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Abstract. In this paper we establish Riemann-Roch and Lefschtez-Riemann-Roch theorems for arbitrary proper
maps of finite cohomological dimension between algebraic DG-stacks for which coarse-moduli-spaces exist as quasi-
projective schemes over a Noetherian excellent base scheme. (Observe that this includes also Artin stacks with
finite diagonal.) The Riemann-Roch theorem is established as a natural transformation between the G-theory of
algebraic stacks and Bredon-style homology theories for stacks. These homology theories are defined in the spirit
of the classical Bredon-homology theories defined for the action of compact topological groups on spaces : they
reduce to the usual homology theories for algebraic spaces and yet capture information from the residual gerbes
when applied to algebraic stacks. The Lefschtez-Riemann-Roch is an extension of this including the action of tori.
Applications include various formulae for virtual fundamental classes for moduli stacks of stable curves which are
discussed in detail in the sequel to this paper.
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1. Introduction

This is the third in a series of papers on the Riemann-Roch problem for algebraic stacks. The first part (see
[J-4]) presented a solution to this problem in general for the natural transformation between the G-theory and
topological G-theory of algebraic stacks. It also introduced a new site associated to algebraic stacks called the
isovariant étale site using which we proved a descent theorem for the topological G-theory of algebraic stacks
extending Thomason’s basic results to algebraic stacks. Continuing along the same direction, we defined and
studied Bredon style homology theories for algebraic stacks in the second part - see [J-5].

In this paper we establish Riemann-Roch and Lefschetz-Riemann-Roch theorems as natural transformations
between the G-theory of dg-stacks and these Bredon-style homology theories. These are only for algebraic stacks
that admit coarse-moduli spaces which are quasi-projective schemes over a Noetherian excellent base scheme (for
example, a field k). It is important to observe that these already include Artin stacks. Motivated by applications
to virtual fundamental classes, the Bredon-style homology theories introduced in [J-5] were for dg-stacks and the
Riemann-Roch theorems we establish in this paper are also in the context of dg-stacks. A sequel to this paper is
devoted to applications to virtual phenomena, i.e. to the study of virtual structure sheaves on dg-stacks associated
to obstruction theories at the level of the G-theory of dg-stacks and via Riemann-Roch and Lefschetz-Riemann-Roch
to virtual fundamental classes.

Since the present paper is a continuation of [J-5], we will freely adopt the conventions, terminology and basic
results from there. In particular, we will assume the definition of Bredon-style homology for dg-stacks from [J-5].
The second section is devoted to a detailed proof of Riemann-Roch and Lefschetz-Riemann-Roch. The following
is typical of the Lefschetz-Riemann-Roch theorem we establish in there. (The notion of a map being strongly of
finite cohomological dimension is defined in 2.4. Morphisms of dg-stacks are defined in the beginning of section 2.)

Theorem 1.1. (Lefschtez-Riemann-Roch: first form) Let f : (S ′,A′) → (S,A) denote a G-equivariant proper map
strongly of finite cohomological dimension between algebraic dg-stacks provided with the action of a smooth group
scheme G. Assume that a coarse moduli space M′ (M) exists for the stack S ′ (S, respectively ) as in [J-5] 1.0.2.

Now one obtains the commutative square:

π∗G(S ′,A′, G)

τ[S′/G]
//

f∗

��

HBr−G
∗ ([S ′/G],Γh(∗))

f∗

��

π∗G(S,A, G)
τ[S/G]

//
HBr−G

∗ ([S/G],Γh(∗))

The above theorem applies to any of the Bredon-style homology theories considered in [J-5]. For example, by
taking Γh(∗)= the sheafification of the higher cycle complex on the big étale site of all quasi-projective schemes
over fields, we obtain Riemann-Roch theorems with values in a variant of motivic homology.

The following theorem serves as an example of how the Lefschtez-Riemann-Roch theorem above may be applied
to obtain information on virtual fundamental classes. This is essentially a reformulation of the last Theorem (or
more precisely Theorem 3.9(i)) when applied to the dg-stacks obtained from perfect obstruction theories. (The
fixed point stacks are defined in Definition 3.1.)

Theorem 1.2. (Virtual Lefschetz-Riemann-Roch) Let f : S ′ → S denote a proper T -equivariant map strongly
of finite cohomological dimension between Deligne-Mumford stacks defined over an algebraically closed field and
provided with virtual structure sheaves. Assume f is compatible with the virtual structure sheaves on S ′ and S in

the sense that f induces a map of ringed sites f : (S ′,Ovirt
S′ ) → (S,Ovirt

S ) , fT : (S ′T ,Ovirt
S′T ) → (ST ,Ovirt

ST )and that

both f and fT are strongly of finite cohomological dimension. Then one obtains the commutative diagram:



RIEMANN-ROCH FOR ALGEBRAIC STACKS:II 3

π∗(G(S ′virt,Ovirt
S′ , T ))

((QQQQQQQQQQQQQQ

f∗

��

π∗(G((S ′T
′

)virt,Ovirt
S′T ′ , T ))

uukkkkkkkkkkkkkk

fS′T ′

��

i′∗oo

HBr
∗ (S ′, T )

f∗

��

HBr
∗ (S′T

′

, T )

fS′T ′

∗

��

i′∗

oo

π∗(G(Svirt,Ovirt
S , T ))

((RRRRRRRRRRRRRR π∗(G((ST
′

)virt,Ovirt
ST ′ , T ))

uukkkkkkkkkkkkkk

HBr
∗ (S, T ) HBr

∗ (ST
′

, T )
i∗

oo

The maps forming each of the rows are defined by the obvious closed immersions of the fixed point stacks. The
fixed point stacks are defined as in [J-4] Definition 6.4 and recalled in section 4.

Example 1.3. Let X denote a smooth projective variety defined over an algebraically closed field k . Let
βεCH1(X) denote a class and let S = M0,n(X, β) denote the moduli stack of n-pointed genus 0 stable maps
to X of class β. Assume that a sub-torus T ′ of a torus T acts on X . Now there is an induced action of T ′ on S.
Assume that Ovirt

S and Ovirt
ST ′ are the virtual structure sheaves associated to a perfect obstruction theory on the

stacks S and ST
′

. Now the above theorem applies in this situation.

The third section is devoted to studying localization formulae for actions of tori: these are established in the
context of the Lefschetz-Riemann-Roch theorems studied in the third section. In the fourth section we establish a
form of Lefschetz-Riemann-Roch theorem incorporating the inertia stacks. Since the applications of the Riemann-
Roch theorems established in this paper to virtual fundamental classes are a bit involved, we have decided to
discuss them in detail in the separate paper, [J-7].

A short appendix discusses some basic material on the G-theory of dg-stacks.

Acknowledgments. We would like to thank Dan Edidin, Bertrand Toen and Angelo Vistoli on several discus-
sions over the years on algebraic stacks. The relevance of dg-stacks and the possibility of defining pushforward and
other formulae for the virtual fundamental classes using Riemann-Roch theorems on stacks, became clear to the
author at the MSRI program on algebraic stacks in 2001 and especially during many conversations with Bertrand
Toen while they were both supported by the MSRI.

We will adopt the basic terminology from [J-5].

1.0.1. Review of the Riemann-Roch transformation. (See [J-5] Definitions 6.4, 6.6 and 6.7)

1.1. Let (S,A) denote a dg-stack with p : S → M the obvious proper map to its moduli-space. We will assume
throughout that p is of finite cohomological dimension so that a proper push-forward p∗ : G(S,A) → G(M) is
defined.

1.2. We will fix a closed immersion i : M → M̃ (which will be G-equivariant in the equivariant case) with the
latter smooth for the rest of the discussion.

Now we begin with the following key isomorphism:

(1.2.1)

RHomi∗(π∗K( )M)Q
(i∗π∗(p∗G( ,A)S)Q, RHomi∗(π∗(K( )M))Q

(i∗π∗(p∗K( ,A)S)Q, π∗(H( , i∗Sp(Γ
h(∗))))Q))

' RHomi∗(π∗(K( )M))Q
(i∗π∗(p∗G( ,A)S)Q

L
⊗

i∗(π∗(K( )M))Q

i∗π∗(p∗K( ,A)S)Q, π∗(H( , i∗Sp(Γ
h(∗))))Q)

This enables us to define one step of the Riemann-Roch transformation as the following transformation.

