
A FEW LOCALISA TION THEOREMS

BRUNO KAHN AND R. SUJATHA

Intr oduction

Let T : C ! D be a functor and S � C, S0 � D two classesof
morphisms containing identities and stable under composition, such
that T(S) � S0. This inducesthe situation

(0.1)

C T� � � ! D

P

?
?
y Q

?
?
y

S� 1C
�T� � � ! S0� 1D

where P and Q are localisation functors. In this note, we o�er an
answer to the following question.

0.1. Question. Give su�cien t conditions for �T to be an equivalenceof
categories.

This answer, Theorem2.1, is in the spirit of Quillen's theoremA [14,
th. A] that we recall for motivation: in the above situation, forgetting
S and S0, if for all d 2 D the categorydnT (seex1.a) is 1 -connected,
then T is a weak equivalence.

Background. In [8, Th. 3.8], we proved that �T is an equivalenceof
categorieswhen D is the category of smooth varieties over a �eld of
characteristic0, Cis its full subcategoryconsistingof smooth projective
varieties, and we take for S and S0 either birational morphisms or
\stable birational morphisms" (i.e. dominant morphismssuch that the
corresponding function �eld extensionis purely transcendental). When
westarted revising[8], it turned out that we neededsimilar localisation
theoremsin other situations. At this stageit was becomingdesirable
to understandtheselocalisation theoremsmore abstractly, and indeed
we got two non-overlapping, technical (and very ugly) statements.

The �rst author then discussedtheseresults with GeorgesMaltsin-
iotis, and they arrived at Corollary 4.4 below. Using Proposition 5.9
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below, onecan easily seethat the hypothesesof Corollary 4.4 are ver-
i�ed in the caseof Theorem 3.8 of [8]. However, they are not veri�ed
in someof the other geometricsituations mentioned above.

\Catching" the latter situations led to Theorem 2.1. Thus we had
two sets of abstract hypothesesimplying that �T is an equivalenceof
categories:

� hypotheses(0), (1) and (2) of Theorem2.1.
� hypotheses(0) and (1') of Corollary 4.4;

To crown all, Maltsiniotis gave us an argument showing that (0) +
(10) ) (0) + (1) + (2): this is the content of Theorem 4.3 a) and the
proof we give is essentially his.

In the sameperiod, Jo•el Riou proved a localisation theorem of a
similar nature (Theorem 5.2). It turns out that Hypotheses(0), (1)
and (2) are implied by Riou's hypotheses(and actually by less): see
Theorem5.3.

After stating and proving the main theorem,Theorem2.1, we prove
a \relativisation" theorem, Theorem 4.3 which leadsto Corollary 4.4
mentioned above. Wethen givea number of conditionswhich imply the
hypothesesof Theorem2.1 in x5. In x6 we show that the fact that �T is
an equivalenceof categoriesin (0.1)is stable under adjoining products
and coproducts. We then give some algebro-geometricapplications
(hyperenvelopes, cubical hyperresolutions...) in x7, and �nally , in x8,
the birational applicationswe alluded to: thosewill be usedto simplify
the exposition of the revision [9] of [8].

Even though Maltsiniotis did not wish to appear as a coauthor of
this note, we want to stresshis essential contributions in bringing the
resultshereto their present form. Let us alsomention that Hypotheses
(0), (1) and (2) imply much morethan Theorem2.1: they actually yield
the existenceof an \absolute" derived functor (in the senseof Quillen
[13, x4.1, Def. 1]) associated to any functor F : D ! E such that
F T(S) is invertible. This will be developed in a forthcoming work of
Maltsiniotis and the �rst author, where a di�erent proof of Theorem
2.1 will be given [7]; seealready x3 herefor a weaker result. In [7], we
also hope to lift Theorem 2.1 to the \Dwy er-Kan localisation" [3] by
suitably reinforcing its hypotheses.
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1. Not ation

1.a. Comma categories. Recall [11, ch. I I, x6] that to a diagram of
categoriesand functors

B
?
?
y G

A F� � � ! C

oneassociatesa categoryF # G, the (ordered) \2-�bred product" of F
and G:

F # G F 0

� � � ! B
?
?
y G0

?
?
y G

A F� � � ! C:

An object of F # G is a triple (a;b;f ) wherea 2 A , b2 B and f is a
morphism from F (a) to G(b). A morphism from (a;b;f ) to (a0; b0; f 0)
is a pair of morphisms' : a ! a0,  : b ! b0 such that the diagram

F (a)
f

� � � ! G(b)
?
?
y F (' )

?
?
y G( )

F (a0)
f 0

� � � ! G(b0)

commutes. Composition of morphismsis de�ned in the obvious way.
This notation is subject to the following abbreviations:

� G = I dB: F # G = F # B.
� Dually, F = I dA : F # G = A # G.
� If B is the point categoryand G hasimagec: F # G = F # c =

F=c = A=c (the latter notation being usedonly when there is
no possibleambiguity).

� Dually, if A is the point categoryand F has imagec: F # G =
c # G = cnG = cnB.

The categoryF # G shouldnot be confusedwith its full subcategory
F � CG or A � CB (1-�bred product), consistingof thosetriples (a;b;f )
such that f is an identit y.

1.b. Path group oid. For any category E, one denotesby � 1(E) the
categoryobtainedby inverting all arrowsof E: this is the path groupoid
of E.
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1.c. Connectedness. A category E is n-connected if (the geometric
realisation of) its nerve is n-connected;� 1-connectedis synonymous
to \non-empty". For n � 1, E is n-connectedif and only if � 1(E) is n-
connected.Thus, 0-connectedmeansthat E is nonempty and any two
of its objects may be connectedby a zig-zagof arrows (possiblynot all
pointing in the samedirection) and 1-connectedmeansthat � 1(E) is
equivalent to the point (category with oneobject and onemorphism).

If E is n-connectedfor any n, we say that it is 1 -connected (this
notion is apparently weaker than \contractible").

1.d. Co�nal functors. According to [11, ch. IX, x3 p. 217],a functor
L : J 0 ! J is called co�nal if, for all j 2 J , the category L # j is
0-connected.

2. The main localisa tion theorem

2.a. The categories I d. With the notation of the introduction, con-
sider S and S0 assubcategoriesof C and D with the sameobjects, and
let TS : S ! S0 be the functor induced by T. Set, for all d 2 D,

I d = d # TS = dnS

cf. 1.a. Thus:

� An object of I d is a pair (c;s) where c 2 C and s : d ! T(c)
belongsto S0. Wesummarisethis with the notation d s� ! T(c),
or sometimess, or even c if this doesnot causeany confusion.

� If d s� ! T(c), d s0

� ! T(c0) are two objects of I d, a morphism
from the �rst to the secondis a morphism � : c ! c0 belonging
to S and such that the diagram

T(c)

T (� )

��

d

s
=={{{{{{{{

s0

!!C
CC

CC
CC

C

T(c0)

commutes, composition of morphismsbeing the obvious one.

