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Abstract

We study the notion of regular ring in the senseof Vogel, which generalizesthe
classicalnotion for non-necessarilycoherert rings. We build a classof groups R

corntaining Waldhausen'sclassCl in [Wal78] and study its stability results. We
shaow that for a regular ring R and a group G in R, the group ring R[G] is still

regular. Finally, we state Vogel's excision conjecture generalizing Waldhausen's
results in [Wal78] concerning Whitehead and K'Nil groups.
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1 Regular coherent rings

In the classicalsetting of algebraic geometry, every ring C we consideris always
noetherian, or at least coherert. In this case,the category M odf P(C) of nitely
preseried { C-modules is abelian, thus every nitely preseried C-module M
admits a resolution by nitely generatedprojective P; :

N B A B T AR R =T B = N A
We recall the classicalde nition of regularity for coheren rings :

De nition 1 .
Let C be a coherent ring. The ring C is called \ regular " if every nitely pre-
sentad C-moduleM admits a nite resolution by nitely generted projective P;:

0! Pp! i1 P! P! M

For the matter that concernsalgebraic K-theorists, this setting is the ground
basefor Quillen's devissagetheorem, and this is the key-tool in Waldhausen's
proof of the vanishing of the spectrum KNil (C;S) that is the obstruction to
excisionfor C a coherent regularring, and S a at onthe left C-bimodule. With

this technical result, Waldhausenproved that WhR(G) = 0 for a group G in a
large classCl containing the  of all irreducible 3-dimensionalHaken manifolds,
the 1 of all submanifolds of the 3-sphere,the 1 of all surfacesother than the
projective plane, all free groups, all free abelian groups, all poly-Z-groups, all
torsion-free 1-relator groups, ... (pleaserefer to [Wal7§], th. 17.4& 17.5p 250).

2 General De nition

Throughout this section, C is supposedto be a ring ( unitary, assaiative).
The usual problem for a topologist is that it's very dicult to prove that a
ring is coheren, especially when dealing with group rings, or with the ; of
CW-complexes. Actually, the gluing processfor attaching cells, translates via
the Van Kampen theorem into one of the 3 casesstudied by Waldhausenin
[Wal78] : polynomial extension, free product, or HNN-extension. But none of
theseoperations consene coherence This leadsus to seard for a more exible
notion of \ regularity " for non-coheren rings. The notion introduced by Vogel
in [Vog9q unpublished, is basedon a more categorical approach of modules :

De nition 2 .

Let C be a classof modulesin M odc. {

The classC is called \ exact " if

® C is stableunder ltering colimits.

(i) C veries the '2/3 axiom' :

let M L— N _—IP peashort exact segqguene in M odc,
if two of thesemodulesare in C, sois the third.

{ For the sake of simplicit y, we will work only with the category Modc of \righ t* C-
modules. So the notion we de ne is that of a \righ t regular ring" C. We will try to write
proofs only for right modules ( except in certain casesexplicitly stated ). But every argument
can be transp orted to \left" modules, so that the theory of \left regular ring" is similar. The
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De nition 3 .

Let Co be the smallest exact classin M odc containing the ring C itself : the
modulesin Cy are called \ regular ". The ring C is called \ regular " ( in
the senseof Vogel) if Co = M odc, that means if every C-module is regular, or
equivalently if M odc is the only exact class containing C.

We'll prove in chapter 6 that this de nition generalizesthe classicalone for co-
herert rings and we'll study the stability results for this notion well-suited for
topologistsin chapter 3. Moreover, the vanishing results of Waldhausenshould
be true in this setting : we'll state Vogel's conjecture in chapter 4, and some
partial results provenby localization and categoricaldecomposition will be pub-
lished in the following articles in preparation [Bih02, Bih03].

Let's now state a technical result, useful hereafter :

Lemma 1 .
Supmsethat a classC in M odc is stableunder ltering colimits.
Then this class C is also stableunder direct summands.

Pro of :

Suppose that we have M ' N P with M in C. we shall write the following inductiv e
system : for every integer index i, wetakeE; = M and f; : E; ! E;j+1 dened by the identity
Id:N ! N and the zero maps anywhere else. We obtain : lim E; ' N, each E; being in C,
the Itering colimit N is thus in C. '

Remark

Thus, for an exact classC, containing the basering C is equivalent to cortain-
ing all projective C-modules, and even all at C-modules?Y. Knowing that the
notion of \ projective " object is stable under Morita-equivalence,we thus see
that the notion of \ regular " ring is Morita-in variant, and can then be de ned
in every abelian category.

Examples

The axiom (i) tells us that every at C-module is in Cy. By the axiom (ii),
every nite homological dimension C-module is in Cy. Thus, every nite ho-
mological dimension ring C is regular ( more precisely : it suces that every
nitely preseried C-module be of nite homological dimension).

Let C = Z=4Z, the classof all free modules is exact, thus it's the classCy.
But it doesn't contain Z=2Z, thus the ring C is not regular.

Let D = Z[G] the group ring assaiated to a nite group G. Let C the class
of modules M suc that all cohomologygroups H'(G; M) vanish for all i > 0.
It's an exact class,but it doesn't contain the trivial G-module Z. Thus the ring
D is not regular.

two notions are a priori independent, but in the case of a group ring C = Z[G], the two
categories M odc and ¢ M od are equivalent, so here the notions of \left regular" and \righ t
regular" coincide. In the classical setting of algebraic geometry evoqued above, when the ring
C is not commutativ e, Waldhausen choosesto work with right modules, but the \left" and
\righ t" notions coincide when applied to his class Clof regular groups.

