PATCHING THE NORM RESIDUE ISOMORPHISM THEOREM

C. WEIBEL

Abstra ct. We provide a patch to complete the proof of the Voevodsky-Rost
Theorem, that the norm residue map is an isomorphism. (This settles the
motivic Bloch-Kato conjecture). This patch is designed to be read by experts,
to check that the theorem has indeed been proven.

Intr oduction

The purpose of this paper is to patch up the sketched proof in [MC/I ] of the
\V oevodsky-Rost Theorem" that the norm residuemap KM (k)= ' HZ(k; . M)
is an isomorphism, for any prime ~ > 2 and for any eld k such that 1=" 2 k. This
result is sometimescalled the \Blo ch-Kato conjecture."

It is basedupon Voevodsky's 2003 preprint [MC/I ]. That preprint gave a proof
modulo three missing results (Lemmas 2.2, 2.3 and Theorem 6.3). The third ingre-
dient, the existenceof a Rost variety for a (de ned in De nition 1.1 below), is no
longer a problem. A Rost variety X 5 was constructed for any a by Markus Rost in
his 1998\Chain Lemma" preprint [7]; the proof that X, satis es these properties
was published in [10].

The main innovation is that we considerintegral to modular cohomology oper-
ations from H?2"™" (X;Z) to HPA4(X;Z=") in order to provide substitutes for the
two missing lemmas 2.2 and 2.3 (seeb5.1 and 3.10 below). Our substitute for 2.2
is inspired by the theorem of Henri Cartan [1] that in ordinary topology all suc
operations (x) are polynomials in the standard Steenrad operations P' (x), where
(in the notation of [9]) | = ( o;S1; % Sk) is admissible(sosyk 1and , = 0).

We will be interestedin the LefschetzmotivesLi = Ry (A"=A" 0), and in the
underlying pointed spacesK , = uL} which represern integral motivic cohomology
in the sensethat H2™" (X;Z) = Hompy (Zy X;L") = [X+;K,]. To explain the
notation, recall that there is a functor Ry, from the Morel-Voewvodsky Al-homotopy
category of pointed spaces(of [5]) to the triangulated category DM € (R), which is
left adjoint to the underlying (forgetful) functor u. (See[3], [16] or [6] for example.)
This is the viewpoint preseried in [RPO, 2.1].

It follows that the set of (unstable) cohomologyoperations from H?2"" ( :Z)
to HP9( ;R)isin 1{1 correspondencewith the elemers of the group HP%(K ; R).
(All cohomologyoperations satisfy (0) = 0, from naturality in X, ! )

Example 0.1. Whena = 0, K is the wedgeof copiesof S° indexedby Z 0. Hence
cohomolwgyoperatio& tHOO(X;Z) ! HPI( ;R) correspond to elemens f g
of HPA(" ' S%R) = o HP9(k;R). If X is connected,then :Z ! HP9 !
HPAX R)is (j)= .
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2 C. WEIBEL

More precisely (Ry ;u) is an adjunction between (simplicial) pointed radditiv e

functors and (positive chain complexesof) presheaeswith transfers. It is a Quillen
adjunction with respect to both the local and A'-local closedmodel structures. In
particular, Ry presenesco brations and u presenes brations. Applying this to
the simplicial suspensionsequenceV ! congV) ! V, we seethat Ry ( V) '
Ry (V)[1], and that u(M[1])* B(uM). In particular, u(L?[1])' BKa.
Example 0.2 The Eilenberg-MacLane space (simplicial set) K (A; n) represers
H™0(C :A). Thus cohomology operations from H™°( ;A) to HPY9( :R) corre-
spond to elemeris of HP4(K (A; n); R). In particular, motivic cohomology opera-
tions H™O( ;A)! HPO( :R) arethe sameasthe usual (unstable) topological co-
homology operations described for examplein [1]. A usefulcaseisn = 1andA = Z;
sinceK (Z;1) = S? there are no cohomologyoperations H*°( :Z) ! HPO( :R)
for p6 0.

Ac knowledgemen ts. This paper grew out of an attempt to understand how Vo-
evodsky's preprints [MC/I ] and [V-06] t together. | am greatly indebted to Vo-
ewvodsky for numerousdiscussionsabout this work, and about [V-06].

Finally, |1 would like to thank the Institute for Advanced Study for allowing me
to preser theseresults in a seminar during the academicyear 2006{7, and Pierre
Deligne for his continued interest and encouragemenh

Notation The integer n and the prime = > 2 will be xed. We will work over
a xed eld k in which " is invertible. The integerd will alwaysbe™" * 1landb
will always bed=" 1)=1+ + " 2,

We x the sequenceof units a = (ap;:::;a,), and X, will always denote a
d-dimensional Rost variety relative to a, satisfying Axioms 1.3.

We will work in the triangulated category of motives DM ¢ described in [4],
usually inside the full subcategorygeneratedby simplicial presheaeswith transfers.
The Lefschetz motive is L = Z(1)[2]. Unless explicitly stated otherwise, motivic
cohomologywill always be takenwith coe cien ts Z(-y. The notation H59( ) refers
to the etale motivic cohomolonggt »Zy(d) de ned in [4, 10.1].
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1. The outer shell of the proof

We begin by setting the scenefor the later sections. The material in this section
is largely taken from [17]. We will inductively assumethat the norm residue maps
KM@L)="1 HL(L; - ") areisomorphismsfor i < n andall elds L cortaining 1=".
From now on, k will denotea eld of characteristic zero, and a = fay;:::;a,g will
be a nonzeroelemert of KM (k)=".

Recall [10, 1.20]that a , i-variety over a eld k is a smooth projective vari-
ety X of dimensiond = "™ 1 1, with degsq(X) 6 0 (mod “2). Here sq(X) is
the charactegistic classof the tangent bundle Tx corresponding to the symmetric
polynomial tjd in the Chern roots t; of Tx ; see[RPO, 14.3].

