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ABSTRACT. Using the formalism of Grothendieck’s derivators, we construct
‘the universal localizing invariant of dg categories’. By this, we mean a mor-
phism U; from the pointed derivator HO(dgcat) associated with the Morita
homotopy theory of dg categories to a triangulated strong derivator Mfi‘;c
such that ; commutes with filtered homotopy colimits, preserves the point,
sends each exact sequence of dg categories to a triangle and is universal for
these properties.

Similary, we construct the ‘universal additive invariant of dg categories’, i.e.
the universal morphism of derivators U, from HO(dgcat) to a strong triangu-
lated derivator Mggd which satisfies the first two properties but the third one
only for split exact sequences. We prove that Waldhausen K-theory appears
as a mapping space in the target of the universal additive invariant.

CONTENTS
1. Introduction 2
2. Acknowledgments 4
3. Preliminaries 4
4. Derived Kan extensions )
5. Localization: model categories versus derivators 6
6. Filtered homotopy colimits 11
7. Pointed derivators 17
8. Small weak generators 18
9. Stabilization 20
10. DG quotients 27
11. The universal localizing invariant 30
12. A Quillen model in terms of presheaves of spectra 36
13. Upper triangular DG categories 36
14. Split short exact sequences 41
15.  Quasi-Additivity 42
16. The universal additive invariant 46
17.  Concluding remarks 49
References 50

Key words and phrases. Grothendieck derivator, Quillen model structure, Bousfield localiza-
tion, simplicial presheaves, stabilization, Drinfeld’s dg quotient, cyclic homology, (non)-connective
K-theory, Additivity, presheaves of spectra, upper triangular dg category.

Supported by FCT-Portugal, scholarship SFRH/BD/14035/2003.

1



2 GONCALO TABUADA

1. INTRODUCTION

Differential graded categories (=dg categories) enhance our understanding of
triangulated categories appearing in algebra and geometry, see [19].

They are considered as non-commutative schemes by Drinfeld [9] [10] and Kont-
sevich [23] [24] in their program of non-commutative algebraic geometry, i.e. the
study of dg categories and their homological invariants.

In this article, using the formalism of Grothendieck’s derivators, we construct
‘the universal localizing invariant of dg categories’ cf. [21]. By this, we mean a
morphism U from the pointed derivator HO(dgcat) associated with the Morita ho-
motopy theory of dg categories, see [36] [35] [34], to a triangulated strong derivator
/\/lffgc such that U; commutes with filtered homotopy colimits, preserves the point,
sends each exact sequence of dg categories to a triangle and is universal for these
properties. Because of its universality property reminiscent of motives, cf. section
4.1 of [25], we call /\/lfiogc the (stable) localizing motivator of dg categories.

Similary, we construct ‘the universal additive invariant of dg categories’, i.e.
the universal morphism of derivators U, from HO(dgcat) to a strong triangulated
derivator ./\/lggd which satisfies the first two properties but the third one only for

split exact sequences. We call /\/lggd the additive motivator of dg categories.

We prove that Waldhausen K-theory appears as a mapping space in the base
category Mggd(e) of the additive motivator. To the best of the author’s knowledge,
this is the first conceptual characterization of Quillen-Waldhausen K-theory [31]
[41].

The representation of K-theory as a mapping space extends our results in [35]
[34], where we represented Ky using functors with values in additive categories
rather than morphisms of derivators with values in strong triangulated derivators.

For example, the mixed complex construction [22], from which all variants of
cyclic homology are deduced, and the non-connective algebraic K-theory [32] are
localizing invariants and factor through ; and through U,. The connective K-
theory [41] is an example of an additive invariant which is not a localizing one. We
prove that it becomes corepresentable in Mggd, see theorem 16.10.

Our construction is similar in spirit to those of Meyer-Nest [29], Cortifias-Thom
[8] and Garkusha [12]. It splits into several general steps and also offers some
insight into the relationship between the theory of derivators [14] [13] [20] [28] [3]
and the classical theory of Quillen model categories [31]. Derivators allow us to state
and prove precise universal properties and to dispense with many of the technical
problems one faces in using model categories.

In chapter 3 we point out the connection between the notions of Grothendieck
derivator and that of small homotopy theory in the sense of Heller [14]. In chap-
ter 4, we recall Cisinski’s theory of derived Kan extensions [4] and in chapter 5,
we develop his ideas on the Bousfield localization of derivators [7]. In particu-
lar, we characterize the derivator associated with a left Bousfield localization of a
Quillen model category by a universal property, see theorem 5.4. This is based on
a constructive description of the local weak equivalences.

In chapter 6, starting from a Quillen model category M satisfying some finiteness
conditions, we construct a morphism of prederivators

HO(M) =2 LgHot u,
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which commutes with filtered homotopy colimits, has a derivator as target and
is universal for these properties. In chapter 7 we study morphisms of pointed
derivators and in chapter 8 we prove a general result which garantees that small
weak generators are preserved under left Bousfield localizations. In chapter 9, we
recall Heller’s stabilization construction [14] and we prove that this construction
takes ‘finitely generated’ unstable theories to compactly generated stable ones. We
establish the connection between Heller’s stabilization and Hovey/Schwede’s stabi-
lization [17] [33] by proving that if we start with a pointed Quillen model category
which satisfies some mild ‘generation’ hypotheses, then the two stabilization pro-
cedures yield equivalent results. This allows us to characterize Hovey/Schwede’s
construction by a universal property and in particular to give a very simple charac-
terisation of the classical category of spectra in the sense of Bousfield-Friedlander
[2]. In chapter 10, by applying the general arguments of the previous chapters to the
Morita homotopy theory of dg categories [36] [35] [34], we construct the universal
morphism of derivators

Uy : HO(dgcat) — St(Ls;, pHotdgeat, )

which commutes with filtered homotopy colimits, preserves the point and has a

K
strong triangulated derivator as target. For every inclusion A — B of a full dg
subcategory, we have an induced morphism

Sk : cone(Us (A & B)) — U (B/A),

where B/ A denotes Drinfeld’s dg quotient. By applying the localization techniques
of section 5 and using the fact that the derivator St(Ls; pHotdgcat f) admits a sta-
ble Quillen model, we inverse the morphisms Sx and finally obtain the universal
localizing invariant of dg categories

U, : HO(dgcat) — ./\/lld‘;;.

We establish a connection between the triangulated category Mffgc(e) and Wald-
hausen’s K-theory by showing that Waldhausen’s Se-construction corresponds to
the suspension functor in ij;c(e). In section 12, we prove that the derivator ./\/lld"gC
admits a stable Quillen model given by a left Bousfield localization of a category of
presheaves of spectra. In section 13, we introduce the concept of upper triangular
dg category and construct a Quillen model structure on this class of dg categories,
which satisfies strong compactness conditions. In section 14, we establish the con-
nection between upper triangular dg categories and split short exact sequences and
use the Quillen model structure of section 13 to prove an ‘approximation result’,
see proposition 14.2. In section 15, by applying the techniques of section 5, we
construct the universal morphism of derivators

U, : HO(dgcat) — M

which commutes with filtered homotopy colimits, preserves the point and sends
each split short exact sequence to a homotopy cofiber sequence. We prove that
Waldhausen’s K-theory space construction appears as a fibrant object, see propo-
sition 15.9. In section 16 we stabilize the derivator Mg;”t, using the fact that it
admits a Quillen model and finally obtain the universal additive invariant of dg
categories

U, : HO(dgcat) — Mggd.
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Connective algbraic K-theory is additive and so factors through U,. We prove that
it corresponds to a fibrant resolution of U, (A)[1], see theorem 16.9, which allows
us to obtain the equivalence

Map(Ue (k), Uy (A)[1]) = |N.wS. Af|
and the isomorphisms
mipriMap(Ua (k),Us(A)[1]) = Ki(A), Vi > 0.

In section 17, we point out some questions that deserve further investigation.
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3. PRELIMINARIES

Our reference for the language of derivators is [3]. The derivators in this article
are always considered over the category cat of small categories. Let I and D’ be
derivators. We denote by Hom(ID, D) the category of all morphisms of derivators,
by Hom, (D, ') the category of morphisms of derivators which commute with homo-
topy colimits and by Hom g, (D, D’) the category of morphisms of derivators which
commute with filtered homotopy colimits. We denote the terminal category by e
and by ¢ : T — O the inclusion of categories

(0,0) <—(0,1) (0,0) =<—(0,1)

T N

(1,0) (1,0) =<— (1,1).

Associated with a small category L and a point « : ¢ — L in L we have the following
adjunction:

Definition 3.1. A derivator D is strong if for every finite free category A and
every small category B, the natural functor

D(A x B) — Fun(A°,D(B))
is full and essentially surjective.

Notice that a strong derivator is the same thing as a small homotopy theory as
defined in [14].

Definition 3.2. A derivator D is regular if in D, sequential homotopy colimits
commute with finite products and homotopy pullbacks.
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Let M be a Quillen model category. By [5], it is known that M gives rise to a
derivator which we denote by HO(M). Observe that proposition 2.15 in [6] implies
that HO(M) is a strong derivator.

We denote by Ho(M) the homotopy category of M. By definition, it equals
HO(M)(e).

Finally, for a small category A, we denote by A the pre-derivator naturally
associated to A.

4. DERIVED KAN EXTENSIONS

Let A be a small category and Fun(A°, Sset) the Quillen model category of
simplicial pre-sheaves on A, endowed with the projective model structure, see [37].
We have at our disposal the functor

A Fun(A°, Sset)
X +—— Homu(?,X),

where Hom 4(?, X) is considered as a discrete simplicial set.
The functor h gives rise to a morphism of pre-derivators

A HO(Fun(A°, Sset)).

Using the notation of [4], we denote by Hota the derivator HO(Fun(A°®, Sset)).
The following results are proven in [4].
Let D be a derivator.

Theorem 4.1. The morphism h induces an equivalence of categories

Hom(A4, D)

wl T,ﬁ

Hom, (Hot4, D).

Proof. This theorem is equivalent to corollary 3.26 in [4], since we have

Hom(A,D) ~ D(A4°).

Lemma 4.2. We have an adjunction

Hom(Hot 4, D)

o |

Hom, (Hot4, D)

where

U(F):=p(Foh).
Proof. We construct a universal 2-morphism of functors

€:incoV — Id.
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Let F be a morphism of derivators belonging to Hom(Hot 4, D). Let L be a small
category and X an object of Hot4(L). Recall from [4] that we have the diagram

VX

Now, let p be the functor 7°° and ¢ the functor w®. By the dual of proposition
1.15 in [4], we have the following functorial isomorphism

gt (h) — X.
Now let €1,(X) be the composed morphism.
eL(X): W(F)(X) = pig* F(h) = piF(q"h) — F(pig"h) = F(X).

Now, notice using theorem 4.1 that e induces an adjunction. v

5. LOCALIZATION: MODEL CATEGORIES VERSUS DERIVATORS

Let M be a left proper, cellular Quillen model category, see [15].

We fix a frame on M, see definition 16.6.21 in [15]. Let D be a small category
and F a functor from D to M. We denote by hocolim F' the object of M, as in
definition 19.1.2 of [15]. Let S be a set of morphisms in M and denote by LgM
the left Bousfield localization of M by S.

Notice that the Quillen adjunction

LsM,

induces a morphism of derivators

v HO(M) 224 HO(LsM)

which commutes with homotopy colimits.

Proposition 5.1. Let Wg be the smallest class of morphisms in M satisfying the
following properties:

a) Every element in S belongs to Wg.

b) Every weak equivalence of M belongs to Ws.

c) If in a commutative triangle, two out of three morphisms belong to W,
then so does the third one. The class Wg is stable under retractions.

d) Let D be a small category and F and G functors from D to M. If n is a
morphism of functors from F to G such that for every object d in D, F(d)
and G(d) are cofibrant objects and the morphism n(d) belongs to Wg, then
so does the morphism

hocolim F' — hocolim G .

