
PATCHING THE NORM RESIDUE ISOMORPHISM THEOREM

C. WEIBEL

Abstra ct. We provide a patch to complete the proof of the Voevodsky-Rost
Theorem, that the norm residue map is an isomorphism. (This settles the
motivic Blo ch-Kato conjecture). This patch is designed to be read by experts,
to check that the theorem has indeed been proven.

Intr oduction

The purpose of this paper is to patch up the sketched proof in [MC/l ] of the
\V oevodsky-Rost Theorem" that the norm residuemap K M

n (k)=` � ! H n
�et (k; � 
 n

` )
is an isomorphism, for any prime ` > 2 and for any �eld k such that 1=` 2 k. This
result is sometimescalled the \Blo ch-Kato conjecture."

It is basedupon Voevodsky's 2003preprint [MC/l ]. That preprint gave a proof
modulo three missing results (Lemmas 2.2, 2.3 and Theorem 6.3). The third ingre-
dient, the existenceof a Rost variety for a (de�ned in De�nition 1.1 below), is no
longer a problem. A Rost variety X a was constructed for any a by Markus Rost in
his 1998 \Chain Lemma" preprint [7]; the proof that X a satis�es theseproperties
was published in [10].

The main innovation is that we consider integral to modular cohomologyoper-
ations from H 2n;n (X ; Z) to H p;q (X ; Z=`) in order to provide substitutes for the
two missing lemmas 2.2 and 2.3 (see5.1 and 3.10 below). Our substitute for 2.2
is inspired by the theorem of Henri Cartan [1] that in ordinary topology all such
operations � (x) are polynomials in the standard Steenrod operations P I ( �x), where
(in the notation of [9]) I = (� 0; s1; :::; sk ) is admissible(so sk � 1 and � k = 0).

We will be interested in the LefschetzmotivesL n
R = Rtr (An =An � 0), and in the

underlying pointed spacesK n = uLn
Z which represent integral motivic cohomology

in the sensethat H 2n;n (X ; Z) = HomDM (Ztr X ; Ln ) �= [X + ; K n ]. To explain the
notation, recall that there is a functor Rtr from the Morel-Voevodsky A1-homotopy
category of pointed spaces(of [5]) to the triangulated category DM e� (R), which is
left adjoint to the underlying (forgetful) functor u. (See[3], [16] or [6] for example.)
This is the viewpoint presented in [RPO, 2.1].

It follows that the set of (unstable) cohomologyoperations � from H 2n;n (� ; Z)
to H p;q (� ; R) is in 1{1 correspondencewith the elements of the group ~H p;q (K n ; R).
(All cohomologyoperations � satisfy � (0) = 0, from naturalit y in X + ! � .)

Example 0.1. When a = 0, K 0 is the wedgeof copiesof S0 indexedby Z � 0. Hence
cohomologyoperations � : H 0;0(X ; Z) ! H p;q (� ; R) correspond to elements f � j g
of H p;q (

W
S0; R) =

Q
j 6=0 H p;q (k; R). If X is connected, then � : Z ! H p;q !

H p;q (X ; R) is � (j ) = � j .
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2 C. WEIBEL

More precisely, (Rtr ; u) is an adjunction between (simplicial) pointed radditiv e
functors and (positive chain complexesof) presheaveswith transfers. It is a Quillen
adjunction with respect to both the local and A1-local closedmodel structures. In
particular, Rtr preservesco�brations and u preserves �brations. Applying this to
the simplicial suspension sequenceV ! cone(V ) ! � V , we seethat R tr (� V ) '
Rtr (V )[1], and that u(M [1]) ' B (uM ). In particular, u(L a [1]) ' B K a.
Example 0.2. The Eilenberg-MacLane space (simplicial set) K (A; n) represents
H n; 0(� ; A). Thus cohomology operations from H n; 0(� ; A) to H p;q (� ; R) corre-
spond to elements of ~H p;q (K (A; n); R). In particular, motivic cohomologyopera-
tions H n; 0(� ; A) ! H p;0(� ; R) are the sameasthe usual (unstable) topological co-
homologyoperationsdescribed for examplein [1]. A usefulcaseis n = 1 and A = Z;
since K (Z; 1) = S1 there are no cohomologyoperations H 1;0(� ; Z) ! H p;0(� ; R)
for p 6= 0.

Ac kno wledgemen ts. This paper grew out of an attempt to understand how Vo-
evodsky's preprints [MC/l ] and [V-06] �t together. I am greatly indebted to Vo-
evodsky for numerousdiscussionsabout this work, and about [V-06].

Finally, I would like to thank the Institute for AdvancedStudy for allowing me
to present these results in a seminar during the academicyear 2006{7, and Pierre
Deligne for his continued interest and encouragement.

Notation The integer n and the prime ` > 2 will be �xed. We will work over
a �xed �eld k in which ` is invertible. The integer d will always be `n � 1 � 1 and b
will always be d=(` � 1) = 1 + � � � + `n � 2.

We �x the sequenceof units a = (a1; : : : ; an ), and X a will always denote a
d-dimensional Rost variety relative to a, satisfying Axioms 1.3.

We will work in the triangulated category of motives DM e� described in [4],
usually inside the full subcategorygeneratedby simplicial presheaveswith transfers.
The Lefschetz motive is L = Z(1)[2]. Unless explicitly stated otherwise, motivic
cohomologywill always be taken with coe�cien ts Z ( ` ) . The notation H p;q

�et (� ) refers
to the �etale motivic cohomologyH p

�et (� ; Z( ` ) (q)) de�ned in [4, 10.1].
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1. The outer shell of the pr oof

We begin by setting the scenefor the later sections. The material in this section
is largely taken from [17]. We will inductiv ely assumethat the norm residuemaps
K M

i (L )=` ! H i
�et (L; � 
 i

` ) are isomorphismsfor i < n and all �elds L containing 1=`.
From now on, k will denote a �eld of characteristic zero, and a = f a1; :::; an g will
be a nonzeroelement of K M

n (k)=`.
Recall [10, 1.20] that a � n � 1-variety over a �eld k is a smooth projective vari-

ety X of dimension d = `n � 1 � 1, with degsd(X ) 6� 0 (mod `2). Here sd(X ) is
the characteristic classof the tangent bundle TX corresponding to the symmetric
polynomial

P
td
j in the Chern roots t j of TX ; see[RPO, 14.3].

De�nition 1.1. A Rost variety for a sequencea = (a1; :::; an ) of units in k is a
� n � 1-variety X = X a such that: f a1; :::; an g vanishes in K M

n (k(X ))=`; for each
i < n there is a � i -variety mapping to X ; and the motivic homology sequence

(1.2) H � 1;� 1(X 2)
� �

0 � � �
1� � � � ! H � 1;� 1(X ) ! H � 1;� 1(k) (= k � ):

is exact. As mentioned above, Rost varieties exist for every a by [7] and [10].

Let X denote the simplicial �Cech scheme �C(X a) : p 7! X p+1
a ; see[MC/2 , 9.1].

By abuseof notation, we will regard X asa chain complex, and henceasan element
of DM e� (k; Z( ` ) ). We set b = d=(` � 1) = 1 + ` + � � � + `n � 2.

