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Abstract

Let E be a Frobenius category. Let E denote its stable category. The shift functor on
E induces, by pointwise application, an inner shift functor on the category of acyclic
complexeswith entries in E. Shifting a complex by 3 positions yields an outer shift
functor on this category. Passingto the quotient modulo split acyclic complexes,Heller
remarked that inner and outer shift becomeisomorphic, via an isomorphismsatisfying still
a further compatibilit y. Moreover, Heller remarked that a choiceof such an isomorphism
determinesa Verdier triangulation on E, except for the octahedral axiom. We generalise
the notion of acyclic complexessuch that the accordingly enlarged version of Heller's
construction includes octahedra.
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0 In tro duction

0.1 Heller's idea (1)

0.1.1 Stable Frob enius categories and an isomorphism between outer and inner
shift

Let E bea Frobeniuscategory, i.e. an exactcategorywith enoughbijectiveobjects. For instance,
the category of complexeswith values in an additive category, equipped with pointwise split
exact sequences,is a Frobeniuscategory.

Let E denotethe stable categoryof E; cf. x0.3. Assumethat E hassplit idempotents.

A complexwith entries in E is acyclic if any Hom functor turns it into an acyclic complexof
abelian groups. Let E+ ( �� #

2 ) denote the category of acyclic complexeswith entries in E (2).
Let E+ ( �� #

2 ) denotethe homotopy categoryof the categoryE+ ( �� #
2 ) of acyclic complexes;that

is, the quotient categoryof acyclic complexesmodulo split acyclic complexes.

There is a shift automorphismT on E. It inducesa �rst, inner shift automorphismT+ ( �� #
2 ) on

E+ ( �� #
2 ) by pointwiseapplication.

There is also a shift automorphism T2 on the diagram �� #
2 . It inducesa second,outer shift

automorphismE+ (T2) on E+ ( �� #
2 ), shifting a complexby three positions.

Both outer and inner shift induce automorphisms

E+ (T2) resp. T+ ( �� #
2 ) on E+ ( �� #

2 ) :

Heller remarkedthat thesefunctorsareisomorphic. But there is no a priori givenisomorphism.
Sohe chosean isomorphism

E+ (T2) -#2
� T+ ( �� #

2 ) ;

satisfying, for technical reasons,still a further compatibilit y.

Then he remarked that the choiceof such an isomorphism#2 determinesa triangulation on E
in the senseof Puppe [26, Sec.2]; that is, it satis�es all the axiomsof Verdier [29, Def. 1-1]
except possibly for the octahedral axiom. Namely, as distinguished triangles we take acyclic
complexeson which outer and inner shift coincide(i.e., which are \3-p eriodic up to shift") and
on which #2 is the identit y.

Whether this observation now fathomsPuppetriangulations remainsto bediscussed.Whenever
two objects are isomorphicbut lack a nature-given isomorphism,it is at any rate not unusual
to pick an isomorphism. Once a suitable isomorphism between our shift functors chosen,a
Puppe triangulation ensues.In nontechnical terms, we may let the relation between the two
shifts govern the Puppe triangulations. This is a possiblepoint of view, which we shall adopt
and put into a larger framework; cf. x0.2.2.

Heller usedthis construction to parametrisePuppe triangulations on E. The non-uniqueness
of such a Puppe triangulation on E, and hencethe impossibility of an intrinsic de�nition of
distinguished triangles, thus can be regarded as rooted in the possible nontrivialit y of the
automorphismgroup of the inner shift functor T+ ( �� #

2 ), or, by choice,of the outer shift functor
1Heller formulated his idea using Freyd categories. We will rephrase it using complexes,for this is the

languagewe will usebelow. Cf. xx0.2.2,0.2.4.
2The notation using the diagram �� #

2 is chosento �t into a larger framework; seex0.2.2 for more details.
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E+ (T2). This is to be seenin contrast to the intrinsic characterisationof short exact sequences
in an abelian category.

0.1.2 The stable Frob enius case models a general de�nition of Pupp e triangula-
tions

A weak kernel in an additive category is de�ned by the universal property of a kernel, except
for the uniquenessof the induced morphism; dually a weak cokernel.

A weakly abelian category is an additive category in which each morphism has a weak kernel
and a weak cokernel, and in which each morphism is a weak kernel and a weak cokernel. For
instance,the stable categoryE appearing in x0.1.1 is a weakly abelian category.

Let C be a weakly abelian category with split idempotents carrying a shift automorphism T.
Now Heller's construction yields an alternative, equivalent de�nition of a Puppe triangulation
on (C; T) as being an isomorphism

C+ (T2) -#2
� T+ ( �� #

2 )

satisfying still a further compatibilit y. In other words, a Puppe triangulated category can be
de�ned to be such a triple (C; T; #2).

0.1.3 From Pupp e to Verdier and beyond

In a Puppe triangulated category, Verdier's octahedral axiom [29, Def. 1-1] doesnot seemto
hold in general(3).

In a Verdier triangulated category, in turn, it seemsto be impossibleto derive the existence
of the two extra triangles in a particular octahedrondescribed in [3, 1.1.13], or to distinguish
crossesas in [16, App.].

Moreover, to de�ne a K-theory simplicial set of a triangulated category, one is inclined to
take objects as 1-simplices,distinguished triangles as 2-simplices,distinguishedoctahedra as
3-simplices,etc.

Sowe enlargethe framework, generalisingfrom C+ ( �� #
2 ) to C+ ( �� #

n ), as described next in x0.2.

0.2 De�nition of Heller triangulated categories

0.2.1 A diagram shape

Given n > 0, we let � n := f i 2 Z : 0 6 i 6 ng, consideredas a linearly ordered set. Let
�� n be the periodic prolongation of � n , consistingof Z copiesof � n put in a row. This is a
periodic linearly ordered set; that is, a linearly orderedset equipped with a shift automorphism
i - i+1 . For instance, �� 2 = f : : : ; 2� 1; 0; 1; 2; 0+1 ; : : : g, equipped with i - i+1 . Let �� be the
categoryconsistingof periodic linearly orderedsetsof the form �� n asobjects, and of monotone
shiftcompatible mapsas morphisms.

3The author lacks an exampleof a category that is Puppe but not Verdier triangulated, but strongly suspects
that such an exampleexists, i.e. that the octahedral axiom is not a consequenceof Puppe's axioms; cf. Question
1.6. In any case,such a deduction is unknown.



5

Let �� n (� 1) denotethe categoryof morphismsin �� n , i.e. the categoryof �� n -valued diagrams
of shape � 1. Given � ; � 2 �� n such that � 6 � , the object (� - � ) in �� n (� 1) is abbreviated
by � =� .

Let �� #
n be the full subcategoryof �� n (� 1) that consistsof objects � =� within a singleperiod,

i.e. such that � � 1 6 � 6 � 6 � +1 . For instance,

�� #
2 =

0+1 =0+1 //� � �

2=2 //0+1 =2

OO

//� � �

1=1 //2=1

OO

//0+1 =1

OO

//� � �

0=0 //1=0

OO

//2=0

OO

//0+1 =0

OO

...

OO

...

OO

...

OO

0.2.2 Heller triangulations

Let C be a weakly abelian category;cf. x0.1.2. A sequenceX -f Y -g Z in C is called exact
at Y if f is a weak kernel of g, or, equivalently, if g is a weak cokernel of f . A commutativ e
quadranglein C whosediagonalsequenceis exact at the middle object is called a weak square.

Let C+ ( �� #
n ) be the category of C-valued diagrams of shape �� #

n with a zero at � =� and at
� +1 =� for each � 2 �� n , and such that the quadrangleon (
 =� ; � =� ; 
 =� ; � =� ) is a weaksquare
whenever � � 1 6 � 6 � 6 
 6 � 6 � +1 . Let C+ ( �� #

n ) be the quotient of C+ ( �� #
n ) modulo the

full subcategoryof diagramstherein that consistentirely of split morphisms.

For instance,C+ ( �� #
2 ) is the categoryof C-valuedacycliccomplexes;and C+ ( �� #

2 ) is its quotient
modulo split acyclic complexes,i.e. the homotopy categoryof C-valued acyclic complexes.

Furthermore, supposegivenan automorphismT on C. Weobtain two shift functors on C+ ( �� #
n ),

the inner shift given by pointwise application of T, and the outer shift induced by a diagram
shift j =i - i+1 =j .

