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Abstra ct. Let n � 2 be an integer. An n-potent is an element
e of a ring R such that en = e. In this paper, we study n-potents
in matrices over R and use them to construct an abelian group
K n

0 (R). If A is a complex algebra, there is a group isomorphism
K n

0 (A) �=
�
K 0(A)

� n � 1
for all n � 2. However, for algebrasover

cyclotomic �elds, this is not true in general. We considerK n
0 as a

covariant functor, and show that it is also functorial for a general-
ization of homomorphism called an n-homomorphism.

1. Intr oduction

For more than thirt y years,K -theory has beenan essential tool in
studying rings and algebras[1, 7]. Given a ring R, the simplest func-
torial object associated to R is the abelian group K 0(R). There are
multiple ways of de�ning K 0(R), but the most useful characterization
when working with operator algebrasis to de�ne K 0(R) in terms of
idempotents (or projections, if an involution is present) in matrix al-
gebrasover R; i.e., elements e in M k(R) for somek with the feature
that e2 = e. In this paper, we de�ne, for each natural number n � 2,
a group which we denoteK n

0 (R). This group is constructed from ma-
trices e over R with the property that en = e; we call such matrices
n-potents. We de�ne K n

0 (R) for all rings, unital or not, and show that
K n

0 determinesa covariant functor from rings to abelian groups.
Let Q(n � 1) be the cyclotomic �eld obtained from the rationals by

adjoining the (n � 1)-th roots of unity. We show that K n
0 is half-exact

on the subcategory of Q(n � 1)-algebras,and given any such algebra
A, we show that K n

0 (A) is isomorphic to a direct sum of n � 1 copies
of K 0(A). Sincea C-algebraA is a Q(n � 1)-algebrafor all n, what-
ever invariants arecontained in K n

0 (A) arealreadycontained in K 0(A).
However, K p

0 for p 6= n may generatenew groups for cyclotomic alge-
bras,e.g., K 4

0(Q(4)) �= Z � 2Z (Theorem 3.15)which is not isomorphic
to K 4

0 (Q(3)) �= Z3. Thus, K 4
0 distinquishesbetweenthe �elds Q(3) and

Q(4), but idempotent, and also trip otent (n = 3), K -theory do not.

2000Mathematics Subject Classi�cation: 18F30, 19A99, 19K99.
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The paper is organizedas follows. In Section 2, we de�ne various
notions of equivalenceon the setof n-potents, and explorethe relation-
ships between theseequivalencerelations. Most of our results in this
section mirror analogousfacts about idempotents, but in many cases
the proofs di�er and/or are more di�cult for n-potents. In Section
3, we de�ne n-potent K -theory and study its properties and compute
someexamples. Finally, in Section 4, we considern-homomorphisms
on rings and algebras[2, 3, 4], and show that n-potent K -theory is
functorial for such maps; this is a phenomenonthat does not appear
in ordinary idempotent K -theory.

The authors thank Dana Williams and Tom Shemanske for their
helpful comments and suggestions.

Note: Unlessstated otherwise, all rings and algebrashave a unit;
i.e., a multiplicativ e identit y, and all ring and algebrahomomorphisms
are unital.

2. Equiv alence of n-potents

In this section,we de�ne n-potents, develop their basic theory, and
discussvariousequivalencerelationson n-potents. Webeginby looking
at n-potents over generalrings, but eventually we will specializeto get
a well-behaved theory.

De�nition 2.1. Let R be a ring and n � 2 a natural number. An
elemente in R is called an n-potent if en = e. For n = 2; 3; 4, we use
the terms idempotent , trip otent , and quadripotent , respectively. The
set of all n-potents in R is denoted P n (R).

We begin with a very simple but useful fact about n-potents:

Lemma 2.2. Supposee is an n-potent. Then en� 1 is an idempotent.

Proof. (en� 1)2 = en� 1en� 1 = enen� 2 = een� 2 = en� 1: �

De�nition 2.3. Let e and f be n-potents in a ring R. We say that
e and f are algebraically equivalent and write e � a f if there exist
elementsa and b in R suchthat e = aband f = ba. We say that e and
f are similar and write e � s f if there exists an invertible elementz
in R with the property that f = zez� 1.

Lemma 2.4. Suppose that e and f are algebraically equivalent n-
potents in a ring R. Then the elementsa and b described in De�nition
2.3 can be chosenso that

a = en� 1a = af n� 1 = en� 1af n� 1

b = f n� 1b= ben� 1 = f n� 1ben� 1:
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Proof. Chooseelements ~a and ~b in R so that ~a~b = e and ~b~a = f . Set
a = en� 1~af n� 1 and b= f n� 1~ben� 1. Using Lemma 2.2, we have

ab= (en� 1~af n� 1)( f n� 1~ben� 1) = en� 1~af n� 1~ben� 1

= en� 1(~a~b)nen� 1 = en� 1enen� 1 = (en� 1)2en = en� 1e = en = e:

Similarly, ba= f . The two strings of equalitiesin the statement of the
lemma then follow easily. �

Prop osition 2.5. The relations � a and � s are equivalence relations
on Pn (R).

Proof. The only nonobvious point to establishis that � a is transitive.
Let e, f , and g be elements of P n (R), and supposethat e � a f � a g.
Chooseelements a, b, c and d in R so that e = ab, f = ba = cd, and
g = dc, and set s = af n� 2c and t = db. Then

st = af n� 2cdb= af n� 1b= a(ba)n� 1b= (ab)n = en = e

and

ts = dbafn� 2c = df n� 1c = d(cd)n� 1c = (dc)n = gn = g:

�

Prop osition 2.6. If e and f are similar n-potents in a ring R, then
they are algebraically equivalent.