De�nition 1.3. A Rost motive for a is a motive M satisfying the following axioms:
(a) M is a direct summand of a Rost variety X a , de�ned over Z( ` ) .
(b) The evident dualit y map M � 
 Ld � ! M is an isomorphism.
(c) There is a motive D , related to the structure map y : M ! X and its dual

Dy by two distinguished triangles:

D 
 Lb ! M
y

� ! X ! ;(1.3.1)

X 
 Ld D y
� ! M ! D ! :(1.3.2)

Given (1.3.1), triangle (1.3.2) is equivalent to the dualit y D � 
 Ld� b �= D .

When ` = 2, triangle (1.3.1) was constructed in [MC/2 , 4.4] using D = X, and
(1.3.2) is its dual; axioms 1.3(a{b) hold by a result of Rost (cited as [MC/2 , 4.3]).

The following theorem, which summarizesthe contents of section 6 of [MC/l ],
was the main theorem in my 2006preprint [17].

Theorem 1.4. Let n and ` be such that the norm residuesmapsare isomorphisms
for all i < n. Supposethat a Rost motive exists for every a in K M

n (k)=`.
Then the norm residuemap K M

n (k)=` ! H n
�et (k; � 
 n

` ) is an isomorphism.

In the rest of this section we de�ne a candidate for a Rost motive, following
Voevodsky [MC/l], which we shall dub the \symmetric Rost motive" (see1.13). As
observed in [MC/l, 6.6], it follows from [MC/2 , 6.9(1)] that:

(1.5) H p;q (� X; Z=`) = 0 when (p;q) is in the region q < n; p � 1 + q:

Lemma 1.6. If X is the simplicial �Cech schemeof a � � n � 1-variety, then for all
i < n the Margulis homology sequence is exact:

� � �
Q i� ! H p;q (� X; Z=`)

Q i� ! � � � :

Proof. This is proven in [MC/2 , 3.2]. The proof is repeated in [MC/l, 4.3]. �
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Lemma 1.7. The motivic cohomology groups H � ;� (� X; Z) haveexponent `.

Lemma 1.7 is implicit in [MC/2 , 9.3], and is proven in [17, 2.3], using [10]. It
implies that the integral cohomologyH p;q (� X; Z) may be identi�ed with the kernel
of the Bockstein � : H p;q (� X; Z=`) ! H p+1 ;q(� X; Z=`).

Wenow considerthe cohomologyoperation Qi , which hasbidegree(2` i � 1; ` i � 1).
SinceQi anticommutes with � , it follows that Qi sendsthe subgroup H � ;� (� X; Z)
of H � ;� (� X; Z=`) to itself. (This was observed in [MC/2 , 7.2].)

Lemma 1.8. The operations Q = Qn � 2 � � � Q0 : H n;n � 1(X; Z=`) ! H 2b+1 ;b(X; Z=`)
and Qn � 1 : H 2b+1 ;b(X; Z=`) ! H 2b`+2 ;b` +1 (X; Z=`) are injections.

Proof. (Voevodsky) Using Lemma 1.6 and (1.5), it is routine to check that Q0 = �
is injective on H n +1 ;n � 1(� X; Z=`), and Qi is injective on the group H p;q (� X; Z=`)
containing Qi � 1 � � � Q0H n +1 ;n � 1(� X; Z=`) when i < n, becausethe precedingterm
in 1.6 is zero by (1.5). SinceH p;q (X) �= H p+1 ;q (� X) for p > q, we are done. �

If a 6= 0 in K M
n (k)=`, Voevodsky shows in [MC/l , 6.5] that its norm residue

symbol in H n
�et (k; � 
 n

` ) lifts to a nonzero element � 2 H n;n � 1(X; Z=`). It follows
from 1.8 and 1.7 that � (� ) 2 H n +1 ;n � 1(X; Z) and � = Q(� ) 2 H 2b+1 ;b(X; Z) are
nonzero. Regarding � as a morphism in DM from Rtr (X) to Rtr (X)(b)[2b+ 1] =
Rtr (X) 
 Lb[1], we de�ne the motive A associated to a by the distinguished triangle

(1.9) X 
 Lb x� ! A
y

� ! Rtr (X)
�

� ! Rtr (X) 
 Lb[1]:

We now supposethat R is either Z( ` ) or Z=`, so that (` � 1)! is invertible in R.

De�nition 1.10. If m < `, the symmetrizing idempotent e =
P

f � 2 � m g=m! of
R[� m ] acts on M 
 m for each object M of DM , and we set Sm (M ) = e � M 
 m .

For each (p;q), Voevodsky constructs a motivic cohomologyoperation � V from
H 2p+1 ;q(� ; R) to H 2p` +2 ;q` (� ; R) in [MC/l, 3.1{3.2] (we usem = ` � 1). In partic-
ular, the element � V (� ) is computed from (1.9) as follows. Consider the transfer
map associated to � m � 1 � � m acting on A 
 m (see[15, 6.7.16]):

(1.11) Sm (A) ! Sm � 1(A) 
 A; (a1 
 � � � ) 7!
X

(� � � 
 âj 
 � � � ) 
 aj :

Composingwith 1
 y givesa map u : Sm (A) ! Sm � 1(A). Composing1
 x with the
corestriction map Sm � 1(A) 
 A ! Sm (A) givesa map v : Sm � 1(A) 
 Lb ! Sm (A).
Voevodsky usesthe slice �ltration to prove the following result in [MC/l, 3.1].

Lemma 1.12. For m < `, there exist unique morphisms r and s �tting into dis-
tinguished triangles:

Rtr (X) 
 Ld Sm x� ! Sm (A) u� ! Sm � 1(A) r� ! Rtr (X) 
 Ld [1]

Sm � 1(A) 
 Lb v� ! Sm (A)
Sm y
� ! Rtr (X) s� ! Sm � 1(A) 
 Lb[1]:

By 1.12,S` � 1(A) satis�es axiom 1.3(c), with D = S` � 2(A). The point of [MC/l ],
and of this paper, is that S` � 1(A) is a Rost motive in the senseof 1.3, so that
Theorem 1.4 applies to prove the Voevodsky-Rost Theorem. This motivates:

De�nition 1.13. The symmetric Rost motive associated to a is de�ned to be the
symmetric product S` � 1(A) of A.
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2. Symmetric Pr oducts

If X is a normal quasiprojectivevariety over k, the symmetric products Sm (X ) =
X m =� m are also normal. Thus Sm is a functor from the category Norm of normal
quasiprojective varieties to itself. (If X 6= ; , then S0(X ) = Spec(k).) We have:

(2.1) Sm (X q Y ) = q Si (X ) � Sj (Y ):

Since Rtr (X ) makes sensefor any scheme X of �nite type ([4, 2.11]), it makes
senseto write Sm

tr Rtr (X ) for Rtr (Sm X ). Thus Sm
tr Rtr is a functor from Norm to

presheaves with transfers. If X is a simplicial object in Norm, we de�ne Sm (X )
and Sm

tr Rtr (X ) degreewise.
It is easyto seethat Sm

tr Rtr extends to �nite correspondencesbetweenobjects.
It also respects A1-local equivalences. If (` � 1)! is invertible in R and i < `, a
transfer argument for X i ! Si (X ) shows that Si

tr Rtr (X ) is the symmetric power
Si (Rtr (X )) = e � Rtr (X ) 
 i of 1.10.

