Ko-THEOR Y OF n-POTENTS IN RINGS AND
ALGEBRAS

EFTON PARK AND JODY TROUT

Abstra ct. Let n 2 be an integer. An n-potent is an elemen
e of aring R such that €" = e. In this paper, we study n-potents
in matrices over R and use them to construct an abelian group
K3 (R). If A is a complex algebra, there is a group isomorphism

K3 (A) = Ko(A) "lioraln 2 However, for algebrasover
cyclotomic elds, this is not true in general. We considerK | asa
covariant functor, and show that it is alsofunctorial for a general-
ization of homomorphism called an n-homomorphism

1. Intr oduction

For more than thirty years, K -theory has beenan essetial tool in
studying rings and algebras[1, 7]. Given aring R, the simplestfunc-
torial object assaiated to R is the abelian group Ko(R). There are
multiple ways of de ning Ky(R), but the most useful characterization
when working with operator algebrasis to de ne Ko(R) in terms of
idempotents (or projections, if an involution is presem) in matrix al-
gebrasover R; i.e., elemetts e in M (R) for somek with the feature
that € = e. In this paper, we de ne, for eat natural numbern 2,
a group which we denoteK J(R). This group is constructed from ma-
trices e over R with the property that €' = e, we call sud matrices
n-potents We de ne K (R) for all rings, unital or not, and show that
K determinesa covariant functor from rings to abelian groups.

Let Q(n 1) bethe cyclotomic eld obtained from the rationals by
adjoining the (n  1)-th roots of unity. We shaw that K| is half-exact
on the subcategory of Q(n  1)-algebras,and given any sud algebra
A, we show that K (A) is isomorphicto a direct sumofn 1 copies
of Kg(A). Sincea C-algebraA isa Q(n 1)-algebrafor all n, what-
ewer invariants are cortained in K J(A) arealready cortained in Ko(A).
Howewer, K} for p & n may generatenew groups for cyclotomic alge-
bras,e.g.,K3(Q(4)) = Z 2Z (Theorem 3.15)which is not isomorphic
to K3(Q(3)) = Z3. Thus, K § distinquishesbetweenthe elds Q(3) and
Q(4), but idempotent, and alsotrip otent (n = 3), K -theory do not.
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The paper is organizedas follows. In Section 2, we de ne various
notions of equivalenceon the setof n-potents, and explorethe relation-
ships betweenthese equivalencerelations. Most of our resultsin this
section mirror analogousfacts about idempotents, but in many cases
the proofs di er and/or are more dicult for n-potents. In Section
3, we de ne n-potert K -theory and study its properties and compute
someexamples. Finally, in Section4, we considern-homomorphisms
on rings and algebras[2, 3, 4], and showv that n-potert K -theory is
functorial for sudh maps; this is a phenomenonthat doesnot appear
in ordinary idempotent K -theory.

The authors thank Dana Williams and Tom Shemansk for their
helpful commens and suggestions.

Note: Unlessstated otherwise, all rings and algebrashave a unit;
i.e., a multiplicativ e identit y, and all ring and algebrahomomorphisms
are unital.

2. Equiv alence of n-potents

In this section,we de ne n-potents, dewelop their basictheory, and
discussvariousequivalencerelations on n-potents. We beginby looking
at n-potents over generalrings, but evertually we will specializeto get
a well-behaved theory.

Denition 2.1. LetR bearing andn 2 a natural numbker. An
elemente in R is called an n-potent if €' = e. For n = 2;3;4, we use
the terms idempotent, trip otent, and quadripotent, respectively. The
set of all n-potentsin R is denotal P"(R).

We beginwith a very simple but useful fact about n-potents:
Lemma 2.2. Supmsee is an n-potent. Then €' ! is an idempotent.
Proof. (" 1)2=¢" 1 1=¢'e 2=¢ed 2=¢" %

De nition 2.3. Lete and f be n-potentsin a ring R. We say that
e and f are algebraically equivalert and write e , f if there exist
elementsa andbin R suchthat e= abandf = ba We saythat e and
f are similar and write e ¢ f if there existsan invertible elementz
in R with the property that f = zez *.

Lemma 2.4. Supmse that e and f are algebaically eguivalent n-
potentsin aring R. Then the elementsa and b descrited in De nition
2.3 can be chosenso that

a=z e lazaf" 1= ¢ laf" !
b=f" b= bd *=f" 'be -
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Proof. Chooseelements a and bin R sothat ab= eandba= f. Set
a=¢" laf" Tandb=f" " 1. UsingLemma?2.2, we have

ab= (¢" 'af" )(f" & 1) = & laf" lpe" 1
= Ya)'e 1= e 1= (& Y2 = ¢ le= €' = e

Similarly, ba= f. The two strings of equalitiesin the statemen of the
lemmathen follow easily

Prop osition 2.5. The relations , and ¢ are equivalene relations
on P"(R).