Then the class Ws equals the class of S-local equivalences in M, see [15].
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Proof. The class of S-local equivalences satisfies properties a), b), ¢) and d): Prop-
erties a) and b) are satisfied by definition, proposition 3.2.3 and 3.2.4 in [15] imply
property ¢) and proposition 3.2.5 in [15] implies property d).

Let us now show that conversely, each S-local equivalence is in Wg. Let

X%y

be an S-local equivalence in M. Without loss of generality, we can suppose that
X is cofibrant. Indeed, let Q(X) be a cofibrant resolution of X and consider the
diagram

X ———5——>'§/.

Notice that since 7 is a weak equivalence, g is an S-local equivalence if and only if
g o is one.

By theorem 4.3.6 in [15], g is an S-local equivalence if and only if the morphism
Ls(g) appering in the diagram

x—7 oy

j(X)l lj(Y)

LsX ——=1gY
Ls(g)

is a weak equivalence in M. This shows that it is enough to prove that j(X) and
j(Y) belong to Wg. Apply the small object argument to the morphism

X — x

—_—

using the set A(S), see proposition 4.2.5 in [15]. We have the factorization

X *

J(X) /

Ls(X) )

e

where j(X) is a relative A(S)-cell complex.
We will now prove two stability conditions concerning the class Wg.

S1) Consider the following push-out

Wy ——=Ws
fI B lf*
Wy ——Ws,

where Wy, W7 and Wy are cofibrant objects in M and f is a cofibration
which belongs to Ws. Observe that f, corresponds to the colimit of the
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morphism of diagrams

WO —_— WO I WQ
Wy 7 Wo W, .

Now, proposition 19.9.4 in [15] and property d) imply that f,. belongs to
Ws.
S2) Consider the following diagram

X : X, fo X, f1 X, f2 X,

in M, where the objects are cofibrant and the morphisms are cofibrations
which belong to the class Wg. Observe that the transfinite composition of
X corresponds to the colimit of the morphism of diagrams

Xo Xo Xo
H Ifo Iflofo
Xo fo X f1 Xz

Now, since X is a Reedy cofibrant diagram on category with fibrant con-
stants, see definition 15.10.1 in [15], theorem 19.9.1 and property d) imply
that the transfinite composition of X belongs to Wg. Notice that the above
argument can be immediatly generalized to a transfinite composition of a
A-sequence, where A denotes an ordinal, see section 10.2 in [15].

Now, the construction of the morphism j(X) and the stability conditions S1)

and S2) show us that it is enough to prove that the elements of A(S) belong to
Ws. By proposition 4.2.5 in [15], it is sufficient to show that the set

AS)={A®Al] T BoAh*BeoAR|(A%B)esS, n>0),
A®IA[n]
of horns in S is contained in Ws. Recall from definition 4.2.1 in [15] that § : A — B
denotes a cosimplicial resolution of g : A — B and g is a Reedy cofibration. We
have the diagram

. o1 -
A © 0A[n] B © 0A[n]
1®zl ll@z
A ® Aln] e B®An].
Observe that the morphism
A AR 2 B® AN

identifies with
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and so belongs to Ws. Now, the morphism
A ®0An] 222 B © 9An]
corresponds to the induced map of latching objects
L,A — L,B,

which is a cofibration in M by proposition 15.3.11 in [15].
Now by propositions 15.10.4, 16.3.12 and theorem 19.9.1 of [15], we have the
following commutative diagram

hogolim A hogolim B
a(Al[n]) a(Al[n])

L,A—L,B,
where the vertival arrows are weak equivalences and 8(21 [n]) denotes the category
of strictly increasing maps with target [n]. By property d) of the class Wg, we

conclude that g ® 1pa[,) belongs to W.
We have the following diagram

A®Aln] I B®An

A®OA[n]
T K\
I
A ® Aln] B ® Aln]

Notice that the morphism I belongs to Ws by the stability condition S1) applied
to the morphism

A ®0A[n] 221 B oA,

which is a cofibration and belongs to Wg. Since the morphism g ® 1 belongs to Wg
so does A(g).
This proves the proposition. vV

Let D be derivator and S a class of morphisms in D(e).

Definition 5.2 (Cisinski [7]). The derivator D admits a left Bousfield localization
by S if there exists a morphism of derivators

v:D— LsD,

which commutes with homotopy colimits, sends the elements of S to isomorphisms
in LsD(e) and satisfies the universal property: for every derivator D' the morphism
v induces an equivalence of categories

Hom, (LsD, D) ~ Hom, 4(ID, ),

where Hom,’S(ID),]D)’) denotes the category of morphisms of derivators which com-
mute with homotopy colimits and send the elements of S to isomorphisms in D' (e).
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Lemma 5.3. Suppose that D is a triangulated derivator, S is stable under the loop
space functor Q(e) : D(e) — D(e), see [3], and D admits a left Bousfield localization
LsD by S.

Then LgD is also a triangulated derivator.
Proof. Recall from [3] that since D is a triangulated derivator, we have the following

equivalence
D

ET l”
D.
Notice that both morphisms of derivators, ¥ and €2, commute with homotopy col-
imits. Since S is stable under the functor Q(e) : D(e) — D(e) and D admits a left
Bousfield localization LgID by S, we have an induced morphism
Q:LsD — LgD.

Let s be an element of S. We now show that the image of s by the functor v o X
is an isomorphism in LgD(e). For this consider the category I, see section 3, and
the functors
(0,0):e—T and p:[ —e.
Now recall from section 7 from [14] that
Q(e) :=pio(0,0)*.

This description show us that the image of s under the functor v o X is an isomor-
phism in LgD(e) because v commutes with homotopy colimits. In conclusion, we
have an induced adjunction

LsD
zT lg
LsD
which is clearly an equivalence. This proves the lemma. vV

Theorem 5.4 (Cisinski [7]). The morphism of derivators

v HO(M) 24 HO(Ls M)

is a left Bousfield localization of HO(M) by the image of the set S in Ho(M).

Proof. Let D be a derivator.
The morphism ~ admits a fully faithful right adjoint
o: HO(LgM) — HO(M).
Therefore, the induced functor
7" : Hom;(HO(Ls M), D) — Hom, (HO(M), D),

admits a left adjoint o* and oc*y* = (yo)* is isomorphic to the identity. Therefore
~v* is fully faithful. We now show that v* is essentially surjective. Let F' be an object
of Hom, 4(HO(M), D). Notice that since D satisfies the conservativity axiom, it is
sufficient to show that the functor

F(e) : Ho(M) — D(e)
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sends the images in Ho(M) of the S-local equivalences of M to isomorphisms in
D(e). The morphism F' then becomes naturally a morphism of derivators

F :HO(LsM) — D

such that v*(F) = F. Now, since F' commutes with homotopy colimits, the functor
M — Ho(M) — D(e)

sends the elements of Ws to isomorphisms. This proves the theorem since by
proposition 5.1 the class Wg equals the class of S-local equivalences in M. v

6. FILTERED HOMOTOPY COLIMITS

Let M be a cellular Quillen model category, with I the set of generating cofibra-
tions. Suppose that the domains and codomains of the elements of I are cofibrant,
Ng-compact, Rg-small and homotopically finitely presented, see definition 2.1.1 in
[38].

Example 6.1. Consider the quasi-equivalent, resp. quasi-equiconic, resp. Morita,
Quillen model structure on dgcat constructed in [34] [35] [36].

Recall that a dg functor F' from C to € is a quasi-equivalence, Tesp. quasi-
equiconic, resp. a Morita dg functor, if it satisfies one of the following conditions
C1) or C2):

C1) The dg category C is empty and all the objects of £ are contractible.

C2) For every object ¢y and co in C, the morphism of complezxes from Home (c1, ¢2)

to Homg(F(c1)), F(c2)) is a quasi-isomorphism and the functor H(F),
resp. HO(pre-tr(F)), resp. HO(pre-tr(F))P, is essentially surjective.
Observe that the domains and codomains of the set I of generating cofibrations in

dgcat satisfy the conditions above for all the Quillen model structures.

The following proposition is a simplification of proposition 2.2 in [38].

Proposition 6.2. Let M be a Quillen model category which satisfies the conditions
above. Then

1) A filtered colimit of trivial fibrations is a trivial fibration.
2) For any filtered diagram X; in M, the natural morphism
hocolim X; — colim X
iel i€l
is an isomorphism in Ho(M).
3) Any object X in M is equivalent to a filtered colimit of strict finite I-cell
objects.
4) An object X in M is homotopically finitely presented if and only if it is
equivalent to a rectract of a strict finite I-cell object.

Proof. The proof of 1), 2) and 3) is exactly the same as that of proposition 2.2
in [38]. The proof of 4) is also the same once we observe that the domains and
codomains of the elements of the set I are already homotopically finitely presented
by hypothesis. Vv

In everything that follows, we fix:
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- A co-simplicial resolution functor
(D(=) = M — M=, 4)
in the model category M, see definition 16.1.8 in [15]. This means that for
every object X in M, I'(X) is cofibrant in the Reedy model structure on
MA and
i(X) :T(X) = " (X)
is a weak equivalence on M*?, where ¢*(X) denotes the constant co-simplicial
object associated with X.
- A fibrant resolution functor

(=) M—=M,e)
in the model category M, see [15].
Definition 6.3. Let My be the smallest full subcategory of M such that

- My contains (a representative of the isomorphism class of ) each strictly

finite I-cell object of M and
- the category My is stable under the functors (—)y and I'(—)", n > 0.

Remark 6.4. Notice that M is a small category and that every object in M is
weakly equivalent to a strict finite I-cell.

We have the inclusion
M; <5 M.
Definition 6.5. Let S be the set of pre-images of the weak equivalences in M under
the functor i.
Lemma 6.6. The induced functor

M5~ % Ho(m)

is fully faithful, where M¢[S™1] denotes the localization of M by the set S.

Proof. Let X, Y be objects of M. Notice that (Y)y is a fibrant resolution of YV
in M which belongs to M and

LX) T (X)) —=T(X)°

d“Hdll /

rx)!

is a cylinder object for I'(X )Y, see proposition 16.1.6. from [15]. Since this cylinder
object also belongs to My, the localized category M ;[S™!] can be constructed
inside M.

This implies the lemma. Vv

We denote by Fun(/\/l?, Sset) the Quillen model category of simplicial pre-sheaves
on My endowed with the projective model structure, see section 4. Let ¥ be the
image in Fun(M$, Sset) by the functor h, see section 4, of the set S'in My. Since the
category Fun( 45 set) is cellular and left proper, its left Bousfield localization by
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the set 3 exists, see [15]. We denote it by LxFun(M$, Sset). We have a composed
functor that we still denote by h

h: My — Fun(M§$, Sset) I LeFun(M$, Sset).
Now, consider the functor

hAtM — Fun(M$, Sset)
X+ Hom(I'(=), X)|um; -

We also have a composed functor that we still denote by A

h: M — Fun(M$, Sset) 4 LsFun(M$, Sset).
Now, observe that the natural equivalence
(=) : T(=) — (),
induces, for every object X in My, a morphism ¥(X) in LxFun(M$, Sset)
P(X): h(X)=Hom(c"(-),X) — Hom(T'(-),X) =: (ho I)(X),
which is functorial in X.
Lemma 6.7. The functor h preserves weak equivalences between fibrant objects.
Proof. Let X be a fibrant object in M. We have an equivalence
Hom(T'(Y), X) — Map (Y, X),

see [15]. This implies the lemma. v

Remark 6.8. The previous lemma implies that the functor A admits a right derived

functor
Rh:Ho(M) — Ho(LsFun(M$, Sset))

X — Hom(F(f),Xf)‘Mf .

Since the functor
h: My — LeFun(M$, Sset),
sends, by definition, the elements of S to weak equivalences, we have an induced
morphism

Ho(h) : Mf[S™'] — Ho(LsFun(M§$, Sset)) .