Lemma 2.2. If M = Rtr (X ) and N = Rtr (Y ) for normal X and Y, we have

Sm
tr (M � N ) �= � i + j = m Si

tr (M ) 
 Sj
tr (N ):

Proof. This is immediate from (2.1). �

If V is based,there is a canonicalmap Sm � 1(V ) ! Sm (V ), and we write S1 (V )
for the colimit of the Sm (V ). When the basepoints are disjoint, the �ltration by
the Sm (V ) splits, and the �ltration of Sm

tr Rtr (V ) splits naturally , as we now show.
We write X + for the disjoint union of X and a basepoint � = Spec(k), considered

as a basedspace. Then the decomposition Sm (X + ) = q m
i =0 Si X of (2.1) yields a

split sequenceof pointed spaces

(2.3) Sm � 1(X + ) ! Sm (X + ) ! ~Sm (X + );

where ~Sm is the functor ~Sm (X + ) = (Sm X )+ on Norm+ . By naturalit y, (2.3)
extends to a degreewisesplit sequenceof simplicial objects in Norm+ .

As X + is a basedspace,Rtr (X + ) = Rtr (X q � )=R = Rtr (X ) is well de�ned and
we have Sm

tr Rtr (X + ) = Sm
tr Rtr (X ) = Rtr (Sm X ) = Rtr ( ~Sm (X + )).

Lemma 2.4. Applying Rtr to (2.3) yields a naturally split exact sequence for every
V = X + in Norm+ :

0 ! Rtr Sm � 1(V ) ! Rtr Sm (V ) ! Sm
tr Rtr (V ) ! 0:

Proof. By (2.3), the sequenceis split exact asa functor of X . To split it functorially
in X + , we have to consider maps like (X q Y )+ ! X + . Recall that, as in (1.11),
for each X and i < m the transfer maps for Si (X ) � X m � i ! Sm (X ) and the
structure map � X : X ! � induce maps Rtr Sm (X ) ! Rtr Si (X ).

The alternating sum (over i ) of the transfer maps de�nes a map

Rtr ~Sm (X + ) = Rtr Sm (X ) ! � m
i =1 Si

tr Rtr (X ) = Sm
tr Rtr (X + ):

We claim that this map is natural in X + . To see this, it su�ces to consider
(X q Y )+ ! X + arising from � Y , and show that for j > 0 and a < i the composition
from the summandSi

tr Rtr (X ) 
 Sj
tr Rtr (Y ) of Rtr Sm (X q Y) to Sa

tr Rtr (X ) is zero.
This composition factors through Sa

tr Rtr (X ) 
 Sb
tr Rtr (Y ) for b = 0; :::; j , and the

result follows from
P j

b=0 (� 1)b
� j

b

�
= 0. �
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SinceRtr S0(V ) = 0, it follows from 2.4 that for any simplicial object V of Norm+

we have a natural isomorphism

(2.5) Rtr (S1 V ) �= � 1
i =1 Rtr ( ~Si V ) = � 1

i =1 Si
tr Rtr (V ):

Theorem 2.6. Let V be a simplicial object of Norm+ such that the simplicial sets
Hom(X ; V) are connected for all X . Then the morphism S1 (V ) ! uZtr (V ) is a
global weak equivalence

Example 0.1 shows that the connectedhypothesis is crucial in Theorem 2.6.

Proof. This follows easily from [11, 6.8], which says that uZ tr (V )e� �= S1 (V ) is an
isomorphism of (simplicial) presheaves, together with the fact that S1 (V ), being
a connectedsimplicial H -space,has a homotopy inverse. �

Corollary 2.7. For n � 1, Rtr (K n ) �=
1L

i =1
Si

tr (Ln ), and Rtr (B K n ) �=
1L

i =1
Si

tr (Ln [1]).

Proof. For V = An =(An � 0) we have Ln = Ztr (V ) and K n = uLn = uZtr (V ),
so Rtr (K n ) ' Rtr S1 (V ) by 2.6. Similarly, B K n = u(Ln [1]) = uZtr (� V ) so
Rtr (B K n ) ' Rtr S1 (� V ). Now use(2.5). �

Example 2.8. The i -th power operation x 7! x i from H 2n;n (X ; Z) to H 2ni;ni (X ; Z)
(and thenceto H 2ni;ni (X ; R)) hasa natural interpretation in terms of this structure.
In particular, if i < ` then Si

tr (Ln ) �= Lni by 1.10and [4, 15.8], and the power map
corresponds to the generator of Hom(Si

tr (Ln ); Lni ) = Z.
Consider the diagonal V ! V i ! Si (V ) for V = An =(An � 0); applying Ztr

yields the motivic power map L n ! Lni (see[4, 3.11]), and the symmetrizing map
Lni ! Si

tr (Ln ). Applying u to Ln ! Lni yields the map K n ! K ni representing
the power map, and the adjoint of this may be identi�ed with the map S1

tr (Ln ) !
Si

tr (Ln ) ! Lni by 2.7.

Corollary 2.9. Cohomology operations � : H 2n;n (� ; Z) ! H p;q (� ; R) are in 1{1
correspondence with elementsof

H p;q (K n ; R) �= HomDM (� 1
1 Si

tr (Ln ); R(q)[p]) =
1Y

i =1

HomDM (Si
tr (Ln ); R(q)[p]):

Example 2.9.1. We will seein Theorem 3.4 and 3.7.1 that (Z=`) tr (K n ) is a sum of
Tate motives,and that the only summandsof weight < n + ` are L n + ` � 1, Ln + ` � 1[1]
and the Si

tr Ln = Lni for i < 1 + `=n. It is easy to seefrom 2.8 and [RPO] that
thesecorrespond to the cohomologyoperations sendingx to P 1( �x), � P 1( �x) and �x i .
Corollary 2.10. Cohomology operations � : H 2;1(� ; Z) ! H p;q (� ; R) are in 1{1
correspondence with homogeneous polynomials f (t) =

P
i> 0 ai t i of bidegree (p;q)

in H � ;� (k; R)[t], where t has bidegree (2; 1). The operation corresponding to f is
� (x) =

P
ai �x i .

Proof. It is well known that Rtr (P1) �= R � L1 and Si P1 �= Pi . Using Lemma 2.2,
we obtain Si

tr (L1) �= L i . By 2.9, the classifying spaceK 1 = uL1 has cohomology:

H p;q (K 1; R) =
1Y

i =1

HomDM (L i ; R(q)[p]) =
1Y

i =1

H p� 2i;q � i (k; R):

In fact, K 1 ' P1 by [5, 3.8]. The needfor a0 = 0 follows from � (0) = 0. �
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3. Contents of \Opera tions I I"

This section is devoted to an expos�e of those results in [V-06] that we shall need
in order to establish the K •unneth formula 3.10 for H � ;� (K n ^ � � � ^ K n ; R). These
are: a description (in 3.1) of Sm

tr in terms of S`
tr ; a description (in 3.4) of S`

tr (Ln ),
and the structure theorem 3.7 that each Sm

tr (Ln ) is a sum of proper Tate motives.
Let G be any subgroup of the symmetric group � m , and H any subgroup of � n .