Denition 1.1. A Rost variety for a sequencea = (az;:::;an) of units in k is a
n 1-variety X = X, sud that: fay;:;a,g vanishesin KM (k(X))="; for each
i < nthereisa j-variety mapping to X ; and the motivic homology sequence

(1.2) Hoo1(X?2) " H ¢ X)) H1oak) k)
is exact. As mentioned above, Rost varieties exist for every a by [7] and [10].

Let X denote the simplicial Cech scheme C(X,) : p 7! XP*; see[MC/2, 9.1].
By abuseof notation, we will regard X asa chain complex, and henceasan elemert
of DM ¢ (k;Z()). Wesetb=d=" 1)= 1+ '+ +'" 2
De nition  1.3. A Rost motive for a is a motive M satisfying the following axioms:

(@) M is a direct summand of a Rost variety X, de ned over Z-.

(b) The evident duality map M LY 1 M is anisomorphism.

(c) There is a motive D, related to the structure mapy : M ! X and its dual
Dy by two distinguished triangles:

(1.3.1) D LPt Mt Xt ;
(1.3.2) X L% M1 D!

Given (1.3.1), triangle (1.3.2) is equivalert to the duality D L9 P= D.

When ~ = 2, triangle (1.3.1) was constructed in [MC/2, 4.4]using D = X, and
(1.3.2) is its dual; axioms 1.3(a{b) hold by a result of Rost (cited as[MC/2, 4.3]).

The following theorem, which summarizesthe contents of section 6 of [MC/I ],
wasthe main theorem in my 2006 preprint [17].
Theorem 1.4. Letn and " be suchthat the norm residuesmapsare isomorphisms
for all i < n. Supmsethat a Rost motive exists for everya in KM (k)=".

Then the norm residuemap KM (k)="1 HA (k; - ") is an isomorphism.

In the rest of this section we de ne a candidate for a Rost motive, following
Voevodsky [MC/1], which we shall dub the \symmetric Rost motive" (seel.13). As
obsenedin [MC/I, 6.6],it follows from [MC/2, 6.9(1)] that:

(1.5) HPY( X;Z=") = Owhen(p;q) isin the regiong< n; p 1+ g

Lemma 1.6. If X is the simplicial Cech schemeof a | i-variety, then for all
i < n the Margulis homola@y sequene is exact:

% HPa x;z=) X
Proof. This is provenin [MC/2, 3.2]. The proof is repeatedin [MC/I, 4.3].
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Lemma 1.7. The motivic cohomola@y groupsH * ( X;Z) haveexmnent ".

Lemma 1.7 is implicit in [MC/2, 9.3], and is proven in [17, 2.3], using [10]. It
implies that the integral cohomologyH P9( X;Z) may beidenti ed with the kernel
of the Bockstein  : HPA( X;Z=")! HPHA( X;zZ=).

We now considerthe cohomologyoperation Q;, which hasbidegree(2'' 1;' 1).
Since Q; anticommutes with , it follows that Q; sendsthe subgroupH - ( X;2Z)
of H : ( X;Z=) to itself. (This wasobsenedin [MC/2, 7.2].)

Lemma 1.8. TheoperationsQ=Q, » Qo:H™ (X;Z=")! H#1P(X;Z=)
and Q, 1:HZb(X;Z=")1 H2+20+1(X:7=") are injections.

Proof. (Voewodsky) Using Lemma 1.6 and (1.5), it is routine to ched that Qg =
is injective on H"*1:" 1 X:Z="), and Q; is injective on the group HP9( X;Z=")
cortaining Q; 1 QoH"*" 1( X;Z=") wheni < n, becausethe precedingterm
in 1.6is zeroby (1.5). SinceHP4(X) = HP*1:9( X) for p> g, we are done.

If a & 0in KM (k)=", Voevodsky shaws in [MC/l , 6.5] that its norm residue
symbol in HJ(k; . ") lifts to a nonzeroelemert 2 H™" 1(X;Z="). It follows
from 1.8 and 1.7that () 2 H"" Y(X;Z) and = Q( ) 2 H?*1d(X;Z) are
nonzero. Regarding asa morphism in DM from Ry (X) to Ry (X)(b)[2b+ 1] =
Ry (X)  LP[1], we de ne the motive A assaiated to a by the distinguished triangle

(1.9) X L1 A Re(X) ! Re(X) LP[AL:

We now supposethat R is either Z) or Z=", sothat (" 1)! isinvertible in R.

Denition 1.10. If m < 7, the symmetrizing idempotent e= f 2 ,,g=m! of
R[ m]actsonM ™ for each object M of DM , and wesetS"(M)=e M ™,

For eath (p;0), Voevodsky constructs a motivic cohomologyoperation \ from
H2p*1a( :R) to H?P *2:9°( ;R) in [MC/l, 3.1{3.2] (weusem = 1). In partic-
ular, the element () is computed from (1.9) as follows. Consider the transfer
map assa@iatedto . 1 m actingon A ™ (see[15, 6.7.16]):

X
(1.11) S™A)! S™ YA) A (a1 Y70 ( 8 ) §:

Composingwith 1 y givesamapu:S™(A)! S™ (A). Composingl x with the
corestriction map S™ 1(A) A! S™(A)givesamapv:S™ (A) L°! S™(A).
Voevodsky usesthe slice Itration to prove the following result in [MC/I, 3.1].
Lemma 1.12. For m < 7, there exist unique morphismsr and s tting into dis-
tinguished triangles:

Re(X) L9 1 sma) 4 s™ Y(A) T Ry(X) L9

"

s™ 1a) LYY os™A) ST Ry(X) 1 S™ L(A) Lb[

By 1.12,S 1(A) satis es axiom 1.3(c), with D = S 2(A). The point of [MC/I ],
and of this paper, is that S *(A) is a Rost motive in the senseof 1.3, so that
Theorem 1.4 appliesto prove the Voewodsky-Rost Theorem. This motivates:

De nition  1.13. Th\e symmetric Rost motive assaiated to a is de ned to be the
symmetric product S 1(A) of A.
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2. Symmetric Pr oducts

If X isanormal quasiprojective variety overk, the symmetric products S™ (X ) =
XM= ., arealsonormal. Thus S™ is a functor from the category Norm of normal
quasiprojective varieties to itself. (If X 6 ;, then S°(X) = Spec(k).) We have:

(2.1) S™X qY)=q S'(X) S(Y):

Since Ry (X)) makessensefor any scheme X of nite type ([4, 2.11]), it makes
senseto write S' Ry (X)) for Ry (S™X). Thus ST'Ry is a functor from Norm to
presheaeswith transfers. If X is a simplicial object in Norm, we de ne S™(X)
and S["' Ry (X)) degreewise.

