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Abstract

Let G be a semisimplealgebraicgroup over a eld k. Weintroduce
the higher Tits indices of G asthe set of all Tits indices of G over all
eld extensionsK=k. In the context of quadratic forms this notion
coincideswith the notion of the higher Witt indices introduced by
M. Knebusc and classi ed by N. Karpenko and A. Vishik.

Next we classify the higher Tits indices for exceptional algebraic
groups. Our main tools involve the Chow groups and the Chow mo-
tivesof projective homogeneousarieties, Steenrad operations as well
asthe notion of the J-invariant introducedin [PSZ01).

1 Intro duction

Let G denotea semisimplealgebraicgroup of inner type de ned over a eld

k. In his famous paper [Ti166] J. Tits de ned the Tits index of G as a data
consistingof the Dynkin diagram of G with someverticesbeing circled. Let
K be an arbitrary eld extensionof k. In the presen paper we investigate
the following problem: What values can take the Tits index of the group
Gk ?

In the theory of certral simple algebras(i.e., when G is a group of type
A,) this problemis equivalert to the index reduction formula of A. Blanchet,
A. Sto eld, and M. Van den Bergh (see[SVB9Z])). Later their result was
generalizedby A. Merkurjev, I. Panin, and A. Wadsworth (see[MPW96] and
[MPW98]).

In the theory of quadratic forms (i.e, when G is an orthogonal group) the
problem above is equivalent to study of the higher Witt indicesof quadratic
forms. The higher Witt indices were introduced by M. Knebusd [Kn7€6].
They provide a nice discrete invariant of quadratic forms over any eld k.
Numerousresults have beenobtained so far. One of the main achievemeris



hereis the celebratedresult of N. Karpenko [Ka03], where he proves Ho -
mann's conjecture about all possiblevaluesof the rst higher Witt index.
One should alsomertion the interesting papersof N. Karpenko, A. Merkur-
jev and A. Vishik [Ka04], [KMO3], [Vi04], [Vi06] concerningcloselyrelated
problemsin the theory of quadratic forms.

The main result of M. Knebusd in his paper [Kn76] assertsthat onecan
always reducethe problemaboveto a certain nite number of eld extensions

the Tits indicesof Gk,. The elds K; appearingin the Knebusd theory are
the elds of rational functions on certain projective G-homogeneousarieties
(seeSection2 below).

Moreover, the result of Karpenko [Ka04, Theorem2.6] assertsthat infor-
mation on the higher Tits indicesis hidden in a subring of the Chow ring of
certain projective G-homogeneouyarietieﬂ In the presen paper we exploit
further this connection. Our main tools include the Steenral operationsin
the Chow theory, Tits' classi cation, Chow motives,and motivic invariants,
like the J-invariant of algebraicgroupsintroducedin [PSZ0].

It turns out, that in the most casesthe splitting behaviour of an alge-
baic group G does not depend on the base eld k, but on trivialit y and
non-trivialit y of certain discrete invariant of G called the J-invariant. By
de nition this invariant measureghe \size" of the subring of rational cycles
in the Chow ring of the G-variety of complete ags (see SectionH). But
usually the (non)-trivialit y of this invariant can be expressedin terms of
(non)-trivialit y of the Tits algebrasof G and/or of certain cohomological
invariants of G, like the Rost invariant.

In particular, we prove that any anisotropic group of type E; over any
eld k with trivial Tits algebrasor with a Tits algebraof index 4 has
anisotropic kernel of type D¢ over a suitable eld extensionK =k of the base
eld. The main results of our paper are Theoremsh.3 and [6.1 that allow to
compute all possiblehigher Tits indicesfor groups of type F,, Eg, and E;
with trivial Tits algebras,and to classifyall generically cellular varieties of
exceptionaltypes.

Ac knowledgemen ts

LHis results concernsonly quadrics, but can be straightforwardly generalizedto arbi-
trary projective homogeneous/arieties.



2 Tits' classication and Knebusc h theory

We recall the de nition and basicpropertiesof the Tits indicesof semisimple
algebraicgroupsfollowing J. Tits [T166] and [Ti71].

Let k bea eld, ks be a separableclosureof k, G a semisimplealgebraic
group de ned over k, S a maximal split torus of G dened over k, T a
maximal torus cortaining S and de ned over k, = ( G) the system of
simpleroots of G with respectto T and o= ¢(G) the subsystemof those
roots which vanishon S.

In the presem paper we consideronly groups of inner type, i.e., groups
that are twisted forms of a split group by meansof a 1-cccyclein H 2 (k; Go),
where Gy denotesthe split adjoint group over k of the sametype as G.
Equivalertly, this meansthat the -action (see[T166]) of the absolute Galois
group on s trivial. Therefore we don't de ne the -action and don't
include it in the de nition of the Tits index of G.

The indexof G isapair ( ; o). We represeh the index asthe Dynkin
diagram of G with the verticesthat don't belongto o being circled.

There existsa certain subgroupof G called semisimpleanisotropic kernel
We refer the readerto [T166] for its de nition. Note that the index of the
semisimpleanisotropic kernel of G can be easielydeducedfrom the index of
G by removing the verticesof the Dynkin diagram which are circled.

To any semisimplegroup over k one can functorially assaiate certain
certral simple algebras, called the Tits algebas. We refer the reader to
[T171] for a de nition and description.

2.1 Examples. 1. Let A be a certral simple k-algebraof degreen + 1 and
G :1SL1(A) the respective group of type A,. Then the index of A equals
n-+
r+1 _

The Tits algebrasof G arethe -powers 'A,i= 1;:::;n.

2. Let (V;q) be a regular odd-dimensional quadratic spaceover k and
G = Spin(V;q) be the respective group of type B,,. Then the number of
circled verticeson its Tits diagram equalsthe Witt index of g.