2.b. Categories of diagrams. Let E be a small category. In the
category CE = Hom (E; C), one may consider the following classof
morphismsS(E): if c;c0 2 CE , a morphism s : c ! c0 belongsto S(E)
if and only if, for all e 2 E, s(e) : c(e) ! c0(e) belongsto S. Onede�nes
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similarly S0(E), a classof morphismsin DE . This givesa meaningto
the notation I d for d 2 DE .

We shall be interested in the casewhereE = � n , corresponding to
the totally ordered set f 0; : : : ; ng: so, C� n

can be identi�ed with the
category of sequencesof n composablearrows (f n ; : : : ; f 1) of C. For
n = 0, this is just the categoryC.

2.c. Statemen t of the theorem. With notation as in xx2.a and 2.b,
it is the following:

2.1. Theorem (Simplicial theorem). Suppose the following assump-
tions veri�e d:

(0) For all d 2 D, I d is 1-connected.
(1) For all f 2 D � 1

, I f is 0-connected.
(2) For all (f 2; f 1) 2 D � 2

, I (f 2 ;f 1) is � 1-connected.
Then �T is an equivalence of categories.

2.d. Preparatory lemmas. Beforeproving theorem2.1, we shall es-
tablish a few lemmas. The �rst is trivial:

2.2. Lemma. For all d 2 D, the composite functor

I d ! C P� ! S� 1C;

where the �rst functor sendsd s� ! T(c) to c, inverts all arrowsof I d,
hence inducesa functor

F(d) : � 1(I d) ! S� 1C:

For d 2 D and for c;c0 2 � 1(I d), denoteby 
 c;c0 the uniquemorphism
from c to c0, aswell as its imagein Ar (S� 1C) by the functor F(d). Let
f : d0 ! d1 be a morphism of D. For (c1; c0; g) 2 Ob(I d1 ) � Ob(I d0 ) �
Ob(I f ), set

' f (c1; c0; g) = 
 � 1
c1 ;r g � g � 
 c0 ;dg 2 S� 1C(c0; c1)

where dg; rg denote respectively the domain and the range of g. If
g; g0 2 I f , a morphism g ! g0 yields a commutativ e diagram

dg
g

� � � ! r g

�

?
?
y �

?
?
y

dg0 g0

� � � ! r g0

with � 2 Ar (I d0 ), � 2 Ar (I d1 ). We then have

' f (c1; c0; g0) = 
 � 1
c1 ;r g0 � g0� 
 c0 ;dg0 = 
 � 1

c1;r g0 � � � g � � � 1 � 
 c0;dg0

= 
 � 1
c1 ;r g � g � 
 c0;dg = ' f (c1; c0; g)
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in view of the fact that � = 
 dg;dg0 and � = 
 r g;r g0 in S� 1C.
SinceI f is 0-connected,onededucesa canonicalmap

' f : Ob(I d1 ) � Ob(I d0 ) ! Ar (S� 1C)

such that d' f (c1; c0) = c0 and r ' f (c1; c0) = c1. Observe the formula

(2.1) ' f (c0
1; c0

0) = 
 � 1
c0

1 ;c1
' f (c1; c0)
 c0

0 ;c0 :

In other words, ' f de�nes a functor � 1(I d0 ) � � 1(I d1 ) ! (S� 1C)� 1

lifting the functors F(d0) and F(d1) via the commutativ e diagram

� 1(I d0 ) � � 1(I d1 )
' f //

F (d0 )� F (d1 ) ))RRRRRRRRRRRRRR (S� 1C)� 1

(d;r )
��

S� 1C� S� 1C:

2.3. Lemma. a) If f = 1d for somed 2 D, then ' f (c;c) = 1c for all
c 2 Ob(I d).
b) If f 1 : d0 ! d1 and f 2 : d1 ! d2, then

' f 2 f 1 (c2; c0) = ' f 2 (c2; c1)' f 1 (c1; c0)

for all (c0; c1; c2) 2 Ob(I d0 ) � Ob(I d1 ) � Ob(I d2 ).
c) If f 2 S0, ' f (c1; c0) is invertible in S� 1C for all (c0; c1) 2 Ob(I d0 ) �
Ob(I d1 ).

Proof. a) is obvious. To prove b), let us use hypothesis (2) to �nd
g1 : c0 ! c1 and g2 : c1 ! c2 respectively in I f 1 and I f 2 . Then
' f 1 (c1; c0) = g1, ' f 2 (c2; c1) = g2 and ' f 2 f 1 (c2; c0) = g2g1. Henceb) is
true for this particular choiceof (c0; c1; c2), and onededucesfrom (2.1)
that it remainstrue for all other choices.

Let us prove c). Choosea commutativ e diagram (� 1-connectedness
of I f )

d0
s0� � � ! T(c0

0)

f

?
?
y T (g)

?
?
y

d1
s1� � � ! T(c0

1)

where s0; s1 2 S0. SinceS0 is stable under composition, this diagram
shows (using s1f ) that g de�nes an object of I 1d0

; moreover, oneobvi-
ously has ' 1d0

(c0
1; c0

0) = g. From a) and (2.1) (applied with c0 = c1),
one deducesthat g is invertible. On the other hand, one also has
g = ' f (c0

1; c0
0); reapplying (2.1), we get the desiredconclusion. �
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2.e. Pro of of Theorem 2.1. We start by de�ning a functor

F : D ! S� 1C

as follows: for all d 2 Ob(D), choosean object d
sd� ! T(cd) of I d. Set

F (d) = cd

F (f ) = ' f (cd1 ; cd0 ) for f : d0 ! d1:

Lemma 2.3 shows that F is indeeda functor, and that it inverts the
arrows of S0; henceit inducesa functor

�F : S0� 1D ! S� 1C:

For c 2 Ob(S� 1C), onehasan isomorphism


 c;cT ( c)
: �F �T(c) �� ! c:

Formula (2.1) shows that it is natural in c: onechecks it �rst for the
morphismsof C, then naturalit y passesautomatically to S� 1C. On the
other hand, for d 2 Ob(S0� 1D), onehasan isomorphism

sd : d �� ! �T �F (d):

The de�nitions of ' f and (2.1) show again that this isomorphismis
natural in d (samemethod).

It follows that �F is quasi-inverseto �T. �

3. To wards Kan extensions

Keep the setting of (0.1) and hypothesesof Theorem 2.1, and let
F : D ! E be another functor. We assume:

3.1. Hyp othesis. There existsa functor G : S� 1C ! E and a natural
isomorphism

F T ' GP:

Under this hypothesis,let us de�ne

RF := G �T � 1 : S0� 1D ! E

where �T � 1 is a chosenquasi-inverseto �T.
We construct a natural transformation � : F ) RF � Q as follows:
Let d 2 D and d s� ! T(c) 2 I d. Then s de�nes

F (d)
F (s)

� � � ! F T(c) ' GP(c)
G �T � 1Q(s) � 1

� � � � � � � ! G �T � 1Q(d) = RF � Q(d):
Since I d is 0-connected,this morphism � d does not depend on the

choice of s. Then, the � 1-connectednessof the categoriesI f shows
that � is indeeda natural transformation.

