects of Γk(A) the
collections α = (i1/l1, ∗2, i2/l2, ∗3, ..., ∗k, ik/lk) where for each r the following conditions are satisfied:

(A1) irεγ(A), lrεγ(A) and ∗rε{∧,⊗}

(A2) lr ≤ ir and irεA and

(A3) if ∗r = ∧ and r > 1 then lr−1 = lr and ir−1 ≤ ir.

One defines morphisms and exact sequences in the category Γk(A) as in [Gray] section 5. One may call these
exact sequences cofibration sequences; one may define the subcategory of weak-equivalences in Γk(A) to be the sub-
category generated by the identity morphisms. With this structure the categories Γk(A) may be viewed as categories
with cofibrations and weak-equivalences. Moreover one defines a functor Ξ : Γ(A1) × ... × Γ(Ak) → Γk(A1...Ak)
(where A1...Ak is the concatenation).

Now one considers the categories Exact(Γk(A), wSnPerffl(S)) of exact functors (i.e. functors preserving cofi-
brations and weak-equivalences) Γk(A) → wSnPerffl(S), for k ≥ 1, n ≥ 0. It is shown in [GS] (and [Gray]) that
one obtains the identification wGAPerffl(S) = Exact(Γ(A), wPerffl(S)). Next one defines

(5.0.13) ∧k : Exact(Γ(A), wS.Perffl(S))→ Exact(Γk(A), wS.Perffl(S))

by the same formula as in [Gray] section 7. We will recall this here: first, we denote Λk : Filtk(Perffl(S)) →
Perffl(S) applied to an object K0,1

// // K0,2
// // ... // // K0,k εFiltk(Perffl(S)) by K0,1ΛK0,2Λ · · ·ΛK0,k.

If ∗i denotes either Λ or ⊗ for each 1 ≤ i ≤ k, we will let K0,1 ∗1 K0,2 ∗2 ∗3 · · · ∗k K0,k denote an iterated product
involving Λ and ⊗ with Λ always having higher precedence than ⊗. Let MεExact(Γ(A), wS.Perffl(S)). Now
∧k(M) applied to the object (i1/l1, ∗2, i2/l2, · · · , ∗k, ik/lk)εΓk(A) is given by M(i1/l1) ∗2M(i2/l2) · · · ∗k M(ik/lk).

Observe that if f : S ′ → S is a map of algebraic stacks, the induced map f ∗ : wS.Perffl(S) → wS.Perffl(S ′)
commutes with ∧k . This follows from the above definition, the observation that f ∗ commutes with ⊗ and Λk (as
in 5.0.5) and from Proposition 9.1 (in Appendix B) which shows it commutes with the functors N and DN .

Finally replacing A by the concatenation A1...Ak and following ∧k by the composition with Exact(Ξ, ) we
obtain

(5.0.14) λk : Exact(Γ(A1...Ak), wS.Perffl(S))→ Exact(Γ(A1)× ...× Γ(Ak), wS.Perffl(S))
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(Observe that, since all cofibrations are maps of complexes that are degree-wise split injective, the extension
condition in [GSch] 4.3 Definition is satisfied. Therefore the last term may be identified with wG.kPerffl(S).)
Therefore, identifying the first term with subkwG.Perffl(S) (where subk denotes the k-th subdivision), one obtains
the exterior power operation:

(5.0.15) λk : subkwG.Perffl(S)→ wG.kPerffl(S)

Clearly the realization of the first term is homeomorphic to |ΩwS.Perffl(S)| ' K(S). It is shown in [GSVW]
p. 264 that the realization of the last is homeomorphic to |wG.Perf(S)| ' |ΩwS.Perffl(S)| ' K(S). Therefore,
( 5.0.15) defines the exterior power operations on K(S). Moreover, the naturality of the above operations, shows
that they are (strictly) compatible with pull-back maps f ∗ : K(S)→ K(S ′) associated to morphisms f : S ′ → S of
algebraic stacks, i.e. the operations λk define a map of presheaves K( )→ K( ) on the category of all algebraic
stacks. This, in turn, shows that one may define exterior power operations in relative K-theory, i.e. in K(S,S ′)

where S ′ is a locally closed algebraic sub-stack of S. For example, if S̃ is a regular algebraic stack and S is a closed
algebraic sub-stack, then one obtains exterior power operations in G(S) since the latter may be identified (see 2.2)

with KS(S̃).

We proceed to verify these satisfy the usual relations so that π∗K(S) is a pre-λ-ring at least when S is smooth.
For this we are able to reduce to verifying these relations hold in certain relative Grothendieck groups, making use
of Theorem 4.1 and example 4.3.

Let S denote a given smooth algebraic stack over a base scheme S. Let ∆[n] = Spec(OS[x0, ..., xn]/(Σixi−1)), let
δi∆[n] denote its i-th face, and let δ∆[n] denote its boundary i.e. Spec(OS[x0, ..., xn]/(Σixi−1, xi)). Observe that
∆[n] is isomorphic to the affine space An

S . Therefore, the relative K-theory KS′×∆[n](S ×∆[n],S × ∪
i=0,··· ,k

δi∆[n])

has the interpretation as in 4.1.

Lemma 5.1. KS′×∆[n](S ×∆[n],S × ( ∪
i=0,··· ,k

δi∆[n])) is contractible for all n and all 0 ≤ k ≤ n− 1.

Proof. One proves this using ascending induction on k. The case k = 0 follows from the fact S × ∆[n] and
S × δ0∆[n] ∼= S ×∆[n− 1] are smooth and therefore KS′×∆[n](S ×∆[n],S × δ0∆[n]) ' G(S ′ ×∆[n],S ′×∆[n− 1])
and because G-theory has been shown to have the homotopy property. (See Corollary 3.4 above.) To continue the
induction, one uses the fibration sequence:

KS′×∆[n](S ×∆[n],S × ∪
i=0,··· ,k

δi∆[n])→ KS′×∆[n](S ×∆[n],S × ∪
i=0,··· ,k−1

δi∆[n])

→ KS′×δk∆[n](S×δ
k∆[n],S×((δ0∆[n]∪· · ·∪δk−1∆[n])∩δk∆[n])) ∼= KS′×∆[n−1](S×∆[n−1],S×( ∪

i=0,··· ,k−1
δi∆[n−

1]))

The last two terms are contractible by the inductive hypothesis so that the first one is also. �

Proposition 5.2. One obtains the isomorphism πnKS′(S) ∼= π0KS′×∆[n](S ×∆[n],S × δ∆[n]).

Proof. The key idea is the observation that one obtains a fibration sequence:

KS′×∆[n](S ×∆[n],S × δ∆[n])→ KS′×∆[n](S ×∆[n],S × Σ)→ KS′×∆[n−1](S ×∆[n− 1],S × δ∆[n− 1])

where Σ = ∪
i=0,··· ,n−1

δi∆[n], the last map is the restriction to the last face of ∆[n] and the first map is the obvious

inclusion of the fiber. The middle term is contractible by the above lemma, so that the long-exact sequence
associated to the above fibration provides us with an isomorphism

πk−1(KS′×∆[n](S ×∆[n],S × δ∆[n])) ∼= πk(KS′×∆[n−1](S ×∆[n− 1],S × δ∆[n− 1])

Repeating this n-times, we obtain the required isomorphism. �

Moreover, the product structure on relative K-theory now may be viewed as the pairing: π0KS′×∆[n](S ×
∆[n],S × δ∆[n])⊗ π0KS′×∆[n](S ×∆[m],S × δ∆[m])→ π0KS′×∆[n]×∆[m](S ×∆[n]×∆[m],S × (δ∆[n]×∆[m] ∪
∆[n]× δ∆[m])) ∼= π0KS′×∆[n+m](S ×∆[n+m],S × δ∆[n+m]).