The Tits algebraof G is the even Cli ord algebraCy(V; Q).

, Wherer is the number of circled verticeson the Tits diagram of G.

One can give similar descriptionsfor all semisimplealgebraicgroupsover
K.

Next we recall the construction of the genericsplitting tower of Knebusdt
for semisimplealgebraicgroups (see[Kn786], [Kn77]).
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Considerthe set
find(Gk )an ] K=k is a eld extensiory; ()

where ind(Gg )an Stands for the Tits index of the semisimple anisotropic
kernel of G .

2.2 De nition.  Set () is called the set of the Higher Tits Indicesof G.

This set can be obtained using the generic splitting tower, i.e., it su ces
to considernot all eld extensionsK =k, but just a nite number of generic
ones. The latter are de ned inductively as follows.

First we set K° = k, G! = G,, and considerthe function elds K! =
KoXi), i 2 (GYH ( G), of the projective varieties of the maximal
parabolic subgroupsof G! of type i. Note that there are preciselyrkG,, =
] ( Gan)j sudh varieties.

Next for eadr j 2 ( G') we considerthe group G? = (Gijl)an over

KJ-l and apply the sameprocedure, i.e., considerthe elds K? = Kjl(Xi),
i2 ( GJ?) ( G), whereX; standsfor the projective variety over KJ-1 of the
maximal parabolic subgroupsof type i of the group GJ?. Proceedingfurther
we obtain a set (a tower) of elds K . Its main property is that

find(Gk)an ] K=k is a eld extensiorg (2)

= find(Gy i )an | Kij =k is an elemen in the genericsplitting tower of Gg:

The maximal value of the upper index of K 's is called the heightof G.

Cornversely given the higher Tits index of G, the Tits index of Gy(x,) can
be restored as the minimal higher Tits index cortaining i. An overview of
this ideascan be found in [KR94].

Sometimesdt is convenien to represen the right hand sideof identity ([2)
as an oriented labelled graph as following. First we de ne a graph whose
vertices are the anisotropic groups G§ appearing in the construction above
and which we denoteby their Dynkin diagrams. There is an edgefrom G} to
stgwith the labeli if andonly if s°= s+1,i = j%and G** = ((Gf)st Lx;))an-
Next we idertify the vertices of this graph which correspnd to the same
Dynkin types. Thus, the vertices of this graph represen all possibleTits
indicesof Gk without repetitions for all K=k. The height of G is the maximal
length of the paths on the graph.



2.3 Examples. 1. Let G be an anisotropic group of type B,. Then its
splitting graphis: B%% (enumeration of simpleroots follows Bourbaki).
1

8124&
2. Let G bean anisotropicgroup of type B; and g the respective quadratic
form of discriminart 1. Then its splitting graphis: g, if q has trivial

1,23

Cliord invariant and B otherwise.

There exist generalizationsfor quadratic forms of bigger dimensionsdue
to N. Karpenko and A. Vishik.

The pictures in the examplesremind an automaton. Therefore one can
call the graphsde ned above the Tits automata

2.4 Remark. Note that the rst step, i.e., the groups G? are the most
important ones. Indeed, the next groups G 2 involved in the construction
are anisotropic kernelsof the groupsG2. Sincethe rank of G? is smallerthan
the rank of G, we are deducedto the samesituation but for groups of a
smallerrank.

3 Cycles on pro jectiv e homogeneous varieties
and Chow motiv es

In this sectionwe brie y descrike the main properties of projective homoge-
neousvarieties and their Chow rings (see[De74, [Hi82)).

Let G be a split semisimplealgebraic group of rank n de ned over a
eld k. We x a split maximal torus T in G and a Borel subgroupB of G
cortaining T and de ned over k. We denoteby the root systemof G, by

=f q;:::; n0the setof simpleroots of with respectto B, by W the

re ections.



Let P = P be the (standard) parabolic subgroup correspnding to a
subset , i.e., P =BW B, whereW =hs; 2 i.Denote

W =fw2Wj8s2 I(ws) = [(w) + 1g;

where | is the length function. It is easyto seethat W consistsof all
represerativ esin the left cosetsW=W which have minimal length.

As P; we denotethe maximal parabolic subgroupP . ;4 of type i and as
Wy the longestelemen of W. Enumeration of simple roots follows Bourbaki.

It is well known that any projective G-homogeneousariety X is isomor-
phic to G=P for somesubset of the simple roots.

Now considerthe Chow ring of the variety X = G=P . It is known that
CH (G=P ) is a free abelian group with a basisgiven by varieties[X,] that
correspnd to the elemerss w 2 W . The degree(codimension) of the basis
elemen [X,] equalsl(w ) I(w), wherew is the longestelemen of W .

Moreover, there exists a natural injective pull-back homomorphism

CH (G=P)! CH (G=B)

Xw] 7' Xww ]

The following results provide tools to perform computationsin the Chow
ring CH(G=P ).

In order to multiply two basis elemess h = [X,] and g = [Xo] of
CH (G=P ) suc that degh+ degg = dim G=P we usethe following formula
(Poincare duality):

Xw] [Xwo] = wwowow [Xal: (3)

In view of Poincare duality we denote as [Z,,] the cycle dual to [X ] with
respect to the canonicalbasis. In other words, [Z,,] = [Xwoww |-
In order to multiply two basiselemeits of CH (G=B) one of which is of
codimension1 we usethe following formula (Pieri formula):
X
[Xwos 1[Xw] = h =1 i[Xws |; (4)

2 *il(ws )=1(w) 1

where is a simpleroot and the sum runs through the set of positive roots

2 *,s denotesthe re ection correspndingto and! isthe fundamen-
tal weight correspndingto . Here [X,,s ] is the elemen of codimension
1.



