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8žUj$lNjPokqJh:j$h\iNprwgqs‹��_jPŠ�hˆ‹‰f

Z d
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•XzJx q prw>z˜xk{_q �_jPŠ�h\prqJoÀqJu X qJoœh:q Y d

¤

jPokŠbj A0
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Ÿ
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ObjH [i ] u
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C(X [i ]; Y [j ]) = 0 u
qs{ i < 0 � j
Ÿ
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„8dšeUf zJw:w_jP{_h:prqso }

Ÿ
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�	qŽu Y 2 Cw� 0

zJw?p�o•h\iNj$xk{_q8qJu�qJu–x&zJ{|hˆ}_}*csd �šj$i&z�•sj C(X ; Y) = 0 u
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Š�zŽh:jP™sqs{|f C ž�p�ŒrŒW‹¦j w:zJprl�h:q lkjbnkokj½z t �`w_h:{:•kŠ�h\•k{_j t pEu Ct � 0; Ct � 0
w\zŽh:prw|uLf¢h\iNj

u
qsŒrŒ�q�ž�p�ok™YŠbqsoklkpEh\prqJokw�


v
pL‡ Ct � 0; Ct � 0
zJ{:jYw|h\{_prŠbhGp.d jJdmŠPqso‰h\zJpro˜zJŒ�ŒMqs‹ �_jPŠbh:wTqJu C p�w:qs•”qs{:xNikprŠyh\q h\iNjPpr{

jPŒrjb••jbo‰h\wPd

v
prpL‡ Ct � 0 � Ct � 0[1]
Ÿ

Ct � 0[1] � Ct � 0
d

v
prprp ‡
�

��� Æ �����¦� � ��

� �

d �&qs{�zJo‰f X 2 Ct � 0[1]
Ÿ

Y 2 Ct � 0
Ÿ

žUjUikz�•Jj C(X ; Y) =
0 d

v
p�•N‡ t ���

È�	 � É ���	��
L��
��	�

d	�&qs{GzJo‰f X 2 ObjC h\ikjb{:jCj�¥8p�w_h\wyz lkp�w_h:prok™s•Nprw:iNjPl

h\{:przJok™sŒ�j

A ! X ! B ! A[1] v0c �‰‡

w:•kŠ*iZh\i&zŽh A 2 Ct � 0; B 2 Ct � 0[� 1] d

�šjTž�prŒrŒ¦okjPjblBw_qs•”jy•”qs{_jTokqJh*z-h\prqJo u
qs{ t �`w|h\{:•NŠbh\•N{:jPwbd

D
ÈFE

� 
L��

�	�À�����–�����

csd�� Š�zŽh:jP™sqs{|f H t ž�ikqsw_jmqs‹��_jPŠ�h\w’zJ{:j Ct=0 = Ct � 0 \ Ct � 0
Ÿ

H t(X ; Y) = C(X ; Y) u
qs{ X ; Y 2 Ct=0
Ÿ

ž�prŒ�ŒM‹	j”ŠPzJŒrŒ�jPl§h:ikj )

�

5J1

�

qJu t d ��jPŠPzJŒrŒ

v�Šbu0d ~€iNjPqs{_jP• csd ‚Nd�� qJu

�


 � ‡Xh\i&z-h H t p�w[zJ‹	jPŒ�p zJo v
w:ikqs{|htj�¥NzJŠ�hBw_jP›œ•kjbokŠPjbw§zJ{_j

lkprw|h\proN™s•kprw_ikjPl[h:{:p zŽok™sŒrjbwˆpro C ‡�d

„8d Ct � l
v
{:jPw_x�d Ct � l

‡?ž�prŒ�Œ9lkjbokqJh:j Ct � 0[� l ] v
{:jPw_x�d Ct � 0[� l ] ‡�d

—Wqso��`lNjP™sjbokjP{:zŽh\jCzŽokl§‹	qs•koklkjbl v<zJ‹	q�•sj

Ÿ

‹¦jbŒrq�ž

Ÿ

qJ{$‹	qJh\i�‡ t �`w|h\{:•NŠbh\•N{:jPwTŠbqs•kŒ�l

‹¦jmlkj�n&okjPlBw:p�••p�Œ zJ{_Œ�fCh\q �$j�n&okpEh\prqJo½cJd†„8dEcsd

��jPŠPzJŒrŒ>v
Šbu0d •–jP•”•Xz }�
Çd 
kd�� pro

�

c�„ � ‡ h:i&zŽhªv|c �‰‡XlkjbnkokjPwBzJlklkpEh\pE•sj u
•kokŠ�h\qs{_w

C ! Ct � 0 : X ! A zŽokl C ! Ct � 1 : X ! B d �šjmž�prŒrŒ–lNjPokqJh:j A; B ‹‰f X t � 0

zJokl X t � 1[� 1]
Ÿ

{:jbw:x	jPŠ�h\p�•JjPŒEfsd

v0c �‰‡Už�prŒ�Œ9‹	jmŠ�zJŒ�ŒrjPl h:ikj

�

Ö

FH�

'*+-2$I&+

3

,

�

,.+-#>qJu X d

�šj lkjbokqJh\jX‹œf H 0t
h\iNj �Pjb{:qJh:i iNqs••qJŒrqs™Jf(u
•kokŠbh:qs{YŠbqs{:{_jPw:x	qsoklNprok™§h:q t v�Šbu0d

x&zJ{_hšc��¹qJu

�

}�
Yd�
¢qJu

�

c�„ �L‡ 
 H 0t (X ) prwtlkj�n&okjPl¡w:pr•”prŒrzJ{:ŒEf¹h\q X [0;1]
p�o^x&zŽ{_h½c

qJu ��{_qsx¦qJw:p�h:prqso¡csd �Hd �8d �8ikpEuLh\proN™ªh\ikj t �‘lkjPŠbqs•”x¦qsw_p�h:prqso�qŽu X t � 0[� 1] ‹‰f [1] ž?j

qs‹Nh*zŽproZz”ŠPzJokqsoNprŠ�zŽŒ�zJokltu
•kokŠbh:qs{:przJŒ•vLž�p�h\it{_jPw:x	jPŠ�h$h:q X ‡€lNprw_h:prok™J•kprw_ikjPl[h\{_p zJoN™sŒrj

X t �� 1[1] ! X t � 0 ! H 0t (X ) u
qs{ X t �� 1 2 Ct � 0
d

?
­�¬ �����œ¯•¿9¶–²U· ¼½¶–±0¾•»U·À¯g²	�

t �

¸‰·H´��’¿	·��’´N¶–¸

D
ÈFE

� 
L��

�	� �������<Ê&�

�šjZw\z�f¹h\i&zŽhXz½žUjPp�™si‰h w|h\{:•NŠbh\•N{:j w prw”Œrj�uLh(v�{:jbw:x�d£{_pr™si‰h4‡

zJl �:zJŠbjPo‰h�h\q•z t �‘w_h:{:•kŠ�h\•k{_j t p�u Cw� 0 = Ct � 0
v�{_jPw_x�d Cw� 0 = Ct � 0

