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Abstract

We introduce in this paper the notion of noncommutative Serre fibration (shortly, NCSF)
and show that up to homotopy, every NCCW complex morphism is some noncommutative
Serre fibration. We then deduce a six-term exact sequence for the periodic cyclic homology
and for K-theory of an arbitrary noncommutative Serre fibration. We also show how to use
this technique to compute K-theory and cyclic theory of some noncommutative quotients.

Introduction

It is well-known that for short exact sequences of closed two-sided ideals and C*-algebras of
type

0 −−−→ A −−−→ B −−−→ C −−−→ 0 (0.1)

where A is some (closed) two-sided ideal in B and C ∼= B/A the quotient C*-algebra, the
periodic cyclic homology admits six-term exact sequences of type

HP∗(A) −−−→ HP∗(B) −−−→ HP∗(C)

∂∗+1

x





y∂∗

HP∗+1(C) ←−−− HP∗+1(B) ←−−− HP∗+1(A)

(0.2)

The same is true for K-theory

K∗(A) −−−→ K∗(B) −−−→ K∗(C)

∂∗+1

x





y∂∗

K∗+1(C) ←−−− K∗+1(B) ←−−− K∗+1(A)

(0.3)

It is natural to ask whether the condition of A being an ideal is necessary for this exact sequence.
We observe that this condition is indeed not necessarily to be satisfied. It is enough to consider
the relative generalized homology in place of the generalized homology of the quotient algebra,
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1 NONCOMMUTATIVE SERRE FIBRATIONS 2

what we don’t have in general for a pair of algebra and subalgebra. We use the corresponding
notion of noncommutative mapping cylinder, noncommutative mapping cone and suspension
etc. introduced in [D1] in order to manage the situation. The ideas are therefore originated
from algebraic topology.

For more special pairs, some thing like ordinary Serre fibrations with the homotopy lifting
property (HLP), we have more properties. For this we arrive to a more general condition of a
noncommutative Serre fibration (NCSF) as some homomorphism of algebras with the so called
HLP (Homotopy Lifting Property). But we do restrict to consider only the so called noncommu-
tative CW- complexes, [D1]. We prove that up to homotopy we can change any homomorphism
between noncommutative CW-complexes in order to have a noncommutative Serre fibration.
This main theorem let us then to apply it to study noncommutative decomposition series for
operator algebras, started in [D2]

Let us describe the contents of the paper. In Section 1 we define some noncommutative
object like noncommutative (NC) mapping cylinder, NC mapping cone, NC suspension, etc....
and the HLP (Homotopy Lifting Property) and NCCW complex. As the main result, we prove
that in the category of NCCW complexes, every morphism is homotopic to a Serre fibration.
We deduce in Section 2 the hexagon diagram for the periodic cyclic homology and K-theories
of NC Serre fibration. In the ordinary algebraic topology one uses namely some computation
of cohomology of spheres to compute homology of orthogonal and unitary groups. In our non-
commutative theory, the cyclic homology of quantum orthogonal and quantum unitary groups
are known from the representation theory we then use those to compute homology of quan-
tum spheres as noncommutative quotients. In a next paper we prove also that for NC Serre
fibrations there is also spectral sequences converging to HP and K theories with E2 term like
E2

p,q = HPp(B, A; HPq(A)) =⇒ HPp+q(B), and E2
p,q = HPp(B, A; Kq(A)) =⇒ Kp+q(B).

In the works [D2][D3] we reduced the problem of studying the structure of an arbitrary GCR
C*-algebra (of type I) to some filtration by a towers of ideals with good enough quotients, what
permit to use spectral sequence ideas into studying. The paper is the revised version of the
preliminary version in arXiv:math.QA/0211048.

1 Noncommutative Serre Fibrations

We start with the notion of NCCW, introduced by S. Eilers, T. A. Loring and G. K. Pedersen
[ELP] and G. Pedersen [P], see also [D1].

