MILNOR K-THEOR Y OF LOCAL RINGS WITH FINITE RESIDUE
FIELDS

MORITZ KERZ

Abstra ct. We proposea de nition of improved Milnor K -groups of local rings with
nite residue elds such that the improved Milnor K -sheafin the Zariski topology is a
univ ersal extension of the naive Milnor K -sheafwith a certain transfer map for etale
extensions of local rings. The main theorem states that the improved Milnor K -ring
is generated by elemerts of degreeone.

Intr oduction

It is well known that Milnor K -theory of elds is a very nice cohomologytheory in the
sensethat it encadesimportant arithmetic information about the eld in question. Or
in fancy words it is part of a motivic cohomologytheory of smooth varieties [10].

In view of this fact the following question, which is the motivation for this article, seems
to be reasonable:

Question: How can we generalizeMilnor K -theory from elds to commutativ e rings?

If we want to generalizeMilnor K -theory to more generalrings we could simply copy
the symbolic de nition proposedby Milnor [11] for elds to an arbitrary commutativ e
ring A: Let K P"®M (A) be the quotient of the tensor algebraof A modulo the two-sided
ideal generatedby elemerisa (1 a) fora;1 a2 A , seeDe nition 1. This is what
we would like to call naive Milnor K -theory. But there are at least two problems:

(1) Thomason [15 shawved that a good de nition of Milnor K -theory of smooth
sthemes,which generalizesthe one for elds, doesnot exist. Here good means
that the theory should satisfy standard properties of a cohomologytheory like
for example A-homotopy invariance and there should exist a functorial homo-
morphism to Quillen K -theory.

This meansthat we can expect a good Milnor K -theory only for local rings.

(2) Evenif we restrict to local rings the functor K P*®M de ned above is not what we
would like to call Milnor K -theory. For exampleit doesnot satisfy the Gersten
conjecture, compare Remark 10.

In spite of (2) the naive Milnor K -ring of a local ring with in nite residue eld yields a
good cohomologytheory asthe results proved in [13] and [7] suggest. Sotheseconsider-
ations reduceour questionposedabove to the questionhow to de ne Milnor K -theory of
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local rings with nite residue elds. As the author hopesthe readerwill nd a satisfying
answer in Section 1.

There we show the following: Let F be an abelian sheafon the big Zariski site of all
sthemes. AssumeF is corntinuous, seeDe nition 5, and has somekind a transfer for
nite etale extensionsof local rings with in nite residue elds { for an explanation see
Section 1. In Theorem 7 we prove:

Theorem A. There exists a universal transformation of continuous shavesF | F
suchthat F hasa transfer for nite etale extensionsof local rings. Moreover for a local
ring A with in nite residue eld we haveF (A) = F(A).

In fact by what is proved in [7] we can take F to be the shea cation of K P"®™  which
we denoteby K M, and get someimproved Milnor K -sheafK M . In order to convince the
reader that this improved Milnor K -sheafis in fact the correct one, we have collected
somebasic results on the latter in Proposition 9. We should remark that the ring KM

doesalready appear in unpublished notes of Gabber [2], but without the tranfer map of
[7] it is quite hard to study it.

The secondaim of this article is to show that the improved Milnor K -ring is generated
by symbols. In fact this is not at all clearin view of the de nition of KM via Theorem
A. Our main result, Theorem 12, whose proof unfortunately requires a very messy
calculation in polynomial rings, says:

Theorem B. The natural homomorphismof Zariski sheaves
KM 1 gM
is surjective.
Via the Milnor Conjecture proved by Voewodsky et al. [12] this result has someinter-

esting application to quadratic forms over local rings. Furthermore we can deducein
Corollary 15:

Corollary . The motivic cohomolay ring

(Hmot (SpedA); Z(n)) o
for a regular local equicharacteristic ring A is geneated by elementsof degree one.

This corollary was{ at least implicitly { predicted by the Beilinson-Lichtenbaum con-
jectures on motivic cohomology

A remark on motivic cohomology .