Proof. Choosean invertible element z in R such that f = zez� 1, andset
a = ez� 1 and b= zen� 1. Then ab= en = e and ba= zenz� 1 = f . �

As is the casewith idempotents, algebraicequivalencedoesnot imply
similarity in general.However, we do have the following result:

Prop osition 2.7. Suppose that e and f are algebraically equivalent
n-potents in a ring R. Then

�
e 0
0 0

�
� s

�
f 0
0 0

�

in the ring M 2(R) of 2 � 2 matricesover R.

Proof. Chooseelements a andbin R sothat e = aband f = ba; without
loss of generality, we assumethat a and b satisfy the conclusionsof
Lemma 2.4. De�ne

u =
�

1 � f n� 1 b
af n� 2 1 � en� 1

�

and

v =
�

1 � en� 1 en� 1

en� 1 1 � en� 1

�
:
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Straightforward computation yieldsthat both u2 and v2 equalthe iden-
tit y matrix in M 2(R), and thus each is its own inverse. Set z = uv.
Then

z
�

e 0
0 0

�
z� 1 =

�
1 � f n� 2 b

af n� 2 1 � en� 1

� �
0 0
0 e

� �
1 � f n� 2 b

af n� 2 1 � en� 1

�

=
�

beafn� 2 0
0 0

�
:

To completethe proof, we note that

beafn� 2 = baba(ba)n� 2 = (ba)n = f n = f :

�

De�nition 2.8. We sayn-potents e and f in a ring R are orthogonal
if ef = f e = 0, in which casewe write e ? f .

Prop osition 2.9. Let e and f be orthogonal n-potents in a ring R.
Then (e+ f )k = ek + f k . In particular, e+ f is an n-potent.

Proof. We proceedby induction. Obviously the result holds for k = 1.
Now supposethe result holds for an arbitrary natural number k. Then

(e+ f )k+1 = (e+ f )k(e+ f )

= (ek + f k)(e+ f )

= ek+1 + ek f + f ke+ f k+1

= ek+1 + ek� 1(ef ) + f k� 1(f e) + f k+1

= ek+1 + f k+1 :

�

Prop osition 2.10. For i = 1; 2, let ei and f i be algebraically equivalent
n-potents in a ring R. Supposethat e1 and f 1 are orthogonal to e2 and
f 2, respectively. Then e1 + e2 and f 1 + f 2 are algebraically equivalent.

Proof. For i = 1; 2, chooseai and bi so that ei = ai bi , f i = bi ai , and so
that ai and bi satisfy the conclusionof Lemma 2.4. Then

a1b2 = a1f n� 1
1 f n� 1

2 b2 = 0:

Similarly, b2a1, a2b1, and b1a2 are alsozero. Thus

(a1 + a2)(b1 + b2) = a1b1 + a2b2 = e1 + e2

and
(b1 + b2)(a1 + a2) = b1a1 + b2a2 = f 1 + f 2;

whencee1 + e2 is algebraicallyequivalent to f 1 + f 2. �



K 0-THEOR Y WITH n-POTENTS 5

Prop osition 2.11. Let e and f be n-potents in a ring R.

(a)
�

e 0
0 f

�
� a

�
f 0
0 e

�
and

�
e 0
0 0

�
� a

�
0 0
0 e

�
.

(b) If e ? f then
�

e 0
0 f

�
� a

�
e+ f 0

0 0

�
.

Proof. De�ne

a =
�

0 e
f 0

�
and b=

�
0 f n� 1

en� 1 0

�

in M2(R). Then

ab=
�

0 e
f 0

� �
0 f n� 1

en� 1 0

�
=

�
en 0
0 f n

�
=

�
e 0
0 f

�

and

ba=
�

0 f n� 1

en� 1 0

� �
0 e
f 0

�
=

�
f n 0
0 en

�
=

�
f 0
0 e

�
;

which establishesthe �rst part of (a); to obtain the secondpart, simply
take f to be zero.

To prove (b), �rst observe that if e ? f , then e + f is an n-potent
by Proposition 2.9. De�ne

a =
�

e 0
f 0

�
and b=

�
en� 1 f n� 1

0 0

�
:

Then

ab=
�

e 0
f 0

� �
en� 1 f n� 1

0 0

�
=

�
en ef n� 1

f en� 1 f n

�
=

�
e 0
0 f

�

and

ba=
�

en� 1 f n� 1

0 0

� �
e 0
f 0

�
=

�
en + f n 0

0 0

�
=

�
e+ f 0

0 0

�
;

whencethe result follows. �

2.1. Cyclotomic Algebras. Fix an integer n � 2. Let ! 0 = 0 and
de�ne ! k = e2� i (k� 1)=(n� 1) for 1 � k � n � 1. Note that ! 1 = 1 and
! 1; : : : ; ! n� 1 arethe (n� 1)-th rootsof unity, with ! 2 = � n� 1 = e2� i=(n� 1)

a primitiv e (n � 1)-th root of unity. Morever, 
 n = f ! 0; ! 1; : : : ; ! n� 1g
is the set of roots of the polynomial equationxn � x = x(xn� 1 � 1) = 0.

The cyclotomic �eld Q(n � 1) = Q[� n� 1] is obtained by adjoining
the primitiv e (n � 1)-th root of unity � n� 1 = ! 2 to the �eld of rational
numbers. This implies 
 n � Q(n � 1) � C and so, in particular, every
C-algebrais canonicallya Q(n � 1)-algebrafor all n.
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De�nition 2.12. Let F be a �eld and let A be an F-algebra with unit.
An n-partition of unity is an ordered n-tuple (e0; e1; : : : ; en� 1) of idem-
potents in A suchthat

(1) e0 + e1 + � � � + en� 1 = 1;
(2) e0; e1; : : : ; en� 1 are pairwise orthogonal; i.e., ej ek = � j k1 for all

0 � j; k � n � 1.