A Heller triangulation on (C; T) is a tuple of isomorphisms# = (#n )n> 0, where#n is an isomor-
phism from the outer to the inner shift on C+ ( �� #

n ). This tuple is required to be compatible
with the functors induced by periodic monotonemapsbetween �� n and �� m , wherem; n > 0.
Moreover, it is required to be compatible with an operation called folding, which emergesfrom
the fact that a weak square

X
f //Y

X 0
f 0

//

x

OO
+

Y 0

y

OO
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entails a folded weak square
0 //Y

X 0
( x f 0)

//

OO

+

X � Y 0 :

�
f

� y

�
OO

A Heller triangulated category is a triple (C; T; #) as just described, often just denotedby C.

An n-triangle in a Heller triangulated categoryC is an object X of C+ ( �� #
n ) that is periodic in

the sensethat outer shift and inner shift coincideon X , and that satis�es X #n = 1. The usual
properties of 2-trianglesgeneraliseto n-triangles.

If C is a Heller triangulated categoryin which idempotents split, then, taking the 2-trianglesas
the distinguished triangles, it is also triangulated in the senseof Verdier [29, Def. 1-1]; see
Proposition 3.6.

0.2.3 Strictly exact functors

An additive functor C -F C0 between Heller triangulated categories(C; T; #) and (C0; T0; #0)
is called strictly exact if, �rstly , it respects weak kernels, or, equivalently, weak cokernels; if,
secondly, F T0 = T F ; and if, thirdly , the functor

C+ ( �� #
n ) -F + ( �� #

n )
C0+ ( �� #

n ) ;

induced by pointwiseapplication of F , satis�es F + ( �� #
n ) ? #0

n = #n ? F + ( �� #
n ) for n > 0.

0.2.4 Enlarge to simplify

Let _� n := f i 2 Z : 1 6 i 6 ng. We have an embedding _� n -�� �� #
n via � - � =0. Let C be

a weakly abelian category. Let C( _� n ) denote the categoryof C-valued diagramsof shape _� n .
Let C( _� n ) be the quotient of C( _� n ) modulo the full subcategoryof split diagrams. Restriction
inducesan equivalence

(� ) C+ ( �� #
n ) -

(� )j _� n
� C( _� n ) ;

which is alsoa useful technical tool; cf. Proposition 2.6.

At �rst sight, onemight be inclined to prefer C( _� n ) over C+ ( �� #
n ). It contains smallerdiagrams

and has a lesselaborate de�nition. By transport of structure along (� ), one obtains an outer
shift on C( _� n ) as well. By pointwise application of the shift functor on C, we also obtain an

inner shift on C( _� n ). Thesecould be comparedin order to write down a de�nition of Heller
triangulated categories.

So why then did we prefer to useC+ ( �� #
n ) in our de�nition of Heller triangulated categoriesin

x0.2.2?Working with C( _� n ), the indirect de�nition of the outer shift would causeproblems. In
practice, one would have to passthe equivalence(� ) back and forth. The \blo wn-up variant"
C+ ( �� #

n ) of C( _� n ) carriesa directly de�ned outer shift functor and is thus easierto work with.

There is a further equivalenceC( _� n ) -� Ĉ( _� n� 1), where Ĉ denotesthe Freyd category of C,

i.e. the universalabelian categorycontaining C, and whereĈ( _� n� 1) is the quotient of Ĉ( _� n� 1)
modulo split diagramswith entries in C; cf. Proposition 2.10. Originally, Heller worked with
Ĉ( _� n� 1) for n = 2, i.e. with Ĉ=C.
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0.3 A result to begin with

Let E be a Frobeniuscategory. We de�ne its stablecategory E to be the quotient categoryof
the categoryof purely acyclic complexeswith valuesin the bijective objects of E, modulo the
subcategoryof split acyclic such complexes.

Then E is equivalent to the classical stablecategory E of E, de�ned as the quotient category
of E modulo bijective objects. But E carries a shift automorphism T (invertible), whereasE
carries, in general,only a shift autoequivalence(invertible up to isomorphism). In this sense,
E is a \stricti�ed version" of E.

Theorem (Corollary 4.7, Corollary 4.9). Given a Frobenius category E, there exists a Heller

triangulation # on (E; T). An exact functor E -E E0 between Frobenius categories that sends

all bijective objects of E to bijective objects of E0 induces a strictly exact functor E -E
E0.

The Verdier triangulated versionof this theorem is due to Happel [11, Th. 2.6].

0.4 A quasicyclic category

Let C be a Heller triangulated category.

A quasicycliccategory is a contravariant functor from �� � to the (1-)categoryof categories.Let-
ting qcycn C be the subcategoryof isomorphismsin C+ ( �� #

n ) for n > 0, we obtain a quasicyclic
categoryqcyc� C. There is a quasicyclicsubcategoryqcyc#=1

� C that consistsonly of n-triangles
and their isomorphismsinstead of all objects in C+ ( �� #

n ) and their isomorphisms(4).

Restricting qcyc#=1
� C along the functor � � -�� �� � of \p eriodic prolongation", this yields a

simplicial category, hencea topological space;depending functorially on C. This spaceis the
author's tentativ e proposalfor the de�nition of the K-theory of C; cf. [25, Rem.63]. Of course,
this de�nition still needsto be justi�ed by results one expects of such a K-theory, which has
not yet beenattempted.

0.5 Some remarks

A comparison of our theory to the derivator approach and related constructions in [4],
[14, chap. V.1], [13], [10], [18], [7] and [22] would be interesting. Onemight askwhether the
basecategoryof a triangulated derivator in the senseof [22] carriesa Heller triangulation; and
if so, whether morphismsof triangulated derivators give rise to strictly exact functors.

Our approach di�ers from the derivator approach in that we considera singlecategoryC with
shift and an \exactnessstructure", i.e. a Heller triangulation, on it. The categoriesC+ ( �� #

n )
neededto de�ne this \exactnessstructure" on Cconsistof veritable C-valueddiagrams;cf. x0.2.
In particular, a \structure preservingmap" betweentwo such categoriesC and C0, i.e. a strictly
exact functor, is a singleadditive functor C -F C0 compatible with the \exactnessstructures"
imposedon C and on C0. In contrast, a \structure preservingmap" of triangulated derivators
is a compatible family of additive functors.

The generalisedtriangles in [3, 1.1.14] are, in our language, n-pretriangles for which the
2-pretriangle obtained by restriction along any periodic monotone map �� 2

- �� n is a

4Here, \ # = 1 " is a mere symbol that should evoke the de�nition of n-triangles via #.
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2-triangle. An n-triangle is such a generalisedtriangle, but the converse does not hold in
general,as pointed out to me by A. Neeman. For an example,see[20, x2].

Concerningthe motivation to considertriangulated categoriesat all, and in particular derived
categories,conceived by Gr othendieck , we refer the readerto the introduction of the thesis
of Verdier [28]; cf. also [15] and [31, p. 26].

0.6 Ac knowledgemen ts

I thank A. Wiedemann for an introduction to derived categories. I thank A. Beligiannis
for directing me to Heller's parametrisation of Puppe triangulations, and for helpful remarks.
I thank B. Keller for the hint how to \strictify" the classicalstable categoryof a Frobenius
category using acyclic complexes. I thank A. Neeman for the hint leading to the folding
operation, and for corrections.

More than onceI returned to A. Heller 's original construction [12, p. 53{54], the reference
not only for the basic idea, but also for arguments perfectly extendableto the more general
framework usedhere.

0.7 Notations and conventions

(i) The disjoint union of setsX and Y is written X t Y .

(ii) Given a; b; c 2 Z, the assertiona � c b is de�ned to hold if there exists a z 2 Z such that a � b = cz.

(iii) For a; b 2 Z, we denote by [a; b] := f z 2 Z : a 6 z 6 bg the integral interval. Similarly, we let
[a; b[ := f z 2 Z : a 6 z < bg, ]a; b] := f z 2 Z : a < z 6 bg, Z> 0 := f z 2 Z : z > 0g and
Z6 0 := f z 2 Z : z 6 0g.

(iv) All categoriesare supposedto be small with respect to a su�cien tly big universe.

(v) Given a category C, and objects X , Y in C, we denote the set of morphisms from X to Y by C(X ; Y ), or
simply by (X ; Y), if unambiguous.

(vi) Given a posetP, we frequently considerit asa category, letting P(x; y) contain oneelement y=x if x 6 y,
and letting it be empty if x 66 y, where x; y 2 Ob P = P.

