GHOSTS IN MODULAR REPRESENT ATION THEOR Y
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Abstra ct. A ghost over a nite group G is a map between modular represen-
tations of G which is invisible in Tate cohomology. Motiv ated by the failure of
the geneting hypothesis|the statement that ghosts between nite-dimensional

G-represertations factor through a projectivelw e de ne the compact ghost num-
ber of kG to be the smallest integer | such that the composition of any | ghosts
between nite-dimensional G-represertations factors through a projective. In this
paper we study ghosts and the compact ghost numbers of p-groups. We begin by
showing that a weaker version of the generating hypothesis, where the target of
the ghostis xed to be the trivial represenation k, holds for all p-groups. We do
this by proving that a map between nite-dimensional G-represertations is a ghost
if and only if it is a dual ghost We then compute the compact ghost numbers of
all cyclic p-groups and all abelian 2-groups with C, as a summand. We obtain
bounds on the compact ghost numbers for abelian p-groups and for all 2-groups
which have a cyclic subgroup of index 2. Using these bounds we determine the
nite abelian groups which have compact ghost number at most 2. Our methods
involve techniques from group theory, represertation theory, triangulated category
theory, and constructions motivated from homotopy theory.
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1. Intr oduction

Let G bea nite p-group and let k be a eld of characteristic p. Recall that the
stablemodule category StMod(kG) of G is the tensor triangulated category obtained
from the abelian category of (left) kG-modules by killing the projectives. The ob-
jects of StMod(kG) are the left kG-modules, and the spaceof morphisms between
kG-modulesM and N, denoted Hom, (M ;N), is the k-vector spaceof kG-module
homomorphismsmodulo those maps that factor through a projective module. The
category stmod(kG) is obtained similarly from the category of nite-dimensional
left kG-modules. A ghost in the stable module category of G is a map between
kG-modulesthat is trivial in Tate cohomology In [3], we formulated the generting
hypothesis (GH) for kG asthe statemert that all ghostsbetween nite-dimensional
kG-modules are trivial in the stable module category, i.e., they factor through a
projective. (This formulation was motivated by the famous classical generating
hypothesis of Peter Freyd [17] in the stable homotopy category which states that
there no non-trivial maps between nite spectra that are trivial in stable homotopy
groups.) We have shawvn in [3] that the GH holds for kG, where G is a non-trivial
nite p-group and k is a eld of characteristic p, if and only if G is either C, or Cs.

Motiv ated by the failure of the GH, we proceedin two natural directions. The rst
oneaddresseghe GH with the trivial represenation k asthe target. More precisely
we show that in the stable module category of any p-group,amapM ! k from a
nite-dimensional module to the trivial module is stably trivial if it inducesthe zero
map in Tate cohomology We give two proofs of this result in Sectionl2 One of them
useswell-known duality theorems (Spanier-Whitehead duality and Tate duality) to
shaw that a map between nite-dimensional modulesaover a p-group is a ghostif and
only if it is a dual ghost. (A dual ghostis a map that inducesthe zero map on the
functor Hom,( ; Kk).) It follows that the GH with target k holds.

The seconddirection we take measureghe degreeto which the GH fails in p-groups
other than C, and C3. In order to measurethe degreeof failure of the GH, we de ne
the compact ghostnumber of kG to be the smallestnon-negative integer | suc that
the composition of any | ghosts between nite-dimensional kG-modules is trivial.
(Note that, in this terminology, C», and C3 are the only p-groupswith compact ghost
number 1.) A conceptthat will be key to our analysisof compact ghost numbersand
related invariants is that of a projective class. Loosely speaking, a projective class
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in a triangulated category is a collection of objects and a collection of maps eadh of
which is the \orthogonal complemen” of the other, and suc that there are enough
projectives; seeSectionH for the precisede nition. We de ne the ghost projective
class,which is a projective classwhere the collection of maps is the ghosts. When
the trivial represertation is periodic we shav that a ghost projective classcan be
constructed in stmod(kG). Moreover, there is an operation on the ghost projective
classwhich correspondsto composition of ghosts, and thus it is tailor-made for the
problem of computing compact ghost numbers.

Working in the framework of projective classes,in Section B we compute the
compact ghost numbers of somep-groups. We show that the compact ghost number
of KCyr isd(p’ 1)=2e, wheredxeis the smallestintegerthat is greater than or equal
to x. If G isa nite abelian 2-group with C, asa summand, then the compact ghost
number of kG is shown to be one lessthan the nilp otency index of the Jacobson
radical J(kG) of kG. Computing the compact ghost number of an arbitrary group
algebra seemsto be a hard problem. Nevertheless,we are able to obtain bounds
on compact ghost numbers. For an arbitrary nite p-group G, we show that the
nilp otency index of J(kG) is an upper bound for the compact ghost nhumber of
kG. Thus we obtain boundson the compact ghost numbers of somegroup algebras
by computing the nilp otency indices of their Jacobsonradicals using a theorem of
Jennings [14]. (Howewer, the bounds thus obtained are not necessarilysharp; see
Section@ for details.) In this way, we show that if G is a group of order 2" which
hasa cyclic subgroup of index 2, then any composition of 2" 1 ghostsin stmod(kG)
is trivial. In particular, this applies to the dihedral, semidihedral, modular and
quaternion groups of order 2". Moreover, this bound turns out to be the sharpest
uniform bound for the compact ghost numbersof the groupsin question. Experience
tells us that nding lower bounds for compact ghost numbersis much harder than
nding upper bounds. We obtain reasonablelower bounds for the compact ghost
numbers of the group algebrasof abelian p-groups. We use these bounds to shav
that the only abelian p-groups with compact ghost number 2 are C4, C, C», and
Cs.

Someother results of this paper that are worth menrtioning are our applications
of universal ghosts,in Section[3, where we give se\eral criteria for the existenceof a
non-trivial ghost out of a given represenation.

The proofs of the aforemenioned results involve a pleasart mix of methods from
group theory, represetiation theory and triangulated category theory.