Theorem 5.3. (i) Let S denote a smooth algebraic stack and let S ′ denote a closed algebraic sub-stack. Then each
πn(KS′(S)) is a pre-λ-algebra over the pre-λ ring π0(K(S)). Moreover, the pre-λ-algebra structure is compatible
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with pull-backs: i.e. if f : S̄ → S is a map of smooth algebraic stacks and S̄ ′ = S̄×
S
S ′, then the induced map

f∗ : πn(KS′(S))→ πn(KS̄′(S̄)) is a map of pre-λ-algebras over π0(K(S)) for each fixed n ≥ 0.

(ii) In case every coherent sheaf on the smooth stack S is the quotient of a vector bundle, then each πn(KS′(S))
is a λ-algebra over π0(K(S)) in the sense of Theorem 1.2.

Proof. For simplicity, we will assume S ′ = S is empty; the general proof follows along the same lines as in this
special case. Observe first that the isomorphisms in the last Proposition are compatible with respect to the λ-
operations defined in ( 5.0.15): this follows from the naturality of these operations with respect to pull-backs. In
fact, one may verify readily that one has the following homotopy commutative diagram of fibration sequences:

G•KS′×∆[n](S ×∆[n],S × δ∆[n])
//

λk

��

G•KS′×∆[n](S ×∆[n],S × Σ)
//

λk

��

G•KS′×∆[n−1](S ×∆[n− 1],S × δ∆[n− 1])

λk

��
G•KS′×∆[n](S ×∆[n],S × δ∆[n])

//
G•KS′×∆[n](S ×∆[n],S × Σ)

//
G•KS′×∆[n−1](S ×∆[n],S × δ∆[n− 1])

Therefore, it follows that the exterior power operations are compatible with the boundary maps of the corresponding
long-exact sequence of homotopy groups. Using the above isomorphism, it suffices to show that π0KS′×∆[n](S ×
∆[n],S × δ∆[n]) is a pre-λ-ring. This may be done as for vector bundles: i.e. the proof of this theorem follows
along the same lines as the proof in [Gray] section 8. Here are some details. Using the identification of π0(K(S ×
∆[n],S × δ∆[n])) as π0(GwS•Perfl(S ×∆[n],S × δ∆[n])), the description in [GS] section 1 shows that a vertex
of the simplicial set GwS0Perfl(S ×∆[n],S × δ∆[n]) is given by a pair of perfect complexes V and W on S ×∆
acyclic on S × δ∆[n].

Next one shows that

(5.0.16) λk(V ) = [Λk(V )], V εPerffl(S ×∆[n],S × δ∆[n])

where Λk denotes the functor defined in ( 5.0.8) and [Λk(V )] denotes the class of Λk(V ) in π0(K(S×∆[n],S×δ∆[n])).
This follows from the observations as in [Gray] section 8.

Next one observes the formula if K ′ // //
K is a cofibration in wPerffl(S ×∆[n],S × δ∆[n]):

(5.0.17) λn(K) = Σkλ
k(K ′)⊗ λn−k(K/K ′)

In view of ( 5.0.16) above, it suffices to prove this with λk(K) replaced by [Λk(K)]. This holds by repeatedly
applying (E5) by taking, n = k + l + 1, first with k = 0, W1 = K ′, W2 = K = Uj , j = 1, ..., l, then with
k = 1, V1 = K ′, W1 = K ′, W2 = K = Uj , j = 1, ..., l − 1, etc.. Moreover, in view of ( 5.0.16), one observes
readily that if n = 0, λ0(K) = OS and in general, λ1(K) = K, Kεπ0KS′×∆[n](S × ∆[n],S × δ∆[n]). In view
of the formula ( 5.0.17), one may define a pre-λ algebra structure on π0(K(S)) ⊕ πn(KS′(S)) by defining λn on
π0(K(S))⊕πn(KS′(S)) by λn(r, s) = (λn(r),Σn−1

i=0 λ
i(r).λn−i(s)). Observe that each πn(KS′(S)) has the structure

of a module over π0(K(S)) in the obvious manner using the tensor product of perfect complexes,

The naturality with respect to pull-back is clear from the construction. These prove the first statement.

Next we consider the second statement. Since every coherent sheaf is the quotient of a vector bundle, it suffices
to consider only strictly perfect complexes. In this case we show that certain constructions in [Kr-1] and [GS] can
be modified to prove the required result as in the following discussion. The proof of (ii) occupies the discussion
till 5.0.19. �

We proceed to recall the framework from [Kr-1] and [GS] to establish the second statement of the theorem. Let
RZ(MN×MN) denote the affine Hopf algebra Z[MN×MN ] of the multiplicative monoid of pairs of N×N matrices
for some fixed integer N ≥ 1. i.e. it is the algebra of polynomials Z[X11, X12, · · · , XNN ;Y11, Y12, · · ·YNN ] with
the co-product µ : H → H ⊗H satisfying µ(Xij) = ΣN

k=1Xik ⊗Xkj and µ(Yij) = ΣN
k=1Yik ⊗ Ykj . PZ(MN ×MN)

is the exact category of left-Z[MN ×MN ] co-modules that are free and finitely generated over Z: an element of
this category is called a representation of MN ×MN . Let pi, i = 1, 2 denote the representation of MN ×MN

corresponding to the projection to the i-th factor. It is shown in [GS] Theorem 4.2 that the following is true:

Proposition 5.4. The ring RZ(MN×MN) is isomorphic to the polynomial ring Z[λ1(p1), · · ·λN (p1);λ
1(p2), · · · , λN (p2)].

Exterior powers make it a λ-ring.
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It is shown there that the center of the monoid MN ×MN is M1×M1 and that the category of representations
of M1×M1 is equivalent to the category of positively bi-graded Z-modules. For any representation E of MN×MN ,
the decomposition E = ⊕

p,q
Ep,qover the center of MN ×MN is stable under the action of MN ×MN . E has degree

at most d if Ep,q = 0 unless p + q ≤ d. Let RZ(MN ×MN)d denote the Grothendieck group of the category of
representations of MN ×MN of degree at most d. The following is also known:

Proposition 5.5. The group RZ(MN ×MN)d maps injectively into RZ(MN ×MN ) and the image of this map
consists of the elements R(λ1(p1), · · · , λN (p1);λ

1(p2), · · · , λN (p2)), where R runs over all polynomials of weight at
most d.

Next, for any representation E of MN ×MN and a scheme X and two locally free coherent sheaves P , Q of rank
at most N , a vector bundle TE(P,Q) on X is defined. It is shown that for fixed P and Q, the functor E 7→ TE(P,Q)
has the following properties:(i) if the representation E has degree at most d, the functor E 7→ TE(P,Q) has degree
at most d (i.e. TE(0, 0) = 0 and the cross-effect functor E 7→ TE(P,Q)s = 0 for s > d), (ii) the above functor
is exact in E and it commutes with direct sum, tensor product and exterior powers for a fixed P and Q, (iii)
Tp1

(P,Q) = P , Tp2
(P,Q) = Q and (iv) commutes with base-change of the scheme X . In view of the last property,

one may show readily by working with a presentation of a given algebraic stack, that the definition of the functor
TE extends to all algebraic stacks and to pairs of strictly perfect complexes P and Q on such stacks.