We set SG (X ) = X m =G and SG
tr Rtr (X + ) = Rtr (SG (X + )). The usual embedding

� m � � n � � m + n induces

SG� H (X + ) = SG (X + ) � SH (X + ) and SG� H
tr (M ) = SG

tr (M ) 
 SH
tr (M );

where M = Rtr (X + ). Similarly, the wreath product

G oH = Gn o H � � mn

acts on f 1; : : : ; mng by decomposing the set into n blocks of m elements, with H
permuting the blocks and G acting inside the blocks. It is easyto seethat

SH (SG (X + )) = SGoH (X + ):

Using the `-adic expansionm = m0 + m1` + � � � + mr ` r with 0 � m i < `, it is
well known and easyto verify that the group

(3.0a) G = � m 0 � (� m 1 o� ` ) � (� m 0 o� m 0 o� m 0 ) � � � � � (� m 0 � � or
m 0

)

contains a Sylow `-subgroup of � m . By the above remarks, if M = Rtr (V ) then
SG

tr (M ) equals:

(3.0b) Sm 0
tr (M ) 
 Sm 1

tr (S`
tr (M )) 
 Sm 2

tr (S`
tr (S`

tr (M ))) 
 � � � 
 Sm r
tr ((S`

tr )r (M )) :

Prop osition 3.1. If R is Z( ` ) or Z=`, and M = Rtr (V ) for a simplicial based V ,
then Sm

tr (M ) is a direct summandof the SG
tr (M ) displayed in (3.0b).

Proof. (Voevodsky) The display is just SG
tr (M ), and SG (V ) = V m =G is a rami�ed

covering of Sm (V ) = V m =� m of degree[� m : G] prime to `. Its inverseis a �nite
correspondence,and the composition is multiplication by [� m : G] on Sm

tr (V ). �

3.2. Let C be the cyclic group Z=`, set A = Aut (C) = (Z=`) � and identify G =
C o A with the a�ne subgroup of � ` . Since [� ` : G] = (` � 2)!, standard transfer
arguments show that S`

tr (Ln ) is a summandof SG
tr (Ln ), which in turn is (SC

tr (Ln ))A .
We brie
y recall the computation of H � ;� (Bgm � ` ) and H � ;� (Bgm � ` ) in [RPO,

x6]. Suppose that k has `-th roots of unit y, so that we may identify C with the
algebraic group � ` . In [RPO, 6.10], Voevodsky showed that (for odd `):

H � ;� (Bgm � ` ; R) �= H � ;� [[u; v]]=(u2); v = � (u);

whereH � ;� denotesH � ;� (k; R) and u and v have bidegrees(1; 1) and (2; 1), respec-
tiv ely. The group A acts by algebramaps,and a 2 A satis�es: a�u = au, a� v = av;
see[RPO, 6.11]. Thus for c = uv` � 2 and d = � v` � 1 we have:

H � ;� (Bgm G; R) �= H � ;� (Bgm � ` ; R)A �= H � ;� [[c;d]]=(c2); d = � (c):

By [RPO, 6.13-6.14],c and d lift to H � ;� (Bgm � ; R). This implies that the canonical
map H � ;� (Bgm � ; R) ! H � ;� (Bgm G; R) = H � ;� (Bgm C; R)A is an isomorphism.

The following two theorems should be compared to the formulas announcedin
the 1996preprint [13, 3.4.4{3.4.6].
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Theorem 3.3. When R = Z=` and n > 0, SG
tr (Ln ) is A1-equivalent to

Ln` �
n � 1M

i =1

�
Ln + i ( ` � 1) � Ln + i ( ` � 1) [1]

	
:

Proof. This is proven by Voevodsky in [V-06, 4.5]. Voevodsky �rst provesin [V-06,
7.1] that SC

tr (Ln ) �= Ln 
 Rtr (V � 0)=C[1], where V is the direct sum of n copiesof
the reducedregular representation of C.

The map (V � 0)=C ! Bgm � ` of [5, x4.2] induces a map from H � ;� (Bgm � ` ; R)
to H � ;� ((V � 0)=C; R); by [RPO, 6.1], it is an isomorphism in cohomologyup to
n(` � 1). Voevodsky proves in [V-06, 7.5] that Rtr (V � 0=C) is a sum of Tate
motiveswith u and v corresponding to L and L[� 1], so that:

H � ;� ((V � 0)=C; R) = H � ;� [u; v]=(u2; vn (` � 1) ):

It follows that H � ;� ((V � 0)=G;R) = H � ;� [c;d]=(c2; dn ). Translating this into mo-
tivic languageprovesthat Rtr (V � 0=G) is the sum of the L i ( ` � 1) [� 1] and L i ( ` � 1) ,
and the theorem follows. �

By 2.10, Si
tr (L1) �= Lni . This is the casen = 1 of the following calculation.

Theorem 3.4. When R = Z=` and n > 0, the natural map SG
tr (Ln ) ! S`

tr (Ln ) is
an isomorphism. Thus S`

tr (Ln ) is given by the display in Theorem 3.3.

Proof. By the usual transfer argument, S`
tr (Ln ) is a direct summand of SG

tr (Ln ).
Since the category of proper Tate motives is idempotent complete, it su�ces to
show that there is an isomorphism in motivic cohomology.

The quotient map (V � 0)=� ` ! Bgm � ` inducesa map from H � ;� (B � ` ) to the
cohomologyof (V � 0)=� ` , �tting into the commutativ e diagram:.

H � ;� (Bgm � ` ; R) �! H � ;� (V � 0)=� ` ; R) �! Hom(S`
tr (Ln ); R(� )[� ] 
 Ln [� 1])

�=

?
?
y

?
?
y in to

?
?
y in to

H � ;� (Bgm G; R) onto� � �! H � ;� (V � 0)=G;R)
�=�! Hom(SG

tr (Ln ); R(� )[� ] 
 Ln [� 1]):

The left vertical map is an isomorphism by 3.2. We saw that the bottom map is a
surjection in the proof of Theorem 3.3. Sincethe right vertical maps are injections
by a transfer argument, they are isomorphismsby a diagram chase. �

Remark 3.4.1. A di�eren t proof of 3.4 is given in the 2007 versionsof [V-06]; it
su�ces to check that the composite SG

tr (Ln ) ! S� `
tr (Ln ) ! SG

tr (Ln ) is an isomor-
phism.

The following result is proven by Voevodsy in [V-06, 3.13{3.17], using the �l-
tration of Sm

tr for the cone of a map. Part (a) is immediate from Si (Rtr (X )) =
e � Rtr (X i ).
Prop osition 3.5. Let T be a motive for which the switch involution � on T 
 T is
� 1. Then (a) for i < ` the projection � : T 
 i ! Si

tr (T ) of 1.10 is an isomorphism
for � = +1 and zero for � = � 1;
(b) for ` > 2 there is an distinguished triangle:

T 
 ` [1]
� [1]
� ! S`

tr (T )[1] ! S`
tr (T [1]) ! T 
 ` [2]; � = +1 ;

T 
 ` [` � 1] ! S`
tr (T )[1] ! S`

tr (T [1]) ! T 
 ` [` ]; � = � 1:
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Now there is a topological realization functor, sending An =An � 0 to the based
sphereS2n , La [b] to ~C� (S2a+ b; R) and Sm

tr (La [b]) to ~C� ( ~Sm (S2a+ b); R). Thus we
can refer to topology to calculate the maps in 3.5.

