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THE TOWER OF K-THEORY OF TRUNCATED POLYNOMIAL
ALGEBRAS

LARS HESSELHOLT

Introduction

Suppose that A is a regular noetherian ring that is also an Fj-algebra. Then it was proved
by the author and Madsen [5, 7] that there is a long-exact sequence

—2i Vm —21 m
= Do Wit Q4 — @ Wi (141242 —— Ky (Afz]/(2™), (2)) — -+

which expresses the K-groups of the truncated polynomial algebra A[z]/(2™) relative to the
ideal (z) in terms of the groups W, Q% of big de Rham-Witt forms; see also [4]. In this paper,
we consider the map of relative K-groups

fe: Kgpa(Alz]/(2™), (2)) = Kqp1(Al2]/ (2"), (2))

induced by the canonical projection
foAla]/(2™) — Ala]/(z").

To state the result, we recall from [7] that the big de Rham-Witt groups W, Q% are modules
over the ring W(A) of big Witt vectors in A. In particular, the big de Rham-Witt groups W, Q%
are modules over W(F,). The ring W(F,) is canonically isomorphic to the product indexed by
the set I, of positive integers that are not divisible by p of copies of the ring Z, of p-adic
integers. A unit « of the total quotient ring of W(F,) determines a divisor div(a) on W(F,)
and, conversely, the unit « is determined, up to multiplication by a unit of W(F,), by the
divisor div(c). The ring W, (F,) of big Witt vectors of length r in F,, determines a divisor on
W(F,) that we denote by div(W,(F,)).

THEOREM A. Let A be a regular noetherian ring and an F,-algebra. Then the canonical
projection f: Alz]/(x™) — Alz]/(z™) induces a map of long-exact sequences

—2;i Vm —23 m
= @i Wi 04— @ Won(i Q% —— Kga1(Alz]/(@™), (2)) —— -+

| J |

—92; Vi —21 £ n
tr = Dyno Wirt O — @m0 Wa(ir )24~ —— Ko (Alz]/(@7), (2)) —— -+

where the right-hand vertical map is the map of relative K-groups induced by the canonical
projection, where the middle vertical map takes the ith summand of the domain to the ith
summand of the target by the composition

Wm(i+1)9?472i — Wn(i—i—l)Qi{Qi — Wn(i—&-l)ﬂ?‘;zi
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of the restriction map and the multiplication by an element a = a,(m,n,i) of W(F,) that is
determined, up to a unit, by the effective divisor

div(e) = D (div(W g1y (Fp)) — div(Wo g1y (Fp))),
0<h<i

and where the left-hand vertical map is zero.

The divisor div(a,(m,n,4)) depends not only on the integers m, n, and 4, but also on the
prime p. The lengths as Z,-module of the domain and target of the map

fo: Kaina (Fpla]/(2™), (2)) — Kaig1 (Fplz]/(2"), (x))

are equal to (m — 1)(¢ + 1) and (n — 1)(i + 1), respectively, and hence, do not depend on the
prime p. By contrast, the lengths as a Z,-module of the kernel Ky;11(F,[z]/(z™), (z™)) and
cokernel Ko;(Fp[z]/(z™), (z™)) are arithmetic functions of the prime p. We note that, if
div(a,(m,n,i)) = div(W,, ;1) (Fp))
then the multiplication by a map
Mq: Wn(i+1)Q?472i - Wn(i+1)ﬂ?472i

is the zero map. The following result records when this is the case.

THEOREM B. The element ay(m,n,i) € W(F),) satisfies the following:
(i) For every pair of integers m > n > 1 and for every prime number p, there exists an
integer ig = ig(m,n, p) such that, for all integers i > ig,

div(ap(m,n, 1)) = div(W, 51, (Fp)).

(ii) For every pair of integers m > n > 1, the integer ig(m, n,p) tends to infinity as the prime
number p tends to infinity.

(iii) For every integer n > 1 and every prime number p, there exists an integer mgo = mgo(n, p)
such that, for all m > mq(n,p) and for all positive integers i,

div(ap(m,n,1)) = div(Wyi41) (Fp)).

The proof of Thm. A is based on the result [5, Prop. 4.2.3] which expresses the K-theory
of Alz]/(x™) relative to the ideal (z) in terms of the RO(T)-graded equivariant homotopy
groups of the topological Hochschild T-spectrum T'(A). Here and throughout T = S(C) is the
multiplicative group of complex numbers of modulus 1. More precisely, for every Fy-algebra A,
there is a long-exact sequence

s limp TR/ (4) s timg TRE_y (A) —— Ky (Ala]/(z™), (z) ——

and the corresponding sequence for the groups with Z/p*Z-coefficients is valid, for every ring
A. We briefly explain the terms in this sequence. Let A be a finite dimensional orthogonal
T-representation, let S* be the one-point compactification, and let C,. C T be the subgroup of
order r. Then one defines

TR;_A(4) = [S* A (T/Cp)1, T(A) A S
to be the abelian group of maps in the T-stable homotopy category between the indicated
T-spectra. Suppose that r» = st. Then there are maps
Rs: TR, _\(A) — TRfF)\,(A) (restriction)
Fs: TRy _\(A) — TRfI_A(A) (Frobenius)
Vs: TRg_/\(A) — TRy _,(4) (Verschiebung)
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where X' = p*(A\%) is the T/C,-representation A\ considered as a T-representation via the
root isomorphism ps: T — T/C; defined by ps(z) = 21/5C,. In the case at hand,

d=d(m,r) = [’;1]

is the largest integer less than or equal to (r —1)/m, and \; is the orthogonal T-representation
M=C(l)eC(2)®---&C(d),

where C(i) = C with T acting from the left by 2 - w = z'w. We prove the following general
result which does not require the ring A to be regular or noetherian.

THEOREM C. Let A be an Fy-algebra, and let f: Alz]/(z™) — Alz]/(z™) be the canonical
projection. Then there is a map of long-exact sequences

o limp TRY (A) — 2 limg TR, (A) —— Ky (Ala]/ (@), () —— -+

| | J

- ——Timp TR}, (4) — > limg TRy (4) —— Ky (Al /(2), (2) —

where d = d(m,r) = [(r — 1)/m] and e = e(n,r) = [(r — 1)/n], where the right-hand vertical
map is the map of relative K-groups induced by the canonical projection, where the middle
vertical map is the map of limits that is given by the maps

t(m,n,r): TRy, (A) — TRy, (A)

q—Ad

induced by the canonical inclusions t(m,n,r): S* — S*e and where the left-hand vertical
map is zero. The corresponding statement for the groups with Z/p*Z-coefficients is valid, for
every ring A.

We remark that the derived limits corresponding to the limits that appear in the statement
of Thm. C vanish.

The paper is organized as follows. In Sect. 1 we explain the p-typical decomposition of the
terms in the long-exact sequences of Thms. A and C and restate the two theorems in this form.
In Sect. 2 we prove Thm. C. Sect. 3 is concerned with a long-exact sequence related to the
inclusion of A\q—1 in A,. In Sect. 4 we evaluate the map «(m,n,7),: TR;_, (A) — TRy _, (4)
and prove Thm. A. Finally, in Sect. 5, we investigate the divisor div(a,(m,n,?)) and prove
Thm. B and some consequences for the tower of K-theory of truncated polynomial algebras.

1. p-typical decompositions

The long-exact sequences that appear in Thms. A and C of the introduction have canonical
p-typical product decompositions. We here recall the p-typical decomposition and state the
equivalent Thms. 1.7 and 1.3.

It is proved in [5, Prop. 4.2.5] that the groups TR;_,(A), which appear in the statement of
Thm. C, decompose as a product of the p-typical groups

TRY \(A;p) = TRE™, (4) = [ST A (T/Cput) 4, T(A) A S

To state the result, we write r = p»~!7/ where / is not divisible by p. Let j be a divisor of 7,

and let X' = X (j) = p;(A97). We let
75 TRy A(A) — TRy (A;p)



4 LARS HESSELHOLT
be the composite map

Rr’/j u—1

TR, (A) == TRy_, (4;p)

r F; r/q
TR, _A(A) — TR!”, (4) Py

and define
v TRq /\ )—’ HTRZﬂ\/(A;P)

J
be the product of the maps ; as j ranges over the divisors of /. The map 7 is an isomorphism,
for every Z,-algebra A, by [5, Prop. 4.2.3]. The maps R;, F, and V are similarly expressed
as productb of their p-typical analogs

R=R,: TR;_,(A;p) — TR, 3 (A;p)  (vestriction).
F=F,: TR;_,\(4;p) - TR, s (A;p) (Frobenius)
V=V, TRZ:}\ (A;p) — TRy _\(4;p) (Verschiebung)

Suppose that r = st and write s = p¥s’ and t = p* v~ !¢ with s’ and ¢ not divisible by p.
Then there are commutative diagrams