Similar results on phantom maps (maps betweenk G-moduleswhich factor through
a projective when restricted to nite-dimensional modules) in the stable module
category appear in the work of Bensonand Gnacadja; see[2]. For example, in the
stable module category of the Klein four group they shaw that the composition of any
two phantoms is trivial if k is countable, and the composition of any three phantoms
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is trivial if k is uncourntable. Similarly, they shaw that for the quaternion group the
composition of any three phantoms is trivial. There is also more recert work by
Hovey, Lockridge, and Puninski [L3] on the GH in the derived category of a ring.

The paper is organisedas follows. In Sectiond, we prove the GH when the target
is k, and we useTate duality and Spanier-Whiteheadduality to study dual ghosts. In
Section3, we construct universal ghostsand usethem to produce various conditions
which guarartee the existenceof non-trivial ghosts. In Sectiond, we introduce the
notion of compact ghost number and obtain various inequalities involving compact
ghost lengths, compact generating lengths, nilp otency indices, etc. We compute the
compact ghost numbers for somep-groups in SectionE In Sectiond, we compute
the nilp otency indices of someimportant families of p-groups to obtain bounds on
compact ghost numbers.

We assumethroughout that the group G is nite, and quite often that it is a
p-group. The characteristic of the eld k is always assumedto divide the order of
the group. For example, when we write kCgz, the reader will understand that the
characteristic of k is 3. The words \ kG-module" and \ G-represertation” are used
interchangeably We usethe categoricalword \retract” to mean\direct summand".
When we speak of suspensionsof a kG-module M, we mean ' M for any integeri,
as an object of StMod(kG). We write € M for the projective-freepart of M, a
well-de ned kG-module. When we speak of Heller shifts of M, we mean e M for
any integeri.

We would like to thank Dave Benson|[3] for giving us Propositions B and
which helped a great deal in strengthening someof our results. We alsothank Mark
Hovey and Keir Lockridge for helpful conversationsabout this work.

2. The genera ting hypothesis
A map :M ! N betweenkG-modulesis said to be a ghostif the induced map
Hom,c( 'k;M) ! Hom,g( 'k;N)

betweenthe Tate cohomologygroupsis zerofor ead integeri. (Recall that the Tate
group B (G; M) of G with coe cien ts in M is isomorphicto Hom( 'k;M).) If G is
a nite p-group and k is a eld of characteristic p, then \the generating hypothesis
for kG" is the statemert that all ghostsbetween nite-dimensional kG-modules are
trivial in the stable module category In [3] we have shown that the only non-trivial

p-groups for which the GH holds are the cyclic groups C, and Cs.

2.1. The generating hyp othesis with target k. While the generating hypoth-
esisgenerally fails in the stable module category we show that a weak version of
it holds for all p-groups. We begin with motivation coming from homotopy theory
for studying this weak version. Devinatz [10] proved the following partial a rma-

tive result on the generating hypothesisfor the p-local stable homotopy category of
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spectra where p is an odd prime: If : X ! S%is amap from a nite spectrum to
the spherespectrum such that () = 0, then the K ;) -localisation of is trivial,
whereK , periodic complex K -theory localisedat p.

Motiv ated by this result, we consider\the GH with target k", which is the state-
mert that every map M ! k from a nite-dimensional kG-module M to the trivial
represermation k that inducesthe zeromap in Tate cohomologyis trivial in the stable
module category We show that the GH with target k holds for all p-groups. In fact,
we give two proofs of this fact below; seeCorollaries 2.3 and 29

Lemma 2.1. Let G be a p-group and let A be a projective-free kG-module. Then
the norm map

N:A ! A
is trivial.

Recall that the norm map is given by multiplication by the norm elemen n =
926 9 in kG. The ideal generatedby the norm elemern is the unique non-zero
minimal ideal of kG [, p. 92].

Proof. Pick a non-zeroelemen t in A. If ann(t) = 0, that would be mean that
t spansa free kG-submodule of the projective-free module A, a cortradiction, so
ann(t) 6 0. But if ann(t) 6 0, it contains the unigue non-zero minimal ideal, so it
contains the norm elemen n, shaving that nt = 0.

Prop osition 2.2. LetG beap-groupandletf : U! V beaghostbetween projective-
free kG-modules. Then we have the following.

(1) UC is contained in Ker(f). (UC is the G-invariant submalule of U.)

(2) Im(f) is contained in JV. (J denotesthe Jacobsonradical of kG.)

Proof. Sincef is a ghost, the induced map in Tate cohomologyis zero. In particular,
the maps

0/~ cy. UC Ve
RO(G:f): Im(N) ! Im(N)
and Ker(N) Ker(N)
1 . . I er
B YG;f): . T I

are zero. (Here Im(N) and Ker(N) are respectively the image and kernel of norm
maps.) Sincethe norm map is trivial on any projective-freemodule, the above maps
can be written as

(2.1) BOoG;f): UG 1 Vv©
and
(2.2) B oGy — 1

ju - IV
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Both of the above mapsare zero. The rst part of the proposition follows from (EZ7I)
and the secondpart from (Z2).

Corollary 2.3. The GH with target k holdsfor p-groups.

Proof. Let f : M ! k be a ghostin stmod(kG). M is isomorphic in stmod(kG) to
a projective-free kG-module. Therefore we may assumethat M is projective-free.
Then, by Proposition [Z3, the imageof f : M ! Kk is contained in J(k), which is
zero. Sowe are done.

Let usdene amap f: M ! N to be an I-ghostif it is a composition of |
ghosts. Recall that assciated to a kG-module M, one has the socle (ascending)
seriesSoc'M and the radical (descending)seriesRad'M . For i = 1, Sac'M := M ©,
the G-invariant submodule of M, and for i > 1, Soc'M is de ned inductively by
SocdM=Soc’ M = (M=Soc' 'M)®. Rad'M := J'M foralli 0, whereJ' denotes
the ith power of the Jacobsonradical of KG. See[l] for some properties of these
series. Proposition [ZZ2 can now be generalisedas follows.

Corollary 2.4. Let G be a pgroup and let f: M ! N be an I-ghost between
projective-free kG-modules. Then we have the following.

(1) Soc'(M) is contained in Ker(f ).
(2) Im(f) is contained in Rad'(M).

