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Abstract

Let E be a Frobenius category Let E denote its stable category The shift functor on
E induces, by pointwise application, an inner shift functor on the category of acyclic
complexeswith ertries in E. Shifting a complex by 3 positions yields an outer shift
functor on this category Passingto the quotient modulo split acyclic complexes,Heller
remarkedthat inner and outer shift becomeisomorphic, via an isomorphismsatisfying still
afurther compatibility. Moreover, Heller remarkedthat a choiceof such anisomorphism
determinesa Verdier triangulation on E, except for the octahedral axiom. We generalise
the notion of acyclic complexessud that the accordingly enlarged version of Heller's
construction includes octahedra.
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O Intro duction

0.1 Heller's idea (%)

0.1.1 Stable Frobenius categories and an isomorphism between outer and inner
shift

Let E bea Frobeniuscategory i.e. an exactcategorywith enoughbijective objects. For instance,
the category of complexeswith valuesin an additive category equipped with pointwise split
exact sequencess a Frobenius category

Let E denotethe stable categoryof E; cf. X0.3. Assumethat E hassplit idempoterts.

A complexwith ertries in E is acyclic if any Hom functor turns it into an acyclic complex of
abelian groups. Let E* ( ’;) denote the category of acyclic complexeswith ertries in E (?).
Let E* ( ’;) denotethe homotopy category of the categoryE™ ( ’;) of acyclic complexesithat
is, the quotient category of acyclic complexesmodulo split acyclic complexes.

There is a shift automorphismT on E. It inducesa rst, inner shift automorphism T ( ’;) on
E*( ) by pointwise application.

There is also a shift automorphism T, on the diagram Z . It inducesa second,outer shift
automorphismE" (T,) on E* ( ’;), shifting a complexby three positions.

Both outer and inner shift induce automorphisms

E'(To) resp. T"( 5) on E'( 3):

Heller remarkedthat thesefunctorsareisomorphic. But thereis noa priori givenisomorphism.

Sohe chosean isomorphism
#2

EN(T) 2 T°(3);

satisfying, for technical reasonsstill a further compatibility.

Then he remarked that the choice of sud an isomorphism#, determinesa triangulation on E
in the senseof Puppe [26, Sec.2]; that is, it satis es all the axiomsof Verdier [29, Def. 1-1]
except possibly for the octahedral axiom. Namely, as distinguished triangles we take acyclic
complexeson which outer and inner shift coincide(i.e., which are\3-p eriodic up to shift") and
on which #, is the idertit y.

Whether this obsenation now fathomsPuppetriangulations remainsto be discussed Wheneer
two objects are isomorphicbut lack a nature-given isomorphism,it is at any rate not unusual
to pick an isomorphism. Once a suitable isomorphism between our shift functors chosen,a
Puppe triangulation ensues.In norntechnical terms, we may let the relation betweenthe two
shifts govern the Puppe triangulations. This is a possiblepoint of view, which we shall adopt
and put into a larger framework; cf. x0.2.2.

Heller usedthis constructionto parametrisePuppe triangulations on E. The non-uniqueness
of sud a Puppe triangulation on E, and hencethe impossibility of an intrinsic de nition of
distinguished triangles, thus can be regarded as rooted in the possible nortrivialit y of the
automorphismgroup of the inner shift functor T* ( ’;), or, by choice, of the outer shift functor

IHeller formulated his idea using Freyd categories. We will rephraseit using complexes,for this is the
languagewe will usebelow. Cf. xx0.2.2,0.2.4.

2The notation using the diagram ’; is chosento t into a larger framework; seex0.2.2 for more details.



E* (T,). This is to be seenin cortrast to the intrinsic characterisation of short exact sequences
in an abelian category

0.1.2 The stable Frobenius case models a general de nition of Pupp e triangula-
tions

A weak kernelin an additive categoryis de ned by the universal property of a kernel, except
for the uniquenessf the induced morphism; dually a weak cokernel

A weakly alelian category is an additive categoryin which ead morphism has a weak kernel
and a weak cokernel, and in which ead morphism is a weak kernel and a weak cokernel. For
instance, the stable category E appearingin x0.1.1is a weakly abelian category

Let C be a weakly abelian category with split idempotents carrying a shift automorphismT.
Now Heller's construction yields an alternative, equivalernt de nition of a Puppe triangulation
on (C, T) asbeing an isomorphism

C'(To) 22 T*( %)

satisfying still a further compatibility. In other words, a Puppe triangulated category can be
de ned to be suth atriple (C T;#,).

0.1.3 From Pupp e to Verdier and beyond

In a Puppe triangulated category Verdier's octahedral axiom [29, Def. 1-1] doesnot seemto
hold in general(®).

In a Verdier triangulated category in turn, it seemsto be impossibleto derive the existence
of the two extra triangles in a particular octahedrondescrited in [3, 1.1.13, or to distinguish
crossesasin [16, App.].

Moreover, to de ne a K-theory simplicial set of a triangulated category one is inclined to
take objects as 1-simplices,distinguished triangles as 2-simplices, distinguishedoctahedra as
3-simplices,etc.

Sowe enlargethe framework, generalisingfrom C* ( ’;) to C"( ¥), asdescrited next in x0.2.

0.2 De nition of Heller triangulated categories
0.2.1 A diagram shape

Givenn > O,welet ,:=fi22Z : 06 i 6 ng, consideredas a linearly orderedset. Let

n be the periodic prolongation of |, consistingof Z copiesof , put in arow. This is a
periodic linearly ordered set that is, a linearly orderedset equipped with a shift automorphism
i——i*l. Forinstance, ,=f:::;2 %,0;1;2;0";:::qg, equipped with i —i**. Let bethe
categoryconsistingof periodic linearly orderedsetsof the form |, asobjects, and of monotone
shiftcompatible mapsas morphisms.

3The author lacks an exampleof a categorythat is Puppe but not Verdier triangulated, but strongly suspects
that such an exampleexists, i.e. that the octahedral axiom is not a consequencef Puppe's axioms; cf. Question
1.6. In any case,such a deduction is unknown.



Let ,( 1) denotethe categoryof morphismsin , i.e. the categoryof ,-valueddiagrams

ofshape ;. Given ; 2 ,sudthat 6 ,theobject( — )in ,( 1) isabbreviated
by =.
Let # bethe full subcategoryof ,( i) that consistsof objects = within a single period,

ie.suthhthat 16 6 6 *1. Forinstance,

O+1 @ﬂ /
_ 0L = /
, ) 222 052
’ =
1= ! 051 —/

00 —/10—/239 /o*1 =0

0.2.2 Heller triangulations

Let C be a weakly abelian category;cf. x0.1.2. A sequenceX L v 9 Zin Cis called exact
at Y if f is a weak kernel of g, or, equivalertly, if g is a weak cokernel of f . A comnutative
guadranglein Cwhosediagonal sequencas exact at the middle object is called a weak squae.

Let C"( ¥) be the category of C-valued diagrams of shape # with a zeroat = and at

1= foreadh 2 ,,andsud that the quadrangleon( = ; = ; = ; = )isaweaksquare
wheneer 6 6 6 6 6 *. LetC'( ?) bethe quotient of C"( #) modulo the
full subcategoryof diagramstherein that consistertirely of split morphisms.

For instance,C" ( ’;) is the categoryof C-valued acycliccomplexesand C" ( ’;) is its quotient
modulo split acyclic complexes,.e. the homotopy category of C-valued acyclic complexes.

Furthermore, supposegivenan automorphismT on C. We obtain two shift functorsonC" ( #),
the inner shift given by pointwise application of T, and the outer shift induced by a diagram
shift j=i—i*t=j,

A Heller triangulation on (C; T) is a tuple of isomorphisms# = (#,)n>0, Where#, is an isomor-
phism from the outer to the inner shift on C*( #). This tuple is required to be compatible
with the functors induced by periodic monotonemapsbetween , and ., wherem; n > 0.
Moreover, it is requiredto be compatible with an operation called folding, which emergesrom
the fact that a weak square

X)# Yo
y

XOfYO

X +




entails a folded weak square
Yo
‘ f
y
0 0.
X —/(X X Yo

‘ .

A Heller triangulated category is a triple (C, T;#) asjust descrilked, often just denotedby C.

An n-triangle in a Heller triangulated category C is an object X of C*( #) that is periodic in
the sensethat outer shift and inner shift coincideon X, and that satis es X #, = 1. The usual
properties of 2-triangles generaliseto n-triangles.

If Cis a Heller triangulated categoryin which idempotents split, then, taking the 2-trianglesas
the distinguishedtriangles, it is alsotriangulated in the senseof Verdier [29, Def. 1-1]; see
Proposition 3.6.

0.2.3 Strictly exact functors

An additive functor C-=— C° between Heller triangulated categories(C; T;#) and (C* T% #9)
is called strictly exactif, rstly, it respects weak kernels, or, equivalertly, weak cokernels; if,
secondly F T°= TF; and if, thirdly, the functor

Fren)

C(n) —— ()

induced by pointwise application of F, satises F*( #)?#2 = #,?F*( #) forn> 0.

0.2.4 Enlarge to simplify

Let -, :=fi2Z : 16 i6 ng. We have an enbedding —, -=— # via +=— =0. Let Cbhe

n
a weakly abelian category Let C( —,) denotethe category of C-valued diagramsof shape —,.
Let C( —,) bethe quotient of C( —,) modulo the full subcategoryof split diagrams. Restriction

inducesan equivalence

() c()
which is also a usefultechnical tool; cf. Proposition 2.6.

()i

— =)

At rst sight, onemight beinclined to prefer C( —,) over C" ( #). It cortains smallerdiagrams
and has a lesselaborate de nition. By transport of structure along ( ), one obtains an outer
shift on C( —,) aswell. By pointwise application of the shift functor on C, we also obtain an
inner shift on C( —,). Thesecould be comparedin order to write down a de nition of Heller
triangulated categories.

Sowhy then did we preferto useC' ( #) in our de nition of Heller triangulated categoriesin

x0.2.2? Working with C( —,), the indirect de nition of the outer shift would causeproblems. In

practice, onewould have to passthe equivalence( ) badk and forth. The \blown-up variant"
C'( ) of O ) carriesa directly de ned outer shift functor and is thus easierto work with.

There is a further equivalenceC( —,) — &( —, 1), where € denotesthe Freyd category of C,

i.e. the universal abelian category cortaining C, and where & _, 1) is the quotient of & _, 1)

modulo split diagramswith entries in C, cf. Proposition 2.10. Originally, Heller  worked with
&, 1) forn = 2, i.e. with &=C.




0.3 A result to begin with

Let E be a Frobenius category We de ne its stablecategory E to be the quotient category of
the category of purely acyclic complexeswith valuesin the bijective objects of E, modulo the
subcategory of split acyclic sud complexes.

Then E is equivalert to the classi@l stablecategory E of E, de ned as the quotient category
of E modulo bijective objects. But E carriesa shift automorphism T (invertible), whereasg
carries, in general,only a shift autoequivalence(invertible up to isomorphism). In this sense,
E is a\strictied version" of E.

Theorem (Corollary 4.7, Corollary 4.9). Given a Frobkenius category E, there existsa Heller
triangulation # on (E; T). An exactfunctor E —E EO petween Frokenius categoriesthat sends
all bijective objects of E to bijective objects of E° induces a strictly exactfunctor E £ E°

The Verdier triangulated version of this theoremis due to Happel [11, Th. 2.6].

0.4 A quasicyclic category

Let Cbe a Heller triangulated category

A quasicycliccategory is a cortravariant functor from  to the (1-)categoryof categories.Let-
ting qcyg, C be the subcategory of isomorphismsin C*( #) for n > 0, we obtain a quasicyclic

categoryqcyc C. Thereis a quasicyclicsubcategoryqcyc®! Cthat consistsonly of n-triangles
and their isomorphismsinstead of all objectsin C"( #) and their isomorphisms(%).

Restricting qcyc™! C along the functor . of \p eriodic prolongation”, this yields a
simplicial category hencea topological space;depending functorially on C. This spaceis the
author's tentativ e proposalfor the de nition of the K-theory of C, cf. [25, Rem.63]. Of course,
this de nition still needsto be justied by results one expects of sut a K-theory, which has
not yet beenattempted.

0.5 Some remarks

A comparison of our theory to the derivator approat and related constructions in [4],
[14, chap. V.1], [13], [10], [18], [7] and [22] would be interesting. One might ask whetherthe
basecategoryof a triangulated derivator in the senseof [22] carriesa Heller triangulation; and
if so, whether morphismsof triangulated derivators give rise to strictly exact functors.

Our approad di ers from the derivator approad in that we considera singlecategory C with
shift and an \exactnessstructure”, i.e. a Heller triangulation, on it. The categoriesC' ( #)
neededo de ne this \exactnessstructure" on C consistof veritable C-valued diagrams;cf. x0.2.
In particular, a\structure preservingmap" betweentwo sud categoriesC and C°, i.e. a strictly
exact functor, is a singleadditive functor cE o compatible with the \exactnessstructures”
imposedon C and on C° In cortrast, a \structure preservingmap" of triangulated derivators
is a compatible family of additive functors.

The generalisedtriangles in [3, 1.1.14 are, in our language, n-pretriangles for which the
2-pretriangle obtained by restriction along any periodic monotone map ,— , is a

‘Here,\ #=1" is a mere symbol that should evoke the de nition of n-triangles via #.



2-triangle. An n-triangle is sud a generalisedtriangle, but the converse does not hold in
general,as pointed out to me by A. Neeman. For an example,see[20, x2].

Concerningthe motivation to considertriangulated categoriesat all, and in particular derived
categories,conceied by Gr othendieck , we referthe readerto the introduction of the thesis
of Verdier [28]; cf. also[15] and [31, p. 26].
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0.7 Notations and conventions

(i) The disjoint union of setsX and Y is written X t Y.
(i) Givena; b;c 2 Z, the assertiona . bis de ned to hold if there existsaz 2 Z suchthat a b= cz.

(i) Fora;b 2 Z, wedenoteby [a;b] .= fz2 Z : a6 z 6 bgthe integral interval. Similarly, we let
[ =fz2Z : a6 z< by Jajbl:=fz2 272 : a<z6 by, Z.9 =fz2 2 : z> 0gand
Zeo=fz2Z : z6 Qg.

(iv) All categoriesare supposedto be small with respectto a su cien tly big universe.

(v) Givena category C, and objects X, Y in C, we denotethe set of morphismsfrom X to Y by (X;Y), or
simply by (X;Y), if unambiguous.

(vi) GivenaposetP, wefrequertly considerit asa category, letting p(X;y) contain oneelemer y=xif x 6 v,
and letting it be empty if X 6 y, wherex;y 2 ObP = P.

(vii) Givenn > 0, we denoteby , := [0;n] the linearly ordered set with ordering induced by the standard
orderingon Z. Let _, := ,r f0g= [1;n], consideredas a linearly ordered set.

(viii) Maps act on the right. Composition of maps, and of more general morphisms, is written on the right,
b ab

ie. — — =

. E G FG
(ixX) Functors act on the right. Composition of functors is written on the right, ie. — — = —.

Accordingly, the entry of a transformation a betweenfunctors at an object X will be written X a.

The reasonfor this convertion is that we will mainly consider functors of type \restriction
to a subdiagram” or \shift", and such operations are usually written on the right.

(x) A functor is called strictly denseif its map on the objects is surjective. It is called denseif its induced
map on the isoclassess surjective.

F FC 4
(xi) Given transformations C_ lla %c? lla® 3:90 we write a ? a° for the transformation from FF%to GG°
G GO

givenat X 2 ObCby X (a?a% := (XFa%)(XaG?® = (XaF9(X Gad. In this corntext, we also write the
object F for the identity 1 on this object, i.e. e.g. X (F ?2a% = X (1 ?a% = (X F)a’

(xii) The inverseof anisomorphismf is denotedby f . Note that if we denotean iterated shift automorphism
fr—=—1f* by f —f*% for z 2 Z, then we have to distinguish f (inverseisomorphism if f is an
isomorphism) and f ! (inverseof the shift functor applied to f).



(xiii)

(xiv)

(xv)

(xvi)

(xvii)

(xviii)

(xix)

(xx)

(xxi)

(xxii)

(xxiii)

(xxiv)

In an exact category, pure monomorphy is indicated by X —£— Y, pure epimorphy by X —— Y.

A morphism in an additive category A is split if it is isomorphic, in A( 1), to a morphism of the form
00
X Y22y Z. A morphism being split is indicated by X L—/y (not to be confusedwith
monomorphy). Accordingly, a morphism being a split monomorphism is indicated by X L Iy, a

morphism being a split epimorphism by X L Iy . cf xA2.1.

We say that idempotents split in an additive category A if every endomorphisme in A that satis es
€ = eis split.

The category of functors and transformations from a category D to a category C is denoted by [D; Cl
or by C(D). To objectsin C(D), we alsorefer to asdiagrams on D with valuesor entries in C.

If Cand D are categories,and X 2 Ob C(D), we usually write (d 2 e)X = (Xg X X ) for amorphism
d—2ein D If the morph|sm ais unamb|guously given by the context, we also use small letters to
write (Xg —— Xe) 1= (Xg —— Xe) (similarly XOX; X9, ¥y —Ye,...)

Let Add denote the 2-category of additiv e categories.

Given an additive category A and a full additive subcategory B A, we denote by A=B the quotient
of A by B, having as objects the objects of A and as morphisms equivalenceclassesof morphisms of A;
where two morphismsf and f © are equivalent, written f g f O if their di erence factors over an object
of B.

In an exact category, an object P is called projective if (P; ) turns pure epimorphismsinto epimorphisms.
An object | is calledinjectiveif ( ;1) turns pure monomorphismsinto epimorphisms. It is called bijective
if it is injective and projective. SeexA.2 for details.

In an additive category a morphism K — X is called a weak kerneI of a morphism X — Y if for

every morphism T —— X with tf = 0O there exists a morphism T —— K with t% = t. A weak cokernel
is de ned dually. An additive category is called weakly atelian if every morphism has a weak kernel and
a weak cokernel, and is a weak kernel and a weak cokernel.

The Freyd category of a weakly abelian category C is written €. SeexA.6.3 for details.

In an abelian category, a commutativ e quadrangle

f
x —Iy

X y

xof_O/Yo

fO
f
is called a squae if its diagonal sequene X SA0 X0 vy . Y0 is short exact. Being a squareis
indicated by a box sign\ " in the quadrangle.

The quadrangle (X;Y; X % Y9 is called a weak squae if its diagonal sequenceis exact in the middle; cf.
De nition A.9. Being a weak squareis indicated by a\ + "-sign in the quadrangle.

In an exact category, (X;Y;X % Y9 is a pure squae if it hasa pure short exact diagonal sequence Being
a pure squareis indicated by a box sign\ " in the quadrangle.

In a weakly abelian category, (X;Y; X %Y?9) is a weak squae if it is a weak squarein the Freyd category
of that weakly abelian category.

. . . f . . .
In an abelian category, given a morphism X — Y, we sometimesdenote its kernel by K¢, and its
cokernel by C; .



10
1 Denition of a Heller triangulated category

1.1 Periodic linearly ordered sets and their strips

Without further commen, we considera posetD as a category whoseset of objects is given
by D, and for which # p( ; )= 1if 6 ,and# p( ; ) = 0 otherwise. If exister, i.e. if

6 , the morphismfrom to isdenotedby = . A full subposetof a categoryis a full
subcategorythat is a poset. In particular, a full subposetof a posetis just a full subcategory
of that poset.

A periodic posetis a posetP together with an automorphismT : P —P, +— T=: *1,
Likewise,we denote T" =: *Mresp. T "= ™ form2 Z.,. By abuseof notatlon we
denotea periodic poset(P; T) simply by P.

A morphism of periodic posetsP —- P%is a monotone map p of the underlying posetssuc
that ( ®)p = (( Yp)** for all °2 P The categoryof periodic posetsshall be denoted by

pp.

A periodic linearly ordered setis a periodic poset the underlying poset of which is linearly
ordered,i.e.sudhthat # p( ; )[ o( ; ) = 1lforall ; 2 D.

To any linearly orderedset D we can attach a periodic linearly orderedset D by letting D :=
D Z,and( ;2)6 ( ;w)ifz6 w,orif(z=wand 6 inD). Welet( ;2)* = ( ;z+1).
[ [ Tz and
the latter is the notation we will usually use. The periodic linearly orderedset D is calledthe
periodic repetition of D. Likewise,the functor D —— D from the category of linearly ordered
setsto the category of periodic linearly orderedsetsis called periodic repetition.