Proof. The only nonolvious point to establishis that , is transitive.
Let e f, and g be elements of P"(R), and supposethat e ,f 0.
Chooseelemetts a, b, candd in R sothat e= abh f = ba= cd, and
g=dc, andsets= af" 2candt = da Then

st=af" %cdb= af" b= a(bad" b= (ah" =€ = e
and

ts = dbaf" %c=d" c=d(cd)" 'c=(d9"=g"= g

Prop osition 2.6. If eandf are similar n-potentsin a ring R, then
they are algebaically equivalent.

Proof. Chooseaninvertible elemen z in R sudthat f = zez !, andset
a=ez 'andb= ze" 1. Thenab= € = eandba= ze"z 1= f.
As is the casewith idempotents, algebraicequivalencedoesnot imply
similarity in general. Howewer, we do have the following result:
Prop osition 2.7. Supmsethat e and f are algebaically equivalent
n-potentsin a ring R. Then
e 0 f 0
00 ®° 00O
in thering M,(R) of 2 2 matricesover R.
Proof. Chooseelemens aandbin R sothat e = abandf = bag without

loss of generality, we assumethat a and b satisfy the conclusionsof
Lemma?2.4. De ne

y 1 fn1 b
af" 2 1 e1!
and
1 et e 1
V=

el 1 &t
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Straightforward computation yieldsthat both u? and v? equalthe iden-
tity matrix in M,(R), and thus ead is its own inverse. Setz = uv.
Then

,e0 .12 b 00 1 f"2 p
00 - afn?z 1 @1 0 e af" 2 1 e1!
beaf® 2 0
0 0

To completethe proof, we note that
beaf"” ? = bab#bg" %= (bg" = f" = f:

De nition  2.8. We sayn-potentse andf in aring R are orthogonal
if ef = fe= 0, in which casewewrite e? f.

Prop osition 2.9. Let e and f be orthogonal n-potents in a ring R.
Then (e+ f)* = & + ¥, In particular, e+ f is an n-potent.

Proof. We proceedby induction. Obviously the result holds for k = 1.
Now supposethe result holdsfor an arbitrary natural number k. Then

(e+ )< = (e+ f)(e+ f)
= (€ + ) (e+f)
= &+ ef + fRe+ fH

= ek+1 + ek l(ef)+ fk l(fe)+ fk+1
= ek+1+fk+l:

Prop osition 2.10. Fori = 1;2, let e andf; be algebaically equivalent
n-potentsin aring R. Supmsethat e; and f; are orthogonalto e, and
f,, respctively. Then e, + e, and f, + f, are algebaically equivalent.

Proof. Fori = 1;2, choosea; and b sothat e = ab, f; = bha, and so
that a and b satisfy the conclusionof Lemma2.4. Then

by = arf ! ) =0
Similarly, ba;, ayby, and bya, are alsozero. Thus
(ar+ @)+ ) =ab+akh=e+e

and
(b + Bp)(ay + &) = by + ba, = 1+ fy;
whencee; + e, is algebraicallyequivalert to f, + f».
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Prop osition 2.11. Lete andf be n-potentsin aring R.

(a)eo anndeO 00
0 f a 0 e 00 2 0e°"-
e O e+f O
2
(b) If e? f then 0 f a 0 o0
Proof. De ne
_ 0 e _ o fnt
a= ¢ 5 andb—enl 0
in M,(R). Then
ab_Oe o ft & 0 _ eO
- f o e o T o0 f" " oOf
and
ba_Ofnloe_f”O_fO_
el oo f o 0 €& =~ 0 e’

which establisheghe rst part of (a); to obtain the secondpart, simply
take f to be zero.

To prove (b), rst obsenethat if e ? f, then e+ f is an n-potert
by Proposition 2.9. De ne

_ e 0 et ofnt
a—fO and b= 0 0
Then
ab_eO egnt fn e ef"t e 0
T f 0 0 0 T fer 1 fn T 0 f
and
ba_enlf”1 e O e+f" 0 _ e+f 0O .
B 0 0 f O 0 0 0O 0

whencethe result follows.

2.1. Cyclotomic Algebras. Fix anintegern 2. Let!,= 0and
dene!y =ik DI D for1 k n 1. Notethat!,; = 1and
;i1 parethe(n 1)-th rootsofunity, with! , = , ;= ¢ =" D
a primitive (n  1)-th root of unity. Morever, , = flg;! 4200 10
is the set of roots of the polynomial equationx x = x(x" * 1)= 0.