Let V ect(S) (V ectN (S)) denote the category of vector bundles on the stack S (vector bundles on the stack S
with rank ≤ N , respectively). Let tk denote the naive truncation functor that sends a simplicial object to the
corresponding truncated simplicial object, truncated in degree ≤ k. If E is an exact category and C denotes a
chain complex with differentials of degree −1 in E and trivial in negative degrees, we will also use tk(C) to denote
the corresponding truncated chain complex, truncated to degrees ≤ k. We let Simp(E) (Simpk(E)) denote the
category of all simplicial objects in E (simplicial objects truncated in degree ≤ k, respectively). Similarly C(E)
(Ck(E)) will denote the category of complexes in E that are trivial in negative degrees and with differentials of
degree −1 ( the category of complexes in E that are trivial in negative degrees and in degrees > k and with
differentials of degree −1, respectively). We let ek : Ck(E) → C(E) denote the obvious inclusion functor. Next
let N(1) denote the normalized chain complex of the standard 1-simplex: N(1)n = 0 if n > 1, N(1)1 = Z[e],
N(1)0 = Z[e0]⊕ Z[e1] with δ(e) = e0 − e1. Let K(1) = DN(N(1), where DN denotes the de-normalizing functor
as in appendix B: this is a simplicial abelian group. Given an object S•εSimp(V ect(S)), K(1) ⊗ S• will denote
the obvious simplicial object: (K(1) ⊗ S•)n = K(1)n ⊗ Sn and with the obvious structure maps. Observe that
K(1)⊗ S•εSimp(V ect(S)).

Proposition 5.6. (See also [GS] Lemma 4.8) Let C, D denote two strictly perfect complexes on S ×∆[n] acyclic
on (S × δ∆[n]) ∪ ((S − S ′) × ∆[n]) and d ≥ 1 an integer. Let A, B denote two strictly perfect complexes on S.
Then there exists an integer N ≥ 1 and an additive homomorphism α : RZ(MN ×MN )d → π0(K(S))⊕π0(KS′(S ×
∆[n],S × δ∆[n])) so that

(i) ([A], [C]) = α(p1), ([B], [D]) = α(p2),

(ii) α(xy) = α(x)α(y), if x, y and xy are in RZ(MN×MN)d (where the product on π0(K(S))⊕π0(KS′(S×∆[n],S×
δ∆[n])) is given by ([α], [β]).([α′ ], [β′]) = ([α].[α′], [α].[β′] + [α′].[β] + [β].[β′]) for classes [α], [α′]επ0(K(S)) and
[β], [β′]επ0(KS′×∆[n](S ×∆[n],S × δ∆[n]))).

(iii) α(λk(x)) = λk(α(x)), if x and λk(x) are in RZ(MN ×MN )d. λk on π0(K(S))⊕π0(KS′(S ×∆[n],S × δ∆[n]))

is given by λk([α], [β]) = (λk([α]),Σk−1
i=0 λ

i([α]).λk−i([β])).

Proof. In [GS] they consider a similar result for complexes C and D that are acyclic off of a closed sub-scheme of
the given scheme: therefore the above result does not follow by simply extending their result to stacks. Instead
one needs to argue as follows. Choose m so that Cn = Dn = An = Bn = 0 if n > m. We will first apply the
shift [m] so that C[m]n = D[m]n = A[m]n = B[m]n = 0 for all n > 0. Therefore we may view C[m], D[m],
A[m] and B[m] as complexes in non-negative degrees with differentials of degree −1. We denote these by C ′,
D′, A′ and B′ respectively. Choose the integer N so that all the components of tk(K(1) ⊗ (DN(A′) ⊕DN(C ′))
and tk(K(1) ⊗ (DN(B′) ⊕ DN(D′)) lie in V ectN (S t S × ∆[n]) and tk(DN((A′ ⊕ C ′) ⊗ (B′ ⊕ D′))) lies in
Simpk(V ectN(S t S ×∆[n])× V ectN (S t S ×∆[n])). For any representation E of MN ×MN of degree at most d,
we define

(5.0.18) TE(k; (A′, C ′), (B′, D′)) = ekNkTEtkDN((A′ ⊕ C ′)⊗ (B′ ⊕D′))

whereNk denotes the normalization functor for truncated simplicial objects in an abelian category: this is defined as
the normalization functor for simplicial objects in appendix B. Let i : S×δ∆[n]→ S×∆[n] denote the obvious closed
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immersion. The property that the functor TE commutes with base-change shows there is a natural isomorphism
(idt i)∗ ◦TE(k; (A′, C ′), (B′, D′)) ∼= TE(k; (idt i)∗(A′, C ′), (idt i)∗(B′, D′)) = TE(k;A′⊗B′, i∗(C ′⊗B′⊕A′⊗D′⊕
C ′⊗D′)). Now i∗(C ′) and i∗(D′) are acyclic by the hypothesis which implies so is i∗(C ′⊗B′⊕A′⊗D′⊕C ′⊗D′);
however, since they are complexes of locally free coherent sheaves, locally on the stack S × δ∆[n], one may find a
contracting homotopy for i∗(C ′ ⊗ B′ ⊕ A′ ⊗D′ ⊕ C ′ ⊗D′). At this point, Lemma 3.5(iii) of [GS] (i.e. essentially
the statement that functors preserve homotopies) applied to a presentation of the stack S (by an affine scheme)
proves that π2 ◦ TE(k; (id t i)∗(A′, C ′), (id t i)∗(B′, D′)) and hence π2 ◦ (id t i)∗TE(k; (A′, C ′), (B′, D′)) is acyclic,
where π2 : π0(K(S)) ⊕ π0(KS′(S × ∆[n],S × δ∆[n])) → π0(KS′(S ×∆[n],S × δ∆[n])) denotes the projection to
the second factor. It follows that TE(k, (A′, C ′), (B′, D′)) is a strictly perfect complex on S t S × ∆[n] so that
π2(TE(k, (A′, C ′), (B′, D′))) is acyclic on S × δ∆[n]. That it is acyclic off S ′ × ∆[n] follows exactly as in [GS]
Lemma 4.8: i.e. let x : X → S be a presentation of the stack S with X affine, y : Y → S ′ be a presentation of S ′.
Now apply [GS] Lemma 3.5(iii) to X − Y .

We let α(E)επ0(K(S)) ⊕ π0(KS′(S ×∆[n],S × δ∆[n])) to be the class of TE(k; (A′, C ′), (B′, D′))[−2m]. Since
the functor E 7→ TE(P,Q) (for a fixed P and Q) is exact in E as already observed, we obtain a homomorphism:

α : RZ(MN ×MN )d → π0(K(S)) ⊕ π0(KS′(S ×∆[n],S × δ∆[n]))

By the properties of the functor TE discussed before, it follows that if R(X1, · · · , XN ;Y1, · · · , YN ) are two polyno-
mials with integral coefficients and of weight at most d, the element α(R(λ1(p1), · · · , λN (p1);λ

1(p2), · · · , λN (p2)))
equals R(λ1(x), · · · , λN (x);λ1(y), · · · , λN (y)) where x = ([A′], [C ′]) and y = ([B′], [D′]). Therefore, the prop-
erty that Tp1

((A′, C ′), (B′, D′)) = (A′, C ′) and Tp2
((A′, C ′), (B′, D′)) = (B′, D′) shows that α(p1) = ([A], [C])

and α(p2) = ([B], [D]). This proves (i). By Proposition 5.5, any element in RZ(MN × MN)d is of this form.
Therefore each element in the image of α can be written as T (C,D) for some operation T . Since the functor
T 7→ T ((A,C), (B,D)) is compatible with tensor products and exterior powers, (ii) and (iii) follow readily. �

5.0.19. Proof of 5.3(ii). This is a formal consequence of the last proposition. Let C, D denote two strictly perfect
complexes on S×∆[n] acyclic on (S×δ∆[n])∪((S −S ′)×∆[n]). Let A, B denote two strictly perfect complexes on
S and let x = ([A], [C]), y = ([B], [D]). To check the identity λk(λl(x)) = Pk,l(λ

1(x), · · · , λkl(x)) for a certain uni-
versal polynomial Pk,l, let d = kl and choose N as in the last proposition. Then λk(λl(x)) = α(λk(λl(p1)))
and Pk,l(λ

1(x), · · · , λkl(x)) = α(Pk,l(λ
1(p1), · · · , λkl(p1))). Since RZ(MN × MN)d is contained in the λ-ring

RZ(MN×MN), we obtain the equality λk(λl(p1)) = Pk,l(λ
1(p1), · · · , λkl(p1)). This proves the formula λk(λl(x)) =

Pk,l(λ
1(x), · · · , λkl(x)). Similarly, one checks the identity λk(xy) = Pk(λ1(x), · · · , λk(x);λ1(y), · · · , λk(y)) for a

certain universal polynomial Pk. This concludes the proof of Theorem 5.3.

Remark 5.7. Observe that if n > 0, then the product structure on πn(KS′(S)) is trivial: this follows from the
observation that the 1-sphere S1 has a co-H-space structure. (See [Kr-2] lemme 5.2.) Observe also that the
restriction to smooth stacks becomes necessary so that one has the homotopy property for K-theory. (This fails,
in general, even for non-regular schemes.) It is not clear whether the above pre-λ-ring structure extends to one of
λ-rings always; the usual device of using the splitting principle does not work in general unless one can replace the
K-theory of perfect complexes by the K-theory of strict perfect complexes.

5.1. Standing hypothesis:or the rest of the paper we will assume that for all algebraic stacks S and closed sub-stacks
S ′ we consider, there is the structure of a λ-algebra (in the sense of 1.2) on each πn(KS′(S)) over π0(K(S)).

Corollary 5.8. Let S denote a smooth algebraic stack as above and let S ′ denote a closed algebraic sub-stack
satisfying the hypothesis 5.1 above.

(i) There exist γ and Adams operations on each πn(KS′(S)) satisfying the (usual) relations: i.e. γ1 = id,

γk(K) = Σk′+k′′=kγ
k′

(K ′).γk′′

(K/K ′) if K ′ // //
K is a cofibration in wPerffl(S × ∆[n],S × δ∆[n]) and

if S ′ = S, γ0(K) = [OS ] = the class of the structure sheaf OS for any KεwPerffl(S). Moreover there exist
polynomials Qk,l and Qk with integral coefficients so that:

γk(γl(α)) = Qk,l(γ
1(α), · · · , γk.l(α)) and

γk(α.β) = Qk(γ1(α), · · · , γk(α); γ1(β), · · · , γk(β))

for α, βεπnKS′(S). The Adams operations ψk preserve the additive and multiplicative structures on π∗(KS′(S)).
The Adams operations and the γ-filtration are natural with respect to pull-back as in the last theorem. Moreover,
the graded piece grn(π∗(KS′(S))⊗Q) is an eigen-space for the induced action of ψk with eigen-value kn.
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(ii) In case there exists a coarse-moduli space M (M′) for the stack S (the sub-stack S ′, respectively) as an
algebraic space, the γ-filtration on π∗(KS′(S)) ⊗Q above is compatible with the γ-filtration on π∗(KM′(M)) ⊗Q.

Proof. The first statement follows from the observation that each π0(K(S)) ⊕ πn(KS′(S)) is a λ-ring with the
operations defined above. Therefore, one may define the operations γn on π0(K(S)) ⊕ πn(KS′(S)) as follows:

(5.1.1) γn(α, β) = λn((α + (n− 1).OS), β), αεπ0K(S), βεπn(KS′(S))

The key observation is that if α = 0, then γn(0, β) = (0,Σn−1
i=0 λ

i((n − 1).OS).λn−i(β)) so that each γn induces a
map on πn(KS′(S)) which we will also denote by γn. The remaining properties of the γ-operations follow from the
observation that π0(K(S)) ⊕ πn(KS′(S)) is a λ-ring.

One may define the Adams operations ψk using ascending induction on k and the formula: ψk = ψk−1 ∪ λ1 −
· · · + (−1)kψ1λk−1 + (−1)k+1kλk. Again one observes that each ψk induces a self-map of πN (KS′(S)) ⊗ Q for
each closed sub-stack S ′ of S. The last but one statement in (i) follows from the functoriality of the λ and γ-
operations with respect to pull-back. The last statement in (i) is a pure consequence of the λ-ring structure on
π0(K(S)) ⊕ πn(KS′(S)). These prove the statements in (i); the proof of statements in (ii) are clear since the
λ-operations are compatible with respect to pull-backs. �

Remark 5.9. Nevertheless, the action of ψk above is not locally nilpotent, which is necessary to conclude that
π∗K(S) ⊗ Q is isomorphic to the sum of the associated graded terms of the γ-filtration. This is false in general
as may be seen from the following simple counter-example: consider S = [(Spec k)/G] where G is a finite group
and k is a field. In this case, it is shown in [A] Proposition (6.13) that the γ-filtration has just two terms modulo
torsion. Therefore, we adopt the following definition of absolute cohomology.

Definition 5.10. Let grn(πjKS′(S)⊗Q) denote the n-th graded piece of the γ-filtration. We let H i
S′,abs(S,Q(j)) =

grj(π2j−i(KS′(S)) ⊗Q). We define the i-th Chern class ci(j) : πi(K(S)) → H2j−i
abs (S; Q(j)) be defined by γj(α −

rk(α).OS ) where γj is the j-th γ-operation on πi(K(S))⊗Q. (The function rk is discussed briefly in the appendix.)

If i = 0, we let the Chern class ci(j) be denoted C(j). We define the local Chern-character into π
i
H2j−i

abs (S; Q(j))

by the usual formula. (Observe we are taking the product in the last expression and not the sum, only because
the γ-filtration is not locally nilpotent.) For a vector bundle E , one may define its Todd class by the usual Todd
polynomial in the Chen classes.

Theorem 5.11. (Localization theorem for absolute cohomology) Let S denote a smooth algebraic stack and let
S ′0 ⊆ S

′
1 denote two closed algebraic sub-stacks all satisfying the hypothesis as in 5.1. Then one obtains the

long-exact sequence of absolute cohomology groups:

· · · → Hn
S′

0
,abs(S,Q(m))→ Hn

S′

1
,abs(S,Q(m))→ Hn

S′

1
−S′

0
,abs(S − S

′
0,Q(m))→ Hn+1

S′

0
,abs(S,Q(m))→ · · ·

Proof. We begin with the fibration sequence (localized at Q):

KS′

0
(S)Q → KS′

1
(S)Q → KS′

1
−S′

0
(S − S ′0)Q

On taking the associated homotopy groups one obtains a long-exact sequence

(5.1.2) · · ·
//
πk(KS′

0
(S)) ⊗Q

α //
πk(KS′

1
(S))⊗Q

β //
πk(KS′

1
−S′

0
(S − S ′0))⊗Q

γ //
· · ·

Since the γ-filtration is compatible with respect to pull-backs, one obtains the commutative diagram:

· · ·
//
An

m−1

αm−1 //

��

Bn
m−1

βm−1 //

��

Cn
m−1

γm−1 //

��

An+1
m−1

//

��

· · ·

· · ·
//
An

m

//
Bn

m

//
Cn

m

//
An+1

m

//
· · ·

where An
i = Fi(π2i−n(KS′

0
(S))⊗Q), Bn

i = Fi(π2i−n(KS′

1
(S))⊗Q) and Cn

i = Fi(π2i−n(KS′

1
−S′

0
(S −S ′0))⊗Q). The

maps αi (βi, γi) are the maps induced by α (β, γ, respectively). Observe that all the vertical maps are injective.