In this article we will usethe motivic cohomologyring of a regular scheme X (of nite
Krull dimension). In order to x notation we shortly explain what this means. Vo-
ewodsky constructs the motivic complex Z(n) for n 0 which is a complex of Zariski
sheareson the category of smooth separatedschemesover a eld [10]. Neverthelessthe
construction of this complex of sheavesworks equally well on the small Zariski site of a
regular scheme,sothat we candene forn QOandm 2 Z

Himot (X:Z(n)) = HZ5 (X5 2(n)) :

The important fact about this motivic cohomologyfunctor is that it is cortinuous, see
De nition 5 where one hasto assumethat all appearing rings are regular.
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1. Impr oved Milnor K -theor y
Let A be a comnutativ e unital ring and let
TA)=A A

be the tensor algebra over the units of A.
The usual de nition of Milnor K -groupsiis:

De nition 1. De ne the graded ring K P®M (A) for a commutative ring A by
KPreMaA)= T (A )=(fa (1 a)ja;l a2A g:

Let KM be the shef of gradel rings assaiated to K P"®™ on the site of all schemeswith
the Zariski topology.

For aring A we will denote KM (SpecA) alsoby KM (A).

It is clear that KM (A) = A for every ring A. Below we will improve the de nition
of Milnor K -theory in order to get a sensibletheory for local rings with nite residue
elds. Therefore KM will usually be called naive K -theory.

The following facts are standard for Milnor K -groups of local rings with in nite residue
elds, see[13], [14] .

Prop osition 2. Let A be a local ring with in nite residue eld. Then we have

(1) The natural map K (A) ! K,(A) from Milnor K -theory to algebaic K -theory
is an isomorphism.

(2) The relation fa; ag= 0 holdsin K (A) fora2 A .

(3) The ring KM (A) is skew-symmetric.

(4) For ag;:::;an 2 A with ag + + a, = 1 the relation

holds.

Moreover there exists a transfer for Milnor K -groups which is constructed in [7] and
whosemain properties we recall in the next proposition. The transfer will be essetial
for the constructions of this paper.

Leti:A! B bea nite etale extensionof local rings with in nite residue elds. Fix
an explicit presenation B = A[t]=(p) which exists by EGA IV 18.4.5.

Prop osition 3. There exists a canonical transfer homomorphisms
Ng=a tKp'(B) ! Kp'(A)
satisfying:
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(1) Ng=a : KM(B)! KM(A) is the usual norm map on unit groups.
Ng=a : KM (B)! KM(A) is multiplication by ded(p).
(2) The projection formula holds, i.e. for x 2 KM (A), y 2 KM (B) we have

XNg=a(Y) = Np=a(i (X)) 2 Kph i (A)
(3) If A contains a eld the transfer does not degend on the presentation of B over
A chosen.

Proof. This is proved in [7].

Next we considergeneralabelian sheaveswith a weak form of a transfer. In fact we will
construct the improved Milnor K -groups axiomatically sud that they have a transfer
map.

Let S bethe category of abelian sheareson the big Zariski site of all schemes.Let ST
resp.ST! be the full subcategoryof S such that a sheafF isin ST resp.ST?! if for
ewvery nite etale extension of local rings resp. of local rings with in nite residue elds
i : A B there exists a transfer homomorphismNg_, : F(B) ! F(A) suc that

NB=A i = dqu:A) IdF(A) .
Prop osition 4. The functor KM is an object of ST? for alln 0.

Proof. Immediate from Proposition 3

Actually the Milnor K -functor should have somemaore global canonical transfer but at
the moment we can do this only in the caseof equicharacteristic schemes. We shall not
be concernedwith this problem here.

Let F be a covariant functor from rings to abelian groups.

De nition 5. The functor F is called continuous if for every ltering direct limit of
rings
A= Iir'n Aj
the natural homomorphism
limF(Aj)) ! F(A)
is an isomorphism.

A (pre-)sheafis called continuousif its restriction to a ne sdemesis cortinuousin the
above sense.

Prop osition 6. The Milnor K -sheaf KM is continuous.

Proof. It is clear from the de nition that K P"®M is continuous. Furthermore a simple
calculation shaws that if a presheafis corntinuous the assaiated sheafin the Zariski
topology is sotoo.

Our existenceand uniquenessresult reads now:

Theorem 7. For every continuous F 2 ST there exists a universal continuous F 2
ST and natural transformation F | F. That is for arbitrary continuous G 2 ST and
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natural tranformation F ! G there exists a unique natural tranformation F ! G such
that the diagram commutes.

F o P

Moreover for a local ring A with in nite residue eld we haveF (A) = F(A).