Remark 6.9. Notice that lemma 4.2.2 from [37] implies that for every X in My,
the morphism ¥(X)

¥(X) : Ho(h)(X) — (Rho Ho(I))(X)
is an isomorphism in Ho(LsFun(M$, Sset)).
This shows that the functors
Ho(h), Rho Ho(I) : M¢[S™"] — Ho(LsFun(M$, Sset)
are canonically isomorphic and so we have the following diagram

Ml ———

Ho(h)l
RA
Ho(LsFun(M$, Sset))

Ho(M),

which is commutative up to isomorphism.
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Lemma 6.10. The functor Rh commutes with filtered homotopy colimits.

Proof. Let {Y;}icr be a filtered diagram in M. We can suppose, without loss of
generality, that Y; is fibrant in M. By proposition 6.2, the natural morphism

hocolimY; — colimY;
iel i€l

is an isomorphism in Ho(M) and CQHIin is also fibrant. Since the functor
1€

Ho(Fun(M$, Sset)) 2% Ho(LsFun(M$, Sset)) ,

commutes with homotopy colimits and in Ho(Fun(M$, Sset)) they are calculated
objectwise, it is sufficient to show that the morphism

hocolim RA(Y;)(X) — Rh(colim ¥;)(X)
€ 1€
is an isomorphism in Ho(Sset), for every object X in M. Now, since every object

X in M is homotopically finitely presented, see proposition 6.2, we have the
following equivalences:

Rﬁ(cci)gPYi)(X) = Hom(F(X),c?éiIin)
~ Map(I'(X), C(i)éilm Y:)
~ C(i)éiIm Map(X,Y;)
~ hog:gllim RA(Y;)(X)

This proves the lemma. vV

We now denote by Ls;Hotaq, the derivator associated with Ls;Fun(M$, Sset) and
by M ¢[S™!] the pre-derivator M localized at the set S, see [4].
Observe that the morphism of functors

U:h— hot
induces a 2-morphism of derivators
¥ : Ho(h) — Rh o Ho(i).
Lemma 6.11. The 2-morphism VU is an isomorphism.

Proof. For the terminal category e, the 2-morphism ¥ coincides  with the morphism
of functors of remark 6.9. Since this one is an isomorphism, so is ¥ by conservativity.
This proves the lemma. Vv

As before, we have the following diagram

Ho(z)

M;[S7] HO(M),

Ho(h)l -
Ly HOth

which is commutative up to isomorphism in the 2-category of pre-derivators. Notice
that by lemma 6.10, Rh commutes with filtered homotopy colimits.
Let D be a derivator.
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Lemma 6.12. The morphism of pre-derivators

My[57 ™Y LoHoty, |

induces an equivalence of categories

Ho(h)*

Hom, (LsHotaq,, D) — Hom(M;[S™"], D).

Proof. The category Hom,(LsHota,,, D) is equivalent, by theorem 5.4, to the cat-
egory Hom, s;(Hota,, D). This last category identifies under the equivalence

Hom,(Hot v, , D) — Hom(M, D)

given by theorem 4.1 with the full subcategory of Hom(M ¢, D) consisting of the
morphisms of pre-derivators which send the elements of S to isomorphisms in D(e).
Now observe that this last category identifies with Hom(M ¢[S~1], D), by definition

of the localized pre-derivator M ¢[S™!]. This proves the lemma. Vv

Recall from section 9.5 in [11] that the co-simplicial resolution functor I'(—)
that we have fixed in the beginning of this section allows us to construct a Quillen
adjunction:

M
ReT lh_sing
Fun(M$, Sset).

Since the functor Re sends the elements of ¥ to weak equivalences in M, we have
the following Quillen adjunction

M

o

LoFun(M$, Sset),
and a natural weak equivalence
n:Reoh —1i,

see [11].
This implies that we have the following diagram

Myl ———0

LRe
Ho(h)l

Rh
Ho(LsFun(M$, Sset))

Ho(M),

which is commutative up to isomorphism.

We now claim that LLRe o RA is naturally isomorphic to the identity. Indeed,
by proposition 6.2, each object of M is isomorphic in Ho(M), to a filtered colimit
of strict finite I-cell objects. Since RA and LRe commute with filtered homotopy
colimits and LRe o Ho(h) ~ Id, we conclude that LRe o Rh is naturally isomorphic
to the identity. This implies that the morphism RA is fully faithful.
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Now, observe that the natural weak equivalence 7 induces a 2-isomorphism and
so we obtain the following diagram

Ho(z)

My[S7] HO(M),
i —
Ho(h)l /
Rh
LEHOth

which is commutative up to isomorphism in the 2-category of pre-derivators. Notice
that LRe o RA is naturally isomorphic to the identity (by conservativity) and so the
morphism of derivators RhA is fully faithful.

Let D be a derivator.

Theorem 6.13. The morphism of derivators
HO(M) ~2 LyHot us, |
induces an equivalence of categories
Hom (LsHot a1, D) “%> Hom,, (HO(M), D),

where Hom ¢, (HO(M), D) denotes the category of morphisms of derivators which
commute with filtered homotopy colimits.

Proof. We have the following adjunction
Hom(HO(M), D)

Rh*T l]LRe*

Hom(LsHotas,, D),

with RA™ a fully faithful functor.
Now notice that the adjunction of lemma 4.2 induces naturally an adjunction

Hom(LsHot s, , D)
I
Hom, (LsHotag,, D).
This implies that the composed functor
RA" : Hom,(LsHotas,, D) — Hom ;,(HO(M), D)

is fully faithful.
We now show that this functor is essentially surjective.
Let F' be an object of Hom ;,(HO(M), D). Consider the morphism

LRe*(F) := FoLRe.

Notice that this morphism does not necessarily commute with homotopy colimits.
Now, by the above adjunction, we have a universal 2-morphism

¢ : U(LRe"(F)) — LRe"(F).
Now, consider the 2-morphism
RA" : RA* (Vo LRe*)(F)) — (RR" o LRe™)(F) ~ F.
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We will now show that this 2-morphism is a 2-isomorphism. By conservativity,
it is sufficient to show this for the case of the terminal category e. For this, observe
that Rh*(¢) induces an isomorphism

U(LRe*(F)) o RhoHo(i) — F o Ho(i).

Now each object of M is isomorphic, in Ho(M), to a filtered colimit of strict finite
I-cell objects. Since F' and ¥(LRe"(F)) commute with filtered homotopy colimits,
RA* () induces an isomorphism. This shows that the functor RA" is essentially
surjective.

This proves the theorem. v

7. POINTED DERIVATORS

Recall from the previous section that we have constructed a derivator LyHot g ;
associated with a Quillen model category M satisfying suitable finiteness assump-
tions.

Now suppose that Ho(M) is pointed, i.e. that the morphism

0 — *,
in M, where () denotes the initial object and * the terminal one, is a weak equiva-
lence. Consider the morphism
P: @ - h(@) )

where () denotes the initial object in Ly Fun(M$, Sset).

Observe that, since Rh admits a left adjoint, h(()) identifies with the terminal
object in

Ho(LsFun(M$, Sset)),
because
h(0) = Ho(h)(#) = Rh o Ho(i)(0) = RA(*) .
We denote by
LE,PFUn(M?‘, Sset),

the left Bousfield localization of Ly,Fun(M$, Sset) at the morphism P.

Notice that the category

Ho(Ls, pFun(M$, Sset)),

is now a pointed one.

We have the following morphisms of derivators

Ho(M)

| lm

Ly HOth
|
LZJD HOth .
By construction, we have a pointed morphism of derivators

HO(M) qﬁ)ﬂ LE,pHOth ,

which commutes with filtered homotopy colimits and preserves the point.
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Let D be a pointed derivator.

Proposition 7.1. The morphism of derivators ® o Rh induces an equivalence of
categories

Hom, (Ls;, pHot o, , D) (PoRA)* Hom,, ,(HO(M), D),

where Homy, ,(HO(M), D) denotes the category of morphisms of derivators which
commute with filtered homotpy colimits and preserve the point.

Proof. By theorem 5.4, we have an equivalence of categories

Hom, (Ls; pHotax, , D) 2= Hom, p(LsHota,, D).

By theorem 6.13, we have an equivalence of categories

Hom[(LZHOthaD) % Ho—mflt(HO(M)7 D) .

We now show that under this last equivalence, the category Hom, p(LsHota,, D)
identifies with Hom;, ,(HO(M), D). Let F' be an object of Hom, p(LsHotaq,, D).
Since F' commutes with homotopy colimits, it preserves the initial object. This
implies that I" o Rh belongs to Hom, ,(HO(M, D).

Let now G be an object of Hom;, ,(HO(M), D). Consider, as in the proof of
theorem 6.13, the morphism

U(LRe*(G)) : LeHotp, — D.

Since ¥(LRe*(G)) commutes with homotopy colimits, by construction, it sends
() to the point of D. Observe also that h((}) is also sent to the point of D because

V(LRe™ (G))(h(0)) ~ G(0).

This proves the proposition.

8. SMALL WEAK GENERATORS

Let N be a pointed, left proper, compactly generated Quillen model category.
Observe that in particular this implies that A is finitely generated, as in section
7.4 in [16]. We denote by G the set of cofibers of the generating cofibrations I
in V. By corollary 7.4.4 in [16], the set G is a set of small weak generators for
Ho(N), see definitions 7.2.1 and 7.2.2 in [16]. Let S be a set of morphisms in N
between objects which are homotopically finitely presented, see [38], and Ls A the
left Bousfield localization of A" by S. We have an adjunction

Ho(N)

]lel T]Rld

HO(LsN) .

Lemma 8.1. The image of the set G under the functor ILId is a set of small weak
generators in Ho(LgN).
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Proof. The previous adjunction is equivalent to

Ho(N\)

A

Ho(./\/)s

where Ho(N) g denotes the full subcategory of Ho(M) formed by the S-local objects
of N and (—)s denotes a fibrant resolution functor in LgA/, see [15]. Clearly, this
implies that the image of the set G under the functor (—) is a set of weak generators
in HO(LsN).

We now show that the S-local objects in A are stable under filtered homotopy
colimits. Let {X;},.; be a filtered diagram of S-local objects. By proposition 6.2,
we have an isomorphism

hocolim X; — colim X;
iel iel
in Ho(\V). We now show that CQHIID X, is an S-local object. Let g : A — B be an
1€

element of S. We have at our disposal the following commutative diagram

Map(B, colim X;) 9 Map(A, colim X;)
el el

cQIiIm Map(B, X;) . colim Map(4, X;) .
1€

colimg: €1
el

Now observe that since A and B are homotopically finitely presented objects, the

vertical arrows in the diagram are isomorphisms in Ho(Sset). Since each object X;

is S-local, the morphism ¢} is an isomorphism in Ho(Sset) and so is CQliIIIl g;. This
1€

implies that chiIm X, is an S-local object. This shows that the inclusion
1€

Ho(M)g < Ho(M),

commutes with filtered homotopy colimits and so the image of the set G under the
functor (—) consists of small objects of Ho(LsA).
This proves the lemma. vV

Recall from the previous chapter that we have constructed a pointed derivator
Ly, pHotaq,. We will now construct a strictly pointed Quillen model catgory whose
associated derivator is equivalent to Ly, pHotaq,. Consider the pointed Quillen
model category

* | Fun(M$, Sset) = Fun(M$, Ssets) .

We have the following Quillen adjunction

Fun(M$, Sset,)

o] o

Fun(M$, Sset),

where U denotes the forgetful functor.
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We denote by LE,pFun(M;, Sset,) the left Bousfield localization of Fun(/\/l?c, Ssets)
by the image of the set ¥U{P} under the functor (—).. We denote by Ly, pHot,
the derivator associated with Ly, p Fun(/\/l;’c, Ssets).

Remark 8.2. Since the derivators associated with Ly, pFun( ?, Sset) and Lg,pFun(M?, Ssets)
are caracterized by the same universal property we have a canonical equivalence of
pointed derivators

LgypHOth AN LgﬁpHOth.