Definition 1.4. We define the map of presheaves on M̃et:

τ ′
S,M̃

: i∗π∗(p∗G( ,A)S)Q → RHomi∗(π∗(K( )M))Q
(i∗π∗(p∗K( ,A)S)Q, π∗(H( , i∗Sp(Γ

h(∗)))Q))

= i∗R(Homπ∗(K( )M)Q
(π∗(p∗K( ,A)S)Q, π∗(H( , Sp(Γh(∗))Q))))
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as the map corresponding under the adjunction in ( 1.2.1) to the following map:

i∗π∗(p∗G( ,A)S)Q

L
⊗

i∗(π∗(K( )M))Q

i∗π∗(p∗K( ,A)S)Q → i∗π∗(p∗G( ,A)S)Q
p∗
→i∗π∗((G( )M))Q

τM

→π∗H( , i∗Sp(Γ
h(∗))Q)

where the first map is given by the module structure of π∗G( )S over π∗K( )S , the second is the push-forward

by p and the third map is the Riemann-Roch transformation defined on M̃. In fact one may write this map as the
composition of π∗ applied to the following maps. (Given a presheaf P on M̃et, we define i!P to be the homotopy
fiber of the map P → j∗(P ), where j is the complementary open immersion, complimentary to i):

i∗τM̃|M : i∗(G( )M)Q ' homotopy fiber(K( )M̃)Q → K( )M̃−MQ

chM̃|M

→ i∗i
!Het( , Sp(Γ(∗)))Q

∩Td
M̃

◦∩[M̃]
→ Het( , i∗Sp(Γ

h(∗))Q)

where chM̃|M denotes the local Chern-Character that now presheafifies on M̃et, TdM̃ denotes the Todd-class of M̃

that localizes on M̃et and [M̃] denotes the fundamental class of M̃ which also localizes on M̃et.

Next assume, in addition to the above, that a smooth group scheme G acts on the algebraic stack S. Under
the assumption that M is G-quasi-projective, this action extends to an action on M̃. We will now replace M̃et

by [M̃/G]iso.et, the category Presh(M̃et) by Presh([M̃/G]iso.et), and p : Siso.et → Met by pG : [S/G]iso.et →

[M̃/G]iso.et. With this change, all the basic definitions carry over.

Definition 1.5. Now we will define

τ ′
[S/G],[M̃/G]

: π∗(p
G
∗ G( ,A, G)S)Q → RHomi∗π∗(K( ,G)M)Q

(i∗π∗(p
G
∗ K( ,A, G)S)Q, π∗(Het( , G; i∗Sp(Γ

h(∗)))Q))

as the map corresponding under an adjunction as in ( 1.2.1) to the following map of presheaves on [M̃/G]iso.et:

i∗π∗(p∗G( ,A, G)[S/G])Q

L
⊗

i∗π∗(K( ,G)[M/G])Q

i∗π∗(p
G
∗ K( ,A, G)[S/G])Q → i∗π∗(p

G
∗ G( ,A, G)[S/G])Q

pG
∗
→i∗π∗(G( , G)M)Q

i∗τM̃
|M

→ π∗(Het( , G, i∗Sp(Γ
h(∗)))Q)

1.2.2. Here Het( , G, i∗Sp(Γ
h(∗)))Q denotes the equivariant cohomology presheaf, Ũ 7→ Het(EG×

G
Ũ , i∗Sp(Γ

h(∗)))Q,

Ũε[M̃/G]iso.et.

Remark 1.6. One may observe that the above transformation may be rewritten as the composition of the obvious
adjunction

i∗π∗(p
G
∗ G( ,A, G)S)Q → RHomi∗π∗(K( ,G)M)Q

(i∗π∗(p
G
∗ K( ,A, G)S)Q, π∗(KM̃|M( , G))Q) and

RHom( , i∗τM̃|M) : RHomi∗π∗(K( ,G)M)Q
(i∗π∗(p

G
∗ K( ,A, G)S)Q, π∗(KM̃|M( , G))Q)

→ RHomi∗π∗(K( ,G)M)Q
(i∗π∗(p

G
∗ K( ,A, G)S)Q, π∗(H( , i∗Sp(Γ

h(∗))))Q)

where KM̃|M( ) is the presheaf on M̃et defined by Ũ 7→ KM×
M̃

Ũ (Ũ). This identifies with the presheaf i∗G( )M.

Definition 1.7. (The Riemann-Roch and Lefschetz-Riemann-Roch transformations) Now we pre-compose τ ′
S,M̃

with the obvious augmentation i∗(π∗G(S,A))Q → Het(M̃, i∗(π∗p∗G( ,A)S)Q) followed by takingH0◦RΓ(M̃, ) =

Γ(M̃, ) to define the Riemann-Roch transformation

τS,M̃ : π∗(G(S,A))Q → H∗
Br(S,Γ

h(•)).

Similarly, in the equivariant case, we pre-compose τ ′
[S/G],[M̃/G]

with the obvious augmentation

i∗(π∗(G(S,A, G)))Q → Hiso.et([M̃/G], i∗(π∗p
G
∗ G( ,A, G)S)Q followed byH0◦RΓ([M̃/G], )to obtain the Lefschetz-

Riemann-Roch transformation
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τ[S/G],[M̃/G] : π∗G(S,A, G) → H∗
Br(S, G,Γ

h(•)).

In view of the following proposition, we will denote τS,M̃ (τ[S/G],[M̃/G]) simply by τS (τ[S/G], respectively ).

Observe that the above transformations are defined using the closed immersion of M into M̃. The following
proposition (proved in [J-5] Proposition 6.7) shows that this is independent of such a closed immersion and depends
only on M.

Proposition 1.8. Assume the above situation. Let ī : M̃ → M̂ denote a closed immersion into another smooth

scheme; in the equivariant case we will assume that the action of G extends to M̂ making the map ī equivariant.
Now the square

π∗G(S, G)

τ[S/G],[M̃/G]
//

id

��

HBr
∗ (S, G, Sp(Γh(∗)))

id

��

π∗G(S, G)

τ[S/G],[M̂/G]
//
HBr

∗ (S, G, Sp(Γh(∗)))

commutes.

We conclude this section by defining a Riemann-Roch transformation for the relative form of homology involving
inertia stacks as defined in Definition 5.14 of [J-5].

Definition 1.9. Assume the algebraic stack S is (i) defined over an algebraically closed field, (ii) is smooth
and (iii) is separated so that the diagonal S → S × S and hence the obvious induced projection p0 : IS → S

are proper. (iv) Moreover, we will assume that p0 has finite cohomological dimension. (As before, we assume
that the group G acts trivially on the stack S and hence on its coarse moduli space M.) We recall that in
this setting one has an isomorphism: φS : π∗(K( , G)S)Q⊗

Q
Q(µ∞) → π∗(Ket( , G)IS )Q⊗

Q
Q(µ∞) - see [To],

[Vi-1] and [J-5] Theorem 1.3. Since the stack is smooth, so is IS and therefore, pG∗ K( , G)S ' pG∗ G( , G)S ,
pG∗ p0∗Ket( , G)IS ' pG∗ p0∗Get( , G)IS . We will let the map π∗Get(IS , G)Q⊗

Q
Q(µ∞) → π∗G(S,G)Q⊗

Q
Q(µ∞)

denote the inverse of the isomorphism φS .

We let τIS/S : π∗Get(IS , G) → HBr−et
∗ (IS/S, G,Γ

h(•)) be defined by its adjoint: this is the composition of the

map π∗(Get(IS , G)) → Γ([M̃/G], i∗(π∗(p
G
∗ p0∗Get( , G)IS )) with the adjoint to the map induced by the following

in hypercohomology on [M̃/G]iso.et.

i∗(π∗(p
G
∗ p0∗Get( , G)IS ))Q⊗

Q
Q(µ∞)

L
⊗

i∗(π∗(Ket( )M))Q⊗
Q

Q(µ∞)
π∗(i∗p

G
∗ p0∗Ket( , G)IS )Q⊗

Q
Q(µ∞)

→ i∗π∗(p
G
∗ p0∗Get( , G)IS )Q⊗

Q
Q(µ∞)

φ−1
S
→ i∗π∗(p∗G( , G)S)Q⊗

Q
Q(µ∞)

i∗(π∗(pG
∗ ))

→ i∗(π∗G( , G)M)Q⊗
Q

Q(µ∞)

i∗
→π∗(K( , G)M̃|M)Q⊗

Q
Q(µ∞)

i∗τM̃|M
→ π∗(H(M̃, G, i∗Ri

!Γh(∗))Q)Q⊗
Q

Q(µ∞)

Here K( , G)et,M̃|M is the presheaf on M̃et defined by U 7→ Het(U,KM̃|M) and i : M → M̃ is the closed immersion

of M into a smooth scheme M̃ with a G-action.

