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Abstract

In this paper, we will propose a generalized Gersten’s conjecture for Cohen-Macaulay

local ring and prove that this conjecture for K0-groups is true. As its applications, we will

obtain the vanishing conjecture for certain Chow groups, generator conjecture for certain

K-groups.
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0 Introduction

The purpose of this note is to prove the following theorem.

Theorem 0.1 (Gersten’s conjecture for K0-groups).
For any commutative regular local ring R, Gersten’s conjecture for K0-groups is true. That is,

for any natural number p, the canonical inclusion Mp+1(R) ↪→ Mp(R) induces the zero map

on K0-group

K0(M
p+1(R)) → K0(M

p(R)) ,

where Mi(R) is the category of finitely generated R-modules M with

CodimSpecR Supp M = i.

Gersten’s conjecture is proposed in [Ger73]. More precise historical back grounds of this con-
jecture are explained in [DVR].
Now we will explain the structure of this note. In §1, we will review the Exercise 5.7. in [TT90]
and using it, get Gersten’s conjecture type statement Corollary 1.5. Next in §2, we will ad
hoc generalize Gersten’s conjecture to non-regular case and prove this conjecture for K0-groups.
In particular we will obtain the main theorem. Finally, in §3, we will also discuss applications
of this conjecture.
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1 Exercise in [TT90]

In this section, we will give the brief review about a special case of Exercise 5.7. in [TT90].
Namely, we will prove Proposition 1.3. And as its application, we will prove Gersten’s
conjecture type statement Corollary 1.5.

Notations 1.1.
(1) In this section, every scheme is noetherian. For scheme X and its closed subset Y , we
put Perf(X on Y ) the category of perfect complexes of quasi-coherent OX -modules which are
acyclic on X −Y . Then K(X on Y ) is the K-theory spectrum of the complicial biWaldhausen
category Perf(X on Y ). (c.f. [TT90] 3.6.)
(2) For any module M over commutative ring R, we put

ProjdimA M := sup{p; Extp(M, N) 6= 0 for some R-module N}.

(3) Let A be a commutative noetherian ring and f1, . . . , fk are regular sequence in A and put
I := (f1, . . . , fk). Let A be the category of finitely generated A-modules supported on V (I)
and of Projdim 5 k on Spec A. By using the following Review 1.2, we can easily prove that A
is closed under extensions and taking direct summand in M(A). Therefore A is an idempotent
complete exact category in the natural way.

Review 1.2 (Review for fundamental properties of projective dimensions).
Let R be a commutative ring. Then for any exact sequence of R-modules

0 → L → M → N → 0,

we have
ProjdimR M 5 sup(ProjdimR L, ProjdimR N).

Proposition 1.3 (Exercise 5.7 in [TT90]).
Under the notation above, there is a natural isomorphism

Kn(A)
∼
→Kn(Spec A on V (I)).

Proof. Let B be the category of perfect complexes of quasi-coherentOSpecA modules that vanish
on Spec A − V (I). Then we have the following natural inclusions

A
I
→ Cb(A)

II
→ B

III
→ Perf(Spec A on V (I)).

Inclusion I induces isomorphism K(A)
∼
→K(Cb(A); qis) by Gillet-Waldhausen theorem in [Gil81],

[Wal85] and [TT90]. Since inclusion III induces the category equivalence between their de-
rived categories D(B)

∼
→D(Perf(Spec A on V (I))) where the inverse map is given by RΓV (I) =

colim Ext(A/Ip, ?), we have isomorphism K(B; qis)
∼
→K(Spec A on V (I)) by Thomason ap-

proximation theorem in [TT90].
To prove II induces isomorphism between their algebraic K-spaces K(Cb(A); qis)

∼
→K(B; qis),

we will prepare the following Claim 1.
Claim 1
For each non-negative integer n and p = 1, we have In/In+p ∈ A. Especially A/Ip ∈ A.
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Proof of Claim 1. First we notice that A/I ∈ A by Koszul resolution. Next as I is generated
by the regular sequence, we notice that In/In+1 is isomorphic to a finite direct sum of copies
of A/I . Hence we learn that In/In+1 ∈ A. Using Review 1.2 for the short exact sequence

0 → In+1/In+p → In/In+p → In/In+1 → 0, (1)

dévissage argument shows that the result.