Ycf theorem 1 page 14 by D. Lazard in [Bou80]
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Stabilit y of the notion of regularit y

. Morphism of rings

Prop osition 1 .

Letf : Al B bearing homomorphism. We havetwo distinct cases:

(i) We supmsethat A is isomorphic to some direct summand of B, as
a A-bimodule and that B is at as a right A-module. Then if B is right
regular, A is right regular too.

(i) We suppsethat the canonical morphism of B-bimodulesB A B! B
is split surjective and that B is at asa left A-module. Then conversely,
if A is right regular, B is right regular too.

Pro of :
(i) Let Co be an exact classin M odp containing A.
The ring homomorphism induces a scalar-restriction functor R : Modg ! M oda

which is exact, and commutes to colimits. We then consider the class : C=1tm2
Modgj R(M) 2 Cog. As the functor R is exact, this class C veries the 2=3 axiom. As
the functor R commutes to colimits, the class C is stable under Itering colimits. At
last, every at module being a Itering colimit of nitely generated projective modules
Y, the condition \B at as a right A-module" implies that B is in C. Applying the
regularit y of the ring B, we then deduce : C=wm odg .

Let now N be any right A-module. By hypothesis, B' A C, we tensorize to obtain
the following decomposition : N Ao B ' N (N A C). The module N is hence a
direct summand of a module N A B already in Co ( becauseit's in C ), thus applying
lemma 1, N isin Co Therefore Co = Moda and the ring A is regular.

(i) Let Do be an exact classin M odg containing B.

The ring homomorphism induces a tensor functor : A B : Moda ! Modg which is
exact becauseB is at asaleft A-module, and commutes to colimits. We then consider
the class: D = iN 2 M odaj N A B 2 Dog. As above, the two conditions on the
functor : A B imply that D is an exact classin M oda . The isomorphism A AB' B
tells usthat A isin D , hence, asthe ring A is regular, we can deduce: D=wm oda . Let
now M beany right B-module. Wewrite :M gB' M andM g(B aAB)' M aB.
The existence of a section implies that M is a direct summand of M 5 B in Do, hence
by lemma 1, M is in Do. Finally , we get : Do = Modg and the ring B is regular.

. Stabilit y under Itering colimits

Prop osition 2 .

Let F be a ltering category of index. Let (A;),,g be an inductive system
of rings. Supmsethat for eachmapi ! j in F, thering A; is at asa left
Aj-module. Supmse that all rings A; are right regular. Then the colimit
A = lim A; is aright regular ring too.

Pro of :
Let Co be the smallest exact classin M oda containing A.Let M bea nitely presented

right A-module. We consider the exact sequence AP —/Aq —UM —/0 . Let (e ) be
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a basis of AP. Since the category F is ltering, there exists an index i such that the ring
A; contains the images (e ) of the basis. Hence we get the diagram with exact lines :

ao——Iaty—Lhiy——o

AP /a8 //I\/ii lo

where we keepthe samebasis (e ) for Aip. Tothe lower line we apply the functor : A, A
to obtain the exact sequence: Ap—/Aq—MVIi AA' M —b Let Co the
class of regular A-modules. We then consider the class: Cl = fMij 2 Moda,;jMi 4,
A2 Cog. Since A is a at A;-module, the class C; is exact and contains A;. Since the
ring A; is regular, we get : C1 = Moda; and thus M isin Co At last, as every module
is the ltering colimit of nitely presented modules #, we get : Co = M oda hence the
ring A is regular.

3. Stabilit y by pro duct

Prop osition 3 .
Let A and B be two right regular rings.
Then the product A B is a right regular ring too.

Pro of :
Let P bearight module on A B, then we have the decomposition : P = M N with
M in Moda and N in Modg . Let Co be the class of regular right A B-modules.
Now the class C1 =fM 2 ModajM 02 Cog is exact, becausethe exact functor
0: Mody ! Mody g commutes to colimits. The class Cl contains A, since
A 0is A B-projective. Since the ring A is regular, this provesthat : Cl = Moda.
Similarly , the class Cz =fN2ModgjO0O N 2 Cog is an exact class containing B;
as the ring B is regular, we get : Cz = Modg . Finally write the decomposition :
P=M N' (M 0) (0 N)belonging to Co. Therefore Co = Modsy g and the
ring A B is regular.

4. Group rings

Prop osition 4 .
Let G be a group of nite homolaical dimension, and A a right regular
ring. Then the assaiated group ring A[G] is right regular too.

Pro of :

We consider Co the class of regular right A[G]-modules. If dimy(G) = p, then the
right global dimension and the left global dimension coincide for Z[G] and the global
dimension for bimodules is dm,(G G) p p.Let0O! Ch! :::! Ci! Co!
Z! 0 be aresolution of Z by Z[G]-bimodules at on both sides.Let M be any right
A[G]-module. We tensorize our exact sequenceby M over Z ( doted with the diagonal
action ) : 0! M zCh! ::x!' M zCi! M zCo! M ! Ois also an exact
sequencebecauseall the C; are left Z- at. Let's describe the structure of A[G]-module
on M : A acts on M only on the right, and G acts onthe M C; diagonally. The exact
sequenceabove is hence a resolution of M by right A[G]-modules. We can thus reduce

the problem to showing that M 7 C is in the class Co for every C right at, and

zcf Prop osition 7 page 11 in [Bou80]
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then C nitely generated projective Y, and then C nite dimensional free, and nally
only for C = Z[G]. Now we shall kill the action of G on M by considering the following
isomorphism, where Mg is the module M endowed with its structure of right A-module,
but where the action of G is trivial : ( we write the action of 2 G)

Mz Z[G] ' Mo 7z Z[G]

u g 7/019 H g

| |
u g —Ju gy g
The diagonal action of G on the left side is sert on a trivial action on the right side.
The canonical isomorphism of right A-modules is hence also an isomorphism of right
A[G]-modules. Finally we consider : Cl = fN 2 Modaj N Z[G] 2 Cog. It's an
exact class containing A, but the ring A is regular, thus we get : Cl = Moda. Then
(Mo Z[G]) isin Co and our su cien t caseis proven. Hence Co = Moda[g] and the
ring A[G] is regular.