It will be shown in [7] that (RF; � ) is in fact a left Kan extension
[11, ch. X, x3] (= right total derived functor �a la Quillen [13, x4.1, Def.
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1]) of F along Q, but this requiresthe full force of the hypothesesof
Theorem2.1.

4. A rela tivisa tion theorem

4.a. Tw o lemmas on comma categories.

4.1. Lemma (\theorem a") . Let F : A ! B be a functor. Supposethat
F is surjective and that, for all b2 B, the category F=bis 0-connected.
Then F induces a bijection on the sets of connected components. In
particular, A is 0-connected if and only if B is 0-connected.

Proof. (Seealso [12, Ex. 1.1.32].) Surjectivity follows from that of
F . For injectivit y, let a0; a1 2 A be such that F (a0) and F (a1) are
connected. By the surjectivity of F , any vertex of a chain linking
them is of the form F (a). To prove that a0 and a1 are connected,one
can therefore reduce to the casewhere F (a0) and F (a1) are directly
connected,say by a morphismf : F (a0) ! F (a1). But the two objects

F (a0)
f

� ! F (a1); F (a1) =� ! F (a1)

of F=F(a1) are connectedby assumption,which implies that a0 and a1

are connectedin A . �

4.2. Lemma. Let
F # G F 0

� � � ! B
?
?
y G0

?
?
y G

A F� � � ! C:
be a \ 2-cartesian square" of categories.
a) For all b2 B, the functor

G� : F 0=b! F=G(b)
2

6
6
4

F (a)
f

� � � ! G(b0)

G(' )

?
?
y

G(b)

3

7
7
5 7! [F (a)

G(' )f
� ! G(b)]

hasa right adjoint/right inverseG! given by

G!([F (a)
f

� ! G(b)]) =

2

6
6
4

F (a)
f

� � � ! G(b)

G(1b)

?
?
y

G(b):

3

7
7
5
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In particular, G� is a weak equivalence.
b) Supposethat F=c is nonemptyfor all c 2 C. Then F 0 is surjective.
c) Supposemoreover that F is co�nal. Then F 0 inducesa bijection on
connected components.

Proof. a) is checked immediately; the fact that G� is a weakequivalence
then follows from [14, p. 92, cor. 1]. b) is obvious. It remainsto prove
c): by a), the categoriesF 0=b are 0-connected. The conclusionthen
follows from Lemma 4.1 applied to F 0 (taking b) into account). �

4.b. The theorem. For all d 2 D, let now Jd := dnD.

4.3. Theorem. a) Suppose the following conditions hold for all d 2
Ob(D):

(0) I d is 1-connected.
(1') The obviousfunctor � d : I d ! Jd is co�nal (x1.d).

Then, for all n � 0 and all (f n ; : : : ; f 1) 2 D � n
, the category I (f n ;:::;f 1)

is 0-connected.
b) Supposethat, for all d 2 D all j 2 Jd, I d and I d=j are 1 -connected.
Then, for all n � 0 and all (f n ; : : : ; f 1) 2 D � n

, the category I (f n ;:::;f 1)

is 1 -connected.

Proof. a) One proceedsby induction on n, the casen = 0 following
from Hypothesis(0). Let di � 1 and di be the domain and the rangeof
f i . Considerthe obvious forgetful functors

I (f n ;:::;f 1)
u� ! I (f n ;:::;f 2)

v� ! I d1 ; I (f n ;:::;f 1)
w� ! I d0 :

One checks immediately that the diagram

(4.1)

I (f n ;:::;f 1)
u� � � ! I (f n ;:::;f 2)

w

?
?
y

?
?
y f �

1 � � d1 � v

I d0

� d0� � � ! Jd0 :

inducesan isomorphismof categories

I (f n ;:::;f 1) = � d0 # (f �
1 � � d1 � v)

i.e. is 2-cartesian.Hypothesis(1') then implies that Lemma4.2 c) can
be applied with F = � d0 . Thereforeu inducesa bijection on connected
components, hencethe conclusion.

b) Let us use Diagram (4.1) again. It follows from Lemma 4.2 a)
that u=x is 1 -connectedfor all x 2 I (f n ;:::;f 2) . By Quillen's theorem
A [14, th. A], u is a weak equivalence;by induction on n, I (f n ;:::;f 2) is
1 -connected,henceso is I (f n ;:::;f 1) . �
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4.4. Corollary (Normand theorem). Supposethe following conditions
veri�e d for all d 2 Ob(D):

(0) I d is 1-connected.
(1') The obviousfunctor � d : I d ! Jd is co�nal (x1.d).

Then �T is an equivalence of categories.

Proof. This follows from Theorem4.3 a) and Theorem2.1. �

4.5. Remark. There is an n-connectedversion of Quillen's theorem A
for any n (cf. Maltsiniotis [12, 1.1.34],Cisinski [1]). Using it, onemay
replace1 -connectedby n-connectedin the hypothesisand conclusion
of Theorem4.3 b) (sameproof).

5. Complements

5.a. A relativ e version.

5.1. Corollary . Supposethat T is fully faithful.
a) If Conditions (0), (1), (2) of Theorem 2.1 are satis�ed, they are also
satis�ed for all c 2 C for the functor cnC! T(c)nD induced by T.
b) Sameresult with Conditions (0), (1') of Theorem 4.3 a).
In particular, in casea) or b), the functor

S� 1(cnC) ! S0� 1(T(c)nD)

induced by T is an equivalence of categories.

Proof. For � = [T(c) ! d] 2 T(c)nD, the full faithfulnessof T implies
that the forgetful functors

� n(cnC) ! dnC; � n(cnS) ! dnS

are isomorphismsof categories.Similarly whendealingwith categories
of type I f and I (f 2 ;f 1) . �

5.b. Riou's theorem. A statement similar to Corollary 4.4 was ob-
tained independently by Jo•el Riou:

5.2. Theorem (Riou [15, I I.2.2]). Supposethat

(i) T is fully faithful; S = S0\ C.
(ii) In D, push-outsof arrowsof S0 exist and belongto S0.
(iii) If s 2 S0 and the domain of s is in T(C), so is its range.
(iv) For any d 2 D, I d 6= ; .

Then �T is an equivalence of categories.



A FEW LOCALISA TION THEOREMS 11

(Riou's hypothesesare actually dual to these: we write them as
above for an easycomparisonwith the previous results. Also, Riou
doesnot assumethat S0 is stable under composition.)