Before we can give the proof we have to recall the construction of the rational function
ring A(t) over arings A:

Denote by i1 resp. i, the natural ring homomorphism A(t) !  A(ty;t2)
which sendst to t1 resp.t,.

Proof. For an arbitrary Zariski sheafG we let G be the Zariski shea cation of the
following presheafde ned on ane scemes:

SpeqA) 7! ker[G(A(1) "t 17 G(A(t1;t2))]

We claim that F hasthe properties stated in the theorem. The next proposition will be
essetial for the proof:

Prop osition 8. Let G 2 ST (resp.G 2 S) be continuous. Then for a local ring A
(resp.a local ring with in nite residue eld) we have G(A) = G(A).

Proof. First we prove the statemert in parenthesis. Solet A have in nite residue eld
and let G 2 S be cortinuous. We will prove the injectivity of G(A) ! G(A) below and
leave the proof of the surjectivity to the reader. In the following S° S will always be
some nitely generatedsubmonoidwhereS A[t] is de ned asabove. Soby cortinuity
we clearly have
G(A)  G(Altls) = lim G(A[t]so)
SO0

Soit is enoughto show that G(A) ! G(A[t]so) is injective for every S°. For ead S°
choosesomeelemern o2 A such that for all p2 S%we have p( o) 2 A . This is pos-
sible becauseA hasin nite residue eld. Let :A[t]so! A bethe ring homomorphism
such that t mapsto go. As

G(A) ! G(Altls) ! G(A)

is the identit y the injectivit y of the rst arrow follows.

Next we provethat for G 2 ST cortinuousand A local G(A) ! G(A) is anisomorphism.
Again we restrict to injectivit y leaving the surjectivity to the reader. Fix an arbitrary
prime p. Considera tower of nite etale extensionsof A

A A A Al
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such that A, islocal, [Am : Am 1] = pand [ mAm = A1 . Now G(A;) = G(Al)
according to the rst part of the proof. Consider x 2 ker[G(A) ! G(A)]. So by
continuity x 2 ker[G(A) ! G(An)] for somem > 0. The existence of a transfer
homomorphismN : G(An) ! G(A) with

G(A) ! G(Am) ' G(A)

equal to multiplication by p™ shaws that p™ x = 0. As this holds for all primes p we
have proved injectivit y.

Now we can nish the proof. Let F and G beasin the statemert of the theorem. De ne
the homomorphismF | G such that the following diagram is commutativ e

F_

I-_A_/

where is in isomorphism by Proposition 12. The uniquenessof the homomorphism
F ! G follows form the commutativ e diagram

F(A(t) —IF(A(t) ©—F(A)

G(A(1)) == G(A(t)) &—G(A)

where A is a local ring, sinceby Proposition 12 is an isomorphismand is injective.

The next proposition comprisesbasicinformation about our improved Milnor K -theory
KM We will only sketch the proofs.

Prop osition 9. Let (A; m) be a local ring. Then:

(1) RY(A) = A

(2) KM (A) has a natural graded commutative ring structure.

(3) Proposition 2 and 3 remain true for any any local ring A if we replae KM by
KM,

(4) If Fisa eld wehaveKM(F) = KM(F).

(5) For everyn 0 there existsa universal natural number M, suchthat if jA=mj >
M, the natural homomorphism

KM (A) 1 RM(A)

is an isomorphism.
(6) There exists a homomorphism

Kn(A) 1 KM (A)
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such that the composition
KMA) 1 Ka(A) 1 RM(A)
is multiplication by (n 1)! and the composition
Kn(A) I KM(A) 1 Kn(A)

is the Chern classcpp, . .
(7) If (A;1) is a Henselian pair in the senseof [3] and s 2 N is invertible in A=I
the map
KMa)y=s 1 RM(A=I)=s
is an isomorphism
(8) Let A be regular and equicharacteristic, F = Q(A) and X = SpecA. The
Gersten conjecture holds for Milnor K -theory, i.e. the Gersten complex

0——IRM(A) —TKY(F) — oxw KY' 4(k(x)) —
is exact.
(9) Let X be a regular schemecontaining a eld. There is a natural isomorphism
Hgar(X;K\r':/l) = CH”(X)