Remark : Let A bearight regular ring. As dimy,(Z[Z]) = 2, we canapply
inductiv ely Proposition 4 to the group G = Z to prove that the group
rings A[Z"] are right regular for every integer n.

. Stabilit y by Waldhausen's diagrams

We shall adopt the de nitions and setting usedby Friedhelm Waldhausen
in his Proposition 4.1 of page 161in [Wal78]. Every ring hereis supposed
assciative and unitary . Recallthat anembedding : C! A issaid'pure'
if there exists a splitting of C-bimodules: A = (C) Al We shall always
assumethat A®is free asa left C-module.

Prop osition 5 .
Let the ring R be either :
1 the free product in the situation :C! A, :C! B or

the Laurent extensionwith resgctto ; :C! A or
the tensor algeba of the C-bimodule S.
Assumethat the maps ;  are pure emteddings,

with complementsfree from the left; likewise S is free from the left.
Supmsethat the rings C; A; B be right regular ( in the senseof Vogel).
Then the ring R is right regular too.

Pro of :
With the hypothesis above, we can apply Prop osition 4.1 of [Wal78] :
Let M be a R-module. There exists two C-modules Mc and M2, a A-module M4, a
B-module Mg, and a short exact sequenceof R-modules ( respectively for each case):
1 0! M¢ ¢cR! MA AR Mg BR! M! 0O

0! M¢c¢ ¢cR! MA AR! M! O
A 0! Mc R! M2 cR! M1! O
Let Co be the classof regular right R-modules. By the '2/3 axiom', the problem is thus
reduced to showing that Ma, A, Risin Co for A; one of the three rings A; B;C.
Consider then the cIassCi = fNj 2Modp,jN;i A, R2 Cog, it's an exact classbecause
R is at asaleft Aj-module, it contains A;, but the ring A; is regular, therefore we get
: Ci = Mod,,, and the proof is complete.
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Remark : In particular, the caseof a polynomial extension A[t] is treated as
A[S] with the bimodule S = A itself. By induction, if the ring A is regular, the

4 The class R of Vogel

Let's introduce a new class R of groups, rst exposedby Pierre VOGEL in
[Vog9q, larger than the class Cl of Friedhelm WALDHA USEN, exposed in
Def.19.2in [Wal7g], that will verify a generalization of Th.17.5 on page 249,
due to our more practical notion of regularity for a non-necessarily-coheren
ring R, and in particular due to the stability properties of the precedingpart,
applied to group rings R[G]. We will also exposeVogel's conjecture that gener-
alizesTh.19.4 in this setting ( cf the forth-coming articles [Bih02] and [Bih03]
for two approachestowards a proof ).

De nition 4 .
Let R be the smallest class of groups verifying :
(1)  The trivial group 1isin R.
(2) If Gp and G; arein R, and ;  are two injections from G, to Gy,
then the HNN-extension
G, o,

isin R too.
(3) If Go, Gy and G, arein R, and ;  are two injections from Gq to G
and G,, then the amalgamatel free product

Gy L—1G,

isin R too.
(4) R is stableunder ltering colimits.

De nition 5.
A group G is called \ regular " if and only if for everyregular ring A,
the assaiated group ring A[G] is also regular

Prop osition 6 .
Let G be a group of nite homolgical dimension. Then G is regular.

Pro of :
Use Prop osition 4 of the preceding part.

Prop osition 7 .
Let G be a group in the classR of Vogel. Then G is regular.

Pro of :

The objects of the class R are constructed inductiv ely through the elementary stages cor-
responding to Proposition 2 and 5 of the preceding part ( HNN-extension of groups gives
generalized Laurent extension of rings, and amalgamated free product of groups gives gener-
alized free product of rings ).

Choose equivalently \righ t regular" for both, or \left regular" for both.
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Theorem 1 [Vo0g90]

() R is stableunder taking sulgroups.

(i) R is stableunder taking extensions.

(i) R contains all torsion-free akelian groups.

(iv) R contains all torsion-free one-relatior groups.

(v) R ocontains the fondamental groups of all irr educible Haken manifolds.
(vi) For each connected CW-complex X , there existsa group G in R
suchthat X is obtainad from B G by Quillens plus construction.

Pro of :
(i) We consider the class C of groups B such that all their subgroups A are in R.

Then the class C contains 1. The class C is stable under ltering colimits :

let B = lim Bj, with Bj in C, and A any subgroup of B, we consider the pullback :

A Lol

A L1

by construction, A; is a subgroup of Bj, hence A;j is in R.
We then apply the functor lim to the entire diagram :

which is also a pullback becausethe colimit is Itering ( cf [Zis67] ), hence we obtain the
isomorphism : A" lim A; is in R, and nally : B isin C. We now need to prove that the
class C is stable undér taking \ amalgamated free product * and \ HNN-extension " : at this
point we'll have the inclusion R C, in other words, the class R is stable under taking
subgroups. For this, we need the lemma 2 hereafter.