The cyclotomic eld Q(n 1) = Q[ ,, 1] is obtained by adjoining
the primitive (n  1)-th root of unity , ; = !, to the eld of rational
numbers. This implies , Q(n 1) C andso,in particular, every
C-algebrais canonicallya Q(n  1)-algebrafor all n.
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De nition 2.12. LetF bea eld andlet A be an F-algeba with unit.
An n-partition of unity is an ordered n-tuple (ep; €1;:::;€, 1) of idem-
potentsin A suchthat

(1) ote+ +e =1
0O jjk n 1L
Note that &g = 1 (e + + e, 1) is completely determined by
of unity. For Q(n 1)-algebraswe canwrite down a generalexpression
for ead n-potent:

Theorem 2.13. Let A bea Q(n 1)-algeba with unit, and supmse
e is an n-potent in A. Then there existsa unique n-partition of unity

X 1
e= D €
k=1
Proof. Let po;p1;:::;pn 12 Q(n  1)[x] be the Lagrangepolynomials

e 1)
— N 16K 17,
pk(x) ngk(!k '])

In particular, po(x) = 1 x" 1. Each polynomial p, hasdegreen 1
and satises pc(' k) = Land p(!j) = Ofor all j 8 k. We claim that
for all numbersx 2 Q(n 1) C,

X 1
(1) P(X) = po(X) +  +pn 1(X)=1
k=0
and that
X 1
(2) x= Lpe(x):
k=0

Indeed, theseidertities follow from the fact that thesepolynomial equa-
tions have degreen 1 but are satis ed by the n distinct points in .

Now, givenany x" = x in , it follows that p.(x)? = pc(x). Hence,
for any n-potent e 2 A, if we de ne e = pk(e), then eat g is an
idempotent in A, and Equation (1) implies that

X1 X1

& = pe(e) = 1.
k=0 k=0
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Theseidempoterts are pairwise orthogonal, because

ge = p(e)pk(e) =0
forj 6 k. Finally,

X1 X1
e= Lepe(e) = ke

by Equation (2).

2.2. Local Banach algebras. Although the n-potent resultsin this

subsectionand the next are not really necessaryor n-potent K -theory

(seeCorollary 3.14), we include them for completenessand because
someof their proofs are di erent from and/or more complicatedthan

the correspnding facts about idempotents.

De nition  2.14. A normed C-algebrn A is called a local Banad al-
gebraif for each natural numter n, the matrix algeba M, (A) is closeal
under the holomorphicfunctional calculus.

Prop osition 2.15. If eis a non-zeo n-potentin alocal Banachalgeba
A, thenkek 1.

Proof. We have 0 < kek = ke"k  kek", andsol kek" 1, which in
turn implieskek 1.

Using the norm topology on local Banad algebras,we can de ne
homtopy for n-potents:

De nition 2.16. Leteandf be n-potentsin alocal Banachalgebr A.
We saythat e and f are homotopic if there existsa norm-continuous
patht 7! e of n-potentsin A suchthat ey, = eande, = f. If eandf
are homotopic,wewrite e 1, f.

Lemma 2.17. Let e and f be n-potents in a local Banach algeba.
Then for all natural numbkersj 1,

X
fl d= I XK et
k=1
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Proof. Obviously the result is true for j = 1. Supposethe equation
holds for arbitrary j. Then

fivl gt =il fd +fd d*
=f(fl d)+(f e

X
=f X e&l+(f eé
k=1
Xrl
= fOD kif et 1

k=1

Theorem 2.18. Lete andf be n-potentsin a local Banachalgeba A.
SetM = (1+ kek)>" 1, and supmwsethat

2n 1)

<
ke fke< o

< 1

Then there exists an invertible elementz in A suchthatkz 1k< 1
andzez ' = f. In particular, e f.

Proof. Whenn = 2, this fact is well known (seefor exampleProposition
4.3.2in [1]), sowe assumefor the rest of the proof that n > 2. De ne

X 2
v=e"¥" 1+ (n DA e Hia " H+ gf(n D k.
k=1
Observingthat e € ) =0= (1 " Hf, we have

XZ
ev= efn 1+ 0+ ek+1f(n 1) k
k=1

XS

efn 1+ ek+1]c(n 1)k+en 1f
k=1
XS

en 1f + ek+1]c(n 1) k

k=0

X 2
e M +0+ K
k=1

= vf:
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Thus, ev= vf. Next,
2
v (n 1)= 0Dk (n 2!
k=1
+ (en 1fn 1 en 1)
+ (n 1)(er| lfn 1 fn 1)

X 2
- (&F (0 Dk gkeln D Ky

k=1
+ (en 1f n 1 en 1)
+ (n 1)(en 1f n 1 f n 1)

X 2
— ek(f (n 1) k e(n 1) k)
k=1
+ (en 1fn 1 en 2f + en 2f en 1)
+(n 1) "t ef 2+ef” 2 £ 1)
Applying Lemma2.17to the rst sum, we obtain

xz (nxl)k . .
v (n 1)= €& fO D kif gt

k=1 ji=1

+ @ e )" l+ee f @
+(n 1) &Y ef"2+(e f)M2:

The triangle inequality and the fact that e and f are n-potents give
us the inequalities

ke kkf ¥k  kek"kfKk" (1+ kek)"(1+ kek)" = M
for all j and k. Thus

X 2 (nxl) k
kv (n 1)k Mke fk f eé !

k=1 j=1

+2Mke fk

+2(n 1)Mke fk
X 2

= Mke fk (n 1) k

k=1

+ 2nM ke fKk
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(n L 2 ke fk

=M
2
+ 2nM ke fKk
2
=M LG-'-zke fk
<M n+n+ 2 2(n 1)
2 M(n2+ n+ 2)
=n 1

Thereforekv (n 1)k<n 1landhencekv=(n 1) 1k< 1. Thus
v=n 1) isinvertible and implemerts the desiredsimilarity.

If we make the corvertion in the previous proof that all summands
whoseupper indexisn 2 aresetto zerowhenn = 2, then we obtain
an alternate proof of Theorem 2.18for idempoterts.

A simple compactnessand continuity argumern on the interval [0; 1]
asin Proposition 4.3.3of [1] yields the following corollary:

Corollary 2.19. Letfeqg be ahomotopyof n-potentsin a local Banach
algeba A. Then g is similar to e;.

Prop osition 2.20. Supmsethat e and f are similar n-potentsin a
local Banachalgeba A. Then

e O f O
oo " oo

Proof. Choosez in A sothat zez ! = f. By Proposition 3.4.1[1] there
is a norm-cortinuous path R; of invertiblesin M,(A) from

10 to z O
01 0 z1?

Then

is the desiredhomotopy.

2.3. Local C -algebras. Weinvestigatethe relationship betweensim-
ilarity and unitary equivalence,and shov that every n-potent is similar
to a normal n-potent in a local C -algebra.

De nition  2.21. A local C -algebrais a local Banach -algeba A
satisfying kx xk = kxk? for all x in A.
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Recall that an elemen x in a local C -algebraA is called normal
if xx = xx . It is well known ([1], Proposition 4.6.2) that ewery
idempotert is similar to a projection (p?> = p = p) and, by a spectral
argumen, normal idempotents are projections. Our goal is to shov
that ewvery n-potert is similar to a normal n-potent and that similarity
and unitary equivalenceare the samefor normal n-potents in a local
C -algebra. We beginwith a de nition.

De nition  2.22. An n-partition of unity (ep;e;:::;€, 1) in a local
C -algebr A is self-adjoirt if e = ¢ for eachO k n 1;ie,if
each g is a projection. A partition of unity (fo;fq;:::f, 1) is similar

property that ze,z * = f for all k.

Lemma 2.23. Let A be a local C -algeba. The following statements
are equivalent:

(a) eis a normal n-potent in A;

(b) eis a partial isometry (e= eee€) in A ande = € ?;

(c) the n-partition of unity (ep;:::;€, 1) asseiated to an n-potent
elemente in A is self-adjoint.

Proof. Clearly (b) implies (a), becausee” = ed' %e = eee = e and
ee = ed 2=¢" 1= ee Now, supposeeis anormal n-potert. Then
ewvery complex number in the spectrum of e satis es the equation

n= ,whence =0or "1=1= | Ineithercase, = " 2, and
the functional calculusimpliesthat e = €' 1. Thuse= €" = e€' 2e=
eee, i.e., eis a partial isometry, and so(a) implies (lp.

Now, if e is a normal n-potent and we write e = Ezll! k&, then
eat g is a projection. For if e commnutes with its adjoint, the same
is true of eat e, and self-adjoirt idempotents are projections by the
spectral theorem. Thus, (a) implies (c). The fact that (c) implies (a)
is trivial.

Prop osition 2.24. Every n-partition of unity in a local C -algeba A
is similar to a self-adjoint n-partition of unity.

Proof. Weinduct onn. Forn = 2, Proposition 4.6.2in [1] immediately
yieldsthat there existsaninvertible elemen z and a normal idempotent
(i.e., a projection) py sud that zegz * = py. Then
m=zez'=z(1 e)z'=1 po
is alsoa projection, and thus (ep; ;) is similar to (po; p1)-
Now, assumethe result is true for n and for all local C -algebras.
Take an (n + 1)-partition of unity (eg;€;:::;€,) in A, and let u be an
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invertible in A that conjugatesthe idempotert e, to a projection p, in
A.Letp=1 p,. Then

u(ep + +e u t= u(l eyu 1 ph=p:
Let fy = ugu ! for O k n 1. Then (fq;:::;f, 1) is an n-

1=

w is invertible in pAp, we have ww ! = w w = p, aswell aswp =
pw = w. Hence,p,w = wp, = w(l p)=0andw p,=pw 1= 0
Furthermore,

Po + +Ph1=pP=1 pn;

z= (w+ py)u then
zu Yw T+ p) = (W pp)(w P+ py) = ww P+ py = ptopy = L
Similarly zu (w '+ p,) = 1,andsozisinvertible. For0O k n 1,

26z = (W+ p)f(w *+ py) = whw = pg;

becausef ¢ is perpendicularto 1  p= p,. Finally,

zenz 1= (W+ p)pa(W 1+ o) = 5 = Pod

Prop osition 2.25. Every n-potent in a local C -algeba is similar to
a normal n-potent.