Proof. This follows by a straightforward induction using Proposition Z2

2.2. Ghosts and dualit y. Amapd: M ! N betweenkG-modulesis called a dual
ghostif the induced map

Hom(M; k)  Homgg(N; 'K)

is zero for all i. Recall that for every kG-module L, there is a corresponding dual
kG-module L := Homy(L; k) with the G-action de ned asfollows: for g in G, and

inL,(g)x):= (g ).

Prop osition 2.5. Let G be a nite group. A mapf:M ! N between kG-modules
is a dual ghostif andonlyif f : N ! M is a ghost.

Proof. Considerthe natural isomorphism
Homyg (N ; Hom(T; k)) = Homg (T; Homy (N ; Kk));

whereT is a Tate resolution of k and N is any kG-module; see[1, Proposition 3.1.8],
for instance. SinceHom(T; k) is a completeinjectiv e resolution of k, taking homol-
ogy of the chain complexesin the last isomorphism gives natural isomorphisms

Hom,s(N; "k) = Hom,g( "k;N ):

This impliesthat amapd: M ! N isadual ghostif andonlyifd :N ! M isa
ghost.
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The secondisomorphism usedin the proof of the above proposition is Spanier-
Whitehead duality for the stable module category

We now use Tate duality to show that one can usegroup cohomology(rrPi(G; ),
i 0) to detect ghosts.

Prop osition 2.6. Let G beap-group. A mapf : M ! N between nite-dimensional
kG-modulesis a ghostif and only if the following two conditions hold:

(1) B(G:f): B(G;M)! M(G;N) is zem for alli 0.

() B(G:f ):B(G;N)! BI(GM )iszeoforalli O

Proof. Clearly it su ces to show that statemert (i) is equivalent to the statemert:
BYGf): 8 YG:M)! B T YG;N)iszeroforalli 0. Recall that Tate
duality [5] givesa natural isomorphism

B ' YGiL) = (RY(GL )
for any nite-dimensional module L. Thus, for ead i 0, we have the following
comnutativ e diagram where the vertical maps are induced by f ;

B iGM) —/(HRiI(GM )

R YGN) —(B(GN )
Sincethe two horizontal maps are isomorphisms,the left vertical map is zeroif and
only if the right vertical map is zero. Finally, by the faithfulness of the vector space

duality functor, the right vertical map is zeroif and only if statemert (ii) holds. So
we are done.

Combining Spanier-Whitehead duality and Tate duality gives us the following
interesting result.

Theorem 2.7. Amapf:M ! N between nite-dimensional kG-modulesis a ghost
if and only if it is a dual ghost.

Proof. By Proposition [Z3, we know that f : M ! N is a dual ghostif and only if
f :N ! M isaghost. And by Proposition Z8, f is a ghostif and only if

(1) B(G:f ): B(G;N )! B(G;M )iszeroforalli 0,and

(2) B(G:f): B(G;M)! MI(G;N) is zeroforalli 0.
(We get the secondstatemert from the fact that double dual f is naturally iso-
morphic to f.) The last two statemerts are in turn equivalernt, again by Proposition
[Z8 to the statemert that f is a ghost.

Remark 2.8. The analogueof Theorem [Z4 fails in the derived category of a com-
mutativ e ring. For example,in D(Z), let X be the cone of the map Z I’ Z, and let
Y = Z. Thenthemapf : X ! Y which projects onto the top class,i.e., the map
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that is the identity in degreel and zero elsewhere,is easily seento be a non-trivial

ghost. Howewer, f is not a dual ghost. In fact, the composition X !f YT YE 2
is just f, which is non-trivial.

The rst part of the following corollary givesan alternativ e proof of Corollary 23

Corollary 2.9. Let M be a nite dimensional kG-module. Then we have the fol-
lowing.
@QIfFf:M! 'k is a ghost, then f is stably trivial. In other words, the GH
with target k holds.
(2) If f: k! M is adual ghost,then f is stably trivial.

Proof. If f : M ! 'k is a ghost, then by Theorem[Z3, f is alsoa dual ghost, sothe
composition M | ik T ik, which is just f , is stably trivial.
The proof of the secondstatemert is similar.

Remark 2.10 Using the results in this section, we can showv that \the GH with
domain L" (the statemert that ewvery ghostin stmod(kG) with domain L is trivial)
holds if and only if \the GH with target L " holds. This generalisesCorollary Z9
We leave the easydetails to the reader.

3. Universal ghosts

A ghost : M ! N betweenkG-modulesis said to be a universal ghost if every
ghost out of M factors through . (Such a map should technically be called weakly
universal, since we do not assumethe factorisation is unique.) We will show that
there exists a universal ghost out of any given kG-module. Let M be a kG-module.
We assenble all the homogeneouslemers in ] (G;M) into a map

v Pk 1owm;
28 (Gm)
wherej | isthe degreeof . Completing this map to an exacttriangle in StMod(kG),
we get
M o
(3.1) He ' m M uw:
28 (Gm)

We now recall a couple of easily establishedfacts (see[[7] for proofs) which we will

needin the sequel.

Prop osition 3.1 ([[4]). The map m:M ! Uy is a universal ghostout of M.
Our next proposition characterisesmodules out of which all ghostsvanish.

Prop osition 3.2 ([[7]). Let M be a kG-module. Then the following are equivalent
statementsin the stable module category:
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(1) All ghostsout of M are trivial.

(2) The universal ghost p : M ! Uy is trivial.

(3) M is aretract of a direct sum of suspensions of the trivial representation.
Moreover, if M is nite-dimensional, (3) can be replaed with the condition: M is a
nite direct sum of susgensions of the trivial representation.

Now supposethat M is a nite-dimensional kG-module such that ] (G;M) is
nitely generatedas a graded module over ] (G; k). (This happens, for example,
when k is periodic, that is, 'k is stably isomorphic to k for somei 6 0.) We will
shaw that a universalghostout of M can be constructed in the category stmod(kG);
that is, the target module of the universalghostout of M can be chosento be nite-
dimensionalaswell. This is doneasfollows. Let fvjg bea nite setof homogeneous
generatorsfor ] (G;M) asan ] (G; k)-module. Thesegeneratorscan be assenbled
into a map

Mlk 1 M

i
in StMod(kG). This map can then be completedto a triangle

Milk 1M M Fy:

i

By construction, it is clear that the rst map in the above triangle is surjective on
the functors Hom( 'k; ) for eat |. Therefore, the secondmap y must be a
ghost. Thus we have the following proposition.