(vii) Given n > 0, we denote by � n := [0; n] the linearly ordered set with ordering induced by the standard
ordering on Z. Let _� n := � n r f 0g = [1; n], consideredas a linearly ordered set.

(viii) Maps act on the right. Composition of maps, and of more general morphisms, is written on the right,

i.e. -a -b = -ab
.

(ix) Functors act on the right. Composition of functors is written on the right, i.e. -F -G = -F G
.

Accordingly, the entry of a transformation a betweenfunctors at an object X will be written X a.

The reasonfor this convention is that we will mainly consider functors of type \restriction
to a subdiagram" or \shift", and such operations are usually written on the right.

(x) A functor is called strictly denseif its map on the objects is surjective. It is called denseif its induced
map on the isoclassesis surjective.

(xi) Given transformations C
F ))

G
55C0

F 0

++

G0
33C00;a�� a0�� we write a ? a0 for the transformation from F F 0 to GG0

given at X 2 Ob C by X (a ? a0) := (X F a0)(X aG0) = (X aF 0)(X Ga0). In this context, we also write the
object F for the identit y 1F on this object, i.e. e.g. X (F ? a0) = X (1F ? a0) = (X F )a0.

(xii) The inverseof an isomorphismf is denotedby f � . Note that if we denotean iterated shift automorphism
f - f +1 by f - f + z for z 2 Z, then we have to distinguish f � (inverse isomorphism if f is an
isomorphism) and f � 1 (inverseof the shift functor applied to f ).
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(xiii) In an exact category, pure monomorphy is indicated by X -r Y , pure epimorphy by X - Y .

(xiv) A morphism in an additiv e category A is split if it is isomorphic, in A(� 1), to a morphism of the form

X � Y -
�

0 0
1 0

�

Y � Z . A morphism being split is indicated by X // //Y (not to be confused with
monomorphy). Accordingly, a morphism being a split monomorphism is indicated by X // � //Y , a
morphism being a split epimorphism by X // � //Y . Cf. xA.2.1.

(xv) We say that idempotents split in an additiv e category A if every endomorphism e in A that satis�es
e2 = e is split.

(xvi) The category of functors and transformations from a category D to a category C is denoted by D; C
or by C(D). To objects in C(D), we also refer to as diagrams on D with valuesor entries in C.

(xvii) If Cand D arecategories,and X 2 Ob C(D), weusually write (d -a e)X =: (X d
-X a

X e) for a morphism

d -a e in D . If the morphism a is unambiguously given by the context, we also use small letters to

write (X d
-x X e) := (X d

-X a
X e) (similarly X 0

d
-x
0

X 0
e , ~Yd

-~y ~Ye , . . . )

(xviii) Let Add denote the 2-categoryof additiv e categories.

(xix) Given an additiv e category A and a full additiv e subcategory B � A , we denote by A=B the quotient
of A by B, having as objects the objects of A and as morphisms equivalenceclassesof morphisms of A ;
where two morphisms f and f 0 are equivalent, written f � B f 0, if their di�erence factors over an object
of B.

(xx) In an exact category, an object P is calledprojective if (P; � ) turns pure epimorphismsinto epimorphisms.
An object I is called injective if (� ; I ) turns pure monomorphismsinto epimorphisms. It is called bijective
if it is injective and projective. SeexA.2 for details.

(xxi) In an additiv e category, a morphism K -i X is called a weak kernel of a morphism X -f Y if for

every morphism T -t X with tf = 0 there exists a morphism T -t
0

K with t0i = t. A weak cokernel
is de�ned dually. An additiv e category is called weakly abelian if every morphism has a weak kernel and
a weak cokernel, and is a weak kernel and a weak cokernel.

(xxii) The Freyd category of a weakly abelian category C is written Ĉ. SeexA.6.3 for details.

(xxiii) In an abelian category, a commutativ e quadrangle

X
f //

x

��

Y

y

��
X 0

f 0
//Y 0

is called a square if its diagonal sequence X -( x f )
X 0 � Y -

�
f 0

� y

�

Y 0 is short exact. Being a square is
indicated by a box sign \ � " in the quadrangle.

The quadrangle (X ; Y; X 0; Y 0) is called a weak square if its diagonal sequenceis exact in the middle; cf.
De�nition A.9. Being a weak squareis indicated by a \ + "-sign in the quadrangle.

In an exact category, (X ; Y; X 0; Y 0) is a pure square if it hasa pure short exact diagonal sequence.Being
a pure squareis indicated by a box sign \ � " in the quadrangle.

In a weakly abelian category, (X ; Y; X 0; Y 0) is a weak square if it is a weak squarein the Freyd category
of that weakly abelian category.

(xxiv) In an abelian category, given a morphism X -f Y , we sometimesdenote its kernel by K f , and its
cokernel by Cf .
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1 De�nition of a Heller triangulated category

1.1 Perio dic linearly ordered sets and their strips

Without further comment, we considera poset D as a category, whoseset of objects is given
by D, and for which # D(� ; � ) = 1 if � 6 � , and # D(� ; � ) = 0 otherwise. If existent, i.e. if
� 6 � , the morphism from � to � is denotedby � =� . A full subposet of a category is a full
subcategory that is a poset. In particular, a full subposet of a poset is just a full subcategory
of that poset.

A periodic poset is a poset P together with an automorphism T : P -� P, � - � T =: � +1 .
Likewise,we denote� Tm =: � + m resp. � T � m =: � � m for m 2 Z> 0. By abuseof notation, we
denotea periodic poset (P; T) simply by P.

A morphism of periodic posetsP � p P0 is a monotonemap p of the underlying posetssuch
that (� 0+1 )p = (( � 0)p)+1 for all � 0 2 P0. The category of periodic posetsshall be denotedby
pp.

A periodic linearly ordered set is a periodic poset the underlying poset of which is linearly
ordered,i.e. such that #

�
D(� ; � ) [ D(� ; � )

�
= 1 for all � ; � 2 D.

To any linearly orderedset D we can attach a periodic linearly orderedset �D by letting �D :=
D � Z, and (� ; z) 6 (� ; w) if z 6 w, or if (z = w and � 6 � in D). We let (� ; z)+1 := (� ; z+ 1).
SendingD - �D , � - (� ; 0), and identifying D with its image,we obtain (� ; z) = � + z, and
the latter is the notation we will usually use. The periodic linearly orderedset �D is called the
periodic repetition of D. Likewise,the functor D - �D from the category of linearly ordered
setsto the categoryof periodic linearly orderedsetsis called periodic repetition.

Let � be the full subcategory of the category of linearly ordered sets de�ned by
Ob � := f � n : n 2 Z> 0g.

Let �� be the full subcategory of the category of periodic linearly ordered sets de�ned by
Ob �� := f �� n : n 2 Z> 0g (5).

The reasonfor consideringperiodic linearly orderedsetsis that the functor periodic repetition from
� to �� is denseand faithful but not full. We will require a naturalit y of a certain construction
with respect to P 2 Ob �� , which is stronger than setting P = �D and requiring naturalit y with
respect to D 2 Ob � .

Given n > 0, the underlying linearly ordered set of �� n is isomorphic to Z via
� + z - � + (n + 1)z. We usethis isomorphismto de�ne the operation

�� n � Z - �� n ; (� + z; x) - � + z + x := (� + x)+( z+ � + x) ;

wherewe write k = (n + 1)k + k with k 2 Z and k 2 [0; n] for k 2 Z. For instance, if n = 3,
then 2+1 + 7 = 1+3 .

To a periodic linearly orderedset P, we attach the poset

P# := f � =� 2 P(� 1) : � � 1 6 � 6 � 6 � +1 g

as a full subposet of P(� 1), called the strip of P. A morphism therein from � =� to � =
 is
written � =
 ==� =� , which is unique if it exists, i.e. if � 6 
 and � 6 � .

5The category �� is isomorphic to the category L de�ned by Elmendorf in [6] .
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The strip P# carriesthe automorphism � =� - (� =� )+1 := � +1 =� in pp, where� =� 2 P # .

If P = �� n , we alsowrite � =� -Tn (� =� )+1 .

This construction de�nes a functor

�� -(� )#

pp

P - P#

which sendsa morphism P � p P0 in �� to

P# � p#

P0#

� 0p=� 0p � � 0=� 0

In fact, p# is wellde�ned, sinceif � 0� 1 6 � 0 6 � 0 6 � 0+1 , then (� 0p)� 1 6 � 0p 6 � 0p 6 (� 0p)+1 .
Moreover, p# is monotoneand compatible with shift.