‡4d

}`oXh:ikprwUw:pEh\•&zŽh:prqso”ž?j’ž�prŒrŒ	zJŒ�w:qYw:z�f•h:i&zŽh t p�wU{_pr™si‰hmv
{:jbw:x�d�Œ�jbuLh4‡gzJl �:zJŠbjPo‰hˆh:q w d
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�ƒw:p�••xNŒrjtj�¥NzJ•”xkŒrjtp�w”qJ‹Nh*zJp�okjPl p�u$qsokjth*z �ŽjPw”h\ikjZŠ�zJoNqsokprŠPzJŒ t �`w|h\{_•kŠbh:•k{:jBqJu

v�w:qJ••j[•sjb{:w_prqsoÀqJu*‡ D(A) u
qJ{>zJo¢zŽ‹¦jbŒrp zŽo A dÀ~€iNjPoÀžUjZi&z�•sjBzJl �:zJŠbjPo‰h•žUjPp�™si‰h

w_h\{_•kŠbh:•k{:jbwY™spE•sjPoš‹‰fšxN{:q �_jbŠbh\pE•sj•zJoklšpro �_jbŠbh\pE•sj”{:jbw:qsŒ�•Nh\p�qsokwmpro½lkjP™J{:jPjbw � 0 zJokl

� 0 pEu�w:•kŠ*iB{:jPw_qsŒr•8h\prqJokw€j�¥8prw|h�d

~€ikjBu
qsŒrŒ�q�ž�p�ok™˜{:jbw:•kŒEh w:iNq�ž�w h:i&zŽh zJl �:zJŠbjPo‰h[w_h:{:•kŠ�h\•k{_jPw[Šbqs•kŒrl¢‹¦jB•kokpr›œ•kjbŒ�f

{:jPŠbq�•sjP{_jPl§u
{_qs• j�zŽŠ*i(qJh:ikjP{bd?}‘h$zJŒrw_q”w_ikq�ž�w’h:i&zŽh H t zŽokl H w zJ{:jmŠPqJokokjPŠ�h\jbl§‹‰f

zÇo&zŽh:•k{\zJŒ¦™sjPoNjP{\zŽŒrp �PzŽh\p�qso”qJu–h\ikj’{:jbŒ zŽh:prqso•‹¦j�h`ž?jbjPo[h\ikj$Š�zŽh:jP™sqs{_prjbw A zJoNl Proj A
u
qs{ÇzŽo zJ‹	jPŒ�p zJo A dt—WqJh\j>h\ikzŽhÇp�o½h:ikprwyŠ�zŽw:j•žUj zŽŒrw:qZi&z�•sj H w � H t 
Mh:ikprwyprwyz

{\zŽh:ikjP{�{\zŽ{:jTw:pEh\•&z-h\prqJo�d
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 Cw� 0 = f X 2 ObjC : C(X ; Y) = 0 8Y 2 Cw�� 1 = Ct �� 1g  

S

 Ct � 0 = f X 2 ObjC : C(Y; X ) = 0 8Y 2 Cw�� 1 = Ct �� 1g  
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X 2 Cw=0 �

+ Y ! C(X ; Y); Y 2 Ct=0
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+
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3*3

S = f X 2 ObjC : C(Y; X [i ]) = 0 8Y 2 Cw=0 ; i 6= 0g:
a

1\+�+0/b �cJd�}`•••”jPlkprzŽh\j’u
{:qs•Õx&zJ{_h’„CqJu ��{:qsx	qsw:pEh\p�qso§csd ‚NdEc�zŽxkxkŒrp�jPl[h\q w d

„8d � žUjPŒ�Œ�� �HoNq�ž�o(xk{:qsx	jP{|h`f(qŽu t �`w|h\{:•NŠbh\•N{:jPw”v
okqJh:j�h\ikzŽh$qJokjYlkqHjPw_o � h$i&z�•sjYh:q

ŠPqsokw_prlkjb{ w ‡�d

‚Nd �Mpr{_w_h”ž?j oNqJh\jZh\i&zŽh•u
qs{ zŽoœf X 2 Cw=0
qJ{_h\iNqs™sqso&zŽŒrp�h`fªu
qs{ w pr•”xkŒrp�jPw

C(X ; Y) = 0 u
qs{CzŽŒrŒ Y 2 Cw�� 1 = Ct �� 1
Ÿ

ž�ikprŒ�j[qs{_h:ikqs™sqJo&zJŒrpEh`f˜u
qs{ t ™spE•sjbw

C(X ; Y) = 0 u
qs{�zJŒ�Œ Y 2 Ct � 1
d•}`oZx&zJ{_h:prŠb•kŒ zJ{

Ÿ

C(X ; Y [i ]) = 0 8 X 2 Cw=0 ; Y 2 Ct=0 ; i 6= 0: v|c

>

‡

—Wq�ž

Ÿ

w:ikqJ{_h•j4¥NzJŠbhMw:jP›œ•kjbokŠPjbw�pro H t ™spE•sjglkprw|h\proN™s•kprw_ikjPlmh\{_p zJoN™sŒrjbw�p�o C d

¤

jPoNŠPj

u
qs{YzJo‰fšikqs•”qsŒrqJ™sprŠPzJŒMu
•kokŠ�h\qs{ F : C ! Ab zJoklªu
qJ{ 0 ! A ! B ! C ! 0
‹¦jbprok™>zYw_ikqs{_h�j4¥NzJŠbh�p�o H t ž?jmi&z�•JjmzYŒrqsok™Cj4¥NzJŠbh�w_jP›œ•kjPoNŠPj � � � ! F (C[� 1]) !
F (A) ! F (B) ! F (C) ! F (A[1]) ! : : : d }‘u F = C(X ; � ) h\iNjPo F (C[� 1]) =
F (A[1]) = 0 v�zJwUž?zJw �_•Nw_hˆoNqJh\jbl�‡�d

¤

jPokŠbjGqs‹��_jbŠbh\w?qJu H w proklk•NŠPj$j4¥NzJŠbhˆu
•NokŠbh:qs{:w

qso H t d

~�qTxk{:q�•Jj�h:i&zŽh•h:ikjˆ{_jPw_h:{:p�Šbh\p�qso H w ! H t �
prw u
•kŒrŒEfTu�zJp�h:iNu
•kŒ8u
•NokŠbh:qs{•p�hMw:•N“”ŠbjPw

h\q xk{_q�•Jj§h\i&z-h h\ikj({:jPw|h\{_prŠbh:prqso¢qJumh\ikj(u
•NokŠbh:qs{ C(X ; � ) h\q H t u
qs{ X 2 H w
lkjbh:jP{:•”proNjPw X p�o zšu
•koNŠbh\qJ{:p zŽŒ�ž?z�fsd

�

w:proN™ }`qsokjbl&z � w[ŒrjP•”••z

Ÿ

žUj w:jbj(h\i&z-h p�h

w:•N“”ŠPjbw’h:q”{_jPŠbq�•JjP{ C(� ; X ) u
{:qs•Õp�h:w€{:jPw|h\{_prŠbh:prqso9d
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�šjmxk{:q�•sjTh:i&zŽh

C(X ; Y) = C(X ; H 0t (Y)) 8X 2 Cw=0 ; Y 2 ObjC: v|c�©‰‡

�šjyzJxkxkŒEfXh\iNj t �‘lkjPŠbqs•”x¦qsw_p�h:prqso˜v
p.d jJdWv0c �‰‡:‡Uh`ž�p�ŠPjŽd

�šjYi&z�•sj>z•lkprw|h\proN™s•kprw_ikjPlBh\{:przJok™sŒ�j Y t � 1[� 1] ! Y t � 0 ! Y ! Y t � 1
d �HprokŠbj

C(X ; Y t � 1[� 1]) = C(X ; Y t � 1)
Ÿ

žUjyqJ‹Nh*zJp�o C(X ; Y) = C(X ; Y t � 0) d

—Wj�¥Hh

Ÿ

žUjšikz�•Jjªz¹lkp�w_h\p�ok™s•kp�w:ikjbl h:{:przJok™sŒ�j Y t �� 1 ! Y t � 0 ! H 0t (Y) !
Y t �� 1[1]: �8prokŠbj C(X ; Y t �� 1) = C(X ; Y t �� 1[1]) = 0