Prop osition 3.3. Supmse M is a nite-dimensional kG-module such that
B (G;M) is nitely geneated as a graded module over B (G;k). Then the map

m: M I Fy in the above triangle is a universal ghostout of M. Furthermore,
Fum is compact and thus can be chosento be nite-dimensional.

Proof. Universality of |y is easyto see. For the last statemert, since the sum
is nite, j 1Vilk is compact. And sincethe category of compact objects forms a
triangulated subcategory of StMod(kG), Fy is compact aswell.

Corollary 3.4. SupmwseG is a nite group suchthat the trivial representationk is
periodic, and let M be a nite-dimensional kG-module. Then a universal ghostout
of M can be constructed in stmod(kG).

Proof. SinceM is nite-dimensional, ead Tate group IJ?P‘(G; M) is nite-dimensional.
And sincek is periodic, sois the Tate cohomologyof M. Therefore, by combining
these two facts, we conclude that the Tate cohomologyof M is nitely generated
over 1 (G; k). Now Propaosition B3 applies.

Corollary 3.5. LetM bea nite-dimensional module suchthat ] (G;M) is nitely
geneated as a graded module over 1 (G; k). Then the following are equivalent state-
ments in the stable module category:



10 SUNIL K. CHEBOLU, J. DANIEL CHRISTENSEN, AND JAN MIN AC

(1) All ghostsout of M are trivial.

(2) All ghostsout of M into nite-dimensional modules are trivial.

(3) The universal ghost \ : M ! Fy is trivial.

(4) M is a nite direct sum of susgnsions of the trivial representation.

Proof. The implications (1)) (2)) (3)) (4)) (1) areall clear. For (2) ) (3)
we usethat Fy is isomorphic to a nite-dimensional module (by Proposition B3
and for (3) ) (4) we useKrull-Schmidt.

We now give some applications of universal ghosts. For the remainder of this
subsection, G will be a nite p-group. We begin with a characterisation of nite-
dimensionalindecomposableprojective-freerepresenations that are isomorphicto a
Heller shift of the trivial represenation.

Prop osition 3.6. Let G be a nite p-group and let M be a nite-dimensional in-
decomposableprojective-free kG-module. Then all ghostsout of M are trivial if and
only if M = €k for someintegeri. Moreover, if ] (G;M) is nitely genesrted as
a graded module over ] (G;k), then M = €'k if and only if all ghostsout of M
into nite-dimensional modules are trivial.

Proof. By Proposition 3.2, we know that all ghostsout of M are trivial if and only if
M is isomorphic (in the stable module category) to a nite direct sum of suspensions
of the trivial represemnation. Since M is projective-free, this implies that M is
isomorphic as a kG-module to a nite direct sum €' k. But M is assumedto be
indecomposable,sothe Krull-Schmidt theoremtells us that M is isomorphicto €'k
for somei asdesired. The last statemert now follows from Corollary B33

Corollary 3.7. Let G bea nite p-groupandlet M be a nite-dimensional indecom-
posableprojective-free KG-module. If dim(M) is not congruentto +1 or 1 maodulo
jGJ, then there existsa non-trivial ghostout of M. Moreover, if ] (G;M) is nitely
geneated as a graded module over ] (G; k), then there existsa non-trivial ghostout
of M whosetarget is nite-dimensional.

Proof. By the previous proposition it su ces to showv that M €k for any i. This
will be shavn by proving that under the given hypothesis the dimensions of the
Heller shifts €' k are congruert to +1 or 1 modulo jGj. Recallthat €1k is de ned
to be the kernel of the augmeriation map, sowe have a short exact sequence

o! ek 1 kG ! k! O

which tells us that dim(€*k) 1 modulo jGj. Inductively, it is clear from the
short exact sequences

0! e* g 1 (kG ! ek 1 0

that dim(® k) ( 1)’ modulo jGj fori 0. (Here (kG)!, for somet, is a minimal
projective cover of €' k.) Also, since € k = (€ k) in Mod(kG), it follows that
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dim(€'k) ( 1)' modulo jGj for eat integeri. In particular, M €k for any
integeri.

3.1. Perio dic modules. Recallthat arepresetation M of a group G is said to be
periodic if there exists a positive integer | such that 'M is stably isomorphicto M .
For example, the trivial represenation k of a cyclic group satis es €2k = k.

Prop osition 3.8. Let G be a nite p-group suchthat the trivial representationk is
not periodic. If M is a nite-dimensional non-projective periodic kG-module, then
there exists a non-trivial ghostout of M.

For example, if G is the Klein four group V4 = C, C,, then the trivial repre-
senrtation Kk is not periodic, but every even-dimensionalindecomposablemodule M
is periodic and there are in nitely many such modules up to isomorphism. See,for
example, [8, Section 2].

Proof. It follows from the Krull-Schmidt theoremthat if M is nite-dimensional and
periodic, so are the indecomposablesummandsof M. Sowe assumewithout loss of
generality that M is indecomposableand projective-free. By Proposition 38, it is
enoughto show that M €ik for any i. But if M = €k and M is periodic, then
k is periodic as well, which is a cortradiction.

Remark 3.9. By aresult of Artin and Tate [6, p. 262], we know that the only nite p-
groupswhoseTate cohomologyis periodic are the cyclic p-groupsand the quaternion
groups. Thus we have proved:

Corollary 3.10. Let G be a nite p-group which is not cyclic and not a quaternion
group. If M is a nite-dimensional non-projective periodic kG-module, then there
exists a non-trivial ghostout of M.

4. The ghost projective class

In order to measurethe degreeto which the GH fails, it is natural to consider
the smallest integer | sudh that the composition of any | ghosts between nite-
dimensional kG-modules is trivial. This integer will be called the compact ghost
numkbker of kG and can be best understood using the concept of a projective class.
Sowe begin with a recollection of the notion of a projective classin a triangulated
category A good referencefor this is [9], where projective classeswere studied in
the stable homotopy category and the derived category of a ring.