Example 3.5.1. When T = R = Z=`, the map � : R ! R is an isomorphism and
we get S`

tr (R[1]) = 0, and henceS`
tr (R[2]) �= R[2`]. These re
ect the cohomology

of the topological spacesS1 = K (Z; 1) and B S1 = K (Z; 2). Comparison with the
cohomologyof the Eilenberg Mac Lane spacesK (Z; n), described in [1], shows that
for higher b the maps � are zero. This yields the inductiv e formula for S`

tr (R[b]):

S`
tr (R[b]) =

( L (b� 1)=2
i =1 R[b+ 2i (` � 1)] 
 (R � R[1]); b odd;

R[b`] �
L b=2� 1

i =1 R[b+ 2i (` � 1)] 
 (R � R[1]); b even:

Thus the canonicalmap S`
tr (R[b])[1] ! S`

tr (R[b+ 1]) is a split injection for all b 6= 0
(and the zero map for b = 0). Note that the singular cohomology ~H � ( ~S` (Sb); R)
can be read o� from this formula using Hom(S`

tr (R[b]); R[� ]).
It is instructiv e to associate the terms in S`

tr (R[b]) with the topological Steenrod
operations P i and � P i (i < b=2) of [1] and [9].

Corollary 3.6. When R = Z=` and a > 0, S`
tr (La [b])[1] ! S`

tr (La [b+ 1]) is a split
injection for all b, and we have:

S`
tr (La [1]) =

M a

i =1

�
La+ i ( ` � 1) [1] � La+ i ( ` � 1) [2]

	
;

S`
tr (La [b]) = S`

tr (La [1])[b� 1] �
M k

i =1

�
La` [2i` + 1] � La` [2i` + 2]

	
; b = 2k + 1;

S`
tr (La [b]) = S`

tr (La [b� 1])[1] � La` [b`]; b � 2 even.

Proof. Set T = La [b] for a > 0. We will assumethe result is true for T and prove
that it is true for T [1] using the triangles in 3.5(b). When b is odd, any map
T 
 ` [` � 1] ! S`

tr (T )[1] is zero for weight reasons,and hencethe secondtriangle in
3.5 splits. This reducesus to the caseof even b � 0.

When b is even, we claim that the map � is zero in the �rst sequenceof 3.5(b),
so the sequencesplits. The initial caseS`

tr (La [1]) as well as the inductiv e case
S`

tr (La [b+ 1]) will then follow from Theorem 3.3. Using the topological realization
functor, this claim follows from the description of H � ( ~S` (Sn ); Z=`) in 3.5.1. �

Here is the main theorem of [V-06], which was originally stated in [13, 3.4.1].
By a proper Tate motive we mean a direct sum of motives of the form L a [b] with
a � 0 and b � 0. When R is a �eld, the full subcategory of proper Tate motives is
idempotent complete.

Theorem 3.7. When R = Z=`, S1
tr (Ln ) = Rtr (K n ) is a proper Tate motive. There

are only �nitely many summandsL a [bi ] of any �xed weight a.

Proof. Combine 2.9, 3.1 and 3.6 with idempotent completion. �

Remark 3.7.1. It also follows from 3.6 that the terms of smallestweight in S1
tr (La )

are the Lai , La+( ` � 1) and La+( ` � 1) [1].
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Theorem 3.8. (Pure K•unneth formula) Suppose that X and Y are pointed sim-
plicial schemessuch that Rtr (Y ) is a direct sum of motives R(q� )[p� ], and that for
each q there are only �nitely many � with q� = q. Then the K•unneth homomor-
phism is an isomorphism:

H � ;� (X ; R) 
 H � ; � (k ;R ) H � ;� (Y; R) ! H � ;� (X � Y; R):

It induces ~H � ;� (X ; R) 
 ~H � ;� (Y; R) �= ~H � ;� (X ^ Y; R):

Proof. By assumption, we have Rtr (X � Y) �= � Rtr (X )(q� )[p� ] and hence

H n;i (X � Y; R) �=
Y

HomDM (Rtr (X )(q� )[p� ]; R(i )[n]):

The terms with q� > i are summandsof H � ;0(X � Aq� � i =(Aq� � i � 0); R) by the
Cancellation Theorem [4, 16.25], and they vanish by [RPO, 3.5]. This leaves the
�nitely many terms with q� � i which, by Cancellation, are:

H n � p� ;i � q� (X ; R):

The caseX = Spec(k) shows that H � ;� (Y; R) is a free graded H � ;� (k; R)-module
with generatorsin bidegrees(p� ; q� ), and the result follows. �

Corollary 3.9. If 1=m! 2 R, then H � ;� (Sm (Y ); R) �= Symm H � ;� (Y; R) for every
Y such that Rtr (Y ) is a sum of Tate motives.

Proof. By 3.8, the K •unneth map H � ;� (Y; R) 
 � � � 
 H � ;� (Y; R)
�

� ! H � ;� (Y m ; R)
is an isomorphism of free H � ;� (k; R)-modules. The symmetric group acts on both
sides,and the K •unneth map is equivariant, so the symmetric parts are equal. The
symmetric part of H 
 m is Symm (H ), whencethe result. �

The following result replacesthe unproven \Lemma 2.3" in [MC/l].

Prop osition 3.10. The K•unneth homomorphismsfor R = Z=` and p > 0,

H � ;� (K a ; Z=`) 
 H � ; � (k ) � � � 
 H � ; � (k ) H � ;� (K a ; Z=`) ! H � ;� (K p
a ; Z=`);

are isomorphisms. Hence ~H � ;� (K a ; Z=`)
 � � � 
 ~H � ;� (K a ; Z=`) �= ~H � ;� (K ^ p
a ; Z=`).

Proof. By Theorem 3.7, Rtr (K n ) is a proper Tate motive, so 3.8 applies. �

Remark 3.10.1. This was originally announced(in 1996) for K a=` in [13, 3.15].

4. Scalar weight

The goal of this section is to prove Theorem 4.2, which is our replacement for
Lemma 2.2of [MC/l]. It is basedupon the notion of the scalar weightof an integral-
to-modular cohomologyoperation.

The monoid (Z; � ) acts (via multiplication by scalars)on any abelian group and
more generally on any presheafF of simplicial abelian groups (such asZ(q)[p]) and
henceon its underlying presheafof simplicial sets uF . In particular, this monoid
acts on K n = uLn and B K n = uLn [1]. The induced action on motivic cohomology
groups such as H 2n;n (X ; Z) = [X + ; K n ] is just addition. We will be interested in
the action on the cohomology operations represented by the groups H p;q (K n ; R)
and H p;q (B K n ; R). Note that if � 2 H 2n;n (X ; Z) then (� � m)( � ) = � (m� ).
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De�nition 4.1. An element � 2 H � ;� (K n ; Z=`) hasscalar weight s (0 � s < ` � 1)
if � � m = ms� for all integers m. Such a � has � � ` = 0, and � � m = � � m0 if
m � m0 (mod `). HenceZ=`� acts on the elements which have scalar weight s.