We proceed to show that both the rows are exact. For example, we will show that ker(βi) = Im(αi). Let bεBn
i

so that βi(b) = 0. Then the exactness of the long-exact sequence of homotopy groups in ( 5.1.2) shows that there is
a class aεπ2i−n(KS′

0
(S))⊗Q so that α(a) = b. Here α denotes the map π2i−n(KS′

0
(S))⊗Q→ π2i−n(KS′

1
(S))⊗Q.

Now An
i is a split summand of π2i−n(KS′

0
(S)) ⊗ Q. We let a′ denote the projection of a to the summand An

i .
Now, both b = α(a) and α(a′) belong to Bn

i . It suffices to show α(a) − α(a′) = α(a − a′) = 0. Observe that the
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associated graded terms in the γ-filtration of a − a′ are of weight strictly greater than i. Since α preserves the
γ-filtrations, α(a − a′) = 0 in Bn

i = Fi(π2i−n(KS′

1
(S)) ⊗ Q). So b = α(a) = α(a′) = αi(a

′). A similar argument
shows the exactness of both rows. Now a diagram-chase shows that the sequence

· · · → Hn
S′

0
,abs(S,Q(m))→ Hn

S′

1
,abs(S,Q(m))→ Hn

S′

1
−S′

0
,abs(S − S

′
0,Q(m))→ Hn+1

S′

0
,abs(S,Q(m))→ · · ·

is exact at the middle term. (Observe that the sequence of absolute cohomology groups above is obtained by taking
the cokernels of each column in the previous diagram of exact sequences.) The exactness at the remaining terms
may be proved similarly. �

Remark 5.12. In the example of the quotient stack [Spec k/G], the observations above show that the absolute
cohomology is nothing but rational G-equivariant K-theory. Assume next that the stack S has a coarse-moduli
space M. In this case, the observations that the γ-filtration on π∗K(S) ⊗ Q is compatible with the γ-filtration
on π∗K(M) ⊗ Q shows that the absolute cohomology of the stack we have defined is an algebra over the (usual)
absolute cohomology of the moduli-space. In particular, when the stack S is a scheme, the absolute cohomology
defined above coincides with the usual absolute cohomology for algebraic spaces and schemes.

6. Riemann-Roch for strongly projective morphisms with values in absolute cohomology

In this section we prove a Riemann-Roch theorem for all strongly projective morphisms between smooth algebraic
stacks. We first observe the following. Let S ′ → S denote a closed immersion of smooth algebraic stacks and let
N denote the normal bundle associated to the closed immersion. Let W = BlS′×0(S × A1) denote the blow-
up of S × A1 along S ′ × 0 and let i1 : S → W , i0 : N → W denote the corresponding closed immersions.
Then the pull-back maps i∗0 : π∗(KS′×A1(W )) → π∗(KS′×0(N )) and i∗1 : π∗(KS′×A1(W )) → π∗(KS′×1(S)) are
compatible with respect to γ-filtrations. Moreover, since the stacks are all smooth, one may identify π∗(KS′×0(N))
with π∗(GS′×0(N)) ∼= π∗(G(S ′ × 0)) = π∗(K(S ′)) and similarly for the other stacks. It follows therefore that
the pull-backs i∗0 and i∗1 induce isomorphisms of the corresponding absolute local cohomology groups: i.e. i∗0 :
H∗

S′×A1,abs(W,Q(n)) ∼= H∗
S′×0,abs(N,Q(n)) and i∗1 : H∗

S′×A1,abs(W,Q(n)) ∼= HS′×1,abs(S,Q(n)).

Proposition 6.1. Assume the above situation (as well as the standing hypothesis 5.1).

(i) Then the Chern-character ch induces an isomorphism between the completion of ⊕nπn(KS′(S) ⊗ Q) with
respect to the γ-filtration and the absolute local cohomology ΠjH

∗
S′,abs(S,Q(j)).

(ii) There is an induced map Hn+2c
abs (S ′,Q(m + c)) → Hn

S′,abs(S,Q(m)) for all n and m where c denotes the

codimension of S ′ in S. This is an isomorphism for all m and all n.

Proof. In view of the localization sequence above, it suffices to consider the case where S ′ = S. In this case the
first statement is proved in the context of quotient stacks in in [Kock] (5.2) Lemma and (5.3) Proposition: since
the statements are about general λ-rings with a Chern-character map, the same proof holds in the more general
context of algebraic stacks. Next we consider (ii). In view of the compatibility of the γ-filtration with deformation
to the normal cone as observed above, it suffices to consider the case where S = N and i denotes the zero section
imbedding. In this case, the presence of the projection π : N → S ′ and the observation i∗ ◦ p∗ = id shows that
the map i∗ : π∗(K(N )) ⊗ Q → π∗(K(S ′)) ⊗ Q is a surjection: in fact it is a surjection of the n-th terms of the
γ-filtrations. Therefore, the projection formula implies that i∗ induces a map of the n-th terms of the γ-filtrations.

To show that the induced map is an isomorphism one needs to observe that Πn,mH
m
abs(S

′,Q(n)) (Πn,mH
m
S′,abs(S,Q(n)))

is the completion of π∗(K(S ′))⊗Q (π∗(KS′(S))⊗Q, respectively) with respect to the γ-filtration. This is (i). �

Remark 6.2. Observe that the Adams operation ψj acts on H∗
S′,abs(S,Q(n)) withe eigen value jn.

Theorem 6.3. (Riemann-Roch for strongly projective morphisms) (i) Let i : S ′ → S denote a closed immersion
of smooth algebraic stacks with conormal sheaf N ∨. Then the following diagram commutes:

πi(K(S ′))
i∗ //

Td(N ).chi(j)

��

π∗(KS′(S))

chi(j)

��

//
π∗(K(S))

chi(j)

��
H2j−i

abs (S ′,Q(j))
ī∗ //

H2j−i
abs,S′(S,Q(j))

//
H2j−i

abs (S,Q(j))

where the map ī∗ is the induced map on absolute cohomology. Here N = the normal cone associated to the closed
immersion i and Td(N ) denotes its Todd class defined as in [FL] p. 20.
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(ii) Let E denote a vector bundle on the stack S and let π : S ′ = Proj(E) → S denote the obvious projection.
Then the following diagram commutes:

πi(K(S ′))
p∗ //

Td(Tπ).chi(j)

��

π∗(K(S))

chi(j)

��
H2j−i

abs (S ′,Q(j))
p∗ //

H2j−i
abs (S,Q(j))

where Tπ is the relative tangent bundle and Td(Tπ) is its Todd class again defined as in [FL] p. 20.

Proof. The proofs of these Riemann-Roch statements will follow from the corresponding Adams Riemann-Roch
statements: see [FL] pp. 62- 65. These Adams Riemann-Roch statements may be proved as in [FL]: see also [Kock].
The key observations in (i) and (ii) are that the direct image maps are continuous with respect to the γ-filtrations.
In (i) one uses the deformation to the normal cone as in the proof of the last proposition and in (ii) it suffices to
observe that p∗ is a section to p∗. �

7. Comparison with the higher Chow groups of algebraic stacks as in [J-1]

In this section we prove the following theorems.