It is easyto seethat ST'Ry extendsto nite correspondencesbetween objects.
It also respects Al-local equivalences. If (  1)! is invertible in R andi < °, a
transfer argumert for X' 1 S'(X) showsthat S, Ry (X) is the symmetric power
S'(Ry (X)) = e Ry (X) ' of 1.10.

Lemma 2.2. If M = Ry (X) and N = Ry (Y) for normal X and Y, we have
SIM N)= isj=mSy (M) SL(N):
Proof. This is immediate from (2.1).

If V is based,there is a canonicalmap S™ (V) ! S™(V), and wewrite St (V)
for the colimit of the S™(V). When the basemints are disjoint, the ltration by
the S™(V) splits, and the ltration of S[' Ry (V) splits naturally, aswe now show.

Wewrite X, for the disjoint union of X and a basemint = Spec(k), considered
as a basedspace. Then the decomposition S™(X.) = q, S'X of (2.1) yields a
split sequenceof pointed spaces

(2.3) S™ L(X4)! S™(X.)! SM™(X.4);

where S™ is the functor S™(X,) = (S™X):+ on Norm,. By naturality, (2.3)
extendsto a degreewisesplit sequenceof simplicial objects in Norm. .

As X, isabasedspace,Ry (X+) = Ry (X g )=R= Ry (X) is well de ned and
we have ST'Ry (X+) = SI'Ry (X) = Ry (8™X) = Ry (S™(X4)).
Lemma 2.4. Applying Ry to (2.3) yields a naturally split exactsequene for every
V = X4 in Norm, :

0! RyS™ L(V)! RyS™(V)! SMRy(V)! O

Proof. By (2.3), the sequencas split exactasa functor of X . To split it functorially
in X+, we have to considermapslike (X q Y): ! X.. Recall that, asin (1.11),
for each X and i < m the transfer maps for S'(X) X™ I S™(X) and the
structure map x : X! induce maps Ry S™(X) ! Ry S'(X).
The alternating sum (over i) of the transfer maps de nes a map
Ry S™(X+) = Ry S™(X) ! inllstertr(X)zstTRtr(x+):

We claim that this map is natural in X,. To seethis, it suces to consider
(XqY)+ ! X, arisingfrom vy, andshowthat forj > Oanda < i the composition
from the summand S}, Ry (X) S, Ry (Y) of Ry S™(X g Y) to Sg Ry (X) is zero.
This composition f@pt_ors through S2 Ry (X) SERy (Y) for b= 0;::;j, and the
result follows from = | ( 1)° ! = 0.
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SinceRy S°(V) = 0, it followsfrom 2.4that for any simplicial object V of Norm..
we have a natural isomorphism

(2.5) Re (S'V)= LiRe(S'V)= LSy Ru(V):
Theorem 2.6. LetV be a simplicial object of Norm. suchthat the simplicial sets
Hom(X;V) are connected for all X. Then the morphism S* (V) ! uZy (V) is a
glokal weak equivalen@

Example 0.1 shows that the connectedhypothesisis crucial in Theorem 2.6.

Proof. This follows easily from [11, 6.8], which says that uZ; (V)¢ = S! (V) isan
isomorphism of (simplicial) presheaes, together with the fact that S* (V), being
a connectedsimplicial H -space,has a homotopy inverse.

L L
Corollary 2.7. Forn 1, Ry (Kp) = S; (L™), andRy (BKy) = S (L"[1]).
i=1 i=1
Proof. For V = A"=(A" 0) we have L" = Zy (V) and K, = uL" = uZy (V),
SO Ry (Kn) ' Ry St (V) by 2.6. Similarly, BK,, = u(L"[1]) = uZy( V) so
Ry (BKn)' Ry S (V). Now use(2.5).

Example 2.8. The i-th power operation x 7! x' from H2™" (X;Z) to H2"n (X;Z)
(and thenceto H 2" (X ; R)) hasa natural interpretation in terms of this structure.
In particular, if i < then S}, (L") = L™ by 1.10and [4, 15.8], and the power map
correspondsto the generator of Hom(S}, (L"); L") = Z.

Consider the diagonal V ! V' 1 Si(V) for V = A"=(A" 0); applying Zy
yields the motivic power map L" | LM (see[4, 3.11]), and the symmetrizing map
L" 1 Si(L"). Applying uto L"! L™ yieldsthe map K, ! Ky represering
the power map, and the adjoint of this may be identi ed with the map S} (L") !
Si (L") ! LM by 2.7.

Corollary 2.9. Cohomolay operations :H?""( ;Z)! HPI( ;R) arein 1{1
correspndene with elementsof

Vi
HP9(Kn;R) = Homom (1 S (L");R(AIP) = Homow (Sy (L"); R(a)[pD:
i=1
Example 2.9.1 We will seein Theorem 3.4 and 3.7.1that (Z=")y (Ky) is a sum of
Tate motives,and that the only summandsof weight < n+ ~areL"* 1 L™ 1[1]
andthe S, L" = L" fori < 1+ '=n. It is easyto seefrom 2.8 and [RPO] that
thesecorrespond to the cohomologyoperations sendingx to P1(x), P(x) and x'.
Corollary 2.10. Cohomol@y operations : H#*( ;Z}! HPI( ;R) arein 1{1
correspnden@ with homaen®us polynomials f (t) = Oa,-ti of bidegree (p;q)
in H 6<;R)[t], where t has bidegree (2;1). The operation correspnding to f is
x)=ax'.
Proof. It is well known that Ry (PY) = R L' and S'P! = P'. Using Lemma 2.2,
we obtain S}, (L) = L'. By 2.9, the classifying spaceK ; = uL' has cohomology:

Y . ¥ L
HP9(Ky;R) = Hompum (L';R(Q[p) = HP 2 '(k;R):
i=1 i=1
In fact, K;' P! by [5, 3.8]. The needfor ag = 0 follows from (0) = 0.
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3. Contents of \Opera tions II"

This sectionis dewoted to an expose of thoseresults in [V-06] that we shall need
in order to establishthe Kanneth formula 3.10for H + (K, » N Kn;R). These
are: a description (in 3.1) of S in terms of S, ; a description (in 3.4) of S, (L"),
and the structure theorem 3.7 that eac S'(L") is a sum of proper Tate motives.