Let be the full subcategory of the category of linearly ordered sets de ned by
Ob =f ,:n2Z.00

Let be the full subcategory of the category of periodic linearly ordered sets de ned by
Ob =1 , :n2Zsg(®.

The reasonfor consideringperiodic linearly orderedsetsis that the functor periodic repetition from

to is denseand faithful but not full. We will require a naturality of a certain construction
with respectto P 2 Ob , which is stronger than setting P = D and requiring naturalit y with
respectto D 2 Ob

Given n > 0, the underlying linearly ordered set of | is isomorphic to Z via
2=+ (n+ 1)z. We usethis isomorphismto de ne the operation

o Z = o (TEX) e TPaxo= (CEx)TE

wherewe write k = (n+ 1)k + k with k 2 Z and k 2 [0;n] for k 2 Z. For instance,if n = 3,
then 21 + 7= 1*3,

To a periodic linearly orderedset P, we attach the poset
PP:=f =2P( ) : '6 6 6 g

as a full subposetof P( ), called the strip of P. A morphism therein from = to = s
written = = = | which is uniqueif it exists,i.e.if 6 and 6

5The category is isomorphic to the category L de ned by Elmendorf in [6].
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The strip P# carriesthe automorphism = —( = )" := *1= in pp, where = 2 P#.
fP =, wealsowrite = 2 ( =)*,

This construction de nes a functor

which sendsa morphismP -~ P%in  to

p# p_# p &

p=p — =0

In fact, p* is wellde ned, sinceif °*6 ©°6 %6 %' then( 9) 16 D6 D6 ( Y.
Moreover, p* is monotoneand compatible with shift.

Example 1.1 The periodic poset g, i.e. the strip of the periodic repetition of ,, can be
displayed as

1+l :(3-*1 _/

1yl [+l 1 ]
"3 3

233 — Joi=p 1+1 = /

135 / 233 / 051 — I1m1
0‘28 / 19 /2=8 /o+1‘ =0

2 1:8 1 _/02201 _/1:201 _/2:2 1

1.2 Heller triangulated categories

Supposegiven a weakly abelian category C, cf. De nition A.26. From x1.2.1.30n, we assume
it to be equipped with an automorphism

c L c

X-LY) — XTYyT) = (x4 vy,

Similarly, we denote(X T™ T2y T™) = (X *m =" y+*my form 2 Z.

Recall that its Freyd category € is an abelian Frobenius category and that the image of Cin
¢, identied with C, is asuciently big subcategoryof bijectives;cf. xA.6.3.
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1.2.1 The stable category of pretriangles C"(P*)

1.2.1.1 Denition of C"(P*)

Concerningthe Freyd category € of C, cf. XA.6.3. Concerningthe notion of a weak squarein €,
seeDe nition A.9. A weak squarein Cis a weak squarein € that hasall four objectsin ObC.
Applying Remark A.27, we obtain an elememary way to characteriseweak squaresashaving a
diagonalsequencevith rst morphism being a weak kernel of the second;or, equivalertly, with
secondmorphism being a weak cokernel of the rst.

Givena periodic linearly orderedsetP, we let C" (P#) bethe full subcategoryof C(P#) de ned
by

8 9
1) X- =0andX «- =0foral 2P.
2) Forall 6 6 6 6 6 *finP, %
% the quadrangle 2
ObC'(P¥) = _ X 20bQP*) : X6 —X5
X + X
: is a weak square(as indicated by +). '
Note that we do not requirethat (X «- —X u-)= (X - ==X )1 for = ; = 2 P*
with = 6 =.

An object of C"(P*) is called a P-pretriangle. Given n > 0, an object of C"'( %), i.e. a
n-pretriangle, is also called an n-pretriangle.

Roughly put, an n-pretriangle is a diagramon the strip  # of the periodic repetition , of |
consistingof weak squareswith zerceson the boundaries.

Example 1.2 A O-pretriangle consists of zero objects. A 1-pretriangle is just a sequence
1113 Xo=1 13X 120; X+ =1;::: of objects of C, decorated with some zero objects. A 2-pretriang-

le is a complex in C which becomesacyclic in € { for short, which is acyclic {, decorated with

somezero objects.

A morphismin Cis called split if it factorsin Cinto a retraction followed by a coretraction.
Equivalertly, its image, takenin &, is bijective asan object of €.

Let C"sPit(P#) be the full subcategoryof C* (P#) de ned by
( )

split (o # . 4. X o =X _ issplit
Ob C Pt (p#) := X 2 Ob C'(P*) : ,
forall =; = 2 P* with = 6 =

We denotethe quotient categoryby
C' (P*) := C (P*)=C" " (P");

called the stablecategory of P -pretriangles.

Example 1.3 WehaveC'( )= C'( ¥) = 0. The category C*( 3 ) can be regarded as the
homotopy category of the category of acyclic complexeswith ertries in C.
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1.2.1.2 Naturalit y of C"(P*) in P

Suppose given periodic linearly ordered sets P, P® and a morphism P#* —L P% of periodic
posetssud that either (P = P%and q = T, the shift functor on P#) or g = p* for some

morphism P —= P9 of periodic linearly orderedsets.
Recallthat if P = |, then we write alternatively T, for the shift functor T on #.

We obtain an induced functor

c(Pr) S C(P%)
X —— X C (9 := 9gX;

given by composition of g, followed by X .
In particular, the shift T on P# inducesa functor

c ) S cr)

X +— [X]? =X C'(T) ;

called the outer shift. Note that if P = ,, then [X]*! = X(zyr =X az for = 2 7.
On the stable category this functor inducesa functor

crr) 2 e

X — [XT%;

likewisecalled the outer shift.

Given a morphismP —-P%in , we obtain an induced morphism P* ¥ po , and hencean
induced functor usually abbreviated by

C (P*) P =C®) C (P%)
X — Xp*¥ =X C(p*)

Likewiseon the stable categorieswe abbreviatep” := C"(p*).

Soaltogether, we have de ned X p* := p# X (X p* : operation induced by p, applied to X ; p* X:
composition of p* and X ), which is a bit unfortunate, but conveniert in practice.

Givena morphismP —~P%n and X 2 Ob C' (P*), we have
[x ]+1 p# = [x p# ]+1 :

natural in X . Likewiseon the stable categories.

GivenP; P°2 Ob , afunctor C" (P*) = C"(P%) is called strictly periodic if
XFI* = XT'F ;

natural in X . Likewiseon the stable categories.
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1.2.1.3 Naturalit y of C'(P#) in C

An additive functor C-=—  is called sulexactif the induced additive functor Ci &is an
exact functor of abelian categories;cf. xA.6.3. Alternativ ely, it is subexact if and only if it
presenesweak kernels,or, equivalertly, weak cokernels;cf. Remark A.27.

Supposegiven a subexact functor C-5 C®andP 2 Ob . We obtain an induced functor
C (P*) _FTP). C* (P*)
X = XF*(P*);

where,writing Y := X F*(P#), we let

(Y- LY.)= X-FXX_F)
for =; = 2 P* with = 6 =.
In particular, the automorphism c-L Cinducesan automorphism

c Pty P o (p#)
X +—— [X"] = X T"(P*) ;

calledthe inner shift. Notethat if P = |, then[X*] - = X" for = 2 #,
On the stable category this inducesan automorphism

C(P*) TR CH(P*)

X — [X™];

likewisecalled the inner shift.

1.2.2 Folding

The following construction arose from a hint of A. Neeman, who showved me a multitude of
2-triangles in an n-triangle similar to the two 2-triangles explained in [3, 1.1.13; cf. De nition
1.5.(ii) below.

1.2.2.1 Some notation
GivenP = (P;T) 2 Ob , we denoteby 2P the periodic poset(P; T?).

Givenalinearly orderedsetD, welet t D bethe linearly orderedset having asunderlying set
f gt D;andaspartial order 6 {p forall 2D,and 6 .p if ; 2 Dand 6p

Roughly put, 2P is P with doubled period, and t D is D with an addedinitial object .

Let n > 0. We have an isomorphismof periodic linearly orderedsets

2 5 — 2n+1
K+1=2 forl ,0

k*!
(k+n+ 1Y D2 forl ,1
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and an isomorphismof linearly orderedsets

t n - n+1l
k —— k+1 fork2][0;n]
—— 0:
In orderto remaininside resp.inside , we usetheseisomorphismsasidenti cations.

Then P —— 2P is natural in P and thereforede nes an endofunctorof ,andDr~—— t D is
natural in D and thereforede nes an endofunctor of

Givena linearly orderedsetD, we will needto considerthe periodic posets2D and t D, formed
using periodic repetition.

1.2.2.2 The folding operation
Let n > 0. Let the strictly periodic functor

#

C(@ W) 2= Cc(t )
X = Xf,

be determinedon objects by the following data. Writing Y = X f,,, we let

(Y- 1Y) = Xu- =2 X a-
(Y:LY:) = X+1= (X;X)X+1=+1 >(+2=
)C()O
(Yo L Y) = Xuca Xz —= Xuaza X o
X
(Y: LYM:) = X a-mn X 2= £ X 224
for ; ; ; 2 ,with 6 ,with 6 andwith = 6 = . The remaining morphisms

are given by composition.
Note that X 2 Ob C" (2 »)*), soe.g.X «- 6 0is possible,whereasX .- = 0for 2 .

We claim that X f, is an object of C"( t n#).

In fact, by Lemma A.14, applled in the abellan category €, we are reducedto conS|der|ng

the quadrangles of Y on(=; =; =; =) for ; ; 2 n With 6 6
on (=; =,; =; =) for ;;; 2 n With 6 6 6 ; and on
(=;+1=;=;+1—)for; 2 ,with 6 6

The quadrangleof Y on( = ; =; =; =) isaweaksquareasthe direct sum of two weak
squares.

For the remaining quadranglesto be treated, Lemma A.17 reduces us to considering
the quadranglesof Y on ( =; =; =; =), on ( =; *=; =; *'=) and on
(=; "=; =; "=)for ; 2 ,with 6 . Thesearein fact weak squares,as

ensuedrom LemmaA.18 and its dual assertion. This provesour claim.
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This construction of Y = X f, is functorial in X .

To prove that the folding operation passego the stable categorieswe have to shawv that for an
object X of C*i%Pit((2 )*), the folded object X f, isin C* P ("t 7). DenoteY := Xf,.
SinceY- - Y_ issplitforall ; 2 ,with 6 ,itsuces to prove the following
lemma.

Lemma 1.4 Supmsegivenm > 0andZ 2 Ob C'( ¥ ) suchthat Z -, Z - is split for all
. 2 a2 withO< 6 .ThenZz 2 ObCHsit( #).

Proof. Considerthe morphismZ . -7 _ for = 6 = in #. We haveto show that it
is split, i.e. that its image, taken in €, is bijective there. Unless 6 6 6 6 *!, this
morphism s zero, hencesplit. If this condition holds, it is the diagonal morphism of the weak
square(Z = ; Z=-;2Z=-;Z:-).

Soby LemmaA.19, applied in the abelian category €, we seethat it su ces to shaw that the
(horizontal) morphismZ - —£Z _ is split and that the (vertical) morphismzZ - -7 _ is
splitforall ; ; in ,with 6 6 6 6 *.

The long exact sequence

— 7. 1 — - 11— 7Z - 01— 7Z . —7Z_-. — 7 _-. — 7 au-. —

in € shavs that it suces to showv that the morphism Z - -7 _ is split for all
06 6 6 <0 In fact, rst of all we may assumethat 0 6 < 0", so that
06 6 6 6 ' <0 Henceeither06 6 6 <0, 0or06 '6 6 <07,
or06 6 '6 <071

Now we may assume that 0 < and apply Lemma A.19 to the weak square
(Z =0, Z =, Z - ; Z -), inwhich Z -o—*Z  is split by assumption,in which Z -y—*-Z -

is split sinceZ-,—*Z - is split by assumption, and in which Z -o—*-Z - is split since
Z-q—2Z -y is split by assumption. .
Sothe folding operation passedo an operation

_,,
HH*

C(2 2)") == C(t )
X +— Xf

on the stable categories.
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1.2.2.3 An example: folding from ¢ to 3

LetD = ,. Notethat 2 ,' 5. LetX 2 ObC"'((2 ,)*), depicted as follows.
(@) O O O O (@)
+ + + + +
%—/X 1+16)+1 L/X 2+1 d)ﬂ L/X 0+2 d)ﬂ L/X 1+2 d)ﬂ L/X 2+2 6)+1 —/0
+ X + X + X + X + ‘
b Xorgre X a0 X | XX oo H X 1o Io
+ X + X + X + X +
Iy —Hragys i) o o
+ X + X + X + X +
"X gp =Xz =X oo | X0 =S X0 ——0
X + X + X + X +
(b_/onél ﬂxlzé 1 l/Xzzél ﬂxo+1oz 1 i/xl+1oz 1 40
‘ + ‘ + + + +
Notethat t ' 3. Folding turns X into Xf, 2 Ob C"( t 2# ), depicted as follows.
+
%—/X2+262+1 —/
+ X +
X
%—/X 2+l =1+1 X 1+2 =2 —X/X 1+2 Olﬂ —/
+ 62 + X +
o% x
%—Ix 1+1 :0+1 OXO+2 =1 —/X 2+1 :0+1 OXO+2 =2 —/X 0+2 d)+1 —/
+ (X X) + (X X) +
+ ; +0 ; +
X O X, X o Xoep X —_—
(b—/ 2! 2:0 Ag=2 1 2=1 Ag=2 t 0
‘ + ‘ + +
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1.2.3 A denition of Heller triangulated categories and strictly exact functors

Recallthat Cis a weakly abelian category and that T = ( )*! is an automorphismof C.

Supposegivenn > 0. We have introducedthe automorphisms

c( ¥y ST o o#y (outer shift; x1.2.1.2)

X e XJ

C(#%) —— C(H (inner shift; x1.2.1.3)

X — [X*]:

The outer shift shifts the whole diagram X 2 Ob C*( #) onestep downwards{ the object X . -
is the entry of [X]*! at position = .

The inner shift applies the given shift automorphism ( )*' of C entrywise to a diagram
X 20bC( #).

Furthermore, we write [X *3]*P:= X T*( #)3C"(T,)? = XC'(T)P T"( #)2fora;b 2 Z.g
and X 2 Ob C"( #); similarly for a; b 2 Z. Likewisein the stable case.

De nition 1.5
(i) | A Heller triangulation on (C; T) is a tuple of isomorphismsof functors
#n + + #n +
# = C(T) — T°(}) = [T =0
n>0 n>0
sud that
() p’ 2#n = #,?p"
for all n; m > 0 and all periodic monotonemaps ,—— in , andsud that
() [n ?H#na = Honna ?fn
for all n > 0.

Note that givenn > 0, the isomorphism #, consistsof isomorphisms

Xt EEx)

in the stable category C" ( #) of n-pretriangles, where X runs over the set Ob C" ( #) of
n-pretriangles.

Condition ( ) assertsthat the following diagram commutes in Add for all n; m > 0 and all
periodic monotone maps L m in

# o C+ (p#

p )
cen — Ic(#)
#n H#m
[]+1 < [+1] []+1 < [+1]
p* = C' (p*)
cen — Ic(
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Condition ( ) assertsthat the following diagram commutes in Add for all n > 0.

f
C ( 5ns1) =l Ier( tay)

#on+ #n o+
[]+1£[+1] []+1:1[+1]

f
C ( 5ns1) =l fer Fa)

(i) | Givena Heller triangulation # on (C, T), we usethe following terminology.
(1) The triple (G T;#) forms a Heller triangulated category, usually
just denotedby C.

(2) Givenn > 0, an n-triangle is an object X of C"( #) for which
[X*]=[X]"t in Ob C"( #), and for which

X#y = Ly = I (equality in C (7)) :

A morphism of n-triangles is a morphism X —= Y in C*( %) be-
tweenn-triangles X and Y sud that [u]*! = [u™].

The categoryof n-triangles and morphismsof n-trianglesis denoted
by C#71 (0 7).

In the notation C":#=1 (" #), the index \ #=1" is to be read as a symbol, not as an actual
equation.

The subcategory of n-triangles C*#=1 ( #) in the category of n-pretriangles C* ( #) is not
full in general.

(i) | An additive functor C-=— C° between Heller triangulated categories(C; T;#) and
(C® T%#9 is called strictly exactif the following conditions hold.
(1) FT°=TF.
(2) F issubexact;cf. x1.2.1.3.
(3) We have
() #PFET(R) = FT(1)?#
for all n> 0.

Sud a functor F is called strictly exact becauseof the equality in (1).
Condition () assertsthat the following diagram commutesin Add for all n > 0.

Frem)

e ()
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To summarise De nition 1.5 roughly, a Heller triangulation is an isomorphism # from the outer
shift to the inner shift, varying with  ,, and compatible with folding. An n-triangle is a periodic
n-pretriangle at which # is an identity. A strictly exact functor respects the weakly abelian
structure and is compatible with shift and #.

Note that if # is a Heller triangulation on (C, T), sois #.

De nition 1.5 would make sensefor periodic, but not necessarilylinearly ordered posets,general-
ising . But then it is unknown whether, and, it seemgo the author, not very probable that the
stable category of a Frobenius category is triangulated in this generalisedsense.More speci cally,
it seemsto be impossibleto generaliseProposition 2.5 below accordingly, which is the technical
core of our approach.

Question 1.6 Doesthere exist an additive functor CF; C° between Heller triangulated cate-
goriesthat, in De nition 1.5.(iii), satis es (1) and (2), but (3) only for n 6 2? If F is an identity,
this amourts to asking for the existenceof two Heller triangulations # and #° on (C; T), C weakly
abelian, T automorphism of C, suc that #, = #2 only for n 6 2.

2 Some equiv alences

Supposegiven n > 0. Supposegiven a weakly abelian category C, together with an automor-
phismT : C—C, X —— X *1. Concerningthe Freyd categoryé of C, we referto xA.6.3.

We shall shaw in Proposition 2.6 that the functor C( # ) —— C( ), induced on the stable cate-
goriesby restriction from # to _, := [1;n], is an equivalence.

2.1 Some notation
2.1.1 Some posets

Let —, := ,r fOg = [1;n], consideredas a linearly ordered set. We have an injection
—n—— ¥, i—i=0, andidentify _, with its imagein *.

We de ne two subposetsof ¥ by

M= f =2 #%.06 ¢g
O = f =2 # 6 0g:
Then —, = ( M\ 9)r f0=0; 0" =0g.
M
n

-

S0
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2.1.2 Fixing parametrisations M, ©

There existsa bijective morphism M-——Z. , of posets(\re ning the partial to alinear order").
M

We x sud a morphismand denoteby Z.,—— Mits inverse(as a map of sets;in general, M

is not monotone). Sowheneer M) 6 M('9, then " 6 % In particular, M(0) = 0=0.

There exists a bijective morphism 9 — Z¢, of posets. We x suc a morphism and denote

by Z.o > 9 its inverse (as a map of sets). Sowheneer °() 6 ©°(9, then™ 6 % In
particular, ©(0) = 0*1=0.

2.1.3 The categories ¢ ( M), C'( M etc.

Let A be an abelian category and let B A be a full subcategory Let E % be a full
subposet.

For example, for E we may take the subposets M, Qor M\ O* of #.

Moreover, for example, we may take A = € and for B either € or C.

Let B*' (E) be the full subcategoryof B(E) de ned by

I NRXXARARAN O

the quadrangle
X 20bB(E) : X5 —Xg5

X +

Ob B*/ (E) :=

X

8
Forall 6 6 6 6 6 *in ,
suhthat =, =, = and = arein E,
% X o XX .

is a weak square(as indicated by +). '
The symbol shouldremind us of the fact that we still allow X - resp.X « - to bearbitrary
for 2 ,suhthat = 2 Eresp. = 2E.

In turn, let B* (E) be the full subcategoryof B*' (E) de ned by
(

Ob B* (E) = X 2 Ob B*' (E) X-. =0for 2 ,suhthat = 2 E, and

X a- =0for 2 ,suhthat *'= 2E.
2.1.4 Reindexing

Given a subposetE # , we have a reindexingequivalene

CE) — CQE™)
X = X1
XD 4 X

de ned by



22

where = 2 E*!; andinverselyby

(X(+l)) = = Xezyr = X oac
where = 2 E. This equiwalencerestricts to an equivalencebetweenC' (E) and C' (E*1).
Forinstance,if E = #,then X *Y = [X]*1. The outer shift and reindexingwill play di erent

roles, and sowe distinguish in notation.