Example 1.1 The periodic poset �� #
2 , i.e. the strip of the periodic repetition of � 2, can be

displayed as

1+1 =1+1 //� � �

0+1 =0+1 //1+1 =0+1

OO

//� � �

2=2 //0+1 =2

OO

//1+1 =2

OO

//� � �

1=1 //2=1

OO

//0+1 =1

OO

//1+1 =1

OO

0=0 //1=0

OO

//2=0

OO

//0+1 =0

OO

2� 1=2� 1 //0=2� 1

OO

//1=2� 1

OO

//2=2� 1

OO

...

OO

...

OO

...

OO

1.2 Heller triangulated categories

Supposegiven a weakly abelian categoryC; cf. De�nition A.26. From x1.2.1.3on, we assume
it to be equipped with an automorphism

C -T
� C

(X -u Y) - (X T -u T Y T) =: (X +1 -u+1

Y +1 ) :

Similarly, we denote(X Tm -u Tm

Y Tm ) =: (X + m -u+ m

Y + m ) for m 2 Z.

Recall that its Freyd category Ĉ is an abelian Frobeniuscategory, and that the imageof C in
Ĉ, identi�ed with C, is a su�cien tly big subcategoryof bijectives;cf. xA.6.3.
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1.2.1 The stable category of pretriangles C+ (P# )

1.2.1.1 De�nition of C+ (P# )

Concerningthe Freyd categoryĈ of C, cf. xA.6.3. Concerningthe notion of a weaksquarein Ĉ,
seeDe�nition A.9. A weak squarein C is a weak squarein Ĉ that hasall four objects in ObC.
Applying Remark A.27, we obtain an elementary way to characteriseweaksquaresashaving a
diagonalsequencewith �rst morphism beinga weakkernelof the second;or, equivalently, with
secondmorphism being a weak cokernel of the �rst.

Givena periodic linearly orderedsetP, we let C+ (P# ) be the full subcategoryof C(P # ) de�ned
by

Ob C+ (P# ) :=

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

X 2 Ob C(P# ) :

1) X �=� = 0 and X � +1 =� = 0 for all � 2 P.

2) For all � � 1 6 � 6 � 6 
 6 � 6 � +1 in P,

the quadrangle
X 
 =�

x //X � =�

X 
 =�
x //

x

OO
+

X � =�

x

OO

is a weak square(as indicated by +).

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

:

Note that we do not require that (X � +1 =

-x X � +1 =� ) = (X 
 =�

-x X � =� )+1 for 
 =� ; � =� 2 P #

with 
 =� 6 � =� .

An object of C+ (P# ) is called a P-pretriangle. Given n > 0, an object of C+ ( �� #
n ), i.e. a

�� n -pretriangle, is alsocalled an n-pretriangle.

Roughly put, an n-pretriangle is a diagram on the strip �� #
n of the periodic repetition �� n of � n

consistingof weak squareswith zeroeson the boundaries.

Example 1.2 A 0-pretriangle consists of zero objects. A 1-pretriangle is just a sequence
: : : ; X 0=1� 1 ; X 1=0; X 0+1 =1; : : : of objects of C, decorated with some zero objects. A 2-pretriang-
le is a complex in C which becomesacyclic in Ĉ { for short, which is acyclic {, decorated with
somezero objects.

A morphism in C is called split if it factors in C into a retraction followed by a coretraction.
Equivalently, its image,taken in Ĉ, is bijective asan object of Ĉ.

Let C+ ; split (P# ) be the full subcategoryof C+ (P# ) de�ned by

Ob C+ ; split (P# ) :=

(

X 2 Ob C+ (P# ) :
X 
 =�

-x X � =� is split

for all 
 =� ; � =� 2 P # with 
 =� 6 � =�

)

We denotethe quotient categoryby

C+ (P# ) := C+ (P# )=C+ ; split (P# ) ;

called the stablecategory of P-pretriangles.

Example 1.3 We have C+ ( �� #
0 ) = C+ ( �� #

1 ) = 0. The category C+ ( �� #
2 ) can be regarded as the

homotopy category of the category of acyclic complexeswith entries in C.
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1.2.1.2 Naturalit y of C+ (P# ) in P

Supposegiven periodic linearly ordered sets P, P 0, and a morphism P# � q P0# of periodic
posetssuch that either (P = P 0 and q = T, the shift functor on P # ) or q = p# for some

morphism P � p P0 of periodic linearly orderedsets.

Recall that if P = �� n , then we write alternatively Tn for the shift functor T on �� #
n .

We obtain an induced functor

C+ (P# ) -C+ (q)
C+ (P0# )

X - X
�
C+ (q)

�
:= qX ;

given by composition of q, followed by X .

In particular, the shift T on P # inducesa functor

C+ (P# ) -C+ (T)
C+ (P# )

X - [X ]+1 := X
�
C+ (T)

�
;

called the outer shift. Note that if P = �� n , then [X ]+1
� =� = X (� =� )+1 = X � +1 =� for � =� 2 �� #

n .
On the stable category, this functor inducesa functor

C+ (P# ) -C+ (T )
C+ (P# )

X - [X ]+1 ;

likewisecalled the outer shift.

Given a morphism P � p P0 in �� , we obtain an induced morphism P # � p#

P0# , and hencean
induced functor usually abbreviatedby

C+ (P# ) -p# := C+ (p# )
C+ (P0# )

X - X p# := X
�
C+ (p# )

�
:

Likewiseon the stable categories;we abbreviatep# := C+ (p# ).

So altogether, we have de�ned X p# := p# X (X p# : operation induced by p, applied to X ; p# X :
composition of p# and X ), which is a bit unfortunate, but convenient in practice.

Given a morphism P � p P0 in �� and X 2 Ob C+ (P# ), we have

[X ]+1 p# = [X p# ]+1 ;

natural in X . Likewiseon the stable categories.

Given P; P0 2 Ob �� , a functor C+ (P# ) -F C+ (P0# ) is called strictly periodic if

[X F ]+1 = [X ]+1 F ;

natural in X . Likewiseon the stable categories.
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1.2.1.3 Naturalit y of C+ (P# ) in C

An additive functor C -F C0 is called subexact if the induced additive functor Ĉ -F̂ Ĉ0 is an
exact functor of abelian categories;cf. xA.6.3. Alternativ ely, it is subexact if and only if it
preservesweak kernels,or, equivalently, weak cokernels;cf. Remark A.27.

Supposegiven a subexact functor C -F C0 and P 2 Ob � . We obtain an induced functor

C+ (P# ) -F + (P # )
C0+ (P# )

X - X F + (P# ) ;

where,writing Y := X F + (P# ), we let

(Y� =�
-y Y� =
 ) := (X � =� F -xF X � =
 F )

for � =� ; � =
 2 P # with � =� 6 � =
 .

In particular, the automorphismC -T C inducesan automorphism

C+ (P# ) -T+ (P # )
C+ (P# )

X - [X +1 ] := X
�

T+ (P# )
�

;

called the inner shift. Note that if P = �� n , then [X +1 ]� =� = X +1
� =� for � =� 2 �� #

n .

On the stable category, this inducesan automorphism

C+ (P# ) -T+ (P # )
C+ (P# )

X - [X +1 ] ;

likewisecalled the inner shift.

1.2.2 Folding

The following construction arose from a hint of A. Neeman, who showed me a multitude of
2-triangles in an n-triangle similar to the two 2-triangles explained in [3, 1.1.13]; cf. De�nition
1.5.(ii) below.

1.2.2.1 Some notation

Given P = (P; T) 2 Ob �� , we denoteby 2P the periodic poset (P; T2).

Given a linearly orderedset D, we let � t D be the linearly orderedset having asunderlying set
f � g t D; and aspartial order � 6 � t D � for all � 2 D, and � 6 � t D � if � ; � 2 D and � 6 D � .

Roughly put, 2P is P with doubled period, and � t D is D with an added initial object � .

Let n > 0. We have an isomorphismof periodic linearly orderedsets

2�� n
-� �� 2n+1

k+ l -

(
k+ l=2 for l � 2 0

(k + n + 1)+( l � 1)=2 for l � 2 1
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and an isomorphismof linearly orderedsets

� t � n
-� � n+1

k - k + 1 for k 2 [0; n]

� - 0 :

In order to remain inside �� resp. inside � , we usetheseisomorphismsas identi�cations.

