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R�ÓgÞ ]8Z]ƒ²Z]hjZ]kmfjb‹p_blçifj{cd¹beytfjso÷TÓqÓlÓ0ÓlÓqÓqÓlÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓ � �

R�ÓgÞmÓgÞ rã|L/¹d_fga~fjZ]d©ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓqÓlÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓ � �

R�ÓgÞmÓ R × n]{oblƒ²Z]\_^ÿh n9acZ]ƒˆZ]hjZ]kmfjb0p_blç(fj{~d¹bey�fjsc÷ ÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓ �3Q

R�ÓgÞmÓ � Y8Z]fgdtac{iƒˆZ]\_^,h n9acZ]ƒˆZ]hjZ]kmfjbqp_bqç(fj{~d¹beytfjso÷ ÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓ �.^

R�Ó R ]2^on}d¹{ � be^~ac{ Ó0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓqÓlÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓ_QF^

R�Ó R�ÓgÞ YŠ^c|L� n}fj{os•bÕn}\�ê nÕyzb•sqa~^on}d¹{ � be^~ac{TÓqÓqÓlÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓ_QF^

R�Ó R�Ó R à„n}fj{cs•bÕn}\�ê%n•yzb•s0a~^on}d¹{ �Ýbe^~ac{ ÓlÓqÓqÓlÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓ_QF^
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��ÓgÞ r�|L/¹d_fga~fjZ]d�Ó0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓqÓlÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓ Q�1

��ÓgÞmÓgÞ û¶dty]n}^~f n}d¹s•b0ƒ„n}^ÿ÷¹Z�� Z]acZ]ƒ_fjbLÓlÓqÓqÓlÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓ Q�1

��ÓgÞmÓ R èta~^~\¹sea~\_^cbC� Z]d¹Z]þvp¹n}hjb�ÓqÓlÓ0ÓlÓqÓqÓlÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓg^�Þ

��Ó R æŠê�acbed¹{~fjZ]d¹{ia~^on}d¹{cs•bed¹p¹n}d‚acb•{(ƒ_\_^cb•{SÓlÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓg^ �

��Ó � ó2bqsÕn]{,Z"h h n9`„n]{cblb•{ca,\_d s•Z]^~ƒ¹{«ÓqÓqÓlÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓg^.^

��Ó ��ÓgÞ Y8Z]fgdtac{iƒˆZ]\_^,hjb•{��vn}fj{cs•bÕn}\�ê�÷¹Z�� Z]acZ]ƒ_f��‚\¹b•{ Ó0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓg^.^

��Ó ��Ó R à„n}fj{cs•bÕn}\%÷¹Z�� Z]acZ]ƒ_f��t\¹b‹n]{o{cZtsefj|¬ÓqÓlÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓ3•�Þ

��Ó Q Ò Z�p�\_hjb•{ÿ÷¹Z�� Z]acZ]ƒ_f��‚\¹b•{ÐÜ n•yzb•sqa~^on}d¹{ �Ýbe^~ac{¸ß=ÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓ3•"P

��Ó Q¹ÓgÞ :ã^on]p�\„n}a~fjZ]d%fgdD� |e^~fjbe\_^cb ÓlÓ0ÓlÓqÓqÓlÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓ3•"P

��Ó Q¹Ó R ètƒ_÷��e^cb0p_bi]8n}acb�ÓqÓlÓqÓqÓlÓ0ÓlÓqÓqÓlÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓgP�Þ

��Ó Q¹Ó �

S1
t

Ö%� Ztp�\_hjb•{ ÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓqÓlÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓgP3Q

��Ó Q¹Ó Q rã|L/¹d_fga~fjZ]d /¹d„n}hjb ÓlÓqÓqÓlÓ0ÓlÓqÓqÓlÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓgP.^
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Q¹ÓgÞ õãn}ƒ_ƒ²behj{ ÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓqÓlÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓgP�1

Q¹ÓgÞmÓgÞ YŠ^c|¸Ö%� Ztp�\_hjb•{ãbea5� Z�p�\_hjb•{ip_bls ��sehjb•{iÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓgP�1

Q¹ÓgÞmÓ R óôb•{6�t\„n}a~^cbpo5`„n]{~fjs-�Än}ƒ¹{rq¾p_bqõiZm{~a«ÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓ 1 �

Q¹ÓgÞmÓ � òËZ��Çƒ_hj|�� bed‚ats_sÕn}ac|ekzZ]^~fjb0bed_^~fjsc÷_fjb‹p_b•{,b¸ê�acbed¹{~fjZ]d¹{�ÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓ 1�Q



y�f

Q¹Ó R ] ÷¹|•Z]^~fjb0p_b�hvu fgdtacbe^c{cb•sea~fjZ]d ÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ 1.P

Q¹Ó R�ÓgÞ ètƒˆ|•sef n}hgfj{on}a~fjZ]d#n}\#s T]d¹bld¹Z]^!�Än}hãÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ 1.P

Q¹Ó R�Ó R Ò Z]^~ƒ_÷_fj{!� b•{,p_b8: ��{cfgd ÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞHS�Þ

Q¹Ó R�Ó � Y€^cZtp�\_fgaipíu fgdtacbe^c{cb•sea~fjZ]d ÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞmÞHS

Q¹Ó � Ò Ztp�\_hjbl÷¹Z�� Z]acZ]ƒ_f��t\¹blfgd¹p�\_fga­ÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞmÞH^

Q¹Ó ��ÓgÞ ]2^on}d¹{ � be^~ac{#ÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞmÞH^

Q¹Ó ��Ó R ] ÷¹|•Z]^���� b�/¹d„n}h�ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞ�R�Þ
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Q�ÓgÞ r�|L/¹d_fga~fjZ]d#beaÿa~÷¹|•Z]^���� bC�ÝZ]d¹p¹n0� bedtaon}h,ÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞ�R �

Q�Ó R à¹Z]d¹seacZ]^~f n}hgfgac|9|ehj|�� bed‚aon}fg^cb‹beaip_Z]d_d¹|•bqrÐÞMÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞ�R3Q

Q�Ó � ]ô^on}d¹{cƒ²Zm{c|•b��¹d¹Z]^!� b0bea,p_Z]d_d¹|•bqr�RFÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞ�R�Q

Q�Ó ��ÓgÞ òËZ]^~^cb•{cƒ²Z]d¹p¹n}d¹s•b•{�/¹d_fjb•{ibeaÿa~^on}d¹{~ƒˆZm{c|•bñÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞ�R.^

Q�Ó ��Ó R ètfga~\„n}a~fjZ]d%kz|ed¹|e^~f��‚\¹b9ÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞ�R�1

Q�Ó ��Ó � Ò Z�p3�ehjb•{,bea,p_|L/¹d_fga~fjZ]d�ÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞ���R

Q�Ó ��Ó Q éiê�fjZ�� blõ0Þ•sqÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞ��3Q

Q�Ó Q õi|•{cfjp�\ beaip_Z]d_d¹|•bqr Q�ÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞ���Q

Q�Ó Q¹ÓgÞ YŒn}fg^cb•{ibea(b¸ê�sefj{~fjZ]d ÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞ��.^

Q�Ó Q¹Ó R æŠê�sefj{~fjZ]d p_b•{�� n}fj{os•bÕn}\�ê¾nÕyzb•sla~^on}d¹{ � be^~ac{ ÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞ���1

Q�Ó Q¹Ó � à„Z]d¹seacZ]^~f n}hgfgac|q^on [ d¹|•b0p_b�h n p_|L�ÝZ]^!�Än}a~fjZ]d#n}\#s T]d¹bld¹Z]^!�Än}h2ÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞRQt•

Q�Ó Q¹Ó Q ètfga~\„n}a~fjZ]d%kz|ed¹|e^~f��‚\¹b9ÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞ�Q �

Q�Ó Q¹Ó Q Ò Z�p3�ehjb•{,bea,p_|L/¹d_fga~fjZ]dTÜÝr Q beaiõ �]s.ßËÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞ�Q.P

Q�Ó Q¹Ó ^ õãn0�Çf�/„sÕn}a~fjZ]d¬Ü n5ê�fjZ�� b•{iõ �mnÐbea,õ �}`�ßËÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞH^�Þ

Q�Ó Q 7ãÖva~÷¹|•Z]^~fjb0p_b0Ò%fghgd¹Z]^,beaip_Z]d_d¹|•b0r � ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞH^z•

Q�Ó Q�ÓgÞ òø\_ƒ�Övƒ_^cZ�p�\_fgac{ Ó0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞH^z•

Q�Ó Q�Ó R 7ãÖva~÷¹|•Z]^~fjb0p_bqÒ%fghgd¹Z]^(bea,{~ƒ_÷��e^cbqp_bi]8n}acb�ÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞH^.P

Q�Ó Q�Ó � éÿsea~fjZ]d#p_b�h n.7ãÖva~÷¹|•Z]^~fjb0p_blÒ#fghgd¹Z]^‹ÜÝr �Ðbeaiõ�RmnD� `9�xs.ß�ÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞ.•m•

Q�Ó Q�Ó Q õ(|•{~fjp�\ bea�7ãÖva~÷¹|•Z]^~fjb Ü n5ê�fjZ�� b•{iõ �]p¾bea,õ �]b.ßQÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞHP�Þ

Q�Ó ^ éiê�fjZ�� b•{,p_b•{6� Ztp�\_hjb•{ip_bqs ��sehjb•{¥Ó0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞHP�1

Q�Ó • òËZ]d¹sehg\¹{~fjZ]d ÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞ�1�Þ
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^�ÓgÞ ] ÷¹|•Z]^���� bqƒ_^~fgd¹sefgƒ„n}h[bea,p_|�� Z]d¹{~a~^on}a~fjZ]dWÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓãÞ�1 �

^�Ó R òËZ]^cZ]hgh n}fg^cb•{lÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ�R.S.S

^�Ó R�ÓgÞ Ò Z�p�\_hjb•{,p_bls ��sehjb•{FÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ�R.S.S
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òãÓ � à¹Z]d¹seacbe\_^c{6/¹`_^cb•{,bea,ƒˆZ]fgd‚ac{ ÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ ��Þ�Q

òãÓ ��ÓgÞSr�|L/¹d_fga~fjZ]dAÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ ��Þ�Q

òãÓ ��Ó R Y€^cZ}Öv^cbeƒ_^c|•{cbed‚aon}a~fjZ]d«p_b•{�� Z]d¹seacbe\_^c{5/¹`_^cb•{MÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ ��ÞH^

òãÓ ��Ó � Y€^cZ}Ö¶Z]`D� beac{(sÕn}^on]seac|e^~fj{~a~f��‚\¹b•{ ÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ ��Þ.•

òãÓ Q?ò n}ac|ekzZ]^~fjb•{�� Z]d¹Z]þvp¹n}hjb•{�ÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ ��ÞHP

òãÓ Q¹ÓgÞSr�|L/¹d_fga~fjZ]d¹{ikz|ed¹|e^on}hjb•{�ÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ ��ÞHP

òãÓ Q¹Ó R Ò Z]d¹Z]þvp_b•{,bea,hjbe\_^c{(n]sea~fjZ]d¹{©ÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ ��R.S

òãÓ QDò n}ac|ekzZ]^~fjb•{(km^on]p�\¹|•b•{ ÓlÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ ��R�R

òãÓ Q�ÓgÞSr�|L/¹d_fga~fjZ]d¹{(beaÿd¹Z]aon}a~fjZ]d¹{ikz|ed¹|e^on}hjb•{#ÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ ��R�R

òãÓ Q�Ó R èta~^~\¹sea~\_^cbC� Z]d¹Z]þvp¹n}hjb�ÓqÓlÓqÓqÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ ��R�R

òãÓ Q�Ó � Ò Z]d¹Z]þvp_b•{in}dta~f Ö¶s•Z��.�0\_aon}a~f�� {ŸÓlÓ0ÓlÓqÓlÓqÓqÓlÓqÓlÓ0ÓqÓlÓqÓlÓqÓlÓqÓ0ÓlÓqÓlÓqÓlÓqÓqÓlÓ ��R �
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ó2n,ƒ_^cbe\_yzb�/¹d„n}hjbËp_b€h nÿs•Z]d��~b•sea~\_^cbËp_b Ò#fghgd¹Z]^8b•{~a[p�\¹b)
,p_be\�êC�Än}a~÷¹|��Än}a~fjsefjbed¹{G�}Ò«n}^! �\¹{2õiZm{ca

bea�
ãh n]p�f(�Çfg^ 
€Z�beyzZtp_{! �zÓÕóôb€ƒ_^cb��Çfjbe^[n,p_|�� Z]dta~^c|€\_d‹ƒ„n]{2b•{c{cbedta~fjbeh‚p_b€h nÿa~÷¹|•Z]^~fjb p_b•{ôymn}^~fj|eac|•{ o}p_b

{csefgd¹p_b�� bed‚arqV
qhvu n}fjp_blp_b�sÕn}hjse\_hj{ hjZ�sÕn}\�êQbed 7ãÖva~÷¹|•Z]^~fjblp_b�Ò%fghgd¹Z]^ÕÓ�óôb�{cb•s•Z]d¹p=��km^�K]s•bC
‹hvu n}ƒ_ƒ²Z]^~a

p_bih n0s•Z]÷¹Z�� Z]hjZ]kmfjb-� Z]a~fgytf��t\¹b+�‚\ôu fghín•ymn}fgaøfgdta~^cZtp�\_fgacb��_n0acbe^!�Çfgd¹|ih n‹p_|�� Z]d¹{~a~^on}a~fjZ]d¾bedQ\_a~fghgfj{on}d‚a

s•bq^c|•{~\_hgaon}aãp_b0ÒTÓ¹õiZm{caÕÓ¹ç(Z]\¹{(dôuxbed‚a~^cbe^cZ]d¹{ãƒ„n]{ãp¹n}d¹{,hjb•{ãp_|eaon}fghj{(p_b0hvu ÷_fj{~acZ]fg^cb0p_b‹s•bea~acbqƒ_^cbe\_yzb

bea p_b h nls•Z]dta~^cZÕyzbe^c{cb��‚\ôuxbehghjbinq{cZ]\_hjbeyz|•bmÓ/]2Z]\_acbL� Z]fj{��zp¹n}d¹{øs•bea~acbÿa~÷��•{cb��md¹Z]\¹{ p_|�� Z]d‚a~^cZ]d¹{<�‚\¹b hjb•{

� |ea~÷¹Ztp_b•{i\_a~fghgfj{c|•b•{ÿƒ„n}^iÒTÓ_õiZm{ca,bea,s•behghjbqp_b 
ÐÓ 
€ZtbeyzZ�p_{! � {cZ]dta,ƒ_^cZ0�ÝZ]d¹p_|�� bedtaãbedta~^cbeh n]s•|•b•{ÕÓ

é(fgd¹{~f%�ÿhjb�^c|•{c\_hgaon}a%ƒ_^~fgd¹sefgƒ„n}hÐp_b�s•bea~acb�a~÷��•{cb¬b•{~a h n s•Z]d¹{~a~^~\¹sea~fjZ]d�píu \_d¹b¬| �‚\_fgymn}hjbed¹s•b
p_b

sÕn}ac|ekzZ]^~fjb•{ bedta~^cbÿh nãsÕn}ac|ekzZ]^~fjb,p_b•{	� Z�p�\_hjb•{€p_b s ��sehjb•{€p_bÿÒTÓ]õiZm{~a,ÜÝsL���xõiZm{�1.^	� ßL�mbeaŠ\_d¹bÿsÕn}ac|ekzZ]^~fjb

s•Z]d¹{~a~^~\_fgacbJ
Qƒ„n}^~a~fg^qp_bÐh n�sÕn}ac|ekzZ]^~fjb p_b•{+�vn}fj{cs•bÕn}\�ê�n•yzb•sÇa~^on}d¹{!�Ýbe^~ac{�fgdty]n}^~f n}dtac{0ƒ„n}^l÷¹Z�� Z]acZ]ƒ_fjb

p_b 
9Ó 
€ZtbeyzZ�p_{! �#ÜÝsL�
�xà€è 
iS.S}`�� �tƒ_^cZ]ƒ ��ÓgÞmÓgÞ��zß¸Ó_ó2n‹^c|L� |e^cbed¹s•b�p_bãs•b(a~÷¹|•Z]^���� bls•bed‚a~^on}hôb•{ca ^�ÓgÞmÓgÞmÓ

ç(Z]\¹{¾Z]`_acbed¹Z]d¹{ n}\¹{o{~f�hvux|ed¹Z]d¹s•|«ƒ_hg\¹{¾{~f(�Çƒ_hjb �‚\¹b«s•bea~acb«p_be^~d_f��e^cb sÕn}ac|ekzZ]^~fjb�b•{~a�Z]`_acbed‚\¹b ƒ„n}^

hjZtsÕn}hgfj{Án}a~fjZ]d%p_blh nÐsÕn}ac|ekzZ]^~fjb0p_b•{�� Ztp�\_hjb•{(p_bls ��sehjb•{,p_b0Ò¬Ó_õ(Zm{~aÕÓ

ó€u fgdtac|e^�Zea p_b(s•bea~acbis•Z]d¹{~a~^~\¹sea~fjZ]d¾b•{~aøp_Z]\_`_hjbmÓ
]8Z]\_aËpíu n}`ˆZ]^cp=�‚behghjbãp_|�� Z]d‚a~^cb+�‚\¹bih nqsÕn}ac|ekzZ]^~fjb

p_b•{.� Z�p�\_hjb•{Äp_b¾s ��sehjb•{Äb•{~aÄn}`ˆ|ehgfjbed_d¹b��€bea2�‹\_d_fgaÄs•bea~acb p_be^~d_f��e^cb%píu \_d¹b%{~a~^~\¹sea~\_^cb¾acbed¹{cZ]^~fjbehghjb

sÕn}d¹Z]d_f��‚\¹bQacbehghjbX�t\¹bÄh n@7ãÖva~÷¹|•Z]^~fjb¾p_bQÒ%fghgd¹Z]^Çb•{~a9hvux|ehj|�� bed‚aÇd¹be\_a~^cbmÓŒYŒn}^Än}fghghjbe\_^c{��Œbehghjb p_Z]d_d¹b

\_d¹b9d¹Z]\_yzbehghjbÐƒ_^cbe\_yzb9p�\@�vn}fga+�t\ôu \_d@� n}fj{os•bÕn}\ fgdty]n}^~f n}dtalƒ„n}^�÷¹Z�� Z]acZ]ƒ_fjb n•yzb•sÐa~^on}d¹{ � be^~ac{lnÄ\_d¹b

s•Z]÷¹Z�� Z]hjZ]kmfjbOfgd‚ymn}^~f n}d‚acbMƒ„n}^ ÷¹Z�� Z]acZ]ƒ_fjbmÓqr�b¬ƒ_hg\¹{��ãd¹Z]\¹{�� Z]dta~^cZ]d¹{��t\¹b
h n p_|�� Z]d¹{~a~^on}a~fjZ]d

píu \_d¹b0^cb��Än}^��t\¹b0p_b‹Ò¬Ó�õiZm{~a5M�{~\_fgymn}d‚a(hvu fgd¹p�fjsÕn}a~fjZ]d �t\_f8{obla~^cZ]\_yzb8
 h nF/¹d p_b��xõiZm{ 1.^	�=MQd¹Z]\¹{

ƒ²be^!� bea¾p_b#yz|e^~f�/„be^�hjbV�vn}fga �t\¹b#h n?�vn0�Çfghghjb«p_b•{ fj{oZ�� Z]^~ƒ_÷_fj{!� b•{¾sÕn}d¹Z]d_f��‚\¹b•{G� fgd¹p_b¸ê_|•{�ƒ„n}^ \_d

bed‚a~fjbe^9d„n}a~\_^cbeh

n
�ôbedta~^cb h n¾s•Z]÷¹Z�� Z]hjZ]kmfjb � Z]a~fgy�f��‚\¹b bedTp_bekm^c|

2n
bea0bed¬ƒ²Z]fjp_{

n
beaqhjb km^cZ]\_ƒˆb

p_b9òø÷¹Z ��seh n]{c{cf��‚\¹b‹bed#s•Z�p�f(� bed¹{~fjZ]d

n
�¹b•{ca(s•Z��Çƒ„n}a~fg`_hjbÐn}\%ƒ_^cZ�p�\_fgac{({~\_^ãsc÷„n]se\_d«p_b•{ikm^cZ]\_ƒˆb•{��

n}fgd¹{~f'�t\ôu n}\�êQa~^on}d¹{!�Ýbe^~ac{0ÜÝsL�Œa~÷¹|•Z]^���� b P�Ó ��Ó Qtß¸Ó

rln}d¹{0h n#p_be\�ê�f���� bÄƒ„n}^~a~fjb��ŒZ]d
fgdtacbe^~ƒ_^��eacbQhjb•{‹^c|•{c\_hgaon}ac{‹p_b h n¾ƒ_^cb��Çf��e^cb�p¹n}d¹{‹h n%sÕn}ac|ekzZ]^~fjb

p_|e^~fgyz|•b,p_b•{	� Z]a~f�� {A�Çf ê�acb•{.Ó‚òËb a~^on•ymn}fgh„p_|e`²Z]\¹so÷¹b,{~\_^Šh n�sÕn}ac|ekzZ]^~fjb��t\¹bËhvuxZ]d n(`„n}ƒ_a~fj{c|•b,sÕn}ac|ekzZ]^~fjb

p_b•{Eo � Z]a~f��Ý{Ëkz|ed¹|e^~f��t\¹b•{rqmÓ_ó2b•{ÿZ]`D� beac{ÿp_b�s•bea~acb�sÕn}ac|ekzZ]^~fjbl{cZ]d‚a<� Z]^!� |•{ÿp_biƒ_^cZ}Ö%� Z]a~f�� {ÕÓ_YŠhg\¹{ ƒ_^c|¸Ö

sefj{c|�� bed‚a�� 
‹so÷„n��‚\¹blb¸ê�acbed¹{~fjZ]d¾p_bãa���ƒ²b+/¹d_fíp�\¾s•Z]^~ƒ¹{,p_bã`„n]{cb���d¹Z]\¹{,n]{c{cZ�sefjZ]d¹{ÿsÕn}d¹Z]d_f��t\¹b�� bed‚a

\_d ƒ_^cZ}Ö¶Z]`D� bea‹p_bÐh n�sÕn}ac|ekzZ]^~fjb p_|e^~fgyz|•b p_b•{�� Z]a~f�� {-�Çf ê�acb•{0p_|L/¹d_fjbÇƒ„n}^ 
9Ó 
€Z�beyzZ�p_{! ��4�ˆbeald¹Z]\¹{

ƒ_^cbed¹Z]d¹{lƒˆZ]\_^�� Z]^~ƒ_÷_fj{!� b•{lacZ]\¹{lhjb•{-� Z]^~ƒ_÷_fj{!� b•{‹p_bÐƒ_^cZ}Ö¶Z]`D� beac{.Óíé�hvu n}fjp_bÇp_bÇs•bea~acbÇs•Z]d¹{~a~^~\¹s¸Ö

a~fjZ]d9�[d¹Z]\¹{�� Z]dta~^cZ]d¹{ s•Z��.� bed‚a Z]dOƒˆbe\_a‹fgdtacbe^~ƒ_^c|eacbe^Çhjb•{Ðp_Z]d_d¹|•b¾p_b•{‹ƒ_^c|¸Ö%� Z�p�\_hjb•{Çp_bQs ��sehjb•{

s•Z��.� b�p_b•{$� Z]^~ƒ_÷_fj{!� b•{Çp_|L/¹d_fj{Ðp¹n}d¹{9h n#sÕn}ac|ekzZ]^~fjbQp_b•{8� Z]a~f�� {0kz|ed¹|e^~f��t\¹b•{ÕÓŒYŒn}^Çn}fghghjbe\_^c{G�8s•b•{

� Z]^~ƒ_÷_fj{!� b•{Œyz|e^~f�/„bed‚aŠacZ]\_acb•{Œhjb•{[^cbeh n}a~fjZ]d¹{Šp_bËp_|L/¹d_fga~fjZ]d p_b•{[ƒ_^c|¸Ö%� Ztp�\_hjb•{Šp_b s ��sehjb•{��5s•b��t\¹b hvuxZ]d

^c|•{~\3� bÇp¹n}d¹{�\_d¹b9ƒ_^cZ]ƒ²Zm{cfga~fjZ]d�{ �tdta~÷¹|ea~f��‚\¹bÇbed«hvuxb¸ê�fj{~acbed¹s•bÇpíu \_d@�ÝZ]d¹seacbe\_^qsÕn}d¹Z]d_f��t\¹b2
 y]n}hjbe\_^

p¹n}d¹{,h nÐsÕn}ac|ekzZ]^~fjb‹p_b•{5� Z]a~f��Ý{,kz|ed¹|e^~f��‚\¹b•{9ÜÝsL�[a~÷¹|•Z]^���� b81�Ó R�ÓgÞ.ß¸Ó

f ê



ê

õ(n}ƒ_ƒˆbehjZ]d¹{ �t\¹b#h n
sÕn}ac|ekzZ]^~fjb«p_|e^~fgyz|•b«p_b•{ � Z]a~f��Ý{ �Çf ê�acb•{Qp_|L/¹d_fjb ƒ„n}^ 
9Ó 
€Z�beyzZtp_{! ��b•{~a

sÕn}d¹Z]d_f��t\¹b�� bed‚aF�‹\_d_fjbÄpíu \_d¹bÇa Ö¶{~a~^~\¹sea~\_^cb&�‚\ôuxZ]dTn}ƒ_ƒ²behghjbÄa Ö¶{~a~^~\¹sea~\_^cb ÷¹Z�� Z]acZ]ƒ_f��t\¹bmÓ��(d�ƒˆbe\_a

fgdtacbe^~ƒ_^c|eacbe^0fgdta~\_fga~fgyzb�� bed‚aÐd¹Z]a~^cbÐ^c|•{~\_hgaon}a0sefgac|Ðƒ_^c|•s•|•p_b��.� bedta9bed ^cb��Än}^��t\„n}d‚a8�‚\¹bÐhjb•{�� Z]a~f�� {

kz|ed¹|e^~f��t\¹b•{Ðƒ_^cZ}Öv^cbeƒ_^c|•{cbedtacbed‚a p_b•{8� Z]d¹seacbe\_^c{Ðb¸ê_n]seac{ÐƒˆZ]\_^Ðh n a Ö¶{ca~^~\¹sea~\_^cb�÷¹Z�� Z]acZ]ƒ_f��‚\¹b¾{~\_^9h n

sÕn}ac|ekzZ]^~fjbQp_|e^~fgyz|•bÄp_b•{$� Z]a~f��Ý{$�Çf ê�acb•{G�'�t\_f s•Z��.�0\_acbedtaÇn}\�ê�{cZ��.� b•{‹p�fg^cb•seacb•{0fgdD/¹d_fjb•{.Ó2æŠdTbL� Ö

� bea��Œs•Z��.� bQd¹Z]\¹{Ðhjb&� Z]dta~^cZ]d¹{ p¹n}d¹{Ðh n%ƒ_^cb��Çf��e^cb�ƒ„n}^~a~fjb�ÜÝsL�iƒ_^cZ]ƒôÓ	R�ÓgÞmÓ QFSzßL�Œfghj{9{oZ]d‚aÇfj{c{~\¹{9p_b

ƒ_^cZ}Ö¶Z]`D�~beac{Ëp¹n}d¹{ h n0sÕn}ac|ekzZ]^~fjb(p_b•{ø{csc÷¹|��Än]{<�‚\_f�ƒ_^cZ}Öv^cbeƒ_^c|•{cbed‚acbedta,p_b•{	� Z]d¹seacbe\_^c{�/¹`_^cb•{Ëp�\ÄacZ]ƒˆZm{

p_b�ç(fj{~d¹bey�fjsc÷ôÓŒç(Z]\¹{Ðs•Z]d¹{~fjp_|e^cZ]d¹{Çp_Z]d¹sQhjb•{8� Z]a~f�� {‹kz|ed¹|e^~f��t\¹b•{Çs•Z��.� b¾p_b•{ o5ƒ²Z]fgdtac{rq
ƒ²Z]\_^9h n

a Ö¶{ca~^~\¹sea~\_^cbq÷¹Z�� Z]acZ]ƒ_f��t\¹bq{~\_^ÿh nÐsÕn}ac|ekzZ]^~fjbqp_b•{5� Z]a~f�� {5�Çf ê�acb•{ÕÓ_YŒn}^(n}fghghjbe\_^c{��¹Z]d%n}ƒ_ƒˆbehghjbpo � Z]^ Ö

ƒ_÷_fj{�� b•{ p_b,{~ƒˆ|•sef n}hgfj{on}a~fjZ]d[qÇhjb•{	� Z]^~ƒ_÷_fj{!� b•{Ëbed‚a~^cb,hjb•{€ƒ_^cZ}Ö¶Z]`D� beac{øs•Z]^~^cb•{~ƒ²Z]d¹p¹n}dtaÕÓtó2bÿa~÷¹|•Z]^���� b

1�Ó R�ÓgÞl{.u fgd‚acbe^~ƒ_^��eacblp_Z]d¹slbed�hvuxb¸ê�fj{cacbed¹s•bãp_b+� Z]^~ƒ_÷_fj{!� b•{ip_bã{cƒ²|•sef n}hgfj{on}a~fjZ]dôÓ��(d�^cb��Än}^��t\¹b��‚\¹b�{~f

hvuxZ]d¬d¹bÄs•Z]d¹{~fjp3�e^cbÄd¹Zm{qƒ_^cZ}Ö¶Z]`D�~beac{��t\¹b p¹n}d¹{0h n sÕn}ac|ekzZ]^~fjbÄp_b•{9{cso÷¹|��Än]{9n}hgkz|e`_^~f��t\¹b•{0hgfj{o{cb•{��íZ]\

�2Z�� b p¹n}d¹{0h n sÕn}ac|ekzZ]^~fjb p_b•{‹{csc÷¹|��Än]{Ðn}hgkz|e`_^~f��‚\¹b•{9hgfj{c{ob•{��0\_d_fj{9p_b•{‹s•Z]^~^cb•{cƒ²Z]d¹p¹n}d¹s•b•{$/¹d_fjb•{��

s•b•{6� Z]^~ƒ_÷_fj{!� b•{ip_b0{~ƒ²|•sef n}hgfj{Án}a~fjZ]d dôuxb¸ê�fj{cacbed‚aiƒ„n]{,acZ]\¹{ÕÓ¹óôb•{6� Ztp�\_hjb•{(p_bls ��sehjb•{({Õu fgd‚acbe^~ƒ_^��eacbedta
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d_fgyzbÕn}\¾p_bih n‹sÕn}ac|ekzZ]^~fjblp_b•{ s•Z��Çƒ_hjb¸ê�b•{<� Z]a~fgy�f��‚\¹b•{���Z]`_acbed„n}dtaÿn}fgd¹{cf²\_d¹bãs•Z]d¹{~a~^~\¹sea~fjZ]d¾{~f(�Çfgh n}fg^cb


«h n sÕn}ac|ekzZ]^~fjb p_b•{ {~ƒˆb•sea~^cb•{ÕÓ€YŠhg\¹{Äƒ_^c|•sefj{c|�� bed‚a��Ëbehghjb%{.uxZ]`_a~fjbed‚a bed s•Z]ƒ_f n}d‚aQh n p_|L/¹d_fga~fjZ]d p_b•{

{~ƒˆb•sea~^cb•{øp_bih n�acZ]ƒ²Z]hjZ]kmfjb�n}hgkz|e`_^~f��t\¹bihjZ]^c{��t\¹b,h n0{~ƒ_÷��e^cbib•{ca hjb5� Z]a~f��

Z(1)[1]
���t\_f�s•Z]^~^cb•{cƒ²Z]d¹pQn}\

� Z]a~f��ô^c|•p�\_fgaø^cbeƒ_^c|•{obed‚ac|(ƒ„n}^øhjb({csc÷¹|��Än

Gm
�‚ƒ²Z]fgdtac|iƒ„n}^

1
Ó�òËbea~acb(sÕn}ac|ekzZ]^~fjb(a~^~f n}d_km\_hj|•bãp_Z]fgaËbed�Ö

s•Z]^cb-Zea~^cb��‹\_d_fjblpíu \_d¹b�a Ö¶{~a~^~\¹sea~\_^cb�p_Z]d‚aÿhjb�s•Z�be\_^ b•{caøh n9sÕn}ac|ekzZ]^~fjblp_b•{<� Ztp�\_hjb•{ ÷¹Z�� Z]acZ]ƒ_f��t\¹b•{



ê�fgf

nÕyzb•s0a~^on}d¹{!�Ýbe^~ac{ÕÓ„æŠhghjb‹p_Z]fgaY� Z]\¹be^i\_d%^�T]hjb‹n}d„n}hjZ]km\¹bF
Ðh nÄsÕn}ac|ekzZ]^~fjb0p_b•{

P1 Ö¶{~ƒ²b•sea~^cb•{(p_b��xÒ Z]^ � ��


h n��t\¹behghjbqbehghjbq{obls•Z��Çƒ„n}^cbqd„n}a~\_^cbehghjb�� bed‚aÕÓ

�

� ���9Ž[‡Š‘��‹†ˆ‡ŠŽ[•c‘

ç(Z]\¹{inÕyzZ]d¹{({ �tdta~÷¹|ea~fj{c|lsef Ö¶p_b•{c{cZ]\¹{ihjb•{ÿ^c|•{~\_hgaon}ac{,ƒ_^~fgd¹sefgƒ„n}\�ê Z]`_acbedt\¹{(p¹n}d¹{,s•bea~acbqa~÷��•{cbls

�

���@�,���F�3�<GK�������������

� ` � D �3�
�,� B

°²±

�

´

k
³�·«Ào±]ÅvÎ�ÏÿÎ�Ê]Å��eÊ

�

´

�

»

�
	

´��_¿~±]Å
�¸ÂÄµ��

�

»

�

»����ôÊlÀcÊz´¶¿ �z±]Å

�

µ(½‚µÁÏøÂÇ±.½]³tºjµÁÏÿ½‚µÿÀeÍzÀeºjµÁÏ Ï¸³tÅ

k
µ¸Ï¸´ô¿

�

³

�

É}Ê]ºgµe·„´¶µ��ãºgÊlÀcÊm´¶¿ �z±]Å

�

µ

½‚µÁÏÇÂ ±Õ½]³�ºjµÁÏ���±]Â ±m´v±¸Î

���

³_µÁÏÇÏ¸³tÅ

k
���

·M±‚Ãe´

�

µ¸·„´�½‚µ¸³�� ¿

�

³

�

É5Êmºgµ¸·²ÀoµÁÏ ½‚µQÀcÊm´¶¿ �z±mÅ

�

µÁÏ

�

³�Ê}Ï

���

�

·¹É}µ¸ÅÁÏ•µÁÏqº
� ³t·²µ‹½‚µ0º
� Ê]³�´ÝÅcµ9µe· Ê]ÏoÏe±.À

�

Êm·„´ËÑ

	

Ê���� ´v±m³�´ÿÂ ±Õ½m³tºjµQ½‚µ ÀeÍzÀeºjµÁÏ

M �

ºjµ �•Ê

�

ÏeÀoµcÊ]³ �]Å~Êz½]³¹¿

A0(:; M )
�

³

�

µÁÏ¸´i³t·¬ÂÇ±.½]³tºjµ!��±

�

Â ±m´v±ÁÎ

� �

³¹µ

�

	

Ã"���Ç´v±]³�´ŒÂ ±Õ½]³�ºgµ#��±]Â ±m´v±¸Î

���

³_µ

F� �

ºgµ$�e±m·�À•´¶µ¸³�Å

�

³

�

�Ð³�·²µ0µ
�m´¶µ¸·_Ï

�

±]·«½‚µl´ÝÍÁÎ_µ&%€·

�

E=k
Ê}ÏÁÏe±ÕÀ

�

µ9ºgÊ'%ËÃ¸Åcµ ½]³(�•Ê

�

Ï•Àoµ~Ê]³

F�
Ê]³ÇÎ�±

�

·„´,Ào±]ÅÁÅcµÁÏ¶Î�±]·�½zÊm·„´��

E=k )

À�� µÁÏ¸´,µ¸·Tµ+*(µe´ÿ³�·

Â ±Õ½]³�ºgµ9½‚µ9ÀeÍzÀeºjµÁÏ

�

Æ

�
	

´��_¿~±]Å
�¸ÂÄµ#�

�-, �

»}Æ.�'�ôÊ9ÀcÊm´¶¿ �z±mÅ

�

µq½‚µ¸Ï/�eÊ

�

ÏeÀÁµ~Ê]³��

�

·„É5Ê]Å

�

Ê]·�´ Ï8Î_Ê]Å0��±]Â ±m´v±¸Î

�

µãÊ]É]µ~Àl´ÝÅ~Ê]·_Ï��Õµ¸Åe´ Ï

½‚µ21_±5µ¸É5±Õ½}Ï�3.Í µÁÏe´ÿ³�·²µ9ºg±ÕÀcÊ]º

�

Ï•Êm´

�

±]·T½‚µÇº Ê%ÀcÊm´¶¿ �z±mÅ

�

µÄ½tµÁÏ9Â ±Õ½m³tºjµÁÏ ½‚µÇÀeÍzÀeºjµÁÏÄ½‚µ54ÿ±]Ï¸´

�56

·

½‚µÁÏ7�e±m·�À•´¶µ¸³�ÅoÏq½‚µ0Àoµe´ ´¶µqº ±ÕÀoÊ]º

�

ÏeÊz´

�

±]· µÁÏ¸´ø±‚Ãe´¶µ¸·¹³%µ¸· Ê}ÏoÏ•±ÕÀ

�

Ê]·„´8�Ç´v±m³�´ŠÂ ±Õ½m³tºjµq½‚µ0ÀeÍzÀeºjµÁÏ

M
ºjµ$�•Ê

�

ÏeÀoµ~Êm³

A0(:; M ; 0)
�

ç(Z]\¹{,p_|•p�\_fj{oZ]d¹{ip_bqs•b�a~÷¹|•Z]^���� b0hjb•{,s•Z]^cZ]hgh n}fg^cb•{({c\_fgy]n}dtac{ s

� ` �
D

�3�
�,�
T

°²±

�

´

k
³�·«Ào±]ÅvÎ�ÏÿÎ�Ê]Å��eÊ

�

´

�

�ôÊ ÀcÊz´¶¿ �z±]Å

�

µQ½‚µ¸Ï‹Â ±Õ½]³�ºgµ¸ÏÇ½‚µ ÀeÍzÀeºgµ¸Ï‹Ï¸³tÅ

k
µÁÏ¸´,Ê‚Ão¿¸º

�

µ¸·¹·ˆµ

�

Êz½]ÂÄµe´i½‚µ¸Ï0Ïe±mÂ9ÂÄµÁÏÇµe´[Î�Å~±Õ½]³

�

´ Ï

�

³_µ¸ºgÀc±]·

�

³_µ¸Ï

�

³t·ˆµ9�•Ê]Â

�

º ºjµq½‚µ �‚¿e·²¿¸Å~Êm´¶µ¸³�ÅoÏ µe´ ºjµÁÏlº

�

Â

�

´¶µÁÏ

�

·�½m³�À•´

�

É}µÁÏ9% º ´ÝÅ~Ê]·„´¶µÁÏlÏ•±]·„´ µ:�zÊzÀ•´ Ï

�

;

º ºjµ9µÁÏ¸´ŠÂÐ³�·

�

µl½<� ³t·²µlÏ¸´ÝÅ¸³_À•´Ý³tÅcµqÂÇ±m·�±>= ½zÊ]ºjµãÏÁÍ]ÂÄ¿e´ÝÅ

���

³_µ0´¶µ¸º ºgµ

�

³_µqºjµlÂ ±Õ½]³�ºjµ0½‚µ0ÀeÍzÀeºjµÁÏ

K M
�

µe· Ïe±

�

´ ºjµ9·²µ¸³�´ÝÅ~µ

��?

µ(Î�Å ±.½]³

�

´,´¶µ¸·¹Ïe±]Å

�

µeºŒÀc±mÂ9ÂÐ³�´¶µ Ê]³ ½‚¿~ÀoÊ]º Ê �‚µQ½‚µ9ºgÊ �]Å~Êz½]³_Êm´

�

±m·T½‚µÁÏ9Â ±Õ½]³�ºgµÁÏ

½tµ‹À•ÍmÀ•ºgµÁÏ

�

Y[n}^0n}fghghjbe\_^c{��ˆh nÄƒ_^cZ]ƒˆZm{~fga~fjZ]d,P�Ó ^Qp_b �xõ(Zm{�1.^ � � � Z]fgdtacb n}\�ê � |ea~÷¹Ztp_b•{lp_b � 
€Z�bHS�R �Œƒ²be^!� bealp_b

p_Z]d_d¹be^�\_d¹b d¹Z]\_yzbehghjb«p_|�� Z]d‚a~^on}a~fjZ]d p�\ña~÷¹|•Z]^���� b«{~\_fgymn}d‚a¾pA@ 
�
€Z�beyzZtp_{� ���ÜÝsL� �xàŠè 
iS.S}`�� �

a~÷¹|•Z]^���� b ��ÓgÞmÓgÞ�Rzß s

� ` �
D

�3�
�,�
O

°²±

�

´

k
³�·«Ào±]ÅvÎ�ÏÿÎ�Ê]Å��eÊ

�

´

�

B

±]³�´A�•Ê

�

Ï•Àoµ~Ê]³¾Ê]É}µcÀ0´ÝÅ~Ê]·_Ï��•µ¸Åe´ Ï

�

³

�

µÁÏ¸´

�

·¹É5Ê]Å

�

Êm·„´„Î�Ê]Å���±]Â ±m´v±ÁÎ

�

µ�Ê9³�·²µlÀc±C��±]Â ±]º ± �

�

µ'D

�

ÏÁ·ˆµ

�

É

�

À��

�

·¹É5Ê]Å

�

Ê]·„´¶µÿÎ�Ê]ÅE��±mÂÇ±z´v±ÁÎ

�

µ

�

�

�@VXW)���@���<GK�����������F�

�(d ^on}ƒ_ƒˆbehghjb �‚\¹b hvuxZ]dWn]{c{cZ�sefjb#{c\_fgy]n}dta 
€Z�beyzZ�p_{! �� 
�\_dWs•Z]\_ƒ_hjb

(X ; Z )
M n}ƒ_ƒˆbehj|#ƒ„n}fg^cb

� be^!� |•blp¹n}d¹{ s•bea~acb�a~÷��•{cb6MÄZ"h

X
b•{caø\_d¾{cso÷¹|��ÄnÇn}hgkz|e`_^~f��‚\¹b�hgfj{c{ob(bea

Z
\_d¾{cZ]\¹{~Ö¶{csc÷¹|��Än�� be^!� |��

\_d � Z]a~f��

M (X ; Z )
Ó

Y8Z]\_^q\_d¹bÐƒ„n}fg^cb8� be^!� |•b

(X ; Z )
acbehghjb.�‚\¹b

Z
b•{~a�hgfj{c{cbÐp_bÐs•Ztp�f(� bed¹{cfjZ]d�ƒ_\_^cbÇ|ek‚n}hjb2


n
�ˆZ]d

Z]`_a~fjbedtaikm^�K]s•bC
9h nÐp_|L� Z]^!�Än}a~fjZ]d#n}\ s T]d¹b�d¹Z]^!�Än}hô\_d¾fj{cZ�� Z]^~ƒ_÷_fj{�� b

M (X ; Z ) ' M (NZ X ; Z )
Ó

�(d p�fj{~ƒ²Zm{ob p_b¾ƒ_hg\¹{ píu \_d fj{cZ�� Z]^~ƒ_÷_fj{!� b��øn}ƒ_ƒˆbehj|¾fj{cZ�� Z]^~ƒ_÷_fj{�� b%p_b ] ÷¹Z��V�

M (NZ X ; Z ) '
M (Z ) (n)[2n]

Ó¹é(hjZ]^c{ s



ê�fgfgf

�E` � D ���@��� j

°²±

�

´

(X ; Z )
³t·ˆµ8Î�Ê

�

Åcµ �Õµ¸Å¸Â ¿oµÿ´¶µ¸º ºgµ

�

³¹µ

X
µe´

Z
Ïe±

�

µ¸·„´8½‚µÁÏËÏeÀ���¿eÂÇÊ]ÏÿÊ]º �‚¿ÕÃeÅ

� �

³¹µÁÏ

º

�

ÏoÏÕµÁÏ

� Z
¿•´vÊ]·„´ˆÎ_Ê]Å‹Ê

�

º ºjµ¸³�ÅoÏ‹Ào±]·¹·²µ:�tµÐ½‚µ9Àc±Õ½

�

ÂÄµ¸·_Ï

�

±]·

n
½zÊm·_Ï

X
�

°²±

�

´

f : Y ! X
³�· Â ±]Å¶Î��

�

ÏÁÂÄµ

� �

· Î_±}Ï•µ

T = Z � X Y �

µ•´‹±]· ·�±m´¶µ

g : T ! Z
ºjµ

Â ±]ÅvÎ �

�

Ï¸ÂÄµ

�

·�½]³

�

´íÎ�Ê]Å

f
�

»

��	

À+�ÿ¼

� � ���

�

�

· Ï¸³ÕÎzÎ_±}Ï•µ

�

³¹µ

T
µÁÏ¸´íº

�

ÏoÏ•µ ÏÁ³�Å

k �

Ào±]·¹·²µ:�tµ(½tµiÀc±.½

�

ÂÄµ¸·¹Ï

�

±]·

m
½zÊm·_Ï

Y
���

º ±mÅoÏ

�

ºjµ0ÂÇ±mÅvÎ��

�

Ï¸Â µ

M (f ; g) : M (Y; T) ! M (X ; Z )
µÁÏe´

�

Ïe±]Â ±]Å¶Î���µ!� ´ÝÅ Ê]É]µ¸ÅoÏÇºgÊ ½‚¿��•±]Å¸Â Êm´

�

±m·¬Ê]³ À��]·²µ ·�±]Å¸Â Ê]ºŒµe´,º:�

�

Ï•±]Â ±]Å¶Î��

�

ÏÁÂÄµÐ½‚µ

B

��±]Â

Ê]³%ÂÇ±mÅvÎ��

�

Ï¸Â µ

�
M (g) ` ce(� )

�
(m)[2m] : M (T) (m)[2m] ! M (Z ) (n)[2n];

±	�

� = g� (NZ X )=NT Y
µÁÏe´ ºjµ$% Ã¸Å~¿‹É]µ~À•´v±]Å

�

µeº�
]µ¸·�µ:�zÀ��ÁÏ
�

�

½tµqÅ~Ê]· �

e = n � m
�

Æ

��	

À+�l¼

�
�

�

»zÈ��

�

· Ï¸³ÕÎ‚Î�±}Ï•µlÏ•µe³tºjµ¸ÂÄµ¸·„´

�

³_µ

T �����

µÁÏe´Šº

�

ÏÁÏ•µãÏ¸³tÅ

k �

Â Ê

�

Ï

�

³¹µ

Z
µe´

T
Ïe±]·�´€´v±]³tÏ

½‚µe³>�¾½‚µ9Àc±.½

�

ÂÄµ¸·¹Ï

�

±]·

1
½zÊ]·_Ï

X
µe´

Y
Å~µ¸ÏvÎ_µ~ÀÕ´

�

É}µeÂ µe·„´

�

�

ÊmÅÐÊ

�

º ºgµ¸³�ÅÁÏ

�

±]·«ÏÁ³.ÎzÎ�±}ÏÕµ

�

³¹µÐº
�

�

½‚¿cÊ]ºŒ½tµ

T
½zÊ]·_Ï

Y
µÁÏe´,¿ �zÊ]º8�QºgÊ‹Î�³

�

ÏÁÏeÊ]·²Àoµ

r
½‚µ9º
�

�

½‚¿~Ê]º

½‚µ

T �����

½zÊ]·_Ï

Y
���

ºg±]ÅÁÏ

�

ºjµqÂ ±]Å¶Î��

�

ÏÁÂÄµ

M (f ; g) : M (Y; T) ! M (X ; Z )
µÁÏe´

�

Ïe±]Â ±]Å¶Î���µ!� ´ÝÅ Ê]É]µ¸ÅoÏÇºgÊ ½‚¿��•±]Å¸Â Êm´

�

±m·¬Ê]³ À��]·²µ ·�±]Å¸Â Ê]ºŒµe´,º:�

�

Ï•±]Â ±]Å¶Î��

�

ÏÁÂÄµÐ½‚µ

B

��±]Â

Ê]³%ÂÇ±mÅvÎ��

�

Ï¸Â µ

M (T ����� ) (1)[2]
r :M (g)(1)[2]
� � � � � � � ! M (Z ) (1)[2]:

ó2nOp_be\�ê�f���� b@�ÝZ]^!�‹\_hjb b•{~a�hvu fgd‚acbe^~ƒ_^c|eaon}a~fjZ]d kz|•Z�� |ea~^~f��t\¹b p_b«h n¬^on0�Çf�/„sÕn}a~fjZ]d �t\¹b#hvuxZ]d nÕy]n}fga

n}d_d¹Z]d¹s•|•bmÓ

óôb•{lp_be\�ê ^c|•{~\_hgaon}ac{q{~\_fgymn}d‚ac{lZ]dta+� Z]fgd¹{0píu f(�Çƒ²Z]^~aon}d¹s•b.�t\¹b9hjb•{�ƒ_^c|•s•|•p_bed‚ac{��E�Än}fj{�d¹Z]\¹{�hjb•{

p_Z]d_d¹Z]d¹{(n /¹d%píu Zea~^cb0s•Z��Çƒ_hjbea s

�

�
D

G
D

�������
DJI

e
	

À+���

� , ���

� �2µÁÏ0Àc±m·�½

�

´

�

±]·¹ÏãÏ¸³

�

É5Ê]·�´¶µÁÏlÏe±]·�´Ë¿

�

³

�

É5Ê]ºjµ¸·„´¶µÁÏ Ñ

»

���������� �!"�$#&%(')!+*,!+-.!$/10�/1�32	���34657�8%90;:=<

�

±]³�Å0´v±]³�´ Ï•À���¿¸Â Ê�Ê]º �‚¿ÕÃ¸Å

� �

³_µÇº

�

ÏoÏÕµ

X �

Î�±]³�Å‹´v±m³�´

Àc±m³ÕÎ�ºjµÇ½<� µ¸·„´

�

µ¸ÅÁÏl·�Êm´Ý³�Å~µ¸º Ï

(n; m)
´¶µ¸º

�

³_µ

m > 0 �

HomD M ef f
gm (k)(M gm (X ) ; Z(n)[� m]) = 0:

Æ

�

�

±m³tÅ0´v±m³�´¶µÇµ:�z´¶µ¸·_Ï

�

±]· ½‚µ‹´ÝÍÁÎ_µ8%€·

�

E=k �

Î�±m³tÅ0´v±m³�´ÿµ¸·„´

�

µ¸Ål·�Êm´Ý³�Åcµ¸º

n �

Hompro� D M ef f
gm (k) (M gm (E) ; Z(n)[� 1]) = 0:

>

�@�����3aXV)�

Ó M‹×�Ó47qn}÷_d d¹Z]\¹{øn�{cfgkmd„n}hj|��‚\¹b hvuxZ]d s•Z]d�� b•sea~\_^on}fga)�2Z�� b6�t\¹b ƒ²Z]\_^€acZ]\_acbib¸ê�acbed¹{~fjZ]d

p_bla���ƒˆb+/¹d_f

E=k
�¹bea,acZ]\_a,bedta~fjbe^id„n}a~\_^cbeh

n > 0
�

Hompro� D M ef f
gm (k) (M gm (E) ; Z(n)) = 0:

ç(Z]a~^cb p_|�� Z]d¹{~a~^on}a~fjZ]d � Z]d‚a~^cb �‚\¹b�s•bea~acb p_be^~d_f��e^cb n]{o{cbe^~a~fjZ]d�b•{~a¬bed¹s•Z]^cb | �t\_fgy]n}hjbedtacb 
ñh n

s•Z]d�� b•sea~\_^cb‹p_bl× befghgfgd¹{cZ]d�Ö è�Z]\_hj|mÓ

YŒn}^ãn}fghghjbe\_^c{��¹Z]d%n Z]`_acbed‚\ hjbl^c|•{c\_hgaon}aipíu n}d_d‚\_h n}a~fjZ]d«{~\_fgymn}d‚aEs

�

�
D

G
D

�������
DJI � 	

À+�?�

�-, �

Æ�È��q°²±

�

µ¸·„´

X=k
³�·¾Ï•À���¿¸Â Ê Ê]º �‚¿ÕÃeÅ

� �

³¹µlº

�

ÏÁÏ•µ�½‚µq½

�

ÂÄµ¸·¹Ï

�

±]·

d �

µ•´

L=k
³t·ˆµ9µ
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r�n}d¹{Ëh nqƒ_^cb��Çf��e^cb(ƒ„n}^~a~fjb��td¹Z]\¹{ n•yzZ]d¹{ |eac|ikm\_fjp_|•{Ëƒ„n}^ø\_dQ{cZ]\¹sef²píuxb¸ê�÷„n}\¹{ca~fgytfgac|�beaøp_bãp_|eaon}fgh%�

s•b �t\_flbed‚a~^on}fgd¹b«h n¬hjZ]d_kzbe\_^¾p_b s•bea~acb«a~÷��•{obmÓËY[Z]\_^V�t\¹b#s•beh n¬d¹b km^��eyzb«ƒ„n]{Qh n
hjb•sea~\_^cb«p_b«s•b

� |�� Z]fg^cb���d¹Z]\¹{ bedQa~^on]á•Z]d¹{ÿp_Z]d¹sihjb•{Ëkm^on}d¹p_b•{ hgfgkmd¹b•{���bedQfgd¹p�f��‚\„n}dtaÿh nqƒ_h n]s•b�beaËhvu f(�Çƒ²Z]^~aon}d¹s•b�p_b

so÷„n��‚\¹b‹|eaon}ƒ²bmÓ

óôb•{0so÷„n}ƒ_fga~^cb•{ ÞJ
 �¾s•Z]d‚a~fjbed_d¹bedta9b•{c{obed‚a~fjbehghjb�� bed‚aÇp_b•{l^on}ƒ_ƒˆbehj{0s•Z]d¹s•be^~d„n}dta‹h n¾a~÷¹|•Z]^~fjbÄp_b•{

�vn}fj{cs•bÕn}\�êMn•yzb•s�a~^on}d¹{ � be^~ac{Ðp_b 
€Z�beyzZ�p_{! ��zÓ[çãZ]\¹{Çp_Z]d_d¹Z]d¹{Ð\_dOb¸ê�ƒˆZm{c| s•Z��Çƒ_hjbea beaÇp_|eaon}fghghj|�p_b

s•bea~acbÄa~÷¹|•Z]^~fjb��2bed�d¹Z]\¹{9n}ƒ_ƒ_\ �‚n}d‚a9{~\_^qhjbÇhgfgy�^cb p_bÇ^c|L� |e^cbed¹s•b �xà€è 
iS.Smn	�¶ÓôæŒê_s•beƒ_a~fjZ]d��vn}fgacb p_bÇh n

/¹d p�\«sc÷„n}ƒ_fga~^cb � Z"h d¹Z]\¹{�fgd‚a~^cZ�p�\_fj{cZ]d¹{�hjb•{+� Ztp�\_hjb•{�÷¹Z�� Z]acZ]ƒ_f��t\¹b•{��²acZ]\_a�hjb��Än}ac|e^~fjbehŠp_bÐs•b•{

so÷„n}ƒ_fga~^cb•{(b•{ca,p_Z]d¹sqp_|U�!
 s•Z]d_d‚\ôÓ

óôb•{Äso÷„n}ƒ_fga~^cb•{ �?
 ^�� Z]^!� bed‚a h n«p_|�� Z]d¹{~a~^on}a~fjZ]d ƒ_^cZ]ƒ_^cb�� bedtaQp�fgacb p�\M^c|•{c\_hgaon}a ƒ_^~fgd¹sefgƒ„n}h

p_b h n�ƒ_^cb��Çf��e^cbñƒ„n}^~a~fjbmÓÐrln}d¹{Ohjb•{Tp_be\�ê�ƒ_^cb��Çfjbe^c{��9d¹Z]\¹{Ms•Z]d¹{~a~^~\_fj{cZ]d¹{Mso÷„n]se\_d¹bWp_b•{Tp_be\�ê

| �t\_fgymn}hjbed¹s•b•{0p_bÇsÕn}ac|ekzZ]^~fjb•{C�t\_f€bed‚a~^cbedta‹bedX�~be\«p¹n}d¹{0s•bÐa~÷¹|•Z]^���� bmÓ[òãuxb•{~al{~\_^~acZ]\_aqhjbÇso÷„n}ƒ_fga~^cb

Q2�‚\_f2p_b��Än}d¹p_b‹hjblƒ_hg\¹{(p_bla~^on•ymn}fghvÓ�rln}d¹{ihjbqsc÷„n}ƒ_fga~^cbt^D�_d¹Z]\¹{,acbe^!�Çfgd¹Z]d¹{(h nÇp_|�� Z]d¹{~a~^on}a~fjZ]d9�²bea

bed%a~fg^cZ]d¹{,hjb•{,s•Z]^cZ]hgh n}fg^cb•{(p_|U�!
Ðsefgac|•{ÕÓ

r�n}d¹{Œh nãp_be\�ê�f���� b ƒ„n}^~a~fjb��}hjbË{oZ]\¹sef�p_b p_|eaon}fgh�
(|eac|Ë`²bÕn}\¹s•Z]\_ƒ.� Z]fgd¹{Œf(�ÇƒˆZ]^~aon}d‚aÕÓzó2bËso÷„n}ƒ_fga~^cb

•0acZ]\_acbL� Z]fj{ÿb•{~a s•Z]d¹{on]se^c|�
‹p_b•{Ë^on}ƒ_ƒˆbehj{ÿ{~\_^Ëh n‹sÕn}ac|ekzZ]^~fjblp_|e^~fgyz|•b�p_b•{�� Z]a~f�� {<�Çf ê�acb•{ÿp_|L/¹d_fjbãƒ„n}^


ÐÓ 
€Z�beyzZtp_{! �Qƒ²Z]\_^��t\¹b�hjblhjb•seacbe\_^ip�fj{~ƒˆZm{cblpíu \_d ƒ„n}d¹Z]^on0�ÄnÄs•Z��Çƒ_hjbeaÕÓ

ç(Z]a~^cb9n}ƒ_ƒ²Z]^~a�n}ƒ_ƒ„n}^on}fgaãp¹n}d¹{ihjb0sc÷„n}ƒ_fga~^cbtPD�¹ƒ_^~fgd¹sefgƒ„n}hjb�� bedtaqn•yzb•sqhvux|ea~\¹p_b9p_b•{,a~^~f n}d_kmhjb•{ãp_b

: ��{~fgd p_bqh nÐp_be^~d_f��e^cb0{cb•sea~fjZ]dôÓ

óôb s•Z]^~ƒ¹{ ƒ_^~fgd¹sefgƒ„n}hãp_b s•bea~acb¾a~÷��•{cb%{cb�acbe^!�Çfgd¹b%{~\_^Çh n�p_|L/¹d_fga~fjZ]d p_b•{.� Z]a~f�� { kz|ed¹|e^~f��t\¹b•{��

�t\_fi{cZ]dtaÄp_b•{ ƒ_^cZ}Ö¶Z]`D�~beac{Äp_b%h n«sÕn}ac|ekzZ]^~fjb

DM gm(k)
p_b•{~a~fgd¹|•{ 
 fgd‚acbe^~ƒ_^c|eacbe^Qhjb•{ ^c|•{~\_hgaon}ac{ p�\

so÷„n}ƒ_fga~^cb�QD�‚bedJ� Z]dta~^on}d‚aÿs•Z��.� bed‚a Z]dÄƒˆbe\_aøb¸ê�ƒ_hjZ]fgacbe^Ëhvux|ea~\¹p_b��vn}fgacbin}\ so÷„n}ƒ_fga~^cbiP�Ó�òËbiso÷„n}ƒ_fga~^cb

n¬{~\_^~acZ]\_aQ\_d¹b%yzZ�sÕn}a~fjZ]dñƒ_^c|eƒ„n}^on}acZ]fg^cb«ƒ²Z]\_^ h n
{c\_fgacb#{~ƒˆb•sea~^on}hjb@�‚\¹b#d¹Z]\¹{¾n•yzZ]d¹{�bed y�\¹bOÜÝsL�

r�|eyzbehjZ]ƒ_ƒˆb�� bed‚ac{ |eyzbed‚a~\¹behj{¸ßL� �Än}fj{ d¹Z]\¹{Y� Z]dta~^cZ]d¹{ acZ]\_aËp_b5�2Z�� bis•Z��.� bedtaËZ]d ƒˆbe\_aøb¸ê�ƒ_hjZ]fgacbe^

hjb•{�� Z]a~f��Ý{ikz|ed¹|e^~f��‚\¹b•{({~\_^,p_be\�ê�b¸ê_b��Çƒ_hjb•{i{cf(�Çƒ_hjb•{,p¹n}d¹{,h nÐp_be^~d_f��e^cb‹{cb•sea~fjZ]dôÓ

èt\_fgy]n}dta,hjb�{cZ]\¹sefípíuxb¸ê�÷„n}\¹{~a~fgy�fgac|�p_b�h n‹ƒ_^cb��Çf��e^cb�ƒ„n}^~a~fjb���d¹Z]\¹{,n•yzZ]d¹{ÿfgdtac|ekm^c|lbed¾n}d_d¹b¸ê_blp_b•{

^on}ƒ_ƒˆbehj{€s•Z]d¹s•be^~d„n}dta€hvuxb•{~ƒ„n]s•bÿp_b p_|L�ÝZ]^!�Än}a~fjZ]d bea[h nãa~÷¹|•Z]^~fjb kz|ed¹|e^on}hjbÿp_b•{Œƒ_^cZ}Ö¶Z]`D�~beac{ÕÓmæŠdÄn}d_d¹b¸ê_b

é8�ôZ]d�a~^cZ]\_yzbe^on#n}\¹{c{~f€h n p_|L/¹d_fga~fjZ]d9�2ƒ„n}^‹n}fghghjbe\_^c{9seh n]{c{~f��t\¹b��ôpíu \_d¹bÄd¹Z]a~fjZ]d
p_b./¹d_fga~\¹p_b {~\_^qhjb•{

{osc÷¹|��Än]{$�t\_fŒd¹Z]\¹{q{cbe^~alp¹n}d¹{qs•bea~acbÐa~÷��•{cbmÓ2òËbea~acbÐƒ„n}^~a~fjb n}d_d¹b¸ê�bÇ{cb9acbe^!�Çfgd¹b {c\_^ã\_d fgd¹p_b¸ê p_b•{

d¹Z]aon}a~fjZ]d¹{+�t\_fD�euxb•{~ƒE�e^cb+�vn]sefghgfgacbe^onÐh n9hjb•sea~\_^cb0p�\¾ƒ_^c|•{cbedta6� |�� Z]fg^cbmÓ

�

’Š‘„Ž8†²•:��
�•��6� ‰9‡,
��,•c•o•c‡Š’•‰ 
 
„† ���
�i•c•

ç(Z]\¹{(p_|•se^~fgyzZ]d¹{,fjsefôƒ_^c|•sefj{c|�� bedta(so÷„n��‚\¹b0ƒ„n}^~a~fjbmÓ¹óôblhjb•seacbe\_^(ƒ²Z]\_^~^onÇ{obl{cbe^~ytfg^,p_b0s•bea~acbqp_b•{ Ö

se^~fgƒ_a~fjZ]d s•Z��.� bl\_d km\_fjp_bqp_b�^c|L� |e^cbed¹s•bqƒˆZ]\_^,sc÷„n��t\¹bqso÷„n}ƒ_fga~^cbmÓ

�

���@�,���F�3� G���������� �F�

ó8n�ƒ_^cb��Çf��e^cbWƒ„n}^~a~fjb n�ƒ²Z]\_^M`_\_aMh n�p_|�� Z]d¹{ca~^on}a~fjZ]d=p�\•a~÷¹|•Z]^���� b

^�ÓgÞmÓgÞmÓŠæ€hghjb¾b•{~aÇ|ehj|�� bed‚aon}fg^cb�� beaÇd¹Z]\¹{Ðƒ_^cZ]\_yzZ]d¹{Äs•Z��Çƒ_hj|eacb�� bed‚aÄacZ]\_acb•{ hjb•{Ðƒ_^cZ]ƒ²Zm{~fga~fjZ]d¹{Çp_Z]dta

d¹Z]\¹{Ðn•yzZ]d¹{9`ˆb•{cZ]fgd�ƒˆZ]\_^‹s•beh n�Ó8éifgd¹{~f%�2d¹Z]\¹{9nÕyzZ]d¹{‹|eac|Äƒ„n}^~a~fjse\_hgf��e^cb�� bed‚a {cZ]\¹sefjbe\�ê
p¹n}d¹{9s•bea~acb

ƒ_^cb��Çf��e^cb ƒ„n}^~a~fjb p_bÇp_Z]d_d¹be^q\_d�b¸ê�ƒ²Zm{c|9hjbÐƒ_hg\¹{qs•Z��Çƒ_hjbea0ƒ²Zm{c{cfg`_hjb9p_bÐh nQa~÷¹|•Z]^~fjbÄp_b•{-� n}fj{os•bÕn}\�ê

nÕyzb•s�a~^on}d¹{ � be^~ac{Çp_b 
ÐÓ 
€ZtbeyzZ�p_{! �zÓ[ó2b hjb•seacbe\_^ �
a~^cZ]\_yzbe^on«p_Z]d¹s acZ]\_acb•{ hjb•{‹ƒ_^cbe\_yzb•{FM�
#\_d¹b

b¸ê_s•beƒ_a~fjZ]d ƒ_^��•{.MMp_b s•bea~acb%a~÷¹|•Z]^~fjb«n•yzb•s%ƒ_hg\¹{ p_b#p_|eaon}fghj{&�t\¹b%p¹n}d¹{ �xà€è 
 S.Smn	� �Ën}fgd¹{~f��t\ôu \_d¹b

fgdtacbe^~ƒ_^c|eaon}a~fjZ]d p_b•{6� |ea~÷¹Ztp_b•{ip�\%sc÷„n}ƒ_fga~^cb �Ðp_bqs•b�hgfgyt^cb0p_b�^c|L�Ý|e^cbed¹s•bmÓ



ê�y

C `)��G����H��� B �F�

óôblƒ_^cb��Çfjbe^�sc÷„n}ƒ_fga~^cb0{.uxZ]\_yt^cb‹{~\_^ip_b•{,^on}ƒ_ƒˆbehj{is•Z]d¹s•be^~d„n}dta(h nÇa~÷¹|•Z]^~fjb0p_bqhvu fgd�Ö

acbe^c{cb•sea~fjZ]d%p_b•{(s ��sehjb•{ÿacbehghjb$�‚\ôuxbehghjbqb•{ca,b¸ê�ƒˆZm{c|•blp¹n}d¹{ � è�be^�Q.P �¶Ó

rln}d¹{Šh nlp_be\�ê�f���� b,{cb•sea~fjZ]d9�zZ]d b¸ê�ƒˆZm{cb h nãa~÷¹|•Z]^~fjbip_b•{€s ��sehjb•{Š^cbeh n}a~f�� {€p_b � è 
iS.S}`���p¹n}d¹{ŠhjbÿsÕn]{

ƒ„n}^~a~fjse\_hgfjbe^ÿp_b•{øs ��sehjb•{ø| �t\_fjp�f(� bed¹{~fjZ]d_d¹behj{ÿp_bãp�f(� bed¹{~fjZ]d

0
�tƒ_\_fj{��t\¹b,d¹Z]\¹{Ëdôu \_a~fghgfj{cbe^cZ]d¹{��t\¹bis•b•{

p_be^~d_fjbe^c{ÕÓ2èt\_fgymn}d‚alé‹Óíèt\¹{~hgfgd bea�
9Ó�
€ZÕyzbeyzZ�p_{! �4�íZ]d � Z]d‚a~^cbÇbed ƒ„n}^~a~fjse\_hgfjbe^$�‚\¹b9p_b9acbehj{�s ��sehjb•{

p�fj{~ƒˆZm{cbed‚aipíu \_d%ƒ_\¹{~÷¹Z]\_a,ƒ„n}^,\_d � Z]^~ƒ_÷_fj{!� b��‚\¹behjs•Z]d��t\¹bmÓ

òãuxb•{~a p¹n}d¹{�h nTa~^cZ]fj{~f���� b {ob•sea~fjZ]d �‚\ôuxZ]dWbed‚a~^cb
p¹n}d¹{�hjb«ytf��‹p�\­{c\�� bea��ÿn•yzb•s«h nTd¹Z]a~fjZ]d­p_b

s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b•{./¹d_fjb•{Çfgdta~^cZtp�\_fgacb%ƒ„n}^ 
9Ó 
€Z�beyzZtp_{� ��zÓŠY[Z]\_^Äs•beh nD�Œd¹Z]\¹{ ƒ_^cbed¹Z]d¹{ ƒ²Z]\_^Ç`„n]{cb

\_d¹bÇ`„n]{cbÇ^c|ekm\_hgf��e^cb {~\_^

k
n}^~`_fga~^on}fg^cb�n}\�hgfjbe\
p�\
s•Z]^~ƒ¹{

k
� Z]d‚a~^on}dtaÐn}fgd¹{~f)�‚\¹bÐhjb•{0`„n]{cb•{qp_bÇh n

a~÷¹|•Z]^~fjbÇ{cZ]d‚aqbed¹s•Z]^cb y]n}hgfjp_b•{lp¹n}d¹{ls•bÇsÕn]{ÕÓˆçãZ]\¹{�ƒ_^cZ]\_yzZ]d¹{lacZ]\_acb•{lhjb•{�ƒ_^cZ]ƒ_^~fj|eac|•{q|ehj|�� bedtaon}fg^cb•{

yz|e^~f�/„|•b•{9ƒ„n}^9s•b•{9s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b•{��[acbehghjb•{8�t\¹b hjb2� n}fgaF�t\¹b hjbe\_^Ðs•Z��Çƒ²Zm{~fga~fjZ]dOb•{~a‹`_fjbedTp_|L/¹d_fjb

ƒ„n}^qh n � Z]^!�0\_hjb seh n]{c{~f��t\¹bmÓíóôbÄsÕn}hjse\_h p_b h n¾s•Z��Çƒ²Zm{cfga~fjZ]d
píu \_d¹bÄs•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b./¹d_fjb n•yzb•s \_d

� Z]^~ƒ_÷_fj{!� b p_b¾{cso÷¹|��Än]{.� Z]d‚a~^cb#n}fj{c|�� bed‚aJ�t\¹b�h n«sÕn}ac|ekzZ]^~fjb p_b•{Ç{cso÷¹|��Än]{ n}hgkz|e`_^~f��t\¹b•{Çhgfj{c{cb•{

�0\_d_fjblp_b•{ÿs•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b•{�/¹d_fjb•{ÿs•Z]dta~fjbed‚ais•Z��.� bl{cZ]\¹{~Ö¶sÕn}ac|ekzZ]^~fjb Ü d¹Z]dQƒ_hjbefgd¹b�� ßøh n9sÕn}ac|ekzZ]^~fjb

p_b•{ÿ{csc÷¹|��Än]{(n}hgkz|e`_^~f��‚\¹b•{ hgfj{c{ob•{��0\_d_fjblp_b•{�� Z]^~ƒ_÷_fj{!� b•{,p_b�{cso÷¹|��Än]{ÕÓ_YŒn}^in}fghghjbe\_^c{���d¹Z]\¹{,n•yzZ]d¹{

p_|ek‚n}kz|F�‚\¹beh��t\¹b•{iƒ_^cZ]ƒ_^~fj|eac|•{l|ehj|�� bedtaon}fg^cb•{qs•Z]d¹s•be^~d„n}d‚alh n.�ÝZ]d¹seacZ]^~f n}hgfgac|Çp_b‹s•bea~acbÐsÕn}ac|ekzZ]^~fjb‹ƒ„n}^

^on}ƒ_ƒ²Z]^~a5
0h nq`„n]{cbãsc÷¹Z]fj{cfjbmÓtçãZ]\¹{ÿn•yzZ]d¹{ÿn}\¹{c{~fˆp_|ek‚n}kz|i\_dQ^c|•{~\_hgaon}aË\_a~fghjb�s•Z]d¹s•be^~d„n}d‚aÿhjb•{økm^cZ]\_ƒ²b•{

p_bÐs•Z]^~^cb•{~ƒ²Z]d¹p¹n}d¹s•b•{�/¹d_fjb•{ãbea�hjb•{ãhgf(�Çfgacb•{�fgd¹p�\¹sea~fgyzb•{qp_bÐ{cso÷¹|��Än]{C
Äh n {cZ]\_^cs•b��E�t\_f[dôux|eaon}fga�ƒ„n]{

seh n}fg^cb�� bed‚a�p_|ek‚n}kz|qp¹n}d¹{ÿh nÐhgfga~ac|e^on}a~\_^cbmÓ

rln}d¹{ih n p_be^~d_f��e^cb‹{cb•sea~fjZ]d9��Z]d fgd‚a~^cZ�p�\_fgaãh nÐd¹Z]a~fjZ]d píu ÷¹Z�� Z]acZ]ƒ_fjb9bed‚a~^cb9s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b•{�/_Ö

d_fjb•{ÕÓ¹óôb•{ikm^cZ]\_ƒ²b•{(p_bqs•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b•{�/¹d_fjb•{+
Ð÷¹Z�� Z]acZ]ƒ_fjbqƒ_^��•{id¹bq{cZ]dta,^~fjbed#píu n}\_a~^cb��‚\¹blp_b•{

km^cZ]\_ƒ²b•{Ëpíu ÷¹Z�� Z]hjZ]kmfjb�{~fgd_km\_hgf��e^cbln}\ {cbed¹{Ëp_bãèt\¹{chgfgdQbedQp_bekm^c|

0
�4�Än}fj{Ëd¹Z]\¹{)� Z]d‚a~^cZ]d¹{��t\¹bihvu \_a~f Ö

hgfj{on}a~fjZ]d¾p�fg^cb•seacb(p_bãhvux| �t\_fgy]n}hjbed¹s•bãpíu ÷¹Z�� Z]acZ]ƒ_fjb�ƒˆbe^!� beaË\_d¹b(fgd‚acbe^~ƒ_^c|eaon}a~fjZ]d#seh n}fg^cb(p_b•{Ë^c|•{~\_hgaon}ac{

p_b 
ÐÓ 
€ZtbeyzZ�p_{! ��Ü ƒ_^~fgd¹sefgƒ„n}hjb�� bedtaËs•be\�ê p_b �xà€è 
iS.S]s � ß¸Ózrln}d¹{€s•bea~acbi{cb•sea~fjZ]d9�zd¹Z]\¹{Šfgd‚a~^cZ�p�\_fj{cZ]d¹{

hjb•{�`²Z]d_d¹b•{ls•Z��Çƒ„n]sea~f�/„sÕn}a~fjZ]d¹{9píu \_d¹bÇs•Z]\_^~`ˆb‹d¹Z]a~fjZ]d�p�\¹b2
¾èt\¹{~hgfgd�bea�
€Z�beyzZtp_{� ��4�ˆbea�d¹Z]\¹{lb¸êtÖ
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���

µ

�

b•{~aø\_d �vn}fj{cs•bÕn}\

÷¹Z�� Z]acZ]ƒ_f��t\¹b�km^�K]s•bln}\�êÄ^c|•{~\_hgaon}ac{ÿp�\�sc÷„n}ƒ_fga~^cbCR�Ó¹òËb•sefE� Z]d‚a~^cb-�t\¹bih n9sÕn}ac|ekzZ]^~fjb�p_b•{<� n}fj{os•bÕn}\�ê

÷¹Z�� Z]acZ]ƒ_f��t\¹b•{�b•{~aQn}`ˆ|ehgfjbed_d¹b p_b@:ã^cZ]a~÷¹bed¹p�fjb•s� ��ËbeaJ� Z]d¹Z]þvp¹n}hjb { ��� |ea~^~f��‚\¹bV�Ýbe^!� |•b��ø^c|•{~\_hgaon}a

� Z]d¹p¹n0� bed‚aon}hvÓ

óôb•{qp_|�� Z]d¹{~a~^on}a~fjZ]d¹{qp_bÇs•bea~acbÇ{ob•sea~fjZ]d«{c\_fgyzbed‚a0s•Z��.� bÐd¹Z]\¹{�hvu nÕyzZ]d¹{lfgd¹p�f��‚\¹|Ðh n�p_|��Än}^cso÷¹b

p_b 
€Z�beyzZ�p_{! ��zÓ�]8Z]\_acbL�ÝZ]fj{G�íd¹Z]\¹{0n}ƒ_ƒˆZ]^~acZ]d¹{l\_d ƒ²be\�píuxZ]^~fgkmfgd„n}hgfgac|Äbed?� Z]d‚a~^on}d‚a8�‚\¹bÐhvuxZ]d ƒˆbe\_a



ê�y�fgf

� n}fg^cb‹acZ]\_acb•{(hjb•{(s•Z]d¹{~a~^~\¹sea~fjZ]d¹{C
 hvu n}fjp_bÐp_bqh n sÕn}ac|ekzZ]^~fjb‹p_b•{�{cso÷¹|��Än]{�n}hgkz|e`_^~f��t\¹b•{ãhgfj{c{cb•{6�0\_d_fj{

p_b•{ s•Z]^~^cb•{~ƒ²Z]d¹p¹n}d¹s•b•{</¹d_fjb•{�
0÷¹Z�� Z]acZ]ƒ_fjbãƒ_^��•{ÕÓ¹òËb•sef²{cf(�Çƒ_hgf�/„bãbea seh n}^~f�/„b�{~\_`¹{~aon}dta~fjbehghjb�� bed‚a,hjb•{

p_|�� Z]d¹{~a~^on}a~fjZ]d¹{,p_b �xà€è 
 S.S]s � � � Q¹ÓgÞ�
 � Q¹Ó Q���p¹n}d¹{Ëhjb(sÕn]{Ë^cb•{~a~^cbefgdta,p_b•{��vn}fj{cs•bÕn}\�êQnÕyzb•s(a~^on}d¹{!�Ýbe^~ac{

Ü n}\Ohgfjbe\Op_b•{9ƒ_^c|ea~÷¹|•Z]^~fjb•{Áß8�t\_fÿb•{~a9hjb {cbe\_hÿp_Z]dtaÇd¹Z]\¹{‹d¹Z]\¹{Ç{obe^~ytfg^cZ]d¹{ÕÓ[çãZ]\¹{9b•{cƒ²|e^cZ]d¹{.�t\¹bÄhjb

hjb•seacbe\_^,a~^cZ]\_yzbe^onÇs•b•{,p_|�� Z]d¹{ca~^on}a~fjZ]d¹{(|•seh n}fg^on}dtacb•{ip¹n}d¹{,hjb•{<� Z]d¹p_b�� bed‚ac{ãp_b�h n9a~÷¹|•Z]^~fjblkz|ed¹|e^on}hjb

p_blh nÐsÕn}ac|ekzZ]^~fjb0p_|e^~fgyz|•b0p_b•{5� Z]a~f��Ý{6�Çf ê�acb•{.Ó

ó2nÐp_be^~d_f��e^cbl{cb•sea~fjZ]d b•{caËƒ„n}^,s•Z]dta~^cblZ]^~fgkmfgd„n}hjb��_ƒ_\_fj{��t\ôuxbehghjb�fgd‚a~^cZ�p�\_fga,h n‹d¹Z]a~fjZ]d p_b o � Ztp�\_hjb

÷¹Z�� Z]acZ]ƒ_f��‚\¹bTn•yzb•s«a~^on}d¹{ � be^~ac{rq �t\¹b d¹Z]\¹{%n•yzZ]d¹{#p_|U�!
#� bedta~fjZ]d_d¹|•b��i{cZ]\¹{ hjb«d¹Z�� n}`_\¹{~f��Ðp_b

o � Ztp�\_hjb ÷¹Z�� Z]acZ]ƒ_f��t\¹b�qmÓŒó2n¾ƒ_^cb��Çf��e^cb�{cZ]\¹{~Ö¶{cb•sea~fjZ]d
^on}ƒ_ƒˆbehghjbÄh n%s•Z]d¹{~a~^~\¹sea~fjZ]dOp_b 
€Z�beyzZtp_{! �

�‚\_fY
¾\_d � n}fj{cs•bÕn}\
÷¹Z�� Z]acZ]ƒ_f��‚\¹b

F
n]{o{cZtsefjbÐ\_d�� n}fj{cs•bÕn}\ ÷¹Z�� Z]acZ]ƒ_f��t\¹b

F� 1
ÜÝsL� �xà€è 
 S.S]s � ��/¹d

p�\ � ��ÓgÞ.ß¸Ó‚çãZ]\¹{�� Z]dta~^cZ]d¹{��‚{c\_fgy]n}dta<
�d¹Z]\_yzbÕn}\ 
9Ó 
€Z�beyzZ�p_{! ��4� �‚\¹bÿs•b��ÝZ]d¹seacbe\_^ b•{ca b¸ê_n]seaÕÓtç(Z]\¹{

bed#p_Z]d_d¹Z]d¹{ãƒ„n}^ln}fghghjbe\_^c{(\_d¹b0fgd‚acbe^~ƒ_^c|eaon}a~fjZ]d�bed acbe^!� b‹p_b‹ü(Z��©fgd‚acbe^~d¹bÐp_b0{oZ]\_^cs•b0hjbC� n}fj{cs•bÕn}\

÷¹Z�� Z]acZ]ƒ_f��‚\¹b

S1
t

�,n}ƒ_ƒ²behghj|8o}{~ƒ_÷��e^cb�p_b ]8n}acb�q4�i|ek‚n}h0n}\ s•Z]d¹Z �‚n}\�p�\ � Z]^~ƒ_÷_fj{!� b
sÕn}d¹Z]d_f��‚\¹b

h0(f 1g) ! h0(Gm )
MOƒ_^c|•sefj{cZ]d¹{ �‚\¹b s•bV� n}fj{os•bÕn}\ ÷¹Z�� Z]acZ]ƒ_f��t\¹b#b•{~a |ek‚n}h(p¹n}d¹{ h n�sÕn}ac|ekzZ]^~fjb

p_b•{Ðs•Z��Çƒ_hjb¸ê�b•{8� Z]a~fgy�f��‚\¹b•{Ðn}\ � Z]a~f��ãp_bp][n}acb seh n]{c{cf��‚\¹b

Z(1)
hjZ]^c{��t\ôuxZ]dThvu n%p_|•sÕn}hj|X
 k‚n}\¹so÷¹b

p_b

1
�

���

µ

�

Z(1)[1] = S1
t

ÜÝsL� P�Ó R�ÓgÞ�Rzß¸Ó2rln}d¹{qhjb•{‹p_be\�ê�p_be^~d_f��e^cb•{‹{cZ]\¹{~Ö¶{cb•sea~fjZ]d¹{��íd¹Z]\¹{$� Z]d‚a~^cZ]d¹{

s•Z��.� bed‚a ^c|Õn}hgfj{cbe^ h n s•Z]d¹{~a~^~\¹sea~fjZ]d p_b•{Ä{~ƒˆb•sea~^cb•{ p_b�h n acZ]ƒˆZ]hjZ]kmfjb#n}hgkz|e`_^~f��t\¹b p¹n}d¹{Çhjb sÕn]{ p_b

h nMsÕn}ac|ekzZ]^~fjb�p_b•{X�vn}fj{cs•bÕn}\�êW÷¹Z�� Z]acZ]ƒ_f��t\¹b•{#n•yzb•s�ƒ²Z]\_^%{cƒ_÷��e^cb

S1
t

Óÿç(Z]\¹{ fgd‚a~^cZ�p�\_fj{cZ]d¹{#p_Z]d¹s

hjb•{�� Z�p�\_hjb•{lkm^on]p�\¹|•{0n}\�Ö¶p_b•{c{~\¹{0p_b

S1
t

�=�‚\_f€{cZ]dtalhvu n}d„n}hjZ]km\¹b p_b•{q{~ƒˆb•sea~^cb•{ÕÓíYŒn}^‹n}fghghjbe\_^c{��ˆd¹Z]\¹{

n}ƒ_ƒ²behjZ]d¹{)� Z�p�\_hjbi÷¹Z�� Z]acZ]ƒ_f��t\¹biacZ]\_a<� Z�p�\_hjb,km^on]p�\¹|

F�
{~\_^

S1
t

acbeh �t\¹b,hjb�� Z]^~ƒ_÷_fj{�� bãn]p0�~Z]fgd‚a

� : F� ! HomHN tr
k

�
S1

t ; F�
�

= (F� )� 1

n}\V� Z]^~ƒ_÷_fj{!� bq{ca~^~\¹sea~\_^on}h

� : S1
t 
 H tr F� ! F�

b•{~a \_d¾fj{cZ�� Z]^~ƒ_÷_fj{!� bmÓ�òËb•{iZ]`D� beac{ÿ{cZ]dtaÿhvu n}d„n}hjZ]km\¹bqp_b•{,{~ƒˆb•sea~^cb•{</¹`_^on}d‚ac{(p_bãh n9acZ]ƒ²Z]hjZ]kmfjb0n}hgkz|¸Ö