The Poincare polynomial of a free Z-gragled nitely generatedgroup A
is, by de nition, the polynomial g(A ;t) = ', at' 2 Z[t;t 1] with & =
rkA'(X). The following formula (the Solomontheorem) allows to compute
the Poincare polynomial of CH (X):

Yogdi()
oCH 0= ()= S ©

whered() (resp.di()) denotethe degreesfthe fundamertal polynomial
invariants of the root subsystemof generatedby (resp. ) and| its
rank (see[Ca7d). The dimension of X equalsdegg(CH (X);t). There
exists a Maple padckage[Si] of J. Stenmbridge that providestoolsto compute
the Poincare polynomials of projective G-homogeneouwarieties.

Let P = P() denotethe weight space.We denoteas! i;:::!, the basis
of P consistingof the fundamenal weights. The symmetric algebraS (P) is
isomorphicto Z[! 4;:::!' ,]. The Weyl group W actson P, hence,on S (P).
Namely, for a simpleroot |

C .
s(l:) = i i
() Ly otherwise
We de ne alinearmapc: S (P)W | CH (G=P ) asfollows. For a homo-
geneousN -invariant u 2 Z[! 1;:::;1 4]
X
c(u) = w(W[X woww 1;

w2W ;l(w)=deg (u)

where for w = s;, :::s;, we denoteby , the composition of derivations
s, i s, and the derivation :S(P)! S L(P) is de ned by
u s;(u
L) = L3

LetU = UI(P ) denotethe set of the (positive) roots lying in the unipo-
tent radical (I}_; the parabolic subgroupP . Then the elememary symmetric
polynomials ,, i(u) are Wp -invariant and, in fact, coincide with the
Chern classef the tangert bundle Ty :

Y
o(Tx)=c @1+ )): (6)
2U



The Maple padkage [imaj] provides e cient tools to compute the Chern
classeof the tangert bundles.
To multiply two cycles[X,] and [X,,] in CH (X) we proceedas follows.

using the Pieri formula (@), the Leibniz rule [Hi82, Ch. IV, Lemma 1.1(e)]
or/and Poincare duality (3).

To nd a preimageof some[X,,] we do the following. It is well known
that the mapc Q: Q[ 1;:::!,]¥ ! CH (G=P) Q dened aboveis a

ring epimorphism, and the ring Q[! 1;:::! ,]% is generatedby !, i 62,
and by the W -invariant fundamertal polynomials for the semisimplepart
of the Levi part of P , i.e., for the split group of type h i . The

latter polynomials (as well as their degreescalled degreesof fundamernal
polynomial invariants) are known. Explicit formulas for them are provided
in [Meh8¢. Now, sincewe know a generatingset of Q[! 1;:::! ,]V , we can
computeits imagein CH (G=P ) Q and, thus, nd a set of generatorsof
CH (G=P ) Q togetherwith their preimagesin Q[! ;:::! ,]V . Therefore
we can compute a preimageof any elemen in CH (G=P ) Q. Obsene
that we don't looseany information extending scalarsto Q, sincethe group
CH (G=P ) is free abelian.

The e ective proceduresgo multiply cyclesin the Chow rings of projective
homogeneouwarieties are implemerted in the Maple padkage [imapf.

Next we brie y descrile Steenral operationsand motivic decompositions
of projective G-homogeneous/arieties with isotropic group G. The main
referenceto this accournt canbe found in [CGMO0Y] and [Br05]. We refer the
readerto the book [EKM] of R. EIman, N. Karpenko, and A. Merkurjev or
to the original paper [Ma6€] of Yu. Manin for the de nition and properties
of the Chow motives.

The main result of papers [CGMQ05] and [Br05] assertsthat the Chow
motive a projective G-homogenousvariety X with isotropic group G is de-
composableas a direct sum of (twisted) motives of anisotropic projective
Gan-homogeneousarieties Y;. Moreover, one has an explicit algorithm to
compute thesemotivic decompositions.

In the presem section we give a conbinatorial interpretation of these
decompsitions in terms of the Hassediagrams of the weak Bruhat order.

2Created in collaboration with S. Nikolenko and K. Zainoulline.



Namely, consideran oriented labelled graph, called Hasse diagram of X,
whoseverticesare elemeits of W , where denotesthe type of the variety
X, i.e., a graph whosevertices correspnd to the free additive generatorsof
CH (X), whereX = X speck Specks and ks standsfor a separableclosure
of k. There is an edgefrom a vertex w to a vertex w° labelled with i if and
only if I(w) < (w9 and w®= s;w.

Considernow the Chow motive of X and erasefrom the Hassediagram
of X all edgeswith labelsnot in ( (seeSectionld). The Hassediagram
splits then into seeral non-connectedcomponerts which correspnd to the
varieties Y;. To illustrate this construction we give the following example.

3.1 Example. Let G be an isotropic group of type E; sud that G,, has
type D4. This meansthat the vertices1, 6, and 7 on the Tits diagram of G
are circled. Considerthe projective G-homogeneouyariety X of parabolic
subgroupsof type 7. Its Hassediagram is provided in [PISe\a, Figure 21].
Cutting the Hassediagram along the edgeswith labels 1, 6, and 7 we see
that the diagram splits into 14 componerts: 8 alone standing verticeswhich
correspnd to the elemenss of W of length O, 1, 9, 10, 17, 18, 26, and
27, and therefore to the (twisted) Lefstetz motives Z, Z(1), Z(9), Z(10),
Z(17), Z(18), Z(26), Z(27), and 6 diagrams that correspnd to dierent
varieties of type D4. It is well known and easyto seethat G,, correspnds
to a(n anisotropic) 3-fold P ster form ' and therefore by the celebrated
result of M. Rost [Ro9€ the Chow motivesof a projective G,,-homogeneous
variety splits asa direct sum of (twisted) Rost motivesR which depend only
on' . The Rost motive R is indecompsableand over ks (where' splits)
Rs' Z Z(3). Thus,

M (X)" ( izone1017182627Z(i)) (5 R()) R(11) R(12) R(13):

One should note that in the category of the Chow motives with nite
coe cien ts of projective homogeneousarieties the Krull-Schmidt theorem
holds (see[CMO06, Theorem9.6]). Thereforethe motivic decompsitions are
unique.