2.2 Density of the restriction functor from # to _
2.2.1 Upwards and downwards spread

Let the upwards spread SM be de ned by

&) 2 (M

X +— XSM;:
where X SM is given by
XSMoo = 0
(XSM 4, = X for 2 _,
(XSM) - = Cokern(X —*-X ) for ; 2 _,with 6
(XsM_. =0 for ; 2 ,with0O'6 6 *te6 *;

the diagram being completed with the induced morphisms between the cokernels and zero
morphismselsewhere.

This construction is functorial in X. The functor SM is left adjoint to the restriction functor
from € (M) to & —,), with unit being the idertity, i.e. X = X SMj_ .

Dually, let the downwads spread S° be

&) = &( 9

X +— XS°;
where X S° is given by
(XS%) 1o = 0
(XS9-.y = X for 2 _,
(XSO - 1 = Kermn(X =X ) for ; 2 _,with 6
(XS9-. 1+ =0 for ; 2 ,with '6 6 60;

the diagram being completedwith the induced morphismsbetweenthe kernelsand zero mor-
phismselsewhere.

This construction is functorial in X . The functor S is right adjoint to the restriction functor
from € ( Q) to & ), with counit beingthe idertity, i.e. X S% _ = X.
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2.2.2 Resolutions

2.2.2.1 A stabilit y under pointwise pushouts and pullbac ks

Let E # be a full subposet. Moreover, assumethat E is a convex subposet, i.e. that
wheneergiven ; 2Eand 2 # suhthat 6 6 ,then 2E.

An elemen = 2 E is on the left boundary of E if we may concludefrom = 2 E and 6
that = . It ison thelowerboundaryof E if we may concludefrom = 2 E and 6 that

An elemen = 2 E ison theright boundary of E if we may concludefrom = 2 E and 6
that = . It ison the upper boundary of E if we may concludefrom = 2 E and 6 that

Let A be an abelian category Concerningpointwise pullbacks and pointwise pushouts,we refer
to xA.7.

Lemma 2.1 Supmsegiven" 2 E and an object X of A*: (E).

(1) Given a monomorphismX- 2 X0in A, the pointwise pushoutX *° of X alongx?is an
object of A*: (E) again.

(2) Given an epimorphismX- 2 X Oin A, the pointwise pullback X o of X alongx®is an
object of ObA™" (E) again.

(3) Supmsethat " is on the left boundary or on the lower boundary of E. Given a morphism
X. % X0%n A, the pointwise pushoutX *° of X alongx®is an object of A*' (E) again.

(4) Supmsethat " is on the right boundary or on the upper boundary of E. Given a morphism
0
X. < X%in A, the pointwise pullback X ,o of X along x° is an object of ObA*: (E)

again.

Proof. Ad (1). First we remark that by Lemma A.15, the quadrangle
(X - X<-;(X*)-;:;(X*)-)isapushoutfor"6 = 6 = inE.
We have to shov that the quadrangle of X ** on (=: =: =; =), where

6 6 6 6 6 *in ,,isaweaksquare,provided its cornershave indicesin E.
Using Lemmata A.14, A.16 and convexity of E, we are reducedto the case"” 6 = . In this
case,the assertionfollows by LemmaA.15.
Ad (3). Herewe needonly LemmaA.14 and corvexity of E to reduceto the case" 6 = , the
rest of the argumert is asin (1). Hencethe morphism x° may be arbitrary. 0

2.2.2.2 Upwards and downwards resolution

Remark 2.2
(1) Given a direct systemXy— X; — X, — in & ( M) sudch that its restriction to
any nite full subposetE Mewertually becomesonstan, then the direct limit Iimi X

existsin € (M)
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(2) GivenaninversesystemXy,— X; — X, — in & ( 9) sudh that its restriction to
any nite subposetE O ewertually becomesconstan, then the inverselimit Iimi X

existsin € ( 9).

For k > 0, we let
M
Ob& (M R opéi( M

X = X X,
where

(X wmgy —0) if M(ky2f =; *'= gforsome 2 , with 06

xqk) = _ _
(X mgg —— X mggl) if Mk)= = forsome ; 2 ,with06 < < *

De ne the upwards resolution map by

obéi( M B obc( W
X = XRM:= IlmXRy RY;
m

the direct systembeing given by the transition morphisms

XRY RM L (XRY RM)RM

m m+l -

We have XRM= X for X 2 Ob C (V).

Note that we apparertly cannot turn the upwards resolution into a functor unlesswe are in a
particular casein which the map | on objects can be turned into a functor.

Dually, for k > 0, we let
ObCi( Q) == 0bCi( 9
X = X yoqu ;
where

(

X oy —0 if O%k)2f =: *1= gforsome 2 with 60
XRK) = (X o4y —0) (k) 9 N

(X oy — X ogyP) if ©(k)= = forsome ; 2 ,with < < 60

De ne the downwads resolution map by

obéi( 9 & obcr( 9
X +—=— XRO := limXRy R?;

m

the inversesystembeing given by the transition morphisms

XRY RS 2 (XRY RORC

m+1 :

We have XR® = X for X 2 Ob C"( 9).
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Lemma 2.3

(1) Givena morphismY -2 X in & ( M) with X 2 Ob C*( M), there existsa factorisation

(YL X) = (Y —YRM—=—X):

(2) Givena morphismY — X in & ( 9y with X 2 Ob C*( 9), there existsa factorisation
(Y LX) = (Y —YRO—X):
Proof. Ad (1). Sincethe ertries of X areinjective in CandsinceX- =0andX «- = 0for
> 0, we obtain, using the universal property of the pointwise pushout, a factorisation
(YL X)= (Y =—YRM RM_-—X)

for every m > 0, compatible with the transition morphisms, resulting in a factorisation over
YRM=lim YRY RN .

2.2.2.3 Both-sided resolutions

Let the resolutionmap
Ob Q) = ObC( %)

X = XR
be de ned by gluing an upper and a lower part along —, asfollows.
XRj y = XSMRM
XRj o = XSOR°

This is wellde ned, sinceX SMRMj _ = X = X S°R®j _ . In particular, we obtain
XRj_ = X:
We summarise.

Prop osition 2.4 The restriction functor

c () A —n)
Y —— Y]

(i,

—n

is strictly dense,i.e. it is surjective on objects.

2.3 Fullness of the restriction functor from # to _,

Prop osition 2.5 The restriction functors
()i

() — )
Y +—— Yj_n

and O,

C (M C(—n)
Y +—— Yj_n

are full.
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Proof. By duality and gluing along —,, it suces to considerthe restriction from Mto _.

So supposegiven X; Y 2 Ob C'( M and a morphism X j . X Yj_ . Wehaeto nd a
M

morphism X ~=— Y sud that f Yj =1

We construct f 'V'M(\) for © > 0 by induction on .

At ™M0), we let TN = 1lo. Supposegiven > 1. If M() 2 _, welet fNiy = f we).
It MC) 2 f =; *=gfor some > 0, weletf", = L. If M) == = with
0< < < " thenwelet ©°:= 1 be the predecessoof in ,,andwelet 9:= 1

be the predecessoof in |, usingthat , islinealy ordered. We may completethe diagram

y /
B "5
"
X / _
X 5 X 5
y + y
X + X
Yoo . Y - o
f:o;)w. f\W
X oz o < IX o
, - . . M
to a comnutativ e cuboid, inserting a morphismX - —— Y - . 0

()i

=n

Sincewe needthe restriction functor C* ( #) C( —,) to befull, we are not able to generalise
from linearly ordered periodic posetsto arbitrary periodic posets.

2.4 The equivalence between C'( #) and C(_,)

Let CPit(_,) be the full subcategoryof C( —,) de ned by
ObCPt(_) = fX20bQ(—,) : X —X issplitforall ; 2 _,with 6 g:
We denotethe quotient categoryby

) = A —)=CP" () :

Prop osition 2.6 The functor

cn A

X —— Xj_

induced by restriction from # to _,, is an equivalene.

Proof. By Propositions 2.4 and 2.5, we may invoke Lemma A.1. Moreover, Lemma 1.4 gives
. . ; ()i enli
the inverseimage of Ob CP't () under C*( #) o C( —) asOb CFisplit( #y
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Considera morphismX —=— X %in C*( #) sud that (X L X9 _ iszeroin Q( —;). We have
to prove that it factors over an object of C*:sPlit (- #)),

Let YM bethe cokernelin & ™) of the counit X _ SM—Xj watXj w. Notethat Y _ = 0.
By LemmaA.21, we have YM2 Ob € ( M). Considerthe following diagramin (M)

Xj_ SV —IXj y ——IyM —JyMRM

0

fjrr\]/|

Xq_ SM__IX§

The indicated factorisation

fJN

(X] w X w) = Xj wv—=—Y"—=—XG )

ensuesfrom the universal property of the cokernel YM. By Lemma 2.3.(1), we can factorise
further to obtain

(" (Xj w

f]ll\]ll

X9 w) = (Xj v—=—YMRM—=—XTG w):

Dually, we obtain a factorisation

fjlc])

(°) (Xj ¢

for someY©2 Ob € ( Q) sudch that YOj_ = 0.

SinceYMRMj = 0= YOROj_, thereisauniqueN 2 Ob C"( }) sud that Nj v = Y"RM
andNj o = YORC. By Lemmal.4,we have N 2 Ob C*:sPit( #),

Moreover, sinceboth factorisations( M) and ( ©) restrict to the factorisation

X9 o) = (Xj g—=—Y°RO—=X9 o)

(Xi_, —X3.) = (Xj_, —=—0-=X93_)
in C( —,), we may glue to a factorisation
() (X =X9 = (X =—N—=X9

that restrictsto ( M) in C"( M andto ( ©)in C"( 9). o

2.5 Auxiliary equivalences

We shall extend the equivalenceC' ( #) —— C( —,) to a diagram of equivalences

C(H)—C(®—Axn) — A )

2.5.1 Factorisation into two equivalences

Abbreviate M+l = ( M)+t B0 = (Ot Fand = ()t n-

Abbreviate M:= M\ O*=f = . , 2 .06 6 6 0"g n-

n n
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-

S0

Let CHisPit( M) pe the full subcategoryof C"( ) de ned by

8 ) 9
2 X - =X issplit =
Ob CisPlit( MOy .= _X 20bC'( ™). forall =; = 2 W™ S
' with = 6 = :

We denotethe quotient category by
C () = C( P)=C (17

Lemma 2.7

(1) The restriction functors

()i w (i,
C(p) —— C( P — C(-)
X ——= Xjw

n

are full and strictly dense.

(2) The functors
C( )

X —— Xjw

induced by restriction, are equivalenes.

Proof. Ad (1). The composition

C(3) — C(P — A=)

X +—  Xj oo Xj_n
is strictly denseby Proposition 2.4 and full by Proposition 2.5. Therefore, the restriction
functor from C"( ™) to C'( —,) is full and strictly dense.
We claim that the restriction functor from C"( #) to C"( M) is strictly dense.Let
C( +1) SM;H C+( M;+l)
— n
X — (X (+1) SM)( 1) :
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cf. x2.1.4. Similarly, -
Ob & ( rn]/|;+1) R obc ( rh]/|;+1)
X e (x (+1) RM)( 1)

Given X 2 Ob C"( ™), we may de ne X°2 Ob C"( #) letting

Xq M+1 -= Xj_;lfl SM;+1 RM;+1
X3 o = X
X9 o = Xj_SORO:

We claim that the restriction functor from # to M is full. Supposegiven X;Y 2

ObC'( #)anda morphlsm Xj w——Yj w. By Proposition 2.6 and a shift, there exists
a morphism Xj w1 —— Y] w« such that fMj = = f]_«. By Proposition 2.6 and by duality,
there exists a morphism X | (na ——Yj o sud that f 9 _, = fj_ . Wemay de ne a morphism
X 2y letting

f(] M;+1 = fM
fq o = f
fq 0 = fO:
Ad (2). The composition
C() — C(P — A=)
X +— X]j N — Xj_n

is an equivalenceby Proposition 2.6. Therefore, the functor induced by restriction from #
to M s faithful. By (1), it is full and dense,and soit is an equivalence. Therefore, alsothe
functor induced by restriction from ™ to _, is an equiwalence. o

2.5.2 Cutting o the last object

Putting n = 2, the equivalencegivenin Lemma2.10,composedwith the equivalencein Proposition
2.6, can be usedto retrieve Heller 's original isomorphism, called () in [12, p. 53].

In this section, we supposethat n > 2. Considerthe functor

C( —n) K; d —n l)
X = XK =X j_ ,;
where 0 denotesthe morphism 0% Xn; cf. XA.7.

Explicitly , we have (XK ); := Kern(X; =~ X,) fori 2 [1;n 1], takenin €, equipped with the
induced morphisms (XK ); — (XK); fori; j 2 [I,n  1]with i 6 j, tting into a pullback
(XK)i; (XK)j; Xi; X))

Let CPIt( _,) C(—,) bethe full subcategoryde ned by
Ob CP"(_) = X 2 0b Q) : (X;—X;) issplit forall i; j 2 [L;n] with i 6 jg;

and let O( —n) = C( —n)ZCSp”t( —n) and d —N l) = C( —n 1)=Csplit ( —n l)-
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ForY 2 Ob¢&(_,) andi 2 [1;n], welet YR; := Y Y 2 Ob&( _,).
We have a resolution map
Ob&( ) = ObQ(—)
Y —= YR?:= YRy, Ry:
If Y 2 Ob{( —,) consistsof monomorphisms then sodoesY R?, whenceYR? 2 Ob CPlit( _).

Given a morphism Y —— Y%in & _,) with Y° having bijective ertries, this morphism factors
over Y —£-YRY by injectivity of the ertries of Y °and by the universalproperty of the pointwise
pushout.

Lemma 2.8 The functor K is dense.

Proof. Supposegiven X 2 Ob&( _, 1). Let X°2 Ob{( ) bedened by X§_ , := X and
X2:= 0. Then XR? 2 Ob C( —,) has(XROK ' X. o

Lemma 2.9 The functor K is full.

Proof. SupposegivenX; Y 2 Ob C( —,) andamorphismX K L YK. Weclaimthat there ex-
ists a morphism X L v sudh that fK = f. We constructits componerts f~ by induction on ".

For * = 1, we obtain a morphism X ; e Y: sud that (X K)q; (YK)q; X1; Y1) commutes, by in-

jectivity of Yy in & For* > 2, we obtain a morphismX - v sudhthat (XK);(YK); X5 YY)
and (X- 1;Y- 1;X+;Y-) comnute, by the fact that (XK)- 1;(XK)+; X+ 1;X+) isaweaksquare
and by injectivity of Y-. 0

Prop osition 2.10 The functor K inducesan equivalene

A=) = & 1)

X — XK:

Proof. Let C ¢ denotethe full subcategory of bijective objects in €. Every object in Cis a
direct summandof an object in C. Let CP''(_, ;) (-, 1) bethe full subcategoryde ned

by
ObCPM(_, 1) == X 2= 1) @ (Xi—=X;)issplitforalli;j 2 [L,n  1]with i 6 jg;

Let Y be an object of CPt(_, ;). Then YR? | is an object of CPlt( _, ;) that hasY asa
direct summandsincethe idertity on Y factorsover Y £ YR, ;.

Therefore, any morphism that factors over an object of CPt( _, ;) already factors over an
object of CPIt( _, 1). We infer that

é(—n 1) = é(—n 1):C5p“t(—n 1):

Supposegiven X 2 Ob O( _,). Denote X %:= XK 2 Ob&( _, 1).
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We claim that if X 2 Ob CPit(_,), then X°2 ObC¥®t(_, ;). First of all, X2 is bijective
fori 2 [1;n 1], sincethe image of X; — X, is bijective, and since X? is the kernel of
this morphism. Now supposegiveni; j 2 [1,n 1] with i < j. Let B be the image of
Xi ——X;, and form a pullback (B% X, B; X;). Then there is an induced morphism X ?—— B?°
turning (X% B%X;;B) into a commnutativ e quadrangle,which is a pullback by composition to
a pullback (X, X7 Xi; X;). We insert the commonkernel Z of X; — X; and X?—— X

7 LI Lty L%

7 /XiO /BO /on

HenceZ —£- X 2is split monomorphic,and therefore X °—+ B is split epimorphic. Thus B is
bijective, and so nally B%— on is split monomorphic. This provesthe claim.

We claim that if X°2 ObCPt( _, ;), then X 2 Ob CP'( _,). Supposegiveni; j 2 [1;n 1]
with i < j. We have to shav that X; — X; is split. We insert the imageB of X; — X; and
form a pullback (B% X, B; X;). Since(X?, B® X;;B) is a square,and sinceX? is bijective, its
diagonal sequencses split short exact. HenceB is bijective as a direct summandof X; B
which provesthe claim.

Invoking LemmaA.1 to prove the equivalence,it remainsto shaw that given X L Yin ()
sudh that f K = 0, there exists an object V in CPt( _) sud that there exists a factorisation

(X Y) = (X =—V_—=—Y):

Denoteby X K°2 Ob C( —,) the object that restrictsto X K on —, ; andthat has(XK 9, := 0.
Let U be the cokernel of X K °—— X and considerthe following diagram.

X K 0—Ix —u —JUR,

yKo— ¥

The morphism U — Y is induced by the universal property of the cokernel. Its factorisation
(U—Y) = (U UR,—Y) existssinceY consistsof bijective objects.

Sincethe morphismX K °—— X consistsof pullbacks, its cokernelU consistsof monomorphisms.
HencesodoesV := UR,, which is thereforein Ob CP't( _), asrequired. 0

2.5.3 Not quite an equivalence

Let C+:periodic( #) hethe subcategoryof C* ( #) that consistsof morphismsX —= Y for which
(x 1=y = ax 1t B vy

which is in generalnot a full subcategory The objects C*:perodic( #) are called periodic

n-pretriangles, the morphisms are called periodic morphisms of periodic n-pretriangles. Let

Cl-;split;periodiC( ﬁ) = C!-;periodiC( ﬁ)\ Ct-;split( ﬁ)

For instance, if (C, T;#) is a Heller triangulated category, then C+:#=1( #)  C+:periodic( #) jg
a full subcategory:.
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ForY 2 Ob C(—,), wedene YS2 Ob C'( #) by

YSj w = YSM
YSj = YSO;

S0 B

and similarly on morphisms. If Y 2 Ob C*t( _,), then YS 2 Ob C"sPlt( #) by Lemma 1.4,
sinceYSj_ =Y is split.

Toany X 2 Ob C"( ¥) for which X - is zerofor all but nitely many = 2 ¥  wecan
assignits periodi c ation
X = M [X+i] i 2 Ob C+;peri0diC( ﬁ) :
i22
and similarly for morphismsbetweensud objects. If X is split, sois X .

We have the restriction functor

Olon it _y

X — Xj_n

Ci- ; split; periodiC( ﬁ )

which is not faithful in general,asthe casen = 2 shaws. In the inversedirection, we dispose
of the functor
. TN P S .
C ; split; perlodm( ﬁ ) 2 Cspllt( —n)
YS = YS — Y:

Lemma 2.11 For X 2 Ob C*isplitiperiodic( %1 "we haveX ' Xj_ S.
Note that we do not claim that 1" ( )j _ S asendofunctorsof C*:sPlit:periodic (- #),

Proof. We have a short exact sequence
Xj_Sjw —— Xjw —— [Xj_ S™] 1w
in & M) and it su ces to shaw that it splits. Write C := Xj_,S| w.

It su ces to shaw that there existsa retraction to C — Xj w, which we will construct by in-
duction. Supposegiven0< < 6 0''. Wemay assumethat after restriction of C — Xj N
tof = 2 M : = < = g there existsa retraction. Let ©:= 1 be the predecessor
of ,andlet ©9:= 1 be the predecessoof , usingthat , islinearly ordered. It su ces
to show that the morphism from the quadrangle(C o« o;C o~ ;C - 0;C - ) to the quadrangle
(X o= ;X o= ;X = 0;X =) hasaretraction.

Let (X o ;X oo ;X - 0;T) bethe pushoutin €. The quadrangle(C o- ;C o ;C - 0;C - ) is
a pushout. The induced morphism from (C o= 0;C o= ;C = 0;C =) t0 (X o= ;X o= ;X = 0;T)
has a retraction by functoriality of the pushout. The morphism T — X - induced by
pushout is a monomorphismin €, since (X o ;X o ;X - X - ) is a weak square. Note
that (C - ;T; X - ) is acomrmutative triangle.