Notice also that the category Fun( e Ssete) endowed with the projective model
structure is pointed, left proper, compactly generated and that the domains and
codomains of the elements of the set (XU{P}) are homotopically finitely presented
objects. Therefore by lemma 8.1, the set

G = {FXpu), jonim, | X € My,n >0},

of cofibers of the generating cofibrations in Fun(M$, Sset,) is a set of small weak
generators in Ho(Ls, pFun(M$, Ssets)).

9. STABILIZATION

Let D be a regular pointed strong derivator.
In [14], Heller constructs a universal morphism to a triangulated strong derivator

stab

D — St(D),

which commutes with homotopy colimits.
This construction is done in two steps. First consider the following ordered set

Vi={Gj)li-jI <1} CZxZ
naturally as a small category. We denote by
Vi={(j)|li-jl=1}CV,

the full subcategory of ‘points on the boundary’.
Now, let Spec(D) be the full subderivator of Dy, see definition 3.4 in [3], formed
by the objects X in Dy (L), whose image under the functor

Dy (L) = D(V x L) — Fun(V°?, (L))

is of the form

* %X(l,l)

|

* X(0,0) *

]

X(*L*l)%* )

see section 8 in [14]. We have an evaluation functor ev(q, o) : Spec(D) — DD, which
admits a left adjoint L[0, 0].

Finally, let St(D) be the full reflexive subderivator of Spec(ID) consisting of the
Q-spectra, as defined in [14].
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We have the following adjunctions

D

L[0,0]l Teﬂ(o,o)

stab Spec(]D))

|

St(D)

in the 2-category of derivators.
Let T be a triangulated strong derivator. The following theorem is proved in
[14].

Theorem 9.1. The morphism stab induces an equivalence of categories

stab*

Hom,(St(D), T) =— Hom,(D, T).
Lemma 9.2. Let G be a set of objects in D(e) which satisfies the following condi-
tions:
A1) If, for each g in G, we have

HomD(e)(gvX) = {*} s

then X is isomorphic to %, where * denotes the terminal and initial object
in D(e).
A2) For every set K and each g in G the canonical map

Sc]%ge Hompyc) (g, JE[SXa) = Hompye) (g, a]E[SXa)
1s bijective.
Then the set
{X"stab(g) |g € G, n € Z}

of objects in St(D)(e), where 3 denotes the suspension functor in St(D)(e), satisfies
Al) and A2).

Proof. Let X be an object of St(D)(e). Suppose that for each g in G and n in Z,
we have

Homsy (p)(c) (X" stab(g), X) = {*}.
Then by the following isomorphisms

Homs; (p)(c) (X" stab(g), X) Homs;(p)(c) (stab(g), 2" X)
Hompc) (g, €v(0,0) 2" X)

Hompey (9, ev(n,n)X)

1R

we conclude that, for all n in Z, we have

€V(n,n) X = *.
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By the conservativity axiom, X is isomorphic to * in St(ID)(e). This shows condition
Al). Now observe that condition A2) follows from the following isomorphisms
Homsm)(e) (X"stab(g), D Xo) =~ HomSt(D)(e)(stab 9), Q" P X )

a€K acK

~ HomSt(D)(e)(smb( ) @ QnX )
~ Homp.)(g, €v(0,0) H Q Xa)
Homp¢) (g, ]_[ evoo Q Xa)

cohm HomD(e) (97 H eU(O 0)$2" Xa)

sznzte
ohm HomD(e) (9767) 0,0) [1o"X )

sznzte aGS
colim HomSt(D)(e) (stab(g), @ Qn&)

SCK
S finite a€s

colim Homs;(p)(c) (X" stab(g), @ Xa)

SCK
S finite a€s

R

12

R

R

12

Vv

Lemma 9.3. Let T be a triangulated derivator and G a set of objects in T(e) which
satisfies conditions Al) and A2) of lemma 9.2.
Then for every small category L and every point x : e — L in L, the set

{n(9)lge G z:e— L}
satisfies conditions Al) and A2) in the category T(L).

Proof. Suppose that
Homr () (21(g), M) = {*},
for every g € G and every point x in L. Then by adjunction x*M is isomorphic to

* in T(e) and so by the conservativity axiom, M is isomorphic to * in T(L). This
shows condition A1). Condition A2) follows from the following isomorphisms

Homrr)(21(9), @ Ma) =~ Homy(g,2* @ Ma)
aeK acK

~ Home(o(g, @ oMz
= @ HomT(e)(g,a: M )
~ @ HomT(L)(zu( ) Ma).

Vv

Remark 9.4. Notice that if D is a regular pointed strong derivator and we have
at our disposal of a set G of objects in D(e) which satisfies conditions Al) and
A2), then lemma 8.1 and lemma 9.3 imply that St(D)(L) is a compactly generated
triangulated category, for every small category L.

Relation with Hovey/Schwede’s stabilization. We will now relate Heller’s
construction with the construction of spectra as it is done by Hovey in [17] and
Schwede in [33].

Let M be a pointed, simplicial, left proper, cellular, almost finitely generated
Quillen model category, see definition 4.1 in [17], where sequential colimits commute
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with finite products and homotopy pullbacks. This implies that the associated
derivator HO(M) will be regular.

Example 9.5. Consider the category Ly, pFun( ;,Sset.) defined in section 8.
Notice that the category of pointed simplicial pre-sheaves Fun( % Sset,) is pointed,
simplicial, left proper, cellular and even finitely generated, see definition 4.1 in [17].
Since limits and colimits in Fun( % Ssets) are calculated objectwise, we conclude
that sequential colimits commute with finite products. Now, by theorem 4.1.1 in [15]
the category Ls, pFun( % Sset,) is also pointed, simplicial, left proper and cellular.

Now observe that the domains and codomains of each morphism in A((X U
{P})+), see definition 4.2.1 in [15], are finitely presented, since the forgetful functor

Fun(M$, Sset,) — Fun(M?, Sset)

commutes with filtered colimits and homotopy pullbacks. Now, by proposition 4.2.4

in [15], we conclude that a morphism A L Bin Ly, pFun(M$, Ssets), with B a
local object, is a local fibration if and only if it has the right lifting property with
respect to the set

JUMEU{P})4),

where J denotes the set of generating acyclic cofibrations in Fun(/\/l‘}, Ssete). This
shows that Ly, pFun( % Ssete) is almost finitely generated.

Recall from section 1.2 in [33] that since M is a pointed, simplicial model cate-
gory, we have a Quillen adjunction

M
E()l TQ()
M,
where ¥(X) denotes the suspension of an object X , i.e. the pushout of the diagram

X Q@ 0Al — X @ Al

|

*

Recall also that in [17] and [33] the autors construct a stable Quillen model category
Sp™(M) of spectra associated with M and the left Quillen functor ¥(—). We have
the following Quillen adjunction, see [17],

M

Sp"'(M)
and thus a morphism to a strong triangulated derivator
HO(M) 5 HO(Sp" (M)

which commutes with homotopy colimits.
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By theorem 9.1, we have at our disposal a diagram
HO(M)
J/ L
stab
St(HO(M)) —= HO(Sp" (M),

which is commutative up to isomorphism in the 2-category of derivators.

Now suppose also that we have a set G of small weak generators in Ho(M), as
in definitions 7.2.1 and 7.2.2 in [17]. Suppose also that each object of G considered
in M is cofibrant, finitely presented, homotopy finitely presented and has a finitely
presented cylinder object.

Example 9.6. Observe that the category Fun(M;,Sset.) is pointed and finitely
generated. By corollary 7.4.4 in [16], the set

Gg= {F)A([n]+/6A[n]+|X € My ,n >0},

is a set of small weak generators in Ho(Fun(M$, Ssets)). Since the domains and
codomains of the set

CU{P})y
are homotopically finitely presented objects, lemma 8.1 implies that G is a set of
small weak generators in Ho(Ls, pFun(M$, Ssets)). Clearly the elements of G are
cofibrant, finitely presented and have a finitely presented cylinder object. They are
also homotopically finitely presented.

Under the hypotheses above on the category M, we have the following compar-
ison theorem

Theorem 9.7. The induced morphism of triangulated derivators
¢ : St(HO(M)) — HO(Sp" (M))
is an equivalence.

The proof of theorem 9.7 will consist in verifying the conditions of the following
general proposition.

Proposition 9.8. Let F : T; — Ts be a morphism of strong triangulated deriva-
tors. Suppose that the triangulated categories T1(e) and Ta(e) are compactly gener-
ated and that there is a set G C T1(e) of compact generators, which is stable under
suspensions and satisfies the following conditions :

a) F(e) induces bijections

Hom, (¢) (91, 92) — Homr, (o) (F'g1, Fg2), V91,92 € G
and

b) the set of objects {Fg|g € G} is a set of compact generators in Ta(e).
Then the morphism F is an equivalence of derivators.
Proof. Conditions a) and b) imply that F(e) is an equivalence of triangulated cat-
egory, see [30].

Now, let L be a small category. We show that conditions a) and b) are also

verified by F(L), T1(L) and T(L). By lemma 9.3 the sets

{ei(9)lge G, v:e— L} and {m(Fg)lge G, v:e— L}
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consist of compact generators for Ty (L), resp. Ta(L), which are stable under sus-
pensions. Since F' commutes with homotopy colimits F'(z1(g)) = 21(Fg) and so the
following isomorphisms

Homr, (¢) (g1, 2" 21(g2))
Home, () (£'(g1), F(z"21(g2)))
Homr, ¢y (Fg1, 2" F(x1(g2)))
Hom-ﬂ-Q( )(,T!F(gl) .Z‘[F 2))

imply the proposition. vV

HomTl(L)(I!(gl), z1(g2))

1R 1R R

Let us now prove theorem 9.7 :

Proof. Let us first prove condition b) of proposition 9.8. Since the set G of small
generators in Ho(M) satisfies the conditions of lemma 9.2, we have a set

{X"stab(g)|g € G, n € Z}

of compact generators in St(HO(M))(e), which is stable under suspensions. We
now show that the set

{E"LE*(g)|g € G, n € Z}
is a set of compact generators in Ho(Sp™(M)). These objects are compact because

the functor Revg in the adjunction

Ho(M)

LX>° l TR@’UO

Ho(Sp" (M)

commutes with filtered homotopy colimits. We now show that they form a set of
generators. Let Y be an object in Ho(Sp™(M)), that we can suppose, without loss
of generality, to be an Q-spectrum, see [17]. Suppose that

Hom(X"LX*(g;),Y") ~ colim Hom(g;, QY. 4p) = {*}, n > 0.
Since Y is an (2-spectrum, we have
Y,=%,¥p>0.

This implies that Y is isomorphic to * in Ho(Sp™(M)).
We now show condition a). Let g1 and g2 be objects in G. Observe that we have
the following isomorphisms, see [14]

HomsyHo(m)) (e) (stab(g), stab(ga))
=~ Hompo(a1) (91, (€v(0,0) © loc o L[0,0])(g2))

~ Hompo( 1) (91, €v(0,0) (hocohm L[0,0](g2) — Qo L[0,0](g2) — -..)))
~ HomHo(M)(gl,hocohm_ev_(ojo)( [0,0](g2) — Qo L[0,0](g2) — --+))
~ co%_im Homuo(ag) (91, %7 (g2)) -

Now, by corollary 4.13 in [17], we have

Homypo(spiaa)) (LE*(g1), LE>(g2)) =~ Homygspiag) (2%(g1), (2%(g2)) ¢)
= CO}TiLHl HomHo(M) (glan(Em(g2>)f> )

where (3°°(g2))s denotes a levelwise fibrant resolution of £°°(g2) in the category

Sp(M).
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Now, notice that since go is cofibrant, so is ™ (g2) and so we have the following
isomorphism

Q" (2" (g2)r — (RQ)™ o (LX)™(g2)
in Ho(SPY(M)). This implies that for j > 0, we have an isomorphism
Q73 (g2) — (X (92))s

in Ho(Sp"(M)) and so

Homs: (o)) (e) (stab(g1), stab(ga)) = Homyg(spnary) (LE(g1), LE> (g2)) -
Let now p be an integer. Notice that

HomsHo(m))(e) (stab(g1), XP stab(ga)) = Cogim Hompoar) (91, 277 (g))
and that

Homyg(sp () (LE* (g1), BPLE> (g2)) = colim Hompo g (91, 2™ (5™ (g2)) ) -
This proves condition a) and so the theorem is proven. vV

Remark 9.9. If we consider for M the category LgﬁpFun(M?«, Sset, ), we have equiv-
alences of derivators

¢ : St(Ly, pHotag, ) — HO(Sp" (Ls, pFun(M$, Ssets))) < St(Ls, pHotu, ).