TR (A) —— II; TRy_x (4; p) TR;_5(4) —— [T, TRy_x (4;p)
|~ JR: Jl= VJHFJ

where the maps R}, F7, and V.’ are defined as follows: The map R takes the factor indexed by
a divisor j of ' to the factor indexed by the same divisor j of ¢’ by the map RY and annihilates
the factors indexed by divisors j of ' that do not divide #’. The map FJ takes the factor
indexed by a divisor j of r’ that is divisible by s’ to the factor indexed by the divisor j/s" of
t' by the map F* and annihilates the remaining factors. Finally, the map VY takes the factor
indexed by the divisor j of t' to the factor indexed by the divisor s’j of 7/ by the map s'V?.
It is now straightforward to check that the p-typical decomposition of the top long-exact
sequence in the diagram in the statement of Thm. C of the introduction takes the form

N -H,I nIEnTR (Asp) & mv, 11 hmTRq x, (45p)
T , (1.1)
= Ken(Al]/@™), () = ] imTRITY, (Asp) —
jemM’' I,
where we have written m = p¥m’ with m/ not divisible by p, and where the integer d, which
depends on m, j, and p, is defined by

u—1

, Pt —1
d=dy(m,u,j) = [ni}

In the top line, the right-hand product ranges over the set I, of positive integers not divisible by
p, and the left-hand product ranges over the subset m’I, C I,,. Similarly, the bottom long-exact
sequence in the diagram in the statement of Thm. C takes the form

u—w n'Vv . w
N H hmTR y(Asp) —— H h]gnTRq_Ae(A;p)

jen'l, jeI, (1.2)
€ n 6] . U—w ’
& KA/, ) % [] imTRIE, (Aip) -

jen'ly

where n = p“n’ with n’ not divisible by p, and where e = d,(n,u, j). It follows that Thm. C
of the introduction is equivalent to the following statement:
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THEOREM 1.3. Let A be an F,-algebra, and let f: Alz]/(«™) — Alz]/(z™) be the canon-
ical projection. Then there is a map of long-exact sequence from the sequence (1.1) to the
sequence (1.2) that is given, on the lower left-hand terms, by the map

for Ku(Alal/(2™), (x)) — K. (Ala]/(2"), ()

induced by the canonical projection, on the upper right-hand terms, by the map that takes the
jth factor of the domain to the jth factor of the target by the map

Lp(m7 n, J)q : h}%n TRZ*)\d (A7 p) - hlr%n TRZ—A‘, (Aa p)
induced from the canonical inclusions t,(m,n, j,u): S*a — SXe and, on the upper left-hand
terms, by the zero map. The corresponding statement for the groups with Z/p*Z-coefficients
is valid for any ring A.

The limits systems that appear in the statement of Thm. 1.3 stabilize. In particular, the
corresponding derived limits vanish. More precisely, we have the following result.

LEMMA 1.4. In the commutative diagram

tp(m,m,5)q

limp TRZ}L—M (4;p) limp, TRZ_/\e (A;p)

| |

” tp(m,m,j,u)q w
TRq—)\d (A,p) ’ TRq—)\e (k,p),

the left-hand vertical map is an isomorphism, if ¢ < 2d, and right-hand vertical map is an
isomorphism, if ¢ < 2e.

Proof. We prove that the left-hand vertical map is an isomorphism, for ¢ < 2d. Let r be a
positive integer, let d = dp(m,r,j), and let d’' = d,(m,r — 1, j). It follows from [6, Thm. 2.2]
that there is a long-exact sequence

N r R T,
- = Hy(Cpr1, T(A) A SM) = TRy, (A;p) = TRIZ)  (Asp) — - .

The Borel homology group that appear on the left-hand side is the abutment of a first quadrant
homology type spectral sequence

EZ, = Hy(Cpr—1, TRy_y,(A;p)) = Hypy(Cpror, T(A) A S),

and the groups TR(II_M (4;p) are zero, for ¢ < 2d. Hence, we may conclude that the map R in

the long-exact sequence above is an isomorphism, for ¢ < 2d. ]

We next recall from [7, Cor. 1.2.6] that the big de Rham-Witt groups W, Q9% decompose
as a product of the more familiar p-typical de Rham-Witt groups W;Q% of Bloch-Deligne-
Ilusie [10]. More generally, there is a big de Rham-Witt group WgQ associated with every
subset S C N of the set of positive integers that is stable under division. The group WyQY is
zero, the group W, QY is the big de Rham-Witt group associated with the set of positive integers
less than or equal to r, and the p-typical de Rham-Witt group W,QY is the big de Rham-Witt

group
WSQZ‘ = W{Lp’m’psfl}Q?ﬁl.

For every pair of subset T' C S C N that are stable under division, there is a restriction map

res: WgQ% — WrQf.
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We mention that, if S C N is the union of a family of subsets S, C N each of which is stable
under division, then the restriction maps induce an isomorphism

ngi = lim Wsa QqA
res
Let S C N be a subset stable under division, let s be any positive integer, and let S/s be the
set of positive integers ¢ such that st € S. Then there are maps
Fyo: WsQf — Wg,,Q% (Frobenius)
Vi Wg/sQ% — WsQ (Verschiebung).

Now, let S C N be a subset stable under division, let j € S be an integer that is not divisible
by p, and let u = u,(S9, j) be the largest positive integer such that p*~'j € S. We let

nj: WsQ% — W, 0%

be the composite map

F; res
WsQZ‘ 4]> WS/]’QZ‘ i) W{17p7‘__,pu—l}Q?4 = WuQ?q

and define
n: W — H W04
J

to be the map given by the maps 7; as j ranges over all integers j € S that are not divisible
by p. The map 7 is an isomorphism, for every Z,)-algebra, by [7, Cor. 1.2.6]. Again, the maps
res, Fs, and V; are expressed as products of their p-typical analogs

R =res: W, Q% — W,_1QY (restriction).
F =F,: W,Q% — W,_1QY (Frobenius)
V =V, We_1Q% — W,0% (Verschiebung)

Let T C S C N be a pair of subsets stable under division. Then there is a commutative diagram

WsQ% —— [1; W

J/res J(re577

WrQ4 1 [T, W,

where u = u, (S, ) and v’ = u,(T, j), and where the map res” takes the factor indexed by an
integer j € T that is not divisible by p to the factor indexed by the same integer j by the map
R*~%" and annihilates the remaining factors. Similarly, let S C N be a subset stable under
division, and let s be a positive integer. We write s = p¥s’ with s’ not divisible by p. Then
there are commutative diagrams

Ws Q4 —— T[], Wu 2

vs] | vl |

W)y —— [T, Wu—o 4,

where u = u, (S, j), and where the maps F7 and V? are defines as follows: The map F' takes
the factor indexed by an integer j € S that is not divisible by p, is divisible by s’, and satisfies
pYj € S to the factor indexed by the integer j/s’ € S/s by the map F* and annihilates the
remaining factors. The map V7 takes the factor indexed by j € S/s not divisible by p to the
factor indexed by s'j € S by the map s'V?.
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Suppose that A is an F,-algebra and a regular noetherian ring. It is straightforward to verify
that the p-typical decomposition of the top long-exact sequence in the diagram in the statement
of Thm. A of the introduction takes the form

RN @ @ W, Q42 mvY @ @ W00 2

i>0 jem’I, i>0 jeI, (15)
- ) —1-2i ’
= Ken(Al]/@™), (@) = P @ Weoh e
i>0 jem’I,

where s = s,(m, 1, j) is the unique integer that satisfies

Pl <m(i + 1) < p°y,

if 1 <j<m(i+1), and 0, otherwise. Similarly, the bottom long-exact sequence in the diagram
in Thm. A takes the form

RN @ @ Wt—waﬂ_m "'L> @ @ WtQin_Zi

i>0 jen'l, i>0 jel,

5 Kgm(AR)/ (@), () & P P Wieu T -

i>0 jen’l,

(1.6)

where t = s,(n, 1, 7).
Finally, we explain the p-typical decomposition of the divisor
div(ap(m,n,i) = S (div(Wongn) (Fp)) — div(Woguy1)(F))
0<h<i

from Thm. A. We first recall the general theory of divisors from [2, §21]. Let X be a scheme.
The sheaf of meromorphic functions .#x is defined to be the sheaf associated with the presheaf
that to an affine open subset U C X associates the total quotient ring of the ring T'(U, Ox). If
X = Spec R, and if S C R is the subset of non-zero-divisors, then the canonical map

ST'R - I'(X, .#x)

is injective, but not always surjective. The sheaf .#x is a sheaf of rings and contains Ox as
a sub-sheaf of rings, and the group of divisors Div(X) is defined to be the group of global
sections of the quotient sheaf .Zy /0% of the associated sheafs of units. The exact sequence

0— 0% - My —> M| 0% — 0
induces a long-exact sequence of sheaf cohomology groups which begins
0—T(X,0x)" = T(X, Mx)" 2% Div(X) L Pie(X) — -

A divisor D on X determines and is determined by a invertible sub-&x-module .% C #x.
Indeed, one shows that the sub-Ox-module . C .#x is invertible if and only if there exists a
covering {U, } of X and sections f, € I'(Uy, #%) such that &|y, = Oy, - fo. In particular, a
closed subscheme Z C X with the property that the quasi-coherent ideal .# C Ox that defines
Z is an invertible O'x-module defines a divisor div(Z) € Div(X).