The morphism T — C - that is part of the retraction of quadrangles,factors as
(T;Cz) = (T_F_X _ ;Cz)’

since C - is injective in ¢ asa summandof C o = X . Now X - —C - com-
pletes the three morphisms on the other vertices to a retraction of quadrangles from
(X ozo;X o= ;X 20;X =2)1t0(C o=0;C o ;C-0,C =) assough. o
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3 Verication of Verdier's axioms

Let (C T;#) be a Heller triangulated category

3.1 Restriction from C"#1( #)to C(_) is dense and full

Let n> 1. Let o
S .
aA=h = €M)

-n

U — US® := (Ut so( b
be the conjugateby reindexing, i.e. a \shifted version" of S°; cf. x2.1.4. Note that

(US(D) = = Kern(U0+1= 2 U+ = )
for ; 2 ,with06 6 6 0.

Lemma 3.1 Supmse that idempotents split in C. Given X 2 Ob C( —,), there exists an
n-triangle X 2 Ob C"*#=1( #) that restricts to

Xj = X:

—n

. e (i, . .
In other words, the restriction functor C*#=1( #) ——=" () is strictly dense.

Proof. Let Y := XR 2 Ob C"( #); cf. x2.2.2.3. We have an isomorphism[Y]*! Y Iy 1] in
C'( 1) Let[Y"]—[Y]'" bearepresetativein C"( }) of the inverseisomorphism(Y #;)
in C"(_3)- Considerthe morphism (°)
YUY R g = v
We have an induced pointwise epimorphism
Yiw =+ Yj_aS% w;

which we may useto form the pullback

z—Y"?] Y 2 S%) e

0 (14 _aS% o

Vi ——IYj 0 S 1o

in the abelian category( M) i.e. pointwise. An application of LemmaA.21.(2) to the diagonal
sequencef this pullback shavsthat Z 2 Ob &' ( M), WeobtainZ- = Oforall06 6 0';
and we obtain Zy: -, = 0. Hencewe have Z 2 Ob €' ( D),

Supposegiven = 2 ,. Weclaim that Z - T= vy - represeits an isomorphismin ¢=C.
By LemmaA.24, it su ces to show that

14 _as®) -

Y™ %2 8%) - (Yj_nS®) -

6We recall the convertion that the inverseof the outer shift applied to a morphism f is written [f] 1, whereas
f denotesthe inversemorphism, if existert.
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represets an isomorphism in é=C. Since ewvaluation at = induces a functor from
CH( W)=Criselt( My 1o C=C, where C"isPit( M) denotesthe full subcategory of C*( '°)
consistingof diagramsall of whosemorphismssplit, it su ces to show that

(1% 21 8% yo

= YJ 1 S(DJ Mo

[Y+1] 1j a SCD' ye
represets an isomorphismin € ( M)=C*isplit( M)
Now ( )¢ YS®j o inducesa functor from () to € ( M)=Cr:*Fit( M), sinceit maps

CPlit(_,) to CHsPlit (- M) py Lemma1.4. Therefore,it su ces to shaw that

([Y+1] 1j _;1)(+1) ([Lﬁl)(-ﬂ) (Y] _;1)(+1)

represets an isomorphismin C( —,). Since([ ] 1 n YED = ()i _.» this meansthat it su ces

to shawv that J.
Y™, —— [YI*j,

represets an isomorphismin C( —,). Since( )j_ inducesa functor from C"( ) to C( —,),

it suces to show that

[Y +1] - [Y]+1

represets an isomorphismin C"( #). This, howewer, follows by choiceof . This provesthe
claim.

Sinceidemptents are assumedo splitin C, we can concludethat for all = in M, the ertry
Z - isin C. S0Z 2 Ob C"( ).

We remark that

Zj_. = Yj_

Zja o= Y] Y 4

X
(X +1)( 1) :

()

whereX *1 arisesfrom X by pointwiseapplication of ( )*!. Concerningmorphisms,we remark
that
(Z-5=Yj i, = (X-*X)

<) Z-EYi )i = QYY)

In fact, on —,, the right hand side column of our pullback vanishes;and on _**, the lower row
of our pullback is an idertity.

Now, ( ) allows to de ne the periodic prolongationZ 2 Ob C'( #) of Z 2 Ob C"( ) by
Zj w = Z and by the requiremen that [Z]** = [Z*].
Weclaim that Z#, = 1734 inC'( ;). LetZ iY be an inverseimageof Z L Y] w under

C ( ﬁ)( 1 C'( M); cf. Lemma2.7.(1). By ( ), we get

(X =-X)
Y] Y

-V

(9 Z-2 V)i .

We considerthe commutativ e quadrangle
[Z]+1 Z#n /[Z +l]

e ‘w]
Y] Y#n Y *1]
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in C"( #). Werestrict it to —, to obtain the comnutativ e quadrangle

" Z#nj _, .
[Z1%j_ ———Z*"]i
(M1, (i

. Y#aj e
YT ————Y*]i

n

in C( —n), which, using (9 can be rewritten as

Z#nj
X+1 —n /x +1

j—n 1o+

Y #nj
YT RGN VEE

wherewe did not distinguish in notation between j _ and its residueclassin C( —,), etc.

Since (Y#,) = Ly«;in C( *), we have j_ (Y#,]_ )= 1k« in C(—). Thusthe last quad-
. . . ()i

rangle shavs that Z#,j_ = 1y« = 1zj_ in O —) aswell. SinceC'( #) .y C( W™

is an equivalence,we concludethat Z#, = 1734 in C"( }); cf. Proposition 2.6. This proves

the claim; i.e. we have shavn that Z is an n-triangle.

SinceZj__ = X by (), this provesthe lemma. o

In the proof of Lemma 3.1, we neededthe assumptionthat idempotents split in Cin the equivalent
form that the residue classfunctor € —— ¢=C maps precisely the objects of C to zero{ just as
Heller did at that point.

Lemma 3.2 Given n-triangles X and Y and a morphism

Xj_ = vj_

in C(—), there existsa morphism X L v of n-triangles suchthat fj_ = f. In other words,

L e (i, )
the restriction functor C*#=1( #) —" () is full.

()i

-n

Proof. Sincethe restriction functor C"( #)
morphismX —-Y in C"( #) suchthat gj _ =f.

C( —) is full by Proposition 2.5, we nd a

Let g denote the residue class of g in C( #). Since #, is a transformation, we have
[oI'* (Y#,) = (X#,)[g"™]. SinceX and Y are n-triangles, both X#, and Y#, are identi-
ties, and this equality amourts to [g]** = [g™], i.e. the di erence [g]** [g**] factors over an

object of C*sPlit( #) Restricting to —,, the di erence
(gt [@™Di, = (g_)

factors over an object of CP'*( _,). Therefore,gj .«  (f**)( ) factors over an object Z of
Csplit( _;1)’ sa, as

g 1 (FHOD
o “—Yja o= Xja-2Z2Vja

Xj_n
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By periodic cortinuation, it suces to nd amorphismXj L Yj w in C ( M) sud that
fj_, =f andsud that fj . = (f*)( Y. Le. we haveto nd a morphism Xj wole w0
suc that hj = 0andsud that hj . = ab for then we may takef = gj w h.

Note that (ZS®j w)j_, = 0. Note that ZS®j o isin C"( P), hencein CH:sPt( M) by
Lemmal.4.

Since S®;j w IS right adjoint to restriction to —1, we have a morphism X j N 2 750 \D
sud that & _» = a.

() =
SinceC"( ™) —~ (1) is full by the dual and shifted assertionof Lemma2.7.(1), there

is a morphism ZS®j o i Yj w sud that Bf . = b
We may take h := a%’. o

In Lemmata 3.1and 3.2, we do not claim the existenceof a coretraction from C( —,) to C"#=1 ( #)
to restriction. The construction made in the proof of Lemma 3.2 involvese.g. a choice of a lift b°
of b. Cf. [28, 11.1.2.13].

The fullnessusedin the proof of Lemma 3.2 to lift b, can alsobe usedto lift a. We have usedthe
direct argumert and thus seenthat the lift a° of a doesnot involve a choice.

Remark 3.3 Supposethat idempotents split in C. By Lemmata 3.1 and 3.2, the restriction

functor .
()i

C¥ (7)) — (=)
is full and strictly dense.By Proposition 2.6, the restriction functor

c( 4y e

)
is an equivalence. Denoting by C"#=1 (" #) the imageof C**#=1( #)in C'( #), we obtain a

_ e (i,
full and strictly densefunctor C"#=1( #) —=

C( —). Sinceit factors as a faithful enmbed-

ding C"#=1( #y..-_C"( ¥) followed by an equivalence,it is also faithful. We end up with

equivalences _
(i,

A=) ; C* (R —C(R):

C i h)

3.2 An omnibus lemma
Supposegiven n; m > 1. Concerningthe category C':Perodic( #) of periodic n-pretriangles

andits full subcategoryC*:spiit;periodic( #Y of periodic split n-pretriangles,cf. x2.5.3;concerning
the category C"#=1 (" #) of n-triangles, cf. De nition 1.5.(ii). Note that

C+;#:1( ﬁ) C+;periodic:( ﬁ) C+( ﬁ)’
and that the rst inclusionis full.
Lemma 3.4

(1) Let X be an n-triangle, and let ,—>- ., be a morphism of periodic linearly ordered
sets. Then X p*, obtainel by \r estriction alongp", is an m-triangle.
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(2) Let X bea (2n+ 1)-triangle. Then X f,, obtainad by folding, is an (n + 1)-triangle.

(3) The category C'#=1( #) of n-triangles is a full additive sulzategory of the category
Ctiperiodic(#Y) of periodic n-pretriangles, closal under direct summands.

(4) Supmsegivenan isomorphismX —— Y in Ct:periodic( #13 " |f X js an n-triangle, then'Y
is an n-triangle.

(5) Let X —— Y be a morphismin C:Pefodic( #Y sychthat fj_ is an isomorphism. Then
f is an isomorphism.

(6) Let X and Y be n-triangles. Supmse given an isomorphismXj_ —-Yj_ in C( ).
Then there existsan isomorphismX ——Y in C#71( #) suchthat tjg_, = u.

(7) If X 2 Ob Criselitiperiodic #3 "then X is an n-triangle.

Note that Lemma 3.4.(5) appliesin particular to n-triangles and a morphism of n-triangles.

Proof. Ad (1). In C"( %), we have

(X p*)#m

(X#n)[l_)# = (1[X]+1 )[Z_)# = 1[XE#]+1:

Ad (2). In C( %), we have

(X[n)#n+l (X#2n+1)tn = (1[X]+1 )[n = 1[th]+l

Ad (3). We have to show that
X;Y 2 Ob CH#t( #) () X Y2 ObC#=( Ty

But since#, is a morphism betweenadditive functors, we have (X  Y)#, = 1x vy if and
only if X#, = L2 and Y#, = Ly . In fact, (X Y)#, identies with  *§" 5 .

Ad (4). Sincef|__ is anisomorphismin C( —,), sois its imagein C( —,). Hencethe image of

f in C"( %) is anisomorphismby Proposition 2.6. Considerthe commutative quadrangle

a [ e
[X] [Y]

X#n |0 o]

w1 F7 Ty
[X*"] [Y™]

Y #n

in C"( }). Since[f]** = [f **] by assumption,we concludefrom X#, = 1« that Y#, =
1[Y]+1 .

Ad (5). It suces to shav that given06 i 6 j 6 n, the morphismf;; is an isomorphismin
C. In fact, we have a morphism of exact sequences

(fizo; fi=o; fi=is fii%s fj+=10)
in €, whoseertries exceptpossiblyf;-; areisomorphisms;hencealsof;-; is isomorphic.

Ad (6). This follows by Lemma 3.2 using (5).
Ad (7). Wehave [X]™" ' 0in C"(_7), whenceX#, = Lixpa 2 o (XTS5 [X]™). o
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3.3 Turning n-triangles

Let n> 2.

Lemma 3.5 Given an n-triangle X 2 Ob C*#=1( #) wedene Y 2 Ob CF:perodic( #y py
letting

(Yj = LYjO:iO) = (Xi+1 = inml =j0)
for06 i6j6 nand06 i° j°6 n suchthati 6 i°andj 6 j° and by letting
(Yn:i 2 Y0+1 =i) = (xi+1 =n = Xi+1 =0+1)

for 06 i 6 n. Then [X]™ := Y is an n-triangle.

Proof. Let

2 n 1 I n
i+ D=2 ifj ,0
or(i+1)=2 ifj »-1;

wherei 2 [O;n  1]andj 2 Z. The map h, is a morphism of periodic posets. We claim that
Y = Xhif, ;:

Oncethis claim is shovn, we are doneby Lemma 3.4.(1,2).

Note that (X h# )z« = Xin,=kn, fork;1 2 2 , ;with k6 I. For06 i6 nand16 j 6 0*,
we obtain

8
% Xhi)g pa= 1 fori=0and16 j 6 n
4 Xh8)a 2= pn for16 i6 nandj = 0"
(Xhifa 1)j= = # # CoA
§ (X hn )(J ) =(i 1) (X hn )(| V2= 1) for16i6 ] 6n
0 fori = 0andj = 0"
8
% Xg1s fori=0and16j6 n
_ Xjn-ga forl6 i6 nandj = 0"
3 Xjug forl6i6j6n
0 fori=0andj = 0 ;
and alsothe morphismsresult as claimed. 0

3.4 Application to the axioms of Verdier

Recallthat (C, T;#) is a Heller triangulated category

Prop osition 3.6 Supmsethat idempotents split in C. The tuple (C, T), equipped with the set
of 2-triangles as the set of distinguishal triangles, is a triangulated category in the senseof
Verdier [29, Def. 1-1].
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Proof. We number the axiomsof Verdier asin loc. cit.

Ad (TR 1). Stability under isomorphism of the set of distinguished triangles follows from
Lemma 3.4.(4).

The possibleextensionof a morphismto a distinguishedtriangle follows by Lemma 3.1.

The distinguished triangle (X;X;0) on the identity of an object X in C follows by Lemma
3.4.(7). Alternativ ely, one can usethat ead morphism s cortained in a distinguishedtriangle
and the fact that a distinguishedtriangle is a long exact sequencen €.

Ad (TR 2). Supposegiven a distinguishedtriangle

u Vv

w

X*

By 3.5, we obtain the distinguishedtriangle

+1 utt +1 v? w1 W2 .
X — Y — 7 — X :

By 3.4.(1), applied to the morphism , — ,that sendsOto 2 *, 1to O and 2to 1, we obtain
the distinguishedtriangle

v

Y;z;""x’fliy’fl;
By 3.4.(4), we obtain the distinguishedtriangle

u+1

y oz ¥ x# VALK

Ad (TR 3). The possiblecompletion of a morphismin C( —;) to a morphism of distinguished
triangles follows from Lemma 3.2.

Ad (TR 4). The octahedral axiom, i.e. the compatibility of forming coneswith composition of
morphisms,follows from Lemma 3.1, applied to the casen = 3, for by Lemma 3.4.(6), we may
arbitrarily choosecompletionsto distinguishedtriangles. 0

Note that 3-trianglesare particular octahedra,in the languageof [3, 1.1.49. Using 3-triangles,
we will now verify the axiom proposedin [3, 1.1.13.

Lemma 3.7 Supmsegivena 3-triangle T in Ob C"#1((2 ,)*), depictal as follows.

&
Q)—/2+1
+ v+l
00
Q) /Z(%O w /Y+1
‘ + ZO + u+1
&—Ng——28—"x3
‘ + ‘y + z +
0 Ix —JIy —z7 /o
Then w00

00
Tfl - (Y VZ ZO(ZW) ZOO x+1 Y+1)
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0
and 1 V) v

0
Tsff, = (20t 22 vy 22 yo 7z 2 70y
are distinguishel triangles, whee 2 ; —2 , is the morphism of periodic posetsdetermined
byOos=11 1s=0,0"s=1and1''s= 0.

Proof. This follows by Lemma 3.4.(1,2). o

3.5 n-triangles and strictly exact functors

Let C-=- C®be a strictly exact functor between Heller triangulated categories(C; T;#) and
(CT%#9. Letn> 0.

Lemma 3.8 Given an n-triangle X 2 Ob C*#=1 (" #), the diagram X (F*( #)), obtainel by
pointwise application of F to X, is an n-triangle, i.e. an object of C*#*=1( #),

Proof. UsingF T°= TF aswell as[X ]! = [X *!], we obtain

X(FT( )(C ()
= X(C(T)F"( 7))
= [XTFETC R
= X(TF)( )
= X PNT*C 1)

XFET( I X (F*(Tn))
XTH(FTC 7))
X(TCaNFETC 7))
XFTYC#)
[(X(FTC ™

Moreover,

X(FT( aN# = X#(FT( 7)) = Lpga (FT( 7)) = Lype( 2y

3.6 A remark on spectral sequences

Verdier calls certain pretriangles objets spectraux (spectral objects); cf. [28, Sec.l11.4]. We shall
explain the connectionto spectral sequencesn our language.

Consider the linearly orderedsetZ; = filg t Zt f+1g. Let Z%¥ be the subposet of
Z% (1) consistingof those = = = for which
'e 6 6 6 6

where ; ; ; 2 Z;. A spectral object, in a slightly di erent sensefrom [28, 11.4.1.7], is an
object of C" (2% ). The spectral seguene functor
c(zy) = Gzt
X = XE;
is de ned by
XE(===):1=ImX - —X_-)
for = == 2 Z¥ | equipped with the induced morphisms.
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Lemma 3.9 Given ; ; ; ;" 2 Z; suchthat
"' 6 6 6 6"6
and given X 2 Ob C' (Z% ), the morphismsappearing in X E form a short exactseguene

XE(": = = ) _F XE(": == ) - XE(": = = ):

Proof. This follows by LemmaA.22, applied to the diagram

(X=;X=;Xu=;X=;X=;Xu=;f<{z=};X=;X"= )

=0

Note that we may apply a shift = —— *'= to the indices, i.e. an outer shift to X, before
applying Lemma 3.9, to get another short exact sequence.

The usual exact sequencesof spectral sequenceterms can be derived from Lemma 3.9. Cf.
[28, 11.4.2.6], [5, App.].

4 The stable category of a Frobenius category is
Heller triangulated
Let F = (F;T;l; ; P; ) bea functorial Frobeniuscategory;cf. De nition A.5.(3). LetB F

denotethe full subcategoryof objects in the imageof |, coinciding with the full subcategory of
the objects in the imageof P; then B is a su cien tly big full subcategory of bijectivesin F.

We shall prove in Theorem 4.6 below that the classicalstable category F carries a Heller triangu-
lation.

4.1 Denition of F ( #), modeling E*( #)

We shall model, in the senseof Proposition 4.5 below, the category F*( #) by a category
F ( #). Morally, we represent weak squares(+) in FE by pure squares( ) in F. To do so,
we have to represen the zeroeson the boundariesby bijectiv e objects.

Let n > 0. Concerningthe notion of a pure square,seexA.4. Let F ( %) F( #) bethe
full subcategoryde ned by

8 9
1) X- andX «- arein ObBforall 2 |
2) Forall 6 6 6 6 6 *fin ,,
the quadrangle 2
x|
ObF ( #):= _ X2O0bF( ) : X5 X5
X X
§ X - —IX .

IS a pure square.
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Givenn; m > 0, amorphism ,—— ., inducesa morphismF (p*), usually, and by abuse
of notation, denotedby p* .

Givenan exactfunctor F = F~ betweenfunctorial Frobeniuscategorieghat sendsbijectivesto

bijectives, we obtain an inducedfunctor F ( #) 0 ( #) by pointwise application
of F.
Denote by
F(®) = E°(H
M0 +
F (3 — E*C ™)
+ M, +
E*(CH) — E°(D)
F X F
F(-n) —— E(=)

the respective residueclassfunctors, wellde ned by LemmaA.31. In particular, M = M M @

4.2 Folding for F ( #)

We model, in the senseof Remark 4.1, the folding operation f introducedin x1.2.2.

Supposegivenn > 0. Let the periodic functor
F@ o) = F(t ")
X — Xf,

be determinedby the following data. Writing Y := XT,, we let

(Y- L2 Y_.) = X ua- = X a-
Y- =0
Y s = 0
(Y—LY:) = X w- (X;X)X+1=+1 X 2=
)(()0
(Y: LY:) = X 11241 >(+2= X X+1=+1 X+2=
X
(Y: LYH:) = X a-mn X 2= £ X w224
for ; ; ; 2 ,with 6 ,with 6 andwith = 6 = . The remaining morphisms

are given by composition.