Note that e0 = 1 � (e1 + � � � + en� 1) is completely determined by
e1; e2; : : : ; en� 1 and is thus redundant in the notation for an n-partition
of unity. For Q(n � 1)-algebras,we canwrite down a generalexpression
for each n-potent:

Theorem 2.13. Let A be a Q(n � 1)-algebra with unit, and suppose
e is an n-potent in A. Then there existsa unique n-partition of unity
(e0; e1; : : : ; en� 1) in A suchthat

e =
n� 1X

k=1

! kek :

Proof. Let p0; p1; : : : ; pn� 1 2 Q(n � 1)[x] be the Lagrangepolynomials

pk(x) =

Q
j 6= k(x � ! j )

Q
j 6= k(! k � ! j )

:

In particular, p0(x) = 1 � xn� 1. Each polynomial pk has degreen � 1
and satis�es pk(! k) = 1 and pk(! j ) = 0 for all j 6= k. We claim that
for all numbers x 2 Q(n � 1) � C,

(1)
n� 1X

k=0

pk(x) = p0(x) + � � � + pn� 1(x) = 1

and that

(2) x =
n� 1X

k=0

! kpk(x):

Indeed,theseidentities follow from the fact that thesepolynomial equa-
tions have degreen � 1 but are satis�ed by the n distinct points in 
 n .

Now, given any xn = x in 
 n it follows that pk(x)2 = pk(x). Hence,
for any n-potent e 2 A, if we de�ne ek = pk(e), then each ek is an
idempotent in A, and Equation (1) implies that

n� 1X

k=0

ek =
n� 1X

k=0

pk(e) = 1:
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Theseidempotents are pairwise orthogonal, because

ej ek = pj (e)pk(e) = 0

for j 6= k. Finally,

e =
n� 1X

k=1

! kpk(e) =
n� 1X

k=1

! kek

by Equation (2). �

2.2. Lo cal Banac h algebras. Although the n-potent results in this
subsectionand the next are not really necessaryfor n-potent K -theory
(seeCorollary 3.14), we include them for completenessand because
someof their proofs are di�erent from and/or more complicated than
the corresponding facts about idempotents.

De�nition 2.14. A normed C-algebra A is called a local Banach al-
gebraif for each natural number n, the matrix algebra M n (A) is closed
under the holomorphicfunctional calculus.

Prop osition 2.15. If e is a non-zero n-potent in a local Banachalgebra
A, then kek � 1.

Proof. We have 0 < kek = kenk � kekn , and so 1 � kekn� 1, which in
turn implies kek � 1. �

Using the norm topology on local Banach algebras,we can de�ne
homtopy for n-potents:

De�nition 2.16. Let e and f be n-potents in a local Banachalgebra A.
We say that e and f are homotopic if there existsa norm-continuous
path t 7! et of n-potents in A such that e0 = e and e1 = f . If e and f
are homotopic,we write e � h f .

Lemma 2.17. Let e and f be n-potents in a local Banach algebra.
Then for all natural numbers j � 1,

f j � ej =
jX

k=1

f j � k(f � e)ek� 1:
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Proof. Obviously the result is true for j = 1. Supposethe equation
holds for arbitrary j . Then

f j +1 � ej +1 = f j +1 � f ej + f ej � ej +1

= f (f j � ej ) + (f � e)ej

= f
jX

k=1

f j � k(f � e)ek� 1 + (f � e)ej

=
j +1X

k=1

f (j +1) � k (f � e)ek� 1:

�

Theorem 2.18. Let e and f be n-potents in a local Banachalgebra A.
Set M = (1 + kek)2n � 1, and supposethat

ke � f k <
2(n � 1)

(n2 + n + 2)M
< 1:

Then there exists an invertible elementz in A such that kz � 1k < 1
and zez� 1 = f . In particular, e � s f .

Proof. Whenn = 2, this fact is well known (seefor exampleProposition
4.3.2 in [1]), so we assumefor the rest of the proof that n > 2. De�ne

v = en� 1f n� 1 + (n � 1)(1 � en� 1)(1 � f n� 1) +
n� 2X

k=1

ek f (n� 1)� k :

Observingthat e(1 � en� 1) = 0 = (1 � f n� 1)f , we have

ev = ef n� 1 + 0 +
n� 2X

k=1

ek+1 f (n� 1)� k

= ef n� 1 +
n� 3X

k=1

ek+1 f (n� 1)� k + en� 1f

= en� 1f +
n� 3X

k=0

ek+1 f (n� 1)� k

= en� 1f + 0 +
n� 2X

k=1

ek f n� k

= vf :
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Thus, ev = vf . Next,

v � (n � 1) =
n� 2X

k=1

ek f (n� 1)� k � (n � 2)en� 1

+ (en� 1f n� 1 � en� 1)

+ (n � 1)(en� 1f n� 1 � f n� 1)

=
n� 2X

k=1

(ek f (n� 1)� k � eke(n� 1)� k )

+ (en� 1f n� 1 � en� 1)

+ (n � 1)(en� 1f n� 1 � f n� 1)

=
n� 2X

k=1

ek(f (n� 1)� k � e(n� 1)� k )

+ (en� 1f n� 1 � en� 2f + en� 2f � en� 1)

+ (n � 1)(en� 1f n� 1 � ef n� 2 + ef n� 2 � f n� 1):

Applying Lemma 2.17to the �rst sum, we obtain

v � (n � 1) =
n� 2X

k=1

ek
� (n� 1)� kX

j =1

f (n� 1)� k� j (f � e)ej � 1
�

+
�

en� 2(e � f )f n� 1 + en� 2(f � e)
�

+ (n � 1)
�

en� 1(f � e)f n� 2 + (e � f )f n� 2
�

:

The triangle inequality and the fact that e and f are n-potents give
us the inequalities

kej k kf kk � keknkf kn � (1 + kek)n (1 + kek)n = M

for all j and k. Thus

kv � (n � 1)k � M ke � f k
n� 2X

k=1

� (n� 1)� kX

j =1

(f � e)ej � 1
�

+ 2M ke � f k

+ 2(n � 1)M ke� f k

= M ke � f k
n� 2X

k=1

�
(n � 1) � k

�

+ 2nM ke � f k
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= M
� (n � 1)(n � 2)

2

�
ke � f k

+ 2nM ke � f k

= M
� n2 + n + 2

2

�
ke � f k

< M
� n2 + n + 2

2

�� 2(n � 1)
M (n2 + n + 2)

�

= n � 1:

Thereforekv � (n � 1)k < n � 1 and hencekv=(n � 1) � 1k < 1. Thus
v=(n � 1) is invertible and implements the desiredsimilarity. �

If we make the convention in the previousproof that all summands
whoseupper index is n � 2 are set to zerowhen n = 2, then we obtain
an alternate proof of Theorem2.18for idempotents.

A simple compactnessand continuity argument on the interval [0; 1]
as in Proposition 4.3.3of [1] yields the following corollary:

Corollary 2.19. Let f etg be a homotopyof n-potents in a local Banach
algebra A. Then e0 is similar to e1.

Prop osition 2.20. Suppose that e and f are similar n-potents in a
local Banachalgebra A. Then

�
e 0
0 0

�
� h

�
f 0
0 0

�
:

Proof. Choosez in A sothat zez� 1 = f . By Proposition 3.4.1[1] there
is a norm-continuouspath Rt of invertibles in M 2(A) from

�
1 0
0 1

�
to

�
z 0
0 z� 1

�
:

Then

et = Rt

�
e 0
0 0

�
R� 1

t

is the desiredhomotopy. �

2.3. Lo cal C � -algebras. Weinvestigatethe relationshipbetweensim-
ilarit y and unitary equivalence,and show that every n-potent is similar
to a normal n-potent in a local C � -algebra.

De�nition 2.21. A local C � -algebra is a local Banach � -algebra A
satisfying kx � xk = kxk2 for all x in A.
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Recall that an element x in a local C � -algebra A is called normal
if x � x = xx � . It is well known ([1], Proposition 4.6.2) that every
idempotent is similar to a projection (p2 = p� = p) and, by a spectral
argument, normal idempotents are projections. Our goal is to show
that every n-potent is similar to a normal n-potent and that similarity
and unitary equivalenceare the samefor normal n-potents in a local
C � -algebra. We begin with a de�nition.

De�nition 2.22. An n-partition of unity (e0; e1; : : : ; en� 1) in a local
C � -algebra A is self-adjoint if ek = e�

k for each 0 � k � n � 1; i.e., if
each ek is a projection. A partition of unity (f 0; f 1; : : : f n� 1) is similar
to (e0; e1; : : : ; en� 1) if there existsan invertible elementz in A with the
property that zekz� 1 = f k for all k.

Lemma 2.23. Let A be a local C � -algebra. The following statements
are equivalent:

(a) e is a normal n-potent in A;
(b) e is a partial isometry (e = ee� e) in A and e� = en� 2;
(c) the n-partition of unity (e0; : : : ; en� 1) associated to an n-potent

elemente in A is self-adjoint.

Proof. Clearly (b) implies (a), becauseen = een� 2e = ee� e = e and
ee� = een� 2 = en� 1 = e� e. Now, supposee is a normal n-potent. Then
every complex number � in the spectrum of e satis�es the equation
� n = � , whence� = 0 or � n� 1 = 1 = � �� . In either case,�� = � n� 2, and
the functional calculusimplies that e� = en� 1. Thuse = en = een� 2e =
ee� e, i.e., e is a partial isometry, and so (a) implies (b).

Now, if e is a normal n-potent and we write e =
P n� 1

k=1 ! kek , then
each ek is a projection. For if e commutes with its adjoint, the same
is true of each ek , and self-adjoint idempotents are projections by the
spectral theorem. Thus, (a) implies (c). The fact that (c) implies (a)
is trivial. �

Prop osition 2.24. Every n-partition of unity in a local C � -algebra A
is similar to a self-adjoint n-partition of unity.

Proof. We induct on n. For n = 2, Proposition 4.6.2in [1] immediately
yieldsthat thereexistsan invertible element z anda normal idempotent
(i.e., a projection) p0 such that ze0z� 1 = p0. Then

p1 = ze1z� 1 = z(1 � e0)z� 1 = 1 � p0

is alsoa projection, and thus (e0; e1) is similar to (p0; p1).
Now, assumethe result is true for n and for all local C � -algebras.

Take an (n + 1)-partition of unity (e0; e1; : : : ; en ) in A, and let u be an
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invertible in A that conjugatesthe idempotent en to a projection pn in
A. Let p = 1 � pn . Then

u(e0 + � � � + en� 1)u� 1 = u(1 � en )u� 1 = 1 � pn = p:

Let f k = ueku� 1 for 0 � k � n � 1. Then (f 0; : : : ; f n� 1) is an n-
partition of unity in the unital local C � -algebrapAp. By the induction
hypothesisthere is an invertible w in pAp that conjugates(f 0; : : : ; f n� 1)
to a self-adjoint n-partition of unity (p0; : : : ; pn� 1). Note that because
w is invertible in pAp, we have ww� 1 = w� 1w = p, as well as wp =
pw = w. Hence,pnw = wpn = w(1 � p) = 0 and w� 1pn = pnw� 1 = 0:
Furthermore,

p0 + � � � + pn� 1 = p = 1 � pn ;

and so (p0; : : : ; pn ) is a self-adjoint (n + 1)-partition of unity for A.
We claim that (e0; : : : ; en ) is similar to (p0; : : : ; pn ). Indeed,if we set

z = (w + pn )u then

zu� 1(w� 1 + pn ) = (w + pn )(w� 1 + pn) = ww� 1 + pn = p + pn = 1:

Similarly zu� 1(w� 1 + pn ) = 1, and soz is invertible. For 0 � k � n � 1,

zekz� 1 = (w + pn)f k(w� 1 + pn ) = wf kw� 1 = pk ;

becausef k is perpendicular to 1 � p = pn . Finally,

zenz� 1 = (w + pn )pn (w� 1 + pn) = p3
n = pn ;

and thus z conjugates(e0; : : : ; en ) to (p0; : : : ; pn ). �

Prop osition 2.25. Every n-potent in a local C � -algebra is similar to
a normal n-potent.

Proof. Let e be an n-potent in a local C � -algebra. By Theorem 2.13,
we can write

e =
n� 1X

k=1

! kek ;

whereeach ek is an idempotent. Proposition 2.24givesus an invertible
z in A such that pk = zekz� 1 is a projection for all k. Then

zez� 1 =
n� 1X

k=1

! kpk

is a normal n-potent (by Lemma 2.23) similar to e. �

De�nition 2.26. Let e and f be idempotents in a local C � -algebra A.
We saye and f are unitarily equivalent and write e � u f if there exists
a unitary elementu in A suchthat ueu� = f .
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Prop osition 2.27. Let e and f be idempotents in a local C � -algebra
A.

(a) If e � u f , then e � s f .
(b) If e and f are normal and e � s f , then e � u f .

Proof. Becauseu� = u� 1 for u unitary, (a) is immediate. To show (b),
choosean invertible z in A so that zez� 1 = f , and useTheorem 2.13
and Proposition 2.25to write

e =
n� 1X

k=1

! kpk and f =
n� 1X

k=1

! kqk

for projections p0; p1; : : : ; pn� 1 and q0; q1; : : : qn� 1. Then zpkz� 1 = qk

for 0 � k � n � 1.
Let z = ujzj be the polar decomposition of z. Becausezpk = qkz

and (by taking adjoints) pkz� = z� qk , we have

jzj2qk = zz� qk = zpkz� = qkzz� = qk jzj2:

Similarly, jzj2pk = pk jzj2. By the functional calculus,

upku� = upk jzjj zj � 1u� = ujzjpk jzj � 1u� = zpkz� 1 = qk

for all k, and thus

ueu� =
n� 1X

k=1

! k(upku� ) =
n� 1X

k=1

! kqk = f ;

asdesired. �

3. K 0-theor y with n-potents

We can now proceedto construct our n-potent K -theory groups.

De�nition 3.1. Let R be a ring. For all k � 1, let P n
k (R) denotethe

set of n-potents in M k(R), and let i k denotethe inclusion

i k(a) =
�

a 0
0 0

�

of M k(R) into M k+1 (R), aswell as its restriction asa map from P n
k (R)

to Pn
k+1 (R). De�ne M 1 (R) and Pn

1 (R) to be the (algebraic) direct
limits

M1 (R) =
1[

k=1

M k(R); Pn
1 (R) =

1[

k=1

Pn
k (R) = Pn (M1 (R)):
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We de�ne a binary relation � on P n
1 (R) as follows: let e and f be

elements of Pn
1 (R), choosethe smallestnatural numbers k and ` such

that e 2 M k(R) and f 2 M l (R), and set

e � f = diag(e;f ) =
�

e 0
0 f

�
2 Pn

k+1 (R) � Pn
1 (R):

De�nition 3.2. Let R be a ring, and de�ne an equivalence relation �
on Pn

1 (R) as follows: take e and f in P n
1 (R), and choose a natural

number k su�ciently large that e and f are elementsof P n
k (R). Then

e � f if e � a f in M k(R). We let Vn (R) denotethe set of equivalence
classesof � .

Note that if e = ab and f = ba in M k(R), then
�

e 0
0 0

�
=

�
a 0
0 0

� �
b 0
0 0

�

and �
f 0
0 0

�
=

�
b 0
0 0

� �
a 0
0 0

�
;

and therefore the equivalence relation described in De�nition 3.2 is
well-de�ned.

Note that for any n-potent e;f in M 1 (R), we get

e =
�

e 0
0 0

�
?

�
0 0
0 f

�
�

�
f 0
0 0

�
= f :

Thus, the binary operation � inducesa binary operation + on Vn
1 (R)

as follows: take e and f in P n
1 (R), and de�ne

[e] + [f ] = [e � f ] =
��

e 0
0 f

��
:

This operation is well-de�ned and commutativ e by Propositions 2.9
and 2.11.

The next proposition is straightforward and left to the reader.

Prop osition 3.3. For everyring R and natural number n � 2, Vn (R)
is an abelian monoid under the addition de�ned above,and whoseiden-
tity elementis the classof the zero n-potent. If � : R � ! S is a unital
ring homomorphism,then the induced map Vn (� ) : Vn (R) � ! Vn (S)
given by

Vn (� )([( aij )]) = [(� (aij ))]
is a well-de�ned homomorphismof abelian semigroups. The correspon-
dence R 7! Vn (R) is a covariant functor from the category of rings and
ring homomorphismsto the category of abelian monoids and monoid
homomorphisms.
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De�nition 3.4. Let R be a ring and let n � 2 be a natural number.
We de�ne K n

0 (R) to be the Grothendieck completion [6] of the abelian
monoid Vn (R). Given an n-potent e in P n

1 (R), we denoteits classin
K n

0 (R) by [e].