4.1. Pro jectiv e classes. Let T denote a triangulated category A projective class
in T is a pair (P; G) whereP is a classof objects and G is a classof mapsin T which
satisfy the following properties:

(1) The classof all maps X ! Y sud that the composite P! X ! Y is zero
forall P in P and all mapsP ! X is preciselyG.
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(2) The classof all objects P such that the composite P! X ! Y is zerofor
all mapsX ! Y inGandall mapsP ! X is preciselyP.

(3) For ead object X thereis acobre sequence? ! X ! Y with P in P and
X! YinG

The mapsin G form an idealin T. That is, if f and g are parallel mapsin G,
thenf + gisin G, andif f, g, and h are composablewith g in G, then both f g and
gh arealsoin G.

Oncewe have a projective classasde ned above, we canform \deriv ed" projective
classesn a natural way as follows. The powers G" of the ideal G form a decreasing
Itration of the mapsin T, and ea G" is part of a projective class. The correspond-
ing classef objects are obtained asfollows. Let P! = P and inductively de ne P"
to be the collection of retracts of objects M that appear in a triangle

Al M I B;

where A belongsto P! and B belongto P" . The classesP" form an increasing
Itration of the objectsin T. It isafact[9, Theorem1.1]that (P";G") is a projective
classfor eathh n. We set P° to be the collection of zero objects in T and G° to be
the collection of all mapsin T. (P%; G) is the trivial projective class

4.2. The ghost pro jectiv e class. Now we specialiseto the stable module category
to de ne the ghost projective classin StMod(kG). For simplicity, we assumethat
G is a p-group in this section. The ideal G consists of the class of ghosts. The
assaiated classP of objects consistsof retracts of direct sumsof suspensionsof the
trivial represenation.

Prop osition 4.1. The pair (P;G) is a projective classin StMod(kG).

Proof. It is clear that P and G are orthogonal, i.e., the composite P ! M !h N is

zerofor all P in P, for all hin G, and all mapsP ! M. Soby [9, Lemma 3.2] it
remains to show that for all kG-modules M, there exists a triangle P! M ! N
such that P isin P and M ! N isin G. The universal ghost (3) out of M has
this property, sowe are done.

In some special casesone can also build a ghost projective classin stmod(kG).
Let P. denote the collection of nite direct sums of suspensionsof k and G. the
classof ghostsin stmod(kG). (Note that the collection P is already closedunder
retractions by the Krull-Schmidt theorem.) Then we have the following proposition.

Prop osition 4.2. Let G be a nite p-group such that the Tate cohomolgy of each
nite-dimensional kG-module is nitely generted as a graded module over the ring
] (G;k). Then (P¢; &) is a projective class in stmod(kG). In particular, this
appliesto groupswhosetrivial representationis periodic.
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Proof. Orthogonality of P, and & is clear. We have already seenin Proposition 3.3
that under the given hypothesisa universal ghost out of a nite-dimensional module
can be constructed within stmod(kG). So the proposition follows from [9, Lemma
3.2].

If the pair (Pc; &) forms a projective classin stmod(kG), it will be referredto as
the compact ghostprojective class Whether or not it forms a projective class,we can
de ne P{" and @Q" asin the previous subsection. A nite-dimensional kG-module is
said to have compact geneating length m if it belongsto P but not to P 1, and
compact ghostlength m if it is the domain of a non-zeromap in G' * but not in
qr.

We now prove a sequenceof inequalities.

Prop osition 4.3. Let G be a nite p-groupand M a nite-dimensional kG-module.
Then
compact ghostlength of M compact geneating length of M :

Moreover, equality holdsif (P¢; &) is a projective class.

Proof. The inequality follows by induction, using the technique found in the proof
of [9, Prop. 3.3]. The equality follows directly from [g, Prop. 3.3].

Prop osition 4.4. Let G be a nite p-groupand M a nite-dimensional kG-module.
Then
compact genegting lengthof M radical length of M :

Proof. The Jacobsonradical J = J(kG) of kG is nilpotent. The radical length of M
is the smallestinteger h such that J"M = 0. This givesthe radical or Lowey series
for M :

M1 JM ! VALY NN L V o
Note that J annihilates eat successie quotient and henceead of them is a direct
sum of trivial represenations. This shaws that the compact generating length is at
most the radical length.

Recall that the nilpotency index of the Jacobsonradical J(kG) of kG is the small-
estinteger m such that J(kG)™ = 0.

Prop osition 4.5. Let G be a nite p-group and M a projective-free KG-module.
Then
radical length of M < nilpotency index of J(kG) |Gj:

Proof. Let m be the nilpotency index of J(kG). We begin by noting that since
G is a p-group, the last non-zero power J(kG)™ ! of kG is the unique non-zero
minimal ideal in kG; see[d, p. 92]. For the rst inequality, it is enoughto show that
J(kG)™ M = 0. Let x bean elemen of M. SinceM is projective-free,Ann(x) 6 0.
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Thus Ann(x) cortains the unique non-zerominimal ideal J(kG)™ ! of kG. That is,
J(kG)M Ix = 0.

Sincethe powers of J(kG) form a strictly decreasingseries,then the nilp otency
index of J(kG) is at most dimy kG = jGj.

These inequalities show that for ead p-group G, the compact ghost lengths and
compactgeneratinglengths of nite-dimensional kG-modulesare uniformly bounded
above. Sowe de ne the compact geneating numkbker of kG to be the least upper
bound of the compact generating lengths of all nite-dimensional kG-modules, and
the compact ghostnumber of kG to be the least upper bound of the compact ghost
lengths of all nite-dimensional kG-modules. We don't know if the compact gener-
ating number and compact ghost number of KG depend on the eld k.

Combining the above results gives:

Theorem 4.6. Let G be a nite p-group. Then
compact ghostnumber of KG  compact geneating numkbker of kG
< nilpotency index of J(kG) |G;j:

In particular, the compact geneating number and compact ghostnumkber of the group
algeba of any nite p-group are nite, and any composition of j[Gj 1 ghostsin
stmod(kG) is trivial.

Remark 4.7. A similar argumert involving the projective class(P; G) showsthat any
composite of m ghostsin StMod(kG) is trivial, where m is the nilp otency index of
J(kG).