We now consider X = Spec(W(F,)). The isomorphism

n: W(Fp) = H W(Fy)
jel,
shows that an element a € W(F,) is a non-zero-divisor if and only if n;(a) € W(F,) is a
non-zero-divisor, for all j € I,,, and hence, we have an induced isomorphism

n: S_lw(Fp) = H S_1W(Fp),
Jel,
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where S C W(F,) and S C W(F,) are the subsets of non-zero-divisors. It follows that we have
the composite isomorphism

ord: (S_lw(Fp))*/W(Fp)* - H S_lw(FP)*/W(FP>* - H Z
J€lp jel,

given by the map 7 and the p-adic valuation. Now an element € (ST'W(F,))* satisfies
div(a) = div(W,i41)(Fp)),

if and only if ord;(a) = sp(m,1,j), for all j € I,, and since the integers s,(m,1,j) are non-
negative, we have o € S C W(F,). The following statement is equivalent to Thm. A of the
introduction. The proof is given in Sect. 4 below.

THEOREM 1.7. Let A be a regular noetherian ring and an Fj-algebra. Then the canon-
ical projection f: A[z]/(z™) — Alz]/(z™) induces a map of long-exact sequences from the
sequence (1.5) to the sequence (1.6) that is given, on the lower left-hand terms, by the map

fe: Ko(Alz]/(2™), (2)) — K. (Alz]/(2"), (x))

induced by the canonical projection, on the upper right-hand terms, by the map that takes the
(i,7)th summand of the domain to the (i, j)th summand of the target by the composite map

_9; R°T? —2i Ma —2i
W42 w02 e w00

where the right-hand map is multiplication by a p-adic integer oo = o, (m, n, 4, j) whose p-adic
valuation is given by the sum

Up(ap(m,n,i,j)) = Z (sp(m,h,j)—sp(n,h,j)),

0<h<i

and, on the upper left-hand terms, by the zero map. Here s,(m,i,j) is the unique integer s
that satisfies p*~1j < m(i + 1) < p°j, if 1 < j < m(i+ 1), and 0, otherwise.

REMARK 1.8. (i) The integer s,(m,h,j) — sp(n,h,j) is equal to the number of positive
integers r such that n(h+1) < p"~'j < m(h +1). , 4

(i) We recall from [10, Prop. 1.3.4] that the map mq: W;Q% % — W,Q% > given by the
multiplication by a p-adic integer « of p-adic valuation v factors canonically

Wth—Qi i) W Q42 A W02
A t—wvit g 3l A

as the composite of the surjective restriction map R" and an injective map m,,. There is no
analog of this factorization for the big de Rham-Witt groups. Indeed, the quotient of W(F,)
by the ideal generated by the element o, (m,n,i) € W(F,) that appears in Thm. A is generally
not of the form Wg(F,) for some subset S C N that is stable under division.

2. The cyclic bar-construction

In this section, we prove Thm. C of the introduction. We first recall the structure of the
topological Hochschild T-spectrum of the truncated polynomial algebra A[x]/(z"™). We refer the
reader to [4] for details on the topological Hochschild spectrum and the cyclic bar-construction.

It was proved in [6, Thm. 7.1], but see also [4, Prop. 4], that there is a canonical F-equivalence
of T-spectra

a: T(A) AN (ILy,) = T(Alz]/(z™))
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from the smash product of the topological Hochschild T-spectrum of A and the geometric
realization N (IL,,,) of the cyclic bar-construction N (Il,,)[—] of the pointed monoid

0, ={0,1,2,2% ...,2™ '},

where 0 is the base point, and where 2™ = 0, to the topological Hochschild T-spectrum of
Alz]/(z™). A map of T-spectra is an F-equivalence, if it induces an equivalence of C,-fixed
point spectra, for all finite subgroups C,, C T, and hence, we have induced isomorphisms

[STA(T/Cr )4, T(A) ANV (Wyn)lr = [STA (T/Cr)+, T(Alz]/(z™))]lr = TRy (Alz]/(z™))-
Moreover, the following diagram commutes

T(A) AN () —— T(Alz]/(a™))

lid AfL Jf*

T(A) AN (I,) —— T(Alz]/(z™)),

where f: A[z]/(z™) — Alz]/(2™) and f’: 11, — II,, are the canonical projections.
The cyclic bar-construction of IL,, decomposes as the wedge sum of pointed cyclic sets
N ()] = \/ N¥ (I, 6)[-],
i>0
where N (I, 4)[—] C N®(Il,;,)[~] is the sub-pointed cyclic set whose k-simplices are the
(k + 1)-tuples (z',...,2%), where ig + -+ + i, = 4, and the base-point 0. The geometric
realization decomposes accordingly as a wedge sum of pointed T-spaces

N () = \/ N (1L, ).
>0
The homotopy type of the pointed T-space N (II,,,i) was determined [5, Thm. B]. The
result is that N (II,,, 0) is the discrete space {0,1} and that, if ¢ is a positive integer, and if
d = d(m,i) = [(i — 1)/m], then there is a canonical cofibration sequence of pointed T-spaces

SM e, Ty 25 82 Ac Ty — NV (I, i) S SM Ac, To[-1],

i/m i/m

where the left-hand term is understood to be a point, if m does not divide 7. More precisely,
there is a canonical homotopy class of maps of pointed T-spaces

Oq: N (I,,, i) — cone(S™ A m T+ B, 8% A, Ty)

from N (II,,,4) to the mapping cone of the map pr and any map in this homotopy class is a
weak equivalence of pointed T-spaces. The canonical projection f’: IT,, — II,, induces a map
of cofibration sequences which we identify in Prop. 2.2 below. But first, we recall from [5, §3]
how the homotopy class of maps 6, is defined.

We view the standard simplex A*~! as the convex hull of the set of group elements C; inside
the regular representation R[C;]. Let ¢; € C; C T be the generator (; = exp(2my/—1/i), and
let A"™™ C A""! be the convex hull of the group elements 1,¢;, ..., ¢/~ ™. Then, by standard
cyclic theory [12], there is a T-equivariant homeomorphism

o (ATHC - AT A, Ty =5 N (I, 4).
The regular representation R[C;] has the canonical direct sum decomposition
R Z_]:{R@C(l)@~--@(€(s), ?fz::25+1,
RoeCl)®---dC(s)pR_, ifi=2s+2,
so if d < s, or equivalently, if 2d < ¢, there is a canonical projection
7a: R[C;] = C(1) @ --- ¢ C(d) = A\g.
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Suppose first that md < i < m(d + 1). We showed in [5, Thm. 3.1.2] that, in this case, the
image of C; - A*™™ C R[C;] does not contain the origin 0 € \g4. Hence, we may compose 74
with the radial projection away from a small ball around 0 € A4 to get a C;-equivariant map

Og: A71/C; - AT = D(M\g)/S(Ag) = SN
whose homotopy class is well-defined. The composite map of pointed T-spaces

1 .
fy: N (L, i) —— (A1/C; - A=) Ag, Ty 2225 0 g, T,

is then the desired map fq. Tts homotopy class is well-defined and [5, Prop. 3.2.6] shows that

it is a weak equivalence.

Suppose next that ¢ = m(d + 1). We let X, C Ag41 be the image of the canonical inclusion
L: Ag — Agy1 and let /\j C Ad+1 be the orthogonal complement of X, C Agy1. The canonical
projection from g1 to C(d + 1) restricts to an isomorphism of A\J onto C(d + 1), and we
define C/, C AJ to be the preimage by this isomorphism of C,, C C(d + 1). It follows again
from [5, Thm. 3.1.2] that the image 74,1(C; - A*"™) does not contain the origin 0 € \g;1 and,
in addition, [5, 3.3.5] shows that

Tar1(Ci - AT™) NN = C.
We pick a small open ball B C Agy1 \ C!, around a point in S(\J) and define
U = (Cz . B) n S(Ad.}rl) C S(Ad.}rl).

If the ball B is small enough, then the composition of the projection 7441 and the radial
projection away from a (different) small ball around 0 € A\y11 defines a Cj-equivariant map

0,: A1/C - AT™ = D(Ags1)/(S(Aag1) N U)

whose homotopy class is well-defined. Let C(C,,) = {0} * Cy, € D(C(d+ 1)) be the unreduced
cone with base Cp, C C(d + 1) and with cone point 0 € C(d + 1). Then the canonical
homeomorphism of D(A\g) x D(C(d + 1)) onto D(Ag4+1) induces an inclusion into the target of
the map ¢/, of the pointed C;-space
D(Ag) x C(Crm)

S(Ag) X C(Cp) UD(Ag) X Cpp,
One immediately verifies that this inclusion is a strong deformation retract of pointed C;-spaces.
Hence, the map 6/, defines a homotopy class of maps of pointed C;-spaces

Og: ATH/C - ATT™ L SN A (SY % C).

=S A (8% C).

The composite map of pointed T-spaces

Ba: NY(In, i) —— (AF1/Ch - A7) Mg, Ty 229 (8% A (S0 % Cr)) Ac, Ty

is the desired map 6. Its homotopy class is well-defined and [5, Prop. 3.3.9] shows that it is a
weak equivalence. In preparation for the proof of Prop. 2.2 below, we first prove the following
result.