Riou's proof is in the style of that of Theorem 2.1, but more di-
rect becausepush-outs immediately provide a functor. Actually, as
we realised when reading Gillet{Soul�e [4], his hypothesis (iii) is not
necessary, as is shown by the following

5.3. Theorem. Assumethat the hypotheses(i), (ii), (iv) of Theorem
5.2 are veri�e d. Then:
a) For any �nite ordered set E, thesehypothesesare veri�e d for T E :
CE ! DE and S(E); S0(E) (cf. x2.b).
b) For any d 2 D, I d is 1-connected.
c) In the situation of a), the hypothesesof Theorem 2.1 are veri�e d; in
particular, �TE is an equivalence of categories.

Proof. a) It su�ces to prove (iv): for this, we argue by induction on
jE j, the caseE = f 0g being Hypothesis(iv).

Supposethat jE j > 0, and let d� 2 DE . Let e 2 E be a maximal
element, E 0 = E � f eg and d0

� the restriction of d� to DE 0
. By induction,

pick an object d0
�

s0
�� ! TE 0

(c0
� ) in I d0

�
.

Let F be the set of those maximal elements of E 0 mapping to e. If
F = ; , we just pick de

se� ! T(ce) in I de (by (iv)) and adjoin it to the
previousobject. If F is not empty, let d0 be the push-out of the maps
df

sf� ! T(cf ) (for f 2 F ) along the maps df ! de. By (ii), the map
de ! d0 is in S0. Pick d0 ! T(ce) in I d0 by (iv), and de�ne se as the
composition de ! d0 ! T(ce). By (i), the compositions

T(cf ) ! d0 ! T(ce)

de�ne morphisms� f ;e : cf ! ce in S, and we are done. (In picture:

df
sf //

f f ;e

��

T(cf )

��

T (� f ;e )

$$II
III

III
I

de
//

se 44d0 //T(ce):)

b) Let s;s0 2 I d. Taking their push-out, we get a new object d0 2 D;
applying (iv) to I d0, we then get a newobject s002 I d and mapss ! s00,
s0 ! s00. In particular, I d is 0-connected.

A similar argument shows that the �rst axiom of calculusof fractions
holds in I d (for the collection of all morphisms of I d). Therefore, in
� 1(I d), any morphismmay be written asu� 1

2 u1 for u1; u2 morphismsof
I d. To prove that I d is 1-connected,it thereforesu�ces to show that,
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given two morphismsu1; u2 2 I d with the samedomain and range,u1

and u2 becomeequal in � 1(I d).
The following proof is inspired from reading [4, pp. 139|140]. Let

s : d ! T(c) and s0 : d ! T(c0) be the domain and rangeof u1 and u2.
Considerthe push-out diagrams

d s� � � ! T(c)

s

?
?
y a

?
?
y

T(c) a� � � ! d0

T (u1 )

?
?
y g1

?
?
y

T(c0)
f

� � � ! d00

d s� � � ! T(c)

s

?
?
y a

?
?
y

T(c) a� � � ! d0

T (u2 )

?
?
y g2

?
?
y

T(c0)
f

� � � ! d00:

Here d00and f are commonto the two diagramsbecauseT(u1)s =
T(u2)s. For the samereason,we have g1a = g2a (vertically), hence(in
the lower squares)

f T(u1) = g1a = g2a = f T(u2):

Choosed00 s00

� ! T(c00) in I d00 by 1). Then s00f = T(� ) for some� 2 S.
Hence

� u1 = � u2

and u1 = u2 in � 1(I d), as requested.
c) For any n � 0, considerthe ordered set E � � n . Then a) and

b) show that, for any d� 2 DE � � n
= (DE )� n

, I d� is 1-connected. In
particular, the hypothesesof Theorem2.1 hold. �

5.4. Remark. It is not clear whether the conditions of Theorem 5.2
imply Condition (1') of Theorem4.3 a).

5.5. Remark. Even though the categoriesI d are 1-connectedunder the
conditions of Theorem5.2, they are not �ltering in general(for exam-
ple, they are not �ltering in the geometriccaseconsideredby Riou).
Are they 1 -connected?

5.6. Remark. We shall useTheorem5.3 in the geometricapplications.

5.c. Weakening the hyp otheses. This subsectionhasgrown out of
exchangeswith Maltsiniotis.

For d 2 D, let us write Jd = dnT asin Theorem4.3. The projections
Jd ! f dg � D de�ne a �bred category J over D. Similarly, the I d

de�ne a �bred categoryI over S0 (viewed as beforeas a category).
Now replaceS and S0 by their strong saturations hSi and hS0i . (Re-

call that the strong saturation hSi of S is the collection, containing S,
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of morphismsu 2 C such that u becomesinvertible in S� 1C.) We have
similarly a �bred category hI i over hS0i . For any d, we have obvious
inclusions

I d � hI i d � Jd:
We are interested in a collection of subcategoriesI 0

d of hI i d which
form a �bred category over S0. Concretely, this meansthat, for any
s : d ! d0 in S0, the pull-back functor

s� : hI i d0 ! hI i d

sendsI 0
d0 into I 0

d.

5.7. De�nition. A �bred category I 0 ! S0 as above is called a weak
replacement of I .

If E is a small category, we have the �bred categoryI (E) over S0(E)
and we de�ne a weak replacement of I (E) similarly: namely, a collec-
tion of subcategoriesI 0(E)d of hI (E)i d respected by pull-backs under
morphismsof S(E).

5.8. Theorem (Variant of Theorem2.1). Supposegiven,for n = 0; 1; 2,
a weak replacement I 0(� n ) of I (� n ). Supposemoreover that

� for any f : d0 ! d1, the face functors Jf ! Jd0 and Jf ! Jd1

sendI 0
f to I 0

d0
and I 0

d1
.

� For any (f 2; f 1), the face functors Jf 2 ;f 1 ! Jf 2 , Jf 2 ;f 1 ! Jf 1 and
Jf 2 ;f 1 ! Jf 2 f 1 sendI 0

(f 2 ;f 1) respectively to I 0
f 2

, I 0
f 1

and I 0
f 2 f 1

.
� For any d 2 D, I 0

1d
contains at least one object of the form

[1d ! T(1c)].
(The last condition is veri�e d for exampleif the degeneracy functor
Jd ! J1d sendsI 0

d to I 0
1d

.)
Final ly, supposethat the I 0

d havethe sameconnectivity properties as in
Theorem 2.1. Then �T is an equivalence of categories.

Proof. One checks by inspection that the proof of Theorem 2.1 goes
through with thesedata. �

It wasMaltsiniotis' remark that Corollary 4.4still holdswith a weak
replacement of I rather than I . Presumably, onecan check that Theo-
rem 4.3 still holdswith weakreplacements of the I (� n ), provided they
satisfy simplicial compatibilities similar to thoseof Theorem5.8.

5.d. Su�cien t conditions for (0), (1), (1') and (2).