`_^~f��‚\¹bmÓtç(Z]\¹{øp_|�� Z]d‚a~^cZ]d¹{ÿbed¹{~\_fgacb��‚\¹bis•bea~acb(sÕn}ac|ekzZ]^~fjbãb•{~aøn}`ˆ|ehgfjbed_d¹bip_b-:ã^cZ]a~÷¹bed¹p�fjb•s� E��beaY�‚\¹b

hvuxZ]d p�fj{~ƒˆZm{cb,píu \_dJ�ÝZ]d¹seacbe\_^<�‚\_f�
�\_d

S1
t

Ö%� Z�p�\_hjb

F�
n]{c{cZ�sefjbÿ\_d&� Ztp�\_hjbi÷¹Z�� Z]acZ]ƒ_f��‚\¹b


 1 (F� )
�

�Än}fj{�d¹Z]\¹{�^cbeƒ²Z]^~acZ]d¹{�
 h n&/¹d p�\ sc÷„n}ƒ_fga~^cb�^Äh n�s•Z]d¹{~a~^~\¹sea~fjZ]d�píu \_d¹bÇ{~a~^~\¹sea~\_^cb8� Z]d¹Z]þvp¹n}hjb sÕn5Ö

d¹Z]d_f��‚\¹bl{c\_^ÿh nÐsÕn}ac|ekzZ]^~fjbqp_b•{5� Z�p�\_hjb•{ ÷¹Z�� Z]acZ]ƒ_f��‚\¹b•{��¹ƒ²Z]\_^ÿh n��t\¹behghjblhjb+� Ztp�\_hjbq÷¹Z�� Z]acZ]ƒ_f��‚\¹b


 1
�
S1

t

�
{cbe^on0fgd‚yzbe^c{~fg`_hjb�s•Z��.� bãfgh�{ob(p_Z]fgaÕÓ�ó2n0^on}fj{cZ]dQb•{ca)�t\¹bid¹Z]\¹{ødôu n•yzZ]d¹{ ƒ_\Qd¹Z]\¹{Ëƒ„n]{c{cbe^øp�\

^c|•s•bed‚aøa~÷¹|•Z]^���� b(p_b,{cf(�Çƒ_hgf�/„sÕn}a~fjZ]d p_b 
€Z�beyzZtp_{� ��4�macbeh �‚\ôu fgh„b•{ca |ed¹Z]d¹s•|ip¹n}d¹{ \_dÄsÕn]{€ƒ„n}^~a~fjse\_hgfjbe^

p¹n}d¹{,hjb�dt\3� |e^cZp^�Ó ��Ó Q�Ó

C
`)��G����H���

j
�F�

òËb sc÷„n}ƒ_fga~^cbQn�ƒ²Z]\_^0`_\_a0p_bF� Z]d‚a~^cbe^F�‚\ôuxZ]d ƒˆbe\_a‹n]{c{oZtsefjbe^$
�\_dW� Ztp�\_hjb p_b

s ��sehjb•{,\_dV� Ztp�\_hjbq÷¹Z�� Z]acZ]ƒ_f��‚\¹bmÓ

ûýhôs•Z��.� bed¹s•bqƒ„n}^ip_b•{ÿ^on}ƒ_ƒˆbehj{is•Z]d¹s•be^~d„n}dtaihjb•{(p_|L/¹d_fga~fjZ]d¹{ip_b•{ÿƒ_^c|¸Ö%� Z�p�\_hjb•{(bea5� Z�p�\_hjb•{ip_b

s ��sehjb•{9p�\¹b•{F
 ÒTÓ2õiZm{caÕÓ[òËb•{q^on}ƒ_ƒˆbehj{9dôuxZ]d‚aÐ|eac| fgd¹{c|e^c|•{8�t\¹b ƒˆZ]\_^0h n#s•Z��.� Ztp�fgac|Qp�\
hjb•seacbe\_^��

bea,fghj{ÿdôu n}ƒ_ƒˆZ]^~acbed‚a(^~fjbed ƒ„n}^,^on}ƒ_ƒˆZ]^~a�
Ðh n9^c|L� |e^cbed¹s•b0Z]^~fgkmfgd„n}hjb��xõ(Zm{�1.^	�¶Ó_é�h n8/¹d%p_b�h nÐƒ_^cb��Çf��e^cb

{cb•sea~fjZ]dqacZ]\_acbL� Z]fj{��•d¹Z]\¹{ífgdta~^cZtp�\_fj{oZ]d¹{2\_d¹b€sÕn}ac|ekzZ]^~fjb p_|L/¹d_fjb€ƒ„n}^ôkz|ed¹|e^on}acbe\_^c{8beaô^cbeh n}a~fjZ]d¹{2p_bŠacbehghjb

�Än}d_f��e^cbC�t\¹b�hjb•{ ƒ_^c|¸Ö%� Ztp�\_hjb•{(p_bãs ��sehjb•{,p_bey�fjbed_d¹bed‚aip_b•{5�ÝZ]d¹seacbe\_^c{in]p_p�fga~f�� {,p_bls•bea~acblsÕn}ac|ekzZ]^~fjb

yzbe^c{ hjb•{ km^cZ]\_ƒ²b•{ÿn}`ˆ|ehgfjbed¹{ÕÓ„òËbea~acb�sÕn}ac|ekzZ]^~fjblp�f�>E�e^cb�hj|ek4�e^cb��Än}dtaip_bãh n9p_|L/¹d_fga~fjZ]d Z]^~fgkmfgd„n}hjblp_b(h n

^cb��Än}^��‚\¹b�ÞmÓgÞHS p_b �xõ(Zm{�1.^	�Œƒ_\_fj{��‚\¹b0d¹Z]\¹{�s•Z]d¹{~fjp_|e^cZ]d¹{��‚\¹b9{cb•{ãZ]`D� beac{ã{cZ]dtaãhjb•{ãs•Z]\_ƒ_hjb•{

(E ; n)
Z"h

E=k
b•{~aÄ\_d¹b#b¸ê�acbed¹{~fjZ]d p_b¾a���ƒˆb /¹d_f%� bea

n
\_d bedta~fjbe^ ^cbeh n}a~f��‹n}^~`_fga~^on}fg^cb�� n /¹d p_b%yzZ]fg^Äh n

km^on]p�\„n}a~fjZ]d�p_b•{ãƒ_^c|¸Ö%� Ztp�\_hjb•{lp_b9s ��sehjb•{�s•Z��.� b9\_d¹bÐp_Z]d_d¹|•b9fgd‚acbe^~d¹b2
 s•bea~acb9sÕn}ac|ekzZ]^~fjbmÓôòËbea~acb

sÕn}ac|ekzZ]^~fjbqd¹Z]\¹{,{obe^~ytfg^onÇ{obe\_hjb�� bed‚aip¹n}d¹{ihjblsc÷„n}ƒ_fga~^cb�1�Ó

ó2n�p_be\�ê�f���� bÇ{cb•sea~fjZ]d�s•Z]d¹s•be^~d¹bÇh nQa~÷¹|•Z]^~fjbÇp_bÐhvu fgdtacbe^c{cb•sea~fjZ]dW�t\ôuxZ]d ƒ²be\_aqp_|eyzbehjZ]ƒ_ƒˆbe^lƒ²Z]\_^

hjb•{Œkm^cZ]\_ƒ²b•{Šp_b,òø÷¹Z � 
(s•Z�bL[Äsefjbed‚ac{ p¹n}d¹{Œ\_d8� Z�p�\_hjb p_b s ��sehjb•{ÕÓ]rln}d¹{Œh n(ƒ_^cb��Çf��e^cbÿ{cZ]\¹{ Ö¶{cb•sea~fjZ]d9�
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behghjbã{~\_fgaËhvu n}ƒ_ƒ_^cZtso÷¹b�Z]^~fgkmfgd„n}hjb(p_bãÒ¬ÓtõiZm{~a<�‚\_f�\_a~fghgfj{cb(hvuxb•{~ƒ„n]s•b(p_bãp_|L� Z]^!�Än}a~fjZ]d ƒˆZ]\_^Ëp_|L/¹d_fg^Ë\_d

� Z]^~ƒ_÷_fj{�� bqp_b�{~ƒ²|•sef n}hgfj{Án}a~fjZ]dôÓ�]2Z]\_acbL� Z]fj{��_p¹n}d¹{ h n9p_be\�ê�f���� bl{cZ]\¹{~Ö¶{cb•sea~fjZ]d9��d¹Z]\¹{,n•yzZ]d¹{5� Z]dta~^c|

s•Z��.� bedta Z]d¬ƒˆbe\_aÐp_|eyzbehjZ]ƒ_ƒ²be^ÇbedO{Õu n}ƒ_ƒ_\ �‚n}d‚a {~\_^9hjb•{‹^c|•{~\_hgaon}ac{Çp_b �xõ(Zm{�1.^	�ø\_d¹bQa~÷¹|•Z]^~fjb�p_b•{

� Z]^~ƒ_÷_fj{�� b•{‹p_b&: ��{~fgd
n]{o{cZtsefj|•{qn}\�ê?� Z]^~ƒ_÷_fj{!� b•{0hjZtsÕn}hjb�� bedta‹píu fgdtacbe^c{cb•sea~fjZ]dTs•Z��Çƒ_h��eacb��8{~f(�Çf Ö

h n}fg^cb 
#s•behghjb�p_b �xà_\_h 1.P �lÜÝsL�(p_|L/¹d_fga~fjZ]d>Q¹Ó R�Ó R �zß¸Ó€èt\_fgymn}d‚aÇs•bea~acb�p_be^~d_f��e^cbQ^c|L�Ý|e^cbed¹s•b��[d¹Z]\¹{9d¹Z]\¹{

hgf(�ÇfgacZ]d¹{(n}\�ê � Z]^~ƒ_÷_fj{!� b•{,hjZtsÕn}hjb�� bedtaipíu fgd‚acbe^c{cb•sea~fjZ]d#s•Z��Çƒ_h��eacbqp_Z]d‚aÿh nÐ{cZ]\_^cs•blb•{caË\_d¾{cso÷¹|��Än

�t\¹bÐhvuxZ]d ƒˆbe\_alf(�.� be^~kzbe^0p¹n}d¹{l\_d�{cso÷¹|��Än�hgfj{c{cbÐ{~\_^

S
ÓíçãZ]\¹{-� Z]d‚a~^cZ]d¹{��‚\¹bÇs•b•{�� Z]^~ƒ_÷_fj{�� b•{

p_b$: ��{~fgd¾{on}a~fj{!�ÝZ]dtaÿhjb•{ ƒ_^cZ]ƒ_^~fj|eac|•{,p_b�`„n]{cbãacbehghjb•{��t\ôuxbehghjb•{ÿ{cZ]d‚a,|ed¹Z]d¹s•|•b•{(p¹n}d¹{ hjblsc÷„n}ƒ_fga~^cbE^9p_b

�xà¹\_h 1.P �¶ÓˆY[n}^9n}fghghjbe\_^c{��ˆd¹Z]\¹{ls•Z]d¹{~a~^~\_fj{cZ]d¹{q{c\_fgy]n}dta

º ±ÕÀ

�

À

�

´

�

p_b•{-� Z]^~ƒ_÷_fj{!� b•{qp_bJ: ��{~fgd«^on [ d¹|•{��

�t\_f„ƒˆbe^!� bea~acbed‚a píux|ed¹Z]d¹s•be^ bed kz|ed¹|e^on}h�\_d¹b��ÝZ]^!�‹\_hjbip_biƒ_^cZ0� b•sea~fjZ]d ÜÝsL�ôp_|L/¹d_fga~fjZ]dpQ¹Ó R�Ó R�1D�tbea ƒ_^cZ}Ö

ƒˆZm{~fga~fjZ]d Q¹Ó R�Ó �.^zß¸Ó�ètfgkmd„n}hjZ]d¹{)�t\¹bÿd¹Z]\¹{Šdôu nÕyzZ]d¹{øp_|eyzbehjZ]ƒ_ƒˆ|,h nla~÷¹|•Z]^~fjbip_b•{	� Z]^~ƒ_÷_fj{!� b•{Ëp_b�: ��{~fgd

^on [ d¹|•{.�t\¹bQƒ²Z]\_^Ðp_b•{Ðƒ_\_hghg`„n]s� Tpíu f(�.� be^c{~fjZ]d¹{F� be^!� |•b•{9^c|ekm\_hgf��e^cb•{��Šbea.�‚\ôuxZ]dOp_Z]fgaÐƒ²Z]\_yzZ]fg^Ðhjb

�vn}fg^cbl{~\_fgymn}d‚a �xà_\_h 1.P �ôƒ²Z]\_^ÿp_b•{ÿƒ_\_hghg`„n]s� Qp_b-� Z]^~ƒ_÷_fj{!� b•{,hjZtsÕn}hjb�� bedtaipíu fgd‚acbe^c{cb•sea~fjZ]d s•Z��Çƒ_h��eacbmÓ

çãZ]\¹{+� Z]d‚a~^cZ]d¹{+/¹d„n}hjb�� bedta-�t\¹b‹d¹Z]a~^cb‹p_|L/¹d_fga~fjZ]d s•Z]þ d¹sefjp_bÇn•yzb•sÐs•behghjb9p_b‹õ(Zm{~aip¹n}d¹{ãhjb‹sÕn]{ãZ"h

hvuxZ]d«s•Z]d¹{~fjp3�e^cb‹\_d � Z]^~ƒ_÷_fj{!� b‹hjZ�sÕn}hjb�� bed‚alpíu fgd‚acbe^c{cb•sea~fjZ]d s•Z��Çƒ_h��eacbF
Çymn}hjbe\_^(p¹n}d¹{(\_d#{cso÷¹|��Än

hgfj{o{cbq{~\_^

S
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�yzZ]fg^Y�t\¹b,smuxb•{~a \_d2� Z]^~ƒ_÷_fj{!� bãp_b5� Ztp�\_hjb•{øp_b,s ��sehjb•{��zsmuxb•{~a Ö 
5Ö¶p�fg^cb

�‚\ôu fgh8b•{~ais•Z��Çƒ„n}a~fg`_hjbÐn}\�ê%p_Z]d_d¹|•b•{irÐÞ¸Ö¶r Q¹Ó²òËb0{oZ]d‚a,hjb•{(p_Z]d_d¹|•b•{(r � bea(r Q&�‚\_fôƒˆZm{cbedtaihjblƒ_hg\¹{

p_bÐƒ_^cZ]`_h���� b•{ÕÓôY[Z]\_^lh n�p_Z]d_d¹|•b r �D�ˆZ]d \_a~fghgfj{cbÐhjb8� n}fga��t\¹bÐhjb8� Ztp�\_hjbÐ÷¹Z�� Z]acZ]ƒ_f��t\¹b

A0(:; M )
b•{~a {~a~^~fjseacb�� bed‚a fgd‚ymn}^~f n}d‚aÿƒ„n}^Ë÷¹Z�� Z]acZ]ƒ_fjb���s•Z��.� bãfgh�^c|•{~\_hgacbãp_b(h nqƒ_^cZ]ƒˆZm{~fga~fjZ]d5^�Ó Q0p_b �xõiZm{�1.^	�¶Ó

�(dX� Z]d‚a~^cb��t\¹b(hjb+� Z]^~ƒ_÷_fj{!� b�ƒ_^c|¸Öv^c|•{cfjp�\ s•Z]d¹{~fjp_|e^c|�p¹n}d¹{ h n‹{ob•sea~fjZ]d QÇp�\¾sc÷„n}ƒ_fga~^cbCQ9s•Z]þ d¹sefjp_b

n•yzb•s�hjb � Z]^~ƒ_÷_fj{!� b�`ˆZ]^cpOp_|L/¹d_fÿƒ„n}^ Ò¬Ó[õiZm{~aÇp¹n}d¹{

ºg±ÕÀ

�

À

�

´

�

� � ��Ó •�Ó òËb•sef ƒ²be^!� bea p_b�s•Z]d¹sehg\_^cb

bed ^cbeyzbed„n}d‚a�
 h n�p_|L/¹d_fga~fjZ]d
p_bÇs•behg\_f Ö¶sefvÓíY[Z]\_^qh n�p_Z]d_d¹|•bÇr Q Z]d«\_a~fghgfj{cbÐh n�sÕn}^on]seac|e^~fj{on}a~fjZ]d
p_b

hvu n]sea~fjZ]d p_bãh n�7ãÖva~÷¹|•Z]^~fjblp_b�Ò#fghgd¹Z]^ÿ{~\_^ \A0(:; M )
Ü

���

µ

�

s•behghjb�p�\�s•Z]^cZ]hgh n}fg^cb�Q�Ó Q�Ó R.^zßL��n}fgd¹{cfE�t\¹bãh n

p_|L/¹d_fga~fjZ]d#p_b�hvu fj{cZ�� Z]^~ƒ_÷_fj{�� b0{~a~^~\¹sea~\_^on}h[p�\ � Ztp�\_hjbl÷¹Z�� Z]acZ]ƒ_f��t\¹b

A0(:; M )
Ó

Y[Z]\_^ \_dO� Ztp�\_hjb ÷¹Z�� Z]acZ]ƒ_f��‚\¹b

F�
�ŒZ]d�s•Z]d¹{~a~^~\_fgaÄp_bX�2Z�� b n]{c{ob�BX� n]sefghjb�� bedta ƒ²Z]\_^ÇacZ]\_a

{csc÷¹|��Än‹n}hgkz|e`_^~f��‚\¹b(hgfj{c{cb

X
\_dJ� Z]^~ƒ_÷_fj{�� b

F� (X ) ! A0(X ; F̂� )
Ó‚óôb,ƒ_^cZ]`_h���� bãb•{~a p_b6� Z]d‚a~^cbe^

�‚\ôu fghˆb•{~aËs•Z��Çƒ„n}a~fg`_hjb�n}\�ê a~^on}d¹{ �Ýbe^~ac{Ë{~\_^ sc÷„n]se\_d¾p_b•{Ëp_be\�êJ� b��0`_^cb•{ÕÓ��(d&� n}fgaËs•beh n0bedQƒ_hg\¹{~fjbe\_^c{

|eaon}ƒ²b•{G��bed�s•Z��.� bed¹áÕn}d‚aiƒ„n}^ËhjbãsÕn]{ p_b•{�� Z]^~ƒ_÷_fj{!� b•{ ƒ_h n}ac{ p_Z��Çfgd„n}d‚ac{,beaÿp_b(h n‹a~^on}d¹{~ƒ²Zm{o|•b(p_b•{

� Z]^~ƒ_÷_fj{!� b•{+/¹d_fj{�{~\_^"�~b•sea~f��Ý{ÕÓ²óôb9sÕn]{ãhjb0ƒ_hg\¹{�p�f�[ÄsefghjbÐb•{~a�s•behg\_fŒp_b•{ãf(�.� be^c{~fjZ]d¹{+� be^!� |•b•{��²beaãZ]d

\_a~fghgfj{cb d¹Z]aon0�.� bed‚aøhjbÿs•Z]^cZ]hgh n}fg^cbqÞ�R�Ó Qqp_b �xõiZm{ 1.^	�_s•Z]d¹s•be^~d„n}dta hjbÿsÕn}hjse\_h¹p�\.� Z]^~ƒ_÷_fj{!� bip_b6: ��{cfgd

píu \_d¹bÐf(�.� be^c{~fjZ]d?� be^!� |•b2
 hvu n}fjp_b píu \_d¹bÇ{~\_fgacbÐ^c|ekm\_hgf��e^cb.�t\_fŠh nÄƒ„n}^on0� |ea~^~fj{obmÓ �(d
nQ`²b•{oZ]fgd fjsef

píu \_dMhjb��.� b �‚\_f ƒˆbe^!� bea píu fgd‚acbe^~ƒ_^c|eacbe^ kz|•Z�� |ea~^~f��‚\¹b�� bedtaÄhjb•{F� Z]^~ƒ_÷_fj{!� b•{ p_b¾{cƒ²|•sef n}hgfj{on}a~fjZ]d

Ü km^�K]s•b n}\ hjb��.� b ^�ÓgÞmÓ Rzß¸Ó �(d«ƒ²be\_a0n}hjZ]^c{lp_|�� Z]dta~^cbe^0hjbÐsÕn]{lkz|ed¹|e^on}hY
Qƒ„n}^~a~fg^qp_bÐs•b•{la~^cZ]fj{lsÕn]{��

sÕn}^lZ]d�{Õu � ^c|•p�\_fgaqp¹n}d¹{�hjbÐsÕn]{lpíu \_d¹bÐs•Z]^~^cb•{~ƒ²Z]d¹p¹n}d¹s•b./¹d_fjbÐn]{o{cZtsefj|•b.
 \_d {cZ]\¹{ Ö¶{cso÷¹|��Än&�Ýbe^!� |

hgfj{c{cb {~\_^

k
Ó �(d
acbe^!�Çfgd¹bQh n#p_|�� Z]d¹{~a~^on}a~fjZ]dMbed¬\_a~fghgfj{on}dtaÐhjb2�vn}fga��t\¹bÄhjb&� Z]^~ƒ_÷_fj{!� bQs•Z]d¹{~a~^~\_fga

b•{~a,\_d#fj{cZ�� Z]^~ƒ_÷_fj{!� b0{c\_^,hjb•{,ƒˆZ]fgd‚ac{ãs•Z]^~^cb•{~ƒˆZ]d¹p¹n}d‚aln}\�ê¾b¸ê�acbed¹{~fjZ]d¹{(p_bla���ƒ²bC/¹d_f2p_b

k
�¹s•b$�‚\_f

{~\D[ a,ƒ_\_fj{��t\¹blsmuxb•{~a,\_d � Z]^~ƒ_÷_fj{�� b0p_b+�vn}fj{cs•bÕn}\�êQ÷¹Z�� Z]acZ]ƒ_f��t\¹b•{ÕÓ

�(d�bed p_|•p�\_fga0bed¹{~\_fgacbÐhjbÐs•Z]^cZ]hgh n}fg^cb p_Z]dtald¹Z]\¹{0n•yzZ]d¹{qp_|U��
 ƒ„n}^~hj|Çs•Z]d¹s•be^~d„n}d‚a‹hjb•{-� Ztp�\_hjb•{

p_b­s ��sehjb•{�� {on}d¹{Mh n�{~a~^~\¹sea~\_^cb � Z]d¹Z]þvp¹n}hjb p¹n}d¹{ \_dAƒ_^cb��Çfjbe^ acb��Çƒ¹{.Ó Y[n}^ñn}fghghjbe\_^c{�� Z]d=bed

p_|•p�\_fga \_d�s•Z]^cZ]hgh n}fg^cbMs•Z]d¹s•be^~d„n}dta�hjb•{@� Ztp�\_hjb•{«÷¹Z�� Z]acZ]ƒ_f��t\¹b•{

���

µ

�

bed�aon}dta��‚\¹bW�vn}fj{cs•bÕn}\�êE�

fghj{Ðyz|e^~f�/„bed‚a h n ^c|•{oZ]hg\_a~fjZ]d p_bV:�be^c{~acbed9�Š{cZ]dta {~a~^~fjseacb�� bed‚a fgdty]n}^~f n}dtac{ ƒ„n}^Ç÷¹Z�� Z]acZ]ƒ_fjb��€beaÇhjbe\_^

s•Z]÷¹Z�� Z]hjZ]kmfjb,b•{~aŠ|ek‚n}hjb,n}\Çkm^cZ]\_ƒˆbËp_biòø÷¹Z � 
ãs•ZtbL[Äsefjbedtac{ p�\F� Ztp�\_hjbÿp_b s ��sehjb•{Šs•Z]^~^cb•{~ƒˆZ]d¹p¹n}d‚aÕÓ

rln}d¹{ h n p_be^~d_f��e^cb#{cb•sea~fjZ]d9� Z]d p_|•p�\_fga p_b•{ ^c|•{c\_hgaon}ac{Ä{~\_ƒ_ƒ_hj|�� bedtaon}fg^cb•{ �t\_f5� Z]d‚a�n}ƒ_ƒ²beh(n}\

^c|•s•bed‚a(ƒ_^cbeƒ_^~fgd‚a � 
€Z�bHS�R	�8p_b�
ÐÓ 
€ZtbeyzZ�p_{! �zÓ

rln}d¹{�h n ƒ_^cb��Çf��e^cbÇ{oZ]\¹{ Ö¶{cb•sea~fjZ]d9�íZ]d@� Z]d‚a~^cbÇs•Z��.� bed‚a0fgd‚acbe^~ƒ_^c|eacbe^-M s•be^~aon}fgd¹{qp�fg^on}fjbed‚aqp_|¸Ö

acZ]\_^~d¹be^FM�hjb•{Çhjb��.� b•{Çƒ_^~fgd¹sefgƒ„n}\�êMp_b

º ±.À

�

À

�

´

�

ƒ²Z]\_^ Z]`_acbed_fg^Çhjb�hjb��.� b¾{c\_fgy]n}dta%ÜÝsL��s•Z]^cZ]hgh n}fg^cb

^�Ó ��Ó Rzß s

�

�@�,���

� �

±]³tÅ‹´v±]³‚Ï$�•Ê

�

ÏeÀoµ~Êm³>�
��±mÂÇ±z´v±ÁÎ

� �

³_µ¸Ï

F
µe´

G �

ºjµ0ÂÇ±mÅvÎ��

�

Ï¸Â µ‹ÀcÊ]·²±]·

� �

³_µ

HomHN tr
k

(G; F ) ! HomHN tr
k

�
S1

t 
 H tr G; S1
t 
 H tr F

�

µÁÏ¸´ø³�·#Â ±]·�±mÂÇ±mÅvÎ��

�

Ï¸Â µ

�

ç(Z]\¹{ÇnÕyzZ]d¹{‹`ˆb•{cZ]fgdOpíu \_d¹bQ^cbeh n}a~fjZ]dO{c\_ƒ_ƒ_hj|�� bed‚aon}fg^cb �t\_f d¹b&/¹km\_^cbÄƒ„n]{Ðp¹n}d¹{ � 
€Z�bHS�R	� �8beaF�‚\¹b

d¹Z]\¹{€p_|�� Z]d‚a~^cZ]d¹{G� 
ã{on•yzZ]fg^ h nã^cbeh n}a~fjZ]d { � � |ea~^~f��t\¹bÿp_bÿs•behghjbÿp�\Çhjb��.� b Q¹Ó Qqp_b

ºg±ÕÀ

�

À

�

´

�

{~\_fgymn}d‚acbis



ê�ê�fgf

è�Z]fga

Z : GmX ! GmY
\_d¹b¾s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b /¹d_fjb�acbehghjb �t\¹b

� n (Z )
b•{~aÐp_|L/¹d_fjbmÓ€é(hjZ]^c{��

ƒˆZ]\_^,acZ]\_acbqs•Z]^~^cb•{cƒ²Z]d¹p¹n}d¹s•bC/¹d_fjb

W : Y ! Y 0�

� n ((1Gm 
 W) � Z )
b•{ca,p_|L/¹d_fjb0bea

� n ((1Gm 
 W) � Z ) = W � � n (Z ):

�(d%bed%p_|•p�\_fgaihjb�� n}fga��t\¹blƒˆZ]\_^,\_dX� n}fj{os•bÕn}\ ÷¹Z�� Z]acZ]ƒ_f��‚\¹b���hjb-� Z]^~ƒ_÷_fj{!� b‹sÕn}d¹Z]d_f��‚\¹b

F !

 1 (� 1 F )

b•{~aÿ\_dV� Z]d¹Z�� Z]^~ƒ_÷_fj{!� b��²s•b��t\_fôƒ²be^!� bea(p_blp_|•p�\_fg^cbqhjb+�vn}fga6�‚\¹b

F
b•{cai{~a~^~fjseacb�� bed‚a

fgdty]n}^~f n}dta(ƒ„n}^ÿ÷¹Z�� Z]acZ]ƒ_fjb‹p�\ �vn}fga,s•Z]^~^cb•{~ƒ²Z]d¹p¹n}dtaiƒˆZ]\_^,hjb-� Z�p�\_hjb


 1 (� 1 F )
Ó

r�n}d¹{ h nqp_be\�ê�f���� b,{cZ]\¹{ Ö¶{ob•sea~fjZ]d9�‚Z]d ^on}ƒ_ƒˆbehghjb,hjbÿa~÷¹|•Z]^���� b(p_bi{~f(�Çƒ_hgf�/„sÕn}a~fjZ]dQp_b 
ÐÓ 
€ZtbeyzZ�p�Ö

{� ��OÜÝs•Z]^cZ]hgh n}fg^cblQ¹ÓgÞHS�p_b � 
€ZtbHS�R	� ßã{oZ]\¹{�h n&�ÝZ]^!� bÇn >ôn}fg`_hgfjb2�‚\¹b9hvuxZ]d \_a~fghgfj{cbÇp¹n}d¹{�hjbÇso÷„n}ƒ_fga~^cb�^�Ó

òËbqa~÷¹|•Z]^���� bqf(�Çƒ_hgf��t\¹blacZ]\_aipíu n}`ˆZ]^cpV�‚\¹b�hjb+�vn}fj{cs•bÕn}\ km^on]p�\¹|

S�
t =

M

n2 N

(S1
t )
 H tr ;n

b•{ca,\_dV� Z�p�\_hjbq÷¹Z�� Z]acZ]ƒ_f��t\¹bmÓ �(d#bed#p_|•p�\_fga(bed¹{~\_fgacbC�t\¹blh nÇsÕn}ac|ekzZ]^~fjb9p_b•{��vn}fj{cs•bÕn}\�ê¾÷¹Z�� Z]acZ}Ö

ƒ_f��t\¹b•{qb•{~a�\_d¹b9hjZ�sÕn}hgfj{on}a~fjZ]d�p_bÐh nQsÕn}ac|ekzZ]^~fjb p_b•{-� Ztp�\_hjb•{q÷¹Z�� Z]acZ]ƒ_f��‚\¹b•{ÕÓ2òËb•sef	� Z]dta~^cbÇkm^�K]s•b


%d¹Z]a~^cb a~÷¹|•Z]^���� b �t\¹b h n#sÕn}ac|ekzZ]^~fjb�p_b•{C�vn}fj{cs•bÕn}\�ê�÷¹Z�� Z]acZ]ƒ_f��t\¹b•{Çb•{~a0\_d¹b hjZ�sÕn}hgfj{on}a~fjZ]dMp_b h n

sÕn}ac|ekzZ]^~fjbÄp_b•{-� Ztp�\_hjb•{qp_bÐs ��sehjb•{ÕÓˆæŠdD/¹d9�ôZ]d bed�p_|•p�\_fga-/¹d„n}hjb�� bed‚a0\_d¹bÇ{~a~^~\¹sea~\_^cbF� Z]d¹Z]þvp¹n}hjb

{c\_^Šh n�sÕn}ac|ekzZ]^~fjb,p_b•{A� Ztp�\_hjb•{€÷¹Z�� Z]acZ]ƒ_f��‚\¹b•{ acbehghjb��‚\¹b

S�
t

{cZ]fgaŠhvux|ehj|�� bedta d¹be\_a~^cbmÓ‚òËb•sef¹f(�Çƒ_hgf��t\¹b

hvuxb¸ê�fj{~acbed¹s•blpíu \_d¹bl{~a~^~\¹sea~\_^cbC� Z]d¹Z]þvp¹n}hjbq{~\_^ h n9sÕn}ac|ekzZ]^~fjbqp_b•{�� Ztp�\_hjb•{ip_bls ��sehjb•{ acbehghjb��t\¹b

K M
�

{oZ]fga,hvux|ehj|�� bed‚a(d¹be\_a~^cbmÓ

æŠdD/¹d9�Šp¹n}d¹{9h n#p_be^~d_f��e^cb�{cZ]\¹{~Ö¶{cb•sea~fjZ]d9�ŒZ]d¬d¹Z]acbX�t\¹bÄhjb•{9^c|•{~\_hgaon}ac{Çp_|�� Z]dta~^c|•{Çƒ²be^!� bea~acbedta

píuxZ]`_acbed_fg^(\_d fj{cZ�� Z]^~ƒ_÷_fj{!� b��¹ƒ²Z]\_^,acZ]\_a({csc÷¹|��Än n}hgkz|e`_^~f��t\¹blhgfj{c{ob

X
�

CH � (X )
� �� !

M

n

H n (X ; Sn
t );

�t\_flb•{~a¾s•Z��Çƒ„n}a~fg`_hjb�n}\�ê {~a~^~\¹sea~\_^cb•{¾píu n}d_d¹bÕn}\�êWp_b•{¾p_be\�êI� b��‹`_^cb•{��ÿbea n}\�ê a~^on}d¹{ � be^~ac{�ƒ„n}^

^on}ƒ_ƒˆZ]^~a+


X
Ó�òËbea(fj{cZ�� Z]^~ƒ_÷_fj{!� b9|eaon}fga(p_|U��
Ð`_fjbed#s•Z]d_dt\9�„d¹Z]\¹{ãn•yzZ]d¹{ã{~f(�Çƒ_hjb�� bed‚aln � Z]\_ac|0\_d¹b

yz|e^~f�/„sÕn}a~fjZ]d�� Z]d‚a~^on}dta+�t\ôu fgh2b•{~a,s•Z��Çƒ„n}a~fg`_hjb9n}\�ê�p�f�>í|e^cbed‚acb•{ã{~a~^~\¹sea~\_^cb•{ÕÓ

�

�@VXW)���@��� G���������� �F�

ó2n%p_be\�ê�f���� b ƒ„n}^~a~fjb�n¾ƒˆZ]\_^0`_\_a9p_bJ� Z]dta~^cbe^9s•Z��.� bedtaÇZ]d
ƒˆbe\_a0fgd�Ö

acbe^~ƒ_^c|eacbe^ãhjb•{,^c|•{c\_hgaon}ac{(p_b0h nÐƒ_^cb��Çf��e^cb‹p¹n}d¹{ih n sÕn}ac|ekzZ]^~fjb9p_b•{�� Z]a~f�� {ÕÓ¹æŠhghjb‹b•{~a�� Z]fgd¹{ãp_|eaon}fghghj|•b

�t\¹b h n
ƒ_^cb��Çf��e^cb��ËbeaÄd¹Z]\¹{&� bea~acZ]d¹{Qp_b s T]ac| hjb#{cZ]\¹sef�píuxb¸ê�÷„n}\¹{~a~fgy�fgac| �t\_fãnÕy]n}fga�|eac|#hjb d�T]a~^cb

� \¹{��t\ôu n}hjZ]^c{ÕÓ

r�n}d¹{iacZ]\_acbqs•bea~acblƒ„n}^~a~fjb��¹Z]d#{~\_ƒ_ƒ²Zm{ob��‚\¹b�hjbls•Z]^~ƒ¹{

k
b•{caÿƒ„n}^ � n}fgaÕÓ

C
`���G�� �H�3�

�

���

ó€uxb¸ê�ƒ²Zm{c|€dôu n}\_^on}fga2ƒ„n]{ô|eac|øs•Z��Çƒ_hjbea2{on}d¹{ôh n,p_b•{cse^~fgƒ_a~fjZ]d‹p_bŒh nÿsÕn}ac|ekzZ]^~fjbøp_|e^~fgyz|•b

p_b•{F� Z]a~f�� {8�Çf ê�acb•{Çp_b 
ÐÓ 
€Z�beyzZ�p_{! ��4�,�t\_f b•{ca‹h n�� Z]a~fgymn}a~fjZ]dMƒ_^~fgd¹sefgƒ„n}hjb�ƒ²Z]\_^Ðfgd‚a~^cZ�p�\_fg^cb�hjb•{

�vn}fj{cs•bÕn}\�ê¾÷¹Z�� Z]acZ]ƒ_f��t\¹b•{ÕÓ

r�n}d¹{0h n�ƒ_^cb��Çf��e^cbÄ{ob•sea~fjZ]d9�ôd¹Z]\¹{0s•Z��.� bed¹á•Z]d¹{‹ƒ„n}^q^on}ƒ_ƒˆbehjbe^0h n¾p_|L/¹d_fga~fjZ]dTp_b•{0s•Z��Çƒ_hjb¸ê_b•{

� Z]a~fgy�f��t\¹b•{
ÜÝbL>ˆb•sea~f�� {Áß p_b 
9Ó 
€Z�beyzZtp_{� ��zÓ óôb•{ p_|�� Z]d¹{ca~^on}a~fjZ]d¹{¾d¹b {cZ]d‚a p_Z]d_d¹|•b•{ �‚\ôu 
¬a~fga~^cb

fgd¹p�fjsÕn}a~f��~Ó

r�n}d¹{0h n�p_be\�ê�f���� bÄ{cb•sea~fjZ]d9�ôZ]d�^on}ƒ_ƒˆbehghjbÇh n�p_|L/¹d_fga~fjZ]d¬p_bÐh n sÕn}ac|ekzZ]^~fjb p_|e^~fgyz|•b p_b•{C� Z]a~f�� {

�Çf ê�acb•{ p�\¹b+
 
ÐÓ 
€Z�beyzZtp_{! �4��bea<�t\_f„\_a~fghgfj{cb�p�fg^cb•seacb�� bedtaÿh nqsÕn}ac|ekzZ]^~fjblp_b•{Ë{csc÷¹|��Än]{,n}hgkz|e`_^~f��t\¹b•{

hgfj{o{cb•{	�0\_d_fj{Ëp_b•{ s•Z]^~^cb•{cƒ²Z]d¹p¹n}d¹s•b•{Y/¹d_fjb•{ÕÓ �(d ^on}ƒ_ƒˆbehghjb,ƒ„n}^~a~fjse\_hgf��e^cb�� bedta hjbÿ^c|•{~\_hgaon}a	� Z]d¹p¹n0� bed�Ö

aon}hÿp_b �xà€è 
 S.S}` �qÜ a~÷¹|•Z]^���� b ��Ó R�Ó ^zß��‚\_f<� Z]d‚a~^cb �t\¹b h n%sÕn}ac|ekzZ]^~fjb¾p_|e^~fgyz|•b�p_b•{8� Z]a~f��Ý{F�Çf ê�acb•{

bL>íb•sea~f�� {ib•{~a,\_d¹b‹{cZ]\¹{ Ö¶sÕn}ac|ekzZ]^~fjb‹ƒ_hjbefgd¹b0p_b0h nÇsÕn}ac|ekzZ]^~fjb‹p_b•{(s•Z��Çƒ_hjb¸ê�b•{�� Z]a~fgy�f��‚\¹b•{9ÜÝbL>ˆb•sea~f�� {Áß

�

smuxb•{caÄs•b a~÷¹|•Z]^���� b��‚\_f,ƒˆbe^!� beaÄp_b¾a~^onÕy]n}fghghjbe^�bL[ÄsÕn]s•b�� bed‚a¾n•yzb•s%h n sÕn}ac|ekzZ]^~fjb#fgd‚a~^cZ�p�\_fgacb ƒ„n}^



ê�ê�fgfgf


9Ó 
€ZtbeyzZ�p_{! �zÓ �(dO|ed¹Z]d¹s•bÄƒ„n}^Ðn}fghghjbe\_^c{‹hjb s•Z]^cZ]hgh n}fg^cb p�\¬a~÷¹|•Z]^���� b�p_bÄ{~f(�Çƒ_hgf�/„sÕn}a~fjZ]dO�t\_føn � Ö

/¹^!� b-�‚\¹b(h n0sÕn}ac|ekzZ]^~fjb�p_|e^~fgyz|•b�p_b•{<� Z]a~f��Ý{)�Çf ê�acb•{ËbL>íb•sea~f�� {Ëb•{caø\_d¹bã{cZ]\¹{ Ö¶sÕn}ac|ekzZ]^~fjbãƒ_hjbefgd¹b�p_bih n

sÕn}ac|ekzZ]^~fjb0p_|e^~fgyz|•bqp_b•{�� Z]a~f��Ý{6�Çf ê�acb•{ÕÓ

rln}d¹{0h n p_be^~d_f��e^cb {cb•sea~fjZ]d9�2d¹Z]\¹{‹p_Z]d_d¹Z]d¹{‹\_d¹bÄp_|��Än}^cso÷¹b&�t\_f ƒˆbe^!� bea~a~^on}fgaÐp_b p_|L/¹d_fg^‹\_d¹b

sÕn}ac|ekzZ]^~fjb‹p_b0s•Z��Çƒ_hjb¸ê�b•{�� Z]a~fgytf��t\¹b•{�n}d„n}hjZ]km\¹b�
Çh n sÕn}ac|ekzZ]^~fjb0÷¹Z�� Z]acZ]ƒ_f��t\¹b‹{caon}`_hjb ÜÝsL� �xÒ#Z]^ � ßL�

bed \_a~fghgfj{Án}d‚aÿh n‹s•Z]d¹{~a~^~\¹sea~fjZ]d¾p_b•{Ë{cƒ²b•sea~^cb•{ p_b(h nqacZ]ƒˆZ]hjZ]kmfjbln}hgkz|e`_^~f��‚\¹bmÓ¹òËbea~acb�sÕn}ac|ekzZ]^~fjblp_beyt^on}fga

Zea~^cbX�0\_d_fjb¾píu \_d¹b�a Ö¶{~a~^~\¹sea~\_^cb¾sÕn}d¹Z]d_f��t\¹b��€n}ƒ_ƒˆbehj|•b�a Ö¶{~a~^~\¹sea~\_^cb�÷¹Z�� Z]acZ]ƒ_f��‚\¹b�� p_Z]d‚aÇhjb�s•Ztbe\_^

b•{~aih n sÕn}ac|ekzZ]^~fjbÐp_b•{6� Z�p�\_hjb•{ã÷¹Z�� Z]acZ]ƒ_f��‚\¹b•{ Ü nÕyzb•s0a~^on}d¹{!�Ýbe^~ac{ÁßL��^c|Õn}hgfj{on}dtaln}fgd¹{cf8\_d¹b‹ƒ„n}^~a~fjb‹p�\

ƒ_^cZ]km^on0�.� b0p_b �xÒ Z]^ �2s•Z]d¹s•be^~d„n}d‚aãhjb•{5� Z�p�\_hjb•{ÿ÷¹Z�� Z]acZ]ƒ_f��t\¹b•{

Ï•Ê]·_Ïq´ÝÅ Êm·_Ï��Õµ¸Åe´ Ï

Ó

C `)��G����H��� n �F�

òãuxb•{ca,p¹n}d¹{is•blsc÷„n}ƒ_fga~^cb��‚\¹bqd¹Z]\¹{ÿfgd‚acbe^~ƒ_^c|eacZ]d¹{(hjb•{5� |ea~÷¹Z�p_b•{ip_b�h nÐƒ_^cb��Çf��e^cb

ƒ„n}^~a~fjbmÓ‚ó2nqƒ_^cb��Çf��e^cbi{cb•sea~fjZ]dJ� Z]d‚a~^cb�n}fgd¹{~f��t\¹bÿhvuxZ]d ƒˆbe\_a€a~^on}d¹{~ƒˆZm{cbe^��‚p¹n}d¹{ h nlsÕn}ac|ekzZ]^~fjbip_|e^~fgyz|•b

p_b•{8� Z]a~f��Ý{8�Çf ê�acb•{��[hjb•{�� Z]^~ƒ_÷_fj{�� b•{8/¹d_fj{9| �t\_fjp�f(� bed¹{~fjZ]d_d¹behj{ p_bQ{cso÷¹|��Än]{ÕÓ€òËbea~acb a~^on}d¹{cƒ²Zm{c|•b

yz|e^~f�/„bãƒ„n}^ n}fghghjbe\_^c{ \_d¹b6�ÝZ]^!�‹\_hjb�p_biƒ_^cZ0�~b•sea~fjZ]d �‚\_f�� beaËbed8�~be\Ähjbãse\_ƒ�Övƒ_^cZtp�\_fga,b¸ê�acbe^~d¹bãp¹n}d¹{øh n

sÕn}ac|ekzZ]^~fjb0p_|e^~fgyz|•bqp_b•{�� Z]a~f��Ý{6�Çf ê�acb•{0ÜÝsL�Š{cb•sea~fjZ]d
P�ÓgÞmÓ RÇƒ²Z]\_^ÿh nÇp_|L/¹d_fga~fjZ]d p_bls•behg\_f Ö¶sef ß¸Ó

ó€ux|ea~\¹p_bøh n ƒ_hg\¹{8fgd‚ac|e^cb•{c{on}dtacbøs•Z]d¹s•be^~d¹bË{on}d¹{ôp_Z]\_acbøs•behghjb bL>íb•sea~\¹|•bøp¹n}d¹{2h nÿp_be\�ê�f���� bø{cb•sea~fjZ]d9�

s•Z]d¹s•be^~d„n}d‚a¾hjb•{ � Z]a~f�� { ^cbeh n}a~f�� {�fgd‚a~^cZ�p�\_fgac{�ƒ„n}^ 
9Ó 
€ZtbeyzZ�p_{! �zÓøûýh�{Õu n}kmfgaQp�\ � Z]a~f��

M (X ; Z )
n]{c{cZ�sefj|5
i\_d¹b ƒ„n}fg^cb<� be^!� |•b

(X ; Z )
Z"h

X
b•{~aŒ\_d {csc÷¹|��Änln}hgkz|e`_^~f��t\¹bÿhgfj{c{ob��}bea

Z
\_dÐ{oZ]\¹{ Ö¶{csc÷¹|��Än

�Ýbe^!� |��t\¹behjs•Z]d��‚\¹bÿp_b

X
Ómó2nã{cb•sea~fjZ]d2Q�Ó Q¹ÓgÞËƒ_^cbed¹pÐfjsef�acZ]\_aŠ{cZ]dÇ{cbed¹{ÕÓ}û¶h�^c|•{~\_hgacbÿn}fgd¹{~f�a~^~fgytf n}hjb�� bedta

p_b�h nÐp_|L/¹d_fga~fjZ]d �t\¹b

M (X ; Z )
d¹b�p_|eƒ²bed¹pV�t\¹b�p_b�h nÐ{~a~^~\¹sea~\_^cb�^c|•p�\_fgacbqp�\¾{cZ]\¹{ Ö¶{osc÷¹|��Än8� be^!� |

Z
Ó8r-�•{qhjZ]^c{��8s•b2� Z]a~f��(b•{~a0d„n}a~\_^cbehøƒ„n}^9^on}ƒ_ƒ²Z]^~aÐn}\�ê�� Z]^~ƒ_÷_fj{!� b•{F�‚\„n]{cf Ö¶sÕn}^~ac|•{~fjbed¹{Ðp_b ƒ„n}fg^cb•{

�Ýbe^!� |•b•{F�t\¹bÄd¹Z]\¹{Ðn•yzZ]d¹{Ðfgdta~^cZtp�\_fgac{Çp¹n}d¹{‹h n#p_|L/¹d_fga~fjZ]dOQ�Ó Q¹Ó Q¹ÓŒçãZ]\¹{$� Z]dta~^cZ]d¹{ n}fgd¹{~f p¹n}d¹{‹h n

p_be\�ê�f���� b#{cZ]\¹{ Ö¶{cb•sea~fjZ]d acZ]\_acb•{ hjb•{Çƒ_^cZ]ƒ_^~fj|eac|•{ |ehj|�� bed‚aon}fg^cb•{Qyz|e^~f�/„|•b•{ ƒ„n}^ hjb•{J� Z]a~f��Ý{ ^cbeh n}a~f��Ý{ÕÓ

rln}d¹{ h n«a~^cZ]fj{~f���� b#{cZ]\¹{ Ö¶{cb•sea~fjZ]d9�€d¹Z]\¹{ fgd‚a~^cZ�p�\_fj{cZ]d¹{ \_d�a���ƒˆb¾ƒ„n}^~a~fjse\_hgfjbe^Qp_bV� Z]a~f��Ý{Ä^cbeh n}a~f��Ý{��

`„n}ƒ_a~fj{c|•{�� Z]a~f��8p_b ] ÷¹Z��•bedQ^c|L� |e^cbed¹s•b�
qh n‹p_|L/¹d_fga~fjZ]d R�ÓgÞH^9p�\ ƒ„n}^on}km^on}ƒ_÷¹b �‹p_b �xÒ�
iS�Þ �¶Ó�Y8Z]\_^

\_d�{csc÷¹|��Än%n}hgkz|e`_^~f��‚\¹bÄhgfj{c{cb

X
�ôbeal\_d /¹`_^c|Çyzb•seacZ]^~fjbeh

E
{~\_^

X
�ôhjbF� Z]a~f�� p_bl] ÷¹Z��Jp_b

E
b•{~a

|ek‚n}h[n}\�� Z]a~f��Œ^cbeh n}a~f��øn]{o{cZtsefj|�
Çh nÐƒ„n}fg^cbC�Ýbe^!� |•b

(E ; X )
Z"h

X
b•{~a,y�\%s•Z��.� b0\_d#{cZ]\¹{ Ö¶{cso÷¹|��Än

�Ýbe^!� |+
la~^onÕyzbe^c{ h n0{cb•sea~fjZ]d dt\_hghjbmÓtçãZ]\¹{�� Z]dta~^cZ]d¹{ s•be^~aon}fgd¹b•{øƒ_^cZ]ƒ_^~fj|eac|•{øyz|e^~f�/„|•b•{Ëƒ„n}^øs•b•{Y� Z]a~f��Ý{

^cbeh n}a~f��Ý{G�íbeald¹Z]\¹{l^on}ƒ_ƒ²behjZ]d¹{0hvu fgd‚acbe^~ƒ_^c|eaon}a~fjZ]dOp�\?� Z]a~f�� p_bl][n}acb

Z(1)
bed acbe^!� b•{qp_bF� Z]a~f�� {qp_b

] ÷¹Z���p�\F/¹`_^c| yzb•seacZ]^~fjbeh_a~^~fgytf n}h¹p_bË^on}d_k

1
{~\_^

k
�]p_|•sÕn}hj|,p_b

2
Ómó2n�p_be^~d_f��e^cbÿ{cZ]\¹{ Ö¶{cb•sea~fjZ]d.� Z]dta~^cb

�‚\¹bãƒˆZ]\_^ÿacZ]\_acb�ƒ„n}fg^cb+�Ýbe^!� |•b

(X ; Z )
acbehghjb��t\¹b

X
bea

Z
{cZ]fjbed‚a(p_b•{ÿ{csc÷¹|��Än]{in}hgkz|e`_^~f��t\¹b•{ÿhgfj{c{ob•{��

M (X ; Z ) ' M Th (NZ X )


a~^on•yzbe^c{�hjb•{Qfj{cZ�� Z]^~ƒ_÷_fj{�� b•{¾p_b#p_|L� Z]^!�Än}a~fjZ]d­n}\ñs T]d¹b#d¹Z]^!�Än}hvÓ

ó2nQp_|�� Z]d¹{~a~^on}a~fjZ]d�{~\_fgaãa~^��•{lb¸ê_n]seacb�� bedtalh nÄp_|�� Z]d¹{ca~^on}a~fjZ]d
p�\ �vn}fgaqn}d„n}hjZ]km\¹bÐbeaãƒ_hg\¹{ãkz|ed¹|e^on}h

s•Z]d¹s•be^~d„n}d‚a‹h n�sÕn}ac|ekzZ]^~fjb ÷¹Z�� Z]acZ]ƒ_f��t\¹b {~aon}`_hjb%ÜÝsL� � �D�ˆa~÷¹|•Z]^���� bJR�Ó R �¾p_b �xÒ Z]^ �¶ÓôçãZ]\¹{�hvu n•yzZ]d¹{

p_|ek‚n}kz|•bifjsefˆsÕn}^øbehghjb(d¹Z]\¹{øƒ²be^!� bea~a~^on‹p_b�� Z]dta~^cbe^Ëƒ_hg\¹{cfjbe\_^c{�� Z]^!�0\_hjb•{ s•Z]d¹s•be^~d„n}d‚aÿhjbia~^~f n}d_kmhjb(p_b

: ��{~fgd p_b�h nÇ{cb•sea~fjZ]d Q¹Ó

é8y]n}dtaøpíuxbedQn}^~^~fgyzbe^øh 
D�‚Z]dQs•Z]d¹{~a~^~\_fga \_d fj{oZ�� Z]^~ƒ_÷_fj{!� b(sÕn}d¹Z]d_f��t\¹b,ƒˆZ]\_^ acZ]\_aY/¹`_^c|,yzb•seacZ]^~fjbeh

E
p_b�^on}d_k

n
{c\_^ÿ\_d {csc÷¹|��Än n}hgkz|e`_^~f��‚\¹blhgfj{o{cb

X
s

M Th (E)
� (E )
� � �! M (X ) (n)[2n]:

òËb � Z]^~ƒ_÷_fj{!� b�b•{~a�fgd¹p�\_fga ƒ„n}^¾h nOseh n]{o{cb«p_b ] ÷¹Z�� {~\_fgymn}d‚acb p¹n}d¹{¾hjb«km^cZ]\_ƒˆb p_b
òø÷¹Z��Jp_b

P(E � 1)
s

t(E ) =
nX

i =0

(� 1)i p� (cn� i (E)) :c1(� ) i ;

Z"h

�
p_|•{cfgkmd¹b hjbJ/¹`_^c| fgd‚yzbe^c{~fg`_hjb¾sÕn}d¹Z]d_f��t\¹b�p�\W/¹`_^c| ƒ_^cZ0� b•sea~f��

P(E � 1)
bea

p
{on ƒ_^cZ0� b•sea~fjZ]d

sÕn}d¹Z]d_f��‚\¹bmÓŠY[Z]\_^Än}^~^~fgyzbe^J
#h n s•Z]d¹{~a~^~\¹sea~fjZ]d p_bQhvu fj{cZ�� Z]^~ƒ_÷_fj{!� b¾p_b ] ÷¹Z��V�ŠZ]dO^on}ƒ_ƒ²behghjb�acZ]\_a



ê�ê�fgy

píu n}`ˆZ]^cp¾hvu fj{cZ�� Z]^~ƒ_÷_fj{�� b0sÕn}d¹Z]d_f��t\¹blƒ²Z]\_^iacZ]\_ai{csc÷¹|��ÄnÄn}hgkz|e`_^~f��‚\¹b0hgfj{c{cb

X

H 2n (X ; Z(n)) ' CH n(X );
pA@O
�
ÐÓ 
€ZtbeyzZ�p_{! �zÓ2çãZ]\¹{0\_a~fghgfj{cZ]d¹{9píu n}`ˆZ]^cp
ƒˆZ]\_^‹h n#s•Z]d¹{~a~^~\¹sea~fjZ]dOp_b s•bea9fj{cZ�� Z]^~ƒ_÷_fj{!� b hjb

a~÷¹|•Z]^���� b¾p_bQ{~f(�Çƒ_hgf�/„sÕn}a~fjZ]dMp_b 
€ZtbeyzZ�p_{! �zÓ8YŒn}^ n}fghghjbe\_^c{��8Z]dT^on}ƒ_ƒˆbehghjb �t\¹b hvuxZ]dOn%fjp_bed‚a~f�/„| 


h nV/¹dMp�\Tso÷„n}ƒ_fga~^cb5^ hjb•{9km^cZ]\_ƒˆb•{9p_b¾òø÷¹Z��•seh n]{c{cf��‚\¹b•{Ðp_b

X
nÕyzb•sQh n%s•Z]÷¹Z�� Z]hjZ]kmfjb¾bed

X
p�\

�vn}fj{cs•bÕn}\�p_b.7ãÖva~÷¹|•Z]^~fjb p_bÇÒ#fghgd¹Z]^ld¹Z]d ^on0�Çf�/„|��íp_bÐacbehghjbF�Än}d_f��e^cb2�t\¹bÐhjb•{l{~a~^~\¹sea~\_^cb•{lƒ_^cZ�p�\_fgac{

s•Z]þ d¹sefjp_bedta)M9hvu \_d¹bib•{ca p_|L/¹d_fjbiƒ„n}^øh nla~÷¹|•Z]^~fjb(p_b,hvu fgd‚acbe^c{ob•sea~fjZ]d�seh n]{o{~f��‚\¹b��zhvu n}\_a~^cbiƒ„n}^øh n�a~÷¹|•Z]^~fjb

p_bËhvu fgdtacbe^c{cb•sea~fjZ]dÄ{~\_^[hjb•{Œkm^cZ]\_ƒ²b•{Œp_b,òø÷¹Z�� 
(s•Z�bL[Äsefjbed‚ac{€p_|L/¹d_fjb ƒ„n}^ŠÒTÓ5õ(Zm{~aÕÓ]òËbea~acbËfjp_bedta~f�/„sÕn5Ö

a~fjZ]d d¹Z]\¹{€ƒˆbe^!� beaøp_b,p_|�� Z]dta~^cbe^<�t\¹bÿhvu fj{cZ�� Z]^~ƒ_÷_fj{�� bisef Ö¶p_b•{c{~\¹{øb•{~a s•Z��Çƒ„n}a~fg`_hjb�n}\�ê {~a~^~\¹sea~\_^cb•{

ƒ_^cZ�p�\_fgac{Ðbea9n}\�ê�a~^on}d¹{ � be^~ac{��9� n}fga9p_Z]d‚aÐZ]d¬{cb {cbe^~ytfg^on ƒ„n}^0h n%{~\_fgacbmÓ2ó2n%a~÷¹|•Z]^~fjbQp_b•{‹seh n]{c{ob•{0p_b

òø÷¹be^~dQseh n]{c{~f��t\¹b ƒ²Z]\_^ hjb•{€km^cZ]\_ƒˆb•{€p_b(òø÷¹Z�� fgd¹p�\_fgaøp_Z]d¹s,p_b•{øseh n]{c{cb•{€sÕn}d¹Z]d_f��t\¹b•{ p¹n}d¹{ h nls•Z]÷¹Z}Ö

� Z]hjZ]kmfjb�� Z]a~fgy�f��‚\¹b����‚\¹b0hvuxZ]d%fgdtacbe^~ƒ_^��eacb9s•Z��.� b9p_b•{�� Z]^~ƒ_÷_fj{�� b•{ãp_b0h n sÕn}ac|ekzZ]^~fjb

DM ef f
� (k)

Ó

�(d ^on}ƒ_ƒ²behghjb#n}fgd¹{~fihjb¾a~÷¹|•Z]^���� b#p�\O/¹`_^c| ƒ_^cZ0�~b•sea~f��qp_b 
ÐÓ 
€ZtbeyzZ�p_{! �­Ü ƒ_^cZ]ƒ²Zm{~fga~fjZ]d ��Ó Q�ÓgÞ p_b

�xà€è 
iS.S}` � ßL��p_Z]d_d„n}d‚aÿ\_d¹bã`_^��eyzbãfgd¹p�fjsÕn}a~fjZ]d p_bãƒ_^cbe\_yzbmÓ„òËbia~÷¹|•Z]^���� b�d¹Z]\¹{ ƒˆbe^!� beaÿp_b�� Z]dta~^cbe^

�t\¹b��8ƒ²Z]\_^‹\_dW/¹`_^c| yzb•seacZ]^~fjbeh

E
p_bÄ^on}d_k

n
{~\_^9\_d¬{cso÷¹|��Än n}hgkz|e`_^~f��t\¹b hgfj{c{cb

X
�2h n#seh n]{c{cb p_b

] ÷¹Z��=fgd‚a~^cZ�p�\_fgacb0sef Ö¶p_b•{c{~\¹{(p_|L/¹d_fga,\_d¹bqseh n]{c{oblsÕn}d¹Z]d_f��‚\¹b

M Th (E) ! Z(n)[2n]
�t\_fqƒ„n}^ se\_ƒ�Övƒ_^cZ�p�\_fga nÕyzb•s h nOƒ_^cZ0�~b•sea~fjZ]d sÕn}d¹Z]d_f��‚\¹b�fgd¹p�\_fga%hvu fj{cZ�� Z]^~ƒ_÷_fj{!� b
p_b�] ÷¹Z�� Ó �(d

acbe^!�Çfgd¹b h n {oZ]\¹{ Ö¶{cb•sea~fjZ]d,P�Ó ��Ó Q¹Ó R¾bed � Z]d‚a~^on}dta0hjb•{�`ˆZ]d_d¹b•{�ƒ_^cZ]ƒ_^~fj|eac|•{�� Z]d¹seacZ]^~fjbehghjb•{qp_bÇs•bealfj{cZ}Ö

� Z]^~ƒ_÷_fj{�� b,p_b ] ÷¹Z�� ÓzYŒn}^ b¸ê�b��Çƒ_hjb��m{cf

i : F ! E
b•{~aŠ\_d.� Z]d¹Z�� Z]^~ƒ_÷_fj{�� bip_b)/¹`_^c|•{Šyzb•seacZ]^~fjbehj{

{c\_^i\_d#{osc÷¹|��ÄnÄn}hgkz|e`_^~f��t\¹b‹hgfj{c{cb

X
ÜÝs•Z]d_d¹b¸ê�b.ßL��fghôfgd¹p�\_fgaã\_d � Z]^~ƒ_÷_fj{!� b

M Th (i )
�‚\_f[b•{~ai|ek‚n}h


Ça~^on•yzbe^c{,hjb•{,fj{cZ�� Z]^~ƒ_÷_fj{!� b•{ip_bE] ÷¹Z��©n}\ � Z]^~ƒ_÷_fj{!� b

M (X ) (m)[2m]
M(1X )` ce(E =F )( m)[2m]
� � � � � � � � � � � � � � � ! M (X ) (n)[2n]

Z"h

m
bea

n
{cZ]dta hjb•{ ^on}d_kz{ ^cb•{~ƒ²b•sea~f�� { p_b

E
bea

F
��bea

ce(E=F)
b•{~a hjb+� Z]^~ƒ_÷_fj{!� bls•Z]^~^cb•{~ƒˆZ]d¹p¹n}d‚a


Çh nÐseh n]{c{cblp_b‹òø÷¹be^~d%p�\V/¹`_^c|lyzb•seacZ]^~fjbeh

E=F
{c\_^

X
Ó

r�n}d¹{ h nOp_be^~d_f��e^cb�{cb•sea~fjZ]d­bedD/¹d9�ÿZ]d � Z]d‚a~^cb¬s•Z��.� bed‚a��ÿƒˆZ]\_^¾\_d¹b«ƒ„n}fg^cb@� be^!� |•b

(X ; Z )
acbehghjb$�‚\¹b

X
bea

Z
{cZ]fjbed‚ain}hgkz|e`_^~f��t\¹b•{,hgfj{o{cb•{���h nÐs•Z]d¹{~fjp_|e^on}a~fjZ]d%p_b�hvu fj{cZ�� Z]^~ƒ_÷_fj{�� blfgd¹p�\_fgaÿƒ„n}^ÿh n

p_|L� Z]^!�Än}a~fjZ]dTn}\�s T]d¹b d¹Z]^!�Än}h beaqp_bÐhvu fj{cZ�� Z]^~ƒ_÷_fj{!� b p_bl] ÷¹Z��Hƒ²be^!� bea‹p_bÇp_|L/¹d_fg^qhjbÐa~^~f n}d_kmhjb

p�fj{ca~fgd_km\¹|lp�fga,p_b�: ��{~fgd&MÄZ]`_acbed‚\ p¹n}d¹{ �xàŠè 
iS.S}`�� ��ƒ_^cZ]ƒˆZm{~fga~fjZ]d ��Ó Q�Ó Q¹Ó_óôb�ƒ_^~fgd¹sefgƒ„n}hí^c|•{~\_hgaon}a,p_b

s•bÐso÷„n}ƒ_fga~^cbÇs•Z]d¹s•be^~d¹bÐh n.� Z]d¹seacZ]^~f n}hgfgac|Çp_bÐs•b0a~^~f n}d_kmhjbÇp_b.: ��{~fgd9��p¹n}d¹{�hjb9sÕn]{�píu \_d � Z]^~ƒ_÷_fj{!� b

a~^on}d¹{cyzbe^c{cb��=�Än}fj{0n}\¹{c{cfŒp¹n}d¹{qhjbÇsÕn]{qp_bÇp_|L� n}\_ac{C�Çfgd¹be\_^c{lƒ„n}^q^on}ƒ_ƒˆZ]^~a0n}\�sÕn]{la~^on}d¹{~yzbe^c{cbmÓíYŒn}^

n}fghghjbe\_^c{G�íZ]d«Z]`_a~fjbedtaq\_d¹b8� Z]d¹seacZ]^~f n}hgfgac|Çp�\ a~^~f n}d_kmhjbÄp_b.: ��{~fgd«ƒ„n}^�^on}ƒ_ƒˆZ]^~a$
Äh n a~^on}d¹{~ƒˆZm{c|•bÐp_b

s•be^~aon}fgd¹{6� Z]^~ƒ_÷_fj{!� b•{6/¹d_fj{,| �‚\_fjp�f(� bed¹{cfjZ]d_d¹behj{(p_b�ƒ„n}fg^cb•{��Ýbe^!� |•b•{ÕÓ

ó2n8/¹d p_bqs•bea~acblp_be^~d_f��e^cb‹{cb•sea~fjZ]d {cblseh�T]ai{~\_^��t\¹beh��t\¹b•{<�ÝZ]^!�‹\_hjb•{is•be^~acb•{�� Z]fgd¹{,f(�Çƒ²Z]^~aon}dtacb•{

�Än}fj{ �t\_f�� |e^~fgaon}fjbed‚aQacZ]\_a p_b �2Z�� b píu Zea~^cb%{cfgkmd„n}hj|•b•{��€bea p_Z]dtaÄhjb%hjbefga!� Z]a~fgy�b•{~a acZ]\��~Z]\_^c{ h n

a~^on]p�\¹sea~fjZ]d p_b•{ÿ^c|•{~\_hgaon}ac{(p_blh n9ƒ_^cb��Çf��e^cbqƒ„n}^~a~fjbqp¹n}d¹{,h nÇsÕn}ac|ekzZ]^~fjb0p_|e^~fgyz|•bqp_b•{�� Z]a~f��Ý{5�Çf ê�acb•{ÕÓ

C
`���G�� �H�3� f �F�

r�n}d¹{Šs•b p_be^~d_fjbe^€so÷„n}ƒ_fga~^cb��zZ]d.� Z]d‚a~^cbÿs•Z��.� bedta€fgd‚acbe^~ƒ_^c|eacbe^€hjb•{Šs•Z]d¹{ca~^~\¹sea~fjZ]d¹{

p�\ sc÷„n}ƒ_fga~^cb-Qlbed acbe^!� b•{Ëp_b,s•be^~aon}fgd¹{€ƒ_^cZ}Ö¶Z]`D�~beac{øp¹n}d¹{ h nlsÕn}ac|ekzZ]^~fjbip_|e^~fgyz|•b•{Ëp_b•{�� Z]a~f�� {	�Çf ê�acb•{��

�t\¹b‹d¹Z]\¹{�nÕyzZ]d¹{qn}ƒ_ƒ²behj|•{+� Z]a~f�� {ikz|ed¹|e^~f��t\¹b•{ÕÓ �(d n ƒˆZm{c|0p¹n}d¹{�s•b9sc÷„n}ƒ_fga~^cb

Zf 1g = Z(1)[1]
Óíé

acZ]\_a9s•Z]\_ƒ_hjb

(E ; n)
Z"h

E=k
b•{~al\_d¹b b¸ê�acbed¹{~fjZ]dTp_bÇa���ƒ²b./¹d_f p_b

k
�ôbea

n
\_d
bedta~fjbe^0^cbeh n}a~f��!�ôZ]d

n]{o{cZtsefjb�\_d%ƒ_^cZ}Ö%� Z]a~f��

M gm (E)f ng = lim �
A� E jA=k ���

�����

���	��
��

��
��

�����

�

M (Spec(A))f ng:



êtê�y

�(d�d¹Z]acb

DM (0)
gm (k)

h n¾sÕn}ac|ekzZ]^~fjbQp_b•{lacbehj{0ƒ_^cZ}Ö¶Z]`D� beac{9p_b

DM ef f
gm (k)

�=�‹\_d_fjb p_b•{�� Z]^~ƒ_÷_fj{�� b•{

p_blƒ_^cZ}Ö¶Z]`D�~beac{��.Ó

óôbl^c|•{c\_hgaon}a,ƒ_^~fgd¹sefgƒ„n}h2p_bqs•blso÷„n}ƒ_fga~^cb0b•{~aÿhjb+�vn}fga��‚\¹bqacZ]\_acb•{ÿhjb•{,p_Z]d_d¹|•b•{irÐÞC
Ðr QÄp_b•{ÿƒ_^c|¸Ö

� Ztp�\_hjb•{(p_b0s ��sehjb•{,Z]d‚a(hjbe\_^ãn}d„n}hjZ]km\¹b‹bed aon}d‚a+�‚\¹b�� Z]^~ƒ_÷_fj{�� b•{(p_b�� Z]a~f�� {,kz|ed¹|e^~f��t\¹b•{���bea6�‚\¹b

ƒ„n}^ n}fghghjbe\_^c{G�‚acZ]\_acb•{øhjb•{ ^cbeh n}a~fjZ]d¹{ p_b•{Ëƒ_^c|¸Ö%� Z�p�\_hjb•{Ëp_b(s ��sehjb•{Ë{cZ]dtaøy�^on}fjb•{øp¹n}d¹{øh n‹sÕn}ac|ekzZ]^~fjb(p_b•{

� Z]a~f��Ý{ãkz|ed¹|e^~f��t\¹b•{ÕÓ �(d�� Z]^!�0\_hjbÐs•b•sefŒp_b$�Än}d_f��e^cbÐ{ ��d‚a~÷¹|ea~f��t\¹bÐp¹n}d¹{ãhvuxb¸ê�fj{~acbed¹s•b9píu \_d��ÝZ]d¹seacbe\_^

sÕn}d¹Z]d_f��‚\¹b

M (0) : ( ~Ek )op ! DM (0)
gm (k) ; (E ; n) 7! M gm (E)f ng;

Z"h h n�sÕn}ac|ekzZ]^~fjb ~Ek
b•{~aŠh n�sÕn}ac|ekzZ]^~fjbifgd‚a~^cZ�p�\_fgacb,ƒ„n}^€ÒTÓmõiZm{~a€p¹n}d¹{€h n�^cb��Än}^��‚\¹b0ÞmÓgÞHSlp_b �xõiZm{�1.^	� �

{on}\D�	�‚\¹b�hvuxZ]d%s•Z]d¹{cfjp3�e^cblhjb•{,b¸ê�acbed¹{~fjZ]d¹{(n]s•s•Z��Çƒ„n}kmd¹|•b•{ãpíu \_d%bed‚a~fjbe^i^cbeh n}a~f�� Ó

ó2nls•Z]d¹{ca~^~\¹sea~fjZ]d p_b,s•b<� Z]d¹seacbe\_^��z`_fjbedJ�t\¹b�� Z]fgd¹{ p_|eaon}fghghj|•b��‚\¹bÿs•behghjbip�\Äsc÷„n}ƒ_fga~^cb+QD��� Z]d‚a~^cb

ƒ„n}^ø{onqs•Z]d¹sefj{~fjZ]dÄhvu \_a~fghgfgac|ãp_bis•Z]d¹{~fjp_|e^cbe^Ës•b•{�� Z]a~f�� { kz|ed¹|e^~f��t\¹b•{ÕÓ �(d Z]`_a~fjbed‚a p_Z]d¹s,\_d¹b,fgd‚acbe^~ƒ_^c|¸Ö

aon}a~fjZ]dQp_b(h n0a~^on}d¹{ �ÝZ]^!� |•b(kz|ed¹|e^~f��t\¹b(p_b(h nlƒ_^cb��Çf��e^cbãƒ„n}^~a~fjbtszacZ]\_a<� Ztp�\_hjb(÷¹Z�� Z]acZ]ƒ_f��t\¹b

F�
fgd�Ö

p�\_fga8\_d$�ÝZ]d¹seacbe\_^Œ{~\_^8h nisÕn}ac|ekzZ]^~fjb

DM gm(k)
�}p_Z]d¹s€\_d��ÝZ]d¹seacbe\_^Œ{~\_^8h n,sÕn}ac|ekzZ]^~fjb

pro� DM gm(k)
�‚\_f²ƒ„n}^Ë^cb•{~a~^~fjsea~fjZ]dV
qh n‹sÕn}ac|ekzZ]^~fjb

DM (0)
gm (k)

fgd¹p�\_fga�
la~^onÕyzbe^c{ hjb�� Z]d¹seacbe\_^

M (0) hjb(ƒ_^c|¸Ö%� Ztp�\_hjb

p_bqs ��sehjb•{ÿd¹Z]ac|

F̂�
p¹n}d¹{ÿh nÐƒ_^cb��Çf��e^cblƒ„n}^~a~fjbmÓ

rln}d¹{ô\_d¹b€p_be^~d_f��e^cbø{cb•sea~fjZ]d9�ÕZ]d0p_Z]d_d¹b)�‚\¹beh��t\¹b•{2n}ƒ_ƒ_hgfjsÕn}a~fjZ]d¹{[{~\_ƒ_ƒ_hj|�� bed‚aon}fg^cb•{Œp_b€s•b•{9� Z]a~f��Ý{

kz|ed¹|e^~f��‚\¹b•{.Ó/]2Z]\_a€píu n}`ˆZ]^cp=�zZ]d sÕn}hjse\_hjbÿhjb<� Z]a~f��ˆkz|ed¹|e^~f��‚\¹b,píu \_d¹bib¸ê�acbed¹{~fjZ]dÇa~^on}d¹{os•bed¹p¹n}d‚acb,ƒ_\_^cb

Ü"�‚\_f�b•{~aŠhvu n}d„n}hjZ]km\¹bip_bÿh nãƒ_^cZ]ƒ_^~fj|eac|9ÜÝü�ß8yz|e^~f�/„|•biƒ„n}^€hjb•{	� Z�p�\_hjb•{ p_bÿs ��sehjb•{Áß¸ÓtòËb•sef¹d¹Z]\¹{ ƒ²be^!� bea

píuxbed­p_|•p�\_fg^cb«\_d¹b«^c|•p�\¹sea~fjZ]d­p_b«h nTs•Z]d�� b•sea~\_^cb�p_b«× befghgfgd¹{cZ]d�Ö è�Z]\_hj|@M s•bea~acb«^c|•p�\¹sea~fjZ]d |eaon}fga

n}ƒ_ƒ„n}^cb��.� bed‚a�p_|U�!
�s•Z]d_d‚\¹bmÓ YŒn}^Qn}fghghjbe\_^c{G�Šd¹Z]\¹{ ƒˆZm{cZ]d¹{Çh n?�t\¹b•{~a~fjZ]d�p¹n}d¹{Äh n p_be^~d_f��e^cb%{cZ]\¹{~Ö

{cb•sea~fjZ]d¾p_b�{on•yzZ]fg^,{~f²hjb��ÝZ]d¹seacbe\_^

M (0) b•{caËƒ_hjbefgd&M h n��‚\¹b•{~a~fjZ]d¾p_b�{onÕyzZ]fg^,{Õu fgh²b•{ca)/„p3�ehjb�b•{~a,n}\¹{c{cf

Z]\_yzbe^~acbmÓ2çãZ]\¹{�� Z]d‚a~^cZ]d¹{8�t\ôu \_d¹bÇ^c|eƒ²Z]d¹{ob n [ ^!�Än}a~fgyzb&
¾s•bea~acb2�t\¹b•{~a~fjZ]d�bedta~^on��jd¹bÄp_b.�Än}d_f��e^cb

{~\_^~ƒ_^cbed‚aon}dtacb¾hjb&� n}fgaF�t\¹b acZ]\_aF� Z�p�\_hjb�p_bQs ��sehjb•{.�t\_fËb•{~aÐp_bQa���ƒ²b&/¹d_f,n}\M{cbed¹{Ðp_b 1�Ó ��ÓgÞ�RTÜ 


a~^on•yzbe^c{(d¹Z]a~^cbq| �t\_fgy]n}hjbed¹s•b‹p_bqsÕn}ac|ekzZ]^~fjb.ßÿb•{~ai`²Z]^~d¹|lfgdD� |e^~fjbe\_^cb�� bed‚aÕÓ²çãZ]\¹{ip_|�� Z]d‚a~^cZ]d¹{(\_d%sÕn]{

|ehj|�� bed‚aon}fg^cbQbed�p�fg^cb•sea~fjZ]d¬p_b s•bea~acb n [ ^!�Än}a~fjZ]d9�2beald¹Z]\¹{0Z]`_acbed¹Z]d¹{‹bed
p_|•{cb•{~ƒˆZ]fg^qp_bÇsÕn}\¹{cbÇ\_d

^c|•{~\_hgaon}a píu n}d_d‚\_h n}a~fjZ]d s•Z]d¹s•be^~d„n}d‚aÿh n0ƒ„n}^~a~fjb(hgfg`_^cb(p_bãs•be^~aon}fgd¹{ km^cZ]\_ƒ²b•{Ëp_b�� Z]^~ƒ_÷_fj{!� b•{ p¹n}d¹{øh n

sÕn}ac|ekzZ]^~fjb•{

DM ef f
gm (k)

Ó

�

‡ �,’Š•��0�(� ’��3’	��
�‘W‡ �,’	��
 
9’Š•c‘

çãZ]\¹{ÿacbe^!�Çfgd¹Z]d¹{is•bea~acb�fgdta~^cZtp�\¹sea~fjZ]d#ƒ„n}^ÿhjb•{ÿƒ_fj{~acb•{,{~\_^ hjb•{��t\¹behghjb•{,p_|e`ˆZ]\¹sc÷¹bedta(s•bea~acbla~÷��•{cbmÓ

]2Z]\_a9píu n}`²Z]^cp=�2d¹Z]\¹{‹nÕyzZ]d¹{‹Z]`_acbedt\
hjbF�vn}fga$�t\¹bÇh n¾sÕn}ac|ekzZ]^~fjbÄp_b•{C� n}fj{os•bÕn}\�ê«÷¹Z�� Z]acZ]ƒ_f��t\¹b•{

b•{~a9\_d¹bÄhjZ�sÕn}hgfj{on}a~fjZ]dMp_b•{$� Z�p�\_hjb•{Ðp_b s ��sehjb•{ÕÓ[wid¹bQp_b•{‹ƒ_^cb��Çf��e^cb•{.�‚\¹b•{~a~fjZ]d¹{F�t\_fË{ob ƒˆZm{cbÄp3�•{

hjZ]^c{ b•{~aøh n0ƒˆZm{c{~fg`_fghgfgac|ãp_b��vn}fg^cbã\_d¹bia~÷¹|•Z]^~fjb�p_b•{ o � Ztp�\_hjb•{ p_b�s ��sehjb•{ËbL>íb•sea~f�� {rq.�t\_f²s•Z]^~^cb•{cƒ²Z]d¹p_b

n}\�ê � n}fj{cs•bÕn}\�ê ÷¹Z�� Z]acZ]ƒ_f��t\¹b•{‹p_b h nX�2Z�� b2�Än}d_f��e^cb&�‚\¹bÇh n sÕn}ac|ekzZ]^~fjbÄp_b•{C� Z�p�\_hjb•{0p_bÄs ��sehjb•{

s•Z]^~^cb•{~ƒˆZ]d¹pQn}\�ê.� Z�p�\_hjb•{ø÷¹Z�� Z]acZ]ƒ_f��t\¹b•{ÕÓ�Y8Z]\_^ s•b•sef%�td¹Z]\¹{ËnÕyzZ]d¹{øp_|U��
qb•{c{Án �z|ip_b�� n}fg^cbih n��2Z�� b

a~÷¹|•Z]^~fjbX�‚\¹bQs•behghjb�p_b ÒTÓ8õ(Zm{~a0ƒˆZ]\_^Ðp_b•{9Z]`D�~beac{9km^on]p�\¹|•{9d¹|ek‚n}a~fgyzb�� bed‚aÕÓ��(dTƒ²be\_aÐp_|L/¹d_fg^8� n5Ö

sefghjb�� bed‚aÐ\_d¹b d¹Z]a~fjZ]dOp_bÄƒ_^c|¸Ö%� Ztp�\_hjb•{Çp_b s ��sehjb•{9km^on]p�\¹|•{9d¹|ek‚n}a~fgyzb�� bed‚a��ŠbedOs•Z]d¹{~fjp_|e^on}dta9ƒ„n}^

b¸ê�b��Çƒ_hjbqh nÇsÕn}ac|ekzZ]^~fjb ~Ek
Ó¹YŒn}^(s•Z]d‚a~^cb��„hjb•{in5ê�fjZ�� b•{ÿd¹|•s•b•{c{on}fg^cb•{iƒ²Z]\_^5�vn}fg^cblp_bqs•b•{ÿƒ_^c|¸Ö%� Z�p�\_hjb•{

p_b s ��sehjb•{
o}bL>ˆb•sea~f�� {rqTp_b•{.� Z�p�\_hjb•{Äp_b%s ��sehjb•{
o}bL>íb•sea~f�� {rq¬d¹b {cZ]dta ƒ„n]{ seh n}fg^c{ÕÓ€é(fgd¹{~f%�Šp¹n}d¹{Çh n

p_|�� Z]d¹{~a~^on}a~fjZ]dMp_b•{0ƒ_^cZ]ƒ_^~fj|eac|•{Ðse^~\¹sef n}hjb•{¾ÜÝülßlbea¾ÜÝõÿòÿßqp_b•{$� Z�p�\_hjb•{Ðp_bÄs ��sehjb•{��2ÒTÓ2õ(Zm{~a0\_a~f Ö

hgfj{cb‹acZ]\_acb‹h n km^on]p�\„n}a~fjZ]d ƒˆZ]\_^ls•Z]d¹{~a~^~\_fg^cbÐp_b•{ã{ob•sea~fjZ]d¹{lsÕn}d¹Z]d_f��‚\¹b•{ÕÓˆûýh'�vn}\¹p�^on}fgalp_Z]d¹sÇn ƒ_^~fjZ]^~f

p_b��Än}d¹p_be^��t\¹bÇhjb•{C� Z�p�\_hjb•{0p_bÄs ��sehjb•{‹bL>ˆb•sea~f�� {qyz|e^~f�/„bedta0hjb•{qƒ_^cZ]ƒ_^~fj|eac|•{�ÜÝülß�bea ÜÝõ,òÿß�bed�ƒ_hg\¹{

����� �	��

�


��������������������������
����! "�#���$�&%� "��'(��)*���$+"�

M gm (E )
���,���&�
�-%� "�$%� "

�.+-/ �	��
1032*%4��5* &67�, "895��
�$ :5����;�<�, =�,�$+"�$'

 "

�"�, �+"

�������-���9+�'(��+� "5��$+"5* "�;8>�,+"
�?@
�A.5��-�$���������$+"5* =���
�B��5� 

D M ef f
gm (k)



ê�ê�ytf

p_b•{Ëƒ_^cZ]ƒ_^~fj|eac|•{lÜÝàŒrqß€bea�Üvòÿß¸Ó�ètf²hvuxZ]dÄ^c|e\¹{c{cfj{c{on}fga<
C�vn}fg^cb��Än}^csc÷¹be^ÿs•bea~acb(y]n}^~f n}dtacb o}bL>ˆb•sea~fgyzb�q p_b•{

� Z�p�\_hjb•{Ëp_bis ��sehjb•{��‚Z]d dôu n}\_^on}fgaøƒ„n]{ `²b•{cZ]fgd ƒ²Z]\_^ ^cb•p_|�� Z]d‚a~^cbe^ÿhjbÿa~÷¹|•Z]^���� bãp_b 
€Z�bey�p_{� �� ^�Ó ��Ó �

píu \_a~fghgfj{obe^ihjb•{5� |ea~÷¹Z�p_b•{,p_b � 
€Z�bHS�R �¶Ó

óôb•{5� |ea~÷¹Z�p_b•{ÿp_|eyzbehjZ]ƒ_ƒ²|•b•{(p¹n}d¹{ÿs•bea~acb�a~÷��•{cbÇÜÝbeaÿƒ„n}^~a~fjse\_hgf��e^cb�� bed‚a(p¹n}d¹{ h nÐp_be\�ê�f���� b�ƒ„n}^ Ö

a~fjb.ß�� Z]dta~^cbed‚a �‚\¹b�d¹Zm{Çƒ_^cZ]ƒˆZm{~fga~fjZ]d¹{ p_Z]fgyzbedta ƒˆZ]\_yzZ]fg^ {cbQkz|ed¹|e^on}hgfj{cbe^ hjZ]^c{��t\ôuxZ]dM^cb��Çƒ_h n]s•b¾h n

sÕn}ac|ekzZ]^~fjbÇp_|e^~fgyz|•bÇp_b•{+� Z]a~f�� {-�Çf ê�acb•{ãƒ„n}^�h nQsÕn}ac|ekzZ]^~fjbÐ÷¹Z�� Z]acZ]ƒ_f��‚\¹bÇ{caon}`_hjb9p_b•{l{osc÷¹|��Än]{ÕÓ �(d

ƒˆZ]\_^~^on}fga[n}fgd¹{cf‚b•{~ƒˆ|e^cbe^ôkz|ed¹|e^on}hgfj{cbe^2h n,p_|L/¹d_fga~fjZ]d9p_bŠh nÿa~^on}d¹{ �ÝZ]^!� |•b kz|ed¹|e^~f��‚\¹bøp¹n}d¹{ôhjb€sÕn]{8Z"hqhvuxZ]d

^cb��Çƒ_h n]s•b0hjb•{�� Z�p�\_hjb•{ÿ÷¹Z�� Z]acZ]ƒ_f��t\¹b•{9Ü nÕyzb•sqa~^on}d¹{ � be^~ac{ÁßËƒ„n}^,hjb•{�� Ztp�\_hjb•{i÷¹Z�� Z]acZ]ƒ_f��‚\¹b•{ÐÜÝ{on}d¹{

a~^on}d¹{!�Ýbe^~ac{Áßqp_|L/¹d_fj{9ƒ„n}^‹à ÓxÒ#Z]^cbehËp¹n}d¹{ �xÒ Z]^ �¶Ó �(d¬Z]`_a~fjbed¹p�^on}fga n}fgd¹{~f hjb p_|e`_\_a9p�\¬ƒ_^cZ]km^on0�.� b

ƒˆbed¹{c|Qƒ„n}^Çà ÓxÒ#Z]^cbeh�
%ƒ_^cZ]ƒ²Zm{Çp_bQs•b•{F� Ztp�\_hjb•{Ð÷¹Z�� Z]acZ]ƒ_f��t\¹b•{ÕÓ€òËb•sef,p_bey�^on}fgaÐs•Z]d¹p�\_fg^cb 
#\_d¹b

d¹Z]a~fjZ]d#p_b�� Ztp�\_hjb•{ip_bls ��sehjb•{0Ü d¹Z]d#Z]^~fjbed‚ac|•{Áß Z"h¾hvuxZ]d%^cb��Çƒ_h n]s•blh n.7ãÖva~÷¹|•Z]^~fjbqp_blÒ#fghgd¹Z]^,ƒ„n}^ÿh n