Now we brie y recall following P. Brosnan [Br03] the basic properties of
Steenral operations constructedby V. Voewodsky.

Let X be a smooth projective variety over a eld k with chark 6 2
and p = 2. For ewery i 0 there exist certain homomorphismsS' =
S?: Ch (X) ! Ch*(X) called Steenral operations. The total Steen-
rod operation isthe sumS = Sy = S+ St+:::: Ch (X)! Ch (X). This
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map is a ring homomorphism. The restriction S‘jChn(X) isOfori> nandis
themap 7! 2forn=i. The map S° is the idertity. Moreover, the total
Steenral operation comnutes with pull-backs and, in particular, presenes
rationality of cycles.

To computethe Steenral operationson a projective G-homogeneousari-
ety with a split group G we usean algorithm descrited in details in [DuZ04].
This algorithm is implemerted in the Maple padage [imag].

4 J-invariant

In this sectionwe recall the de nition and the main properties of a motivic
invariant of a semisimplealgebraic group introducedin [PSZ0] and called
the J-invariant. It wasshown in paper [PSZ0Q7]] that this invariant determines
the motivic behaviour of generically split projective homogeneouwarieties
(the de nition of genericallysplit varieties seebelow).

Let Gy be a split semisimplealgebraicgroup over k with a split maximal
torus T and a Borel subgroupB cortaining T. Let G = Gg be the twisted
form of Gy given by a 1-cacycle 2 H(k; Go).

Let X be a projective G-homogeneousvariety and p a prime integer.
To simplify the notation we denote Ch (X) = CH (X) Z=pand X =
X speck Specks, whereks standsfor a separableclosureof k. We say that
acycleJ 2 CH (X) (resp. J 2 Ch (X)) is rational if it liesin the image of
the natural restriction mapres: CH (X)! CH (X) (resp. res. Ch (X)!
Ch (X)). We denoteasCH (X) (resp. asCh (X)) the imageof this map.

From now on and till the end of this section we consider the variety
X = (Go=B) of complete ags. Let P denotethe group of characters of
T and S(‘b) S (P) be the symmetric algebra(seeSectionld). By R we
denotethe imageof the characteristic map c: S(‘b) I Ch (X) de ned above.
According to [KMO5|, Theorem6.4]R  Ch (X).

Let Ch (G) denote the Chow ring with Z=p-coe cients of the group
(Go)k.. The explicit presemation of Ch (G) in terms of generatorsand rela-
tions is known for all groupsand all primesp. Namely, by [Kc85, Theorem 3]

Ch (G) = (Z=p[x1; 1 X J=xE 510 xP ) (7)
for certain numbersk;, i = 1;:::;r, and degx; = d; for certain numbers 1
dy d, coprimeto p. A completelist of numbersfd;p*ig-; ..., called
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p-exeptional degrees of Gy, is provided in [Kc85, Table I1]. Taking the p-
primary and p-coprimary parts of ead p-exceptionaldegreeoneimmediately
restoresthe respective k;'s and d;'s.

Now we introduce an order on the set of additive generatorsof Ch (G),
i.e., on the monomialsxi' :::x™ . To simplify the notation, we denotethe

The cogimension(in the Chow ring) of xM is denotedby jMj. Obsene that
Mj = ir=1 dim;.

xN (or equivalertly M N) if either jMj < jNj, or jMj= jNjandm; n;
for the greatesti sud that m; 6 n;. This givesa well-ordering on the set of
all monomials(r-tuples) known also as DeglLex order.

Considerthe pull-back induced by the quotient map

. Ch (X)! Ch (G)

Accordingto [Gr58, Rem.2 ] is surjective with the kernelgeneratedby the
subgroupof the non-constan elemens of R .
Now we are ready to de ne the J-invariant of a group G.

4.1 Denition. Let X = (Go=B) be the twisted form of the variety of
complete ags by meansof a 1-cacycle 2 H(k; Gy). DenoteasCh (G) the
image of the composite map

Ch (X) T ch (X)! ch (G):

Sinceboth mapsare ring homomorphisms,Ch (G) is a subring of Ch (G).
Foreahh1 i r setj; to be the smallestnon-negatiwe integer sud
that the subring Ch (G) cortains an elemen a with the greatestmonomial
x?i with respect to the DeglLexorder on Ch (G), i.e., of the form
N X
a=x"' + cuxM: ou 2 Z=p:

j.
xM o xP

and is denotedby J,(G). Note that j;  k; for all i.

In casepis not atorsion prime of G we have Ch (G) = Z=p. Thereforethe
J-invariant is interesting only for torsion primes (see[Gr58, De nition 3] for
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a de nition of torsion primes). A table of possiblevaluesof the J-invariants
is givenin [PSZ0O7 Section6].

Toillustrate De nition B of the J-invariant we give the following exam-
ple. For a prime integer p we denoteas v, the p-adic valuation.

4.2 Example. Let p be a prime integer and A and B be certral simple
k-algebrasthat generatethe samesubgroupin the Brauer group Br(k). Set
G = PGL.(A) PGL(B).