Let G be any subgroup of the symmetric group ,, and H any subgroupof .
We set S6(X) = X™=G and SERy (X+) = Ry (S®(X+)). The usual embedding

m n m+n induces

S¢ M(X+)=8%(Xs) sS"(X4) and SF "(M)=SF(M) S{(M);
whereM = Ry (X+). Similarly, the wreath product
GoH =G"o H mn

permuting the blocks and G acting inside the blocks. It is easyto seethat
SH(S®(X+)) = SCH (X, ):
Using the "-adic expansionm = mg+ m; + +m, " with0 mj< 7, itis
well known and easyto verify that the group

(30&) G= mo ( m; O ) ( mo O my O mo) ( mo g’]o)

cortains a Sylow “-subgroup of ,. By the above remarks, if M = Ry (V) then
SE(M) equals:

(3.0b) Sy°(M)  ST(Sy (M) SF*(Sy (Sy (M) St (S ) (M)):
Prop osition 3.1. If Ris Z¢y or Z=", and M = Ry (V) for a simplicial based V,
then SJ" (M) is a direct summand of the S¢ (M) displayed in (3.0b).

Proof. (Voewodsky) The display is just S¢(M), and S®(V) = V=G is a rami ed
covering of S™(V) = VM= , of degree[ n, : G] prime to ". Its inverseis a nite
correspondence,and the composition is multiplication by [ m : G] on ST (V).

3.2. Let C be the cyclic group Z=", set A = Aut(C) = (Z=") and identify G =
C o A with the ane subgroupof -. Since[ -:G]= (C 2)!, standard transfer
argumerts show that S,, (L") is a summandof S (L"), which in turn is (S& (L"))A.
We briey recall the computation of H * (Bgm ) and H * (Bgm ) in [RPO,
x6]. Supposethat k has "-th roots of unity, sothat we may identify C with the
algebraicgroup -. In [RPO, 6.10], Voewodsky showed that (for odd °):

H ' (Bgm ;R)=H ' [luv]=(u®); v= (u);
whereH -+ denotesH ' (k;R) and u and v have bidegrees(1; 1) and (2; 1), respec-

tively. The group A actsby algebramaps,anda 2 A satises: a u= au,a v = av;
see[RPO, 6.11]. Thusforc=uv 2andd= v ! we have:

H ' (BgmGR)=H ' (Bgm ;R)" = H ' [[c;d]]=(c?); d= (o)
By [RPO, 6.13-6.14],candd lift to H ' (Bygm ;R). This implies that the canonical
mapH * (Bgm ;R)! H i (BgmG;R)=H ' (BgmC;R)” is an isomorphism.

The following two theorems should be comparedto the formulas announcedin
the 1996 preprint [13, 3.4.4{3.4.6].
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Theorem 3.3. WhenR = Z="andn > 0, S¢(L") is Al-equivalent to
M 1
L Ln+iC D Ln+iC D
i=1
Proof. This is proven by Voewodsky in [V-06, 4.5]. Voevodsky rst provesin [V-06,
7.1]that S¢(L") = L" Ry (V  0)=C[1], whereV is the direct sum of n copiesof
the reducedregular represertation of C.

The map (V 0)=C! Bgm - of [5, x4.2]inducesa map from H * (Bgm ;R)
toH ' ((V 0)=C;R); by [RPO, 6.1], it is an isomorphism in cohomology up to
n(C 1). Voewdsky provesin [V-06, 7.5]that Ry (V  0=C) is a sum of Tate
motiveswith u and v corresponding to L and L[ 1], sothat:

Hi(V 0=CR)=H ' [uvl=(u*v"C )
It followsthat H * (V 0)=G;R) = H * [c;d]=(c? d"). Translating this into mo-

tivic languageprovesthat Ry (V  0=G) is the sumofthe L'C D[ 1]and L'C D,
and the theorem follows.

By 2.10, S} (L) = L™ . This is the casen = 1 of the following calculation.

Theorem 3.4. When R = Z="and n > 0, the natural map SS(L") ! S, (L") is
an isomorphism. Thus S;, (L") is given by the display in Theorem 3.3.

Proof. By the usual transfer argumert, S, (L") is a direct summand of S&(L").
Since the category of proper Tate motivesis idempotent complete, it suces to
show that there is an isomorphism in motivic cohomology

The quotient map (V 0)= -! Bgm - inducesamapfromH : (B -) to the
cohomologyof (V  0)= -, tting into the commutativ e diagram:.
H* (Bgn sR) ! H'(V 0=R) ! Hom(S, (L");R()[]1 L"[ 1)
3 3 2
=y yinto yinto

Hi(BgmGiR) “F H (Vv 0=GR) T Hom(SE(L":R() 1 L"[ 1]
The left vertical map is an isomorphism by 3.2. We saw that the bottom map is a

surjection in the proof of Theorem 3.3. Sincethe right vertical maps are injections
by a transfer argumen, they are isomorphismsby a diagram chase.

Remark 3.4.1 A dierent proof of 3.4 is given in the 2007 versions of [V-06]; it
suces to ched that the composite SC(L") ! S, (L") ! SE(L") is an isomor-
phism.

The following result is proven by Voewvodsy in [V-06, 3.13{3.17], using the I-
tration of S for the cone of a map. Part (a) is immediate from S'(Ry (X)) =
e Ry (X').