In light of Propositions 2.6 and 2.7, we could have alternately used
similarity to de�ne Vn (R), and henceK n

0 (R). If A is a local Banach
algebra,Proposition 2.20and Corollary 2.19 imply that we obtain the
same semigroup using homotopy as our equivalence relation, and if
A is a local C � -algebra, unitary equivalencealso gives us Vn (A) by
Propositions 2.25and 2.27.

Prop osition 3.5. The assignmentR 7! K n
0 (R) determinesa covari-

ant functor from the category of rings and ring homomorphismsto the
category of abelian groupsand group homomorphisms.

Proof. Proposition 3.3 states that V is a covariant functor from the
categoryof rings to the categoryof abelian monoids,and Grothendieck
completiondeterminesa covariant functor from the categoryof abelian
monoidsto the categoryof abelian groups;we get the desiredresult by
composingthesetwo functors. �

The following result shows that for (unital) algebrasover a �eld of
characteristic 6= 2, the trip otent K -theory functor K 3

0 o�ers us no new
invariants over ordinary idempotent K -theory. However, we will see
later (Theorem 3.15) that the situation is subtly di�erent for K 4

0 .

Theorem 3.6. Let F be a �eld with characteristic 6= 2. If A is a unital
algebra over F then there is a natural isomorphism

K 3
0 (A) �=

�
K 0(A)

� 2

of abelian groups.

Proof. If e = e3 2 M1 (A) is a trip otent, then onecaneasilycheck that

e1 =
1
2

(e2 + e) and e2 =
1
2

(e2 � e)

are (unique) idempotents in M 1 (A) such that e = e1 � e2. It follows
that we have a natural bijection of abelain monoids

V3(A) ! V2(A) � V2(A)

[e] 7! [e1] � [e2]

with inversemap [e1]� [e2] 7! [e1 � � e2]. Sincethesemapsareadditive,
the result easily follows. �
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While K n
0 (R) is well-de�ned for any ring R, to obtain a well-behaved

theory where the usual exact sequencesexist, we must restrict our
attention to a smaller classof rings. The problem is that unlike the
situation for idempotents, it is not generally true that if e is an n-
potent, then sois 1� e. However, given an n-potent in an algebraover
the cyclotomic �eld Q(n � 1), there is an adequatesubstitute:

De�nition 3.7. Let e be an n-potent in a Q(n � 1)-algebra A, and
write

e =
n� 1X

k=1

! kek

as in the conclusionof Theorem 2.13. We de�ne an n-potent

e? =
n� 1X

k=1

diag
�
! 1(1 � e1); ! 2(1 � e2); : : : ; ! n� 1(1 � en� 1)

�
2 Mn� 1(A)

and call e? the complementary n-potent of e.

Observe that if n = 2, this de�nition agreeswith the usual one for
idempotents; i.e., e? = 1 � e. Note also that e � e? � s ! , where

! = diag(! 11A ; : : : ; ! n1A ) 2 M n� 1(Q(n � 1)) � M n� 1(A):

Prop osition 3.8 (Standard picture of K n
0 (A)). Let n � 2 be a natural

number and let A be a Q(n � 1)-algebra. Then everyelementof K n
0 (A)

can be written in the form [e]� [! ], where e in an n-potent in M k(A) for
somenatural number k and ! is a diagonaln-potent in M k(Q(n � 1)).

Proof. Start with an element [~e] � [ ~f ] in K n
0 (A), and take ~f ? to be the

complementary n-potent of f as de�ned in De�nition 3.7. Then

[~e] � [ ~f ] =
�
[~e] + [ ~f ? ]

�
�

�
[ ~f ] + [ ~f ? ]

�
:

The n-potents ~f and ~f ? are orthogonal, and therefore

[ ~f ] + [ ~f ? ] = [ ~f + ~f ? ] = [! ];

where! has the desiredform. Finally we take e to be ~e � ~f ? , and by
enlarging the matrix ! , we obtain the desiredresult. �

Prop osition 3.9. Let n � 2 and let A be a Q(n � 1)-algebra. Suppose
e and f are n-potents in M 1 (A). Then [e] = [f ] in K n

0 (A) if and only
if e � ! is similar to f � ! for somen-potent ! in M 1 (Q(n � 1)).

Proof. The \only if " direction is obvious. To show the inferencein the
opposite direction, supposethat [e] = [f ] in K n

0 (A). By the de�nition
of the Grothendieck completion, e � ~e is similar to f � ~e for somen-
potent ~e in M 1 (A). Then e � ~e � ~e? is similar to f � ~e � ~e? . But if
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we write ~e =
P n� 1

k=1 ! k ~ek as in Theorem 2.13, then Proposition 2.11(b)
implies that

~e � s diag
�
! 1~e1; ! 2~e2; : : : ; ! n� 1~en� 1

�
:

Therefore ~e � ~e? is similar to an n-potent in M 1 (Q(n � 1)), and the
proposition follows. �

We next turn our attention to n-potent K -theory for nonunital alge-
bras. Given a nonunital Q(n � 1)-algebraA, we de�ne its unitization
A+ asthe unital Q(n � 1)-algebraA+ = f (a; � ) : a 2 A; � 2 Q(n � 1)g,
where addition and scalar multiplication are de�ned componentwise,
and multiplication is given by (a; � )(b;� ) = (ab+ a� + b�; �� ).

De�nition 3.10. Let A be a nonunital Q(n � 1)-algebra, and let A+ be
its unitization. Let � : A+ � ! Q(n � 1) be the algebra homomorphism
� (a; � ) = � . Then we de�ne K n

0 (A) = ker� � .