7ãÖva~÷¹|•Z]^~fjbÐp_b9Ò%fghgd¹Z]^ Ö%* fga~als•Z��.� b0fghŒb•{~aãb¸ê�ƒ_hgf��t\¹|0`_^~f��eyzb�� bedtaqp¹n}d¹{ �xÒ#Z]^ �¶Ó²wid¹b0ƒ„n}^~a~fjb‹p_b9s•b

ƒ_^cZ]km^on0�.� b0{cbe^on}fga,p_blp_|�� Z]d‚a~^cbe^,ƒ„n}^in}fghghjbe\_^c{6�‚\¹bãhjb•{�� Z�p�\_hjb•{ÿ÷¹Z�� Z]acZ]ƒ_f��‚\¹b•{(n•yzb•s�a~^on}d¹{ � be^~ac{

p_b¾s•bea~acbQa~÷��•{cb�{cZ]dta | �‚\_fgymn}hjbed‚ac{ n}\�ê � Z�p�\_hjb•{Ð÷¹Z�� Z]acZ]ƒ_f��‚\¹b•{ p_bQh n«sÕn}ac|ekzZ]^~fjb�÷¹Z�� Z]acZ]ƒ_f��t\¹b

{caon}`_hjb2�‚\_fŠ{cZ]dta0p_bÐƒ_hg\¹{qZ]^~fjbedtac|•{ÕÓôYŒn}^0b¸ê�b��Çƒ_hjb��ô\_d¹bÇp_b•{qp�f�[Äse\_hgac|•{lƒ_^cZÕy�fjbed‚a9p�\ � n}fgaC�t\¹bÐhjb•{

� Z]^~ƒ_÷_fj{�� b•{,^c|•{~fjp�\¹{(p_|eƒ²bed¹p_bedtaip¹n}d¹{,hjblsÕn]{,p_b•{�� Ztp�\_hjb•{i÷¹Z�� Z]acZ]ƒ_f��‚\¹b•{9ÜÝ{on}d¹{ÿa~^on}d¹{ � be^~ac{ÁßËp_b

hvu \_d_f�� Z]^!�Çfj{on}dtacb sc÷¹Z]fj{~fjbmÓ �(^��ŒÒTÓ è�sc÷3�ÇfjpMn p_Z]d_d¹| \_d¹b � |ea~÷¹Z�p_b�p¹n}d¹{9{Án a~÷��•{cb � è�so÷�1z•	�ËƒˆZ]\_^

p_|L/¹d_fg^ p_b•{ s•Z��Çƒ_hjb¸ê_b•{ p_b�òËZ]\¹{~fgd sÕn}d¹Z]d_f��t\¹b•{)�2Z�� b,hjZ]^c{��t\¹bÿhjb•{€^c|•{cfjp�\¹{ p_|eƒˆbed¹p_bed‚a píu \_d¹b,\_d_f Ö

� Z]^!�Çfj{on}dtacbÐÜ fghˆ{Õu n}kmfga p_bis•Z]d¹{~fjp_|e^cbe^ hjbãp_|eacbe^!�Çfgd„n}d‚a,p�\J/¹`_^c|id¹Z]^!�Än}híbed�� be\ôÓgÓgÓ ß Y[n}^ÿn}fghghjbe\_^c{���hjb•{

ƒ_^cZ]km^��•{i^c|•s•bed‚ac{,s•Z]d¹s•be^~d„n}dtaihjb�km^cZ]\_ƒˆblp_b-* fga~aÿpíu \_d {cso÷¹|��ÄnD�¹beaÿd¹Z]aon0�.� bed‚a(h n9^c|•{cZ]hg\_a~fjZ]d p_b

:lbe^c{~acbed&�t\_f„hg\_f„b•{caËn]{c{cZ�sefj|•b���� Z]dta~^cbed‚a \_d b¸ê_b��Çƒ_hjbipíu \_d¹b(a~÷¹|•Z]^~fjbis•Z]÷¹Z�� Z]hjZ]kmf��t\¹b��t\_f�p_bey�^on}fga

bedta~^cbe^(p¹n}d¹{,s•b0sÕn]p�^cbmÓ

óôbÄp_be^~d_fjbe^Ðp_|eyzbehjZ]ƒ_ƒ²b�� bedta.�‚\¹bÇd¹Z]\¹{‹ƒ_^cZ]ƒˆZm{cZ]d¹{5� \¹{~a~f�/„b ƒ_hjbefgd¹b�� bedtaÐh n¾p_be\�ê�f���� b ƒ„n}^~a~fjb

p_b0s•bea~acbla~÷��•{cbmÓ¹ûýh2{Õu n}kmfgaip_b�kz|ed¹|e^on}hgfj{obe^ih nÇ{~\_fgacb0{~ƒ²b•sea~^on}hjb0p_b �xõiZm{�1.^	�8n}\#sÕn]{,Z"h hjb�� Z�p�\_hjbqp_b

s ��sehjb•{0b•{cal^cb��Çƒ_h n]s•| ƒ„n}^l\_d�� Z]a~f��~Óôé(fgd¹{~f%�ˆƒ²Z]\_^0\_d?� Z]^~ƒ_÷_fj{!� b hgfj{c{ob

T
�
�! B

bed‚a~^cb {csc÷¹|��Än]{

n}hgkz|e`_^~f��t\¹b•{,hgfj{o{cb•{��_bea,ƒˆZ]\_^ÿ\_dV� Z]a~f��

M
�_fghôp_bey�^on}fgaib¸ê�fj{~acbe^ÿ\_d¹bq{~\_fgacbl{cƒ²b•sea~^on}hjbqp_bqh n��ÝZ]^!� b

E p;q
2 ) HomD M gm(k) (M (T) ; M [p + q])

bea�p_Z]d‚aãhjb‹acbe^!� b

E2
{Õuxb¸ê�ƒ_^~f(� b‹s•Z��.� b‹h n o}s•Z]÷¹Z�� Z]hjZ]kmfjbÇpíu \_d { ��{~a���� b0hjZtsÕn}h�q fgd¹p�\_fga(ƒ„n}^ãhjb•{

/¹`_^cb•{(p_b

�
Ó

òËbl{ ��{ca���� bihjZ�sÕn}hôb•{~a s•Z]d�� b•sea~\_^on}hjb�� bedtai\_dX� Ztp�\_hjblp_b�s ��sehjb•{ÿ{~\_^

B
p_|L/¹d_fíƒ„n}^ h n$�ÝZ]^!�‹\_hjb

{c\_fgy]n}dtacb s

H q(� ; M ) : Es
B ! Z � A b

E=B 7!
L

n2 Z HomD M gm(k)(M (T � B (E)) (� n)[� n]; M [q])
é�hvu n}fjp_bqp_bqs•b-� Z�p�\_hjbqp_bqs ��sehjb•{���hjblacbe^!� b

E2
p_bqs•bea~acbq{~\_fgacbl{cƒ²b•sea~^on}hjbqp_Z]fga�Zea~^cbq|ek‚n}h�


E p;q
2 = Ap(B ; H q(� ; M ); p):

æ€d¬s•Z]d¹{~fjp_|e^on}dta‹hjbÇƒ_\_hghg`„n]s� �p_bÇh n /¹hga~^on}a~fjZ]dTƒ„n}^0s•Z�p�f(� bed¹{~fjZ]d¬p�\
{c\_ƒ_ƒ²Z]^~a9p_b

B
M�/¹hga~^on}a~fjZ]d

seh n]{o{~f��‚\¹b�� bedtais•Z]d¹{~fjp_|e^c|•b�ƒˆZ]\_^,p_|L/¹d_fg^ÿ\_d¹bl{~\_fgacbl{~ƒˆb•sea~^on}hjb�p_b$:�be^c{~acbed M d¹Z]\¹{in•yzZ]d¹{ip_|U�!
‹ƒ_\

p_|L/¹d_fg^ \_d¹b�{~\_fgacbã{~ƒˆb•sea~^on}hjb��t\_f²s•Z]dtyzbe^~kzbãyzbe^c{øhjb(`_\_aÿ{cZ]\_÷„n}fgac|mÓ�óôbãƒ_^cZ]`_h���� b(^cb•{cacbihvu fjp_bedta~f�/„sÕn5Ö

a~fjZ]d#p�\ acbe^!� b

E2
acbehghjb��t\¹bld¹Z]\¹{ÿyzbed¹Z]d¹{(p_b�h nÇp_|•se^~fg^cbmÓ

Y8Z]\_^€hjb<� Z�� bedta��md¹Z]\¹{€n•yzZ]d¹{Š\_d_f��t\¹b�� bed‚aøp_|�� Z]d‚a~^c|��zbedÐ\_a~fghgfj{on}dta€h n��2Z�� bÿp_|�� Z]d¹{~a~^on}a~fjZ]d

�t\¹b9p¹n}d¹{�hjb‹so÷„n}ƒ_fga~^cb21D� �t\¹b0hjb$� Z]d¹seacbe\_^

H q(� ; M )
b•{ca(\_d ƒ_^c|¸Ö%� Ztp�\_hjbÇp_b9s ��sehjb•{ÕÓ�ó u fjp_bed‚a~f�/_Ö

sÕn}a~fjZ]d p�\¾acbe^!� b

E2
p_bey�^on}fga�� Z]dta~^cbe^��t\¹blsmuxb•{~a��2Z�� bl\_d � Z�p�\_hjbqp_bqs ��sehjb•{ÕÓ

ó€u \_a~fghgfj{on}a~fjZ]dWp_b%s•bea~acb#{~\_fgacb%{~ƒˆb•sea~^on}hjb ƒˆZ]\_^~^on}fga p_|e`ˆZ]\¹sc÷¹be^¾{~\_^Äh n?�Çfj{cb#bed |ey�fjp_bed¹s•b%p_b

s•be^~aon}fgd¹b•{ seh n]{c{cb•{ŒsÕn}^on]seac|e^~fj{~a~f��t\¹b•{€{~\_fgymn}d‚aŒhjb•{A� |ea~÷¹Ztp_b•{Šp_bËh n(acZ]ƒˆZ]hjZ]kmfjb,n}hgkz|e`_^~f��‚\¹b,n}ƒ_ƒ_hgf��t\¹|•b•{


Çh nÐ{~\_fgacbq{~ƒˆb•sea~^on}hjblp_b‹è�be^~^cbmÓ
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�

�
I

�
L

�/� �H� �H�
L

���
D[I��

�
D

V)�p���
� �
L

` �@����� �
D[I

�l��V�G�G
D

���F�
I�D

�/��` �F�"���
I

�

Ó

A�
 A�
cA � ����� #*:c�<�"%=- :�� � 0�+.#$-F�3#*!@+/�;7�0 9=#*�
!@?=!�:;#*�

é�h nÐ`„n]{cblp_bld¹Z]a~^cbla~^onÕy]n}fgh8{cb�a~^cZ]\_yzblh nÇp_|L/¹d_fga~fjZ]d%seh n]{o{~f��‚\¹b0bea��ÝZ]d¹p¹n0� bedtaon}hjb�s

�

�/M
I

�����
D[I B

�
B

�
B

°²±

�

´

X
³t· ÏeÀ ��¿¸Â Ê

�

�

·#·²±m´¶µ

Z (X )
ºjµ �mÅ ±]³.Î_µÐÊ‚Ão¿¸º

�

µ¸· º

�

ÃeÅ~µÐµ¸· �tµ¸·�½]Åc¿iÎ�Ê]Å0º:� µ¸·_ÏÕµ¸ÂÄÃ¸ºgµqÏ•±]³‚Ï

�

Ì•ÊzÀoµ¸·�´ �

jX j
�

�2µ¸Ï9¿¸ºg¿eÂ µe·„´ Ï‹½‚µ

Z (X )
Ï•±]·„´øÊ¸ÎzÎ_µ¸ºj¿ÁÏ0ºjµÁÏ0ÀeÍzÀeºjµÁÏ9½‚µ

X
�

°

�

�
µÁÏ¸´Š³�· À•ÍmÀ•ºgµ‹½‚µ

X �

µe´

x
³t· Î�±

�

·„´€½‚µqº:� µÁÏvÎ_ÊzÀoµ9Ê}ÏoÏ•±ÕÀ

�

¿ �

X �

±]· ·²±m´¶µ

� x
ºjµ0Ào±.µ�� À

�

µ¸·„´

½‚µ

x
½‚Ê]·_Ï

�
�

çãZ]a~^cb ^c|L� |e^cbed¹s•bËkz|ed¹|e^on}hjbøƒˆZ]\_^[h n,a~÷¹|•Z]^~fjb p_b•{Œs ��sehjb•{ŒbeaŒp_b hvu fgdtacbe^c{cb•sea~fjZ]d b•{~a �xà_\_h 1.P �¶Ó3]2Z]\_acb¸Ö

�ÝZ]fj{G�4*�Óxà_\_hgacZ]d�\_a~fghgfj{cb({ ��{~ac|��Än}a~f��t\¹b�� bed‚a h n0^cbeh n}a~fjZ]dQpíux| �t\_fgymn}hjbed¹s•b(^on}a~fjZ]d_d¹behghjb�{~\_^Ëhjb•{Ës ��sehjb•{ÕÓ

óôb `_\_a‹p_b s•b•{q^on}ƒ_ƒˆbehj{0b•{~a‹p_b.� Z]d‚a~^cbe^F�‚\¹bÇp¹n}d¹{0h n¾a~÷¹|•Z]^~fjb p_b 
9Ó 
€Z�beyzZ�p_{! ��4�2Z]d�dôuxb•{~aqƒ„n]{

Z]`_hgfgkz|�p_bÄs•Z]d¹{~fjp_|e^cbe^Ðhjb•{Ðseh n]{c{cb•{9p_bÄs ��sehjb•{9ƒ²Z]\_^9hvux| �‚\_fgymn}hjbed¹s•b ^on}a~fjZ]d_d¹behghjb��Šbea8�t\¹b hvuxZ]dTƒ²be\_a

a~^on•ymn}fghghjbe^(p�fg^cb•seacb�� bedta�nÕyzb•slhjb•{,s ��sehjb•{ÕÓ

�(d ^on}ƒ_ƒˆbehghjblh n�� Z]d¹seacZ]^~f n}hgfgac|0|ehj|�� bed‚aon}fg^cb9{~\_fgymn}d‚acb s

ÞmÓiètf

f : X ! X 0 b•{ca¾\_d � Z]^~ƒ_÷_fj{!� b ƒ_h n}a�� fghqb¸ê�fj{~acb \_d � Z]^~ƒ_÷_fj{!� b�sÕn}d¹Z]d_f��t\¹b

f � :
Z (X 0) ! Z (X )

���t\¹b�hvuxZ]d#n}ƒ_ƒˆbehghjbqsc÷„n}d_kzb�� bedtaãp_b�`„n]{obqZ]\ bed¹s•Z]^cb o5ƒ_\_hghg`„n]s� �qzÓ

R�Óiètf

f : X ! Y
b•{~a \_d � Z]^~ƒ_÷_fj{!� b#ƒ_^cZ]ƒ_^cb�� fghãb¸ê�fj{cacb¾\_d � Z]^~ƒ_÷_fj{!� b sÕn}d¹Z]d_f��t\¹b

f � :
Z (X ) ! Z (Y)

���t\¹b�hvuxZ]d#n}ƒ_ƒˆbehghjblf(�Än}kzbqp�fg^cb•seacbqZ]\#bed¹s•Z]^cbpo5ƒ_\¹{~÷¹Z]\_arqmÓ

òËb•{#p_be\�ê � Z]^~ƒ_÷_fj{�� b•{ � Z]d‚a p_b

Z
\_d �ÝZ]d¹seacbe\_^ s•Z]d‚a~^on•ymn}^~f n}d‚a Ü ^cb•{cƒ²b•sea~fgyzb�� bedta«s•Z.y]n}^~f n}dtaÁß

ƒ²Z]\_^Äh n sÕn}ac|ekzZ]^~fjb%p_b•{ {osc÷¹|��Än]{ d¹Z�bea~÷¹|e^~fjbed¹{&�0\_d_fjb%p_b•{2� Z]^~ƒ_÷_fj{!� b•{Äƒ_h n}ac{#Ü ^cb•{~ƒôÓŠƒ_^cZ]ƒ_^cb•{ÁßL�

píu n}ƒ_^��•{

ºg±ÕÀ

�

À

�

´

�

�ôÞmÓ Q bea‹ÞmÓ •�Ó

YŒn]{c{cZ]d¹{��Än}fgdtacbed„n}d‚aln}\ ƒ_^cZ�p�\_fgaipíu fgd‚acbe^c{cb•sea~fjZ]d p_bqs ��sehjb•{ s

�

�/M
I

�����
D[I B

�
B

�
T

°²±

�

´

X
³t·QÏ•À���¿¸Â Ê

� Z
	

ÅcµÁÏvÎ¹µ~À•´

�

É}µ¸ÂÄµ¸·„´

Z 0�l³t·QÏ•±]³‚Ï

�

Ï•À���¿¸Â Ê �Õµ¸Å¸Â ¿

�

·„´ � �]Åcµ

½‚µ

X
½‚µqÀc±.½

�

ÂÄµ¸·¹Ï

�

±]·

d
	

ÅcµÁÏvÎ_µcÀ•´

�

É]µ¸ÂÄµ¸·„´

d0�

�$�

·#½

�

´

�

³_µlº:�

�

·„´¶µ¸ÅÁÏ•µ~À•´

�

±]·«½‚µ

Z
µe´

Z 0 µ¸Ï¸´²Î�Å~±ÁÎ�Åcµ

Ï

�

µe´ Ï•µe³tºjµ¸ÂÄµ¸·„´ Ï

�

ºjµÁÏ‹Àc±]Â(Î�±]ÏeÊ]·„´¶µ¸Ï

�

Å¸Å~¿c½]³�ÀÕ´

�

Ã¸ºjµÁÏÇ½‚µ

Z \ Z 0 Ï•±]·„´Ë½‚µ9Àc±Õ½

�

ÂÄµ¸·_Ï

�

±]·

d + d0�

�

·¬½

�

Å Ê

�

³¹µÄ½‚µe³>� ÀeÍzÀeºjµÁÏÇ½tµ

X
Ï �

�

·„´¶µ¸ÅÁÏ•µcÀ•´¶µ¸·„´[Î²Å ±ÁÎ²Å~µ¸ÂÄµ¸·�´ÿÏ

�

µe´ ÏÕµ¸³�ºgµ¸ÂÄµ¸·�´ Ï

�

ºgµe³tÅÁÏÇÀo±]Â

�

Î�±}Ï•Ê]·„´¶µÁÏqÅcµÁÏvÎ¹µ~À•´

�

É}µÁÏ0Ï �

�

·„´¶µ¸ÅÁÏ•µcÀ•´¶µ¸·„´ÿ½‚µ¸³�� ��½‚µ¸³��lÎ²Å ±ÁÎ²Å~µ¸ÂÄµ¸·�´

�

�
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Ó MÇóôZ]^c{��‚\¹b

X
b•{~a ^c|ekm\_hgfjbe^���{~f

Z
bea

Z
u�{cZ]d‚a p_b•{ø{oZ]\¹{ Ö¶{csc÷¹|��Än]{<� be^!� |•{Ëp_b

X
�

píu n}ƒ_^��•{ � è�be^�Q.P � �¹Z]d%nÐacZ]\��~Z]\_^c{ÿhvu fgd¹|ek‚n}hgfgac|ps

codimX (Z \ Z 0) � codimX Z + codimX Z 0:
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� bedtac{0p�\ km^cZ]\_ƒˆbÇsef Ö¶p_b•{c{~\¹{lp_b•{qs ��sehjb•{�^cbeh n}a~f�� {q| �‚\_fjp�f(� bed¹{cfjZ]d_d¹behj{0p_bÇp�f(� bed¹{~fjZ]d

0
ÓíçãZ]\¹{�d¹b

s•Z]d¹{cfjp3�e^cbe^cZ]d¹{,�~n0�Än}fj{øhjb•{øs ��sehjb•{ø^cbeh n}a~f��Ý{Ëp_b(p�f(� bed¹{cfjZ]dQ{~a~^~fjseacb�� bedta ƒ²Zm{~fga~fgyzb���bea \_d acbehˆn}`_\¹{ød¹b

ƒˆZ]^~acbqp_Z]d¹slƒ„n]{�
Ðs•Z]dD� \¹{~fjZ]d#p¹n}d¹{is•bea~acbla~÷��•{cbmÓ
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�_hjblkm^cZ]\_ƒˆb��‚\¹blhvuxZ]d¾y�fjbed‚a(p_bqp_|L/¹d_fg^ib•{~aÿƒ_hg\_a�T]a(d¹Z]ac|ls

Pr opCyclequi (X=S; 0);

km^cZ]\_ƒˆb p_b•{qs ��sehjb•{C
�{~\_ƒ_ƒˆZ]^~alƒ_^cZ]ƒ_^cb | �t\_fjp�f(� bed¹{~fjZ]d_d¹behøp_bÇp�f(� bed¹{~fjZ]d

0
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S
Ü yzZ]fg^
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S
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ºg±ÕÀ

�

À

�

´

�

�‚p_|L/¹d_fga~fjZ]d
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S
b•{~a

^c|ekm\_hgfjbe^ãb•{~aÿh n9ƒ_^cZ]ƒˆZm{~fga~fjZ]d ��Ó ��ÓgÞ�QÇp_b

ºg±ÕÀ

�

À

�

´

�

Ó
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S
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X
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S
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�
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| �t\_fjp�f(� bed¹{~fjZ]d_d¹beh0{c\_^
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�
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S
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S
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{Án}d‚acb•{ s•Z]d_d¹b¸ê�b•{.Ó‚é(fgd¹{~f%�‚s•Z��.� b

cequi (X=S1 t S2; 0) = cequi (X=S1; 0) � cequi (X=S2; 0)
�‚d¹Z]a~^cb

km^cZ]\_ƒˆbÄp_b s ��sehjb•{0^cbeh n}a~f��i{cb p_|•s•Z��ÇƒˆZm{cbÇacZ]\��~Z]\_^c{‹bedT{cZ��.� b p_bÄkm^cZ]\_ƒ²b•{‹p_bÄs ��sehjb•{q^cbeh n}a~f�� {�
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�
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�
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S
� �

· ·�±m´¶µ
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�

·„´ Ï �‚¿¸·²¿¸Å
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Z
�

³

�
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�
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�
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S
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Z
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[Z ]X =S =
X

i

lg(OZ;zi ):zi :

æ€d%bL>ˆbea��

zi
b•{~ain}hjZ]^c{5/¹d_f2| �t\_fjp�f(� bed¹{~fjZ]d_d¹beh[{~\_^

S
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±]·_Ï

�

½t¿¸Å ±m·_Ïl³t· ÀcÊ]Å¸Å~¿ÐÀoÊ]Å¸´¶¿¸Ï

�

µ¸·¬Ñ

X 0
q //

��
X
��

S0
p //S

´¶µ¸º

�

³¹µ

S
µ•´

S0 Ïe±]·„´ Å~¿ �]³tº

�

µ¸ÅoÏ

�

µe´

p
µ¸Ï¸´ôÎ�º Êz´

�

°

�

Z
µÁÏe´€³�·%Ï•±]³‚Ï

�

Ï•À���¿¸Â Ê��•µeÅÁÂÄ¿

�

·�´ � �]Åcµ‹½tµ

X �
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�

¿

�

³

�

½

�

ÂÄµ¸·¹Ï

�

±]·¹·²µ¸ºˆÏ¸³tÅ

S � Z � S S0 µÁÏ¸´

³t·#Ïe±m³‚Ï

�

ÏeÀ ��¿¸Â Ê'�•µeÅÁÂÄ¿9½‚µ

X 0
�
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�

µe´ ¿

�

³

�

½

�

ÂÄµ¸·_Ï

�

±m·¹·²µ¸º2ÏÁ³�Å

S0�

�

· Î_±}Ï•µÐ½z±m·�À

q� [Z ] = [Z � S S0]X 0=S0 2 cequi
�
X 0=S0; 0

�
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�

·«½t¿�%€·

�

´øÊ

�

·_Ï

�

Î�Ê]Åqº

�

·ˆ¿~Ê]Å

�

´¶¿q³t·«Â ±]Å¶Î��

�

ÏÁÂÄµ‹½‚µ9À���Ê]· �tµ¸ÂÄµ¸·„´ ½‚µÐÃ~Ê}Ï•µÇÑ

q� : cequi (X=S; 0) ! cequi
�
X 0=S0; 0

�
:

é ƒ_^~fjZ]^~f%�[s•bJ� Z]^~ƒ_÷_fj{!� b�p_b sc÷„n}d_kzb�� bed‚a p_b `„n]{cb b•{~a0ƒ_hg\_a�T]a8� Z]d¹sea~fjZ]dTp_b

p
�2beaÐbed¬acZ]\_acb

^~fgkm\¹be\_^��,Z]d n}\_^on}fga%pA@Whjb«d¹Z]acbe^

(p;q) � Ó ]8Z]\_acbL�ÝZ]fj{G�ÿs•Z��.� b fghqb•{~a |ek‚n}h$
Th nT^cb•{~a~^~fjsea~fjZ]d p�\

� Z]^~ƒ_÷_fj{!� b ƒ_\_hghg`„n]s� 

q� {~\_^¬hjb•{
s ��sehjb•{¬p_b

X
p_|L/¹d_f�p¹n}d¹{�hjb�ƒ„n}^on}km^on}ƒ_÷¹b ƒ_^c|•s•|•p_bed‚a��ÐZ]d

s•Z]d¹{cbe^~yzb s•bea~acb�d¹Z]aon}a~fjZ]d n}`_\¹{cfgyzbmÓ€Y[n}^Qn}fghghjbe\_^c{��€s•bea~acb�^cb��Än}^��t\¹b � Z]d‚a~^cbV�t\¹b¾s•bX� Z]^~ƒ_÷_fj{!� b

b•{~aÿd„n}a~\_^cbeh8bed

(p;q)
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óôbiƒ_^cb��Çfjbe^ fgd‚ac|e^�Zea p_b•{ s ��sehjb•{€^cbeh n}a~f�� { b•{ca p_bip�fj{~ƒˆZm{cbe^ píu \_d&� Z]^~ƒ_÷_fj{!� b,ƒ_\¹{c÷¹Z]\_a ƒ„n}^ dôu f(�ÐÖ

ƒ²Z]^~acb$�‚\¹beh=� Z]^~ƒ_÷_fj{!� b9n}\�Ö¶p_b•{c{~\¹{,p_b�h nÇ`„n]{cbls
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S
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S
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X
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�

µe´[ÏÁ³�Å ÌÕµ~À•´
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S � f (Z )
Â9³�·
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�
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�
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µe´€Ï¸³tÅ ÌÕµ~À•´
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�

ÏÁ³�Å

S
�

�2µ Â ±]Å¶Î��
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ÏÁÂÄµ

Z ! f (Z )
µÁÏ¸´�½z±]·²ÀQ³t·OÂ ±]Å¶Î��

�
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�

½z±]Â

�
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�

ÅÁÅc¿~½]³_À

�

´

�
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· Î_±}Ï•µ9½z±]·²À

f � (Z ) = d:f (Z ) 2 cequi (X=S; 0)
±	�

d
µÁÏ¸´øºjµ‹½tµ �]Åc¿Ç½‚µqº:� µ:�m´¶µ¸·¹Ï

�
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�

·�½m³

�

´¶µËÎ_Ê]Å

f
µe·„´ÝÅ~µ0ºjµÁÏ‹Àc±]Å¶Î„Ï‹½‚µ8�•±]·�À•´

�
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·«½t¿�%€·
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�

·_Ï

�
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ÏÁÂÄµ

f � : cequi (X=S; 0) ! cequi (Y=S;0) :
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b•{~a0ƒ_^cZ]ƒ_^cb

f (Z )
b•{~a�� be^!� | p¹n}d¹{

Y
bea

f (Z )
�‹\_d_fËp_bQ{on
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Y
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S
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f (Z )
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S
{cZ]d‚a5/¹d_fjb•{G�¹píu n}ƒ_^��•{ �xæ):lé �	�XQ¹Ó Q¹Ó RD�

f (Z )
/¹d_f2{~\_^

S
Ó

ûýhôbed ^c|•{~\_hgacb��t\¹blhjb-� Z]^~ƒ_÷_fj{!� b

Z ! f (Z )
b•{ca�/¹d_f%�¹bea,ƒ„n}^ip_|L/¹d_fga~fjZ]d%p_Z��Çfgd„n}dtaÕÓ
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X
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S
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��

S0
p //S:

�

ºg±]ÅÁÏ

�

Î�±m³tÅ0´v±m³�´ ÀeÍzÀeºjµ‹Å~µ¸ºgÊm´
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Y = f (Z )
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É}µ¸ÅÁÏ
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cS (X ; Y ) = cequi (X � S Y=X; 0)
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r�n}d¹{9s•bea~acbQ{cZ]\¹{ Ö¶{cb•sea~fjZ]d9�8Z]d��vn}fga0h n s•Z]dtyzbed‚a~fjZ]dMp_b d¹Z]acbe^
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ƒˆZ]\_^0hjbÄƒ_^cZtp�\_fga

X � S Y
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S
n /¹d�píu n}`_^c|ekzbe^lhjb•{�d¹Z]aon}a~fjZ]d¹{ÕÓ2ètf

X
bea

Y
{cZ]dtalhgfj{c{cb•{l{~\_^

S
�ˆsmuxb•{~a�\_d {csc÷¹|��Än

hgfj{o{cb {~\_^

S
ÜÝbeaŠp_Z]d¹s ^c|ekm\_hgfjbe^Áß¸ÓmYŒn}^ n}fghghjbe\_^c{��mZ]dÐd¹Z]acbËp_b)�vn]á•Z]d s•Z]d‚yzbedta~fjZ]d_d¹behghjb

pX
X Y : X Y ! X

hjbC� Z]^~ƒ_÷_fj{!� bqp_blƒ_^cZ0�~b•sea~fjZ]d%sÕn}d¹Z]d_f��t\¹bmÓ

ó€u fjp_|•b0p_blp_|eƒ„n}^~aip_b 
9Ó 
€Z�beyzZtp_{� ��Qp¹n}d¹{,{onÐp_|L/¹d_fga~fjZ]d#p_b�h n sÕn}ac|ekzZ]^~fjbqp_|e^~fgyz|•bqp_b•{�� Z]a~f�� {

�Çf ê�acb•{ÿb•{~a5�t\¹bãp¹n}d¹{ hjb�sÕn]{ÿp_b•{ s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b•{5/¹d_fjb•{���hjbãƒ_^cZ�p�\_fga p_bls•Z��ÇƒˆZm{~fga~fjZ]d¾p_|L/¹d_fíƒ„n}^

h n&� Z]^!�0\_hjbÇseh n]{o{~f��‚\¹b¾ÜÝsL� �xà_\_h 1.P � �ˆsc÷„n}ƒôÓŠÞH^zß(^cb•{~acb9ymn}hgfjp_b9`_fjbed��‚\¹b9hjb•{l{cso÷¹|��Än]{qs•Z]d¹{~fjp_|e^c|•{�d¹b
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{cZ]fjbed‚a‹ƒ_hg\¹{qƒ_^cZ]ƒ_^cb•{9{~\_^qh n�`„n]{obmÓ

P

\_f€ƒ_hg\¹{0b•{ca��9�‚\„n}d¹p¬Z]d
{cbÇ^cb•{ca~^cbefgd‚a9n}\�ê�s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b•{
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R�ÓgÞ s

�

�@�,��� B � T � T

°²±

�

´

X � Y
µe´

Z
´ÝÅ~±

�

Ï�Ï•À���¿¸Â Ê}Ï‹½zÊm·_Ï

L S � � 2 cS (X ; Y )
µ•´

� 2 cS (Y; Z )
�

»

�

�8µÁÏ‹ÀeÍzÀeºjµÁÏ

(pY Z
X Y Z )� (� )

µe´

(pX Y
X Y Z )� (� )

½tµ

X Y Z
Ï �

�

·„´¶µ¸ÅÁÏ•µcÀ•´¶µ¸·„´ôÎ�Å~±ÁÎ�Åcµ¸ÂÄµ¸·„´

�

Æ

���

� Ê¸Î�Å:�¸ÏqºgµÿÎ�Åcµ¸Â

�

µeÅ Î�±

�

·„´

�

±]·ÄÎ_µ¸³�´ÿÀc±]·_Ï

�

½‚¿eÅ~µ¸Å‹ºgµÿÎ�Å~±Õ½]³

�

´Ë½‚µ9ÀeÍzÀeºjµÁÏ9½tµ

X YZ

� = (pY Z
X Y Z )� (� ):(pX Y

X Y Z )� (� )
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� �
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º ±mÅoÏ
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ÊÁÎzÎ_Ê]Å¸´

�

µ¸·„´ Ê]³ �mÅ ±]³.Î_µ

cequi (X Y Z=X; 0)
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s•Z��Çƒ²Zm{Án}d‚acbqfg^~^c|•p�\¹sea~fg`_hjb���beai{~\_ƒ_ƒˆZm{cbe^

X
s•Z]d_d¹b¸ê_bmÓ

ûýhˆ{.u n}kmfga,píux|ea~\¹p�fjbe^,hjbl{~\_ƒ_ƒˆZ]^~a,p_b•{ÿs ��sehjb•{,s•Z]d¹s•be^~d¹|•{.Ó �(^���hjbl{~\_ƒ_ƒˆZ]^~a p_b

(pY Z
X Y Z )� (� )

Ü ^cb•{~ƒôÓ

(pX Y
X Y Z )� (� )

ß,b•{~aÿhjblƒ_^cZ�p�\_fga

X �
Ü ^cb•{cƒôÓ
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ß¸Ó
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��
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��
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� � Y �
b•{~aY/¹d_fíbeaÿ| �t\_fjp�f(� bed¹{~fjZ]d_d¹beh

{~\_^

X
Ó

�(^��_h n ���•so÷¹b0sÕn}d¹Z]d_f��t\¹b

� � Y � ! (X � ) � X Y Z (�Z ) = (X � ) \ (�Z )
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fg^~^c|•p�\¹sea~fg`_hjb�p_b s•bea~acb�p_be^~d_f��e^cb
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X
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X
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X
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�
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�

³

�

Î�Åc¿~À �c½‚µÐ³�· Î�Å ±.½]³

�

´ ½‚µ9Àc±]Â(Î�±}Ï

�

´

�

±]·
Ã

�

º

�

·²¿~Ê

�

Åcµ

cS (Y; Z ) 
 Z cS (X ; Y ) ! cS (X ; Z )
� 
 � 7! � � �

µ¸· Î�±}Ï•Ê]·„´

� � � = pX Z
X Y Z �

�
pY Z

X Y Z
�
(� ):pX Y

X Y Z
�
(� )

�

±	� ºjµ0ÂÇ±mÅvÎ��

�

Ï¸Â µ

pX Z
X Y Z �

½‚¿ÁÏ

�

�]·ˆµqºjµÿÎ�³tÏ ��±]³�´ ½‚¿�%€·

�

µe· »

�

»

�

»]¼qÎ�Ê]Åqºjµ

X
�

Â ±]Å¶Î��

�

ÏÁÂÄµ

pX Z
X Y Z

�
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�
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� f ! X
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hjb0s ��sehjb
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n}ƒ_ƒ„n}^~a~fjbed‚a-


cS (X ; Y )
Ó �(d p_|L/¹d_fga(p_Z]d¹slƒ„n}^,s•bq`_f n}fj{ÿ\_d¹b0n}ƒ_ƒ_hgfjsÕn}a~fjZ]d

HomL S (X ; Y ) ! cS (X ; Y )
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S
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´¶¿¸ÏÄÏÁ³

�

É5Ê]·„´¶µÁÏ µ¸·„´ÝÅcµ

À•ÍmÀ•ºgµÁÏÇÑ

»

�

�

±]³�Å0´v±]³�´

� 2 cS (X ; Y ) � � 2 cS (Y; Z ) �

µe´


 2 cS (Z; T ) �


 � (� � � ) = (
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Æ

�

�

±]³�Å0´v±]³�´

� 2 cS (X ; Y ) �

µ•´

f : Y ! Z
³t· Â ±]Å¶Î��

�

ÏÁÂÄµ0½‚Ê]·_Ï

L S �

f � � = (1X � S f )� (� )

±	� ºjµÄÂÇ±mÅvÎ��

�

Ï¸Â µ

(1X � S f )�
µÁÏ¸´(ºjµ Â ±]Å¶Î��

�

ÏÁÂÄµ

�

Â Ê �tµ ½

�

Åcµ~À•´¶µ�½‚µ¸Ï ÀeÍzÀeºgµ¸ÏÄÅ~µeº Êm´

�

�ÁÏ9Ï¸³tÅ

X
�

, �

�

±]³�Å

� 2 cS (Y; Z ) �

µe´

f : X ! Y
³�·#Â ±]Å¶Î��

�

ÏÁÂÄµ Î�º Êz´Ë½zÊm·_Ï

L S �

� � f = (f � S 1Z )� (� )

±	� ºgµ(Â ±]Å¶Î��

�

ÏÁÂÄµ

(f � S 1Z )� µ¸Ï¸´[ºgµ(Â ±]Å¶Î��

�

ÏÁÂÄµ

�

Â Ê �‚µ

�

·¹É}µ¸ÅÁÏ•µl½t¿�%€·

�

µe·#»

�

»

�

»

�!	

Ê}ÏoÏ•±ÕÀ

�

¿

Ê]³%À���Ê]· �‚µ¸ÂÄµ¸·�´ ½tµ9ÃcÊ}Ï•µ

f
�

�

�
�

�

±]³�Å

f : X ! Y
µ•´

g : Y ! Z
½‚µ¸ÏqÂÇ±mÅvÎ��

�

Ï¸Â µ¸Ïq½‚Ê]·_Ï

L S �

[� g] � [� f ] = [� g� f ]

>

�
�,����aXV��
B

�
T

�
�

Ó M �(d�ƒˆbe\_a0{cbÐƒ„n]{o{cbe^qp_bÇhvu ÷���ƒˆZ]a~÷��•{cbÄp_bÐƒ_h n}a~fga~\¹p_b {~\_^

f
� n}fgacb p¹n}d¹{qhjb

3
�

�t\_fga~acb$
‹^cb��Çƒ_h n]s•be^ihjb-� Z]^~ƒ_÷_fj{�� blƒ_\_hghg`„n]s� �ƒ„n}^ÿhjb-� Z]^~ƒ_÷_fj{!� bqp_blso÷„n}d_kzb�� bed‚a�p_b�`„n]{cblp_|L/¹d_f

p¹n}d¹{ � è 
iS.S}`�� �

cycl(f ) : cequi (X Y=X; 0) ! cequi (X Y � X X 0=X 0; 0)
� �Än}fj{Ëd¹Z]\¹{Ëdôu \_a~fghgfj{cbe^cZ]d¹{

�cn0�Än}fj{is•b�^c|•{c\_hgaon}aÕÓ

�(åíä¹îˆð8ä sôÞmÓ²òËbea~acb‹n [ ^!�Än}a~fjZ]d«s•Z]d¹{~fj{~acbqb•{c{obed‚a~fjbehghjb�� bed‚aC
ÐyzZ]fg^��‚\¹b0ƒ²Z]\_^is•Z��ÇƒˆZm{cbe^,hjb•{ia~^cZ]fj{

s•Z]^~^cb•{cƒ²Z]d¹p¹n}d¹s•b•{��„Z]d¾ƒ²be\_aÿa~fg^cbe^,so÷„n��‚\¹bqs ��sehjbls•Z]^~^cb•{~ƒˆZ]d¹p¹n}d‚aã{~\_^

X Y Z T
� �vn}fg^cbãhvu fgd‚acbe^c{cb•sea~fjZ]d
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bea,^cbeƒˆZ]\¹{c{cbe^ÿhjb�^c|•{~\_hgaon}ai{c\_^

X T
Ó �(d%p_|eaon}fghghjbqfjsef2s•blsÕn}hjse\_h1s


 � (� � � ) = 
 �
�

pX Z
X Y Z �

�
pY Z

X Y Z
�
(� ):pX Y

X Y Z
�
(� )

� �

= pX T
X Z T �

�
pZ T

X Z T
�
(
 ):pX Z

X Z T
�
pX Z

X Y Z �

�
pY Z

X Y Z
�
(� ):pX Y

X Y Z
�
(� )

� �

= pX T
X Z T �

�
pZ T

X Z T
�
(
 ):pX Z T

X Y Z T � pX Y Z
X Y Z T

�
�

pY Z
X Y Z

�
(� ):pX Y

X Y Z
�
(� )

� �
(1)

= pX T
X Z T � pX Z T

X Y Z T �

�
pX Z T

X Y Z T
�
pZ T

X Z T
�
(
 ):pX Y Z

X Y Z T
�

�
pY Z

X Y Z
�
(� ):pX Y

X Y Z
�
(� )

� �
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= pX T
X Y Z T �

�
pZ T

X Y Z T
�
(
 ):

�
pY Z

X Y Z T
�
(� ):pX Y

X Y Z T
�
(� )

� �
(3)

= pX T
X Y Z T �

�
pZ T

X Y Z T
�
(
 ):pY Z

X Y Z T
�
(� ):pX Y
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n•yzb•slhjb•{�� \¹{ca~f�/„sÕn}a~fjZ]d¹{i{~\_fgymn}d‚acb•{ s

Ü Þ.ß �(d n}ƒ_ƒ_hgf��t\¹b,h nlƒ_^cZ]ƒ²Zm{~fga~fjZ]d ÞmÓgÞmÓ R�ÞÿƒˆZ]\_^€hjb,sc÷„n}d_kzb�� bedtaÿp_bÿ`„n]{cb

X T ! X
�zbea€hjb•{øsÕn}^~^c|•{

sÕn}^~ac|•{~fjbed¹{ s

X YZ T //
��

X YZ
��

X Z T //
��

X Z
��

X T //X :
Ü Rzß �(d�n}ƒ_ƒ_hgf��‚\¹b¬h nN�ÝZ]^!�‹\_hjb¬p_b¬ƒ_^cZ0� b•sea~fjZ]d9�

���

µ

�

hjb

2
p_b
h n�ƒ_^cZ]ƒˆZm{~fga~fjZ]d ÞmÓgÞmÓgÞHSD��sÕn}^%hjb•{

s ��sehjb•{

pX Z T
X Y Z T

� pZ T
X Z T

� (
 )
bea

pX Y Z
X Y Z T

� �
pY Z

X Y Z
� (� ):pX Y

X Y Z
� (� )

�
{Õu fgd‚acbe^c{cb•seacbedta ƒ_^cZ]ƒ_^cb�� bed‚a

Ü �2Z�� b6� \¹{ca~f�/„sÕn}a~fjZ]d��t\¹bqƒˆZ]\_^,hjbqhjb��.� b ÞmÓ R�Ó Rzß¸Ó �(d#d¹Z]acbe^on2�t\¹bqhjb�� Z]^~ƒ_÷_fj{!� b

pX Z T
X Y Z T �

dôuxb•{~aËƒ„n]{Ëƒ_^cZ]ƒ_^cb�� �Än}fj{Ëhjb•{ s ��sehjb•{øp_Z]dtaËfgh �vn}\_a ƒ_^cbed¹p�^cbãhvu f(�Än}kzb�p�fg^cb•seacb({cZ]dta ƒ_^cZ]ƒ_^cb•{øƒ„n}^

^on}ƒ_ƒˆZ]^~a�
Çs•b-� Z]^~ƒ_÷_fj{!� b���beaÿh n8� Z]^!�0\_hjbl^cb•{~acbqy]n}hgfjp_blp¹n}d¹{(s•blsÕn]{ÕÓ

Ü �zß �(d n}ƒ_ƒ_hgf��t\¹bÿh n+� Z]d¹seacZ]^~f n}hgfgac|,p�\2� Z]^~ƒ_÷_fj{�� b,p_b,sc÷„n}d_kzb�� bedtaËp_b `„n]{obÿƒ„n}^€\_d.� Z]^~ƒ_÷_fj{!� b

ƒ_h n}a��øhjb

1
p_b%h n«ƒ_^cZ]ƒ²Zm{cfga~fjZ]d�ÞmÓgÞmÓgÞHS
beaÄh n@� Z]d¹seacZ]^~f n}hgfgac|#p�\I� Z]^~ƒ_÷_fj{!� b#f(�Än}kzb%p�fg^cb•seacb

Ü hjb��.� b ÞmÓgÞmÓ R.Szß¸Ó

Ü�Qtß òËbea~acbq|•se^~fga~\_^cb‹b•{~aÿymn}hgfjp_bqpíu n}ƒ_^��•{,hvu n]{c{oZtsef n}a~fgy�fgac|lp�\ ƒ_^cZ�p�\_fgaipíu fgd‚acbe^c{cb•sea~fjZ]dOÜÝsL� ÞmÓgÞmÓ Pzß¸Ó

�(d
ƒˆbe\_aC�vn}fg^cb hjbJ�2Z�� b sÕn}hjse\_hËƒˆZ]\_^0hvu n}\_a~^cb&� b��0`_^cbQp_b hvux|ek‚n}hgfgac|��Œbea‹s•Z��.� b hjb ^c|•{~\_hgaon}a

/¹d„n}hôd¹bqp_|eƒˆbed¹p�ƒ„n]{ip�\¾ƒ„n}^cbedta~÷¹|•{on}kzb���Z]d bed#s•Z]d¹sehg\_a,hvux|ek‚n}hgfgac|mÓ

R�Ó �(d�{cbÐ^on0�2�ed¹bÐƒ„n}^lhgfgd¹|Õn}^~fgac|Qn}\«sÕn]{0Z"h

�
b•{~al\_d�{cZ]\¹{~Ö¶{csc÷¹|��Än&� be^!� |Ðfgd‚a��ekm^cbmÓ8û¶hŠ{Õu n}kmfga

n}hjZ]^c{ip_blsÕn}hjse\_hjbe^Ns

f � � = pX Z
X Y Z �

�
pY Z

X Y Z
�
[� f ]:pX Y

X Y Z
�
(� )

�

= pX Z
X Y Z � ([X � f ]:[�Z ]) :

�(^8p¹n}d¹{8s•b sÕn]{��Õhvu fgd‚acbe^c{cb•sea~fjZ]dÐb•{~aôƒ„n}^~a~fjse\_hgf��e^cb�� bedta€{~f(�Çƒ_hjb s•Z��.� b hjb	� Z]d‚a~^cbøhjb p�f n}km^on0�.� b

{~\_fgymn}d‚aEs

X � f � X Y Z �Z //

b
**VVVV•_

��

�Z•_

��

%%JJJ
JJ

X � f � X Y � a //
•_

��

� •_

i �

��
X � f

�• i //

VVVVVVVVVV
VVVVVVVVVV X YZ

%%JJJJ

X � f p
� //X Y
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b•{~aŒhvu fj{cZ�� Z]^~ƒ_÷_fj{�� bÿp_b ƒ_^cZ0� b•sea~fjZ]d sÕn}d¹Z]d_f��t\¹b��

i
bea

i �
hjb•{Œf(�.� be^c{~fjZ]d¹{A� be^!� |•b•{€sÕn}d¹Z]d_f��t\¹b•{ÕÓ
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ƒ_÷_fj{�� b

a
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� Z]^~ƒ_÷_fj{�� b

b
b•{~aÿ\_d fj{cZ�� Z]^~ƒ_÷_fj{!� bmÓ

éifgd¹{~f%�

W = X � f � X Y Z �Z
b•{caÇ\_d�{csc÷¹|��Än�fgd‚a��ekm^cbmÓ€é(\_a~^cb�� bed‚aQp�fga��Šhvu fgd‚acbe^c{cb•sea~fjZ]d p_b

X � f
bea

�Z
b•{~a‹s•Z]d¹{~a~fga~\¹|•b píu \_d¹bÄ\_d_f��‚\¹bÄs•Z��Çƒ²Zm{on}dtacb s•Z]^~^cb•{cƒ²Z]d¹p¹n}dtaF
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fj{oZ�� Z]^~ƒ_÷¹b+
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�‚s•bea~acbifgd‚acbe^c{cb•sea~fjZ]d¾b•{~a ƒ_^cZ]ƒ_^cbmÓtYŒn}^ n}fghghjbe\_^c{G�zhvu n}d_d¹bÕn}\QhjZtsÕn}h²p_b

W
bed {cZ]d ƒ²Z]fgdta

kz|ed¹|e^~f��t\¹b9b•{~a(p_b‹hjZ]d_km\¹be\_^

1
Ó²YŠ\_fj{��t\¹b

W
b•{~a(\_d¹b‹s•Z��ÇƒˆZm{on}dtacb0ƒ_^cZ]ƒ_^cb9p_b‹s•bea~acb0fgd‚acbe^c{cb•sea~fjZ]d9�
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p_bÐs•bea~acbÐs•Z��ÐÖ

ƒˆZm{on}dtacbqb•{~a,|ek‚n}hjb$


1
Ó �(d Z]`_a~fjbedta(p_Z]d¹s s

[X � f ]X Y Z :[�Z ]X Y Z = [X � f � X Y Z �Z ]X Y Z

= i � ([X � f � X Y Z �Z ]X � f ) = i � ([X � f � X Y � ]X � f )

= i � p� (� ):
òËZ��.� b0bedD/¹d9�¹Z]d#n9h n��vn]seacZ]^~fj{on}a~fjZ]d {~\_fgy]n}dtacb s

X � fp
uul l l

i ))TTT
X Y 1X � S 
 f

//X Y Z
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 f : Y ! YZ
b•{~aÐhjb � Z]^~ƒ_÷_fj{!� b�km^on}ƒ_÷¹b��ŠZ]d�n#p_Z]d¹s

i � = (1X � S 
 f )� p�
�Œsmuxb•{~a Ö 
5Ö¶p�fg^cb

(1X � S 
 f )� = i � p� ƒ_\_fj{��‚\¹b

p
b•{~aÿ\_d%fj{cZ�� Z]^~ƒ_÷_fj{!� bmÓ

éi\ /¹d„n}h%�„Z]d Z]`_a~fjbed‚a(p_Z]d¹s�s

pX Z
X Y Z � ([X � f ]:[�Z ]) = pX Z

X Y Z � (1X � S 
 f )� (� ) = (1X � S f )� �:

��Ó�èt\_ƒ_ƒ²Zm{oZ]d¹{��‚\¹b

�
b•{~aÿ^cbeƒ_^c|•{cbed‚ac|0ƒ„n}^,\_d {cZ]\¹{ Ö¶{osc÷¹|��ÄnF� be^!� |mÓ_ûýhô{Õu n}kmfgaip_blsÕn}hjse\_hjbe^ s

� � f = pX Z
X Y Z

�
([X � ]X Y Z :[� f Z ]X Y Z )

òËZ]d¹{cfjp_|e^cZ]d¹{ihjblp�f n}km^on0�.� b‹{~\_fgy]n}dtaEs

X � � X Y Z � f Z �• //

a **VVVV
•_
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� f Z•_
�
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p
� %%KKK

� � Y Z X Z �• //
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X Z

f � 1Z
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X � �• //

**VVVVVVVVVVVV X Y Z
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p
b•{~a¾hjb � Z]^~ƒ_÷_fj{!� b
p_b«ƒ_^cZ0�~b•sea~fjZ]d�sÕn}d¹Z]d_f��t\¹b��,bea

i
�
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hjb•{ � Z]^~ƒ_÷_fj{!� b•{%píu f(�.� be^c{cfjZ]d¹{

sÕn}d¹Z]d_f��t\¹b•{ÕÓ

óôb•{(sÕn}^~^c|•{�p_bC� n]s•b���p_b0p_be^~^~f��e^cb9bea(p�\%`„n]{({cZ]d‚a�sÕn}^~ac|•{~fjbed¹{ÕÓ �(d#bed p_|•p�\_fga+�t\¹bqhjb‹sÕn}^~^c|0p�\

÷„n}\_a(b•{~a,sÕn}^~ac|•{~fjbed9�¹bea,hjb-� Z]^~ƒ_÷_fj{�� b

a
b•{~aÿ\_d%fj{cZ�� Z]^~ƒ_÷_fj{!� bmÓ¹é(fgd¹{~f%�_s•Z��.� b

f � 1Z
b•{~aÿƒ_h n}a��

hjb•{��0\_hga~fgƒ_hgfjsefgac|•{lpíu fgdtacbe^c{cb•sea~fjZ]d p_b

� f Z
bea

X �
{cbq^c|•p�\_fj{cbedta�n}\�ê �‹\_hga~fgƒ_hgfjsefgac|•{�kz|•Z�� |ea~^~f��‚\¹b•{ÕÓ

�(d nÐp_Z]d¹s s

[X � ]X Y Z :[� f Z ]X Y Z = [X � � X Y Z � f Z ]X Y Z

= � � [X � � X Y Z � f Z ]� f Z

= � � p� [� � Y Z X Z ]X Z

= � � p� (f � S 1Z )� (� )

= (
 f � S 1Z )� (f � 1Z )� (� )
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 f : X ! X Y
b•{~aihjbC� Z]^~ƒ_÷_fj{!� b0km^on}ƒ_÷¹b��„h n

�2Z�� b�� \¹{~a~f�/„sÕn}a~fjZ]d �t\¹blƒ_^c|•s•|•p_b��.� bed‚ats

p� = (p� )� 1 bea
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 f � S 1Z ) � p
Ó

òËZ��.� b0bedD/¹d9�

pX Z
X Y Z � (
 f � S 1Z ) = 1X Z

�_Z]d s•Z]d¹sehg\_aÕÓ

Q¹Ó¹ûýhíd¹b�^cb•{~acblƒ_hg\¹{��t\ôu 
9acbe^!�Çfgd¹be^iƒ„n}^ihjb•{,sÕn}hjse\_hj{i{~\_fgymn}d‚ac{Es

[� g] � [� f ] = [� g] � ([� f ] � 1X ) (1)

= (1X � S g)� (1X � S f )� ([� X ]) (2)

= (1X � S (g � f )) � ([� X ])

= [� g� f ] � 1X (2)
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b•{~aÿh nÐp�f n}kzZ]d„n}hjb0p_b

X
Ó„ó€ux|ek‚n}hgfgac|
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^c|•{~\_hgacb0p�\¾a~^cZ]fj{~f���� bqƒˆZ]fgd‚aip_bls•bea~acb0p_|�� Z]d¹{~a~^on5Ö
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hjb�� Z]^~ƒ_÷_fj{!� b

1X
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�

·�½]³

�

´ôÎ_Ê]Å‹º
� ÊÁÎ
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s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d‚aÕÓ
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�
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òËZ��.� bed¹á•Z]d¹{(ƒ„n}^,hjb�hjb��.� b0{~\_fgymn}d‚a s

�

�@�,���
B

�
T

�
B

�

°²±

�

´

� 2 cS (X ; Y )
µ•´

� 2 cS (X 0; Y 0)
� �
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X � � X �
b•{ca9fj{oZ�� Z]^~ƒ_÷¹bX
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ƒ²Z]\_^

f : X ! X 0
bea

g : Y ! Y 0 p_b•{-� Z]^~ƒ_÷_fj{�� b•{0p¹n}d¹{
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ÞmÓÿZ]dMƒˆZm{cb

X Y = X � S Y
beaÇZ]dMd¹Z]acb

pX
X Y : X � S Y ! X

h n#ƒ_^cZ0� b•sea~fjZ]d�sÕn}d¹Z]d_f��t\¹b

ÜÝs•Z��.� b0ƒ_^c|•s•|•p_b��.� bed‚aÁß¸Ó

R�Ó �(d d¹Z]acb

T pX
X Y : X � T Y ! X

h n9ƒ_^cZ0�~b•sea~fjZ]d#sÕn}d¹Z]d_f��t\¹bmÓ

B � T � O/� B
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L T ! L S
Ó

è�Z]fjbed‚a
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bea

Y
p_b•{ã{cso÷¹|��Än]{ãp¹n}d¹{
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Ó �(d#d¹Z]acb

� X Y : X � T Y ! X � S Y
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ÏÁÂÄµ

� X Y
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Àoµ#Â ±]Å¶Î��

�
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X � Y
µe´
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� � X Y �
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T
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� X Z � (f � � ) = f � (� X Y � (� )) :
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f : X ! Y
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Â ±]Å¶Î��

�

ÏÁÂÄµ
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� X Z � (f � � )
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= � X Z � (1X � T f )� � =

�
(� X Z � (1X � T f )

�
� �

=
�
(1X � S f ) � � X Y

�
� � = (1X � S f )� (� X Y � � )
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= f � (� X Y � � )
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= (f � S 1Z )� � Y Z � �
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Ó
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X T = X � S T
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!

: (3)

é2yzb•slƒˆZ]\_^A� \¹{~a~f�/„sÕn}a~fjZ]d¹{Es

Ü Þ.ßQh n�� Z]d¹seacZ]^~f n}hgfgac|0p�\ � Z]^~ƒ_÷_fj{!� b0ƒ_\_hghg`„n]s� 
ÜÝsL�Œhjb�ƒ„n}^on}km^on}ƒ_÷¹b$�t\_fô{~\_fga0ÞmÓgÞmÓgÞ.•mß¸Ó

Ü RzßQh n9ƒ_^cb��Çf��e^cbqƒ_^cZ]ƒ_^~fj|eac|0p_b ÞmÓgÞmÓgÞHS

Ü �zßQh n�� Z]^!�0\_hjb0p_b�ƒ_^cZ0�~b•sea~fjZ]d%p_blh n9ƒ_^cZ]ƒˆZm{~fga~fjZ]dTÞmÓgÞmÓ R�ÞmÓ

�



����� � �����
������������� ��� ����� ��� ��� ��� Þ.•

�

�/M I ����� D[I B � T � B n

�

±]³�Å

� : T ! S
³t· Â ±]Å¶Î��

�

ÏÁÂÄµÿÎ�º Êz´

�

±]·#·²±m´¶µ

~� � ºjµ8�e±m·�À•´¶µ¸³�Å

L cor;S ! L cor;T

X=S 7! X T =T
cS (X ; Y ) 3 � 7! � T :

òËb-� Z]d¹seacbe\_^i{on}a~fj{ �vn}fga,p_blƒ_hg\¹{ÿhjb•{,ƒ_^cZ]ƒ_^~fj|eac|•{i{~\_fgymn}d‚acb•{ s

�

�@�,��� B � T � B f

»

�

�8µ8�e±]·²À•´¶µ¸³�Å

~� � µÁÏe´ Â ±]·²±>=Ý½‚Ê]º

�

Æ

�

�8µ‹½

�

Ê �mÅ Ê]ÂÐÂÄµqÏÁ³

�

É}Ê]·„´ ½‚µ8�e±]·²À•´¶µ¸³�ÅoÏ‹Àc±mÂ9ÂÐ³�´¶µÐÑ

L S
//

� �
��

L cor;S

~� ���
L T

//L cor;T :

�

Ê]·_Ï0ÀoµÐ½

�

Ê �]Å~Ê]ÂÐÂÄµ

�

ºjµÁÏqÂ ±]Å¶Î��

�

ÏÁÂÄµÁÏE��±]Å

���

±]·„´vÊ]³�� Ïe±]·„´ ºgµ¸Ï

�

·�À•º ³tÏ

�

±]·_Ïl·�Êm´Ý³�Åcµ¸º ºjµÁÏ

�

µe´øºgµ

Â ±]Å¶Î��

�

ÏÁÂÄµ0É}µ¸Åe´

�

ÀoÊ]º8½‚µ �zÊ]³_À���µÐºgµ8�•±]·�À•´¶µ¸³�Å‹½‚µ0ÅcµÁÏ¸´ÝÅ

�

À•´

�

±m·«ÀeºgÊ}ÏÁÏ

� �

³_µ

�

, �

°

�

½tµ�Î²º ³tÏÄ±]·
ÏÕµÄ½‚±]·¹·²µÄ³�·

k
�

Â ±]Å¶Î��

�

ÏÁÂÄµ

	

Î�ºgÊm´ �

� : T0 ! T �

±]·TÊ#³�·

�

Ïe±]Â ±]Å¶Î��

�

ÏÁÂÄµ

ÀcÊm·�±]·

� �

³¹µÐ½‚µ8�e±]·²À•´¶µ¸³�ÅoÏ

(̂� � � )
�

' ~� � � ~� � :

�iåíä¹îíð8ä sôÞmÓ„è�Z]fga

� 2 cS (X ; Y )
bea

� 2 cS (X 0; Y 0)
Ó_é(hjZ]^c{��

(� 
 tr � )T = � �
X X 0Y Y 0

�
pX Y

X X 0Y Y 0
�
(� ):pX 0Y 0

X X 0Y Y 0
�
(� )

�

=
�

� �
X X 0Y Y 0pX Y

X X 0Y Y 0
�
(� )

�
:
�

� �
X X 0Y Y 0pX 0Y 0

X X 0Y Y 0
�
(� )

�

=
�

T pX Y
X X 0Y Y 0

�
(� T )

�
:
�

T pX 0Y 0

X X 0Y Y 0
�
(� )

�
:

R�Ó2òËbeh n�^c|•{~\_hgacbÄp�\ � n}fgaC�t\¹bÐƒ²Z]\_^

f : X ! Y
\_d

S
Ö%� Z]^~ƒ_÷_fj{!� b��2Z]d
nQ\_d fj{cZ�� Z]^~ƒ_÷_fj{�� b

sÕn}d¹Z]d_f��‚\¹b

� f T ! � f � S T
Ó

��ÓˆæŠd�bL>íbea��²Z]d�n \_d«fj{cZ�� Z]^~ƒ_÷_fj{!� bÇsÕn}d¹Z]d_f��t\¹b

X T 0 ' (X T )T 0
Ó²ó2b8� n}fga-�‚\ôu fghŠ{cZ]fga�d„n}a~\_^cbeh

ƒ„n}^Ç^on}ƒ_ƒ²Z]^~aÄn}\�êOs•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b•{F/¹d_fjb•{Çy�fjbed¹{Çp_b h n � Z]d¹seacZ]^~f n}hgfgac| p�\O� Z]^~ƒ_÷_fj{!� b�ƒ_\_hghg`„n]s� 

\_a~fghgfj{c|mÓ

�

B
�

T
� O/� O

>

�F�H�H�3�
L

���
D[I

�/�
L

`��
I

�[�
���
I

��	K� �������

ó2n��ÝZ]^!�‹\_hjb«{~\_fgy]n}dtacb ƒ_^cZ]hjZ]d_kzb«n}\ñsÕn]{Qp_b•{Qs•Z]^~^cb•{cƒ²Z]d¹p¹n}d¹s•b•{&/¹d_fjb•{Qh n?� Z]^!�0\_hjb«|ey�fjp_bed‚acb

s•Z]d¹s•be^~d„n}d‚aãhjb•{5� Z]^~ƒ_÷_fj{!� b•{(p_bl{csc÷¹|��Än]{ s

�

�
D

G
D

�������
DJI B

�
T

�
T

�

°²±

�

´

� : T ! S
³�· Â ±]ÅvÎ �

�

Ï¸ÂÄµ(º

�

ÏoÏÕµl½‚µã´ÝÍÁÎ_µ&% ·

�

� X
µe´

Y
½tµÁÏiÏ•À���¿¸Â Ê}Ï

½zÊ]·_Ï

L S
µe´

� 2 cS (X ; Y )
�

�

ºg±]ÅoÏ

�

ºgµ9½

�

Ê �]Å~Ê]ÂÐÂÄµqÏÁ³

�

É5Êm·„´ËµÁÏe´ËÀo±]ÂÐÂ9³�´vÊm´

�

�‹½zÊ]·¹Ï

L cor;S

X T
~� � ~� � (� ) //

� X ��

YT
� Y��

X
� //Y:



ÞHP ���������
	��
�����������
�
�����������
���������������������

�(åíä¹îˆð8ä,s_YŒn}^ip_|L/¹d_fga~fjZ]d9�

~� � ~� � (� ) = � X Y � (� �
X Y � ):

é(fgd¹{~f%��h nÇs•Z��.�‹\_aon}a~fgytfgac|9p�\ p�f n}km^on0�.� b0| �t\_fgymn}\_a(n}\�ê�|ek‚n}hgfgac|•{(| �‚\_fgymn}hjbed‚acb•{

� Y � � X Y � (� �
X Y � ) = � � � X

, (1X T � S � Y )� � X Y � (� �
X Y � ) = (� X � S 1Y ) � �:

�(^��„píu n}ƒ_^��•{,hjblp�f n}km^on0�.� b����ÝZ]^!� |lp_bqp_be\�ê¾sÕn}^~^c|•{isÕn}^~ac|•{cfjbed¹{��

X YT
� X Y //

��

X T � S YT
1X T � S � Y //

��

X T � S Y

��
T

� T =S //T � S T //T � S S:

hjb+� Z]^~ƒ_÷_fj{!� bls•Z��ÇƒˆZm{c|

� = (1X T � S � Y ) � � X Y
b•{~a \_dQfj{oZ�� Z]^~ƒ_÷_fj{!� bmÓ_éifgd¹{cf%�

� � = (� � )� 1 Ó�ó2n

s•Z��.�‹\_aon}a~fgytfgac|9p�\%p�f n}km^on0�.� b‹b•{~a,p_Z]d¹sl^c|•p�\_fgacb$
9hvux|ek‚n}hgfgac|

� �
X Y � = � � (� X � S 1Y )� �

s•b��t\_f�^c|•{~\_hgacb p�\��vn}fga	�‚\¹b

� X Y = (� X � S 1Y ) � �
beaŠp_bËh n6�ÝZ]d¹seacZ]^~f n}hgfgac|ÿp�\F� Z]^~ƒ_÷_fj{!� b ƒ_\_hghg`„n]s� ²Ó

�

A 
 � 
�� ��01# ��-/7 ��-F� ��+ � 9=# � 0�� +/%191#

ç(Z]acZ]d¹{X�t\¹b%h n
p_|L/¹d_fga~fjZ]dñp�\ ƒ_^cZ�p�\_fgaQp_b s•Z��Çƒ²Zm{cfga~fjZ]dñp_b•{Qs•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b•{ /¹d_fjb•{��<�‚\_f

dôu \_a~fghgfj{ob��‚\¹b h n�� Z]^!�0\_hjbip_b(è�be^~^cb ƒ²Z]\_^ hjb•{A�0\_hga~fgƒ_hgfjsefgac|•{��tp_b•{	� Z]^~ƒ_÷_fj{!� b•{€ƒ_\¹{c÷¹Z]\_a beaŠƒ_\_hghg`„n]s� 

beai\_d hjb��.� b0{~\_^ih nÐƒ_^cZ]ƒ_^cbeac|0píu \_d¹b0fgd‚acbe^c{cb•sea~fjZ]dOÜÝsL�ÿÞmÓ R�Ó Rzßÿdôu \_a~fghgfj{cblƒ„n]{ih nÐƒ_^cZ]ƒ_^~fj|eac|0p_bla �tƒˆb

/¹d_fga~\¹p_b0f(�Çƒ²Zm{o|•bqn}\�ê¾{osc÷¹|��Än]{ÕÓ

�(d ƒ²be\_aøp_Z]d¹s,|eacbed¹p�^cbÿh nlp_|L/¹d_fga~fjZ]dQp_b•{€s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b•{	/¹d_fjb•{øn}\�êÇ{cso÷¹|��Än]{ d¹Z�bea~÷¹|e^~fjbed¹{��

^c|ekm\_hgfjbe^c{‹beaq{c|eƒ„n}^c|•{q{~\_^

S
�íbeaqp_|L/¹d_fg^‹p_bF�Än}d_f��e^cbÇfjp_bed‚a~f��t\¹bÇhjbÐƒ_^cZ�p�\_fga0p_bÇs•Z��Çƒ²Zm{cfga~fjZ]dôÓ �(d

dôu n}\_^on‹ƒ„n]{ø`²b•{oZ]fgd p_bis•bea~acbãsÕn}ac|ekzZ]^~fjb���beaËbehghjbidôu n}ƒ_ƒ„n}^on��ja~^on8�‚\¹bãp¹n}d¹{ h nqƒ_^cZ]ƒ²Zm{cfga~fjZ]d�{c\_fgy]n}dtacb s

�

�
D

G
D

�������
D[I B

�
T

�
T�B

°²±

�

´

X
³�·%Ï•À���¿¸Â Ê�½zÊ]·_Ï

L S
�

°²±

�

´

(Yi ) i 2I
³�·%Î²Å ±

�

±‚Ã ÌÕµe´0µÁÏÁÏ•µ¸·„´

�

µ¸º ºgµeÂ µe·„´lÊ �M·²µ

	

À+���

;��

�
���

�

¼

�

»

, �
�

�#½‚µÄÏeÀ ��¿¸Â Ê}ÏQ½zÊm·_Ï

L S
½z±]·�´€ºgÊ º

�

Â

�

´¶µ‹µ¸Ï¸´ø³t·#ÏeÀ��_¿¸Â ÊÄ·²±.µe´���¿¸Å

�

µ¸·

Y
���

ºg±]ÅÁÏ

�

ºjµqÂ ±]Å¶Î��

�

ÏÁÂÄµ‹ÀcÊ]·�±m·

���

³_µ

lim� !
i 2I op

cS (Yi ; X ) ! cS (Y; X )

µ¸Ï¸´ø³t·

�

Ï•±]Â ±]Å¶Î��

�

ÏÁÂÄµ

�

>

�
�,����aXV��
B

�
T

�
T*T

Ó M
é(\_a~^cb�� bed‚a p�fga��Œhjb�{cso÷¹|��Än

X
yz|e^~f�/„b�h n#ƒ_^cZ]ƒ_^~fj|eac|
ÜÝs•ZmY€à€ß9p_b%òãÓ R�Ó � �

p¹n}d¹{ih nÐsÕn}ac|ekzZ]^~fjb

L cor;k
ƒ„n}^i^on}ƒ_ƒ²Z]^~a(n}\�ê�ƒ_^cZ}Ö¶Z]`D�~beac{ib•{c{cbedta~fjbehghjb�� bed‚aln [ d¹b•{,p_b

L k
Ó

�(åíä¹îˆð8ä stY[Z]\_^ÿacZ]\_a

i 2 I
�tZ]dQd¹Z]acb

pi : Y ! Yi
hjb�� Z]^~ƒ_÷_fj{!� blp_bãƒ_^cZ0�~b•sea~fjZ]d�sÕn}d¹Z]d_f��t\¹bmÓ �(d

d¹Z]acb

� i : cS (Yi ; X ) ! cS (Y; X )
hjb�� Z]^~ƒ_÷_fj{!� b0sÕn}d¹Z]d_f��‚\¹blfgd¹p�\_fga(ƒ„n}^,s•Z��Çƒ²Zm{cfga~fjZ]d n•yzb•s

pi
Ó

óôblƒ_^cZ]`_h���� bq^cbey�fjbed‚a(p_Z]d¹s$
F� Z]d‚a~^cbe^+�‚\¹b�hjb-� Z]^~ƒ_÷_fj{�� b0p_b�km^cZ]\_ƒˆb•{(n}`ˆ|ehgfjbed¹{

' = lim� !
i

� i

b•{caÿ`_f � b•sea~f��~Ó



����� � �����
������������� ��� ����� ��� ��� ��� Þ�1

�(d@� Z]d‚a~^cb9píu n}`²Z]^cp@�‚\ôu fghŒb•{~aã{~\_^"� b•sea~f��~Ó„ûýh2{~\D[ a�p_bqhjbC� n}fg^cb9{~\_^(\_d¹bq`„n]{cb9p�\%km^cZ]\_ƒˆb0hgfg`_^cb

píu n}^~^~fgyz|•bmÓ[è�Z]fga0p_Z]d¹s

Z
\_d
{cZ]\¹{~Ö¶{csc÷¹|��Än � be^!� | p_b

YX
�t\_f€b•{~aqp_bÇƒ_hg\¹{-/¹d_fø{~\_^

Y
Ó2éihjZ]^c{��

Z
b•{~a‹p_|L/¹d_fËƒ„n}^0\_d¬fjp_|Õn}h<�t\„n]{~f Ö¶s•Z]÷¹|e^cbedta9p_b

OYX
Ó �(^��2s•Z��.� b

YX
b•{~a0d¹Z�bea~÷¹|e^~fjbed9�[s•bea‹fjp_|Õn}h

b•{~a�s•Z]÷¹|e^cbed‚a0bea�fghŒb•{~albed_kzbed¹p�^c|‹ƒ„n}^�\_d«d¹Z��0`_^cb8/¹d_fŠp_bÐ{cb•sea~fjZ]d¹{

f 1; :::; f n
ÓˆòËZ��.� b

OYX
b•{~a

hgf(�Çfgacb fgd¹p�\¹sea~fgyzb p_b•{

OYi X
�2Z]d
ƒˆbe\_a0{~\_ƒ_ƒˆZm{cbe^$�t\ôu fgh b¸ê�fj{cacbÇ\_d

i0
acbeh)�‚\¹b

f 1; :::; f n
{cbÐ^cbeh��eyzb

bed

g1; :::; gn
p¹n}d¹{

OYi X
Ó²òËZ]d¹{~fjp_|e^cZ]d¹{ãhjbq{cZ]\¹{ Ö¶{cso÷¹|��Än.� be^!� |q^c|•p�\_fga

Z i
p_b

Yi X
p_|L/¹d_f[ƒ„n}^,hjb•{

| �‚\„n}a~fjZ]d¹{

g1; :::; gn = 0
Ó¹é(hjZ]^c{���ƒ„n}^,p_|L/¹d_fga~fjZ]d9�¹hjbqsÕn}^~^c|0{~\_fgy]n}dta

Z //

��

YX
pi � S 1X��

Z i //Yi X

b•{~a,sÕn}^~ac|•{~fjbedôÓ

òËZ]d¹{~fjp_|e^cZ]d¹{ãh n sÕn}ac|ekzZ]^~fjb

I =i
p_b•{ãZ]`D�~beac{

j
p_b

I
�0\_d_fj{ãpíu \_d¹b ���•so÷¹b

j ! i
�t\¹bqhvuxZ]d#d¹Z]acb

ƒ„n}^in}`_\¹{,{~f(�Çƒ_hjb�� bedta

j
Ó�è�Z]fga

j
\_d Z]`D� bea,p_b

I =i
Ó��(d¾d¹Z]acb

Z j
hjb�ƒ_\_hghg`„n]s� ¾p_b

Z i
{~\_^

Yj
ƒ„n}^ÿhjb

� Z]^~ƒ_÷_fj{!� bÇp_b9a~^on}d¹{~fga~fjZ]d�s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d‚aÕÓ �(d
nQs•Z]d¹{~a~^~\_fgaqn}fgd¹{~fŒ\_d ƒ_^cZ}Ö¶Z]`D�~bea

(Z j ) j 2I =i
ÓˆY[n}^

p_|L/¹d_fga~fjZ]d9�¹hjb-� Z]^~ƒ_÷_fj{!� b‹sÕn}d¹Z]d_f��‚\¹b

Z ! lim �
j 2I =i

Z j

b•{~aÿ\_d fj{cZ�� Z]^~ƒ_÷_fj{�� bmÓ

r-�•{ÿhjZ]^c{��¹píu n}ƒ_^��•{

[
æ):�é Q

]
�¹Z]d¾ƒ²be\_aia~^cZ]\_yzbe^,\_d

j � i
acbeh'�‚\¹bls

ÞmÓ

Z j
b•{~a‹fgdta��ekm^cbQƒ„n}^Ðn}ƒ_ƒ_hgfjsÕn}a~fjZ]d�p�\Os•Z]^cZ]hgh n}fg^cb P�Ó Q¹Ó � p_b

ºg±ÕÀ

�

À

�

´

�

sÕn}^‹hjb•{8� Z]^~ƒ_÷_fj{!� b•{Çp_b

a~^on}d¹{~fga~fjZ]d p�\¾ƒ_^cZ}Ö¶Z]`D� bea

(Z j ) j � i
{cZ]d‚aip_Z��Çfgd„n}dtac{ÕÓ

R�Ó

Z j
b•{~a�/¹d_f%�¹{c\_^"� b•sea~f��Š{~\_^

Yj
�_píu n}ƒ_^��•{

ºg±ÕÀ

�

À

�

´

�

�[P�ÓgÞHS�Ó Q�Ó

é(fgd¹{~f%�[hjb s ��sehjb¾n]{c{cZ�sefj| 


Z j
p¹n}d¹{

Yj X
�[d¹Z]ac|

[Z j ]
�[b•{ca‹\_d¹b�s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b /¹d_fjb�p_b

Yj
p¹n}d¹{

X
Ó„òËZ��.� b‹p_b�ƒ_hg\¹{��

(pj � 1X )� 1(Z j ) = Z
b•{~aÿ\_d%{osc÷¹|��ÄnÐfgdta��ekm^cb��„Z]d%Z]`_a~fjbedta

[Z j ] � pj = (pj � S 1X )� ([Z j ]) = [Z ]:

éi\_a~^cb�� bedta(p�fga��

� j ([Z j ]) = [Z ]
�_beaip_Z]d¹s

' ([Z j ]) = [Z ]
Ó

�(d � Z]d‚a~^cbX�t\¹b

'
b•{~a‹fgd��~b•sea~f��~ÓŒè�Z]fga

i
\_dM|ehj|�� bed‚a p_b

I
bea

� i 2 cS (Yi ; X )
\_d¹b�s•Z]^~^cb•{ Ö

ƒ²Z]d¹p¹n}d¹s•bJ/¹d_fjb acbehghjb&�‚\¹b

' (� i ) = 0
Ó[è�Z]fga

j
\_d¬Z]`D�~bea0p_b

I =i
�8bea

f j i : j ! i
hjbJ� Z]^~ƒ_÷_fj{!� b

s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d‚aÕÓ �(d%d¹Z]acb

Z j
hjbl{~\_ƒ_ƒ²Z]^~a,p_b

� � f j i
Ó

�(d¾n0n}fgd¹{~fˆs•Z]d¹{~a~^~\_fgaË\_d ƒ_^cZ}Ö¶Z]`D�~bea

(Z j ) j 2I =i
Ó �(^��tƒ_\_fj{��‚\¹b

� � pi
b•{~a dt\_h%�tp_Z]d¹sãp_bã{~\_ƒ_ƒ²Z]^~a
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�����������
���������������������

�

ºg±]ÅÁÏ

�

�

º8µ:�

�

Ï¸´¶µ0³�·

�

Ïe±mÂÇ±mÅvÎ��

�

Ï¸Â µ‹ÀcÊ]·²±]·

� �

³_µ

� S (Y; X ) ! Pic
�
Y � S �X ; Y � S X 1

�

�

³

�

É]¿¸Å

�

%Ëµ9½‚µÿÎ�º ³‚Ï9Ñ

»

�

°

�

Y 0 f
�! Y

µÁÏ¸´0³t· Â ±]ÅvÎ �

�

Ï¸ÂÄµ9Î�ºgÊm´9½zÊ]·_Ï

L S
µ¸·„´ÝÅcµ�Ï•À���¿¸Â Ê}Ï#Ê �M·ˆµÁÏ

�

ºjµ%½

�

Ê �]Å~Ê]ÂÐÂÄµ

ÏÁ³

�

É5Ê]·„´ËÀc±]ÂÐÂÐ³�´¶µÇÑ

� S (Y; X )
� f ��

//Pic
�
Y � S �X ; Y � S X 1

�

(f � S 1 �X ) �
��

� S (Y 0; X ) //Pic
�
Y 0 � S �X ; Y 0 � S X 1

�
:

�2µqÂ ±]Å¶Î��

�

ÏÁÂÄµ

(f � S 1 �X )� µÁÏ¸´øºjµlÂ ±]Å¶Î��

�

ÏÁÂÄµ

�

Â Ê �‚µ

�

·¹É}µ¸ÅÁÏ•µ9½‚µ0ºgÊ�½‚¿�%€·

�

´

�

±]·«»

� , �

» �

�

Æ

�

°²±

�

´

Z
³t·
Ïe±]³tÏ

�

ÏeÀ��_¿¸Â Ê �Õµ¸Å¸ÂÄ¿ ½‚µ

X
´¶µ¸º

�

³_µ �X =S
µÁÏe´ÿ³t·ˆµ Ã~±m·¹·²µ Àc±]Â(Î�ÊzÀ•´

�

%øÀcÊz´

�

±]·�½‚µ

(X ; Z )
�

Dq±m´v±]·¹Ï

j : X � Z ! X
º:�

�

Â9ÂÄµ¸ÅÁÏ

�

±]·«±]³tÉ]µ¸Å¸´¶µ9ÀcÊm·�±]·

� �

³¹µ

�9�

ºg±]ÅoÏ

�

ºgµ‹½

�

Ê �]Å~Ê]ÂÐÂ µ

ÏÁ³

�

É5Ê]·„´ËÀc±]ÂÐÂÐ³�´¶µÇÑ

� S (Y; X � Z )
j � ��

//Pic
�
Y � S �X ; Y � S X 1 t Y � S Z )

�

r Y � S X 1��
� S (Y; X ) //Pic

�
Y � S �X ; Y � S X 1

�
:

�2µ#Â ±]Å¶Î��

�

ÏÁÂÄµ%É}µ¸Åe´

�

ÀcÊ]ºl½‚µ ½]Å~±

�

´¶µ µÁÏ¸´9ºgÊTÅ~µÁÏe´ÝÅ

�

À•´

�

±]· ½‚µ#ºgÊO´ÝÅ

�

É

�

Ê]º

�

Ï•Êm´

�

±m·ñÀcÊm·�±]·

� �

³¹µ �

Y � S X 1
½t¿�%€·

�

µ‹µe·�»

�-, �

» �

�

>

�
�,����aXV��
B

� O/�
B

f

Ó M#ó u ÷���ƒ²Z]a~÷��•{cbÄp_b‹ƒ_h n}a~fga~\¹p_b {~\_^

f
�vn}fgacbÇp¹n}d¹{lhjb

2
dôuxb•{~alƒ„n]{ld¹|•s•b•{o{on}fg^cb��

�Än}fj{,hvuxZ]d d¹bl{cbl{cbe^~y�fg^on9ƒ„n]{ÿp�\%sÕn]{ kz|ed¹|e^on}hvÓ„YŒn}^(n}fghghjbe\_^c{��_Z]d%ƒ²be\_a,b¸ê�fgkzbe^,{cbe\_hjb�� bed‚a��‚\¹b

Y=S
{oZ]fga6�‚\„n]{cf Öýn [ d¹bmÓ

�(åíä¹îˆð8ä�s �(dqƒˆbe\_a2{~\_ƒ_ƒˆZm{cbe^ôacZ]\_a8píu n}`²Z]^cp��‚\¹b

Y
b•{~aôfg^~^c|•p�\¹sea~fg`_hjb��5s•Z��Çƒ_acb€acbed‚\9p_bŠhvu n]p_p�fga~fgy�fgac|

p_b•{(p_be\�ê&� Z]d¹seacbe\_^c{,ƒ„n}^ÿ^on}ƒ_ƒˆZ]^~a�


Y
Ó

ÞmÓ �(dOs•Z��.� bed¹s•bQƒ„n}^9n]{c{cZ�sefjbe^8
%acZ]\_acbQs•Z]^~^cb•{~ƒ²Z]d¹p¹n}d¹s•bJ/¹d_fjb \_dT|ehj|�� bedtaÐp�\¬km^cZ]\_ƒ²bQp_b

Y€fjsÕn}^cp ^cbeh n}a~f��~Ó

òËZ]d¹{~fjp_|e^cZ]d¹{ãhvu f(�.� be^c{~fjZ]d#Z]\_yzbe^~acb

k : YX ! Y �X
Ó �(d%Z]`_a~fjbed‚aln}hjZ]^c{,h nÄ{~\_fgacbq{~\_fgymn}d‚acb‹p_b

� Z]^~ƒ_÷_fj{�� b•{ s

cequi (YX=Y; 0) k �� ! cequi
�
Y �X =Y; 0

� (1)
� Z 1(Y �X )

(2)
��! Pic(Y �X )

Z"h hjb � Z]^~ƒ_÷_fj{!� b

k�
b•{~a `_fjbed p_|L/¹d_f+
 sÕn}\¹{ob p�\�hjb��.� b
ÞmÓgÞmÓgÞHP�Óøó€u fgd¹sehg\¹{~fjZ]d

(1)
b¸ê�fj{~acb%sÕn}^

Y �X =Y
b•{~a,\_d¹bls•Z]\_^~`ˆb��¹bea,hjb-� Z]^~ƒ_÷_fj{!� b

(2)
b•{~a,Z]`_acbed‚\#ƒ„n}^cs•bC�t\¹b

Y �X
b•{~aÿd¹Z]^!�Än}hvÓ

Y[n}^,n}fghghjbe\_^c{���{~f

� 2 cequi (YX=Y; 0)
p_bi{~\_ƒ_ƒˆZ]^~a

Z
�‚bea<�‚\¹bihvuxZ]d d¹Z]acb

L
\_d ^cbeƒ_^c|•{cbedtaon}d‚aÿp_b

h nqseh n]{c{cb,p¹n}d¹{

Pic(Y �X )
p_bÿhvu f(�Än}kzb(p_b

�
ƒ„n}^ hjb�� Z]^~ƒ_÷_fj{!� b,ƒ_^c|•s•|•p_bedta��tZ]d nã\_d¹b,a~^~fgytf n}hgfj{on}a~fjZ]d

sÕn}d¹Z]d_f��t\¹b

t : OY �X � Z ! L Y �X � Z
Ó[òËZ��.� b

YX 1 � (Y �X ) � Z
ƒ„n}^‹p_|L/¹d_fga~fjZ]d9�[Z]d¬Z]`_a~fjbed‚a

s = tjY X 1

� bea

(L ; s) 2 Pic
�
Y �X ; Y X 1

�
Ó �(^Äfgh�b•{~aÄf(�.� |•p�f n}aX�‚\¹b s•bea~acb seh n]{c{cb

(L ; s)
d¹b

p_|eƒˆbed¹p¾ƒ„n]{,p�\%^cbeƒ_^c|•{cbed‚aon}dtaãso÷¹Z]fj{~f%�¹s•bC�t\_fíd¹Z]\¹{,p_Z]d_d¹bqbed �vn}fgaÿhjb�� Z]^~ƒ_÷_fj{!� b‹n}a~acbed¹p�\

cS (Y; X ) = cequi (YX=Y; 0) //

++WWWWWW Pic(Y �X )