Let D be a strong triangulated derivator.
Now, by theorem 9.1 and proposition 7.1, we have the following proposition

Proposition 9.10. We have an equivalence of categories

Hom, (St(Ls, pHotageat, ), D) (staboboRh)” Hom ,; ,(HO(dgcat), D).

Since the category Sseto satisfies all the conditions of theorem 9.7, we have
the following characterization of the classical category of spectra, after Bousfield-
Friedlander [2], by a universal property.

Proposition 9.11. We have an equivalence of categories
Hom, (HO(Sp" (Ssets)), D) — Doe).
Proof. By theorems 9.7 and 4.1, we have the following equivalences

Hom, (HO(Sp"(Sseta)), D)

1
I
9)
3

1(HO(Sset,), D)
m, (Hot,, D)
Hom, (Hot, D)
(e).

This proves the proposition. v

I
I
9)

R
=]

~—

Remark 9.12. An analoguos caracterization of the category of spectra, but in the
context of stable oo-categories is proved in [26, 17.6].
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10. DG QUOTIENTS

Recall from [34] [35] that we have at our disposal a Morita Quillen model struc-
ture on the category of small dg categories dgcat, see example 6.1. As shown in
[34] [35] the homotopy category Ho(dgcat) is pointed. In the following, we will be
considering this Quillen model structure. We denote by I the set of generating
cofibrations.

Notation 10.1. We denote by £ the set of inclusions of full dg subcategories
g—H,
where H s a strict finite I-cell.

Recall that we have a morphism of derivators
Uy := stabo ® o Rh : HO(dgcat) — St(Lg7PHotdgcatf)

which commutes with filtered homotopy colimits and preserves the point.

Let us now make some general arguments.

Let D be a pointed derivator. We denote by I the category associated to the
graph

0«—1.
Consider the functor ¢t =1 : e — I. Since the functor ¢ is an open immersion and
the derivator D is pointed, the functor
t1: D(e) — D(I)

has a left adjoint

2

t D) — D(e),
see [3]. We denote it by
cone: D(I) — D(e) .
Let F : D — I be a morphism of pointed derivators. Notice that we have a natural
transformation of functors.

S :coneo F(I) — F(e) o cone.
Proposition 10.2. Let A L B be an inclusion of a full dg subcategory and ! g
AC_R>. B ,

|

0

the associated object in HO(dgcat)(I ), where 0 denotes the terminal object in Ho(dgcat).
Then there exists a filtered category J and an object Dg in HO(dgcat)(T™ x J), such
that

p(Dr) —T g,
where p : [ x J — [ denotes the projection functor. Moreover, for every point
j:re— Jin J the object (1 x j)* in HO(dgcat)(" ) is of the form

0—Y; 2 x;,

where Y; 2 X, belongs to the set £.
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Proof. Apply the small object argument to the morphism
0 — B

using the set of generating cofibrations I and obtain the factorization

\ / }
Q(B) ,

where i is an I-cell. Now consider the following fiber product

P H A —=Q(B)

Ni - Nip

A—L -5,

0

Notice that p~!(A) is a full dg subcategory of Q(B).
Now, by proposition 6.2, we have an isomorphism

colin X; > Q(B).
where J is the filtered category of inclusions of strict finite sub-I-cells X; into Q(B).
For each j € J, consider the fiber product
Vie———X;
p_ll(A);) Q(£) :
In this way, we obtain a morphism of diagrams
{Yitjes = {Xj}jes,
such that for each j in J, the inclusion
Yy — X

belongs to the set £ and J is filtered.
Consider now the diagram Dy
{O — YJ — Xj}je.]
in the category Fun(”™ x .J,dgcat). Now, notice that we have the isomorphism

colim {0 Vj — X;} = {0 — p~'(4) — Q(B)}
J
in Fun(", dgcat) and the weak equivalence

{0 —p  (A—=Q(B)}

-

S
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in Fun(, dgcat), when endowed with the projective model structure, see [15]. Since
Fun(™, dgcat) is clearly also compactly generated, we have an isomorphism

hojcgﬁm 0«Y;, — X;)— c]c_Jelign 0—Y; — X;).

Finally, notice that Dp is an object of HO(dgcat) (™ x J) and that pi(Dg), where
p:I" x J— J denotes the projection functor, identifies with

ho_co}im 0<Y, — Xj).
€.

This proves the proposition. v

Notation 10.3. We denote by Es; the set of morhisms Sy, where L belongs to the
set E.

Let D be a strong triangulated derivator.
Theorem 10.4. If
G: St(LZJDHOtdgcatf) — D

is a morphism of triangulated derivators commuting with arbitrary homotopy colim-
its and such that G(e)(SL) is invertible for each L in &, then G(e)(Sk) is invertible
for each inclusion K : A — B of a full dg subcategory.

Proof. Let A & B be an inclusion of a full dg subcategory. Consider the morphism
er = @("k): (olr)("k) — Ur oi)("k)

in St(LE,pHOtdgcatf)(D).
Let Dg be the object of HO(dgcat)(™ x J) constructed in proposition 10.2. In
particular p{(Dg) =T g, where p’ : ™ x J — [ denotes the projection functor.
The inclusion ¢ : T < [, induces a commutative square

m
HO(dgcat)(O x J) vr @) St(Ls, pHotggeat ) (O % J)

l(ixl)* l(ixl)*

HO(dgeat) (T x J) — —=—= St(Ly, pHotageat, ) (T x J)

and a morphism
U: (@ x1oldr([ xJ)(Dk) — Ur(Ox J)o (i x 1)) (Dk).

We will now show that
p!\I] l’ YK,

where p : OO x J — [, denotes the projection functor.
The fact that we have the following commutative square

O<20OxJ
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and that the morphism of derivators U7 commutes with filtered homotopy colimits
implies the following equivalences

nV¥
= pro (i x )y oUr(™ x j)(Dx)
~ i! Op? OUT(r X J)(Dk)
~ ’L'! OZ/{T(I_) Op{(DK)
~ (iroUr(M))(Mk)
=YJ
This shows that

ydi OUT(D X J) o (Z X 1)!(Dk)
UT(D X J) opro (’L X 1)[(DK)
UT(D) Oi[ Op;(DK)

(Ur(@) i) k)

U A

p(¥) — ¢k .
We now show that ¥ is an isomorphism. For this, by conservativity, it is enough
to show that for every object j : e — J in J, the morphism

(1% 5)"(¥),
is an isomorphism in St(LE,pHotdgcatf)(D). Recall from proposition 10.2 that (1 x
7)*(Dk) identifies with
L
{0=Y; = X;},
where L; belongs to £. We now show that (1 x j)*(¥) identifies with ¢, which

by hypotheses, is an isomorphism.
Now, the following commutative diagram

1xyj
O——0xJ

M——=0r xJ
1xyg

and the dual of proposition 2.8 in [4] imply that we have the following equivalences

(1% )"0

= (A xg)re(@xholr(" x J)(Dx) — ((1xj)" elp(dxJ)o(ix1))(Dk)
~ (iyo (1 xj)olr(” x J))(Dk) —  (Ur(dx J) (1 ])* o (i x 1)) (Dk)
~ (i o Ur(") o (1 x j)*)(Dx) — Ur(D)oio (1% j))(Dx)
Zi! OUT(’_)(’_LJ-) — UT D)Oi!(l_L])
= SﬁLj
Since by hypotheses ¢r,; is an isomorphism and the morphism G commutes with
homotopy colimits the theorem is proven. v

11. THE UNIVERSAL LOCALIZING INVARIANT

Recall from theorem 9.7 and remark 9.9 that if we consider for the category M
the category Ly pFun(dgcat}, Ssets), see example 9.6, we have an equivalence of
triangulated derivators

¢ : St(Lx, pHotageat,) — HO(Sp"(Ly; pFun(dgcatf, Sseta))) .

Now, stabilize the set £ defined in the previous section under the functor loop
space and choose for each element of this stabilized set a representative in the
category Sp™(Ls p Fun(dgcat}, Ssets)). We denote the set of these representatives

by E:. Since SpN(Lg,pFun(dgcat;, Sset,)) is a left proper, cellular Quillen model
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category, see [17], its left Bousfield localization by é‘; exists. We denote it by
LaSpN(LgﬁpFun(dgcat;’c, Ssets)). By lemma 5.3 it is a stable Quillen model cate-
gory.

Remark 11.1. Since the localization morphism

7+ St(Ls, pHotagear, ) “- HO(Lg Sp™ (Lx pFun(dgcat§, Sseta)))

commutes with homotopy colimits and inverts the set of morphisms &g, theo-
rem 10.4 allows us to conclude that it inverts all morphisms Sk for each inclusion
A — B of a full dg subcategory.

Definition 11.2. - The Localizing motivator of dg categories Mil‘;c is the
triangulated derivator associated with the stable Quillen model category

LgﬂSpN(LgﬁpFun(dgcat?, Ssets)) .

- The Universal localizing invariant of dg categories is the canonical mor-
phism of derivators

U, : HO(dgcat) — /\/lffgc.

We sum up the construction of /\/lich in the following diagram

dgcat;[S™!] — = HO(dgcat)

LRe
Ho(h) -
Ly HOtdgcatf
o}

I—E,P HOtdgcatf
stab
St(LE,pHOtdgcatf )

~

Mige
Observe that the morphism of derivators U is pointed, commutes with filtered

homotopy colimits and satisfies the following condition:

Dr) For every inclusion .4 & Bofafull dg subcategory the canonical morphism

K
Sk : cone(Uy(A — B)) — U;(B/A)
is invertible in /\/lldogc(e).
We now give a conceptual characterization of condition Dr). Let I be the cate-

gory associated with the graph 0 « 1.

Lemma 11.3. The isomorphism classes in HO(dgcat)(I) associated with the inclu-

K
sions A — B of full dg subcategories coincide with the classe of homotopy monomor-
phims in dgcat, see section 2 in [39].
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Proof. Recall from section 2 in [39] that in a model category M a morphism X Ly
is a homotopy monomorphism if for every object Z in M, the induced morphism
of simplicial sets

Map(Z, X) £ Map(Z,Y)
induces an injection on 7y and isomorphisms on all 7r; for ¢ > 0 (for all base points).

Now, by lemma 2.4 of [39] a dg functor A L Bisan homotopy monomorphism
on the quasi-equivalent Quillen model category on dgcat if and only if it is quasi-
fully faithful, i.e. for any two objects X and Y in A the morphism of complexes
Hom4(X,Y) — Homg(FX, FY) is a quasi-isomorphism.

Recall that by corollary 5.10 of [35] [34] the mapping space functor Map(A, B) in
the Morita Quillen model category identifies with the mapping space Map(A, By)
in the quasi-equivalent Quillen model category, where B; denotes a Morita fibrant

resolution of B. This implies that a dg functor A L Bisa homotopy monomorphism

if and only if Ay it By is a quasi-fully faithful dg functor.
Now, notice that an inclusion A — B of a full dg subcategory is a homotopy

monomorphism. Conversely, let A L Bbea homotopy monomorphism. Consider
the diagram

(—>Bf

A—F>5,
where :élvf denotes the full dg subcategory of By whose objects are those in the

image by the dg functor Fy. Since Fy is a quasi-fully faithful dg functor, the dg
functor 7 is a quasi-equivalence. This proves the lemma. vV

Remark 11.4. Lemma 11.3 shows that condition Dr) is equivalent to

Dr’) For every homotopy monomorphism .4 L Bin HO(dgcat)(I) the canonical
morphism

cone(Uy (A 5 B)) — Uy(cone(F))
is invertible in ./\/lloc( ).