(10) If A is equicharacteristic of characteristic prime to 2 the map
ia: KM(A) | Ks(A)
is injective.
(11) Let A be regular and eguicharacteristic. There is a natural isomorphism
K (A) + Hiot(SpedA); Z(n))
onto motivic cohomolay.
Proof. (1): SinceK M is an objectsin ST part (1) follow from Proposition 12.
(2): This follows immediately from the hat construction in the proof of Theorem 7.
(3): It is well known that the sheafassaiated to X 7! K»(X) is an object in ST, so
that K,(A) = K,(A) by Proposition 12. But if A is a local ring with in nite residue
eld we have K (A) = K,(A) accordingto Proposition 2 (1) and the isomorphism of
sheares }Q" = K follows from the de nition of the 'hat' in the proof of Theorem 7.
The rest follows from the injectivit y of
Ky (A) 1 RY(A®) = Ky (A) :
(4): If F isin nite this follows from Proposition 12, if F is nite then KM (F) = 0 and
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is the identity. Then with the notation asin the proof of the theorem we have for
x2 KM(F)  K) (F(t)

KM(F)3incy si(x)= sy ip (X)= s i1 = X:

(5): It wasshawn in [7] that there existsan M, 2 N such that the statemenrt of Propo-
sition 3 remainstrue if the local ring A has more than M, elemerts in its residue eld.
Now an analog of the proof of Proposition 12 gives (5).

(6): This follows immediately from [13].

(7): An elemernary calculation shows that

KM@A)=s | KM(A=I)=s

is an isomorphismfor every local ring A with s invertible in A=l. Now a standard norm
construction shows the analogousresult for the improved Milnor K -groups. This is
accomplishedby choosing an etale local extensionA  A°of somevarying prime power
degreesuch that the residue eld of A°hasmore than M, elemerts an using (5).

(8): This complex was constucted in [6]. Again if A has more than M, elemerts in its
residue eld the result was provenin [7]. If not oneusesa norm trick asin (7).

(9): Immediate from (8).

(10): If A is a eld this was shovn by Kahn using Voewdsky's proof of the Milnor
conjecture [5]. If A is regular it follows from the eld caseand (8). If A is not regular
we rst usethe norm trick and can and will assumethat A hasmorethan M 3 elemeris in
its residue eld. Next we use Hooblers trick and choosesomeregular equicharacteristic
local ring A°such that there exists an exact sequence

o! 1 1 A1 A1 o0

sudh that (A%1) is a Henselianpair. Let x bein ker(ia). Then 2x = 0 according to
(6). Next choosex®2 KM (A9 = K} (A9 which mapsto x. An elemenary argumert
left to the reader shows that we can choosex?sudc that 2x°= 0. Now remenber that
the two torsion in K3(A9 is isomorphic to the two torsion in K 3(A) by the rigidity of
algebraic K -theory, see[3], sothat iao(x9) = 0 and nally x°= 0 by the regular case
proved above.

(11): Improved Milnor K -theory ful lls the Gersten conjecture by (8) and motivic co-
homology doesso by standard facts, sothe result follows from an easydiagram chaseof
Gersten complexesusing the fact that (11) is known if A is a eld. The details can be
found in [7, Section 7].

Remark 10. In geneal the map
Ka'(A) 1 RY(A)

is not an isomorphism. For examplefor n = 2 and A = F;[t] ), see the appendix of [4].

2. Main Theorem
In this section we proposea conjectural determination of KM (A). Set

| = ker[K M (A) I Ko(A)]:
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One can shaw that | = 0 if jJA=mj > 3. In fact Kolster found explicit generatorsfor |

[9].

Conjecture 11. For any local ring (A; m) the natural homomorphism of graded rings
KM@A)=(1) ' KM(A)

is an isomorphism.

We will prove the surjectivity as our main theorem.

Theorem 12. Let (A; m) be a local ring. Then the map
ATKM@A) 1 BKMA)

is surjective.

In the proof we usethe statement of the theorem for n = 2 which is classicalmodulo
Proposition 9(2), see[9]:

Prop osition 13 (Dennis-Stein). The map
KY'(A) t KY(A)
is surjective.

2.1. Applications.

As a rst application we can write down a completely elemenary Bloch formula for a
regular scheme X which cortains a eld. Bloch fomulae are generalizationsto higher
degreesof the well known isomorphism H%ar (X:0 ) = CHY(X) relating the Picard
group and the group of Weil divisors modulo rational equivalence.