It is easyto seethat � � is surjective, so by de�nition of K n
0 (A) we

have a short exact sequence

0 //K n
0 (A) //K n

0 (A+ )
� � //K n

0 (Q(n � 1)) //

 �

mm 0

with splitting induced by the map  : Q(n � 1) � ! A+ de�ned by
 (� ) = (0; � ). In addition, it is easyto check that if A already has a
unit and we form A+ , then ker � � is naturally isomorphicto our original
de�nition of K n

0 (A).

Prop osition 3.11. Let A be a nonunital Q(n � 1)-algebra. Then every
elementof K n

0 (A) can be written in the form [e] � [s(e)], where e is an
n-potents in M k(A+ ) for someinteger k � 1, and s =  � � : A+ ! A+

is the scalar mapping[6, Sect. 4.2.1].

Proof. Follows directly from Proposition 3.8 and De�nition 3.10. �

Prop osition 3.12 (Half-exactness). Every short exactsequence

0 //I
i //A

q //A=I //0

of Q(n � 1)-algebras, with A unital, induces an exact sequence

K n
0 (I )

i � //K n
0 (A)

q� //K n
0 (A=I )

of abelian n-potent K -theory groups.

Proof. Becauseq � i = 0, we have by functorialit y that q� � i � = 0 and
so the imageof K n

0 (I ) under i � in K n
0 (A) is contained in the kernel of

q� . To show the reverseinclusion, supposewe have [e] � [! ] in K n
0 (A)
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such that q�

�
[e] � [! ]

�
= 0. Then [q(e)] = [q(! )] = [! ] in K n

0 (A=I ). By
Proposition 3.9, there exists an n-potent � in M 1 (Q(n � 1)) so that

q(e) � � � s ! � � :

ChooseN su�cien tly large so that we may view e, ! , and � as N by
N matrices,and choosez in GL2N (A=I ) so that

z
�
q(e) � �

�
z� 1 = ! � � :

By Proposition 3.4.2and Corollary 3.4.4in [1], we can lift diag(z; z� 1)
to an element u in GL4N (A). Set f = u(e � � )u� 1. Then

q(f ) = diag(z; z� 1)(q(e) � � )diag(z� 1; z) = ! � � ;

and thus f and ! � � are in M 4N (I + ). Therefore

[e] � [! ] = [e � � ] � [! � � ] = i � ([f ] � [! � � ])

is in the imageof K n
0 (I ) under i � as desired. �

While it is not at all obvious from its de�nition, K n
0 (A) can be iden-

ti�ed with a more familiar object.

Theorem 3.13. Let n � 2 be a natural number and let A be a not nec-
essarily unital Q(n � 1)-algebra. Then there is a natural isomorphism

K n
0 (A) �=

�
K 0(A)

� n� 1

of abelian groups.

Proof. First considerthe casewhere A is unital. We de�ne a homo-
morphism ~ : Vn (A) � !

�
V0(A)

� n� 1
in the following way: for each

n-potent e =
P n� 1

k=1 ! kek in M1 (A), set

~ [e] =
�
[e1]; [e2]; : : : ; [en� 1]

�
:

It is easyto check that ~ is additive and well-de�ned. Next, de�ne a
homomorphism ~� :

�
V(A)

� n� 1
� ! Vn (A) by the formula

~�
�
[f 1]; [f 2]; : : : ; [f n� 1]

�
=

�
! 1diag(f 1; 0; 0; : : : ; 0) + ! 2diag(0; f 2; 0; : : : ; 0) + � � �

+ ! n� 1diag(0; 0; : : : ; 0; f n� 1)
�
:

Note that
~ ~�

�
[f 1]; [f 2]; : : : ; [f n� 1]

�

=  
�
! 1diag(f 1; 0; : : : ; 0) + � � � + ! n� 1diag(0; 0; : : : ; f n� 1)

�

=
�
[diag(f 1; 0; : : : ; 0)]; [diag(0; f 2; : : : ; 0)] : : : [diag(0; 0; : : : ; f n� 1)]

�

=
�
[f 1]; [f 2]; : : : ; [f n� 1]

�
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and
~� ~ [e] = �

�
[e1]; [e2]; : : : ; [en� 1]

�

=
�
! 1diag(e1; 0; : : : ; 0) + � � � + ! n� 1diag(0; 0; : : : ; en� 1)

�

=
�
diag(! 1e1; ! 2e2; : : : ; ! n� 1en� 1)

�

= [e];

where the last equality is a consequenceof Proposition 2.11(b). The
universal mapping property of the Grothendieck completion implies
that ~ extendsuniquely to an abelian group isomorphism

 : K n
0 (A) � !

�
K 0(A)

� n� 1
;

and thus the theorem is true for unital Q(n � 1)-algebras.
Now supposethat A doesnot havea unit. Then wehavethe following

commutativ e diagram with exact rows:

0 //K n
0 (A) //K n

0 (A+ ) //

�=
��

K n
0 (Q(n � 1)) //

�=
��

0

0 //K 0(A)n� 1 //K 0(A+ )n� 1 //K 0(Q(n � 1))n� 1 //0

An easy diagram chase shows that there is a unique group iso-
morphism from K n

0 (A) to
�
K 0(A)

� n� 1
that makes the diagram com-

mute. �

Sincea complexalgebrais a Q(n � 1)-algebrafor all valuesof n, we
have the following immediate corollary.

Corollary 3.14. If A is a C-algebra, there are natural isomorphisms

K n
0 (A) �=

�
K 0(A)

� n� 1

of abelian groupsfor all natural numbers n � 2.

We now arrive at the result that suggestswhy we shouldconsiderall
K n

0 -functors for algebrasover a cyclotomic �eld.