Then P - 2P is natural in P and thereforede�nes an endofunctorof �� , and D - � t D is
natural in D and thereforede�nes an endofunctorof � .

Given a linearly orderedset D , we will needto considerthe periodic posets2 �D and � t D , formed
using periodic repetition.

1.2.2.2 The folding operation

Let n > 0. Let the strictly periodic functor

C+ ((2 �� n )# ) -fn C+ (� t � n
#

)

X - X fn

be determinedon objects by the following data. Writing Y = X fn , we let

(Y�=�
-y Y� =� ) :=

�
X � +1 =�

-x X � +1 =�

�

(Y� =�
-y Y� =� ) :=

�
X � +1 =�

-( x x ) X � +1 =� +1 � X � +2 =�

�

(Y� =�
-y Y� =
 ) :=

�
X � +1 =� +1 � X � +2 =�

-

� x 0
0 x

�

X � +1 =
 +1 � X 
 +2 =�

�

(Y� =

-y Y� +1 =
 ) :=

�
X � +1 =
 +1 � X 
 +2 =�

-

�
x

� x

�

X 
 +2 =
 +1

�

for � ; � ; 
 ; � 2 � n with � 6 � , with 
 6 � and with � =� 6 � =
 . The remaining morphisms
are given by composition.

Note that X 2 Ob C+ ((2 �� n )# ), so e.g. X � +1 =� 6= 0 is possible,whereasX � +2 =� = 0 for � 2 � n .

We claim that X fn is an object of C+ (� t � n
#

).

In fact, by Lemma A.14, applied in the abelian category Ĉ, we are reduced to considering
the quadrangles of Y on (
 =�; � =�; 
 =� ; � =� ) for � ; 
 ; � 2 � n with � 6 
 6 � ;
on (
 =� ; � =� ; 
 =� ; � =� ) for � ; � ; 
 ; � 2 � n with � 6 � 6 
 6 � ; and on
(
 =� ; � +1 =� ; 
 =� ; � +1 =� ) for � ; � ; 
 2 � n with � 6 � 6 
 .

The quadrangleof Y on (
 =� ; � =� ; 
 =� ; � =� ) is a weak squareas the direct sum of two weak
squares.

For the remaining quadrangles to be treated, Lemma A.17 reduces us to considering
the quadrangles of Y on (� =�; � =�; � =� ; � =� ), on (� =�; � +1 =�; � =� ; � +1 =� ) and on
(� =� ; � +1 =� ; � =� ; � +1 =� ) for � ; � 2 � n with � 6 � . These are in fact weak squares,as
ensuesfrom Lemma A.18 and its dual assertion.This provesour claim.
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This construction of Y = X fn is functorial in X .

To prove that the folding operation passesto the stablecategories,we have to show that for an
object X of C+ ; split ((2 �� n )# ), the folded object X fn is in C+ ; split (� t � n

#
). Denote Y := X fn .

SinceY�=�
-y Y� =� is split for all � ; � 2 � n with � 6 � , it su�ces to prove the following

lemma.

Lemma 1.4 Supposegivenm > 0 and Z 2 Ob C+ ( �� #
m ) suchthat Z �= 0

-z Z � =0 is split for all
� ; � 2 � m with 0 < � 6 � . Then Z 2 Ob C+ ; split ( �� #

m ).

Proof. Consider the morphism Z 
 =�
-z Z � =� for 
 =� 6 � =� in �� #

m . We have to show that it
is split, i.e. that its image, taken in Ĉ, is bijective there. Unless� 6 � 6 
 6 � 6 � +1 , this
morphism is zero,hencesplit. If this condition holds, it is the diagonal morphism of the weak
square(Z 
 =� ; Z � =� ; Z 
 =� ; Z � =� ).

So by Lemma A.19, applied in the abelian category Ĉ, we seethat it su�ces to show that the
(horizontal) morphism Z � =�

-z Z 
 =� is split and that the (vertical) morphism Z 
 =�
-z Z 
 =� is

split for all � ; � ; 
 in �� m with 
 � 1 6 � 6 � 6 
 6 � +1 .

The long exact sequence

� � � - Z �=� � 1 - Z �=
 � 1 - Z � =
 � 1 - Z � =�
- Z 
 =�

- Z 
 =�
- Z � +1 =�

- � � �

in Ĉ shows that it su�ces to show that the morphism Z � =�
-z Z 
 =� is split for all

0 6 � 6 � 6 
 < 0+1 . In fact, �rst of all we may assumethat 0 6 � < 0+1 , so that
0 6 � 6 � 6 
 6 � +1 < 0+2 . Henceeither 0 6 � 6 � 6 
 < 0+1 , or 0 6 
 � 1 6 � 6 � < 0+1 ,
or 0 6 � � 1 6 
 � 1 6 � < 0+1 .

Now we may assume that 0 < � and apply Lemma A.19 to the weak square
(Z � =0; Z 
 =0; Z � =� ; Z 
 =� ), in which Z � =0

-z Z 
 =0 is split by assumption,in which Z � =0
-z Z � =�

is split since Z �= 0
-z Z � =0 is split by assumption, and in which Z 
 =0

-z Z 
 =� is split since

Z �= 0
-z Z 
 =0 is split by assumption.

So the folding operation passesto an operation

C+ ((2 �� n )# ) -f
n C+ (� t � n

#
)

X - X f
n

on the stable categories.



17

1.2.2.3 An example: folding from �� #
5 to �� #

3

Let D = � 2. Note that 2 �� 2 ' �� 5. Let X 2 Ob C+ ((2 �� 2)# ), depicted as follows.

0 //X 1+1 =0+1

OO

x //

+

X 2+1 =0+1

OO

x //

+

X 0+2 =0+1

OO

x //

+

X 1+2 =0+1

OO

x //

+

X 2+2 =0+1

OO

//

+

0

OO

0 //X 0+1 =2

OO

x //

+

X 1+1 =2

x

OO

x //

+

X 2+1 =2

x

OO

x //

+

X 0+2 =2

x

OO

x //

+

X 1+2 =2

x

OO

//

+

0

OO

0 //X 2=1

OO

x //

+

X 0+1 =1

x

OO

x //

+

X 1+1 =1

x

OO

x //

+

X 2+1 =1

x

OO

x //

+

X 0+2 =1

x

OO

//

+

0

OO

0 //X 1=0

OO

x //

+

X 2=0

x

OO

x //

+

X 0+1 =0

x

OO

x //

+

X 1+1 =0

x

OO

x //

+

X 2+1 =0

x

OO

//

+

0

OO

0 //X 0=2� 1

OO

x //

+

X 1=2� 1

x

OO

x //

+

X 2=2� 1

x

OO

x//

+

X 0+1 =2� 1

x

OO

x //

+

X 1+1 =2� 1

x

OO

//

+

0

OO

OO
+

OO
+

OO
+

OO
+

OO
+

OO

Note that � t � 2 ' � 3. Folding turns X into X f2 2 Ob C+ (� t � 2
#

), depicted as follows.

0 //

0 //X 2+2 =2+1

OO

//

+

0 //X 2+1 =1+1 � X 1+2 =2

�
x

� x

�

//

OO

+

X 1+2 =1+1

x

OO

//

+

0 //X 1+1 =0+1 � X 0+2 =1

�
x 0
0 x

�

//

OO

+

X 2+1 =0+1 � X 0+2 =2

�
x

� x

�

//

�
x 0
0 x

�
OO

+

X 0+2 =0+1

x

OO

//

+

0 // X 0+1 =0
x //

OO

+

X 1+1 =1
x //

( x x )

OO

+

X 2+1 =2 //

( x x )

OO

+

0

OO

0 //X 2=2� 1
( x x ) //

OO

+

X 2=0 � X 0+1 =2� 1

�
x 0
0 x

�

//

�
x

� x

�
OO

+

X 2=1 � X 1+1 =2� 1 //

�
x

� x

�
OO

+

0

OO

OO
+

OO
+

OO
+

OO
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1.2.3 A de�nition of Heller triangulated categories and strictly exact functors

Recall that C is a weakly abelian category, and that T = (� )+1 is an automorphismof C.