Prop osition 4.8. Let H be a sulgroup of a nite p-group G. Then
compact ghostnumber of kH  compact ghostnumber of kG:
Proof. In [3], we have shawvn that the induction functor
Ind: stmod(kH) ! stmod(kG);

which sendsa kH-module M to M"€ := kG 4 M, presenes ghosts and non-
trivial maps. It follows that the compact ghost number of kH is no more than that
of kG.

5. Computing compact ghost numbers

We now investigate the problem of computing compact ghost numbers and com-
pact generating numbers of some specic groups. The following lemma that we
learned from Dave Benson|[3] will be very helpful in computations.

Prop osition 5.1. LetG bea nite p-groupandlet M be a kG-module. If an element
belongingto J(kG) is central in kG, then the map

M I M
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is a ghost. In particular, if g2 G is central, then the map
g 1. M I' M

is a ghost.

Proof. The proof of [3, Lemma 2.2] applies without change.

5.1. Cyclic p-groups. Recall that for cyclic groups, the trivial represertation is
periodic, and therefore (P¢; &) forms a projective class. Sothe compact ghostlength
and compact generating length are samefor modules over cyclic p-groups.

Prop osition 5.2. All nite-dimensional k Cp -modules have compact ghost length
at mostd(p’ 1)=2e.

Here dye denotesthe smallestinteger that is greater than or equalto y.

Proof. Sincethe characteristic of k is p, we have kCpr = k[x]=(xP"), with x corre-
spondingto 1, where isageneratorof C,r. A nite-dimensional indecomposable

projective-free module over k[x]=(xP") is of the form k[x]=x' for 1 i p" 1. It
is also clear that ©(k[x]=(x')) = k[x]=(xP" ). This tells us that the compact ghost
length of k[x]=(x') is the sameasthat of k[x]=(x?" ). For1 i d(p" 1)=2e we

show that the compact ghost length of k[x]=x' is at mosti. For this it is enoughto
obsene that we have short exact sequences

0! k ! Kx]=x' ! Kk[x]=x' * 1 0
of modulesover k[x]=xP", for 2 i d(p" 1)=2e.

Prop osition 5.3. There exists a compsablesequene of d(p” 1)=2e 1 ghostsin
stmod(kCpr ) whosecomposite is non-trivial.

Proof. Recall that kCpr = K[x]=(xP"). Let h: k[x]=xd ! k[x]=x¢ be multiplication
by x = 1, whered = d(p” 1)=2e. By Proposition B, h is a ghost. To see
that hd 1 is non-trivial, we haveto show that it cannot factor through the projective
cover k[x]=x" k[x]=x9, i.e., that we cannot have a comnutativ e diagram

xd 1

k[x]:de /k[x]=xd
K K <
ko S

k[x]=x"

By considering the images of the generator of the left-hand cyclic module in the
above diagram, one can easily seethat the existenceof such a factorisation would
mean that

(d 1)+ 1) p" 1
or, equivalertly, that

dp" 1)=2e 1+dp" 1)=2e 1 p" L
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It is straightforward to verify that this inequality fails for all primes p and all positive
integersr. Sowe are done.

Combining thesetwo propositions, we get the following theorem.
Theorem 5.4. The compact ghostnumber of kCyr is d(p” 1)=2e.
Corollary 5.5. The GH holdsfor kCyr if and only if p" is equalto 1, 2 or 3.

Proof. Recall that the GH holds for kG precisely when the compact ghost number
of kG is O or 1. So, by Theorem[.3, we concludethat the GH holds for kKCyr if and
only if d(p" 1)=2e = 0 or 1. The last equation holds if and only if p" = 1, 2 or
3.

See[3] for a di erent proof of the above corollary.
5.2. The Klein four group.

Prop osition 5.6. LetM be a nite-dimensional indecomposableprojective-free kV,-
module. Then we have the following:

(1) If M is odd-dimensional, then it has compact geneating length one.
(2) If M is even-dimensional,then it has compact geneating length two.

Proof. It is well-known that the odd-dimensional indecomposable modules are pre-
cisely the Heller shifts of the trivial represenation; see[d], for instance. Sothey all
have compact generating length one by de nition. Since M is projective-free, one
can show using the classi cation of the indecomposablekV, modules (e.g., [1]), or
directly, that there is a short exact sequence

0! M I M | My, ! O

wherethe invariant submodule M V+ and the coinvariant module My, are both direct
sums of the trivial represenation k. Thus M has compact generating length at
most two. Moreover, if M is even-dimensionaland indecomposable,then M is not
isomorphicto €'k for any i. In particular, M cannot have compactgeneratinglength
one. Sowe are done.

Theorem 5.7. The compact ghost numbker and the compact geneating number of
kV,4 are both two.

Proof. Sinceewvery nite-dimensional module is a sum of indecomposables the state-
ment about compact generating number follows from the above proposition. Since
the compact ghost number is at most the compact generating number, we only have
to shav that the compact ghost number is bigger than one. This follows from [J3]
becausethere we showed that the GH fails for stmod(kVy).
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5.3. The quaternion group. By our main result on the GH in [3], we know that
the GH fails for the quaternion group Qg of order 8. Now we give bounds on the
compact ghost number.

Prop osition 5.8. The compact ghost number of kQg is at least two and at most
four.

Proof. Sincethe trivial represettation of Qg is periodic, we know that the compact
ghost projective classexists in stmod(kQg). Therefore the compact ghost number
and the compact generating number of kQg are the same. The nilp otency index of
J(kQg) can be shawvn to be 5 (see Proposition [E1), so by Theorem £8, we know
that the compact ghost number of kQg is at most 4. We have already seenthat the
GH fails for Qg, sothe compact ghost number is at least 2.

In the following examplewe will give another disproof of the GH for the group Qg
by exhibiting an explicit nite-dimensional module with compact ghost length two.
This exampleshould alsoillustrate someof the ideassurrounding projective classes.

Example 5.9. A minimal preseration for Qg is given by

1

Qs = hGyjx*=Lx?=y%yxy '=x
The structure of the left kQg-module J (kQg)® can be obtained using Jennings' the-
orem [I4] or otherwise. It is shown in the diagram below:
(x 1)(9 1 (v D 1
q,) ...
",

(y Dx 1 1
Here a bullet is a one-dimensionalk-vector space,the southwest line segmen corre-
spondsto the action of x 1, the southeastline segmen correspondsto the action
ofy 1, andif noline segmemn emanatesfrom a bullet in a given direction, then the
corresponding action is trivial.  is the certral element x2(= y?).