2. Riemann-Roch and Lefschetz Riemann-Roch

In this section we will prove the Riemann-Roch and Lefschetz-Riemann-Roch for all proper maps between
algebraic stacks satisfying the hypotheses as in the last section. (In particular, our Riemann-Roch theorems are
valid for all proper maps between Artin stacks with quasi-finite diagonal satisfying the hypotheses above and whose
coarse moduli spaces are quasi-projective schemes.) Since the proof of the Lefschetz-Riemann-Roch covers the case
of the Riemann-Roch by taking the group G to be trivial, we will only consider the former in detail.

A map f : (S ′,A′) → (S,A) of dg-stacks is a 1-morphism of the underlying algebraic stacks together with map
A → f∗(A

′) of sheaves of dgas. Recall such a morphism is proper if the underlying morphism of algebraic stacks
is proper. The first step in the proof of the Riemann-Roch and Lefschetz-Riemann-Roch is to reduce to the case
where the dg-structure sheaf A′ = f∗(A). This is achieved in the following proposition.
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Proposition 2.1. Let f : (S ′,A′) → (S,A) denote a proper G-equivariant map of dg-stacks provided with the
action of a smooth group scheme G.

(i) Then the map sending an A′-module M to M viewed as an f∗(A)-module, induces a direct-image map fS′,∗ :
G(S ′,A′, G) → G(S ′, f∗(A), G). There is also an induced inverse-image map f ∗

S′ : K(S ′, f∗(A), G) → K(S ′,A′, G).
Moreover f∗ induces a direct image map f∗ : G(S ′, f∗(A), G) → G(S,A, G) provided f : (S ′,OS′) → (S,OS) is of
finite cohomological dimension.

(ii) One obtains a homotopy commutative square:

G( ,A′, G)S′
τ
→

��

RHomi∗K( ,G)M′ (i∗p∗K( ,A′, G)S′ ,Het( , G; i∗Sp(Γ
h(∗))))

��

G( , f∗(A), G)S′
τ
→ RHomi∗K( ,G)

M′ (i∗p∗K( , f∗(A), G)S′ ,Het( , G; i∗Sp(Γ
h(∗))))

Proof. The assertion that the map sending an A′-module M to M , viewed as an f∗(A)-module induces a map
G(S ′,A′, G) → G(S ′, f∗(A), G) follows readily from [J-5] Proposition 2.15(i). (See also [J-5] Proposition 2.12.)
The key observation here is that an A′-module (f∗(A)-module) N is coherent as an A′-module (f∗(A)-module,
respectively ) if and only it is a pseudo-coherent complex of OS′ -modules with coherent cohomology sheaves.
The assertion about the inverse-image map follows readily from [J-5] Proposition 2.12(iv). Moreover since f :
(S ′,OS′) → (S,OS) is proper and of finite cohomological dimension, it sends a pseudo-coherent complex with
bounded coherent cohomology sheaves to a complex of sheaves with the same property. Therefore, [J-5] Proposition
2.15(i) and the projection formula show f∗ induces a direct image map f∗ : G(S ′, f∗(A), G) → G(S,A, G). These
prove the first assertion.

In view of Remark 1.6, it suffices to prove the commutativity of the following square in the place of the one in
(ii):

π∗G( ,A′, G)S′

//

fS′,∗

��

RHomi∗π∗(K( ,G)
M′ )(i∗π∗(p∗K( ,A′, G)S′), π∗(KM̃′|M′( , G)))

RHomid(f∗
S′ ,id)

��

π∗G( , f∗(A), G)S′

//
RHomi∗π∗(K( ,G)

M′ )(i∗π∗(p∗K( , f∗(A), G)S′ ), π∗(KM̃′|M′( , G)))

The commutativity of this square follows from the homotopy commutativity of the diagram:

G( ,A′, G)S′

L
⊗

i∗K( ,G)
M′

K( , f∗(A), G)S′

id⊗f∗
S′

//

fS′,∗⊗id

��

G( ,A′, G)S′

L
⊗

i∗K( ,G)
M′

K( ,A′, G)S′
//
G( ,A′, G)S′

fS′,∗

��

G( , f∗(A), G)S′

L
⊗

i∗K( ,G)
M′

K( , f∗(A), G)S′
//
G( , f∗(A), G)S′

This is clear from the projection formula and completes the proof of the proposition. �

The next step in the proof of the Riemann-Roch theorem is to be able to factor the proper map f : (S ′, f∗(A)) →
(S,A) into factors that are manageable. We begin with the following definition.

Definition 2.2. Let f : S ′ → S denote a map between algebraic stacks. We say f is purely non-representable if
the induced map f̄ : M′ → M of the corresponding coarse moduli-spaces is a purely inseparable (i.e. radicial and
bijective) map. A map f : S ′ → S is purely representable, if S ′ = S×

M
M′ and f is induced by a map f̄ : M′ → M

of the corresponding coarse moduli-spaces.

Proposition 2.3. Let f : S ′ → S denote a map between two algebraic stacks. Now one has a canonical factorization
of f as the composition

S ′ n→S ′′ r→S



RIEMANN-ROCH FOR ALGEBRAIC STACKS:II 7

where n is purely non-representable and r is purely representable. In case f is proper (finite) so are n and r.
Moreover if the stacks S ′ and S are provided with the action of a smooth group scheme G and the map f is
G-equivariant, the group scheme G acts on the stack S ′′ and the resulting maps n and r are also G-equivariant.

Proof. We will consider first the case when the stack S is an algebraic space. In this case, the stack S ′′ will be
defined as the coarse-moduli-space for S ′ which has the universal property for maps from S ′ to algebraic spaces
and is therefore unique. In general, the stack S ′′ will be defined as a relative moduli-space for maps from S ′ to
S. Let M′ (M) denote the coarse-moduli space for the stack S ′ (S, respectively ) and let f̄ : M′ → M denote the
induced map. Now we let S ′′ = M′×

M
S, with n : S ′ → S ′′ and r : S ′′ → S the obvious induced maps. (In the

equivariant case, the induced map f̄ : M′ → M is equivariant so that so is the induced map S ′ → S ′′.) If M′′

denotes the coarse-moduli space for the stack S ′′, one may observe that there is a radicial bijective map M′ → M′′.
(In the equivariant case, one may show this is equivariant as well.) This shows n (r) is purely non-representable
(representable, respectively ). Since going from an algebraic stack to its coarse-moduli space is canonical, one can
see that the above factorization of f is in fact canonical. Moreover, both the maps n and r are equivariant in the
equivariant case.

Observe that the map r, being obtained by base-change from a map between the moduli-spaces (which are
separated by our hypotheses), is also separated. Therefore, one may show readily, using the valuative criterion for
properness (see [L-MB] Théorème (7.3)) that the map n is also proper, if f is proper. Now it follows readily that if
f is finite, so is n. Since the maps p′ : S ′ → M′ and p : S → M are proper, one may easily see that the properness
(finiteness) of f implies that of r as well. �

2.0.3. Assume the above situation. Now we may further factor the map r as the composition of the following
two maps π and i which are defined as follows. Let r̄ : M′ → M denote the induced proper map of the moduli
spaces. Now recall the moduli spaces are quasi-projective (G-quasi-projective, in the equivariant case, respectively
). Therefore, one may factor the map r̄ as π̄ ◦ ī, where ī : M′ → M × Pn is a closed immersion for some large
enough integer n and π̄ : M × Pn → M is the obvious projection. (In the G-equivariant case, one may assume
the group action extends to a linear action on Pn by the hypothesis of G-quasi-projectivity. This is satisfied for
example if the moduli-spaces are normal: see [Sum] for the case G connected and [J-1] for the general case.) Now
recall r : S ′′ = M′×

M
S → S is the map induced by r̄. Therefore we let π : S × Pn ∼= (M × Pn)×

M
S → S and

i : S ′ ∼= (S × Pn) ×
M×Pn

M′ → S × Pn. Observe that the maps i and π are G-equivariant in the equivariant case.