Proof. Let e be an n-potent in a local C -algebra. By Theorem 2.13,
we can write
X 1
e= D &;
k=1
whereead g is an idempotent. Proposition 2.24givesus an invertible
z in A sud that p, = ze:z ! is a projection for all k. Then
X 1
ez 1= ! k Pk
k=1

is a normal n-potent (by Lemma 2.23) similar to e.
De nition 2.26. Lete andf be idempotentsin a local C -algeba A.

We saye andf are unitarily equivalert andwrite e  f if there exists
a unitary elementu in A suchthat ueu = f.
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Prop osition 2.27. Let e and f be idemptentsin a local C -algeba
A.

@ lIfe ,f,thene ¢f.
(b) If eandf arenormalande f,thene f.

Proof. Becauseu = u ! for u unitary, (a) is immediate. To show (b),
choosean invertible z in A sothat zez * = f, and use Theorem 2.13
and Proposition 2.25to write

X1 X1
e= lvpek and f = Ok
k=1 k=1

forO k n 1
Let z = ujzj be the polar decomposition of z. Becausezpy = z
and (by taking adjoints) pxz = z ¢, we have
7% = 22 = zZpez = qzz = gjz*
Similarly, jzj?p« = pkjzj?. By the functional calculus,

1_

upu = upzijzj fu = ujzipzi f'u = zpez = g

for all k, and thus

X 1 X 1
ueu = ly(upu )= g =f;
k=1 k=1

asdesired.

3. Ko-theor y with n-potents

We can now proceedto construct our n-potent K -theory groups.

De nition 3.1. LetR bearing. For all k 1, let P{(R) denotethe
set of n-potentsin My(R), and let i, denotethe inclusion

. a o
Ik(a):: 00

of M (R) into M43 (R), aswel asits restriction asa map from P} (R)
to P2, (R). Dene M; (R) and P (R) to be the (algebmic) direct
limits

[ [
M: (R)=  M(R); P{(R)= P{(R)=P"(M: (R)):
k=1 k=1
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We de ne a binary relation on P (R) asfollows: let e and f be
elemers of P (R), choosethe smallestnatural numbersk and = sud
that e2 My(R) andf 2 M|(R), and set

e O
o f

De nition 3.2. Let R be aring, and de ne an equivalene relation
on P (R) as follows: take e and f in P7 (R), and chaose a natural
numkber k su ciently largethat e and f are elementsof P (R). Then
e fife ,f in M¢(R). We let V'(R) denotethe set of equivalene
classesof

Note that if e= abandf = bain My(R), then

e 0 a0 bo
00 00 OO

e f = diag(e;f) = 2P, (R) PI(R):

and
f O _ bO ao

00 00 O0O°"
and therefore the equivalencerelation descrited in De nition 3.2 is
well-de ned.
Note that for any n-potent e;f in M; (R), we get

_ eo0 00 f 0 _..
e= ? =f:
00 0 f 00
Thus, the binary operation inducesa binary operation + on V7 (R)
asfollows: takeeandf in P (R), and de ne

e O
o f

This operation is well-de ned and comrmutative by Propositions 2.9
and 2.11.
The next proposition is straightforward and left to the reader.

e]+[fl=[e f]=

Prop osition 3.3. For everyring R and natural numkern 2, V'(R)
is an atelian monoid under the addition de ned alove, and whoseiden-
tity elementis the classof the zeo n-potent. If :R ! Sis aunital
ring homomorphism,then the induced map V"( ) : V'(R) ! V"(S)
given by
V() = IC (a4))]

is a well-de ned homomorphismof akelian semigioups. The corresmpn-
dene R 7! V"(R) is a covariant functor from the category of rings and
ring homomorphismsto the category of akelian monoids and monoid
homomorphisms.
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Denition 3.4. LetR bearing andletn 2 be a natural numker.
We de ne K{(R) to be the Grothendiek completion [6] of the alelian
monoid V"(R). Given an n-potent e in P} (R), we denoteits classin
Ko (R) by [e].