Example 4.1.1. A cohomologyoperation � : H 0;0(� Z) ! H p;q (� ; R) is represented
by a sequence(� j ) in R; seeExample 0.1. The cohomology operation � � m is
represented by the sequence(� mj ). Most of thesehave no scalar weight.
Example 4.1.2. Any cohomologyoperation H 2;1(� Z) ! H p;q (� ; R) is represented
by a homogeneouspolynomial

P
am tm of bidegree (p;q) by Example 2.10. The

operation � (x) = axm , corresponding to the monomial atm , has scalar weight m
modulo (` � 1).
Example 4.1.3. Any stable cohomologyoperation, such as P I or � , is additiv e by
[RPO, 2.9], so it hasscalarweight one. If � i hasscalarweight si then the monomial
x 7! � 1(x) � � � � m (x) has scalar weight

P
si modulo (` � 1).

Example 4.1.4. The cohomologyoperation � V : H 2a+1 ;b(� ; R) ! H 2a` +1 ;b` (� ; R)
constructed in [MC/l, x3] has scalar weight one, becauseit satis�es (� � m) = m ` �
by [MC/l, 3.5]. (SeeCorollary 6.2 below.)

Recall from 2.9 that cohomology operations on H 2n;n (� ; Z) are sums of op-
erations corresponding to elements of Hom(Sm

tr (Ln ); Z=`(� )[� ]), arising from the
decomposition Rtr (K n ) �= � Sm

tr (Ln ) in (2.5).

Theorem 4.2. The cohomology operations H 2n;n (� ; Z) ! H � ;� (� ; Z=`) corre-
sponding to elementsof Hom(Sm

tr (Ln ); Z=`(� )[� ]) havescalar weightm mod (` � 1).

The proof of Theorem 4.2 will occupy the rest of this section. We �rst dispose
of the casesm � `.
Example 4.2.1. The cohomologyoperation corresponding to a 2 H p� 2n;q � n (k; R) =
Hom(S1

tr (Ln ); R(q)[p]) is x 7! ax. This is additiv e, and so has scalar weight one.
Similarly, if 1 < m < ` then it follows from Example 2.8 and 3.5(a) that the
cohomologyoperation corresponding to a 2 H � ;� (k; R) = Hom(Sm

tr (Ln ); R(� )[� ]) is
x 7! axm ; thesehave scalar weight m.

Prop osition 4.3. The cohomology operations � : H 2n;n (� ; Z) ! H p;q (� ; Z=`)
corresponding to elementsof Hom(S`

tr (Ln ); Z=`(q)[p]) are additive. Hence they have
scalar weight one.

Proof. Set T = Z=`(q)[p]. By 3.6, the map S`
tr (Ln )[1] ! S`

tr (Ln [1]) is a split
injection, so Hom(S`

tr (Ln [1]); T [1]) ! Hom(S`
tr (Ln ); T ) is onto. Hence � lifts to

a cohomology operation � 1 : H 2n +1 ;n (� ; Z) ! H p+1 ;q(� ; Z=`), in the sensethat
the suspension � � (x) is � 1(� x). If x; y 2 H 2n;n (X ; Z) then by [RPO, 2.9], the
cohomologyoperation � 1 is additiv e on H 2n +1 ;n (� X ; Z), so:

� � (x + y) = � 1(�( x + y) = � 1(� x + � y)) = � 1(� x) + � 1(� y) = � � (x) + � � (y):

Sincethe suspension � is an isomorphism of groups, we are done. �

Continuing the proof of Theorem 4.2, we next show that operations coming from
Sm

tr (Ln ) may be factored using the `-adic expansionof m. By Example 4.1.3, this
reducesthe proof of Theorem 4.2 to m = a` � .

Lemma 4.4. Write m = m0 + m1` + � � �+ mr ` r with 0 � m i < `. Every cohomology
operation � corresponding to an element of Hom(Sm

tr (Ln ); Z=`(� )[� ]) is a sum of
operations x 7! � 0(x)� 1(x) � � � � r (x), where the � i 2 Hom(Sm i ` i

tr (Ln ); Z=`(� )[� ]).
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Proof. By 3.1, Sm
tr (Ln ) is a summandof SG

tr (Ln ), whereG is given in (3.0a). Hence
� is induced from a map SG

tr (Ln ) ! R(� )[� ]. By 3.8 and (3.0b),

Hom(SG
tr (Ln ); Z=`(� )[� ]) �= 
 r

i =0 Hom(Sm i ` i

tr (Ln ); Z=`(� )[� ]);

so � is induced by a sum of terms � 0 
 � 1 
 � � � 
 � r . �

We now establish the casem = ` � by induction on � , the case� = 1 being 4.3.
Prop osition 4.5. Any cohomology operation coming from Hom(S` �

tr (Ln ); R(� )[� ])
has scalar weight one,

Proof. Recall from 3.1 that S` �

tr (Ln ) is a direct summandof S`
tr (S` � � 1

tr (Ln )). Thus it
su�ces to treat cohomologyoperationsof the form S` �

tr (Ln ) ! S`
tr (S` � � 1

tr (Ln )) ! T .
Write S` � � 1

tr (Ln ) asa sum of La [b]. Then S`
tr S` � � 1

tr (Ln ) is a sum of S`
tr (La [b]), which

are additiv e by Lemma 4.6 below, and terms of the form

Sr 1
tr (La i 1 [bi 1 ]) 
 � � � 
 Sr k

tr (La i k [bi k ]);
X

r i = `:

Theselatter terms correspond to cohomologyoperations which are sumsof mono-
mials � 1(x) � � � � k (x) which have scalar weight

P
r i = ` � 1 (mod ` � 1) by our

inductiv e hypothesis. �

Lemma 4.6. Let La [b] be a summandof S` � � 1

tr (Ln ). Then the motivic cohomology
operations on H 2n;n (� ; Z) corresponding to elementsof Hom(S`

tr (La [b]); Z=`(� )[� ])
are additive. Hence they havescalar weight one.

Proof. By 3.5, the map from S`
tr (S` � � 1

tr (Ln )[1]) to S`
tr (S` � � 1

tr (Ln )[1]) restricts to a
map S`

tr (La [b])[1] ! S`
tr (La [b+ 1]). We now argueasin the proof of Proposition 4.3.

By 3.6, the map Hom(S`
tr (La [b+ 1]); T [1]) ! Hom(S`

tr (La [b]); T ) is onto. Hence�
lifts to a cohomologyoperation � 1 : H 2n +1 ;n (� ; Z) ! H p+1 ;q(� ; Z=`). But then �
is additiv e by [RPO, 2.9]. �

The proof of Theorem 4.2 is completed by the next result.
Corollary 4.7. If a < `, then every operation coming from Hom(Sa` �

tr (Ln ); R(� )[� ]
has scalar weight a.