Ÿ

žUj�qs‹8h*zJp�o½v|c�©‰‡4d


kd �’™‰zJp�o

Ÿ

p�h’w:•N“”ŠbjPw$h:qXxk{_q�•Jj�h:i&zŽhWh\ikj�{:jPw|h\{_prŠbh:prqsoZqJu•h:ikjmu
•kokŠbh:qs{ C(� ; X )
h\q H w u
qs{ X 2 H t lkj�h\jP{_••p�okjPw X u
•kokŠ�h\qs{_p zJŒ�Œ�fJd

�šjmokqJh\jTh:i&zŽh�u
qs{WzJo‰f X 2 Ct=0
qJ{_h\iNqs™sqso&zŽŒrp�h`f”u
qs{ w pr•”xkŒ�prjPw C(Y; X ) = 0

u
qs{GzJŒ�Œ Y 2 Ct �� 1 = Cw�� 1
Ÿ

ž�ikprŒ�j�qJ{_h\iNqs™sqso&zŽŒrp�h`f•u
qs{ t ™Jp�•sjbw C(Y; X ) = 0 u
qs{

zJŒrŒ Y 2 Cw� 1
d

•–jbh � � � ! Y � 1 ! Y 0 ! Y 1 ! : : : lkjbokqJh:jBzŽo¢zJ{_‹kp�h:{\zJ{|f Š*ikqJprŠPjtqJuWh:ikj

ž?jbpr™si‰hWŠPqs•”xkŒ�j�¥ u
qJ{ C; w zJokl Y 2 ObjC d•~€ikjPotž?jyxk{_q�•Jjyh:i&zŽh

C(Y; X ) = (Ker(C(Y 0; X ) ! C(Y � 1; X ))=Im(C(Y 1; X ) ! C(Y 0; X )):
v|c�«‰‡

}`oklNjPjPl

Ÿ

ŠPqsoNw:prlNjP{$h:ikjtv�p�oNn&okpEh\j�‡€žUjPp�™si‰hTlkjPŠbqs•”x¦qsw_p�h:prqsoZqJu Y h:i&zŽhT™Jp�•sjbw$qs•N{

Š*ikqsprŠbj�qJuHh\ikj•žUjPp�™si‰h�ŠPqs•”xkŒrj4¥TzŽoklyzJxkxkŒEf$~€ikjbqs{:jb• „8d�
kdEc•h\q€h\ikj•u
•NokŠbh:qs{ C(� ; X ) d

~€ikjmw:x	jPŠbh:{\zJŒ9w:jP›œ•kjbokŠPj�qs‹Nh\zJprokjbl[ŠPqso‰•JjP{:™JjPwWw:proNŠPjTp�h?w\zŽh:prw|n&jPw�ŠPqJoklkp�h:prqsoX}:}�v�p�pL‡•qJu

~€ikjPqs{_jP• „8d�
kdEcBv�p�hGi&zJwmqsokŒEf§qsokjCoNqso�� �bjP{_qZŠbqsŒr•N••o��…‡�dÇ}‘h�{_jP••zJproNw$h\qtokqJh:jYh\i&z-h

h\ikp�wÇqsokŒEf½okqso����PjP{_q ŠPqsŒ�•k•”oªqJu (E pq
1 (T(C(� ; X ); Y))) = (C(Y p; X [q])) prw�j�¥ �

zJŠbh:Œ�f (E p0
1 (T)) = � � � ! C(Y 1; X ) ! C(Y 0; X ) ! C(Y � 1; X ) ! : : : d

�šjmqs‹Nh*zŽpro½v|c�«‰‡�d

�8d•eUf”zJw:w_jP{|h\prqJo 


Ÿ

zJoXqJ‹��_jPŠ�hˆqJu H t prwgokqso����Pjb{:qÇp �tp�h:wU{_jPxk{_jPw:jbo‰h\w€zyokqso����PjP{_q

u
•kokŠbh:qs{ˆqso H w d

¤

jPokŠbjmzJxkxkŒEfHprok™ v|c�©‰‡�ž?j$qs‹Nh*zŽproXh:i&zŽh S p�w?j4¥kzŽŠbh\ŒEf•h:ikjGŠbŒ zJw_wˆqJu

qs‹��_jPŠ�h\wTh\ikzŽhTw\z-h\prw|uLf H it (X ) = 0 u
qs{GzJŒrŒ i 6= 0 d�}‘hm{_jP••zJprokwWh\qtokqJh:jÇh\ikzŽhGu
qs{Tz

okqso��‘lkjP™sjbokjP{:zŽh\j t h\ikp�wWw_jbhWprw€j4¥NzJŠbh:Œ�f Ct=0
d

�W�

2”5J1\Ï 
kd…‚8d…‚& mcsd
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w:•&zŽŒrŒ�fÀqsokj ŠPzJo lkjbw:ŠP{_pr‹	j h\ikj p�•XzJ™JjPwXqŽu�jb•Y‹	jPlklkp�ok™sw[p�o

x&zJ{_h:wy‚ZzŽokl 
t•”qs{:jCj4¥8xkŒrp�ŠPp�h:Œ�fJdÇ}‘u C prw � Œ zJ{_™sjYjPoNqs•k™si ��h:ikjPo˜h\iNjPw:j”jP•Ç‹¦jblklkproN™

zJ{:jmjP›œ•kpE•ŽzJŒrjbokŠPjbw 
&w:jbj�‹	jPŒ�q�žmd

„8d }`o”u�zŽŠbh

Ÿ

qJokj�Š�zJo>j�¥Hh:jPokl”h\ikj�okqJh:prqsoCqŽu�zJo”zJl �:zJŠPjboœhgw|h\{:•NŠbh\•N{:jPw•h\qTh:ikj€Š�zJw_j

ž�ikjPo(h:ikjP{_jÇzŽ{:jTh`ž?q•lkprw|h\p�okŠbh�h\{_p zJoN™s•kŒ z-h\jPltŠPzŽh\jb™sqs{:p�jPw C zJokl D jb›œ•kprxkx	jPlZž�p�h:i

z

F
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qJug•–jP•”•XzZcsd �Hd�cÇh:qXh\iNjÇo&zŽh:•k{\zŽŒM•”qs{:xkiNprw:•”w X i ! X i +1 Ÿ

qJh\ikjb{ sij zJ{:j�lkjbn&oNjPl
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x¦qsw_p�h:prqso[••zJxkw Yi [� 1] ! X i ! X ž�ikp�Š*iBp�oklk•kŠbjyw_qs•”j f 2 C(Y[� 1]; X ) d
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Ÿ

p�hGw_•N“”ŠPjbwyh:q

ŠPqsokw_prlkjb{ynk{:w_hmu
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w:jPo‰h\zJ‹kprŒ�p�h`f¹ŠbqsoklkpEh\prqJo¹fHp�jPŒrlNw”h:ikj(j4¥Np�w_h:jPokŠbj§qJu Ci h\i&z-hXp�oklk•kŠbj(z½ŠPqsokw_jP{|•Jz-h\p�•Jj

u�zJ••p�Œ�fyqJu ci v
proCh\iNj€™sjPokjb{\zJŒ&ŠPzJw:j�‡�d �&qs{•j4¥NzJ••xNŒrj

Ÿ

h:ikprw�p�wMh\iNjW{_j�zJw_qso>ž�iœf DM ef f
�

lkq8jbw:o � hCi&z�•Jj[z ���TjP{_w_h\jbo �”žUjPp�™si‰hYw_h:{:•kŠ�h\•k{_j˜v�w_jPj ��jP••zJ{ �

>

d�csdEcX‹	jPŒ�q�ž’‡�dZ~€ikj

xk{:qs‹NŒrjP• ikjP{_j�p�w€w:pr•”prŒrzJ{Uh:qCh\ikqsw_j�•”jPo‰h:prqsokjblBp�otx&zJ{_hmcyqJu h\ikp�w€{:jP••zJ{ �	d �gjbh�u
qs{

C = SH qsokj[Šbqs•kŒ�l¹h\z �Jj C = S0
v�w_jPjt‹	jPŒrq�ž’‡ 
?u
qs{Yh\iNjZlNjP{:pE•sjblÀŠPzŽh\jb™sqs{_f qJu

••qHlk•kŒ�jPwTq�•sjb{�z[{_prok™ R v�{_jPw:x9d”Šbqsikjb{:jPo‰hyw:iNj�z�•sjbwÇq�•sjb{Çz[w:Š*iNjP•”j S ‡$qJokj>ŠPqs•kŒ�l

h*z �Žj C = R v
{:jbw:x�d C = OS ‡�d

<BqJ{:jPq�•JjP{

Ÿ

h\iNj�w|h*zJoklkzJ{:l(e?{:q�ž�o({_jPxk{_jPw_jPo‰h*zJ‹NprŒrpEh`f[ŠPqJoklkp�h:prqsotp�wWw_•N“”ŠPp�jPo‰h$u
qs{

h\ikjm{:p�™si‰hWzJl �:zJŠbjPo‰h�ž?jbpr™si‰hWw_h:{:•kŠ�h\•k{_jyh:q>j�¥8prw|h�d
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�ªj€Šbqsokw:p�lkjP{•h:ikjˆw|h*zJ‹kŒ�jˆikqs•”qJh:qsx‰fÇŠPzŽh\jb™sqs{_f SH d ~€iNj€qs‹��_jPŠ�h\w•qJu SH zJ{_jˆŠ�zJŒ�Œrjbl
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�
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�

1_5Jd SH ŠPqso‰h*zŽprokw€h\iNj
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14782 S0
h:i&zŽh€žUj�z �œŒEf[™sjPoNjP{\z-h\jPwWp�hPd

~€ikjt™s{_qs•kxkw A i = SH (S0[i ]; S0) zJ{_jtŠ�zJŒ�ŒrjPl h:ikjtw_h\zJ‹kŒrj[iNqs••qŽh\qsx‰f ™J{:qs•kxNw

qJu€w:xNikjP{_jPwPd �ªj•i&z�•sj A i = 0 u
qs{ i < 0
Ÿ

A i = Z u
qs{ i = 0 
 A i zŽ{:j•nkokp�h:j”u
qs{

i > 0 d��&qs{$zJo zJ{_‹kp�h:{\zJ{|f A 2 ObjSH h:ikjÇ™s{_qs•kxkw SH (S0[i ]; A) zJ{_jYŠ�zŽŒrŒrjblBh:ikj

ikqs•”qJh\qsx‰fX™s{:qs•Nxkw�qJu A vLh\ikj�ftzJ{:jmlkjbokqJh:jPlZ‹œf � i (A) ‡_‡�d

~€ikj˜ŠPzŽh\jb™sqs{_f SH f in � SH qJuyn&okpEh\j w:x	jPŠ�h\{:z¹ž?zJwtlkjbnkokjPl^pro

�

qs{:qJŒrŒ zŽ{_f


kd�cJd…‚Nd �ªjUž�prŒrŒ8zJŒ�w:q$Šbqsokw_prlkjb{•h\ikjˆŠPzŽh\jb™sqs{|f SHqf in � SH qŽu
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1:5Jd

}‘h\wYqs‹ �_jPŠbh:wCzJ{_jXlkjbw:ŠP{_pr‹	jPl ‹‰f½h\ikj•u
qsŒrŒ�q�ž�p�ok™tŠPqsoNlkp�h:prqsokw 
CzJŒ�Œ � i (A) zJ{_j•n&oNp�h\jbŒ�f

™sjPokjb{\zŽh:jPl zJokl � i (A) = 0 u
qs{[zJŒ�Œ i > j u
qs{Xw_qs••j j 2 Z dÂ•�zJw|h\Œ�f

Ÿ

ž?j ž�prŒ�Œ

zJŒrw_q ••jbo‰h\prqJoÀh\iNj(u
•kŒrŒWw:•N‹¦ŠPzŽh\jb™sqs{_f SH � � SH ž�ikqsw_j§qs‹��_jbŠbh:wtzJ{:j§w_x¦jbŠbh:{\z

ž�p�h\i˜ikqJ••qJh:qsx‰f§™s{_qs•kxkwGh:i&zŽhyzJ{_j �Pjb{:q[u
qs{ i > j v
u
qs{$w:qs•”j j h:i&zŽhmlkjbx¦jboklkwmqso

h\ikjCw_x¦jbŠbh\{_•k•6Š*iNqsw:jbo�‡�d

�

‹‰•HprqJ•kw:ŒEf

Ÿ

zJŒ�Œ ŠPzŽh\jb™sqs{_prjPw’••jbo‰h\prqJokjPl˜zJ{_jÇh\{_p zJoN™s•kŒ z-h\jPl

w:•k‹	Š�zŽh:jP™sqJ{:prjbw�qJu SH d

�šjmw:jPjmh\ikzŽh SH f in zJoNl SHqf in w\z-h\prw|uLf h\iNj�ŠbqsoklkpEh\prqJokw€qJu•xkzJ{_hW}:}_}TvL•sjP{_w:p�qso

v�pL‡_‡•qŽu–~€ikjPqJ{:jP• 
kdEcsd…„yp�u¦ž?j’h*z �Žj H = H 0
jP›œ•&zJŒ	h\qyh\ikj’Š�zŽh:jP™sqs{|f”qJu�n&okpEh\jWlkpr{_jPŠ�h

w:•k•”wYqJu S0
zJokl c = ! d(}`oklkjbjPl

Ÿ

p�oªh\ikp�wÇŠPzJw:jXžUj[qsokŒEf½okjPjbl n&okp�h:jXw_•k••wYzJokl

h\ikjbpr{€xk{_qsx¦jb{_h:prjPw€ž�ikp�Š*i(zŽ{:jG•ŽzJŒrp�l u
qs{�zJ{_‹kp�h:{\zJ{|f C d

¤

jPokŠbjtžUj[qs‹Nh\zJpro ŠbjP{|h*zJp�o okqso��‘lkjP™sjbokjP{:zŽh\j žUjPp�™si‰h>w_h:{:•kŠ�h\•k{_jPw>qso SH f in �
SHqf in d�}‘hUprwg‹¦qs•NoklkjPltzŽ‹¦q�•sjWu
qs{ SHqf in Ÿ

ž�ikjPokŠbj SH f in p�wU‹	qs•koklNjPl w_prokŠbj$p�hUprw

™sjPokjb{\zŽh:jPlZ‹‰f S0
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jPoNŠPjm•kw:p�ok™Cx&zJ{|h€}:}_}g•JjP{_w:prqJoªv
prp ‡•qJu�~€ikjbqs{:jb• 
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d

—Wq�ž½žUjglNjPw:Šb{:p�‹¦j•h:ikj�ikj�zŽ{_h\w–qŽu8žUjPp�™si‰h�w_h\{_•kŠbh:•k{:jbw�qs‹Nh*zŽprokjbl�d �8prokŠbj SH (S0; S0) =
Z