We claim that X T, is an object of F ( t n#

).
In fact, by LemmaA.12, we are reducedto consideringthe quadranglesof Y inside M, i.e.
the quadrangles

@on(=; =; =; =)for ; ; ; 2 ,with 6 6 6 ;

(i) on(=; =; =; =)for ; ; 2 ,with 6 6 ;
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(i) on( =; "=; =; *t=)for ; ; 2 ,with 6 6 ;

(iv) andon( =; *=; =; *=)for ; 2 ,with 6

Another application of loc. cit. reducescase(i) to case(ii) (or (iii)). Still another application
of loc. cit. reducesthe caseqii) and (iii) to case(iv). Now the quadranglein case(iv) is in fact
a pure square,asfollows from X 2 ObF ( #) and the de nition of a pure squarevia its pure
short exact diagonal sequence.

The construction of Y is functorial in X.

Remark 4.1 Wehavef,M°= M%,, andthust,M = Mf forn> 0.

F (2
MO
E* (2

M 00

D) —IE (T )

MO

n)#)f_”/E+( t n#)

M 00

Fr (2 ") JE (T )

Example 4.2 Letn= 2. Notethat 2 ,' 5. Let X 2 ObF ((2 ,)*), depicted as follows.

O O (0] (0] O
X0+1 d)+1 le 1+1 6)+1 L/X 2+1 d)+1 ﬂX 0+2 d)+1 L/X 1+2 d)+1 L/X 2+2 d)ﬂ ﬂX 0+3 =0+l
X X X X X X
x262 _XJx 052 XX vy XX 052 XX 152 X X e
X X X X X X
X5 yx@ XX - XX 251 XX - X X e
X X X X X X
xoc_j) L/x]d) LIXQC_P X XX 1570 X /X 2570 X X g2 =g
X X X X X X
X2 16 lx—/xozélilxl:élyxzzél—xlx()‘*lé li/xl‘*l@ lyx2+1:2 1

Note that the objects on the boundary of the diagram,

tit Xooizp 1 Xozo; Xg=1; Xo=p; Xget et ; 00

, X2+1:2 1; X0+2:0; X1+2:1; X2+2:2; Xo+3:0+1 ,

are all supposedto bein ObB.

O
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Notethat t ' 3. Folding turns X into XT; 2 ObF ( t 2#), depicted as follows.

Q)—/

X
X 2+l =2+l OX 2+2 =2 —X/X 2+2 (—)2+1 —/

X 0
X
% 0 0 x

X
0
X1+1 =1+1 OX1+2 =1 JX 2+l —1+1 OX 1+2 =2 —X/X 1+2 (—)1+1 —/

x 0 X 0 X
% 0 0 x % 0 0 x

X
0 0
Xo+1 =0+l OX0+2 =0 —X/X 1+1 =0+1 OXO+2 =1 JX 2+1 =Q+1 OX0+2 =2 —X/X 0+2 6)+1 —/

(X Xx) (X Xx) (X Xx)

o o] — i
‘ X X

X x 0 x 0
(xx) 0 0
Xz 12 15 Xom 2 _X/xzzél 22X g Xg=2 1 X X ey Xyt =2+ X MXpep Xprop 1

4.3 Some l-epimorphic functors

X
X

Let n > 0. Concerningl-epimorpty, cf. xA.8.

Lemma 4.3 The restriction functor

F(r) 2o F(l)

X — X] .
is 1-epimorphic.
Proof. We claim that the functor ( )j_ satis es the requiremerts (i, ii) of Corollary A.36,
which then implies that it is 1-epimorphic.

SupposegivenY 2 ObF ( —,). We construct an object Y of F ( 7) sudithat Yj_ =Y by
the following procedure.

Write M = My fo=0gand & := 9r f0"=0g; cf. x2.1.1.

On M | we proceedby induction to construct a diagram for which, moreover, the morphisms
Y. — Y. arepurely monomorphicforall ; ; 2 ,with06 6 6 6 *,and,
moreover, for which Y ..- = Oforall 06

First of all, let Yj_ =Y.

Assumegiven > 0 sud that Y w(o, togetherwith all diagram morphismspointing to position
M(*9, is already constructedfor all *°< *, but sud that Y w( is not yet constructed;cf. x2.1.2.

If M(") is of the form = for some 2 , with 0< , then choosea pure monomorphism
Y-¢ 13— Y- into anobject Y- ofB

We do not necessarilychooseY- (1) here.
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If MC)= *'= forsome 2 ,with06 ,thenletY¥ ... :=0.
If M(")isoftheform = forsome ; 2 ,withO< < < *1 thenwelet

(Yo = 03 Y =3 Y 1;Y=)

bea pushout. Recallthat by induction assumption,Y; 1= 1y — Y 1)= ispurely monomor-
phic. SoY o 1) Y - is purely monomorphicas well.

On 9, we proceeddually, and nally gluealong —, to obtain the sough Y.

. L ()i . L
Ad (i). The restriction map F ﬁ)(Yl;Yz) en F(_(Y1;Y2) is surjective for Yi; Y, 2

ObF ( —,), aswe seeby induction, using bijectivity to prolong morphismsand universal prop-
erties of occurring pushoutsand pullbacks.

Ad (ii). Supposegiven X 2 ObF ( 7). Let X%:= (Xj_)»2 ObF ( }). Let X°2
ObF ( })bedenedby X3 w = X% w andby X9§ o = Xj o: .

There is a morphism X °— X that restricts to the idertity of X j o 0on O and henceto the
idertity of Xj_ on .

There is a morphism X >—— X that restricts to the idertity of X% » on M , and henceto
the identity of Xj_ on —,.

Now supposegiven X1; X, 2 ObF ( #) suc that X 4] _, = X2j_.. Then there is a sequence
of morphisms
X; — X7 — X{%= X —X3 —X;

eat of which restricts to the idertity of X;j = X,j __ on —,, asrequired. 0

Lemma 4.4 The functors
Fo) =22 F()
0
Fon) "= F(o)

are 1-epimorphic.
Proof. SinceN?is full and dense,it is 1-epimorphicby Corollary A.37. Therefore,it su ces to
show that N ( —,) is 1-epimorphic.

We will apply LemmaA.35. Choosingrepresetativ es of the occurring morphismsZ; — Zj+;
in an object Z of F( —,), wherei 2 [1;n 1], we seethat N ( —,) is dense.

To ful ll condition (C) of loc. cit., we will shav that givenX; Y 2 ObF ( —,) anda morphism
0

(X)(N (=) === (Y)(N( —n)), there aremorphismsX °~2- X and X °~— Y in F () such that

(h)(N( —,)) is an isomorphismand sud that (h)(N( —n))f = (f 9(N(=n)).

We proceedby induction on k 2 [1;n]. Supposegiven a diagram

x x x x x
Xy =%, =%, — %y 1 =%,
fi ] 3 fn o1 i
y y y y y
Y1 1Y, 1Y, / A 1Y,

in F sud that xf7,; = fijy fori 2 [1;k 1], and sud that xf7.;, g fjy fori 2 [k;n],
and a morphism X T XinF (—n) sudh that (R)(N( —,)) is an isomorphismand sud that
(M(N(=n))f is the morphismin F ( —,) represeted by =
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If kK < n, we shall construct a morphism X0 % in F (—n) with eah N being an isomor-
phism, and a diagram

0 0 0 0
X9 xgXxg S ixp | X Ixg

7

f~0

~0
f2 3

/Y2

3

y y

y y y
Y1 IYs / Ny 1 Y,

in F suc that X%, = £ fori 2 [1;k], sud that x¥E, & gOfori2 [k+ 1;n], andsudh
that A%7 2 g Oforalli 2 [1;n]. For then we obtain a comnutative diagramin F ( —,)

X—O
h—O
X

n f~
Xf—/Y;

in which we denoted morphismsby their represetativ es.

Let X s B be a pure monomorphismto an object B in B, and let xfy.; fxy=jg. Let

X

X0 = (X 2 xy B X EXy);
and let
8 8
< f7 fori 2 [L;n]r fk+ 19 < 1y fori 2 [L;n]r fk+ 19
2 .= o ;
fw fori=k+1 - Tk fori=k+ 1

M Er %) is 1-epimorphic.

Prop osition 4.5 The residueclassfunctor F ( #)

Proof. Considerthe comnutative quadrangle

PO IET( D)
i, ()i

F () R () ¢

n

(i,

Therein, the functor F ( #)

F(—,) is 1-epimorphic by Lemma 4.3. ('I;he functor
N(—n)N° ) q

F(-n) F (—n) is 1-epimorphicby Lemma4.4. The functor E*( #) F(—)
is an equivalenceby Proposition 2.6. Henceby RemarkA.34, the functor E ( #) - E*( #)
is 1-epimorphic. o

N( D)

We do not claim that the residueclassfunctor F ( #) E*( #)is 1-epimorphic.
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4.4 Construction of #

Let n > 0. In the notation of LemmaA.32, we let C := #; the role of the categorycalled E

there is played by F here;welet G:= F ( #): and nally, welet H := E*( #). Note that
E*( %) is acharacteristic subcategoryof E( #).

The tuples
I(n) = Ix. =
(n) X =2 0 x20bF (%)
(xX) X
= X . —r - X _ X+1=_|—'X+1= .
=2 n x20bF (¥
J(n) = Jx: =
(n) X =2 % x20bF ( f)
X - x*1
= X. —L = X_l=X"Tp — = x"

_ #
=2 n x20bF (1)

are ﬁ-resolvingsystegps,inducing an isomorphismT; () —™20 T;0) by LemmaA.32.(2).
Recallthat E*( #) M;E+( #) denotesthe residueclassfunctor. We have

TmM® = ME*(Th) = M[ J?
SinceM is 1-epimorphicby Proposition 4.5, we obtain
Ti(n) i
F (DT TosmE(})
T 00
M [ - M
E'Cn) e —F(CH):

[ "]
where#, is characterisedby this commutativ e diagram, i.e. by
1(n);J(n) M= M ?#, :
Since | (ny.3(n) IS @anisomorphism,sois #,. Varying n, this de nes # = (#n)n>o.

Theorem 4.6 The tuple # = (#n)n>0 is @ Heller triangulation on F .

Proof. Accordingto De nition 1.5, we have to shaw that the following conditions( ) and ()
hold.

() Form; n > 0, for amorphism ,—- ., andfor an object Y 2 ObF*( %), we have
(YE# Ym = (Y#n)E# :
( ) Forn> 0andfor anobjectY 2 ObF*((2 ,)*), we have

(Y )t = (Yo )f



48

Ad (). Recallthat p* standsfor F* (p*), and that p* standsfor F (p*). By Proposition 4.5,
we may assumeY = XM for someX 2 ObF ( #). Then
(XM p* )#n,
(XM #n)[_)#

(X p* M)#n, Xp* 1myam)IM®
X 1mamM9p? X 1my:amp? )M,

sothat it suces to shav that X p* |my.am) = X 1(m)y:amp” -

Starting with X p* , the object X p* T, is calculatedby meansof (I . =) _, « ; Whereas
X T is calculated by meansof (Ix; =) _, #, SO that X T, p* can be regardedas being
calculatedby meansof (Ix; p-=p) - , #. But

X
_ (xx) X _ .
IX’ p=p — X p:p_F_X p=p X(p)+1=p _|_x(p)+1:p - pr#, =

whenceX p* Tym) = X Ti(n) P*.

Next, starting with X p* , the object X p* Ty, is calculated by meansof (Jy . = ) _ o #
whereasX T, p* can be regardedas being calculated by meansof (Jx: p=p) - , #. But

X PP XHF;:F’
I; p=p = Xopmp = X pep 1= X P == X7, = Iy, =
whenceX p* Tym) = X Tymy p* .
Now o
p m); m
Xp* Timy - —2 X p* Ty

is inducedby (Ixy. =) -, " andby (Ixpr: =) -, a : whereas

X TI (n) p# X |(n);J(n)P# X TJ(n) p#
can be regardedas being induced by (Ix; p=p) -, " and by (Ix: p=p) - » . We have just
seen,however, that thesepairs of tuples coincide.

Ad (). By Proposition 4.5, we may assumeY = XM for someX 2 ObF ((2 ,)*). By
Remark 4.1, we have

(XM Yo
(XM #2011 )f

(XTaM)#n41 = (XTy (n+1) ; J(n+1) ™M 00
(X I (2n+1) ;J(2n+1) M Ogtn = (X I (2n+1) ;J(2n+1) fn)M 00;

sothat it su ces to show that X T, I(n+1);J(n+1) = X 1(2n+1) ;3 (2n+1) fn.

Starting with X T, the object XT, T+ is calculated by meansof (Iyr. - ) _ A

whereasX T, 2n+1) fn can be regardedas being calculated by meansof the tuple of pure short
exact sequencesonsisting of

8

2 0 at (= )*%,z2Z

> Ix;( 1= y+z at( =)+Z, 2 n,ZZZ

Codlx =y dx (- at (=)t 0, 2 5, 6 ,222Z:

Wehavelxrn;(:)+z=0for222. For 2 ,,wehave

X

(XXx) X

| . = X £ X a_w X o X 24 = Iy 1= X
Xth; = X3



and accordinglyat ( =)*? forz2 Z. Moreover,for ; 2 ,with 6 ,wehave
— 0 1

Xt = = 0 b Sy

Ox D % o x

X X
X 12w X 2= —LX+1:+1 X 2= X w324 X w2 —F— X sa-+n
and
IX; +1 = +1 IX; 2= = 0 X 81

X

xx00 @ 0 xA

00xx 0 x
X azn X 2= =— X vaz=+a Xwzu Xz Xeoz —F— Xwsz-n

Accordingly at ( = )*?forz2 Z.
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Sincethere is an isomorphismfrom I, . . tolx; «-+« Ix; «= that hasidentities on the

rst and on the third terms of the short exact sequencesgompletedby

010 0ot
@ A

coo
oro
oo
oo

X+1=+1 )(+2= X+3=+1 X+2=+2

X+1=+1 X+3=+1 X+2=+2 )<+2=

on the secondterms, the characterisationin LemmaA.32.(1) shows that we end up altogether

with X, Tyn+yy = X Ti2n+p) o

Starting with XTf,, the object X T, T;h4+1) is calculated by meansof (Jyr. - ) _ e
whereasX T;@2n+1) fn canbe regardedas being calculated by meansof the tuple of pure short

exact sequencesonsisting of

8

2 0 at (= )*%,z22

S Jx;( =z y+z at( =)+Z, 2 n,ZZZ

) Jx;( = 41 )+z Jx;( 2= yrz at( = )+Z, ; 2 ns 6 ,z227:

Wehave Jy¢ . (- .. = 0forz2 Z. For 2 ,, wehave

X+1: +1 X+]+'_1: +1
fo-n._ = X+1: —r—-X+1:IZX+1:P—'—-X+1: = \]X’ +1 =

and accordinglyat ( =)"* forz 2 Z.

Moreover,for ; 2 ,with 6 ,wehave
(X +1 - +1 X +2:)
‘]XTn; - = X s 4 X 2= —r =
(X 412 w1 X 42 )+1
(X +1 = +1 X+2:)|:(X 1= +1 X+2=)+1P -t
!
X w3- 4 X w2« = Jx; +1 = +1 Jx; 2=

and accordinglyat ( = )" forz 2 Z.
Hencealtogether, we concludethat X T, Tyn+1) = X Tyen+) fa.

Now
XTh 1 (n+1) ;J£n+l)

X1 Ti(ns1) XTa Ty(n+1
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isinducedby (ly. - ) -, # . andby (Jy¢. =) -, # . ; whereas

1@n+1) ;3@2n+1) fn

X
X TI (2n+1) fn X T.] (2n+1) fn

can be regardedas being induced by the tuple consistingof

8

2 0 at (= )*%,z2Z

S IX;( = )tz at( :)+Z, 2 n,ZZZ

) Ix;( +1:+1)+z lX;( +2:)+z at( = )+Z' ’ 2 n 6 ,ZZZ:

andby (Jyt. =) =, #

n+l

Sincethe respective former tuples are isomorphic by a tuple of isomorphismsthat has iden-
tities on the rst and on the third term, and sincethe respective latter tuples are equal, the
characterisationin LemmaA.32.(3) shavsthat in fact X T, | (n+1):00m+1) = X 1@n+1):3@n+1) fnio

Corollary 4.7 Let E be a Frolenius category. There existsa Heller triangulation on (E; T).

Concerningthe stable categoryE, cf. De nition A.7.

Proof. Let B E be the full subcategory of bijectives. The category B2 is functorially
Frobeniusby Example A.6. HenceE = B?, equipped with the complexshift T, carriesa Heller
triangulation by virtue of Theorem4.6. o

4.5 Exact functors induce strictly exact functors
Prop osition 4.8 Supmsegivenan exactfunctor
F = F

between functorial Frokenius categoriesF = (F;T;I; ;P; ) and F = (F;T;T, < P; ~) that sat-
is es

FT = TF

FT = |IF

FP = PF:
Then the induced functor

F=F

is strictly exactwith resgect to the Heller triangulations introduced in Theorem 4.6.
Proof. Condition (1) of De nition 1.5.(iii) is satis ed. Condition (2) of loc. cit. holdssinceeat
morphism has a weak kernel that is sert to a weak kernel of its image; and dually. In fact,
f
given a morphism represeted by X o Y, the residueclassof the kernelof X Y P =Y in
1

F, composedwith X Y P —?—X, is a weak kernel of the residueclassof X —= Y by Lemma
A.31 and Remark A.27. Since pure short exact sequencesnd bijectives are presened by F,
this weak kernel is presened by F.
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Consider condition (3) of loc. cit. Let # resp.# be the Heller triangulation on E resp.on F
characterisedasin Theorem4.6 by
I(n);\](n)'\/IOO = M#,
00 — .
M = M

whereNt, M N % M(n) resp.J(n) is de ned over FasM, M% M % | (n) resp.J(n) is over F.
To prove (3), i.e. to show that forn> OandY 2 ObE*( #), we have

(Y#)E"( 7)) = (YE'( )
we may assumeby Proposition 4.5that Y = X M for someX 2 ObF ( #). Since
(XM#n)M (X I(n);J(n)Mogw = (X I(n);J(n)_F+( ﬁ))MOO
(XME*( 7)) (XF ( 7IN#, = (XF (3 oIV

it suces to shaw that X my,amFE"( 7)) = XF (7)) rn):on)-

Starting with XF ( }), the object XF ( ;)Ty, is calculated by means of
(e () = ) - » # ; whereasX Tr(n)_F+( %) can be regardedas being calculated by means

of (Ix; = F) ., #, wherelyx, - F is de ned by an application of F to all three terms and
both morphismsof the pure short exact sequencd x. - . SinceF is additive, we get

(e gy =)=2¢ = U =F)oy i
whenceXF ( #) Ty = X Tim E*( #).

Starting with XF ( ), the object XF ( )Ty, Iis calculated by means of
(I%F (ty = ) =5 # ; whereasX T;n) F*( #) canbe regardedasbeing calculatedby means
of Ux; = F) _, «, whereJx, - F is obtained by ertrywise application of F. SinceF com-
mutes with P and P, and with | and T, we get

(‘T)'(F(ﬁ);:):zﬁ = (JX;:F):Zﬁ;
whenceX F (1) Ty = X Tam B (7).

Moreover, since the de ning pairs of tuples coincide, we nally get XF ( #) Mn):J(n) =
X 1mamF (C 5) "

Supposegiven an exact functor

E = E

betweenFrobeniuscategoriesE and E that sendsall bijective objectsin E to bijective objectsin
E. Let B Eresp.B E bethe respective subcategoriesof bijectives. We obtain an induced

ac

functor Bac 5= gec, inducing in turn a functor
E:=E* : E=B* — B*=E

modulo split acyclic complexes;cf. Example A.6.(2).

Corollary 4.9 The induced functor
E

E— E

is strictly exactwith respect to the Heller triangulations on E and on E introduced in Theorem
4.6 via the functorial Frokenius categories B2 and B®°.

Proof. We may apply Proposition 4.8to (F £ F):= (BacE—'aC B2°). 0
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5 Some quasicyclic categories

In the de nition of a Heller triangulated category, the categoriesC' ( #) occur. Replacing this
classicalstable category by its stable counterpart, theseturn out to be Heller triangulated them-
selves. Sowe can iterate. Cf. [2, Prop. 8.4].

Let Cbe a weakly abelian category Let n > 0.