Proof. By 3.1, every such operation has the form Sa` �

tr (Ln ) ! Sa
tr (S` �

tr (Ln )) ! T .
By 3.9, every element of Hom(Sa

tr (S` �

tr (Ln )) ; T ) is a sum of monomials � 1 � � � � a

where the � i belong to Hom(S` �

tr (Ln ); T ). By 4.5 and Example 4.1.3, thesemono-
mials have scalar weight a. �



PATCHING THE NORM RESIDUE ISOMORPHISM THEOREM 13

5. Uniqueness of � P n

The goal of this section is to prove Theorem 5.6, which is our replacement for
Theorem 2.1 of [MC/l]. Our exposition follows x2 of [MC/l], except that Lemma
2.2 is replacedby the contents of the previoussection,and the equations(2.6), (2.7)
and (2.8) of [MC/l] are strengthened to inequalities when m � ` in the following
result.

Theorem 5.1. If R(q)[p] is a Tate summandof Sm
tr (Ln ) and m � s mod (` � 1)

for m � 1 and 0 � s � ` � 2, then:

(1) q � ns, with equality i� m < `;
(2) q � n(` � 1) if s = 0, with equality i� m = ` � 1;
(3) p � 2q � 2n.

Proof. Recall from Theorem 3.7 that R(q)[p] = L q[b] for b � 0, so p = 2q + b. As
m � 1, (1) and (2) imply (3). If m < ` then Sm

tr (Ln ) = Lmn and q = mn by 3.5(a).
This yields the `if ' part of (1) and (2). To prove the `only if ' parts of (1) and (2),
supposethat m > ` and write m =

P
mi ` i , noting that

P
mi > m0,

P
mi � m

mod (` � 1). We also have q � (
P

mi )n + (` � 1) by 3.1 and 3.4. Since
P

mi � s,
we have q > ns. If s = 0 then

P
mi � ` � 1 and we have q � (n + 1)(` � 1). �

We now turn to the cohomology of K n ^ � � � ^ K n in scalar weight one. The
following presentation is entirely due to Voevodsky and is taken from [MC/l, x2].

Lemma 5.2. The scalar weight one part of ~H p;q (K ^ r
n ; Z=`) vanishesif q < n` and

r > 1, and also if q = n` and p < 2n` .

Proof. ([MC/l, 2.7 and 2.8]) By 3.10 and 3.7 it su�ces to consider the monomials
x1 
 � � � 
 xr where the x i are in Hom(Sm i (Ln ); R(qi )[pi ]), with

P
pi = p,

P
qi = q

and
P

mi � 1 mod (` � 1). In the caseq < n` and r � 2 we have m i 6� 0 by 5.1(2)
and we must have

P
mi � ` , which is excluded by 5.1(1) as q � n

P
mi . When

q = n` and p < 2n` , the vanishing comesfrom 5.1(3). �

We now analyze the motivic cohomology ~H 2n` +2 ;n` (B K n ; Z=`), where B K n is
the simplicial classifying space[r ] 7! K r

n . The standard spectral sequencefor the
cohomologyof a simplicial spacewith coe�cien ts Z=`(n` ) is

(5.3) E r ;s
1 = ~H s;n` (K ^ r

n ; Z=`) ) ~H r + s;n` (B K n ; Z=`):

The spectral sequenceis bounded and convergesfor n > 0 by [MC/l , 2.6], because
E r ;s

1 = 0 for r > `. (This is becausen � 1, and K ^ r
n is nr -fold T-connectedby 3.8.)

Using Lemma 5.2, the relevant part of the spectral sequencelooks like this:

0
0 ~H 2n` +1 ;n` (K ) !

s = 2n` 0 ~H 2n`;n` (K ) ! ~H 2n`;n` (K ^ K ) ! ~H 2n`;n` (K ^ K ^ K )
s < 2n` 0 0 (nothing in scalar weight one)

The E1 pageof the spectral sequenceconverging to ~H � ;n` (B K n ; Z=`)
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Recall from [RPO, 3.7] that H 2n;n (K n ; Z=`) �= Z=` on the fundamental class� .

Lemma 5.4. For r � 2, the scalar weight one subgroup � r of ~H 2n`;n` (K ^ r
n ; Z=`) is

the free H � ;� (k; Z=`)-module generated by the monomials of the form � i 1 ^ � � � ^ � i r ,
where

P
i r = ` and each i j > 0.

Proof. This is [MC/l , 2.9]. �

Example 5.5. 
 = � ` � 1 ^ � + � � � + � ^ � ` � 1 is an element of � 2 � ~H 2n`;n` (K n ^
K n ; Z=`). A calculation shows that 
 is a cycle in E1; formally this follows from
@(� ` ) = `
 = (� 
 1 + 1 
 � )` .
Theorem 5.6. Let � : H 2n +1 ;n (� ; Z) ! H 2n` +2 ;n` (� ; Z=`) be a cohomology oper-
tation such that for all x 2 H 2n +1 ;n (X ; Z):

(1) � (mx) = m� (x) for all m 2 Z;
(2) If x = � y for y 2 H 2n;n (X ; Z) then � (x) = 0.

Then � is a multiple of � P n .

Proof. (Voevodsky) We regard � asan element of ~H 2n` +2 ;n` (B K n ; Z=`). Condition
(1) says that � hasscalarweight one. Condition (2) says that � , like � P n , is in the
kernel of the map

~H 2n` +2 ;n` (B K n ; Z=`) ! ~H 2n` +2 ;n` (� K n ; Z=`) = ~H 2n` +1 ;n` (K n ; Z=`)

de�ned by the inclusion of � K n in B K n as the part of simplicial degreeone. That
is, � and � P n both lie in the kernel of the edgemap in the spectral sequence,and
belong to the subgroup E 2;2n`

2 of ~H 2n` +2 ;n` (B K n ; Z=`).
Voevodsky makes the following observation (at the end of x2 in [MC/l]). By a

formal calculation due to Lazard in [2, 12.1], the kernel of E 2;2n`
1 ! E 3;2n`

1 is Z=` in
scalar weight one, generatedby the cycle 
 displayed in 5.5. Since� P n is nonzero
by [1] and[RPO], it follows that every element in the kernel of the edgemap must
be a multiple of � P n . �

Remark 5.6.1. In topology, � P n is the mod-` reduction of an integral cohomology
operation H 2n +1 (� ; Z) ! H 2n` +2 (� ; Z); see[1, Thm 5]. We will seein 6.4 that
Voevodsky's operation � V provides such a lift for � P n on H 2n +1 ;n (� ; Z).



PATCHING THE NORM RESIDUE ISOMORPHISM THEOREM 15

6. The Rost motive

We now consider the motivic operation � V : H 2p+1 ;q (� ; R) ! H 2p` +2 ;q` (� ; R),
constructed by Voevodsky in [MC/l, 3.1{3.2] for any coe�cien t ring R containing
1=(` � 1)! (we usei = ` � 1).

Prop osition 6.1. If 
 2 H 2r ;s (X ; R) and � 2 H 2p+1 ;q(X ; R) then

� V (
 � ) = 
 ` � V (� ):

Proof. This is just Lemma 3.4 of [MC/l ], where 
 and � are interpreted as maps
R ! R(s)[2r ] and R ! R(q)[2p + 1] in the triangulated category DM (X ; R) for a
smooth simplicial X . �

Corollary 6.2. (a) For any x 2 H 2p+1 ;q(X ; R) and m 2 R, � V (mx) = m` � V (x).
(b) If x = � y for y 2 H 2p;q (X ; R) then � V (x) = 0.