To prove II induces isomorphism between their K-spaces, we shall use Waldhausen approxima-
tion theorem in [Wal85], [TT90]. So we need the following Claim 2.
Claim 2
For any morphism f : X• → Y • in B from a object in Cb(A), there is a factorization

X•
g

� Z• h
→ Y • such that

(1) g is a degree-wise split monomorphism and
(2) h is a quasi-isomorphism.
Moreover, if f is an n-quasi-isomorphism for some integer n (i.e. Hi(f) is isomorphism for
i > n and epimorphism for i = n), then one may choose Z• above so that gk : Xk → Zk is an
isomorphism for k = n.

Proof of Claim 2. We will use the criterion 1.9.5. in [TT90]. What we shall only need to check
is that for any integer n, any C• in B such that Hi(C•) = 0 for i = n, and any epimorphism
B � Hn−1(C•) from an A-module that is vanish on Spec A − V (I), then there exist a D in A
and a map D → B such that the composition D � Hn−1(C•) is surjective.
Since Hn−1(C•) is finitely generated as an A-module, we have a finitely generated sub A-
module B′ of B such that B′ → Hn−1(C•) is onto. Now we have IpB′ = 0 for some p.
Therefore B′ is considered as a finitely generated A/Ip-module. Hence we have a surjection
(A/Ip)⊕m → B′ → Hn−1(C•) for some m. Combining with Claim 1, we obtain the result.

Now we can apply the approximation theorem to the inclusion map Cb(A) → B and therefore
we get the result.

Corollary 1.4 (Generators for K0(A)).
Under the notations above, K0(A) is generated by [A/I ].

Proof. In the proof of Proposition 1.3 Claim 2, we have essentially proved the following
Assertion 1. Here let C be the additive category generated by all A/Ip with p = 1. (Compare
criterion 1.9.5. in [TT90].)
Assertion 1
Every perfect complex in B is quasi-isomorphic to the strict bounded complexes in C.

Since the inverse map of the natural isomorphism K0(A) → K0(C
b(A); qis) is the Euler char-

acteristic map, Assertion 1 implies the following Assertion 2.
Assertion 2
K0(A) is generated by [A/Ip] with p = 1.

Next using the short exact sequence (1), dévissage argument shows the following Assrtion 3.
Assertion 3
K0(A) is generated by [In/In+1] with n = 0. Here I0 = A.

Now since I is generated by the regular sequence, In/In+1 is a finitely generated free A/I-
module. Therefore we get the result.
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Corollary 1.5.
Under the notation above, the natural map

K0(Spec A on V (f1, . . . , fk)) → K0(Spec A on V (f1, . . . , fk−1))

induced from the inclusion Perf(Spec A on V (f1, . . . , fk)) → Perf(Spec A on V (f1, . . . , fk−1))
is zero.

Proof. We put J = (f1, . . . , fk−1). We shall only check that [A/I ] in K0(A) goes to 0 in
K0(Spec A on V (J)) by Corollary 1.4. Now consider the following short exact sequence in
Perf(Spec A on V (J)):

0 → A/J
fk

→ A/J → A/I → 0. (2)

So we get
[A/I ] = [A/J ] − [A/J ] = 0

in K0(Spec A on V (J)).

The author hopes that we can prove higher analogue of Corollary 1.5 by using additivity

theorem for lax algebraic K-theory.

2 An ad hoc generalization of Gersten’s conjecture

In this section, we will ad hoc generalize Gersten’s cojecture to non-regular local rings. The
author will systematically develope these topics in [HM07]. From now on let R be a Cohen-
Macaulay local ring and put X = Spec R.