Theorem 7.1. Let S denote a smooth algebraic stack of finite type over a field k satisfying the hypothesis 5.1. Then
the Chern-character chi(j) : πi(K(S)) → CHj(S, i; Q) factors through the Chern-character chi(j) : πi(K(S)) →

H2j−i
abs (S,Q(j)).

Proof. This follows formally from the fact that the local Chern character in each degree is given by a certain
polynomial in the Chern classes and the observation that the Chern-character is a ring homomorphism. Therefore,
one may show readily that if Fj+1 is the j + 1-th term of the γ-filtration of π2j−i(KS′(S)) ⊗ Q, then it maps to
zero in CHj(S, 2j − i; Q). �

Theorem 7.2. Let S denote a smooth Artin stack provided with a finite filtration S0 ⊆ S1 ⊆ ... ⊆ Sn−1 ⊆ Sn

where each Si is a closed algebraic sub-stack so that Si−Si−1 is a quotient stack associated to the action of a linear
algebraic group Gi on a smooth algebraic space Xi locally of finite type over k. Assume all the stacks considered
here satisfy the hypothesis in 5.1. Then the map induced by the higher Chern-character

Πi,jH
2j−i
abs (S,Q(j))→ Πi,jCH

j(S, i; Q)

is an isomorphism.

Proof. First observe the localization sequence of absolute local cohomology groups (see Theorem 5.11 above)

· · · → Hn
Si−1,abs(S,Q(m))→ Hn

Si,abs(S,Q(m))→ Hn
Si−Si−1,abs(S − Si−1,Q(m))→ Hn+1

Si−1,abs(S,Q(m))→ · · ·

One also has a similar localization sequence for the higher Chow groups (see [J-1] Theorem 1 and [J-2] Theorem
2):

· · · → CHm+ci−1(Si−1, 2m−n; Q)→ CHm(Si, 2m− n; Q)→ CHm(Si −Si−1, 2m−n; Q)→ CHm
Si

(S, 2m−n−
1; Q)→ · · ·

where ci−1 denotes the codimension of Si−1 in Si. Proposition 6.1 above shows H∗
Si−Si−1,abs(S − Si−1,Q(n)) ∼=

H∗+2ci

abs (Si−Si−1,Q(n+ci)), H
∗
Si,abs(S,Q(n)) ∼= H∗+2ci

abs (Si,Q(n+ci))) andH∗
Si−1,abs(S,Q(n)) ∼= H

∗+2ci−1

abs (Si−1,Q(n+

ci−1)) for all n. Moreover, by the last theorem, the Chern-character induces a natural map from the first sequence
to the second and by the Theorem 6.3, this map is compatible with the Gysin isomorphisms (above ) on absolute
cohomology and the corresponding Gysin isomorphisms on K-theory. Therefore, we reduce to proving the theorem
when S itself is a smooth quotient stack of the form [X/G] for the action of a linear algebraic group G on the
(smooth) algebraic space X .

Next we show that we can in fact reduce to the situation where the group scheme G is in fact a split torus. For
this, we recall the arguments in [J-2] (3.5) Theorem. Let H denote a closed algebraic subgroup of G. By faithfully
flat descent one may establish an isomorphism between the stacks:

[X/H ]
'
←[(X ×G)/(H ×G)]

'
→[(X×

H
G)/G].
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The first (second) is induced by the projection to the first factor (the map sending (x, g)εX×G to the class of (x, g)
in (X×

H
G)/G. Clearly these are compatible with restrictions to open G-stable sub-schemes of X . Clearly these

isomorphisms of stacks, induce isomorphisms of the corresponding K-theories, i.e. π∗(K([X/H ])) ∼= π∗K([(X ×
G)/(H × G)]) preserving the corresponding γ-filtrations. Moreover, the Chern-character to absolute local coho-
mology also is clearly compatible with the above isomorphisms. Therefore, by considering a closed immersion of
the given linear algebraic group in a suitable GLn, we reduce to the case where G = GLn.

Let B (T ) denote a fixed Borel subgroup of G ( a maximal torus of G contained in B, respectively). Moreover,
since the chosen maximal torus splits over some finite Galois extension of the ground field k and we are working
with Q-coefficients, one may assume without loss of generality that T is in fact split. (See, for example, [J-2]
(3.7.11).) The arguments above show that

H∗
abs([X/T ],Q(n)) ∼= H∗

abs([X/B],Q(n)) ∼= H∗
abs([(G×

B
X)/G],Q(n))

Observe that there is a natural restriction map H∗
abs([X/T ],Q(n))→ H∗

abs([X/G],Q(n)) and there is a natural map
H∗

abs([X/G],Q(n))→ H∗
abs([(G×

B
X)/G],Q(n)) induced by the projection π : [(G×

H
X/G]→ [X/G]. The composition

of these maps may be verified to be an isomorphism (since it is induced by the composition Spec k → G/B →
Spec k) so that H∗

abs([X/G],Q(n)) splits naturally as a summand of H∗
abs([X/T ],Q(n)). A similar argument

shows that CH∗([X/G], n; Q) splits naturally as a summand of CH∗([X/T ], n; Q). Therefore, we reduce to proving
the isomorphism in the theorem for the case of quotient stacks of the form [X/T ]. By making use of localization
sequences as above and Noetherian induction, we observe that it suffices to prove this for an open dense T -stable
sub-space U of X .

At this point, we may invoke the generic torus slice theorem in [T] to assume that U has the following properties:
U is affine and smooth, the geometric quotient U/T exists and is affine and smooth. Moreover the quotient map
U → U/T is smooth and there is a diagonalizable subgroup scheme T ′ of T with quotient torus T ′′ = T/T ′ and
an action of T ′′ on U so that the given action of T on U is induced by the action of T ′′. Further, there is an
isomorphism of T -spaces: U ∼= T ′′ × U/T and hence an isomorphism [U/T ] ∼= [(Spec k)/T ′] × U/T of algebraic
stacks. Observe that the category of vector bundles on the latter stack corresponds to the category of T ′-equivariant
vector bundles on U/T : since the latter has trivial action by T , this category is equivalent to the category of vector
bundles on U/T provided with a grading indexed by the character group of T ′. It follows readily from this that
K([(Spec k)/T ′]× U/T ) ∼= ⊕

χεR(T ′)
K(U/T )χ, (where K(U/T )χ = K(U/T ) for each χ) and hence

(7.0.3) π∗(K([U/T ])) ∼= π∗(K([(Spec k)/T ′]× U/T )) ∼= R(T ′)⊗
Z
π∗K(U/T )

Now the absolute cohomology of the stack [U/T ] may be identified with the completion of R(T ′)⊗
Z
π∗K(U/T )⊗Q

with respect to the γ-filtration, or in this case equivalently the kernel of the rank function. (See for example, (5.2)
Lemma in [Kock].) On the other hand, the higher Chow groups of the stack [U/T ] may be computed as the higher
Chow groups of BT ′×U/T . As we showed in [J-3], BT ′×U/T may be approximated by smooth projective linear
schemes over U/T , so that the computations of [J-3] and [J-2] apply to provide the isomorphism:

(7.0.4) CH∗([U/T ], .; Q) ∼= CH∗(BT ′ × U/T, .; Q) ∼= CH∗(BT ′,Q)⊗
Q
CH∗(U/T, .; Q)

Therefore, it suffices to show that the completion of R(T ′) ⊗ Q at the augmentation ideal is isomorphic to the
completion of CH∗(BT ′,Q). It is shown in [EG1] that this is indeed the case and that the latter completion is
simply ΠiCH

i(BT ′,Q). �

8. Appendix A: the rank of perfect complexes

This is merely a summary of what is found in [SGA] 6, Exposé I, section 6 restated for the smooth site of an
algebraic stack. If S is an algebraic stack as before, we let Ssmt denote the category whose objects are smooth
maps U → S, with U a scheme and whose morphisms are obvious commutative triangles.