Supposegiven n > 0. We have introducedthe automorphisms

C+ ( �� #
n ) -C+ (Tn )

� C+ ( �� #
n ) (outer shift; x1.2.1.2)

X - [X ]+1

C+ ( �� #
n ) -T+ ( �� #

n )
� C+ ( �� #

n ) (inner shift; x1.2.1.3)

X - [X +1 ] :

The outer shift shifts the whole diagram X 2 Ob C+ ( �� #
n ) onestep downwards { the object X � +1 =�

is the entry of [X ]+1 at position � =� .

The inner shift applies the given shift automorphism (� )+1 of C entrywise to a diagram
X 2 Ob C+ ( �� #

n ).

Furthermore, we write [X + a]+ b := X T+ ( �� #
n )a C+ (Tn )b = X C+ (Tn)b T+ ( �� #

n )a for a; b 2 Z> 0

and X 2 Ob C+ ( �� #
n ); similarly for a; b 2 Z. Likewisein the stable case.

De�nition 1.5

(i) A Heller triangulation on (C; T) is a tuple of isomorphismsof functors

# =
�

C+ (Tn ) -#n
� T+ ( �� #

n )
�

n> 0
=

�
[� ]+1 -#n

� [� +1 ]
�

n> 0

such that

(� ) p# ? #m = #n ? p#

for all n; m > 0 and all periodic monotonemaps �� n
� p �� m in �� , and such that

(�� ) f
n

? #n+1 = #2n+1 ? f
n

for all n > 0.

Note that given n > 0, the isomorphism #n consistsof isomorphisms

[X ]+1 -X # n

� [X +1 ]

in the stable category C+ ( �� #
n ) of n-pretriangles, where X runs over the set Ob C+ ( �� #

n ) of
n-pretriangles.

Condition (� ) assertsthat the following diagram commutes in Add for all n; m > 0 and all

periodic monotone maps �� n
� p �� m in �� .

C+ ( �� #
n )

p# = C+ (p# )
//

[� ]+1

��

[� +1 ]

��

C+ ( �� #
m )

[� ]+1

��

[� +1 ]

��
C+ ( �� #

n )
p# = C+ (p# )

// C+ ( �� #
m )

# n +3 # m +3
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Condition (�� ) assertsthat the following diagram commutes in Add for all n > 0.

C+ ( �� #
2n +1 )

f
n //

[� ]+1

��

[� +1 ]

��

C+ ( �� #
n +1 )

[� ]+1

��

[� +1 ]

��
C+ ( �� #

2n +1 )
f

n // C+ ( �� #
n +1 )

# 2n +1 +3 # n +1 +3

(ii) Given a Heller triangulation # on (C; T), we usethe following terminology.
(1) The triple (C; T; #) forms a Heller triangulated category, usually

just denotedby C.

(2) Given n > 0, an n-triangle is an object X of C+ ( �� #
n ) for which

[X +1 ] = [X ]+1 in Ob C+ ( �� #
n ), and for which

X #n = 1[X ]+1 = 1[X +1 ] (equality in C+ ( �� #
n )) :

A morphism of n-triangles is a morphism X -u Y in C+ ( �� #
n ) be-

tweenn-triangles X and Y such that [u]+1 = [u+1 ].

The categoryof n-trianglesand morphismsof n-triangles is denoted
by C+ ; #=1 ( �� #

n ).

In the notation C+ ; #=1 ( �� #
n ), the index \ #= 1 " is to be read as a symbol, not as an actual

equation.

The subcategory of n-triangles C+ ; #=1 ( �� #
n ) in the category of n-pretriangles C+ ( �� #

n ) is not
full in general.

(iii) An additive functor C -F C0 between Heller triangulated categories(C; T; #) and
(C0; T0; #0) is called strictly exact if the following conditions hold.
(1) F T0 = T F .

(2) F is subexact; cf. x1.2.1.3.

(3) We have

(� � � ) #n ? F + ( �� #
n ) = F + ( �� #

n ) ? #0
n

for all n > 0.

Such a functor F is called strictly exact becauseof the equality in (1).

Condition (� � � ) assertsthat the following diagram commutes in Add for all n > 0.

C+ ( �� #
n )

F + ( �� #
n )

//

[� ]+1

��

[� +1 ]

��

C0+ ( �� #
n )

[� ]+1

��

[� +1 ]

��
C+ ( �� #

n )
F + ( �� #

n )
// C0+ ( �� #

n )

# n +3 # 0
n +3
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To summariseDe�nition 1.5 roughly, a Heller triangulation is an isomorphism # from the outer
shift to the inner shift, varying with � n , and compatible with folding. An n-triangle is a periodic
n-pretriangle at which # is an identit y. A strictly exact functor respects the weakly abelian
structure and is compatible with shift and #.

Note that if # is a Heller triangulation on (C; T), so is � #.

De�nition 1.5 would make sensefor periodic, but not necessarilylinearly ordered posets,general-
ising �� n . But then it is unknown whether, and, it seemsto the author, not very probable that the
stable category of a Frobeniuscategory is triangulated in this generalisedsense.More speci�cally ,
it seemsto be impossible to generaliseProposition 2.5 below accordingly, which is the technical
core of our approach.

Question 1.6 Does there exist an additiv e functor C -F C0 between Heller triangulated cate-
goriesthat, in De�nition 1.5.(iii), satis�es (1) and (2), but (3) only for n 6 2? If F is an identit y,
this amounts to asking for the existenceof two Heller triangulations # and #0 on (C; T), C weakly
abelian, T automorphism of C, such that #n = #0

n only for n 6 2.

2 Some equiv alences

Supposegiven n > 0. Supposegiven a weakly abelian categoryC, together with an automor-
phism T : C - C, X - X +1 . Concerningthe Freyd categoryĈ of C, we refer to xA.6.3.

We shall show in Proposition 2.6 that the functor C( �� #
n ) - C( _� n ), induced on the stable cate-

goriesby restriction from �� #
n to _� n := [1; n], is an equivalence.

2.1 Some notation

2.1.1 Some posets

Let _� n := � n r f 0g = [1; n], consideredas a linearly ordered set. We have an injection
_� n

- �� #
n , i - i=0, and identify _� n with its imagein �� #

n .

We de�ne two subposetsof �� #
n by

�� M
n := f � =� 2 �� #

n : 0 6 � g
�� O

n := f � =� 2 �� #
n : � 6 0g :

Then _� n = ( �� M
n \ �� O

n ) r f 0=0; 0+1 =0g.

�
�

�
�

�
�

�
�

�
�

� �

�
�

�
�

�
�

�
�

�
�

� �

�� M
n

�� O
n

_� n
�-
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2.1.2 Fixing parametrisations � M, � O

Thereexistsa bijectivemorphism �� M
n

- Z> 0 of posets(\re�ning the partial to a linear order").

We �x such a morphism and denoteby Z> 0
-� M �� M

n its inverse(as a map of sets;in general,� M

is not monotone). So whenever � M(`) 6 � M(`0), then ` 6 `0. In particular, � M(0) = 0=0.

There exists a bijective morphism �� O
n

- Z6 0 of posets. We �x such a morphism and denote

by Z> 0
-� O �� O

n its inverse(as a map of sets). So whenever � O(`) 6 � O(`0), then ` 6 `0. In
particular, � O(0) = 0+1 =0.

2.1.3 The categories Ĉ+ ;� ( �� M
n ), C+ ( �� M

n ) etc.

Let A be an abelian category, and let B � A be a full subcategory. Let E � �� #
n be a full

subposet.

For example, for E we may take the subposets �� M
n , �� O

n or �� M
n \ �� O;+1

n of �� #
n .

Moreover, for example,we may take A = Ĉ and for B either Ĉ or C.

Let B+ ;� (E) be the full subcategoryof B(E) de�ned by

Ob B+ ;� (E) :=

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

X 2 Ob B(E) :

For all � � 1 6 � 6 � 6 
 6 � 6 � +1 in �� n

such that 
 =� , 
 =� , � =� and � =� are in E,

the quadrangle
X 
 =�

x //X � =�

X 
 =�
x //

x

OO
+

X � =�

x

OO

is a weak square(as indicated by +).

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

:

The symbol � shouldremind us of the fact that we still allow X �=� resp.X � +1 =� to be arbitrary
for � 2 �� n such that � =� 2 E resp. � +1 =� 2 E.

In turn, let B+ (E) be the full subcategoryof B+ ;� (E) de�ned by

Ob B+ (E) :=

(

X 2 Ob B+ ;� (E) :
X �=� = 0 for � 2 �� n such that � =� 2 E , and

X � +1 =� = 0 for � 2 �� n such that � +1 =� 2 E.