Ÿ

žUjªqJ‹Nh*zJp�o h\i&zŽh H 0 �= Abf in:f r vLh\ikj½Š�zŽh:jP™sqJ{_f£qJu�n&okp�h:jPŒEf ™sjPoNjP{\z-h\jPl u
{:jbj

zJ‹¦jbŒrprzJoš™J{:qs•kxNw*‡ 
�oNqJh\j”h\i&zŽh H = H 0
pro½h\ikp�w�ŠPzJw:jŽd��8p�okŠPj H pEhÇp�w�p�lkjP•”x	qJh\jboœh

ŠPqs•”xkŒrj�h\j

Ÿ

x&zJ{_hW}_}:}Tv
pL‡?qJuM~€ikjPqJ{:jP• 
Nd�csd…„Cpr•”xkŒrp�jPw?h:i&zŽh H wSH f in = H wSH qf in
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Abf in:f r d

}`o SH �
žUj€i&z�•sj H �= Abf r vLh\ikjˆŠPzŽh\jb™sqs{|fÇqJu¦zJŒ�Œ‰u
{:jPj�zŽ‹¦jbŒrp zŽoÇ™s{_qs•kxkw\‡�d �HprokŠbj
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Ÿ

žUj�qs‹8h*zJp�o H wSH � �= Abf r d
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protu�zJŠbh
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zŽ{:‹kpEh\{\zŽ{_fN‡?lkpr{_jPŠ�h

w:•k•”wPd

¤

jPokŠbjG‹‰f•xkzJ{_h?}|„yqJu–~€iNjPqs{_jP• 
kd 
Nd†„Tž?jGŠPzJoXj4¥Hh\jPoNl w h:qÇh\ikj�ž�ikqsŒ�j SH d

~€ikprw�ŠPjP{|h*zJp�okŒ�f˜•”j�zŽokwyh:i&zŽh H wSH
�= Abf r d
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jbokŠPj•h\ikj>u
•kokŠ�h\qs{ t prw �bw_h:{:qsok™ �

u
qs{GzJŒ�Œ�Š�zŽh:jP™sqs{_prjbw$qJu•w_x¦jbŠbh\{:z ••jbo‰h\prqJokjPl

Ÿ

w:jbjCx&zJ{|hYcYqJu �Wjb•XzJ{ �Z‚Nd…‚8d 
kd$e?jPw_prlkjbw

ž?j>qs‹Nh\zJpro˜z[ŠbjP{_h\zJpro �4ž?jbpr™si‰hmn&Œ�h:{\zŽh:prqso��yqso˜ikqs•”qJh:qsx‰f§™s{_qs•kxkwTqJugw_x¦jbŠbh\{:zNd>eUf

lkjbn&oNp�h\p�qso

Ÿ

pEh€prw€h:{:p�•HprzJŒ•v
p.d jJd �bŠPzJokqsoNprŠ�zŽŒ ��‡UqJoth:ikjmikqs•”qJh\qJxœfXqJu S0
d

—Wq�ž žUj lkjbw:Šb{:pr‹	j•h:ikjXŠbqsokokjbŠbh:prqso qŽuˆh\ikj”ž?jbpr™si‰hÇŠPqs•”xkŒrj4¥˜u
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qs{�h:ikprw

ž?jbpr™si‰hWw_h:{:•kŠ�h\•k{_jyž�pEh\itw:p�ok™s•kŒrzJ{ˆikqs•”qsŒ�qs™JfXzJokltŠPqsiNqs••qJŒrqs™Jf•qJu w:x	jPŠ�h\{\z8d
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w_h\{_•kŠbh:•k{:j tP ost 
sh:ikj?Šbqs{:{_jPw:x	qsoklNprok™GŠbqsikqs•”qsŒ�qs™JfGu
•koNŠbh\qJ{•prw�™sp�•JjPoY‹‰f SH (S0; � ) d

�ªjyqs‹Nh\zJpro[h\ikzŽh SH � ;w� 0 = SH tP ost � 0
d
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jbokŠPj tP ost p�wWj4¥NzJŠbh:Œ�f h:ikj t �`w_h:{:•kŠ�h\•k{_j

lkjPw_ŠP{:p�‹¦jbl˜pro§x&zŽ{_hG}*cCqŽu•~€ikjPqs{_jP• 
kd 
Nd†„8dGe?jPw_prlkjbwG‹‰f§x&zJ{|h��XqJu•~€iNjPqs{_jP• 
Nd…‚Nd…„

Ÿ

zJo‰f':�prŒ�jPoœ‹	jP{:™ �A<(zJŠP•�zJokj$w_x¦jbŠbh:{:•k• ‹¦jbŒrqsoN™swUh:q SH tP ost =0
d ��jPŠPzJŒrŒ�h\ikzŽhˆw_prok™s•NŒ zJ{

ŠPqsikqJ••qsŒ�qs™Jf qŽu€w:x	jPŠ�h\{\z(zJ{:j”{:jbxk{:jbw:jPo‰h:jPl¹‹‰f½h:ikj':�p�ŒrjPoœ‹	jP{_™ �A<(zŽŠPŒ zŽokj>w:x	jPŠbh:{:•k•

H Z h\i&zŽh$ŠPqs{_{:jbw:x	qsoklkw$h:q Z
Ÿ

ž�iNprŒrjmh\iNjYw:p�ok™s•kŒrzJ{�ikqs•”qsŒrqs™Žf[qJu X ŠPzJo ‹	jÇŠ�zŽŒrŠP• �

Œ zŽh:jPlZzJw SH (S0; H Z ^ X ) 
NžUjmž�prŒrŒ¦lkjPoNqJh\jmp�h�‹‰f H sing
i (X ) d

�šjmprlkjboœh:p�uLf H w = H ž�pEh\i Abf r •Nw:proN™>h:ikjTu
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 H i (t(X )) �= H sing
i (X )  

S

 H 0(Ab(X � i ; Z)) �= H 0(X )  

a

1\+�+0/b �cJd �ªjtzŽxkxkŒ�fª~€ikjPqJ{:jP•°„8d…‚8d�c[h\q h:ikj u
•kokŠ�h\qs{ H sing
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2 =
H sing

q (X p) ž�ikp�Œrjyj�zJŠ*i X p
prwGz§v�x	qsw:w_pr‹kŒEf

Ÿ

proNn&oNp�h\j�‡�lNpr{:jbŠbh$w:•k• qJu�Šbqsxkprjbw$qJu S0
d

—’q�ž

Ÿ

h\iNjXqsokŒEf˜okqso����Pjb{:q§ikqJ••qsŒ�qs™Jf ™J{:qs•kxšqJu S0
p�w Z xkŒrzJŠPjblªprošlkpr•”jPoNw:prqJo 0 
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jPokŠbjmh:ikjmw:x	jPŠ�h\{\zŽŒ�w:jb›H•NjPokŠbj T(H sing ; X ) lkjb™sjPoNjP{\z-h\jPw�h\qCh:ikjGž?jbpr™si‰h�Šbqs• �

xkŒrj4¥TqJu X d eUf$h:ikj�ŠPqJoœ•JjP{_™sjPokŠbj?ŠbqsoklkpEh\prqJoG}:}�v
prpL‡�qJuHŒrqHŠJd�ŠPpEh�d–žUj�i&z�•sj T(H sing ; X ) =)
H sing (X ) d

„8d � zJ{_h }:}0‚ qJum~€ikjbqs{:jb• 
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Ÿ

pEu�ž?jYh\z �Jj>zJo2:•p�ŒrjboH‹	jP{_™ �A<BzJŠ�•�zJokjÇw:x	jPŠbh:{:•k•

H I Šbqs{:{_jPw_x¦qsoNlkprok™€h:q€w:qs•”j�pro �_jbŠbh:p�•sjM™s{:qs•Nx I p�okw_h:j�zJl