Then J,(G) = (vp(indA); 0). Indeed,the Chow ring

Ch (G) = (Z=Pxa; x]=(x0*; x8?)

with k; = vp(degA), k; = vy(degB). Thereforer in the de nition of the
J-invariant equals2. Denote J,(G) = (j1;]2) and considerthe map

res. Pic(Xa Xg)! Pic(Xa Xz);

where X5 (resp. Xg) denote the PGL;(A)- (resp. PGL(B)-) variety of
complete ags and Pic standsfor the Picard group modulo p. Denoteby ha
(resp. hg) the imageof! ; 2 S(P) in Pic(X a) (resp. Pic(Xg)) by meansof
the map c de ned in Section3.

SinceA and B generatethe samesubgroupin the Brauer group, the cycle
1 hg+ ha 12 Pic(Xa Xg)isrational forsome 2 (Z=p (see[MT95]
for the description of the Picard groupsof projective homogeneousarieties).
The imageof this cyclein Ch (G) by meansof equalsx,+ X (at leastwe
can choosethe generatorsx; and X, in sud away). Therefore,sincex; < X,
in the DegLexorder, j, = 0. The proof that j; = v,(indA) is the sameasin
[PSZ0OT Section7, caseA,] and we omit it.

Next we descrite someuseful properties of the J-invariant.

4.3 Prop osition. Let G be a semisimplealgebaic group of inner type over

K, p a prime integer and J,(G) = (j1;:::;jr). Then
1. Let K=k be a eld extension. Denote Jp(Gk) = (j%:::;j9. Then
0 jii= L
2. Fix ani = 1;:::;r. Assumethat in the presentation ([/) for the
semisimpleanisotropic kernel G5, of G none of x; hasdegree d;. Then
ji = 0.
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Then j; m/ngp(indA) where A runs throughall Tits algebas of G.

Conversely,if j; > 0O, then there exists a Tits algeba A of G with
Vp(indA) > 0.

4. Assumethat the group G does not have simple components of type Eg
and for all primes p the J-invariant J,(G) is trivial. Then G is split.

Proof. 1. This is an obvious consequencesf the de nition of the J-invariant.
K1 r .
2. Let Ch (G) = (Z=p)[Xa;:::; % J=(X}] ;:::;x?k ) with degx; = d,

’
0 0

1;:::r%  fdi;i = 1;:::;rg. On the other hand, by [PSZ07, Corollary 5.4],
. 1 xup 1 x®’ o
the polynomlaIsQir:l = X and Q{zol % are equal. This implies

1 x¢ 1
the claim.

3. Assumethat j; > 0 and all Tits algebrasof G are trivial. Then by
[MT95] the group Pic(X), where X denotesthe G-variety of complete ags,
is rational. Therefore by the very de nition of the J-invariant j; = 0. A
cortradiction.

Let A be a Tits algebraof G correspnding to a vertex t of the Dynkin
diagram such that (h;) = x; 2 Pic(G), whereh, 2 Pic(X) is the image of
'y 2 S(P) by meansof the map c constructed above. We shov now that
Ji  Vvp(indA) =: s, whereA is the Tits algebracorrespnding to the vertex
t.

Considerthe projective homogeneouwariety X  SB(A), where SB(A)
denotesthe Se\eri-Brauer variety of right idealsof A of reduceddimension
1. Denoteby ha 2 Pic(SB(A)) = Pic(P%9* 1) the canonicalgeneratorasin
Section3

By the results of A. Merkurjev and J.-P. Tignol [MT95] the cycle
hy 1 1 ha 2 Pic(X SB(A)) is rational. Sincethe cycles ¥
h” 1 1 h2 2Ch(X SB(A)) andh? 2 Ch (SB(A)) arerational, the
cycle h{’s 12 Ch (X SB(A)) is rational aswell.

The projection morphismpr: X SB(A)! X isa p[ojective bundle by
[PSZ07 Corollary 3.4]. In particular, CH (X SB(A)) =~ "59* *CH 1(X).
Thereforethe pull-back pr hasa section . By the construction of this sec-
tion it is compatible with a basechange. Passingto the splitting eld ks we
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obtain that the cycle (h” 1) = h? 2 Ch (X) is rational and the image

(h?) = x"". By the de nition of the J-invariant, j; s.
4. The statemen follows from [PSZ07 Corollary 6.10]and [G197, Theo-
rem CJ. O

4.4 Remark. The fact that j; (with di = 1) provides an upper bound for
vp(indA), where A runs through the Tits algebrasof G, is not true. A
courter-exampleis e.g. a group of type E; with a Tits algebraof index more
than 2.

5 Generically split varieties

In this sectionwe beginto study the higher Tits indicesof semisimplealge-
braic groupsover k. First, we would like to understand under what condi-
tions our group G splits over the eld of rational functions of a projective
G-homogeneouwariety X .

5.1 Denition. Let G be a semisimplealgebraic group over k and X a
projective G-homogeneousariety. We sa that X is generially split, if the
group G splits (i.e., cortains a split maximal torus) over k(X).

5.2 Remark. If X isgenericallysplit, then the Chow motive of X splits over
k(X ) as a direct sum of Lefsdetz motives. This explains the terminology
\generically split". One canalsocall sud varietiesgenerially cellular, since
over k(X) they are cellular via the Bruhat decomposition.

5.3 Theorem. Let G be a split semisimplealgebaic groupoverk, G= Gg
the twisted form of G, givenbya 1-cocycle 2 H(k; Gg), and X a projective
G-homaen®us variety. If X is generially split, then for all primes p the
following identity on the Poincare polynomials holds:

glCh (X);0) _ ¥ 99 1
gCh (X)i) o, 1% 17

i=1

(8)

exeptional degrees of Go.