Definition 1.1 A dimension 0 NCCW complex is defined, following [P] as a finite sum of C*
algebras of finite linear dimension, i.e. a sum of finite dimensional matrix algebras,

A0 =
⊕

k

Mn(k). (1.1)

In dimension n, an NCCW complex is defined as a sequence {A0, A1, . . . , An} of C*-algebras
Ak obtained each from the previous one by the pullback construction

0 −−−→ Ik
0 Fk −−−→ Ak

π
−−−→ Ak−1 −−−→ 0

∥
∥
∥



yρk



yσk

0 −−−→ Ik
0 Fk −−−→ IkFk

∂
−−−→ S

k−1Fk −−−→ 0,

(1.2)



1 NONCOMMUTATIVE SERRE FIBRATIONS 3

where Fk is some C*-algebra of finite linear dimension, ∂ the restriction morphism, σk the
connecting morphism, ρk the projection on the first coordinaes and π the projection on the
second coordinates in the presentation

Ak = I
kFk

⊕

Sk−1Fk

Ak−1 (1.3)

Definition 1.2 We say that the morphism f : A −→ B admits the so called Homotopy Lifting
Property (HLP) if for every algebra C and every morphism ϕ : A −→ C such that there is some
morphism ϕ̃ : B −→ C satisfying ϕ = ϕ̃ ◦ f , and for every homotopy ϕt : A −→ C, ϕ0 = ϕ,
there exists a homotopy ϕ̃t : B −→ C, ϕ̃0 = ϕ̃, such that for every t, ϕt = ϕ̃t ◦ f , i.e. the
following diagram is commutative

A C

B

-

6

R
f ϕ̃t, ϕ̃0 = ϕ̃

ϕt

ϕ0 = ϕ̃0 ◦ f
(1.4)

Definition 1.3 A morphism of C*-algebras f : A −→ B with HLP axiom is called a noncom-
mutative Serre fibration (NCSF).

Theorem 1.4 In the category of NCCW complexes, for every morphism f : A −→ B, there
is some homotopies A ∼ A′, B ∼ B′ and a morphism f ′ : A′ −→ B′ which is a NC Serre
fibration.

Before prove this theorem we do recall [D1] the following notions of noncommutative cylin-
der and noncommutative mapping cone.

Definition 1.5 (NC cone) For C*-algebras the NC cone of A is defined as the tensor product
with C0((0, 1]), i.e.

Cone(A) := C0((0, 1])⊗ A. (1.5)

Definition 1.6 (NC suspension) For C*-algebras the NC suspension of A is defined as the ten-
sor product with C0((0, 1)), i.e.

S(A) := C0((0, 1))⊗ A. (1.6)

Remark 1.7 If A admits a NCCW complex structure, the same have the cone Cone(A) of A
and the suspension S(A) of A.

Definition 1.8 (NC mapping cylinder) Consider a map f : A→ B between C*-algebras. The
NC mapping cylinder Cyl(f : A→ B) is defined by the pullback diagram [D1]

Cyl(f)
pr1

−−−→ C[0, 1]⊗ A

pr2



y



yf◦ev(1)

B
id
−−−→ B

, (1.7)
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where ev(1) is the map of evaluation at the point 1 ∈ [0, 1]. It can be also defined directly as
follows. In the algebra C(I)⊗A⊕B consider the closed two-sided ideal 〈{1}⊗a−f(a), ∀a ∈
A〉, generated by elements of type {1} ⊗ a− f(a), ∀a ∈ A. The quotient algebra

Cyl(f) = Cyl(f : A→ B) := (C(I)⊗ A⊕B) /〈{1} ⊗ a− f(a), ∀a ∈ A〉 (1.8)

is called the NC mapping cylinder and denote it by Cyl(f : A→ B).

Remark 1.9 It is easy to show that A is included in Cyl(f : A→ B) as C{0} ⊗ A ⊂ Cyl(f :
A→ B) and B is included in also B ⊂ Cyl(f : A→ B).

Definition 1.10 (NC mapping cone) The NC mapping cone Cone(ϕ) is defined from the pull-
back diagram

Cone(ϕ)
pr1−−−→ C0(0, 1]⊗ A

pr2



y



yf◦ev(1)

B
id
−−−→ B

, (1.9)

where ev(1) is the map of evaluation at the point 1 ∈ [0, 1]. It can be also directly defined
as follows. In the algebra C((0, 1]) ⊗ A ⊕ B consider the closed two-sided ideal 〈{1} ⊗ a −
f(a), ∀a ∈ A〉, generated by elements of type {1} ⊗ a− f(a), ∀a ∈ A. We define the mapping
cone as the quotient algebra

Cone(f) = Cone(f : A→ B) := (C0((0, 1])⊗ A⊕ B) /〈{1} ⊗ a− f(a), ∀a ∈ A〉. (1.10)

Remark 1.11 It is easy to show that B is included in Cone(f : A→ B).