5.9. Prop osition. a) The following conditions imply the conditions of
Theorem 4.3 b) (hence, a fortiori, conditions (0) and (1') of Theorem
4.3 a)): for any d 2 D and j 2 Jd
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(a1) I d is co�ltering;
(a2) I d=j is (nonempty and) co�ltering.

b) The following conditions imply (a1) and (a2):
(b1) given s 2 S0, T(f )s = T(g)s ) f = g (f ; g 2 Ar (C));
(b2) I d is nonempty;
(b3) for any (i; j ) 2 I d � Jd, the 1-�br ed product I d=i � I d I d=j is

nonempty.

c) In b), conditions (b2) and (b3) are consequences of the following:
�nite products exist in C, T commuteswith them and, for any d 2 D,
there is a family of objects K d � Jd suchthat

(c1) K d 6= ; ; I d � K d; for any k 2 K d, I d=k 6= ; .
(c2) If k 2 K d and j 2 Jd then j � k 2 K d. [Note that the assumption

on �nite products implies that they exist in Jd for any d 2 D.]

Proof. a) is \w ell-known": see[12, Prop. 2.4.9].
b) (b1) implies that I d, hencealso I d=j , are ordered; (b2) and (b3)

(the latter applied with j 2 I d) then imply that I d is co�ltering and
(b3) implies a fortiori that I d=j is nonempty for any j 2 Jd; sinceI d is
co�ltering, I d=j is automatically co�ltering.

c) Clearly (c1) ) (b2). For (b3), let (i; j ) 2 I d � Jd. By hypothesis,
i � j 2 K d, henceI d=i � j 6= ; and there is an i 0 such that i 0 maps to
i � j , which exactly meansthat i 0 2 I d=i � I d I d=j . �

For the next proposition, we needto introduce a de�nition relative
to the pair (D; S0):

5.10. De�nition. Given a diagram

d s� � � ! d0

f

?
?
y

d1

with s 2 S0, we say that s is in good position with respect to f if the
push-out

d s� � � ! d0

f

?
?
y f 0

?
?
y

d1
s1� � � ! d0

1

exists and s1 2 S0.

5.11. Prop osition. Supposethat the following conditions are veri�e d:

(d1) Morphisms of S0 are epimorphismswithin S0.
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(d2) If f 2 S0 in De�nition 5.10, then any s 2 S0 is in good position
with respect to f .

(d3) If s 2 S0 is in good position with respect to gf , then it is in good
position with respect to f .

(d4) T is fully faithful and S = S0\ C.
(d5) For any f : d ! d1 in D, there exists s 2 I d in good position

with respect to f .
Then for all m � 0 and all d� 2 D � m

, I d� is ordered and �ltering,
hence 1 -connected. In particular, the hypothesesof Theorem 2.1 are
veri�e d.

Proof. We �rst show that I d� is nonempty. For m = 0, this is (d4)
applied to f = 1d0 . Supposem > 0: we argueby induction on m. Ap-
plying (d5) and (d3) to f m � � � � � f 1, we �nd s0 2 I d0 and a commutativ e
(pushout) diagram

d0
f 1� � � ! d1

f 2� � � ! : : :
f m� � � ! dm

s0

?
?
y s0

1

?
?
y s0

m

?
?
y

T(c0)
f 0

1� � � ! d0
1

f 0
2� � � ! : : :

f 0
m� � � ! d0

m

with s0
1; : : : ; s0

m 2 S0. By induction, I (d0
1 !��� ! d0

m ) is nonempty, which
shows using (d4) that I d� is nonempty. (d1) then implies that it is
ordered.

Let usprove that they are�ltering. Using(d2), weseethat the push-

out d� ! d0
� of two objectsd�

s�� ! T(c� ), d�
s0

�� ! T(c0
� ) of I (f m ;:::;f 1) exists

asa diagram in D; using the nonemptinessof I d0
�
, we conclude. �

5.12. Remark. This proposition (with its proof) may be seenas an
easiervariant of Theorem5.3.

5.e. Another varian t of Theorem 2.1. Keep notation as in The-
orem 4.3. As in x2.a, let S (resp. S0) denote the subcategory of C
(resp. of D) with the sameobjects but with only arrows in S (resp.
S0). Considerthe category

I dS # T = f (d;c;s) j d 2 S0; c 2 S;s : d ! T(c)g:

We have a projection functor

p1 : I dS # T ! S0

(d;c;s) 7! d:

For d 2 S0 we then de�ne

I d = p1 # d
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so that objects of I d are diagrams

(5.1)

u s� � � ! T(c)

j

?
?
y

d
with s; j 2 S0, and morphismsare the obvious ones(in S).

We have the samede�nition for categoriesof diagrams. Then:

5.13. Theorem. Supposethe following assumptionsveri�e d:
(0) For all d 2 D, I d is 1-connected.
(1) For all f 2 D � 1

, I f is 0-connected.
(2) For all (f 2; f 1) 2 D � 2

, I (f 2 ;f 1) is � 1-connected.

Supposemoreover that the following 2=3 property holds:
(*) If s 2 S0 and st 2 S0, then t 2 S0.

Then �T is an equivalence of categories.

Proof. One �rst mimics line by line the arguments of x2.d. The only
place where the added datum j createsa di�cult y is in the analogue
of Lemma 2.3 c). We then argueas follows: let f : d0 ! d1 2 S0. By
the � 1-connectednessof I f , we have a commutativ e diagram

d0
j 0 � � � u0

s0� � � ! T(c0
0)

f

?
?
y t

?
?
y T (g0)

?
?
y

d1
j 1 � � � u1

s1� � � ! T(c0
1):

Note that j 1t = f j 0 2 S0, thus t 2 S0 by (*), and therefores1t 2 S0.
Sowe have another commutativ e diagram

d0
j 0 � � � u0

s0� � � ! T(c0
0)

1d0

?
?
y 1u 0

?
?
y T (g0)

?
?
y

d0
j 0 � � � u0

s1 t� � � ! T(c0
1)

describingan object of I 1d0
. From there, oneproceedsas in the proof

of Lemma 2.3 c).
The analogueof x2.e is now as follows: for each d 2 D one chooses

an object (ud; cd; j d; sd) 2 I d and one de�nes a functor F : D ! S� 1C
by F (d) = cd, F (f ) = ' f (cd1 ; cd0 ) as in x2.e. The natural isomorphism
�F �T ) I dS� 1C is de�ned asin x2.e;on the other hand, the isomorphism
I dS0� 1D ) �T �F is de�ned on an object d 2 S0� 1D by sdj � 1

d : it is easy
to check that it is natural. �
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6. Adding finite pr oducts or copr oducts

In this section, we show that the property for �T to be an equiva-
lenceof categoriesin (0.1) is preserved by adjoining �nite products or
coproducts. We shall only treat the caseof coproducts, sincethat of
products is dual.

We shall say that a category C has �nite coproducts (or that C is
with �nite coproducts) if all �nite coproducts are representable in C.
This is the caseif and only if C hasan �nal object (empty coproduct)
and the coproduct of any two objects exists in C.