Proposition 8.1. Let S denote a connected algebraic stack. Then there exists a ring homomorphism rank :
K0(DPerf(S)) → Z.

Proof. As is shown in [SGA] 5, Exposé I, section 6, there is first of all an additive homomorphism rank :
K0(DPerfS) → ZS of sheaves where K0(DPerfS) is the sheaf associated to the presheaf U 7→ K0(DPerf(U)) =
the Grothendieck group of the category of perfect complexes on U , UεSsmt and ZS is the obvious constant sheaf
on Ssmt. One may identify the sheaf K0(DPerfS) with the sheaf K0(Kb(Loc(S))), which is the sheaf associated
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to the presheaf U 7→ K0(Kb(Loc(U))) = the Grothendieck group of the homotopy category of bounded complexes
of vector bundles on U .

Next let LεDPerf(S). Then L defines by restriction a perfect complex on each U in the site Ssmt. Moreover
the above discussion shows, we may find a cover {Ui|i} of S so that on each Ui, L is quasi-isomorphic to a bounded
complex of vector bundles; hence we may assume L|Ui

is in fact a bounded complex of vector bundles, for each i.
By shrinking Ui further, one may assume that each term of the complex L|Ui

is a trivial vector bundle and hence
of constant rank on Ui. Assume we have chosen a conservative family of geometric points {s̄} for the stack S. It
follows now from the above discussion, that the function s̄ 7→ rank(Ls̄) = Σi(−1)irank(Li

s̄) is a locally constant
function on Ssmt, where L = {Li|i}.

Recall from [SGA] 5, Exposé I, section 6, that the rank function has the following gluing property: if α : V → U
is a map in Ssmt, then rank(α∗(L))α∗(ū) = rank(Lū) for any geometric point ū of U . Therefore, it follows that the
function s̄ 7→ rank(Ls̄) is constant on any connected stack. That this is multiplicative follows from the observation
that L 7→ rank(Ls̄) = Σi(−1)irank(Li

s̄) is multiplicative at each stalk s̄. �

8.1. Therefore, we may define a function rk : Z→ K0(Perf(S)) by rk(n) = n.OS .

9. Appendix B: simplicial objects, cosimplicial objects and chain complexes

In this section a chain complex (a co-chain complex) will denote a complex trivial in negative degrees and
where the differentials are all of degree −1 (+1, respectively). Let A = Mod(S,OS) denote the Abelian category
of all modules over OS where S is a given algebraic stack. Let Modfl(S,OS) denote the full sub-category of
flat modules with finitely generated stalks. Recall that one has normalization functors Nh: (Simplicial objects in
Mod(S,OS))→(Chain complexes inMod(S,OS)) and its inverseDNh:((Chain complexes inMod(S,OS))→(Simplicial
objects in Mod(S,OS)). Recall Nh is defined by sending the simplicial object S• to the chain complex K• = N(S•)
defined by Kn =

⋂

0≤i≤n−1

(ker(di : Sn → Sn−1)). The differential δ : Kn → Kn−1 is defined by δ = (−1)ndn. The

functor DNh is defined by DNh(K•)n = ⊕
0≤m≤n

⊕
sα:[m]→[n]

Km where the sα range over all iterated degeneracies

[m] → [n] in the category ∆. (See [Cu] for more details.) There are corresponding functors defined between the
categories of cosimplicial objects in Mod(S,OS) and co-chain complexes in Mod(S,OS). These will be denoted

Nv and DNv. Given a double complex K•
• trivial everywhere except the second quadrant (i.e. we assume K j

i = 0

for i > 0 or j < 0), we let Tot(K•
•) denote the complex defined by Tot(K•

•)n = ⊕
i+j=n

Kj
i .

Proposition 9.1. (i) The functors Nh and DNh are strict inverses of each other, i.e. Nh ◦ DNh = id and
DNh ◦Nh = id. Similarly, Nv ◦DNv = id and DNv ◦Nv = id.

(ii) All the functors N and DN associated to both simplicial and cosimplicial objects in Mod(S,OS) preserve
flatness and the property of having finitely generated stalks. They also commute with filtered colimits.

(iii) All the functors N and DN associated to both simplicial and cosimplicial objects in Modfl(S,OS) commute
with the pull-back f∗ : Modfl(S,OS)→Modfl(S ′,OS′) associated to a map f : S ′ → S of algebraic stacks.

Proof. (i) is a standard result and is therefore skipped. (See [Cu] for the simplicial case.) We prove (ii) first in the
simplicial case. Let S• denote a simplicial object in Mod(S,OS) where each Sn is a flat OS-module (has finitely
generated stalks). We will now prove, using ascending induction on n that each Kn = N(S•)n is a flat OS -module.
Since K0 = N(S•)0 = S0 this is clear for n = 0. The general case follows from Lemma 9.2 below. The definition of
the functor DN as a sum in each degree shows that it preserves flatness. The situation for the cosimplicial objects
and co-chain complexes is entirely similar and is therefore skipped.

Since the functors DN for simplicial and cosimplicial objects are defined as iterated sums, it is clear f ∗ commutes
with DN . The functor N for cosimplicial objects is defined as an iterated co-kernel and therefore it commutes
with f∗. The corresponding assertion for simplicial objects follows from the lemma below. �

Lemma 9.2. (i) Let S• denote a simplicial object in Mod(S,OS) that is flat (with finitely generated stalks) in
each degree. Then for each integer n ≥ 1, and 0 ≤ m ≤ n−1,

⋂

0≤i≤m

(kerdi : Sn → Sn−1) is a flat OS-module (with

finitely generated stalks).
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(ii) Let f : S ′ → S denote a map of algebraic stacks. Let S. denote a simplicial object in Mod(S,OS) that is flat
in each degree. Then for each integer n ≥ 1, and 0 ≤ m ≤ n− 1, f ∗(

⋂

0≤i≤m

(kerdi : Sn → Sn−1)) ∼=
⋂

0≤i≤m

(kerdi :

f∗(Sn)→ f∗(Sn−1)).

Proof. We prove (i) and (ii) simultaneously using ascending induction on m. When m = 0, the statement reduces to
ker(d0 : Sn → Sn−1) is flat (with finitely generated stalks) and that f ∗(ker(d0 : Sn → Sn−1) ∼= ker(d0 : f∗(Sn)→
f∗(Sn−1)). This clear since, d0 : Sn → Sn−1 is a surjection with both Sn and Sn−1 flat (with finitely generated
stalks). Next we will prove the statement for m0 + 1 assuming the statement for m0, where m0 is a given integer
so that 0 ≤ m0 ≤ n− 2.