)

:

2.1.4 Reindexing

Given a subposetE � �� #
n , we have a reindexingequivalence

C(E) -� C(E +1 )

X - X (� 1)

X (+1) � X

de�ned by
(X (� 1))� =� := X (� =� ) � 1 = X �=� � 1 ;
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where� =� 2 E +1 ; and inverselyby

(X (+1) )� =� := X (� =� )+1 = X � +1 =� ;

where� =� 2 E. This equivalencerestricts to an equivalencebetweenC+ (E) and C+ (E +1 ).

For instance,if E = �� #
n , then X (+1) = [X ]+1 . The outer shift and reindexingwill play di�erent

roles,and so we distinguish in notation.

2.2 Densit y of the restriction functor from �� #
n to _� n

2.2.1 Up wards and downwards spread

Let the upwards spread SM be de�ned by

Ĉ( _� n ) -SM

Ĉ+ ( �� M
n )

X - X SM ;

whereX SM is given by

(X SM)0=0 := 0

(X SM)� =0 := X � for � 2 _� n

(X SM)� =� := Cokern(X �
-x X � ) for � ; � 2 _� n with � 6 �

(X SM)� =� := 0 for � ; � 2 �� n with 0+1 6 � 6 � +1 6 � +1 ;

the diagram being completed with the induced morphisms between the cokernels and zero
morphismselsewhere.

This construction is functorial in X . The functor SM is left adjoint to the restriction functor
from Ĉ+ ( �� M

n ) to Ĉ( _� n ), with unit being the identit y, i.e. X = X SMj _� n
.

Dually, let the downwards spread SO be

Ĉ( _� n ) -SO

Ĉ+ ( �� O
n )

X - X SO ;

whereX SO is given by

(X SO)0+1 =0 := 0

(X SO)�= 0 := X � for � 2 _� n

(X SO)�=� � 1 := Kern(X �
-x X � ) for � ; � 2 _� n with � 6 �

(X SO)�=� � 1 := 0 for � ; � 2 �� n with � � 1 6 � � 1 6 � 6 0 ;

the diagram being completedwith the induced morphismsbetweenthe kernelsand zero mor-
phismselsewhere.

This construction is functorial in X . The functor SO is right adjoint to the restriction functor
from Ĉ+ ( �� O

n ) to Ĉ( _� n ), with counit being the identit y, i.e. X SOj _� n
= X .
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2.2.2 Resolutions

2.2.2.1 A stabilit y under poin twise pushouts and pullbac ks

Let E � �� #
n be a full subposet. Moreover, assumethat E is a convex subposet, i.e. that

whenever given � ; � 2 E and � 2 �� #
n such that � 6 � 6 � , then � 2 E.

An element � =� 2 E is on the left boundary of E if we may concludefrom 
 =� 2 E and 
 6 �
that 
 = � . It is on the lower boundary of E if we may concludefrom � =� 2 E and � 6 � that
� = � .

An element 
 =� 2 E is on the right boundary of E if we may concludefrom � =� 2 E and 
 6 �
that 
 = � . It is on the upper boundary of E if we may concludefrom 
 =� 2 E and � 6 � that
� = � .

Let A bean abelian category. Concerningpointwisepullbacks and pointwisepushouts,we refer
to xA.7.

Lemma 2.1 Supposegiven " 2 E and an object X of A + ;� (E).

(1) Given a monomorphismX "
-x
0

X 0 in A , the pointwise pushoutX � x0
of X along x0 is an

object of A + ;� (E) again.

(2) Given an epimorphismX "
� x0

X 0 in A , the pointwise pullback X � x0 of X along x0 is an
object of ObA + ;� (E) again.

(3) Supposethat " is on the left boundary or on the lower boundary of E. Given a morphism
X "

-x
0

X 0 in A , the pointwise pushoutX � x0
of X along x0 is an object of A + ;� (E) again.

(4) Supposethat " is on the right boundaryor on the upper boundaryof E. Given a morphism

X "
� x0

X 0 in A , the pointwise pullback X � x0 of X along x0 is an object of ObA + ;� (E)
again.

Proof. Ad (1). First we remark that by Lemma A.15, the quadrangle
(X � =� ; X � =
 ; (X � x0

)� =� ; (X � x0
)� =
 ) is a pushout for " 6 � =� 6 � =
 in E.

We have to show that the quadrangle of X � x0
on (
 =� ; � =� ; 
 =� ; � =� ), where

� � 1 6 � 6 � 6 
 6 � 6 � +1 in �� n , is a weak square,provided its cornershave indices in E.
Using Lemmata A.14, A.16 and convexity of E, we are reducedto the case" 6 
 =� . In this
case,the assertionfollows by Lemma A.15.

Ad (3). Herewe needonly LemmaA.14 and convexity of E to reduceto the case" 6 
 =� , the
rest of the argument is as in (1). Hencethe morphism x0 may be arbitrary.

2.2.2.2 Up wards and downwards resolution

Remark 2.2

(1) Given a direct systemX 0
- X 1

- X 2
- � � � in Ĉ+ ;� ( �� M

n ) such that its restriction to
any �nite full subposetE � �� M

n eventually becomesconstant, then the direct limit lim� ! i
X i

exists in Ĉ+ ;� ( �� M
n ).
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(2) Given an inversesystemX 0
� X 1

� X 2
� � � � in Ĉ+ ;� ( �� O

n ) such that its restriction to
any �nite subposet E � �� O

n eventually becomesconstant, then the inverselimit lim � i
X i

exists in Ĉ+ ;� ( �� O
n ).

For k > 0, we let

Ob Ĉ+ ;� ( �� M
n ) -RM

k ObĈ+ ;� ( �� M
n )

X - X � x0(k) ;

where

x0(k) :=

(
(X � M(k)

- 0) if � M(k) 2 f � =� ; � +1 =� g for some� 2 �� n with 0 6 �

(X � M(k)
-� X � M(k) I) if � M(k) = � =� for some� ; � 2 �� n with 0 6 � < � < � +1

De�ne the upwards resolutionmap by

Ob Ĉ+ ;� ( �� M
n ) -RM

Ob C+ ( �� M
n )

X - X RM := lim� !
m

X RM
0 � � � RM

m ;

the direct systembeing given by the transition morphisms

X RM
0 � � � RM

m
-i (X RM

0 � � � RM
m )RM

m+1 :

We have X RM = X for X 2 Ob C+ ( �� M
n ).

Note that we apparently cannot turn the upwards resolution into a functor unless we are in a
particular casein which the map I on objects can be turned into a functor.

Dually, for k > 0, we let

Ob Ĉ+ ;� ( �� O
n ) -RO

k ObĈ+ ;� ( �� O
n )

X - X � x00(k) ;

where

x00(k) :=

(
(X � O(k)

� 0) if � O(k) 2 f � =� ; � +1 =� g for some� 2 �� n with � 6 0

(X � O(k)
� � X � O(k)P) if � O(k) = � =� for some� ; � 2 �� n with � � 1 < � � 1 < � 6 0

De�ne the downwards resolutionmap by

Ob Ĉ+ ;� ( �� O
n ) -RO

Ob C+ ( �� O
n )

X - X RO := lim �
m

X RO
0 � � � RO

m ;

the inversesystembeing given by the transition morphisms

X RO
0 � � � RO

m
� p (X RO

0 � � � RO
m )RO

m+1 :

We have X RO = X for X 2 Ob C+ ( �� O
n ).
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Lemma 2.3

(1) Given a morphismY -g X in Ĉ+ ( �� M
n ) with X 2 Ob C+ ( �� M

n ), there existsa factorisation

(Y -g X ) = (Y - YRM - X ) :

(2) Given a morphism Y � g X in Ĉ+ ( �� O
n ) with X 2 Ob C+ ( �� O

n ), there existsa factorisation

(Y � g X ) = (Y � YRO � X ) :

Proof. Ad (1). Sincethe entries of X are injective in Ĉ and sinceX �=� = 0 and X � +1 =� = 0 for
� > 0, we obtain, using the universal property of the pointwisepushout, a factorisation

(Y -g X ) = (Y - YRM
0 � � � RM

m
- X )

for every m > 0, compatible with the transition morphisms, resulting in a factorisation over
YRM = lim� ! m

YRM
0 � � � RM

m .