Notations 2.1.
We put Perfp(R) := ∪

Y ⊂X
CodimY =p

Perf(X on Y ). This is a complicial biWaldhausen category and

we can cosider their Waldhausen K-groups Kn(Perfp(R); qis) for non-negative integer n.

Review 2.2.
Under the notation above, we have the following identities (c.f. [DVR] Claim in the proof of
Proposition 1.2.):
(1) Kn(Perfp(R); qis)

∼
→ colim

Y ⊂X
Codim Y =p

Kn(X on Y ).

(2) Moreover if we assume R is regular, a natural inclusion Mp(R) ↪→ Perfp(R) induces the
isomorphism

Kn(Perfp(R); qis)
∼
→Kn(Mp(R)),

for any non-negative integer n.

From Review 2.2 (2), the author proposes the following conjecture.

Conjecture 2.3 (Generalized Gersten’s conjecture).
For any natural number n, p, the canonical inclusion Perfp+1(R) ↪→ Perfp(R) induces the zero

map on K-group

Kn(Perfp+1(R); qis) → Kn(Perfp(R); qis).
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In [HM07], the author plans to generalize conjecture above to negative K-groups by using
Schlichting K-theory in [Sch06].

Proposition 2.4.
For each non negative integer p 5 dim R and n, we have the natural isomorphism

Kn(Perfp(R)) = colim
I: complete

ideal in R
ht I=p

Kn(Spec R on V (I)).

In particular, to prove generalized Gersten’s conjecture, we shall only check that the following

assertion:

For any regular suquence f1, . . . , fp in R, the natural map

Kn(Spec R on V (f1, . . . , fp)) → Kn(Perfp−1(R))

is zero.

Proof. Since R is Cohen-Macaulay, for any ideal I in R such that ht I = p, we can take a
complete ideal (f1, . . . , fp) ⊂ I and therefore have the canonical map Kn(Spec R on V (I)) →
Kn(Spec R on V (f1, . . . , fp)). Hence we obtain the result by Review 2.2 (1).

Corollary 2.5 (Generators for K0(PerfP (Spec R))).
In the notation above, K0(PerfP (Spec R)) is generated by Koszul complexes [Kos(f1, . . . , fp)]
where f1, . . . , fp forms regular sequecne of R.

Corollary 2.6 (Generalized Gersten’s conjecture for K0-groups).
In the notation above, for any natural number p, the canonical inclusion Perfp+1(R) ↪→ Perfp(R)
induces the zero map on K0-group

K0(Perfp+1(R)) → K0(Perfp(R)).

In particular, we get the main result in this paper.

3 Corollary

In this section, we will discuss application of Theorem 0.1. First we will cite the following
well-known statement.

Proposition 3.1.
(c.f. [Lev85] P.452, Proposition 1.1, [DVR] Proposition 1.2) Let A be a commutative regular

local ring. Then the following statements are equivalent.

(i) The maps K0(M
p(A)) → K0(M

p−1(A)) are zero for p = 1, · · · , dim A.

(ii) K0(M
p(A)) is generated by cyclic modules A/(f1, · · · , fp) where f1, · · · , fp forms a regular

sequence for p = 1, · · · , dim A.

(iii) Ap(Spec A) = 0 for any p < dim A.

Therefore we get the following result which is the generalization of results in [CF68], [Dut95].

Corollary 3.2 (Vanishing conjecture).
For any commutative regular local ring A and any p < dim A, we have Ap(Spec A) = 0.

Problem 3.3.
State and prove the higher analogue of Proposition 3.1.
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For 1-dimensional case, a higher generalization of the condition (ii) was done in [PID]. The
author hopes that a higher analogue of the condition (iii) in Proposition 3.1 is described by
using Grayson’s motivic cohomology for regular local ring in [Gra94], [Wal96]. When we admit
a base field, this cohomology theory is equivalent to usual one [Sus03].
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