Observe that di ◦sm0+1 = sm0
◦di for i ≤ m0 and = id for i = m0 +1. Moreover di ◦dm0+1 = dm0

◦di for i ≤ m0.
This shows that dm0+1 induces a map d̄m0+1 :

⋂

0≤i≤m0

(kerdi : Sn → Sn−1) →
⋂

0≤i≤m0

(kerdi : Sn−1 → Sn−2) and

that sm0+1 induces a map s̄m0+1 :
⋂

0≤i≤m0

(kerdi : Sn−1 → Sn−2) →
⋂

0≤i≤m0

(kerdi : Sn → Sn−1); moreover

d̄n−1 ◦ s̄n−1 = id. Since d̄n−1 is a surjective map between modules which are flat (with finitely generated stalks,
by our inductive assumption on m0), it follows readily that

⋂

0≤i≤m0+1

(kerdi : Sn → Sn−1) is also flat (with finitely

generated stalks) and that f∗(
⋂

0≤i≤m0+1

(kerdi : Sn → Sn−1)) ∼=
⋂

0≤i≤m0+1

(kerdi : f∗(Sn) → f∗(Sn−1)). This

completes the inductive step. �

10. Appendix C: K-theory and G-theory of algebraic stacks :replacement for the smooth site

We have added this section mainly because of the issues with the smooth site site of an algebraic stack that
have come to light recently. We will essentially invoke the detailed paper of Martin Olsson (see [Ol]) where these
issues are dealt with at length and consider only those results that are relevant for the K-theory and G-theory of
algebraic stacks.

Let S denote a Noetherian algebraic stack defined over a Noetherian base scheme S, let x : X → S denote a
presentation and let BxS denote the corresponding classifying simplicial algebraic space. Following [Ol] we will
adopt the following terminology: BxS

+ will denote the associated semi-simplicial algebraic space obtained by
forgetting the degeneracies. The étale site of BxS+ is defined as usual: objects are objects U in the étale site
of (BxS)n for some n and if V is in the étale site of (BxS)m, a morphism U → V is an (étale) morphism lying
over some structure map (BxS)+n → (BxS)+m. A sheaf F on BxS

+
et consists of a collection of sheaves {Fn|n}, with

Fn a sheaf on the étale site of (BxS)n along with a compatible collection of morphisms {α∗(Fn) → Fm} for each
structure map α : BxS

+
m → BxS

+
n . We say that a sheaf F on BxSet or BxS

+
et has descent if all the above structure

maps α∗(Fn) → Fm are isomorphisms. Clearly there is a restriction functor res : Sh(BxSet) → Sh(BxS
+
et) where

Sh denotes the category of sheaves.

Let Mod(S,O) (Qcoh(S,O)) denote the category of all OS -modules (all quasi-coherent OS-modules, respec-
tively). Similarly let Mod(BxSet,O) and Mod(BxS

+
et,O) denote the category of all O-modules on BxSet (BxS

+
et,

respectively); let Qcoh(BxSet,O) and Qcoh(BxS
+
et,O) denote the corresponding categories of quasi-coherent O-

modules. If A denotes any of the abelian categories above, we will let Db(A) denote the corresponding bounded
derived category. Db

des(Mod(BxS
+
et,O) will denote the full sub-category of complexes whose cohomology sheaves

have descent, i.e. are cartesian sheaves as in [Ol].

Theorem 10.1. The obvious inclusion functor Db(QCoh(S,O)) → Db(Mod(S,O)) is an equivalence of categories.

Proof. Observe that one obtains a commutative diagram of derived categories:

Db(Mod(S,O))
//
Db

des(Mod(BxS
+
et,O)) Db

des(Mod(BxSet,O))resoo

Db(Qcoh(S,O))

OO

//
Db

des(Qcoh(BxS
+
et,O))

OO

Db
des(Qcoh(BxS

,
etO))resoo

OO

One observes that the maps in the top and bottom rows are all equivalences of catgeories as in [Ol] sections 2 and
5. Therefore it suffices to show that the right vertical map is an equivalence. This follows using the quasi-coherator
defined in [T-T]. �
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Let S denote an algebraic stack as in section 2. Then the structure sheaf O defines, by pull-back a sheaf,
still denoted O on BxS

+
et and on BxSet where x : X → S is an atlas and BxS is the corresponding simplicial

classifying space. A sheaf of O-modules M is coherent if the cohomology sheaves H∗(M) are sheaves of finitely
generated H∗(O)-modules. The category of all coherent O-modules on S (BxSet, BxS

+
et) will be denoted Coh(S)

(Coh(BxSet), Coh(BxS
+
et), respectively). Similarly one defines the category of perfect complexes on S (BxSet,

BxS
+
et) : see section 2. These will be denoted Perf(S), Perf(BxS

+
et) and Perf(BxSet), respectively. Observe

that these are all Waldhausen categories with fibrations and weak-equivalences where the fibrations are degree-wise
surjections and the weak-equivalences are maps of A-modules that are quasi-isomorphisms.

Proposition 10.2. Let S denote a Noetherian algebraic stack. Then the following hold:

(i) The obvious functors Coh(S) → Cohdes(BxS
+
et) ← Cohdes(BxSet) induce weak-equivalences of Waldhausen

K-theories where the Waldhausen structure is as above. (The subscript des denotes the full-subcategory of complexes
whose cohomology sheaves have descent.)

(ii) The obvious functors Perf(S) → Perfdes(BxS
+
et) ← Perfdes(BxSet) induce weak-equivalences of Wald-

hausen K-theories. (Again the subscript des denotes the full-subcategory of complexes whose cohomology sheaves
have descent.)

Proof. In view of the equivalence of topoi on the smooth and étale sites we will work with the smooth site on
BxS+. Let x̄∗ : Mod(Ssmt,O) → Mod(BxS

+
smt,O) denote the obvious inverse image functor M 7→ {x∗n(M)|n}.

Here xn : BxSn → S denotes the map induced by x. Let x̄∗ : Mod(BxS
+
smt,O) → Mod(Ssmt,O) denote the

functor sending F = {Fn|n} to ker(δ0 − δ1 : x0∗(F0)→ x1∗(F1)). One observes that the compositions Rx̄∗ ◦ x̄∗ is
naturally quasi-isomorphic to the identity. Similary the composition x̄∗ ◦Rx̄∗ restricted to Db

des(Mod(BxS
+
smt,O))

is naturally quasi-isomorphic to the identity. Moreover, both the functors x̄∗ and Rx̄∗ preserve the structure of
being A-modules. The functor x̄∗ clearly preserves the structure of Waldhausen categories with fibrations and
weak-equivalences. Moreover the above statements show x̄∗(f) is a quasi-isomorphism if and only if f is. Therefore
the weak-equivalence of the K-theory spectra of Coh(S) and Coh(BxS

+
et) follows. One observes that the restriction

functor Coh(BxSet) → Coh(BxS
+
et) is fully-faithful at the level of the associated derived categories. Since the

functor x̄∗ : Coh(S) → Coh(BxS
+
et) factors through Coh(BxSet) it follows that the functor res is full at the level of

the associated derived categories. This proves the functor res : Coh(BxSet)→ Coh(BxS
+
et) induces an equivalence

of the associated derived categories proving it induces a weak-equivalence of the corresponding Waldhausen K-
theory spectra. readily.

To see (ii) it suffices now to observe that both the functors x̄∗ and Rx̄∗ preserve the property of being a perfect
A-module. In view of the definition of this in section 2, we reduce to proving the above functors preserve the
property of being a perfect O-module. This is clear for x̄∗. Next suppose PεPerf(BxS

+
smt,O) and has cohomology

sheaves with descent. Then P = x̄∗(Q) for some QεMod(Ssmt,O). Since P is perfect, Q is perfect as a complex
of O-modules on Ssmt. Now observe that Rx̄∗(P ) = Q. Hence Rx̄∗(P ) is perfect. �
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