Theorem 3.15. Let Q(4) = Q[i ] be the 4th cyclotomic �eld. Then we
havethe following isomorphismsof abelian groups:

K 2
0(Q(4)) �= Z;

K 3
0(Q(4)) �= Z2;

K 4
0(Q(4)) �= Z � 2Z;

K 5
0(Q(4)) �= Z4:

Thus, K 4
0 (Q(4)) 6�= Z3 �= K 4

0 (Q(3)).
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Proof. SinceQ(4) is a �eld [7], we have K 2
0 (Q(4)) = K 0(Q(4)) �= Z.

The �eld Q(4) has characteristic 0 6= 2, so Theorem 3.6 implies that
K 3

0(Q(4)) �=
�
K 0(Q(4)

� 2 �= Z2. Theorem 3.13 implies that we have an

isomorphismK 5
0(Q(4)) �=

�
K 0(Q(4)

� 4 �= Z4.
However, the spectrum of 4-potents is contained in


 3 =
n

0; 1; �
1
2

+

p
3

2
i; �

1
2

+

p
3

2
i
o

� C

which is not contained in Q(4) sincethe two primitiv e3rd roots of unity
! = � 3 = � 1

2 +
p

3
2 i and �! = �� 3 = � 1

2 �
p

3
2 i are not in Q(4) = Q[i ].

Given any 4-potent e 2 M n (Q(4)) � M n (C) we can uniquely write

e = e1 + ! e2 + �! e3;

where e1; e2; e3 are orthogonal idempotents in M n (C) that sum to an
idempotent e1 + e2 + e3 = e3 in Mn (Q(4)) by Lemma2.2. We thus have
that

e2 = e1 + �! e2 + ! e3

e3 = e1 + e2 + e3

because! 2 = �! ; �! 2 = ! , and ! 3 = �! 3 = 1. Since! + �! = � 1, this
implies that the �rst idempotent

e1 = (e+ e2 + e3)=3 2 M n (Q(4))

and the sum of the last two idempotents

e2 + e3 = e3 � e1 2 Mn (Q(4))

areboth in M n (Q(4)). Usinga simpletrace argument and the fact that
! ; �! 62Q(4), we concludethat

rank(e2) = trace(e2) = trace(e3) = rank(e3);

and so rank(e2 + e3) = trace(e2 + e3) = 2trace(e2) is even. We then
have a well-de�ned map

V4(Q(4)) ! V2(Q(4)) � 2V2(Q(4)) �= N � 2N

[e] 7! [e1] � [e2 + e3] �= trace(e1) � 2 trace(e2);

this is becausethe classesof e1 and e1 + e2 are preserved by (stable)
similarity, and the only invariant of an idempotent in a matrix ring
over a number �eld (or a PID) is the rank (= trace). It is easy to
check that this map is injective (using e1 ? e2 + e3 in Mn (Q(4))) and
additive. The only question is surjectivity. It su�ces to show that
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there is a 4-potent e over Q(4) whosestable similarity classis mapped
to the generator1 � 2 of N � 2N. Considerthe block diagonalmatrix

e =

0

@
1 0 0
0 0 i
0 i � 1

1

A 2 M3(Q(4));

which is easily checked to be quadripotent. The lower right quadripo-
tent 2 � 2 invertible block has the desiredeigenvalues! and �! , and so
doesnot diagonalizeover Q(4). The result now follows easily. �

4. n-Homomorphisms and K n
0 Functorality

We know from Proposition 3.5 that K n
0 is a covariant functor from

the categoryof (unital) rings and ring homomorphismsto the category
of abelian groupsand group homomorphisms.However, K n

0 is actually
functorial for a more generalclassof ring mappings.

De�nition 4.1. Let R and S be rings. An additive map (not neces-
sarily unital) � : R � ! S is called an n-homomorphismif

� (a1a2 � � � an ) = � (a1)� (a2) � � � � (an )

for all a1; a2; : : : ; an in R.

Obviously every (ring) homomorphismis an n-homomorphism,but
the converse is false in general. For example, an AE n -ring is a ring
R such that every additive map � : R ! R is an n-homomorphism.
Feigelstock [2, 3] classi�ed all unital AE n -rings. The algebraicversion
of n-homomorphismwasintroducedfor complexalgebrasin [4] and has
beencarefully studied in the caseof C � -algebrasin [5].

Prop osition 4.2. Let � : R ! S be an n-homomorphismbetween
unital rings. Then � induces a group homomorphism

� � : K n
0 (R) � ! K n

0 (S):

Furthermore, the assignmentR 7! K n
0 (R) is a covariant functor from

the category of unital rings and n-homomorphismsto the category of
abelian groupsand ordinary group homomorphisms.

Proof. For each natural number k, we extend � to a map from M k(R)
to M k(S) by applying � to each matrix entry; it is easyto check this
also gives us an n-homomorphism. Moreover, � is compatible with
stabilization of matrices; the only nonobvious point to check is that �
respectsalgebraicequivalence.
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Let e and f be algebraicallyequivalent n-potents in M k(R) for some
k, and choosea and b in M k(R) so that e = ab and f = ba. De�ne
elements a0 = � (ea)� (f )n� 2 and b0 = � (b) in M k(S). We compute:

a0b0 = � (ea)� (f )n� 2� (b) = � ((ea)f n� 2b) =

� (ea(ba)n� 2b) = � (e(ab)n� 1) = � (en ) = � (e):

A similar argument shows that b0a0 = � (f ). Therefore � determines
a monoid homomorphismfrom Vn (R) to Vn (S), and hencea group
homomorphism� � : K n

0 (R) � ! K n
0 (S). We leave it to the reader to

make the straightforward computationsto show that we have a covari-
ant functor. �

Note that while we have an isomorphismK n
0 (A) �=

�
K 0(A)

� n� 1
for

Q(n � 1)-algebras,it is not at all clear from the right hand sideof this
isomorphismthat K n

0 (A) is functorial for n-homomorphisms.
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