Prop osition 3.5. Let T be a motive for which the switch involution onT T is

1. Then (a) for i < ° the projection :T ! S| (T) of 1.10is an isomorphism
for = +1 andzemfor = 1,

(b) for © > 2 there is an distinguishel triangle:

TP s, M s Tt TRE =41
T 1 s (MU S (T T [ = &
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Now there is a topological realization functor, sendingA"=A" 0 to the based

sphereS?", L2[b] to C (S?**P;R) and S (L2[0])) to C (S™(S%**P);R). Thus we
can refer to topology to calculate the mapsin 3.5.
Example 3.5.1L When T = R = Z=",the map :R! R is anisomorphismand
we get S, (R[1]) = 0, and henceS, (R[2]) = R[2']. Thesere ect the cohomology
of the topological spacesS! = K (Z;1) and BS! = K (Z;2). Comparisonwith the
cohomologyof the Eilenberg Mac Lane spacesK (Z;n), described in [1], shows that
for higher b the maps are zero. This yields the inductiv e formula for S, (R[b]):

‘(R[b])—( Li(Ell)zzR[t” aC 1 (R R b odd:

Thusthe canonicalmap S, (R[)[1]! S, (R[b+ 1]) is a split injection for all b6 0
(and the zero map for b= 0). Note that the singular cohomology i (S (SP);R)
canberead o from this formula using Hom(S,, (R[b]); R[ ]).

It is instructiv e to assaiate the terms in S, (R[b]) with the topological Steenrad
operations P' and P! (i < b=2) of [1] and [9].

Corollary 3.6. WhenR = Z="anda> 0, S, (L2[0)[1]! S, (L3[b+ 1]) is a split
injection for all b, and we have:

M, L .
Se (L= L0 Upp Lt vy
M
Sy (L2[0]) = Sy (L*[LD[b 1] ; LA[20 + 1] L¥[2" +2]; b= 2k+ 1;
Sy (L2[) = Sy (Lo 1D[] L* [0, b 2 even.

Proof. SetT = L2&[b] for a> 0. We will assumethe result is true for T and prove
that it is true for T[1] using the triangles in 3.5(b). When b is odd, any map
T [ 1! S, (T)[1]is zerofor weight reasons,and hencethe secondtriangle in
3.5 splits. This reducesus to the caseof evenb 0.

When b is even, we claim that the map is zeroin the rst sequenceof 3.5(b),
so the sequencesplits. The initial caseS, (L?[1]) as well as the inductive case
Sy (L3[b+ 1]) will then follow from Theorem 3.3. Using the topological realization
functor, this claim follows from the description of H (S (S");Z=") in 3.5.1.

Here is the main theorem of [V-06], which was originally stated in [13, 3.4.1].
By a proper Tate motive we mean a direct sum of motives of the form L2[b] with
a Oandb 0. WhenRisa eld, the full subcategory of proper Tate motivesis
idempotent complete.

Theorem 3.7. WhenR = Z=", St (L") = Ry (K,) is a proper Tate motive. There
are only nitely many summandsL?[b] of any xed weighta.

Proof. Combine 2.9, 3.1 and 3.6 with idempotent completion.

Remark 3.7.1 It alsofollows from 3.6 that the terms of smallestweight in St (L?)
arethe L&, L2 D agnd L2+ D[1].
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Theorem 3.8. (Pure Kunneth formula) Suppmsethat X and Y are pointed sim-
plicial schemessuchthat Ry (Y) is a direct sum of motives R(q )[p ], and that for
each g there are only nitely many with ¢ = g. Then the Keunneth homomor-
phism is an isomorphism:

H (X;R) n: wryH (R H (X Y;R):

It inducesH @ (X;R) H  (Y;R)=H ' (X"Y;R):

Proof. By assumption,we have Ry (X YY) = Ry (X)(g )[p ] and hence
M ¢ YiR) = | Homow (Re (X)(@ )P EROIND:

The terms with g > i are summandsof H (X A9 =A% ' 0);R) by the
Cancellation Theorem [4, 16.25], and they vanish by [RPO, 3.5]. This leavesthe
nitely many terms with g i which, by Cancellation, are:

HM P A (X;R):

The caseX = Spec(k) showsthat H * (Y;R) is a free graded H ' (k; R)-module
with generatorsin bidegrees(p ;q ), and the result follows.

Corollary 3.9. If 1=m! 2 R, then H * (S™(Y);R) = Sym™H ' (Y;R) for every
Y suchthat Ry (Y) is a sum of Tate motives.

Proof. By 3.8, the Keunneth map H * (Y;R) H: (R ! H'(Y";R)
is an isomorphism of free H - (k; R)-modules. The symmetric group acts on both
sides,and the Kanneth map is equivariant, sothe symmetric parts are equal. The
symmetric part of H ™ is Sym™ (H ), whencethe result.

The following result replacesthe unproven\Lemma 2.3" in [MC/I].
Prop osition 3.10. The Kanneth homomorphismsfor R = Z="and p> 0,

H ' (KaiZ=) w HoH ' (KayZ=)! H ' (KEZ=);
are isomorphisms. Henee H * (K4;Z=") B (Ka;Z=) = B (KR Z=).
Proof. By Theorem 3.7, Ry (Ky) is a proper Tate motive, so 3.8 applies.
Remark 3.10.1 This was originally announced(in 1996)for K ;=" in [13, 3.15].

4. Scalar weight

The goal of this sectionis to prove Theorem 4.2, which is our replacemen for
Lemma2.2of [MC/l]. It is basedupon the notion of the salar weightof an integral-
to-modular cohomologyoperation.

The monoid (Z; ) acts (via multiplication by scalars)on any abelian group and
more generally on any presheafF of simplicial abelian groups (such asZ(qg)[p]) and
henceon its underlying presheafof simplicial setsuF . In particular, this monoid
actson K, = uL" and BK, = uL"[1]. The induced action on motivic cohomology
groups such as H2™" (X;Z) = [X+;K,] is just addition. We will be interested in
the action on the cohomology operations represeried by the groups HP4(K;R)
and HP9(BK ;R). Note that if 2 H2""(X;Z)then( m)( )= (m ).
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Denition 4.1. Anelemern 2 H - (Kn;Z=") hassalar weights (0 s<~ 1)
if m = m* for all integersm. Sucha has ~=0,and m= mO if
m m° (mod ). HenceZ="acts on the elemeris which have scalar weight s.