Pic
�
Y �X ; YX 1

�
:

OO

Y8Z]\_^ÿh n$/¹d�p_b(h n‹p_|�� Z]d¹{~a~^on}a~fjZ]d9�_Z]d¾{cb(^c|L�"�e^cb-
 � è 
-1.^	� ��a~÷¹b•Z]^cb�� ��ÓgÞ���bed ^cb��Än}^��t\„n}d‚a��‚\¹b

� S (Y; X ) = H sing
0 (Y X=Y)
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Z"h

H sing
0

p_|•{cfgkmd¹bihvu ÷¹Z�� Z]hjZ]kmfjb�{~fgd_km\_hgf��e^cb�p_blèt\¹{~hgfgdôÓ �(d yz|e^~f�/„b�b¸ê_n]seacb�� bedta s

Y
b•{~aËn [ d¹bãd¹Z]^ Ö

�Än}h%�

YX=Y
b•{ca \_d¹bis•Z]\_^~`ˆb+�‚\„n]{~f Öýn [ d¹bihgfj{c{cb��tbea

Y �X =Y
bed b•{ca \_d¹b,`ˆZ]d_d¹bis•Z��Çƒ„n]sea~f�/„sÕn}a~fjZ]dôÓ

�(dOd¹Z]acbe^on �‚\¹b

YX=Y
dôuxb•{~aÐƒ„n]{Ðd¹|•s•b•{c{on}fg^cb�� bed‚a s•Z]d_d¹b¸ê�b��A�Än}fj{Çsmuxb•{~aÐ\_dMZ]\_yzbe^~a p_bed¹{cb�p_b

Y �X =Y
Ó�Y[n}^in}fghghjbe\_^c{G�thvux|ed¹Z]d¹s•|lp_b

ºg±ÕÀ

�

À

�

´

�

ƒ²Z]^~acb�{~\_^Ë\_d¹b�s•Z]\_^~`²bln [ d¹b��D�Än}fj{ Z]d�yz|e^~f�/„be^onÐ{on}d¹{

ƒ²befgd¹b$�‚\¹b�h nÐp_|�� Z]d¹{~a~^on}a~fjZ]d#^cb•{~acblymn}h n}`_hjbqp¹n}d¹{ÿhjbqsÕn]{ipíu \_d¹bqs•Z]\_^~`²b$�‚\„n]{~f Öýn [ d¹bmÓ

ó2n9p_|�� Z]d¹{~a~^on}a~fjZ]d%p_bãs•bãa~÷¹|•Z]^���� b-� Z]d‚a~^cb�ƒ_^c|•sefj{c|�� bedta��‚\¹bãhvu n}ƒ_ƒ_hgfjsÕn}a~fjZ]d s•Z]d¹{~a~^~\_fgacb�ƒ_^c|¸Ö

s•|•p_b��.� bed‚a�b•{~aÿ\_d¾fj{cZ�� Z]^~ƒ_÷_fj{!� bmÓ

ûýhíd¹Z]\¹{,^cb•{~acbC
8� Z]dta~^cbe^ihjb•{ÿƒ_^cZ]ƒ_^~fj|eac|•{ãp_b+�ÝZ]d¹seacZ]^~f n}hgfgac|‹p_bqs•beaÿfj{cZ�� Z]^~ƒ_÷_fj{!� bps

R�Ó�è�Z]fga

� 2 � S (Y 0; X )
�¹n}hjZ]^c{ipíu n}ƒ_^��•{,hjblhjb��.� b ÞmÓ R�Ó QD�

� � f = (f � S 1X )� (� )
Ó„r-�•{ÿhjZ]^c{G�

k� (f � S 1X )� (� ) = (f � S 1 �X )� k0
� (� )

píu n}ƒ_^��•{Œh n5� Z]^!�0\_hjbÿp_bøh niƒ_^cZ]ƒ²Zm{~fga~fjZ]d¾ÞmÓgÞmÓ R�Þ Z"hÐhvuxZ]d n,d¹Z]ac|

k : YX ! Y �X
bea

k0 : Y 0X ! Y 0 �X
hjb•{�f(�.� be^c{~fjZ]d¹{0Z]\_yzbe^~acb•{0sÕn}d¹Z]d_f��‚\¹b•{ÕÓíó8n&�ÝZ]^!�‹\_hjbÇ^c|•{~\_hgacbÇp�\ �vn}fga-�t\¹bÐhjbF� Z]^~ƒ_÷_fj{!� b

(2)
ÜÝp_b

h nÇs•Z]d¹{~a~^~\¹sea~fjZ]d%sef Ö¶p_b•{o{~\¹{Áß b•{~a,s•Z��Çƒ„n}a~fg`_hjb9n}\¾ƒ_\_hghg`„n]s� ˆÓ

��Ó„ètf

� 2 � S (Y; X � Z )
��fghí^c|•{~\_hgacbqp�\¾hjb��.� bÄÞmÓ R�Ó Q.�‚\¹b

j � � = (1Y � S j )� (� )
Ó¹r-�•{ÿhjZ]^c{��

s•bea~acbqp_be^~d_f��e^cbqƒ_^cZ]ƒ_^~fj|eac|0b•{~ai|ey�fjp_bed‚acbmÓ

�

>

�@�����3aXV)�
B

� O �
T

�

Ó M¾rln}d¹{�h nQ{~fga~\„n}a~fjZ]d p�\«a~÷¹|•Z]^���� bÐƒ_^c|•s•|•p_bed‚a��íƒˆZ]\_^�acZ]\_a

� 2 � S (Y; X )
�

Z]d.� be^on�hjb,sc÷¹Z]f ê píu \_d ^cbeƒ_^c|•{cbed‚aon}dta

(L (� ); s(� ))
p_bÿh nlseh n]{o{cb,p_bÿhvu f(�Än}kzb

�
ƒ„n}^€hvu fj{oZ�� Z]^~ƒ_÷_fj{!� b

ƒ_^c|•s•|•p_bed‚aÕÓ

A�
�� 
 � � � ��: �c!��J+.� 7)01�

rln}d¹{ÿs•bea~acb�ƒ„n}^~a~fjb��_Z]d /_ê�bã\_d¾s•Z]^~ƒ¹{

k
bea Z]d�fgdtacbe^~ƒ_^��eacb��¹s•Z��.� bqn}d_d¹Z]d¹s•|��_hjb•{ ^c|•{~\_hgaon}ac{ÿp_b

�xà€è 
 S.S]s �2p¹n}d¹{,h nÇsÕn}ac|ekzZ]^~fjb

� L cor;k
Ó

B
� O �

j
�

B U
�

L
�

D
�"���H�����

D[I
�

óôb•{%n}ƒ_ƒ_hgfjsÕn}a~fjZ]d¹{#p�\Wa~÷¹|•Z]^���� b�ÞmÓ ��ÓgÞHPOs•Z]d¹{~fj{~acbedta%bed­p_b•{�a~÷¹|•Z]^���� b•{%píuxb¸ê�fj{~acbed¹s•b p_b

S
Ö

s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b•{</¹d_fjb•{��zyz|e^~f�/�n}dta p_b•{Ëƒ_^cZ]ƒ_^~fj|eac|•{5
l÷¹Z�� Z]acZ]ƒ_fjbãƒ_^��•{ÕÓ �(d&/_ê�b(p_Z]d¹s(p_biƒ_hg\¹{ø\_d¹b

s•Z]\_^~`²b

X=S
n [ d¹b¾hgfj{c{cb��Šbea \_d Z]\_yzbe^~a

U
p_b

X
�Šd¹Z]aon}d‚a

i : U ! X
hvu f(�.� be^c{cfjZ]d Z]\_yzbe^~acb

s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d‚acbÄbea

Z
hjbF� be^!� |Çs•Z��Çƒ_hj|�� bed‚aon}fg^cbmÓ �(d
{~\_ƒ_ƒˆZm{cb.�t\¹b

(X ; Z )
n]pD� beaq\_d¹bÇ`ˆZ]d_d¹b

s•Z��Çƒ„n]sea~f�/„sÕn}a~fjZ]d {c\_^

S
�_d¹Z]ac|•b �X =S

Ó

ètf

Y
b•{~a \_d {osc÷¹|��Än n [ d¹bW�‚\_f‹n}ƒ_ƒ„n}^~a~fjbedta 


L S
�,bea%{~flhvuxZ]d�{cb p_Z]d_d¹b

� : Y ! X
\_d¹b

S
Ö¶s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b /¹d_fjb���^on}ƒ_ƒ²behjZ]d¹{?�t\¹bThvuxZ]d�d¹Z]acbMs•Z]d‚yzbedta~fjZ]d_d¹behghjb�� bed‚a

(L (� ); � (� ))
\_d–s•Z]\_ƒ_hjb©^cbeƒ_^c|•{obed‚aon}d‚a•hvu f(�Än}kzb3p_b

�
ƒ„n}^ hvu fj{cZ�� Z]^~ƒ_÷_fj{!� b3sÕn}d¹Z]d_f��t\¹b

� S (Y; X ) !
Pic

�
Y � S �X ; Y � S X 1

�
p_bÇÞmÓ ��ÓgÞHP�Ó

�

�
D

G
D

�������
DJI B

� O/�
T�B �

É}µcÀiºjµÁÏ ·�±m´vÊm´

�

±]·_Ï

�

·�´ÝÅ ±Õ½m³

�

´¶µÁÏiÀ

���

½‚µÁÏÁÏÁ³tÏ

�

ºjµÁÏ,Àc±]·�½

�

´

�

±]·_ÏËÏÁ³

�

É5Êm·„´¶µÁÏ Ïe±]·�´

¿

�

³

�

É}Ê]ºgµe·„´¶µÁÏÇÑ

»

�

�

±m³tÅ0´v±m³�´ ÏeÀ��_¿¸Â ÊQÊ �M·²µ

Y
½‚Ê]·_Ï

L S �

º
� ÊÁÎ‚Î�º

�

ÀcÊm´

�

±]·

� S(Y; U) i ��! � S(Y; X )
µÁÏe´€Ï¸³tÅ ÌÕµ~À•´

�

É}µ

�

Æ

�

� � ÊÁÎ‚Î�º

�

ÀcÊm´

�

±]·

� S(X ; U) i ��! � S(X ; X )
µÁÏe´€Ï¸³tÅ ÌÕµ~À•´

�

É}µ

�
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�2µ9%ËÃ¸Åc¿

�

·¹É}µ¸ÅÁÏ

�

Ã¸ºjµ

L (1X )jX � S Z
µÁÏe´ø´ÝÅ

�

É

�

Ê]º

�

é �‚n}d‚a%^cb��Än}^��t\¹|��t\¹b

1
bea

2
{cZ]d‚a | �t\_fgymn}hjbed‚acb•{�
Thvuxb¸ê�fj{~acbed¹s•b�píu \_d¹b

S
Ö¶s•Z]^~^cb•{~ƒ²Z]d¹p¹n}d¹s•b

/¹d_fjb&�‚\_f€b•{caq\_d¹b {cb•sea~fjZ]d
p_b

i

�÷¹Z�� Z]acZ]ƒ_fjb ƒ_^��•{G�íhjbÇhjb��.� b ƒ_^c|•s•|•p_bedta9b•{cal\_d¹bÄs•Z]d¹{c| �t\¹bed¹s•b

f(�.� |•p�f n}acb‹p�\ hjb��.� blƒ_hg\¹{ÿƒ_^c|•sefj{ s

�

�
� ��� B � O � T*T

°²±

�

´

Y
³t·¬ÏeÀ��_¿¸Â Ê Ê �M·²µ ½zÊm·_Ï

L S
µe´

� : Y ! X
³�·²µ

S
�

Àc±]Å¸ÅcµÁÏvÎ�±m·�½zÊ]·�ÀÁµ

% ·

�

µ

�

�2µÁÏ0Àc±]·²½

�

´

�

±]·_ÏlÏ¸³

�

É5Ê]·�´¶µÁÏ�Ïe±]·„´ ¿

�

³

�

É}Ê]ºgµe·„´¶µÁÏÇÑ

»

���

º µ:�

�

Ï¸´¶µ ³t·ˆµ

S
�

Ào±]ÅÁÅcµÁÏ¶Î�±]·�½zÊm·�Àoµ'%€·

�

µ

�
´¶µ¸º

�

³_µÄºjµÄ½

�

Ê �mÅ Ê]ÂÐÂÄµÇÏÁ³

�

É5Êm·„´(µÁÏe´iÀc±]ÂÐÂÐ³�´vÊz´

�

�

½zÊ]·¹Ï

� L cor;S �

X � Z
i

##HH
HHH

HHH
H

Y
� //

�
;;wwwww

X :
Æ

�

�2µ9�•Ê

�

Ï•Àoµ~Ê]³

�

·„É}µ¸ÅÁÏ

�

Ã¸ºgµ

L (� )jY � S Z
µÁÏe´ø´ÝÅ

�

É

�

Êmº

�

>
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Ó M­YŠ^c|•sefj{cZ]d¹{ �2Z�� bO�t\¹b¬p_b¬ƒ_hg\¹{��ãhjb•{

S
s•Z]^~^cb•{~ƒ²Z]d¹p¹n}d¹s•b•{«yz|e^~f�/�n}dta h n

s•Z]d¹p�fga~fjZ]d¾p_b9Þi{cZ]dtaÿbedÄ`_f �~b•sea~fjZ]d¾nÕyzb•sihjb•{øa~^~fgy�f n}hgfj{on}a~fjZ]d¹{ÿp_b

L (� )jY � S Z

0fj{cZ�� Z]^~ƒ_÷_fj{!� b(ƒ_^��•{ÕÓ

�(åíä¹îˆð8ä s8òËbÐhjb��.� b b•{~al\_d
s•Z]^cZ]hgh n}fg^cbÄp�\
a~÷¹|•Z]^���� b%ÞmÓ ��ÓgÞHPD�'�t\¹bÐhvuxZ]d¬n}ƒ_ƒ_hgf��t\¹b&
Qh n¾s•Z]\_^~`ˆb

n [ d¹b

X=S
���Än}fj{in}\¹{c{~f'
Ðh nÐs•Z]\_^~`ˆbC�t\„n]{~f Öýn [ d¹b

U=S
Ó

2 ) 1
s¹ûýh2{~\D[ a(p_b0s•Z]d¹{~fjp_|e^cbe^(\_d¹b0a~^~fgytf n}hgfj{Án}a~fjZ]d

s
p_b

L (� )jY � S Z
Ó„r-�•{ihjZ]^c{��_h n seh n]{o{cbqp�\

s•Z]\_ƒ_hjb

(L (� ); � (� ) � s)
p¹n}d¹{

Pic
�
Y �X ; Y X 1 t YZ

�
p_|L/¹d_fga(\_d¹b

S
Ö¶s•Z]^~^cb•{cƒ²Z]d¹p¹n}d¹s•b$/¹d_fjb

�
�

bea(píu n}ƒ_^��•{,hjb�ƒˆZ]fgd‚a �Çp_bÇÞmÓ ��ÓgÞHPD�„Z]d#n9`_fjbed

i � � = �
Ó

1 ) 2
sËõi|•sefgƒ_^cZ��t\¹b�� bed‚a��Ëh n

S
Ö¶s•Z]^~^cb•{cƒ²Z]d¹p¹n}d¹s•b�/¹d_fjb

�
s•Z]^~^cb•{~ƒ²Z]d¹p 
�\_d |ehj|�� bedta�p�\

km^cZ]\_ƒˆb

Pic
�
Y �X ; Y X 1 t YZ

�
^cbeƒ_^c|•{cbedtac|iƒ„n}^øhjbis•Z]\_ƒ_hjb

(L (� ); � (� ))
Ó_é(hjZ]^c{��mƒ_\_fj{��‚\¹b

i � � =
�

�5fghtb¸ê�fj{~acb \_d0fj{cZ�� Z]^~ƒ_÷_fj{!� b

� : L (� ) ! L (� )
acbeh��t\¹b€hjbøp�f n}km^on0�.� b {~\_fgy]n}dta[b•{ca8s•Z��.�0\_aon}a~f���s

L (� )jY X 1

� jY X 1 //

� (� ) ''PPP
PP

L (� )jY X 1

� (� )jY X 1
wwnnn

nn

OY X 1

beaihvuxZ]d ^cb��Än}^��‚\¹b$�‚\¹b

� (� )jY Z � � � 1jY Z
b•{caÿ\_d¹bla~^~fgytf n}hgfj{Án}a~fjZ]d%p_b

L (� )jY Z
Ó

�

B
� O �

j
�

T

�

�
L

���
D[I

���
D�L

�$���F�p	��
� � �,���
�����
DJI

�
D

VXZJ�F���H�F� 	K�
I

�

� L cor;k

�(d n�y�\ p¹n}d¹{€hjb ƒ„n}^on}km^on}ƒ_÷¹b,ƒ_^c|•s•|•p_bedtaËp_b•{ s•Z]d¹p�fga~fjZ]d¹{ d¹|•s•b•{c{Án}fg^cb•{ bea€{~\D[Ä{on}dtacb•{ p_b��vn]seacZ}Ö

^~fj{Án}a~fjZ]dQpíu \_d¹b

S
Ö¶s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b6/¹d_fjb(ƒ„n}^Ë\_d¹bif(�.� be^c{~fjZ]d�Z]\_yzbe^~acbmÓ��(d�n}ƒ_ƒ_hgf��t\¹b��Än}fgd‚acbed„n}d‚a

s•b$�vn}fga(ƒˆZ]\_^ãbed«p_|•p�\_fg^cb9h n ƒ_^cZ]ƒˆZm{~fga~fjZ]d f(�Çƒ²Z]^~aon}dtacb.�‚\_f[{~\_fga����‚\¹b‹hvuxZ]d#ƒˆbe\_aãyzZ]fg^ãs•Z��.� b9\_d¹b

^cbL� Z]^!�0\_h n}a~fjZ]d«p_b�h nÐƒ_^cZ]ƒˆZm{~fga~fjZ]d Q¹ÓgÞ.•Ðp_b �xà€è 
iS.S]s �øÜÝp¹n}d¹{,hjblsÕn]{,hjZtsÕn}h ß s

�

�
D

G
D

�������
D[I B

� O �
T$j

�(d%{~\_ƒ_ƒˆZm{cb��t\¹b

k
b•{~aÿfgdD/¹d_f

�

°²±

�

´

X
³t· ÏeÀ���¿eÂÇÊ Ê]º �‚¿ÕÃ¸Å

���

³_µ0º

�

ÏÁÏ•µ

� U
³�·#±]³�É}µ¸Åe´ ½‚µ¸·¹Ï•µq½tµ

X �

µe´

x
³�·ÐÎ�±

�

·„´€½tµ

X
�,�

º ±mÅoÏ

�

º8µ:�

�

Ï¸´¶µ

»

�

³�·#É5±

�

Ï

�

·�Ê �‚µ9±]³tÉ]µ¸Å¸´

V
½‚µ

x
½zÊ]·_Ï

X �

Æ

�

³�·²µ0Ào±]ÅÁÅcµÁÏ¶Î�±]·�½zÊm·�Àoµ % ·

�

µ

� : V ! U



����� ����������� � � ������� �	� � ��
 � 	�������� R�1

´¶µ¸º Ï

�

³_µ0ºjµ9½

�

Ê �]Å ÊmÂ9ÂÄµqÏÁ³

�

É5Ê]·„´ÿµÁÏ¸´ Àc±]ÂÐÂÐ³�´vÊm´

�

�0½‚Ê]·_Ï

� L cor;k

V
�

~~}
}

}
}

j
��

U
i //X :

±	� º
� ±m·#·�±z´¶µ

i
µe´

j
ºjµÁÏ

�

ÂÐÂ µeÅoÏ

�

±]·¹Ïl±]³�É}µ¸Åe´¶µÁÏÇÀcÊ]·�±]·

���

³¹µÁÏ

�

�iåíä¹îíð8ä s �(d¾d¹Z]acb

Z = X � U
Ó

]2Z]\_aãpíu n}`²Z]^cp=��píu n}ƒ_^��•{,hjbla~÷¹|•Z]^���� b ÞmÓ ��ÓgÞmÞ��¹fgh2b¸ê�fj{~acbl\_d#{csc÷¹|��Än n [ d¹b

S
n}hgkz|e`_^~f��t\¹bqhgfj{c{cb��

\_d yzZ]fj{~fgd„n}kzb‹Z]\_yzbe^~a(n [ d¹b

V
p_b

x
p¹n}d¹{

X
�_\_dV� Z]^~ƒ_÷_fj{�� b

f : V ! S
hgfj{o{cblp_bqp�f(� bed¹{~fjZ]d

1
�

bea,\_d

S
Ö¶{cso÷¹|��Än �V

acbehj{��‚\¹b �V=S
b•{~aÿ\_d¹bq`²Z]d_d¹bqs•Z��Çƒ„n]sea~f�/„sÕn}a~fjZ]d«p_b

(V; V \ Z )
Ó

òËZ��Çƒ_acbqacbedt\%p�\%p�f n}km^on0�.� b‹s•Z��.�0\_aon}a~f��

V \ U

��

//V
��

U //X ;
Z]d yzZ]fga5�t\¹bi{~f²hjb(a~÷¹|•Z]^���� bãb•{caøy�^on}f„ƒˆZ]\_^

V
�zfgh²hvuxb•{~aËƒ²Z]\_^

X
Ó�r�Z]d¹s�Z]d ƒˆbe\_aË{c\_ƒ_ƒ²Zm{cbe^

X = V
Ó

éifgd¹{cf%�

(X ; Z )
n]pD� bea(\_d¹b�`²Z]d_d¹b0s•Z��Çƒ„n]sea~f�/„sÕn}a~fjZ]d {~\_^

S
Ó

�(d ymn8�Än}fgd‚acbed„n}dta(ƒˆZ]\_yzZ]fg^(n}ƒ_ƒ_hgf��t\¹be^,hjblhjb��.� b ÞmÓ ��Ó R�R�Ó

è�Z]fga p_Z]d¹s

L (1X )
hjb �vn}fj{cs•bÕn}\Wfgdtyzbe^c{~fg`_hjb {~\_^

X � S �X
�‚\_f�^cbeƒ_^c|•{cbedtacb

1X 2 � S(X ; X )
píu n}ƒ_^��•{,hjb�a~÷¹|•Z]^���� b ÞmÓ ��ÓgÞHP�Ó �(^

Z=S
b•{ca�/¹d_f%�_sÕn}^ismuxb•{~aÿ\_dX� be^!� |lp_b �X =S

�t\_fôb•{~aÿ\_d¹bqs•Z]\_^~`ˆb

ƒ_^cZ]ƒ_^cbibeaøn [ d¹biƒ„n}^ ÷��tƒˆZ]a~÷��•{cbmÓ‚æ€d ƒ„n}^~a~fjse\_hgfjbe^��

Spec(OX ;x ) � S Z
b•{~a�/¹d_f�{~\_^€hjbi{csc÷¹|��ÄnqhjZtsÕn}h

Spec(OX ;x )
Ó[òãuxb•{~a9p_Z]d¹s \_d¬{osc÷¹|��Än#{cb��Çf ÖvhjZtsÕn}hvÓ8r-�•{qhjZ]^c{��

Pic(Spec(OX ;x ) � S Z ) = 0
Ó8æŠd

ƒ„n}^~a~fjse\_hgfjbe^��

L (1X )
b•{~a a~^~fgytf n}hô{c\_^

Spec(OX ;x ) � S Z
�ts•b��t\_fí{~fgkmd_f�/„b��t\ôu fghˆb¸ê�fj{~acbã\_d�yzZ]fj{~fgd„n}kzb

Z]\_yzbe^~a

V
p_b

x
p¹n}d¹{

X
acbeh'�‚\¹b

L (1X )
b•{~aÿa~^~fgy�f n}hô{~\_^

V � S Z
Ó

rÐu n}ƒ_^��•{qhjbÐhjb��.� b ÞmÓ ��Ó R�RD�[n}ƒ_ƒ_hgf��‚\¹| n•yzb•s

Y = V
�9
Qh n¾s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b./¹d_fjbÐ^cbeƒ_^c|•{cbedtac|•b

ƒ„n}^Çhvu fgd¹sehg\¹{~fjZ]d

V
j
�! X

�Œh n#{ob•sea~fjZ]dN�‚\¹b hvuxZ]dMytfjbedta p_bQa~^cZ]\_yzbe^ b•{~aÇp_Z]d¹sQ| �t\_fgymn}hjbed‚acb 
#\_d¹b

S
Ö¶s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b�/¹d_fjb

� : V ! U
�t\_fE� n}fga,s•Z��.�‹\_acbe^(hjblp�f n}km^on0�.� b‹p_b

� L cor;S
s

V�

�� j��
X � Z i //X :

ûýhã{~\D[ a �Än}fgd‚acbed„n}dta p_b%^cbek‚n}^cp_be^¾s•b p�f n}km^on0�.� b�
�a~^onÕyzbe^c{�hjb h n
^cb•{~a~^~fjsea~fjZ]d

~� �
nÕyzb•s#h n

d¹Z]aon}a~fjZ]d p_bÐÞmÓ R�ÓgÞ�QÐZ"h

� : S ! k
b•{~a hjb+� Z]^~ƒ_÷_fj{!� b�hgfj{c{ob({~a~^~\¹sea~\_^on}hôp_b

S
Ó�æŠd bL>íbea���píu n}ƒ_^��•{ hjb

hjb��.� b ÞmÓ R�ÓgÞRQ��¹h n

k
Ö¶s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b�/¹d_fjb

~� � (� )
s•Z]dtytfjbedtaÕÓ

�

CED
�

D
� ���$�����

B
� O �

T
e

�(d%{~\_ƒ_ƒˆZm{cb��‚\¹b

k
b•{~aÿfgdD/¹d_f

�

°²±

�

´

X
³�·%Ï•À���¿¸Â Ê�Ê]º �‚¿ÕÃ¸Å

� �

³_µÐº

�

ÏoÏÕµ

� U
³t·�±]³�É}µ¸Åe´Ë½tµ¸·_Ï•µ9½‚µ

X
�(�

º ±]ÅÁÏ

�

º8µ
�

�

Ïe´¶µ

»

�

³�·«Å~µ~Ào±]³tÉ.Å~µ¸ÂÄµ¸·�´i±]³�É}µ¸Åe´

p : W ! X
½‚µ

X �

Æ

�

³�·²µ9Àc±]Å¸Å~µ¸ÏvÎ�±]·²½zÊ]·�Àoµ0%€·

�

µ

� : W ! U
´¶µ¸º Ï

�

³_µ0ºjµ9½

�

Ê �]Å ÊmÂ9ÂÄµqÏÁ³

�

É5Ê]·„´ÿµÁÏ¸´ Àc±]ÂÐÂÐ³�´vÊm´

�

�0½‚Ê]·_Ï

� L cor;k

W
�

~~}
}

}
}

j
��

U
i //X

±	� º
� ±m·#·�±z´¶µ

i
µe´

j
ºjµÁÏ

�

ÂÐÂ µeÅoÏ

�

±]·¹Ïl±]³�É}µ¸Åe´¶µÁÏÇÀcÊ]·�±]·

���

³¹µÁÏ

�
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�(åíä¹îˆð8ä
stû¶h„{c\D[ aøpíu n}ƒ_ƒ_hgf��t\¹be^ hjb,hjb��.� b(ƒ_^c|•s•|•p_bed‚a bedÄacZ]\_aøƒ²Z]fgdta

x
p_b

X
�‚s•b��t\_f„d¹Z]\¹{Ëp_Z]d_d¹b

ƒˆZ]\_^Šsc÷„n��t\¹b

x
\_d‹yzZ]fj{~fgd„n}kzbÿZ]\_yzbe^~a

Vx
p_b

x
p¹n}d¹{

X
beaŒ\_d¹bËs•Z]^~^cb•{~ƒ²Z]d¹p¹n}d¹s•b</¹d_fjb

� x : Vx ! U
�t\_fŠyz|e^~f�/„bÐh nQs•Z]d¹p�fga~fjZ]d
p�\ hjb��.� bmÓíYŒn}^$�‚\„n]{cf Ö¶s•Z��Çƒ„n]sefgac| p_b

X
�ˆfgh€b¸ê�fj{cacb‹\_d«d¹Z��‹`_^cbF/¹d_f€p_b

ƒˆZ]fgd‚ac{

x1; :::; xn
acbehj{��t\¹blhjb•{,Z]\_yzbe^~ac{

Vx1 ; :::; Vxn

^cb•s•Z]\_y�^cbed‚a

X
Ó �(d ƒˆZm{cbln}hjZ]^c{Es

W =
G

i

Vx i

� =
X

i

� x i :

�

A 
�� 
 � � -/7�� +.#,��� 0=#>�"%=- %10 !�7X- ���

]2Z]\��~Z]\_^c{¬p¹n}d¹{
hjbO�2Z�� b b•{~ƒ_^~fga��qh nñƒ_^cZ]ƒ²Zm{cfga~fjZ]d�{~\_fgymn}d‚acb {Õu fgd¹{~ƒ_fg^cb�p�\�hjb��.� b Q¹Ó ^Wp_b

�xà€è 
iS.S]s �1s

�

�
D

G
D

�������
D[I B

� O �
T��

°²±

�

´

C
³t· ±]³�É}µ¸Åe´ÿ½‚µ

A1
k

�

�

º ±]ÅÁÏ

�

Î_±]³tÅ9´v±]³�´ø±]³�É}µ¸Åe´ Ï

U � V
½‚µ

C
´¶µ¸º Ï

�

³_µ

C = U [ V �

ºgµ9Àc±]Â(Î�ºjµ:�‚µ

0 ! U \ V
j 1 � j 2� � � ! U � V

(i 1 ;i 2)
�� � �! C ! 0

µ¸Ï¸´,Àc±]·�´ÝÅ ÊzÀÕ´

�

ºjµ ½zÊm·_Ï0ºgÊ ÀcÊm´¶¿ �‚±]Å

�

µ Êz½z½

�

´

�

É]µ

� L cor;k �

± �

i1; i2; j 1; j 2
½‚¿¸Ï

�

�]·²µ¸·„´ ºjµÁÏ

�

ÂÐÂÄµ¸ÅÁÏ

�

±]·_Ï

±m³tÉ}µeÅ¸´¶µÁÏÐÀcÊ]·�±]·

���

³¹µÁÏ

�

>

�
�,����aXV��
B

� O/�
T

�²Ó M �(dWfgdtacbe^~ƒ_^��eacb
s•bea~acb«ƒ_^cZ]ƒˆZm{~fga~fjZ]dWƒ„n}^¾hjb@� n}fga �t\¹b p¹n}d¹{�h nOsÕn}ac|ekzZ]^~fjb

K b(� L cor;k )
�ÝZ]^!� |•bOp_b•{ s•Z��Çƒ_hjb¸ê�b•{?
 | �‚\_fgymn}hjbed¹s•b¬píu ÷¹Z�� Z]acZ]ƒ_fjbOƒ_^��•{G�ihjb•{ Z]\_yzbe^~ac{«p_b

A1
k

{Án}a~fj{ �ÝZ]dta h n«ƒ_^cZ]ƒ_^~fj|eac|#p_b Ò n��zbe^ Ö 
(fjbeacZ]^~fj{.ÓËòËbea~acb ^cb��Än}^��t\¹b ƒ_^cbed¹p�^on acZ]\_a {cZ]d�{cbed¹{ p¹n}d¹{Çhjb

so÷„n}ƒ_fga~^cb0{~\_^ih nÐsÕn}ac|ekzZ]^~fjbqa~^~f n}d_km\_hj|•b0p_b•{�� Z]a~f��Ý{5�Çf ê�acb•{,p_b 
ÐÓ 
€Z�beyzZtp_{! �zÓ

�(åíä¹îˆð8ä s�à8f ê_Z]d¹{(hjb•{id¹Z]aon}a~fjZ]d¹{�{~\_fgymn}d‚acb•{Ns

W = U \ V
�

T = C � (U [ V )
�

Z = C � U
bea

Z 0 = C � V �

p_Z]d¹s

T = Z t Z 0Ó�Y[n}^�÷���ƒˆZ]a~÷��•{cb��

Z
bea

Z 0 {cZ]d‚a�p�fj{"�~Z]fgd‚ac{ÕÓ �(d��‹\_d_fga(acZ]\¹{ã{cb•{

{oZ]\¹{ Ö¶b•{~ƒ„n]s•b•{ip_b�h n {~a~^~\¹sea~\_^cbl^c|•p�\_fgacbqp_bq{oZ]\¹{ Ö¶{csc÷¹|��Än s•Z]^~^cb•{~ƒ²Z]d¹p¹n}dtacbmÓ

YŠ\_fj{��t\¹b

C=k
b•{~a8\_d¹b s•Z]\_^~`ˆbËn [ d¹bøhgfj{c{cb��Õfgh�b¸ê�fj{~acb píu n}ƒ_^��•{8h niƒ_^cZ]ƒ²Zm{~fga~fjZ]dQÞmÓ ��ÓgÞHS,\_d¹bËs•Z]\_^~`ˆb

ƒ_^cZ0�~b•sea~fgyzb hgfj{c{cb �C=k
�‚\_f b•{ca0\_d¹b `ˆZ]d_d¹bÄs•Z��Çƒ„n]sea~f�/„sÕn}a~fjZ]dMp_b

C=k
�8bea‹bedW�2Z�� bÄacb��Çƒ¹{0\_d¹b

`ˆZ]d_d¹bqs•Z��Çƒ„n]sea~f�/„sÕn}a~fjZ]d«p_b

U \ V=k
Ó

�(d�s•Z]d¹{cfjp3�e^cbihvux|ehj|�� bedta

1C
p¹n}d¹{

� k (C; C)
Ó�r9u n}ƒ_^��•{Ëhjb(a~÷¹|•Z]^���� bÐÞmÓ ��ÓgÞHPD�tfgh²hg\_fˆs•Z]^~^cb•{~ƒ²Z]d¹p

\_d«\_d_f��t\¹bÇ|ehj|�� bed‚aqp_b

Pic
�
C � k �C; C � k C1

�
Ó �(d«ƒˆbe\_alp_Z]d¹s9s•Z]d¹{cfjp_|e^cbe^l\_d«s•Z]\_ƒ_hjb

(L ; � )
�t\_f hjbQ^cbeƒ_^c|•{cbed‚acbmÓ€é(fgd¹{~f%�

L
^cbeƒ_^c|•{cbedtacb�hjbQp�fgy�fj{cbe\_^Çs•Z]^~^cb•{~ƒˆZ]d¹p¹n}d‚a&
#h n p�f n}kzZ]d„n}hjb

� C
p¹n}d¹{

C � k �C
�_bea,h n9a~^~fgytf n}hgfj{Án}a~fjZ]d

�
ƒ_^cZÕy�fjbed‚aãbed �vn}fga,píu \_d¹bla~^~fgytf n}hgfj{Án}a~fjZ]d

s : O

��! Lj 


Z"h


 = (C � k �C) � � C
Ó

Ò n}fj{iƒ„n}^(n}fghghjbe\_^c{ihjb0{csc÷¹|��Än

C � k T
b•{~aÿ\_d#Z]\_yzbe^~a(p_b

A1
T

�¹p_Z]d¹s

Pic (C � k T) = 0
Ó¹ûýhôbed

^c|•{c\_hgacbC�‚\¹b�hjb�� n}fj{cs•bÕn}\

Lj C� k T
b•{~a,a~^~fgy�f n}hvÓ �(d%sc÷¹Z]fj{~fga(p_Z]d¹sl\_d¹bla~^~fgy�f n}hgfj{on}a~fjZ]d

t : O(C� k T )
��! Lj (C� k T ) :

à8f ê_Z]d¹{��Än}fgd‚acbed„n}dtai\_d¹bãd¹Z]aon}a~fjZ]d s•Z��.� Z�p_bls‚ƒˆZ]\_^ acZ]\_a,Z]\_yzbe^~a

U
p_b

C
�tbea acZ]\_a�� be^!� |

Y
p_b

C
p�fga~fgd¹sea�p_b

C
�¹Z]d%ƒˆZm{cb

T (U;Y )
hjbqkm^cZ]\_ƒˆbÐn]p_p�fga~f�� p_b•{ifj{cZ�� Z]^~ƒ_÷_fj{�� b•{ãp_bC/¹`_^c|‹p_b

OUY
p¹n}d¹{

Lj UY
Ó �(d%nÇp_Z]d¹s�\_dV� Z]^~ƒ_÷_fj{!� b‹sÕn}d¹Z]d_f��‚\¹b

T (U;Y ) ! � k(U;C � Y ) ; r 7! � (r )



����� ����������� � � ������� �	� � ��
 � 	�������� ��Þ

�‚\_f	
Ä\_d¹b‹a~^~fgy�f n}hgfj{on}a~fjZ]d

r
n]{c{oZtsefjb0hjb9s•Z]\_ƒ_hjb

(Lj U �C ; r � � jUC1 )
ÜÝçãZ]acZ]d¹{+�t\¹b‹hvuxZ]d ƒˆbe\_a�� n}fg^cb

h nQ{cZ��.� bÐp�fg^cb•seacb9p_bÐp_be\�ê%a~^~fgy�f n}hgfj{on}a~fjZ]d¹{l{~\_^�\_d��Ýbe^!� |Ð{~a~^~fjsealp_b �C
��ƒ_\_fj{��‚\¹bÐs•behg\_f Ö¶sef€n]pD� bea

\_d yzZ]fj{~fgd„n}kzb0n [ d¹b.ß¸Ó

YŒn}^�n}fghghjbe\_^c{��„ƒ²Z]\_^

i : U0 ! U
bea

j : X � Y ! X � Y 0 p_be\�ê f(�.� be^c{cfjZ]d¹{(Z]\_yzbe^~acb•{��„ƒ²Z]\_^

r 2 T (U;Y )
�¹Z]d%nÐhjb•{ÿ^cbeh n}a~fjZ]d¹{({~\_fgy]n}dtacb•{ s

� (r ) � i = � (r jU0Y ) j � � (r ) = � (r jUY 0)

�‚\_f ^c|•{~\_hgacbedtaÇp_b h n � Z]d¹seacZ]^~f n}hgfgac|¾p_bQhvu fj{cZ�� Z]^~ƒ_÷_fj{!� b¾p_b«ÞmÓ ��ÓgÞHP�Ó€ètf

Y
b•{ca9y�fjp_b��

T (U;Y )
b•{ca

^c|•p�\_fga$
 \_d�{~fgd_kmhjbeacZ]d9�ípíu f(�Än}kzbÐhvu f(�.� be^c{~fjZ]d
Z]\_yzbe^~acb

U ! C
ƒ„n}^

�
ÜÝs•Z��Çƒ_acbÐacbed‚\�p�\�sc÷¹Z]f ê

p_b

(L ; � )
ß¸Ó

Ò#\_d_f2p_bls•b•{ÿd¹Z]aon}a~fjZ]d¹{���Z]d¾ƒ²be\_a��Än}fgdtacbed„n}d‚a�s•Z]d¹{~a~^~\_fg^cbl\_d¹bl÷¹Z�� Z]acZ]ƒ_fjb‹b¸ê�ƒ_hgfjsefgacb

0 //U \ V
j 1 � j 2 //U � V

(i 1 ;i 2 ) //

(f 1 ;f 2 )
��

C //

g2

xx

0

0 //U \ V j 1 � j 2

//U � V
(i 1 ;i 2 )

//C //0

bed ƒˆZm{on}d‚a s

ÞmÓ

g2 = � (t jCZ 0) : C ! V
R�Ó

f 1 = � (sjUZ � t jUZ 0) : U ! U \ V
��Ó

f 2 = � (t jV T ) � � (sjV Z 0 � t jV Z )
�(d ƒˆbe\_ain}hjZ]^c{,yz|e^~f�/„be^6�t\¹blsmuxb•{~a,`_fjbed%\_d¹b�÷¹Z�� Z]acZ]ƒ_fjb�s

ÞmÓ �(d%Z]`_a~fjbedtaiacZ]\_aipíu n}`ˆZ]^cp�s

i2 � g2 = � (t j; ) = 1C
Ó

R�ÓÿYŒn}^ãn}fghghjbe\_^c{��

f 1j 1 � f 2j 2 = � (sjW Z � t jW Z 0) + � (sjW Z 0 � t jW Z ) � � (t jW T )

òËbea~acbÇs•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•bF/¹d_fjbÐs•Z]^~^cb•{~ƒˆZ]d¹p p_Z]d¹sÇn}\ /¹`_^c|‹fgdtyzbe^c{~fg`_hjb

L 
 L 
 �L
���0\_d_f€p_b

h nÐa~^~fgy�f n}hgfj{on}a~fjZ]d

(sjW Z � t jW Z 0 � sjW C1 ) 
 (sjW Z 0 � t jW Z � sjW C1 ) 
 (�t jW T � �sjW C1 ):

òËb�s•Z]\_ƒ_hjb�b•{~aËfj{cZ�� Z]^~ƒ_÷¹b�


(L ; sjW Z � sjW Z 0 � sjW C1 )
�t{cZ]fga5
‹h n0s•Z]^~^cb•{cƒ²Z]d¹p¹n}d¹s•b+/¹d_fjb

1W
Ó

óôb•{��‚\„n}a~^cbqn}\_a~^cb•{i^cbeh n}a~fjZ]d¹{i{cb�yz|e^~f�/„bedta(p_blh n8�2Z�� bC� n]á•Z]dôÓ

�

>

�@�����3aXV)�
B

� O �
T

n

Ó M �(d kz|ed¹|e^on}hgfj{cbe^on¾s•bea~acbÐƒ_^cZ]ƒˆZm{~fga~fjZ]d hjZ]^c{��t\ôuxZ]d
n}\_^on�p_|L/¹d_f€h n acZ]ƒ²Z]hjZ]kmfjb

p_bqç(fj{~d¹beytfjso÷ôÓ
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�

I
M�WX� 	K�

I
�

L
�F� �H� G���������� V

I
�

L
` �
���

I�D
�/��` �F�"���

I
	��5	�� ���

I
���

DJI
	K���5�"V�� ��M

I
���

S
Ó

� 
 A�
cA � � � 01�;+/�;7)0

�

�/M
I

�����
D[I8T

�
B

�
B �

·�½‚¿+%€·

�

´øºgÊ�´v±ÁÎ�±mº ± �

�

µÇ½tµ#D

�

ÏÁ·²µ¸É

�

À��%ÏÁ³�Å

L S �

·�±z´¶¿cµ

Nis
Àc±mÂ9ÂÄµ9ºgÊQ´v±ÁÎ�±

�

º ± �

�

µÇµe· �‚µ¸·�½mÅ~¿cµ(Î�Ê]ÅqºjµÁÏ$�eÊmÂ

�

º ºgµÁÏ0Àc±m³tÉÕÅ~Ê]·„´¶µ¸ÏÐ½<� ³t·#ÏeÀ ��¿¸Â Ê

X
½‚Ê]·_Ï

L S

(Vi
f i! X ) i 2 I

´¶µ¸º ºgµ

�

³¹µ

(N1) f i
µÁÏe´ ³�·

S
�

Â ±]Å¶Î��

�

ÏÁÂÄµÐ¿e´vÊ]ºjµ

(N2)
�

±]³�Åq´v±]³�´²Î�±

�

·„´

x
½‚µ

X �

�

º2µ:�

�

Ï¸´¶µ

i
½zÊ]·¹Ï

I �

µe´

y
³�·ÇÎ�±

�

·„´ø½‚µ

Vi
Ê]³

�

½tµÁÏoÏ¸³‚Ï0½‚µ

x
´¶µ¸º

�

³¹µ

ºjµ0ÂÇ±mÅvÎ��

�

Ï¸Â µ

�

·�½]³

�

´€ÏÁ³�Åqºgµ¸ÏqÀo±]ÅvÎ�Ï0Å~¿¸Ï

�

½]³_µeº Ï

� (x) ! � (y)
µÁÏe´ ³�·

�

Ï•±]Â ±]ÅvÎ �

�

Ï¸ÂÄµ

�

�

µãÎ�º ³tÏ

�

±]·TÊ¸ÎzÎ_µ¸º ºgµÄÉ5±

�

Ï

�

·�Ê �‚µÄ½tµ D

�

Ï¸·²µ¸É

�

À��«½tµ

X
µ¸·

x
´v±]³�´(Àc±m³ÕÎ�ºjµ

(V; y)
±	�

V
µÁÏe´ÿ³t·

ÏeÀ��_¿¸Â ÊQ¿e´vÊmºgµ9µe´ ½‚µq´ÝÍÁÎ_µ$% ·

�

Ï¸³tÅ

X
µe´

y
³t· Î�±

�

·„´ ½‚µ

Y
Êm³

�

½‚µÁÏoÏ¸³‚Ï0½‚µ

x
´¶µ¸º

�

³_µqºjµlÂ ±]Å¶Î��

�

ÏÁÂÄµ

�

·²½]³

�

´

� (x) ! � (x)
µÁÏe´€³�·

�

Ï•±]Â ±]ÅvÎ �

�

Ï¸ÂÄµ

�

ó2nÐacZ]ƒˆZ]hjZ]kmfjb

Nis
{Õu fgd¹{��e^cblp¹n}d¹{ih nÐ{~\_fgacbqp_|•se^cZ]fj{c{on}dtacbqp_blacZ]ƒˆZ]hjZ]kmfjb•{i{~\_^

L S
s

Can � Et � Nis � Zar
Z"h ò n}d9�

Et
�

Zar
p_|•{~fgkmd¹bedtaÇ^cb•{~ƒˆb•sea~fgyzb�� bed‚a hjb•{9acZ]ƒˆZ]hjZ]kmfjb•{ÇsÕn}d¹Z]d_f��‚\¹b��Š|eaon}hjb¾bea �ˆn}^~fj{! �fvÓŒæŠd

ƒ„n}^~a~fjse\_hgfjbe^��¹acZ]\_a,ƒ_^c|L�vn}fj{cs•bÕn}\ ^cbeƒ_^c|•{obed‚aon}`_hjb9{~\_^

L S
b•{~aÿ\_d �vn}fj{cs•bÕn}\¾ƒˆZ]\_^

Nis
Ó

T
�

B
�

T

Ó M �(dÄd¹Z]acb

N S
Ü ^cb•{~ƒôÓ

Z S
ßŒh n0sÕn}ac|ekzZ]^~fjbãp_b•{Y�vn}fj{cs•bÕn}\�êÄp_b,km^cZ]\_ƒˆb•{ÿn}`²|ehgfjbed¹{Ë{~\_^

L S
ƒ²Z]\_^

h nÐacZ]ƒˆZ]hjZ]kmfjbqp_blçifj{cd¹beytfjso÷¬Ü ^cb•{~ƒôÓ �ˆn}^~fj{! �f ß¸Ó

�

WX�@��G����
T

�
B

� O

Ó M�ètf

X
b•{~aÿ\_d#{csc÷¹|��ÄnÇp¹n}d¹{

L S
��hjblƒ_^c|L�vn}fj{cs•bÕn}\

L X ! A b;Y 7! Z:HomL S (Y; X )

� �



�3Q ���������
	��
� � ��� ��� � ����� ��� ������� 	��
��� ������� 	 �

b•{ca \_d2�vn}fj{cs•bÕn}\ ƒ²Z]\_^øh nlacZ]ƒˆZ]hjZ]kmfjbip_biç(fj{~d¹bey�fjsc÷ôÓ �(d hjbÿd¹Z]acb

ZS (X )
�tbedÄaon}dta<�t\ôuxZ]`D� beaËp_b

N S
Ó

�(d
\_a~fghgfj{cbe^on%ƒ„n}^~a~fjse\_hgf��e^cb�� bed‚aÇhjbÇhjb��.� bQp_b o}{ca~^~\¹sea~\_^cb�q�{~\_fgymn}d‚a‹ƒ²Z]\_^‹hjb•{qyzZ]fj{~fgd„n}kzb•{9p_b

ç(fj{~d¹bey�fjsc÷,s

�

�
� ��� T � B � j

°²±

�

´

X
³�·TÏeÀ��_¿¸Â Ê

�

Å¸Å~¿~½m³�À•´

�

Ã¸ºjµ¾½zÊ]·¹Ï

L S � x
ºjµlÎ�±

�

·„´ �‚¿¸·²¿¸Å

� �

³_µ ½‚µ

X
�

°²±

�

´

V
³�· ÏeÀ��_¿¸Â ÊQ½‚Ê]·_Ï

L S � y
³�·ÄÎ_±

�

·�´ø½‚µ

Y
µe´

f : V ! X
³t·

S
�

ÂÇ±mÅvÎ��

�

Ï¸Â µ‹´¶µ¸º

�

³_µ

f (x) = y
�

�

ºg±]ÅÁÏlºgµÁÏ Î²Å ±ÁÎ²Å

�

¿e´¶¿ÁÏqÏ¸³

�

É5Ê]·�´¶µÁÏlÏe±]·�´ø¿

�

³

�

É}Ê]ºgµe·„´¶µÁÏÇÑ

»

�

f
�

·�½]³

�

´ ³t·

�

Ï•±]Â ±]Å¶Î��

�

ÏÁÂÄµ0½tµ

� (x)
½‚Ê]·_Ï

� (y)
�

Æ

���

º8µ:�

�

Ï¸´¶µ‹³�·�±]³�É}µ¸Åe´

U
½‚µ

X
Àc±m·„´¶µ¸·�Ê]·�´

x �

µe´ ³�·«Â ±]ÅvÎ �

�

Ï¸ÂÄµ

s : (U;x) ! (V; y)
�

³

�

µÁÏ¸´

³�·²µ�ÏÕµ~À•´

�

±]·�½‚µ

f jf � 1 (U) �

�

µ

f � s = I dU
�

�(åíä¹îˆð8ä,s_ûýhô{~\D[ a,píu n}ƒ_ƒ_hgf��‚\¹be^(hjb�hjb��.� b

�

�
� ���
T

�
B

� e

°²±

�

´

s
³t·QÎ_±

�

·�´Ë½‚µ

S
�

°²±

�

µ¸·„´

(X ; x)
µe´

(Y; y)
½tµ¸³>�

(S;s)
�

Ï•À���¿¸Â Ê}Ï

� Y
¿•´vÊ]·„´

ºg±ÕÀcÊmºgµ¸ÂÄµ¸·�´,½‚µËÎ²Å~¿ÁÏÕµ¸·„´vÊm´

�

±]· %€·

�

µlÏÁ³�Å

S
�

°ˆ±

�

´

F ((X ; x); (Y; y))
ºgµ �‚µ¸Å¸ÂÄµÄ½tµÁÏ

S
�

Â ±]Å¶Î��

�

ÏÁÂÄµÁÏ ½‚µ

X
½zÊ]·¹Ï

Y
µ¸·¹É}±]ÍzÊ]·„´

x
ÏÁ³�Å

y
	 �

µÇºgµ¸Ï

S
�

Â ±]ÅvÎ �

�

Ï¸ÂÄµÁÏÄ½‚µÐÏ•À���¿¸Â Ê}ÏÄ½‚¿+%€·

�

Ï‹Ï¸³tÅÐ³�·¬É5±

�

Ï

�

·�Ê �‚µÄ±m³tÉ}µeÅ¸´�½‚µ

x �

µ¸·¹É5±mÍmÊm·„´

x
µ¸·

y
�

� �

ºg±]ÅoÏ

±m·«Ê ³�·²µÐÃ

�

ÌÕµ~À•´

�

±]·

F ((X ; x); (Y; y)) ! Homloc�O S;s (OY;y ; OX ;x )
f 7! f ]

x :
òËZ]d¹{cfjp_|e^cZ]d¹{ihvu n}ƒ_ƒ_hgfjsÕn}a~fjZ]d

'

OY;y � ! � (y)
(f ]

y ) � 1

� � � � ! � (x) = OX ;x :

rÐu n}ƒ_^��•{«hjb¬hjb��.� b���s•bW� Z]^~ƒ_÷_fj{!� bThjZ�sÕn}h9s•Z]^~^cb•{cƒ²Z]d¹p 
 \_d

S
Ö%� Z]^~ƒ_÷_fj{!� b

s
p_|L/¹d_fÐ{~\_^ \_d

yzZ]fj{cfgd„n}kzb¾Z]\_yzbe^~aÐp_b

x
ÓŒYŒn}^Än}fghghjbe\_^c{��Œ{~fËhvuxZ]dO{ob ^cb•{ca~^cbefgd‚a2
#\_dOZ]\_yzbe^~a

U
bed¹s•Z]^cb�ƒ_hg\¹{9ƒˆbea~fga��

s•Z��Çƒ_acb0acbed‚\%p_b0s•b��‚\¹b

(f � s)]
x = I d

�

s
p_|L/¹d_fgai`_fjbed%\_d¹bl{cb•sea~fjZ]d%p_b

f jU
Ó

� �

>

�
�,����aXV��
T

�
B

�
�

Ó M¾ó2b9sÕn]{�p_b•{

k
Öýn}hgk4�e`_^cb•{�hjZtsÕn}hjb•{~Ö¶|eaon}hjb•{lp_b9s•Z]^~ƒ¹{ã^c|•{~fjp�\¹beh

k
� Z]d‚a~^cb.�t\ôuxZ]d

d¹bqƒ²be\_a,ƒ„n]{ib•{~ƒ²|e^cbe^,Z]`_acbed_fg^(\_d¹blacbehghjbq{cb•sea~fjZ]d#{~\_^ÿ\_d%Z]\_yzbe^~aibed kz|ed¹|e^on}hËÜ �Än}fj{i{cbe\_hjb�� bedtai\_d

Z]\_yzbe^~a(hjZtsÕn}hjb�� bedta�� be^!� |.ß¸Ó

� 
 A�
 � � ���3# � 7�%=- :;�>+.7 � 7): 7�
)� # 9=#�� � �"0=#$(��c!��

]2Z]\_añ^cb•s•Z]\_yt^cb�� bedtaWp_b

X
ƒ²Z]\_^ h n�acZ]ƒˆZ]hjZ]kmfjb�p_b �ˆn}^~fj{! �f#{c\_^

L S
n]pD� bea \_d3{cZ]\¹{ Ö

^cb•s•Z]\_y�^cb�� bed‚a�/¹d_fŠÜÝsÕn}^

X
b•{ca d¹Z�bea~÷¹|e^~fjbed�p_Z]d¹s+�t\„n]{~f Ö¶s•Z��Çƒ„n]seaÁß¸Ó_óôb(hjb��.� b(p_bã{~a~^~\¹sea~\_^cb(d¹Z]\¹{

ƒˆbe^!� bea0p_b p_|•p�\_fg^cbÄ\_d¹bÇƒ_^cZ]ƒ_^~fj|eac|Ä{ob��0`_h n}`_hjb ƒˆZ]\_^lh n�acZ]ƒˆZ]hjZ]kmfjb p_b ç(fj{~d¹bey�fjsc÷ôÓôYŠhg\¹{0ƒ_^c|•sefj{c|¸Ö

� bedta��

�

�
� ���
T

�
B

�

�

b4	K�<� �H�3������M
L

�����
DJI

d

°²±

�

´

�
X i

f i! X
�

i 2 I

³t·#Å~µ~Ào±]³tÉ.Å~µ¸ÂÄµ¸·�´,½‚µ

X
Î�±]³�ÅqºgÊ ´v±

�

Î_±]º ± �

�

µÐ½tµ'D

�

Ï¸·²µ¸É

�

À���ÏÁ³�Å

L S
�

�

º ±]ÅÁÏ

�

º8µ:�

�

Ï¸´¶µ0³t·ˆµlÏ¸³

�

´¶µ9%€·

�

µ0½‚¿cÀeÅ ±

�

ÏÁÏeÊ]·„´¶µÐ½tµ9�Õµ¸Å¸ÂÄ¿ÁÏ‹½‚µ

X
	

fvÓxbmÓ

³�·²µqÏ¸´ÝÅ~Êm´

�

%øÀcÊm´

�

±]·��

X = Z j 0 � 6= ::: � 6= Z j n � 6= Z j n +1 = ;

´¶µeº ºjµ

�

³_µ

J = f j 0; :::; j n+1 g
µÁÏ¸´

�

·�À•º ³tÏ‹½zÊ]·_Ï

I
µe´ôÎ�±]³�Å0´v±]³�´

�

·�½

�

Àoµ

m � f j m � X (Z j m � Z j m +1 )
Ê‚½]ÂÄµe´ ³�·²µqÏ•µcÀ•´

�

±m·

�
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x
�zbeaøs•Z��.� b,s•bea~acb,ƒ_^cZ]ƒ_^~fj|eac|(b•{~aŠhjZtsÕn}hjb��tZ]dÇƒ²be\_a<
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O
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O
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' : O1 ! O2
b•{~ai\_dV� Z]^~ƒ_÷_fj{!� b9p_b
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Öýn}hgk4�e`_^cb��„Z]d bed%p_|•p�\_fgai\_d

� Z]^~ƒ_÷_fj{!� b
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�

Æ

�

°²±

�

´

(X ; x)
³�·%Â ±Õ½ �¸ºgµ‹½‚µ
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� �
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sn = s0 � Z 1 : Z � Z (ZU )n
Z ! ZU � Z (ZU )n

Z :
r+�•{ËhjZ]^c{��ts•b•{Y� Z]^~ƒ_÷_fj{�� b•{ yz|e^~f�/„bed‚a hjb•{ ^cbeh n}a~fjZ]d¹{G�tƒˆZ]\_^ acZ]\_a s•Z]\_ƒ_hjb�píuxbed‚a~fjbe^c{

(n; i )
acbehE�t\¹b

0 � i � n
�

sn � � n+1 ;0 = 0

sn � � n+1 ;i +1 = � n;i � sn� 1:
û¶hÐbed ^c|•{~\_hgacb#�t\¹b
h n {~\_fgacb¬p_b•{�� Z]^~ƒ_÷_fj{!� b•{«f(�Än}kzb•{«p�fg^cb•seacb•{

�
(sn)�

�
n� 0

� Z]^!� bed‚a«\_d¹b

÷¹Z�� Z]acZ]ƒ_fjb‹bed‚a~^cb0hjb-� Z]^~ƒ_÷_fj{!� bqfjp_bedta~fgac|0beaÿhjb�� Z]^~ƒ_÷_fj{!� bqd‚\_h2p_b

C �
Z

Ó

�

r+�•{ôhjZ]^c{��•hjbŒhjb��.� b {c\_fgy]n}dta2b•{~aôp�fg^cb•seacb�� bed‚a8a~fg^c|€p�\qhjb��.� b n}d„n}hjZ]km\¹b ��ÓgÞmÓ ^ÿp_b 
ÐÓ 
€ZtbeyzZ�p_{! �

p¹n}d¹{

º ±.À

�

À

�

´

�

s

�

�
� ���
T

�
T

� n

°²±

�

´

F
³�·¾Î²Å~¿��•Ê

�

ÏeÀoµcÊ]³¬Ê]É}µcÀ ´ÝÅ~Ê]·_Ï��•µeÅ¸´ Ï

� FNis
ºjµ �•Ê

�

ÏeÀoµ~Êm³«ÏÁ³�Å

L S
Î�±]³�ÅÇº Ê¾´v±

�

Î_±]º ± �

�

µT½‚µ D

�

ÏÁ·²µeÉ

�

À �

�

³

�

º ³

�

µÁÏ¸´ÄÊ]ÏoÏe±.À

�

¿

�

µ•´

� : F ! FNis
ºjµ«Â ±]Å¶Î��

�

ÏÁÂÄµ
ÀcÊ]·�±]·

���

³¹µ¬½‚µ

Î²Å~¿��•Ê

�

ÏeÀoµcÊ]³>�¾ÏÁ³�Å

L S
�

�

º ±]ÅÁÏ

�

º8µ:�

�

Ï¸´¶µ0³t· ³�·

���

³_µ,Î�Åc¿��•Ê

�

ÏeÀoµ~Êm³«Ê]É]µ~ÀÐ´ÝÅ Êm·_Ï��Õµ¸Åe´ Ï gFNis
´¶µeº

�

³¹µ

»

���

º µ:�

�

Ï¸´¶µ ³t·ˆµÇ´ÝÅ~Ê]·_Ï��•±]Å¸Â Êm´

�

±m·
·�Êm´Ý³�Åcµ¸º ºjµ

F ! gFNis �

µ¸·�´ÝÅ~µlÎ�Åc¿��•Ê

�

Ï•Àoµ~Ê]³�� Ê]É}µcÀ ´ÝÅ~Ê]·_Ï��•µeÅ¸´ Ï

�

�

³

�

Î�Å~±]º ±m· �‚µ

�
�

Æ

� gFNis � i = FNis
�

�(åíä¹îˆð8ä
szçãZ]acZ]d¹{ �H 0 hjb�� Z]d¹seacbe\_^øs•Z]÷¹Z�� Z]hjZ]kmfjbãp_bãòËb•so÷ bed p_bekm^c|

0
ƒ²Z]\_^ h nlacZ]ƒˆZ]hjZ]kmfjbip_b,ç(fj{ Ö

d¹bey�fjsc÷ôÓ�é(hjZ]^c{��

FNis ' �H 0 �H 0(F )
Ó �(dQ{cbi^c|•p�\_fgaÿp_Z]d¹s+
C� Z]d‚a~^cbe^ hjbihjb��.� b(hjZ]^c{��t\ôuxZ]d ^cb��Çƒ_h n]s•b

hjb��ÝZ]d¹seacbe\_^

(:)Nis
ƒ„n}^ihjb-�ÝZ]d¹seacbe\_^ �H 0 Ó

òËZ��.� b

F
b•{~aÿ\_d ƒ_^c|L�vn}fj{cs•bÕn}\#nÕyzb•sla~^on}d¹{ � be^~a��¹Z]d#nÐp_Z]d¹sl\_d¹bqfgd¹sehg\¹{~fjZ]d%sÕn}d¹Z]d_f��t\¹b

F (X ) ' HomP tr
S

(L S [X ] ; F ) � HomP S (L S [X ] ; F )
õ(|•sefgƒ_^cZ �t\¹b�� bed‚a��„\_d¹bla~^on}d¹{ � Z]^!�Än}a~fjZ]d%d„n}a~\_^cbehghjbÄÜÝbedta~^cbqƒ_^c|L�vn}fj{cs•bÕn}\�ê {~\_^

L S
ßËp_blh n�� Z]^!� b

F
�
�! HomP S (L S [:] ; F )

b•{ca,| �‚\_fgymn}hjbed‚acb8
9h nÐp_Z]d_d¹|•bqpíu \_d¹bq{~a~^~\¹sea~\_^cbqp_b�ƒ_^c|L�vn}fj{cs•bÕn}\#nÕyzb•sla~^on}d¹{ � be^~ac{��_ƒˆZ]\_^~yt\¹b��t\ôuxbehghjb

^cb•{cƒ²b•seacbÐhjb9ƒ_^cZ�p�\_fgaqp_bÇs•Z��Çƒ²Zm{~fga~fjZ]d Ü n}\��t\¹beh€sÕn]{��ís•bea~acb n}ƒ_ƒ_hgfjsÕn}a~fjZ]d
b•{caãfgd��~b•sea~fgyzb��íbeaqsmuxb•{~a�h n

a~^on}d¹{!�ÝZ]^!�Än}a~fjZ]d9d„n}a~\_^cbehghjb p_Z]d_d¹|•b€ƒ_hg\¹{8÷„n}\_a8km^�K]s•bËn}\0hjb��.� bËp_b	; Z]d¹b•p¹nzßL�5km^�K]s•b)
ÿh n,aon}\_acZ]hjZ]kmfjb

8� 2 cS (Y; X ) ; a 2 F (X ); F (� ):a = � X (a)Y :�
Ü R�ÓgÞ.ß



� ��� � 	��
��� ����� ��	 � Q�Þ

òãuxb•{~ai{~\_^,s•b�a �tƒˆbqp_b�a~^on}d¹{ � Z]^!�Än}a~fjZ]d¹{(d„n}a~\_^cbehghjb•{6�t\¹b�d¹Z]\¹{(n}hghjZ]d¹{ÿa~^onÕy]n}fghghjbe^ÕÓ

Þ.ß ]2Z]\_a(píu n}`²Z]^cp=�¹{c\_ƒ_ƒ²Zm{cZ]d¹{ip_|L/¹d_f ]�H 0F
Ó

è�Z]fjbed‚a

� 2 cS (Y; X )
\_d¹bqs•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b��„bea

a 2 FNis (X )
Ó �(d n9ƒ„n}^ip_|L/¹d_fga~fjZ]d s

�H 0F (X ) = lim� !
U! X

Ker
�
F (U) ! F (U � X U)

�
:

r�Z]d¹s���s•bea~acb(hgf(�Çfgacb(fgd¹p�\¹sea~fgyzbl|eaon}d‚a</¹hga~^on}dtacb���fgh²b¸ê�fj{~acb(\_d ^cb•s•Z]\_y�^cb�� bed‚a

U
p
�! X

acbeh��t\¹b

a
b•{~aÿh nÇseh n]{c{oblpíu \_d%|ehj|�� bed‚a

aU 2 F (U)
Ó

r�b0ƒ_hg\¹{G�²píu n}ƒ_^��•{�hjb‹hjb��.� b.R�Ó R�Ó ^D�

LS [U] ! LS [X ]
b•{~aã\_d«|eƒ_f(� Z]^~ƒ_÷_fj{!� b��íp_Z]d¹s9fgh[b¸ê�fj{~acb

\_d ^cb•s•Z]\_y�^cb�� bed‚a

V
p_b

Y
bea,\_d¹bls•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b

� U 2 cS (V; U)
acbehj{��t\¹b

p � � U = � jV
Ó

�(dÄZ]`_a~fjbedta hjbÿp�f n}km^on0�.� bis•Z��.�‹\_aon}a~f��2{~\_fgymn}d‚a(Ü hjb,sÕn}^~^c|ip�\ `„n]{€|eaon}d‚aËs•Z��.�0\_aon}a~f��2píu n}ƒ_^��•{

h nÇs•Z]d¹p�fga~fjZ]d
Þqp_b�hvux|ed¹Z]d¹s•|.ß

�H 0F (X ) //

��

HomP S

�
LS [X ] ; �H 0F

�

��
�H 0F (U) //HomP S

�
LS [U] ; �H 0F

�

F (U) //
�

OO

HomP S (L S [U] ; F ) :

OO

òËbC�t\ôuxZ]d¾a~^on]p�\_fgaiƒ„n}^,\_d¹bl| �t\„n}a~fjZ]d hjZ�sÕn}hjbqsÕn}^on]seac|e^~fj{on}dta ]�H 0F

]�H 0F (� jV ):a = � Y (F (� U ):aU ) 2 F (V ):

Rzß�õi|•sefgƒ_^cZ��t\¹b�� bed‚a��8fgh {Õu n}kmfga0p_bÇyzZ]fg^8�‚\¹b hvux|ek‚n}hgfgac| ƒ_^c|•s•|•p_bed‚acbQp_|L/¹d_fga ]�H 0F
�ôp_bF�vn]á•Z]d
fgd¹p_|¸Ö

ƒ²bed¹p¹n}dtacb0p�\¾^cb•s•Z]\_y�^cb�� bed‚a

U
sc÷¹Z]fj{cfvÓ

è�Z]fga

U ! X
\_d ^cb•s•Z]\_y�^cb�� bed‚aÿp_b

X
ƒˆZ]\_^ çifj{cd¹beytfjso÷ôÓzrÐu n}ƒ_^��•{ hjbÿhjb��.� b+R�Ó R�Ó ^D�mhjb�� Z]d¹seacbe\_^

H = HomP S (:; FNis )
|eaon}dta(b¸ê¹n]sea6
9k‚n}\¹sc÷¹b��„hjbqp�f n}km^on0�.� b0{~\_fgymn}d‚a(b•{~a,b¸ê_n]sea

0 ! H (L S [X ]) ! H (L S [U]) ! H (L S [U � X U]):
òËZ��.� bqƒ_^c|•s•|•p_b��.� bedta���s•Z]d¹{cfjp_|e^cZ]d¹{,h n ���•sc÷¹b

F (X ) ,! HomP S (L S [X ] ; F )
� X��! HomP S

�
LS [X ] ; �H 0F

�

�(d%bed p_|•p�\_fga(hjblp�f n}km^on0�.� b0{~\_fgymn}d‚aEs

0 //H (L S [X ]) //H (L S [U]) //H (L S [U] � X U)

0 //K erU

OO�
�
�

//F (U)

OO

//F (U � X U)

OO

òËbÐp�f n}km^on0�.� bÇb•{~a�d„n}a~\_^cbehŒƒ„n}^ã^on}ƒ_ƒˆZ]^~aqn}\«^cb•s•Z]\_yt^cb�� bedta

U
p_b

X
�²n}fgd¹{cfŒZ]d�n s•Z]d¹{~a~^~\_fga

\_d¹bla~^on}d¹{ � Z]^!�Än}a~fjZ]d%d„n}a~\_^cbehghjbqbed

X
s

� Nis
X : �H 0F (X ) ' lim� !

U! X

�
K erU

�
� ! H (L S [X ]) = HomP S

�
LS [X ] ; �H 0F

�

ètf

� 2 cS (Y; X )
b•{~aÿ\_d¹bqs•Z]^~^cb•{cƒ²Z]d¹p¹n}d¹s•bC/¹d_fjb��¹Z]d p_|L/¹d_fga(p_Z]d¹sqpíu n}ƒ_^��•{+R�ÓgÞ

]�H 0F (� ) : F (X ) ! F (Y ); a 7! � Nis
X (a)Y :�
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	��
� � ��� ��� � ����� ��� ������� 	��
��� ������� 	 �

Y[n}^Qs•Z]d¹{~a~^~\¹sea~fjZ]d9� ƒˆZ]\_^

a 2 �H 0F (X )
� bea

� 2 cS (Y; X )
� s•Z]d¹{~fjp_|e^on}d‚a�s•Z��.� b p¹n}d¹{ hjb

Þ.ß0\_dO^cb•s•Z]\_y�^cb�� bed‚a

U
p
�! X

�[\_dT^cb•s•Z]\_y�^cb�� bed‚a

V
p_b

Y
beaÇp_b•{9^cbeh��eyzb�� bed‚ac{

aU 2 F (U)
�

� U 2 cS (V; U)
�_Z]d#n9ƒ„n}^is•Z]d¹{ca~^~\¹sea~fjZ]d%hjblp�f n}km^on0�.� b0s•Z��.�‹\_aon}a~f��

0 //HomP S

�
LS [X ] ; �H 0F

�
//HomP S

�
LS [U] ; �H 0F

�

�H 0F (X )

OO

HomP S (LS [U] ; F )

OO

0 //K erU

OO

//F (U)

kkXXXXXXXXXXXXXXXXXX
OO

òËbC�‚\_fíf(�Çƒ_hgf��t\¹blh nÇ{ca~^~\¹sea~\_^cblhjZtsÕn}hjb‹n}a~acbed¹p�\¹b

]�H 0F (� jV ):a = � Y (F (� U ):aU )

�(d p_|•p�\_fga	�vn]sefghjb�� bed‚a p_bÿs•bea~acbi| �t\„n}a~fjZ]d hjZ�sÕn}hjb,hjb<�vn}fgaY�‚\¹b

� Nis b•{ca€s•Z��Çƒ„n}a~fg`_hjbãn}\ ƒ_^cZ�p�\_fga

p_b•{ s•Z]^~^cb•{~ƒ²Z]d¹p¹n}d¹s•b•{.ÓzY[n}^€s•Z]d¹{ca~^~\¹sea~fjZ]d9�

� Nis ƒ_^cZ]hjZ]d_kzb,`_fjbed

�
�ms•b5�t\_f_p_Z]d_d¹bÿh nãs•Z]d¹p�fga~fjZ]d%ÞmÓ

�

ó2nÐs•Z]d¹{~a~^~\¹sea~fjZ]d ƒ_^c|•s•|•p_bedtacbld¹Z]\¹{ k‚n}^on}d‚a~fga6�t\¹b

FNis ! gFNis
b•{~a `_fjbed�\_d¹b�a~^on}d¹{ � Z]^!�Än}a~fjZ]d

d„n}a~\_^cbehghjb���píuxZ"h

CED
�

D
� ���$���3�

T
�

T
� f

�2µ<�•±]·�À•´¶µ¸³�Å

atr
�

³

�

�‹³�·qÎ�Åc¿��•Ê

�

ÏeÀoµ~Êm³�Ê]É]µ~Àl´ÝÅ~Ê]·_Ï��Õµ¸Åe´ Ï

F
Ê}ÏÁÏe±ÕÀ

�

µ(ºjµ<�eÊ

�

ÏeÀÁµ~Ê]³

ÊmÉ}µ~ÀT´ÝÅ Êm·_Ï��Õµ¸Åe´ Ï gFNis
	

Ào±]·_Ï¸´ÝÅ¸³

�

´ãÎ²Å~¿~ÀÁ¿~½‚µ¸ÂÐÂÄµ¸·„´ �­µÁÏ¸´ÄÊ‚½ Ìe±

�

·„´�� �zÊ]³_À���µT½]³ �•±]·�À•´¶µ¸³�Å
½<� ±]³¹Ã¸º

�

N tr
S ,! P tr

S
� �

µ Î²º ³tÏ

�

ºjµ‹½

�

Ê �]Å ÊmÂ9ÂÄµ0Ï¸³

�

É5Ê]·„´ËÀc±]ÂÐÂÐ³�´¶µ

P tr
S

atr //

��

N tr
S

��
P S

aNis //N S

½‚Ê]·_Ïlºgµ

�

³_µeº

aNis

µÁÏe´ ºjµ8�e±m·�À•´¶µ¸³�Å9�•Ê

�

Ï•Àoµ~Ê]³«Ê}ÏoÏ•±ÕÀ

�

¿ÿÎ�±]³�Åqº ÊQ´v±ÁÎ_±]º ± �

�

µÐ½tµ'D

�

Ï¸·²µ¸É

�

À��

�

T
�

T
�

T
� O

�

�
L

�����	�
D
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I�I

�<	K�F� \c�$���
L

�F�$V)W �/ZJ�
L

�H���
I

�H\ �
���H�

r�n}d¹{‹h n#sÕn}ac|ekzZ]^~fjb p_b•{‹ƒ_^c|L� n}fj{os•bÕn}\�ê¬n•yzb•s a~^on}d¹{ �Ýbe^~ac{‹acZ]\_acb•{9hjb•{0hgf(�Çfgacb•{‹fgd¹p�\¹sea~fgyzb•{¾Ü ^cb•{~ƒôÓ

ƒ_^cZ0�~b•sea~fgyzb•{Áß {cZ]d‚aË^cbeƒ_^c|•{cbedtaon}`_hjb•{���sÕn}^ø\_d¹b(hgf(�Çfgacbifgd¹p�\¹sea~fgyzbÐÜ ^cb•{~ƒôÓtƒ_^cZ0� b•sea~fgyzb.ßøp_biƒ_^c|L� n}fj{cs•bÕn}\�ê

n]p_p�fga~f�� {ib•{caÿ\_d ƒ_^c|L� n}fj{os•bÕn}\#n]p_p�fga~f�� Ó

óôb-� Z]d¹seacbe\_^

atr
d¹Z]\¹{ÿƒˆbe^!� beaip_bqs•Z]d¹sehg\_^cb�s

�

�
D

G
D

�������
D[I8T

�
T

�
B

�

�ôÊ�ÀcÊm´¶¿ �z±]Å

�

µ

N tr
S

µ¸Ï¸´ Àc±]Â(Î�º-�e´¶µÇµe´ Àc±ÕÀc±]Â(Î�º-�e´¶µ
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�

´

�

±]·
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»

�

»��

�

;

º ºjµÐµÁÏ¸´ ½z±]·²À‹Ê‚Ão¿¸º

�

µ¸·¹·ˆµ

�

µe´øÂ	�¸ÂÄµ0½tµ

�

Å~±m´���µe·�½

�

µ~À�3

	

À+�0½‚¿�%€·

�

´

�

±]·

? �

»

�
�

�

�

�(åíä¹îˆð8ä sŠæŠd�bL>íbea��Œfghÿ^c|•{~\_hgacb¾p�\ s•Z]^cZ]hgh n}fg^cb¾ƒ_^c|•s•|•p_bedta&�t\¹b hjb � Z]d¹seacbe\_^

atr
b•{ca b¸ê_n]seaÕÓŠr-�•{

hjZ]^c{G�€ƒ_\_fj{��t\¹b

P tr
S

b•{~aQs•Z��Çƒ_h��eacb��øs•Z�s•Z��Çƒ_h��eacb��Ën}`ˆ|ehgfjbed_d¹b%beaQp_b�:ã^cZ]a~÷¹bed¹p�fjb•s� ��Ëfghibed b•{~aÄp_b

�2Z�� b0p_blh nÐsÕn}ac|ekzZ]^~fjb

N tr
S

píu n}ƒ_^��•{,hjb•{ÿhjb��.� b•{�òãÓgÞmÓ �ÇbeaãòãÓgÞmÓ •�Ó

�

�(d%bed%p_|•p�\_fgaibed¹s•Z]^cblh n s•Z]d¹{~a~^~\¹sea~fjZ]d%{~\_fgymn}d‚acb s

�

�
� ���
T

�
T

�
B*B

�2µ8�e±m·�À•´¶µ¸³�Å‹½<� ±]³¹Ã¸º

�

N tr
S ! N S

Ê‚½]ÂÄµe´ ³�· Êz½ Ì•±

�

·�´ � �zÊ]³_À���µ

�

·�±m´¶¿

LS [:]
�
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�iåíä¹îíð8ä s�è�Z]fga

F
\_dX� n}fj{cs•bÕn}\#çifj{~d¹bey�fjsc÷ôÓ„éihjZ]^c{���fghôb•{caÿhgf(�Çfgacbqfgd¹p�\¹sea~fgyzb

F = lim� !
X =F 2 L S =F

ZS (X ) :

�(d ^on}ƒ_ƒˆbehghjbC�‚\¹b

ZS (X )
p_|•{~fgkmd¹blhjb+�vn}fj{cs•bÕn}\#n}`ˆ|ehgfjbed ^cbeƒ_^c|•{cbedtac|qƒ„n}^

X
Ó

�(d ƒ²Zm{cb

LS [F ] = lim� !
X =F 2 L S =F

LS [X ]
��Z"h#s•bea~acb9p_be^~d_f��e^cb0hgf(�Çfgacb9b•{~aisÕn}hjse\_hj|•b9p¹n}d¹{ih n sÕn}ac|¸Ö

kzZ]^~fjbqp_b•{��vn}fj{cs•bÕn}\�ê%n•yzb•sla~^on}d¹{!�Ýbe^~ac{ÕÓ

ûýh#{~\D[ añn}hjZ]^c{ píu n}ƒ_ƒ_hgf��t\¹be^ hjb­hjb��.� b�p_b ; Z]d¹b•p¹n

HomN tr
S

(L S [X ] ; F ) = F (X ) =
HomN S (ZS (X ) ; F )

ƒˆZ]\_^is•Z]d¹sehg\_^cbq{~\_^ÿhvu n]{o{cbe^~a~fjZ]d%píu n]p0�~Z]d¹sea~fjZ]dôÓ

�

>

�@�����3aXV)� T � T � B�T

Ó M �(d � be^on�n}a~acbed‚a~fjZ]dW�t\¹b9hjb��ÝZ]d¹seacbe\_^

L : N S ! N tr
S

dôuxb•{~a�ƒ„n]{lb¸ê¹n]sea�


k‚n}\¹sc÷¹bmÓ

Y[Z]\_^ih n9ƒ_^cZ]ƒˆZm{~fga~fjZ]d#{~\_fgymn}d‚acb��„{~f

X
b•{~aÿ\_d%{osc÷¹|��ÄnÇp¹n}d¹{

L S
�_Z]d d¹Z]acb

� X : ZS (X ) ! Otr LS [X ]

hjb � Z]^~ƒ_÷_fj{!� b#p_b �vn}fj{cs•bÕn}\�ê�çifj{~d¹bey�fjsc÷ fgd¹p�\_fgaÄƒ„n}^ hvu n}ƒ_ƒ_hgfjsÕn}a~fjZ]d km^on}ƒ_÷¹b��øZ"h

Otr
p_|•{~fgkmd¹b¾hjb

�ÝZ]d¹seacbe\_^(píuxZ]\_`_hgf8|ey�fjp_bed‚aÕÓ

w(a~fghgfj{on}d‚a�h n�p_b•{ose^~fgƒ_a~fjZ]dñp_b•{ km^cZ]\_ƒˆb•{QpíuxæŠê�a�bed acbe^!� b píuxb¸ê�acbed¹{~fjZ]d¹{��ËZ]d bed p_|•p�\_fgaQ\_d¹b

n}ƒ_ƒ_hgfjsÕn}a~fjZ]d#sÕn}d¹Z]d_f��t\¹b��¹d„n}a~\_^cbehghjblƒ„n}^i^on}ƒ_ƒ²Z]^~a�


F

� �
X : Ext i

N tr
S

(L S [X ] ; F )
� �

X��! Ext i
N S

(ZS (X ) ; Otr F ) = H i (X ; Otr F ):

�

�
D

G
D

�������
DJI T

�
T

�
B

O

�

±m³tÅ¾´v±]³�´$�•Ê

�

Ï•Àoµ~Ê]³

F
½zÊ]·_Ï

N tr
S �

Î�±m³tÅ¾´v±]³�´�ÏeÀ ��¿¸Â Ê

X
½zÊ]·_Ï

L S
µe´

Î�±]³�Å0´v±]³�´ µe·„´

�

µeÅ

i � 0 �

º
� ÊÁÎ‚Î�º

�

ÀcÊm´

�

±]·

� �
X

À

���

½tµÁÏoÏ¸³‚Ï9µÁÏe´ ³�·

�

Ï•±]Â ±]ÅvÎ �

�

Ï¸ÂÄµ

�

�iåíä¹îíð8ä s�rÐu n}ƒ_^��•{�hjb‹hjb��.� bÐp_bC; Z]d¹b•p¹nD�ís•bea~acb9ƒ_^cZ]ƒ_^~fj|eac|Ðb•{~aãyt^on}fjb9{~f[hvuxZ]d�/_ê_b

i = 0
Ó �(d {cb

^on0�2�ed¹bqp_Z]d¹s$
Ðh n8� Z]dta~^cbe^iƒˆZ]\_^

i > 0
Ó

è�Z]fga

F
\_d �vn}fj{cs•bÕn}\OnÕyzb•sQa~^on}d¹{ �Ýbe^~ac{Ð{~\_^

S
�

I ! F
\_d¹b ^c|•{cZ]hg\_a~fjZ]dOfgd�� b•sea~fgyzb�p_b

F
p¹n}d¹{

N tr
S

�„bea

C
{cZ]d#s•Z]d¹Z��‚n}\«p¹n}d¹{

N tr
S

Ó„ó2n {~\_fgacb0b¸ê¹n]seacblhjZ]d_km\¹b0píuxæŠê�a�n]{c{cZ�sefj|•b$
Ðh nÇ{~\_fgacb‹b¸ê_n]seacb

s•Z]\_^~acb

0 ! I ! F ! C ! 0

� Z]d‚a~^cb��t\¹bŠh nÿƒ_^cZ]ƒ_^~fj|eac|5
,p_|�� Z]dta~^c|•bËƒ²Z]\_^

F
bea

i > 0
b•{~a[| �‚\_fgymn}hjbed‚acb�
ÿh n,ƒ_^cZ]ƒ_^~fj|eac|Ë{c\_fgy]n}dtacb s

ƒˆZ]\_^MacZ]\_a�{csc÷¹|��Än

X
p¹n}d¹{

L S
�9ƒ²Z]\_^MacZ]\_a�bedta~fjbe^

i > 0
�Ðhjb km^cZ]\_ƒ²b

H i (X ; I ) =
Ext i

N S
(ZS (X ) ; I )

b•{~aÿd‚\_hvÓ

�(^��Œpíu n}ƒ_^��•{ �xÒ%fgh P.S	� �8ƒ_^cZ]ƒôÓŒûcûcû¸Ó R�ÓgÞmÞ��2s•bea~acbQƒ_^cZ]ƒ_^~fj|eac|�b•{~aÐbed¹s•Z]^cbQ| �t\_fgymn}hjbed‚acb n}\ � n}fgaF�‚\¹b

ƒ²Z]\_^ acZ]\_a,{cso÷¹|��Än

X
p¹n}d¹{

L S
��h n9s•Z]÷¹Z�� Z]hjZ]kmfjbqp_b0òËb•sc÷ p_b

X

9s•Z�bL[Äsefjbed‚aip¹n}d¹{

I
b•{~a d‚\_hghjbmÓ

ó2nÐƒ_^cZ]ƒˆZm{~fga~fjZ]d�R�Ó R�Ó ^Ðf(�Çƒ_hgf��t\¹b0n}hjZ]^c{if(�.� |•p�f n}acb�� bed‚aãhjb�^c|•{~\_hgaon}aÕÓ