LEMMA 2.1. Let m and n be positive integers with m > n.
(i) If md < i <m(d+1) and ne < i < n(e+ 1), then d < e and the diagram

ATL/Cy - AT L SAd

Jpr 0 J

Ai—l/ci RAN N SAe
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commutes up to C;-equivariant homotopy:.

(ii)) If md < i <m(d+ 1) and i =n(e + 1), then d < e and the diagram
AFCy A P oy
AL Ay 9 A (805 C)

commutes up to Cj-equivariant homotopy:.
(iii) If i = m(d + 1) and ne < i < n(e+ 1), then d < e and the diagram

AL A 2 Gha p (804 )
AITL/Cy . AT % ion
commutes up to C;-equivariant homotopy.

(iv) If i = m(d + 1) = n(e + 1), then d < e and the diagram

AL A Gha p (804 )
AL/C - A 2y §A A (805 C)
commutes up to C;-equivariant homotopy.
Proof. We first consider the case (i). Let A, — Ay C A, be the orthogonal complement of
Ad C Ae. Then there is a canonical Cj-equivariant homeomorphism
D(Aa) X D(Xe = Aa) = D(Xe)
which restricts to a C;-equivariant homeomorphism
S(Ad) X D(Ae — Ag) UD(Xg) X S(Ae — Aa) — S(Ae).
We note that the composition
ATLC - AT B A A 2 D) /S ()

of the left-hand vertical map and the lower horizontal map in the diagram of part (i) of the
statement factors through the map
D()\d) X D()\e — >\d)
S()\d) X D()\e — >\d)
induced by the canonical homeomorphism above. But the latter map is homotopic to the
composite map

— D(Ae)/S(Ae)

D(/\d) X D()\e — )\d)
S(/\d) X D(/\e — /\d)

by the C;-equivariant homotopy induced from the radial contraction

h: D(Ae — Ag) % [0,1] = D(Ae — Ag)

P DOa)/S(Aa) = D(X)/S(A)

defined by h(z,t) = tz. This homotopy, in turn, induces a Cj-equivariant homotopy from the
composite ¢ o 84 to the composite 6, o pr in the diagram in part (i) of the statement.
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In the case (ii), we note similarly that the composition
o, D(\) x C(Cp)
S(Ae) x C(CR)UD(Ae) X Cp

of the left-hand vertical map and the lower horizontal map in the diagram in part (ii) of the
statement factors through the canonical projection

D)) x C(Cy) _ D)) x C(Cy)
S(Ae) x C(Cy) S(Ae) X C(Cr)UD(A) x Cpy
Again, the latter map is homotopic to the composition
D(X.) x C(Cy) D(X.) x C(Cy)
S(Xe) x C(Ch) S(Ae) X C(Crn) UD(Ae) x Cyy

by the C;-equivariant homotopy induced from the radial contraction

h: C(Cy) % [0,1] — C(Cy)

Aifl/ci . Aifm ﬂ) Aifl/ci . Aifn

2L D(A)/S(e)

defined by h(z,t) = tz. This homotopy induces the desired homotopy from the composite map
¢t 084 to the composite map 6, o pr in the diagram in part (ii) of the statement.

In the case (iii) of the statement, one proves as in the proof of part (i) of the statement that
the composite map pr o6, is homotopic to the composition

A AT 2 D) /S(ar) = DOG)/S(A).

But the map 641 is homotopic to the composition

D(Aq) x C(Crm)
S(Ag) X C(Cp) UD(Ag) X Cpy,
Indeed, this is a direct consequence of the construction of the map A4. This proves the case (iii)

of the statement. Finally, the proof of the case (iv) is analogous to the proof of the case (i).
This completes the proof. ]

ALC; - AT 2y 5 D(Aas1)/S(Aas1).

PROPOSITION 2.2. Let m > n > 1 be integers and f’: II,,, — I, the canonical projection.
Let i > 1 be an integer, and set d = [(i —1)/m] and e = [(¢ — 1)/n]. Then there is a homotopy
commutative diagram of pointed T-spaces

S¥ Ac,,, Ty —2 % A, Ty —— NY(ILy, i) —2—= SM Ac,,,, T4 [~1]

e e

§re Atelym — 5 Ao, Ty —— N (I, i) —2 5 Atelys T, [-1],

where the rows are cofibration sequences, the map (¢ Aid is induced from the canonical inclusion
of Ay in A\, and the map * is the null-map. The domain (resp. target) of the map * is understood
to be a point if m (resp. n) does not divide i.

Proof. As we recalled above, the statement that the rows in the diagram of the statement
are cofibration sequences of pointed T-spaces is equivalent to the statement that the maps
of T-spaces 6, are weak equivalences, and the latter statement is [5, Props. 3.2.6, 3.3.9]. The
statement that the diagram commutes follows immediately from Lemma 2.1 upon applying
the functor that to a pointed C;-space X associates the pointed T-space X A¢, T4 with the
exception of the statement that the left-hand vertical map is null-homotopic. Only the case (iii)
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needs proof. In this case, we have a homotopy commutative diagram of pointed C;-spaces

S A Oy —— s G SA A (SO % C) —2— SN A s [~1]
§4 A S(C(d + 1))y —— §h ———— Ghart ——— SN A S(C(d + 1)) 4[]

which shows that the composite map ¢ o pr; is null-homotopic. It follows that the composite
map of pointed T-spaces

LAid

S Ag, Ty 2 82 ag, T, 855 §ravt A, T,

i/m

is null-homotopic as desired. ]

Proof of Thm. C. The proof that the horizontal sequences in the diagram in the statement
are exact is given in [6, Prop. 4.2.3]. A direct, and perhaps more detailed, proof that the
isomorphic sequences (1.1) and (1.2) are exact is given in [4, Prop. 11]. (The latter proof also
shows that the derived limits corresponding to the limits that appear in the two sequences are
zero.) It is immediately clear from either proof that Prop. 2.2 implies that the diagram in the
statement commutes. O

3. The map t.: TR, _,  (A;p) — TRy_,, (4;p)

In this section, we examine the map of the title. We first prove a general result for T-spectra.
A T-spectrum is an object of the T-stable homotopy category which, in turn, is the homotopy
category of the model category of orthogonal T-spectra [13]. We will follow the conventions
of [8, §2] with respect to the tensor triangulated structure of the T-stable category.

Let T be a T-spectrum, and let C,. C T be the subgroup of order r. We define

70 (T) = [ST A (T/C, )4, Tr

to be the set of maps in the T-stable homotopy category between the indicated T-spectra. In
particular,

g (T(A)).

TR, (A) =7,
There are canonical isomorphisms

7y(TC) = [$1, 7] 25 [STA (T/Cp) s, Ty, = 187 A (T/Cr)4, T = nC7(T),

where, in the middle term, T denotes the C,-fixed point T/C,-spectrum, and where, on the
left-hand side, T¢" denotes the underlying non-equivariant spectrum of this T /C,-spectrum.
We consider the cofibration sequence in the T-stable homotopy category

T, 5 8% 5 50 2 gt AT, =T, [-1],
where 7 collapses T onto the non-base point of SY, and where ¢ is the canonical inclusion. We
identify the underlying pointed spaces of S? and S€() by the isomorphism
0: 5% - e
that takes the class of (a,b) in S? = ST AS?! to the class of a+by/—1 in S, The desuspension

of the composition of ¢ and 0 defines a map in the non-equivariant stable homotopy category

o: 81 T,
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The cofibration sequence above induces a cofibration sequence in the non-equivariant stable
homotopy category. The latter sequence splits. We thus obtain a direct sum diagram in the
non-equivariant stable homotopy category
1% s Ty o
S — T, — S
where 4 is the section of 7 that takes the the non-base point in S° to 1 € T, and where the
map k is the corresponding retraction of the map o. We define Connes’ operator

d: W,?T (T) — 7TqCJ:1(T)

to be the map given by the composition

L5 Prx Fox
Tg(T9) —= M1 (T ANTY) —— g1 (T/Cr)4 ANT) —— w41 (T),

where the left-hand map is left multiplication by o, where the middle map is induced by the
isomorphism p,: T — T/C,. defined by the rth root, and where the right-hand map is induced
from the left action by T on the underlying non-equivariant spectrum of 7T". It anti-commutes
with the suspension isomorphism in the sense that the following diagram anti-commutes:

d .
7& (T) —— T i1 (T)

lsusp (-1) lsusp

Cy d . _c,
T (T) —— m 1o (T).

Moreover, dd(z) = n - d(z) and F,dV,(x) = d(x) + (r — 1)n - x, where n € m1(SY) is the Hopf
class, and, if T is a ring T-spectrum, d is a derivation for the multiplication; see [3, §1]. Finally,
let v: X ANY — Y A X be the canonical isomorphism.

LemMA 3.1. Let T be a T-spectrum, and let r and j be relative prime positive integers.
Then, for every integer q, there is a commutative diagram

susp @ susp

Wq_l(T)EBﬂ'q(T) Fq(Sl/\T>EB7Tq+1(Sl/\T)

Ji*eai* T’y*om@'y*om

Tq-1(T A (T/Cj) ) & mg(T A (T/Cj)+) (T A (T/Cj)1) © Tg1 (T A (T/Cj) )
ldvrwr (v, Frd)
mg (T A(T/Cj)+) g (T A(T/Cj)+),

where the top horizontal map is the suspension isomorphism. Moreover, the compositions of
the left-hand vertical maps and the right-hand vertical maps are both isomorphisms.