In light of Propositions 2.6 and 2.7, we could have alternately used
similarity to de ne V"(R), and henceK{(R). If A is a local Banath
algebra, Proposition 2.20and Corollary 2.19imply that we obtain the
same semigroup using homotopy as our equivalencerelation, and if
A is a local C -algebra, unitary equivalence also gives us V"(A) by
Propositions 2.25and 2.27.

Prop osition 3.5. The assignmentR 7! K{(R) determinesa covari-
ant functor from the category of rings and ring homomorphismso the
category of akelian groupsand group homomorphisms.

Proof. Proposition 3.3 statesthat V is a covariant functor from the
categoryof rings to the categoryof abelian monoids,and Grothendied
completiondeterminesa covariant functor from the categoryof abelian
monoidsto the categoryof abelian groups;we get the desiredresult by
composingthesetwo functors.

The following result shows that for (unital) algebrasover a eld of
characteristic 6 2, the trip oternt K -theory functor K $ o ers us no new
invariants over ordinary idempotent K -theory. Howewer, we will see
later (Theorem 3.15) that the situation is subtly di erent for K 3.

Theorem 3.6. LetF bea eld with characteristic 6 2. If A is a unital
algeba over F then there is a natural isomorphism

K§(A) = Ko(A) *
of alelian groups.
Proof. If e= €2 M, (A) is a trip otert, then onecan easilyched that
1 1
e = é(e2+ e and e = é(e2 e)
are (unique) idempotents in M; (A) sud that e= e; e,. It follows
that we have a natural bijection of abelain monoids
V3(A) ! V3(A)  V3(A)
[e] 7! [ed]  [e]

with inversemap[e;] [e]7! [e1  &)]. Sincethesemapsare additive,
the result easily follows.
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While K (R) is well-de ned for any ring R, to obtain a well-behaved
theory where the usual exact sequencesxist, we must restrict our
attention to a smaller classof rings. The problem is that unlike the
situation for idempoterts, it is not generally true that if e is an n-
potert, then sois1 e. Howewer, givenan n-potert in an algebraover
the cyclotomic eld Q(n 1), there is an adequatesubstitute:

De nition  3.7. Let e be an n-potent in a Q(n  1)-algeba A, and
write

X 1
e= IR
k=1
asin the conclusionof Theorem 2.13. We de ne an n-potent
X 1
e = dag!i(1 e)!2(l e);iinla (1l e 1) 2M, 1(A)
k=1

and call € the complememary n-potent of e.

Obsene that if n = 2, this de nition agreeswith the usual one for
idempoterts; i.e., € = 1 e Notealsothat e e !, where

I =diag(! 11a;:::501a) 2 My 1(Q(n 1)) My 1(A):

Prop osition 3.8 (Standard picture of KJ(A)). Letn 2 be a natural
numker andlet A bea Q(n 1)-algebe. Then everyelementof K {(A)
can be written in theform [e] [! ], wher ein an n-potentin My(A) for
somenatural numter k and! is a diagonaln-potentin M (Q(n 1)).

Proof. Start with an elemen [¢] [f]in KJ(A), and take f to bethe
complemetary n-potent of f asde ned in De nition 3.7. Then

e [f1= [E+[°] [F1+[7]:
The n-poternts f~and f? are orthogonal, and therefore
1+ [F]=[+71=[1

where! hasthe desiredform. Finally we take e to be e
enlargingthe matrix ! , we obtain the desiredresult.

f—J)

*, and by

Prop osition 3.9. Letn 2andletA beaQ(n 1)-algeba. Supmse
eandf aren-potentsin M; (A). Then[e] = [f] in KJ(A) if and only
if e ! issimilartof ! for somen-potent! in M, (Q(n 1)).

Proof. The \only if" direction is obvious. To show the inferencein the
opposite direction, supposethat [e] = [f] in K{(A). By the de nition
of the Grothendiek completion,e eis similar to f e for somen-
potert ein M, (A). Thene e € issimilartof e €. Butif
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we write e = P E=11! k& asin Theorem 2.13,then Proposition 2.11(b)
implies that

e sdiag!ie;! 28y 18 1
Thereforee € is similar to an n-potert in M, (Q(n 1)), and the
proposition follows.

We next turn our attention to n-potent K -theory for nonunital alge-
bras. Given a nonunital Q(n  1)-algebraA, we de ne its unitization
A" asthe unital Q(n 1)-algebraA*™ =f(a; ):a2 A; 2 Q(n 1)g,
where addition and scalar multiplication are de ned componertwise,
and multiplication is givenby (a; )(b; )= (ab+a +b; ).