�

CED
�

D
� ���$�����

T
�

T
�

B
j

°²±

�

´

F
³�·¾Î�Åc¿��•Ê

�

ÏeÀoµ~Êm³TÊ]É}µcÀ�´ÝÅ Ê]·¹Ï��Õµ¸Å¸´ Ï

� �

º ±]ÅÁÏ

�

Î�±m³tÅ ´v±]³�´ãµe·„´

�

µeÅÇ·�Êm´Ý³�Å~µ¸º

i �

ºjµiÎ�Åc¿��•Ê

�

Ï•Àoµ~Ê]³

H i
Nis(:; FNis )

µÁÏe´ ÀoÊ]·�±]·

� �

³¹µ¸ÂÄµ¸·„´ÿÂÐ³�·

�

½<� ³�·²µ‹Ï¸´ÝÅ¸³_À•´Ý³tÅcµ ½tµiÎ�Åc¿��eÊ

�

Ï•Àoµ~Ê]³�Ê]É}µcÀ

´ÝÅ Êm·_Ï��Õµ¸Åe´ Ï

�



Q3Q ���������
	��
� � ��� ��� � ����� ��� ������� 	��
��� ������� 	 �

T � T � T � j

�

�H�3V L ��V���� � D[I�D�� 	K�$���

�(dT^on}ƒ_ƒˆbehghjbX�‚\¹b hvuxZ]dMn%s•Z]d¹{~a~^~\_fgaÐ\_d¹b�{~a~^~\¹sea~\_^cb � Z]d¹Z]þvp¹n}hjb�{~\_^9h n%sÕn}ac|ekzZ]^~fjb

L cor;S
ÜÝsL�

ÞmÓ R�ÓgÞ��zß¸Ó �(d¾ƒ²be\_aiƒ_^cZ]hjZ]d_kzbe^(s•bea~acbq{~a~^~\¹sea~\_^cb�
9h nÇsÕn}ac|ekzZ]^~fjbqp_b•{5�vn}fj{cs•bÕn}\�ê n•yzb•sla~^on}d¹{!�Ýbe^~ac{ s

�

� D G D ������� D[I8T � T � B e

�ôÊOÀcÊm´¶¿ �z±]Å

�

µ

N tr
S

Êz½]ÂÄµe´‹³t·²µ%Ïe´ÝÅÁ³_À•´Ý³�Å~µ«ÂÇ±m·�±>= ½zÊ]ºjµ�Ï¸Í}ÂÄ¿e´ÝÅ

� �

³_µ ´¶µeº ºjµ

�

³_µ‹ºjµ8�e±]·²À•´¶µ¸³�Å

L cor;S ! N tr
S

µÁÏe´€Â ±]·�±>= ½zÊ]º

�

�(åíä¹îˆð8ä'søYŠ\_fj{��t\¹b

L cor;S
b•{~aJ� Z]d¹Z]þvp¹n}hjb�� Z]dñbed p_|•p�\_fgaQ\_d¹b {~a~^~\¹sea~\_^cb@� Z]d¹Z]þvp¹n}hjb {c\_^Äh n

sÕn}ac|ekzZ]^~fjb�p_b•{ ƒ_^c|L� n}fj{cs•bÕn}\�ê�n•yzb•s(a~^on}d¹{ �Ýbe^~ac{ø^cbeƒ_^c|•{cbedtaon}`_hjb•{���n}\_a~^cb�� bedtaÿp�fga��tp_b•{Y� n}fj{os•bÕn}\�ê nÕyzb•s

a~^on}d¹{!�Ýbe^~ac{Ä^cbeƒ_^c|•{cbed‚aon}`_hjb•{ÕÓËY[Z]\_^ s•bea~acb {~a~^~\¹sea~\_^cb�� Z]d n p_Z]d¹s píu n}ƒ_^��•{Äh n«ƒ_^cZ]ƒ²Zm{cfga~fjZ]d ÞmÓ R�ÓgÞ��D�

LS [X ] 
 tr LS [Y ] = LS [X � k Y]
Ó

è�Z]fjbed‚a

F
bea

G
p_be\�ê?�vn}fj{cs•bÕn}\�ê¬n•yzb•s a~^on}d¹{ � be^~ac{ÕÓ2rÐu n}ƒ_^��•{9hvuxb¸ê�fj{~acbed¹s•bÄp�\ � n}fj{os•bÕn}\Tn]{c{cZ�sefj|

nÕyzb•sqa~^on}d¹{ � be^~ac{��

F = lim� !
X =F 2 L S =F

LS [X ]
bea

G = lim� !
Y=F 2 L S =G

LS [Y ]
Ó �(d%ƒ²Zm{cblp_Z]d¹s

F 
 tr G = lim� !
X =F;Y=G

(L S [X ] 
 tr LS [Y ])

ƒ_\_fj{��‚\¹b


 tr b•{~aÿ\_d%`_f Ö �ÝZ]d¹seacbe\_^i{c\_^,h nÐsÕn}ac|ekzZ]^~fjb0p_b•{��vn}fj{cs•bÕn}\�ê�^cbeƒ_^c|•{cbed‚aon}`_hjb•{.Ó

�

�

�FM
I

�����
D[IYT

�
T

�
B � �

·T·�±m´¶µ


 tr ºjµlÎ�Å ±.½]³

�

´ã´¶µ¸·_Ïe±mÅ

�

µ¸ºŒÏÁ³�Å

N tr
S

½‚¿+%€·

�

½zÊ]·¹Ï9ºgÊÐÎ²Å~µ¸³�É}µ¾½tµÇºgÊ

Î²Å ±ÁÎ_±}Ï

�

´

�

±m·ÄÎ²Å~¿~ÀÁ¿~½‚µ¸·„´¶µ

�

>

�
�,����aXV��
T

�
T

�
B

�ˆÓ M Y[n}^ip_|L/¹d_fga~fjZ]d9�„hjb-� Z]d¹seacbe\_^


 tr b•{~a,b¸ê_n]sea+
Ðp�^cZ]fgacbmÓ

�(d bed p_|•p�\_fgaË\_d bed¹{ob��0`_hjbãp_bÿkz|ed¹|e^on}acbe\_^c{Ëƒ²Z]\_^

F 
 tr G(X )
Ó�æŠd bL>íbea��zƒˆZ]\_^ acZ]\_a

Y
p¹n}d¹{

L S
�_Z]d%nÐ\_d |eƒ_f(� Z]^~ƒ_÷_fj{!� b0p_b�� n}fj{cs•bÕn}\�ê n•yzb•sqa~^on}d¹{ �Ýbe^~ac{

L
X 2 L S

F (X ) 
 Z LS [X ] ! FL
X 2 L S

F (X ) 
 Z cS (Y; X ) ! F (Y )
� 
 � 7! � � (� ):

r-�•{(hjZ]^c{��¹ƒ_\_fj{��‚\¹b


 tr b•{~a(b¸ê¹n]sea+
Äp�^cZ]fgacb���Z]d bed p_|•p�\_fga(\_d |eƒ_f(� Z]^~ƒ_÷_fj{�� b‹p_b$� n}fj{os•bÕn}\�ê nÕyzb•s

a~^on}d¹{!�Ýbe^~ac{

L
X ;X 02 L S

(F (X ) 
 Z LS [X ]) 
 tr (G(Y ) 
 Z LS [X 0]) ! F 
 tr GL
X ;X 02 L S

F (X ) 
 Z G(X 0) 
 Z cS (Y; X � X 0) ! (F 
 tr G)(Y )
� 
 � 
 � 7! � � (� ) 
 tr � � (� ):

�

�
D

G
D

�������
D[I8T

�
T

�
B

n

�ôÊÇÀcÊz´¶¿ �z±]Å

�

µlÂ ±]·�±>= ½zÊ]ºjµ

N tr
S

µÁÏe´ �Õµ¸Å¸ÂÄ¿cµ

�8�

³�´ÝÅcµ¸ÂÄµ¸·„´€½

�

´

�

ºjµlÃ

�

�•±]·�ÀÕ´¶µ¸³tÅ


 tr Êz½]ÂÄµe´ ³t·�Êz½ Ì•±

�

·„´8��½]Å~±

�

´¶µq·²±m´¶¿

HomN tr
S

(:; :)
�

�(åíä¹îˆð8ä,s„ètf

F
bea

G
{cZ]d‚aip_b•{5� n}fj{cs•bÕn}\�ê n•yzb•sqa~^on}d¹{ �Ýbe^~ac{G�¹Z]d¾ƒ²Zm{ob

HomN tr
S

(F; G) (X ) = HomN tr
S

�
F 
 tr LS [X ] ; G

�
:

r-�•{ hjZ]^c{���ƒ„n}^ÿp_|L/¹d_fga~fjZ]d%p�\¾ƒ_^cZ�p�\_fga


 tr bea bed¾\_a~fghgfj{Án}d‚aÿhjb+�vn}fga��t\ôu \_dX�vn}fj{cs•bÕn}\ n•yzb•s�a~^on}d¹{ � be^~ac{

b•{ca%hgf(�Çfgacb¬fgd¹p�\¹sea~fgyzbTp_b�� n}fj{os•bÕn}\�ê�n•yzb•s¬a~^on}d¹{ �Ýbe^~ac{#^cbeƒ_^c|•{cbedtaon}`_hjb•{���s•b
`_f�� Z]d¹seacbe\_^ b•{ca%`_fjbed



� ��� � 	��
��� ����� ��	 � Q�Q

n]p0� Z]fgdta�
Çp�^cZ]fgacbqp�\V�ÝZ]d¹seacbe\_^


 tr Ó

�

>

�@�����3aXV)� T � T � B f

Ó M ûýh �QnÇp¹n}d¹{ÿd¹Z]a~^cb0sc÷¹Z]f ê¾\_d¹bqs•Z]d‚yzbedta~fjZ]d#ƒ_\_fj{��‚\ôuxZ]d#n}\_^on}fgaiƒ_\ ƒ_^cbed¹p�^cb

HomN tr
S

(F; G) (X ) = HomN tr
S

�
L[X ] 
 tr F; G

�
:

ó2n sÕn}ac|ekzZ]^~fjb

N tr
S

b•{~aã{ ��� |ea~^~f��‚\¹b��²p_Z]d¹s0s•bea~acb9s•Z]d‚yzbedta~fjZ]d ƒ²be\_aã{cb��0`_hjbe^ln}d¹Ztp�fgd¹bmÓJ]2Z]\_acbL� Z]fj{��

s•bea~acbMs•Z]d‚yzbedta~fjZ]d�s•Z]^~^cb•{~ƒˆZ]d¹p�^onñƒ„n}^«h nñ{~\_fgacbO
 \_d¹bOs•Z]d‚yzbed‚a~fjZ]d�p_bM{~fgkmd¹bmÓló2nñs•Z]dtyzbed‚a~fjZ]d

sc÷¹Z]fj{~fjb0s•Z]^~^cb•{~ƒ²Z]d¹p�
Ðs•behghjb-� n}fgacb�ƒ„n}^ 
ÐÓ 
€Z�beyzZtp_{! � p¹n}d¹{ �xàŠè 
iS.S}` � �D�Än}fj{ÿƒ„n}^,s•Z]dta~^cb��„smuxb•{~aÿh n

s•Z]d‚yzbedta~fjZ]d#fgdtyzbe^c{cbqp_bqs•behghjbqp_blÒ«n]sqó2n}d¹b0p¹n}d¹{ �xÒ#ó�1.P �2sc÷„n}ƒ_fga~^cb 
ãûoûÁÓ •�Ó

T � T � T �

Ó M

C V�G � GK� D 	KVK���

òËZ��.� b0bed%acZ]ƒˆZ]hjZ]kmfjb��„Z]d#ƒ²be\_a(p_|•p�\_fg^cb‹p_bqs•b0ƒ_^cZtp�\_fga(acbed¹{cZ]^~fjbeh2\_d

se\_ƒ�Övƒ_^cZtp�\_fgaãb¸ê�acbe^~d¹bmÓ

�

�/M
I

�����
D[I8T

�
T

�
T�B

°²±

�

µ¸·„´

F
µe´

G
½‚µÁÏ0�eÊ

�

Ï•Àoµ~Ê]³�� Ê]É}µ~À�´ÝÅ~Ê]·_Ï��•µeÅ¸´ Ï

� � 2 F (X )
µ•´

� 2 G(X )
½‚µÁÏlÏÕµ~À•´

�

±]·_ÏlÏÁ³�Ål³�·#Ï•À���¿¸Â Ê

X
½zÊ]·_Ï

L S
�

�

� ÊÁÎ²Å:�ÁÏ¾ºjµ¾ºjµ¸ÂÐÂÄµ ½‚µ��¹±]·²µc½zÊ

� �
	

Å~µ¸ÏvÎ_µ~ÀÕ´

�

É}µeÂ µe·„´

�
� Àc±mÅÁÅcµÁÏvÎ_±]·�½ ��³�·²µ ´ÝÅ Ê]·¹Ï��•±]ÅÁÂ Êm´

�

±]·

·�Êm´Ý³�Å~µeº ºjµ

LS [X ] ! F
	

Å~µÁÏ¶Î_µ~À•´

�

É}µ¸ÂÄµ¸·�´

LS [X ] ! G
�

�

³¹µÐº
� ±]·�·�±m´¶µ(Î�Ê]Å9º Ê�Â	�¸ÂÄµÇºgµe´ ´ÝÅcµ

���

·

Î�±}ÏÕµ‹½‚±]·�À

� ` � = (� 
 tr � ) � L[� X ]
±	�

� X =S : X ! X � S X
µÁÏe´0º
� ÊÁÎzÎ�º

�

ÀoÊm´

�

±m·W½

�

Ê �‚±]·�Ê]ºjµ

� �

·WÊOÊ

�

·¹Ï

�

½‚¿�% ·

�

³�· Â ±]Å¶Î��

�

ÏÁÂÄµ

F (X ) 
 Z G(X )
` X� � ! (F 
 tr G)(X )

�

é(fgd¹{~f¹p_|L/¹d_fjb��

`
b•{~aŠ\_d¹b a~^on}d¹{ � Z]^!�Än}a~fjZ]dÄd„n}a~\_^cbehghjbip_bÿƒ_^c|L� n}fj{os•bÕn}\�êˆÓmæŠd bL>ˆbea��m{cZ]fga

f : Y !
X

�„n}hjZ]^c{

(f � � ) ` Y (f � � ) = f � (� ` X � )
sÕn}^

�
(� � L[f ])
 tr (� � L[f ])

�
� L[� Y ]

= (� 
 tr � ) � (L[ f ] 
 tr L[f ]) � L[� Y ]

bea,hvuxZ]d s•Z]d¹sehg\_aiƒ_\_fj{��‚\¹b

f � S f � � Y = � X � f
Ó

>

�@�����3aXV)�
T

�
T

�
T[T

Ó M �(d d¹Z]acbe^on bed¹s•Z]^cb

`
hvu \_d_f��t\¹b a~^on}d¹{ � Z]^!�Än}a~fjZ]d d„n}a~\_^cbehghjb

F 
 Z G
`
�! F 
 tr G

bed‚a~^cb-�vn}fj{cs•bÕn}\�ê�fgd¹p�\_fgacbqƒ„n}^,hvu n}ƒ_ƒ_hgfjsÕn}a~fjZ]d#ƒ_^c|•s•|•p_bed‚acbmÓ

T
�

T
�

T
O

Ó M ètf

X
�

Y
bea

U
{oZ]d‚alp_b•{q{cso÷¹|��Än]{qp¹n}d¹{

L S
�ˆZ]d
nQp_Z]d¹sÇp_|L/¹d_f€sef Ö¶p_b•{c{~\¹{��íp¹n}d¹{�hjbÐsÕn]{

ƒ„n}^~a~fjse\_hgfjbe^(Z"h

F = LS [X ]
bea

G = LS [Y ]
��\_d#se\_ƒ�Övƒ_^cZtp�\_fgaãp_bls ��sehjb•{ s

cS (U;X ) 
 Z cS (U;Y ) ! cS (U;X � S Y)
� 
 � 7! � ` �

�‚\_fídôuxb•{ca,^~fjbed%píu n}\_a~^cbC�t\¹b

� ` � = (� 
 � ) � � U=S
Ó

�(d%sÕn}hjse\_hjb��2Z�� bqƒ_hg\¹{ib¸ê�ƒ_hgfjsefgacb�� bed‚a(s•bea~acb0p_be^~d_f��e^cb0s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•bqƒ_\_fj{��t\¹b

� ` � = (1S � S pX )� (� ):(1S � S pY )� (� ):



Q.^ ���������
	��
� � ��� ��� � ����� ��� ������� 	��
��� ������� 	 �

T � T � T � e C `�� I �[�
��� I ��	K� �������

è�Z]fga

� : T ! S
\_d

k
Ö%� Z]^~ƒ_÷_fj{!� b‹bed‚a~^cb

k
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ÞmÓ R�Ó R�Þ��„Z]d Z]`_a~fjbedta

cS (X ; U) = cS

 

lim �
X =X 0=S

X 0; U

!

= lim� !
X =X 0=S

cS
�
X 0; U

�
:

r-�•{ÿhjZ]^c{��¹Z]d¾acbe^!�Çfgd¹bC� n]sefghjb�� bedtaihjblsÕn}hjse\_h1s

lim� !
U=F

lim� !
X =X 0=S

cS
�
X 0; U

�
= lim� !

X =X 0=S

lim� !
U=F

cS
�
X 0; U

�
= lim� !

X =X 0=S

F (X 0):

�



Q.P ���������
	��
� � ��� ��� � ����� ��� ������� 	��
��� ������� 	 �



� �


 � � � ��� �

�

£Ÿ Š™ ¦W˜�£©•�� šD“Ÿ› “•œ
“Ÿž? Š¡�•D˜�™ �l£�¤¥˜�¦

œ
§¬£Ÿ¨–™«ª,˜�§ œ¬™��

�

I
MKWX�<V

I

k
� �

L
` �@��� � �	�[VK� ���F�

I�D
�/��` �F�"���

I

S
	��
	K� �,�

I
���

D[I
	K� �5�"VK���1M

I
���

Ó

�(d ƒ_^cbed¹p�^onÄk‚n}^cp_b‹acZ]\_acbL� Z]fj{+�t\¹b��¹`_fjbed �t\¹b0acZ]\_acb•{ãhjb•{ãp_|L/¹d_fga~fjZ]d¹{l{cZ]fjbed‚aãy]n}h n}`_hjb•{ãƒˆZ]\_^

S
�‚\¹behjs•Z]d��t\¹b��²hjb•{iƒ_^cZ]ƒˆZm{~fga~fjZ]d¹{ãf(�ÇƒˆZ]^~aon}d‚acb•{lp_b9s•b‹so÷„n}ƒ_fga~^cb‹d¹|•s•b•{o{~fgacbed‚a�hvu ÷���ƒˆZ]a~÷��•{cb��t\¹b

S
b•{~a

hjbq{~ƒˆb•sea~^cblpíu \_d%s•Z]^~ƒ¹{ÕÓ

� ���

�

‡ �F�‹• 
²•����

� 
 A�
cA �30)( � -F�;��0�!�# ��� - �17)687�+.7 ��� #

�

�/M
I

�����
D[I

O �
B

�
B

°²±

�

´

F
³�·qÎ�Åc¿��•Ê

�

ÏeÀoµ~Êm³ ÏÁ³�Å

L S
�<�

·�½

�

´

�

³_µ

F
µÁÏe´

�

·¹É5Ê]Å

�

Ê]·„´�Î�ÊmÅ ��±]Â ±m´v±ÁÎ

�

µ

Ï

�

µe´ Ï•µe³tºjµ¸ÂÄµ¸·„´ Ï

�

Î�±m³tÅ0´v±m³�´

S
�

Ï•À���¿¸Â Ê

X
Ê]º �‚¿ÕÃ¸Å

���

³_µ9º

�

ÏoÏ•µ

�

ºgµ0Â ±]Å¶Î��

�

ÏÁÂÄµ

F (X ) ! F (A1 � X )
�

·²½]³

�

´ˆÎ_Ê]ÅqºgÊ�Î�Å~± ÌÕµ~À•´

�

±]·«ÏÁ³�Å

X
µÁÏ¸´ø³�·

�

Ïe±]Â ±]Å¶Î��

�

ÏÁÂÄµ

�

Ò#\_d_fj{Çp_bQs•bea~acb¾p_|L/¹d_fga~fjZ]d9�ŠZ]dOƒˆbe\_aÇp_|L/¹d_fg^Çhjb•{8� n}fj{cs•bÕn}\�ê¬fgd‚a~^cZ�p�\_fgac{Çƒ„n}^ 
9Ó 
€Z�beyzZtp_{! �

p¹n}d¹{ �xà€è 
iS.S}`��2p_Z]d‚aifghô{obl{cbe^~a,ƒˆZ]\_^,p_|L/¹d_fg^,hjb•{,s•Z��Çƒ_hjb¸ê_b•{�� Z]a~fgy�f��‚\¹b•{ÕÓ

�

�/M
I

�����
D[I

O �
B

�
T �

·O·�±z´¶µ

HN tr
S

	

Å~µ¸ÏvÎ_µ~ÀÕ´

�

É}µeÂ µe·„´

HP tr
S

� º Ê%Ïe±m³‚Ï

�

ÀcÊm´¶¿ �z±]Å

�

µ#½‚µ

N tr
S

	

Å~µÁÏ

�

Î_µ~À•´

�

É}µ¸ÂÄµ¸·�´

P tr
S

� �e±]Å¸ÂÄ¿cµÇ½‚µ¸Ï8�eÊ

�

Ï•Àoµ~Ê]³��

	

Å~µÁÏ¶Î

�

Î²Å~¿��•Ê

�

ÏeÀoµcÊ]³>� �

�

·¹É5Ê]Å

�

Ê]·„´ Ï Î�Ê]Å ��±]Â ±m´v±ÁÎ

�

µÐÊ]É]µ~À

´ÝÅ Êm·_Ï��Õµ¸Åe´ ÏlÏÁ³�Å

S
�

CED[I
ZJ�

I
���

D[I
O/�

B
� O

Ó M �

�
I

� ��� ��VK���H� 	K�
L

�F� �H� ��`��F���
�5D[I

��G�G1�
� ���F�3� ��� ��G����@���
I

�

���

/12"�"!

�

%���	���
 ��#��
�3/��$%(! 2
���
�p\c�$���

L
�F�$V)W8�

I
Z����"���

I
�H� GK��� `

D
�

D
�

D
GK��� �/Z[�

L
�H�3�

I
�H\ �
���H�

b
/1*,!



G
D

V)�p���
� GK� �
\ �$���
L

�
�$VXW�d.�

óôb(hjb��.� b({c\_fgy]n}dtaø\_a~fghgfj{cb+�t\¹beh��‚\¹b•{øa~^~\¹s•{ |ehj|�� bed‚aon}fg^cb•{<�vn0�Çfghgfjbe^c{ËbedQacZ]ƒˆZ]hjZ]kmfjbãn}hgkz|e`_^~f��t\¹b s

�

�@�,��� O �
B

�
j

°²±

�

´

F
³�· Î�Åc¿��•Ê

�

ÏeÀoµ~Êm³TÊ]É}µcÀ ´ÝÅ~Ê]·_Ï��•µeÅ¸´ Ï

�

�8µÁÏÄÀc±]·�½

�

´

�

±]·_Ï9ÏÁ³

�

É}Ê]·„´¶µÁÏÐÏe±m·„´(¿

�

³

���

É5Ê]ºjµ¸·„´¶µÁÏÇÑ

»

�

F
µÁÏ¸´

�

·„É5Ê]Å

�

Ê]·�´ˆÎ�Ê]Å5��±]Â ±m´v±ÁÎ

�

µ

�

Æ

�

�

±m³tÅ ´v±]³�´

S
�

ÏeÀ��_¿¸Â Ê

X
Ê]º �‚¿ÕÃ¸Å

� �

³_µ º

�

ÏoÏ•µ

�

Ï

�

º
� ±]·
·�±z´¶µ

s0 : X ! A1
X

	

Å~µÁÏ¶Î

�

s1 : X !
A1

X
� º Ê Ï•µcÀ•´

�

±m· ·„³tº ºgµ

	

Å~µÁÏ¶Î

�

³�·

�

´¶¿ � ½‚µ

A1
X � s�

0 = s�
1

�

Q�1



^.S ���������
	��
� � � ����� � ����� � � ����
 � 	������ ��������� ������� 	��
��� ������� 	 ���

, �

�2µ9�•±]·�À•´¶µ¸³�Å

F
Ï•µ9�eÊ‚À•´v±]Å

�

ÏÕµ Î_Ê]Åqºjµ9�•±]·�ÀÕ´¶µ¸³tÅ9ÀcÊ]·�±]·

���

³¹µ

L cor;S ! � L cor;S
�

�(åíä¹îˆð8ä s

1 ) 3
stYŠ\_fj{��t\¹biƒˆZ]\_^

i = 0
Z]\

1
�

si
b•{~aø\_d¹b({ob•sea~fjZ]dQp_bih nqƒ_^cZ0�~b•sea~fjZ]d

p : A1
X ! X

�

Z]d#bed p_|•p�\_fga��t\¹b

s�
i
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� : A1 � A1 ! A1 ÓiòËZ]d¹{~fjp_|e^cZ]d¹{#p_b«ƒ_hg\¹{

� 0 : A1
X ! A1 � A1

X
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ó2nÐƒ_^cZ]ƒˆZm{~fga~fjZ]d%{c\_fgy]n}dtacbqs•Z]d¹s•be^~d¹bqhjblsÕn]{(Z"h

S = Spec(k)
Ó

�

�
D

G
D

�������
DJI

O �
T

�
T

°²±

�

´

L
³�·²µÄµ
�m´¶µ¸·_Ï

�

±]·T´ÝÅ Êm·_ÏeÀoµe·�½zÊ]·„´¶µ�Î�³�Å~µ ½‚µ

k �

½tµ ½‚µ �mÅ~¿Q½‚µ ´ÝÅ Ê]·¹ÏeÀoµ¸·

�

½zÊ]·�ÀÁµ %€·

���

�

ºg±]ÅoÏ

�

ºgµ0Â ±]Å¶Î��

�

ÏÁÂÄµ

�

·�½m³

�

´ˆÎ�ÊmÅqº:� ÊÁÎzÎ²º

�

ÀcÊm´

�

±]·

k ! L
½‚Ê]·_Ï

pro� � L cor;k

[L ] ! [k]

Êz½]ÂÄµe´ø³t·ˆµlÏÕµ~À•´

�

±]·

�

�iåíä¹îíð8ä s �(d#s•Z��.� bed¹s•b‹ƒ„n}^ihjb‹sÕn]{(Z"h#hjb0p_bekm^c|‹p_b

L
b•{~ai|ek‚n}h	


1
Ó �(d ƒ²be\_aãn}hjZ]^c{({~\_ƒ_ƒˆZm{cbe^

�‚\¹b

L = k(t)
Ó�ètfíhvuxZ]d%ƒ²Zm{cb

C = A1
k

�_bea({~fíhvuxZ]d¾d¹Z]acb

x
hjb�ƒˆZ]fgd‚aikz|ed¹|e^~f��‚\¹b‹p_b

C
�

(C; x)
b•{caÿ\_d

� Ztp3�ehjb0p_b

L=k
Ó¹óôb�� Z]^~ƒ_÷_fj{!� b‹p_b�hvux|ed¹Z]d¹s•|0b•{~ain}hjZ]^c{,fj{cZ�� Z]^~ƒ_÷¹b�


[Cx ] ��! [Spec(k)]



^3Q ���������
	��
� � � ����� � ����� � � ����
 � 	������ ��������� ������� 	��
��� ������� 	 ���

Z]`_acbedt\Äs•Z��.� b hgf(�Çfgacb ƒ_^cZ0�~b•sea~fgyzbÿp_b•{A� Z]^~ƒ_÷_fj{!� b•{€p_bËƒ_^cZ0� b•sea~fjZ]d¹{ sÕn}d¹Z]d_f��‚\¹b•{ŠƒˆZ]\_^Œhjb•{ŠZ]\_yzbe^~ac{

d¹Z]d%ytfjp_b•{,p_b

C
Ó

�(^��¹{cZ]fga

j
hjbC� Z]^~ƒ_÷_fj{!� bqp_blƒ_^cZ}Ö¶Z]`D�~beac{i|ek‚n}h'


~lim �
U� A1

k

�
[U]

j U� ! [A1
k ]

�

Z"h h n Ü ƒ¹{cbe\¹p_Z}Ö ßýhgf(�Çfgacb(ƒ_^cZ0� b•sea~fgyzbiƒ„n}^cs•Z]\_^~a hjb•{øZ]\_yzbe^~ac{€d¹Z]dÄy�fjp_b•{€p_b

A1
k

�zbea ƒ²Z]\_^€\_dÄacbeh�Z]\_yzbe^~a

U
�

j U
p_|•{~fgkmd¹bqhvu f(�.� be^c{~fjZ]d#Z]\_yzbe^~acbqsÕn}d¹Z]d_f��t\¹bmÓ

éihjZ]^c{��¹hjb-� Z]^~ƒ_÷_fj{!� b

�
b•{~a,|ek‚n}h�
9h n s•Z��Çƒ²Zm{c|•b

[Cx ]
j
�! [A1

k ]
[p]
� ! [Spec(k)]

Z"h

p
b•{~aÿhjb-� Z]^~ƒ_÷_fj{!� b0p_b�ƒ_^cZ0�~b•sea~fjZ]d#sÕn}d¹Z]d_f��t\¹bmÓ

òËZ��.� blhjb-� Z]^~ƒ_÷_fj{!� b

[p]
b•{~aÿ{csefgd¹p_|��¹fghíd¹Z]\¹{,{~\D[ a,p_bls•Z]d¹{~a~^~\_fg^cb��_ƒˆZ]\_^,sc÷„n��t\¹bqZ]\_yzbe^~a

U
p_b

C
��\_d¹bl{cb•sea~fjZ]d

� U
p_b

j U
�¹p_b�acbehghjb�� n]á•Z]d �t\¹b

� U
{oZ]fgaÿd„n}a~\_^cbeh2ƒ„n}^,^on}ƒ_ƒˆZ]^~a�


U
Ó

�(^��„hjb

k
Ö¶{csc÷¹|��Än

P1
k

b•{cai\_d¹b‹`²Z]d_d¹b9s•Z��Çƒ„n]sea~f�/„sÕn}a~fjZ]d
p_b

A1
k

{~\_^

k
��bea(ƒ_hg\¹{ãkz|ed¹|e^on}hjb�� bed‚a

p_bÐacZ]\_aqZ]\_yzbe^~ald¹Z]d y�fjp_b

U
p_b

A1
k

ÓˆóôbF� Z]^~ƒ_÷_fj{!� b

1A1
k

�²y�\�s•Z��.� bÇ|ehj|�� bed‚a0p_b

� k
�
A1

k ; A1
k

�
�

s•Z]^~^cb•{cƒ²Z]d¹p p_Z]d¹s�
Ðh nÐseh n]{c{cblpíu \_d%s•Z]\_ƒ_hjb

(L ; s1 )
p¹n}d¹{

Pic
�
A1

k � k P1
k ; A1

k � k 1
�

:

�(^��ˆhjb��vn}fj{cs•bÕn}\«fgd‚yzbe^c{~fg`_hjb

Lj A1
k � k A1

k

b•{~a�a~^~fgytf n}hvÓ �(d�so÷¹Z]fj{~fgaqp_Z]d¹sÐ\_d¹b9a~^~fgytf n}hgfj{on}a~fjZ]d

t
s•Z]^~^cb•{ Ö

ƒˆZ]d¹p¹n}d‚acbmÓ Y8Z]\_^Ç\_dMZ]\_yzbe^~a

U
p_b

A1
k

�ŒZ]dOd¹Z]acb

ZU = A1
k � U

bea

tU
h n#^cb•{~a~^~fjsea~fjZ]d�p_b

t
n}\

{osc÷¹|��Än

A1
k � k ZU

Ó

û¶hí^c|•{~\_hgacb‹n}hjZ]^c{ip�\ hjb��.� b ÞmÓ ��Ó R�RÄn}ƒ_ƒ_hgf��‚\¹|0nÕyzb•s

Z = ZU
bea

� = 1X
ÜÝbea,ƒ_hg\¹{,ƒ_^c|•sefj{c|�� bedta

p_bqh n9^cb��Än}^��‚\¹b��‚\_fíhjbl{~\_fgaÁß5�‚\¹b�h nÐseh n]{c{obqp�\ s•Z]\_ƒ_hjb

(L ; tU + s1 )
p¹n}d¹{

Pic
�
A1

k � k P1
k ; A1

k � k ZU t A1
k � k 1

�

s•Z]^~^cb•{cƒ²Z]d¹p 
Ç\_d¹bl{cb•sea~fjZ]d

� U
p_b

j U
Ó

rãb,ƒ_hg\¹{��mƒ„n}^ s•Z]d¹{~a~^~\¹sea~fjZ]d9��{~f

U
bea

V
{oZ]d‚a p_be\�ê Z]\_yzbe^~ac{€d¹Z]d ytfjp_b•{ p_b

A1
k

acbehj{��t\¹b

U � V
�

bea({~fíhvuxZ]d d¹Z]acb

j UV : U ! V
hvu f(�.� be^c{~fjZ]d#sÕn}d¹Z]d_f��t\¹b��¹Z]d#n

� V � j UV = � U :

éifgd¹{~f%�

� = ~lim �
U� A1

k

� U
b•{~aÿ\_d¹bl{ob•sea~fjZ]d%p_b

j
�¹s•b��t\_fôs•Z]d¹sehg\_aihjb�ƒ_^cb��Çfjbe^ãsÕn]{ÕÓ

�(d ƒ²be\_a,n}hjZ]^c{ÿ\_a~fghgfj{obe^,\_d¹b�^c|•se\_^~^cbed¹s•bq{~\_^ÿhjblp_bekm^c|qp_b�a~^on}d¹{os•bed¹p¹n}d¹s•b

n
p_b

L
{~\_^

k
Ó„ètfíh n

ƒ_^cZ]ƒ_^~fj|eac|0b•{~aøy�^on}fjbln}\�^on}d_k

n
��Z]d¾{cbãp_Z]d_d¹b�\_d¹bãb¸ê�acbed¹{~fjZ]d

L=k
a~^on}d¹{cs•bed¹p¹n}dtacblƒ_\_^cblp_b�p_bekm^c|

n + 1
Ó �(d ƒ²be\_a({~\_ƒ_ƒ²Zm{obe^��‚\¹b

L = k(t0; :::; tn )
Ó �(d ƒ²Zm{obqn}hjZ]^c{

K = k(t1; :::; tn )
Ó¹r-�•{ÿhjZ]^c{G�_hjb

� Z]^~ƒ_÷_fj{�� b0sÕn}d¹Z]d_f��t\¹b

[K ] ! [k]
n]pD� bea(\_d¹bl{cb•sea~fjZ]d

�
píu n}ƒ_^��•{ihvu ÷���ƒ²Z]a~÷��•{cb‹p_b�^c|•se\_^~^cbed¹s•bmÓ

Y[n}^�n}fghghjbe\_^c{��¹píu n}ƒ_^��•{,hjblsÕn]{

n = 1
�¹hjb-� Z]^~ƒ_÷_fj{!� b

[k(t0)] ��! [k]

n]pD� bea(\_d¹bl{cb•sea~fjZ]d

�
Ó



� ��� ��� � 	���� ��� ��� � 	��
��� � �������
����	���� � ���
��� ^�Q

è�Z]fjbed‚a

X = An
k

�tbea

x
{cZ]dQƒ²Z]fgdtaËkz|ed¹|e^~f��t\¹bmÓ¹òãuxb•{~a \_d&� Z�p3�ehjb�p_b

K
Ó_è�Z]fga

U
\_d¾Z]\_yzbe^~a d¹Z]d

ytfjp_blp_b

X
�¹bea

� U : U ! Spec(k)
hjb-� Z]^~ƒ_÷_fj{!� b‹sÕn}d¹Z]d_f��‚\¹bmÓ

é(hjZ]^c{��ˆs•Z��.� b

� U
b•{~aãhgfj{c{cb9p_b9a���ƒ²b�/¹d_f%�ˆpíu n}ƒ_^��•{�hjb•{lp_|L/¹d_fga~fjZ]d¹{ ÞmÓ R�ÓgÞ�QQbeaÇÞmÓ R�ÓgÞHPD�ˆhjb�� Z]^ Ö

ƒ_÷_fj{!� b

� U = f� U � f� U
� (� )

p_b

pro� L cor;k
b•{caø\_d¹bã{cb•sea~fjZ]d�p_b

f� U � f� U
� (� )

Ó�û¶h²b•{~aË|ek‚n}hín}\ � Z]^~ƒ_÷_fj{!� bãfgd¹p�\_fgaøƒ„n}^Ëh nqƒ_^cZ0�~b•s¸Ö

a~fjZ]d%sÕn}d¹Z]d_f��t\¹b

[U(t0)] ! [U]
Z"h�hvuxZ]dQƒˆZm{cb

U(t0) = U � k (k(t0))
yt\�s•Z��.� bã\_d�ƒ_^cZ}Ö¶Z]`D� beaÿp_b

L k
ÜÝZ]d n��vn}fgaËhvu n}`_\¹{ÿp_b(d¹Z]acbe^

bed¹s•Z]^cb

f� U �
bea

f� U
� hjb•{6� Z]^~ƒ_÷_fj{!� b•{,fgd¹p�\_fgac{({~\_^ÿhjb•{ÿƒ_^cZ}Ö¶Z]`D�~beac{Áß¸Ó

é(hjZ]^c{���hjbqp�f n}km^on0�.� b0{c\_fgy]n}dtaib•{~a,s•Z��.�0\_aon}a~f�� p¹n}d¹{

pro� L cor;k
s

[V (t0)]
� V //

j V U (t0 ) ��

[V ]
j V U��

[U(t0)]
� U //[U]:

�(d%sÕn}hjse\_hjbqbed%bL>íbea s

� U � j V U (t0) = ( f� U � f� U
� (� )) � j V U (t0)

(1)
= f� U � ( f� U

� (� ) � j V U (t0))
(2)
= f� U � (j V U � gj V U �

gj V U
�
f� U

� (� ))
(3)
= j V U �

�
f� U �

gj V U �
gj V U

�
f� U

� (� )
�

(4)
= j V U � � V :

�(d hjb<� \¹{~a~f�/„blƒ„n}^ s

Ü Þ.ßQhjb<�vn}fga��‚\¹b

f� U � (j V U (t0)) = j V U (t0)
Z"h

j V U (t0)
b•{~aŒyt\J
(h n�� Z]fj{Šs•Z��.� bÿ\_d

k
Ö%� Z]^~ƒ_÷_fj{!� b

bea,\_d

U
Ö%� Z]^~ƒ_÷_fj{!� b��

Ü RzßQh nÐƒ_^cZ]ƒˆZm{~fga~fjZ]d
ÞmÓ R�Ó R.SÄn}ƒ_ƒ_hgf��‚\¹|•b$


j V U
bea�
Ðso÷„n��‚\¹b0s•Z��Çƒ²Zm{on}dtacb0p�\¾ƒ_^cZ}Ö¶Z]`D�~bea

U(t0)
�

Ü �zßQhjb-�vn}fga��t\¹b

f� U � (j V U ) = j V U
�

Ü�QtßQh n��ÝZ]d¹seacZ]^~f n}hgfgac|ãp_b•{Y� Z]^~ƒ_÷_fj{�� b•{

~� �
bea

~� � ƒ„n}^ ^on}ƒ_ƒˆZ]^~a n}\J� Z]^~ƒ_÷_fj{!� b

�
ÜÝsL�ˆhjb•{øp_be^~d_f��e^cb•{

n]{c{obe^~a~fjZ]d¹{ip_bÇÞmÓ R�ÓgÞRQÄbea0ÞmÓ R�ÓgÞ�1zß¸Ó

r�Z]d¹s��]hjb<� Z]^~ƒ_÷_fj{!� b

� � = ~lim �
U� X

� U
b•{~aŒ\_d¹b {cb•sea~fjZ]d p�\F� Z]^~ƒ_÷_fj{!� b

[X x � k (k(t0))] ! [X x ]
�‚\_fôb•{caÿfj{cZ�� Z]^~ƒ_÷¹b$


[L ] ! [K ]
Ó_éifgd¹{cf%��hjb�� Z]^~ƒ_÷_fj{!� b

� � � �
b•{~aÿ\_d¹bl{cb•sea~fjZ]d%p_b

[L ] ! [k]
Ó

�

ètf

L=k
b•{~ai\_d¹blb¸ê�acbed¹{~fjZ]d#{c|eƒ„n}^on}`_hjbqp_bla �tƒˆb+/¹d_f%�¹Z]d ƒˆZm{cb

S(L ) = S � k (L )
�‚\¹b�hvuxZ]d#s•Z]d¹{~fjp3�e^cbqs•Z��.� bq\_d¾ƒ_^cZ}Ö¶Z]`D�~bea(p¹n}d¹{

L S
Ó

CED
�

D
� ���$�����<O/�

T
� O

°²±

�

´

L=k
³�·²µÐµ:�m´¶µ¸·¹Ï

�

±]· ´ÝÅ~Ê]·_Ï•Àoµ¸·�½‚Ê]·„´¶µ,Î�³�Å~µÐ½tµ0´ÝÍÁÎ_µ8%€·

� �

�

±]³�Å0´v±]³�´ ÏeÀ���¿eÂÇÊ

X
½zÊ]·¹Ï

L S �

ºgµ0Â ±]Å¶Î��

�

ÏÁÂÄµ0½tµ

pro� � L cor;S

[X � S S(L ) ] ! [X ]
Êz½]ÂÄµe´ø³t·ˆµlÏÕµ~À•´

�

±]·

�
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�(åíä¹îˆð8ä s�òËZ]d¹{~fjp_|e^cZ]d¹{G�_píu n}ƒ_^��•{ h nqƒ_^cZ]ƒˆZm{~fga~fjZ]d¾ƒ_^c|•s•|•p_bed‚acb���\_d¹b�{cb•sea~fjZ]d

�
p_b

[L ] ! [k]
p¹n}d¹{

� L cor;k
Ótè�Z]fga

� : S ! k
hjb�� Z]^~ƒ_÷_fj{!� b(p_b,ƒ_^cZ0� b•sea~fjZ]dQsÕn}d¹Z]d_f��‚\¹bmÓtéihjZ]^c{��

� � (� )
b•{~aŠ\_d¹bi{ob•sea~fjZ]d

p_b

[S(L ) ] ! [S]
p¹n}d¹{

� L cor;S
Ó�ètf

p : X ! S
p_|•{~fgkmd¹blhjb$� Z]^~ƒ_÷_fj{!� b0{ca~^~\¹sea~\_^on}h[p�\

S
Ö¶{csc÷¹|��Än

X
�

~p� ~p� (� )
� Z]\_^~d_fgaÿh n‹{ob•sea~fjZ]d%n}a~acbed¹p�\¹bqpíu n}ƒ_^��•{ h nÐp_be\�ê�f���� b�ƒ_^cZ]ƒ_^~fj|eac|lp_b•{,hjb��.� b•{lÞmÓ R�ÓgÞRQ bea

ÞmÓ R�ÓgÞ�1�Ó

�

>

�
�,����aXV�� O � T � j

Ó M òËb0s•Z]^cZ]hgh n}fg^cb‹d¹Z]\¹{({cbe^~y�fg^on2
Äp_|•p�\_fg^cbq\_d¹bqƒ_^cZ]ƒˆZm{~fga~fjZ]d {~\_^i\_d%s•Z]^~ƒ¹{6/¹d_f

k
p_b�h nÇƒ_^cZ]ƒ²Zm{~fga~fjZ]d n}d„n}hjZ]km\¹bqs•Z]d¹s•be^~d„n}d‚aãhjbls•Z]^~ƒ¹{,fgdD/¹d_f

k(x)
Ó

� ���

P

’�Ž �i‘ ����• ��� �,‘�’�’Š‘�
 
�� Ž �,† �Ð‘

óôb a~fga~^cb¾fgd¹p�f��t\¹b �t\¹b¾hvuxZ]d {ob¾ƒ_h n]s•b%p¹n}d¹{Ähjb sÕn]{

S = Spec(k)
Ó€rln}d¹{Äs•bea~acb#{cb•sea~fjZ]d9�€Z]d

p_|�� Z]dta~^cb0\_d bed¹{ob��0`_hjb0p_b+�vn}fgac{�� Z]d¹p¹n0� bed‚aon}\�ê%s•Z]d¹s•be^~d„n}dta(hjb•{��vn}fj{cs•bÕn}\�ê�÷¹Z�� Z]acZ]ƒ_f��‚\¹b•{.Ó²òËb•{

^c|•{c\_hgaon}ac{5� Z]^!� bed‚a,h nÐa~÷¹|•Z]^~fjb�
Ðh n9`„n]{cblp_blh nÐsÕn}ac|ekzZ]^~fjb‹p_b•{5� Z]a~f��Ý{(p_b�
9Ó 
€Z�beyzZ�p_{! ��zÓ

� 
�� 
 A �t7)� 0�+/� � 7)%1- : #*�524��� �"!�#$��%�& �=7)687�+.7 � ����%=#*�

O/� O �
B

�
B �

�,�,�F�3���
D[I

�
D

VXZJ�F���H�F�

r�n}d¹{Äs•b �‚\_fÿ{~\_fga��ŠZ]dM{Õu n}ƒ_ƒ_\_fjb s•Z��.� b n}d_d¹Z]d¹s•|%{~\_^Ðhjb•{Ç^c|•{~\_hgaon}ac{Çp_b�h n�/¹d�p�\Oƒ_^cb��Çfjbe^

so÷„n}ƒ_fga~^cbmÓ �(dÇZ]`_a~fjbed‚a \_d¹bÿp_|�� Z]d¹{~a~^on}a~fjZ]d9�4�t\¹bød¹Z]\¹{ b•{~ƒ²|e^cZ]d¹{Œƒ_hg\¹{Š{cf(�Çƒ_hjb��mp�\Ç^c|•{~\_hgaon}a€{~\_fgymn}d‚a

p_b 
9Ó 
€Z�beyzZtp_{� �� s

�

�
D

G
D

�������
D[I

O � O �
B

°²±

�

´

F
³�·ÄÎ�Å~¿+�eÊ

�

ÏeÀÁµ~Ê]³ ½zÊ]·_Ï

HP tr
k

�

�

·¾Àc±]·¹Ï

�

½ �¸Åcµ(³t·²µ(´v±ÁÎ_±]º ± �

�

µ

t
Ï¸³tÅ

L k
´¶µ¸º ºjµ

�

³_µ

t = Nis
±]³

t = Zar )

±]· ·²±m´¶µ

Ft
ºjµ<�eÊ

�

Ï•Àoµ~Ê]³

Ê]ÏoÏe±.À

�

¿ÐÊm³9Î�Å~¿+�eÊ

�

ÏeÀÁµ~Ê]³

F
Ï¸³tÅ

L k
�

°²±

�

´

X
³t·MÏ•À���¿¸Â Ê�Êmº �‚¿.Ã¸Å

� �

³¹µ%º

�

ÏoÏÕµ

� U
³�· ±]³�É}µ¸Åe´0½‚µe·_Ï•µ¾½tµ
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Ó
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S = Spec(k) �

Z]d�hjbãƒ_^c|•sef Ö

{obe^on n}hjZ]^c{ÕÓ

� 
�� 
 A � -/��91%=�J+/�;7�0'�c0=2 �$-F� #*%=-F#
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�FM
I
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D[I

O/�
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�
B

°²±
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´

F
³�·�Î�Åc¿��eÊ

�

Ï•Àoµ~Ê]³ ��±mÂÇ±z´v±ÁÎ

� �

³_µÐÏÁ³�Å

S �

±]·
½t¿�%€·

�

´ ºgµ(Î�Å~¿+�eÊ

�

ÏeÀÁµ~Ê]³ ��±

�

Â ±m´v±¸Î

���

³_µ

F� 1
Î�ÊmÅqº Ê��•±]ÅÁÂÐ³�ºgµÐÑ

F� 1(X ) = coKer
�
F (A1 � X ) ! F (Gm � X )

�

Î_±]³tÅ

X
½‚Ê]·_Ï

L S
�



� ��� � 
 ��� ��� ����� ��
 � 	������ ��� ��� � � ����� 	������ ������� 	 ��� •�1

�(d � \¹{~a~f�/„b9s•bea~acbÐp_|L/¹d_fga~fjZ]d ƒ_\_fj{��t\¹b0h n sÕn}ac|ekzZ]^~fjbÇp_b•{ãƒ_^c|L� n}fj{cs•bÕn}\�ê n•yzb•s9a~^on}d¹{ � be^~ac{�{~\_^

S
b•{~a

n}`²|ehgfjbed_d¹b���bea��‚\¹blpíu n}ƒ_^��•{ihjblhjb��.� bqp_b•{,sefgd����

F� 1
b•{~aip_b�ƒ_hg\¹{ÿfgdty]n}^~f n}dta(ƒ„n}^ÿ÷¹Z�� Z]acZ]ƒ_fjbmÓ

YŒn}^ãn}fghghjbe\_^c{��¹Z]d Z]`_a~fjbedtai\_d¹bl^c|ea~^on]sea~fjZ]d

F (A1 � X ) //

' ��

F (Gm � X )

s�
1vvl l l l l l l l

F (X ):

óôb+� Z]^~ƒ_÷_fj{!� b

s1
b•{~aøZ]`_acbedt\¾ƒ„n}^øhvu f(�.� be^c{cfjZ]dX�Ýbe^!� |•b

f 1g � X ! Gm � X
Ó��(d�p�fj{~ƒ²Zm{ob(p_Z]d¹s

p_blh nÐ{~\_fgacbqb¸ê¹n]seacbls•Z]\_^~acb0{osefgd¹p_|•bls

0 ! F (A1 � X ) ! F (Gm � X ) ! F� 1(X ) ! 0:

O �
j

�
T

Ó M �(d s•Z]d¹{~fjp_|e^cbe^on�p_|•{oZ]^!�Än}fj{J�t\¹b

F� 1(X ) � F (Gm � X )
n}\N� Z��zbed p_b�h n {cb•sea~fjZ]d

n]{c{cZ�sefj|•bC
‹h n9^c|ea~^on]sea~fjZ]d%ƒ_hg\¹{ÿ÷„n}\_aÕÓ_YŒn}^(n}fghghjbe\_^c{��¹s•bea~acb�fgd¹sehg\¹{cfjZ]d%b•{~aÿd„n}a~\_^cbehghjbqbed

X
ƒ_\_fj{��‚\ôu fgh

bed%b•{~a,p_b-�2Z�� bqp_bqh n9^c|ea~^on]sea~fjZ]dôÓ

�

�@�,��� O �
j

� O

°²±

�

´

F
³�· Î�Åc¿��eÊ

�

Ï•Àoµ~Ê]³ ��±]Â ±m´v±ÁÎ

� �

³¹µÐ½zÊ]·_Ï

HP tr
S

�

�

º8µ:�

�

Ï¸´¶µ‹³�·

�

Ï•±]Â ±]ÅvÎ �

�

Ï¸ÂÄµ0ÀcÊm·�±]·

� �

³¹µ

�

·�Êm´Ý³�Åcµ¸ºŒµ¸·

F �

F� 1
��! HomP tr

S
(L S [Gm =f 1g] ; F ) ;

Î�±]³�Åøºjµ

�

³¹µ¸º„±]·ÄÊã·²±m´¶¿

LS [Gm =f 1g]
ºgµÿÀo±]·�±]ÍzÊ]³

�

½zÊm·_Ï ºgÊqÀcÊm´¶¿ �‚±]Å

�

µ,½tµÁÏ �•Ê

�

ÏeÀoµ~Êm³>�‹Ê]É}µ~Ài´ÝÅ Ê]·¹Ï��Õµ¸Å¸´ Ï

ÏÁ³�Å

S �

½‚µqº:�

�

Â9ÂÄµ¸ÅÁÏ

�

±]·(�•µeÅÁÂÄ¿cµ

f 1g ! Gm
�

�iåíä¹îíð8ä sˆòËZ]d¹{cfjp_|e^on}d‚alh nÄ^c|ea~^on]sea~fjZ]d«sÕn}d¹Z]d_f��t\¹bÐp_b

F (A1 � X ) ! F (Gm � X )
�ˆZ]d Z]`_a~fjbedta

\_d¹bq{~\_fgacblb¸ê¹n]seacb

0 ! F� 1(X ) ! F (Gm � X ) ! F (X ) ! 0
p¹n}d¹{ h n��t\¹behghjb hjb p_be^~d_fjbe^&� Z]^~ƒ_÷_fj{!� b s•Z]^~^cb•{~ƒ²Z]d¹p 
«h n {cb•sea~fjZ]d

X ! Gm � X ; x 7! (x; 1)
Ó

�(^��

F (Gm � X ) = HomP tr
S

(LS [Gm ] ; F ) (X )
Ó2ûýhŠ{~\D[ aC�Än}fgdtacbed„n}d‚aÐpíu n}ƒ_ƒ_hgf��‚\¹be^qhjb8�vn}fgaC�t\¹b

HomP tr
S

(:; F )
b•{ca,b¸ê_n]sea�
9k‚n}\¹so÷¹bqƒˆZ]\_^ÿacbe^!�Çfgd¹be^ih nÇp_|�� Z]d¹{ca~^on}a~fjZ]dôÓ

�

�(d%bed p_|•p�\_fgaãp3�•{ÿhjZ]^c{ÿhjbqs•Z]^cZ]hgh n}fg^cbq{c\_fgy]n}dtaEs

CED
�

D
� ���$�����<O/�

j
�

j

°

�

F
µÁÏ¸´Š³�·(�eÊ

�

ÏeÀÁµ~Ê]³ ��±mÂÇ±z´v±ÁÎ

� �

³_µqÏ¸³tÅ

S �

ºjµËÎ²Å~¿��•Ê

�

ÏeÀoµcÊ]³

F� 1
µÁÏe´€³�· �•Ê

�

Ï

�

Àoµ~Ê]³ ��±]Â ±m´v±¸Î

���

³_µqÏÁ³�Å

S
�

YŒn}^ÿn}fghghjbe\_^c{G�thjb6� Z]d¹seacbe\_^

(:)� 1
p�fj{~ƒˆZm{cbipíu \_d¹bãƒ_^cZ]ƒ_^~fj|eac|ãƒ_hg\¹{Ë^cb��Än}^��‚\„n}`_hjblbed¹s•Z]^cb(ƒˆZ]\_^øhjb•{

� n}fj{os•bÕn}\�êQ÷¹Z�� Z]acZ]ƒ_f��t\¹b•{ s

�

�
D

G
D

�������
DJI

O �
j

� e
	

ÀcÊ]Ï

S = Spec(k)
� �2µ8�•±]·�À•´¶µe³tÅ

HN tr
k ! HN tr

k ; F 7! F� 1

µÁÏ¸´ÿµ:�zÊ‚À•´

�

�iåíä¹îíð8ä s�è�Z]fga(p_Z]d¹s

0 ! F ! G ! H ! 0
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��� ������� 	 ���

\_d¹b0{~\_fgacbqb¸ê¹n]seacblp_b-� n}fj{os•bÕn}\�êQ÷¹Z�� Z]acZ]ƒ_f��t\¹b•{

�

� Z]dta~^cZ]d¹{��t\¹b�h nÐ{~\_fgacb

0 ! F� 1 ! G� 1 ! H � 1 ! 0
p_b��vn}fj{cs•bÕn}\�êÄ÷¹Z�� Z]acZ]ƒ_f��t\¹b•{ÿb•{~a b¸ê_n]seacbmÓ�rÐu n}ƒ_^��•{ hjbihjb��.� b ��Ó Q¹Ó �D��Z]dQ{Án}fgaËp_|U��
$�t\¹bãs•b6� Z]d¹seacbe\_^

b•{ca,b¸ê_n]sea�
9k‚n}\¹so÷¹bmÓ

YŠ\_fj{��ˆpíu n}ƒ_^��•{�h n ƒ_^cZ]ƒˆZm{~fga~fjZ]d ��Ó ��Ó Q��²fgh[{c\D[ a�p_b�� Z]d‚a~^cbe^lhvuxb¸ê¹n]sea~fga~\¹p_bÐ{~\_^ãhjb•{6/¹`_^cb•{lbed \_d

ƒˆZ]fgd‚a

E=k
p¹n}d¹{

Es
k

Ó

Y[n}^ãp_|L/¹d_fga~fjZ]d9�„Z]d%nÇp_Z]d¹slhjblp�f n}km^on0�.� b‹{~\_fgymn}d‚aEs

0
��

0
��

0
��

0 //F (A1
E ) //

��

G(A1
E ) //

��

H (A1
E )

��

//0

0 //F (Gm � (E )) //

��

G(Gm � (E ))
(� ) //

��

H (Gm � (E ))

��
0 //F� 1(E) //

��

G� 1(E) //

��

H � 1(E)

��
:0 0 0

]8Z]\_acb•{Œhjb•{[hgfgkmd¹b•{[p_bËs•bËp�f n}km^on0�.� bË{oZ]d‚aŒb¸ê_n]seacb•{ŒsÕn}^

F
�

G
bea

H
{cZ]dta8fgdty]n}^~f n}dtac{Šƒ„n}^8÷¹Z�� Z]acZ]ƒ_fjbmÓ

ûýhË^cb•{~acb�p_Z]d¹sX
 � Z]d‚a~^cbe^2�t\¹b h n ���•so÷¹b

(� )
b•{~aÐ{~\_^"�~b•sea~fgyzbmÓ �(^��8Z]dMs•Z]d_d„n}fgaÇ{cZ]dMs•Z]d¹Z��‚n}\N�t\_f

{.u fgd¹{cse^~fgaip¹n}d¹{ÿh nÇ{c\_fgacblb¸ê_n]seacbqp_b0s•Z]÷¹Z�� Z]hjZ]kmfjb

0 ! F (Gm � (E )) ! G(Gm � (E )) ! H (Gm � (E ))

! H1(Gm � (E ); F ) ! :::
YŒn}^,sc÷„n}d_kzb�� bedta(p_bã`„n]{cb���fghí{~\D[ a��Än}fgd‚acbed„n}dta(píu n}ƒ_ƒ_hgf��t\¹be^ÿhjb(a~÷¹|•Z]^���� b ��Ó ��ÓgÞHP9ƒˆZ]\_^ÿs•Z]d¹sehg\_^cb

�t\¹b

H1(Gm � (E ); F ) = 0
�¹beain]sc÷¹beyzbe^(h nÇp_|�� Z]d¹{~a~^on}a~fjZ]dôÓ
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´

F
³�·(�•Ê

�

ÏeÀoµcÊ]³ ��±]Â ±m´v±¸Î
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³_µ0Ï¸³tÅ

S
�

�
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�

´_Î�ÊmÅ,Å~¿cÀe³tÅ¸Åcµ¸·�Àoµqºgµ �•Ê

�

ÏeÀoµcÊ]³���±mÂÇ±z´v±ÁÎ

� �

³_µ

F� n �

�

³

�

µÁÏ¸´8º:� ÊÁÎzÎ²º

�

ÀcÊm´

�

±]· ½]³��•±]·�ÀÕ´¶µ¸³tÅ

(:)� 1
·(�e±

�

Ï5�

F
�

�

WX�
�,GK��� O �
j

�

�²Ó M ó2bqsÕn]{,p_b•{

k
Ö¶æŒê�acbed¹{~fjZ]d¹{(|eaon}hjb•{ s

�

�
D

G
D

�������
D[I

O �
j

� n

°²±

�

´

X
³t·#ÏeÀ��_¿¸Â ÊQÊmº �‚¿.Ã¸Å

� �

³¹µ ¿e´vÊ]ºjµ

�

»

�

�2µ9�•Ê

�

Ï•Àoµ~Ê]³«Ê]É}µ~ÀÐ´ÝÅ~Ê]·_Ï��•µeÅ¸´ Ï

L[X ]
µÁÏe´

�

·¹É5ÊmÅ

�

Ê]·„´²Î_Ê]Å#��±]Â ±m´v±¸Î

�

µ

�

Æ

�

�

±]³�Å0´v±]³�´Ëµe·„´

�

µeÅ

n > 0 � L[X ]� n = 0
�

�(åíä¹îˆð8ä s�òËZ��.� b

X
b•{~a {cZ��.� b�p�fg^cb•seacblp_b({cƒ²b•sea~^cb•{ p_bãh n�� Z]^!� b

Spec(E)
�tZ"h

E=k
b•{~a)/¹d_fjb

{o|eƒ„n}^on}`_hjb��„Z]d¾ƒˆbe\_ai{cb�^cb•{~a~^cbefgd¹p�^cb0n}\#sÕn]{

X = Spec(E)
Ó

r+�•{,hjZ]^c{��¹{~f

Y
b•{~aÿ\_d%{cso÷¹|��Än n}hgkz|e`_^~f��‚\¹bqhgfj{c{cb��

c(Y; Spec(E)) = Z � 0(YE )

Z"hÄhvuxZ]dÄnãƒ²Zm{c|

YE = Y � k Spec(E)
�mbea

� 0(:)
b•{~aŒhjb<�ÝZ]d¹seacbe\_^ p_b•{ s•Z��Çƒ²Zm{on}dtacb•{ s•Z]d_d¹b¸ê_b•{iÜ ƒˆZ]\_^

h nÇacZ]ƒ²Z]hjZ]kmfjbqp_b �ˆn}^~fj{! tf ß¸Ó

r+�•{2hjZ]^c{��Õ{~f

Y
b•{~aíkz|•Z�� |ea~^~f��t\¹b�� bed‚aŠs•Z]d_d¹b¸ê_b��Õfghz{Õuxbed¹{~\_fga��‚\¹b

L[Spec(E)] (Y ) = Z
Ó.òËZ��.� b

A1
k

b•{~aÿkz|•Z�� |ea~^~f��t\¹b�� bed‚a�s•Z]d_d¹b¸ê_b��_hjb-� Z]d¹seacbe\_^

L[Spec(E)]
b•{~aÿfgd‚ymn}^~f n}d‚a(ƒ„n}^,÷¹Z�� Z]acZ]ƒ_fjbmÓ

Y[n}^‹n}fghghjbe\_^c{G�ís•Z��.� b

Gm
b•{~aqn}\¹{c{~f[kz|•Z�� |ea~^~f��‚\¹b�� bedta‹s•Z]d_d¹b¸ê_b��ˆfghŠ{Õuxbed¹{~\_fgalƒ„n}^lp_|L/¹d_fga~fjZ]d

�t\¹b

L[Spec(E)]� 1 = 0
Ó

�
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°²±
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F
³�· �eÊ

�

Ï•Àoµ~Ê]³ ��±]Â ±m´v±ÁÎ

� �

³¹µ0ÏÁ³�Å

S
�

�

·«Ê ³�·

�

Ïe±mÂÇ±mÅvÎ��

�

Ï¸Â µ‹ÀcÊ]·²±]·
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³_µ

F� 1 ' HomN tr
S

(h0LS [Gm =1] ; F ) :
�iåíä¹îíð8ä s�òËZ��Çƒ_acbqacbed‚\%p�\ hjb��.� b ��Ó Q¹Ó �D�¹Z]d¾^cbek‚n}^cp_bqhjb-� Z]^~ƒ_÷_fj{!� b0píu n]p0� Z]d¹sea~fjZ]d sÕn}d¹Z]d_f��‚\¹b

LS [Gm=1] ! h0LS [Gm =1]
�t\_f,^c|•{~\_hgacb#p�\N�vn}fga&�t\¹b

h0
b•{~a�n]p0� Z]fgdta 
 k‚n}\¹so÷¹b#p�\N�ÝZ]d¹seacbe\_^

píuxZ]\_`_hgfvÓ

òËbehg\_f Ö¶sef2fgd¹p�\_fgai\_dV� Z]^~ƒ_÷_fj{!� b

HomN tr
S

(h0LS [Gm =1] ; F ) ! HomN tr
S

(LS [Gm=1] ; F ) :
�(^��Œ{cZ]fga

X
\_d

S
Ö¶{osc÷¹|��Än n}hgkz|e`_^~f��t\¹b hgfj{o{cb��[hjbJ� Z]^~ƒ_÷_fj{!� b�fgd¹p�\_fgaÇ{~\_^Ðhjb•{Ð{cb•sea~fjZ]d¹{Çp_b

X
b•{~a

n}hjZ]^c{

HomN tr
S

�
LS [X ] 
 tr h0LS [Gm=1] ; F

�
! HomN tr

S

�
LS [X ] 
 tr LS [Gm=1] ; F

�
:

òËZ��.� b s•b•{ p_be\�ê p_be^~d_fjbe^c{ km^cZ]\_ƒ²b•{ {oZ]d‚a fj{cZ�� Z]^~ƒ_÷¹b•{ 


HomN tr
k

�
h0(L S [X ] 
 tr LS [Gm=1]); F

�
píu n}ƒ_^��•{%hjb
hjb��.� b ��ÓgÞmÓgÞHS�Ü ƒ„n}^#p_b•{%fj{cZ�� Z]^~ƒ_÷_fj{!� b•{

s•Z��Çƒ„n}a~fg`_hjb•{ãn}\ � Z]^~ƒ_÷_fj{�� b0s•Z]d¹{~fjp_|e^c|.ßL�¹Z]d%ƒ²be\_a,s•Z]d¹sehg\_^cbmÓ

�
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D[I

O �
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· ÊÁÎ‚Î_µ¸º ºgµ–ÏvÎ�� �¸Å~µ ½‚µ
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Êz´¶µ

	

ÏÁ³�Å

S
� ºjµ �•Ê

�

Ï•Àoµ~Ê]³ ��±]Â ±m´v±ÁÎ

� �

³¹µ

h0LS [Gm=1] �

�

³¹µ‹º:� ±]· ·�±m´¶µ

S1
t

�

�

Ê]Å9Ê

�

º ºjµ¸³tÅÁÏ

�

Ï

�

n 2 N �

±]·#·²±m´¶µ

Sn
t

ºjµ9�•Ê

�

ÏeÀoµcÊ]³ ��±mÂÇ±z´v±ÁÎ

� �

³_µ

(S1
t )
 H tr ;n �

r-�•{ÿhjZ]^c{��_hjb�hjb��.� bqƒ_^c|•s•|•p_bed‚a�{cb�a~^on]p�\_fga,ƒ„n}^,\_d¾fj{cZ�� Z]^~ƒ_÷_fj{�� b0sÕn}d¹Z]d_f��t\¹b

F� 1 ' HomHN tr
S

�
S1

t ; F
�

�‚\¹b�hvuxZ]d%ƒ²be\_aipíu n}fghghjbe\_^c{ikz|ed¹|e^on}hgfj{cbe^,ƒˆZ]\_a,acZ]\_aibedta~fjbe^

n � 0
bed¾\_d fj{cZ�� Z]^~ƒ_÷_fj{!� b0sÕn}d¹Z]d_f��‚\¹b

F� n ' HomHN tr
S

(Sn
t ; F ) :

>

�@�����3aXV)� O/�
j

�
B*B

Ó M�rln}d¹{Thjb sÕn]{OZ"h

S = Spec(k)
�9Z]d�ƒ²be\_aOp_b ƒ_hg\¹{Os•Z]d¹{~fjp_|e^cbe^Ohjb•{

� n}fj{os•bÕn}\�ê

Sn
t

s•Z��.� bWp_b•{OƒˆZ]fgd‚ac{OƒˆZ]\_^Ohjb•{W�vn}fj{cs•bÕn}\�ê�÷¹Z�� Z]acZ]ƒ_f��‚\¹b•{��Ðƒ_\_fj{��‚\¹b hjb km^cZ]\_ƒ²b

n}`²|ehgfjbed

HomHN tr
k

(Sn
t ; F )

dôuxb•{~a�n}\_a~^cb@�t\¹b%hjb%km^cZ]\_ƒ²b

F� n (k)
�ËbeaQs•Z]d¹{~a~fga~\¹b«p_Z]d¹s#\_d � Z]d¹s¸Ö

acbe\_^'/¹`_^cb�Ü n}\‹{obed¹{8p_b ��Ó ��Ó PzßíƒˆZ]\_^2h n(sÕn}ac|ekzZ]^~fjb n}`²|ehgfjbed_d¹b

HN tr
k

ÜÝpíu n}ƒ_^��•{8h n,ƒ_^cZ]ƒ²Zm{cfga~fjZ]d ��Ó Q¹Ó Qzß¸Ó

YŒn}^ãn}fghghjbe\_^c{��_hjb•{,ƒ_\_fj{c{on}d¹s•b•{,p_blh nÐ{cƒ_÷��e^cbqp_b ]8n}acb‹n]pD� bea~acbed‚aih nÇƒ_^c|•{cbed‚aon}a~fjZ]d {~\_fgy]n}dtacb s

�

�
D

G
D

�������
DJI

O �
j

�
B�T

°²±

�

µ¸·�´

n 2 N
µe´

1 � i � n
½‚µ¸³��Oµe·„´

�

µeÅoÏ

�

µe´q·�±z´v±]·_Ï

� i : Gn� 1
m !

Gn
m

º
�

�

ÂÐÂ µeÅoÏ

�

±]·(�Õµ¸ÅÁÂÄ¿cµ ½z±]·¹·²¿oµ‹ÏÁ³�ÅqºjµÁÏÿÎ�±

�

·„´ Ï0Å~Êm´

�

±]·¹·²µeº Ï Î�ÊmÅ0º
� ÊÁÎ‚Î�º

�

ÀcÊm´

�

±]·

(x1; :::; xn� 1) 7!
(x1; :::; 1; :::; xn ) �

±	�¾º Ê�Àc±.±]Å ½‚±]·¹·²¿cµ

1
µÁÏe´Ëµ¸·

i
�

�¸ÂÄµ Î_±}Ï

�

´

�

±m·

�

�

º8µ:�

�

Ï¸´¶µ‹³�·²µlÏÁ³

�

´¶µÐµ:�‚ÊzÀ•´¶µÐÀc±]³�Åe´¶µÇÀcÊ]·�±m·

���

³_µ9½zÊ]·¹Ï

HN tr
S

nM

i =1

h0LS
�
Gn� 1

m

� P
i � i

�� � � ! h0LS [Gn
m ] � ! Sn

t ! 0:

°

�

n = 1�

ºgµ�ÂÇ±mÅvÎ��

�

Ï¸Â µ�½tµ �zÊ]³_À���µ0Êz½]ÂÄµe´Œ³�·²µ(Å~¿•´ÝÅ ÊzÀÕ´

�

±]·

�

µ•´Œ±m·%±‚Ãe´

�

µ¸·„´€½z±]·²À�³t·ˆµ�½‚¿~Àc±]Â

�

Î�±}Ï

�

´

�

±]· ÀcÊ]·�±]·

���

³¹µÐ½zÊ]·¹Ï

HN tr
S

h0LS [Gm ] ' ZS � S1
t :
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	��
� � � ����� � ����� � � ����
 � 	������ ��������� ������� 	��
��� ������� 	 ���

�(åíä¹îˆð8ä,s �(d ƒˆbe\_a,bed%bL>íbeain}ƒ_ƒ_hgf��‚\¹be^,hjbqhjb��.� b ��ÓgÞmÓgÞHSD�_ƒˆZ]\_^iZ]`_acbed_fg^,hjblsÕn}hjse\_h�s

Sn
t = h0LS [Gm=1] 
 H tr ::: 
 H tr h0LS [Gm=1]

' h0
�
LS [Gm =1] 
 tr ::: 
 tr LS [Gm=1]

�
:

�(^��8ƒ„n}^‹b¸ê¹n]sea~fga~\¹p_b 
 p�^cZ]fgacbQp�\�� Z]d¹seacbe\_^‹ƒ_^cZ�p�\_fga9acbed¹{cZ]^~fjbeh%�2hjb2� n}fj{os•bÕn}\Tn•yzb•s a~^on}d¹{ � be^~ac{F�‚\_f

n}ƒ_ƒ„n}^on��jaãb•{~a,{~f(�Çƒ_hjb�� bedtaihjb-�vn}fj{cs•bÕn}\%n•yzb•s0a~^on}d¹{ � be^~a,Z]`_acbed‚\#s•Z��.� b0s•Z]d¹Z��‚n}\#p�\ � Z]^~ƒ_÷_fj{!� b

nM

i =1

LS
�
Gn� 1

m

� P
i � i

�� � � ! LS [Gn
m ] :

òËZ��.� b

h0
b•{~aøb¸ê¹n]sea<
lp�^cZ]fgacbÐÜ ƒ_\_fj{��t\ôu n]p0� Z]fgdta�
lk‚n}\¹sc÷¹b.ßL��Z]d bedÄp_|•p�\_fgaËh nq{c\_fgacbib¸ê¹n]seacbis•Z]\_^~acb

nM

i =1

h0LS
�
Gn� 1

m

� P
i � i

�� � � ! h0LS [Gn
m ] � ! Sn

t ! 0:

æ€dD/¹d9�qƒˆZ]\_^�hjb�sÕn]{

n = 1
�lh nñ^c|ea~^on]sea~fjZ]d�b•{~a
p_Z]d_d¹|•b ƒ„n}^�hjbO� Z]^~ƒ_÷_fj{!� b p_bMƒ_^cZ0� b•sea~fjZ]d

Gm ! Spec(k)
Ó

�

ó2nQƒ_^cZ]ƒ²Zm{cfga~fjZ]d«{c\_fgy]n}dtacbÇb•{~a(\_d sÕn}hjse\_h€pA@�
 
9Ó�
€Z�beyzZtp_{! �¬ÜÝsL� �xà€è 
iS.S}` � � ��Ó Q¹Ó Rzß(p_Z]d‚alh n

kz|ed¹|e^on}hgfj{Án}a~fjZ]d n}\%sÕn]{,píu \_d¹bq`„n]{cbqpíux|ek‚n}hjbqsÕn}^on]seac|e^~fj{~a~f��t\¹bqd¹b�ƒˆZm{cb�ƒ„n]{,p_bqƒ_^cZ]`_h���� b�s
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�
D

G
D

�������
D[I

O �
j

�
B

O

°²±

�

´

X
³�·

S
�

ÏeÀ��_¿¸Â Ê¬Ê]º �‚¿ÕÃeÅ

� �

³¹µ º

�

ÏoÏ•µ

�

Ê]ºg±]ÅÁÏQºjµ�Â ±]Å¶Î��

�

ÏÁÂÄµ¾Ào±]Â(Î�±}Ï•¿

Ï¸³

�

É5Ê]·�´

O�
X = Gm (X ) ��! cS (X ; Gm ) ! � S (X ; Gm ) = h0LS [Gm ] (X ) ! S1

t (X )
µ¸Ï¸´Œ³�·

�

Ï•±]Â ±]Å¶Î��

�

ÏÁÂÄµ

	

�
µ¸Ï¸´Œº
� ÊÁÎ‚Î�º

�

ÀcÊm´

�

±]· �mÅ ÊÁÎ ��µ

�

µe´ŠºjµÁÏ�Êm³�´ÝÅcµÁÏ�ÂÇ±mÅvÎ��

�

Ï¸Â µ¸ÏiÏe±m·„´[ºgµÁÏq¿¶Î

�

Â ±]Å

�

Î �

�

Ï¸ÂÄµÁÏ0ÀcÊ]·�±]·

���

³¹µÁÏ"�

�

�(åíä¹îˆð8ä,s„òËZ]d¹{~fjp_|e^cZ]d¹{��„píu n}ƒ_^��•{,h nÐƒ_^cZ]ƒˆZm{~fga~fjZ]d ��Ó Q¹ÓgÞ�RD�_h n {~\_fgacblb¸ê_n]seacb0s•Z]\_^~acbqp_b

HN tr
k

s

0 ! h0LS [f 1g] i ��! h0LS [Gm ] ! S1
t ! 0

Z"h

i
b•{~aÿhvu f(�.� be^c{~fjZ]dV� be^!� |•bqsÕn}d¹Z]d_f��t\¹bmÓ

Ò n}fj{ÿƒ„n}^ãn}fghghjbe\_^c{��¹Z]d ƒˆbe\_a,s•Z]d¹{~fjp_|e^cbe^ihjb�a~^~f n}d_kmhjb0s•Z��.�0\_aon}a~f��ø{~\_fgymn}d‚a,p¹n}d¹{

HN tr
S

h0LS [f 1g]
i � //h0LS [Gm ]

j �
vvmmmm

mm

h0LS
�
A1

k

�
p�

OO

Z"h

j : Gm ! A1
k

b•{~a0hvu f(�.� be^c{cfjZ]dOZ]\_yzbe^~acbQsÕn}d¹Z]d_f��t\¹b bea

p : A1
k ! Spec(k)

h n¾ƒ_^cZ0�~b•sea~fjZ]dôÓ

òËZ��.� b hjbF� Z]^~ƒ_÷_fj{!� bÇfgd¹p�\_fga

p�
b•{~a�\_d fj{cZ�� Z]^~ƒ_÷_fj{!� b��2Z]d�Z]`_a~fjbed‚a0bed¹s•Z]^cbÐ\_d¹bÇ{~\_fgacbÇb¸ê¹n]seacb

s•Z]\_^~acb

0 ! S1
t ! h0LS [Gm ]

j ��! h0LS
�
A1

k

�
! 0

ƒ_\_fj{��‚\¹b

s� � j �
b•{caÿ\_d¹bl^c|ea~^on]sea~fjZ]d%p_b

i �
Ó

�(^���{oZ]fga

X
\_d

S
Ö¶{csc÷¹|��Än9n}hgkz|e`_^~f��t\¹b(hgfj{o{cb

�

hjb(a~÷¹|•Z]^���� bÐÞmÓ ��ÓgÞHP9p_Z]d_d¹bihjbãsÕn}^~^c|�s•Z��.�0\_aon}a~f��

{c\_fgy]n}dtaEs

� S (X ; Gm;S )
j � jX //

�
��

� S
�
X ; A1

S

�

�
��

Pic
�
P1

X ; X 1 t X 1
� r 1 //Pic

�
P1

X ; X 1
�

:
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Y[Z]\_^qsÕn}hjse\_hjbe^lhjb$� Z]^~ƒ_÷_fj{!� b

j � jX
�²Z]d b•{~aãp_Z]d¹s9^on0� bed¹|2
 sÕn}hjse\_hjbe^lhjb$� Z]^~ƒ_÷_fj{�� bÇp_b0^cb•{ Ö

a~^~fjsea~fjZ]d

r1
Ü"�‚\_f 
l\_d¹bÿa~^~fgytf n}hgfj{Án}a~fjZ]d {~\_^

X 1 t X 1
n]{o{cZtsefjbÿ{Án�^cb•{~a~^~fjsea~fjZ]d 


X 1
ß¸ÓtòËZ]d¹{~fjp_|e^cZ]d¹{

p_Z]d¹slh nÇ{~\_fgacblb¸ê¹n]seacblhjZ]d_km\¹b0n]{o{cZtsefj|•bqn}\%km^cZ]\_ƒ²blp_bqY€fjsÕn}^cp¾^cbeh n}a~f�� s

Gm (P1
X ) //

��

Gm (X 1 t X 1 )
(1)//

��

Pic
�
P1

X ; X 1 t X 1
�

//

��

Pic(P1
X ) //

��

Pic(X 1 t X 1 )

��
Gm (P1

X ) //Gm (X 1 ) //Pic
�
P1

X ; X 1
�

//Pic(P1
X ) //Pic(X 1 ):

òËb%p�f n}km^on0�.� b p_b {~\_fgacb#b¸ê_n]seacb d¹Z]\¹{Äƒˆbe^!� beaÄp_Z]d¹s%p_b#s•Z]d¹sehg\_^cb �t\¹b¾hjb d¹Z �‚n}\ p_b

j � jX
{Õu fjp_bed‚a~f�/„b9n•yzb•slhjbqd¹Z��‚n}\%p�\V� Z]^~ƒ_÷_fj{�� b0p_b�ƒ_^cZ0�~b•sea~fjZ]d

Gm (X 1) � Gm (X 1 ) ! Gm (X 1 )
Ó

YŒn}^On}fghghjbe\_^c{��‹ƒ_\_fj{��t\¹b�h n ���•sc÷¹b

(1)
b•{~a¬fgd¹p�\_fgacb ƒ„n}^Thjb�km^on}ƒ_÷¹b��‹h n � Z]^!� b�ƒ_^c|•sefj{cb p_b

hvu fj{cZ�� Z]^~ƒ_÷_fj{!� b‹bed p_|•s•Z]\_hjbmÓ

�

>

�@�����3aXV)� O �
j

�
B@j

Ó M é(fgd¹{~f%�_Z]d Z]`_a~fjbed‚a(\_d fj{cZ�� Z]^~ƒ_÷_fj{!� bqp_b�� n}fj{cs•bÕn}\�ê¾p¹n}d¹{

N k

Gm (:) ! S1
t :

òËb•sef��‹\_d_fgaãp_Z]d¹s‹sÕn}d¹Z]d_f��‚\¹b�� bedta�hjb��vn}fj{cs•bÕn}\

Gm (:)
píu \_d¹b‹{ca~^~\¹sea~\_^cb‹p_bC� n}fj{cs•bÕn}\«n•yzb•s‹a~^on}d¹{ Ö

�Ýbe^~ac{.Ó �(^is•bea~acbq{~a~^~\¹sea~\_^cbqb•{caÿƒ„n}^~a~fjse\_hgf��e^cb�� bed‚a�{~f(�Çƒ_hjbmÓ¹æŠd%bL>íbea��¹{~f

X
bea

Y
{oZ]d‚a,p_b•{i{osc÷¹|��Än]{

n}hgkz|e`_^~f��‚\¹b•{ãhgfj{c{ob•{(s•Z]d_d¹b¸ê_b•{��²bea

Z � X � k Y
\_d«{cZ]\¹{ Ö¶{cso÷¹|��ÄnJ�Ýbe^!� |0fgd‚a��ekm^cbÐp_Z]d‚a�h nÄƒ_^cZ0� b•s¸Ö

a~fjZ]d¾{~\_^

X
b•{caY/¹d_fí{~\_^"�~b•sea~fgyzb���Z]d ƒˆbe\_aÿs•Z]d¹{~fjp_|e^cbe^ hjb�� Z]^~ƒ_÷_fj{�� b

Z � p_|L/¹d_fˆƒ„n}^Ëhjb�p�f n}km^on0�.� b

{~\_fgymn}d‚a

OY (Y )� //

Z � ''OOO
OOO

O
OZ (Z )� �• //

���
�

� (Z ) �

N � ( Z ) =� ( X )��
OX (X )� �• //� (X ) � ;

Z"h

N � (Z )=� (X )
p_|•{~fgkmd¹bãh nqd¹Z]^!� b�p_b(hvuxb¸ê�acbed¹{cfjZ]d&/¹d_fjbãs•Z]^~^cb•{~ƒˆZ]d¹p¹n}d‚acbmÓ_ó2n ���•so÷¹b(ƒˆZ]fgd‚a~fghghj|•b�b•{~a

p_|L/¹d_fjbqsÕn}^

Y
b•{~aÿd¹Z]^!�Än}h%�„s•b��t\_fíf(�Çƒ_hgf��‚\¹b��‚\¹b�hvu n}d_d¹bÕn}\

OX (X )
b•{~aÿfgdtac|ekm^on}hjb�� bed‚a�sehjZm{ÕÓ

òËb‹ƒ_^cZts•|•p_|8�0\_d_fgalp_Z]d¹s9hjb$� n}fj{cs•bÕn}\

Gm (:)
p_b‹a~^on}d¹{!�Ýbe^~ac{ÕÓ �(d ƒ²be\_aãyz|e^~f�/„be^��‚\¹b0hvu fj{cZ�� Z]^ Ö

ƒ_÷_fj{!� b%p_b h n ƒ_^cZ]ƒˆZm{~fga~fjZ]d ƒ_^c|•s•|•p_bedtacb

Gm (:) ! S1
t

b•{~a n}hjZ]^c{ \_dN� Z]^~ƒ_÷_fj{!� b p_bX�vn}fj{cs•bÕn}\�ê

n•yzb•sla~^on}d¹{!�Ýbe^~ac{��¹ƒ²Z]\_^ÿh nÇ{ca~^~\¹sea~\_^cbC�‚\¹b�hvuxZ]d%ytfjbedtaip_bqp_|L/¹d_fg^i{~\_^

Gm (:)
Ó

>

�@�����3aXV)� O �
j

�
B

e

Ó M �(d Z]`_a~fjbed‚aãbed ƒ„n}^~a~fjse\_hgfjbe^ihvu fj{oZ�� Z]^~ƒ_÷_fj{!� b

k� = Gm (k) ' (c (k; Gm ) =c(k; f 1g))=� h

Z"h

� h
b•{~aÿh nÐ^cbeh n}a~fjZ]d#píu ÷¹Z�� Z]acZ]ƒ_fjbmÓ

è�Z]fga



\_d¹b¾seh�T]a~\_^cb%n}hgkz|e`_^~f��t\¹b%p_b

k
ÓŠé(hjZ]^c{��

c(k; Gm )
b•{~a bed�`_f �~b•sea~fjZ]d nÕyzb•s¾hjb•{ÇƒˆZ]fgd‚ac{

�Ýbe^!� |•{ip_b

Gm
�¹n}\_a~^cb�� bedtaãp�fga��„nÕyzb•slhjb•{,|ehj|�� bedtac{ãn}hgkz|e`_^~f��t\¹b•{i{~\_^

k
p¹n}d¹{



Ó

óôb�� Z]^~ƒ_÷_fj{!� b

Gm (k) ! c(k; Gm )
s•Z]d¹{cfj{~acb‹p_Z]d¹s‹\_d_f��t\¹b�� bed‚aC
 yzZ]fg^ã\_d«|ehj|�� bed‚alp_b

k�
s•Z��.� bl\_d ƒˆZ]fgd‚a5� be^!� |ÄÜ ^on}a~fjZ]d_d¹beh ß,p_b

Gm
Ó

YŒn}^ãn}fghghjbe\_^c{���{cZ]fjbed‚a

x
\_d%|ehj|�� bedtaãp_b



n}hgkz|e`_^~f��‚\¹b‹{~\_^

k
�¹bea

Qx
{cZ]d%ƒ²Z]h ��d�T�� bC�Çfgd_f(�Än}hvÓ

éihjZ]^c{G�

f xg � h f Qx (0)g:
YŒn}^ãn}fghghjbe\_^c{��¹{cf

x
bea

y
{oZ]d‚aip¹n}d¹{

k� n f 1g
�„Z]d#nÐbed¹s•Z]^cb

f xg + f yg � h f x:yg:



P3Q ���������
	��
� � � ����� � ����� � � ����
 � 	������ ��������� ������� 	��
��� ������� 	 ���

�(dOn¾p_Z]d¹s&� Z]d‚a~^c|Qpíu \_d¹bQp_be\�ê�f���� bJ� n]á•Z]d#�‚\¹b h n ���•sc÷¹b

Gm (k) ! c(k; Gm )
fgd¹p�\_fga‹\_d

� Z]^~ƒ_÷_fj{�� b0p_b�km^cZ]\_ƒˆb•{i{~\_^"�~b•sea~f��

Gm (k) ! h0(L S [Gm=f 1g])(k)
Ó

�(d%bed p_|•p�\_fga,\_d¹bqp_|eacbe^!�Çfgd„n}a~fjZ]d b¸ê�ƒ_hgfjsefgacbqp_b•{,km^on]p�\¹|•{,fgdD� |e^~fjbe\_^c{ip_b�h nÐ{~ƒ_÷��e^cbqp_bi][n}acb�s

CED � D � ���$���3�<O � j � B �

�

±m³tÅ0´v±m³�´ÿµ¸·„´

�

µ¸Å

n > 0 �

(S1
t )� n =

�
ZS

Ï

�

n = 1
0

Ï

�

·²±]·

�2Ê ·�±m´vÊm´

�

±]·

ZS
½‚¿¸Ï

�

�]·²µ0ºgµ8�•Ê

�

ÏeÀoµ~Êm³ �8Ê]Å

�

Ï�3

�

Àc±]·¹Ï¸´vÊ]·„´ ÏÁ³�Å

L S
½‚µ0É5Ê]ºjµ¸³tÅ

Z
�

�(åíä¹îˆð8ä s[YŒn}^ p_|L/¹d_fga~fjZ]d9�ŠbeaÇpíu n}ƒ_^��•{Çh n%ƒ_^cZ]ƒ²Zm{~fga~fjZ]d ��Ó Q¹ÓgÞ��D�ŠZ]dMp�fj{~ƒˆZm{cbQp_bQh n#{c\_fgacbQb¸ê¹n]seacb

s•Z]\_^~acbps

0 ! Gm (A1 � X )
j �

� ! Gm (Gm � X ) ! (S1
t )� 1(X ) ! 0:

�(^��Ë{~f

X
b•{~a s•Z]d_d¹b¸ê_b��

Gm (Gm � X ) = Gm (X ) � Z
� beaQhjb � Z]^~ƒ_÷_fj{!� b

j � s•Z]^~^cb•{~ƒ²Z]d¹p 


hvu fgd¹sehg\¹{cfjZ]d p_b

Gm (X )
p¹n}d¹{Çhjb�km^cZ]\_ƒ²b ƒ_^c|•s•|•p_bed‚aÕÓ r�Z]d¹s p¹n}d¹{Äs•b¾sÕn]{��

(S1
t )� 1(X ) = Z

ÓŠóôb

^c|•{c\_hgaon}a,ƒ²Z]\_^

n = 1
bed#p_|•s•Z]\_hjblƒ_\_fj{��t\¹b

S1
t

b•{~ain]p_p�fga~f��€bed aon}dta6�t\¹b+� n}fj{cs•bÕn}\ôÓ

Y[n}^�n}fghghjbe\_^c{��‹h n �2Z�� bñ{~\_fgacb b¸ê_n]seacbI� Z]d‚a~^cb �t\¹b�hjb•{¬km^on]p�\¹|•{¬fgdD� |e^~fjbe\_^c{Op�\ �vn}fj{cs•bÕn}\

s•Z]d¹{caon}d‚a

ZS
{cZ]d‚a,dt\_hj{��¹píuxZ"h hjb•{(n}\_a~^cb•{isÕn]{ÕÓ

�

� 
�� 
��

S1
t �

687�91%�:;#*�

�(d%d¹Z]acb

Z � HN tr
S

h n sÕn}ac|ekzZ]^~fjb9p_b•{iZ]`D�~beac{

Z
Övkm^on]p�\¹|•{ãp_bqh n sÕn}ac|ekzZ]^~fjb

HN tr
S

�3�0\_d_fjb9p_b
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Cp(X ; M ) =
M

x2 X ( p)

M (x)

Cp(X ; M ; m) =
M

x2 X ( p)

M m� p(x)

Cp(X ; M ; m) =
M

x2 X ( p)

M m+ p(x):

�(d=Z]`_a~fjbed‚a p_Z]d¹sñ\_dAs•Z��Çƒ_hjb¸ê_bW÷¹Z�� Z]hjZ]kmf��t\¹b

C� (X ; M )
� p_Z]d‚a�Z]d•d¹Z]acbWhvu ÷¹Z�� Z]hjZ]kmfjb

A � (X ; M )
Óˆóôb•{lp_be\�ê«n}\_a~^cb•{(d¹Z]aon}a~fjZ]d¹{l{oZ]d‚aãƒ„n}^~a~fjse\_hgf��e^cb�� bed‚aq\_a~fghjb•{ãhjZ]^c{��t\ôuxZ]d«yzbe\_a6�vn}fg^cb0fgd�Ö

acbe^~yzbed_fg^ p_b•{Y�t\¹b•{~a~fjZ]d¹{øp_bÿƒ²Z]fjp_{.Ó �(d.� be^onqn}a~acbed‚a~fjZ]dX�‚\¹b,h nls•Z]d‚yzbedta~fjZ]d¾n]p_Z]ƒ_ac|•bid¹bis•Z]^~^cb•{~ƒˆZ]d¹p

ƒ„n]{‹h n s•Z]dtyzbed‚a~fjZ]d�p_bÄh n s•Z]÷¹Z�� Z]hjZ]kmfjb � Z]a~fgytf��t\¹b��8d_fY�2Z�� bX
¾h n¾dt\3� |e^cZ]aon}a~fjZ]dMp_b•{0km^cZ]\_ƒˆb•{

p_bÇòø÷¹Z���{~\_ƒˆ|e^~fjbe\_^c{�p_b‹×ËhjZ�sc÷ �ˆæŠd«bL>ˆbea���ƒˆZ]\_^(\_d«{csc÷¹|��Än�n}hgkz|e`_^~f��t\¹b9hgfj{c{cb

X
ÜÝ{~\_^ã\_d«s•Z]^~ƒ¹{

ƒ„n}^ �vn}fga

k
ßL�¹Z]d p�fj{~ƒˆZm{cblpíu fj{cZ�� Z]^~ƒ_÷_fj{�� b•{(sÕn}d¹Z]d_f��t\¹b•{

Ap(X ; K M
� ; p) ' CH p(X ; 0) ' H p(X ; Z(2p)) :

Ü hjb ƒ_^cb��Çfjbe^8fj{oZ�� Z]^~ƒ_÷_fj{!� b b•{~a[|eytfjp_bedta��.bea8hvuxZ]d‹{cbŠ^c|L� �e^cb)
ÿh nÿƒ„n}^~a~fjb {c\_fgy]n}dtacb€ƒˆZ]\_^2hjb€p_be\�ê�f���� b.ß¸Ó

�(d n}\_^onÐ`ˆb•{cZ]fgd%p¹n}d¹{ih nÇ{~\_fgacbqp_blh n sÕn}^on]seac|e^~fj{on}a~fjZ]d {c\_fgy]n}dtacb��„p�\¹b$
ÇÒTÓ_õiZm{ca‹ÜÝsL�

ºg±ÕÀ

�

À

�

´

�

� R�Ó �zßL�¹p_b•{5� Z�p�\_hjb•{,p_bqs ��sehjb•{,{~\_^ÿ\_d%s•Z]^~ƒ¹{ÿƒ„n}^ �vn}fgaEs
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�E` � D ���@��� j � B � B �

°„³ÕÎ‚Î�±}Ïe±m·_Ï

�

³¹µ

k
µÁÏ¸´íÎ�Ê]Å��eÊ

�

´

�

°²±

�

´

M
³�·lÎ�Åc¿

�

Â ±Õ½m³tºjµ�½‚µãÀeÍzÀeºjµÁÏ ÏÁ³�Å

k
� �

º ±]ÅÁÏ

� M
µÁÏ¸´2³t·QÂ ±Õ½]³�ºgµ(½‚µ(ÀeÍzÀeºjµÁÏÿÏ

�

µe´ôÏ•µ¸³�ºgµeÂ µe·„´

Ï

�

ºjµÁÏ‹Àc±]·²½

�

´

�

±]·_Ï�Ï¸³

�

É5Ê]·„´¶µ¸ÏlÏe±]·„´ É}¿¸Å

�

% ¿cµÁÏ Î�±]³�Å‹´v±m³�´¶µÐµ:�m´¶µe·_Ï

�

±]·�½‚µ‹´ÝÍÁÎ_µ8%€·

�

E=k
Ñ

b U

� �

d

�

±]³�Å0´v±]³�´

� 2 F (t) �

º
� µe·_Ï•µ¸ÂÄÃ¸ºjµ

f v
É}Ê]º ³_Êm´

�

±]· �‚¿~±]ÂÄ¿e´ÝÅ

� �

³_µ9ÏÁ³�Å

F (t)=F j @v(� ) 6= 0g

µ¸Ï¸´ % ·

� �

b��

>

d

°²±

�

´

@1
ºgµ0Åc¿ÁÏ

�

½]³#Ê}ÏÁÏe±ÕÀ

�

¿ �Äº ÊÄÉ5Ê]º ³_Êm´

�

±m·2� º
�

�

·.%€·

�

½‚µ

F (t) �

Ê]ºg±]ÅoÏ

@1
�
A0(A1

F ; M )
�

= 0:

>

�@�����3aXV)� j � B � B[B

Ó M¬ûýh,dôu ��n«ƒ„n]{ `ˆb•{cZ]fgd p�\ � n}fga&�‚\¹b

C � (X ; M )
{cZ]fga \_d s•Z��Çƒ_hjb¸ê_b ƒˆZ]\_^

p_|L/¹d_fg^,hjblkm^cZ]\_ƒˆb

A0(X ; M )
�¹ƒ_\_fj{��t\ôuxbed%bL>íbea��

A0(X ; M ) = Ker(d0
X ;M ):

ó2nÐ^c|L� |e^cbed¹s•blƒˆZ]\_^is•b�a~÷¹|•Z]^���� b0b•{ca �xõiZm{�1.^	�ôa~÷¹b•Z]^cb�� R�Ó ��Ó

� 
 A�
�� � #*����%=�J+.-/#��������3�c! 68������� 91# � 7)��+

�(d9^on}ƒ_ƒ²behghjb p¹n}d¹{Œs•bea~acb ƒ„n}^~a~fjbËh n��ÝZ]d¹seacZ]^~f n}hgfgac| p_bø`„n]{cbËp_b•{2km^cZ]\_ƒˆb•{Œp_b òø÷¹Z �O
(s•Z�bL[Äsefjbed‚ac{��

beaÄƒ_hg\¹{Qƒ_^c|•sefj{c|�� bedta�p�\ s•Z��Çƒ_hjb¸ê�b p_b•{Qs ��sehjb•{X
�s•Z�bL[Äsefjbed‚ac{ÕÓ ó2n
^c|L� |e^cbed¹s•b#b•{~aQp_b d¹Z]\_yzbÕn}\

�xõiZm{�1.^	� �_beaiƒ_hg\¹{ÿƒ_^c|•sefj{c|�� bed‚a(hjb•{ � �Ðbea Q¹Ó

�

�/M
I

�����
D[I j

�
B

�
B�T

°²±

�

´

M
³�·#Â ±Õ½m³tºjµÐ½‚µ9ÀeÍzÀeºjµÁÏlÏÁ³�Å

S
�

»

�

°²±

�

´

f : Y ! X
³t·«Â ±]Å¶Î��

�

ÏÁÂÄµ‹½‚µqÏeÀ���¿eÂÇÊ]Ï Î�º Êz´ø½‚µ9½

�

ÂÄµ¸·_Ï

�

±]·#Å~µ¸ºgÊm´

�

É}µÐÀc±]·�´vÊ]·„´¶µ

�

�

±m³tÅ0´v±m³�´ÿµ¸·„´

�

µ¸Åq·�Êz´Ý³tÅcµ¸º

p �

±]· ½‚¿�% ·

�

´ ³t· Â ±]Å¶Î��

�

ÏÁÂÄµ0½tµ �mÅ ±]³.Î_µÁÏÇÊ‚Ãc¿¸º

�

µ¸·_Ï

f � : Cp(X ; M ; n) ! Cp(X ; M ; n)

µ¸· Î�±]ÏeÊ]·„´íÎ�±]³�Å‹´v±]³�´

x 2 X � y 2 Y �

(f � )x
y =

�
lg(OZ;x ):r � (y)=� (x)

Ï

�

x = f (y)
0

Ï

�

·�±]·

±	�
º:� ±]·MÊÐÎ�±]Ï•¿

Z = g� 1
�

f yg
�

ÂÐ³�·

�

µÄ½‚µ Ï•Ê¾Ïe´ÝÅÁ³_À•´Ý³�Å~µ Åc¿~½]³

�

´¶µ�½tµÇÏ•±]³tÏ

�

Ï•À���¿¸Â Ê �Õµ¸ÅÁÂÄ¿

½‚µ

X
�

Æ

�

°²±

�

´

f : X ! Y
³t·OÂ ±]Å¶Î��

�

ÏÁÂÄµÄ½tµÇÏ•À���¿¸Â Ê}Ï¾µÁÏoÏÕµ¸·„´

�

µ¸º ºjµ¸ÂÄµ¸·„´�½‚µ ´ÝÍÁÎ_µ�%€·

���

�

±]³�ÅÄ´v±]³�´

µ¸·�´

�

µ¸Å0·�Êm´Ý³�Å~µ¸º

p �

±]·«½t¿�%€·

�

´€³�·«ÂÇ±mÅvÎ��

�

Ï¸Â µ

f � : Cp(X ; M ; n) ! Cp(Y ; M ; n)

µ¸· Î�±]ÏeÊ]·„´íÎ�±]³�Å‹´v±]³�´

x 2 X � y 2 Y �

(f � )x
y =

�
c� (x)=� (y)

Ï

�

f (x) = y;
µe´

� (x)=� (y)
µÁÏ¸´ %€·

�

µ

0
Ï

�

·�±m·

�

ó2nÄƒ_^cZ]ƒ²Zm{cfga~fjZ]d«{c\_fgy]n}dtacb‹b•{~a�n}hjZ]^c{�s•Z]d¹{~a~fga~\¹|•b9ƒ„n}^(hjb•{ãp_be\�ê%ƒ_^cb��Çfjbe^c{ãƒ²Z]fgdtac{�p_b0h nÄƒ_^cZ]ƒ²Z}Ö

{~fga~fjZ]d Q¹Ó ^Ðp_b

ºg±ÕÀ

�

À

�

´

�

s
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�

� D G D ������� D[I j � B � B O

°²±

�

´

M
³�·#Â ±Õ½m³tºjµ9½‚µ9ÀeÍzÀeºgµ¸ÏqÏÁ³�Å

S
�

°

�

f : Y ! X
µÁÏe´ ³�·#Â ±]Å¶Î��

�

ÏÁÂÄµ Î�ºgÊm´

� f � µÁÏ¸´ ³t·«Â ±]Å¶Î��

�

ÏÁÂÄµ‹½‚µ9Àc±]Â(Î�ºjµ:�‚µ

�

°

�

g : Y ! X
µÁÏ¸´ ³t·«Â ±]Å¶Î��

�

ÏÁÂÄµËÎ²Å ±ÁÎ²Å~µ

� g�
µÁÏe´ ³�· ÂÇ±mÅvÎ��

�

Ï¸Â µ9½‚µ‹Àc±]Â(Î�ºjµ:�‚µ

�

é2yzb•sËhjb•{Œ÷���ƒˆZ]a~÷��•{cb•{Šp_b s•bea~acbøƒ_^cZ]ƒˆZm{~fga~fjZ]d9�mZ]dÐd¹Z]acbe^on�bed¹s•Z]^cb

f � beaŒ^cb•{~ƒôÓ

f �
hjb•{A� Z]^~ƒ_÷_fj{!� b•{

fgd¹p�\_fgac{({~\_^ÿhjb•{ÿkm^cZ]\_ƒˆb•{ip_bls•Z]÷¹Z�� Z]hjZ]kmfjb s

f � : Ap(X ; M ; n) ! Ap(Y ; M ; n)

g� : Ap(Y ; M ; n) ! Ap(X ; M ; n)

>

�
�,����aXV�� j � B � B@j

Ó MÇòËbea~acb(ƒ_^cZ]ƒ²Zm{cfga~fjZ]dÄdôuxb•{~aøƒ„n]{ \_d¹b(s•Z]d¹{c| �‚\¹bed¹s•b(f(�.� |•p�f n}acbãp_b•{Ën5ê�fjZ�� b•{��

beaøsmuxb•{~a	�2Z�� b�� 
ãd¹Z]a~^cbinÕytfj{��z\_d p_b•{Šƒ²Z]fgdtac{ p_|ehgfjsÕn}ac{ø{~\_^Šhjb•{��t\¹behj{Š^cbeƒ²Zm{ob h nãa~÷¹|•Z]^~fjbip_bÿÒTÓmõiZm{~aÕÓ

é(fgd¹{~f%�Ëp¹n}d¹{�hjb#sÕn]{�p_b

f �
� fghã\_a~fghgfj{cb h n¬ƒ_^cZ]ƒ_^~fj|eac|MÜÝõÿòÿß&�t\¹b%yz|e^~f�/„b hjb•{ � Z�p�\_hjb•{¾p_b#s ��sehjb•{ÕÓ

òËbea~acb p_be^~d_f��e^cb p_|•s•Z]\_hjbÄp_b•{9n5ê�fjZ�� b•{ ÜÝà[rqß�beaQÜÝü�ßãp_b•{$� Ztp�\_hjb•{‹p_bÇs ��sehjb•{QÜÝsL�

ºg±ÕÀ

�

À

�

´

�

�ô|eaon}ƒˆb

� p_blh nÇp_|�� Z]d¹{~a~^on}a~fjZ]d«p_bÄÜ R�Ó Rzßÿbea9Ü R�Ó �zßËƒ²Z]\_^(s•bea~acb0p_be^~d_f��e^cb‹n [ ^!�Än}a~fjZ]d�ß¸Ó²õ(n}ƒ_ƒˆbehjZ]d¹{6�t\¹b�h n

ƒ_^cZ]ƒ_^~fj|eac|QÜÝõ,òÿß b•{~aÿ\_d¹blkz|ed¹|e^on}hgfj{on}a~fjZ]d p_b�h nÐhjZ]fôp_bl^c|•sefgƒ_^cZ�sefgac|qp_b�*�befghvÓ

wid¹b6�ÝZ]d¹seacZ]^~f n}hgfgac|ãƒ_hg\¹{øƒ„n}^~a~fjse\_hgf��e^cbqn}\�ê2� Ztp�\_hjb•{ p_bãs ��sehjb•{G�‚bea se^~\¹sef n}hjbãp¹n}d¹{øhjb•{ s•Z]d¹{~a~^~\¹s¸Ö

a~fjZ]d¹{��‚\_fíyzZ]dtai{~\_fgy�^cbq{cb�a~^cZ]\_yzbqp¹n}d¹{,h nÇp_|L/¹d_fga~fjZ]d s

�

�FM
I

�����
D[I j

�
B

�
B

e

°²±

�

µ¸·„´

M
³�·«ÂÇ±.½]³tºjµ9½‚µ9ÀeÍzÀeºjµÁÏqÏÁ³�Å

S �

µe´

X
³t·#ÏeÀ ��¿¸Â Ê

�

»

�

°²±

�

µ¸·„´

a1; :::; ar 2 Gm (X )
½‚µÁÏã³t·

�

´¶¿ÁÏ,Ï¸³tÅ

X
�

�

±]³�Åã´v±]³�´ µ¸·„´

�

µ¸Å(·�Êm´Ý³�Å~µ¸º

p �

±m·%½‚¿�%€·

�

´[³t·

Â ±]Å¶Î��

�

ÏÁÂÄµ

f a1; :::; ar g : Cp(X ; M ; n) ! Cp(X ; M ; n � r )
µ¸·ÄÎ�±}Ï•Ê]·„´ôÎ�±]³�Å0´v±]³�´

x; y
½zÊm·_Ï

X

f a1; :::; ar gx
y (� ) =

�
f a1(x); :::; ar (x)g:�

Ï

�

x = y
0

Ï

�

·�±]·

±	�

ai (x)
½‚¿ÁÏ

�

�]·ˆµ º Ê % Ã¸Å~µ�½‚µ

ai
Êm³ Î�±

�

·„´

x �

µe´

f a1(x); :::; ar (x)g
µ¸Ï¸´ÐÉÕ³WÀc±]ÂÐÂÄµ ³�·

¿¸ºj¿¸ÂÄµ¸·„´ ½‚µ

K M
n (� (x))

�

Æ

�

°

�

Z
µ¸Ï¸´í³�·��Õµ¸Å¸Â ¿i½‚µ

X �

Î�±}ÏeÊm·„´

U = X � Z �

±m· ½‚¿�%€·

�

´ˆ³�·ÄÂ ±]Å¶Î��

�

ÏÁÂÄµ

	

Î�±]³�Å º ÊqÅ~¿¸³�·

�

±]·

X = U [ Z
�

�

@U
Z : Cp(U; M ; n) ! Cp+1 (Z ; M ; n)

Î�Ê]Å0º Ê��e±mÅÁÂÐ³�ºgµÐÑ

@U
Z = � Z � dX � �U

±	�

� Z : Cp+1 (X ; M ; n) ! Cp+1 (Z ; M ; n)
½t¿ÁÏ

�

�]·²µ0ºgÊlÎ²Å ± ÌÕµ~À•´

�

±]·�ÀcÊ]·²±]·

� �

³_µ

�

�U : Cp(U; M ; n) ! Cp(X ; M ; n)
º
�

�

·ÕÌÕµ~À•´

�

±]· ÀcÊ]·�±]·

���

³¹µ

�

>

�
�,����aXV��
j

�
B

�
B �

Ó M û¶hôb•{~aÿf(�.� |•p�f n}a��²n•yzb•slhjb•{,d¹Z]aon}a~fjZ]d¹{(p_bls•bea~acbqp_|L/¹d_fga~fjZ]d9� �‚\¹b

f a1; :::; an g = f a1g � ::: � f ang:

óôb•{ip_be\�ê¾p_be^~d_fjbe^c{,ƒˆZ]fgd‚ac{(p_blh n9ƒ_^cZ]ƒ²Zm{cfga~fjZ]d Q¹Ó ^Çp_b

ºg±ÕÀ

�

À

�

´

�

{cZ]dta(n}hjZ]^c{ s

�

�
D

G
D

�������
D[I j

�
B

�
B

�

°²±

�

µ¸·„´

M
³t· Â ±Õ½]³�ºgµÐ½‚µ9ÀeÍzÀeºjµÁÏlÏ¸³tÅ

S �

µe´

X
³�·%Ï•À���¿¸Â Ê

�

°²±

�

´

d�
X

ºgÊ�½

�

*(¿¸Å~µe·„´

�

µeº ºjµ9½]³#Àc±]Â(Î�ºjµ:�‚µ

C � (X ; M )
�

�

·�±‚Ã•´

�

µ¸·�´€ºjµÁÏqÅ~µeº Êm´

�

±]·_ÏlÏ¸³

�

É5Ê]·�´¶µÁÏ9Ñ



� � �����
������� � � 1�Q

»

�

°

�

a 2 Gm (X ) � f ag � d�
X = � d�

X � f ag
�

Æ

�

°

�

Z
µ¸Ï¸´€³�· �•µeÅÁÂÄ¿9½‚µ

X � U
Ïe±]· ±]³�É}µ¸Åe´ÿÀc±]Â(Î�ºj¿¸ÂÄµ¸·„´vÊ

�

Å~µ

� @U
Z � d�

X = � d�
X � @U

Z
�

;

·ÄÀc±]·¹Ï•¿

�

³¹µ¸·�ÀÁµ

�

Ê]É}µcÀÿºjµÁÏø·�±z´vÊm´

�

±m·_Ïø½‚µÿÀoµ¸Ï ½‚µ¸³��ËÎ_±

�

·�´ Ï

�

±]·Ä½t¿~½]³

�

´ô½‚µ¸ÏøÂ ±]Å¶Î��

�

ÏÁÂÄµÁÏËÀcÊm·�±]·

� �

³¹µÁÏ

Î�±]³�Å0´v±]³�´ËÀo±]³ÕÎ²ºgµÐ½<� µ¸·„´

�

µ¸ÅÁÏ

(p;n)
´¶µ¸º Ï

�

³_µ

p � 0
Ñ

f ag : Ap(X ; M ; n) ! Ap(X ; M ; n + 1)

@U
Z : Ap(X ; M ; n) ! Ap+1 (X ; M ; n):

�(d ƒˆbe\_a,p_|•p�\_fg^cb0bedta~^cb0n}\_a~^cbqp_bqs•b•{5� Z]^~ƒ_÷_fj{�� b•{,h n8� Z]^!�0\_hjbqp_bqƒ_^cZ0� b•sea~fjZ]d%{c\_fgy]n}dtacb s

�

� D G D ������� DJI>j � B � B n b

>

D � � ��j � B d

°²±

�

´

Y 0
q //

g
��

X 0

f
��

Y
p //X

³t· ÀcÊ]Å¸Åc¿ÇÀcÊ]Åe´¶¿ÁÏ

�

µ¸· ´¶µ¸º

�

³_µ

p
µÁÏ¸´íÎ�º Êz´

�

µe´

f
µÁÏ¸´íÎ�Å~±ÁÎ�Åcµ

�(�

ºg±]ÅÁÏ

� p� f � = g� q� �

� 
 A�
 � �p7�6 � : �*68#*0�+�� !��J+ ��
X7X-F� # #*01-F� ! �1� # 9=#[� #�&�+.#*01�"� 7)01�
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¬s•Z�bL[Äsefjbed‚ac{ÕÓÿû sef%� d¹Z]\¹{ nÕyzZ]d¹{ n]p_Z]ƒ_ac| \_d¹b �vn]á•Z]d

hj|ek4�e^cb�� bedta p�f�>í|e^cbed‚acb p_b �xõ(Zm{�1.^	�,ƒ²Z]\_^ n}`ˆZ]^cp_be^ s•b�ƒ_^cZ]`_h���� b��€beaÐd¹Z]\¹{Än}ƒ_ƒˆZ]^~acZ]d¹{2�‚\¹beh��t\¹b•{

s•Z��Çƒ_hj|�� bedtac{�{~\_^ÿhjb•{,p_|L/¹d_fga~fjZ]d¹{ibeaiƒ_^cZ]ƒ²Zm{~fga~fjZ]d¹{(p_bls•bea(n}^~a~fjsehjbmÓ

ó2n ƒ_^cb��Çf��e^cb9{cZ]\¹{ Ö¶{ob•sea~fjZ]d#{Õu n}ƒ_ƒ_\_fjb9b•{c{cbedta~fjbehghjb�� bed‚al{~\_^ihjb•{i^c|•{~\_hgaon}ac{ãp_b

ºg±ÕÀ

�

À

�

´

�

p_bC�2Z�� b

�t\¹bqhjb0p_|e`_\_a(p_blh nÄ{cZ]\¹{ Ö¶{cb•sea~fjZ]d%{c\_fgy]n}dtacb���s•Z]d¹s•be^~d„n}dta(hjb�� Z]^~ƒ_÷_fj{�� b‹p_b�: ��{~fgd n]{c{cZ�sefj|$
Ð\_d¹b

f(�.� be^c{cfjZ]dV� be^!� |•bl^c|ekm\_hgf��e^cbmÓ

ó2nÐd¹Z]\_yzbÕn}\_ac|qb•{~a5�t\¹b�hvuxZ]d%n‹a~^on}d¹{~ƒ²Zm{o|ls•be^~aon}fgd¹b•{5� |ea~÷¹Ztp_b•{ip_b �xà_\_h 1.P � Ü ƒ„n}^~a~fjse\_hgf��e^cb�� bed‚a

�r^�Ó RzßI�t\_f%d¹Z]\¹{ ƒˆbe^!� bea~acbed‚aWp_b�p_|L/¹d_fg^Wp_b•{ � Z]^~ƒ_÷_fj{!� b•{ñp_b : ��{cfgd

Å~Ê �M·²¿ÁÏ

Ó�òËb•sef d¹Z]\¹{

ƒˆbe^!� beaÄp_b¾p_|L/¹d_fg^ \_d � Z]^~ƒ_÷_fj{!� b¾ƒ_\_hghg`„n]s� MƒˆZ]\_^Çhjb•{.� Z]^~ƒ_÷_fj{!� b•{ píu fgd‚acbe^c{cb•sea~fjZ]d s•Z��Çƒ_h��eacb��

�t\_f�s•Z]þ d¹sefjp_b«nÕyzb•s hjb � Z]^~ƒ_÷_fj{!� b p_|L/¹d_fãƒ„n}^¾Ò¬ÓøõiZm{~aQƒˆZ]\_^ hjb•{&� Z]^~ƒ_÷_fj{!� b•{¾píu fgd‚acbe^c{ob•sea~fjZ]d

s•Z��Çƒ_h��eacb&�‚\_f€{oZ]d‚a�
�ymn}hjbe\_^c{qp¹n}d¹{0\_d
{csc÷¹|��Än¾hgfj{c{cb ÜÝsL� Q¹Ó R�Ó R3Q%ƒˆZ]\_^qs•b p_be^~d_fjbe^qƒˆZ]fgd‚aÁß¸Ó2Ò«n}fj{

{c\_^~acZ]\_a���s•beh n0d¹Z]\¹{Ëƒ²be^!� bea p_bãp_|�� Z]d‚a~^cbe^ÿ\_d¹b6�ÝZ]^!�‹\_hjbãp_b(ƒ_^cZ0�~b•sea~fjZ]d ÜÝsL��Q¹Ó R�Ó Qt•mß¸Ó�YŒn}^,n}fghghjbe\_^c{��

Z]d%n9p_|�� Z]dta~^c|lh n$�ÝZ]d¹seacZ]^~f n}hgfgac|qp_b�s•b•{�� Z]^~ƒ_÷_fj{!� b•{iƒ_\_hghg`„n]s� �p¹n}d¹{ hjblsÕn]{ÿZ"h�hjb•{ÿ{csc÷¹|��Än]{,{oZ]d‚a

hgfj{o{~f�/�n}`_hjb•{‹ÜÝsL�Šp_|L/¹d_fga~fjZ]d<Q¹Ó R�ÓgÞ.•9ƒˆZ]\_^ o5hgfj{c{~f�/�n}`_hjb�q beaÿh n9ƒ_^cZ]ƒ²Zm{cfga~fjZ]d<Q¹Ó R�Ó Rz•mß¸Ó

j
�

T
�

B

Ó Mlr�n}d¹{[s•bea~acb {ob•sea~fjZ]d9�5Z]d9{~\_fga2h nis•Z]d‚yzbed‚a~fjZ]d p_b �xõiZm{�1.^	�D�‚\_f�s•Z]d¹{~fj{~acb<


MKWX�F� V
I

�
D

	�V����

	K�
L/mXL

���F�

M
��V)�

S
bea6
Ðd¹Z]acbe^

� : X �� ! Y
acZ]\_a6� Z]^~ƒ_÷_fj{!� b0p_bls•Z��Çƒ_hjb¸ê_b•{

C � (X ; M ) ! C � (Y ; M )
�„Z"h

X
bea

Y
{cZ]dtaip_b•{,{cso÷¹|��Än]{ÕÓ

�(d¾d¹b(ƒ_^c|•sefj{obe^on9ƒ„n]{ hjb•{Ëp_bekm^c|•{ip_bãs•b•{�� Z]^~ƒ_÷_fj{�� b•{,bed�kz|ed¹|e^on}h%�_bea Z]d n]pD� bea~a~^on n}\¹{o{~f=�‚\¹b

s•b•{�� Z]^~ƒ_÷_fj{!� b•{(s•Z��.�‹\_acbed‚aln}\ {~fgkmd¹blƒ_^��•{inÕyzb•sqhjb•{,p�f�>í|e^cbed‚a~fjbehghjb•{.Ó

�(d�n]p_Z]ƒ_acb�ƒ„n}^%s•Z]dta~^cb�\_d¹b�s•Z]dtyzbed‚a~fjZ]d�p�f�>í|e^cbed‚acb
p_b �xõiZm{�1.^	�$�t\_f0s•Z]d¹{~fj{~acb 
TyzZ]fg^#s•b•{

� Z]^~ƒ_÷_fj{�� b•{&
@�‚\„n]{cf Övfj{cZ�� Z]^~ƒ_÷_fj{!� b¾ƒ_^��•{ÕÓŒw(dO� Z]^~ƒ_÷_fj{!� b

� : X � � ! Y
ƒ²be\_aÇp_Z]d¹s Zea~^cb�hjb

�t\„n]{~f Övfgdtyzbe^c{cb0píu \_dV� Z]^~ƒ_÷_fj{�� bqp_bqs•Z��Çƒ_hjb¸ê_b•{,`_fjbed p_|L/¹d_fgaÕÓ

>

�
�,����aXV��
j

�
T

�
T

Ó MTòãuxb•{~a \_d�so÷¹Z]f êMƒ²be^c{cZ]d_d¹beh sŠZ]d ƒ²be^cpMbedMƒ_^c|•sefj{~fjZ]d9���Än}fj{ Z]dMk‚n}kmd¹b bed

{cf(�Çƒ_hgfjsefgac|mÓ[Y€^c|•sefj{cZ]d¹{‹bedTbL>ˆbea8�‚\¹bÄd¹Z]\¹{0d¹bQ{cZ��.� b•{‹fgd‚ac|e^cb•{c{o|•{��t\¹b ƒ„n}^9h n s•Z]÷¹Z�� Z]hjZ]kmfjb�p_b•{

s•Z��Çƒ_hjb¸ê_b•{,s•Z]d¹{~fjp_|e^c|•{.Ó �(d¾n}a~a~fg^cb�acZ]\_a,p_b+�2Z�� b�hvu n}a~acbedta~fjZ]d%{~\_^ hjb�� n}fga5�t\¹b(d¹Zm{ÿs•Z]d¹{ca~^~\¹sea~fjZ]d¹{

ƒˆbe\_yzbed‚a�acZ]\��~Z]\_^c{-Zea~^cb‹b¸ê�ƒ_hgfjsefgac|•b•{�p¹n}d¹{(h nÄsÕn}ac|ekzZ]^~fjbÐp_b•{(s•Z��Çƒ_hjb¸ê_b•{��=
Çh nJ�Än}d_f��e^cb‹p_b

ºg±ÕÀ

�

À

�

´

�

ÜÝsmuxb•{ca Ö 
5Ö¶p�fg^cb��t\¹bqhvuxZ]d#ƒ²be\_aãp_|L/¹d_fg^ihjb•{�n}ƒ_ƒ_hgfjsÕn}a~fjZ]d¹{�n}\#d_fgyzbÕn}\#p_b•{ãs ��sehjb•{ãn}\ � Z �zbed p_b

À���±

�

�

�t\¹bqÒTÓ_õiZm{~a,n}ƒ_ƒˆbehghjbqs•Z�Z]^cp�fgd„n}a~fjZ]d¹{Áß¸Ó

��
 � 
 A � � �[!��;��: �c���J+/�;7�0 ��% !��)0=#>017X-F68��:

�(d%{Õu n}ƒ_ƒ_\_fjbqfjsefô{c\_^,h nÐp_|L/¹d_fga~fjZ]d#p_blhvuxb•{cƒ„n]s•bqp_bqp_|L� Z]^!�Än}a~fjZ]d#p_bq×�Ó ��Ó_õ(n}ƒ_ƒˆbehjZ]d¹{6�t\ôuxZ]d%n

p_|L/¹d_f%�„ƒ²Z]\_^(acZ]\_acbqf(�.� be^c{~fjZ]d �Ýbe^!� |•b

i : Y ! X
�¹\_d%b•{cƒ„n]s•b0p_bqp_|L� Z]^!�Än}a~fjZ]d��‹\_d_f8píu f(�.� be^ Ö

{cfjZ]d¹{<�Ýbe^!� |•b•{

CY X ! DY X
bea

Gm � X ! DY X
Ó_rln}d¹{ h n9{~\_fgacb���Z]d�s•Z]dD� Z]d¹p�^on9h n9{cZ]\_^cs•b�bea

hvu f(�Än}kzb‹p_bls•b•{,p_be\�ê¾f(�.� be^c{~fjZ]d¹{5� be^!� |•b•{ÕÓ¹é(fgd¹{~f%�_Z]d%n}\_^on

DY X = CY X t Gm � X :

�(d ^on}ƒ_ƒˆbehghjb9acZ]\_alpíu n}`²Z]^cp h nQp_|L/¹d_fga~fjZ]d p�\@� Z]^~ƒ_÷_fj{�� bÇp_b‹{~ƒˆ|•sef n}hgfj{on}a~fjZ]d p�\«ƒ„n}^on}km^on}ƒ_÷¹b

ÞmÞQp_b �xõ(Zm{�1.^	� �,�‚\_fËb•{~a0\_d¹b b¸ê�acbed¹{~fjZ]dOp�\Tƒ„n}^on}km^on}ƒ_÷¹bXQ�Ó R%p_b �xà¹\_h 1.P � n}\OsÕn]{‹p�\ � Ztp�\_hjbQp_b

s ��sehjb•{

M
s



� ��� � 	�� �����
��� � � ��� ����	�����������	��
��� 1�1

�

�/M I ����� D[I j � T � O

°²±

�

´

i : Y ! X
³�·²µ

�

ÂÐÂÄµ¸ÅoÏ

�

±m·��•µeÅÁÂÄ¿cµ

���

·¬ÊÁÎ‚Î_µ¸º ºgµ Â ±]ÅvÎ �

�

Ï¸ÂÄµÇ½‚µ9Ï¶Î_¿

�

À

�

Ê]º

�

ÏeÊz´

�

±]· Ê]³#À
�]·²µ0·�±]Å¸Â Ê]º

�

·²±m´¶¿

J (X ; Y ) �

ºjµqÂ ±]Å¶Î��

�

ÏÁÂÄµ‹Àc±]Â(Î�±}ÏÕ¿

X
� �

�� ! X � Gm
f tg

�� ! X � Gm
@

�� ! CY X

±	�

� : X � Gm ! X
µÁÏ¸´ËºgÊ‹Î�Å~± ÌÕµ~À•´

�

±]·

� t
µÁÏ¸´ËºgÊE�•±]·�À•´

�

±]·�Àc±Õ±]Å~½z±]·„·²¿cµ ÀcÊ]·�±]·

���

³¹µ9Ï¸³tÅ

Gm �

µe´

@
µ¸Ï¸´€ºjµ�Â ±]Å¶Î��

�

ÏÁÂÄµ‹Ã~±]Å~½�Î�±m³tÅlºgÊÇÅc¿¸³�·

�

±m·

DY X = CY X t Gm � X
� ?

� µÁÏe´Œ³t·#ÂÇ±mÅvÎ��

�

Ï¸Â µ0½‚µ

½‚µ �]Åc¿

0
�

�(d d¹Z]acbe^onÇ{oZ]\_yzbed‚a��„s•Z��.� b0p¹n}d¹{ �xà_\_h 1.P � �

� Y X
s•b�� Z]^~ƒ_÷_fj{�� bqp_bq{~ƒˆ|•sef n}hgfj{on}a~fjZ]dôÓ

ó2nÐƒ_^cZ]ƒˆZm{~fga~fjZ]d%{c\_fgy]n}dtacbqb•{~aÿhjblhjb��.� b ÞmÞmÓ � p_b �xõiZm{�1.^	��s

�

�
D

G
D

�������
DJI>j

�
T

�
j ?

±]·_Ï

�

½‚¿eÅ ±]·¹Ï�³�·�ÀcÊ]Å¸Å~¿ÐÀoÊ]Å¸´¶¿¸Ï

�

µ¸·

Y 0�• j //

g
��

X 0

f��
Y �• i //X

´¶µ¸º

�

³¹µ

i
µ¸Ï¸´ø³t·²µ

�

ÂÐÂ µeÅoÏ

�

±]· �•µeÅÁÂÄ¿cµÇµe´

f
³�·#Â ±]Å¶Î��

�

ÏÁÂÄµ Î�ºgÊm´

�

�

· ·�±z´¶µ

Cf : CY 0X 0 ! CY X
ºgµ Â ±]Å¶Î��

�

ÏÁÂÄµ ÀcÊm·�±]·

� �

³¹µ%Êm´ ´vÊ‚À���¿ �
Àoµ#ÀcÊ]Å¸Åc¿#ÀoÊ]Å¸´¶¿¸Ï

�

µ¸·

	

É5±

�

Å��

�

Æ

�-,

�

��?

� µ¸Ï¸´€³�·«Â ±]ÅvÎ �

�

Ï¸ÂÄµËÎ�ºgÊm´Ë½<� Ê¸Î�Å:�¸Ï��

�

Æ

�

¼

�

�

Ê]Å9Ê

�

º ºjµ¸³tÅÁÏ

�

ºjµ9½

�

Ê �]Å~Ê]ÂÐÂ µqÏ¸³

�

É5Ê]·„´ÿµÁÏe´øÀc±]ÂÐÂÐ³�´vÊm´

�

�ÐÑ

X �
� Y X //

�
f �

��

CY X
�

Cf �

��
X 0�

� Y 0X 0
//CY 0X 0

YŒn}^ s•Z]dta~^cb���h n�� Z]d¹seacZ]^~f n}hgfgac|�ƒ„n}^ø^on}ƒ_ƒˆZ]^~aÿn}\&� Z]^~ƒ_÷_fj{!� bãf(�Än}kzb�p�fg^cb•seacb(dôuxb•{~aøƒ„n]{ |ed¹Z]d¹s•|•b

�

Z]d hjb+�vn}fga5�Än}fgd‚acbed„n}d‚ats

�

�
D

G
D

�������
DJI>j

�
T

� e
?

±]·_Ï

�

½‚¿eÅ ±]·¹Ï�³�·�ÀcÊ]Å¸Å~¿ÐÀoÊ]Å¸´¶¿¸Ï

�

µ¸·

Y 0�• j //

g
��

X 0

f��
Y �• i //X

´¶µ¸º

�

³_µ

i
µ¸Ï¸´ ³�·²µ

�

ÂÐÂÄµ¸ÅÁÏ

�

±]· �•µeÅÁÂÄ¿cµ µe´

f
µÁÏe´8Î�Å~±ÁÎ�Åcµ

� �

ºg±]ÅÁÏ

�

ºjµÇ½

�

Ê �]Å~Ê]ÂÐÂÄµ‹ÏÁ³

�

É5Ê]·„´,µÁÏe´ Ào±]Â

�

ÂÐ³�´vÊm´

�

�

X 0�
� Y 0X 0

//
�

f �
��

CY 0X 0
�

Cf �
��

X �
� Y X //CY X ;

½zÊ]·_Ïlºjµ

�

³¹µ¸º

Cf : CY 0X 0 ! CY X
½‚¿ÁÏ

�

�]·²µ0ºjµlÂ ±]Å¶Î��

�

ÏÁÂÄµ Î�Å~±ÁÎ�Åcµ

�

·�½m³

�

´²Î�Ê]Å0ºgµ‹ÀcÊ]Å¸Å~¿ÐÀoÊ]Å¸´¶¿¸Ï

�

µ¸·

½‚µ9½‚¿¶Î�ÊmÅ¸´

�
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�(åíä¹îˆð8ä,s_õ(n}ƒ_ƒˆbehjZ]d¹{ÿh n8� Z]d¹seacZ]^~f n}hgfgac|qp�\%s T]d¹bqd¹Z]^!�Än}h1s

CY 0X 0 h //

''OOOOOOOO g� (CY X )
g0

//

��

CY X

��
Y

g //X :
é(hjZ]^c{��

h
b•{ca2\_d¹b€f(�.� be^c{cfjZ]d�� be^!� |•b(ÜÝpíu n}ƒ_^��•{[hjbøhjb��.� bø×�Ó R�Ó P(n}ƒ_ƒ_hgf��‚\¹|�
,d¹Z]a~^cbøsÕn}^~^c|øsÕn}^~ac|•{cfjbed�ß¸Ó

YŒn}^‹n}fghghjbe\_^c{��²hjbÐsÕn}^~^c|.�t\_fŠn}ƒ_ƒ„n}^on��jaq|eaon}dta0sÕn}^~ac|•{~fjbed9�

g0 b•{~a�ƒ_^cZ]ƒ_^cb��íp_Z]d¹s

Cf = g0 � h
b•{~a�\_d

� Z]^~ƒ_÷_fj{�� bqƒ_^cZ]ƒ_^cbmÓ

�(d%p_Z]fga�� Z]d‚a~^cbe^+�‚\¹b�hjb0p�f n}km^on0�.� b0{~\_fgymn}d‚aib•{ca,s•Z��.�0\_aon}a~f�� s

X 0�
� 0�

//
�

f �

��

Gm � X 0�
f tg //Gm � X 0�

@0
//CY 0X 0

�
h ���

g� (CY X )
�

g0
���

X �
� �

//Gm � X �
f tg //Gm � X �

@ //CY X ;
p¹n}d¹{,hjb �‚\¹behíZ]d%n‹d¹Z]ac|

@
Ü ^cb•{~ƒôÓ

@0ß hjb�� Z]^~ƒ_÷_fj{�� bl`²Z]^cpQƒˆZ]\_^

DY X = CY X t Gm � X
Ü ^cb•{~ƒôÓ

DY 0X = CY 0X t Gm � X 0ß¸Ó

�(^��¹Z]d#nÇn}\¹{c{~fí\_d¹b��ÝZ]d¹seacZ]^~f n}hgfgac|‹p_b�hvuxb•{~ƒ„n]s•bqp_bqp_|L� Z]^!�Än}a~fjZ]d,s

DY 0X 0 ~h //

''OOOOOOOOO DY X � X X 0
~f //

��

DY X

��
A1

X 0
1� f //A1

X

Z"h%hjb-� Z]^~ƒ_÷_fj{!� b ~h
b•{caÿ\_d¹blf(�.� be^c{~fjZ]dV� be^!� |•b��¹beaÿhjb-� Z]^~ƒ_÷_fj{!� b ~f

b•{~a,ƒ_^cZ]ƒ_^cbmÓ

r9u n}ƒ_^��•{ hjb�d‚\3� |e^cZ�×�Ó � Z"hMhvuxZ]d�b¸ê�ƒ_hgfjsefgacb¾s•bea~acb � Z]d¹seacZ]^~f n}hgfgac|�� Z]dMZ]`_a~fjbedta hjb¾p�f n}km^on0�.� b

s•Z��.�‹\_aon}a~f��

Gm � X•_

��

Gm � X 0 1� f //•_
��

Gm � X 0
•_

��
DY 0X 0 ~h //DY X � X X 0

~f //DY X

CY 0X 0 h //?�
OO

g� (CY X )
g0

//
?�
OO

CY X ;
?�

OO

p¹n}d¹{ihjb �‚\¹behôso÷„n��‚\¹b‹sÕn}^~^c|qb•{~a,sÕn}^~ac|•{~fjbedôÓ

�(d ƒˆbe\_a(p_Z]d¹sÇn}ƒ_ƒ_hgf��t\¹be^�h n ƒ_^cZ]ƒˆZm{~fga~fjZ]d Q¹Ó QQp_b �xõiZm{�1.^	�€n}\@� Z]^~ƒ_÷_fj{!� b9ƒ_^cZ]ƒ_^cb ~f � ~h �

Z]d

bed#p_|•p�\_fga,hjbqp�f n}km^on0�.� b0s•Z��.�‹\_aon}a~f�� s

Gm � X 0
�

@0

��

�
(1� f ) � //Gm � X

�
@

��
CY 0X 0�

(g0� h) � //CY X :
�(^��¹hjb•{,sÕn}^~^c|•{i{~\_fgymn}d‚ac{i{cZ]d‚ais•Z��.�‹\_aon}a~f��Ý{Ns

X 0�
� 0�

//
�

f �
��

Gm � X 0
�

(1� f ) �
��

Gm � X 0�
f tg //

�
(1� f ) �

��

Gm � X 0
�

(1� f ) �
��

X �
� �

//Gm � X Gm � X �
f tg //Gm � X :
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�

±]·O½‚µ

f
�,�

ºg±]ÅÁÏ

� i
µÁÏe´€³�·²µ

�

ÂÐÂÄµ¸ÅÁÏ
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�
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f
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DY X
D f
� � ! DY Y

b•{~ain}hjZ]^c{,ƒ_h n}a��¹ƒ_\_fj{��‚\¹b

f
b•{~aÿhgfj{o{cbmÓ
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Gm � X
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�
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�
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� Y X

33Gm � X �
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Ü�Q¹ÓgÞ.ß ƒ²Z]\_^øhjbiƒ_^cb��Çfjbe^���bea
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r+�•{‹hjZ]^c{��8s•Z]d¹{~fjp_|e^on}d‚a
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�

CED
�

D
� ���$���3�

j
�

T
�

B
�

°²±

�

´

E
p
�! X
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{cZ]fga,p_Z]d_d¹|0{c\_^

k
Ó

�

WX�@��G���� j � T � j O

Ó M«ètf

M
b•{~al\_d?� Z�p�\_hjb p_b s ��sehjb•{C�‚\¹behjs•Z]d��t\¹b {~\_^

k
�ôfgh€b•{~alƒ„n}^0p_|L/¹d_fga~fjZ]d

ÜÝp_Z]d_d¹|•b0r �zß)�0\_d_f[píu \_d#n]s•s•Z]\_ƒ_hjb�� bed‚a�sÕn}d¹Z]d_f��t\¹bq{~\_^

k

K M
� � M ! M :

óôb sÕn]{QZ"h

M
b•{~aQhg\_f Ö%�2Z�� b#hjb�� Z�p�\_hjb#p_b s ��sehjb•{J� Z]^!� |%ƒ„n}^Qh nW7ãÖva~÷¹|•Z]^~fjb«p_b Ò%fghgd¹Z]^�{cbe^on

|ea~\¹p�fj|qp¹n}d¹{,hjb�ƒ_^cZ�sc÷„n}fgd#ƒ„n}^on}km^on}ƒ_÷¹bmÓ

j
�

T
�

j[j

Ó M«è�Z]fga

� : N � M ! M
\_d
n]s•s•Z]\_ƒ_hjb�� bed‚aÕÓ[Ò¬Óíõ(Zm{~a0n�p_|L/¹d_f€\_d ƒ_^cZ�p�\_fga0se^cZ]fj{c| ÜÝsL�

�xõiZm{�1.^	� ÞRQ¹ÓgÞ.ßL�¹ƒ²Z]\_^,acZ]\¹{i{csc÷¹|��Än]{

Y
bea

Z
�

� � : Cp(Y ; N ; n) 
 Z Cq(Z ; M ; m) ! Cp+ q(Y � k Z ; M ; n + m);

Z"h

Y � k Z
µÁÏ¸´ŠÉ.³%Àc±]ÂÐÂÄµl³�·

S
�

ÏeÀ��_¿¸Â Ê
�Ä´ÝÅ Ê]É]µ¸ÅoÏqºgÊãÎ²Å ± ÌÕµ~À•´

�

±]· ½‚µ

Z
Ï¸³tÅ

S
Ó�rÐu n}ƒ_^��•{

ºg±ÕÀ

�

À

�

´

�

�

ÞRQ¹Ó Q��¹s•blƒ_^cZ�p�\_fgai{~\_^ÿhjb•{,s•Z��Çƒ_hjb¸ê_b•{,fgd¹p�\_fgai\_d¾ƒ_^cZtp�\_fgai{c\_^,hjb•{ÿkm^cZ]\_ƒˆb•{,p_bqs•Z]÷¹Z�� Z]hjZ]kmfjbmÓ

èt\_fgymn}d‚a(ÒTÓ_õiZm{ca��_Z]d bed%p_|•p�\_fga,hjb�ƒ_^cZ�p�\_fgaipíu fgd‚acbe^c{cb•sea~fjZ]d«{~\_fgymn}d‚aEs

�

�/M
I

�����
D[I j

�
T

�
j

e

°²±

�

´

N � M
�
�! M

³�·«ÊzÀoÀc±]³.Î�ºgµeÂ µe·„´,½‚µ0Â ±Õ½]³�ºgµÁÏÐ½‚µ0À•ÍmÀ•ºgµÁÏ0ÏÁ³�Å

S �

µe´

X
³t·#ÏeÀ ��¿¸Â ÊQº

�

ÏoÏÕµ�Ï¸³tÅ

S
�

�

·«½t¿�%€·

�

´øÊ]ºg±]ÅÁÏq³t·ÄÎ�Å~±Õ½]³

�

´

Ap(X ; N ; n) 
 Aq(X ; M ; m) ! Ap+ q(X ; M ; n + m)
x 
 y 7! (� X )� (x � � y) = x: � y:

�

·TÎ�Åc¿~À

�

Ï•µ

�

³_µ

� X : X ! X � k X
µÁÏ¸´9º
�

�

ÂÐÂÄµ¸ÅoÏ

�

±m· �Õµ¸Å¸ÂÄ¿cµ ½

�

Ê �z±]·²Ê]ºgµ�½‚µ

X
Ï¸³tÅ

k �

ÉÕ³¬Àc±mÂ9ÂÄµ

S
�

Â ±]Å¶Î��

�

ÏÁÂÄµ�Î�±]³�Å º Ê Ï¸´ÝÅ¸³_À•´Ý³tÅcµQ½‚µ

S
�

Ï•À���¿¸Â Ê ÏÁ³�Å

X � k X
Î�ÊmÅÇº ÊÇÎ�Å~± Ì•µcÀ•´

�

±m·M½m³

½‚µ¸³��

�

�¸ÂÄµ0�•ÊzÀ•´¶µ¸³�ÅÐÏÁ³�Å

S
��?

±]ÂÐÂÄµ

X
µÁÏ¸´ º

�

ÏoÏ•µÐÏÁ³�Å

k � � X
µÁÏ¸´(½z±]·�À ³t·²µ

S
� �

ÂÐÂ µeÅoÏ

�

±]·!�Õµ¸Å¸ÂÄ¿cµ

Å~¿ �]³tº

�

�¸Å~µ µe´

� �
X

½‚¿ÁÏ

�

�]·²µ0ºjµlÂ ±]Å¶Î��

�

ÏÁÂÄµ9½‚µ

�

Í}Ï

�

·«Ê}ÏÁÏe±ÕÀ

�

¿

	

À �

�
�

Æ

���

�

�

>

�@�����3aXV)�
j

�
T

�
j �

Ó M#Y[Z]\_^0d¹bÐƒ„n]{‹n}hjZ]\_^cp�fg^0hjb•{qd¹Z]aon}a~fjZ]d¹{��íh n¾^c|L�Ý|e^cbed¹s•bJ
Qhvu n]s•s•Z]\_ƒ_hjb�� bedta

�
{cbe^on9ƒ„n}^ � Z]fj{iZ��Çfj{cbl{~\_fgymn}d‚aih nÐd¹Z]aon}a~fjZ]d%p_b �xõ(Zm{�1.^	�¶Ó

òËblƒ_^cZ�p�\_fgaipíu fgd‚acbe^c{ob•sea~fjZ]d#p�fj{~ƒˆZm{cbqn}hjZ]^c{ip_b•{5�ÝZ]^!�‹\_hjb•{iseh n]{c{~f��t\¹b•{,{~\_fgymn}d‚acb•{ s

�

�
D

G
D

�������
DJI>j

�
T

�
j

�

� �

�z±]·_Ï

� : N � M ! M
³�·
ÊzÀcÀc±m³ÕÎ�ºjµ¸ÂÄµ¸·„´ã½‚µ9Â ±Õ½]³�ºjµÁÏÐ½‚µ ÀeÍzÀeºgµ¸Ï0ÏÁ³�Å

S
�

°²±

�

µ¸·„´

X
µe´

Y
½‚µ¸Ï0ÏeÀ ��¿¸Â Ê}ÏÐº

�

ÏoÏÕµÁÏqÏÁ³�Å

S �

µe´

f : Y ! X
³t·

S
�

Â ±]ÅvÎ �

�

Ï¸ÂÄµ

� �

·�·�±z´¶µ

f �
ºgµ�ÂÇ±mÅvÎ��

�

Ï¸Â µq½‚µ

�

Í}Ï

�

· Ê}ÏoÏ•±ÕÀ

�

¿qÊ]³QÂ ±]ÅvÎ �

�

Ï¸ÂÄµ(º ±ÕÀoÊ]ºgµeÂ µe·„´ø½<�

�

·„´¶µ¸ÅÁÏ•µ~À•´

�

±]·#Ào±]Â(Î�º �•´¶µ

f
½zÊ]·_ÏiºgÊ

½‚¿�%€·

�

´

�

±]·

�
�

Æ

�

Æ

, �



ÞmÞ�R ������� � 	���� � � 
 ��� ��� ��� � � ��� ��� ���

»

�
	;�

ÏoÏ•±ÕÀ

�

Êm´

�

É

�

´¶¿"�

�

·�ÏÁ³.ÎzÎ�±}ÏÕµ

�

³_µ

S = Spec(k) �

µe´

�

³¹µ

N
µÁÏ¸´Q½‚µQÎ²º ³tÏ�ÂÐ³t·

�

½<� ³�·²µ

Ï¸´ÝÅ¸³_À•´Ý³tÅcµÐ½<� Ê]·¹·²µcÊ]³¾ÏÁ³�Å

k
�9�

ºg±]ÅÁÏøÎ_±]³tÅ‹´v±]³�´Ë´ÝÅ

�

Î�ºjµe´

(x; y; z) 2 A � (X ; N ) � A � (X ; N ) �
A � (X ; M ) �

±]· Ê

(x:y):� z = x: � (y:� z):
Æ

�
	 �

±]·�À•´v±mÅ

�

Ê]º

�

´¶¿"�

�

±m³tÅ0´v±m³�´ Àc±]³.Î�ºjµ

(x; y) 2 A � (X ; N ) � A � (X ; M ) �

±]·�Ê�Ñ

(f � x):� (f � y) = f � (x: � y):

, �
	

�

Å ± ÌÕµ~À•´

�

±]·��Ð°

�

f
µ¸Ï¸´ˆÎ²Å ±ÁÎ²Å~µ

�

Î�±]³�Å0´v±]³�´øÀc±m³ÕÎ�ºjµ

(x; y) 2 A � (X ; N ) � A � (Y ; M ) �

±]·«Ê�Ñ

f � (x: � f � y) = (f � x):� y:

>

�
�,����aXV�� j � T � j n

Ó M rln}d¹{¾s•bea~acb ƒ_^cZ]ƒˆZm{~fga~fjZ]d9�ÿZ]d­p_|�� Z]dta~^cb�hjb•{ n [ ^!�Än}a~fjZ]d¹{ p_b �xõiZm{�1.^ � �

Ü ÞRQ¹Ó ^zß,n•yzb•slhjb•{,p_be\�ê�ƒ_^cb��Çf��e^cb•{,|ek‚n}hgfgac|•{��„bed¾\_a~fghgfj{on}d‚a,d¹Z]aon0�.� bedtaihjb•{ÿ^c|•{c\_hgaon}ac{,p_b

º ±.À

�

À

�

´

�

{~\_^

hjb•{ ƒ_^cZtp�\_fgac{Ëse^cZ]fj{c|•{ÕÓ‚Y[n}^Ës•Z]d‚a~^cb��td¹Z]\¹{øn•yzZ]d¹{øa~^cZ]\_yz|(ƒ_^on}a~f��‚\¹b,píu \_a~fghgfj{obe^øh n-� |ea~÷¹Z�p_bip_bià_\_hgacZ]d

Ü

���

µ

�

hvu fgd‚a~^cZ�p�\¹sea~fjZ]d p_b•{,� Z]^~ƒ_÷_fj{!� b•{Šp_b5: ��{cfgd‹^on [ d¹|•{ÁßôƒˆZ]\_^[ƒ_^cZ]\_yzbe^Œh n��ÝZ]^!�‹\_hjb p_b ƒ_^cZ0�~b•sea~fjZ]d

p¹n}d¹{ihjblsÕn]{ÿkz|ed¹|e^on}hvÓ

�(åíä¹îˆð8ä,síÞmÓ„òËZ��.� bed¹á•Z]d¹{(ƒ„n}^is•Z]d¹{~aon}acbe^6�t\¹b�hjbqsÕn}^~^c|q{~\_fgymn}d‚a(p_b

L k

X
� X //

� X
��

X � x X

� X � k 1X

��
X � k X

1X � k � X//X � k X � k X
b•{ca,sÕn}^~ac|•{~fjbedôÓ

r+�•{,hjZ]^c{��¹Z]d¾ƒˆbe\_a5� n}fg^cb�hjb0sÕn}hjse\_h2{~\_fgymn}d‚aEs

(x:y):� z = � �
X (� �

X (x � y) � � z) = � �
X (� X � k 1X )� ((x � y) � � z)

(1)
= � �

X (� X � k 1X )� (x � � (y � � z))
(2)
= � �

X (1X � k � X )� (x � � (y � � z)) = x:(y:z)
Z"h

(1)
^c|•{~\_hgacb p_b h nW�ÝZ]^!�‹\_hjb píu n]{c{cZ�sef n}a~fgytfgac|«p�\Wƒ_^cZ�p�\_fga�se^cZ]fj{o|�Ü ÞRQ¹Ó R¬p_b �xõ(Zm{�1.^	� ßL� bea

(2)
^c|•{c\_hgacbqp�\ hjb��.� biQ¹Ó R�ÓgÞRQ¹Ó

r�n}d¹{9h n%{~\_fgacb p_b s•bea~acb p_|�� Z]d¹{ca~^on}a~fjZ]d9�Šp3�•{��t\ôuxZ]d¬s•Z]d¹{~fjp3�e^cbQ\_d¬ƒ_^cZtp�\_fgaÐ{~\_^

k
p_bÄp_be\�ê

S
Ö¶{osc÷¹|��Än]{��ŒZ]dThjbJ�‹\_d_fga p_b {on#{~a~^~\¹sea~\_^cbQp_b

S
Ö¶{csc÷¹|��Än#km^�K]s•bX
 h n%ƒ_^cZ0�~b•sea~fjZ]dOp�\Mp_be\�ê�f���� b

�vn]seacbe\_^i{~\_^

S
Ó

R�Ó¹Y8Z]\_^ãs•bea~acb0n [ ^!�Än}a~fjZ]d9�„Z]d s•Z]d¹{cfjp3�e^cbqhjblsÕn}^~^c|qsÕn}^~ac|•{~fjbed#p¹n}d¹{

L S

Y
� Y //

f
��

Y � k Y

f � k f
��

X
� X //X � k X :

éihjZ]^c{��

f � (x:y) = f � � �
X (x � � y)

(1)
= � �

Y (f � k f )� (x � � y)
(2)
= � �

Y (f � x � � f � y) = (f � x):(f � y)



� ��� � 	�� �����
��� � � ��� ����	�����������	��
��� ÞmÞ��

Z"h

(1)
^c|•{~\_hgacbqp_b Q¹Ó R�Ó Rz•Ðbea

(2)
^c|•{~\_hgacbqp_blh n9ƒ_^cZ]ƒ_^~fj|eac| ÞRQ¹Ó QÇp_b

º ±.À

�

À

�

´

�

Ó

��Ó �(d nTp_|U�!
¬^cb��Än}^��t\¹| p¹n}d¹{�\_d¹b {cfga~\„n}a~fjZ]d­{cb��0`_h n}`_hjb��t\¹b#hjb � Z]^~ƒ_÷_fj{!� b

f
b•{~a�`_fjbed

hjZtsÕn}hjb�� bedta,píu fgd‚acbe^c{cb•sea~fjZ]d s•Z��Çƒ_h��eacbãƒ_\_fj{��t\ôu fghí{cb5�vn]seacZ]^~fj{cb�bed

X

 f
� ! X � k Y

pY
X � k Y

� � � � ! Y
Z"h


 f
b•{~aÿhjblkm^on}ƒ_÷¹bqp_b

f
��f(�.� be^c{~fjZ]dV�Ýbe^!� |•bl^c|ekm\_hgf��e^cbqƒ_\_fj{��‚\¹b

Y
b•{~aÿhgfj{o{cb��_bea

pY
X � k Y

h n9ƒ_^cZ0� b•sea~fjZ]d

sÕn}d¹Z]d_f��‚\¹b$�‚\_f2b•{caÿhgfj{c{cb�ƒ_\_fj{��t\¹b

X
b•{~aÿhgfj{o{cbl{~\_^

k
Ó

r-�•{ÿhjZ]^c{��¹s•Z]d¹{cfjp_|e^cZ]d¹{,hjblsÕn}^~^c|qsÕn}^~ac|•{~fjbed#p_b

L S

X

 f //

f
��

�

X � k Y

f � k 1X
��

Y
� Y //Y � k Y:

�(d ƒˆbe\_ain}hjZ]^c{5�vn}fg^cb�hjbqsÕn}hjse\_h

(f � x):y = � �
X (f � k 1Y )� (x � � y)

(1)
= f � � � (x � � y)

(2)
= f � 
 �

f (x � � y)

Z"h«hvux|ek‚n}hgfgac|

(1)
^c|•{~\_hgacbÐp_bNQ¹Ó R�Ó �.^�n}ƒ_ƒ_hgf��‚\¹| n}\ sÕn}^~^c|ÐsÕn}^~ac|•{~fjbed«ƒ_^c|•s•|•p_bed‚a��ôbea�hvux|ek‚n}hgfgac|

(2)
p�\

hjb��.� bNQ¹Ó R�Ó ��Þ���sÕn}^���ƒ_\_fj{��t\¹b

Y=k
b•{~aãhgfj{c{cb��

NX (X � k Y) ' f � (TY)
�²Z"h

TY
p_|•{cfgkmd¹b0hjb$/¹`_^c|

aon}d_kzbed‚aãp_b

Y=k
Ó

Ò«n}fj{ÿƒ„n}^(n}fghghjbe\_^c{��_ƒˆZ]\_^ÿhjbqp_be\�ê�f���� b�� b��0`_^cb‹p_blhvux| �t\„n}a~fjZ]d9�¹Z]d#n

f � (x:f � y) = f � � �
Y (1Y � k f )� (x � � y)

(3)
= f � 
 �

f (x � � y)

Z"h hvux|ek‚n}hgfgac|

(3)
^c|•{~\_hgacblp_b0s•b��‚\¹b


 f = (1Y � k f ) � � Y
�_beaip_b�h nÐƒ_^cZ]ƒˆZm{~fga~fjZ]d Q¹Ó R�Ó Rz•�Ó

�

j
�

T
� O/�

T
� � ��` �

D
�"���
	��

k
� �

I�D
���F� �*�

D
V�G=� 	K�

C
`

D��

rln}d¹{ÿs•biƒ„n}^on}km^on}ƒ_÷¹b��„Z]d�|ea~\¹p�fjbãhjb�sÕn]{ Z"h

M = K M
�

b•{~aøh n

K
Öva~÷¹|•Z]^~fjb�p_bãÒ#fghgd¹Z]^��D�‚\¹bãhvuxZ]d

s•Z]d¹{~fjp3�e^cb��‹\_d_f8p_bl{onÐ{~a~^~\¹sea~\_^cb‹píu n}d_d¹bÕn}\%sÕn}d¹Z]d_f��t\¹bmÓ

YŒn}^(p_|L/¹d_fga~fjZ]d9�„{cf

X
b•{~aÿ\_d%{cso÷¹|��ÄnD�

An (X ; K M
� ; n) = CH n (X )

ÜÝsL� Q¹ÓgÞmÓ 1#ƒˆZ]\_^9h n%d‚\3� |e^cZ]aon}a~fjZ]d p�\ � b��0`_^cb¾p_bQk‚n}\¹sc÷¹b.ß¸ÓŠY[Z]\_^Çƒ_hg\¹{Çp_b�seh n}^cbeac|��Š{~f

x
b•{ca‹h n

seh n]{c{cblpíu \_d%s ��sehjbqp¹n}d¹{

CH n(X )
�„Z]d¾d¹Z]acb

f xg
{cZ]d f(�Än}kzbqp¹n}d¹{

An (X ; K M
� ; n)

Ó

Y[Z]\_^ãseh�T]a~\_^cbe^ãs•blƒ„n}^on}km^on}ƒ_÷¹b0{~\_^ihvu fgd‚acbe^c{cb•sea~fjZ]d9�²Z]d%ymnÐs•Z��.� bed¹s•be^(ƒ„n}^(p_|�� Z]d‚a~^cbe^-�‚\¹blhjb

� Z]^~ƒ_÷_fj{!� bÿp_bË{~ƒ²|•sef n}hgfj{Án}a~fjZ]dÐs•Z]d¹{ca~^~\_fgaŠƒ„n}^[ÒTÓ]õiZm{~a[s•Z]þ d¹sefjp_b,n•yzb•s s•behg\_f_p_b)*�Óxà_\_hgacZ]d9�m{~\_fgymn}d‚a

\_d¹blfgd¹p�fjsÕn}a~fjZ]d#p_blÒTÓ_õiZm{cain}\%p_|e`_\_aip�\¾ƒ„n}^on}km^on}ƒ_÷¹bÄÞmÞ0p_b �xõiZm{�1.^	��s
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�
T

�
j
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°²±

�

´

X
³t· ÏeÀ���¿eÂÇÊ

�

µ•´

Z
³t· Ïe±]³tÏ

�

ÏeÀ��_¿¸Â Ê �Õµ¸Å¸Â ¿¬½‚µ

X
� �

º ±]ÅÁÏ

�

Î�±m³tÅ ºjµ

Â ±Õ½]³�ºgµ0½‚µlÀeÍzÀeºjµÁÏ

K M
� � J (X ; Z ) = � Z X �

± �

J (X ; Z )
½‚¿ÁÏ

�

�]·²µ�º Ê Ào±]·_Ï¸´ÝÅ¸³_À•´

�

±m·#½‚µ �

�

4ÿ±}Ïe´

	

À+�

½‚¿�%€·

�

´

�

±]·

�
�

Æ

� ,

�

�

µe´

� Z X
µ¸Ï¸´Šºjµ�Â ±]Å¶Î��

�

ÏÁÂÄµq½tµãÏvÎ¹¿~À

�

Ê]º

�

ÏeÊz´

�

±]·«½‚µ��

� �

³tº ´v±]·

	

À+� �

�

³tº �z¼

�

�

� �

Æ �

�

�iåíä¹îíð8ä siòËZ��.� bed¹á•Z]d¹{%ƒ„n}^¾^on}ƒ_ƒ²behjbe^ �t\¹b«hjb {cZ]\¹{ Ö¶{osc÷¹|��Än � be^!� |

CZ X
p_b

DZ X
b•{~a¾\_d
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h n p_be^~d_f��e^cbq|ek‚n}hgfgac|qƒ_^cZ.yzbed„n}d‚a�p�\¾hjb��.� blƒ_^c|•s•|•p_bed‚aÕÓ

�

�(dTyz|e^~f�/„b�bedD/¹dO�t\¹b s•bea~acb¾n]sea~fjZ]d�b•{~a9`_fjbedTs•Z��Çƒ„n}a~fg`_hjb n}\Oƒ_^cZ�p�\_fgaÇp_b s•Z��ÇƒˆZm{~fga~fjZ]d�p_b•{

s•Z]^~^cb•{cƒ²Z]d¹p¹n}d¹s•b•{6/¹d_fjb•{ s

�

� D G D ������� D[I j � O � e

°²±

�

µ¸·„´

X � Y
µe´

Z
½‚µÁÏ%ÏeÀ���¿eÂÇÊ]Ï«Ê]º �‚¿ÕÃ¸Å

� �

³_µ¸Ï º

�

ÏÁÏ•µÁÏ

� �

ºg±]ÅÁÏ

�

Î�±m³tÅ«´v±]³�´

� 2 c(X ; Y ) � � 2 c(Y; Z )
µe´

� 2 A0(Z ; M ) �

±]· ÊQÑ

� � � � � = (� � � ) � �

�(åíä¹îˆð8ä síY[n}^‹hgfgd¹|Õn}^~fgac|��ôZ]d
{cb9^on0�2�ed¹bÇacZ]\_a‹píu n}`²Z]^cp
n}\�sÕn]{0Z"h

X
�

Y
bea

Z
{cZ]dta0s•Z]d_d¹b¸ê�b•{.Ó

è�Z]fga

U
hjbq{~\_ƒ_ƒˆZ]^~a,p_b

�
bea

V
hjbq{c\_ƒ_ƒ²Z]^~a,p_b

�
Ó

�(d ƒˆZm{cb ~U = U � Y V
Óˆòãuxb•{~aã\_d«{cZ]\¹{ Ö¶{cso÷¹|��Än.� be^!� |‹p_b

X Y Z
���t\_f[b•{ca�/¹d_fŒ{~\_^"� b•sea~f��Ë{~\_^

X
Ó �(dQd¹Z]acb

W
{on0ƒ_^cZ0� b•sea~fjZ]d {~\_^

X Z
�D�t\_fˆb•{ca p_Z]d¹sã\_d¾{cZ]\¹{ Ö¶{osc÷¹|��Än�� be^!� |���/¹d_fˆ{c\_^"� b•sea~f��Œ{~\_^

X
Ó

�(d d¹Z]acb

i : U ! X Y
�

j : V ! YZ
bea

l : W ! X Z
��hjb•{,f(�.� be^c{~fjZ]d¹{i|ey�fjp_bed‚acb•{ÕÓ

Y[n}^qn}fghghjbe\_^c{��²Z]d«n]p_Z]ƒ_acb‹h n s•Z]d‚yzbed‚a~fjZ]d�p_b‹d¹Z]acbe^

p!
?

hjb•{�� Z]^~ƒ_÷_fj{�� b•{(ƒ_^cZ0�~b•sea~fjZ]d¹{ÇÜ ƒ_^c|•s•|•p_|

n}\ `ˆb•{cZ]fgd píu \_d¹bÐf(�.� be^c{~fjZ]d?� be^!� |•b.ßãpíu \_d�{cso÷¹|��Än

?
p¹n}d¹{l\_d�{cso÷¹|��Än

!
�‚\_fŠ{cZ]dtaqseh n}fg^c{lp¹n}d¹{

d¹Z]a~^cb0s•Z]d‚acb¸ê�acbmÓ

�(d¬d¹Z]acbQ{~f(�Çƒ_hjb�� bed‚a

f � g
h n#seh n]{c{cbÄp_b

�
p¹n}d¹{

A0(U; K M
� )

bea

f � g
h n#seh n]{c{cbÄp_b

�
p¹n}d¹{

A0(V ; K M
� )

Ó �(d%s•Z]d¹{cfjp3�e^cblƒ²Z]\_^id¹Z]a~^cblƒ_^cb��Çfjbe^isÕn}hjse\_hôhjbqsÕn}^~^c|0sÕn}^~ac|•{~fjbed,s

~U
i 1 //

pU
~U ��

� 1

UX V
1U � pX Y

X V��
U


 i //UX Y
�(d ƒ²be\_a(p3�•{ÿhjZ]^c{,sÕn}hjse\_hjbe^ihjb�ƒ_^cb��Çfjbe^6� b��0`_^cb0p_bqh n9^cbeh n}a~fjZ]d@
9ƒ_^cZ]\_yzbe^ s

� � � � (� ) = pX
U � 
 �

i

�
f � g � � (pY

X Y )� pY
V � 
 �

j

�
f � g � � (pZ

Y Z )� (� )
� �

= pX
U � 
 �

i

�
f � g � � pX Y

X V � (pV
X V )� 
 �

j

�
f � g � � (pZ

Y Z )� (� )
� �

= pX
U � 
 �

i (1U � k pX Y
X V )�

�
f � g � � (pV

X V )� 
 �
j

�
f � g � � (pZ

Y Z )� (� )
� �

(1)
= pX

U � pU
~U �

i �
1

�
f � g � � (pV

X V )� 
 �
j

�
f � g � � (pZ

Y Z )� (� )
� �

(2)
= pX

~U �
(p1 � k p2 � k p3)� �

f � g � � (f � g � � � )
�
:

�(d#p_Z]d_d¹blhjb•{A� \¹{~a~f�/„sÕn}a~fjZ]d¹{i{~\_fgymn}d‚acb•{iƒ²Z]\_^,s•b0sÕn}hjse\_h1s

Ü Þ.ß òËbea~acb |ek‚n}hgfgac|¾^c|•{c\_hgacb p�\O�vn}fga2�‚\¹b

i1
b•{~aÇ\_d¹b¾f(�.� be^c{~fjZ]d ^c|ekm\_hgf��e^cb
ÜÝsÕn}^ hvu fgd‚acbe^c{ob•sea~fjZ]d

p_b

U
bea

V
b•{~aqƒ_^cZ]ƒ_^cb.ßL�8bea0p�\��vn}fga$�t\¹b

i 1
bea


 i
Z]d‚a��2Z�� bÄs•Z�p�f(� bed¹{~fjZ]d
ƒ_\_^cb |ek‚n}hjbJ


dim(X ) + dim(Y) �

bed bL>ˆbea��¹s•beh n9f(�Çƒ_hgf��t\¹b��¹píu n}ƒ_^��•{ihjb�hjb��.� biQ¹Ó R�Ó ��Þ��

� �
1 = i �

1
�_beaÿfghíd¹b

^cb•{~acb�ƒ_hg\¹{��t\ôu 
 n}ƒ_ƒ_hgf��t\¹be^,hjbqs•Z]^cZ]hgh n}fg^cbiQ¹Ó R�Ó �.^�Ó

Ü Rzß �(d nÇƒ²Zm{c|0ƒ²Z]\_^(s•bea~acb‹|ek‚n}hgfgac|

p1 : ~U ! U
�

p2 : ~U ! V
bea

p3 : ~U ! Z
hjb•{(ƒ_^cZ0� b•sea~fjZ]d¹{

sÕn}d¹Z]d_f��t\¹b•{‹ÜÝZ]d¾^on}ƒ_ƒˆbehghjbC�‚\¹b ~U = U � Y V
ß¸Ó

æŠhghjbÇ^c|•{c\_hgacb p_bÐh n � Z]d¹seacZ]^~f n}hgfgac|Äp�\?� Z]^~ƒ_÷_fj{!� bÄƒ_\¹{~÷¹Z]\_aqƒ„n}^q\_d?� Z]^~ƒ_÷_fj{!� bÄƒ_^cZ]ƒ_^cb bea

p_b,h n��ÝZ]d¹seacZ]^~f n}hgfgac|ãp�\J� Z]^~ƒ_÷_fj{�� bãp_b-: ��{~fgdÄpíu \_d � Z]^~ƒ_÷_fj{!� bihjZ�sÕn}hjb�� bed‚a píu fgd‚acbe^c{ob•sea~fjZ]d

s•Z��Çƒ_h��eacbÄÜÝsL��Q¹Ó R�Ó Rz•mß¸Ó



� ��� � 
 ��� ��� � � ��
 � 	������ ��� � � ��� � �
	 ÞmÞ�1

ûýd‚ac|e^cb•{c{cZ]d¹{~Övd¹Z]\¹{�ƒ„n}^ln}fghghjbe\_^c{�
 hvu n}\_a~^cb8� b��0`_^cbmÓíóôb9{~\_ƒ_ƒˆZ]^~alp_b

� � �
b•{~aãƒ„n}^lp_|L/¹d_fga~fjZ]d

fgd¹sehg\¹{ip¹n}d¹{

W
Ó_r�b�ƒ_hg\¹{��

� � � = pX Z
X Y Z � (pX Y

X Y Z
�
�:p Y Z

X Y Z
�
� );

�(^��

pX Y
X Y Z

� �:p Y Z
X Y Z

� �
b•{~a�
9{~\_ƒ_ƒˆZ]^~a p¹n}d¹{ ~U

Ó �(d ƒˆbe\_a ƒ„n}^ÿn}fghghjbe\_^c{ sÕn}hjse\_hjbe^ÿh n‹seh n]{c{cb�p_bãs ��sehjb

s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d‚acbqkm^�K]s•b‹n}\%sÕn}^~^c|qsÕn}^~ac|•{~fjbed9�

~U
i 2 //

��
� 2

UZ X V

��
X Y Z

� X Y Z//(X Y Z )2:

æŠd¬bL>íbea��ôƒ_\_fj{��‚\¹bÇhvu fgdtacbe^c{cb•sea~fjZ]dMp_b

U
bea

V
b•{~aqƒ_^cZ]ƒ_^cb��

i 2
b•{~a0^c|ekm\_hgf��e^cb b•{~a‹p_bÇ`²Z]d_d¹b s•Ztp�f Ö

� bed¹{~fjZ]d

�

p_Z]d¹s

� �
2 = i �

2
�¹beaÿhvuxZ]d%Z]`_a~fjbedta

f pX Y
X Y Z

�
�:p Y Z

X Y Z
�
� g~U = i �

2

�
pU

UZ
�
f � g � pV

X V
�
f � g

�

km^�K]s•b$
9h nÐƒ_^cZ]ƒˆZm{~fga~fjZ]d Q¹Ó R�Ó Q.S�Ó

æŠdD/¹d9��ƒ„n}^(p_|L/¹d_fga~fjZ]d9�²s•bqdôuxb•{~aiƒ„n]{iacZ]\_a-
8� n}fga

pX Z
X Y Z �

�t\¹blhvuxZ]d s•Z]d¹{~fjp3�e^cb����Än}fj{(ƒ_hg\_a�T]aih n

ƒ_^cZ0� b•sea~fjZ]d p_b ~U
{~\_^,{cZ]d%f(�Än}kzbqp¹n}d¹{

X Z
��d¹Z]ac|•b

pW
T

�3�t\_fôb•{~aÿ\_dV� Z]^~ƒ_÷_fj{!� blƒ_^cZ]ƒ_^cbmÓ�éifgd¹{cf%�

f � � � gW = (p
~U
W )� i �

2

�
pU

UZ
�
f � g � pV

X V
�
f � g

�
:

�(d�ƒˆbe\_a0p_Z]d¹sF�vn}fg^cbÇhjb sÕn}hjse\_h p�\¬p_be\�ê�f���� bJ� b��0`_^cb��2bed
ƒ_^cbed„n}d‚a‹{oZ]fgd
píu fgd‚a~^cZ�p�\_fg^cbÄacZ]\_a

píu n}`²Z]^cp hjbqsÕn}^~^c|qsÕn}^~ac|•{~fjbed

~U
i 3 //

pW
~U ��

� 3

~UX Z
pW

~U
� 1X Z��

W

 l //W X Z:

éifgd¹{cf%�

(� � � ) � (� ) = pX
W � 
 �

l

�
(pW

~U )� i �
2

�
pU

UZ
�
f � g � pV

X V
�
f � g

�
� � (pZ

X Z )� (� )
� �

(1)
= pX

W � (pW
~U )� i �

3

�
i �
2

�
pU

UZ
�
f � g � pV

X V
�
f � g

�
� � (pZ

X Z )� (� )
� �

(2)
= pX

~U �
(p1 � k p2 � k p3)� �

(f � g � f � g) � � �
�
:

�(d%p_Z]d_d¹blhjb•{A� \¹{~a~f�/„sÕn}a~fjZ]d¹{({~\_fgy]n}dtacb•{,ƒˆZ]\_^,s•bqsÕn}hjse\_h1s

Ü Þ.ß�r�b9d¹Z]\_yzbÕn}\9�ôs•bea~acbÐ|ek‚n}hgfgac|Ð^c|•{~\_hgacbÇp_bNQ¹Ó R�Ó �.^¾n}ƒ_ƒ_hgf��‚\¹| n}\ sÕn}^~^c|

� 3
ÓˆæŠd bL>íbea��

i3
b•{caãhjb

km^on}ƒ_÷¹bËp�\$� Z]^~ƒ_÷_fj{!� b ~U ! X Z
�.bea8s•Z��.� b

X Z
b•{~aôhgfj{c{ob��.s•bea~acb€f(�.� be^c{cfjZ]d‹b•{~a8^c|ekm\_hgf��e^cbmÓ

YŒn}^Ðn}fghghjbe\_^c{G�

i3
bea


 l
Z]dta$�2Z�� bÄs•Z�p�f(� bed¹{~fjZ]d¬ƒ_\_^cbÄ|ek‚n}hjbJ


dim X + dim Z
Óôr�Z]d¹s��íhjb

hjb��.� bEQ¹Ó R�Ó ��Þlƒ²be^!� bea(p_bls•Z]d¹sehg\_^cb

� �
3 = i �

3
Ó

Ü Rzß òËbea~acb |ek‚n}hgfgac|Ë^c|•{~\_hgacb�
,d¹Z]\_yzbÕn}\Çp_bøh n5� Z]d¹seacZ]^~f n}hgfgac| p�\‹ƒ_\¹{~÷¹Z]\_a[ƒ_^cZ]ƒ_^cb bea[p�\8� Z]^~ƒ_÷_fj{!� b

p_b�: ��{~fgdôÓ

é(fgd¹{~f%�Šh n«^cbeh n}a~fjZ]dñn}a~acbed¹p�\¹b ^c|•{~\_hgacbX/¹d„n}hjb�� bedtaQp_b h n@�ÝZ]^!�‹\_hjb%píu n]{c{oZtsef n}a~fgy�fgac|
Ü ÞRQ¹Ó RzßÇp_b

�xõiZm{�1.^	�¶Ó

�

�(d#nÐp_Z]d¹sqZ]`_acbedt\ s



Þ�R.S ������� � 	���� � � 
 ��� ��� ��� � � ��� ��� ���

CED � D � ���$���3� j � O/� �

�

±]³�Å ´v±]³�´ÿÂ ±Õ½]³�ºgµÄ½‚µ ÀeÍzÀeºjµÁÏ

M
ÏÁ³�Å

k �

Î�±]³�Å ´v±]³�´(µ¸·„´

�

µ¸ÅiÎ�±}Ï

�

´

�

�

n �

º Ê#½‚¿

�

% ·

�

´

�

±]·

� �-, �

ÆTÂÐ³t·

�

´lºjµÇÎ�Å~¿+�eÊ

�

ÏeÀÁµ~Ê]³

An (:; M )
Ï¸³tÅ

L k
½<� ³t·²µ¾Ï¸´ÝÅ¸³_À•´Ý³tÅcµ«½‚µÇÎ�Åc¿��•Ê

�

Ï•Àoµ~Ê]³WÊ]É}µcÀ

´ÝÅ~Ê]·_Ï��•µeÅ¸´ Ï

�

ó2nÐƒ_^cZ]ƒˆZm{~fga~fjZ]d �t\_fô{~\_fgaÿƒ²be^!� bea,píuxb¸ê�ƒ_^~f(� be^iƒ_hg\¹{i{~f(�Çƒ_hjb�� bed‚ais•b•{,a~^on}d¹{ �Ýbe^~ac{ip¹n}d¹{,s•be^~aon}fgd

sÕn]{ s

�

� D G D ������� D[I j � O �

�

°²±

�

´

M
³t·¬Â ±Õ½]³�ºgµÄ½‚µ ÀeÍzÀeºjµÁÏ

� X
µe´

Y
½‚µÁÏ9ÏeÀ���¿eÂÇÊ]ÏÐÊ]º �‚¿ÕÃ¸Å

� �

³_µ¸Ï º

�

ÏoÏÕµÁÏ

�

µ•´

� 2 c(X ; Y )
³�·²µ9Àc±]Å¸Å~µ¸ÏvÎ�±]·²½zÊ]·�Àoµ0%€·

�

µ

�

�

·�ÏÁ³.ÎzÎ�±}ÏÕµ

�

³¹µ

�
µÁÏ¸´

�

·„´ � �]Åcµ

�

À�� µÁÏ¸´

�

�

�

½

�

Åcµ

�

³_µ

�
µÁÏe´ º Ê%Àeº Ê]ÏoÏ•µÄ½<� ³t·«Ï•±]³‚Ï

�

Ï•À���¿¸Â Ê#�Õµ¸Å¸ÂÄ¿

�

·„´ � �mÅ~µ

Z
½‚µ

X Y
� �

·%Ï¸³ÕÎ‚Î�±}Ï•µÐ½tµ Î²º ³tÏ

�

³¹µ

Z
µÁÏ¸´øº

�

ÏoÏÕµ�Ï¸³tÅ

k
�

?