Proof. The general formulas that we recalled before the statement show that
(k0 © 52)  (Fr, Fyd) 0 (AVs + V) (i © 0.)) (2,) = (o 0 d 0,)(3), (s 0 d 0 ) (1),

and one verifies that v, o k. o d o i, is equal to the suspension isomorphism. This shows that
the diagram commutes. It was proved in [9, Prop. 3.4.1] that the composition of the left-hand
vertical maps is an isomorphism, provided that r = p¥~! is a power of a prime number p. The
proof in the general case is completely similar. O
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Suppose now that r is a divisor in a. Then the isomorphism
0: 52 — §C@)

is an isomorphism of pointed C)-spaces. We define

¢: (T/Cp)y A S — (T/Cp)y A SE@
be the isomorphism of pointed T-spaces that takes the class of (2C,., ) to the class of (2C,, zp(x)).
It follows that, if r is a divisor in a, we have an isomorphism

¢ TRy, ,(4) = TRyo 5, (4)
defined by the composition

TR; \,_,(A) = [STA(T/Cy)4,T(A) A S g

susp

2, [SC@ A S9N (T/C) 4, SEO AT(A) A Sre=1]p
2182 ASTA(T/C,) 4, SC@ AT(A) A SPa-1]y

~

= [STEA(T/C) 4, T(A) A SN = TRy, (A),

where the first map is the suspension isomorphism, and where the last map is the canonical
isomorphism. We write pz = (p#)~ 1.

—1

PROPOSITION 3.2. Let A be a Z,)-algebra, let a,u > 1 be integers, and let v = v(a,u) be
the minimum of w and vy,(a) + 1. Then there are natural long-exact sequences

TRy -y, ,(A;p) ® TRy, | (A;p) TRy 1-x, (A;p) © TRy, (4;p)
QY= pry
TRy-x, , (4;p) TRy . ,(4;p)
L -
TRS—/\G (4;p) TRZ—AQ (4;p)
(P F*=" — g F"="d) ing
TRy o, ,(Ap) @ TRy 5, (Asp) TRy, (A;p) ® TRy 1y, ,(A5p)

where the left-hand sequence is valid, for v < u, and where the right-hand sequence is valid,
for v = .

Proof. 'We consider the cofibration sequence of pointed T-spaces
S(C(a))y = SO 4 §C@ 2, 61 A S(C(a))
and the induced cofibration sequence in the T-stable category

TASC(a)y =T T A SC@ 2L §1AT A S(Cla))s
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where T' = T(A) A S*a—1. We also abbreviate » = p“~1. The associated long-exact sequence of
equivariant homotopy groups takes the form

n§ (T A S(C(@))4) T w8 (T) 5 m§ (T A 55@) 2l (T A S(Ca)).),
where 0 is the composition of 9., and the inverse of the suspension isomorphism. We identify this
sequence with the long-exact sequences of the statement. The terms 7qu7' (T') and 7qu" (T ASC()
are equal to TRy, (4;p) and TRy, (4;p), respectively, and the map ¢ is equal to the
map L. It remains to identify the remaining term and the two maps 7., and 0.

Suppose first that u = v such that C(a) is C,-trivial. Then the map i: S® — S(C(a)), that
takes the non-base point in SY to 1 € S(C(a)) is C,-equivariant and defines a section of the
map 7, in the long-exact sequence of equivariant homotopy groups above. This completes the
proof in the case u = v.

We next assume that v < w and consider first the case v = 1 such that a and r are relatively
prime. The map i: S — S(C(a)); is a non-equivariant section of the projection 7. The
following diagram commutes

7 (T A S(Ca))+)

Tdevr
L

71 (T A S(C(a))4) & (T A S(Cla))4) =5

-/ -/
TZ*GBZ*

mq-1(T) @ my(T)

and the composite map (7, @ 7}) o (i. @ i.) is the identity. Since S(C(a)) is isomorphic to
T/C, as a T-space, Lemma 3.1 shows that the composition of the left-hand vertical maps is an
isomorphism. We use this isomorphism to identify the left-hand term of the long-exact sequence
of equivariant homotopy groups above. The composition of this isomorphism and the map #’
is equal to the map

AV + Vot TRy 4, (A;p) @ TR 5. (Aip) = TRY_ .. (A;p)
as desired. Similarly, the following diagram commutes

O
7Cr (T A §E) 7y (T A S(C(a))4)

J/(FT’_FTd) J(FT’FTd)

7o (T A SC@) & gy (T A S9@) 2% 7, 3 (T A S(C(0))4) & 74(T A S(Cla)) ).

J'susp1 O'y*Onieasusp’l 040K/,
Tq—2(T) ® 7g-1(T)

and the composition of the lower horizontal map and the lower right-hand vertical map is equal
to the map 4 @ ¢4. Finally, Lemma 3.1 shows that the composition of the right-hand vertical
maps is equal to the inverse of the map dV,i, @& V,i,. This completes the proof in the case
where 1 =v < u.

Finally, we suppose that 1 < v < u and abbreviate r = p*~1, ¢t = p*~!, and s = p*~*. We
recall that the root isomorphism p;: T — T/C; induces an equivalence of categories p;f from
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the T/C}-stable category to the T-stable category. There is a commutative diagram

’
s

7& (T A S(C(a))y) —— nd"(T) N 7 (T A SC@) 2 7Cr (T A S(C(a))+)

L T

ﬂ-*

78 (T A S(C())4) —— 7§ (T7) — 7&+(T" A SCD) Ly 28 (T A S(C()) ),

where T = T(A) A S*a=t and T' = p;(T°), and where j = a/t. The vertical maps are

the composition of the isomorphism pj: m?r/ct (X)) — 7wl (p;(X©)) and the canonical
isomorphism of 7757‘ (X) and m? r/Ct (X ). The case of the lower sequence was treated above.
This completes the proof. ]

REMARK 3.3. Let A be a regular noetherian ring that is also an F,-algebra. There is
statement similar to Lemma 3.2 above for the p-typical de Rham-Witt complex of A. Suppose
that v < u. Then there is a long-exact sequence sequence

WO e W0 s W% T W0 T W00 @ W5

where o = dV¥"Y 4+ V¥~V and § = (F*~Y, —F“~?d). This sequence is a more precise version of
the statement [11, IIT (3.3.3.3)]. We outline the steps in the proof. First, the basic case A =T,
is clear. Next, one uses [9, Thm. B] to show that the exactness of the sequence for A implies
the exactness of the sequence for Alx]. Third, one uses [4, Prop. 6.2.3] of [10, Prop. 1.1.14]
to conclude that the sequence is exact whenever A is a smooth Fp-algebra. Finally, one uses
the theorem of Popescu [14] that every regular noetherian F,-algebra is a filtered colimit of
smooth [F-algebra and the easy fact that the de Rham-Witt groups commute with colimits.

4. Proof of Thm. A

In this section, we prove Thm. 1.7, and hence, the equivalent Thm. A. We first evaluate the
maps t,(m,n, j)g in the basic case A =T,

We recall that, if A is a commutative ring, the topological Hochschild T-spectrum T'(A) is a
commutative ring T-spectrum [8, p. 14]. In particular, the group TRy (A;p) is a commutative
ring. We showed in [6, Thm. F] that there is a canonical isomorphism

€ Wu(A) = TRG(4; p)
from the ring of p-typical Witt vectors of length u in A onto the ring TR{ (A;p). It also follows
that the groups TR, _,(A;p) are modules over TRg(4;p), and hence, over the ring W (A).
We briefly recall the definition of the length of a module. Let R be a ring, and let M be
an R-module. A chain of R-submodules My C M; C --- C M, is said to have length s. The
length length M is defined to be the maximal length of a chain of R-submodules of M. A

W (F,)-module M has a length s if and only if it is a finite torsion module. In this case, the
order of M is p®. The following result was proved in [6, Prop. 9.1]; see also [4, Thm. 3.1].

PROPOSITION 4.1. Let p be a prime, and let a and u be positive integers. Then, for every
non-negative integer i, the group TRy; , (Fp;p) is a cyclic W (F,)-module of length
u, ifa <1,
lengthy, ) TRy, (Fpip) = Qu—s, iffa/p’] <i<[a/p* '] and 1< s <u,
0, ifi < [a/p"~ 1.
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In addition, the group TRy _, (Fy;p) is zero, if q is a negative or odd integer.

We recall from the statement of Thm. 1.7 that the integer s,(m,4,7) is defined to be the
larger of 0 and the unique integer that satisfies p*~1j < m(i+1) < p*j. We also recall from (1.1)
that dy(m,u, j) = [(p*~'j —1)/m].

COROLLARY 4.2. Let m,u,u’ > 1 and i > 0 be integers, let j > 1 be an integer that is not
divisible by p, and let d = d,(m, u,]) and d' = d,(m, v, j). Then the canonical projection

Pry . li}gn TRy, (Fp;p) — TRgi—Ad/ (Fp; p)

is an isomorphism, if p* j > m(i + 1), and the common group is a cyclic W (F,)-module of
length s,(m, i, j). The group limg TRy _, ,(Fp;p) is zero, if q is a negative or odd integer.