Proof. ([MC/l, 3.5 and 3.6]) The �rst assertion is just the case
 = m, and the
secondis just the case� 2 H 1;0(S1; R) � H 1;0(X � S1; R) with the observation
that � V (� ) = 0 becauseH 2;0(S1; R) = 0. (SeeExample 0.2.) �

Example 6.2.1. Supposethat n = 0. When R = Z( ` ) , then � V = 0 becauseS1 =
B K 0 and H 2;0(S1; R) = 0. When R = Z=`, � V is the Bockstein � : H 1;0(X ; Z=`) !
H 2;0(X ; Z=`). (This wasshown by Voevodsky in [MC/l, 3.7].) It is well known that
if L = K (Z=`; 1) is the Lens spacethen � (� ) 6= 0, where � 2 H 1;0(L; Z=`) �= Z=`.
Example 6.2.2. The following argument, implicit in [MC/l, 3.7], is taken from [9].
If X = (PN )n � L and x 2 H 2;1(PN ; Z=`) is the generator, then x1 
 � � � xn 
 � 2
H 2n +1 ;n (X ; Z=`) satis�es

� V (x1 
 � � � xn 
 � ) = x`
1 � � � x`

n � (� )

by 6.1, and this is nonzeroif N � ` by 6.2.1.
Let �� V denote the mod-` reduction of � V , considered as an operation from

H 2p+1 ;q(� ; Z) to H 2p` +2 ;q` (� ; Z=`). Example 6.2.1shows that �� V = 0 when n = 0.
Thus the argument of [MC/l, 3.7], using Example 6.2.2, does not apply to show
that �� V 6= 0. We substitute the following argument.

Prop osition 6.3. For any n � 1, �� V is nonzero on H 2n +1 ;n (� ; Z). That is, there
exists an X and an x 2 H 2n +1 ;n (X ; Z) so that �� V (x) 6= 0 in H 2n`;n` (X ; Z=`).

Proof. It su�ces to consider the casen = 1, by the tric k of Example 6.2.2. Let L
be the Lens space,and � 2 H 1;0(L; Z=`) as in Example 6.2.1. We saw in 3.2 that
u 2 H 1;1(Bgm � ` ; Z=`) hasv = � (u). Set X = L � Bgm � ` , and considerthe element
x = ~� (u� ) of H 3;1(X ; Z); the mod-` reduction of x is � (u� ) = v� � u� (� ). Invoking
6.1, we have

�� V (x) = � V (v� ) � � V (u� (� )) = v` � � (� ) � v � � (� )` ;

and this is nonzeroby the K •unneth formula of [RPO]; see3.2 or 3.8. �

Corollary 6.4. The cohomology operations �� V and � P n are non-zero multiples of
each other.

Proof. By 6.3, �� V is a nonzeroelement of the vector spaceH 2n` +2 ;n` (K n ; Z=`). By
6.2 and Theorem 5.6, �� V is a multiple of � P n . �
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Corollary 6.4 is our replacement for Theorem 3.8 in [MC/l]. We can now follow
the presentation given by Voevodsky in [MC/l , x5].
Lemma 6.5. There are maps � : Z tr (X ) ! S` � 1(A) such that the inclusion
X �� ! X factors in DM as

Ztr (X ) �� ! S` � 1(A)
S ` � 1 y
� ! X:

Proof. (Voevodsky [MC/l, 5.11]) Applying Hom(Z tr (X ); � ) to the triangle (1.9)
yields the exact sequence

Hom(Ztr (X ); A)
y

� ! Hom(Ztr (X ); Ztr (X)) z� ! Hom(Ztr (X ); Lb[1]) = 0:

(The group on the right vanishessinceit equalsH 2b+1 ;b(X ; Z) = 0.) Hence� factors
as y� 1 for some� 1 : Ztr (X ) ! A. Inductiv ely, we use the secondtriangle of 1.12
to get

Hom(Ztr (X ); Si A)
u

� ! Hom(Ztr (X ); Si � 1(A))
r

� ! Hom(Ztr (X ); X 
 Lbi [1]) = 0:

Again, the group on the right is H 2bi+1 ;bi (X ; Z) = 0, so we seethat there are maps
� i : Ztr (X ) ! Si (A) for i < ` such that � i � 1 = u� i . By the construction of u,
yui = Si y : Si (A) ! X. �

Recall that Hom(Ld ; Ztr (X )) �= H 0(X ; Z) by Dualit y, so there is a fundamental
class� : Ld ! Ztr (X ). SinceZtr (X ) 
 Ztr (X) �= Ztr (X ), we may view it as a map
from Ztr (X) 
 Ldto Ztr (X ).

Prop osition 6.6. The composition Z tr (X) 
 Ld �� ! Ztr (X ) �� ! S` � 1(A) is not
divisible by `.

Proof. (Voevodsky, [MC/l, 5.12])By Lemma 1.8, � = Qn � 1(� ) is a nonzeroelement
of H b`+2 ;b` (X; Z=`). SinceQ2

i = 0, Qn � 1(� ) = 0. By the de�nition of � V in terms
of the map s of 1.12, the restriction of � V to S` � 1(A) is zero. By 6.4, � P b also
vanishesthere. Sincethe Qi anticommute we have Qi (� ) = 0 for i � n � 2. By the
de�nition of Qn � 1 we have

� = Qn � 1(� ) = Qn � 2(P ` n � 2
� ) = � � � = � P b(� );

and we have seenthat (S` � 1y) � (� ) = 0 By [MC/l , 4.4], applied to � 6= 0 and 6.5,
the mod-` reduction of the map Z tr (X) 
 Ld ! S` � 1(A) is nonzero. �

Because� : X ! X 
 Lb[1] is a map between Tate objects, it is self-dual (� =
� � 
 Lb). It follows that A �= A � 
 Lb. Since Si (M � ) �= (Si M ) � for every M we
also have Si (A) �= Si (A) � 
 Lbi . Cf. [MC/l, 5.7]. We write D � for the dual map

D� : S` � 1(A) �= S` � 1(A) � 
 Ld � �

� ! Ztr (X ) � 
 Ld �= Ztr (X ):

Theorem 6.7. The composition � � D � is an isomorphism on the symmetric Rost
motive M = S` � 1(A) (with coe�cients Z( ` ) or Z=`), and there is an integer c 6� 0
(mod `) so that the following diagram commutes:

M �D � �� � � � ! M

S ` � 1 y

?
?
y

?
?
y S ` � 1 y

Rtr (X) c� � � � ! Rtr (X):

In particular, M is a direct summandof Rtr (X ).
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Proof. This is proven by Voevodsky in [MC/l , 5.15] �

Corollary 6.8. When R = Z( ` ) , the maps � and D � make M = S` � 1(A) into a
direct summandof Rtr (X ), and the following composition is an isomorphism.

M �= M � 
 Ld � �

� ! Rtr (X ) � 
 Ld �= Rtr (X ) �� ! M :

Indeed, this is just a restatement of Theorem 6.7 in the form of axioms 1.3(a,b).
Since axiom 1.3(c) holds by 1.12, M is a Rost motive for a. By Theorem 1.4,
it follows that the norm residue homomorphisms K M

n (k)=` � ! H n
�et (k; � 
 n

` ) are
isomorphisms,verifying the Bloch-Kato conjecture.
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