Proof. In the proof of this theorem we useresults establishedin our paper
[PSZ07.
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Let p be a prime integer. We Xx pr(slmagese of x; 2 Ch (G). For an
r-tuple M = (mg;:::;m,) weseteM = ~1_ "

First we recall the de nition of ltrations on Ch (X) and Ch (X) (see
[PSZ07 De nition 4.13]). Given two pairs (L; I) and (M;m), whereL and
M arer-tuplesand| and m areintegers,we sa that (L; 1) (M;m) if either
L<M,orL=Mandl m.

The (M;m)-th term of a Itration on Ch (X) is the subring of Ch (X)
generatedby the elemeins € |, | M, 2R ™ WedenoteasA ' the
gradedring asseiatedto this Itration. As A, wedenotethe gradedsubring
of A i assaiated to the subring Ch (X) Ch (X) of rational cycleswith
the induced ltration.

Considerthe Poincare polynomial of A,;; with respect to the gradingin-
duced by the usual grading of Ch (X). Proposition 4.18 of [PSZ07 which
explicitely descrltgsa Z=pbasisof A, implies that the Poincare polyno-

mial g(Awi;t) = I X &t (& 2 Z) of A equalsthe right hand side of
formula (8).

On the other hand, dim Ch (X) = glm A.a and the coe cients b of the
Poincare polynomial g(Ch (X);t) =: = 2% * ht' are obviously bigger than
or equalto a for all i. Thereforeg(Ch (X) t) = g(Ara;t). This nishes the
proof of the theorem. O

The right hand side of formula (8) dependsonly on the value of the J-
invariant of G. In turn, the left hand sidedependson the rationality of cycles
on X . Available information on cyclesthat arerational assureasfate allows
to establishthe following result.

5.4 Theorem. Let G be a group of type = F4, Eg, E; Or Eg givenby a
1-cocycle from H 1(k; Gy), where Gq standsfor the split adjoint group of the
sametype as G, and X be the variety of the paralolic sulgroupsof G of type
i. The variety X is not generially split if and only if

1 = F4,1=4,3,(G) = (1)

2 = Eg, 1 = 1,6, Jo(G) = (1)

3 :EG,i:2,4,J(G)—(Jl, ),]160

4| =E7i=13463(C) = (j1; ;5 ) i1 0
5 =E; 1 =167 3(G) = (]2, ; ), ]26

6 = E; 1 =7, J3(G) = (1)

7| =Egi=167832G)= (1, ;,; )j160
8 = Eg,i: 7,8, J3(G): (1, )
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(\ " means any value).

Proof. First we prove using TheoremR3 that the caseslisted in the table
are not genericallysplit. Indeed,assumether cortrary. Then in cases3) and
4) the right hand side of formula (8) doesnot have a term of degreel. On
the other hand, the Picard group Pic(X) is rational.

In casedl), 5), 7) the right hand side of formula (8) doesnot have a term
of degree3. On the other hand, the group Ch3(X) is rational: in all these
casest is cortained in the subring generatedby (rational) Ch*(X), Ch?(X),
and by the Chern classef the tangert bundle Ty (which are rational).

In case8) one comesto the samecortradiction consideringCh*(X). In
case2) oneeasielycomesto a cortradiction, sincein this casethe right hand
side of formula (8) doesnot divide the Poincare polynomial g(Ch (X);1).

Next we shaw that all other varietiesnot listed in the table are generically
split. Let G and X be an exceptionalgroup and a G-variety not listed in the
table. ConsiderGx). Using Proposition £.3(2) oneimmediatelly seescase-
by-casethat for all primesp the J-invariant of the anisotropickernelof Gy x
is trivial. Thereforethis anisotropic kernelis trivial by Proposiond3(4) and
the group G splits over k(X). O

5.5 Remark. The cases3) and 4) in the table above also follow from the
index reduction formula for exceptionalgroups [MPW98].

5.6 Remark. In view of the results obtained in [PSZ07 and in the presen
paper the following holds:

1. = F4Es, J2(G) = (1) if andonly if G hasa non-trivial cohomological
invariant f 3.

2. =E4 J3(G)=(1; )or =E7,J30G)=(1; ;; ) Jj16 0,if and
only if G hasa non-trivial Tits algebra.

3. = E7, J3(G) = (1) if and only if G hasa non-trivial cohomological
invariant gs.

6 Index of groups of type E;

In this sectionwe prove an index reduction formula for groups of type E-.
Our result can be consideredas a generalizationof the usual index reduction
formula for certral simple algebras.
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Another variations on this theme are the Main Tool Lemma of A. Vishik
[ViO7, Theorem 3.1] and an application of the Rost degreeformula [Me03
Theorem7.2].

To prove the main result of this sectionwe useChow motivesand Steenral
operation and a relation betweenrational cycleson projective homogeneous
varieties and their splitting properties.

To simplify the notation we will denote the Lefsdetz motives in the
category of Chow motiveswith Z=p-coe cient not as (Z=p)(i), but still as

Z(i).

6.1 Theorem. Let G be an anisotropic group of type E; and X (resp.Y) be
the projective G-homayen@us variety of paratolic sulgroupsot type P, (resp.
P;). ThenY dcesnot havea k(X )-rational point.

Proof. Before proving this theoremwe discussbrie y the plan of the proof.
First, assumingthat Y hasa k(X )-rational point we nd a rational cycle,
s& , in codimensionl7 onthe product X X . Using Steenral operations
we produce certain projector-like cycle,say ,on X X. Applying duality
argumeristo we nd asub-cycle,say , inthe cycle . Onthe other hand,
multiplying  with certain cycleknown to be always rational, we obtain again
a projector-like cycle, but of another shape becauseof existenceof inside
of . Applying duality argumers again we cometo a cortradiction.