It is clear from the diagram that the invariant submodule of J(kQg)? is one-
dimensional and therefore we conclude that J(kQg)® is indecomposable (see, for
example, [7, Lemma 3.2]). Also note that J(kQg)?2 is projective-free. Moreover, the
dimension of J(kQg)® is 3, which is neither +1 nor 1 modulo 8 (= jQgj). Thus
by Corollary 34 we know that there exists a non-trivial ghostin stmod(kQg) whose
domain is J (kQg)3. In particular, the compact ghostlength of J (kQsg)? is at least 2.
On the other hand the compact generating length of J(kQg)? is at most 2 because
we have a short exact sequenceof kQg-modules

0! k ! JkQg® ! k k ! O
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Sincethe compactghostlength is always lessthan or equalto the compactgenerating
length, we concludethat the compactghostlength and the compactgeneratinglength
of J(kQg)® are both 2.

5.4. Compact ghost numbers of abelian groups. We beginwith an extremely
useful proposition. This is a slight generalisation of a result we learnt from Dave
Bensonthat appearedin [3].

Prop osition 5.10. Let,G be a nite p-group and let H be a nonlgrivial proper
sulgroup of G. Let =, 49 be a central elementof kG suchthat  ,,,, & 0.
Then multiplication by on ky"© is stably non-trivial, where ky is the trivial kH -
module. In particular, if gis a central elementin G H, then multiplication byg 1
on ky "€ is a non-trivial ghost.

We include a proof, sincethis is slightly more generalthan [3, Lemma 2.3]. We
do not require H to be normal and we include more general .

Proof. Recallthat ky "¢ denotesthe induced module kG ¢y ky , and that induction
is both left and right adjoint to restriction. These adjunctions give rise to natural
kH-linear maps kyy ! ky"C#,, sendingx to 1 x, and ky"®#, ! ky, sending
g Xxtoxif g2 H andto O otherwise.

To show that : ky"® ! ky"© is stably non-trivial, it is enoughto show that
#,:kq"C#, ! ky"C#, is stably non-trivial. For this, it is enoughto shaw that
the composite

ki ! ke"C#y T kg C#, 1 Ky

is stably non-trivial. But this composition is multiplication by P hoy  h» Which is
non-zeroby assumption. And sinceH is non-trivial, all non-zeromapsky ! ky are
stably non-trivial.

The last statemert follows from the rst part of this proposition, combined with
Proposition B

Theorem 5.11. Let G be an alelian p-group and let m denotethe nilpotency index
of J(kG). Then we have

m p" ¥p 1) compact ghostnumber of KG m 1

whee p' is the order of the smallest cyclic summandof G.

Proof. We have already seenthe upper bound, sowe only have to establishthe lower
bound. Let Cr bethe smallestcyclic summandof G, sothat for someintegersr; r,
G=Cy Cp Cpi:

Let H be the subgroup of order p in Cyr and let ky be the trivial kH-module. Set

M = ky"C. Wewill producem p" Xp 1) 1ghostsM ! M whosecomposite
is stably non-trivial. This will give the desiredlower bound for the compact ghost
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number. Let g be a generator for Cr and let g be a generator for Cy; for ead i.
By Proposition the map

=@ " " Yo ' (g 1P LMIOM

is a composite of

et D+t n+ + (Pt D)
ghosts. One can seedirectly (or using Jennings' formula, Section@) that the nilpo-
tency index of J(kG) is

m=1+ (" 1)+ (p* 1+ + (" 1)

Thus is acompositeofm p" (p 1) 1 ghosts. Now to seelghat is stably
non-trivial on M, it is enoughto note that if 2 kG is written = ,5 g0, then
h = 0for h2 H unlessh = e. SoProposition B0 applies.

We derive someeasycorollaries.

Corollary 5.12. Let G be an alelian 2-group which has C, as a summand. Then
the compact ghostnumber of kG is one lessthan the nilpotency index of J (kG).

Proof. In this case, both the lower bound and the upper bound for the compact
ghost number of kG are one lessthan the nilp otency index of J (kG).

Corollary 5.13. Let G be an elementary akelian 2-group of rank I, i.e., G = (Cy)'.
Then the compact ghostnumkber of kG is .

Proof. The nilp otency index of J(k(C»)') is easily showvn to bel + 1.

Theorem 5.14. Let G be an atelian p-group. The compact ghostnumber of kG is
2if andonly if Gis C4, C, Cy, or Cs.

Proof. By Theorem[i.4and Corollary EET3we know that the three given groups have
compact ghost number 2. Now we prove the corverse. An easy exerciseusing the
structure theoremtells usthat if jGj > 5, then G contains one of the following groups
as a subgroup: Cy (p>5),C, C, Cy, Cob Cop(p>2),0rCy Cy. ltiseasily
seenusing the lower bound in Theorem BT that the compact ghost number of eah
of the above groupsis at least 3. Therefore, by Proposition &3, the compact ghost
number of G is also at least 3. Soif the compact ghost number of G is at most 2,
then jGj should be at most 5. We know that C, and C3 have compact ghost number
1, and the only remaining groups of order at most 5 are C4, Cs and C, Co.

6. Nilpotency index

Let G be a nite p-group. Recall that we have proved that the compact ghost
number of kG is lessthan the nilp otency index of J(kG) (the smallest integer m
such that J(kG)™ = 0). This bound is crude becausethe successie quotients in
the radical seriesfor a kG-module M are built using only copiesof k and not using
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suspensionsof k (seeproof of Proposition &.4). Nevertheless,it is good to have some
bound on the compact ghost number, sowe compute the nilp otency indicesfor some
important families of p-groups.