5.1 The category C'( #) is Frob enius

5.1.1 The category A°( #) is Frob enius

We proceedin a slightly more general manner than necessary We generalisethe fact that the
category of complexesA °( ’; ) over an additiv e category A is a Frobenius category, to a category
AC( #) for n > 0; cf. Lemma 5.2 below. Then we will specialiseto our weakly abelian category
C and passto the full subcategoryC* ( #) C°( #); cf. Proposition 5.5 below.

5.1.1.1 Notation
Let A be an additive category Let A°( #) be the full subcategoryof A( #) de ned by
ObA% #):= X 2O0bA( ¥):X. =0andX «. =O0foral 2

A sequenceX 0L x 2 x%in A0 #) is called pointwise split short exactif the sequence

X0 X B X%is gplit short exactfor all 2 #. A morphism is called pointwise split
monomorphic (resp. epimorphic) if it appearsas a kernel (resp. cokernel) in a pointwise split
short exact sequence.

The category A°( #) carriesan outer shift functor X —— [X]**, where[X]*1 := X(=y =
X a- for = 2 %,
Recall that A, together with the set of split short exact sequencesis an exact category; cf.
Example A.3. Sothe additive categoryA°( #), equipped with the set of pointwise split short
exact sequencess pure short exact sequencess an exact category; cf. Example A.4.

Given =; = 2 # wewrite =1 = if < and <

Given A 2 ObA and = 2 #, we denoteby A;. ; the object in A°( #) consisting of
identical morphismswhere\er possibleand having

Aif = 1 =6 =

0 else

for = 2 #. Sud an object is called an extendé interval.

Intuitiv ely, it is a rectangle with upper right cornerat = , and aslarge as possiblein A%( #).

Let A*isPlit( #) pe the full subcategoryof A°( #) consisting of objects isomorphicto sum-
mands of objects of the form M

(A= 1:
= 2 ﬁ
whereA - 2 ObA for = 2 [. This direct sumexistssinceit is a nite direct sumat eat
= 2 ¥ Concerningthe notation A*:sPit( #) cf. alsoRemark 5.3 below.
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5.1.1.2 The periodic case

Let A°be an additive category equipped with a graduation shift automorphism X +—=— X [+1].
We write X +—— X [m] for its m-th iteration, wherem 2 Z.

By ertrywise application, there is also a graduation shift on A®( #), likewise denoted by
X = X [+1].

As in x2.5.3,we de ne the subcategory A @pericdic(#y  A®( #) tg consistof the morphisms
X LY in A®( #) that satisfy

f[+1]

Xy ) = @)1 v

Sothe subcategory A®periodic(#y - A®( #) s not full in general.

GivenA 2 ObA%and 06 i 6 j 6 n, we denoteby Aj;;; the object in A®( #) consistingonly
of zeroand identical morphismsand having

Alm] if (i5f H*™1 = 6 (j=i)*™ for somem 2 Z

A o - ::
(Auii 1) 0 else

for = 2 #.

Intuitiv ely, it is a rectangle with upper right corner at j=i, and as large as possible in
AQ:periodic - #1 rapeated Z-periodically up to according graduation shift.

Let AO:spitiperiodic( #3 ha the full subcategoryof A®:pefiodic( #3 consistingof objects isomor-
phic to summandsof objects of the form
M

(A i 15
06i6j6n
whereA;; 2 ObA°for 06 i 6 j 6 n. Suc an object is called a periodic extende interval.

Lemma 5.1 The category A®Pefiodie( #) equipped with the pointwise split short exact se-
quenes, is a Frotenius category, having A % i split:periodic (- #) a5 jts sulategory of bijectives.

Proof. By duality, it su ces to shav that the following assertions(1, 2) hold.

(1) The object Ay is injective in A®pericdic( #3 for any A 2 ObA%andany 06 i 6 j 6 n.
(2) For ea object of A®:periodic #3" there exists a pure monomorphisminto an object of
AO!- ; split; periodiC( ﬁ )
Ad (1). Note that we have an adjunction isomorphism
A; perio dic ( 4 )(XyA]I,J ]) I A((Xj:i ,A)
f — fj =i ,

where X 2 ObA®:periodic #3  Suppose given a pure monomorphismA;;;; —£ X for some
A 2 ObA° Let (At Xj5—+—A) = 1p. Let X — Ay;; correspnd to X —+—A. The
composition (Aj;; j — X —— Ay;j) restricts to 1, at j=i, henceequalsl, , ;.
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Ad (2). Supposegiven X 2 ObA®:perodic( #) "Given06 i 6 j 6 n, we let

XS

X

(Xj=Dnij 1

be the morphism correspnding to 1y, by adjunction, which is natural in X . Collecting these
morphismsyields a morphism M
X
X == (Xj=)i 15
06i6j6n

which is pointwise split monomorphicsinceat j =i, its componert X; - — X, is anidentity.o

5.1.1.3 The general case

Lemma 5.2 The category A°( #), equipped with the pointwise split short exact seguenes, is
a Frokenius category, having A*'sPlit( #) asits sulzategory of bijectives.

Proof. To provethat A°( #) is a Frobeniuscategory we more preciselyclaim that A*:sPit( #)
is a su ciently big categoryof bijective objects in the exact categoryA°( #).

Abbreviate A := A(Z), where Z denotesthe discrete category with ObZ = Z and only
identical morphisms. The categoryA? carriesthe graduation shift automorphism

AZ - AZ
f[+1 fis
(X -S¥) e (X YLD = (X~ Yia)izz
We have an isomorphismof categories
A+( #) - (AZ)+;periodiC( #)
n n

X +— (X(=)+i)i22
(Y=)) oy z — Y

=2 ﬁ

Both categoriesare exactwhenequipped with pointwisesplit short exactsequencesand  and
! are exact functors. We have A*isPlit( #) = (AZ)*+isplitiperiodic # )

Putting A%:= AZ, the result follows by Lemma5.1. 0
If A = Cis aweakly abelian category we have two de nitions of C*isPlit( #),

The rst one,givenin 1.2.1.1,de nes this categoryasa full subcategoryof C" (' #) cortaining
those diagramsin which all morphismsare split.

The secondone, just given, de nes this categoryas a full subcategory of C°( #) cortaining,
up to isomorphism,summandsof direct sumsof extendedintervals.

Remark 5.3 If A = Cis aweakly akelian category, then the two aforementionel de nitions of
Crisplit( #Y coincide.

Proof. First, we notice that an extendedinterval liesin C'( #), and that all its diagram
morphismsare split.

It remainsto be shawvn that an object in C*( #) all of whosediagram morphismsare split, is,
up to isomorphism,a summandof a direct sum of extendedintervals.
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Passingto (C?)*iperiodic( #) we have to shov that an object X 2 Ob(C?)*:periodic( #3 g|
of whosediagram morphismsare split, is, up to isomorphism,a summand of a direct sum of
periodic extendedintervals.

By LemmaA.25, applied to the abelian Frobeniuscategorygiven by the Freyd categoryof C?,
the object Xj__ 2 Ob C*( —,) is isomorphicto a summandof a nite direct sum of intervals.
Hence,by Lemma 2.11, the object X is isomorphicto a summandof a nite direct sum of
imagesof intervals under S, i.e. of periodic extendedintervals, aswasto be shown. 0

5.1.2 The subcategory C"( #) C( #)

Recallthat Cis a weakly abelian category

Lemma 5.4 Suppmsegivena pure short exactsequene
X0 £ X —+— X%

in C°( #). If two out of the three objects X © X and X ®are in C"( #), sois the third.

Proof. For an object X 2 Ob C°( ) to liein Ob C"( ,), it su ces to know that the complex
X(,,): — X . 71 —X_. — X_. — X_. — X . —

is acyclic in Cforall ; ; 2 ,with 6 6 6 *;which istrue, aswe take from
LemmaA.17; cf. Remark A.27.

Now the long exact homology sequence, applied in € to the short exact sequence
XY ;3 )E=X(; ; )=+—X% ; ;) of complexes,shavs that if two of these complexes
are acyclic, sois the third. o

Prop osition 5.5

(1) The category C'( #), equipped with the pointwise split short exactsegquenes, is a Froke-
nius category, having C"*sPit( #) asits sulzategory of bijectives.
Henee its stablecategory C" ( #) is equivalentto its classi@l stablecategory C" ( #) =

Cr( #)=CrsPlt( #) Soboth C'( #) and C'( #) are weakly akelian.

(2) SupmseC to be equipped with an automorphismX —— X *1. The category C*:periodic( #)
(cf. x2.5.3), equipped with the pointwise split short exactsequenes, is an additively func-
torial Frokenius category, having C:spiit:periodic( #1 agjts sulzategory of bijectives.

We remark that C"( #) appearsin De nition 1.5.

Proof. Ad (1). To provethat C"( #) is an exact category it remainsto be shavn, in view of
Lemma5.2 and of XA.2.2, that a pure short exact sequencen C°( #) that hasthe rst and
the third termin Ob C"( #), hasthe secondterm in Ob C'( #), too. This follows by Lemma
5.4.

To prove that C"( #) is Frobenius, we may usethat C°( #) is Frobenius, with the bijective
objects already lying in C"( #), thus being a fortiori bijective with respectto C"'( #). By
duality, it remainsto be shavn that the kernel of a pointwise split epimorphismof a bijective
object to a givenobject in C"( #) isagainin C"( ), thus showing that this epimorphismis
actually purein C"( #). This follows by Lemma5.4.

Ad (2). In view of Lemma5.1, this follows as (1). 0
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| do not know whether C":#=1 (" #) is Frobenius. It seemsdoubtful, since this question is
reminiscert of the example of A. Neeman that shows that the mapping cone of a morphism

of distinguished triangles in the senseof Verdier need not be distinguished [24, p. 234].

5.1.3 Two examples

SupposeC to be equipped with an automorphism X —— X *1 .

The category C*:Perodic (- # pheing a Frobenius category by Proposition 5.5.(2), its classicalstable
categoryC*:periodic (- # carriesa Heller operator, de ned on X 2 Ob C*:periodic (- # asthe kernel

of B —— X, where B 2 Ob C*:split;periodic #3 A5 examples,we calculate the Heller operator
for n 2 f2;3g on periodic n-pretriangles.

Supposen = 2. Let X 2 Ob C*:pefiodic( 1y he a periodic 2-pretriangle. We obtain

1
X1
[1 x] [1 x]
? :
X2:11 X1=0 X1=0
X X
1 1
?
X1=0

[1 x]

[

+1
* x 1=0
[1 x]
?
+1 +1
X 1=0 X 2=0
X
1
?
+1
* x 2=0

In particular, if X is a 2-triangle, i.e. an object of C*:#=1 ( ’;), then this Heller shift of X is also

a 2-triangle; cf. Lemma 3.5.



Supposen = 3. Let X 2 Ob C*:pefiodic( %y he g periodic 3-pretriangle. We obtain

0 x
0 x
. 1 x
h i
0 x0
1 x0 +1
X3=0 X3=1 X3=1 X3=2 X1=0
0 x * h I *
1 x 00 x
o x 10 x
h i 0 x
00 x 0 x
1 10 «x 1 x
X4y Xa=0 X220 X3=z0 X2=1 X2=1 X3=1
0 x * h i * 100 x
1ox 0 x0 h i 010 x
0 x 1 x0 10 «x 001 x 2 3
h i 0 x 01 x h i 000
00 x 0 x 10 40005
1 1 10 x 1 1 1ox 01 x 100
X,h X = XL X,k Xasg ————= X420 Xazm 010
100 x
h ! 010 x ? 0000 ?
10 x 001 x 2 3 : 1000 !
01 x 000 0100_ 1 +
th ><I 43385 X3=9 Xg3=1 Xgop|———— X3=1 X3=2 Xl:O X2:0
* *
01 x 010 3 3
h i 000 0000
10 «x 100 x 2 0000 2 40005 2 1000
01 «x 010 x 2 3 ! 1000 ! 100 ! 0010
001 «x 000 1 0010, 010 _ "
41005 Xglp X2=0 Xo=1|———— X320 X320 X2=1 X321 ————— X321 X3=1 X 2, X
* * ;
oto % 3 hxl ;
000 0000 X 1
i) 0000 ?) 40005 9] 1000 1
: 1000 : égg 0100 h i
1 1 0010 1 1 -
XZ=1 X3:1 Xqzg————— X3:1 X3:2 Xq=z0 Xpzg ————— X120 X220 X3=0 X § X
X 1
h i X ? § ?
- +1
X . —
1 h i % X3—2 * Xz:o
h H X X X
XI X X
X X ? 1 ? ?
' ! X - = X . = X!
. 2=1 — " 3-1 1=0
X X
? ? ?
X _ X _
X1=0 X o= X3=g

If X is a 3-triangle, i.e. an object C"+#71 ( g), I do not know whether this Heller shift of X is again a 3-triangle.

LS
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5.2 A quasicyclic category

The category of quasicyclic categoriesis de ned to be the category of cortravariant functors

from to the (1-)category (Cat) of categories. Recall that we have a functor —
n——  that allows to restrict a quasicyclicsetto its underlying simplicial set.

Givena categoryU, we denoteby Iso U U its subcategoryconsistingof isomorphisms.Given

a functor U -2 U° we denote by IsoF : Iso U — Iso U°the induced functor.
We de ne c
CyC
YR (cat)
(o ) = IsoCT( f) S soct( f)

More intuitiv ely written, gqcyc C:= IsoC'( #). Note that qcyc, C consistsonly of zero-okjects.

v #
A strictly exact functor C-=— C®inducesa functor C*( #) e C*( #)forn> 0,and

thus a morphism

qcyc C _ae qeyc
of quasicycliccategories.
As variants, we mertion

qcyC’periodicc = |SOCt-;peri0diC( #)
qcyc=t C = IsoCH#1( #):

5.3 A biquasicyclic category

As an attempt in the direction described in [30, p. 330, we de ne a rst step of an \iteration" of
the construction qcyc C.

By Proposition 5.5, we may form the category C'( #)*( #). Note that a morphism

m—— o of periodic linearly ordered sets inducesa functor C* ( Yt (f*) in the second
variable.

By Lemma4.8,a morphism ,—> . of periodic linearly orderedsetsinducesa strictly exact

functor C* (g*), and soa functor C" (g*)* (" #) in the rst variable for m > 0.

The functors induced by f and by g comnute.

We may de ne
gcyc C:= Iso C( )" ( *) ;
which yields a biquasicycliccategory, i.e. a functor from to the (1-)category (Cat) of
categories.
Fren)
By Lemma4.8, a strictly exact functor C-5 Pinducesa functor C(#) —/]—C (%

for n > 0, and thus a morphism

qcyc  F_

qcyc C qcyc C

of quasicycliccategories.
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As variants, we mertion

qcyc’periodicc ‘= |so Cﬂ-( #)+;peri0di0( #)

qcyd=l C = Iso CT( #)"#1( #)

Cf. Remark 3.3.

This procedurecan be iterated to obtain triquasicyclic categoriesetc.

A Some general lemmata

This appendix is a tool kit consisting of folklore lemmata (with proof) and known results (mainly without proof).
We do not claim originalit y.

A.1 An additiv e lemma

Let A and B be additiv e categories,and let A £ B be a full and denseadditive functor. Let N B be a full
additiv e subcategory. Let M A be the full subcategory determined by

ObM = fA 2 ObA : AF isisomorphicto an object of Ng:

Lemma A.1 Suppsethat for each morphism A 2 _A%n A suchthat aoF = 0, there exists a factorisation

0
ap

ap ad
(A=A = (A—=—Mo—A9

with Mg 2 ObM . Then the induced functor
A=M = B=N
(A-2-A9 —— (AF 2L A%F)

is an equivalene.

Proof. We have to show that F is faithful. Supposegiven A 2 A%n A sud that

aF

(AF A%F) = (AF 2y b;OOAOF);

whereN 2 ObN . SinceF is dense,we may assumeN = M F for someM 2 ObM . SinceF is full, there exist
a’and a”in A with a% = b’ and a°F = B Then

A-2-29 = (A2 A9+ (A2 A9

with agF = 0. Sincea’®factors over M 2 ObM , and since ay factors over an object of M by assumption on
F, we concludethat a factors over an object of M . o

A.2 Exact categories

A.2.1 De nition

The concept of exact categories is due to Quillen [27], who uses a dieren t, but equivalent set of axioms. In
[17, App. A], Keller has cut down redundancies in this set of axioms. We give still another equivalent reformu-
lation.
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An additive category A is a category with zero object, binary products and binary coproducts such that the
natural map from the coproduct to the product is an isomorphism; which allows to de ne a commutativ e and
assciative addition (+) on A(X;Y), whereX;Y 2 ObA; and sudc that there exists an endomorphism 1x
for each X 2 ObA that is characterisedby 1x + ( 1x) = Ox.

A sequenceX L Y £ Z in A is called short exactif f is a kernel of g and g is a cokernel of f .

A short exact sequencdasomorphic to a short exact sequenceof the form

(1.0) 1
X — X Y — Y ;

where X;Y 2 ObA, is called split short exact. A morphism appearing as a kernel in a split short exact
sequenceis split monomorphic, a morphism appearing as a cokernel in a split short exact sequenceis called
split epimorphic. A split short exact sequenceis isomorphic to a sequenceof the form just displayed by an
isomorphism having an identity on the rst and on the third term.

An exact category (E; S) consists of an additive category E and an isomorphism closedset S of short exact
sequencesn E, called pure short exact sequen@s (7), sud that the following axioms (Ex 1,2,3,1,2,3) are
satis ed.

A monomorphism tting into a pure short exact sequenceis called a pure monomorphism denotedby —f—;
an epimorphism tting into a pure short exact sequenceis called a pure epimorphism denotedby —+—. A
morphism which can be written as a composition of a pure epimorphism followed by a pure monomorphism is
called pure.

(Ex 1)  Split monomorphismsare pure monomorphisms.

(Ex 1) Split epimorphismsare pure epimorphisms.

(Ex 2)  The composite of two pure monomorphismsis purely monomorphic.
(Ex 2 ) The composite of two pure epimorphismsis purely epimorphic.

(Ex 3)  Givena commutativ e diagram

with (X;Y;B) and (A; Y;Z) pure short exact sequences.

"This notion is borrowed from the particular casesof pure short exact sequencesof lattices over orders and of -pure short exact
sequencesof modules. Other frequently used names are admissible short exact sequence, consisting of an admissible monomorphism
and an admissible epimorphism ; and con ation, consisting of an in ation and a de ation.
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(Ex 3 ) Givena commutativ e diagram

with (X;Y;B) and (A; Y;Z) pure short exact sequences.

An exact functor from an exact category (E;S) to an exact category (F;T) is given by an additive functor

EF; F sudch that SF T, where, by abuseof notation, F alsodenotesthe functor induced by F on diagrams
of shape — ——

Frequertly, the exact category (E; S) is simply referredto by E.

Example A.2

(1) An abelian category, equipped with the set of all short exact sequencess pure short exact sequencesis
an exact category.

(2) If Eis an exact category, sois E , equipped with the pure short exact sequence®f E consideredas short
exact sequencesn E , with the roles of kernel and cokernel interchanged.

Example A.3 An additive category A, equipped with the setof split short exact sequencess pure short exact
sequencesis an exact category.

In fact, (Ex 1, 2) arefullled, and it remainsto prove (Ex 3); then the dual axioms ensueby duality. Given

|
X:Y%
Mﬂ—“ 00
10
X (10) /X Y -

we get
01
Z o Iy z
S
S%SSSO aI
(001) sS 1o
% sS°
X9 .
sS 10
10
o 3
s (10) I/O
X X Y,

where X —— Z is the third componert of the given morphism X —X Y Z.

Example A.4 Supposegiven an exact category E and a category D. Let a short exact sequencgX;Y;Z) in
E(D) be pure if the sequenceX 4; Yq; Zq) is a pure short exact sequencein E for all d 2 ObD. Then E(D) is
an exact category.
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A.2.2 Embedding exact categories
By a theorem

stated by Quillen [27, p. 100,
proven by Laumon [21, Th. 1.0.3,
re-proven by Keller [17, Prop. A.2],

where Quillen resp. Keller refer to [9] for a similar resp. an auxiliary technique,

for any exact category E, there exists an abelian category E cortaining E as a full subcategory closed under
extensions,the pure short exact sequencesn E being the short exact sequencesn E with all three objects in
ObE.

Conversely supposegiven an exact category E and a full subcategory E° E such that whenewer (X;Y;Z) is a
pure short exact sequencein E with X;Z 2 ObE? then alsoY 2 ObE® Then the subcategory E°, equipped
with the pure short exact sequencesn E with all three terms in Ob E° as pure short exact sequencesn EC, is
an exact category.