From now on an till the end of the proof of this theoremwe setp = 2.
To simplify the notation we denoteas pt = [X ] the classof a rational point
on X (or Y).

Assumethat Y hasa k(X )-rational point. All claims below are proved
under this assumption.

6.2 Claim. If J,(G) is trivial, then G is isotropic.

Indeed, assumethat J,(G) is trivial and G is anisotropic. This means
that there exists an odd-degree eld extensionK =k sud that Gk is split.
Now we distinguish two cases.Assumethat G hasa non-trivial Tits algebra
A. It is well known that 2jindA, in particular indAx 6 1. A cortradiction.

Assumenow that G has the trivial Tits algebras. Now we follow the
convertions and notation of paper [Ga0]]. Let B be the Brown algebra
asseiated to G. SinceG is anisotropic, the group H = Aut™ (B) is a group
of outer type E¢. SinceGg is split, the algebraByx hasa singular elemen
and, in particular, Hy is of inner type Eg. This leadsto a cortradiction,
since[K : K] is odd.
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6.3 Claim. The varieties X and Y are not generially split.

Indeed,the variety X is not genericallysplit by Corollary B4, sinceJ,(G)
is not trivial. On the other hand, the variety Y is not genericallysplit, since
it hasa rational point over k(X ) and G is not split over k(X).

In the following claimswe usethe Sweedlernotation for Hopf algebrasto
denotethe cyclesin the Chow rings of projective homogeneouyarieties, i.e.,
we do not write the sumsand the indices.

6.4 Claim. Somepower of any elementin a nite monoid is an idempotent.
In particular, for q= 1 pt+ xg Xg 2 Ch"™*(X X)) with X 2
Ch<d9mX (X)) there existsn 2 N suchthat q" is a non-trivial projector.

The rst statemen of the claim is well known. For completenessve give
its proof. Let g be an elemen of our monoid. Sincethe monoidis nite, we
can nd in the sequencd g gi,n two equal cyclesq™ and g2 with n,  2n;.
Dene n=(n, ny)n.. Then? = o, i.e., " is an idempotert.

6.5 Lemma. Let X and Y be arbitrary projective homaen®us varieties
suchthat Xyy) and Yyx) are isotropic. Then the ChowmotivesM (X) and
M (Y) havea commonnon-trivial direct summandR suchthat Ry, Z M
for somemotive M .

Proof. SinceX hasa k(Y )-rational point and Y hasa k(X )-rational point,
we can apply [PSZ07 Lemma 1.6] (generic point argumert) and get two
cycles 2 Chi™Y(X Y)and 2 Ch®™*(y X) sudhthat — =1
pt+ Xw X@ and =1 pt+x} xp,. The compositions and
givecyclesonY Y and X X asin the previousclaim. Therefore
somepowers ( ) " and ( ) " de ne projectors over ks. The mutually
inverseisomorphismsbetweenthe motivescorrespnding to theseprojectors
are given by the rational maps and ( ) " 1 Applying the Rost
nilp otencetheorem|CGMOQ5, Section8] we nish the proof of the lemma. [

6.6 Claim. Ryx)' Z Z(17) R°for somemotive R°

Considerthe motive Ryx). We claim rst that Ryx) ' Z Z(l) R
for somemotive R® and somel 2 Z. Indeed,let g2 Chgmx (X X) bea
projector correspnding to R. Considerg over ks. The cycleq ¢, whered
denotesthe transposedcycle, equalsnpt  pt, wheren is the dimension of
the realization Ch (X;70). The number n is, of course,even, sinceotherwise
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we get a rational zero-cycleon X of odd degree,and, in particular, a con-
tradiction with Claim On the other hand, the Krull-Schmidt theorem
[CMOG, Theorem9.6]in the categoryof Chow motivesimplies that Ryx) is
a direct sum of the Lefshetz motivesand the indecommsableRost motives.
(The Rost motives are indecommsable,since (Gkx))an hastype D4 by our
assumptionsand by Claim E3). Therefore Ryx) must cortain as a direct
summandsomeLefstetz motive Z(l) pair to Z.

Next we computel. By assumptionsthe motive R is a commonmotive
of X and Y. Thereforethe number | hasthe property that Z(l) is a direct
summandof the motivesM (X) and M (Y) over k(X)) (or over k(Y)). Using
the Hassediagramsof X and Y (see[PISe\a, Figures 21 and 23]) one can
easielyseeasin Example[3that there is only onesud commondimension,
namelyl = 17.

In the following claim we put all computations that we needto prove
our theorem. The computations were done using algorithms descriked in

6.7 Claim. a) The 16-th Steenrod operation (modulo 2) of
f = Zpesaszasersaszasy 2 Cht'(X)

equalsS*(f ) = Xy = pt. B
b) The 16-th Chern classof the tangentbunde Ty~ of X equals

(e Z[6;5;4;2;3;1;4;3;5;4;2;6;5;4;3;1] + Z[4;2;3;1;4;3;6;5;4;2;7;6;5;4;3;1]

+Z4;3,1,5,4,3,6,5,4,2,7:6,5:4:3:1] 2 Ch**(X):

c) For any g2 Ch%(X) andh 2 Ch8(X) S8(g)S8(h) = cgh.
d)c Ch®(X)=c Cch**(X)=o0.
e) S8(Ch¥(X)) = (Z=2)c.