PROOF OF THEOREM 1.4.
STEP 1. From the definition Cyl(f : A→ B), we see that

Lemma 1.12 B′ = Cyl(f : A→ B) is homotopic to B and A ∼= A⊗ C({0}) ↪→ B ′.

We can therefore from now on suppose that A ↪→ B.
STEP 2. Let us denote Π(A, B) the space of all piece-wise linear curve starting from A and

ending in B. Every element in this space is la linear combination of elements from B, which is
a NCCW complex and therefore

Lemma 1.13 The algebra Π(A, B) is also a NCCW complex in sense of Definition 1.1.

STEP 3. The following lemma is clear.

Lemma 1.14 A′ := Π(A, B) is homotopic to A.

Indeed, by change of parametrization γ(t) 7→ γ(st), t ∈ I = [0, 1], for s ∈ I = [0, 1] we can
produce a homotopy between curves and their starting points.

STEP 4. Let us consider the morphism A′ = Π(A, B) −→ B which corresponds to each
piece-wise linear path its end-point.

Lemma 1.15 This map A′ −→ B satisfy the HLP axiom.

Indeed if we have some piece-wise linear curve in A′ = Π(A, B), we have a family of
piece-wise-linear curves in B, starting from A. The end-points give us the necessary homotopy
from B to C. The theorem is proven. �
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2 Six-term exact sequences

Let us recall the definition of the periodic cyclic theory functor HP, see [C], [L] for more details.

Definition 2.1 Consider a C*-algebra with unity 1. We use the maximum norm for the tensor
product of *-algebras. The cyclic complex C∗(A) is defined as

Cn(A) := A⊗ Ā⊗ · · · ⊗ Ā
︸ ︷︷ ︸

n times

. (2.1)

Define the Hochschild operators

C0(A) := A
b,b′

←−−− C1(A) = A⊗ Ā
b,b′

←−−− . . .
b,b′

←−−− Cn(A)
b,b′

←−−− . . . , (2.2)

where Ā := A/C.

b
′(a0 ⊗ a1 ⊗ · · · ⊗ ⊗an) =

n−1∑

i=0

(−1)ia0 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an. (2.3)

b(a0⊗a1⊗· · ·⊗⊗an) =

n−1∑

i=0

(−1)ia0⊗· · ·⊗aiai+1⊗· · ·⊗an +(−1)nana0⊗a1⊗· · ·⊗an−1.

(2.4)
It is easy to check that

b
2 = 0, (b

′)2 = 0. (2.5)

One define the cyclic operator t : Cn(A)→ Cn(A) following the formula

t(a0 ⊗ a1 ⊗ · · · ⊗ an) := (−1)n+1an ⊗ a0 ⊗ · · · ⊗ an−1 (2.6)

It is easy to check that
t
n+1 = 1 . (2.7)

Define the operators
N = 1+ t+ · · ·+ t

n . (2.8)

From this cyclic complex we have the bi-complex C(A) = {Cp,q}

. . .
...

...
...

... . . .


yb′



yb



yb′



yb

. . .
t−1−−−→ C3(A)

N−−−→ C3(A)
t−1−−−→ C3(A)

N−−−→ C3(A)
t−1−−−→ . . .



yb′



yb



yb′



yb

. . .
t−1
−−−→ C2(A)

N−−−→ C2(A)
t−1
−−−→ C2(A)

N−−−→ C2(A)
t−1
−−−→ . . .



yb′



yb



yb′



yb

. . .
t−1
−−−→ C1(A)

N−−−→ C1(A)
t−1
−−−→ C1(A)

N−−−→ C1(A)
t−1
−−−→ . . .



yb′



yb



yb′



yb

. . .
t−1
−−−→ C0(A)

N−−−→ C0(A)
t−1
−−−→ C0(A)

N−−−→ C0(A)
t−1
−−−→ . . .

(2.9)
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The total complex is defined as

Tot C(A)i =
∏

p+q=i( mod 2)

Cp,q, i = 0, 1 (2.10)

with differentials
B = dv +dh, (2.11)

where dv and dh are the differential following the vertical or horizontal direction, correspond-
ingly. The homology of the total complex is called the periodic cyclic homology

HPi(A) := Hi(Tot C(A)), i = 0, 1. (2.12)

It is well-known that periodic cyclic homology HPi are a generalized homology functors, in-
troduced by A. Connes [C], [L].