6.1. Prop osition. Let C be a category. There exists a category C
`

with �nite coproducts and a functor I : C ! C
`

with the following 2-
universalproperty: any functor F : C ! E whereE has�nite coproducts
extendsthrough I , uniquely up to natural isomorphism, to a functor
F

`
: C

`
! E which commuteswith �nite coproducts. We call C

`
the

�nite coproduct completion of C.

Proof. We shall only give a construction of C
`

: objects are families
(Ci ) i 2 I where I is a �nite set and Ci 2 C for all i 2 I . A morphism
' : (Ci ) i 2 I ! (D j ) j 2 J is given by a map f : I ! J and, for all i 2 I ,
a morphism ' i : Ci ! D f (i ) . Composition is de�ned in the obvious
way. �

6.2. Prop osition ([12, 1.3.6and 2.1.8]). Let C be a category with �nite
coproducts and S a family of morphismsof C stableunder coproducts.
Then S� 1C has�nite coproductsand the localisation functor C ! S� 1C
commuteswith them. �

6.3. Corollary . Let C be a category and S a family of morphismsof
C. In C

`
, consider the following family S

`
(see proof of Proposition

6.1): s : (Ci ) i 2 I ! (D j ) j 2 J is in S
`

if and only if the underlying map
f : I ! J is bijective and si : Ci ! D f (i ) belongsto S for all i 2 I .
Then we havean equivalence of categories

(S� 1C)
`

' (S
`

)� 1C
`

:

Proof. By Proposition 6.2, (S
`

)� 1C
`

has�nite coproducts, henceit is
enoughto show that any functor F : S� 1C ! E, whereE has�nite co-
products, factors canonically through a functor from (S

`
)� 1C

`
which

commutes with �nite coproducts. Let P : C ! S� 1C be the localisa-
tion functor; then F � P factors through C

`
. The resulting functor

inverts morphismsof S and commutes with coproducts, hencealso in-
verts morphismsof S

`
. Thus we get a functor (S

`
)� 1C

`
! E, which

obviously commutes with �nite coproducts. �



18 BRUNO KAHN AND R. SUJATHA

6.4. Theorem. In the situation of (0.1), if �T is an equivalence of
categories, then so is T

`
, where T

`
: C

`
! D

`
is the functor induced

by T. Moreover, T
`

= ( �T)
`

. �

7. Applica tions in algebraic geometr y

Let k be a �eld. We denote by Sch(k) the category of reduced
separatedk-schemesof �nite type.

7.a. Hyp erenvelop es (Gillet{Soul �e [4]). In this example, k is of
characteristic 0. We take for Dop the category of simplicial reduced
k-schemesof �nite type, and for Cop the full subcategoryconsistingof
smooth simplicial k-schemes.

For S andS0wetakehyperenvelopesasconsideredby Gillet andSoul�e
in [4, 1.4.1]: recall that a map f : X � ! Y� in D is a hyperenvelope if
and only if, for any extensionF=k, the induced map of simplical sets
X � (F ) ! Y� (F ) is a trivial Kan �bration (seeloc. cit. for another
equivalent condition).

7.1. Theorem. In the above situation, the conditions of Theorem 5.3
are satis�ed. In particular, �TE is an equivalence of categories for any
�nite ordered set E.

Proof. (i) is true by de�nition; (ii) is proved (or remarked) in [4, p.
136]and (iv) is proved in [4, Lemma 2 p. 135] (which, of course,uses
Hironaka's resolution of singularities). The last assertionfollows from
Theorem5.3. �

7.b. Prop er hyp ercovers (Deligne{Sain t Donat [SGA4.II]). Here
k is any �eld. We take the sameC and D as in the previousexample,
but we let S0 be the collection of proper hypercovers (de�ned from
proper surjective morphismsas in [SGA4.II, Exp. Vbis, (4.3)]).

7.2. Theorem. In the above situation, the conditions of Theorem 5.3
are satis�ed. In particular, �TE is an equivalence of categories for any
�nite ordered set E.

The proof is exactly the sameasfor Theorem7.1, replacingthe useof
Hironaka's theoremin the proof of (iv) by that of de Jong's alteration
theorem[6].

7.c. Cubical hyp erresolutions (Guill �en{Na varro Aznar [5]). In
this example,k is again of characteristic 0. We are not going to give
a new proof of the main theorem of [5, Th. 3.8], but merely remark
that its proof in loc. cit. can be viewed as checking a special caseof
Theorem2.1. Namely, in this situation, D is a categoryof diagramsof
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schemesof a certain type, C is the categoryof cubical hyperresolutions
of objects of D, T maps a hyperresolution to the diagram it resolves,
S0 consistsof identities and S consistsof arrows mapping to identities;
the categoriesI d, I f then reduceto the �bre categoriesof T. Guill �en
and Navarro Aznar prove that, on the level of S� 1C, I d is 1-connected
for any d 2 D and that I f is 0-connectedfor any f 2 D � 1

. The
� 1-connectednessof the I f 2 ;f 1 is then automatic in this special case,
becauseLemma 3.8.6of [5] shows that the �rst two conditions already
imply that �T is faithful.

7.d. Jouanolou's device (Riou [15, Prop. I I.16]. Here C is the cat-
egory of smooth a�ne schemesover someregular schemeR, D is the
category of smooth R-schemes,S0 consistsof morphismsof the form
Y ! X whereY is a torsor under a vector bundleon X and S = S0\ C.
Riou checks that the hypothesesof Theorem5.2 are veri�ed by taking
the opposite categories,hencethat the inclusion functor T : C ! D
inducesan equivalenceon localisedcategories.

7.e. Closed pairs. Herewe take for C the categorywhoseobjects are
closedembeddings i : Z ! X of proper k-schemessuch that X � Z
is densein X , and a morphism from (X ; Z ) to (X 0; Z 0) is a morphism
f : X ! X 0 such that f (X � Z ) � X 0 � Z 0. We take D = Sch(k),
and for T the functor T(X ; Z ) = X � Z . Finally, we take for S0 the
isomorphismsof D and S := T � 1(S0).

7.3. Theorem. In the above situation, the conditions of Proposition
5.9 b) are satis�ed. In particular, �T is an equivalence of categories.

Proof. It is su�cien t to check (b1) and the conditions of Proposition
5.9 c). In (b1), T(f )s = T(g)s ) T(f ) = T(g) is trivial since s is
by de�nition an isomorphism. On the other hand, T is faithful by a
classicaldiagonalargument, sinceall schemesare separated.

In Proposition 5.9 c), the assertionon �nite products is clear (note
that (X 1; Z1) � (X 2; Z2) = (X 1 � X 2; Z1 � X 2 [ X 1 � Z2)). For U 2
Sch(k) = D, we de�ne K U as the full subcategoryof JU consistingof
immersionsU ,! X � Z .