De nition  3.10. Let A beanonunital Q(n 1)-algebmn, andlet A* be
its unitization. Let : A" ! Q(n 1) bethe algeba homomorphism
(a; )= . Thenwede ne K{(A) = ker

It is easyto seethat is surjective, so by de nition of Kj(A) we
have a short exact sequence

0—/K§(A) —IKE(A") m—K§(Q(n 1)) —o

with splitting inducedby the map :Q(n 1) ! A" dened by

( ) = (0; ). In addition, it is easyto ched that if A already hasa
unit andwe form A*, thenker is naturally isomorphicto our original
de nition of K{(A).

Prop osition 3.11. Let A be a nonunital Q(n 1)-algebea. Then every
elementof K7 (A) can be written in the form [e] [s(e)], where e is an
n-potentsin My (A*) for someintegerk 1, ands = AT AT
is the salar mapping[6, Sect. 4.2.1]

Proof. Follows directly from Proposition 3.8 and De nition 3.10.
Prop osition 3.12 (Half-exactness) Every short exactsequene
0—"1 a2 Ja=1 —o

of Q(n 1)-algebas, with A unital, induces an exactsequene

KE(1) ——IKg(A) K g(A=1)
of atelian n-potent K -theory groups.

Proof. Becauseq i = 0, we have by functoriality that ¢ i = 0 and
sothe imageof KJ(l) underi in Kj(A) is cortained in the kernel of
g . To shaw the reverseinclusion, supposewe have [e] [!' ] in K§(A)
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sudhthatq [e] [!'] = 0. Then[g(e)] = [q(')]=[']in Ky(A=I). By
Proposition 3.9, there existsan n-potent  in M; (Q(n 1)) sothat
a(e) s !

ChooseN su ciently large sothat we may viewe, ! , and asN by
N matrices, and choosez in GL,\ (A=I) sothat

z g(e) z =1

By Proposition 3.4.2and Corollary 3.4.4in [1], we canlift diag(z;z 1)
to an elemen u in GL,y (A). Setf = u(e  )u i Then

q(f ) = diag(z;z *)(q(e) )diag(z ;2)="!
and thusf and! arein My (1 7). Therefore
el [']1=[e 1 @' I=i@]1 ' D
is in the imageof KJ (') underi asdesired.

While it is not at all obvious from its de nition, Kg(A) canbeiden-
tied with a more familiar object.

Theorem 3.13. Letn 2 bea natural numbker andlet A be a not nec-
essarilyunital Q(n  1)-algeba. Then there is a natural isomorphism

K§(A) = Ko(A) "
of alelian groups.

Proof. First considerthe casewhere A is unital. We de ne a homo-
morphism ~ i:Vn(A) I Vo(A) " Yin the following way: for ead

n-potert e=  [_'! & in My (A), set

Tel= [edilel::en 4] :
It is easyto chedk that ~is additive and well-de ned. Next, de ne a
homomorphism~: V(A) " Yo V"(A) by the formula

I |
e -
D =
Q o
—~ -
)
PoQ
—~
o —
TR,
N
o -
=
—_— O
Q_ p——4
5+
Q
—
o
- +
N
. >
2ok
o £
= 9
. Q
.. —~~
o
o=
m "
a -
—~
o - .
- iy
O ]
e
CECI
i
>
—
P

—
—h
[N
|1
—
—h
N
e
—
—h
=]
[N
e
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and

= [e][e]::::
I diag(e;0;:::;0) + + 1, (diag(0;0;:::;e, 1)

[
2
2,
o

=

1
=
QD

«Q

=

-

s

=

$

]

-

P

2

= [e];

where the last equality is a consequencef Proposition 2.11(b). The
universal mapping property of the Grothendie completion implies
that ~ extendsuniquely to an abelian group isomorphism

TKIA) 1 Ko(A) " Y

and thus the theoremis true for unital Q(n  1)-algebras.
Now supposethat A doesnot haveaunit. Then we havethe following
comnutativ e diagram with exact rows:

0—/KG(A) —KG(A") ——IKg(Q(n 1)) —0

0—Ko(A)" * —Ko(A")" T —IKo(Q(n 1)" *—0

An easy diagram chase shows that there is a unique group iso-
morphism from K{(A) to Ky(A) " ! that makes the diagram com-
mute.

Sincea complexalgebrais a Q(n  1)-algebrafor all valuesof n, we
have the following immediate corollary.

Corollary 3.14. If A is a C-algeba, there are natural isomorphisms
KS(A) = Ko(A) "
of atelian groupsfor all natural numbersn 2.

We now arrive at the result that suggestsvhy we should considerall
K §-functors for algebrasover a cyclotomic eld.