Proof. We proved in Lemma 1.4 that the map of the statement is an isomorphism, provided
that i < d,(m,u’ + 1,5) = [(p*j — 1)/m]. This constraint on the integer u’ is equivalent to
the inequality 7 + 1 < [(p“'j — 1)/m], which is equivalent to i + 1 < (p“/j — 1)/m, which,
in turn, is equivalent to the stated inequality m(i + 1) < p“lj. Starting from Prop. 4.1, a
similar calculation shows that the length of the W (IF,)-module limg TRy; , ,(Fp;p) is equal to
sp(m,i,7) as stated. O

LEMMA 4.3. Letm >mn >1,u > 1, and ¢ > 0 be integers. Let 1<j<m(i+1) be an
integer that is not divisible by p, and let d = d,(m,u,j) and e = dp(n,u, j). Then the map

Lp<m’n’j’u)2i: TRTQLifAd (F P ) - TR ( p’p)
takes a generator of the domain to the product of a generator of the target and an element
o = ag(m,n,i,j,u) of W(F, ) with p-adic valuation
= Y lengthy e, TRV (Fyip),
d<a<e

where v(u, a) = min{u, vy(a) + 1}.

Proof. The canonical inclusion of ¢,(m,n, j,u): Ag — A is equal to the composition of the
canonical inclusions ¢: A1 — A, for d < a < e. Since the groups TRy _, (F,;p) are zero, for
q odd, Lemma 3.2 above identifies the cokernel of the map

Ly TR;‘i_Aa,l(Fp;p) - TR;'L'—)\Q (Fpip)

with the W (IF,)-module TRv(u’a)( F,;p). Equivalently, ¢, takes a generator of the domain to
the product of a generator of the target and an element «, € W(IF,) of p-adic valuation

vplag) = lengthyy (z TRQEQAJ (Fp;p).

The lemma follows by an easy induction argument. ]

We proceed to manipulate the sum that appears in Lemma 4.3. To this end, we fix the
positive integer u, and consider the bi-graded Fp-vector space E(u) defined by the associated
graded for the p-adic filtration of the W (F,)-modules that appear in Lemma 4.3,

= P ey TREY (Fyip).
r=0

The following results identifies the structure of this bi-graded F,-vector space.
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LEMMA 4.4. The bi-graded F-vector space E(u) is isomorphic to the bi-graded F,-vector

space defined by
@ S]Fp{-rrvo'r}a

1<r<u

where deg z,, = (p"~1,1) and deg o, = (0, 1).

Proof. The statement is equivalent to the equality
dimp, A(u)a,; = lengthy ) TR;&Q (Fp;p),

which we prove by direct calculation. If @ < ¢, then A(u),,; has basis

v(u,a)—1 v(u,a)—1

i—a a/P i—a/p a/p i—a/p
xloy Y, e’ T oy s Ty a) T (u,a) ,

and hence, dimp, A(u)q,; = v(u,a) as required. Similarly, if a/p® < i < a/p*~ L with 1 <
v(u,a), then A(u),,; has basis

a/p i—a/p® _a/p*tt i—a/pTl a/pv(u,a)fl i_a/pu(u,a)71
s+1 Us+1 £E5+2 Us+2 [ ’xv(u,a) Uv(u,a) ’
and hence, dimg, A(u),,; = v(u,a) — s as desired. Finally, if i < a/p*(*®~1, then A(u),,; =0
This completes the proof. ]
PROPOSITION 4.5. Let m >n > 1 and i > 0 be integers, and let 1 < j < m(i + 1) be an

integer that is not divisible by p. Then the map
Lp(man’j)%: h]r%n TRgi—Ad(Iva ) - hm TR2z ( P7p>

where d = d,(m, u, j) and e = d,(n,u, j), takes a generator of the domain to the product of a
generator of the target and an element o = a,(m,n, i, 5) of W(IF,) with p-adic valuation

Up(a) - Z (Sp(m> ha]) - S;D(n, ha]))a
0<h<i

where s,(m, h, j) is the larger of 0 and the unique integer s with p*~1j < h(m + 1) < p*j.

Proof. By Cor. 4.2 above, we may instead consider the map

Lp(manajv u)2i: TRgi—Ad(va )HTRQZ ( pap)a

for a fixed positive integer u with p*j > m(i + 1). We showed in Lemma 4.3 above that this
map takes a generator of the domain to the product of a generator of the target and an element
o = aj,(m,n, i, j,u) of W(F,) whose p-adic valuation is given by the sum

= 3" lengthyg,) TR (Fp: p)
d<a<e

where v(u,a) = min{u, v,(a) + 1}. We show that this sum is equal to the sum v,(a) of the
statement. It follows from Lemma 4.4 that

vp() = dimp, ( @ Alu )

d<a<e

The Fp-vector space on the right-hand side has a basis given by the elements zFol, where

ror

1<r < u, and where k and [ are non-negative integers such that k+1 =i and d < p" 'k <ee.
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Therefore, we have

S #o<k<ild<pTk<el= Y #{1<k<i|d<p'k<e}

1<r<u 1<r<u

S #i<r<uld<pk<el= Y #{i<r<uld<pTlh+1)<e}
1<k<i 0<h<i

Yoo (#Hi<r<uld<p TN+ D} —#{1<r<ule<p T (h+1)}),
0<h<i

where, we recall, d = dp(m,u, j) and e = d,(n,u, j). The inequality d < p"~!(h+1) is equivalent
to the inequality (p*~'j —1)/m < p"~!(h + 1) which, in turn, is equivalent to the inequality

i < m(h+1).

Suppose that s = s,(m, h, j) satisfies 1 < s < u. Then p*~'j < m(h+ 1) < p®j. Therefore, the
inequality p*~'j < m(h + 1) is equivalent to the inequality u—1r < s— 1. Hence,

#1<r<uld<p M h+ 1)} =#{u—(s—1) <r <u} =s5=s,(m,h,j).
Finally, if m(h + 1) < j, we also find that
BI<r<uld<p (h+ 1)} =0 = sy(m,hj).
The proof that #{1 <r <wu|e<p "' (h+1)} = s,(n,h,j) is similar. O

Proof of Thm. A.  We prove Thm. 1.7, and hence, Thm. A of the introduction.

Suppose that A = F,,. We first identify the sequences (1.1) and (1.5) and the sequences (1.2)
and (1.6). To this end, we recall that [6, Prop. 9.1] gives the following slightly stronger version
of Prop. 4.1: Let a and u be positive integers, let ¢ be a non-negative integer, and let

r=rp(a,u) = lengthy, i y TR3; 5, (Fpip).
Then we can choose a family of isomorphisms of W (F,)-modules
op(a,u,i): Wp(F,) = TRY,_,. (Fp;p)

with the additional property that the following diagrams commute:

op(a,u,i)

W (Fp )—>TR2Z A (Fp;p)
VT JF VT lF
op(a,u—1,3) w—1
Wi—1(Fp) TRy, (Fp;p).

Let m > 1 and ¢ > 0 be integers, and let j > 1 be an integer not divisible by p. We know from
Cor. 1.4 that, if «/ > 1 is an integer such that p* j > m(i + 1), then the canonical projection

Pr/: lilr%n TRy, x,(Fpip) — TRy, (Fpip),

where d = d,(m, u, j) and d' = dp(m, v/, 5), is an isomorphism. Hence, the composition of the
isomorphism o, (d’, ', ) and the inverse of the isomorphism pr,, defines an isomorphism

Tp(myi, j,u'): We(Fp) = ligl TRy, (Fpip),
where s = s,(m, i, ). Then, if p* > m(i + 1) we define

TP m,z,u @ W - H h}I%n TRgi—/\,i(FP;p)
jel, Jjel,



K-THEORY OF TRUNCATED POLYNOMIAL ALGEBRAS 21

to be the isomorphism that takes the jth summand on the left-hand side to the jth factor on
the right-hand side by the map 7,(m, 1, 7, u’). Similarly, we define

. u—v )
m,z,u @ Ws—u( H h}inTRQFAd (Fp;p),
jemM’'I, jeEM’ I

where m = p"m’ with m/ not divisible by p, where s = s,(m, 1, j), and where d = d,(m,u, j),
to be the isomorphism that takes the jth summand on the left-hand side to the jth factor on
the right-hand side by the isomorphism given by the composition of o,(d’,u’ — v,i) and the
inverse of the isomorphism

Pry lilr%n TRy, (Fp;p) — TRy, ZY , (Fpip).
Then, for every u’ such that p* > m(i + 1), the diagram

D Wil —"—— P WL(F,)

jem’Iy, JjElp

l‘rx’)(m,i,u’) l‘rp(m,i,u’)

. U—v m'V? . u
H hgl TRy, (Fpip) —— H hgl TRy, (Fpip)
jem'I, JEl,

commutes. This identifies the sequences (1.1) and (1.5). However, we do not know that the
family of isomorphisms o, (a,u,%) can be chosen with the additional property that, if both
pv > m(i + 1) and v > m(i + 1), the isomorphisms 7,(m,i,v’) and 7,(m, i, u") are equal.
Therefore, we choose u’ = u/(m, 1) to be the unique integer that satisfies

pv T <m(i 1) < pt
and use the isomorphisms 7,(m,4,u') and 7,(m,4,u’) to identify (1.1) and (1.5). We use the
same u’ = u'(m, i) and the isomorphisms 7,(n, i, ') and 7, (n, i, u’) to identify the sequences (1.2)

and (1.6). In particular, the sequences (1.5) and (1.6) are exact as proved in [5, Thm. 4.2.10].
Finally, Prop. 4.5 shows there is a commutative diagram

W(F,) — 5 Wy (F,) — 2 Wi (F,)

J/Tp(m,i,jyu') l‘fp(n-,i,j,u')

limp TR;@,M (Fzﬂ P) limp TRy; ( P> ip),

tp(m,n,i,j)

where the map m,, is given by multiplication by an element o = v, (m, n, i, j) of W (F,) whose
p-adic valution is given by the sum

Up(a) = Z (sp(mv hv]) - Sp(nv h7]))
0<h<i
This completes the proof of Thm. 1.7 for A =F,,.