Nagata's theorem implies that I U is nonempty; in particular, K U is
nonempty. Let � = (U ,! X � Z ) be an object of K U , and let �U be the
closureof U in X . Then ( �U; �U � U) de�nes an object of I U=� , and (c1)
is veri�ed. As for (c2), it is trivial sincethe product of an immersion
with any morphism remainsan immersion. �

7.f. Another kind of closed pairs. Herewe assumethat char k = 0.
For n � 0, we de�ne Dop

n to be the categorywhoseobjects are closed
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embeddingsi : Z ! X with X an (irreducible) variety of dimension
n, X � Z denseand smooth; a morphism from (X ; Z ) to (X 0; Z 0) is a
map f : X ! X 0 such that f � 1(Z 0) = Z . We de�ne Cop

n as the full
subcategoryof Dop

n consistingof pairs (X ; Z ) such that X is smooth.
We take for S0 the set of morphismss : (X ; Z ) ! (X 0; Z 0) such that

sjX � Z is an isomorphismonto X 0 � Z 0, and S = S0\ Cn .

7.4. Lemma. If f and s have the samedomain in Dn , with s 2 S0,
then s is alwaysin good position with respect to f .

Proof. Translating in the opposite category, we have to seethat if f :
(X 1; Z1) ! (X ; Z ) and s : ( ~X ; ~Z) ! (X ; Z ) are maps in Dop with
s 2 S0, then the �bre product ( ~X 1; ~Z1) of f and s exists and the pull-
back map s0 : ( ~X 1; ~Z1) ! (X 1; Z1) is in S0. Indeed,note that ( ~X 1; ~Z1)
is given by the sameformula as in the proof of Theorem 7.3 provided
it exists, namely ~X 1 = X 1 � X

~X and ~Z1 = X 1 � X
~Z [ Z1 � X

~X . The
thing to check is that ~X 1 � ~Z1 is still densein ~X 1, which will imply in
particular that ~X 1 is a variety. It is su�cien t to check separatelythat
~Z � X X 1 and ~X � X Z1 are nowheredensein ~X 1, which we leave to the
reader. �

7.5. Theorem. In the above situation, the conditions of Proposition
5.11 are satis�ed. In particular, �T is an equivalence of categories.
Moreover, wedon't changeS� 1C if wereplace S by the subsetof S0\ Cn

generated by blow-upswith smooth centres.

Proof. (d1) is true becausetwo morphismsfrom the samesourcewhich
coincide on a denseopen subsetare equal. (d2) and (d3) are imme-
diately checked thanks to Lemma 7.4. (d4) is clear and (d5) follows
from Hironaka's resolution theorem. The last statement of Theorem
7.5 also follows from Hironaka's theorem that any resolution of singu-
larities may be dominated by a composition of blow-ups with smooth
centres. �

8. Applica tions in bira tional geometr y

We shall reserve the word \v ariety" to mean an integral schemein
Sch(k), and denote their full subcategory by Var(k); we usually ab-
breviate with Sch and Var. Recall [EGA, (2.3.4)] that a birational
morphism s : X ! Y in Sch is a morphism such that every irreducible
component Z 0 of Y is dominated by a unique irreducible component Z
of X and the inducedmap sjZ : Z ! Z 0 is a birational map of varieties.

8.1. De�nition. We denote by Sb the multiplicativ e system of bi-
rational morphisms in Sch, by So the subsystemconsisting of open
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immersionsand by Sp
b the subsystemconsisting of proper birational

morphisms.

We shall alsosay that a morphism f : X ! Y in Sch is dominant if
its imageis densein Y, or equivalently if every irreducible component
of Y is dominated by someirreducible component of X .

8.2. Lemma. a) Let s; � 1; � 2 2 Sb be such that s� 1 = s� 2. Then
� 1 = � 2.
b) Let f ; g : Y ! Z , h : X ! Y 2 Ar (Sch) be such that f h = gh.
Supposethat h is dominant. Then f = g.

Proof. a) We have a diagram in Sch

X
� 1
�
� 2

Y

s

?
?
y

Z:
Recall from [EGA, (5.1.5)] the kernel scheme Ker(� 1; � 2) � X : it

is the inverse image scheme of the diagonal � Y (Y) � Y � k Y via
the morphism (� 1; � 2). Since Y is separated,Ker(� 1; � 2) is a closed
subschemeof X and, by de�nition of birational morphisms,it contains
all the genericpoints of X . HenceKer(� 1; � 2) = X and � 1 = � 2.

b) is obvious, sinceby assumptionh� 1(Ker( f ; g)) = X . �

8.3. De�nition. Let C be a subcategoryof Sch.
a) We denoteby Cqp (resp. Cprop ; Cpro j ) the full subcategoryof C con-
sisting of quasiprojective (resp. proper, projective) objects.
b) We denoteby Csm the non-full subcategoryof C with the sameob-
jects, but wherea morphism f : X ! Y is in Csm if and only if f maps
the smooth locusof X into the smooth locusof Y.

The following proposition is the prototype of our birational results.

8.4. Prop osition. In the commutative diagram

S� 1
b Varprop A //S� 1

b Var

S� 1
b Varpro j B //

C

OO

S� 1
b Varqp

D

OO

all functors are equivalences of categories. The sameholds by adding
the subscriptsm everywhere.

Proof. We �rst prove that A and B are equivalencesof categories.For
this, we apply Proposition 5.9 b) with C = Varprop (resp. Varpro j ),
D = Var (resp. Varqp), T the obvious inclusion, S = Sb and S0 = Sb:
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� Condition (b1) holds becauseT is fully faithful and birational
morphismsare dominant (seeLemma 8.2 b)).

� (b2) is true by Nagata's Theorem in the proper caseand tau-
tologically in the projective case.

� For (b3) we use the \graph trick": we are given i : X ! �X
and j : X ! Y where �X and Y are proper (resp. projective)
and i is birational. Let �X 0 be the closureof the diagonal image
of X in �X � Y: then X ! �X 0 is still birational, �X 0 is proper
(resp. projective) and the projections �X 0 ! �X , �X 0 ! Y give
the desiredobject of I X =i � I X I X =j .

We now prove that D is an equivalenceof categories,which will also
imply that C is an equivalenceof categories.This time weapply Propo-
sition 5.11with C = (Varqp)op, D = Varop, T the obvious inclusion and
S = So, S0 = So:

� Condition (d1) is clear (open immersionsare monomorphisms
even in Var).

� (d2) meansthat the intersection of two denseopen subsetsin
a variety is dense,which is true.

� (d3) meansthat if (gf ) � 1(U) 6= ; , then g� 1(U) 6= ; , which is
true.

� (d4) is clear.
� In (d5), we have a morphism f : X 1 ! X of varietiesand want

to �nd a quasi-projective denseopen subsetU � X such that
f � 1(U) 6= ; : take U containing f (� X 1 ) (any point hasan a�ne
neighbourhood).

The proofs with indicessm are the same. �

8.5. Prop osition. In the commutative diagram

S� 1
b Smprop A 0

//S� 1
b Sm

S� 1
b Smpro j B 0

//

C0

OO

S� 1
b Smqp

D 0

OO

D 0 is an equivalence of categories. Under resolution of singularities,
this is true of the three other functors.