Ÿ

žUj�ž�prŒrŒ-™sj�h SH (X ; H I ) =
Ab(H 0(t(X )); I ) d

„8d’—’qŽh\jYzŽŒrw:q>h\ikzŽh S0[� 1]t � 1
p�w$j�¥NzJŠ�h\ŒEf H Z[� 1]d

¤

jPokŠbj H Z[� 1] ŠPqJ•kŒrlB‹¦j
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Ÿ

h:ikjÇp�lkjP•”x	qJh\jboœh’ŠPqJ••xkŒ�jbh:prqsoZqJu•z”‹¦qs•NoklkjPl C ikzJwGz•žUjPp�™si‰h
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�8d…‚ÇžUjmxk{:q�•JjGh\i&zŽhˆp�u C p�wˆ‹	qs•koklkjblZzJokl[prlNjP•”x¦qJh:jPo‰h€Šbqs••xNŒrjbh:j’h:ikjPo[h\iNj

jP•Y‹	jPlklNprok™ H w ! C p�oklk•kŠbjPwˆzŽo prw_qs••qJ{:xkikp�w:• K 0(C) �= K 0(H w) dM}‘hˆp�w?zy{:p�ok™

prw:qJ••qs{_xkikp�w:• pEu H w � C zŽ{:jyjPoklkq�žUjPl§ž�pEh\iZŠPqs•”x&zŽh:pr‹kŒ�jGh\jPoNw:qs{’w_h\{_•kŠbh:•k{:jbwPd�}`o

�

�8d�
 ž?j[w|h\•klNf z§ŠPjb{_h*zŽpro �T{:qJh:ikjPoklNprjPŠ��š™s{:qJ•kx qJuWjPoklNqs••qJ{:xkikp�w:•”wÇp�o C d

�

o �

u
qs{_h:•ko&zŽh:jPŒ�f

Ÿ

p�h�prwyokqJhYzJŒ�ž?z�fHwYprw_qs••qJ{:xkikp�ŠCh\q K 0(End H w) 
•fsj�hCp�h�prw�p�u H w p�w

1

�

DJ7HKE5J1 
9w_jPj �’jbn&okpEh\p�qso �8d�
kd…„8dWe?jPw_prlkjbw

Ÿ

ž?jÇŠ�zJo§w|h\p�ŒrŒ–w\z�fZw:qJ••j�h\ikp�ok™ zJ‹	qs•Nh’p�hWp�o

qJh\ikjb{$ŠPzJw:jbwPd�}`o§x&zJ{|h\p�ŠP•kŒrzJ{

Ÿ

h:ikprw’zJŒrŒ�q�ž�wW•NwWh:qX™sjbokjP{:zJŒrp��Pjy~€ikjPqs{_jP• ‚Nd ‚•qJu

�

>

� h:q

zJ{:‹kpEh\{:zJ{_f”jPoNlkqs•”qs{:xkiNprw:•”wˆqJu�•”qJh:p�•sjbwmv�p�o

�

qs{_qsŒrŒrzJ{_f �8d�
kd��‰‡ 
8w:jbjmzJŒrw_q

�

©Nd�
CqJu

�

« �.d

}`o �8d��YžUjyŠ�zJŒ�ŠP•kŒrzŽh\jTj4¥NxNŒrprŠbp�h:Œ�f”h\ikjm™s{_qs•kxkw K 0(SH f in ) zJokl K 0(End SH f in ) d

}‘h�h\•k{_okw•qs•Nh•h:i&zŽh�h\iNj€ŠPŒ zŽw:w:jbw•qJu [X ] zJokl [g : X ! X ] zJ{:jˆjPzJw:p�Œ�f�{:jbŠPq�•sjb{:jPl”u
{:qs•

h\ikjY{:zŽh\p�qso&zJŒ–w_prok™J•kŒ zJ{Wikqs•”qsŒ�qs™Jf[qJu X 
9w_jPj ��{:qJx¦qsw_p�h:prqso �8d �Hd�csd;<Bqs{_jÇ™sjbokjP{:zJŒrŒEf

Ÿ

qsokj Šbqs•kŒrlªŠ�zJŒ�ŠP•kŒrzŽh\j•ŠPjP{|h*zJp�o ™s{_qs•kxkw K 0(Endn SH f in ) u
qs{ n 2 N pro z§w:pr•”prŒrzJ{

žˆz�f

Ÿ

w_jPj �Wjb•XzJ{ �œw �8d �Hd†„CzJokl �8d�
kd

>

d

�€­A@ � �$¶�ÁÂ³�µ•·8¶–²U·¹¿9µgÁÂ³$Ã|¶9·8±0µ•²$¸ �§´k¶�Á ±0² �’¶�´

�ªjW{:jbŠ�zJŒ�ŒNh\i&z-h?zŽoXzJlNlkp�h:p�•sj€ŠPzŽh\jb™sqs{|f A p�w�w\zJp�l”h:q�‹	jm,

FH�

2$I&+

�0�

#

�

'*+-2$I	K

���`�

pEu¦u
qJ{

zJo‰f X 2 ObjA zJoklBzJo‰fBp�lkjP•”x	qJh\jboœh p 2 A(X ; X ) h\iNjP{:jyj�¥8p�w_h\w$zJoZpr••zJ™sjTqJu p
pro A d

�’oœfÇzJlklNp�h\pE•sj A Š�zŽoC‹¦jˆŠPzJokqsoNprŠ�zŽŒrŒ�fGprlkjb••x	qJh\jbo‰h•ŠPqJ••xkŒ�jbh:jPl�d�}‘h\w•p�lkjP•”x	qJh\jboœh

ŠPqs•”xkŒrj�h\p�qso¹prwBv�‹‰f lkjbnkokp�h:prqso�‡�h:ikjZŠ�zŽh:jP™sqs{|f A0
ž�ikqsw_j(qs‹��_jbŠbh:w zJ{_j (X ; p) u
qJ{

X 2 ObjA zJokl p 2 A(X ; X ) : p2 = p 
kž?jmlkj�n&okj

A0((X ; p); (X 0; p0)) = f f 2 A(X ; X 0) : p0f = f p = f g:

}‘h$ŠPzJo§‹	j�jPzJw:p�Œ�f[Š*ikjbŠ��Jjbl˜h:i&zŽhWh\ikp�w’ŠPzŽh\jb™sqs{|ftprw’zJlklkpEh\p�•JjyzJokl(p�lkjP•”x	qJh\jboœhWŠbqs• �

xkŒrj�h\j

Ÿ

zJoNl u
qs{CzJo‰f p�lkjP•”x	qJh\jboœhYŠPqs•”xkŒrj�h\j B � A žUjti&z�•sjtz o&zŽh:•k{\zŽŒ?•kokp�›œ•kj

jP•Y‹	jPlklNprok™ A0 ! B d

~€ikj(•XzJp�oÀ{_jPw_•kŒ�h[qŽu

�

‚��Cv
~€ikjPqs{_jP• csd �J‡”w_h\zŽh\jbwXh\ikzŽh[zJo¢prlkjb••x	qJh\jbo‰hXŠbqs• �

xkŒrj�h\prqJošqJu€zth:{:p zŽok™s•kŒrzŽh\jbl½ŠPzŽh\jb™sqs{|f C i&zŽwÇzZo&zŽh\•N{\zJŒ�h\{_p zJoN™s•kŒ z-h\prqJo¹v
ž�pEh\iªlNprw��

h\proN™s•kprw_ikjPl§h:{:przJok™sŒ�jPw$‹	jPp�ok™tzJŒ�Œ lkp�{:jbŠbhTw_•k••••zJoklNwGqJuglkprw|h\p�ok™s•kp�w:ikjbl§h\{:przJok™sŒ�jPw’qJu