Suppose next that A is any regular noetherian ring that is also an F,-algebra. The groups
limg TRy, (A;p) were evaluated in [7], but see also [4, Thm. 16]. By the universal property
of the de Rham-Witt complex, there is a canonical map of graded W, (F,)-algebras

& Wy — TRY(A;p)
that commutes with R, F', d, and V. Let m > 1 and i > 0 be integers, and let v’ = u/(m,1).
Let j be an integer not divisible by p, and let s = s,(m, 7, ). We consider the map

p(m, q,i, 4, u'): W Q4™ @uw(s,) Wa(F,) — lim TR, (A;p)
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defined by the composition
lilr%n WquA_% Qwr,) Ws(Fp) — hm TRy _2;(A;p) @w(r,) hm TR, (Fp;p)
— Hm TR 5,(4; p) @ s, lim TR, (Aip) — lim TRy )

where the first map is k£ ® 7,(m, i, j,u’), where the second map is induced from the unit map
F, — A, and where the last map is induced by the T(A)-module spectrum structure on
T(A) A S*4. Tt follows from [4, Thm. 16] that the maps @,(m,q,i,j,u’) factor through the
canonical projections

pr, ®id: li}gn WuQZ‘_% OwE,) Ws(Fp) — WSQ?[m
and that the induced maps wp(m, ¢, 1, j,u’) define an isomorphism
wp(m, q,7) @wpmq,z,j, @Wﬁq - hmTRq , (A5p),
i>0
where v’ = v/(m, 1) and s = s,(m, 1, j). We define
wp(m, q): @@Wﬁq g H hmTRq A, (A5D)
i>0 jeI, jel,

to be the isomorphism that takes the j summand on the left-hand side to the jth factor on the
right-hand side by the isomorphism wy(m, ¢, j). We define the isomorphism

wy(m, q): @ @ WS_UQZ‘_zi—» H li}r?nTR;‘:f\’d(A;p)
120 jem'I, jem'I,

in a completely similar manner substituting the isomorphisms 7, (m,,j,u’) for the isomor-
phisms 7,(m, i, j,u’) in the definition of wy,(m, ¢). Then the diagram

@ @ W, UQq 2i m'V? @@qu 2i

120 jem'I, 120 jel,

J{wé(m,q) J{Wp(mﬂ)

. wu—v m'v"? . u
H h}r%n TR, ", (4;p) —— H hlr%n TRg_»,(A;p)
jem'I, J€T,
commutes. Hence, the isomorphisms wy,(m, q) and wy,(m, q) identify the sequences (1.1) and (1.5).

(
In particular, the sequence (1.5) is exact. Similarly, the isomorphisms wy(n,q) and wy,(n,q)
identify the sequences (1.2) and (1.6). Finally, we have a commutative diagram

—2i R —2i Ma —2i
W,Qi " ——— W QT ———— W, QY

J{wp(m,q,iﬁj,U') J/wp(n,q,i,j»u')

limp TRy; y,(A;p) limp TRy; _y, (4;p),

tp(m,n,i,j)

where the top horizontal map is multiplication by the same element o = a,(m, n, 4, j) of W (F,)
as in the basic case A = F,. This completes the proof of Thm. 1.7. ]

5. The divisor div(a,(m,n, 1))

In this section, we examine the divisor div(a,(m,n,)) on W(F,) and prove Thm. B of the
introduction. In addition, we derive some consequences of the result for the tower of K-theory
of truncated polynomial algebras.
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LEMMA 5.1. Suppose that the integer t = s,(n, i, j) satisfies

m—n pt—1

J =2t
mn p—1

Then vp(ap(m, n,i,5)) = sp(n, i, j).

Proof. We recall that
Up(ap(m’ n, i7 j)) = Z (Sp(mv ha ]) - Sp(?’l, h7])) .
0<h<i

In this sum, every summand is non-negative, and the summand indexed by h is positive if and
only if there exists an integer r > 1 with

n(h+1) <p™ 5 <m(h+1).
We estimate the number of indices 0 < h < ¢ that satisfy this inequality, for some r > 1. For
a given r > 1, the number of integers h that satisfy the inequality

n(h+1) <p"~'j <m(h+1)

is at least
r—1,

(m—mn)p"~'j
mn

—1.

If t = sp(n,i,7) = 0, then the statement of the lemma is trivially true. So assume that ¢ > 0.
Then ¢ is the unique integer that satisfies p'~1j < n(i + 1) < p’j. Now, if 1 < r < ¢, then

n(h+1) <p" i <p™'j <h(i+1),

and hence, h < i. Therefore, we find

r—1

. (m —n)p=1j m—-n p—1 .
N (m—mp"'j |\ _ : it
vp(ap(m,n,i, j)) 1;«( mn ) mn  p—1 "7

Hence, if the latter integer is greater than or equal to ¢, or equivalently, if

m-—n pt—1

J =2t
mn p—1

then Up(ap(man7i?j)) 2 Sp(nvivj)' D

LEMMA 5.2. Suppose that i > n/(m —n) and vy(a,(m,n,i —1,5)) = sp(n,i —1,7). Then
also vp(ap(m,m,i,7)) = sp(n,i, 7).

Proof. The assumption that ¢ > n/(m — n) implies that mi > n(i + 1) which, in turn,
implies that s,(m,i —1,j) > sp(n,4, 7). Finally, v,(a,(m,n,i —1,5)) > sp(n,i — 1, 7) implies
that v, (o (m,n,4,5)) = sp(m,i— 1, 7). The statement follows. |

Proof of Thm. B. We first show part (i) of the statement, which, by the discussion pre-
ceeding Thm. 1.7, is equivalent to the statement that there exists an integer iy = ig(m,n,p)
such that, for all integers j > 1 not divisible by p, vy(ap(m,n,i,7)) = sp(n,4,j). Suppose
first that 7 > 2mn/(m — n). Then the inequality in the statement of Lemma 5.1 is satisfied,
for all t > 1, and therefore, v,(cp(m,n,4,5)) = sp(n,i,j), for all ¢ > 0. Suppose next that
1 < j < 2mn/(m — n). The inequality of the statement of Lemma 5.1 is satisfied, if ¢ is
large enough. Since t = s,(n, i, ) tends to infinity as ¢ tends to infinity, it follows that there
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exists an integer io(m, n, p, j) such that v,(a,(m,n,1,5)) = sp(n,i,j), for all i > ig(m,n,p, j).
This proves that part (i) of the statement holds with ig(m,n, p) equal to the maximum of the
integers ig(m,n,p,j), where 1 < j < 2mn/(m — n).

We next prove part (ii) of the statement. Suppose that p > m(i+1). Then, for every integer
0 < h < 4, and for every integer 1 < j < n not divisible by p, s,(m,,5) = sp(n,4,j) =1, and
hence, v,(a,(m,n,i,5)) < sp(n,i,j). Therefore, if p > m(i + 1), then io(m, n,p) > 4. It follows
that ig(m,n,p) = [(p — 1)/m] which tends to infinity as p tends to infinity.

Finally, we prove part (iii) of the statement. We first note that, for fixed ¢ and j, the integer
sp(m,i,7) tends to infinity as m tends to infinity. Hence, there exists mg = mo(n,p,i,J)
such that v,(a,(m,n,i,5)) = sp(n,i,j), for m > mo(n,p,i,j). We assume that the integer
mo(n, p,i,7) is chosen minimal with this property. An induction argument based on Lemma 5.2
then shows that mg(n, p, i, j) < mo(n,p,i—1,7), for i = n/(m—n). Moreover, since s,(n, i, j) =
0, for j > n(i+1), we have mg(n, p, 4, j) = n, for j > n(i+1). This shows that the statement of
part (iii) holds with mq(n,p) equal to the maximum of the finitely many integers mq(n,p, i, 5),
where 0 <i<n/(m—n)and 1 <j < n(i+1). O

LEMMA 5.3. Let A be an Fj-algebra and suppose that A is generated by N elements as an
algebra over the subring AP of pth powers. Then, for every subset S C N stable under division,
the big de Rham-Witt group WsQY is zero, if ¢ > N + 1.