(i) Let A bea xed group in R . we consider the class D of groups C such that, for every
extension A —UC the group B is in R. Then the class D contains 1.

The class D is stable under ltering colimits :let C = lim Ci, with C; in C,then by pullback
along the structural map C;j ! C, we obtain the followihg commutativ e diagram :

ALty —lc

where the line upside is also an extension, hence B; is in R.
We then apply the exact functor lim to the entire diagram, and we get :

A L/Ii_rn.Bi ............ l/|i_m Ci

AL Ig lle
and now by the 5 lemma, we get the isomorphism : B ' lim B is in R, thus Cisin D.

We now need to prove that the class D is stable under taking \ amalgamated free product "
and \ HNN-extension " : at this point, we'll have the inclusion R D, in other words, the
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class R is stable under taking extensions. For this, we need the lemma 2 hereafter.

(i) to (v) : The class of groups R dened by Vogel is larger than the class Cl de ned by
Waldhausen in [Wal78] becausehere we require no more coherence condition on the base ring
for an amalgamated sum or an HNN-extension; we recollect here some results of his article.
(vi) We refer the reader to the proof given by Baumslag-Dy er-Heller in their article [Bau80];
it then suces to verify that the dieren t groups G that occur always lie in the class R.

De nition 6 .
Let beagraph.We call a\ gr-space " atuple (E ,(Ex)x2 o, (Ea)az ,,f)
where for each vertex x of the graph , the assaiated topological space Ey is
the disjoint union of Eilenberg-Mac Lane spaces K (G; 1), with G a group in
the classR; similarly for each edgea of the graph , the assaiated topological
space E, is the disjoint union of Eilenberg-Mac Lane spaces K (G% 1), with
GO a group in the class R; for each incidence relation x 2 a, we are given an
assaiated mapi : E; ! Ey injective on the ; for everychoice of a base-mint;
the map f is de ned on the vertex Ex ! x and is locally a trivial br ation
E. a! aoverthe edges; nal ly, the CW-complexE is obtained by gluing as
the following pushout, making f a cellular mapf : E !

E @ / E

2

0

By abuseof notation, we shal talk atout the -space E .

CW-complex E

EX Ey

Graph

Lemma 2 .

LetE bea gr-space. Then the underlying space E  obtained by gluing is itself

the disjoint union of some Eilenberg Mac-Lane spaces K ( ;1) with groups
in the class R; and for each vertex x and each edge a of the graph , the

structural mapsgy ! E andE,! E areinjective onthe ; for everychoice

of a base-mint.
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Pro of :
a. As the spaceE is obtained by a Itering colimit indexed by all nite subgraphs o in

E = Ii{n E ,, we can supposethereafter that the graph is nite.
0

b. We procede by induction on the number of cells ( in other words the number of vertices
and edges) : we take as induction hypothesis the conclusion of the geometrical lemma. We'll
suppose moreover as a practical hypothesis for work that all spacesEyx and Ea are connected.
If the graph contains no edge, then the space E s the disjoint union of the spacesEx-and
the lemma is proven. Otherwise, we can choosean edgeain ; and wedecompose: = 9 a.

Two casesthen may arise :

15t case: The edge a links two distinct connected composants % and 0 In this case, the

/\\ —
/
/0 / 0Q
N RN - 0
N ~ ;7 N N o
/ \ \
/
/ o, a, 00 °
| 1 I \
\ / \ !
N s, N /
~ _ - N
< -

map Ea ! E o is injective on the 1 becausecomposedof E5 ! Ex injective onthe 1 by
beginning hypothesis, and Ex ! E o injectiv e on the 1 by induction hypothesis. The same
argument holds for the map Ea ! E oo. But now we're in the caseof an amalgamated sum :

E. a— JE o

A Ie

By Van-Kamp en theorem, the pushout E is then connected, it's an Eilenberg Mac-Lane space
K (G; 1) with G an amalgamated sum of groups already in R, hence G is in the class R.

2" case: The edge a has its two vertices in the same connected composant (1’. The same
argument shows that the maps E5 ! E o are injectiv e on the 1, and we're now in the case

of an HNN-extension :
Ea a—7JE 0

By Van-Kamp en theorem, the gluing E is then connected, it's an Eilenberg-Mac Lane space
K (G; 1) with G an HNN-extension of groups already in R, hence G is in the class R.

c. By induction, the lemma is thus proven when the spacesEx and E5 are connected. The
general case goes back to this one through the following change of variables : we construct
another graph Cwith 8 the set of couples (x; u) where x is avertex of and u is a connected
component in Ex. In the same way, we let ‘1’ be the set of couples (a; v) where a is an edge
of and v is a connected component in E5. Then we take : E?x;u y=u and Ef’aw) = v. Hence
weget: E9 = E , and the lemma is proven.

10
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Practical Use :
For an HNN-extension C HA we shall take for onepoint x doted with
a circular line a, endoved with the bres Ex = K(A; 1) and E; = K(C; 1).
For an amalgamatedfree product

c L—Ia

B Lo lg

we shall take for oneline a with distinct verticesx and y, endowved with the
bres Ex = K(A; 1), Ey = K(B;1) and Ex = K(C; 1).