Let D be a strong triangulated derivator.
Theorem 11.5. The morphism U; induces an equivalence of categories
L
Hom.(/\/lloC D) — Ho_mﬂt’Dr’p(HO(dgcat),D) ,

where Homy, p,. ,(HO(dgcat), D) denotes the category of morphisms of derivators
which commute with filtered homotopy colimits, satisfy condition Dr) and preserve
the point.

Proof. By theorem 5.4, we have the following equivalence of categories

Hom.(/\/llOC]D)) — Hom, &, (St(Ls,pFun(dgceat}, Ssets)), D) .
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We now show that we have the following equivalence of categories
Hom, = (St(Lx, pFun(dgcat}, Ssets)), D) = Hom, ¢ (St(Ls, pFun(dgcat}, Ssets)), D).

Let G be an element of Hom, ¢ (St(Ls, pFun(dgcat}, Sset,)), D) and s an element
of £s;. We show that the image of s under the functor G(e)o2(e) is an isomorphism
in D(e). Recall from the proof of lemma 5.3 that the functor G(e) commutes with
Y (e). Since the suspension and loop space functors in D(e) are inverse of each other
we conclude that the image of s under the functor G(e) o 2(e) is an isomorphism
in D(e). Now, simply observe that the category on the right hand side of the above
equivalence identifies with Hom;, p, ,(HO(dgcat), D) under the equivalence

stabo®oRh)*
Hom, (St(Ls, pHotdgear, ): D) ““225**" Hom ), , (HO(dgcat), D),

of proposition 9.10.
This proves the theorem. vV

Terminology 11.6. We call an object of the right hand side category of theo-
rem 11.5 a localizing invariant of dg categories.

We now present some examples.

Hochschild and cyclic homology. Let A be a small k-flat k-category. The
Hochschild chain complex of A is the complex concentrated in homological degrees
p > 0 whose pth component is the sum of the

A(Xpa XO) ® A(Xpa prl) ® A(prla pr2) ®-® A(XOa Xl) )
where Xy, ..., X, range through the objects of A, endowed with the differential

d(fp®---®f0):fp—1®"'®f0fp+2(—1)ifp®"'®fifi—1®"'®f0-

i=1

Via the cyclic permutations

tp(fp1®@--®fo) = (=1)"fo® fr1®@---® fi

this complex becomes a precyclic chain complex and thus gives rise to a mized
complex C(A), i.e. a dg module over the dg algebra A = k[B]/(B?), where B is
of degree —1 and dB = 0. All variants of cyclic homology only depend on C(A)
considered in D(A). For example, the cyclic homology of A is the homology of the
complex C(A) %A k, cf. [18].

If A is a k-flat differential graded category, its mixed complex is the sum-total
complex of the bicomplex obtained as the natural re-interpretation of the above
complex. If A is an arbitrary dg k-category, its Hochschild chain complex is defined
as the one of a k-flat (e.g. a cofibrant) resolution of A. The following theorem is
proved in [22].

Theorem 11.7. The map A — C(A) yields a morphism of derivators
HO(dgcat) — HO(A — Mod) ,

which commutes with filtered homotopy colimits, preserves the point and satisfies
condition Dr).
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Remark 11.8. By theorem 11.5 the morphism of derivators C' factors through U
and so gives rise to a morphism

C: MY — HO(A — Mod) .

Non-connective K-theory. Let A be a small dg category. Its non-connective
K-theory spectrum K (A) is defined by applying Schlichting’s construction [32] to
the Frobenius pair associated with the category of cofibrant perfect A-modules (to
the empty dg category we associate 0). Recall that the conflations in the Frobenius
category of cofibrant perfect A-modules are the short exact sequences which split
in the category of graded .A-modules.

Theorem 11.9. The map A K(A) yields a morphism of derivators
HO(dgcat) — HO(Spt),
to the derivator associated with the category of spectra, which commutes with filtered

homotopy colimits, preserves the point and satisfies condition Dr).

Proof. Proposition 11.15 in [32], which an adaption of theorem 1.9.8 in [40], implies
that we have a well defined morphism of derivators

HO(dgcat) — HO(Spt) .
Lemma 6.3 in [32] implies that this morphism commutes with filtered homotopy

colimits and theorem 11.10 implies that condition Dr) is satisfied. v

Remark 11.10. By theorem 11.5, the morphism of derivators K factors through U,
and so gives rise to a morphism

K : Mlge — HO(Spt) .
We now establish a connection between Waldhausen’s Se-construction, see [41]
and the suspension functor in the triangulated category Mfi"gc(e). Let A be a Morita
fibrant dg category, see [34] [35]. Notice that Z°(A) carries a natural exact category

structure obtained by pulling back the garded-split structure on Cq4(A) along the
Yoneda functor

h:Z°A) — Cag(A)
A — Hom®(7,A).

We denote by Se.4 the Waldhausen S,-construction of A, see [41]. Observe that
we obtain in this way a simplicial Morita fibrant dg category. We denote by A the
simplicial category, see [27], and by p : A — e the projection functor.

Proposition 11.11. There is a canonical isomorphism in Mil‘?qc(e)
pU(SeA) = U (A)[1].
Proof. As in [27, 3.3], we consider the sequence in HO(dgcat)(A)
0— Ag — PSeA — SeA — 0,

where A, denotes the constant simplicial dg category with value A and PSe.A the
path object of S, A. For each point n : e — A, the nth component of the above
sequence is the following short exact sequence in Ho(dgcat)

0= AL PS,A=8,11A4%2 S,4—0,
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where I maps A € A to the constant sequence

0—-Ald 414, 1y

and ) maps a sequence
0—-A)— A1 —---— A,
to
Al/AO — An/AQ

Since the morphism of derivators U satisfies condition Dr), the conservativity axiom
implies that we obtain a triangle

Ui(As) = Uy (PSe) — Ui(Se) — Ui(As)[1]
in /\/lffgc(A). By applying the functor p;, we obtain the following triangle
pU(As) — plU(PSeA) — pith (Se A) — pith(As)[1]

in M'Pc(e). We now show that we have natural isomorphisms

plUi(Ad) = U(A)

and

p'ul(PSOA) :’ 07
in /\/lffgc(e), where 0 denotes the zero object in the triangulated category /\/lffgc(e).
This clearly implies the proposition. Since the morphisms of derivators ®, stab and
~v commute with homotopy colimits it is enough to show that we have isomorphisms

pRA(AL) = Rh(A)
and
PIRA(PS.A) = %
in Hotqgcat, (e), where * denotes the terminal object in Hotdgcat, (e). Notice that since
A and PS, A, n > 0 are Morita fibrant dg categories, we have natural isomorphisms

h(As) = Rh(A,)

and
h(PS.A) > RA(PS.A)
in HOtdgcatf (A)
Now, since homotopy colimits in Fun(dgcat 9 set) are calculated objectwise and
since h(A,) is a constant simplicial object in Fun(dgcaty, Sset), corollary 18.7.7 in
[15] implies that we have an isomorphism

in /\/lldoc(e)-

g

Notice also that since PS,.A is a contractible simplicial object, see [27], so is
h(PS,A). Since homotopy colimits in Fun(dgcat, Sset) are calculated objectwise,
we have an isomorphism

PRA(PS.A) =

in Hotdgcatf (e).
This proves the proposition.
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12. A QUILLEN MODEL IN TERMS OF PRESHEAVES OF SPECTRA
In this section, we construct another Quillen model category whose associated
derivator is ./\/lldogc.
Consider the Quillen adjunction

Fun(dgcat}, Sset,)

SpN(Fun(dgcatg’c, Ssets)) .
Recall from section 8 that we have a set of morphisms (X U {P}); in the cate-
gory Fun(dgcat}, Sset,). Now stabilize the image of this set by the derived func-

tor LX) under the functor loop space in Ho(SpN(Fun(dgcat;, Sset,))). For each
one of the morphims thus obtained, choose a representative in the model category
SpN(Fun(dgcat?c, Ssets)).

Notation 12.1. Let us denote this set by G and by LGspN(Fun(dgcat?c, Ssets)) the

associated left Bousfield localization.

Proposition 12.2. We have an equivalence of triangulated strong derivators
HO(Sp" (Ls, pFun(M$%, Ssets))) — HO(LgSp" (Fun(M$, Ssets))) -

Proof. Observe that theorems 5.4 and 9.7 imply that both derivators have the same
universal property.
This proves the proposition. vV

Remark 12.3. Notice that the stable Quillen model category
Sp'!(Fun(M$, Ssets))
identifies with
N
Fun(M$,Sp (Ssets))
endowed with the projective model structure.
The above considerations imply the following proposition.
Proposition 12.4. We have an equivalence of derivators
HO(Lg-, ,Fun(dgcat?, Sp™(Ssets))) = ij;c.

13. UPPER TRIANGULAR DG CATEGORIES

In this section we study upper triangular dg categories using the formalism of
Quillen’s homotopical algebra. In the next section, we will relate this important
class of dg categories with split short exact sequences in Ho(dgcat).

Definition 13.1. An upper triangular dg category B is given by an upper triangular

matrix "
X

where A and C are small dg categories and X is a A-C-bimodule.

A morphism F : B — B’ of upper triangular dg categories is given by a triple
F := (Fu, Fe, Fx), where Fu, resp. Fec, is a dg functor from A to A’, resp. from
C to C', and Fx is a morphism of A-C-bimodules from X to X' (we consider X'
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endowed with the action induced by F 4 and F¢). The composition is the natural
one.

Notation 13.2. We denote by dgcat'” the category of upper triangular dg cate-
gorTies.

Let B € dgcat"".

Definition 13.3. Let |B| be the totalization of B, i.e. the small dg category whose
set of objects is the disjoint union of the set of objects of A and C and whose
morphisms are given by

Homy(z,2') o =z, 2/ €A
Home(z,2') o =z, 2’ €C

Homyg (z,2") = X(x,a') if xeAaeC

0 if zelC,2'eA
We have the following adjunction
dgcat'”
i
dgcat,
where /
I(B) = (‘g Homs (=, )) .

Lemma 13.4. The category dgcat™ is complete and cocomplete.

Proof. Let {B;}jcs be a diagram in dgcat’”. Observe that the upper triangular dg
category

colimA; colim|B;|(—,—)
jeJ jed —
0 colimC; ’
jET
where colim |B;|(—, —) is the colim A;-colim C;-bimodule naturally associated with
jeJ —= jed jeJ

the dg category colign |B;|, corresponds to coli;n B;. Observe also that the upper
J€ - jeJ —

triangular dg category
limA; limX;
R

jed
0 lim C;
JjeJ
corresponds to I_im] B;. This proves the lemma. v
JjeJ —

Notation 13.5. Let p1(B) :== A and p2(B) :=C.
We have at our disposal the following adjunction

dgcat’”

ET lpl Xp2

dgcat x dgcat,
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where ,

s - (8 0)
Recall from [36][35][34] that dgcat admits a structure of cofibrantly generated
Quillen model category whose weak equivalences are the Morita dg functors. This

structure clearly induces a componentwise model structure on dgcat x dgcat which
is also cofibrantly generated.

Proposition 13.6. The category dgcat’” admits a structure of cofibrantly generated
Quillen model category whose weak equivalences, resp. fibration, are the morphisms
F : B — B such that (p1 x p2)(F) are quasi-equivalences, resp. fibrations, in
dgcat x dgcat.

Proof. We show that the previous adjunction (F,p; X pa) verifies conditions (1)
and (2) of theorem 11.3.2 from [15].

(1) Since the functor E is also a right adjoint to p; X pe, the functor p; X po
commutes with colimits and so condition (1) is verified.

(2) Let J, resp. J x J, be the set of generating trivial cofibrations in dgcat,
resp. in dgcat x dgcat. Since the functor p; X pa commutes with filtered
colimits it is enough to prove the following: let G : B’ — B” be an element
of the set E(J x .J), B an object in dgcat” and B’ — B a morphism in
dgcat™. Consider the following push-out in dgcat™ :

B ———B
]k
g BIIB.
We now prove that (p; x p2)(G,) is a weak-equivalence in dgcat x dgcat.