Example 4.1.1 A cohomologyoperation :H®%%( Zz)! HPI( ;R) isrepresered
by a sequence( ;) in R; seeExample 0.1. The cohomology operation m is
represerted by the sequence n; ). Most of these have no scalar weiglt.

Example 4.1.2 Any cohomologlyoperation H2Z( Zz)! HPAI( ;R) is represered
by a homogeneouspolynomial  a,t™ of bidegree (p;q) by Example 2.10. The
operation (x) = ax™, corresponding to the monomial at™, has scalar weight m
modulo (C  1).

Example 4.1.3. Any stable cohomologyoperation, such asP' or , is additive by
[RPO, 2.9], soit hasscalarweight one. i hasscalarweight s; then the monomial
X 7' 1(x) m (X) hasscalarweight s; modulo (¢ 1).

Example 4.1.4 The cohomologyoperation y : H2a*1b( -R) 1 H2a+1b( -R)
constructed in [MC/I, x3] has scalar weight one, becauseit satises ( m)=m
by [MC/I, 3.5]. (SeeCorollary 6.2 below.)

Recall from 2.9 that cohomology operations on H2™" ( :Z) are sums of op-
erations corresponding to elemens of Hom(S' (L"); Z="( )[ 1), arising from the
decomposition Ry (Kn) =  ST'(L") in (2.5).

Theorem 4.2. The cohomolay operations H?"" ( ;Z) ! H ' ( ;Z=") corre-
sponding to elementsof Hom(ST' (L"); Z="( )[ 1) havesalar weightm mod (" 1).

The proof of Theorem 4.2 will occupy the rest of this section. We rst dispose
of the casesm °
Example4.2.1 The cohomologyoperation correspondingto a2 HP 2md "(k;R) =
Hom(St (L™); R(g)[p]) is x 7! ax. This is additive, and so has scalar weight one.
Similarly, if 1 < m < ° then it follows from Example 2.8 and 3.5(a) that the
cohomologyoperation correspondingto a2 H * (k;R) = Hom(SJ'(L");R()[ ] is
x 7' ax™; these have scalar weight m.
Prop osition 4.3. The cohomolay operations : H2™" ( ;Z) | HPAI( ;Z=)
correspnding to elementsof Hom(S,, (L"); Z="(g)[p]) are additive. Hence they have
salar weight one.

Proof. Set T = Z='(g)[p]. By 3.6, the map S, (L")[1] ! S, (L"[1]) is a split
injection, so Hom(S, (L"[1]); T[1]) ! Hom(S, (L");T) is onto. Hence lifts to
a cohomologyoperation 1 : H2"*L:n( . 7z) I HP*LA( ;Z=Y), in the sensethat
the suspension  (x) is 1( x). If x;y 2 H?"" (X;Z) then by [RPO, 2.9], the
cohomologyoperation 1 is additive on H2"*1:"( X;Z), so:

(x+y)= a((x+y)= 1( x+ y)= 1( ¥+ 1(y)= )+ (y):
Sincethe suspension is an isomorphism of groups, we are done.

Continuing the proof of Theorem 4.2, we next show that operations coming from
S (L") may be factored using the "-adic expansionof m. By Example 4.1.3, this
reducesthe proof of Theorem4.2to m= a’ .
Lemma 4.4. Write m= mo+my; + +m; " with0 m; < . Every cohomolagy
operation  correspnding to an element of Hom(Sg" (L");Z="( )[ ]) is a sum of

operations X 7! o(x) 1(X) r (X), where the ;| 2 Hom( rPi"(L“);Z=‘( ND.
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Proof. By 3.1, S{"(L") is a summandof SE (L"), whereG is givenin (3.0a). Hence
is induced from amap SE(L")! R( )[ ]. By 3.8 and (3.0b),

Hom(SE(L");Z="()[ ) = |- Hom(S{" ' (L"); z="( ) D);
so isinduced by a sum of terms ¢ 1 r.

We now establishthe casem = ° by induction on , the case = 1 being 4.3.

Prop osition 4.5. Any cohomolay operation coming from Hom(S,, (L");R( )[ 1)
has salar weight one,

Proof. Recallfrom 3.1that S, (L") isadirect summandof S, (S, (L")). Thusit
su ces to treat cohomologyoperations of the form S,, (L") ! S, (S, (L"))! T.
Write S, (L") asasumofL?[l. ThenS, S, (L") isasumofS, (L2[4]), which
are additive by Lemma 4.6 below, and terms of the forr?(

S (L% [, ]) (L2 [0,]); ="
Theselatter terms correspond to cohomologyogerations which are sums of mono-
mials 1(x) k(X) which have scalarweight r; =~ 1 (mod" 1) by our

inductiv e hypothesis.

Lemma 4.6. Let L2[b] be a summandof S, 1(L”). Then the motivic cohomolay
operations on H2™" ( ;Z) correspnding to elementsof Hom(S,, (L2[bl); Z="( )[ 1)
are additive. Hence they have salar weight one.

Proof. By 3.5, the map from S, (S, (L")[1]) to S, (S, (L")[1]) restricts to a
map S, (L3[b))[1]! S, (L2[b+ 1]). We now argueasin the proof of Proposition 4.3.
By 3.6, the map Hom(S, (L3[b+ 1]); T[1])! Hom(S, (L2[b]);T) is onto. Hence
lifts to a cohomologyoperation 1 :H2"*1n( ;7)1 HP*A( :7z="). But then
is additiv e by [RPO, 2.9].

The proof of Theorem 4.2 is completed by the next result.

Corollary 4.7. If a< °, then every operation coming from Hom(S? (L");R( )[ ]
has salar weight a.