The following formula was previously known only in caseX cortains anin nite eld in

which naive and re ned Milnor K -sheafcoincide accordingto Theorem 7.

Corollary 14 (Bloch formula). Let X be a regular schemecontaining a eld. Then
there is a natural isomorphism
Hgar(X;Kr’YI) = CH"(X)

Proof. This Bloch formula follows from Proposition 9(9) and the exact sequenceof
sheaes
ot F 1 KM 1 RM 1 o;

becausethe sheafF hasat most support in the closedpoints of X .

A further interesting application of our theorem concernsmotivic cohomology of local
rings.
Corollary 15. AssumeA to be regular local and equicharacteristic. The motivic coho-
mology ring

(Hmot (A5 Z(N)) o
is geneated by elementsof degree one.
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Proof. Immediate from Proposition 9(11).

Finally, all the results in [8, Section O] remain true for local rings with nite residue
elds. For the convenience of the reader we state them without proofs in the next
proposition. Let W (A) bethe Witt ring ofthering Aandla W (A) the fundamental
ideal.

Prop osition 16. AssumeA to be local and equicharacteristic.

(1) If Alisregular andi: A! F is theinclusion into the fraction eld, F = Q(A),
the following conditions are equivalent:
() a21x  W(A)
(i) i (@218 W(F)
(2) If A Alis a nite etale extensionwith A°local the transfer
Naoa : W(AY T W(A)
maps| a0 to | 4.
2.2. Pro of of the theorem.
Let p be 2 or 3. Consider a tower of nite etale extensionsof A
A A1 A A1
such that Ay, is local, [Am : Am 1]=pand [ nAm = Ap .
Form Proposition 9(3) we know
(1) KM (A1) = R (A1)
(2) There exist transfers
Nan=an 1K' (Am) 1 R (Am 1)
such that the composite
RN (Am 1) 1 RY(Am) Y RN (A 1)
is multiplication by p and such that the projection formula holds, comparePropo-
sition 3(2).
Now let x bein KM (A) and let for all m > Olet x,, bethe induced elemer in KM (Ap).
By (1) there existsx? 2 KM (A1) with A, (x§) = x1 . Becauseof the cortinuity of
KM and KM (Proposition 6) there existsm and x% 2 KM (Am) with A, (x%) = Xm.
Now the next lemma producesx®2 KM (A) with A (x9 = p™ x.
Sowe nd my;mz OandxJ;x32 KM(A) sud that
a(x3) = 2"x
A(x3) = 3"x
Choose ; 2 N satisfying
2M2 +  3M3 =1
Then a(x 3+ x3) = x. Soin order to complete the proof we have to show:
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Lemma 17. With the notation of the theoremfor p= 2or 3and A B a nite etale
extension of local rings of degree p we have

Ng=a(im g) im a:
For p= 2resp. p= 3the proof of this lemmais reducedto the casen = 1resp.n = 2 hy
the projection formula (Proposition 3(2)) and the next two sublemmas.But forn 2

the lemma is clear as K M (A) = KM (A) and as K} (A) ! KY (A) is surjective by
Proposition 13.

Sublemma 18. For p= 2the sulgroupim g KM (B) is genemted by symiols

witha; 2B anda 2 A fori> 1

Sublemma 19. For p= 3the sulgroupim g KM (B) is geneated by symiols

with a;;a22 B anda 2 A fori> 2

By EGA IV 18.4.5we canwrite B = A[t]=(p) wherep=tP+ , 1tP 1+ + 4is
irreducible modulo the maximal idealm  A.

In the proof of the sublemmaswe can by induction restrict to n = 2forp= 2andn = 3
for p = 3. Now the rest of the proof is by brute force and it will probably be easierfor
the reader if she provesthe sublemmasherselfthan to follow the myriads of stepsand
casesbelow.

Proof of Sublemmal8. We start with asymbol f a;t+ ag; byt+ bgg 2 IQ" (B), a1;a9;by;lp 2
A and have to show that it liesin the imageof K 1(A) 7z K1(B) in K} (B).

1st step: Reduceto a; = by = 1.