Moreover, the above factorization shows that the map f̄ = r̄ : M′ → M, and hence r, is of finite cohomological
dimension. Therefore, f is of finite cohomological dimension if n is; but the converse need not be true. Therefore,
we make the following definition.

Definition 2.4. Assume the above situation. Then the map f : S ′ → S is strongly of finite cohomological
dimension if the induced map n : S ′ → S′′ is of finite cohomological dimension.

Theorem 2.5. (Lefschtez-Riemann-Roch: first form) Let f : S ′ → S denote a G-equivariant proper map strongly
of finite cohomological dimension between dg-stacks provided with the action of a smooth group scheme G. Assume
that a coarse moduli space M′ (M) exists as the target of a universal proper G-equivariant map from the stack S

(S ′, respectively ) to algebraic spaces with G-action. Moreover we assume that the obvious projections p′ : S ′ → M′

and p : S → M are of finite cohomological dimension.

If the moduli-spaces are G-quasi-projective schemes, one obtains the commutative square:

π∗G(S ′,A′, G)

τ[S′/G]
//

f∗

��

HBr−G
∗ ([S ′/G],Γh(∗))

f∗

��

π∗G(S,A, G)
τ[S/G]

//
HBr−G

∗ ([S/G],Γh(∗))

Proof. In view Proposition ( 2.1), we may assume without loss of generality that the dg-structure sheaf A′ = f∗(A).
We will adopt the following terminology throughout the proof. It suffices to consider separately the three cases
when f = n is a purely non-representable morphism, f = i is a closed immersion induced by a closed immersion
M → M̄ of the associated moduli spaces and f = π is the projection S × Pn → S induced by the corresponding
projection on the moduli spaces. (This follows from the factorization of f as in the last proposition. Observe that
if S ′′ = M′×

M
S and its moduli space is M′′, the obvious projection from S ′′ to M′ factors uniquely through M′′. On
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the other hand, the map n : S ′ → S ′′ induces a unique map M′ → M′′ as well. It follows both the maps M′ → M′′

and M′′ → M′ are purely inseparable.)

We consider the first case where the morphism f itself is purely non-representable. The proof now reduces to
checking the commutativity of the following squares of presheaves on Met:

(2.0.4)

f̄∗π∗(G( , f∗(A), G)S′ )
τS′

−→

f∗

��

f̄∗RHomi∗π∗(K( ,G)
M′ )(π∗(p

′
∗K( , f∗(A), G)S′ )Q, π∗(Het( , G, Sp(Γh(∗)))Q)

f∗

��

π∗(G( ,A, G)S)
τS
−→ RHomi∗π∗(K( ,G)M)(π∗(p∗K( ,A, G)S)Q,Het( , G, Sp(Γh(∗)))Q)

Observe that the induced maps f̄∗ : π∗G(U×
M

M′)Q → π∗G(U)Q, f̄∗ : H∗(U×
M

M′,Γ(∗))Q → H∗(U)Q are isomor-

phisms for all UεMet since the map f is purely non-representable and hence the induced map f̄ : M′ → M is
purely inseparable. Therefore the commutativity of the above square reduces to the homotopy commutativity of
the square:

(2.0.5)

G( , f∗(A), G)S′

L
⊗

i∗K( ,G)M

K(S,A, G)
id⊗f∗

//

f∗⊗id

��

G(S ′, f∗(A), G)
L
⊗

i∗K( ,G)
M′

K(S ′, f∗(A), G)
//
G(S ′, f∗(A), G)

f∗

��

G(S,A, G)
L
⊗

i∗K( ,G)M

K(S,A, G)
//
G(S,A, G)

This reduces to the projection formula. The remaining two cases are handled by explicit computations in the
following two propositions: observe that the proofs essentially reduce to the proofs of the corresponding Riemann-
Roch at the level of the moduli-spaces. �

Proposition 2.6. (Riemann-Roch for a purely representable closed immersion) Assume in addition to the hypoth-
esis of Theorem 1.1 that ī : M′ → M is a closed immersion which is also G-equivariant and that S ′ ∼= M′×

M
S. Now

the square in Theorem 1.1 commutes upto homotopy.

Proof. Since, as we showed above, we may assume the dg-structure sheaf A′ = i∗(A), we will omit it altogether

from the following discussion. Let i : M → M̃ be a closed immersion into a smooth G-scheme and let i′ : M′ → M̃

be the composite closed immersion of the closed subscheme M′ → M → M̃. In view of the interpretation of the
Riemann-Roch transformation as in remark 1.6, it suffices to prove the commutativity of the two squares:

ī∗π∗(p
′
∗G( , G)S′)Q

//

��

ī∗RHomπ∗(K( ,G)
M′ )Q

(π∗(p
′
∗K( , G)S′)Q, π∗(K( , G)M̃|M′)Q)

��

π∗(p∗G( , G)S)Q

//
RHomπ∗(K( ,G)M)Q

(π∗(p∗K( , G)S)Q, π∗(K( , G)M̃|M)Q)

ī∗RHomπ∗(K( ,G)
M′ )Q

(X, π∗(K( , G)M̃|M̃−M′)Q)
//

��

ī∗RHomπ∗(K( ,G)
M′ )Q

(X, π∗(H( , Sp(Γh(∗)))M′ )Q)

��

RHomπ∗(K( ,G)M)Q
(Y, π∗(K( , G)M̃|M̃−M)Q)

//
RHomπ∗(K( ,G)M)Q

(Y, π∗(H( , Sp(Γh(∗)))M)Q)

where the horizontal maps in the last diagram are induced by the Riemann-Roch transformation τM̃. Here X =
π∗(p

′
∗K( , G)S′)Q and Y = π∗(p∗K( , G)S)Q. The homotopy commutativity of the first square follows from that

of square as in ( 2.0.5). Therefore, now, it suffices to prove the homotopy commutativity of the square:
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K( )M̃|M′

τ
M̃ //

��

Het( , i′∗Ri′
!(Sp(Γh(∗))))Q

��

K( )M̃|M

τ
M̃ //

Het( , i∗Ri
!(Sp(Γh(∗))))Q

Now one may identifyK( , G)M̃|M′ with the (canonical) homotopy fiber of the mapK( )M̃|M → K( )M̃−M′|M−M′ .

Let j : M−M′ → M̃−M′ denote the obvious locally closed immersion. The homotopy commutativity of the last
square follows from that of the square of maps by taking the canonical homotopy fibers of the vertical maps:

K( )M̃|M

τ
M̃ //

��

Het( , i∗Ri
!Sp(Γh(∗)))Q

��

K( )M̃−M′|M−M′

τ
M̃−M′

//
Het( , Rj∗Rj

!Sp(Γh(∗)))Q

This square commutes, since the higher Chern classes, the Todd class of the ambient space M̃ and the fundamental
class of the ambient space M̃ localize. �

Proposition 2.7. (Riemann-Roch for a purely representable projection) Assume in addition to the hypothesis of
Theorem 1.1 that π̄ : M′ = M×Pn → M is the obvious projection. We assume that the group G acts on Pn so that
the map π is also G-equivariant and that S ′ ∼= M′×

M
S. Now the square in Theorem 1.1 commutes upto homotopy.

Proof. Once again we may assume the structure sheaf A′ = π∗(A) and therefore we will omit it altogether from the
discussion. Let Ē denote a vector bundle on the coarse moduli-space M and let E denote its pull-back to the stack
S. Assume that E and Ē are of rank = n. Let π : P(E) → S and π̄ : P(Ē) → M, p : S → M and p0 : P(E) → P(Ē)
denote the obvious maps.