A.2.3 Frobenius categories : de nitions

De nition A5

(1) A bijective object in an exact category E is an object B for which gB; ) and g ;B) are exact functors
from E resp.from E to Z-Mod.

(2) A Frokenius category is an exact category for which ead object X allows for a diagram B —— X —£- B0
with B and B bijective.

3) Suppose given an exact category F carrying a shift automorphism T : X —— X T = X*! and two
( ppose g gory ying p

additiv e endofunctors | and P together with natural transformations 1 —— | and P — 1 sudh that
TP = | and such that « o

X =—Xl1=X*"p—x"
is a pure short exact sequencewith bijective middle term for all X 2 ObC. Then (F;T;I; ; P; ) is called
a functorial Frokenius category. Often we write just F for (F;T;l; ; P; ).

Example A.6

(1) Let A be an additive category. Let Z denote the discretecategory with ObZ = Z and only identical
morphisms. The category A(Z) carries the shift functor X +——X *1 where (X *')' = X'*1  An
object in the category C(A) of complexeswith entries in A is written (X ;d ), where X is an object

of A(Z) and where X 4 X *1 with d d *' = 0. The category C(A), equipped with pointwise split
short exact sequencesjs an exact category; cf. Examples A.3, A.4. Given a complex (X ;d ), we let
(X ;d)T=(X ;d)?*:=(X *; d*)and

(X d)_ (X d )™

(X ;d) (X ;d)lI=(X ;d)*P (X ;d)*

d

1

= o(Xgd) —2 e x o x 198 1= (x 1 g

oo

Then (C(A);T;I; ; P; ) is afunctorial Frobenius category.

(2) SupposeE to be a Frobeniuscategory. Let B E be a su ciently big full sulxategory of bijective objects,
i.e. eath object of B is bijective in E, and ead object X of E admits B —— X —£- B%with B; B°2 ObB.
In other words, ead bijective object of E is isomorphic to a direct summand of an object of B.

Let B C(B) denotethe full subcategory of purely acyclic complexes,i.e. complexes(X ;d ) sud that

all di erentials X' —— X *1 are pure, factoring asd = dd-with d purely epi- and dpurely monomorphic,
and such that all resulting sequencegd;d) are purely short exact. For short, a complexis purely acyclic
if it decomposesinto pure short exact sequences.
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Then B2€ is a functorial Frobenius category, equipped with the restricted functors and transformations

of C(B) asde ned in (1); cf. [23, Lem. 1.1]. Let BSPa B2 be the full subcategory of split acyclic com-

plexes,i.e. of complexesisomorphic to a complexof the form (T~ T *1; 99 ) for someT 2 ObB(Z).

Then BSP2° js a su cien tly big full subcategory of bijective objects in B°,

Denition A.7 Supposegiven a Frobenius category E, and a su cien tly big full subcategoryB E of bijec-
tives. Let
E = E=B be the classial stable category of E ;

E := B&#=BSPa pe the stablecategory of E :

In other words, the stable category E of E is de ned to be the classicalstable category B2® of B2. The shift
functor induced by the automorphism T of B on E is also denoted by T.

Lemma A.8 The functor

B —~ E

X:d) —— Im(Xx°-% x1
induces an equivalen@

E=B* —E:

Cf. [19, Sec.4.3.

Proof. This is an application of Lemma A.1. o

. . . N .
We choosean inverseequivalenceR to | . We have the residueclassfunctor E—— E, and, by abuseof notation,

a secondresidue classfunctor (E N E) = (E N E B E).

i p
A morphism X o Y is zeroin E if and only if for any monomorphism X —£ X 0%and any epimorphism YO —— Y,
there is a factorisation f = if %. This de nes E without mentioning bijectiv e objects in E. So one might speculate
whether the class of Frobenius categories within the class of exact categories could be extended still without losing
essertial prop erties of Frobenius categories.

A.3 Kernel-cok ernel-criteria

Let A be an abelian category. The circumference lemma states that given a commutativ e triangle in A, the
induced sequenceon kernelsand cokernels, with zercesattached to the ends,is long exact.

Denition A.9 A weak squae in A is a commutativ e quadrangle (A; B;C;D) in A whosediagonal sequence
(A;B C;D)isexactat B C. It isdenotedby a\ + "-sign in the commutativ e diagram,

o/
)

A pullback is a weak squarewith rst morphism in the diagonal sequencebeing monomorphic. It is denoted

o—'

A—IB:

A pushoutis a weak squarewith secondmorphism in the diagonal sequencebeing epimorphic. It is denoted

=T

A—IB:
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A squae is a commutativ e quadrangle that is a pullback and a pushout, i.e. that has a short exact diagonal
sequence.lt is denoted

o—'m

A—IB:

Remark A.10 If a commutative quadianglein A

is a squae, then the induced morphism from the kernel of A 2 C to the kernel of B g D is an isomorphism
and the induced morphism from the cokernel of A —2_C to the cokernel of B 4 D is an isomorphism.

Proof. If (A; B;C;D) is a square,then the circumferencelemma, applied to the commutativ e triangle

e

a B. C
XXXXXX
Xxx (ba) ]

A ’

yields a long exact sequence
O;KaLB;dDLCa;O;

where K 4 L A is the kernel of a, and where C L C, is the cokernel of a. Sinceib = j and cb= p, the
induced morphisms on the kernelsand on the cokernelsof a and d are isomorphisms. o

Lemma A.11 A commutative quadmanglein A

o'
a d
/
A——'B
is a weak squae if and only if the induced morphism K, — K4 from the kernel of A —2_C to the kernel of
B ¢ D is an epimorphismand the induced morphism C, —— Cq4 from the cokernel of A —2_ C to the cokernel

of B 4 D is a monomorphism.
It is a pulloack if and only if K; — K4 and C; —£ Cq.
It is a pushoutif and only if K; -— K4 and C; — Cy.

It is a squae if and only if K, — Ky and C; — Cq.

Proof. Let A%bethe pullback of (C;B; D), and let D °bethe pushout of (A% C; B). Weobtain induced morphisms
A ——Aland D°—£-D. The circumferencelemma, applied to (B;D%D), shonvs Cg; po —fCgi p.

The quadrangle(A; B; C; D) is aweaksquareif and only if A —— A% which in turn, by the circumferencelemma
applied to (A; A% C), is equivalent to Kai ¢ —F— Kaa ¢ andCay ¢ —— Caa ¢; Which, by composition and by
Remark A.10, applied to the square(A%B;C; D9, is equivalent to Kay ¢ -+ Kgi p and Ca1 ¢ £ Cg1 p.
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The quadrangle (A; B; C; D) is a pullback if and only if A —— A% which in turn, by the circumferencelemma
applied to (A; A% C), is equivalent to Ka1 ¢ —— Kaa ¢ and Cay ¢ —— Caa ¢; Which, by composition and by
Remark A.10, applied to the square(A%B;C; D9, is equivalent to Ka; ¢ —— Kgi p and Ca; ¢ —£Cgi p.

The quadrangle (A;B;C;D) is a square if and only if A——A% and D°—— D; which in turn, by the

circumference lemma applied to (A; A%C), is equivalent to Kai ¢ — Kaa ¢, Cai ¢ —— Cao ¢ and
Cg: po—— Cg: p; Which, by composition and by Remark A.10, applied to the square(A%B;C; D9, is equiv-
alent to Kay ¢ — Kgi p andCai ¢ —Cg1 p. o

A.4 An exact lemma

Let E be an exact category. A pure squae in E is a commutativ e quadrangle (A; B;C;D) in E that hasa pure
short exact diagonal sequence(A; B C;D). Just as a squarein abelian categories,a pure squareis denoted
by abox\ "

Lemma A.12 Supmsegivena composition
X§—Y8§—'28

X — Iy — Iz

of commutative quadranglesin E. If two out of the three quadrangles(X;Y; X % Y9, (Y;Z;Y% 29, (X;Z;X%Z9
are pure squaes, so is the third.

Proof. In an abelian category, this follows from Lemma A.11.

As explainedin xA.2.2, we may embed E fully, faithfully and additiv ely into an abelian category E such that the
pure short exact sequencesn E are precisely the short exact sequencesn E with all three objectsin ObE. In
particular, the pure squaresin E are preciselythe squaresin E with all four objects in Ob E, and the assertion
in E follows from the assertionin E. o

A5 Some abelian lemmata

Let A be an abelian category.

Lemma A.13 Inserting images,a weak squae (A; B;C;D) in A decomposesinto

T
I -
A

Proof. The assertionfollows using the characterisation of weak squares,pullbacks and pushoutsgivenin Lemma
A1l o

Lk
|

—Ig

Lemma A.14 If, in a commutative diagram

X§——Y8——2§
X —JIy — 17

in A, the quadmangles (X;Y;X%Y9% and (Y;Z;Y%Z9 are weak squaes, then the composite quadmngle
(X;Z;X%Z9 is also a weak squae.
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Proof. The assertionfollows using the characterisation of weak squaresgiven in Lemma A.11. o

Lemma A.15 If, in a commutative diagram

X§——"Y8——2§
I
X —JIy —JI7

in A, the left hand side quadmangle (X;Y;X%Y9 is a pushout, as indicated, and the outer quadmngle
(X;Z;X%Z79 is a weak squae, then the right hand side quadangle (Y;Z;Y % Z9 is also a weak squae.

If the left hand side quadrangle (X;Y;X % Y9 and the outer quadrangle (X;Z;X %Z9 are pushouts, then the
right hand side quadrangle (Y;Z;Y%Z9 is also a pushout.

Proof. This follows using Lemma A.11. o

Lemma A.16 If, in a commutative quadmanglein A

X —IY;
the morphism X —— Y is an epimorphism and the morphism X °—— Y 9is a monomorphism, then the quad-
rangleis a weak squae.
Proof. This follows using Lemma A.11, applied horizontally. o
Lemma A.17 Given a commutative diagram
T
X Iy Iz /o

in A suchthat (X;Z;0;Z9 and (Y;0; Y% W9 are weak squaes, then (Y;Z;Y%Z9 is a weak squae.

Proof. This follows using Lemma A.11. o

Lemma A.18 Given a diagram

o—Y§——z§
‘ + 0 + 20
u’ ve
] (e} z8
X + Y + ‘
X ——Jy /o

in A consisting of weak squaes, as indicated by +, the sequen@

VOO
0

xy Yo(yo‘io) y00 70 Z 700

X

is exactat Y%and at YO° Zz°0
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Proof. At Y9 we reduceto the caseu, u®, x and y monomorphicand (X;Y;X % Y9 being a pullback via Lemma
A.13. Supposegiven T L YOuwith ty9= 0 and tv°= 0. First of all, there exist T —— X %and T ® v such
that au®= t = by. Thus there exists T —— X such that cx = a and cu = b. In particular, cxu®= au® = t.

Hencea factorisation of t over xu? exists. Uniquenessfollows by monomorphy of xu®. o
Lemma A.19
(1) Supmsegiven a weak squae in A
x§—¥8
)
x —Jy
with X ©bijective. If the imagesof X —— Y, of X —— X %and of Y —— Y C are bijective, then the images
of X °——Y9%and of X —— Y are bijective, too.
(2) Supmsegiven a weak squae in A
xX§—8
)
x —Jy
with Y bijective. If the imagesof X °—— Y9 of X —— X %and of Y —— Y % are bijective, then the images
of X — Y and of X —— Y% are bijective, too.

Proof. Ad (1). We decompose(X;Y;X % Y9 accordingto Lemma A.13 and denote the image of X —— Y by
Imyx .y, etc.

The diagonal sequenceof the square(Imx v ; Y; Imx.yo; Imy.yo) shownsthat Imyx.y o is bijective.

The diagonal sequenceof the square (Imy x o; Imx.yo; X% Imy oy o) shavs that Imy oy o is bijective. o

Lemma A.20 Given a pullback
oy
X0 Yo
y

xof—olYO;

X

in A with Y %injective, the morphism (X ¢ Y9 ) (X;Y) is split monomorphicin A( 1). More precisely, any
retraction for x may be extendel to a retraction for (x;y).

Proof. Let xx°= 1x 0. We form the pushout.

f nnnnn’}ﬂﬁa%

LAY
L LLARRY
LA
X0 by
@] 0]
Xof—o/YO
0 0
There is an induced morphism P — YO such that (X —P —Y9 = (X d Y9 and sud that
(YO—P —YOQ = (YO£ Y9. Since YO is injective, we obtain a factorisation (P — Y9 =
(P —f-y —= Y09 o
Lemma A.21 Supmse given a morphism X ——Y of commutative quadmanglesin A, i.e. a morphism in

A( 1 1)
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(1) If X is a pushoutand Y is a weak squae, then the cokernel of X — Y is a weak squae.

(2) If X is aweak squae and Y is a pullback, then the kernel of X —— Y is a weak squae.

Proof. Ad (1). A morphism of commutativ e quadranglesgivesrise to a morphism of the diagonal sequences;
namely from a sequencethat is exact in the middle and has an epimorphic secondmorphism, stemming from
X, to a sequencethat is exact in the middle, stemming from Y. In order to prove that the cokernel sequence
is exact in the middle, we reduce by insertion of the image of the rst morphism of the diagonal sequence
and by an application of the circumferencelemma to the casein which the sequencestemming from Y hasa
monomorphic rst morphism. Then the snake lemma yields the result. o

Lemma A.22 Supmsegiven a diagram

o—Y§—z%
X§——"Y§——2§
X —JIy —JI7

in A, consisting of weak squases. The induced morphisms furnish a short exact sguene@

Im(X —29% — Im(Y —29 — Im(Y —2Z2%:
Proof. Abbreviate Im(X —— Z9 by Imy .zo etc. The morphism Imy.zo —— Imy.zo is monomorphic by com-
position, and, dually, the morphism Imy.zo —— Imy.z o is epimorphic. Now since Imx .x o —— Imx .z o is epi-
morphic and Imy.z oo —— Imy ez 00 iS monomorphic, it su ces to show that
Imy .x o Imy.zo IMy ooz 00

is exact at Imy.zo. This follows from the diagram obtained by Lemma A.13

Q) IY8) l|myﬁzoo
X8 /Y(g /lmyézo

L

Imy X 0 —llmy;yo ley;zo )

sinceby Lemma A.14, weak squaresare stable under composition. o

A.6  On Frob enius categories

A.6.1 Some Frob enius-ab elian lemmata

Supposegiven an abelian Frobenius category A; cf. De nition A.5. Let B be its full subcategory of bijective
objects. Recall that the classicalstable category of A is de ned as A = A=B; cf. De nition A.7. A morphism
in A whoseresidueclassin A is an isomorphismis called a homotopism. A morphism in A whoseresidueclass
in A is aretraction is called a retraction up to homotopy.

Lemma A.23 Given aretraction up to homotopy X £ Y andan epimorphismYO—)ll'— Y in A, in the pullback

XOX—/X

r

0 f

YOL/Y :
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f

0
the morphism X °—— Y9is a retraction up to homotopy, too. More precisely, if gf g 1y, thenwemay nd a
morphism g° with g% ° g 1yo as a pullback of g along x.

Proof. Let Y —— X be sudh that of = 1y + h, where

Y2 v)y= (v 2y

hS

for someB 2 ObB and somemorphismsh; and h, in A. Let B Y % be a morphism sud that

0
(B LYO_,Ly) = (B hiy) :
which exists sinceB is projective and y is epimorphic. The commutativ e quadrangle
y
yo—Iy

1, 0+ yh1hJ

YOL/Y

1y +h

is a pullback sincethe induced morphism on the horizontal kernelsis an identit y; cf. Lemma A.11. Sowe may
form the diagram

YOYQY

0 r

g
X
x 0—Ix

r

g

0 f

YoL/y;

in which g® with g% = yg and g% °= 1yo + yh;h9 is induced by the universal property of the lower pullback
(X%X;Y%Y), and in which the resulting upper quadrangle (Y2 Y; X %X ) is a pullback by Lemma A.11. o

. . . _ y . .
Lemma A.24 Given a homotopism X L Y and an epimorphismY%——Y in A, in the pullback

XOX—/X
r

0 f

YOL/Y :

fO

the morphism X © Y %is a homotopism, too.

Proof. Let gf g 1y andfg g 1lx. By LemmaA.23, we may form the diagram

YOLY

0 r

g ¢}
X
x 0—Ix

r

0 f

YOL/Y :

in which g% 5 1yo.. Sinceg is a retraction up to homotopy, sois g° by Lemma A.23. Therefore ¢°is a
homotopism. Hencealsof © is a homotopism. o
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A.6.2 Decomp osing split diagrams in interv als

Let A be an abelian Frobenius category, and let B be its full subcategory of bijective objects. Supposegiven

n> 1. Writt —,:= nor f0g. An object X in A( ) is called split if Xx —— X, is split for all k; 1 2 [1;n]
with k 6 1.

GivenC 2 ObA and k; | 2 [1;n] with k 6 |, we denote by Cy;; the object of A( —,) given by (Cjx,;); = 0 for

. . 1 -
j 2 [Ln]r [k:1], by (Cpeap)y = C forj 2 [k;1], and by (Ceap)j —— (Cpap)ie = (C—C) for j; j° 2 [k;1]
with j 6 j% An object in A(—,) of the form Cik;y for someC 2 ObA and somek; | 2 [1;n] with k 6 I, is
called an interval.

Lemma A.25 Any split object in B( —,) is isomorphic to a nite direct sum of intervals.

Proof. We proceedby induction on n. Supposegiven a split object X in B( —,). Let X%:= X ¢ be de ned

as a pointwise pullback at n, using OL Xn (cf. XA.7 below). We have X °2 ObB( —,) with X? = 0. Hence,
by induction, X ©is isomorphicto a nite direct sum of intervals. There is a pure monomorphism X —£— X
whose cokernel is a diagram in Ob B( —,) consisting of split monomorphisms;cf. Lemma A.11. Moreover, by
an iterated application of Lemma A.20, starting at position 1, this pure monomorphism X °—— X is split asa
morphism of A( —,) (8). Thus X is isomorphic to the direct sum of X ® and the cokernel of X °—£— X, and it
remainsto be shawvn that this cokernelis isomorphic to a nite direct sum of intervals.

Therefore, we may assumethat X consistsof split monomorphisms Xy LX _Ix, fork;!l 2 [1; n]. We have

[
a monomorphism (X 1);1.n] —£— X . Choosing a retraction to X1 LX Ix. and composing, we obtain a core-

traction to i, sothat X is isomorphicto the direct sum of the interval (X 1)1.n] and the cokernel of i. Sincethe
cokernel of i hasa zeroterm at position 1, we are done by induction. o

A.6.3 A Freyd category reminder

The construction of the Freyd category and its properties are due to Freyd [8, Th. 3.1].

De nition  A.26 Supposegiven an additiv e category C and a morphism X £ Y in C

(1) A morphism K L X is a weak kernel of X L Y if the sequenceof abelian groups

(k) L2 mx) 2L Ty

is exactat (T;X) forevery T 2 ObC.
(2) A morphism Y —2_ C is a weak cokernel of X L Y if the sequenceof abelian groups

x:T) L2 v,y 22 ey

isexactat (Y;T) forevery T 2 ObC.

(3) The category Cis called weakly alkelian if every morphism has a weak kernel and a weak cokernel, and if
every morphism is a weak kernel (of somemorphism) and a weak cokernel (of somemorphism).

Let C be a weakly abelian category. Let C°( ;) be the full subcategory of C( ;) whose objects are zero
morphisms. The Freyd category € of Cis de ned to be the quotient category
€= 1)=C( 1):

We collect someelemenary facts and constructions and mention somecorvertions.

8At this point, we usethat _, is linearly ordered.
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(1) The category € is abelian. The kernel and the cokernel of a morphism X £ Y represerted by (f %f %
are constructed as

£ /YO Lvo /YO

K /Xo

ix X y yp

X 00 1x 0 Ix 00 e Iyoo_P_Jc -

wherei is a chosenweak kernel and p a chosenweak cokernel of the diagonal morphism f & = xf % |f
f 9 = xf = 0, we chooseX 01x° % 0 asweak kernel and Y 2= v 0035 weak cokernel.
Choosing a kernel and a cokernel for ead object in &( 1), we obtain a kernel and a cokernel functor
& 1) = &, asfor any abelian category.

(2) We stipulate that the pullback resp.the pushout of an identit y morphism along a morphism is chosento
be an identit y morphism.