±]·_Ï

�

½‚¿¸Å~±]·_ÏlºjµÁÏqÂ ±]Å¶Î��

�

ÏÁÂÄµÁÏ�ÏÁ³

�

É}Ê]·„´ Ï‹Ñ

Z
p

��

i //X Y
q //Y

X
± �

p
µÁÏ¸´ %€·

�

¿

�

³

�

½

�

ÂÄµ¸·_Ï

�

±]·¹·ˆµ¸º

� i
µÁÏ¸´øº
�

�

ÂÐÂ µeÅoÏ

�

±]·(�Õµ¸ÅÁÂÄ¿cµ ÀcÊ]·�±]·

���

³¹µ

�

µe´

q
µÁÏ¸´Ëºjµ‹Â ±]ÅvÎ �

�

Ï¸ÂÄµ

½tµ Î²Å ± ÌÕµ~À•´

�

±]·

�

�

º ±]ÅÁÏ

�

Î_±]³tÅ9´v±]³�´

� 2 An (Y ; M ) �

� � (� ) = p� i � q� (� )

± �

i � ½t¿ÁÏ

�

�]·²µ0ºjµqÂ ±]Å¶Î��

�

ÏÁÂÄµ‹½‚µ

�

Í}Ï

�

· Ê}ÏÁÏe±ÕÀ

�

¿(�

i
�

�(åíä¹îˆð8ä,s �(d d¹Z]acb


 i
hjb�km^on}ƒ_÷¹b‹p_b�hvu f(�.� be^c{~fjZ]d

i
Ó_rÐu n}ƒ_^��•{ih nÇp_|L/¹d_fga~fjZ]d%Z]d%Z]`_a~fjbedta

� � (� ) = p� 
 �
i (f Z g � � (pY

X Y )� � ):

�(^��¬ƒ„n}^•p_|L/¹d_fga~fjZ]d9�Oh n�seh n]{c{cb

f Z g � � (pY
X Y )� �

p¹n}d¹{

A � (Z X Y ; M )
b•{~a�|ek‚n}hjb 


(pX Y
Z X Y )� (pY

X Y )� (� )
Ó

r+�•{‹hjZ]^c{��2ƒ_\_fj{��‚\¹b

pX Y
Z X Y � 
 i = i

�8bea8�t\¹b

i
b•{~a0\_d¹bÄf(�.� be^c{~fjZ]dO^c|ekm\_hgf��e^cbÄƒ_\_fj{��t\¹b

Z
b•{~a

hgfj{o{cb��_Z]d ƒˆbe\_a,s•Z]d¹sehg\_^cbqkm^�K]s•b0n}\ hjb��.� b Q¹Ó R�ÓgÞ�Q�Ó

�

�

WX�
�,GK���
j

� O/� n

Ó MTé(fgd¹{~f%�€p¹n}d¹{ hjb sÕn]{ÄZ"h

M = K M
�

�Šh n�p_|L/¹d_fga~fjZ]dYQ¹Ó ��Ó R��‹\_d_fgaÄhjb km^cZ]\_ƒˆb

An (:; K M
� )

píu \_d¹bã{~a~^~\¹sea~\_^cbãp_b,ƒ_^c|L�vn}fj{cs•bÕn}\Qkm^on]p�\¹|(n•yzb•s(a~^on}d¹{ � be^~ac{ÕÓ�r+�•{ hjZ]^c{��‚Z]dQbed p_|•p�\_fgaË\_d

{ca~^~\¹sea~\_^cb0p_b�ƒ_^c|L�vn}fj{cs•bÕn}\#n•yzb•s0a~^on}d¹{ � be^~ac{,{~\_^

An (:; K M
� ; n) = CH n(:):

è�Z]fjbed‚a

X
�

Y
p_b•{ {csc÷¹|��Än]{ÿn}hgkz|e`_^~f��t\¹b•{ hgfj{c{cb•{��tbea

Z
\_d�{cZ]\¹{ Ö¶{cso÷¹|��Än$�Ýbe^!� |(fgd‚a��ekm^cb�p_b

X Y
�

/¹d_fô| �t\_fjp�f(� bed¹{~fjZ]d_d¹beh2{c\_^

X
Ó �(d¾d¹Z]acb

q : Z ! X
h n‹ƒ_^cZ0� b•sea~fjZ]d#p_b

Z
{~\_^

X
�_bea

i : Z ! X Y
hvu f(�.� be^c{cfjZ]dV� be^!� |•bqsÕn}d¹Z]d_f��‚\¹bmÓ

éihjZ]^c{��5hjb)� Z]^~ƒ_÷_fj{!� b p_|L/¹d_fga[ƒ„n}^

Z
y�\‹s•Z��.� b s•Z]^~^cb•{~ƒˆZ]d¹p¹n}d¹s•b</¹d_fjbøb•{ca[|ek‚n}h3
,h n(s•Z��ÇƒˆZm{c|•b

CH n(Y )
(pY

X Y ) �

� � � � ! CH n (X Y ) i �

�! CH n (Z )
q�� ! CH n(X )

Z"h�hjbI� Z]^~ƒ_÷_fj{!� b

i � b•{~aThjbI� Z]^~ƒ_÷_fj{!� b p_b : ��{~fgd�n]{o{cZtsefj| 
Whvu f(�.� be^c{cfjZ]d�^c|ekm\_hgf��e^cb

i
bea

p_|L/¹d_fga9p¹n}d¹{ �xà_\_h 1.P �¶Ó[òËbeh 
�^c|•{~\_hgacbÇbed
bL>íbeaqp_bÇh nQƒ_^cZ]ƒˆZm{~fga~fjZ]d
ƒ_^c|•s•|•p_bedtacb��2bea0p_btQ¹Ó R�Ó Q 1�ƒˆZ]\_^

hvu fjp_bedta~f�/„sÕn}a~fjZ]d p�\ � Z]^~ƒ_÷_fj{!� b

i � Ó
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 ��� ��� � � ��
 � 	������ ��� � � ��� � �
	 Þ�R�Þ

� 
�� 
�� � � �$7)- �*68# � 0=��:

�(dñbed p_|•p�\_fga&/¹d„n}hjb�� bed‚a¾hjb a~÷¹|•Z]^���� b«{~\_fgymn}d‚a �‚\_f(fgd¹{~ƒ_fg^cb#hjb%p_|e`_\_a�p_b#s•bea~acb#a~÷��•{cb%bea

s•Z]d¹{~a~fga~\¹bã\_d h n}^~kzb(^c|•{cbe^~yzZ]fg^ÿpíuxb¸ê_b��Çƒ_hjb•{Ëp_b�� Z�p�\_hjb•{ø÷¹Z�� Z]acZ]ƒ_f��t\¹b•{ÕÓ��(d�{cZ]\_hgfgkmd¹b-�‚\¹b

k
dôuxb•{~a

ƒ„n]{,{~\_ƒ_ƒˆZm{c|�ƒ„n}^ �vn}fgaEs

�E` � D ���@��� j � O � f

°²±

�

´

M
³�·«Â ±Õ½]³�ºgµ9½‚µ9ÀeÍzÀeºjµÁÏlÏÁ³�Å

k
�

�

ºg±]ÅoÏ ºjµ8Î�Åc¿��•Ê

�

Ï•Àoµ~Ê]³ �]Å~Êz½]³¹¿

A0(:; M )
µÁÏe´2ÀcÊ]·²±]·

� �

³_µeÂ µe·„´ôÂÐ³�·

�

½<� ³�·²µ Ï¸´ÝÅ¸³�À•´Ý³�Åcµ(½tµ Â ±Õ½]³�ºgµ

��±]Â ±m´v±ÁÎ

���

³¹µ

	

ÊmÉ}µ~ÀÐ´ÝÅ~Ê]·_Ï��Õµ¸Åe´ Ï �ÐÏÁ³�Å

k
�

�

·«±tÃe´

�

µe·„´íÎ²º ³tÏ Î�Åc¿~À

�

Ï•¿¸ÂÄµ¸·„´Ë³�· �•±]·�ÀÕ´¶µ¸³tÅ

M Cyclk ! HM tr
k

M 7! A0(:; M ):

�iåíä¹îíð8ä'sørÐu n}ƒ_^��•{�s•b@�‚\_fãƒ_^c|•s �•p_b��

A0(:; M )
b•{~aQ\_d ƒ_^c|L�vn}fj{cs•bÕn}\­n•yzb•s a~^on}d¹{ � be^~ac{Q{~\_^

L k
Ó

YŠ^c|•sefj{cZ]d¹{Ëƒ„n}^,n}fghghjbe\_^c{��‚\¹bãpíu n}ƒ_^��•{Ëhjb(s•Z]^cZ]hgh n}fg^cbãƒ_^c|•s•|•p_bed‚a���ƒˆZ]\_^ acZ]\_a�� Z]^~ƒ_÷_fj{!� b

f : X ! Y
p_b {csc÷¹|��Än]{Šp¹n}d¹{

L k
�}ƒˆZ]\_^8acZ]\_a

� 2 A0(Y ; M )
�

[� f ]� (� ) = f � (� )
�]Z"h

f � b•{~a[hjbY� Z]^~ƒ_÷_fj{!� bÿp_b

: ��{~fgd p�\ � Z]^~ƒ_÷_fj{!� bqhjZ�sÕn}hjb�� bed‚aãpíu fgd‚acbe^c{cb•sea~fjZ]d s•Z��Çƒ_h��eacb

f
p_|L/¹d_f2bed Q¹Ó R�Ó R ��Ó¹ó2b�� Z]^~ƒ_÷_fj{!� b

f � s•Z]þ d¹sefjp_b0p_b�ƒ_hg\¹{inÕyzb•sqhjb-� Z]^~ƒ_÷_fj{!� b

f � s•Z]d¹{ca~^~\_fga,ƒ„n}^iõiZm{calÜ �xõ(Zm{�1.^	� � �.Þ�Rzß¸Ó

�(^��

A0(:; M )
b•{~alp_bÐƒ_hg\¹{�\_d � n}fj{os•bÕn}\�çifj{~d¹bey�fjsc÷ôÓ �(d�s•Z��.� bed¹s•b ƒ„n}^�� Z]d‚a~^cbe^qƒˆZ]\_^qs•beh n

�‚\¹b

C� (:; M )
b•{~aŠ\_dJ� n}fj{cs•bÕn}\ çifj{~d¹bey�fjsc÷9�‚bed \_a~fghgfj{on}d‚aËh nlsÕn}^on]seac|e^~fj{on}a~fjZ]dQp�\ s•Z]^cZ]hgh n}fg^cb+R�ÓgÞmÓgÞmÞ.ß

�

s•Z]d¹{~fjp_|e^cZ]d¹{ip_Z]d¹sq\_d%sÕn}^~^c|qp�fj{~a~fgd_km\¹|q|ehj|�� bedtaon}fg^cb‹p_bl{osc÷¹|��Än]{(n}hgkz|e`_^~f��t\¹b•{,hgfj{o{cb•{

UV
j //

��
V

p��
U

i //X
bea,ƒˆZm{cZ]d¹{

Z = (X � U)r ed
Ó

�(d p_Z]fga	� Z]d‚a~^cbe^)�‚\¹b��}ƒˆZ]\_^ŠacZ]\_a€bed‚a~fjbe^Šd„n}a~\_^cbeh

n
�}hvu f(�Än}kzbÿp_b s•bÿsÕn}^~^c| ƒ„n}^

C� (:; M )
b•{~aŒ\_d

sÕn}^~^c|Ðs•ZtsÕn}^~ac|•{~fjbedôÓ �(^��²ƒ„n}^ãp_|L/¹d_fga~fjZ]d9�

Cn (X ; M ) = Cn (U; M ) � Cn (Z ; M )
bea

Cn (V ; M ) =
Cn (UV ; M ) � Cn (ZV ; M )

ÓzYŒn}^Ën}fghghjbe\_^c{G�mhjb5� Z]^~ƒ_÷_fj{!� bÿƒ_\_hghg`„n]s� 

Cn (ZV ; M ) ! Cn (Z ; M )
b•{~a

\_d fj{cZ�� Z]^~ƒ_÷_fj{!� bmÓ �(d%bed p_|•p�\_fga(p_Z]d¹slh n9ƒ_^cZ]ƒ_^~fj|eac|9n}a~acbed¹p�\¹bmÓ

é(fgd¹{~f%�

C � (:; M )
b•{~a \_d2� n}fj{cs•bÕn}\Qçifj{cd¹beytfjso÷ôÓ�òËZ��.� b

A0(:; M )
b•{~aøhjbÿd¹Z��‚n}\�p�\J� Z]^~ƒ_÷_fj{�� b

C0(:; M ) ! C1(:; M )
��Z]d bed%p_|•p�\_fga6�t\¹b

A0(:; M )
b•{~ain}\¹{o{~fí\_d �vn}fj{cs•bÕn}\%ç(fj{~d¹beytfjso÷ôÓ

r�Z]d¹s

A0(:; M )
b•{~aøp_Z]d¹s,\_d2�vn}fj{cs•bÕn}\ ÷¹Z�� Z]acZ]ƒ_f��t\¹bã{~\_^

k
�‚sÕn}^øpíu n}ƒ_^��•{ h n�ƒ_^cZ]ƒˆZm{~fga~fjZ]d Ü P�Ó ^zß

p_b �xõiZm{�1.^	� �ˆfgh€b•{caqp_bÇƒ_hg\¹{lfgd‚ymn}^~f n}d‚a‹ƒ„n}^l÷¹Z�� Z]acZ]ƒ_fjbmÓ[òËb8�vn}fj{cs•bÕn}\�b•{~aqp_bÐƒ_hg\¹{0d„n}a~\_^cbehghjb�� bed‚a

km^on]p�\¹|mÓ

è�Z]fga

X
\_dQ{osc÷¹|��ÄnÐp¹n}d¹{

L k
Ó¹òËZ]d¹{~fjp_|e^cZ]d¹{ h n‹{~\_fgacb�b¸ê¹n]seacb(hjZ]d_km\¹b�p_b(hjZtsÕn}hgfj{Án}a~fjZ]d%n]{c{cZ�sefj|•b


9hvu f(�.� be^c{~fjZ]d#Z]\_yzbe^~acb

j : Gm � k X ! A1
X

s

0 ! A0(A1
X ; M ; n)

j �

� ! A0(Gm � k X ; M ; n) @�! A0(X ; M ; n � 1)

! A1(A1
X ; M ; n � 1) ! :::

Z"h hjb+� Z]^~ƒ_÷_fj{!� b

@
b•{~aËhjb+� Z]^~ƒ_÷_fj{!� bã`²Z]^cp�n]{c{cZ�sefj|-
qh n‹p_|•s•Z��Çƒ²Zm{cfga~fjZ]d

A1
X = Gm � k X t X

Ó

rÐu n}ƒ_^��•{lhjbÐs•Z]^cZ]hgh n}fg^cb ��Ó Q¹Ó Q��

A0(:; M ; n) � 1(X )
b•{ca�|ek‚n}h n}\ s•Z]d¹Z �‚n}\
p_b

j � Ó �(d�bed p_|•p�\_fga

p_Z]d¹sl\_dV� Z]^~ƒ_÷_fj{!� b0sÕn}d¹Z]d_f��‚\¹b

� 0
n : A0(:; M ; n) � 1(X ) ! A0(X ; M ; n � 1):



Þ�R�R ������� � 	���� � � 
 ��� ��� ��� � � ��� ��� ���

�(^��
píu n}ƒ_^��•{�h n¥ƒ_^cZ]ƒ²Zm{~fga~fjZ]d P�Ó ^¥p_b �xõiZm{ 1.^	� �«hjb � Z]^~ƒ_÷_fj{!� b

A0(X ; M ; n � 1) !
A1(A1

X ; M ; n � 1)
b•{~aË\_dÄfj{cZ�� Z]^~ƒ_÷_fj{�� bmÓ�é(fgd¹{~f%�‚hjb6� Z]^~ƒ_÷_fj{!� b

� 0
n

b•{~aø\_d fj{oZ�� Z]^~ƒ_÷_fj{!� b���beaøZ]d

ƒˆZm{cblp_Z]d¹s

� n = (� 0
n )� 1 Ó

�(^‹hjb&� Z]^~ƒ_÷_fj{!� b

j � b•{~a‹d„n}a~\_^cbeh ƒ„n}^9^on}ƒ_ƒ²Z]^~aÇn}\�ê
a~^on}d¹{ � be^~ac{9{~\_^

A0(:; M )
�Œbea‹fgh bedTb•{ca

p_b$�2Z�� b0p�\V� Z]^~ƒ_÷_fj{�� b

@
Ó¹éifgd¹{cf%�_hjbC� Z]^~ƒ_÷_fj{!� b

� n
b•{~a,\_d%fj{cZ�� Z]^~ƒ_÷_fj{!� b9p_b-� n}fj{os•bÕn}\�ê nÕyzb•s

a~^on}d¹{!�Ýbe^~ac{��5s•b)�t\_f4�‹\_d_fga[hjb�� n}fj{os•bÕn}\0km^on]p�\¹|

A0(:; M )
píu \_d¹b {~a~^~\¹sea~\_^cbËp_b�� Z�p�\_hjbø÷¹Z�� Z]acZ]ƒ_f��‚\¹b

sÕn}d¹Z]d_f��t\¹bmÓ

ó2n�p_be^~d_f��e^cb%n]{o{cbe^~a~fjZ]d�^c|•{~\_hgacb p_b h n s•Z��Çƒ„n}a~fg`_fghgfgac|#p_b•{ o5`„n]{~fjs �Än}ƒ¹{rqOp_b%õiZm{~aÄnÕyzb•s hjb•{

� Z]^~ƒ_÷_fj{�� b•{(p_b-� Z�p�\_hjb•{ip_bls ��sehjb•{ÕÓ

�

>

�
�,����aXV�� j � O � B �

Ó M�çãZ]acZ]d¹{

M
hjbC� n}fj{cs•bÕn}\#çifj{~d¹bey�fjsc÷ {~\_^

L k
�t\_f8s•Z]þ d¹sefjp_bÐn•yzb•s

A0(:; M )
Ó

�(d n.� Z]dta~^c|Ðp¹n}d¹{(s•bea~acb9p_|�� Z]d¹{~a~^on}a~fjZ]d?�‚\¹b

C � (:; M )
b•{~ai\_d�� n}fj{os•bÕn}\#ç(fj{~d¹beytfjso÷@�t\_f2yz|e^~f�/„b

h n s•Z]d¹p�fga~fjZ]d#p_bl×Ë^cZ��ÿd�ÖU:�be^c{cacbedôÓ²òËZ��.� b0smuxb•{caÿ\_d¹bl^c|•{cZ]hg\_a~fjZ]d%p_b

M
��fgh2bed¾^c|•{~\_hgacb$�‚\¹b

Hi
Nis (X ; M ) = A i (X ; M ):

r-�•{ÇhjZ]^c{G�Špíu n}ƒ_^��•{ h n ƒ_^cZ]ƒˆZm{~fga~fjZ]d P�Ó ^ p_b �xõiZm{ 1.^	�ip_|�� Z]d‚a~^c| ƒ„n}^ ÒTÓŠõiZm{ca��8hjb �vn}fj{cs•bÕn}\

M
n

\_d¹b‹s•Z]÷¹Z�� Z]hjZ]kmfjb0fgdty]n}^~f n}dtacb0ƒ„n}^i÷¹Z�� Z]acZ]ƒ_fjbQÜ ƒ_^cZ]ƒ_^~fj|eac|8�‚\¹b�hvuxZ]d«n}ƒ_ƒ²behghjbe^onJZea~^cbpo}{~a~^~fjseacb�� bedta

fgdty]n}^~f n}dtaiƒ„n}^ÿ÷¹Z�� Z]acZ]ƒ_fjb�q_ß¸Ó �(d d¹Z]acbe^onF�‚\¹b�hvu ÷��tƒˆZ]a~÷��•{cbpo

k
b•{~aÿƒ„n}^ �vn}fgarq dôuxb•{~aÿƒ„n]{ÿd¹|•s•b•{o{on}fg^cb

ƒˆZ]\_^iZ]`_acbed_fg^is•bq^c|•{~\_hgaon}aÕÓ
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F (X s) ! F (X x )
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� 2 F (L ) = F (Yy)
³
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(f t ; gt ) : (Yt ; Tt ) ! (X s; Zs)
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³<Ž-x�x�Ž-zc••…}••‘!‡/‹‚•{‘(•{xBz

� ` ev � 2 F̂ (E)

‹‚• †{|/‡€§ª‡/ˆcŽE~€|/••zs›œ~/yšŸ�x/••z}•‚Ž-xF"€“#"€“•¦8¡°‡kŽ-|/ˆi‹ª£•„4‡/‡/‹••‚†#„4z}•‚Ž-x+~G£ y{®-„4‹•|<„4z}•‚Ž-xÒ†#„4x�Ž-x/•‚•B|�•

Sp
t 
 H tr F� p !

F
³/Ž<;L‹ª£ Ž-x´„s•‚~/•{xEz}• Ÿ<y

F� p
•{z

Hom (Sp
t ; F )

“

¢u„4‡/‡k•{‹‚Ž-x�…Ý•B|�•Ò~G£•„4‡/ˆc•p…Ý‹Œ„�‡/ˆcŽ-‡IŽ@…c••z}•‚Ž-xf”€“ ’�“•¦#¥€³ïŽ-x·‡I•{|/z�~/Ž-x�†Ò†pŽ-x�…}•‚~/y{ˆc•{ˆ�‹Œ„ñ‡/ˆcŽ4©a•p†{z}•‚Ž-x

†#„4x�Ž-x/•‚•B|�•

� : h0L[Gn
m ] ! Sn

t
•B|/•G••x�~€|/••zu•{xL‡<„4ˆ}z}•‚†{|/‹••‚•{ˆt|/xL‘(Ž-x�Ž-‘(Ž-ˆ}‡/Š/•‚…c‘(••~/•T«ª„4•‚…c†p•#„4|€™ÝŠ�Ž-‘(Ž-zcŽ-‡/•‚•B|�•p…

F� n ' HomN tr
k

(Sn
t ; F ) ! HomN tr

k
(h0(Gn

m ) ; F ) ' F (Gn
m � k :) ;

x�Ž-zcyƒ…}••‘!‡/‹‚•{‘(•{xEz

� � “
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Á
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×
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 x : (E )
� ( E )
� � � ! (E ) � k (E)

x� k 1( E )
� � � � � ! Gn

m � k (E):
Úi»

¾HÍ

½ª»

¾

½

� 2 F� n (E) Û

»

¿

×

f x1; :::; xn g ` ev � = 
 �
x (� � � ) 2 F (E)

»

�

� : h0(Gn
m ) ! Sn

t ÃNÖ

½

Â
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»
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Å

Ä

¼

ÖNÀáÃ_Ì

×
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»
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×NÅ*Å
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É

Ì
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µ%8Q‹O…#£•„4‰@••z�•p…c…c•{xEz}•‚•{‹•‹‚•{‘(•{xBzT~/•ƒ†pŽ-‘!‡/ˆc•{x�~€ˆc•ƒ‹‚•p…�~€• =Gy{ˆc•{xBzc•p…u~/yšŸ�x/••z}•‚Ž-x�…u•{x]©}•{|O“

wuxL‡I•{|/ztzcŽ-|/z�~G£•„4¨IŽ-ˆc~L…c|/‡/‡IŽ@…c•{ˆ

E = k
‡<„4ˆt†cŠ<„4x/‰*•{‘(•{xEz˜~/•ƒ¨<„-…c•@“

$t‹‚Ž-ˆc…#³

�
†pŽ-ˆ}ˆc•p…}‡kŽ-x�~(¤u|/x]‘(Ž-ˆ}‡/Š/•‚…}‘(•

L[k] ! F� n
“<:1„4ˆà„-~4©}Ž-x�†{z}•‚Ž-xO³@†p•ï~/•{ˆ}x/•‚•{ˆ�‘(Ž-ˆ}‡/Š/•‚…}‘(•

†pŽ-ˆ}ˆc•p…c‡IŽ-x�~+¤

� 0 : L[k] 
 tr Sn
t ! F

“

—

£ y{‹‚y{‘(•{xBz

f x1; :::; xn g
•p…}zi‡<„4ˆu~/yšŸ�x/••z}•‚Ž-x+‹Œ„]†pŽ-‘!‡kŽ@…cyp•

L[k]
(x1 ;:::;x n )
� � � � � � ! L[Gn

m ]
�
�! Sn

t :
­˜Ž-zV„4xBz�•{x�†pŽ-ˆc•

ev : Sn
t 
 tr F� n ! F

‹ª£•„4‡/‡/‹••‚†#„4z}•‚Ž-xL~G£ y{®@„4‹•|<„4z}•‚Ž-x�ˆc•{‹Œ„4z}••®*•ƒ¤

Sn
t

³HŽ-xL„•~/Ž-x�†˜‡<„4ˆ

~/yšŸ�x/••z}•‚Ž-x

f x1; :::; xn g ` ev � = ev � (( � � x) 
 tr � ) � � X

= ev �
�
1Sn

t

 tr �

�
�

�
(� � x) 
 tr 1k

�
� � X :

wuˆ#³�‡<„4ˆt~/yšŸ�x/••z}•‚Ž-xO³

ev �
�
1Sn

t

 tr �

�
= � 0³�~/Ž-x�†

f x1; :::; xn g ` ev � = � 0� (� 
 tr 1k ) � (x 
 tr 1k ) � � X :
—

„!~/•{ˆ}x/•‚•{ˆc•_„4‡/‡/‹••‚†#„4z}•‚Ž-xÒ•p…}zi¨/•‚•{xL••x�~€|/••zc• ‡<„4ˆ�‹ª£•„4‡/‡/‹••‚†#„4z}•‚Ž-x


 x = (x � k 1k ) � � k
“

L

x€Ÿ�xO³€†pŽ-x€«œŽ-x�~€ˆc•

�
„p®*•p†T…cŽ-xá••‘á„4‰*•T~�„4x�…

F (Gn
m )

ˆc•{®H•‚•{xBzi¤•†pŽ-x€«¬Ž-x�~€ˆc•

� 0 •{z

� 0� (� 
 tr 1k )
“
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�
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(F� ; � )
•E|�• x�Ž-|�…t„p®*Ž-x�…�Ÿ/™€y ~�„4x�…u†p• †cŠ<„4‡/••z}ˆc•Dµ
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x = (x1; :::; xn )
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Á
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x : (E) ! Gn
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¿/Ö
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Ø
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¼¬ÁBÉ

ÍcÃšÍ_Â•ÃNÖ

½

Í

»-¼

ÖƒÀ
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 x : (E )
� ( E )
� � � ! (E ) � k (E)

x� k 1( E )
� � � � � ! Gn

m � k (E):
-
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Í

Å
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ÖNÀáÃ

� : h0(Gn
m ) ! Sn
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� m;n : Fm ! (Fm+ n )� n :
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Â

»

ÍNÖ
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¾EÍ
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¾

½

� 2 Fm (E) Û f x1; :::; xn g:�
Ö#ÃiÌ

×

Â•Ì{¾HÂ•ÃuÌ

»

À]ÀáÃ°Â
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À

×
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Ã

�
Å€×
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À
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ÃƒÀ
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¼
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½
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Fm (E)
� m;n
�� �! (Fm+ n )� n (E) ' Hom (Sn

t ; Fm+ n ) (E)
� �

� ! Hom (h0(Gn
m ) ; Fm+ n ) (E) ' Fm+ n (Gn

m � k E)

 �

x� ! Fm+ n (E):
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‹ª£•„-†{z}•‚Ž-xÑ~/•]‹Œ„ �˜§ªz}Š�ypŽ-ˆ}•‚•(~/•

�

••‹•x�Ž-ˆ#“

,

£•„4‡/ˆc•p…T‹ª£ y{z}|�~/•!~/•]‹Œ„ã…cŽ-|�…a§>…cŽ-|�…}§>…c•p†{z}•‚Ž-x ‡/ˆcyp†pyp~/•{xBzc•@³OŽ-x

…c•!ˆcyp~€|/••z_¤Ly{z}|�~€•‚•{ˆ•‹‚•(†#„-…_~/•!‹ª£•„4‡/‡/‹••‚†#„4z}•‚Ž-x�~G£ y{®@„4‹•|<„4z}•‚Ž-x�‡kŽ-|/ˆƒ|/x «ª„4•‚…c†p•#„4|ÑŠ�Ž-‘(Ž-zcŽ-‡/•‚•E|�•@³&•{z
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F
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Ö{ÌVÃ

×
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¼
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Ê
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¿/Ö
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v
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À
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E=k
Á

ÃáÌ

»

Í

Å

Ö]Í

É

Ö

¼œÁ

¾/ÃšÂ

� (v)
Ç

È

¿ ÖN¾
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Ö#Ã

Æ

¾/Ã

v(' (L � )) = 0
Ç

� �

Ö]Â

»

ÍVÖ
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¼
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Á
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¼:½
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¼¬Æ
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À
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�' : L ! � (v)
Ç
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Ê

¿

�
¾E¿IÃ_¾H¿

¼

Ë

»

ÍNÀ

¼

Ö

×

¿

½

Ã

Á

Ã

v
Á*×

¿/Ö

E �
Ç

�

Â

»

ÍVÖ

Û

Å€»

¾HÍ

½ª»
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½

� 2 F� 1(E)

@F
v

�
f � g ` ev ' � (� )

�
= �' � (� ) 2 F� 1(E):

/
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µï¯°Ž-x�…}•‚~/y{ˆcŽ-x�…ãzcŽ-|/zã~G£•„4¨IŽ-ˆc~

(Y; y)
|/x;‘(ŽH~/•{‹‚•Ò~/•

L=k
³å•{z

(X ; s)
|/x ‘(ŽE~/•{‹‚•Ò~/•

(E ; v)=k
³/~/Ž-xBziŽ-xãx�Ž-zc•

x
‹‚•u‡IŽ-••xEzï‰*y{x�y{ˆ}•‚•B|�•@“/wuxÝx�Ž-zc•u•{x�†pŽ-ˆc•

Z
‹ª£•„-~€Š�y{ˆc•{x�†p•T~€|D‡kŽ-••xBz

s
~�„4x�…

X
³

j : X x ! X s
‹‚• ‘(Ž-ˆ}‡/Š/•‚…}‘(• x<„4z}|/ˆc•{‹ª³%•{z

i : Zs ! X s
‹‚•T‘(Ž-ˆ}‡/Š/•‚…}‘(••~G£ ••‘!‘(•{ˆc…}•‚Ž-xL«œ•{ˆ}‘(yp•@“

—

•_‘(Ž-ˆ}‡/Š/•‚…}‘(•

'
†pŽ-ˆ}ˆc•p…}‡IŽ-x�~
¤]|/xÒ|/x/•‚•B|�••‘(Ž-ˆ}‡/Š/•‚…}‘(•

f : X x ! Yy
•E|/•�…c••‡/ˆcŽ-‹‚Ž-x/‰*••‡<„4ˆ

ŠBžH‡IŽ-z}Š�•p…V•ƒ•{xL|/x�‘(Ž-ˆ}‡/Š/•‚…}‘(• ~f : X s ! Yy
“

—

£ y{‹‚y{‘(•{xEz

� 2 E � †pŽ-ˆ}ˆc•p…c‡IŽ-x�~Ò¤]|/x+|/x/•‚•E|�• ‘(Ž-ˆ}‡/Š/•‚…}‘(•

� : X x ! Gm
“Iwux+®@„!„4‡/‡/‹••‚•B|�•{ˆ

‹‚•°‹‚•{‘!‘(•
"€“#"€“•¥ "˜‡IŽ-|/ˆ�†#„4‹‚†{|/‹‚•{ˆ

f � g ` ev ' � (� )
³@•{zJŽ-x]x�Ž-zc•i~/Ž-x�†


 � = (� � k 1X x ) � � X x

†pŽ-‘!‘(•

~�„4x�…ï†p•u‹‚•{‘!‘(•@“

—

£ y{‰B„4‹•••zcyƒ¤_~/y{‘(Ž-xBz}ˆc•{ˆi‡kŽ-|/ˆïzcŽ-|/z

�
•p…}zi„4‹‚Ž-ˆc…iyp•E|/••®-„4‹‚•{xEzc•T¤_‹Œ„_†pŽ-‘!‘•|/zV„4z}••®H••zcy
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F� 1(X x ) �• //F (Gm � k X x )

 �

� //F (X x )

@F
X ;s

��

F� 1(Yy)

f � 77oooooo

~f � ''OOO
OOO

F� 1(X s) i �
//F� 1(Zs):

:[„4ˆ „4••‹•‹‚•{|/ˆc…8³

�
†pŽ-ˆ}ˆc•p…c‡IŽ-x�~
¤(|/x�•_z}ˆ}••®H•Œ„4‹••‚…V„4z}•‚Ž-xÒ~€|´Ÿ�¨/ˆcy_x�Ž-ˆ}‘á„4‹ª³

� : NZs X s ! A1
Zs

“Iwux

…c•T…c•{ˆ}zi~/•T†p•{z}zc•uz}ˆ}••®H•Œ„4‹••‚…V„4z}•‚Ž-x�‡kŽ-|/ˆi†#„4‹‚†{|/‹‚•{ˆi‹‚•uˆcyp…c•‚~€|O³/~G£•„4‡/ˆc•p…ï‹Œ„_~/yšŸ�x/••z}•‚Ž-x "€“ ’�“ ’B”€³/†pŽ-‘!‘(•T‹Œ„

†pŽ-‘!‡IŽ@…Vyp•

@F
X ;s : F (X x )

@0
X ;s

�� �! F 1(X s; Zs) ��! F 1(NZs ; Zs)

F 1(� )
� � � ! F 1(A1

Zs
; Zs) ' F� 1(Zs)

~�„4x�…�‹Œ„-•E|�•{‹•‹‚• ‹‚• ~/•{|€™€•‚•{‘(• ‘(Ž-ˆ}‡/Š/•‚…}‘(•••p…cz�Ž-¨/zc•{xB|+‡<„4ˆ�~/yš«¬Ž-ˆ}‘á„4z}•‚Ž-xÒ„4|´† �-x�• x�Ž-ˆ}‘á„4‹ª“
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†pŽ-‘!‘(•_…}|/••zƒµ

F� 1(Yy)
f �

**VVVVVVVVVVVVV
g�

��
~f �

tti i i i i i i i i i i

F� 1(X s)

��

(1)

F� 1(NZs X s � Zs)•_
��

F� 1(X x )•_
��

(2)

F (Gm � (NZs X s � Zs))

��

F (Gm � X x )

 �

���
F (NZs X s � Zs)

��

F (X x )

��
F� 1(Zs) � //F 1(NZs X s; Zs) � //F 1(X s; Zs);oo

•{x´†pŽ-x�…}•‚~/y{ˆV„4xBzu‹‚•T‘(Ž-ˆ}‡/Š/•‚…}‘(•

g : NZs X s � Zs ! NZs X s ! Zs ! X s
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(F� 1)1(X ; Z )
evX ;Z
� � � ! F 1(Gm � X ; Gm � Z )

½

ÃšÂ

Æ

¾�Ã_Â‚Ã

Á-¼¬×
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×

À]ÀáÃ•ÖN¾

¼2ð4×

¿

½

ÃšÖ

½

Ì

»

À]À]¾

½ª×@½œ¼

Ë *

F� 1(X � Z )
� �

//

@0
X ;Z ��

F (Gm � (X � Z ))

@0
Gm � X ;Gm � Z��

(F� 1)1(X ; Z )
evX ;Z //F 1(Gm � X ; Gm � Z ):
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À
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µD:�Ž@…cŽ-x�…

F Gm = Hom (h0(Gm ) ; F )
³#•E|/•B•p…}z&|/x «¬„4•‚…V†p•#„4|ƒŠ�Ž-‘(Ž-zcŽ-‡/•‚•B|�•@“@¯°Ž-‘!‡/zc•Jzc•{xE|

~/•á‹ª£•„4‡/‡/‹••‚†#„4z}•‚Ž-x

� : h0(Gm ) ! S1
t

³1Ž-x�„´~/Ž-x�†á|/x�‘(Ž-ˆ}‡/Š/•‚…}‘(•Ý~/•á«¬„4•‚…c†p•#„4|€™ÑŠ�Ž-‘(Ž-zcŽ-‡/•‚•E|�•p…

� � : F� 1 ! F Gm
“

:[„4ˆ&«¬Ž-x�†{zcŽ-ˆ}•Œ„4‹•••zcyï~/•J‹Œ„�~/yšŸ�x/••z}•‚Ž-x "€“ ’�“•¦#²t‡<„4ˆ&ˆV„4‡/‡kŽ-ˆ}z1„4|ƒ«ª„4•‚…c†p•#„4|]„p®*•p†åz}ˆV„4x�…a«œ•{ˆ}zc…1†pŽ-x�…}•‚~/y{ˆcy@³

Ž-x´„]~/Ž-x�† |/x+~€•Œ„4‰@ˆV„4‘!‘(•_†pŽ-‘!‘•|/zV„4z}• «

F� 1(X � Z )
� �

//

@0
X ;Z

��

F Gm (X � Z )

@0
X ;Z��

(F� 1)1(X ; Z )
� �

//(F Gm )1(X ; Z ):
wuxL®@„]~/Ž-x�†ƒ~/yšŸ�x/••ˆ�|/xL‘(Ž-ˆ}‡/Š/•‚…c‘(•

(F Gm )1(X ; Z )
(1)
��! F 1(Gm � X ; Gm � Z ):


HŽ-••z

pZ : Gm � Z ! Z
‹Œ„•‡/ˆcŽ4©}•p†{z}•‚Ž-xÝ†#„4x�Ž-x/•‚•E|�•@³€••‹k…}|��(z°~/•T†pŽ-x�…}z}ˆ}|/••ˆc•˜|/xÝ‘(Ž-ˆ}‡/Š/•‚…}‘(•T~/•

‡/ˆcyš«¬„4•‚…V†p•#„4|€™

[F Gm (X ;Z )
(2)
��! p� F̂(Gm X ;Gm Z )

„p®*•p† ‹‚•p…tx�Ž-zV„4z}•‚Ž-x�…t~/• "€“ ’�“•¦#²€“

­˜Ž-zcŽ-x�…ázcŽ-|/zÝ~G£•„4¨IŽ-ˆc~·•E|�•L‹ª£ ••‘!‘(•{ˆc…}•‚Ž-x·«¬•{ˆ}‘(yp•

s1 : f 1g ! Gm
••x�~€|/••zã|/x;‘(Ž-ˆ}‡/Š/•‚…}‘(•

†#„4x�Ž-x/•‚•B|�•

� 1 : F Gm ! F
“IwuxÒ†pŽ-x�…}•‚~/•{ˆc•]„4|�…c…}•

p : Gm ! Spec(k)
‹Œ„(‡/ˆcŽ4©a•p†{z}•‚Ž-x
†#„4x�Ž-x/•‚•B|�•@“

,

•p…i‹‚Ž-ˆc…#³/‡kŽ-|/ˆ

V=Z
|/x+…c†VŠ�y{‘á„!y{zV„4‹‚•@³�Ž-x+~/yšŸ�x/••z�‹‚•ƒ‘(Ž-ˆ}‡/Š/•‚…}‘(•ƒ…}|/••®@„4xBz

Hom
�

LV [X=X � Z ] ; F Gm [1]
�

Hom(p
 tr 1;:)
� � � � � � � � ! Hom

�
L[Gm ] 
 tr LV [X=X � Z ] ; F Gm [1]

�

Hom(:;� 1)
� � � � � � ! Hom

�
L[Gm ] 
 tr LV [X=X � Z ] ; F [1]

�

Ž<;L‹‚•p…i‘(Ž-ˆ}‡/Š/•‚…}‘(•p…u…cŽ-xBzt‡/ˆ}•‚…�~�„4x�…�‹Œ„]†#„4zcy{‰*Ž-ˆ}•‚•

pro� D (N tr
k )

“

wuˆ#³/‹‚•T‡/ˆcŽ4§>Ž-¨€©}•{zu•E|/•G••xBzc•{ˆ}®H•‚•{xBz˜…c• †#„4‹‚†{|/‹‚•T«ª„-†{••‹‚•{‘(•{xBz_µ

L[Gm ] 
 tr LV [X=X � Z ] = ~lim �
U2V V (X ;Z )

L[Gm ] 
 tr L[U=U � ZU ]

' ~lim �
U2V V (X ;Z )

L[GmU=Gm U � GmZU ] :



¦#² @ ���������
	��
������	��
�����

���

�
�������������������! ��

¯°Ž-‘!‘(•@³O‡IŽ-|/ˆƒzcŽ-|/z

U 2 VV (X ; Z )
³I‹‚•(…V†cŠ�y{‘á„

GmU
„4‡/‡<„4ˆ}z}•‚•{xEzs¤

VGm V (GmX ; Gm Z )
³GŽ-x

Ž-¨/z}•‚•{xEzt|/xL‘(Ž-ˆ}‡/Š/•‚…c‘(•ƒ~/• ‡/ˆcŽ4©}•p†{z}•‚Ž-x+†#„4x�Ž-x/•‚•B|�•

LGm V [GmX=Gm X � Gm Z ] ! L[Gm ] 
 tr LV [X=X � Z ] ;
†p•s•E|/•�x�Ž-|�…u‡I•{ˆ}‘(•{z˜Ÿ�x<„4‹‚•{‘(•{xEzT~G£ Ž-¨/zc•{x/••ˆT‹‚•_‘(Ž-ˆ}‡/Š/•‚…}‘(•

(2)
³k•{zT~/Ž-x�†•‹‚•_‘(Ž-ˆ}‡/Š/•‚…}‘(•

(1)
“Gwux

‡kŽ@…c•T¨/•‚•{x+… �/ˆ

evX ;Z = (1) � � � “

:1„4ˆƒ„4••‹•‹‚•{|/ˆc…#³kŽ-xÒˆV„4‡/‡I•{‹•‹‚•]•E|�••‹‚•_‘(Ž-ˆ}‡/Š/•‚…}‘(•

@0
X ;Z

•p…}zTŽ-¨/zc•{xB| †pŽ-‘!‘(•]†pŽ-‘!‡IŽ@…Vy_~/•p…˜‘(Ž-ˆa§

‡/Š/•‚…c‘(•p…ty{®H•‚~/•{xBzc…

F Gm (X � Z ) ! Hom
�

L[X=X � Z ] ; F Gm [1]
�

! (F Gm )1(X ; Z ):

$ ‡<„4ˆ}z}••ˆs~/•á‹Œ„L†pŽ-x�…}z}ˆ}|�†{z}•‚Ž-x •E|/•à‡/ˆcyp†p•p~/•@³1Ž-x�•{x�~/yp~€|/••z_‹‚•á‘(Ž-ˆ}‡/Š/•‚…}‘(•D~€|�Š<„4|/z_~�„4x�…_‹‚•

†#„4ˆ}ˆcy•…}|/••®-„4xEz•µ

F Gm (X � Z )
p�

X � Z //

@0
X ;Z ��

F Gm (Gm (X � Z ))
� 1 jGm ( X � Z )//F (Gm (X � Z ))

@0
X ;Z��

(F Gm )1(X ; Z )
(1) //F 1(Gm X ; Gm Z )

wuˆ#³G†pŽ-‘!‡/zc•]zc•{xE|Ñ~/•s‹ª£ •‚…cŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•!†#„4x�Ž-x/•‚•E|�•

F Gm (X � Z ) ' F (Gm (X � Z ))
³G†p•_‘��{‘(•

‘(Ž-ˆ}‡/Š/•‚…c‘(•••p…}z�Ž-¨/zc•{xE|´†pŽ-‘!‘(•ƒ†pŽ-‘!‡kŽ@…cy

F (Gm (X � Z ))
(1� p� 1)�

� � � � � � ! F (GmGm (X � Z ))
(1� s1 � 1)�

� � � � � � ! F (Gm (X � Z ))
•{zu†@£ •p…}z�~/Ž-x�† ‹ª£ •‚~/•{xBz}••zcy@³%‡/|/•‚…c•E|�•

p � s1
•p…}zi‹ª£ •‚~/•{xBz}••zcy@“

¯°•p†{•&†pŽ-x�†{‹•|/zu~/Ž-x�† ‹‚•T‹‚•{‘!‘(•@³<‡/|/•‚…c•E|�•T‹Œ„sx<„4z}|/ˆV„4‹•••zcyƒˆcyp…}|/‹•zc•ƒ~/•ƒ‹Œ„]†pŽ-x�…}z}ˆ}|�†{z}•‚Ž-xO“

�

¶G?Œ¶k?•êO?‚è �áF&02"IÐÑ)´æãè<)

:�Ž-|/ˆ•~/y{‘(Ž-xEz}ˆc•{ˆ_†p•{z•„Ï™€•‚Ž-‘(•!Ž-xÑ…c•sˆcyp~€|/••z•†pŽ-‘!‘(•]‡kŽ-|/ˆ ‹ª£•„Ï™H•‚Ž-‘(•]‡/ˆcyp†pyp~/•{xEzs„4| †#„-…ƒ~G£ |/x

«ª„4•‚…c†p•#„4|LŠ�Ž-‘(Ž-zcŽ-‡/•‚•E|�•@“ :J‹•|�…i‡/ˆcyp†{•‚…cy{‘(•{xBz#³IŽ-x�|/z}••‹••‚…c• ‹‚•ƒˆcyp…}|/‹•zV„4z�…}|/••®@„4xBz•µ

�•3Ï"%.J"<�802 80:"%�·¶k?Œ¶k?‚èO¸f¹I»-¼œ½
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v
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E=k
Á

Ã�Ì

»

Í
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ÖDÍ

É

Ö

¼œÁ

¾/ÃšÂ

� (v)
Ç

¹I»-¼œ½

u 2 E � ½

Ã{Â

Æ

¾�Ã

v(u) = 0 Û

Ã

½

�u
Ö

×

Ì{Â

×

ÖVÖ#Ã

Á*×

¿/ÖtÂ‚ÃTÌ

»

Í

Å

Ö˜Í

É
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¾�ÃšÂ

×
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Ì
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�

v
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� 2 F� 1(E)
@F

v

�
f ug ` ev �

�
= �f �ug ` ev @F � 1

v (� ):
/�021436571

µ 
HŽ-••z

(X ; s)
|/x

k
§ª‘(ŽE~/•{‹‚•(~/•

(E ; v)
…}|/ˆ

k
³

x
…cŽ-x ‡kŽ-••xBz•‰*y{x�y{ˆ}•‚•B|�•(•{z

Z = f sg
“28>‹

…c|��(zt~/• ‘(Ž-xBz}ˆc•{ˆu‹Œ„s‡/ˆcŽ-‡IŽ@…c••z}•‚Ž-x+‡kŽ-|/ˆ

� 2 F� 1(E)
¼

Ç2Ã8Ç

� 2 F� 1(X x )
“Iwux+~/Ž-••zt~/Ž-x�† ‘(Ž-xEz}ˆc•{ˆ

•E|�• ‹‚• ~€•Œ„4‰@ˆV„4‘!‘(•_…}|/••®-„4xEzt•p…}z�†pŽ-‘!‘_|/zV„4z}• «tµ

F� 1(X x )
f ug: //

@X ;s

��

F (X x )

@X ;s

��
F� 2(Zs)

�f �ug://F� 1(Zs):

wuˆ#³&‹ª£ y{‹‚y{‘(•{xEz

u 2 E � †pŽ-ˆ}ˆc•p…}‡kŽ-x�~ ¤L|/x�•ã„4‡/‡/‹••‚†#„4z}•‚Ž-x

u : X x ! Gm
“

,

•á‡/‹•|�…#³�†pŽ-‘!‘(•

v(u) = 0
³[‹ª£•„4‡/‡/‹••‚†#„4z}•‚Ž-x

u
…#£ y{zc•{x�~ •{x

~u : X s ! Gm
“åwux x�Ž-zc•ÝŸ�x<„4‹‚•{‘(•{xBz

�u : Zs ! Gm
‹ª£•„4‡/‡/‹••‚†#„4z}•‚Ž-xÒˆc•p…}z}ˆc•{••xEzc•ƒ~/•

~u
“
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¯°Ž-‘!‘(•{x��pŽ-x�…ï‡<„4ˆ°ˆV„4‡/‡I•{‹‚•{ˆi•E|�•�‹ª£ Ž-x�„_„-…c…VŽE†{•‚y˜¤ zcŽ-|/zc•˜|/x/••zcy

a : T ! Gm
|/x�•T„4‡/‡/‹••‚†#„4z}•‚Ž-x


 a : T
� T� � ! T � k T a� 1� � ! Gm � T

“

wuˆ#³�~G£•„4‡/ˆc•p…t‹‚•T‹‚•{‘!‘(•ƒ‡/ˆcyp†pyp~/•{xBz#³%Ž-xL‡k•{|/z�yp†{ˆ}••ˆc• ‹‚• ~€•Œ„4‰@ˆV„4‘!‘(•_†pŽ-‘!‘_|/zV„4z}• «à…}|/••®@„4xBz•µ

F� 1(X x ) //

@0
X s ;Z s

��

F (Gm � k X x )

 �

u //

��

F (X x )

��
(F� 1)1(X s; Zs) ev //F 1(Gm X s; Gm Zs)

(
 ~u ;
 �u ) �
//F 1(X s; Zs):

�

„4•‚…�‡<„4ˆ�„4••‹•‹‚•{|/ˆc…#³4x�Ž-zcŽ-x�…�•E|�•à‹ª£ Ž-xs‡I•{|/z1‡/ˆcŽ-‹‚Ž-x/‰*•{ˆ�‹‚•å‘(Ž-ˆ}‡/Š/•‚…}‘(•

~u : X s ! Gm
¤tzcŽ-|/z�‹ª£ •p…a§

‡<„-†p•ƒ~/• ~/yš«¬Ž-ˆ}‘á„4z}•‚Ž-x

DZs X s
“<wux�x�Ž-zc•••{xL•>=k•{z

w
‹Œ„]†pŽ-‘!‡IŽ@…cyp•

DZs X s ! A1
Zs

! Zs
~u�! Gm

³

†p•••E|/•&x�Ž-|�…˜~/yšŸ�x/••zu‡<„4ˆ˜ˆc•p…}z}ˆ}•‚†{z}•‚Ž-xÒ|/x�•_„4‡/‡/‹••‚†#„4z}•‚Ž-x

v : NZs X s ! Gm
›œ~/Ž-xEzu‹Œ„(ˆc•p…}z}ˆ}•‚†{z}•‚Ž-x
¤

Zs
•p…}z�y{‰B„4‹‚•i¤

~u
¡š“*wux]‡I•{|/z�~/Ž-x�†ï•{x�†pŽ-ˆc•�„Ï©aŽ-|/zc•{ˆ[‹Œ„u‡<„4ˆ}z}•‚•i…}|/••®@„4xBzc•i„4|!~€•Œ„4‰@ˆV„4‘!‘(•i†pŽ-‘!‘•|/zV„4z}• «

•B|�•T‹ª£ Ž-xÒ„]~/y±©}¤�µ

(F� 1)1(X s; Zs) ev //F 1(Gm X s; GmZs)
(
 ~u ;
 �u ) �

//F 1(X s; Zs)

(F� 1)1(DZs X s; A1
Zs

) ev //

��

OO

F 1(GmDZs X s; Gm A1
Zs

)

 �

w //

��

OO

F 1(DZs X s; A1
Zs

)

��

OO

(F� 1)1(NZs X s; Zs) ev //F 1(GmNZs X s; GmZs)
(
 v ;
 ~u ) �

//F 1(NZs X s; Zs):
¯åŠ�Ž-•‚…}•‚…c…VŽ-x�…_‘á„4••xEzc•{x<„4xBz(|/x�•D|/x/• «¬Ž-ˆ}‘!•‚…V„4xBzc•

�
~/•

v
“[wux ‡k•{|/zs•{x�†pŽ-ˆc•�„Ï©}Ž-|/zc•{ˆ_‹‚•p…s‹•••‰@x�•p…

…}|/••®@„4xBzc•p…u¤sx�Ž-z}ˆc••~€•Œ„4‰@ˆV„4‘!‘(•

(F� 1)1(NZs X s; Zs) ev //F 1(GmNZs X s; GmZs)
(
 v ;
 ~u ) �

//F 1(NZs X s; Zs)

(F� 1)1(A1
Zs

; Zs) ev //
� �

OO

F 1(GmA1
Zs

; Gm Zs)
(
 v ;
 ~u ) �

//
(1� � ) �

OO

F 1(A1
Zs

; Zs)

� �
OO

Hom
�
S1

t S1
t h0(Zs) ; F

�
�

OO

(a)
//Hom

�
h0(Gm ) S1

t h0(Zs) ; F
�

�
OO

//Hom
�
S1

t h0(Zs) ; F
�

�
OO

Ž<;L‹Œ„��<•p†cŠ�•

(a)
•p…}zi••x�~€|/••zc•ƒ‡<„4ˆ�‹ª£•„4‡/‡/‹••‚†#„4z}•‚Ž-x´†#„4x�Ž-x/•‚•E|�•

h0(Gm ) 
 H tr S1
t 
 H tr h0(Zs)

� 
 H tr 1
 H tr 1
�� � � � � � � �! S1

t 
 H tr S1
t 
 H tr h0(Zs) :

8Q‹�«¬„4|/zƒŸ�x<„4‹‚•{‘(•{xBz!†pŽ-x�…}•‚~/y{ˆc•{ˆ•‹ª£ •‚…VŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•á~/•á‡I•{ˆ}‘_|/zV„4z}•‚Ž-x�~/•p…ƒ«¬„-†{zc•{|/ˆc…

� : S1
t 
 H tr

S1
t ! S1

t 
 H tr S1
t

‡kŽ-|/ˆizc•{ˆ}‘!••x�•{ˆ˜„p®*•p†ƒ‹‚•p…�~/•{|€™L~/•{ˆ}x/•‚•{ˆc•p…�‹•••‰@x�•p…

Hom
�
S1

t S1
t h0(Zs) ; F

�
(a)

//

���

Hom
�
h0(Gm ) S1

t h0(Zs) ; F
�

//Hom
�
S1

t h0(Zs) ; F
�

��
Hom

�
S1

t S1
t h0(Zs) ; F

�
//Hom

�
S1

t h0(Gm ) h0(Zs) ; F
�

//Hom
�
S1

t h0(Zs) ; F
�

Hom
�
S1

t h0(Zs) ; F� 1
�

� �
//Hom(h0(Gm ) h0(Zs) ; F� 1)


 �
�u

//Hom(h0(Zs) ; F� 1) :
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•p…}zÝ‡/‹Œ„4zñ›œ†p•{z}zc• †pŽ-x�~€••z}•‚Ž-xºy{zV„4xEzLŽ-|/®*•{ˆ}zc•8¡š“

,

•p…Ý‹‚Ž-ˆc…#³°‡<„4ˆL~/yšŸ�x/••z}•‚Ž-xº~/•Ò‹Œ„

…cz}ˆ}|�†{z}|/ˆc•D~/•á‡/ˆcyš«¬„4•‚…c†p•#„4| …}|/ˆ

M
³

f � : M (X ) ! M (Y )
†pŽ��¬x�†{•‚~/•Ý„p®*•p†D‹‚•(‡/|/‹•‹•¨<„-† �ñ‡/‹Œ„4z_~/•

’�“•¦@“•¦#¥€“

,

•p…i‹‚Ž-ˆc…#³€‹‚• ‘(Ž-ˆ}‡/Š/•‚…}‘(•ƒ••x�~€|/••z˜¤s‹Œ„s‹•••‘!••zc•

M (X x ) ! M (Yy)
†pŽ��¬x�†{•‚~/• ‡<„4ˆu~/yšŸ�x/••z}•‚Ž-x

„#®*•p†ƒ‹‚•T‘(Ž-ˆ}‡/Š/•‚…}‘(•_~/•Tˆc•p…}z}ˆ}•‚†{z}•‚Ž-x

r � (y)=� (x)
“

,

Ž-x/x�yp•

,

¥ µà¯°Ž-x�…}•‚~/y{ˆcŽ-x�…á~/•�‘��{‘(•

' : E ! L
|/x ‘(Ž-ˆ}‡/Š/•‚…c‘(•�Ÿ�x/•ª³�•{z

(X ; x)
›:ˆc•p…}‡O“

(Y; y)
¡_|/x�‘(ŽE~/•{‹‚•Ý~/•

E=k
›:ˆc•p…}‡O“

L=k
¡š“Jwux�‡k•{|/z]…}|/‡/‡IŽ@…V•{ˆs•E|�•ã‹‚•á‘(Ž-ˆ}‡/Š/•‚…}‘(•

'
…c•Dˆc•{‹‚•{®*•

•{xÒ|/x+‘(Ž-ˆ}‡/Š/•‚…c‘(••Ÿ�x/•

f : Y ! X
“Gwuˆ#³�‡<„4ˆT~/yšŸ�x/••z}•‚Ž-xÒ~/•p…uz}ˆV„4x�…a«¬•{ˆ}zc…˜…c|/ˆ

M
³<•{zux�Ž-zV„4‘!‘(•{xBz

‰@ˆ.--†p•!¤á’�“•”€“GCH³

M (t f ) = f �
³<Ž<;

f �
~/yp…c••‰@x�••‹ª£ ••‘á„4‰*•]~€••ˆc•p†{zc•s‡<„4ˆu‹‚•_‘(Ž-ˆ}‡/Š/•‚…}‘(•s‡/ˆcŽ-‡/ˆc•

f
“

,

•p…

‹‚Ž-ˆc…8³/‡<„4ˆ�~/yšŸ�x/••z}•‚Ž-xO³<†p• ‘(Ž-ˆ}‡/Š/•‚…c‘(•ƒ•p…}zty{‰B„4‹&¤]‹Œ„]†pŽ-ˆc•p…cz}ˆ}•‚†{z}•‚Ž-x´~/•

� (y)=� (x)
…c|/ˆ

A0(Y ; M )
“

,

Ž-x/x�yp•

,

” µ 
HŽ-••z

E=k
|/x�•(•š™€zc•{x�…}•‚Ž-xñ~/•]zQžE‡k•]Ÿ�x/•ª³O•{z

v
|/x�•]®-„4‹•|<„4z}•‚Ž-x�‰*ypŽ-‘(y{z}ˆ}•‚•B|�•á~/•

E=k
“[wuxñ†pŽ-x�…}•‚~/•{ˆc•!|/x

k
§ª‘(ŽE~/•{‹‚•

(X ; s)
~/•

(E ; v)
x�Ž-zV„4xBz

Z
‹ª£•„-~€Š�y{ˆc•{x�†p•áˆcyp~€|/••zc•(~/•

s
~�„4x�…

X
“ �u|/••z}zc•ƒ¤•ˆc•p…}z}ˆc•{••x�~€ˆc•

X
³EŽ-xÝ‡k•{|/zï…c|/‡/‡IŽ@…c•{ˆï•E|�•

NZ X
•p…czåz}ˆ}••®H•Œ„4‹ª“�wuxDŸ/™/•

� : NZ X ! A1
Z

|/x�•ƒzc•{‹•‹‚• z}ˆ}••®E•Œ„4‹••‚…N„4z}•‚Ž-xO“

—

„á~€• �á†{|/‹•zcy]†pŽ-x�…}•‚…czc•s¤á~/y{zcŽ-ˆc~€ˆc•_‹Œ„D†pŽ-x�…}z}ˆ}|�†{z}•‚Ž-x ~/•+"€“ ’�“•¦#²€“Owuˆ#³%‹Œ„(…}••z}|<„4z}•‚Ž-x …c•_…}••‘!‡/‹•• Ÿ<•

y{x�Ž-ˆ}‘(y{‘(•{xEz_~€|
«ª„4••zƒ•B|�•

M
•p…}z |/x
«¬„4•‚…V†p•#„4|
~/Ž-xEzƒ‹Œ„Ý†pŽ-Š�Ž-‘(Ž-‹‚Ž-‰@•‚•(­u•‚…}x�•{®H•‚†cŠÑ•p…}zT••xB®@„4ˆ}•Œ„4xBzc•

‡<„4ˆtŠ�Ž-‘(Ž-zcŽ-‡/•‚•D›œ†š«�� ¢tŽ@…V– @ �>³�²€“#@!•{z�@€“#"*¡š“

L

xD•>=G•{z#³@‹Œ„T‡/ˆc•{|/®*•u~€|(z}Š�ypŽ-ˆc•{‘(•�"€“ ’�“•¥ @ƒ‘(Ž-xBz}ˆc•˜„4‹‚Ž-ˆc…à•E|�•i‹‚•p…J‘(Ž-ˆ}‡/Š/•‚…}‘(•p…°~/•�~/yš«¬Ž-ˆ}‘á„4z}•‚Ž-x

„4|´† �-x�• x�Ž-ˆ}‘á„4‹

Ext 1
N tr

k

�
L

h
DZU U= _DZU U

i
; M

�

�� ��
Ext 1

N tr
k

(L[U=U � ZU ] ; M ) Ext 1
N tr

k

�
L

h
NZU U=N �

ZU
U

i
; M

�

…VŽ-xBzt~/•p…i•‚…VŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•p…#“I¯°Ž-x�…c•‚~/y{ˆV„4xBzt‹Œ„sz}ˆ}••®H•Œ„4‹••‚…V„4z}•‚Ž-x

� U : NZU U ! A1
ZU

³/Ž-xL•{x+~/yp~€|/••z�|/x

•‚…VŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•

Ext 1
N tr

k
(L[U=U � ZU ] ; M ) ' M � 1(ZU )

¤ƒx�Ž-|/®*•#„4|ã~G£•„4‡/ˆc•p…å‹ª£ ••xB®@„4ˆ}•Œ„4x�†p•u‡<„4ˆàŠ�Ž-‘(Ž-zcŽ-‡/•‚•˜~/•

H 1(:; M )
“€¯°Ž-‘!‘(•u†p•{‹•|/• §>†{•I•p…czJx<„4z}|/ˆc•{‹%‡<„4ˆ

ˆV„4‡/‡kŽ-ˆ}zu¤

U
³/Ž-xL•{x+~/yp~€|/••z�‡kŽ-|/ˆ�zcŽ-|/zt…c†VŠ�y{‘á„!y{zV„4‹‚•

V=Z
|/xL•‚…VŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•

M̂ (X ;Z ) (V ) ' M � 1(V ):

,

Ž-x�†@³/‡/|/•‚…V•B|�•

M � 1
•p…}zi|/x�«ª„4•‚…c†p•#„4|O³

M 1(X ; Z ) = M̂ (X ;Z )(Z ) = Ext 1
N tr

k
(L[X=X � Z ] ; M ) :

,

•p…i‹‚Ž-ˆc…8³�Ž-x�‡I•{|/zuyp†{ˆ}••ˆc• ‹‚•p…�…}|/••zc•p…�•š™�„-†{zc•p…i‹‚Ž-x/‰@|�•p…u…}|/••®-„4xEzc•p…•µ

::: //A0(X � Z ; M ; n) @ //A0(Z ; M ; n � 1) //

���
�
�
�

A1(X ; M ; n) //

(1) �

��

:::

::: //M n (X � Z )
@0

( X ;Z ) //Ext 1 (L[X=X � Z ] ; M n ) //H 1(X ; M n ) //:::

Ž<;�‹Œ„ �<•p†cŠ�•

@
•p…}z•‹‚•D‘(Ž-ˆ}‡/Š/•‚…}‘(•ã¨kŽ-ˆc~ñ~/yšŸ�x/•ï‡<„4ˆs¢uŽ@…}z•‡kŽ-|/ˆ•‹Œ„´~/yp†pŽ-‘!‡kŽ@…}••z}•‚Ž-x

X = (X �
Z ) t Z

³&•{zs‹Œ„ �<•p†cŠ�•

@0
(X ;Z )

•p…}z_‹‚•D‘(Ž-ˆ}‡/Š/•‚…}‘(•Ý‡/ˆcyš§ªˆcyp…}•‚~€| •E|�•áx�Ž-|�…!„#®*Ž-x�…s~/yšŸ�x/•i•{x "€“ ’�“•¥€¦@“
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£ •‚…cŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•

(1)
ˆcyp…}|/‹•zc•á~/•

Â

»

Ì8ÇŒÌ

¼:½

Ç

› @€“#"*¡š³1•{z•‹Œ„ �<•p†cŠ�•ã‡kŽ-••xBz}••‹•‹‚yp•@³1••x�~€|/••zc•D‡<„4ˆ_‹‚•p…]„4|/z}ˆc•p…

‘(Ž-ˆ}‡/Š/•‚…}‘(•p…#³�•p…cz�|/x�•‚…cŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•_~G£•„4‡/ˆc•p…i‹‚• ‹‚•{‘!‘(•ƒ~/•p…�†{••x�•I“

wuˆ•‡<„4ˆs~/yšŸ�x/••z}•‚Ž-xO³&‹‚•(‘(Ž-ˆ}‡/Š/•‚…}‘(•

@
•p…}z_y{‰B„4‹°„4|ñ‘(Ž-ˆ}‡/Š/•‚…c‘(•

M n (� (X )) ! M n� 1(� (Z ))
†pŽ-ˆ}ˆc•p…}‡kŽ-x�~�„4xBzƒ¤(‹Œ„(®-„4‹•|<„4z}•‚Ž-x …}|/ˆ

� (X )
~/yšŸ�x/•‚•_‡<„4ˆ

s
“ 8Q‹&x�Ž-|�…uˆc•p…}zc•_~/Ž-x�†]¤!‘(Ž-xEz}ˆc•{ˆ •B|�••‹‚•p…

•‚…cŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•p…T†pŽ-x�…}•‚~/y{ˆcyp…u‡IŽ-|/ˆ˜†pŽ-x�…}z}ˆ}|/••ˆc•ƒ‹‚••ˆcyp…}•‚~€|´…c|/ˆ

M �
†pŽ-ˆ}ˆc•p…}‡kŽ-x�~/•{xBzƒ¤]‹ª£ •‚~/•{xEz}••zcy@“Gwuˆ

‹‚•ƒ~€•Œ„4‰@ˆV„4‘!‘(••†{• §>~/•p…V…}|�…�•p…}zix<„4z}|/ˆc•{‹�‡<„4ˆ�ˆV„4‡/‡IŽ-ˆ}z˜¤

(X ; Z )
›œ•{ztˆc•{‹Œ„4z}••®*•{‘(•{xBz „4|€™ã‘(Ž-ˆ}‡/Š/•‚…}‘(•p…

†#„4ˆ}zcyp…}•‚•{x�…N¡š“GwuxÒ•{x
~/yp~€|/••z˜‹‚•_~€•Œ„4‰@ˆV„4‘!‘(•]†pŽ-‘!‘•|/zV„4z}• «i…}|/••®@„4xBz#³IŽ<;´‹‚•p…u‘(Ž-ˆ}‡/Š/•‚…}‘(•p…˜‡kŽ-••xBz}••‹•‹‚yp…

…cŽ-xBzt••x�~€|/••zc…�‡<„4ˆ�‹Œ„s‘(y{z}Š�ŽH~/•ƒ†{• §>~/•p…c…}|�…•µ

A0(Z ; M ; n � 1) //_____ Ext 1 (L[X=X � Z ] ; M n )
(1)��

A0(Z ; M ; n � 1) //____ Ext 1 (L[NZ X=NZ X � Z ] ; M n )
� �

��

OO

A0(Z ; M ; n � 1) //____ Ext 1 �
L

�
A1

Z =A1
Z � Z

�
; M n

�
:

—

•i‘(Ž-ˆ}‡/Š/•‚…}‘(•

(1)
•p…czJ†pŽ-x�…}z}••z}|�yi‡<„4ˆ�‹‚•p…J~/•{|€™!•‚…cŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•p…à~/•�~/yš«œŽ-ˆ}‘á„4z}•‚Ž-xã„4|á† �-x�•ïx�Ž-ˆ}‘á„4‹

›œ•{z

�
†pŽ-ˆ}ˆc•p…}‡kŽ-x�~+¤s|/x�• |/x/• «¬Ž-ˆ}‘!•‚…V„4xBzc•_~/•

v
¡š“

:1Ž-|/ˆt‹‚• ~/•{ˆ}x/•‚•{ˆt•‚…VŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•@³�Ž-x+†pŽ-x�…}•‚~/•{ˆc•ƒ‹‚•p…�…}|/••zc•p…�•š™�„-†{zc•p…t†pŽ-|/ˆ}zc•p…_µ

0 //A0(A1
Z ; M ; n) //A0(Gm � Z ; M ; n)

(2) //A0(Z ; M ; n � 1) //

���
�
� 0

0 //M n (A1
Z ) //M n (Gm � Z )

(3)
//Ext 1 �

L
�
A1

Z =A1
Z � Z

�
; M n

�
//0:

—

£ •‚…cŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•

� n
•p…cz1••x�~€|/••zà‡<„4ˆ�‹Œ„ �<•p†cŠ�•

(2)
›:®*Ž-••ˆ�‹Œ„˜‡/ˆc•{|/®*•�~/•ï’�“•”€“•–*¡š“

L

x!‡/ˆc•{x<„4xEzà‹Œ„u‹•••‘!••zc•

…c•{‹‚Ž-xL‹‚•p…�Ž-|/®*•{ˆ}zc…u~/•

X
³�Ž-xL•{x+~/yp~€|/••zu~/Ž-x�†TŸ�x<„4‹‚•{‘(•{xBz˜‹‚• ~€•Œ„4‰@ˆV„4‘!‘(••†pŽ-‘!‘_|/zV„4z}• «à…}|/••®-„4xEz•µ

(M n )� 1(Zs)
� n //M n� 1(Zs)

���
�
�

M n (X x )@oo

(M n )� 1(Zs) (M n )1(X s; Zs)
� �

M noo M n (X x )
@( X s ;Z s )oo

†#„4ˆ�‹ª£ •‚…cŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•�Ÿ�x<„4‹�†pŽ-x�…}•‚~/y{ˆcy�~�„4x�…�‹Œ„T~/yšŸ�x/••z}•‚Ž-xã~/•

� �
M n

›œ†š«G~/yšŸ�x/••z}•‚Ž-x "€“ ’�“ ’�¦8¡[•p…}z[••x�~€|/••z

‡<„4ˆi‹Œ„��<•p†cŠ�•

(3)
“4$u••x�…}•ª³H‹Œ„]~/yšŸ�x/••z}•‚Ž-x+~€|�ˆcyp…}•‚~€|ñ›œ†š« "€“ ’�“#"EC@¡ï‘(Ž-xBz}ˆc•ƒ•š™�„-†{zc•{‘(•{xBzt•E|�•˜‹‚•Tˆcyp…}•‚~€|

…}|/ˆ

M̂ �
†pŽ��¬x�†{•‚~/•_„#®*•p† ‹‚•T‘(Ž-ˆ}‡/Š/•‚…}‘(•

@v
¤]z}ˆV„#®*•{ˆc…�‹ª£ •‚…cŽ-‘(Ž-ˆ}‡/Š/•‚…c‘(•

a
“

,

Ž-x/x�yp•

,

’ µG¯°Ž-x�…c•‚~/y{ˆcŽ-x�…

E=k
|/x�•!•š™Hzc•{x�…}•‚Ž-x ~/•sz>žH‡k••Ÿ�x/•ª³k•{z

x 2 E � “

,

£•„4‡/ˆc•p… "€“#"€“•¥ @€³

‡IŽ-|/ˆtzcŽ-|/z

� 2 M n� 1(E)
³

f xg:M � � = 
 �
x � � � n� 1(� )

Ž<;ñµ
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 x : (E ) ! Gm � k (E)
•p…cz_‹ª£•„4‡/‡/‹••‚†#„4z}•‚Ž-x ‰@ˆV„4‡/Š�•D••x�~€|/••zc•ã‡<„4ˆ

x : (E) ! Gm
³1„4‡/ˆc•p…

‡k•{ˆ}‘•|/zV„4z}•‚Ž-xÒ~/•p…ï«¬„-†{zc•{|/ˆc…8“

é

� � : (M n )� 1(E) ! M n (Gm � k (E))
•p…}zi••x�~€|/••zc•ƒ‡<„4ˆi‹ª£ y{‡/••‘(Ž-ˆ}‡/Š/•‚…c‘(•_†#„4x�Ž-x/•‚•E|�•

� : h0(Gm ) ! S1
t

~/•T‹Œ„]‡/ˆcŽ-‡kŽ@…}••z}•‚Ž-x´”€“ ’�“•¦#¥€³�‡/|/•‚…c•B|�•

(M n )� 1 = Hom
�
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t ; M n
�
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0 //M n (A1 � (E ))
j �

//M n (Gm � (E )) //M n� 1(E) //0

0 //M n (E)
' � //M n (E(t))

@v //M n� 1(E) //0

Ž<;

' : E ! E(t)
•p…}zt‹ª£ ••x�†{‹•|�…c•‚Ž-xO³<•{z

@v
•p…}zu‹‚• ‘(Ž-ˆ}‡/Š/•‚…}‘(•_ˆcyp…}•‚~€|+‡kŽ-|/ˆt‹Œ„!®-„4‹•|<„4z}•‚Ž-x
…}zV„4x�~�„4ˆc~

v
~/• …}|/ˆ

E(t)
“

—

•T‘(Ž-ˆ}‡/Š/•‚…}‘(•

� n
•p…}z�„4‹‚Ž-ˆc…ï‹Œ„•ˆcyp†{••‡/ˆcŽE•E|�•T~€|Ý‘(Ž-ˆ}‡/Š/•‚…}‘(•T••x�~€|/••zï‡<„4ˆ

@v
…}|/ˆ°‹‚•T†pŽ-x�Ž#žB„4|L~/•
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“%wuxL•{x´~/Ž-x/x�• |/x�•ƒ~/•p…c†{ˆ}••‡/z}•‚Ž-x+•{x´†pŽ-x�…}•‚~/y{ˆV„4xBzu‹ª£•„4‡/‡/‹••‚†#„4z}•‚Ž-x

~� n : M n� 1(E) ! M n (E(t))
� 7! f tg:' � (� )

‡/|/•‚…V•B|O£•„4‹‚Ž-ˆc…#³

� n (� )
xO£ •p…}z ˆ}•‚•{x ~G£•„4|/z}ˆc•Õ•E|�•o‹Œ„m†{‹Œ„-…c…c• ~/•
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i � (� Ê ) = � E
“

L

‹•‹‚•˜••‘!‡/‹••‚•E|�•˜•E|�•�‡kŽ-|/ˆ°zcŽ-|/zï•{xEz}•‚•{ˆïx<„4z}|/ˆc•{‹

r
³
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P(Ê )

i
//

""D
D

L
h
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•p…czJ‹‚•i‘(Ž-ˆ}‡/Š/•‚…}‘(•�Ÿ�x/•<yp•B|/•‚~€••‘(•{x�…c•‚Ž-x/x�•{‹

••x�~€|/••z�‡<„4ˆ

P( ^' )
³€••‹Gx�Ž-|�…t…}|��(z�~G£•„4‡/‡/‹••‚•B|�•{ˆ˜¤sx�Ž-|/®*•#„4|F"€“•”€“#@]‡kŽ-|/ˆïŽ-¨/zc•{x/••ˆt‹‚•˜«¬„4••z�•E|�•T‹‚• †#„4ˆ}ˆcy

~/• ‰B„4|�†cŠ�••~/•ƒ†p•T‡<„4ˆV„4‹•‹‚y{‹‚y{‡/••‡I•p~/•s•p…}z�†pŽ-‘!‘_|/zV„4z}• «a“

�

¢u„4‡/‡k•{‹‚Ž-x�…]•B|�•áx�Ž-|�…!„p®*Ž-x�…]~/yšŸ�x/•å|/x�‘(Ž-ˆ}‡/Š/•‚…}‘(•ã~€•Œ„4‰*Ž-x<„4‹i…}|/ˆ_‹ª£ •p…c‡<„-†p•D~/•




Š�Ž-‘�~G£ |/x

Ÿ�¨/ˆcy˜®*•p†{zcŽ-ˆ}•‚•{‹ª³H•{zï•E|�•tx�Ž-|�…ï•{xL„p®*Ž-x�…ï~/yp~€|/••zï|/x�†{|/‡€§ª‡/ˆcŽE~€|/••zi•š™€zc•{ˆ}x�•]›œ†š«�²€“•¥€“•¦��*¡š“

—

„•~/•{ˆ}x/•‚•{ˆc•

‡/ˆcŽ-‡/ˆ}•‚y{zcy•~€|�‘(Ž-ˆ}‡/Š/•‚…}‘(•

� E
†pŽ-x�†p•{ˆ}x�••†p•{‹•|/• §>†{•°µ

)J)HÐñÐÑ) �G?‚èG?œ¸��ë¹I»-¼

Ãš¿

½

X
¾E¿´Ö{ÌšÄ

É

À

×ã×

Â â

É8í

Í

¼¬Æ

¾�ÃsÂ

¼

ÖNÖpÃ

Û

Ã

½

E=X
¾H¿

Ê°í

Í

Éƒð

Ã}Ì

½ª»

Í

¼

Ã{Â•Ç

Úi»

¾HÍ

½ª»

¾EÖƒÀ

»

Í

Å

Ä

¼

ÖNÀáÃNÖ

� : M Th (E) ! M
Ã

½

� : M Th (E) ! N Û

»

¿

×

Â

×

Í}Ã{Â

×@½œ¼¬»

¿ *

(� ` � ) � � E = (� � � E ) ` (� � � E ):
/
021432571

µ%wux�ˆV„4‡/‡k•{‹•‹‚•ƒ•E|�•

E � E
•p…}z�y{‰B„4‹&•{x�zV„4xEzt•B|�••…c†cŠ�y{‘á„(¤

E � k E
“%:[„4ˆ˜„4••‹•‹‚•{|/ˆc…8³

P( \E � E) = P( bE � bE) = P(E) � k P(E):
�

„4•‚…�‹ª£ Ž-xL«¬•{ˆV„!„4z}zc•{xBz}•‚Ž-x
•B|�• ‹‚• †pŽ-‘!‡/‹‚y{‘(•{xEzV„4••ˆc•]~/• ‹Œ„!…c•p†{z}•‚Ž-xLxE|/‹•‹‚••~/•ƒ†p• Ÿ�¨/ˆcy ‡/ˆcŽ4©a•p†{z}• «J…}|/ˆ

X � k X
•p…cz�y{‰B„4‹�¤

(P(E) � X ) � k P(E) [ P(E) � k (P(E) � X ):



¥4’B² ���������
	��
����� �! 7� ���! 7� � �

�

������� � ��� � �
� �F��� �! 7��� � � �

:[„4ˆÒ„4••‹•‹‚•{|/ˆc…8³ï‹‚•
‘(Ž-ˆ}‡/Š/•‚…}‘(•ñ~€•Œ„4‰*Ž-x<„4‹

E ! E � E
••x�~€|/••zL‹‚• ~€•Œ„4‰@ˆV„4‘!‘(•Ñ†pŽ-‘!‘•|/zV„4z}• «á~/•

‘(Ž-ˆ}‡/Š/•‚…c‘(•p…u†#„4ˆ}zcyp…}•‚•{x�…t~/• ‡<„4••ˆc•p…i«¬•{ˆ}‘(yp•p…ƒµ

(E ; X )

�
��

�����
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� E //M Th (E)
+1 //

:1Ž-|/ˆ�†p•J•E|/•*…}|/••z#³#Ž-xƒ‡kŽ@…c•

L(X ) =
L n� 1

i=0 M (X ) (i )[2i ]
“

,

£•„4‡/ˆc•p…O‹‚•�~€•Œ„4‰@ˆV„4‘!‘(•å†pŽ-‘!‘•|/zV„4z}• «

†{• §>~/•p…c…}|�…#³/Ž-x+‡I•{|/zt„4‹‚Ž-ˆc…u†pŽ-x�…}•‚~/y{ˆc•{ˆ�‹Œ„]‡<„4ˆ}z}•‚• ••x€«¬y{ˆ}•‚•{|/ˆc•ƒ~G£ |/x+ŽH†{zV„-•p~€ˆc•(µ

M Th (E)

+1

��

=

?

M (X )(n)[2n]�oo

uukkkk
k

M(P(Ê ))
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Ê
! q�
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P(Ê )
•{z
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 = l(Ê ) � M
� t �

�
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Ô

ÍcÃNÖ

Å

Ç
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Ø

Â‚ÃNÖ_Ì
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À

Å€»

Ö
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ÃšÖ_Ì

»

¿�¿IÃcìBÃNÖ

Á

Ã
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Ô
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Ç
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Ø
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»

¿/Ö
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ÍcÃ_Â•ÃšÖ

ÁEÉ

Ì

»

À

Å€»

Ö
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¿/Ö]Ì

×

¿

»

¿

¼œÆ

¾�ÃNÖ

Á*»

¿�¿

É

ÃNÖ

Å€×

ÍƒÂ

×TÅ

Í
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Ö
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¿

�

Ç

-

Ç
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M Z (X ) '
nM

i =1

M Z i (X ) M T (Y ) '
mM

j =1

M Tj (Y ) :
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À

×@½

Í
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M (f ; g)
Å€»

¾HÍ_ÌVÃNÖ

ÁBÉ

Ì

»

À

Å€»

Ö

¼œ½œ¼œ»

¿�ÖpÇ

¹<¼

j
ÃNÖ

½

¾H¿ Ãš¿

½œ¼

ÃšÍ

ÁB×

¿/Ö

[1; m] Û

»

¿

Å€»

ÖpÃ

Yj = Y � (T � Tj ) Û

Ã

½ »

¿ ¿

»@½

Ã
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Â

Ü ¼

ÀsÀáÃšÍNÖ
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¿

»

¾

ð

ÃšÍ

½

ÃsÌ

×

¿

»
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¼¬Æ
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¼

¿/Ö

¼

Û

Â‚ÃƒÀ

»

Í

Å
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¼
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×

Í

½>É
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¼

Ãš¿

Á

Ã
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É

ÃNÖ
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(Yj ; Tj ) ! (Y; Tj )
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½
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¼

Ö

¼
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¹I»-¼œ½
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¾H¿�Ì

»

¾

Å

Â‚Ã

Á&Ü

Ãš¿

½œ¼

ÃšÍNÖ

Á*×

¿/Ö
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Æ
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È

¿Õ¿
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Í
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»Bí{½
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Ì
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Ì
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Á

Ã
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Â

×

Í}ÃšÖ

½

Í

¼

Ì
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¿
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Ã
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ÖƒÂ

»

ÍNÖ
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»
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¼
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Æ
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½
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Å
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M Tj (Yj )
(1)
��! M T (Y )

M(f ;g)
� � � � ! M Z (X )
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��! M Z i (X )
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M (Yj =Yj � Tj )
M( � j =� 0

j )
� � � � � � ! M (Y=Y � T)

M(f =h)
� � � � ! M (X=X � Z )

M(1X =� i )
� � � � � �! M (X=X � Z i )
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f (Tj )
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Ì
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M T (Y )
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�

//
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M Th (NT Y)
� (N T Y )

�
//
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M (T)(m)[2m]
M(f ;g) !��

M Z (X )
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�

//M Th (NZ X )
� (N Z X )

�
//M (Z )(n)[2n]
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M (Y � T)
M(j 0) //

M(f jY � T )
��

M (Y)
i ( Y;T ) //

M(f )
��

M (T)(m)[2m]
@( Y;T ) [1]

//

M(f ;g) !