End of Pro of for Theorem 1 :

Stabilit y under taking subgroups

Let be one of the two graphs above, represerting an HNN-extension, or an amalgamated

free product of groups. Suppose G obtained by the diagramm  from cells G in the classC.
Let H be a subgroup of G. We take X = Eg and construct over X the subcovering X = Ey
of the univ ersal covering, of fondamental group 31X = H. The pullback is fonctorial from the
category of objects over X towards the category of objects over X, thus we obtain :

o Lo Ly

X, LIy, Ly

The choice of a base-point in X3 extends in X4 then in Xy, hencein a connected component
of Xx. The composedmap 1Xa! 1Xa! 1Xx being injectiv e, we deduce that the map

1Xa ! 1Xx is injectiv e, hence the hypothesis of the lemma are veried for the composed
map X' ! X ! . The spaceEy is henceobtained by gluing spacesX of fondamental groups

H = 11X being subgroupsof G = 11X .But G isin C by beginning hypothesis, hence
H isin R, and by the lemma, H is thus in R;its equivalent to say that G is in C

Stabilit y under taking extensions

Let be one of the two graphs above, represerting an HNN-extension, or an amalgamated
free product of groups. SupposeA xed in R and ¢ obtained by the diagram from cells C
in the class D . We consider an extension A L/B —UC . We want to show that B
isin R. We construct over the total spaceEc = K(C;1) a braton X ! Ec of xed ber
F = K (A; 1), which gives by pullback some induced brations F L/x —UEC
over the cells. The group B = 1X is then obtained by gluing cells B = 11X , obtained
by the pullback extension A ;/B —UC . But then each C is in the class D by
beginning hypothesis, thus B is in R; hence by the lemma ( the injectivit y hypothesis are
veried asabove), B is thus in the class R:its equivalent to say that C is in the class D.

Remark
We shall note that this little geometrical lemma dewelopsideasvery near from
Waldhausen'snotion of \ splitting " of groups exposedin [Wal78], page 249.

We shall now state Vogel'sConjecture, and establishasa matter of consequence
sometheoremsanalogto the famousth.19.4 on page249in [Wal78§].

11



Frank BIHLER

Conjecture : [Vog90]

Let C be a regular ¥Y ring ( in the senseof Vogel)
and let S be a C-bimodule, at on the left. Then the
Waldhausengroups K Nil (C; S) vanishfor all i 0.

Remark

In fact, using the suspensionfunctor introduced by Karoubi, this conjecture
implies the vanishing of the groups KNil (C; S) for all i 2 Z. Hencethe canon-
ical inclusion C | CJ[S] induces an isomorphism at the level of the K-theory
non-connective spectra : K (C[S])' K (C).

Let's now recall the de nitions of the various Nil used by Waldhausenin the
three casesdescribed on page6. ( originally Prop. 4.1 of page161in [Wal7§] )

De nition 7 .
1 In the caseof a genealized free product with maps :C! Aand :C! B
pure with complementsA% B de ne Nil (C;A%B9 to ke the category of tuples
(P; Q; p;g) with P; Q two right projective C-modules,andp:P! Q ¢ Aand
q:Q! P ¢ B%two nilpotent maps(ie (p Q)" vanishesfor n large enough).
In the case of a Laurent extension of rings, with maps ; :C ! A pure
with complementsA% A% de ne Nil (C; A%; A A : A ) to bethe category
of tuples (P; Q; p;g) with P;Q two right projective C-modules, provided with
p:P! (Q ¢ A%) (P ¢ A)andqg:Q! (P ¢ A% (Q ¢ A)two
nilpotent maps (ie (p )" vanishesfor n large enough).
. Finally, in the caseof the tensor algeba of the C-bimodule S; de ne Nil (C; S)
to be the category of pairs (P;p) with P a right projective C-module, doted with
p:P! P (S anipotent map (ie p" vanishesfor n large enough).

Prop osition 8 .

- ThereexistsaC C-bimodule X and an equivalene of Waldhausencategories:
Nil (C;A%B9 ' Nil(C C;X) induced by the following direct sum functor:
(P;Q;p;9 7! (P Q;p 0. This induces an equivalene at the level of the
K-theory non-connective spectra.

- Thereexistsa C C-bimodule Y and an equivalene of Waldhausencategories:
Nil(C; A%; A A . A )' Nil(C C;Y) induced by the following functor:
(P;Q;p;a9) 70 (P Q;p 0. This induces an equivalene at the level of the
K-theory non-connective spectra.

Pro of :

- One takesX = A® BOwith the action of the rst C on A%via on the right, on B9 via
on the left, and the action of the second C on A%via on the left, on B®via on the right.
All other actions are trivial. - One takesY = A° A0 A A with the action
the rst C via and the second C via ( the notation is suggestive ). All other actions are
trivial. The veri cations are obvious.

YYHere it should be imp ortant to precise, according to the needs of the proof, if we ask the
ring C to be \righ t regular" or \left regular", or even \regular on both sides".
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Theorem 2 .
Supmsethat the [Conjecture] is true. Let the ring R be either :
1 the free product in the situation :C! A; :C! B or

the Laurent extensionwith resgctto ; :C! A or
., the tensor algeba of the C-bimodule S.
Assumethat the maps ;  are pure emkeddings, with complements at from the
left; likewise S is at from the left. Suppse that the ring C is regular (in the
senseof Vogel). Then all the K'Nil groupsvanish, and we havethe correspnding
Mayer-Vietoris long exact sequenes (for everyindexi 2 Z) :

i o Kip(©) Ki(A) Ki(B)! Ki(R)! Ki 1(C)!
. 2 Ki(C)!D Ki(A)! Ki(R)! K 1(C)! i

. Ki(R)" Ki(C)

Pro of :

First, let's recall the construction of Karoubi's functor . We note C(Z) the ring of in nite
matrices with coe cien ts in Z, all zero except nitely many in eac line and eac column. Let
M (Z) be the sub-ring of nite matrices, and ( Z) the quotient. The tensor product over R
givesthe exact sequence: M (R) ! C(R)! ( R). Karoubi deducesthe homotopy bration
K (M (R)) (C(R)) (( R)). The left term givesK (R) by Morita equivalence.
The middle term vanishes due to a asque functor F such that : F = F + Id . Finally,
K(R) ' K (( R)) allows us to dene negative K-theory groups : K i(R) = Ko( '(R)).
And by immediate computation : K ;Nil (C;S) = KoNil( T(C); (S)).