Theorem 2.2 For every NC Serre fibration f : A −→ B, the corresponding hexagon in peri-
odic cyclic homology holds

HP∗(A) −−−→ HP∗(B) −−−→ HP∗(B, A)

∂∗+1

x





y∂∗

HP∗+1(B, A) ←−−− HP∗+1(B) ←−−− HP∗+1(A)

(2.13)

Before prove the theorem we do introduce a noncommutative suspension.

Definition 2.3 Noncommutative (shortly, NC) Suspension SA of A is by definition A⊗C0(0, 1).

Following the construction of the NC mapping cone of a morphism f : A→ B, we have [D1]

Lemma 2.4 There is an exact sequence of algebras

. . . −−−→ S
2 A −−−→ SCone(f : A→ B) −−−→ SCyl(f : A→ B) −−−→

−−−→ SA −−−→ Cone(f : A→ B) −−−→ Cyl(f : A→ B) −−−→ A. (2.14)

The next lemma is a natural consequence from the well-known Künneth formula an Bott Peri-
odicity of HP.

Lemma 2.5 For the periodic cyclic homology HP, there is a natural isomorphism

HP∗(SA) ∼= HP∗±1(A). (2.15)

PROOF OF THEOREM 2.2.
�

Because in the category of NCCW-complexes, every morphism is homotopic to a NC Serre
fibration, we have
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Corollary 2.6 In the category of NCCW-complexes each map f : A → B admits a six-term
exact sequence

HP∗(A) ←−−− HP∗(B) ←−−− HP∗(B, A)

∂∗+1



y

x

∂∗

HP∗+1(B, A) −−−→ HP∗+1(B) −−−→ HP∗+1(A).

(2.16)

Proof. It is well-known Bott Periodicity of type HP∗(S
2 A) ∼= HP∗(A) and HP∗(S

2 A) ∼=
HP∗(A). From the long exact sequence (up-to homotopy)

A ←−−− Cyl(f : A→ B) ←−−− Cone(i : A→ B) ←−−− SA

. ←−−− SCyl(f : A→ B) ←−−− SCone(i : A→ B) ←−−− S
2 A −−−→ . . . (2.17)

we have the first connecting homomorphism

∂∗ : HP∗+1(A) −−−→ HP∗(B, A) (2.18)

which gives us the first exact sequence

HP∗(A) ←−−− HP∗(B) ←−−− HP∗(B, A)
x

∂∗

HP∗+1(A).

(2.19)

Then apply for the suspension SA and use the Bott 2-periodicity in HP-theory we have the
second part

HP∗(A) ∼= HP∗+2(A)

∂∗+1



y

HP∗+1(B, A) −−−→ HP∗+1(B) −−−→ HP∗+1(A)

(2.20)

of the commutative diagram. �

For the K-theory we have the analogous results

Theorem 2.7 For every NC Serre fibration f : A −→ B, the corresponding hexagon in K-
theory holds

K∗(A) ←−−− K∗(B) ←−−− K∗(B, A)

∂∗+1



y

x

∂∗

K∗+1(B, A) −−−→ K∗+1(B) −−−→ K∗+1(A),

(2.21)

and we have also

Corollary 2.8 In the category of NC CW-complexes each map f : A → B admits a six-term
exact sequence

K∗(A) ←−−− K∗(B) ←−−− K∗(B, A)

∂∗+1



y

x

∂∗

K∗+1(B, A) −−−→ K∗+1(B) −−−→ K∗+1(A).

(2.22)
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3 Application

In the ordinary algebraic topology one used namely the computation of cohomology of spheres
to compute homology of orthogonal and unitary groups. In our noncommutative theory, the
cyclic homology of quantum orthogonal and quantum unitary groups are known from the rep-
resentation theory we then use to compute homology of quantum spheres as noncommutative
quotients.