Proof. By 3.1, every such operation has the form S3 (L") ! S2(S, (L")) ! T.
By 3.9, every elemert of Hom(Sg (S, (L"));T) is a sum of monomials ; a
wherethe ; belongto Hom(S, (L");T). By 4.5 and Example 4.1.3, these mono-
mials have scalar weight a.
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5. Uniqueness of P"

The goal of this sectionis to prove Theorem 5.6, which is our replacemen for
Theorem 2.1 of [MC/I]. Our exposition follows x2 of [MC/I], exceptthat Lemma
2.2is replacedby the contents of the previous section,and the equations(2.6), (2.7)
and (2.8) of [MC/I] are strengthenedto inequalities whenm " in the following
result.

Theorem 5.1. If R(Q)[p] is a Tate summandof ST'(L") andm s mod (C 1)
form land0 s =~ 2 then:

(1) g ns, with equalityi m< 7;
2) g n(C 1)if s=0, with equalityi m=" 1,
B)p 29 2n.

Proof. Recall from Theorem 3.7 that R(q)[p] = L] forb 0,sop= 2q+ b. As
m 1,(1) and (2) imply (3). If m< "~ then SI'(L") = L™ and q= mn by 3.5(a).
This yields the "if' part of (1) and (2@, To prove the ‘onIyPif‘ parts of (113) and (2),
supposethat m > ° and write = m; "', noting that mi > Mo, pmi m
mod (" 1). Wealsohaveq  mj)n+ (* 1)by3.1and3.4.Since m; s,
wehaveq> ns. If s=0then m; °~ 2landwehaveq (n+ 1) 1)

We now turn to the cohomologyof K, » N Ky, in scalar weight one. The
following presenation is ertirely due to Voewodsky and is taken from [MC/I, x2].

Lemma 5.2. The salar weightone part of HP4(K,";Z=") vanishesif g< n" and
r> 1 andalsoif g=n andp< 2n.

Proof. (IMC/l, 2.7 and 2.8]) By 3.10and 3.7 it su ces to consiglerthe mg,nomials
X1 p  Xr wherethe x; arein Hom(S™ (L");R(g)[pi]), with  pi=p, G =g
and m; 1 moqg(‘ 1). In the caseq< n” andr 2 we havem,; [§ 0 by 5.1(2)
and we must have m; °, which is excludedby 5.1(1) asq n m;. When
g= n" and p< 2n’, the vanishing comesfrom 5.1(3).

We now analyze the motivic cohomology H?" *2:" (BK ,;Z="), where BK , is
the simplicial classifying space[r] 7! K. The standard spectral sequencefor the
cohomologyof a simplicial spacewith coe cien ts Z="(n") is

(5.3) E;_;S = s (Kr’;r;Z:‘)) ppresn (BK:Z=Y):

The spectral sequences bounded and convergesfor n > 0 by [MC/I , 2.6], because
E;® = 0forr > . (This isbecausen 1,andK ;" is nr-fold T-connectedby 3.8.)
Using Lemma 5.2, the relevant part of the spectral sequencdooks like this:

0

0 H2+im(K) !
s=2n 0 HZM (K) | HZM(KAK) I HZ" (KAKAK)
s<2n O 0 (nothing in scalarweight one)

The E; pageof the spectral sequencecorvergingto H " (BK,;Z=")
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Recall from [RPO, 3.7]that H?"" (K ,;Z=") = Z=" on the fundamental class .

Lemma 5.4. Forr 2, the saalar weightone sutgroup  of H2"" (K";Z=") is
thefre@,H + (k; Z=")-module geneated by the monomials of the form '~ ~ v
where i, =~ and eachij > 0.

Proof. This is [MC/I , 2.9].

Example55 = '~ + + A  lisanelemen of , H2" (K,A
Kn;Z="). A calculation shavs that is a cyclein E1; formally this follows from
@ )="=( 1+1 ).
Theorem 5.6. Let :H2"lin( :z)1 H21"+2n ( -7=") be a cohomolay oper-
tation suchthat for all x 2 H2"*1:"(X; Z):

(1) (mx)=m (x) forall m2 z;

(2) If x= yfory2H?""(X;Z) then (x)=0.
Then is a multiple of P".

Proof. (Voewodsky) Weregard asan elemen of H2" *2:" (BK,; Z="). Condition
(1) saysthat hasscalarweight one. Condition (2) saysthat , like P",isin the
kernel of the map

RN T2 (BK, Z=) 1 RN (K Z=) = B2 (K Z=)

de ned by the inclusion of K, in BK asthe part of simplicial degreeone. That
is, and P" both lie in the kernel of the edgemap in the spectral sequenceand
belongto the subgroup EZ?" of H2" 20 (BK ,;Z=)).

Voevodsky makesthe following obsenation (at the end of x2 in [MC/l]). By a
formal calculation dueto Lazard in [2, 12.1],the kernel of Ef;zn‘ ! Ef;zn‘ isZ="in
scalar weight one, generatedby the cycle displayedin 5.5. Since P" is nonzero
by [1] and[RPO], it follows that every elemen in the kernel of the edgemap must

be a multiple of P".

Remark 5.6.1 In topology, P" is the mod-" reduction of an integral cohomology
operation H2"*1 ( ;Z) I H?2"*2( ;Z); see[1, Thm 5]. We will seein 6.4 that
Voewodsky's operation \ providessuc a lift for P" on H2"*1n( ;2Z).
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6. The Rost motive

We now considerthe motivic operation  : H2P*1:4( :R) ! H2P*2:4( :R),
constructed by Voevodsky in [MC/I, 3.1{3.2] for any coe cien t ring R containing
1=C 1)! (weusei=" 1)

Prop osition 6.1. If 2 H2S(X;R) and 2 H2P*1:9(X;R) then

v )= v

Proof. This is just Lemma 3.4 of [MC/I ], where and are interpreted as maps
R! R(9)[2rland R! R(g)[2p+ 1] in the triangulated category DM (X;R) for a
smooth simplicial X .

Corollary 6.2. (a) For any x 2 H2P*Ld(X;R) andm 2 R, v(mx)=m v (x).
() If x= yfory2 H®I(X:R) then v (x) = O.