Observe that the image of the previous push-out under the functors p; and
p2 correspond to the following two push-outs in dgcat :

A A ¢ —¢C
Gar|~ - ‘/GAL Ger|~ 4 Ge,
VS ATIA e cIC.
A/ C/

Since G 4, and Ge; belong to J the morphism
(pl X p2)(g*) = (G.A; ) GC;)
is a weak-equivalence in dgcat x dgcat. This proves condition (2).
The proposition is proven. v
Let B, B’ € dgcat'".

Definition 13.7. A morphism F : B — B’ is a total Morita dg functor if F 4
and F¢ are Morita dg functors, see [36][35][34], and Fx is a quasi-isomorphism of
A-C-bimodules.

Remark 13.8. Notice that if F is a total Morita dg functor then |F| is a Morita dg
functor in dgcat but the converse is not true.
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Theorem 13.9. The category dgcat'” admits a structure of cofibrantly generated
Quillen model category whose weak equivalences VW are the total Morita dg functors
and whose fibrations are the morphisms F : B — B’ such that F4 and F¢ are
Morita fibrations, see [35] [34], and Fx is a componentwise surjective morphism of
bimodules.

Proof. The proofis based on enlarging the set E(IxI), resp. E(JxJ), of generating
cofibrations, resp. generating trivial cofibrations, of the Quillen model structure of
proposition 13.6.

Let I be the set of morphisms in dgcat™

Eo§nt kD <
0k 0o k)=

where S"~! is the complex k[n — 1] and D™ the mapping cone on the identity of
S"~1. The k-k-bimodule ~S"_1 is sent to D™ by the identity on k in degree n — 1.
Consider also the set .J of morphisms in dgcat™”

k0N _ (kD 7z
0 k 0o k) "=

Observe that a morphism F : B — B’ in dgcat’” has the right lifting property
(=R.L.P.) with respect to the set J, resp. I, if and only if Fx is a componentwise
surjective morphism, resp. surjective quasi-isomorphism, of A-C-bimodules.

Define I := E(I x I) U I as the set of generating cofibrations in dgcat” and
J:=FE(JxJ)U J as the set of generating trivial cofibrations. We now prove that
conditions (1)-(6) of theorem 2.1.19 from [16] are satisfied. This is clearly the case
for conditions (1)-(3).

(4) We now prove that J — cell C W, see [15]. Since by proposition 13.6 we
have E(J x J) — cell C W', where W' denotes the weak equivalences of
proposition 13.6, it is enough to prove that pushouts with respect to any
morphism in J belong to W. Let n be an integer and B an object in dgcat”.
Consider the following push-out in dgcat™ :

kE 0\ T
(o 1) =
j ’ “
k D" y
b %) —e
Notice that the morphism T corresponds to specifying an object A in A and
an object C in C. The upper triangular dg category B’ is then obtained from
B by gluing a new morphism of degree n from A to C. Observe that R4
and R¢ are the identity dg functors and that Rx is a quasi-isomorphism of
bimodules. This shows that R belongs to W and so condition (4) is proved.
(5-6) We now show that R.L.P.(I)=R.L.P.(J) N W. The proof of proposition 13.6
implies that R.L.P.(E( x I))=R.L.P.(E(J x J)) N W'. Let I : B — B’
be a morphism in R.L.P.(I). Clearly F belongs to R.L.P.(J) and Fx is a

quasi-isomorphism of bimodules. This shows that R.L.P.(I) ¢ R.L.P.(J) N
W.
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Let now [ : B — B’ be a morphism in R.L.P.(J) N W. Clearly F belongs
to R.L.P.(I) and so R.L.P.(J) N W C R.L.P(I). This proves conditions (5)
and (6).

This proves the theorem. v

Remark 13.10. Notice that the Quillen model structure of theorem 13.9 is cellular,
see [15] and that the domains and codomains of I (the set of generating cofibra-
tions) are cofibrant, Ng-compact, Ro-small and homotopically finitely presented, see
definition 2.1.1. from [38]. This implies that we are in the conditions of proposi-
tion 6.2 and so any object B in dgcat™ is weakly equivalent to a filtered colimit of
strict finite I-cell objects.

Proposition 13.11. If B be a strict finite I-cell object in dgcat™, then pi(B),
p2(B) and |B| are strict finite I-cell objects in dgcat.

Proof. We consider the following inductive argument :

- notice that the initial object in dgcat'” is

0 0
0 0
and it is sent to () (the initial object in dgcat) by the functors p;, ps and
=1
- suppose that B is an upper triangular dg category such that pi(B), p2(B)
and |B| are strict finite I-cell objects in dgcat. Let G : B/ — B” be an

element of the set I in dgcat'”, see the proof of theorem 13.9, and B’ — B
a morphism. Consider the following push-out in dgcat™ :

B ——B

of - e
B" —PO.

We now prove that p1 (PO), p2(PO) and |PO| are strict finite I-cell objects
in dgcat. We consider the following two cases :
1) G belongs to E(I x I): observe that p;(PO), p2(PO) and |PO| corre-
spond exactly to the following push-outs in dgcat :

A A o ——=c¢ AT[C —|B]
GA/IN g l/ GC/IN g l GA/HGC/l/ g l
A" — p1(PO) ¢" ——p2(PO) A"TIC" ——[POJ.

Since G 4 and G belong to I this case is proved.
2) G belongs to I: observe that p;(PO) identifies with A, pa(PO) identifies
with C and |PO| corresponds to the following push-out in dgcat :

C(n) — B

sz . l

P(n) — |POJ,
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where S(n) is a generating cofibration in dgcat, see section 2 in [36]. This
proves this case.

The proposition is proven. v

14. SPLIT SHORT EXACT SEQUENCES

In this section, we establish the connection between split short exact sequences
of dg categories and upper triangular dg categories.

Definition 14.1. A split short exact sequence of dg categories is a short exact
sequence of dg categories, see [19], which is Morita equivalent to one of the form
ic

-<R— -~
0 A B c 0,

A P

where the identities Poig =0, Poic = Idc, Roiyg = Idy are satisfied.
To a split short exact sequence, we can naturally associate the upper triangular

dg category

0 C

Conversely to an upper triangular dg category B such that C admits a zero object
(for instance if C is Morita fibrant), we can associate a split short exact sequence

B = (A HomB(ic(),iA())).

B
0—= A== B ==c—0,

where P and R are the projection dg functors. Moreover, this construction is
functorial in B and sends total Morita equivalences to Morita equivalent split short
exact sequences. Notice also that by lemma 13.4 this functor preserves colimits.

Proposition 14.2. Every split short exact sequence of dg categories is weakly equiv-
alent to a filtered homotopy colimit of split short exact sequences whose components
are strict finite I-cell objects in dgcat.

Proof. Let
ic

& <~
0 A B c 0,

1A P

be a split short exact sequence of dg categories. We can supose that A, B and C
are Morita fibrant dg categories, see [35] [34]. Consider the upper triangular dg
category

B = <,Sl HomB(ic(C—),iA(—))>.

Now by remark 13.10, B is equivalent to a filtered colimit of strict finite I-cell
objects in dgcat’”. Consider the image of this diagram by the functor, described
above, which sends an upper triangular dg category to a split short exact sequence.
By proposition 13.11 the components of each split short exact sequence of this
diagram are strict finite I-cell objects in dgcat. Since the category dgcat satisfies the
conditions of proposition 6.2, filtered homotopy colimits are equivalent to filtered
colimits and so the proposition is proven. vV
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15. QUASI-ADDITIVITY

Recall from section 11 that we have at our disposal the Quillen model category
Ly pFun(dgcat}, Sset) which is homotopically pointed, i.e. the morphism () — x,
from the initial object ) to the terminal one *, is a weak equivalence. We now
consider a strictly pointed Quillen model.

Proposition 15.1. We have a Quillen equivalence
x| L;pFUh(M?,S’set)
()+T lU
Ls, pFun( ?,Sset)7
where U denotes the forgetful functor.

This follows from the fact that the category Ly, pFun(dgcatf, Sset) is homotopi-
cally pointed and from the following general argument.

Proposition 15.2. Let M be a homotopically pointed Quillen model category. We
have a Quillen equivalence.

* | M

] |

M,
where U denotes the forgetful functor.
Proof. Clearly the functor U preserves cofibrations, fibrations and weak equiva-

lences, by construction. Let now N € M and M € x | M. Consider the following
commutative diagram in M

N~Q[IN U(M)

i1l1 /

«[[N )

where f* is the morphism which corresponds to f, considered as a morphism in
M, under the adjunction and i : ) = . Since the morphism i II 1 corresponds
to the homotopy colimit of ¢ and 1, which are both weak equivalences, proposi-
tion 5.1 implies that ¢ IT 1 is a weak equivalence. Now, by the property ‘2 out of
3’, the morphism f is a weak equivalence if and only if f* is one. This proves the
proposition. v

Notation 15.3. We denote by wA the category of homotopy equivalences of a dg
category A and by N.wA its nerve.

Now, consider the morphism

Ho(dgcat) — Ho(x | Ly, pFun(M$, Sset))
Homageat (I'(7), Ay) +
A = = Mapdgcat(?a A)+
~ N.wrep,, (7, A)4
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which by sections 6, 7 and proposition 15.1 corresponds to the component (® o
RA)(e) of the morphism of derivators

doRA: HO(dgcat) — LZ,PHOtdgcatf )

see proposition 7.1. Observe that the simplicial presheaf N .wrepdg(?, A) is already
canonically pointed.

Proposition 15.4. The canonical morphism
U Nowrepy, (7, A)+ — N.wrepy,(7,.A)
is a weak equivalence in * | Lgprun(./\/l;’c, Sset).

Proof. Observe that N.wrepy,(?,A) is a fibrant object in * | Ly pFun(M$, Sset)
and that the canonical morphism ¥ corresponds to the co-unit of the adjunction of
proposition 15.1. Since this adjunction is a Quillen equivalence, the proposition is
proved. v

Recall now from remark 8.2 that we have a canonical equivalence of pointed
derivators
LE,PHOtdgcatf = I—Z,PHOtdgcatf. )
where Ly pHotggcat ‘e is the derivator associated with the Quillen model category

Ly pFun(dgcat}, Sset,). From now on, we will consider this Quillen model. We
have the following morphism of derivators

® oRA : HO(dgcat) — LgﬁpHOtdgcatf. ,
which commutes with filtered homotopy colimits and preserves the point.

Notation 15.5. - We denote by E° the set of retractions of dg categories
R
g — H )
ig
where G and H are strict finite I-cell objects in dgcat and Roig = Idg.

- We denote by E;,, the set of morphisms Sy, in HO(LgﬁpHOtdgcatf.), see sec-
tion 10, where L belongs to the set £°.

Now choose for each element of the set £ a representative in the category
Ly pFun(dgcat}, Ssets). We denote this set of representatives by £5,,. Since
Ls, pFun(dgcat}, Sset,) is a left proper, cellular Quillen model category, see [15], its

left Bousfield localization by &5, exists. We denote it by Lz~ Ls. pFun(dgcat}, Ssets)
and by Lg; Ly, pHotggcat ; the associated derivator. We have the following mor-

phism of derivators

v . LE,pFunHotdgcatf. — Lgang,pFunHotdgcatf..

Remark 15.6. - Notice that by construction the domains and codomains of

the set (/5'—5; are homotopically finitely presented objects. Therefore by
lemma 8.1 the set

G ={FXn), joam), | X € My,n >0},

of cofibers of the generating cofibrations in Fun(M$, Sset,) is a set of small
weak generators in Ho(Lg—Ls, pFun(M$, Ssets)).
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- Notice also that proposition 14.2 implies that variants of proposition 10.2
and theorem 10.4 are also verified: simply consider the set £° instead of
& and a retraction of dg categories instead of an inclusion of a full dg
subcategory. The proofs are exactly the same.