We begin by recalling a beautiful formula of Jennings|[14] that givesthe nilp otency
index of J(kG). The dimension subgroupsF; of G are de ned by

Fii=fg2G:g 12J(kG)'g fori L

Theseform a descendingchain of normal subgroupsin G

Fi F2 Fs3 Fa Fa+1s
with F; = G and Fg4+1 trivial. De ne integerse by p® = [F; : Fisp ] forl i d.
Then Jennings' formula states that the nilp otency index m of J (kG) is given by
xd
(6.1) m=1+(p 1) ig:

i=1

When doing speci ¢ computations with examplesit is helpful to have the recursive
formula

G and

[G;Fn 1] (Fd%e)p forn> 1

Fi1

(6.2) .

where[G;F, 1] is the subgroup generatedby the commutators aba b ! for ain G
and bin F, 1, dxe denotesthe smallest integer that is greater than or equal to X,
and (Fd%e)ID denotesthe subgroupgeneratedby fgP : g 2 Fd%eg. See[l, Section3.14]
for a proof of this recursive formula.

Note that the recursive formula shows that the dimension subgroupsF; are inde-
pendert of the eld k, and soby (E1) it follows that the nilpotency index of J(kG)
is independen of k.

Using the above results, we can compute the nilp otency indicesfor seweral families
of p-groups.

Prop osition 6.1. Let G be a non-cyclic group of order 2" which has a cyclic sub-
group of index 2. Then the nilpotency index of J(kG) is 2" 1+ 1.

Proof. Let Con 1 = IXi be the cyclic subgroup of index 2. Then G is an extension
of cyclic groups:
1! Cni,! GI! C ! L

Let y bean elemern in G which doesnot belongto C,n 1. Then clearly G is generated
by x andy. Moreover, y? belongsto the subgroup generatedby x2: since (y?) = 1,
y2 certainly belongsto C, 1 (the subgroup generatedby x), soy? = x' for some
integer|. If | is odd, then x' will generateC, :, which then implies that y hasorder
2", a cortradiction to the hypothesisthat G is not cyclic. Sol hasto be even, that
is, y2 belongsto the subgroup generatedby x?2.
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We now compute the dimension subgroupsof G using the formula (82). F; = G,
soF, = [G; G] G2. Note that the quotient group G=G? has the property that every
elemen squaresto the identity. Suc a group is always abelian. In particular,
[G;G] G?, and therefore F, = G2. Sincey? belongsto the subgroup generatedby
x2, it follows that F» = hx2i. We now claim that F; = x2i, where| is the unique
integer such that 2 1 < i  2'. Assuming this claim we nish the proof. Note
that the claim implies that the dimensionsubgroupsF; are constart in the intervals
(2' 1;2'7 and that they are of the form:

G) i) 4 = %) 8 = 8 = x8i = x8i) =m? i) 1
The sequence(g) is therefore (2;1;0;1;0;0;0; 1; 0; 0; 0; 0; 0; 0; 0; 1, ;0; 1), that is,

e = 2,6 = 1whenewriisapowerof2and1<i 2" 2 and e is zerootherwise.
The nilp otency index formula gives:

m=1+[1)2+ 21+ 291+ 231+ + (2" 2)1]
1+ 2+ 20+ 22+ 28+ + 2" 9
=1+[2+2" 1 2]

=1+2" L

Now we prove our claim: F; = 2, where | is the unique integer sud that
2 1< i 2. F is asubgroupof F» = 2, soF; = lx%i for somed; with
2jdij2" 1. Sincethe subgroupsF; are decreasing,d;jdi+; for all i. We have the
formula F; = [G;F; 1] (Fd%e)z. We will show that
[G:Fi 11 (Fi 1)? (Fdiie)zi
The secondinclusion is easy: note that the subgroupsF; are decreasing,sofori 2,
15 Fia Faed) (R (Fud?
> i1 die i1 dse/ *
Now we prove that rst inclusion. Sincethe subgroup generatedby x hasindex 2,
it is normal in G, soyxy ! = x¢ for somec. Note that ¢ hasto be coprimeto 2" 1,
hencec hasto be odd. Now considerthe commutator yx% 1y 1x % 1. We have
deI ly 1X di 1 = (yxy 1)dl lX di 1 = XCdi lX di 1 = X(C l)dl l:

Sincec 1is even, x(¢ Dd 1 pelongsto (F; 1)2.
Thus the formula for F; simplies to F; = (Fd%e)z. This translatesto d; = 2ddi§e

with dy = 2. It is easyto seethat these equationsimply that di = |, wherel is
the unique integer such that 2' 1 < i 2. This provesour claim and so we are
done.

Theorem 6.2. If G is a group of order 2" which has a cyclic sulgroup of index 2,
then any composition of 2" ! ghostsin stmod(kG) is trivial.
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Proof. If Gis cyclic of order 2", then by TheoremBk:4 we know that its compactghost
number is d%e. A quick calculation tells us that the last expressionis just 2" 1.
Sothis takescare of the cyclic case.If G is not cyclic, then the previous proposition
in conjunction with TheoremE.8 tells us that the compact ghost number is at most
2" 1. Sowe are done.

Remark 6.3. It is clear from the proof of the above proposition that in fact 2" 1 is
the sharpest uniform bound for the compact ghost numbers of the group algebrasof
2-groupswhich have a cyclic subgroup of index 2.

Corollary 6.4. Let G be a group of order 2" that is isomorphic to one of the
following: the quaternion group (Q2n), the dihedral group (D), the semidihalral
group (SDan), or the modular group (Man). Then any composition of 2" ! ghosts
in stmod(kG) is trivial.

Proof. Thesegroups have preserations

1_ 1;

Qm=hyjx? "= 1y2=x% % yxy 1=x 3

Dy =hyjx? "= Ly?=Lyxy 1=x i

SDam = hgyjx? "= Ly2= Lyxy 1=x 277
142N 2.

Max = hyjx? "= 1Ly2= Lyxy 1= x

In ead case,the subgroup generatedby x hasindex 2 and sothe previous theorem
applies.

Remark 6.5. Note that the group D, is the Klein four group V4. Therefore it is
interesting to note that the above corollary givesa dierent proof of the fact that
the composition of any two ghostsin stmod(kV,) is trivial; seeTheorem B4 where
we have used projective classesand the structure of kV4-modules to establish this
fact.

Remark 6.6. It is a well-known theorem [4, Ch. 8, pp. 134{135] that ewery non-
abelian 2-group that has a cyclic subgroup of index 2 is a dihedral, semidihedral,
modular or quaternion group.
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