Proof. (IMC/l, 3.5 and 3.6]) The rst assertionis just the case = m, and the
secondis just the case 2 HYO(SY;R) HYO(X S!;R) with the obsenation
that v ( ) = 0 becauseH %°(S*;R) = 0. (SeeExample 0.2.)

Example 6.2.1 Supposethat n = 0. When R = Z, then y =0 becauseS? =
BKoandH29(S!;R) = 0. WhenR = Z=", y isthe Bockstein :H0(X;z=")!
H29(X;Z="). (This wasshawn by Voevodsky in [MC/I, 3.7].) It is well known that
if L = K(Z=";1) is the Lensspacethen ()6 0,where 2 HO(L;Zz=")= z=".
Example 6.2.2 The following argumert, implicit in [MC/l, 3.7], is taken from [9].
If X = (PN)" L andx 2 HZY(PN;Z=") is the generator, then x; Xn 2
H2n+lin (X, Z=") satis es

v (X1 Xn ) = X;L X;w ()
by 6.1, and this is nonzeroif N~ by 6.2.1.

Let v denote the mod-" reduction of , consideredas an operation from
H2p*La( :Z) to H2P *2:9°( ;Z="). Example 6.2.1showsthat y = Owhenn = 0.
Thus the argumert of [MC/l, 3.7], using Example 6.2.2, does not apply to shown
that v 6 0. We substitute the following argumert.

Prop osition 6.3. Foranyn 1, vy is nonzemo on H?2"*1:n( ;Z). That is, there
existsan X andan x 2 H2"*1:n(X:Z) sothat y(x) 6 0in H2""™ (X;Z=).

Proof. It su ces to considerthe casen = 1, by the trick of Example 6.2.2. Let L
be the Lens space,and 2 HYO(L; Z=") asin Example 6.2.1. We saw in 3.2 that
u2 HY¥(Bgm -;Z=") hasv= (u). SetX = L Bgm -, and considerthe elemer
x = ~(u ) of H31(X;Z); the mod-" reductionof xis (u )=v u (). Invoking
6.1, we have

v = vv) v ()=vo () vo();
and this is nonzeroby the Kenneth formula of [RPO]; see3.2 or 3.8.

Corollary 6.4. The cohomolay operations y and P" are non-zero multiples of
each other.

Proof. By 6.3, v is anonzeroelemen of the vector spaceH 2" *2:" (K ,; Z="). By
6.2 and Theorem 5.6, v is a multiple of P".
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Corollary 6.4 is our replacemen for Theorem 3.8 in [MC/I]. We can now follow
the preseration given by Voewvodsky in [MC/I , x5].

Lemma 6.5. There are maps : Zy(X) ! S 1(A) such that the inclusion
X I X factorsin DM as

Ze(X) 1 s YA) S 1Y X

Proof. (Voewodsky [MC/l, 5.11]) Applying Hom(Zy (X); ) to the triangle (1.9)
yields the exact sequence

Hom(Zy (X); A) y Hom(Zy (X);Zy (X)) 3 Hom(Zy (X);LP[1]) = O

(The group on the right vanishessinceit equalsH 2°*12(X;Z) = 0.) Hence factors
asy ; for some 1 :Zy (X)! A. Inductively, we usethe secondtriangle of 1.12
to get

Hom(Zy (X);S'A) 1 Hom(Zy (X);S'" Y(A) 1T Hom(Zy (X);X LP[1]) = o
Again, the group on the right is H22*1: (X ;Z) = 0, sowe seethat there are maps

i ¢ Zy (X) r S'(A) fori < " suchthat ; 1 = u ;. By the construction of u,
yu' = S'y:S'(A) ! X.

Recall that Hom(LY;Zy (X)) = H%(X;Z) by Duality, sothere is a fundamertal
class :L91 Zy (X). SinceZy (X)  Zy (X) = Zy (X), we may view it asa map
from Zy (X) L% Zy (X).

Prop osition 6.6. The composition Zy (X) L9 I Zy(X) ! S 1(A) is not
divisible by ".

r

Proof. (Voewodsky, [MC/I, 5.12])By Lemmal.8, = Q, 1( )isanonzeroelemer
of HP *2:b"(X;7="). SinceQ? = 0, Qn 1( ) = 0. By the de nition of v in terms
of the map s of 1.12, the restriction of y to S (A) is zero. By 6.4, PP also
vanishesthere. Sincethe Q; anticommute wehave Q;( )= Ofori n 2. By the
de nition of Q, ; we have

=Qn1()=Qn o T )= = P
and we have seenthat (S y) ( ) = 0By [MC/l, 4.4], appliedto 6 0 and 6.5,
the mod-" reduction of the map Zy (X) L9! S 1(A) is nonzero.

Because : X! X LP[1]is amap between Tate objects, it is self-dual ( =
LP). It followsthat A= A LP. SinceS'(M ) = (S'M) for every M we
alsohave S'(A) = S'(A) LY. Cf. [MC/l, 5.7]. We write D for the dual map

D :S YA)=S YA) LY ! Zy,(X) LY=2zZ:(X):

Theorem 6.7. The composition D is an isomorphism on the symmetric Rost
motive M = S %(A) (with coe cients Zpyor Z="), and there is an integerc6 0
(mod ) so that the following diagram commutes:

M P M
2 2
. ? ? .
s lyy ys ‘ty
Ry (X) ‘1 Re (X):

In particular, M is a direct summandof Ry (X).
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Proof. This is proven by Voewodsky in [MC/I , 5.15]

Corollary 6.8. WhenR = Z-y, the maps andD makeM = S 1(A) into a
direct summandof Ry (X ), and the following composition is an isomorphism.

M=M LY I Ry(X) LYI=Ry(X) ! M:

Indeed, this is just a restatemert of Theorem 6.7 in the form of axioms 1.3(a,b).
Since axiom 1.3(c) holds by 1.12, M is a Rost motive for a. By Theorem 1.4,
it follows that the norm residue homomorphisms KM (k)=" ! HZ(k; . ") are
isomorphisms, verifying the Bloch-Kato conjecture.
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