Proof of Theorem&It Considerthe cyclef = Z7.6.5.4.3.2.4:5.6:1:3.4:5:2:4:3:1] 2
Ch'’(X). This cycle is rational over k(X) by [CGMO5, Proposition 6.1].
Indeed, the Hassediagram for X is represeted in [PISe\a, Figure 23] (That
gure contains the left half of the Hassediagram which is too big to be
represeted at whole. One should symmetrically re ect that diagram to get
a completepicture). Sinceby assumptionthe group (Gkx))an hastype Dy,
oneshould erasefrom the Hassediagram of X all edgeswith labels1, 6, and

19



7. One immediately seesthat the vertex correspnding to f splits from the
diagram. Thus, f is de ned over k(X).

By [PSZ07 Lemmal.6]the cyclea:= 1 f +xg Xg 2 Ch(X X)),
Xz 2 Ch**"(X), is rational (i.e., de ned over k). By Claim E4a) the cycle
S¥®@) =1 pt+x} x% 2 Ch¥X X)), xQ, 2 Ch**(X) (dim X = 33).
Therefore using Claim 6.4 one obtains a (rational) projectoron X X. We
denotethis projector asq.

We claim that this projector contains a summandof the formr s with
r 2 Cht(X), s 2 ch'®(X) and rs = pt. Indeed, by Claim the mo-
tive M (X) has an indecommsabledirect summand R sud the projector
correspnding to Ry, cortains the sum1 pt+ r® sPwith r®2 Ch'’(X),
s92 Ch'®(X) and r&°= pt. Our projector q cortains the summandl pt.
Therefore the Krull-Schmidt theorem for Chow motives with nite coe -
cierts [CMO6, Theorem 9.6] implies that g must also corntain a summand
r swith r 2 Ch*(X), s2 Ch'%(X) andrs = pt.

Since q comesfrom the cycle a by meansof S8, the cycle a cortains a
summandg h with g 2 Ch?(X) and h 2 Ch®(X). Indeed, otherwise we
can't getthe cycler sin g, sinceS'( ) = Oforall 2 Ch (X). Moreover, a
cortains asummandg h (g2 Ch%(X), h 2 Ch8(X)) with S8(g)S8é(h) = pt,
sincers = pt.

Consider now the (rational) product (1 ¢) a2 Ch®¥X X). This
product cortainsthesuml cf+g ch=1 pt+g ch Asin Claim
we may assumethat (1 c¢) ais a projector which cortains the summands
1 ptandg ch by ClaimBZ(c). The motive correspnding to this sum
has the Poincare polynomial 1 + t°. Consider now the motive of X over
k(X). As in Example 31 one can seethat M (X) splits as a direct sum
of (twisted) Lefsdetz motivesand (twisted) Rost motives correspnding to
the anisotropic kernel of Gyx) which has strongly inner type D, by our
assumptionsand by Claim [6&3 The Poincare polynomial of the Rost motive
appearing in the motivic decommsition is 1+ t3. Moreover, the Lefshetz
motive Z(9) does not appear in the motivic decompsition. Therefore by
the Krull-Schmidt theorem[[CMO6, Theorem9.6]the summandg ch of the
product (1 c¢) ais a part of a twisted Rost motive. Thereforethe product
(1 c¢) a must cortain a pair summandfor g ch. Sincethe Poincare
polynomial of our Rost motive is 1 + t3 the pair to g ch summand has
the form g cfi with g 2 Ch® 3(X). This leadsto a cortradiction with
Claim BE24(d). The theoremis proved. O
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6.8 Remark. Theindexreductionformula for certral simplealgebragMPW98|,
Section 8, Type E-7] implies that Theorem[E1 holds if the group G has a
non-trivial Tits algebra. The kernel of our proof does not depend on the
(non)-trivialit y of the Tits algebras.

6.9 Corollary . Let G be an anisotropic group over k of type E; with trivial
Tits algebas or with a Tits algeba of index 4. Then there existsa eld
extensionK =k suchthat the anisotropic kernel of Gx hastype Ds.

Proof. Let X be the projective G-homogeneousvariety of parabolic sub-
groupsof type P;.

Assume rst that all Tits algebrasof G are trivial. Let K=k be a eld
extension. It follows from the Tits classi cation [Ti66] that the anisotropic
kernel of Gk hastype E;, Dg, Eg, D4, Or 1.

Setnow K = k(X). Then obviously the anisotropic kernel of Gk can't
have typesE; and Eg (seethe diagrams|[Ti66) p. 59]). On the other hand,
Gk can't have typesD,4 and 1 by the previoustheorem. Therefore Gk has
type De.

Assumenow that G hasa Tits algebraA of index 4. It follows from
the index reduction formula [MPW398, Section8, Type E;] that indAyx) =
minfindA; 49 = 4. Therefore (Gkx))an has type Ds, since otherwise the
anisotropic kernel of Gy (x) hasthe Tits algebraof index at most 2 by [Ti71,
6.5.5]. O

6.10 Remark. The corollary doesnot hold if the Tits algebraof G hasindex
2. A courter-examplealready exists over the eld R of real numbers.

Now we summarizethe resultsof the presen paper and provide acomplete
list of the the higher Tits indicesfor anisotropic groupsof type F4, Eg, and
E; with trivial Tits algebras.

Fa4 J, = (0) f1,F40
Fa J>= (1) f1; Bs; Fag
Es J2=(0), J3= (0;1) f1, Esg
Es J2=(1),J3=(0; ) f1; D4; Esg
Ee Jz = (O), J3 = (J 1, ), jl 60 fl, 2A2, Eeg
Ee | Jo=(1),J3=(wu ). J160 f1;2A,; D4; Esg
E-, J>=(0; ; ; ), Jdz3=(0) f 1, Dy; De; EQ
E-, Jo=(0; ; ; ), Jz3= (1) | f1;Dg4; Ds; Ee; EvQ
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