(3) We have a full and faithful functor C—— €, X —— (X L X). Its image, identi ed with C, consistsof
bijectiv e objects.

(4) For eath X = (X°—=- X% 2 Ob ¢, we may de ne objects and morphisms
X X
XP +— X £ XI

by
X O]'X#X O#X 00
1y o0

x 02X Iy ooﬂlx 00.

X 1y 00

As already mertioned in (3), the objects X P and X | are bijective, and thus € is Frobenius.
Sometimes,we write just for X and for X . Notethat X = 1x and X = 1x if X 2 ObC.

X X «
This construction X P —F— X —E— X | is not meant to be functorial in (X ©—— X 99, however.

Remark A.27 Suppsegiven morphisms X -t Yy -2 Zin C The following assertions are equivalent.

(i) The morphism f is a weak kernel of g.
(i) The morphism g is a weak cokernel of f .

(i) The seguene (f ;g) is exactat Y when considered in €.

Proof. Ad (i) =) (iii). Supposethat f is a weak kernel of g. Let K L Y be the kernel of g in €. Factor
f = 4. Sincef is a weak kernel of g in C, we may factor (K )i = uf, whenceK = uf® Hencef?is
epimorphic.

Ad (iii) =) (i). Suppose(f;g) to beexactat Y. Let T L ¥ in Cbe such that tg = 0. Then t factors over
the kernel of g, takenin €, and therefore, by projectivity of T in €, also over X . o

Remark A.28 A morphism X f;Y in Cis monomorphic if and only if it is a coretraction. Dually, it is
epimorphic if and only if it is a retraction.

Proof. Supposef to be monomorphic in C. It suces to show that f is monomorphic in €, for then f is a

coretraction since X is injective in €. Let K XX bethe kernel of f in & From (K )if = 0, we conclude
(K )i = 0sincef is monomorphicin C, and thusK ' 0 sinceK is epimorphic and i is monomorphicin €. o

In particular, an abelian category is weakly abelian if and only if it is semisimple, i.e. if and only if every morphism
in A splits. Hence the notion \w eakly abelian" is slightly abusive.
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Let E be a Frobenius category; cf. xA.2.3.

. i p . . .
Lemma A.29 Suppsegiven a pure short exact sequene X °—f— X —— X ®in E. In E, the residueclassiN
is a weak kernel of pN, and the residueclasspN is a weak cokernel of iN .

Proof. By duality, it suces to show that iIN is a weak keornel of pN. Sosupposegiven T L X in E with
tp 5 0. Wehaveto show that there exists a morphism T —— X Osuch that t4 g t. Let (T —— X —2=— X% =

p
(T £ g2 x %9, where B is bijective. Let P -+ B be the pullback of p along g. We have a factorisation

| T
(T . X)= (T = P -2 X). We have a factorisation (X °—£— X) = (X°—— P —£ X ): moreover, (i p) is
a pure short exact sequencehencesplit by projectivity of B; cf. Lemma A.11 and xA.2.2. Let ir = 1. Then
ri 1 g 0,sinceit factors over B. We obtain (vr)i = vriw g vw = t. o

Remark A.30 The stablecategory E and the classi@l stablecategory E of the Frobenius category E are weakly
akelian. The stablecategory E carries an automorphism T, induced by shifting an acyclic complexto the left by
one position and negating the di er entials.

Cf. De nition A.7.

Proof. By Lemma A.8, it remainsto prove that E is weakly abelian. Supposegiven a morphism X L Y in E.

By duality, it su ces to show that the residueclassof X L Y in E is a weak cokernel and has a weak kernel.
Substituting isomorphically in E by adding a bijective object to X , we may assumef to be a pure epimorphism
in E. Sowe may completeto a pure short exact sequenceand apply Lemma A.29. o

i p . . . .
Lemma A.31 A pure short exactsequen@ X °—f— X —— X %in E is mapped via the residueclass functor N
to a seuen@ in E that is exactat X whenconsidered in the Freyd category E of E. In particular, a pure squae
in E is mapped to a weak squae in E.

Proof. By Remark A.27, we may apply Lemma A.29. o

A.6.4 Heller operators for diagrams

In Denition 1.5, the central role is attributed to the tuple # = (#n)n>o Of isomorphisms. In the case of C
being the stable category of a Frobenius category, such an isomorphism #, arises from dieren t choices of pure
monomorphisms into bijectiv e objects. To that end, we provide a comparison lemma, which suitably organises
wellknown facts.

Let C be a category.
Given a category D and a full subcategoryU D(C), we say that U is characteristic in D(C) if the image of
U under A(C) is contained in U for any autoequivalenceD A D, and if U is closedunder isomorphy in D(C),

i.e. X ' X%n D(C) and X°2 Ob U implies X 2 Ob U.

Let E be a Frobenius category. Denote by E its classical stable category, and denote by E R E the residue
classfunctor. Let G E(C) be a full additive subcategory. Let H  E(C) be a full additive characteristic
subcategory such that (G)(N(C)) H. .

G —JIE(C)

A C-resolvingsystem| consistsof pure short exact sequences

pX;_c

ix.
I = XC_LIX;C_HXC ,
c20bC X20bG

with bijective objects I x ¢ in E as middle terms.
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Lemma A.32
(1) Given a C-resolvingsystem

| = Xe—E 1y 2%, :
c20bC X20bG
there exists a functor
G H
that is uniquely characterised by the following properties.
On objects X 2 ObG ObE(C), theimageX T, 2 ObH ObE(C) is characterised as follows.

() Forany(c——d)2 C, there exist

(XT)
a representative(X T,;) in E of the evaluation (X T;). — (X Ti)g in Eat
¢ —— d of the diagram X T, 2 ObH ObE(C), and

a morphism Ix.c —Ix.q in E
suchthat _
Xe e NIy ¢ Pe J(X T1)e
X ‘ (X T1)
Xd [ /|X;d Pa /(x Tl)d

is a morphism of pure short exact sequenes.

f T|
On morphisms (X L Y)2 G EC), theimage(X T, —— Y T,) 2 H E(C) is characterised as
follows.

( ) Foranyc2 ObC, there exist
(f T|_)C

a representative (f T,). in E of the evaluation (X T, ). (YT))cin E at
T
c of the diagram morphism (X T, — Y T,)2H EC), and

a morphism Ix.c — Iy in E
such that
ix:c Px:c
Xc - /|X;c X /(X Tl)c
fe (f Ti),
Yc lyic IIY;C Pvyic /(Y T| )C

is a morphism of pure short exact segquenes.

(2) Given C-resolvingsystems

ix, Px;c
| = X —E—Iy.c —— X ;
c20bC X20bG

0
p pX;_
10 = Xe 19, +—Xx?
c20bC X20bG

there exists an isomorphism

150

T, Tio

that is uniquely characterised by the following property.



74

() ForanyX 20ObG ObE(C) and for any c2 ObC, there exist

a representative (X |.0) in E of the evaluation (X T, )C(X£C (X Tyo)c in
E at c of the evaluation X T, pE XTioinH E(C)of ,,0atX, and
a morphism Ix,c ——13.. in E
suchthat
Xe¢ e /|><;c Pre /(X Tl)c
| ‘.
i 0

-g(:c / 0 pX;c /
I X:c (X T, O)c

is a morphism of pure short exact sequenes.

Proof. Let us rst assumethat H = E(C). Having proven all assertionsin this case,it then nally will remain
to be shown that givenH E(C) and a C-resolving systeml, wehave X T, 2 ObH ObE(C) for X 2 ObG.

We remark that starting from a morphism U —_ UO%n E and from chosenpure short exact sequencegU;B; V)

and (U%B%V9 with bijective middle terms B resp. B, we may de ne a morphism V —— V% in E by the
existenceof a morphism

U—1g " Iy

0 p°
UO /Bo_/Vo

u \

of pure short exact sequencesn E, whereV £ VOisthe imagein E of the morphism V = VOinE

Ad (1). GivenX 2 ObG, wedene X T, 2 E(C) at the morphism c—— d of C by the diagram in ( ). The
characterisation ( ) showsthat X T, isin fact in Ob E(C).

Given a morphism X L Y in G, we de ne the morphism X T, Ul Y T, in E(C) at c2 ObC by the diagram
in (). Combining ( ) and ( ), we seethat f T, isin fact in E(C). From ( ) we concludethat T, is indeed
a functor.

X 110

Ad (2). GivenX 2 ObG, wedene X T, X Tjoat c2 ObC by the diagramin ().

X qy0

Combining () and ( ), we seethat X T,
that .0 is indeeda transformation.

X Tjoisindeedin E(C). Combining ( ) and( ), wesee

Supposegiven resolving systemsl , 1 %and | °© The characterisation of |0 etc. impliesthat ;0 joj0= |0
andthat ,; = 1y . Hencein particular, ;o joy = 1y, and jo; ;0= 11, andso ;o isanisomorphism
from T, to Tjo.

Consider the caseC = o, i.e. the terminal category, let G= E( o) = Eandlet H = E( o) = E. For a

. . T
o-resolving systemJ, we obtain a functor E — E that factors as

(E2F = E——E-—2B:

In fact, for a morphism b that factors over a bijective object B, we can choose0 as a represerativ e of bT ),
inserting the pure short exact sequencegB; B;0). Moreover, T; is an equivalence,for it is full; faithful, using
the dual of the argumert just given; and dense, since given a morphism of short exact sequencesn E with
bijective middle terms and an identit y on the kernels,the morphism on the cokernelsis a homotopism.

Now return to the generalcaseH E(C). Let J°bea C-resolvingsystemconsistingof pure short exactsequences
with bijective middle term that already occur in the chosen g-resolving systemJ. Then, for X 2 ObG, we
have X Tjo = X(N(C))(T;(C)). SinceX(N(C)) 2 ObH by assumption, and since, moreover, H is assumed
to be a characteristic subcategory of E(C), we concludethat X (N (C))(T3(C)) = X T o isin ObH. Finally,

let | be an arbitrary C-resolving system. We have X T, LN X Tj0in E(C), and thus X T302 ObH implies
X T, 2 ObH, sincea characteristic subcategory of E(C) is, by de nition, closedunder isomorphy. o
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A.7 Pointwise pullbac k and pushout

Supposegiven an abelian category A, a posetE andanelemen " 2 E. Let E" := Et f"% be the posetde ned
by requiring that " 6 "C that 6 "Cwhenewer 6 " andthat "°6 forall 2 E; and the remaining relations
within E  E" inherited from E. We de ne the pushoutat "

AED 2= AE)

X0 = X x:

0 X S

where X := X e, and (X®—=— X&) = (X?

X%); and a transformation

i=ix 0 0

XﬁE:X XX;

natural in X °, by the following construction. Abbreviating X x? by X, we let

for 2E with"6 .If"6 ,weletX =X andi = 1x .

Given 6 in E, welet

x e x ) beinduced by pushout if "6 6 ;
X Z5=x) = (X =X “=—x) "6 ,but"6
X Z5=x) = (X 2=X) if " 6
The morphism X L X *° is the solution to the following universal problem. Suppose given a morphism

X £ Y in A(E) such that at " 2 E we have a factorisation

(X ¥ = (X XS Ve

Then there is a unique morphism X x* &y sud that
(X f;y) = (X Loy x LY):

Dually, let E- := E t "% be the posetde ned by requiring that " > "% that 6 ""whenewer 6 " and that
"0 forall 2 E;and the remaining relations within E  E- inherited from E. We de ne the pullback at "

AE) (=2 AE)
X0 = X X0 ;

0

where X = X 9e, and (X % =

X O,_ 0

X9 = (X% —— X9); and a transformation

p= px°

X% = X X yo;

natural in X °, being the solution to the universal problem dual to the one described above.
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A.8 1-epimorphic functors

Let CF; D be a functor betweencategoriesC and D.

De nition  A.33 The functor CF; D is 1-epimorphic if the induced functor \restriction along F "

rcel O p:Ex

19}

is full and faithful for any categoryE. In particular, givenfunctors D —=— E with FG' FH, wecanconclude
that G' H; whencethe notion of 1-epimorphy. .

Remark A.34 Supmsegiven a diagram of categories and functors
c—/p

S|o (0]

N
C()F_O/DO

with equivalen@s S and T, and with FT ' SF% Then F is 1-epimorphic if and only if F°is 1-epimorphic.

Let C; C°2 ObC. An F-epizigzag(resp. an F-monozigzay C " CPis a nite sequenceof morphisms

ug u? ug bt oz ug 1C = CO

C=Co 2 7, c. = 7, o~

Ck 1

in Cof lengthk > 0 such that u’F is an isomorphismfor all i 2 [0; k], and suc that
uF = (uoF)(USF) (usiF)(ulF) (ug 1F)(u? ;F) : CF — C%¥

is a retraction (resp. a coretraction) in D.

Lemma A.35 Supmsethe functor
c =

to be dense,and to satisfy the following condition (C).

% Given objects C; C°2 Ob C and a morphism CF ¢ C% in D, there exists

0
an F -epizigzagCs © C, an F-monozigzagC® ™ CPand a morphism Cs —— C

such that
©)

ck

% (CoF “E cF 4 ¢ % cor) = (CoF £ %)

Then F is 1-epimorphic.

Proof. SinceF is dense,Remark A.34 allows to assumethat F is surjective on objects, i.e. (Ob QF = ObD.
G
Let us prove that E(C) FO) E(D) is faithful. Supposegiven functors CF; D —— E and morphisms G — H
0 H
and G——H sucdhthat F = F % GivenD 2 ObD, we have to shav that D = D % Writing D = CF for
someC 2 ObC, this followsfromD = CF =CF °=D @
G
Let us prove that E(C) FO) E(D) is full. Supposegivenfunctors CF; D = E and amorphismFG —— FH.
" H
Dene G——H by (CF)":=C .

We have to prove that D" is a wellde ned morphism for D 2 ObD. So supposethat D = CF = C%F. We
have to show that C = C° . By assumption (C), appliedto d= 1p = 1cr = 1cor, there exist an F -epizigzag
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0
Cs ® C, an F-monozigzagC® “ C?and a morphism Cs —— C? such that (csF)(c%F) = cF. We obtain

(csFG)(C )(FH) (Cs )(esFH)(FH)
= (Gs )(cFH)
= (cFG)(C?)
= (&FG)FG)(CY)

= (&FG)(CO ) FH);
whenceC = C° by epimorphy of csF G and by monomorphy of cOF H .

We have to prove that " is natural. Suppose given CF 4 CO% in D for someC; C°2 ObC. We have to
show that (dG)((COF)A) = ((CF)A)(dH), i.e. that (dG)(C°) = (C )(dH). By assumption (C), there exist an

0
F -epizigzagCs “ C,an F -monozigzagC° B C? and a morphism Cs £ C? such that (csF)d(cPF) = cF. We
obtain

(csF G)(dG)(C? )(?F H) (csF G)(dG)(cPF G)(CY )
= (cGF)(C?)

(Cs )(cFH)

(Cs )(csFH)(dH)(CPFH)

= (GFG)(C )dH)(GFH);
whence(dG)(C° ) = (C )(dH) by epimorphy of csF G and by monomorphy of c?F H . o

Corollary A.36 If CF; D is a functor suchthat (i, ii) hold, then F is 1-epimorphic.

(i) For all morphisms D 4 D%in D, there is a morphism C —£_C%n Csuchthat

¢

(-2 cY = (0 -2 DY:

(i) For any C; C°2 ObCsuchthat CF = COF, there existsa nite sequen@ of morphisms

0 0 0 0
Ug u; uz Uy 2 Uk_ 1 Ug 1 _ 0
C Ck 1 Zg 1 Ck =C

C = Co =2 7, Ci = 2z,

from C to C%suchthat uiF = u%F = 1cr = 1co for all i 2 [O;K].

Proof. The functor F is dense,even surjective on objects, becauseidentities have inverseimagesunder F. To
fulll condition (C) of Lemma A.35, given objects C; C° 2 Ob C and a morphism CF g C% in D, we may

take somemorphism Cs —— CPin Csudc that (Cs —— CYF = (CF g C%), we may take for cs a sequence
as given by assumption becauseof CsF = CF, and we may take for ¢; a sequenceas given by assumption
becauseof CoF = C%. o

Corollary A.37 If CF; D is a full and densefunctor, then F is 1-epimorphic.

Proof. In fact, in condition (C) of Lemma A.35, we may take an F-monozigzagand an F -epizigzagof length O:a

References

[1] Baues, H.-J.; Mur o, F., The characteristic cohomolagy class of a triangulated category,
arxiv:math.KT/0505540, 2005.

[2] Beligiannis, A., On the Freyd categories of an additive category, Homology Homotopy Appl., 2 (11),
p. 147-185 2000.

[3] Bernstein, J.; Beilinson, A.A.; Deligne, P., Faisceaux pervers Asterisque100,1982.
[4] Deligne, P., Categoriesspectrales manuscript, 1968.



78

[5] Deligne, P., Demmpositions dans la categorie derivee, Proc. Symp. Pure Math. 55, p. 115{127,1994.
[6] Elmendorf, A.D., A simple formula for cyclic duality, Proc. Am. Math. Scoc. 118(3), p. 709{711, 1993.

[7] Franke, J., Uniguenesstheorems for certain triangulated categories possessingan Adams spectral se-
quen@, www.math.uiuc.edu/K-theory/0139, 1996.

[8] Freyd, P., StableHomotopy, Proc. Conf. Categorical Algebra, La Jolla, p. 121{172, Springer, 1965.
[9] Gabriel, P., Des categoriesabkeliennes Bull. Soc. Math. France 90, p. 323{448, 1962.

[10] Gr othendieck, A., Les Derivateurs, www.math.jussieu.fr/ maltsin/groth/Deriv ateurs.html, around

1990.
[11] Happel, D., Triangulated Categories in the Representation Theory of Finite Dimensional Algebias, LMS
LN 119,1988.

[12] Heller, A., Stablehomotopy categories, Bull. Am. Math. Scc. 74, p. 28{63, 1968.

[13] Heller, A., Homotopy theories, Mem. Am. Math. Scoc. 383, 1988.

[14] lllusie, L., Complexecotangent et deformations. I., SLN 239, 1971.

[15] lllusie, L., Categoriesderiveeset dualite, travauxde J. L. Verdier, Enseig. Math. 36, p. 369{391, 1990.
[16] lllusie, L., Perversite et variation, Manuscr. Math. 112, p. 271{295, 2003.

[17] Keller, B., Chain complexesand stable categories, Manuscr. Math. 67, p. 379{417, 1990.

[18] Keller, B., Derived categories and universal problems,Comm. Alg. 19 (3), p. 699-747,1991.

[19] Keller, B., Deriving DG categories, Ann. sciert. Ec. Norm. Sup. 4emeserie, t. 27, p. 63{102, 1994,
[20] Keanzer, M., Nonisomorphism Verdier octahedra on the samebase, preprint, arXiv:0708.0151v2,2007.
[21] Laumon, G., Sur la categorie derivee desD-modules Itr es SLN 1016,p. 151{237,1983.

[22] Mal tsiniotis, G., La K-theorie d'un derivateur triangule, preprint, www.math.jussieu.fr/ maltsin, 2002.
[23] Neeman, A., The Derived Category of an Exact Category, J. Alg. 135, p. 388{394,1990.

[24] Neeman, A., SomeNew Axioms for Triangulated Categories, J. Alg. 139, p. 221{255,1991.

[25] Neeman, A., The K-theory of triangulated categories, in Friedlander, E.M. ; Grayson, D.R. (eds.),
Handlook of K-theory, Springer, p. 1011-1078,2005.

[26] Puppe, D., On the formal structure of stable homotopy, Coll. on Algebraic Topology, Aarhus, p. 65{71,
1962.

[27] Quillen, D., Higher algebaic K -theory: 1, SLN 341, p. 85{147,1973.
[28] Verdier, J.L., Des categoriesderiveesdes categoriesabeliennes, Asterisque 239, 1996 (written 1967).
[29] Verdier, J.L., CategoriesDerivees published in SGA 4 1/2, SLN 569, p. 262{311, 1977 (written 1963).

[30] Waldha usen, F., Algebaic K -theory of spaces, Algebraic and geometrictopology, SLN 1126, p. 318{419,
1985.

[31] Weibel, C.A., History of homolaical algeba, www.math.uiuc.edu/K-theory/0245, 1997.

Matthias Kenzer

Lehrstuhl D fur Mathematik

RWTH Aachen

Templergraben 64

D-52062Aachen
kuenzer@math.rwth-aaten.de
www.math.rwth-aachen.de/ kuenzer