Theorem 3.15. Let Q(4) = QJi] be the 4th cyclotomic eld. Then we
havethe following isomorphismsof akelian groups:

K&(Q@)) = Z;

K§(Q(4) = z%

K3(Q@) =z 2z;

K5(Q()) = z*
Thus, K$(Q(4)) & Z° = K3(Q(3)).
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Proof. SinceQ(4) is a eld [7], we have K3(Q(4)) = Ko(Q(4)) = Z.
The eld Q(4) has characteristic 0 6 2, so Theorem 3.6 implies that
K3(Q@)) = Ko(Q@) = z2 Theorem3.13implies that we have an
isomorphismK £(Q(4)) = Ko(Q() * = z4

Howe\er, the spectrum of 4-potents is cortained in

-no'l' }+ E’i' }+ IO—giO C
3 ) 2 2 ’ 2 2
which is not corgqined in Q(4) sincethe tpvgo primitiv e 3rd roots of unity
= 3= 1+ Jiand! = 3= 1 liarenotin Q4)= Q[il.

Givenany 4-potert e2 M,(Q(4)) M,(C) we canuniquely write
ezet+!e+!ey

where e;; &; e; are orthogonal idempotents in M, (C) that sumto an
idempotent e; + e,+ e3 = € in M,,(Q(4)) by Lemma2.2. We thus have
that

E=e+!e+!e
e=e+e+te

becausel 2=1:12=1 and!3=13= 1. Since! +! = 1, this
implies that the rst idempotent

e = (e+ &+ €)=32 Mn(Q(4))
and the sum of the last two idempotents
e+te=¢€ e 2M,(Q@4)

areboth in M,(Q(4)). Usinga simpletrace argumen and the fact that
;1 62Q(4), we concludethat

rank(e;) = trace(e;) = trace(e;) = rank(es);

and sorank(e, + e3) = trace(e, + e3) = 2trace(e,) is even. We then
have a well-de ned map

VHQ@) ! VAQ4) 2v¥ Q@) =N 2N
[e] 7! [e1] [ex+ &] = trace(e;) 2trace(ey);

this is becausethe classesof e; and e; + e, are presened by (stable)
similarity, and the only invariant of an idempotent in a matrix ring
over a number eld (or a PID) is the rank (= trace). It is easyto
ched that this map is injective (usinge; ? e + e; in M,(Q(4))) and
additive. The only question is surjectivity. It suces to shav that
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there is a 4-potert e over Q(4) whosestable similarity classis mapped

to the generatorl 2 of N 2N. Considerthe block diagonal matrix

0 1
0

10
e= @ 0 i A2M;3Q4));
0i 1

which is easily chedked to be quadripotent. The lower right quadripo-
tent 2 2 invertible block hasthe desiredeigervalues! and! , and so
doesnot diagonalizeover Q(4). The result now follows easily

4. n-Homomorphisms and K{ Functorality

We know from Proposition 3.5that K{ is a covariant functor from
the categoryof (unital) rings and ring homomorphismsto the category
of abelian groupsand group homomorphisms.However, K { is actually
functorial for a more generalclassof ring mappings.

De nition 4.1. Let R and S be rings. An additive map (not neces-
sarily unital) :R ! S is called an n-homomorphismif

(ua  a) = (a) () (an)

Obviously ewvery (ring) homomorphismis an n-homomorphism,but
the corverseis falsein general. For example,an AE,-ring is a ring
R sudh that ewery additve map : R ! R is an n-homomorphism.
Feigelstak [2, 3] classi ed all unital AE ,-rings. The algebraicversion
of n-homomorphismwasintroducedfor complexalgebrasin [4] and has
beencarefully studied in the caseof C -algebrasin [5].

Prop osition 4.2. Let : R ! S be an n-homomorphismbetwesn
unital rings. Then inducesa group homomorphism

:KG(R) T Kg(S):

Furthermore, the assignmentR 7! KJ(R) is a covariant functor from
the category of unital rings and n-homomorphismsto the category of
alelian groupsand ordinary group homomorphisms.

Proof. For eat natural number k, we extend to a map from M(R)
to My (S) by applying to ead matrix enry; it is easyto ched this
also gives us an n-homomorphism. Moreover, is compatible with
stabilization of matrices;the only nonolvious point to ched is that
respects algebraicequivalence.
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Let eandf bealgebraicallyequivalert n-potents in M (R) for some
k, and choosea and b in My(R) sothat e = abandf = ba De ne
elemens %= (ea) (f)" 2andP= (b) in M (S). We compute:

a¥’= (ea (f)" 2 (h= ((eadf" %b =
(eabd" b = (e(ah" )= (") = (o)

A similar argumert shows that Pa° = (f). Therefore determines
a monoid homomorphismfrom V"(R) to V"(S), and hencea group
homomorphism : KJ(R) ! K{(S). Weleave it to the readerto

make the straightforward computationsto show that we have a covari-
ant functor.

Note that while we have an isomorphismK{(A) = Kg(A) " for
Q(n 1)-algebrasi,it is not at all clearfrom the right hand side of this
isomorphismthat K (A) is functorial for n-homomorphisms.
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