��

M (Y � T) [1]

M(f jY � T )[1]
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M (X � Z )
M(j )

//M (X )
i ( X ;Z )

//M (Z )(n)[2n]
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•p…t‘(Ž-z}• «œ…i‰*y{x�y{ˆ}•‚•E|�•p…tŽ-xEz�‹Œ„]‡/ˆcŽ-‡/ˆ}•‚y{zcy ˆc•{‘á„4ˆc•E|<„4¨/‹‚••…c|/••®-„4xEzc•(µ
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Hompro� D M ef f
� (k) (M (E) ; M ) ! Hompro� D M ef f

� (k)

�
M (E) ; H 0(M )
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Hompro� D M ef f
� (k)(M (E) [n](p); M ) ' H p� n(M ) � p(E):
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“ éÒ¯°Ž-‘!‘(•]‹‚•_«œŽ-x�†{zc•{|/ˆ ‡/ˆcŽ4§ªˆc•{‡/ˆcyp…c•{xEzcy(‡<„4ˆ

(E)
•p…}z •š™�„-†{zƒ…}|/ˆT‹Œ„D†#„4zcy{‰*Ž-ˆ}•‚•

„4¨ky{‹••‚•{x/x�•Ý~/•p…ƒ«ª„4•‚…c†p•#„4|€™ÑŠ�Ž-‘(Ž-zcŽ-‡/•‚•E|�•p…#³1••‹å•p…}zs•š™/„-†{z]…}|/ˆ_‹Œ„+†#„4zcy{‰*Ž-ˆ}•‚•Dz}ˆ}•Œ„4x/‰@|/‹‚yp•Ý~/•p…_‘(Ž-z}• «¬…

‘!• ™€zc•p…Ñ›:‰*ypŽ-‘(y{z}ˆ}•‚•E|�•p…�Ž-| «ª„4•‚…c†p•#„4|/z}•‚•E|�•p…N¡š“

—

•p…Ý‘(Ž-z}• «œ…ã‰*y{x�y{ˆ}•‚•E|�•p…�…cŽ-xBz�~/Ž-x�†
~/•p… &Ï‡IŽ-••xEzc… (

‡kŽ-|/ˆÝ‹Œ„�†#„4zcy{‰*Ž-ˆ}•‚• ~/•p…D‘(Ž-z}• «¬…Ý‘!• ™€zc•p…#³ï~�„4x�…D‹‚•
…c•{x�…ÝŽ<; ••‹‚…Ý‡/ˆcŽ4§ªˆc•{‡/ˆcyp…c•{xEzc•{xBz´~/•p…D«¬Ž-x�†{zc•{|/ˆc…

DM ef f
� (k) ! A b

•B|/•!•{xB®*Ž-•‚•{xEz ‹‚•p…Òz}ˆ}•Œ„4x/‰@‹‚•p…Ñ~€•‚…}z}••x/‰@|�yp… …}|/ˆ
~/•p…
…}|/••zc•p…
•š™/„-†{zc•p…
‹‚Ž-x/‰@|�•p…

›œ•{zf†pŽ-‘!‘_|/zc•{xBzº„4|€™�…cŽ-‘!‘(•p… ~€••ˆc•p†{zc•p… ••x€Ÿ�x/•‚•p…N¡š“ :[„4ˆ „4••‹•‹‚•{|/ˆc…#³ã‹Œ„ «ª„4‘!••‹•‹‚• ~/•p… «¬Ž-x�†{zc•{|/ˆc…

DM ef f
� (k) ! A b

‡/ˆcŽ4§ªˆc•{‡/ˆcyp…c•{xEzcyp…´‡<„4ˆL~/•p…+‡/ˆcŽ4§>Ž-¨€©a•{zc…´~/•
‹Œ„�«¬Ž-ˆ}‘(•

M gm (E) [p]
‡IŽ-|/ˆ�|/x

•{xEz}•‚•{ˆtˆc•{‹Œ„4z}• «

p
•{zi|/x�•ƒ•š™€zc•{x�…}•‚Ž-x

E=k
•p…}z�†pŽ-x�…c•{ˆ}®@„4z}••®*•@“

/�021436571

µG¦8¡�8Q‹O…#£•„4‰@••zt~/• †#„4‹‚†{|/‹‚•{ˆ_µ

lim� !
A2M lis (E =k)

�
HomD M ef f

� (k) (M (Spec(A)) ; M ) = H 0(Spec(A) ; M )
�

Ž<;s‹‚•°~/•{ˆ}x/•‚•{ˆ1‰@ˆcŽ-|/‡k•°•p…}z&‹‚•å‰@ˆcŽ-|/‡I•°~G£ ŠBžH‡k•{ˆc†pŽ-Š�Ž-‘(Ž-‹‚Ž-‰@•‚•i~€|s†pŽ-‘!‡/‹‚•š™/•

M
›œ†pŽ-x�†p•{xBz}ˆcyi•{x]~/•{‰@ˆcyp…

x�y{‰B„4z}• «¬…N¡ï~/•ƒ‹Œ„]†#„4zcy{‰*Ž-ˆ}•‚••~/•p…ï«ª„4•‚…c†p•#„4|€™�­t•‚…}x�•{®H•‚†cŠ�›œ…V„4x�…iz}ˆV„4x�…a«¬•{ˆ}zc…N¡š“

¯°Ž-x�…}•‚~/y{ˆcŽ-x�…˜„4‹‚Ž-ˆc…�‹Œ„]‹•••‘!••zc• ••x�~€|�†{z}••®*••~/•p…t…}|/••zc•p…�…}‡k•p†{z}ˆV„4‹‚•p…�~G£ ŠBžH‡k•{ˆc†pŽ-Š�Ž-‘(Ž-‹‚Ž-‰@•‚•Dµ

E p;q
1 = H p((E); H q(M 0)) ) H p+ q((E); M )

›ª¯°•{z}zc•_…}|/••zc• …}‡k•p†{z}ˆV„4‹‚•ƒ†pŽ-xB®*•{ˆ}‰*•_•{x�†pŽ-ˆc•8¡š“

wuˆ#³

H q(M )
y{zV„4xEz�|/x•«¬„4•‚…V†p•#„4|O³8‹Œ„iŸ�¨/ˆc•å•{x

(E)
~/•°…V„i†pŽ-Š�Ž-‘(Ž-‹‚Ž-‰@•‚•ï•{x]~€••‘(•{x�…}•‚Ž-x]…}|/‡Iy{ˆ}•‚•{|/ˆc•

•p…czixB|/‹•‹‚•@“ $u|/z}ˆc•{‘(•{xBz˜~€••z•µ

H p(E ; H q(M )) = 0
…}•

p 6= 0:
$u••x�…}•ª³B‹Œ„ …}|/••zc•t…c‡I•p†{z}ˆV„4‹‚•t‡/ˆcyp†pyp~/•{xBzc•˜~/y{‰*y{x�•{ˆc•u•{zå••x�~€|/••zà|/xá•‚…VŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•s›œ~G£•„4‡/ˆc•p…°…V„ †pŽ-xE®*•{ˆa§

‰*•{x�†p•8¡ƒµ

H 0(E ; H q(M )) ' H q(E ; M ):
wux+Ž-¨/z}•‚•{xBz˜~/Ž-x�† |/xL•‚…cŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(••†#„4x�Ž-x/•‚•B|�•@³/‡kŽ-|/ˆ

q
|/xL•{xBz}•‚•{ˆsµ

H q(M )(E) ' Hom(M (E) ; M [q]) :
¥*¡ï¢t•{®*•{x�Ž-x�…t„4|´†#„-…i‰*y{x�y{ˆV„4‹

�

Ž-xL†#„4‹‚†{|/‹‚•Dµ

Hom(M (E) [n](p); M ) = Hom(M (E) [n � p][p](p); M )

= Hom(M (E) [n � p]; Hom (Z(p)[p]; M ))

= H p� n(Hom (Z(p)[p]; M ))(E):
wuˆ#³�…}•

F
•p…}zi|/x�«ª„4•‚…c†p•#„4|LŠ�Ž-‘(Ž-zcŽ-‡/•‚•E|�•@³<Ž-xL†#„4‹‚†{|/‹‚•áµ

HomD M ef f
� (k) (Z(1)[1]; F ) :(E) = Hompro� D M ef f

� (k) (M (E) (1)[1]; F ) :

wuˆ#³€‹‚•˜«¬Ž-x�†{zc•{|/ˆ

HomD M ef f
� (k) (:; F )

•p…}zïz}ˆ}•Œ„4x/‰@|/‹‚y@“

,

Ž-x�†@³/•{x�‹ª£•„4‡/‡/‹••‚•B|<„4xEzu„4|�‡/ˆcŽ4§ªz}ˆ}•Œ„4x/‰@‹‚••~€•‚…}§

z}••x/‰@|�yDµ

M (Gm ) 
 M (E) ! M
�
A1�


 M (E) ! M (E) (1)[2] +1��!
Ž-x´Ž-¨/z}•‚•{xBzt‹Œ„]…c|/••zc•ƒ•š™/„-†{zc•!µ

::: ! Hom(M (E) (1)[2]; F ) !

Hom
�
M

�
A1�


 M (E) ; F
�

! Hom(M (Gm ) 
 M (E) ; F )

! Hom(M (E) (1)[1]; F ) ! Hom
�
M

�
A1�


 M (E) [� 1]; F
�

:



� ���E������������� � �
	�� � ¥ @@–

wuˆ#³/‹‚• ~/•{ˆ}x/•‚•{ˆt‰@ˆcŽ-|/‡k• •p…}zty{‰B„4‹&¤

H 1(A1 � (E ); F ) = H 1(E ; F ) = 0

•{z�‹Œ„]…}|/••zc•ƒ…V•Tˆcyp~€|/••zu„4‹‚Ž-ˆc…t¤�µ

F (Gm � (E )) ! F (A1 � (E )) ! Hom(M (E) (1)[1]; F ) ! 0

~G£ Ž<;L‹ª£ •‚…cŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•_†#„4x�Ž-x/•‚•B|�•

Hom(M (E) (1)[1]; F ) ' F� 1(E)
“

¯°Ž-‘!‘(••†p•p†{•O•p…cz�®EˆV„4•G‡kŽ-|/ˆizcŽ-|/z

E
³<Ž-xL•{x+†pŽ-x�†{‹•|/z•µ

HomD M ef f
� (k) (Z(1)[1]; F ) ' F� 1:

,

•p…T‹‚Ž-ˆc…#³I†pŽ-‘!‘(•]‹‚••«¬Ž-x�†{zc•{|/ˆ

:� 1
•p…}z˜•š™�„-†{z …}|/ˆT‹Œ„ã†#„4zcy{‰*Ž-ˆ}•‚•

HN tr
k

³kŽ-x
•{x ~/yp~€|/••z •E|�•_‹‚•

«œŽ-x�†{zc•{|/ˆ

HomD M ef f
� (k) (Z(1)[1]; :)

•p…}z za§>•š™�„-†{zƒ‡kŽ-|/ˆ ‹Œ„Ýza§>…}z}ˆ}|�†{z}|/ˆc•(†#„4x�Ž-x/•‚•E|�•@“1wux ‡k•{|/z•~/Ž-x�†

†pŽ-x�†{‹•|/ˆc•áµ

H p� n(Hom (Z(p)[p]; M ))(E) = Hom
�
Z(p)[p]; H p� n (M )

�
(E)

= H p� n (M )� p(E):

�

������� � � 	 �� � � �"� �������&��� ��� $'( ��	��
 "� �

wux+®@„(•{xÒ~/yp~€|/••ˆc••|/x´‹••‚•{x´•{xEz}ˆc••‹Œ„á†#„4zcy{‰*Ž-ˆ}•‚•_~/•p…u‘(Ž-z}• «œ…u‰*y{x�y{ˆ}•‚•E|�•p…u•{z˜†p•{‹•‹‚••~/•p…u‘(ŽE~€|/‹‚•p…

Š�Ž-‘(Ž-zcŽ-‡/•‚•B|�•p…8“B­˜Ž-|�…å„p®*Ž-x�…°~/y±©c¤T••xBz}ˆcŽH~€|/••zà‹Œ„ †#„4zcy{‰*Ž-ˆ}•‚•

HN tr ;(0)
k

~�„4x�…�"€“•¦@“ ’

�

Ž-x(‡k•{|/zà~/•i‡/‹•|�…

†pŽ-x�…}•‚~/y{ˆc•{ˆt‹Œ„]†#„4zcy{‰*Ž-ˆ}•‚•Dµ
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 1 � 1 : HN tr
k ! HM tr

k Ç
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¼œ½u×
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»

ÍNÖ
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HM tr
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 1 (E) f ng
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wux!ˆV„4‡/‡k•{‹•‹‚•�•B|O£ Ž-xá„˜‡kŽ@…cy

Zf 1g = Z(1)[1]
“

,

•°‘��{‘(•@³@‡IŽ-|/ˆ�zcŽ-|/zå•{xBz}•‚•{ˆJx<„4z}|/ˆc•{‹

n
³@Ž-x!‡kŽ@…c•

Zf ng = Z(n)[n]
“Owux Ž-¨/z}•‚•{xBz•„4‹‚Ž-ˆc…T‹‚•]†pŽ-ˆcŽ-‹•‹Œ„4••ˆc•!…}|/••®@„4xBz ~/•s‹Œ„D‡/ˆcŽ-‡IŽ@…}••z}•‚Ž-xÑ–€“•¦@“•”ã•E|/•1‘(Ž-xEz}ˆc•

‹‚• ‹••‚•{xL•{xBz}ˆc••‹ª£•„4‡/‡/ˆcŽE†VŠ�••~/• †p•{z}zc• ‡<„4ˆ}z}•‚•_•{z�†p•{‹•‹‚•ƒ~/•T‹Œ„]‡/ˆc•{‘!•‚•{ˆc••‡<„4ˆ}z}•‚•(µ
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 1 (E) f ng
Á
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HM tr
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M gm (E) (n)[n]
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DM (0)
gm (k) ! HM (0)

k
M gm (E) f ng 7! 
 1 (E) f ng

Æ
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æD)HÐÑ�/34çO$&) �G?œ¸<?	�

“ é $t••x�…}•ª³€‹‚•p…�x�Ž-zV„4z}•‚Ž-x�…t†cŠ�Ž-•‚…c•‚•p…t…c•Tˆc•±©}Ž-••‰@x�•{xBz#³%†pŽ-‘!‘(••Ž-x�‹ª£•„p®@„4••zu„4x/x�Ž-x�†py@“
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µ/¯°Ž-x�…}•‚~/y{ˆcŽ-x�…

E=k
•{z

L=k
~/•p…ï•š™€zc•{x�…}•‚Ž-x�…ï~/•tzQžE‡k•�Ÿ�x/•ª³H•{z

n
³

m
~/•p…°•{xBz}•‚•{ˆc…ïˆc•{‹Œ„4z}• «¬…#“

8Q‹O…#£•„4‰@••zt~/Ž-x�†•~/• †pŽ-x�…}z}ˆ}|/••ˆc•ƒ|/x�•‚…cŽ-‘(Ž-ˆ}‡/Š/•‚…c‘(••†pŽ-‘!‡<„4z}••¨/‹‚•_„#®*•p† ‹Œ„!†pŽ-‘!‡kŽ@…}••z}•‚Ž-x

Hom
D M (0)

gm(k)
(M gm (E) (n)[n]; M gm (L ) (m)[m]) ! HomHM tr

k
(
 1 (E) f ng; 
 1 (L ) f mg) :


HŽ-••z

k � max(� n; � m)
|/x�•{xBz}•‚•{ˆ#“1wux�‡I•{|/zs„4‹‚Ž-ˆc…•†pŽ-x�…}•‚~/y{ˆc•{ˆ_‹Œ„�†pŽ-‘!‡IŽ@…Vyp•á~/•p…ƒ•‚…VŽ-‘(Ž-ˆa§

‡/Š/•‚…c‘(•p…t…}|/••®@„4xBzc…

HomD M ef f
gm (k)(M gm (E) (n + k)[n]; M gm (L ) (m + k)[m])

�! HomD M ef f
gm (k) (M gm (E) (n + k)[n + k]; M gm (L ) (m + k)[m + k])

�! HomD M ef f
� (k) (M (E) (n + k)[n + k]; M (L) (m + k)[m + k])

(1)
��! HomHN tr

k

�
Sn+ k

t 
 H tr h0(E) ; Sm+ k
t 
 H tr h0(L )

�

�! HomHM tr
k

(
 1 (E) f n + kg; 
 1 (L ) f m + kg)

�! HomHM tr
k

(
 1 (E) f ng; 
 1 (L ) f mg)

Ž<;ñ‹ª£ •‚…cŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•

(1)
•p…}zƒŽ-¨/zc•{xE|ñ‡<„4ˆ}z}•‚†{|/‹••‚•{ˆc•{‘(•{xBzs‰@ˆ.--†p•á„4|Ñ†pŽ-ˆcŽ-‹•‹Œ„4••ˆc•á‡/ˆcyp†pyp~/•{xBz#“1¯åŠ<„-†{|/x
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»

�

[E : K ]i
ÁEÉ

Ö

¼

â-¿IÃ•Â‚Ã

Á

Ã¬â-Í

É]Á&Ü ¼

¿/Ö

É>Å€×

Í

×Bíš¼

Â

¼œ½>É]Á

Ã

E=K
Ç

¯°•D†pŽ-ˆcŽ-‹•‹Œ„4••ˆc•D…V•(~/yp~€|/••zs~/•á‹Œ„�‡/ˆcŽ-‡kŽ@…}••z}•‚Ž-xñ‡/ˆcyp†pyp~/•{xEzc•@³[Ž-|ñ‘��{‘(•(‡/‹•|�…s~€••ˆc•p†{zc•{‘(•{xBz!~€|ñ•E|<„Ï§

z}ˆ}•‚•{‘(••‡IŽ-••xEzt~/• "€“#"€“•²€“

��� ����� �  �� ��	�� � �"� � $ � ���
	 ����	�� �! $

¯°Ž-x�…}•‚~/y{ˆcŽ-x�…
|/x�•�•š™€zc•{x�…}•‚Ž-x

E=k
“

—

•ñ‘(Ž-ˆ}‡/Š/•‚…}‘(• ~€•Œ„4‰*Ž-x<„4‹

Spec(E) ! Spec(E) � k

Spec(E)
••x�~€|/••z�|/x+‘(Ž-ˆ}‡/Š/•‚…}‘(•ƒ~�„4x�…

pro� DM ef f
gm (k)

� E : M gm (E) ! M gm (E) 
 M gm (E)
›:‡/|/•‚…V•B|O£ ••‹&†pŽ-ˆ}ˆc•p…c‡IŽ-x�~+¤!|/x�‘(Ž-ˆ}‡/Š/•‚…}‘(••…}|/ˆi‹‚•p…�‡/ˆcŽ4§>Ž-¨€©a•{zc…N¡š“

¯°Ž-‘!‘(•°~�„4x�…�‹Œ„�~/yšŸ�x/••z}•‚Ž-x(²€“•¦@“ ’�³4Ž-x_•{x]~/yp~€|/••z�|/xs†{|/‡€§ª‡/ˆcŽE~€|/••z�•š™€zc•{ˆ}x�•å…c|/ˆ&‹‚•p…�‘(Ž-ˆ}‡/Š/•‚…}‘(•p…

~/••…cŽ-|/ˆc†p•

M gm (E)
›œ†@£ •p…cz�•{x�†pŽ-ˆc• ‹Œ„]‰*y{x�y{ˆV„4‹••‚…V„4z}•‚Ž-xÒ~€|L†{|/‡€§ª‡/ˆcŽE~€|/••z˜~/• ‹Œ„]~/yšŸ�x/••z}•‚Ž-xÒ¥€“•¥€“•¥€¦8¡Tµ
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Ãš¿

½

E=k Û L=k
Ã

½

K : k
Á

ÃNÖsÃ}ì

½

Ã{¿/Ö

¼¬»

¿/Ö

Á

Ã

½

ß

Å

Ã

Ê

¿

¼

Ç

¹I»-¼œ½

� : M gm (E) ! M gm (K ) f pg
Ã

½

� : M gm (E) ! M gm (L ) f qg
Á

ÃNÖ_À

»

Í

Å

Ä

¼

ÖšÀ(ÃšÖ

Á*×

¿/Ö

DM (0)
gm (k)

Ç

È

¿

ÁBÉœÊ

¿

¼œ½

Â‚Ã•Ì{¾

Å%Þ‚Å

Í

»8Á

¾

¼œ½�Á

Ã

�
Å€×

Í

�
Öš¾EÍ

E
Ì

»

À]ÀáÃ_Â‚Ã À

»

Í

Å

Ä

¼

ÖNÀáÃ

Á*×

¿/Ö

Hompro� HN tr
k

(M gm (E) ; M gm (K ) 
 M gm (L ) f p + qg)

Öš¾

¼:ðÏ×

¿

½

*

� ` E � = (� 
 � ) � � E Ç

æã)EÐñ�/3ÏçO$�) �O?ŒÓk?
�

“ éÝwuxLˆV„4‡/‡k•{‹•‹‚•ƒ•E|O£ Ž-x+„]‡kŽ@…cy

Zf pg = Z(p)[p]
“

:�|/•‚…c•E|�•u‹Œ„•‡k•{ˆ}‘•|/zV„4z}•‚Ž-xL~/•p…å«¬„-†{zc•{|/ˆc…ï…}|/ˆ

Zf 1g
 Zf 1g
•p…}z°y{‰B„4‹‚• ¤

(� 1):I d
³€Ž-xã•{x�~/yp~€|/••z

� ` E � = � � ` E �:
$&®*•p†ƒ†p•{z}zc•ƒx�Ž-zV„4z}•‚Ž-xO³<Ž-xLŽ-¨/z}•‚•{xBz˜~/• ‡/‹•|�…i‹Œ„_«¬Ž-ˆ}‘•|/‹‚•_~/•T‡/ˆcŽ4©a•p†{z}•‚Ž-xÒ…}|/••®-„4xEzc•(µ
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�ƒ34"<.J"%�802 802"I� �G?ŒÓG? � ¹I»-¼œ½

E=k
Ã

½

L=k
Á

ÃNÖsÃ}ì

½

Ãš¿�Ö

¼¬»

¿/Ö

Û

Ã

½

' : E ! L
¾H¿

k
Þ

À

»

Í

Å

Ä

¼

ÖšÀ(Ã

Ê

¿

¼

Ç

�

Â

»

ÍVÖ

Û

(' ] ` L 1L ) � ' ] = 1E ` E (' ] )

Ì

»

À]ÀáÃ

É

Â

É

À(Ã{¿

½iÁ

Ã

Hompro� D M ef f
gm (k)(M gm (E) ; M gm (E) 
 M gm (L )) :

/
021432571

µ/¯°•{z}zc•u‡/ˆcŽ-‡kŽ@…}••z}•‚Ž-xÝˆcyp…}|/‹•zc•T~/•˜‹Œ„ƒ‡/ˆcŽ-‡kŽ@…}••z}•‚Ž-xL²€“•¦@“•²s•{x�†pŽ-x�…}•‚~/y{ˆV„4xBzi|/x

k
§ª‘(ŽE~/•{‹‚•T~€|

‘(Ž-ˆ}‡/Š/•‚…}‘(•

'
›œ†š«�"€“•”€“•¦ "*¡š“

�

��� ��� � � 	 $�� (�	��
 "� ��� ����� � ����� ������� �����

wux�„•~/y±©c¤ƒ®H|D~�„4x�…°‹Œ„_…cŽ-|�…a§>…c•p†{z}•‚Ž-x�²€“ ’�“•”€“•¦T•B|�•t‹ª£ Ž-xã~€•‚…c‡IŽ@…c•˜~G£ |/xãz}ˆ}•Œ„4x/‰@‹‚•˜~€•‚…cz}••x/‰@|�yu†#„4x�Ž4§

x/•‚•B|�•

Z ! M gm (Gm )
�
�! Zf 1g +1��!

:[„4ˆ�~/yšŸ�x/••z}•‚Ž-x_~€|•‡/ˆcŽE~€|/••z�zc•{x�…cŽ-ˆ}•‚•{‹B~/•

DM ef f
gm (k)

³8Ž-x••{x_~/yp~€|/••z&~/Ž-x�†�|/xƒz}ˆ}•Œ„4x/‰@‹‚•å~€•‚…}z}••x/‰@|�y

~�„4x�…

DM ef f
gm (k)

nM

i =1

M gm
�
Gn� 1

m

�
! M gm (Gn

m )
� n� ! Zf ng +1��!

Ž<;•‹‚•å‡/ˆc•{‘!•‚•{ˆ�‘(Ž-ˆ}‡/Š/•‚…c‘(•å•p…}z�‹Œ„�…cŽ-‘!‘(•°~/•p…�‘(Ž-ˆ}‡/Š/•‚…}‘(•p…1••x�~€|/••zc…&‡<„4ˆ1‹‚•p…

n
••‘!‘(•{ˆc…c•‚Ž-x�…&«¬•{ˆ}‘(yp•p…

†pŽ-x�…}•‚…}zV„4xEz˜¤_Ÿ/™/•{ˆi|/x�•ƒ~/•p…�†pŽHŽ-ˆc~/Ž-x/x�yp•p…u¤

1
“

¯°Ž-x�…}•‚~/y{ˆcŽ-x�…

x = (x1; :::; xn )
|/xáy{‹‚y{‘(•{xEzi~/•

(E � )n ³BŽ<;

n 2 N
“ 8>‹<†pŽ-ˆ}ˆc•p…c‡IŽ-x�~Ý¤T|/xá|/x/•‚•E|�•

‘(Ž-ˆ}‡/Š/•‚…}‘(•

Spec(E) ! Gn
m

•B|�•s‹ª£ Ž-x ‡k•{|/z˜®*Ž-••ˆ•„4|�…V…}•�†pŽ-‘!‘(•]|/xÒ‘(Ž-ˆ}‡/Š/•‚…c‘(•!~/•]‡/ˆcŽ4§>Ž-¨€©a•{zc…

(E) ! Gn
m

³/•{x�†pŽ-ˆc• x�Ž-zcy

x
“

wux+•{xL~/yp~€|/••zu‹‚•T‘(Ž-ˆ}‡/Š/•‚…}‘(•

� x
…}|/••®-„4xEzt~�„4x�…

pro� DM ef f
gm (k)

M gm (E)
M gm(x)
�� � � �! M gm (Gn

m )
� n� ! Zf ng:

wux+Ž-¨/z}•‚•{xEz˜„4••x�…}•G|/x�••„4‡/‡/‹••‚†#„4z}•‚Ž-x

(E � )
 ;n ! Hom
D M (0)

gm(k)
(M gm (E) ; Zf ng) ; x 7! � x

‡/|/•‚…c•E|O£ Ž-xL®*y{ˆ}• Ÿ<•ƒ•E|�•

� x
~/y{‡k•{x�~Ý‘•|/‹•z}• §ª‹•••x�y#„4••ˆc•{‘(•{xEzƒ~/•

x
“

:[„4ˆ˜„4••‹•‹‚•{|/ˆc…#³�…c•

x 2 (E � )
 ;n •{z

y 2 (E � )
 ;m ³€‡<„4ˆu~/yšŸ�x/••z}•‚Ž-x´~€|L†{|/‡€§ª‡/ˆcŽH~€|/••z#³<Ž-x+Ž-¨/z}•‚•{xEz

� x
 y = � x ` E � y :

wux´„]~/Ž-x�†ƒ~/yšŸ�x/••zt|/xL‘(Ž-ˆ}‡/Š/•‚…}‘(••~G£•„4‹•‰*•{¨/ˆc•

S(E � ) ! Hom
D M (0)

gm(k)
(M gm (E) ; Zf�g ) :

�ƒ34"<.J"%�802 802"I� �G?ŒÓG?:¸��

��ÃÒÀ

»

Í

Å

Ä

¼

ÖšÀáÃ

Á&Ü ×

Â â

�8í

Í}Ã

ÁBÉ:Ê

¿

¼:½

Ì

¼:Þ±Á

ÃNÖNÖN¾EÖ´Ö#Ã_Ë

×

Ì

½ª»

Í

¼

Ö#Ã Ã

½]¼

¿

Á

¾

¼œ½

¾E¿

¼

Ö

»

À

»

Í

Å

Ä

¼

ÖNÀáÃ

K M
� (E) ��! Hom

D M (0)
gm(k)

(M gm (E) ; Zf�g ) :



¥ECÏ’ ������� ��	������ �����
	����

�
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�

	������ �������������! �� �

/�021436571

µ

,

£•„4‡/ˆc•p…�‹Œ„s‡/ˆcŽ-‡kŽ@…}••z}•‚Ž-x´–€“•¦@“•”€³�Ž-xÒ„s|/xL•‚…cŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•ƒ†#„4x�Ž-x/•‚•E|�•

Hom
D M (0)

gm(k)
(M gm (E) ; Zf�g ) ! S�

t (E)

••x�~€|/••zT‡<„4ˆ˜‹‚••‘(Ž-ˆ}‡/Š/•‚…c‘(•!†#„4x�Ž-x/•‚•B|�•

Zf�g ! H 0(Zf�g )
“

,

Ž-x�†@³%‹Œ„(‡/ˆcŽ-‡kŽ@…}••z}•‚Ž-x
xO£ •p…}zT•B|O£ |/x�•

ˆc•š«¬Ž-ˆ}‘•|/‹Œ„4z}•‚Ž-x�~€| z}Š�ypŽ-ˆc•{‘(• "€“#"€“•¦�� ›œ†pŽ-‘!‡/zc•!zc•{xE|ñ~€|
‹‚•{‘!‘(• "€“#"€“GCD‡IŽ-|/ˆ ‹Œ„á«¬Ž-ˆ}‘(•]‡/ˆcyp†{•‚…c•!~/•

‹ª£ •‚…VŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•8¡š“

�

,

•p…�‹‚Ž-ˆc…#³/‹Œ„]~/Ž-x/x�yp•

,

”]…#£ •{xL~/yp~€|/••zt«¬„-†{••‹‚•{‘(•{xEz_µ
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¿

Á

Ã

½

ß

Å

Ã

Ê

¿

¼

Û n
¾E¿�Ãš¿

½œ¼

ÃšÍï¿

×@½

¾HÍ}Ã{Â%Ã

½

x 2
K M

n (E)
Ç

È

¿ñÌ

»

¿/Ö

¼¬Á��

ÍcÃ

� x : M gm (E) ! Zf ng
Â‚Ã_À

»

Í

Å

Ä

¼

ÖšÀ(Ã

×

ÖVÖ

»

Ì

¼¬É

�

x
Å/×

Í•Â

×ƒÅ

Í

»šÅ€»

Ö

¼œ½œ¼¬»

¿

Öš¾

¼:ðÏ×

¿

½

Ã#Ç

È

¿

Å€»

ÖpÃ

×

Â

»

ÍVÖ *


 x = � x ` E 1E :

wux+•{x+~/yp~€|/••z�‹Œ„s‡/ˆcŽ-‡kŽ@…}••z}•‚Ž-x+…}|/••®@„4xBzc•Dµ

)à)EÐ�ÐÑ) �O?ŒÓk?œ¸€Óë¹I»-¼

Ãš¿

½

E=k Û L=k
Á

ÃNÖ;Ã}ì

½

Ãš¿�Ö

¼¬»

¿/Ö

Á

Ã

½

ß

Å

Ã

Ê

¿

¼

Û

Ã

½

' : E ! L
¾E¿

k
Þ

À

»

Í

Å

Ä

¼

ÖNÀáÃ#Ç

�

Â

»

ÍNÖ

Û

Å€»

¾EÍ

½ª»

¾

½

x 2 K M
� (E)

Ã

½å½ª»

¾

½

y 2 K M
� (L ) Û

¢u¥@„�µ


 x � ' ] = ' ] � 
 (' � x)
¢u¥4¨ñµ

¹<¼

'
ÃNÖ

½<Ê

¿

¼

Û 
 (' � x) � ' ] = ' ] � 
 x
¢u¥-†(µ

¹<¼

'
ÃšÖ

½%Ê

¿

¼

Û ' ] � 
 y � ' ] = 
 ' � y
�_×

¿/ÖDÌNÃNÖ�Ë

»

ÍNÀ]¾HÂ•ÃNÖ

Û ' � x
ÁEÉ

Ö

¼

â-¿IÃDÂ

Ü ¼

À

×

âBÃ

Á-¼

Í}ÃcÌ

½

Ã

Á

Ã

x
Á*×

¿/Ö

K M
� (L )

Ã

½

' � y
Â

×

¿

»

ÍšÀáÃ

Á

Ã

y
ÁB×

¿/Ö

K M
� (E)

Ç

/�021436571

µ




Ž-|/z�~G£•„4¨IŽ-ˆc~G³€x�Ž-zcŽ-x�…i•E|�•t‡<„4ˆi~/yšŸ�x/••z}•‚Ž-xO³

� ' � x = � x � ' ] “�:[„4ˆt„4••‹•‹‚•{|/ˆc…#³€~G£•„4‡/ˆc•p…ï‹‚•

‹‚•{‘!‘(•!"€“#"€“•¦ "€³�Ž-x+„(„4|�…c…c•

� ' � y = � y � ' ]
“

,

•p…ï‹‚Ž-ˆc…8³E‹Œ„_‡/ˆcŽ-‡/ˆ}•‚y{zcy(›œ¢˜¥@„*¡Jˆcyp…c|/‹•zc•˜~/•˜‹Œ„s~/•{|€™€•‚•{‘(•T‡/ˆcŽ-‡/ˆ}•‚y{zcy ~€|ã‹‚•{‘!‘(•ƒ²€“•¦@“GCH“

—

•p…i~/•{|€™

„4|/z}ˆc•p…t‡/ˆcŽ-‡/ˆ}•‚y{zcyp…�ˆcyp…}|/‹•zc•{xEzu~/• ‹Œ„s‡/ˆcŽ-‡kŽ@…}••z}•‚Ž-x´²€“•¦@“•²€“

�

��� ����� � (��  �� � ��� � ��� � ��� � � � ��� � � �


HŽ-•‚•{xBz

E=k
|/x�•ï•š™€zc•{x�…}•‚Ž-x(~/•°z>žH‡I•åŸ�x/•ª³@•{z

v
|/x�•ï®@„4‹•|<„4z}•‚Ž-x(…}|/ˆ

E
xB|/‹•‹‚•i…}|/ˆ

k
“B¯°Ž-x�…}•‚~/y{ˆcŽ-x�…

Ov
‹ª£•„4x/x�•#„4| ~/•á®-„4‹•|<„4z}•‚Ž-x ~/•

v
“78Q‹å•p…cz•ˆcy{‰@|/‹••‚•{ˆL›:‡/|/•‚…c•E|�•á†@£ •p…}zs|/x „4x/x�•#„4| ~/•D®-„4‹•|<„4z}•‚Ž-x%¡••{z

•p…V…c•{xBz}•‚•{‹•‹‚•{‘(•{xEzÝ~/•+z>žH‡I•�Ÿ�x/•s›:‡/|/•‚…c•E|�•

E=k
•p…czá~/•LzQžE‡k•ÝŸ�x/•2¡š³à~/Ž-x�†´†@£ •p…}z(|/x „4x/x�•#„4|;‹‚ŽH†#„4‹

•p…V…c•{xBz}•‚•{‹•‹‚•{‘(•{xEzu‹••‚…c…V• …}|/ˆ

k
“

,

£•„4‡/ˆc•p…ƒ‹Œ„(‡/ˆcŽ-‡kŽ@…}••z}•‚Ž-x�"€“ ’�“#"@”€³I••‹J„-~€‘(•{zƒ~/Ž-x�†_|/x

k
§ª‘(ŽH~/•{‹‚•!…}z}ˆ}•‚†{z

(X ; s)
“ 
HŽ-••z

Z
‹ª£•„-~€Š�yš§

ˆc•{x�†p•sˆcyp~€|/••zc•]~/•

s
~�„4x�…

X
“Gwux „D~/Ž-x�†]~G£ |/x�•s‡<„4••ˆc••«¬•{ˆ}‘(yp•

(X ; Z )
zc•{‹•‹‚•]•B|�•

Z
•p…czu‹••‚…c…V•_…}|/ˆ

k
“%wux�‹•|/•1„!„-…c…cŽH†{•‚yT|/xLz}ˆ}•Œ„4x/‰@‹‚•ƒ~/•

�

ž€…}••x

M gm (Z ) f 1g
@X ;Z
� � � ! M gm (X � Z )

M gm(j )
� � � � ! M gm (X ) +1��!

:[„4ˆƒ„4••‹•‹‚•{|/ˆc…#³I~G£•„4‡/ˆc•p…T‹‚•ƒz}Š�ypŽ-ˆc•{‘(•!²€“ ’�“GCH³k†p•ƒz}ˆ}•Œ„4x/‰@‹‚•]•p…}z˜x<„4z}|/ˆc•{‹�‡<„4ˆ˜ˆV„4‡/‡IŽ-ˆ}zƒ„4|€™+Ž-|/®*•{ˆ}zc…T~/•

X
“HwuxD•{xã~/yp~€|/••zå~/Ž-x�†u•{xá†pŽ-x�…}•‚~/y{ˆV„4xBzï‹‚•�…cžH…}zc•{‘(•t†pŽ4Ÿ�‹•z}ˆV„4xBzi~/•p…J®*Ž-•‚…}••x<„4‰*•p…°Ž-|/®*•{ˆ}zc…°~/•

s
~�„4x�…

X
‹‚•T‡/ˆcŽ4§ªz}ˆ}•Œ„4x/‰@‹‚•_~€•‚…cz}••x/‰@|�y

M gm (Zs) f 1g
@X s ;Z s� � � � ! M gm (X s � Zs)

M gm(j s )
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z
~�„4x�…

Spec(� (x) 
 k L)
³

(A1
X ; z)

•p…czá|/x

k
§ª‘(ŽE~/•{‹‚•´‡IŽ-|/ˆD‹Œ„ ®@„4‹•|<„4z}•‚Ž-x

vx;z
“ïwux·•{x·~/yp~€|/••zã•E|�•L‹‚•

‘(Ž-ˆ}‡/Š/•‚…}‘(•

@L (t)=L
„s¨/•‚•{xL‹Œ„_«¬Ž-ˆ}‘(••„4z}zc•{x�~€|�•@“

¯°•{‹Œ„!†pŽ-x�†{‹•|/z#³%~G£•„4‡/ˆc•p…�‹Œ„s‡/ˆcŽ-‡kŽ@…}••z}•‚Ž-xL‡/ˆcyp†pyp~/•{xBzc•@“

�

�G?‚èG?‚è

“ é :1Ž-|/ˆ

L=k
|/x�•˜•š™Hzc•{x�…}•‚Ž-xÝ~/•uz>žH‡I•�Ÿ�x/•ª³HŽ-xDx�Ž-zc•

E(L)
‹ª£ •{x�…V•{‘•¨/‹‚•T~/•p…å†pŽ-|/‡/‹‚•p…

(x; z)
Ž<;

x
•p…czà|/xá‡kŽ-••xBzå«¬•{ˆ}‘(yu~/•

A1
k

³H•{z

z
|/xD‡kŽ-••xBz°~/•

Spec(� (x) 
 k L) �

‡kŽ-|/ˆà|/xãzc•{‹%†pŽ-|/‡/‹‚•@³HŽ-xDx�Ž-zc•

� (x; z)
‹‚••†pŽ-ˆ}‡�…uˆcyp…}•‚~€|�•{‹[~/•

z
³<•{z

v(x;z )
‹Œ„(®-„4‹•|<„4z}•‚Ž-x
…}|/ˆ

L(t)
•E|/•&‹•|/•1•p…}zu„4z}zV„-†VŠ�yp•s~G£•„4‡/ˆc•p…u‹Œ„

‡/ˆcŽ-‡IŽ@…c••z}•‚Ž-xL‡/ˆcyp†pyp~/•{xBzc•@“Gwux�ˆc•š«œŽ-ˆ}‘_|/‹‚•_„4‹‚Ž-ˆc…u†p•{z}zc• ‡/ˆcŽ-‡IŽ@…c••z}•‚Ž-x+†pŽ-‘!‘(•ƒ…}|/••zƒµ

�
"<34"%CœC:��0:3Ï) �O?‚èG?•ê ¹I»@¼

Ãš¿

½

L=k
¾H¿IÃ•Ãcì

½

Ãš¿/Ö

¼œ»

¿

Á

Ã

½

ß

Å

Ã

Ê

¿

¼

Û

Ã

½

' : L ! L (t)
Â

Ü ¼

¿

î

ÃcÌ

½œ¼œ»

¿´Ì

×

¿

»@Þ

¿

¼¬Æ

¾/Ã8Ç

�

ð

Ã}ÌoÂ‚ÃNÖ ¿

»@½ª×*½œ¼œ»

¿�Ö

Å

Í

É

Ì

ÉcÁ

Ãš¿

½

ÃNÖ

Û

¼

Â�Ã}ì

¼

Ö

½

Ã

×

Â

»

ÍNÖ ¾E¿

¼

Ö

»

À

»

Í

Å

Ä

¼

ÖNÀáÃYÌ

×

¿

»

¿

¼¬Æ

¾�Ã

Á*×

¿/Ö

pro� DM ef f
gm (k)

M (L(t)) ' M (L ) �
M

(x;z )2E(L )

M (� (x; z)) f 1g:

:�ˆcyp†{•‚…cŽ-x�…�•E|�•Ò‹‚•+‘(Ž-ˆ}‡/Š/•‚…c‘(• ~/•´‡/ˆcŽ4©}•p†{z}•‚Ž-x

M (L(t)) ! M (L)
•p…}zã‹‚•Ò‘(Ž-ˆ}‡/Š/•‚…}‘(•

' ] ³

•{z�‡IŽ-|/ˆÝzcŽ-|/zL†pŽ-|/‡/‹‚•

(x; z)
³ï‹‚•
‘(Ž-ˆ}‡/Š/•‚…}‘(• ~G£ ••x-©}•p†{z}•‚Ž-x

M (� (x; z)) f 1g ! M (L(t))
•p…}zÝ‹‚•

‘(Ž-ˆ}‡/Š/•‚…}‘(•ƒˆcyp…c•‚~€|

@v( x;z )

“

�G?‚èG?œ¸%?‚Ó æ

7B6

$�'@ 80:"%�

6

)´C:� '*"I�

�

)B'@ 8$�34)

6

)��])E0œCœ0œ�&�#"I� � �G"%$1C

7

wuxÒ‘(Ž-xBz}ˆc•s†pŽ-‘!‘(•{xBz •š™H‡/‹‚Ž-••zc•{ˆ˜‹‚••†pŽ-ˆcŽ-‹•‹Œ„4••ˆc•s~/•ƒ‹Œ„D…cŽ-|�…a§>…V•p†{z}•‚Ž-x+‡/ˆcyp†pyp~/•{xBzc•s‡kŽ-|/ˆu~/yp~€|/••ˆc•

~€|fz}Š�ypŽ-ˆc•{‘(•Ñ~/•
…}••‘!‡/‹•• Ÿ<†#„4z}•‚Ž-xº~/•

�

ŽH•{®*ŽE~/… �Ež ‹Œ„ñˆcyp~€|�†{z}•‚Ž-x …}|/••®-„4xEzc• ~/•
‹Œ„�†pŽ-x-©a•p†{z}|/ˆc•Ñ~/•

�

•{••‹•••x�…cŽ-x€§ 
HŽ-|/‹‚yD›œ•E|�• ‹ª£ Ž-x�ˆV„4‡/‡k•{‹•‹‚•8¡ µ

�ƒ34"<.J"%�802 802"I� �G?‚èO?‚¶

�&ÃNÖ_Ì

»

¿

Á-¼œ½œ¼œ»

¿/ÖTÖN¾

¼2ðÏ×

¿

½

ÃNÖ Ö

»

¿

½°É}Æ

¾

¼:ðÏ×

Â‚Ãš¿

½

ÃNÖ *

,

Ç

� ��������� � �	��
 � � �
� �����������������������������

Úi»

¾HÍ

½ª»

¾

½

ÖpÌšÄ

É

À

×Ý×

Â â

É#í

Í

¼¬Æ

¾/Ã!Â

¼

ÖVÖ#Ã

X Û

Å€»

¾HÍ

½ª»

¾

½

Ì

»

¾

Å

Â‚Ã

Á&Ü

Ãš¿

½œ¼

ÃšÍNÖ ¿

×@½

¾HÍ}ÃšÂòÖ

(n; m)
½

ÃšÂ

Æ

¾/Ã

m > 0Û

H � m (X ; Z(n)) = HomD M ef f
gm (k) (M gm (X ) ; Z(n)[� m]) = 0:

-

Ç

Úi»

¾EÍ

½ª»

¾

½

Ã!Ãcì

½

Ãš¿/Ö

¼œ»

¿

Á

Ã

½

ß

Å

Ã

Ê

¿

¼

E=k Û

Å€»

¾EÍ

½ª»

¾

½

Ì

»

¾

Å

Â‚Ã

Á&Ü

Ãš¿

½œ¼

ÃšÍNÖƒ¿

×@½

¾HÍ}Ã{Â Ö

(n; m)
½

ÃšÂ

Æ

¾�Ã

m > 0 Û

Hompro� D M ef f
gm (k) (M gm (E) ; Z(n)[� m]) = 0:

�HÇ

Úi»

¾EÍ

½ª»

¾

½

Ã!Ã}ì

½

Ãš¿/Ö

¼¬»

¿

Á

Ã

½

ß

Å

Ã

Ê

¿

¼

E=k Û

Å€»

¾EÍ

½ª»

¾

½

Ãš¿

½œ¼

ÃšÍ ¿

×@½

¾HÍcÃšÂ

n Û

Hompro� D M ef f
gm (k) (M gm (E) ; Z(n)[� 1]) = 0:



¥@² � ������� ��	������ �����
	����

�

��� � ��� � �

�

	������ �������������! �� �

/�021436571

µ

—

•T«ª„4••z�•E|�•

1 ) 3
•p…}z�y{®H•‚~/•{xBz#“

2 ) 1
µ :1Ž-|/ˆs†#„4‹‚†{|/‹‚•{ˆ

HomD M ef f
gm (k)(M gm (X ) ; Z(n)[m]) = Hm (X ; Z(n))

³1Ž-xÑ|/z}••‹••‚…c•!‹Œ„

…c|/••zc•ƒ…}‡k•p†{z}ˆV„4‹‚•ƒ~G£ ŠBžH‡I•{ˆc†pŽ-Š�Ž-‘(Ž-‹‚Ž-‰@•‚•

E p;q
2 = Hp�

X ; H q(Z(n))
�

) Hp+ q(X ; Z(n)) :

—

• ‰@ˆcŽ-|/‡k•

E p;q
2

•p…}zixE|/‹&…}•

p < 0
“


HŽ-••z

p
|/x •{xEz}•‚•{ˆ x<„4z}|/ˆc•{‹ª³G•{z

q
|/x •{xBz}•‚•{ˆƒˆc•{‹Œ„4z}• «}“

,

£•„4‡/ˆc•p… ‹‚•sz}Š�ypŽ-ˆc•{‘(•]’�“•”ECã~/• � * 


�

� �-† �>³

‹‚•ƒ‰@ˆcŽ-|/‡I•

Hp
�
X ; H q(Z(n))

�
•p…}zty{‰B„4‹&„4|

p
§ª•‚•{‘(• ‰@ˆcŽ-|/‡k•ƒ~/• †pŽ-Š�Ž-‘(Ž-‹‚Ž-‰@•‚•_~€|+†pŽ-‘!‡/‹‚•š™€•

::: !
M

x2 X ( p� 1)

H q(Z(n)) � (p� 1)(� (x)) !
M

y2 X ( p)

H q(Z(n)) � p(� (y)) ! :::

Ž<;s‹‚•å‰@ˆcŽ-|/‡I•ï†pŽ-ˆ}ˆc•p…}‡kŽ-x�~�„4xBzJ„4|€™•‡kŽ-••xBzc…[~�„4x�…

X (p) •p…}z&‡/‹Œ„-†pyï•{x]~/•{‰@ˆcy

p
›œŽ-xs‡I•{|/z�„4|�…c…}•H~/yp~€|/••ˆc•

†p•{‹Œ„(~/• x�Ž-z}ˆc•ƒ†pŽ-ˆcŽ-‹•‹Œ„4••ˆc•+@€“•¥€“•”]•{x+|/z}••‹••‚…V„4xBzu‹‚•Tz}Š�ypŽ-ˆc•{‘(••~/• …}••‘!‡/‹•• Ÿ<†#„4z}•‚Ž-xÒ~/•

�

ŽE•{®*ŽH~/…��Hž/¡š“

wuˆ#³�~G£•„4‡/ˆc•p…�‹‚• z}Š�ypŽ-ˆc•{‘(••~/•ƒ…}••‘!‡/‹•• Ÿ<†#„4z}•‚Ž-x´~/•

�

ŽH•{®*ŽH~/…��Ež*³

H q(Z(n)) � p(� (y)) ' Hompro� D M ef f
gm (k) (M (� (y)) (p)[p]; Z(n)[q])

' Hompro� D M ef f
gm (k) (M gm (� (y)) ; Z(n � p)[q � p]) :

¯°Ž-‘!‘(•

p
•p…}zï‡kŽ@…}••z}• «}³E‹ª£ ŠEžE‡kŽ-z}Š�•p…c•ƒ¥s•{xBz}ˆV„��‚x�•••B|�•T†p•T‰@ˆcŽ-|/‡k•˜•p…cz°xE|/‹O~/•p…i•B|�•

q < 0
“ 8Q‹Iˆcyp…c|/‹•zc•

~/Ž-x�†!~/•s‹ª£ ŠEžE‡kŽ-z}Š�•p…c•!¥ã•B|�•

E p;q
2

•p…}z˜xB|/‹J…}•

p < 0
Ž-|

q < 0
“O¯°•{‹Œ„D•{xEz}ˆV„��‚x�•(~/Ž-x�†@³I‡/|/•‚…c•E|�•_‹Œ„

…c|/••zc•˜…c‡I•p†{z}ˆV„4‹‚•T†pŽ-xB®*•{ˆ}‰*•@³<•B|�•˜zcŽ-|�…ï‹‚•p…°‰@ˆV„-~€|�yp…�~/•

H m (X ; Z(n))
…cŽ-xBzïxB|/‹‚…i…c•

m < 0
³€•{zi~/Ž-x�†

H m (X ; Z(n))
•p…cz�‹•|/• §ª‘��{‘(• xB|/‹ª“

,

„4x�…•†p•]ˆV„4•‚…cŽ-x/x�•{‘(•{xBz#³�••‹�xO£ žÒ„Ý~/Ž-x�†!ˆ}•‚•{xÑ~/•]x�Ž-|/®*•#„4|O“7:1„4ˆ_†pŽ-xBz}ˆc•!‹ª£ ••‘!‡/‹••‚†#„4z}•‚Ž-x

3 ) 2
ˆcyp…c|/‹•zc•�~€| †pŽ-ˆcŽ-‹•‹Œ„4••ˆc•Ý‡/ˆcyp†pyp~/•{xBz´µ1‘(Ž-xEz}ˆcŽ-x�…(•{x •>=k•{z]‡<„4ˆ!ˆcyp†{|/ˆ}ˆc•{x�†p•L…c|/ˆs‹ª£ •{xEz}•‚•{ˆ

m > 0
‹Œ„

‡/ˆcŽ-‡/ˆ}•‚y{zcy_…}|/••®@„4xBzc•ƒ~/•

m

P(m) :

(
8E=k

~/•Tz>žH‡k•TŸ�x/•

; 8n 2 N
Hompro� D M ef f

gm (k)(M gm (E) ; Z(n)[� m]) = 0:

—

£ ŠBžH‡IŽ-z}Š�•p…V•s”!†pŽ-ˆ}ˆc•p…c‡IŽ-x�~(©±|�…}zc•{‘(•{xEzT¤

P(1)
“GwuxL‘(Ž-xEz}ˆc•

P(m) ) P(m + 1)
“ 
HŽ-••z

E=k
|/x�•••š™Hzc•{x�…}•‚Ž-x´•B|�•{‹‚†pŽ-x�•E|�•@“4$u‹‚Ž-ˆc…#³/~G£•„4‡/ˆc•p…�‹ª£ ŠEžE‡kŽ-z}Š�•p…c•ƒ~/• ˆcyp†{|/ˆ}ˆc•{x�†p•@³<‡IŽ-|/ˆizcŽ-|/z

n 2 Z
³

Hompro� D M gm(k) (M gm (E(t)) ; Z(n)[� m]) = 0:
wuˆ#³�~G£•„4‡/ˆc•p…s‹‚•ã†pŽ-ˆcŽ-‹•‹Œ„4••ˆc•á‡/ˆcyp†pyp~/•{xEz#³�…}•à‹ª£ Ž-x †pŽ-x�…}•‚~/•{ˆc•D‹‚•(‡kŽ-••xBz_«œ•{ˆ}‘(y

0
~/•

A1
k

³�‹‚•(‘(Ž-z}• «

‰*y{x�y{ˆ}•‚•E|�•

M gm (E) f 1g
•p…}zi|/x�«ª„-†{zc•{|/ˆt~€••ˆc•p†{zt~/•

M gm (E(t))
“

8>‹O•{xLˆcyp…c|/‹•zc•ƒ•B|�•T‡kŽ-|/ˆizcŽ-|/z

n 2 Z
³

Hompro� D M ef f
gm (k)(M gm (E) f 1g; Z(n)[� m]) = 0:

wuˆ#³<¤]x�Ž-|/®*•#„4|L‰@ˆ.--†p••„4|+z}Š�ypŽ-ˆc•{‘(•ƒ~/•ƒ…}••‘!‡/‹•• Ÿ<†#„4z}•‚Ž-xÒ~/•

�

ŽE•{®*ŽH~/…��Hž*³

Hompro� D M ef f
gm (k) (M gm (E) f 1g; Z(n)[� m])

' Hompro� D M ef f
gm (k)(M gm (E) ; Z(n � 1)[� m � 1]) :

¯°•p†{•&‡I•{ˆ}‘(•{zt~/••†pŽ-x�†{‹•|/ˆc•ƒ•B|�•

P(m + 1)
•p…}zi®EˆV„4•‚•@“<¯°•{‹Œ„!zc•{ˆ}‘!••x�•ƒ‹Œ„]~/y{‘(Ž-x�…}z}ˆV„4z}•‚Ž-xO“

�
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æD)HÐÑ�/34çO$&) �G?‚èG? �

“ é

,

•T‹Œ„!‘��{‘(• ‘á„4x/•‚•{ˆc•@³�Ž-xL‘(Ž-xEz}ˆc•••E|�• …}•

8E=k
~/•TzQžE‡k•TŸ�x/•

; 8n 2 N
Hompro� D M ef f

gm (k)(M gm (E) ; Z(n)) = 0;

„4‹‚Ž-ˆc…#³�‹Œ„D†pŽ-x�~€••z}•‚Ž-x ”(~/•ƒ‹ª£ y{x�Ž-x�†py_‡/ˆcyp†pyp~/•{xBz •p…}zu®*y{ˆ}• Ÿ<yp•@“k¯°•{z}zc•s†pŽ-x�~€••z}•‚Ž-x ›:|/x+‡k•{|+‡/‹•|�…t«œŽ-ˆ}zc•

~/Ž-x�†8¡Tx�Ž-|�…s…c•{‘•¨/‹‚•á‡/‹•|�…ƒx<„4z}|/ˆc•{‹•‹‚•ã•B|�•(‹Œ„Ý‡/ˆcyp†pyp~/•{xBzc•@³[•{zƒ‹ª£ Ž-x�‡IŽ@…c•(‹Œ„�•B|�•p…cz}•‚Ž-x�~/•á…N„p®*Ž-••ˆ_…c•

•{‹•‹‚•ƒ•p…}zi®HˆV„4•‚•@“

æD)HÐÑ�/34çO$&) �O?•èO?	�

“ é wux ®*Ž-••z ‡/‹•|�… ‰*y{x�y{ˆV„4‹‚•{‘(•{xEz •B|�• ‹‚•p… ‰@ˆcŽ-|/‡I•p…

Hompro� D M ef f
gm (k) (M gm (E) ; Z(n)[m]) = 0

³á‡IŽ-|/ˆ

E=k
|/x�• •š™€zc•{x�…}•‚Ž-x
~/• z>žH‡k• Ÿ�x/•L®@„Ï§

ˆ}•Œ„4¨/‹‚•@³�…#£ Ž-ˆ}‰B„4x/•‚…c•{xEzu~/• ‹Œ„s‘á„4x/•‚•{ˆc•_…}|/••®@„4xBzc•(µ

6

-� n

m

�
�

�
�

�
�

�
�

� �

�
�
�
�
�
�
�
�
�
�
�

� 1

K M
�

�

�

�

�
�

�
�

�
�

�
�

� �

qr

M (r )

A
A
A
A
AA

A
A
A
A
AA

A
A
A
A
AA

A
A
A
A
AA

A
A
A
A
AA

A
A
A
A
AA

A
A
A
A
AA

A
A
A
A
AA

A
A
A
A
AA

A
A
A
A
AA

A
AA

,

„4x�…�†p• ‰@ˆV„4‡/Š/•‚•E|�• ‹‚•p…

0
••x�~€•‚•E|�•{xBzu‹‚•p…i‡<„4ˆ}z}•‚•p…t~/Ž-xEztŽ-x+…V„4••z�•E|O£ •{‹•‹‚•p…�…cŽ-xEz�xB|/‹•‹‚•p…#“

—

•p…˜y{‹‚y{‘(•{xBzc…˜…}••z}|�yp…˜…}|/ˆ�‹Œ„!~€ˆcŽ-••zc•_~/yp…}••‰@x�yp•

M (r ) ~�„4x�…t†p••‰@ˆV„4‡/Š/•‚•B|�•_…#£ Ž-ˆ}‰B„4x/•‚…c•{xBzT~�„4x�…�‹‚•

‘(ŽE~€|/‹‚••~/•ƒ†{žH†{‹‚•p…t•B|/•&¤s|/x�•ƒ•š™€zc•{x�…}•‚Ž-x+~/•TzQžE‡k•TŸ�x/•

E=k
„-…c…cŽH†{•‚•

M

l2 Z

Hompro� D M gm(k) (M gm (E) ; Z(l + r )[l ]) :

8Q‹O•{xLˆcyp…}|/‹•zc•ƒ•E|�•

M (0) •p…}zuy{‰B„4‹&¤]‹Œ„ �˜§ªz}Š�ypŽ-ˆ}•‚••~/•

�

••‹•x�Ž-ˆ#“%:[„4ˆ˜„4••‹•‹‚•{|/ˆc…#³/‡kŽ-|/ˆizcŽ-|/zt†pŽ-|/‡/‹‚•

~G£ •{xBz}•‚•{ˆc…

(r; s)
³%Ž-xÒ~€•‚…}‡kŽ@…c••~G£ |/x
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M (r ) � M (s) ! M (r + s) :
—
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�
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0
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(n; m)
³t••‹ƒž „ ~/•p…

0
‡<„4ˆ}zcŽ-|/zÒ…}|/ˆL‹Œ„ ~/•{‘!• §>~€ˆcŽ-••zc•

(n + l; m + l)
‡IŽ-|/ˆ

l � 0
›œ†p•_•E|/•�…c••ˆc•š«œŽ-ˆ}‘_|/‹‚•!•{x�†pŽ-ˆc•_•{x
~€•‚…V„4xEz˜•E|�•_…c•&|/xÒ‘(ŽE~€|/‹‚•s~/•_†{ž€†{‹‚•

•p…}zƒxE|/‹à•{xÑ|/xñ†p•{ˆ}zV„4••x�~/•{‰@ˆcy@³O••‹à•p…}z xE|/‹à‡kŽ-|/ˆƒzcŽ-|�…ƒ‹‚•p…•~/•{‰@ˆcyp…••{xñ~/•p…c…VŽ-|�…#³Gˆcyp~€|/•‚…V„4xEzs„4••x�…}•J‹Œ„
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m = � 1
“

�

“ �ƒ„4Š/x x�Ž-|�…•„ã…}••‰@x<„4‹‚y]•B|�•]‹ª£ Ž-x †pŽ-x-©}•p†{z}|/ˆc•]‘��{‘(•]‹ª£•„4x/xB|/‹Œ„4z}•‚Ž-x�~/•p…T‰@ˆcŽ-|/‡k•p… …}••z}|�yp… …}|/ˆ

‹Œ„Ñ~/•{‘!• §>~€ˆcŽ-••zc•

m = 0
•{z

n > 0
“
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n > 1
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H 1(E0; Z(n)) ! H 1(E ; Z(n))
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HomD M ef f
gm (k) (M gm (L ) f pg; M gm (X )) = 0:
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Á
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p > n Û

HomD M ef f
gm (k) (M gm (L ) f pg; M gm (E)) = 0:
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HomD M ef f
gm (k)(M gm (L ) f pg; M gm (X )) ' h0(X ) � p (L ):
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Ž-x�† ‹‚• «¬„4••z�•E|�•

1
•{z

3
…cŽ-xEztyp•B|/••®@„4‹‚•{xBzc•p…tˆcyp…}|/‹•zc•ƒ~/•T‹Œ„]‡/ˆcŽ-‡kŽ@…}••z}•‚Ž-x´”€“•”€“ ’�“

:�|/•‚…c•E|O£ ••‹%•p…}zJy{®H•‚~/•{xBz°•B|�•
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2
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2 ) 3
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HŽ-••z

X
|/xD…c†cŠ�y{‘á„

„4‹•‰*y{¨/ˆ}•‚•E|�•ƒ‹••‚…V…c• ~/• ~€••‘(•{x�…}•‚Ž-x

n
•E|�• ‹ª£ Ž-x�‡I•{|/zu…}|/‡/‡IŽ@…V•{ˆ�†pŽ-x/x�•š™€•@“

,

£•„4‡/ˆc•p…t‹Œ„]†pŽ-x�~€••z}•‚Ž-x

2
³

Hompro� HN tr
k

�
Sn+1

t 
 H tr h0(L ) ; h0(� (X ))
�

= 0
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�
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Hompro� HN tr
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�
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 H tr h0(L ) ; h0(X x )
�

! Hompro� HN tr
k

�
Sr

t 
 H tr h0(L ) ; h0(X )
�
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µ48Q‹O…#£•„4‰@••z�~/•ƒ~/y{‘(Ž-xEz}ˆc•{ˆu•E|�•T‹‚• ‘(Ž-ˆ}‡/Š/•‚…}‘(•

lim �
U� X

h0(U) � r (L ) ! h0(X ) � r (L )

Ž<;Ñ‹Œ„Ý‹•••‘!••zc•!‡/ˆcŽ4©}•p†{z}••®*•(‡<„4ˆc†pŽ-|/ˆ}z•‹ª£ •{x�…c•{‘•¨/‹‚•ã†pŽ4Ÿ�‹•z}ˆV„4xBzs~/•p…•Ž-|/®*•{ˆ}zc…ƒx�Ž-xñ®E•‚~/•p…ƒ~/•

X
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HŽ-•‚•{xBz

U
•{z

V
~/•p…�Ž-|/®*•{ˆ}zc…&x�Ž-x_®E•‚~/•p…&~/•

X
zc•{‹‚…�•B|�•

U � V
“

—

„�‡/ˆcŽ-‡IŽ@…}••z}•‚Ž-xs”€“•”€“•”t„4‡/‡/‹••‚•E|�yp•

¤s‹ª£ ••‘!‘(•{ˆc…}•‚Ž-x´Ž-|/®*•{ˆ}zc•

U � V
…}••‰@x/• Ÿ<•ƒ•š™�„-†{zc•{‘(•{xBzu•E|�•T‹‚• ‘(Ž-ˆ}‡/Š/•‚…}‘(•

h0(U) ! h0(V )

•p…}zi|/x+y{‡/••‘(Ž-ˆ}‡/Š/•‚…}‘(•_~�„4x�…i‹Œ„!†#„4zcy{‰*Ž-ˆ}•‚•ƒ~/•p…�«¬„4•‚…V†p•#„4|€™ãŠ�Ž-‘(Ž-zcŽ-‡/•‚•E|�•p…#“

:�|/•‚…c•E|�•Ò‹‚•´«œŽ-x�†{zc•{|/ˆ

HomHN tr
k

�
Sr

t 
 H tr h0(L ) ; :
�

•p…czã•š™�„-†{zÑ›œ†š«]”€“•”€“ ’ •{zL”€“ ’�“#"*¡š³iŽ-x •{x

~/yp~€|/••zt•E|�• ‹‚•T‘(Ž-ˆ}‡/Š/•‚…}‘(•

h0(U)� r (L ) ! h0(V ) � r (L )
•p…}zi|/x+y{‡/••‘(Ž-ˆ}‡/Š/•‚…}‘(•@“

:�|/•‚…c•E|�•

X
•p…czJ~/•iz>žH‡I•°Ÿ�x/•ª³*••‹<„-~€‘(•{zJ|/x�•i¨<„-…c•i~/y{x�Ž-‘_¨/ˆV„4¨/‹‚•u~G£ Ž-|/®*•{ˆ}zc…#“ 8>‹�•š™€•‚…}zc•i~/Ž-x�†i|/x�•

…}|/••zc•!~/yp†{ˆcŽ-•‚…c…V„4xEzc•!~G£ Ž-|/®*•{ˆ}zc… x�Ž-x ®H•‚~/•p…

(Un )n2 N
zc•{‹‚… •B|�•

X x = lim �
n2 N

Un
“Owux ‡k•{|/zT…c|/‡/‡IŽ@…c•{ˆ

U0 = X �

‹‚• ‹‚•{‘!‘(•ƒˆcyp…}|/‹•zc•s„4‹‚Ž-ˆc…u~€|L«¬„4••zt•E|�•ƒzcŽ-|�…t‹‚•p…�‘(Ž-ˆ}‡/Š/•‚…}‘(•p…˜~/•ƒz}ˆV„4x�…c••z}•‚Ž-x´~€|´…cžH…}zc•{‘(•

‡/ˆcŽ4©a•p†{z}• «J~/y{x�Ž-‘_¨/ˆV„4¨/‹‚•

(h0(Un ))n2 N
…cŽ-xEzt~/•p…�y{‡/••‘(Ž-ˆ}‡/Š/•‚…}‘(•p…#“

�

wux�„�~/Ž-x�†(‘(Ž-xBz}ˆcyD‹ª£ yp•B|/••®@„4‹‚•{x�†p•á~/•p… z}ˆcŽ-•‚…_†pŽ-x�~€••z}•‚Ž-x�…#“9$u‹‚Ž-ˆc…#³G‹Œ„L~/•{ˆ}x/•‚•{ˆc•á†pŽ-x�~€••z}•‚Ž-xñ••‘]§
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E=k
³

L=k
•{z˜‡IŽ-|/ˆTzcŽ-|/z •{xBz}•‚•{ˆ x<„4z}|/ˆc•{‹

p
³%‹‚•

‘(Ž-ˆ}‡/Š/•‚…}‘(••†#„4x�Ž-x/•‚•E|�•

Hom ~Ek
((L; p); (E ; 0)) ! Hom

D M ef f ; (0)
gm (k)

(M gm (L ) f pg; M gm (E))
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M (0) •p…}z�‡/‹‚•{••xD…c•°ˆc•š«œŽ-ˆ}‘_|/‹‚•t•{x!‹Œ„T•E|�•p…}z}•‚Ž-x(…}|/••®@„4xBzc•ƒµ

:�Ž-|/ˆDzcŽ-|/zc•p…á•š™€zc•{x�…}•‚Ž-x�…(~/•�zQžE‡k•ãŸ�x/•

E=k
³

L=k
³à•{z!‡IŽ-|/ˆ(zcŽ-|/zD†pŽ-|/‡/‹‚•L~G£ •{xBz}•‚•{ˆc…áˆc•{‹Œ„4z}• «œ…

(p;q)
³/‹‚• ‘(Ž-ˆ}‡/Š/•‚…}‘(••†pŽ-x�…}z}ˆ}|/••zt~�„4x�…�‹Œ„]~/y{‘(Ž-x�…cz}ˆV„4z}•‚Ž-x´~€|Lz}Š�ypŽ-ˆc•{‘(•s–€“•¥€“•¦

Hom ~Ek
((L; p); (E ; q)) ! Hom

D M (0)
gm(k)

(M gm (L ) f pg; M gm (E) f qg)

•p…cza§ª••‹&…}|/ˆœ©}•p†{z}• «��

wuˆ#³/‹‚•p…ï«¬Ž-x�†{zc•{|/ˆc…

~Ek ! ~Ek DM (0)
gm (k) ! DM (0)

gm (k)
(E ; p) 7! (E ; p + 1) M gm (E) f pg 7! M gm (E) f p + 1g
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Hom
D M (0)

gm(k)
(M gm (L ) ; M gm (E)) ' Hom

HN tr ; (0)
k

(h0(L ) ; h0(E)) :

,

£•„4‡/ˆc•p…�‹‚•T‹‚•{‘!‘(•ƒ~/• �àŽ-x�•p~�„€³%Ž-x+„]~/• ‡/‹•|�…i|/xL•‚…VŽ-‘(Ž-ˆ}‡/Š/•‚…}‘(•ƒ†#„4x�Ž-x/•‚•E|�•
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k
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¤Ýµ
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� k(Spec(L ) ; Spec(E))
³/†@£ •p…cza§

¤Ï§>~€••ˆc•D„4|Ñ‰@ˆcŽ-|/‡k•]«¬Ž-ˆ}‘(y(~/•p…•†{‹Œ„-…V…c•p…ƒ~/•!‡kŽ-••xBzc…•«œ•{ˆ}‘(yp…•~/•

Spec(L 
 k E)
~/Ž-xEz•‹Œ„Ý‡/ˆcŽ4©}•p†{z}•‚Ž-x

…}|/ˆ

L
•p…}zïŸ�x/•‚•_¤]Š�Ž-‘(Ž-zcŽ-‡/•‚•ƒ‡/ˆc•p…#“

¯°• ‰@ˆcŽ-|/‡k•ƒ•p…}zt~/Ž-x�†••{x/‰*•{x�~€ˆcyƒ‡<„4ˆ�‹‚•p…�†{‹Œ„-…V…c•p…t~G£ y{‹‚y{‘(•{xEzc…

z
~�„4x�…

Spec(L 
 k E)
³€‡/|/•‚…V•B|�•

‹‚•{|/ˆ�‡/ˆcŽ4©}•p†{z}•‚Ž-x+…}|/ˆ

L
•p…}zizcŽ-|-©}Ž-|/ˆc…iŸ�x/•‚•@“/¢u•{®*•{x<„4xBzu„4|

k
§ª‘(ŽH~/•{‹‚•

X
~/•

L
³

z
†pŽ-ˆ}ˆc•p…}‡kŽ-x�~+¤s|/x

|/x/•‚•B|�••‡IŽ-••xEzu‰*y{x�y{ˆ}•‚•E|�••~/•

X E
³<~/Ž-xEz˜Ž-x´x�Ž-zc•

Zx
‹ª£•„-~€Š�y{ˆc•{x�†p•@“ �u|/••z}zc•]¤]ˆcyp~€|/••ˆc•

X
³<Ž-x´‡I•{|/z

…}|/‡/‡kŽ@…c•{ˆt•E|�•

Zx
•p…cz�‹••‚…c…c•ƒ…c|/ˆ

k
“ 
HŽ-•‚•{xBz

f z : Zx ! X
•{z

pz : Zx ! Spec(E)
‹‚•p…t‡/ˆcŽ4©a•p†{z}•‚Ž-x�…

†#„4x�Ž-x/•‚•B|�•p…8“

,

•p… ‹‚Ž-ˆc…#³G~G£•„4‡/ˆc•p…ƒ‹‚•]‹‚•{‘!‘(• "€“•”€“ ’�³G‹Œ„Ý†{‹Œ„-…c…c•!~/•

Z
³k•{xÑzV„4xBz_•B|�•!†pŽ-ˆ}ˆc•p…}‡kŽ-x�~�„4x�†p•

Ÿ�x/•‚•]~/•

X
~�„4x�…

Spec(E)
³I•p…}z y{‰B„4‹‚•!¤

pz � t f Z
“G¯°•p†{•�~/y{‘(Ž-xBz}ˆc•!‡<„4ˆT~/yšŸ�x/••z}•‚Ž-xÑ•E|�•_‹Œ„D†{‹Œ„-…c…c•

~/•

z
~�„4x�…

� k (Spec(L ) ; Spec(E))
•p…}z�y{‰B„4‹‚••¤

( z)] (' z)]
“

�

æD)HÐÑ�/34çO$&) �O?•èO?œ¸ �

“ é´¯°Ž-x�…}•‚~/y{ˆcŽ-x�…T~/•_x�Ž-|/®*•#„4| ‹‚••†#„-…˜‰*y{x�y{ˆV„4‹�Ž<;

L=k
•{z

E=k
…VŽ-xBzT~/••zQžE‡k•

Ÿ�x/•ª“ 
HŽ-••z

(X ; x)
|/xL‘(ŽH~/•{‹‚••~/•

L=k
•{z

(Y; y)
|/xL‘(ŽH~/•{‹‚••~/•

E=k
“

,

„4x�…�‹‚•_†#„-…�Ž<;

p = q = 0
³

Ž-x´„s®H|+„4|+†pŽ-|/ˆc…�~/• ‹Œ„]~/y{‘(Ž-x�…}z}ˆV„4z}•‚Ž-xÒ•B|/•G‡/ˆcyp†p•p~/•

Hom
D M (0)

gm(k)
(M gm (L ) ; M gm (E)) ' lim �

V � Y

lim� !
U� X

� k(U;V )

' lim �
V � Y

� k(Spec(L ) ; V ) :
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Á
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Hom
D M (0)

gm(k)
(M gm (L ) f pg; M gm (E)) 
 Q = 0:

/�021436571

µ 
HŽ-••z

d
‹‚••~/•{‰@ˆcy•~/••z}ˆV„4x�…c†p•{x�~�„4x�†p•]…}|/ˆ

k
~/•

E
“

,

„4x�…u‹‚••†#„-…uŽ<;

d = 0
³�x�Ž-|�…T„p®*Ž-x�…

~/y±©c¤!Ž-¨/zc•{xE|´†p•Tˆcyp…}|/‹•zV„4zt~�„4x�…�‹‚• ‹‚•{‘!‘(••–€“•”€“•¦ "€³�•{z�‘��{‘(•ƒ‡IŽ-|/ˆizcŽ-|/z�‹‚•ƒ‰@ˆcŽ-|/‡I•@“

wux�‡k•{|/zs~/Ž-x�†D‹Œ„4x�†p•{ˆs|/x�•áˆcyp†{|/ˆ}ˆc•{x�†p•Ý…}|/ˆ

d
“[wux�…}|/‡/‡kŽ@…c•(‹‚•Dˆcyp…}|/‹•zV„4zs‡IŽ-|/ˆ_|/x�~/•{‰@ˆcyã~/•

z}ˆV„4x�…V†p•{x�~�„4x�†p• …}z}ˆ}•‚†{zc•{‘(•{xBzi••x€«¬y{ˆ}•‚•{|/ˆ�¤

d
³H•{zïŽ-xÝ†pŽ-x�…c•‚~/•{ˆc•˜•E|�•

E=k
•p…cz°~/•T~/•{‰@ˆcy˜~/•uz}ˆV„4x�…V†p•{x€§

~�„4x�†p•

d
“ 8Q‹å•š™€•‚…}zc•á„4‹‚Ž-ˆc…_|/x�•(¨<„-…V•(~/•(z}ˆV„4x�…c†p•{x�~�„4x�†p•ã…cy{‡<„4ˆV„4xEzc•D~/•

E=k
³

(x1; :::; xd)
zc•{‹å•E|�•

E=k(x1; :::; xd)
•p…}zt„4‹•‰*y{¨/ˆ}•‚•E|�•ƒ…cy{‡<„4ˆV„4¨/‹‚•@³%~/Ž-x�†T‘(Ž-x�Ž-‰*•{x�•@“ *1• ™/Ž-x�…

a
|/x�‰*y{x�y{ˆV„4zc•{|/ˆ#“

wux+†pŽ-‘!‘(•{x�†p••‡<„4ˆt‘(Ž-xBz}ˆc•{ˆt‹ª£•„-…V…c•{ˆ}z}•‚Ž-xL‡kŽ-|/ˆ�‹ª£ •š™Hzc•{x�…c•‚Ž-x

E 0 = k(x1; :::; xd)
“ :�Ž@…cŽ-x�…

K =
k(x1; :::; xd� 1)

³<~/•ƒ…cŽ-ˆ}zc• •E|�•

E 0 = K (xd)
“

,

•p…�‹‚Ž-ˆc…#³�~G£•„4‡/ˆc•p…�‹‚• †pŽ-ˆcŽ-‹•‹Œ„4••ˆc•s–€“•”€“ ’�³

M gm
�
E 0� ' M gm (K ) �

M

x2 (A1
k )(0)

M gm (� (x) 
 k K ) f 1g:

wux+•{x+~/yp~€|/••zt~/Ž-x�†

Hom
�
M gm (L ) f pg; M gm

�
E 0� �


 Q

' Hom(M gm (L ) f pg; M gm (K )) 
 Q

�
M

x2 (A1
k )(0)

Hom(M gm (L ) f pg; M gm (� (x) 
 k K ) f 1g) 
 Q:

$t••x�…}•ª³å~G£•„4‡/ˆc•p…á‹ª£ ŠEžE‡kŽ-z}Š�•p…c•Ò~/•Lˆcyp†{|/ˆ}ˆc•{x�†p• „4‡/‡/‹••‚•E|�yp•´¤

K
³J‹‚•L‡/ˆc•{‘!•‚•{ˆá«ª„-†{zc•{|/ˆã~/•´†p•{z}zc•

…VŽ-‘!‘(•u~€••ˆc•p†{zc•T•p…}z°xB|/‹ª“ :1„4ˆ�„4••‹•‹‚•{|/ˆc…#³€~G£•„4‡/ˆc•p…°‹‚•uz}Š�ypŽ-ˆc•{‘(•˜~/•˜…}••‘!‡/‹•• Ÿ<†#„4z}•‚Ž-x�~/•

�

ŽE•{®*ŽH~/…��Hž+›œ†š«

@€“•”€“#"*¡š³<‡IŽ-|/ˆizcŽ-|/zt‡IŽ-••xEzi«œ•{ˆ}‘(y

x
~/•

A1
k

³/Ž-x+„

Hom(M gm (L ) f pg; M gm (� (x) 
 k K ) f 1g) ' Hom(M gm (L ) f p � 1g; M gm (� (x) 
 k K ))

•{zt‹Œ„s‡<„4ˆ}z}•‚•ƒ…V„4x�…izcŽ-ˆc…}•‚Ž-x´~/•ƒ†p•˜«¬„-†{zc•{|/ˆu•p…}z�~/Ž-x�† xB|/‹•‹‚•_~G£•„4‡/ˆc•p…�‹ª£ ŠEžE‡kŽ-z}Š�•p…c•ƒ~/•Tˆcyp†{|/ˆ}ˆc•{x�†p•@“

8>‹°x�Ž-|�…sˆc•p…}zc•ã¤+z}ˆV„4••zc•{ˆs‹‚•D†#„-…]~/•

E
•E|/•ï•p…}z•|/x�•ã•š™Hzc•{x�…c•‚Ž-x�Ÿ�x/•ï…cy{‡<„4ˆV„4¨/‹‚•Ý~/•

E 0“ 
HŽ-•‚•{xEz

n = [E : E 0]
³�•{z

' : E 0 ! E
‹‚•ã‘(Ž-ˆ}‡/Š/•‚…}‘(•�†#„4x�Ž-x/•‚•E|�•@“

,

£•„4‡/ˆc•p…]‹Œ„´«¬Ž-ˆ}‘•|/‹‚•�~/•�–€“•¥€“#"€³�Ž-x

Ž-¨/z}•‚•{xEz

' ] ' ] = n:1M gm(E )

$t••x�…}•ª³<~�„4x�…i‹Œ„!†#„4zcy{‰*Ž-ˆ}•‚•

DM (0)
gm (k) 
 Q

³€‹‚• ‘(Ž-ˆ}‡/Š/•‚…c‘(• 1
n :' ]

•p…czi|/x�•Tˆcy{z}ˆV„-†{z}•‚Ž-x´~/•

' ] “

¯°•p†{•O••‘!‡/‹••‚•B|�•••B|�• ‹‚•T‘(Ž-ˆ}‡/Š/•‚…c‘(•ƒ••x�~€|/••z�‡<„4ˆ

' ]

Hom(M gm (L )f pg; M gm (E)) 
 Q ! Hom
�
M gm (L )f pg; M gm

�
E 0�� 
 Q

•p…czi|/xL‘(Ž-x�Ž-‘(Ž-ˆ}‡/Š/•‚…}‘(•@³I•{zix�Ž-|�…�‡k•{ˆ}‘(•{z�~/•ƒ†pŽ-x�†{‹•|/ˆc•@“

�
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„4x�…!†p•{z}zc•�~/y{‘(Ž-x�…cz}ˆV„4z}•‚Ž-xO³àŽ-x ®*Ž-••z(•{x «¬„4••z!•E|�•�~�„4x�…]‹ª£ y{zV„4‡I•�~/•Ýˆcyš§

†{|/ˆ}ˆc•{x�†p•áŽ-xñ„�Ž-¨/zc•{xE|ñ‹‚•s«ª„4••z••E|�•]‡IŽ-|/ˆ zcŽ-|/z

� 2 Hom(M gm (L )f pg; M gm (E))
³

n:� = 0
³OŽ<;

n = [E : E 0]
“

8Q‹Bx�Ž-|�…[…}|��(ˆV„4••z[~/Ž-x�†à‡kŽ-|/ˆ1†pŽ-x�†{‹•|/ˆc•ï…V„4x�…[„p®*Ž-••ˆ1¨k•p…cŽ-••xs~/•àzc•{x�…cŽ-ˆ}•‚…c•{ˆ1‡<„4ˆ

Z
~€|•«ª„4••z�…c|/••®-„4xEz°µ

‡kŽ-|/ˆàzcŽ-|/zc•˜•š™Hzc•{x�…}•‚Ž-xÝ~/•�zQžE‡k•iŸ�x/•

E=k
³E•{zå‡IŽ-|/ˆåzcŽ-|/z°•{xEz}•‚•{ˆå‡/ˆc•{‘!•‚•{ˆ

p
³*••‹%•š™€•‚…}zc•�|/x�•˜…cŽ-|�…a§

•š™Hzc•{x�…c•‚Ž-x
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~/•

E=k
³G•{z |/x y{‹‚y{‘(•{xBz

t
~/•

E
•B|/•�•p…}z z}ˆV„4x�…V†p•{x�~�„4xBz•…}|/ˆ

L
³%zc•{‹J•E|�•

E=L(t)
…cŽ-••zïŸ�x/•‚•ƒ~/•ƒ~/•{‰@ˆcyƒ|/x�• ‡/|/•‚…c…V„4x�†p• ~/•

p
“
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•p…}zt®HˆV„4•‚••…V„4x�…uzc•{x�…cŽ-ˆ}•‚…c•{ˆ˜‡<„4ˆ

Q
‹‚Ž-ˆc…c•E|�•

E=k
•p…}z
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1
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HomD M ef f
gm (k) (M gm (L )f pg; M (X )) 
 Q = 0:

/
021432571

µ*wux!‡k•{|/zJ…c•°ˆc•p…}z}ˆc•{••x�~€ˆc•t„4|(†#„-…JŽ<;

X
•p…}zJ†pŽ-x/x�•š™/•@“

—

•i‰@ˆcŽ-|/‡k•i~/Ž-xBzJŽ-x!®*•{|/zà‘(Ž-xBz}ˆc•{ˆ

‹Œ„]xB|/‹•‹•••zcy••p…}zi•‚…cŽ-‘(Ž-ˆ}‡/Š�•@³<~G£•„4‡/ˆc•p…t‹Œ„s‡/ˆcŽ-‡IŽ@…c••z}•‚Ž-x´–€“•¦@“•”€³%„4|�‰@ˆcŽ-|/‡k•

HomHN tr
k

�
Sp

t 
 H tr h0(L ) ; h0(X )
�


 Q:


HŽ-••z

� (X )
‹‚•t†pŽ-ˆ}‡�…å~/•p…J«œŽ-x�†{z}•‚Ž-x�…°~/•

X
“

,

£•„4‡/ˆc•p…å‹‚•i‹‚•{‘!‘(•˜–€“•”€“•–€³*‹‚•�‘(Ž-ˆ}‡/Š/•‚…c‘(•t†#„4x�Ž-x/•‚•E|�•

HomHN tr
k

�
Sp

t 
 H tr h0(L ) ; h0(� (X ))
�


 Q ! HomHN tr
k

�
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t 
 H tr h0(L ) ; h0(X )
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Hom �C (� (X � ); � (Y� )) ' lim �
j 2 J

Hom �C (� (X � ); � (Yj ))

' lim �
j 2 J

� (X � )(Yj )

= lim �
j 2 J

lim� !
i 2 I op

HomC (X i ; Yj )

= Hompro� C (X � ; Y� )
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