Proof. It suffices to show that, for all v > 1, the p-typical de Rham-Witt group W, Q%
is zero, if ¢ > N + 1; compare Sect. 1 above. We first show that Q% is zero, if ¢ > N.
By assumption, there exists a surjective ring homomorphism f: AP[z,...,zy] — A from a
polynomial algebra in finitely many variables over AP. The induces map

. 04 q
fe QAP[acl ..... ] Q7
is again surjective. Moreover, every element of of the domain is a sum of elements of the form
w =ndzx;, ...dx;,

where 0 < s < N, where 1 < 4; < -+ < is < N, and where n € Q%,°. Now, we claim that
f«(n) = 0 unless s = ¢. Indeed, the element 7 € Q%,” can be written as a sum of elements of
the form bodb; . ..db,—s, where by, ...,bs—s € AP, and

Fubodby .. dby_) = F(bo)df (b1) ... df (bgs).

But f(b;) = a?, for some a; € A, and hence, df (b;) = d(a?) = pa’~'da; = 0. Tt follows that the
image of f is zero, if ¢ > N. This shows that Q9% is zero, if ¢ > N, as stated.

Finally, we show by induction on u > 1 that W, Q% is zero, if ¢ > N + 1. The case u = 1
holds, since the canonical map Q% — W;Q% is an isomorphism. Finally, the induction step
follows from the exact sequence

_ Vu—l_,’_dvu—l R
QLo ————— W,Q, —— W, 104 —— 0

which is proved in [8, Prop. 3.2.6]. O

THEOREM 5.4. Let A be a regular noetherian ring and an Fj-algebra and assume that A
is finitely generated as an algebra over the subring AP C A of pth powers. Let m and n be
positive integers with m > n + 1. Then there exists an integer qy > 1 such that the map

fe: Ko(Al2]/(2™), (2)) — Kq(Al2]/(2"), (x))

induced by the canonical projection is zero, for all ¢ > qq.
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Proof. Since m > n + 1, we can choose n < k < m and write f as the composition of the
canonical projections g: A[z]/(z™) — Alx]/(2*) and h: A[z]/(2*) — Alz]/(z™). We consider
the following maps of long-exact sequences from Thm. A.

—92i 5 m o —1—24
"'*}Gai;o Wm(i+1)Q?4 2 *)Kq+1(A[$]/(~T ), () —— 697;;0 Wi+19?4 =2,

lgi Jg* lo
e Do Wi )4 — = K1 (Alz]/ (2%), (2) == @ino Wira Q75— -+
Jhi lh* JO
o —— Do Wn(iJrl)Q?ax_zi —— K1 (Alz]/(z), (x)) 2, Do Wi+1QZ‘_1_2i —_—
It follows from Lemma 5.3 and Thm. B(i) that there exists an integer go such that both the

maps ¢, and h. are zero, for ¢ > qq. Finally, a diagram chase based on the diagram above
shows that the composite map f. = hy o g« is zero, for ¢ > qq. ]

Suppose that A is a regular noetherian ring and an F,-algebra. We let
ei: Wags) Q4™ — Ko (Aa]/(2"), (2))

be the ith summand of the map ¢ in the long-exact sequence
—2i Va —2i n
o By Wit 1 — @i Wy Q4 —— K (Af2]/ (@), (2)) —— -+

The image of the map eg has the following interpretation.

THEOREM 5.5. Let A be a regular noetherian ring that is also an F,-algebra, and let n be
a positive integer. Then

() im (fi: Kq(Al]/(@™), (@) — Kq(Al2]/ ("), (2))

m>n

= im (601 WnQ?qil - Kq(A[m]/(x"), (:E)))

Proof. Let g: Alz]/(z™) — Alx]/(x*) and h: Alz]/(2*) — Alz]/(z"™) be the canonical
projections, with m > k > n. A diagram based on the diagram from the proof of Thm. 5.4
above shows that, for every integer ¢ > 0, we have inclusions

i (Biso Won(i 125> 25 @00 Wi Q52 5 Ky (Ala]/(a7), (2))
C im (Kqp1(Al2]/(2™), () 25 Kyi1(Af]/(2"), (2))
Cim (69120 Wk(i+1)9?472i = 691'20 Wn(i+1)Q§(2i = g+1(Alz]/(z"), (fﬂ)))

The maps A’ g, and h’ map the summand indexed by i = 0 to the summand indexed by i = 0
by the appropriate restriction map, which is surjective. Thm. B shows that, on summands
indexed by i > 1, the maps h’ g, and h are zero, if m is sufficiently large. The statement

*

follows. O

REMARK 5.6. Let k be a perfect field of positive characteristic p, and let n be a positive
integer. It follows from Thms. A and B that, for m > n, the composite map

W1y (k) 5 Ko (k[2)/(2™), (2)) 2 Kai(K[2]/(z™), («™))
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induces an isomorphism
AL W) (k) VaWip (k) = Kai(k[2]/(2™), (2™)).

We expect that, for ¢ = 1, the map A/ is equal to the map A,, of Stienstra [16].

REMARK 5.7. One generally expects that, for every scheme X, there exists an Atiyah-
Hirzebruch type spectral sequence

BY, = H'™*(X5Z(1) = Ko(X)

from the motivic cohomology of X to the algebraic K-theory of X. Such a sequence has
been constructed in the case where X is a smooth scheme over a field. However, in general,
there presently does not exist a definition of motivic cohomology that could serve as the
E?-term of a spectral sequence of this form. However, see [1, 15]. The long-exact sequence
relating K (A[z]/(z"), (z)) and the big de Rham-Witt groups and Thm. 5.5 suggests that, for
X = Spec(A[z]/(z™)), where A is a regular noetherian Fp-algebra, the spectral sequence takes
the form

Bl = WL "0 @ WiuQl® = Kaa(Alal/(27), (2)
with the d'-differential induced by the Verschiebung operator
V,: Wl Y S ow,,a e

and with all higher differentials zero. The E?-term is of this hypothetical spectral sequence
then is our candidate for the value of the motivic cohomology groups of Alz]/(z™) relative to
the ideal (). We note that this value of the motivic cohomology groups is in agreement with
the Beilinson-Soulé vanishing conjecture that H%(A[x]/(z™), (x); Z(t)) is zero, for ¢ < 0.

References

1. S. Bloch and H. Esnault, The additive dilogarithm, Documenta Math., Extra Volume: Kazuya Kato’s
Fiftieth Birthday (2003), 131-155.
2. A. Grothendieck, Eléments de géométrie algébrique. IV. Etude locale des schémas et des morphismes de
schémas (Quatriéme Partie)., Inst. Hautes Etudes Sci. Publ. Math. 32 (1967).
. L. Hesselholt, On the p-typical curves in Quillen’s K-theory, Acta Math. 177 (1997), 1-53.
, K-theory of truncated polynomial algebras, Handbook of K-theory, vol. 1, Springer-Verlag, New
York, 2005, pp. 71-110.
. L. Hesselholt and I. Madsen, Cyclic polytopes and the K-theory of truncated polynomial algebras, Invent.
Math. 130 (1997), 73-97.
6. |, On the K-theory of finite algebras over Witt vectors of perfect fields, Topology 36 (1997), 29-102.
, On the K-theory of nilpotent endomorphisms, Homotopy methods in algebraic topology (Boulder,
CO, 1999), Contemp. Math., vol. 271, Amer. Math. Soc., Providence, RI, 2001, pp. 127-140.
8. __ | On the K-theory of local fields, Ann. of Math. 158 (2003), 1-113.
, On the de Rham-Witt complex in mixed characteristic, Ann. Sci. Ecole Norm. Sup. 37 (2004),
1-43.
10. L. Hlusie, Complexe de de Rham-Witt et cohomologie cristalline, Ann. Scient. Ec. Norm. Sup. (4) 12
(1979), 501-661.
11. L. Hlusie and M. Raynaud, Les suites spectrales associées au complexe de de Rham-Witt, Inst. Hautes
Etudes Sci. Publ. Math. 57 (1983), 73-212.
12. J.-L. Loday, Cyclic homology, Grundlehren der mathematischen Wissenschaften, vol. 301, Springer-Verlag,
New York, 1992.
13. M. A. Mandell and J. P. May, Equivariant orthogonal spectra and S-modules, Mem. Amer. Math. Soc.,
vol. 159, Amer. Math. Soc., Providence, RI, 2002.
14. D. Popescu, General Néron desingularization, Nagoya Math. J. 100 (1985), 97-126.
15. K. Rilling, The generalized de Rham-Witt complex over a field is a complex of zero-cycles, J. Algebraic
Geom. 16 (2007), 109-169.
16. J. Stienstra, On the K2 and K3 of truncated polynomial rings, Algebraic K-theory (Evanston, 1980),
Lecture Notes in Math., vol. 854, Springer-Verlag, New York, 1981, pp. 409-455.

W

9]




K-THEORY OF TRUNCATED POLYNOMIAL ALGEBRAS

Massachusetts Institute of Technology Nagoya University
Cambridge, Massachusetts Nagoya, Japan

27