C ‡4d

}`o(h:ikprwWw:jbŠbh:prqso C0
ž�prŒrŒ�lkjbokqJh:j�h\iNjÇprlNjP•”x¦qJh:jPo‰h’ŠPqs•”xkŒrj�h\p�qsotqJu C

Ÿ

H w0
ž�p�ŒrŒ

lkjPokqŽh\jmh\ikjmprlNjP•”x¦qJh:jPo‰h€Šbqs••xNŒrjbh:prqso[qŽu H w d

—WqJh\jYh:i&zŽhmp�u C p�wTprlkjb••x	qJh\jbo‰hTŠPqs•”xkŒ�jbh\jYh:ikjPo H w prwmzJŒ�w:q

Ÿ

w_prokŠbj H w � C
zJokl H w prw

�

zJ{_qs•k‹kp �`ŠPŒ�qsw:jbl�d

�€­�� � �$¶�ÁÂ³�µ•·8¶–²U· ¿9µgÁÂ³GÃ0¶9·8±0µg² µgº¹¯ ·H´k±0¯•²$¾ �$Ã0¯•·8¶
� ¿9¯•·8¶–¾•µ•´
�

¼¹±`·8» ¯ ¼½¶–±|¾•»U·À¸‰·H´��$¿�·��’´k¶

�ªjmxk{_q�•Jjyh:i&zŽh Cb
p�w€prlkjb••x	qJh:jPo‰h�ŠPqs•”xkŒ�jbh\jTpEu H w prwbd

�J„



� ÈHÉ É � ���r����Ê&�UÍ

/ w ,

3

O�+-7H#

FH�:F

V H w ,

3

,

FH�

2$I&+

�0�

#

�

'*+-2$I	K

���0�

V

�

)

�

# C 5JK

3

+Ç,

3

 

a

1\+�+0/b �šjˆxk{_q�•sj€h\i&z-h•zJŒrŒ C[i;j ]
zJ{:j€p�lkjP•”x¦qŽh\jPo‰hMŠPqs•”xkŒrj�h\jˆ‹‰fÇproklk•NŠbh\p�qsoYqso j � i d

~€ikj�‹kzJw:jmprw 
 C[i;i ] = Cw=0 [� i ] prw�p�lkjP•”x¦qŽh\jPo‰h€Šbqs•”xkŒrj�h\jJd

~�qX••z �Jjmh\iNj�p�oklk•kŠ�h\p�•Jj�w|h\jbx(p�hWw_•N“”ŠPjPw’h\qXxN{:q�•sjyh\i&zŽh C[� i; 1]
p�u•p�lkjP•”x	qJh\jboœh

ŠPqs•”xkŒrj�h\j pEu C[� i; 0]
prwtvLu
qs{ i > 0‡�d �&qs{ X 2 C[� i; 1]

zJokl zJo p�lkjP•”x¦qŽh\jPo‰h p 2
C(X ; X ) žUjZŠPqsokw_prlkjb{Ch\ikj[u
•kokŠ�h\qs{ WD v�w_jPjZx&zJ{_h>}�qJu’~€ikjPqs{_jP• ‚Nd…„8d…„s‡�d �šj

qs‹Nh*zŽproÀzJo¢p�lkjP•”x¦qŽh\jPo‰h q = WD(p) 2 K [0;1]
w (C)(WD(X ); WD(X )) ž�iNjPokŠbj

Y = WD(X ) i&zJwˆh\iNjGu
qs{:• (Z ! T) u
qs{ Z; T 2 ObjK b
w(C[� i; 0]) d �8prokŠbj C[� i; 0]

prwYp�lkjP•”x¦qŽh\jPo‰hCŠbqs•”xkŒrj�h\j

Ÿ

K b
w(C[� i; 0]) zJŒ�w:q§p�wY‹‰f x&zŽ{_h”„(qJu ��{:qJx¦qsw_p�h:prqso ‚8d�csd��Nd

¤

jPoNŠPj�h:ikjP{_j�j4¥8prw_h:w$z Z 0 ! T0
zJoklZprlkjb••x	qJh:jPo‰hWjPoklkqJ••qs{_xkikp�w:•”w r; s qJu Z 0

zŽokl

T0
Ÿ

{:jbw:x	jPŠbh:p�•JjPŒ�f

Ÿ

w:•kŠ*iZh\i&z-h (Y; q) Šbqs•kŒ�lZ‹	jTxk{_jPw:jbo‰h\jPl(‹œf[h:ikjmlkp zŽ™s{\zJ•

Z 0 � � � ! T0

?
?
y r

?
?
y s

Z 0 � � � ! T0

v�pro K [0;1]
w (C[� i; 0]) ‡4d

eUf �MzJ{|h?} �TqJu¦~€ikjPqs{_jP• ‚Nd…„8d…„

Ÿ

Z 0; T0
Šbqs••j€u
{_qs• zmŠPjb{_h*zŽpro>ž?jbpr™si‰hglkjPŠbqs•”x¦q �

w:p�h:prqso•qJu X dM~€ikjPotzJo‰f•ŠPqs{_{:jbw:x	qsoklkp�ok™�žUjPp�™si‰hˆlkjbŠPqs•”x¦qJw:p�h:prqso”qJu p prwUikqs•”qJh\qsx‰f

jP›œ•kp�•ŽzJŒ�jPo‰hgh\q (r; s) dM~€ikjPo xkzJ{_hg}|„yqŽu�~€ikjbqs{:jb•Õ‚8d†„8d…„Gf8p�jPŒ�lkw�h\i&zŽh (r; s) zŽŒrw:qm™spE•sj

z žUjPp�™si‰h”lkjPŠbqs••x	qsw_p�h\p�qso qJu p d

¤

jPoNŠPjth\ikj[qs‹ �_jPŠbh (X ; p) 2 ObjC0
v
w:jPj

�

�8d�c�‡

ŠPqs•kŒ�lX‹	j$xk{_jPw_jPo‰h\jbltzJw?zyŠPqsoNj$qJu�zyŠPjb{_h*zŽproX••zJx (Z 0; r ) ! (T0; s) pro C0

œž�ikjPoNŠPj

(Z 0; r ); (T0; s) 2 ObjC ‹‰f h:ikjmproklN•kŠbh:p�•sjyzJw_w:•k•”xNh:prqso�d

—Wq�ž¹žUj€xk{:q�•Jjˆh\i&zŽhMproÇh:ikjˆ™sjbokjP{:zJŒ–v
‹¦qJ•koklkjbl�‡MŠ�zJw_j€z$žUjPpr™Jiœh•w_h\{_•kŠbh:•k{:j€Šbqs•kŒ�l

‹¦jmj�¥Hh:jPoklkjbl(u
{:qJ• C h:q•pEh\w€prlNjP•”x¦qJh:jPo‰h€Šbqs••xNŒrjbh:prqso C0
d

���������	��

��
��	� ���r�������m�����

w O

�

O�+-7H#

FH�:F

 £]�)

�

#

�

)

�

/�+-KLKr+

=

,L#HD

3��

5

�`�

2

�

#

�
3

5J1

�

Ô-5JKQ,

F

 

!

 w
�_As�`�

#

F-3y�

+X5

=?�

,ED-)

��3��

1�7&'

�

781

�

w0
/�+-1 C0

 

S

 ”]�)

�

)

�

5J1

�

+0/ C0 �:Ó

7N5JK

3

H w0
;

�

)