We know from the fundamental theorem of Bass-Heller-Swann-Quillen [Bas68] that for every
ring C and every index i 2 Z the map K41 (C[Z]) ! K;(C) is surjective. Thus we get a sur-
jection : Ki.1 Nil(C[Z];S[Z]) ! KiNil(C;S). We know that C regular implies C[Z'] regular
for all i 0. Hence by induction, the [Conjecture] implies the vanishing of the Waldhausen
groups KiNil (C;S) for every index i 2 Z. Thus there is no more obstruction to excision in
the caseof the tensor algebra, and the canonical inclusion C ! R induces the equivalence on
the K-theory groups for every i 2 Z in the case, .

Let's now treat the caseof the free product of rings. By Prop osition 8 -, the obstruction to
excision is the Waldhausen non-connective spectrum K Nil (C;A%B%9 ' K Nil(C C;X).
But C regular implies C  C regular, and A% B9 at from the left imply X at from the left.
Hence we apply the preceding caseto make the Nil -term vanish. The map ( ; ):C! A B
induces the Mayer-Vietoris long exact sequenceabove in the casef .

Finally , we treat the Laurent extension of rings. By Proposition 8 - , the obstruction to ex-
cision is the non-connective spectrum K Nil (C; A%; A% A ; A )' K Nil(C C;Y).
But C regular implies C  C regular, and A%A%A at on the left imply Y at on the left.
Hence we apply the rst caseto make the Nil -term vanish. The di erence map :C! A
induces the Mayer-Vietoris long exact sequenceabove in the case- .

Theorem 3 [V 0g90]

Supmsethat the [Conjecture] is true. Let R be a regular ring, and G a group in
the classR . Then Whitehead's obstruction non-connective spectrum W hR (G) is
contractible. In other words, the non-connective spectrum of algebaic K-theory
K (R[G]) behavedike the canonical homolayy theory assaiated to the -spectrum
BG" 2K (R) with respect to the variable of groupsG in the classR; in particular
it veri es the excision theorem, and gives Mayer-Vietoris long exact sequen@s
( therein someexplicit calculusis possiblefor K (R[G]) via spectral sequen@s).
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Pro of :

By de nition, we have the homotopy bration :H (BG* ~ K(R))! K (R[G])! WhR(G).
Thus the Whitehead spacemeasuresto what extent K (R[G]) diers from a homology theory
when R is xed and G varies in the class R . But now, Theorem 2 shows that excision holds for
the generalized free product, the Laurent extension, and the tensor algebra cases.Hence the
proof can be made by induction on G 2 R :its obvious for G = 1 and the property is stable
under amalgamated free product, HNN-extension, and ltering colimits for both homology
theories ( via the Mayer-Vietoris long exact sequencesabove ). Thus the result holds for every
G2 R. That's precisely the generalization we wanted for Th.19.4 on page 249 in [Wal78].

More preciseresults on the structure of WaldhausenK Nil groups will appear
in [Bih02, Bih03], that shall give partial answersto the [Conjecture] : the rst
basedon a powerfull localization theorem by Vogel on complexesof diagrams;
the secondon a careful study of categoriesand functors involved in the Nil
terms, ( constructing a new cyclic functor on the graded categories). Both
articles intensively make use of Vogel's notion of regularity exposedhere.

5 Caracterization of regular modules

Fix now aring C ( unitary, assaiative ). We can simplify the caracterization of
the classC, of regular ? C-modules( hereafter we give the proof from [Vog9Q ):

Prop osition 9 .

Let C ke a ring, and C, the class of regular C-modules. Consider now C the
smallest classcontaining all free C-modules, stableunder Itering colimits, and
verifying for each exactsequen@ 0! M ! N ! P! 0, if M;N 2 C, then
P 2 C [ We shal saythat C is 'stable under cokernelsof co br ations' ]. Then
the two classescoincide : Cy = C.

Pro of :
For each ordinal , we construct inductiv ely a class D inthe following way :
Do is the class of all free modules. If S is a limit-ordinal, a module M is in D ifand only if

it's a Itering colimit of modules in D .t = + 1, amodule M is in D ifand only
<

if it's the cokernel of a monomorphism A ;/B , with A and B in D . we immediately
get the inclusion : D C. We need then to prove that the union C of all classesD is
exactly the class of regular modules Co. The only thing that remains to be proven is that this
class C is stable by the '2/3 axiom'. For this, we verify 3 lemmas :

Lemma 3 .
For each ordinal , the kernel of an epimorphism
from a free module towards a module in D is in

Pro of :
It's true for = 0. Proceding by induction, we'll suppose the lemma true for all < . Let

f :F—M\/I be an epimorphism from a free module F towards a module M in D .

“ZFrom now on and till the end of this article, \regular" means\righ t regular* and \mo dule"
means \righ t module". But all proofs go through similarly if we take complexes of left modules
over left regular rings.