Observe next that G(S ′, π∗(A), G) ' tni=0G(S,A, G).OPn(−i) : see Proposition 5.7. In view of the computation
of the homology of a projective space as in [J-5] Theorem 1.1 (xi), the proof reduces to verifying the following:
the composition of the top row and the right column will correspond to sending the class of an Fεπ∗(G(S ′, G)) to
the class π̄∗(τP(Ē)(Rp0∗(F ))) while the composition of the left column and the bottom row will correspond to the

class τM(Rπ̄∗Rp0∗(F )). Therefore, the required assertion follows from the equivariant Riemann-Roch for the map
π̄ : M′ = M × Pn → M. (See for example: [FL]). �

Example 2.8. As an example of our Riemann-Roch theorem, one may consider the map p : S → M, i.e. the
obvious projection from the stack to its coarse moduli space. Assume that this is of finite cohomological dimension.
Under the identification ofHBr

∗ (M,Γ(∗)) ∼= Het
∗ (M,Γ(∗)), one may show that the Riemann-Roch square commutes.

(Observe that p∗ ◦ τ identifies with the map: F̄ 7→ τM̃(p∗(p
∗(F ) ⊗K)) = τM̃(p∗K).ch(F̄ ), Kεπ∗(G(S)), with ch

denoting the appropriate local Chern character. Viewed as map of modules over π∗K(M) this identifies with the
map K 7→ τM̃(p∗(K)). Thus p∗ ◦ τ = τ ◦ p∗.)

We will conclude with the following form of Lefschetz-Riemann-Roch for the map relating the inertia stack IS
with the original stack S.

Theorem 2.9. (Lefschetz-Riemann-Roch for inertia stacks). Assume in addition to the situation of Definition 1.9
that the stacks we consider are all separated. Now the square

π∗(Get(IS , G))Q⊗
Q

Q(µ∞)
τIS/S

//

φ−1
S

��

HBr,et
∗ (IS/S, G; Γh(∗))⊗

Q
Q(µ∞)

φ∗
S

��

π∗(G(S, G))Q⊗
Q

Q(µ∞)
τS // HBr,et

∗ (S, G; Γh(∗))⊗
Q

Q(µ∞)

commutes . (The right vertical map is the one induced by φS : π∗(K( , G)S)Q⊗
Q

Q(µ∞) → π∗(Ket( , G)IS )Q⊗
Q

Q(µ∞).)

Proof. The proof of the statement follows by considering the adjoint to the Riemann-Roch transformations as in
Definition 1.9. Observe that the top row corresponds by adjunction to the composite map
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π∗(Get( , G)IS )Q⊗
Q

Q(µ∞) ⊗ π∗(Ket( , G)IS )Q⊗
Q

Q(µ∞) → π∗(Get( , G)IS )Q⊗
Q

Q(µ∞)

φ−1
S
→ π∗(G( , G)S)Q⊗

Q
Q(µ∞)

p∗
→π∗(G( , G)M)Q⊗

Q
Q(µ∞)

τ
→(Het( , G)[M/G])Q⊗

Q
Q(µ∞).

Therefore, the composition of the top row and the right vertical map corresponds to the map that sends the
class of Fεπ∗Get((IS , G))Q⊗

Q
Q(µ∞) to the map π∗Ket( , G)S)Q⊗

Q
Q(µ∞) → Het( , G)[M/G])Q⊗

Q
Q(µ∞), E ′ 7→

i∗τ[M/G](p∗φ
−1
S (F ◦ φS(E ′))). By the multiplicative property of the isomorphism φS and hence that of φ−1

S , the

latter identifies with the map E ′ 7→ τ[M/G](p∗(φ
−1
S (F ◦ E ′)).

The bottom row corresponds under the adjunction to the composite map

π∗(G( , G)S)Q⊗
Q

Q(µ∞) ⊗ π∗(Ket( , G)S)Q⊗
Q

Q(µ∞) → π∗(G( , G)S)Q⊗
Q

Q(µ∞)

p∗
→π∗(G( , G)M)Q⊗

Q
Q(µ∞)

τ
→(Het( , G)[M/G])Q⊗

Q
Q(µ∞).

One may see readily that this map sends Fεπ∗Get((IS , G))Q⊗
Q

Q(µ∞) to same map as above. This proves the

commutativity of the Riemann-Roch square. �

2.1. Proof of Theorem 1.2. This follows from Theorem 1.1. The fixed point stacks are defined below in Defini-
tion 3.1.

3. The localization theorem in Bredon equivariant homology and the second form of

Lefschetz-Riemann-Roch

One of the main applications of the Riemann-Roch theorem above is the Lefschetz-Riemann-Roch theorem proved
at the end of this section. The key to this is the localization theorem for Bredon style equivariant cohomology,
with respect to the action of a torus, which we establish presently. We restrict to Deligne-Mumford DG-stacks
defined over a base-scheme which is the spectrum of an algebraically closed field k. We begin by quoting couple of
key results in this context from [J-4]. It seems, to us, that the more systematic definition of the fixed point stack
S would make it not a closed algebraic sub-stack of S, but one that is unramified over S. However, the following
approximation to the fixed point stack seems sufficient for the situation considered above.

Definition 3.1. Let MG denote the fixed point algebraic sub-space of the coarse moduli space. We let SG =
MG×

M
S. We adopt this as the definition of the fixed point stack.

Remark 3.2. Since the coarse moduli space of SG has the same same points as MG, it follows that the points of
the groups G act trivially on the points of the stack SG. However the group G may not act trivially on residual
gerbes at each point. Since the base scheme is assumed to be the spectrum of an algebraically closed field k, these
residual gerbes may be identified with quotient stacks for the action of finite groups. The following result will
however show that, we may find a finite étale cover of the group G that acts trivially on the stack SG, provided
we work over an algebraically closed field k and the group G is a torus.

Proposition 3.3. (See [J-4] Proposition (6.6).) Assume the base scheme is the spectrum of an algebraically closed
field k and the group G = T is a torus, that the coarse moduli space M is an algebraic space of finite type over k.
Now there exists a finite étale cover T ∼= T̃ → T so that the torus T̃ (with the obvious induced action) acts trivially

on the stack ST . We may now identify ST with S T̃ .

Proof. Exactly the same proof in [J-4] Proposition (6.6) applies without the hypothesis that the stack be smooth.
(In [J-4], the applications of this result were only to smooth stacks and hence we restricted to smooth stacks.) �

Proposition 3.4. Assume the above situation. Now STred is also smooth.

3.1. Let T denote a torus, let R(T ) denote the representation ring of T , let p denote a prime ideal in R(T )

corresponding to a sub-torus T ′. Given an action of T ′ on S, we define the fixed point stack ST
′

as in Definition 3.1
so that the induced map i : ST

′

→ S is a closed immersion. Let p denote the prime ideal of R(T ) corresponding
to the sub-torus T ′.

Proposition 3.5. Let T denote a torus acting on a Deligne-Mumford DG-stack S which is smooth. Let T ′ denote
a fixed sub-torus of T and let ST

′

denote the fixed point stack defined above and let M denote the coarse-moduli
space for S which we assume is a T ′-quasi-projective scheme. Let S be provided with the dg-structure sheaf A, so
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that it is a complex of flat OS-modules; we let ST
′

be provided with the induced dg-structure sheaf, namely i∗0(A),

where i0 : ST
′

→ S is the closed immersion. Then i0∗ induces an isomorphism:

i0∗ : π∗G(ST
′

, i∗0(A), T ′)(p)
'
→π∗G(S,A, T ′)(p)

where p is the prime ideal in R(T ) corresponding to T ′. A Gysin map is defined and the composition i∗0 ◦ i0∗ is

given by multiplication by the class i∗0(i0∗(AS)) which is a unit in π0(K(ST
′

,AST ′ ))p.

Proof. In view of the localization sequence in appendix B (see Proposition 5.5), we obtain the fibration sequence:

G(ST
′

, i∗0(A), T ′) → G(S,A, T ′) → G(S − ST
′

, j∗0 (A), T ′)

where j0 : S−ST
′

→ S denotes the obvious open immersion. Therefore it suffices to show π∗G(S−ST
′

, j∗0 (A), T ′)(p)
∼=

0. In view of the same localization sequence, it suffices to do this after replacing S − ST
′

by a sufficiently small
open sub-stack. Therefore, we may assume that in this case, the corresponding moduli space is regular; we will
denote this moduli-space by M′′. Since π∗(K(M′′,A, T ′)) is a module over π∗(K(M′′, T ′)), it suffices to show

π∗K(M′′, T ′)(p)
∼= 0. This is clear from [T-2], since M′′T

′

is empty.