If a; 2 A then we write

fajt + apg= ft + @g+ faig:
ap
and multiply from the right with flt + bpg. If a1 2 A write
fart+ apg= f tg+ ft — % g+fay a 1g2 KM(B):
dp a1 1

and multiply from the right with fbit + byg. Similarly we reduceto b, = 1.
2nd step: Reduceto ag 6 by 2 A=m and a; = by = 1.
By the rst stepwe canassumea; = by = landag= by 2 A=m .
CaseA: (t + ag)? 2 A=m.
In this casewrite

aolp o

ft+ ag;t+ = ft+agt+ + ft+ agjt+ ———
ao; t + hog ao;t + aopg I

g+
ft+ag,ap+ by 10
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Remarkthat ft+ag;t+agg= ft+ap;, 1g,ap+by 16 0byassumption
and
a0

0 a1
The latter becauseotherwise ag would be a zero of
(t+ag)(t+ o) p
but p hasno zerosin A=m.
CaseB: (t + ag)? 2 A=m.
Choosec 2 A with ¢6 ag. Then

ft+agt+bog= f t+cit+bog+f(ag+c 1)t+ac ot+ og:
Again asin the previous caseag + C 1 6 0 by assumption and
apC 0
6 ———:
by agt+ Co 1
3rd step:
We have to shaw ft + ag;t + bpg 2 IQ" (B), where ag 6 by, is induced by an elemen
from KM (A) KM (B). Write
t+ ag N t+hy _
a b b a

1

and correspondingly

t+ag t+ by

o=f : 2 ft+ agt+ + KMa) KM(B
a0 by aog ag bog 1 (A) 1 (B)

Proof of Sublemmal9.
By a simple linear changeof variablest 7! t+ ¢, c2 A, wecanand will assume 12 A .
We start with a symbol

fapt?+ agt + ag; bpt? + byt + by cot? + cit + cog 2 KY (B) :
1st step: Reduceto ap;bp;co 2 A [ fOg.

Let ap 2 m. Then eithera; 2 A orag 2 A . Assumefor examplea; 2 A . Then
write

fat?+ art + apg= f tg+ f(ax a 2)t?°+ (a0 a 1)t a og2 K} (B)
Similarly for band c.
2nd step: Reduceto a, = by = ¢, = 0.
If a; 2 A write
fast?+ agt+ agg= f t+ yg+ f g2KM(B)
2
where stands for somepolynomial in A[t] of degreeone.
3rd step: Reduceto a;;b;¢ 2 A anda,=hb,= ¢ = 0.

Ifaj2mlet =ay a3 »andc= —223 1 gnd write

fajt+ apg= 2ftg ft+cg+f g2 KM (B)
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where  standsfor somepolynomial of degreeone with an invertible degreeone coef-
cient. Herewe usethe fact 12 A .

Now we considera symbol ft + ag;t + by;t + cog2 K} (B).

4th step: Reduceto ag 6 hy.

We can assumeag = by = ¢y becauseotherwise a permutation nishes the step. Now
argue as follows: Choosec2 A=m, c6 ap. Then we can nd d2 A=m suc that

(t+a)(t+c)(t+d) g mod p
with degq< 2. If d= ag setd = Iy and lift cto c2 A sud that
(t+ag)(t+c)(t+d) g mod p

with degq< 2. If d 6 ag lift c and d arbitrarily to elemerts c;d 2 A sud that with the
notation as above degq< 2.

CaseA: degq= 1.
Obsene that q is clearly coprimeto t + by. Soit is enoughto write

ft+ agt+ bojt+ cog= (f t+dg ft+ cg+ fog)ft+ bojt+ cog:
CaseB: degq= 0.
Similar to CaseA it is clearly enoughto showv
(1) fot+ bojt+ cog2 K'(A) KY'(B) Ki'(B):
Wehaveq= qit+ g, p2m. Let =g+ (1 )by ¢cpand write
o= +(1 a)(t+h)= (t+c)= =1
But Proposition 9(3) resp. Proposition 2(4) applied to the last equation
gives(1).
5th step:
We have to show that ft + ag;t + bp;t + cpg 2 K\g" (B) with ag 6 by is induced by an
elemert from KM (A) KM (B). Write
t+ ag N t+hy

a0 b b &

and correspondingly

t+ag t+hp

0= f : t+ 2ft+agt+ by t+ + KMA) kKMB):
aoh)h)aoc()g ao;t+ p;t+ cog+ K" (A) K3'(B)
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