14
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= + 1, weget a short exact sequence0! M2l M%I M I 0with M%and M ®in D .
We can complete the following diagram :

0 —Iwg L—ugg—vg——ro
fO

f 00 f

where all lines are exact, all vertical maps are surjectiv e, and the modules F%F % and F are
free. By the induction hypothesis, K er(f 9 and K er(f %9 are in C. Thus the kernel K er(f) =

Coker[Ker(f9 ! Ker(f%]isin C too. If isalimit-ordinal, M isthe ltering colimit of a
system of modules (M), where | is a ltering category (in the senseof MacLane in [Mac71])

and each M; is that in a D with < . The dicult y consists in nding an inductiv e sys-
tem (Fi);,| with compatible short exact sequencesK; i—M\/Ii such that lim F;
be a free module. One functorial way of doing this is the following : note M this system of
modules. For eac index i, let F; be the following system : for each index j, let Fj be the
free C-module generated by all maps in | from i to j. For each map j ! k in |, the induced
map Fj ! Fj is given by composition. Clearly, Hom(F; ;M ) is isomorphic to M; [ the
isomorphism is induced by the image of Id:i! i ] and the colimit of the F; is isomorphic
to C[the map Id:i! i induces all mapsi ! j in the inductiv e limit ]. LetLJ be the set
of couples (i; u) with i anindex in | and u amap from F; to M . Let F =(i~u 123 Fi . We
get a canonical map :F ! M . Foread index i, j:Fj ! M; is surective,its kernel

Kj is in C ( by induction hypothesis ). Passto the ltering colimit through the index j :
it's an exact functor, hence we get the short exact sequence lim K; L lli[n Fi I

to be compared with the short exact sequencegiven at the beginning : K .
Schanuel's lemma then tells us that : lim K;  F ' lim F; K. In the left part, the colimit

is in C becauseead K is there. A simple proof by induction then shows that adding in a
direct sum a xed free module F to any object in C gives an object in C too. Therefore K

is a direct summand of an object in C hence by lemma 1, the module K is in C. This ends
the caseof a limit-ordinal, and thus the proof.

Lemma 4 .
Consider 0! M! N ! P! 0 a short exact sequence. If M;P 2 C, then N 2 C too.

Pro of :

Let f :F —[43 be an epimorphism from a free module F to P. Let Q be the pullback of
F and N over P. As F is free, the exact sequencesplits, and the module Q is isomorphic to
M F; henceit's in C. By lemma 3, Ker(f) isin C.ThusN = Coker[K er(f) ;/Q] is

in C too.

Lemma 5 .
Consider 0! M! N ! P! 0 a short exact sequence. If N;P 2 C, then M 2 C too.

Pro of :
Let f :F—IN bean epimorphism from a free module F to N. Let's note K the ker-

nel of the composed map F —UN —UP . We get a short exact sequence0! K !

M F! N! 0.Bylemma 3, K isin C. By lemma 4, the extension M F isin C too.
But M is adirect summand of M F, henceby stabilit y under Itering colimits, M isin C.

The class C thus veries the three conditions in the '2/3 axiom',
hence it's an exact class, and it's exactly the class Co of all regular modules.
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6 Complexes on a regular ring
Let's now remind somede nitions :

De nition 8 ;

Fix R aring, and Cy the classof all regular R-modules.
We'll de ne a\ R-complex" C to be a complexof projective R-modules.
We'll saythat C is\ boundel from below" if C, vanishesfor n small enough.
We'll saythat C is\ quasi- coh(?_rent " if all C,, are nitely geneated.

We'll saythat C is\ nite " if nZNCn is nitely geneated.

At last, we'll call a R-complexD \ nite up to homotopy" if there exists a
nite R-complexC and two chain morphismsf :C ! D andg:D ! C,
suchthat f g is homotopic to the identity of D , and conversely,g f is
homotopic to the identity of C .

With thesenotations, we canapproad the fondamertal theorem of regular rings
( proven by Pierre Vogelin his unpublished article [Vog9Q ) :

Lemma 6 [Technical] .
Let C be a quasi-oherent R-complex,and M be a regular module.
Every chain morphism from C to M factorizesthrougha nite R-complex.

Pro of :

Here the module M is considered as a graded dieren tial module, concertrated in degree

0 and with a trivial dieren tial. Let C be the class of R-modules M such that, for every

guasi-coherent R-complex C , every chain morphism from C to M factorizes through a nite

R-complex.

(i) Let F be a free R-module, and f : C ! F be a chain morphism. Then f is given by

fo:Co! F andthusf factorizes through a free nitely generated R-module F % contained

in the free module F. As FCis a nite R-complex, thus F is in C.

(i) Let M = “[nMi, with each Mj in C. Let f be a chain morphism from a quasi-coherent
i2l

R-complex C to M. Asf isdened by a map from the nitely presented module Coker(Cy !

Co) to M, f factorizes through one of the Mj; but the map C ! M; factorizes through a

nite R-complex; hence M is in C,

(i) Let O M N Ip b be an exact sequence of R-modules. Suppose

that M and N arein C. Let f bea chain morphism from a quasi-coherent R-complex C to P.
Note D the cone of the identity I d: ic! 1C. The R-complex D is contractible, quasi-
coherent, and maps surjecziv ely on C . As D is contractible, there is no obstruction to lift the
chain morphism D at the level of N ,we then obtain the following diagram :

0 o Ing——ry——o

0 TS /b Ic lo

As M isin C and 1C is quasi-coherent, the map 1c ! M factorizes through a nite
complex W. Let E be the pushout of D and W over 1C. The complex E is quasi-coherent
and N is in C. Thus the map E ! N factorizes through a nite complex X. Note F the
mapping cone of the identity 1d: W ! W. As F is contractible, the chain morphism W ! F
extends to E. Let L bethe direct sum X F. The construction above givesus a factorization
of E! N through L and the map W ! L is injectiv e, with projectiv e cokernel we shall note
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K. The complexes W;L and K are nite, and the map C! P factorizes through K. We can
overview this construction in the following diagram :

0 o o Iroy Io

Then C contains all free modules, is stable under ltering colimits, and under cokernels of
co brations ; so by Prop osition 9, C contains the category Co of all regular modules.