Since AST ′ = i∗0(AS), observe that the functor i∗0 : D−(S,A) → D−(ST
′

, i∗0(A)) is induced by the functor

Li∗0 : D−(S,OS) → D−(ST
′

,OST ′ ). (Here D−(X,B) denotes the derived category of bounded above complexes in

Mod(X,B) where (X,B) is a dg-stack.) Since the stack S and hence ST
′

is smooth, the latter functor has finite

tor dimension. Therefore a Gysin map i∗0 : G(S,A) → G(ST
′

,AST ′ ) is defined in this situation. Moreover, the

composition i∗0 ◦ i0∗ : D−(ST
′

,OST ′ ) → D−(ST
′

,OST ′ ) is defined by multiplication by i∗0i0∗(OST ′ ) as shown by the

projection formula. Therefore, the induced map i∗0i0∗ : G(ST
′

,AST ′ ) → G(ST
′

,AST ′ ) is given by multiplication by

i∗0i0∗(AST ′ ) = i∗0i0∗(OST ′ ) ⊗AST ′ , i.e. −
L
⊗

A
ST ′

AST ′ ⊗ i∗0i0∗(OST ′ ). In this situation it is well-known that the class

of i∗0i0∗(OST ′ ) in π0(G(ST
′

))p
∼= π0(K(ST

′

))p is a unit. Therefore the class of i∗0i0∗(AST ′ ) = i∗0i0∗(OST ′ )⊗AST ′ is

also a unit in π0(K(ST
′

,AST ′ ))p. �

Remark 3.6. Observe that since the stack S is smooth, so are [S/T ′], ST
′

and [ST
′

/T ′]. This follows essentially
from the observation that T ′ is clearly smooth; see [J-4] appendix for an explicit construction of a presentation for
these stacks.

Proposition 3.7. Assume the above situation. Let M denote the coarse moduli space for S; let ī0 : MT ′

→ M

denote the corresponding induced closed immersion. Then the obvious maps induce isomorphisms of sheaves on
Met

ī0∗π∗(p∗K( , i∗0(A), T ′)ST ′ )
L
⊗

π∗(K( ,T ′)M)
π∗(H( , T ′)M)Q

→ ī0∗(π∗(p∗K( , i∗0(A), T ′)ST ′ )
L
⊗

π∗(K( ,T ′)
MT ′ )

π∗(H( , T ′)MT ′ )Q) and

RHomπ∗(K( ,T ′)M)Q
(̄i0∗π∗(p∗K( , i∗0(A), T ′)ST ′ )Q, π∗(H( , T ′)M)Q)

→ ī0∗RHomπ∗(K( ,T ′)
MT ′ )Q

(π∗(p∗K( , i∗0(A), T ′)ST ′ )Q, π∗(H( , T ′)MT ′ )Q)

Proof. The existence of natural maps between the corresponding terms follows by the observation that ī0∗ has Rī!0
as right adjoint and has ī∗0 as a left-adjoint. The proof that these maps are isomorphisms follows readily. �

Theorem 3.8. Let T denote a torus acting on a smooth Deligne-Mumford DG-stack S. Let T ′ denote a fixed
sub-torus of T and let ST

′

denote the fixed point stack defined above and let M denote the coarse-moduli space
for S which we assume is a T ′-quasi-projective scheme. Throughout let ch denotes the Chern-character in Bredon
cohomology.

i) Assume that a Gysin map i0∗ : K(ST
′

, i∗0(A), T ′) → K(S,A, T ′) is defined. (In case the dg-structure sheaf is

the structure sheaf OS , this is clear since the stack S and hence ST
′

are smooth.) Then there is defined a Gysin

map i∗0 : HBr
∗ (S, T ; Γh(∗)) → HBr

∗ (ST
′

, T ; Γh(∗)) so that the composition i∗0 ◦ i0∗ is given by multiplication by the
class i∗0ch(i0∗(AST ′ )).
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ii) We will assume henceforth that the dg-structure sheaves are the structure sheaves O. Then, under the same

hypothesis, the closed immersion i0 : ST
′

→ S induces an isomorphism

i0∗ : HBr
∗ (ST

′

, T ; Γh(∗))(p) → HBr
∗ (S, T ; Γh(∗))(p)

where p is the prime ideal in R(T ) corresponding to T ′.

iii) Under the same hypotheses as in (ii), the class i∗0ch(i0∗(OST ′ ))εH∗
Br(S

T ′

, T ′; Γ(∗))p is a unit and the inverse
to the isomorphism in ii) is given by the map β 7→ i∗0(β) • i∗0ch(i0∗(OST ′ ))−1

Proof. i). Using the isomorphisms in Proposition 3.7 above, it suffices to show that we have a Gysin map i0∗ :
K( , T ′)ST ′ → K( , T ′)S . This is clear from the hypotheses. Again using the same isomorphisms, it is clear that
the composition i∗0 ◦ i0∗ is as stated.

ii) In view of the same isomorphisms considered above, this follows from the localization formula for T ′-equivariant
K-theory and also for T ′-equivariant hypercohomology computed on [M/T ′]iso.et. The latter is well-known. Propo-
sition 3.5 provides the localization formula for T ′-equivariant K-theory, since the stacks are smooth and we are
able to identify the T ′-equivariant G-theory of the stacks with their T ′-equivariant K-theory.

The statement in iii) now follows readily from the earlier ones. �

Theorem 3.9. (Lefschtez-Riemann-Roch:second form) Let f : S ′ → S denote a proper T -equivariant map between

Deligne-Mumford dg-stacks so that the maps f : [S ′/T ′] → [S/T ′] and fT
′

: [S ′T ′

/T ′] → [ST
′

/T ′] are strongly of
finite cohomological dimension.

i) Then one obtains the commutative diagram:

π∗(G(S ′,AS′ , T ))

''PP
PPPPP

PPPP
PP

f∗

��

π∗(G((S ′T
′

),AS′T ′ , T ))

uullllllllllllll

fS′T ′

��

i′0∗oo

HBr
∗ (S ′, T )

f∗

��

HBr
∗ (S′T

′

, T )

fS′T ′

∗

��

i′0∗

oo

π∗(G(S,AS , T ))

((PPPPPPPPPPPPP π∗(G(ST
′

,AST ′ , T ))

uukkkkkkkkkkkkkk

HBr
∗ (S, T ) HBr

∗ (ST
′

, T )
i0∗

oo

where i′0 : S ′T ′

→ S ′ and i0 : ST → S are the obvious closed immersions.

ii) If the dg-structure sheaf AS′T ′ = i′0
∗
(AS′) and AS is a complex of flat OS-modules, the top row in the above

diagram is an isomorphism after localization at the prime ideal p corresponding to the torus T ′.

iii) If the stacks S ′ and S are assumed to be smooth and the dg-structure sheaves are all the usual structure sheaves,
then all the maps forming the rows of the above diagram become isomorphisms after localization at the same prime
ideal p.

Proof. i) This follows readily from first form of the Lefschtez-Riemann-Roch. ii) follows from Proposition 3.5. iii)
now follows from Theorem 3.8ii). �

4. Incorporating the inertia stack and the third form of Lefschetz-Riemann-Roch

Throughout this section, we will restrict to smooth Deligne-Mumford stacks defined over an algebraically closed
field k. We assume the dg-structure sheaf is the usual structure sheaf.

Theorem 4.1. (Lefschtez-Riemann-Roch) Assume that T ′ is a sub-torus of the torus T acting on the smooth

Deligne-Mumford stacks S and S ′ and that f : S ′ → S is a T ′-equivariant proper map. Let ic : IS
T ′

→ S and
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i′c : IS′
T ′

→ S ′ denote the associated local imbeddings. Let N ′ denote the conormal sheaf associated to the closed

immersion S ′T ′

in S ′ and let p denote the prime ideal of R(T ) corresponding to the sub-torus T ′.