�

,

FH�

2$I&+

�0�

#

�

'*+-2$I	K

���

,.+-#½+0/ H w RJ 

a

1\+�+0/b �cJdÀegf �MzJ{|h”}:}*cZqJu$~€iNjPqs{_jP• 
kdEcsd†„

Ÿ

žUjti&z�•sj§z§žUjPp�™si‰h•w|h\{_•kŠbh:•k{:jth\i&z-h

j�¥Hh\jboklkw w qso§h:ikjCw:•k‹	Š�z-h\jP™Jqs{_f D � C0
™JjPokjb{\zŽh:jPl˜‹‰f H w0

d

¤

jbokŠPj>p�h$w:•N“”ŠbjPw

h\q”{:jPŠPzJŒrŒ¦h\i&zŽh D p�w€prlkjb••x	qJh\jbo‰h�ŠPqs•”xkŒrj�h\j 
kw:jbj�•–jb••••z �8d†„Hd�csd

„8d �HprokŠbj H w0
prwˆp�lkjP•”x¦qŽh\jPo‰h€Šbqs•”xkŒrj�h\j

Ÿ

h\ikjmzŽw:w:jb{_h:prqso u
qsŒ�Œrq�ž�w?u
{_qs•ÕxkzJ{_h€}_}|„

qJuM~€iNjPqs{_jP• 
kdEcsd…„8d

�
�����������k��� ���r�������ˆÍ

/ (C; w) ,
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a

1\+�+0/b $egf���{_qsx¦qJw:p�h:prqso �8d…„8d…„

Ÿ

H w0
prwWh\ikj�ikj�zJ{|h$qŽugz•‹	qs•koklkjbl§okqso �`lkjb™sjPokjb{\zŽh:j

ž?jbpr™si‰hWw_h:{:•kŠ�h\•k{_jyu
qs{ C0
dg—Wq�ž

�

qs{:qJŒrŒ zŽ{_fZcsd��8d �YfHprjbŒrlkw€h:ikjm{:jPw_•kŒ�hPd

�W�

2”5J1\Ï��8d†„Hd 
� �}‘h[w:jbjP•”wtx¦qsw_w:p�‹kŒrjZh\i&zŽh[h:ikj§‹	qs•koklNjPlkokjbw:wZŠPqsoNlkp�h:prqso¢u
qJ{ w prw

pro �•{_qsx	qsw:pEh\prqJo �8d†„Hd†„ prwYh:q8q˜w_h:{:qsoN™kd �gj�h”h:ikprw>lkqHjPw>okqŽh•w_jPjb• h:q˜•Xz �ŽjB•Ç•kŠ*i

lkp
�¦jP{_jPokŠbjCw:proNŠPjYp�o zJŒrŒ �bo&z-h\•k{:zJŒ �mŠ�zJw_jPwTjPpEh\ikjb{ (C; w) p�wG‹	qs•koklkjbl qs{ C zJlk•”p�h:w

ŠPqs•ko‰h\zJ‹kŒrj lNpr{:jbŠbhtw_•k••wbdÂ}`o£h\ikj ŒrzŽh:h:jP{ ŠPzJw:j C prw p�lkjP•”x¦qŽh\jPo‰h[Šbqs•”xkŒrj�h\j

Ÿ

w:jbj

�•{_qsx	qsw:pEh\prqJo csd �8d…©CqJu

�

„ � �.d

�€­�¬

K 0
µgº?¯ ·H´N±|¯•²’¾ �’Ã0¯�·8¶
�^¿9¯•·8¶–¾gµ�´
��¼¹±‘·N»¡¯ �Çµ �$²	�$¶
�£¼½¶–±|¾•»U·

¸œ·H´��’¿	·��’´N¶

�ªj�{_jPŠ�zŽŒrŒsw_qs••jMw_h*zŽokl&zJ{_lylNjbn&okpEh\p�qsokw•v
Šbu0d ‚Nd†„Hd�c�qJu

�

c�‚�� ‡�d �ªj�lNjbn&okj�h:ikj �m{_qJh\iNjPoklkp�jPŠ��

™s{:qs•Nx qJu�zJo[zŽlklkp�h:p�•Jj’ŠPzŽh\jb™sqs{_f A zŽwˆzÇ™s{_qs•kxXž�iNqsw:jT™sjbokjP{:zŽh\qJ{:wˆzŽ{:j$qŽu–h\ikjWu
qs{:•

[X ]; X 2 ObjA 
œh\iNjW{_jPŒrzŽh\p�qsokw•zJ{_j [X � Y] = [X ]+ [Y] u
qs{ X ; Y 2 ObjA d ~€ikj

K 0 �`™J{:qs•kxZqJu•z>h\{_p zJok™J•kŒ zŽh:jPltŠ�z-h\jP™Jqs{_f T prw�lkj�n&okjbl˜zJwWh:ikjÇ™J{:qs•kxZž�ikqsw_jÇ™sjbokjP{ �

zŽh\qs{_wyzJ{:j [t]; t 2 ObjT 
 pEu A ! B ! C ! A[1] p�wmzZlNprw_h:prok™J•kprw_ikjPl h\{_p zJoN™sŒrj

h\ikjbo [B ] = [A] + [C] d•—’qJh:j’h\ikzŽh X � 0 �= X pr•”xkŒrp�jPw•h\i&z-h [X ] = [Y ] p�u X �= Y
pro A qs{€pro T d

�&qs{UzJo[zJlNlkp�h:p�•sj A žUjGlkj�n&okj K 0(K b
w(A)) w_pr•”prŒ zŽ{:Œ�fyh\q K 0(K b(A)) 
8ikjPoNŠPjGpEh

jP›œ•&zJŒ�w K 0(K b(A)) v�w_jPj �$jbn&oNp�h\p�qsoZ‚NdEcsd 
‰‡�d

~€ikjmj4¥Np�w_h:jPokŠbj�qJuMz>‹¦qs•NoklkjPl w zJŒ�Œrq�ž�w?h\q>ŠPzJŒrŠb•kŒ zŽh:j K 0(C) j�zJw_prŒ�fJd
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,.+-# i : H w ! C ,L#

F

7&'

�*3

5J#•,

3

+-2X+-1‘I&)H,

3

2 K 0(H w) ! K 0(Cb)  

a

1\+�+0/b ��HprokŠbj t prwyzJo˜ž?jPz �œŒ�f˜j�¥NzJŠ�h�u
•NokŠbh:qs{ v
w:jbj �$j�n&okpEh\prqJoª‚NdEcsd�
œ‡

Ÿ

pEh�™Jp�•sjbwyzJo

zJ‹¦jbŒrprzJo˜™s{:qs•NxšikqJ••qs•”qs{_xkikprw_• a : K 0(C) ! K 0(K b
w(H w)) = K 0(K b(H w)) d

eUfm•–jP•”•Xz?‚ˆqJuk‚8d†„8dEc�qJu

�

c�‚ �

Ÿ

h:ikjP{_j�prw–z€o&z-h\•k{:zJŒJp�w:qs•”qs{:xNikprw_• b : K 0(K b(H w)) !
K 0(H w) dy~€iNjCjP•Y‹	jPlklNprok™ H w ! C ™sp�•JjPwmz ikqJ••qs•”qs{_xkikprw_• c : K 0(H w) !
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�	� �������<Ê&�
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n&okj K add
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„J‚ �Tv�x&zJ™Jj

„J‚ �s‡UžUj�qJ‹Nh*zJp�o h\ikjm{_jPw:•NŒ�h�d
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(� 1)i [gi � : H i (t(X )) ! H i (t(X ))]: v.„8c�‡

¤

jP{_j H i (t(X )) 2 ObjH w0
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