3.1 Quotients of quantum orthogonal groups

Let us consider the quantum orthogonal groups C∗q (SO(n)). The natural inclusion SO(n−1) ↪→
SO(n) give us the homomorphism

C∗q (SO(n− 1) \ SO(n)) ↪→ C∗q (SO(n)). (3.1)

We have therefore up to homotopy a NC Serre fibration what for simplicity we denote again
(C∗q (SU(n) : C∗q (SU(n− 1))) :=

Π(C∗q (SO(n− 1) \ SO(n), Cyl(, C∗q (SO(n)), C∗q (SO(n− 1) \ SO(n))) (3.2)

and our associated exact sequence (up to homotopy of algebras) as

C∗

q (SO(n− 1) \ SO(n)) ←−−−−− C∗

q (SO(n)) ←−−−−− Cone(C∗

q (SO(n− 1) \ SO(n)), C∗

q (SO(n))) ←−−−−−

SC∗

q (SO(n− 1) \ SO(n)) ←−−−−− SC∗

q (SO(n)) ←−−−−− SCone(C∗

q (SO(n− 1) \ SO(n)), C∗

q (SO(n)))

←−−−−− S
2 C∗

q (SO(n− 1) \ SO(n)) ←−−−−− . . . (3.3)

We can now apply the six-term exact sequence for Serre fibrations and have

HP∗(C∗

q (SO(n− 1) \ SO(n))) ←−−−−− HP∗(C∗

q (SO(n))) ←−−−−− HP∗(C∗

q (SO(n)) : C∗

q (SO(n− 1)))

∂
∗+1

?

?

y

x

?

?

∂∗

HP∗+1(C∗

q (SO(n)) : C∗

q (SO(n− 1))) −−−−−→ HP∗+1(C∗

q (SO(n))) −−−−−→ HP∗+1(C∗

q (SO(n− 1) \ SO(n)))

(3.4)

In this six-term exact sequences the HP∗(C
∗
q (SO(n))) ∼= H∗DR(T)W are well-known, where

T is a fixed maximal torus in SO(n) and W = W (T) = N (T)/T is the Weyl group of this
maximal torus, see [DKT1]-[DKT2]. We can fix an immersion SO(n − 1) ↪→ SO(n) so that
the corresponding tori are included by immersions one-into-another.

3.2 Quotients of quantum unitary groups

By analogy, we consider the quantum unitary groups C∗q (SU(n)). The natural inclusion SU(n−
1) ↪→ SU(n) give us the homomorphism

C∗q (SU(n− 1) \ SU(n)) ↪→ C∗q (SU(n)). (3.5)

We have therefore up to homotopy a NC Serre fibration what for simplicity we denote again
(C∗q (SU(n) : C∗q (SU(n− 1))) :=

Π(C∗q (SU(n− 1) \ SU(n), Cyl(, C∗q (SU(n), C∗q (SU(n− 1) \ SU(n))) (3.6)
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and our associated exact sequence (up to homotopy of algebras) as

C∗

q (SU(n− 1) \ SU(n)) ←−−−−− C∗

q (SU(n)) ←−−−−− Cone(C∗

q (SU(n− 1) \ SU(n)), C∗

q (SU(n))) ←−−−−−

SC∗

q (SU(n− 1) \ SU(n)) ←−−−−− SC∗

q (SU(n)) ←−−−−− SCone(C∗

q (SU(n− 1) \ SU(n)), C∗

q (SU(n)))

←−−−−− S
2 C∗

q (SU(n− 1) \ SU(n)) ←−−−−− . . . (3.7)

We can now also apply the six-term exact sequence for Serre fibrations and have

HP∗(C∗

q (SU(n− 1) \ SU(n))) ←−−−−− HP∗(C∗

q (SU(n))) ←−−−−− HP∗(C∗

q (SU(n)) : C∗

q (SU(n− 1)))

∂
∗+1

?

?

y

x

?

?

∂∗

HP∗+1(C∗

q (SU(n)) : C∗

q (SU(n− 1))) −−−−−→ HP∗+1(C∗

q (SU(n))) −−−−−→ HP∗+1(C∗

q (SU(n− 1) \ SU(n)))

(3.8)

In this six-term exact sequences the HP∗(C
∗
q (SU(n))) ∼= H∗DR(T)W are well-known, where

T is a fixed maximal torus in SU(n) and W = W (T) = N (T)/T is the Weyl group of this
maximal torus, see [DKT1]-[DKT2]. We can fix an immersion SU(n− 1) ↪→ SU(n) so that the
corresponding tori are included by immersions one-into-another.
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