Now the following diagram commutes:

π∗(G(S ′, T ′))(p)⊗
Z

Q(µ∞)

τS′

**TTTTTTTTTTTTTTTTT

f∗

��

ψS′
//
π∗(Get(IS′

T ′

, T ′))(p)⊗
Z

Q(µ∞)

τI

**UUUUUUUUUUUUUUUUU

HBr
∗ (S ′, T ′)(p)⊗

Z
Q(µ∞)

f∗

��

HBr
et,∗(IS′

T ′

/S′T
′

, T ′)(p)⊗
Z

Q(µ∞)

fI,T ′

∗

��

ηS′

oo

π∗(G(S, T ′))(p)⊗
Z

Q(µ∞)

τS

**UUUUUUUUUUUUUUUUU

HBr
∗ (S, T ′)(p)⊗

Z
Q(µ∞) HBr

et,∗(IS
T ′

/ST
′

, T ′)(p)⊗
Z

Q(µ∞)
ηS

oo

Here the following hold: the map denoted ψS′ : π∗(G(S ′, T ′))(p)⊗
Z

Q(µ∞) → π∗(Get(IS′
T ′

, T ))(p)⊗
Z

Q(µ∞) is the

composition of the isomorphisms: i∗( ) ⊗ λ−1(N
′)−1 : π∗(G(S ′, T ′))(p)⊗

Z
Q(µ∞)

∼=
→π∗(G(S ′T

′

, T ′))(p)⊗
Z

Q(µ∞) and

φS′ : π∗(G(S ′T
′

, T ′))(p)⊗
Z

Q(µ∞) → π∗(Get(IS′T ′ , T ′))(p)⊗
Z

Q(µ∞) considered in [To] and [Vi-1]: see also [J-5]

Theorem 1.3. Moreover the isomorphism ηS′ in the second row is the composition of the isomorphisms:

HBr
et,∗(IS′

T ′

/S′T
′

, T ′)(p)⊗
Z

Q(µ∞)
φ∗

S′T ′

→ HBr
∗ (S ′T

′

, T ′)(p)⊗
Z

Q(µ∞)

(see [J-5] Theorem 1.2 (ii)) and the obvious isomorphism HBr
∗ (S ′T

′

, T ′)(p)⊗
Z

Q(µ∞) → HBr
∗ (S ′, T ′)(p)⊗

Z
Q(µ∞).

The isomorphism in the bottom row is defined similarly.

Proof. The commutativity of the left-most square follows by the Lefschtez-Riemann-Roch theorem: first form,
discussed in the last section. In view of the description of the middle and bottom horizontal maps as given above,
the commutativity of the bottom right square follows from the covariance of Bredon homology as well as the
observation that the map ηS : HBr

et,∗(IS/S, T
′)(p)⊗

Z
Q(µ∞) → HBr

∗ (S, T ′)(p)⊗
Z

Q(µ∞) is covariantly functorial in S

for proper T -equivariant maps. This follows readily from the definition of the map ηS and the observation that
the isomorphism φS : π∗(K( , T ′)S)Q⊗

Q
Q(µ∞) → π∗(Ket( , T ′)IS )Q⊗

Q
Q(µ∞) defined in [To] is contravariantly

functorial in S.

Again in view of the factorization of the map ψS′ and the map ηS′ considered above, the commutativity of the
top square reduces to the commutativity of the two squares:

π∗(G(S ′, T ′))(p)⊗
Z

Q(µ∞)

τ

��

π∗(G(S ′T
′

, T ′))(p)⊗
Z

Q(µ∞)

τ

��

oo π∗(Get(IS′
T ′

, T ))(p)⊗
Z

Q(µ∞)

τ

��

φ−1

S′T ′

oo

HBr
∗ (S ′, T ′)(p)⊗

Z
Q(µ∞) HBr

∗ (S ′T
′

, T ′)(p)⊗
Z

Q(µ∞)oo HBr
et,∗(IS′

T ′

/S′T
′

, T ′)(p)⊗
Z

Q(µ∞)
φ
S′T ′

∗
oo

The commutativity of the first square is clear from the Lefschetz-Riemann-Roch for closed immersions, while the
commutativity of the second follows from the Lefschetz-Riemann-Roch for inertia stacks. Observe that the map
ψS′ of the theorem corresponds to the inverse of the isomorphism defined by the composition of the two maps in
the top row in the last diagram. �

Remark 4.2. Let X denote an algebraic space on which a torus T acts. Since we use the definition of equivariant
cohomology and homology as in [J-5](5.1.3), one obtains the isomorphisms:
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H∗
Br(X,T ; Γ(∗)) ∼= H∗

T (X ; Γ(∗)) = H∗(ET×
T
X ; Γ(∗)) and

HBr
∗ (X,T ; Γh(∗)) ∼= H∗

T (X,Γh(∗)) = H∗(ET×
T
X ; Γh(∗)).

Moreover, in this case the stack S = X so that the inertia stack IST ′ = XT ′

.

Corollary 4.3. (i) Let S ′ denote an algebraic stack that is provided a proper map f : S ′ → X where X is a
regular scheme. Assume S ′ and X are provided with the action of a torus T and T ′ is sub-torus and that the map
f is T -equivariant. Let F denote a T -equivariant coherent sheaf on the stack S ′. Now we obtain the equality in
H∗(X

T ′

, T ′)(p)⊗
Q

Q(µ∞) ∼= H∗(ET×
T
XT ′

,Γh(∗))(p)⊗
Q

Q(µ∞):

(4.0.1) (τX (Rf∗(F ))) = f∗(τS′(F )) = ηXf
I,T ′

∗ (τ I (ψS′(F ))) = f∗ηS′(τ I (ψS′(F )))

In case T acts trivially and HBr
∗ (X,T ; Γh(∗)) ∼= H∗(X,Γh(∗))⊗H∗(BT,Z), the map τ : π0(K(X ;T )) ∼= π0(K(X))⊗

R(T ) → HBr
∗ (X,Γ(∗)) identifies with τX ⊗ ˆwhere τX : π0(K(X)) → H∗(X ; Γh(∗)) is the usual Chern character

for X and ˆ denotes the completion at the augmentation ideal.

(ii) Taking X = Spec k, we obtain:

(4.0.2) Σi(−1)iH i(S ′;F ) = f∗(τ
S′

(F )) = ηXf
I,T ′

∗ (τ I (ψS′(F ))

in the ring H∗(BT )(p)⊗
Z

Q(µ∞). Observe that when the stack S is an algebraic space, the map ηS is the identity.

It follows therefore, that we have:

(4.0.3) Σi(−1)iH i(S ′;F ) = f I,T
′

∗ (τ I (ψS′(F )))

Proof. The proof is clear from the Lefschetz-Riemann-Roch theorem considered above. �
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5. Appendix: G-theory of DG-stacks

The discussion in this section will supplement the discussion of dg-stacks in [J-5]. We first recall the definition
of dg-stacks from [J-5].

Definition 5.1. A DG-stack is an algebraic stack S of Artin type which is also Noetherian provided with a sheaf
of commutative dgas, A, on Ssmt, so that Ai = 0 for i > 0 or i << 0, A0 = OS and each Ai is a coherent
OS-module. We will further assume that each H∗(A) is a sheaf of graded Noetherian rings. (The need to consider
such stacks should be clear from the applications to virtual structure sheaves and virtual fundamental classes. See
[J-7] for a comprehensive study of such stacks from a K-theory point of view.) For the purposes of this paper, we
will define a DG-stack (S,A) to have property P if the associated underlying stack S has property P : for example,
(S,A) is smooth if S is smooth. Often it is convenient to also include disjoint unions of such algebraic stacks into
consideration.

An A-module M is coherent if H∗(M) is bounded and finitely generated as a sheaf of H∗(A)-modules. Again
morphisms between two such objects will be morphisms of A-modules. This category will be denoted Coh(S,A).
A left-A-module M is flat if M⊗

A
− : Mod(S,A) →Mod(S,A) preserves quasi-isomorphisms.

Definition 5.2. The category Coh(S,A) along with quasi-isomorphisms as A-modules forms a Waldhausen cate-
gory with fibrations and weak-equivalences. The fibrations are maps of A-modules that are degree-wise surjections
(i.e. surjections of OS-modules) and the weak-equivalences are maps of A-modules that are quasi-isomorphisms.
We will let Coh(S,A) (Per(S,A)) denote the above category with this Waldhausen structure. The G-theory spec-
trum of (S,A) will be defined to be the K-theory of the Waldhausen category Coh(S,A) and denoted G(S,A).
When A = OS , G(S,A) will be denoted G(S).