Proof. The sameas that of Proposition 8.4, except that for A0 and B 0,
we needto desingularisea compacti�cation of a smooth variety using
Hironaka's Theorem. �
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8.6. Prop osition. If k is perfect, in the commutative diagram

S� 1
b Sm E //S� 1

b Varsm

S� 1
b Smqp F //

G

OO

S� 1
b Varqp

sm

H

OO

all functors are equivalencesof categories.

Proof. The caseof H hasbeenseenin Proposition 8.4, and the caseof
G = D 0 has beenseenin Proposition 8.5. We now prove that E and
F are equivalencesof categories.Here we apply Proposition 5.11with
C = Smop (resp. (Smqp)op), D = Varop

sm (resp. (Varqp
sm)op), T the obvious

inclusion and S = S0 = So. Note that open immersionsautomatically
respect smooth loci. Let us check the conditions:

� (d1), (d2) and (d3) and (d4) are clear (seeproof of Proposition
8.4).

� It remains to check (d5): if f : X 1 ! X is a morphism in
Varsm, then f (� X 1 ) is contained in the smooth locus U of X ,
henceU ! X is in good position with respect to f .

�

8.7. Prop osition. Under resolutionof singularities, all functors in the
commutative diagram

S� 1
b Smprop I //S� 1

b Varprop
sm

S� 1
b Smpro j J //

K

OO

S� 1
b Varpro j

sm

L

OO

are equivalencesof categories.

Proof. The caseof K = C0hasbeenseenin Proposition 8.5and the case
of L in Proposition 8.4. The caseof the other functors is then implied by
the previouspropositions(the readershoulddraw a commutativ e cube
of categoriesin order to check that enoughequivalencesof categories
have beenproven). �

8.8. Prop osition. The previouspropositions remain true if we replace
all categories in sight by their �nite coproduct completions(see Propo-
sition 6.1) and Sb by S

`

b (ibid.).

Proof. This follows from Theorem6.4. �
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8.9. Remarks. a) Note that even though Proposition 8.8 says that D
`

inducesan equivalenceof categorieson localisations, where D is the
functor of Proposition 8.4, (D

`
; S

`

o ) doesnot satisfy the (dual) simpli-
cial hypothesesof Theorem2.1. Indeed,let X bea non-quasiprojective
variety over k that we assumealgebraically closedfor simplicity. By
Kleiman's theorem [10], there exists a �nite set f x1; : : : ; xng of closed
points of X which is contained in no a�ne opensubset,hencealsoin no
quasi-projective open subset. Thus, if Y =

`
n Speck and f : Y ! X

is the map de�ned by the x i , then I f is empty. This shows that the
simplicial hypothesesare not preserved by �nite product completion.
b) Also, while (D; So) satis�es the dual simplicial hypotheses,it does
not satisfy the dual of hypothesis(1') of Corollary 4.4: this is obvious
from Chow's lemma. This shows that the hypothesesof Corollary 4.4
are strictly stronger than thoseof Theorem2.1.

8.10. Remark. To summarisePropositions 8.5, 8.6 and 8.7 under reso-
lution of singularities,we have the following equivalencesof categories:

S� 1
b Smpro j ' S� 1

b Smprop ' S� 1
b Smqp ' S� 1

b Sm

' S� 1
b Varpro j

sm ' S� 1
b Varprop

sm ' S� 1
b Varqp

sm ' S� 1
b Varsm :

(One could alsoreplacethe superscript qp by \a�ne", as the proofs
show.)

We shall show in [9] that

S� 1
b Smpro j (X ; Y) = Y(k(X ))=R

for any two smooth projective varieties X ; Y, where R is Manin's R
equivalence.

8.11. Remark. On the other hand, the functor S� 1
b Sm ! S� 1

b Var is
neither full nor faithful, even under resolution of singularities. Indeed,
take k of characteristic 0. Let X be a proper irreducible curve of
geometricgenus> 0 with onenodal singularpoint p. Let �� : ~X ! X be
its normalisation, U = X � f pg, ~U = �� � 1(U), � = �� j ~U and j : U ! X ,
~| : ~U ! ~X the two inclusions. We assumethat �� � 1(p) consistsof two
rational points p1; p2. Finally, let f i : Speck ! ~X be the map given by
pi .

SpecF
f 1 //
f 2

// ~X
�� //X

~U

~|

OO

� //U

j

OO
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In S� 1
b Var, �� is an isomorphism so that f 1 = f 2. We claim that

f 1 6= f 2 in S� 1
b Smprop �� ! S� 1

b Sm. Otherwise,sinceR-equivalenceis a
birational invariant of smooth proper varieties [2, Prop. 10], we would
have p1 = p2 2 ~X (k)=R. But this is falsesince ~X has nonzerogenus.
We thank A. Chambert-Loir for his help in �nding this example.

More generally, it is well-known that for any integral curveC and any
two closedpoints x; y 2 C there exists a proper birational morphism
s : C ! C0 such that s(x) = s(y) (cf. [16, Ch. IV, x1, no 3] when F is
algebraicallyclosed).This shows that any two morphismsf ; g : X � C
such that f (� X ) and g(� X ) are closedpoints becomeequal in S� 1

b Var.
This can be usedto show that the functor S� 1

b Sm ! S� 1
b Var doesnot

havea right adjoint.
Non fullnessholdseven if we restrict to normal varieties. Indeed,let

us takek = R and let X be the a�ne conewith equationx2
1+ � � �+ x2

n =
0 (for n � 3 this is a normal variety). Let ~X be a desingularisation
of X (for example obtained by blowing up the singular point) and
�X a smooth compacti�cation of ~X . Then �X (R) = ; by a valuation

argument, henceS� 1
b Smpro j (R)(SpecR; �X ) = ; by Remark 8.10. On

the other hand, X (R) 6= ; , hence

S� 1
b Varpro j (R)(SpecR; �X ) = S� 1

b Varpro j (R)(SpecR; X ) 6= ; :

Weare indebtedto Mah�e for pointing out this example.For n � 4, this
singularity is even terminal in the senseof Mori's minimal model pro-
gramme,asBeauville pointed out (which seemsto meanunfortunately
that we cannot insert this programmein our framework...)

8.12. Remark. Let n � 0. Replacingall the subcategoriesCof Sch used
above by their full subcategoriesCn consistingof schemesof dimension
� n, onechecks readily that all correspondingequivalencesof categories
remain valid, with the sameproofs. This raisesthe question whether
the inducedfunctor S� 1

b Cn ! S� 1
b Cn+1 is fully faithful for some(or all)

choicesof C. It canbeproven[9] that this is true at leastfor C = Smpro j

in characteristic zero,hencefor the other Cs which becomeequivalent
to it after inverting birational morphismsasin Remark 8.10. However,
the proof is indirect and consistsin observingthat the morphismsare
still given by the formula of Remark 8.10. It is an interesting question
whether such a result can be proven by methods in the spirit of the
present paper.
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