Theorem 4 [Fondamen tal] [V 0g90]

LetR bearegularring. Let C be a quasi- coherent R-complex,and C° a bounded
from below R-complex having only nitely many non-trivial homolay groups.
Then every chain morphism from C to C° factorizes, up to homotopy, through
a nite R-complex.

Pro of :

We procced by induction on the number of non-trivial homology groups of C% If C° has no
homology, CC is contractible ( becauseit's projective and bounded from below ) and every
chain morphism from C to CO° factorizes up to homotopy, through the zero complex. Let
now CObe a R-complex with n non-trivial homology groups. We can kill the last non-trivial

homology group of C° by adding algebraic cells; this way we obtain new R-complexes cg
and C{ and a short exact sequence 0 co Lo Lco b such that C9 has
only one non-trivial  homology group, and cg has only (n 1) ones. By induction, the map
c! co Cg factorizes, up to homotopy, through a nite R-complex Kg. Let E be the
mapping cone of the identity 1d: C! C. The complex E is quasi-coherent, contractible, and
contains C. The dierence of the maps C! CO! CQandC! Kg! CQis null-homotopic,

hence factorizes through E. Thus the composedmap C ! CP9! cg factorizes through the
complex K8 = Ko E where Kg is quasi-coherent, and has the homotopy type of a nite

complex. Moreover, the map C ! Kg is injectiv e, with projectiv e cokernel we shall note Cj.
The R-complex C; is quasi- coherent, and we have a chain morphism g: Cp ! Cf. But Cf has
only one non-trivial homology group M, in other words : Cf is a projectiv e resolution of M .
For every quasi-coherent R-complex L, the homotopy classesof chain morphisms from L to
Cf are isomorphic to the homotopy classesof chain morphisms from L to M . By the technical
lemma, the map g factorizes, up to homotopy, through a nite R-complex K ;. The construction

above givesthen a quasi- coherent R-complex K 9, with the homotopy type of a nite complex,
and a factorization of g through Kf. Note K ©the homotopy kernel of the chain morphism
Kg I K f ('in other words the desuspension of its mapping cone). By construction, f factorizes
through K 9, this R-complex K ®has the homotopy type of a nite complex K , and f factorizes,
up to homotopy, through K. Let's overview all this construction by a diagram :

0—Jcg—Jeg——Jcg—o
kQ—K ¢ —/Keo)
0 Ic Ik @ Ic, lo
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Corollary 1 .

Let R be a regular ring and C be a quasi-oherent R-complex. Then C is
nite up to homotopy, if and only if C hasonly a nite number of non-trivial
homolayy groups.

Pro of :

The proof needs 2 steps :

1. If C is quasi-coherent and bounded from below, with only a nite number of non-trivial

homology groups, we can apply the theorem above to the map Id : C ! C . Thus the
identity map |d factorizes, up to homotopy, through a nite complex K, hence the complex
C is adirect summand of K ( up to homotopy ), and thus C is nite up to homotopy.

2. Let now C be quasi-coherent, no more bounded from below, such that H;(C ) 6 0 implies
i 2 [a;b]. We consider the dual complex ¢ dened by : &, = Hom(C n;R), and the class
C=tMm2wMm odg j8i> b;H(E;M) = 0g. Then this class contains all free modules
becausethe C,, are nitely generated, it is stable under Itering colimits on M, at last it is
stable under cokernels of co brations ( look at the cohomology long exact sequence). By
proposition 9, and the hypothesis that R is regular, we get : C=wm odg . This implies in
particular the existence of amap ; : G 1! Ci=dCi.; that splits the canonical surjection.
This map forms a homotopy Ids 0 in degreei > b; thus ¢ is homotopic to a bounded
from above complex. By duality, C is hence homotopic to a bounded from below R-complex.
That leads us back to case (1).

Prop osition 10 .
Let R be a coherent ring.

s
Then R is regular ( in the classial sense){
, Riisregular ( in the senssof P. Vogel).

Pro of :
A ring R is coherent regular in the classical senseif every nitely presented R-module ad-
mits a resolution : 0 L‘n /:" kl 0 A" b where the C;j

are nitely generated projective. (i) ! (i) : As every R-module is the ltering colimit of
nitely presented modules ?, we need only showing that every nitely presented module M
is in Co. We split the nite resolution of M in short exact sequences,and we apply the '2/3
axiom'. (ii) ! (i) : Supposethe ring R regular ( in the senseof Vogel) and coherent. Let M be
a nitely presented R-module. As R is coherent, M admits a projectiv e resolution C , which is
a quasi-coherent bounded from below R-complex, with only one non-trivial homology group.
The corollary above tells us that C has the homotopy type of a nite R-complex. Hence M
admits a nite projectiv e resolution, and the ring R is regular ( in the classical sense).

Hencethe notion of regularity introduced by Mr Vogelreally extendsthe clas-
sical notion, pre-existing in algebraic geometry, and the results obtained on the
K'Nil in this setup will extend those of Waldhausenin [Wal78].
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