We conclude this section with a brief discussion on the G-theory of DG-stacks. First we consider devissage as
it relates to showing the G-theory with supports in a closed sub-stack is weakly-equivalent to the G-theory of the
sub-stack. Let i : (S ′,A′) → (S,A) denote the closed immersion of an algebraic DG sub-stack defined by the
sheaf of ideals I in OS , i.e. A′ = i∗(A). We say that a bounded complex of sheaves F of A-modules on S has
supports in S ′, if the cohomology sheaves, H∗(F ) have supports in S ′. We let GS′(S,A) denote the K-theory of
the Waldhausen category of bounded complexes of A-modules with cohomology sheaves that have supports in S ′.
(Observe that this implies the obvious map lim

k→∞
RHomOS (OS/I

k, F ) → F is a quasi-isomorphism.) If F ′ is a

bounded complex of sheaves of A′-modules on S ′, then clearly i∗(F ) is an A-module on S with supports in S ′. We
begin with the following lemma.

Lemma 5.3. Let F denote a bounded complex of A-modules with coherent cohomology sheaves that have supports
in S ′. Then there is an integer k >> 0 so that, Extn(OS/I

k, F ) ∼= Hn(F ) for all n. i.e. There exists an integer
k >> 0 so that the obvious map F → RHomOS (OS/I

k, F ) is a quasi-isomorphism.

Proof. Since the cohomology sheaves of F have supports in S ′, the spectral sequenceEs,t2 = lim
k→∞

ExtsOS
(OS/I

k,Ht(F )) =

0 for all s > 0 and ∼= Ht(F ) for s = 0. Therefore, lim
k→∞

ExtnOS
(OS/I

k, F ) ∼= lim
k→∞

HomOS (OS/I
k,Hn(F )) for all n.

Since H∗(F ) has bounded cohomology sheaves and S is quasi-compact, there exists a k >> 0 so that the last term
is isomorphic to HomOS (OS/I

k,Hn(F )) ∼= Hn(F ) for all n. This proves the lemma. �

Proposition 5.4. (Devissage) The induced map G(S ′,A′) → GS′(S,A) is a weak-equivalence.

Proof. Let Mod(S,A/Ik) denote the full sub-category of A-modules that are killed by Ik. Clearly this inherits the
structure of a Waldhausen category and one obtains natural maps G(S ′,A′) → K(Mod(S,A/Ik)) → GS′(S,A).
Moreover, the obvious induced map lim

k→∞
K(Mod(S,A/Ik)) → GS′(S,A) is a weak-equivalence. Now we will fix

an integer k0 > 0 and consider the functor Fk0 = RHomOS (OS/I
k0 , ) : Mod(S,A) →Mod(S,A). (This may be

defined using the canonical Godement resolution.) Clearly, the above functor, restricted to Mod(S,A/Ik0 ) induces
the identity on the associated derived catgeories. One may now observe that, the functors RHomOS (OS/I

j , ),
1 ≤ j ≤ k0 define functors Mod(S,A/Ik0) → Mod(S,A/Ik0 ); since they preserve weak-equivalences they induce
maps of the corresponding K-theory spectra. Moreover one has a distinguished triangle Fi−1(M) → Fi(M) →

Fi/Fi−1(M) = RHomOS (Ii−1/Ii,M), MεMod(S,A).

However, one needs to show that each Fi(M) has bounded cohomology sheaves. To prove this one may proceed
as follows. Let N denote an OS/I-module. Then RHomOS (OS/I

n, N) ' N for all n and therefore, by the
distinguished triangle
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RHomOS (In−1/In, N) → RHomOS (OS/I
n, N) → RHomOS (OS/I

n−1, N),

one may conclude that RHomOS (In−1/In, N) has bounded cohomology sheaves for all n ≥ 1. If N is an OS/I
k-

module for some k ≥ 1, one may use ascending induction on k along with the obvious filtration of N by submodules
FiN so that FiN/Fi+1N is an OS/I-module, to conclude that the same conclusion now holds for N . Next
let FεMod(S,A) so that all the cohomology sheaves of F are OS/I

k-modules. Then in the spectral sequence

Es,t2 = ExtsOS
(OS/I

k,Ht(F )) ⇒ Exts+tOS
(OS/I

k, F ), there exist integers N >> 0 and M >> 0 so that Es,t2 = 0 for
all s > N and all t > M , all s < 0 and t < −M . Therefore, the abutment has cohomology only in finitely many
degrees. This proves the required assertion.

By additivity, one now obtains:

(5.0.4) M ' Fk0(M) = Σi(−1)iRHomOS (Ii−1/Ii,M), MεMod(S,A/Ik0 )

It follows that the identity map of K(Mod(S,A/Ik0 )) factors as Σi(−)iFi/Fi−1 : K(Mod(S,A/Ik0 )) → G(S ′,A′)
followed by the obvious map of the latter into K(Mod(S,A/Ik0)). (Observe that the composition G(S ′,A′) →

K(Mod(S,A/Ik0)) → G(S ′,A′) is clearly the identity.) It follows, therefore, that the obvious map G(S ′,A′) →

K(Mod(S,A/Ik0)) is a weak-equivalence. Taking the direct limit as k0 → ∞, one obtains the weak-equivalence:
G(S ′,A′) → GS′(S,A). �

Proposition 5.5. (Localization for G-theory) Let i : (S ′,A′) → (S,A) denote a closed immersion of DG-stacks
with open complement j : (S ′′,A′′) → (S,A). Now one obtains the fibration sequence G(S ′,A) → G(S,A) →

G(S ′′,A′′) → ΣG(S ′,A′) of spectra

Proof. This follows from Waldhausen’s fibration theorem making use of the last proposition to identify GS′(S,A)
with G(S ′,A′). In more detail, one lets w denote the category of weak-equivalences on Mod(S,A) defined by quasi-
isomorphisms, while one lets v denote the coarser category of weak-equivalences on Mod(S,A) given by morphisms
that are quasi-isomorphisms after restriction to S ′′. One may show readily that any map α : F ′′ → j∗(F ),

FεMod(S,A), F ′′
εMod(S ′′,A′′), may be factored as the composition of a quasi-isomorphism F ′′ → j∗(F̃ ) and

a map j∗(c) : j∗(F̃ ) → j∗(F ). (Recall that we have let Coh(S,A) denote all complexes of OS-modules M
having the structure of an A-module and whose cohomology sheaves are all bounded and finitely generated H∗(A)-

modules. Therefore, one may simply let F̃ = j!(F
′′).) Therefore, the approximation theorem of Waldhausen

(see [Wald] (1.6.7)) applies to provide a weak-equivalence K(Mod(S,A), v) ' G(S ′′,A′′); the fibration theorem of
Waldhausen (see [Wald] (1.6.4)) then provides the fibration sequence GS′(S,A) → G(S,A) → G(S ′′,A′′). Finally
the proposition above provides the weak-equivalence G(S ′,A′) ' GS′(S,A) to complete the proof. �

Next we consider the homotopy property and projective space bundle formulae for G-theory. This will follow
by suitable modifications of Quillen’s arguments and is proved in detail in [J-7]. Therefore we will merely quote
this result.

Proposition 5.6. (Homotopy property of G-theory) Let (S,A) denote a DG-stack and let π : S ×A1 → S denote
the obvious projection. Now π∗ : G(S,A) → G(S × A1, π∗(A)) is a weak-equivalence.

Proposition 5.7. (Projective space bundle formula) Let (S,A) denote a DG-stack and let E denote a vector bundle
of rank r on S. If π : Proj(E) → S is the obvious map, G(Proj(E), π∗(A)) ' t

i=0,··· ,r−1
G(S,A).[OProj(E)(−i)].

.

Remark 5.8. In view of the localization sequence, we reduce to proving both statements for the case where the stack
S is smooth. In this case, the projective space bundle formula is proved in detail in [J-7] adapting the arguments
in [T-T]. The homotopy property may be established again using the projective space bundle formula and the
localization sequence.
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