Let M be a left proper cellular model category, S a set of maps in M and
LsM the left Bousfield localization of M with respect to S, see [15]. Recall from
[15, 4.1.1.] that an object X in LgM is fibrant if X is fibrant in M and for
every element f : A — B of S the induced map of homotopy function complexes
f*:Map(B,X) — Map(4, X) is a weak equivalence.

Proposition 15.7. An object ' € Lz Ly pFun(dgcat}, Ssets) is fibrant if and
only if it satisfies the following conditions
1) F(B) € Ssete is fibrant, for all B € dgcat,.
2) F(0) € Ssete is contractible.
3) For every Morita equivalence B = B’ in dgcat; the morphism F(B') =
F(B) is a weak equivalence in Sset,.
4) Ewvery split short exact sequence

/ R i3/ ,
0 B=—=B~—>8 0
1B/

in dgcaty induces a homotopy fiber sequence
F(B") — F(B) — F(B)
in Sset.
Proof. Clearly condition 1) corresponds to the fact that F'is fibrant in Fun(dgcat, Sset, ).

Now observe that Fun(dgcat}, Ssets) is a simplicial Quillen model category with the
simplicial action given by
Sset x Fun(dgcat}, Ssets) —  Fun(dgcat}, Ssets)
(K, F) - Ky AF,

where K A F' denotes the componentwise smash product. This simplicial structure
and the construction of the localized Quillen model category
Lz Ls pFun(dgcatf, Ssets ), see section 8, allow us to recover conditions 2) and 3).

Condition 4) follows from the construction of the set :5'5; and from the fact that
the functor

Map(?, F) : Fun(dgcat}, Sset,)?” — Sset
transforms homotopy cofiber sequences into homotopy fiber sequences.
This proves the proposition. vV
Let A be a dg category.

Notation 15.8. We denote by K(A) € Fun(dgcat}, Ssets) the following simplicial
presheaf

B — |NwS.rep,, (B, A)l,

where | — | denotes the fibrant realization functor of bisimplicial sets.

Proposition 15.9. The simplicial presheaf K (A) is fibrant in Lz Lx, pFun(dgcat?, Sset,).
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Proof. Observe that K (A) satisfies conditions (1)-(3). We now prove that Wald-
hausen’s fibration theorem [41, 1.6.4] implies condition (4). Apply the contravariant
functor rep,,(?,.A) to the split short exact sequence

/ R i3/ ,
0 B=—=B~—=8 0
1B/

and obtain a split short exact sequence
0 —> repg, (B", A) = rep,, (B, A) == rep,,(B', A) ——=0.

Now consider the Waldhausen category vrep, (B, A) := Z%(rep,, (B, A)), where the
weak equivalences are the morphisms f such that cone(f) is contractible. Con-
sider also the Waldhausen category wrep,,(B,A), which has the same cofibra-
tions as wvrep,,(B,.A) but the weak equivalences are the morphisms f such that
cone(f) belongs to rep,, (B", A). Observe that we have the inclusion vrep,, (B, A) C
wrep,, (B, A) and an equivalence rep,, (B, A)" ~ Z°(rep,,(B’, A)), see section 1.6
from [41]. The conditions of theorem 1.6.4 from [41] are satisfied and so we have a
homotopy fiber sequence

IN.wS.repy,(B”, A)| — |[N.wS.rep,, (B, A)| — |[N.wS.rep,,(B', A)|
in Sset. This proves the proposition. Vv
Let p: A — e be the projection functor.
Proposition 15.10. The canonical morphism
ST A N.awrep g, (7, A) — |[N.wS.repy,(?, A)| = K(A)
is a weak equivalence in Lgfi LZJDFUn(dgCBt?, Ssets).

Proof. Observe that the same conceptual proof as in proposition 11.11 allows us to
construct the following homotopy cartesian square

N.wrepy,(?, A) —— pr(N.wrep,, (7, PS.A)) ~ *

| |

* p(N.wrepy,(?,5.A)) .

Observe also that we have the following equivalence
p1(N.wrepy,(?,5.A)) = [N.wS.repy, (7, A)].
This proves the proposition. v

Remark 15.11. By considering inductively the argument of proposition 15.10, we
obtain weak equivalences

St A N.wS.(")repdg(?,A) = |N.wS.("+1)repdg(?, A)|, n >0
in Lgﬁ LE,pFun(dgcatg’c, Ssets).
Definition 15.12. - The Unstable motivator of dg categories Mggs’f s the
derivator associated with the Quillen model category

Lg’ijl Ly, pFun(dgcat}, Ssets) .
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- The Universal unstable invariant of dg categories is the canonical morphism
of derivators

U, : HO(dgcat) — MG .
Proposition 15.13. We have the following weak equivalence of simplicial sets

Map(Uy, (k), ST AUL(A)) = | N.awS. Al

in Lz Ly, pFun(dgcat}, Sset,). In particular, we have the following isomorphism

mir1Map(Uy (k), ST AUL(A)) = Ki(A), Vi > 0.

Proof. This follows from propositions 15.9, 15.10 and from the following weak equiv-
alences

Map (U (k), S* AU (A)) Map(RA(k), K (A))
(K (A))(F)

|N.wS.Af|.

1R

16. THE UNIVERSAL ADDITIVE INVARIANT

Consider the Quillen model category Lz~ Ly, pFun(dgcat}, Ssets) constructed in

the previous section. The definition of the set :5'5; and the same arguments as those
of example 9.5 and example 9.6 allows us to conclude that L o~ Ls; pFun(dgcat}, Sset,)
satisfies the conditions of theorem 9.7. In particular we have an equivalence of tri-
angulated derivators

St(Myret) S HO(SpN(LgE Ly, pFun(dgcat, Ssets))) .

Definition 16.1. - The Additive motivator of dg categories My, is the tri-
angulated derivator associated with the stable Quillen model category

SpN(Lgf; Ly, pFun(dgcat?, Sset,)) .

- The Universal additive invariant of dg categories is the canonical morphism
of derivators

U, : HO(dgcat) — Mggd.

Remark 16.2. Observe that remark 15.6 and remark 9.4 imply that Mggd is a
compactly generated triangulated derivator.

We sum up the construction of Mggd in the following diagram
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dgcat;[S™!] — = HO(dgcat)

LRe
Ho(h
(h) Rh
I—E HOtdgcatf
P

LE,P HOtdgcatf .
v
unst

Mdg

@

Mgdd
9
Observe that the morphism of derivators U, is pointed, commutes with filtered
homotopy colimits and satisfies the following condition :
A) For every split short exact sequence
R ic
- -

0 A——B C 0

1A P

in Ho(dgcat), we have a split triangle
R ic
Ua(A) — Ua(B) 5 Ua (C) — Ua(A)[1]

1A

in Mggd(e). (This implies that the dg functors i 4 and ¢ induce an iso-
morphism

Ua(A) & Ua(C) = Ua(B)
in M%d(e)).

Remark 16.3. Since the dg category B in the above split short exact sequence is
Morita equivalent to the dg category E(A, B,C), see section 1.1 from [41], condition
A) is equivalent to the additivity property stated by Waldhausen in [41, 1.3.2].

Let D be a strong triangulated derivator.
Theorem 16.4. The morphism U, induces an equivalence of categories
ur
M! (Mgglda D) — HO_rnflt7 A),p(HO(dgcat)7 ]D) )

where Homg,, 4y ,(HO(dgcat), D) denotes the category of morphisms of derivators
which commute with filtered homotopy colimits, satisfy condition A) and preserve
the point.

Proof. By theorem 9.1, we have an equivalence of categories
Hom, (M2, D) = Hom, (M7, D).
By theorem 5.4, we have an equivalence of categories

Hom, (M7*', D) = Hom, ¢. (Ls, pHotggeat, ,, D).
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Now, we observe that since ) is a strong triangulated derivator, the category
Hom, ¢. (Ls pHotggeat, . D) identifies Homy;, 4) ,(HO(dgcat), D). This proves the
theorem. Vv

Terminology 16.5. We call an object of the right hand side category of theo-
rem 16.4 an additive invariant of dg categories.

Example 16.6. - The Hochschild and cyclic homology and the non-connective
K -theory defined in section 11 are examples of additive invariants.
- Another example is given by Waldhausen’s connective K -theory spectrum

K°¢ : HO(dgcat) — HO(Spt),
see [41].
Remark 16.7. By theorem 16.4, the morphism of derivators K¢ factors through U,
and so gives rise to a morphism
K¢ : M33* — HO(Spt) .

We now will prove that this morphism of derivators is co-representable in Mggd.
Let A be a small dg category.

Notation 16.8. We denote by K(A)° € SpN(Lgsv Ly, pFun(dgcat}, Ssets)) the spec-
trum such that
K(A)S == [NwS."rep,, (7, A)], n >0,

endowed with the natural structure morphisms, see [41].

Notice that Us(A) identifies in Ho(M§2?) with the suspension spectrum given
by
(X%°|N.wrepy, (7, A)|)n := S™ A |N.wrepy, (7, A)|.
Now proposition 15.10 and the fact that the morphism of derivators ¢ commutes
with homotopy colimits implies that we have an isomorphism

Ua(A)[1] = pitha(S-A) .
In particular, we have a natural morphism
0 U(A)L] = K (A)°
Ly pFun(dgcat}, Ssets)) induced by the identity in degree 0.

in SpN(LgS

Theorem 16.9. The morphism n is a fibrant resolution of U, (A)[1].
Proof. We prove first that K (A4)° is a fibrant object in SpN(LES Ly, pFun(dgcat}, Ssets)).

By [16][33] we need to show that K(A)° is an Q-spectrum, i.e. that K(A)S is a
fibrant object Lz~ Lx, pFun(dgcat}, Ssets) and that the induced map

K(A);, — QE(A) 14

is a weak equivalence. By Waldhausen’s additivity theorem, see [41], we have weak
equivalences

K(A), = QK (A);
in Fun(dgcat}, Ssets). Now observe that for every integer n, K¢(A),, satisfies condi-
tions (1)-(3) of proposition 15.9. Condition (4) follows from Waldhausen’s fibration
theorem, as in the proof of proposition 15.10, applied to the S.-construction. This
shows that K(A)° is an Q-spectrum.
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We now prove that 7 is a (componentwise) weak equivalence in
SPN(Lgin
7 is the composition of the n-structural morphism of the spectrum K (A)¢, which
by proposition 15.10 and remark 15.11, is a weak equivalence, with the suspension
of a weak equivalence which by proposition 5.1 is also a weak equivalence.

This proves the theorem. v

Ly, pFun(dgcat}, Ssets)). Observe that the n-component of the morphism

Theorem 16.10. We have the following weak equivalence of simplicial sets

Map(U, (k),Us(A)[1]) = |[N.wS.Ay|

in SpM(L
phism

& Lx pFun(dgcat}, Ssete)). In particular, we have the following isomor-

7TZ-+1Map(Ua(k:),Z/{a(A)[1]) = Ki(A), Vi > 0.
Proof. Since U, (k) identifies with the suspension spectrum
Y| N.wrepy, (7, k)|

which is cofibrant, the simplicial structure in SpN(Lgf; Ly pFun(dgcat?, Sset,)) yields
the following equivalences

Map(Ua (k), Ua(A)[1]) Map(RA(k), K (A)G)
(K (A)5) (k)

|N.wS.Af|.

11

This proves the theorem. Vv

17. CONCLUDING REMARKS

By the universal properties of U,, U, and U;, we obtain the following diagram :

HO(dgcat) N Minst

v

add
U, dg

[

4

loc
Mige

Notice that Waldhausen’s connective K-theory is an example of an additive in-
variant which is NOT a derived one, see [19]. Waldhausen’s connective K-theory
becomes co-representable in Mggd by theorem 16.10.

To the best of the author’s knowledge, this is the first conceptual characterization
of Quillen-Waldhausen K-theory [31] [41].

An analoguous result should be true for non-connective K-theory and the mor-
phism @ should be thought of as co-representing ‘the passage from additivity to
localization’.
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