2.2.2.3 Both-sided resolutions

Let the resolutionmap
Ob C( _� n ) -R Ob C+ ( �� #

n )

X - X R

be de�ned by gluing an upper and a lower part along _� n as follows.

X Rj �� M
n

:= X SMRM

X Rj �� O
n

:= X SORO

This is wellde�ned, sinceX SMRMj _� n
= X = X SOROj _� n

. In particular, we obtain

X Rj _� n
= X :

We summarise.

Prop osition 2.4 The restriction functor

C+ ( �� #
n ) -

(� )j _� n C( _� n )

Y - Yj _� n

is strictly dense,i.e. it is surjective on objects.

2.3 Fullness of the restriction functor from �� #
n to _� n

Prop osition 2.5 The restriction functors

C+ ( �� #
n ) -

(� )j _� n C( _� n )

Y - Yj _� n

and
C+ ( �� M

n ) -
(� )j _� n C( _� n )

Y - Yj _� n

are full.
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Proof. By duality and gluing along _� n , it su�ces to considerthe restriction from �� M
n to _� n .

So supposegiven X ; Y 2 Ob C+ ( �� M
n ) and a morphism X j _� n

-f Yj _� n
. We have to �nd a

morphism X -f M

Y such that f Mj _� n
= f .

We construct f M
� M(` ) for ` > 0 by induction on `.

At � M(0), we let f M
� M(0) := 10. Supposegiven ` > 1. If � M(`) 2 _� n , we let f M

� M(` ) := f � M(` ) .
If � M(`) 2 f � =� ; � +1 =� g for some � > 0, we let f M

� M(` ) := 10. If � M(`) =: � =� with
0 < � < � < � +1 , then we let � 0 := � � 1 be the predecessorof � in �� n , and we let � 0 := � � 1
be the predecessorof � in �� n , using that �� n is linearly ordered. We may completethe diagram

Y� 0=�
y //Y� =�

X � 0=�

f M
� 0=�

::vvvvvvvvv
x //X � =�

Y� 0=� 0
y

//

y

OO

+

Y� =� 0

y

OO

X � 0=� 0

f M
� 0=� 0

::vvvvvvvvv

x
//

x

OO

+

X � =� 0

f M
� =� 0

;;wwwwwwwww

x

OO

to a commutativ e cuboid, inserting a morphism X � =�
-f M

� =� Y� =� .

Sincewe needthe restriction functor C+ ( �� #
n ) -( � ) j _� n C( _� n ) to be full, we are not able to generalise

from linearly ordered periodic posetsto arbitrary periodic posets.

2.4 The equiv alence between C+ ( �� #
n ) and C( _� n)

Let Csplit ( _� n ) be the full subcategoryof C( _� n ) de�ned by

Ob Csplit ( _� n ) := f X 2 Ob C( _� n ) : X �
- X � is split for all � ; � 2 _� n with � 6 � g :

We denotethe quotient categoryby

C( _� n ) := C( _� n )=Csplit ( _� n ) :

Prop osition 2.6 The functor

C+ ( �� #
n ) -

(� )j _� n C( _� n )

X - X j _� n
;

induced by restriction from �� #
n to _� n , is an equivalence.

Proof. By Propositions 2.4 and 2.5, we may invoke Lemma A.1. Moreover, Lemma 1.4 gives

the inverseimageof Ob Csplit ( _� n ) under C+ ( �� #
n ) -

(� )j _� n C( _� n ) as Ob C+ ; split ( �� #
n ).
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Considera morphism X -f X 0 in C+ ( �� #
n ) such that (X -f X 0)j _� n

is zero in C( _� n ). We have
to prove that it factors over an object of C+ ; split ( �� #

n ).

Let Y M be the cokernel in Ĉ( �� M
n ) of the counit X j _� n

SM - X j �� M
n

at X j �� M
n
. Note that Y Mj _� n

= 0.
By Lemma A.21, we have Y M 2 Ob Ĉ+ ( �� M

n ). Considerthe following diagram in Ĉ+ ( �� M
n ).

X j _� n
SM //

0
��

X j �� M
n

//

f j �� M
n

��

Y M //

||

Y MRM

vv
X 0j _� n

SM //X 0j �� M
n

The indicated factorisation

(X j �� M
n

-
f j �� M

n X 0j �� M
n
) = (X j �� M

n
- Y M - X 0j �� M

n
)

ensuesfrom the universal property of the cokernel Y M. By Lemma 2.3.(1), we can factorise
further to obtain

(� M) (X j �� M
n

-
f j �� M

n X 0j �� M
n
) = (X j �� M

n
- Y MRM - X 0j �� M

n
) :

Dually, we obtain a factorisation

(� O) (X j �� O
n

-
f j �� O

n X 0j �� O
n
) = (X j �� O

n
- Y ORO - X 0j �� O

n
)

for someY O 2 Ob Ĉ+ ( �� O
n ) such that Y Oj _� n

= 0.

SinceY MRMj _� n
= 0 = Y OROj _� n

, there is a unique N 2 Ob C+ ( �� #
n ) such that N j �� M

n
= Y MRM

and N j �� O
n

= Y ORO. By Lemma 1.4, we have N 2 Ob C+ ; split ( �� #
n ).

Moreover, sinceboth factorisations (� M) and (� O) restrict to the factorisation

(X j _� n
-0 X 0j _� n

) = (X j _� n
- 0 - X 0j _� n

)

in C( _� n ), we may glue to a factorisation

(� ) (X -f X 0) = (X - N - X 0)

that restricts to (� M) in C+ ( �� M
n ) and to (� O) in C+ ( �� O

n ).

2.5 Auxiliary equiv alences

We shall extend the equivalenceC+ ( �� #
n ) -� C( _� n ) to a diagram of equivalences

C+ ( �� #
n ) -� C+ (� MO

n ) -� C( _� n ) -� Ĉ( _� n � 1) :

2.5.1 Factorisation in to two equiv alences

Abbreviate �� M;+1
n := ( �� M

n )+1 � �� #
n , �� O;+1

n := ( �� O
n )+1 � �� #

n and _� +1
n := ( _� n )+1 � �� #

n .

Abbreviate �� MO
n := �� M

n \ �� O;+1
n = f � =� : � ; � 2 �� n ; 0 6 � 6 � 6 0+1 g � �� #

n .
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�

�
�

�
�

�
�

�� MO
n

_� n �� O
n

�� M;+1
n

�-

?

6

_� +1
n

Let C+ ; split ( �� MO
n ) be the full subcategoryof C+ ( �� MO

n ) de�ned by

Ob C+ ; split ( �� MO
n ) :=

8
><

>:
X 2 Ob C+ ( �� MO

n ) :
X 
 =�

-x X � =� is split

for all 
 =� ; � =� 2 �� MO
n

with 
 =� 6 � =�

9
>=

>;

We denotethe quotient categoryby

C+ ( �� MO
n ) := C+ ( �� MO

n )=C+ ; split ( �� MO
n )

Lemma 2.7

(1) The restriction functors

C+ ( �� #
n ) -

(� )j �� MO
n C+ ( �� MO

n ) -
(� )j _� n C+ ( _� n )

X - X j �� MO
n

Y - Yj _� n

are full and strictly dense.

(2) The functors

C+ ( �� #
n ) -

(� )j �� MO
n C+ ( �� MO

n ) -
(� )j _� n C+ ( _� n )

X - X j �� MO
n

Y - Yj _� n
;

induced by restriction, are equivalences.

Proof. Ad (1). The composition

C+ ( �� #
n ) - C+ ( �� MO

n ) - C( _� n )

X - X j �� MO
n

- X j _� n

is strictly denseby Proposition 2.4 and full by Proposition 2.5. Therefore, the restriction
functor from C+ ( �� MO

n ) to C+ ( _� n ) is full and strictly dense.

We claim that the restriction functor from C+ ( �� #
n ) to C+ ( �� MO

n ) is strictly dense.Let

C( _� +1
n ) -SM;+1

Ĉ+ ( �� M;+1
n )

X - (X (+1) SM)(� 1) ;
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cf. x2.1.4. Similarly,
Ob Ĉ+ ( �� M;+1

n ) -RM;+1

Ob C+ ( �� M;+1
n )

X - (X (+1) RM)(� 1) :

Given X 2 Ob C+ ( �� MO
n ), we may de�ne X 0 2 Ob C+ ( �� #

n ) letting

X 0j �� M;+1
n

:= X j _� +1
n

SM;+1 RM;+1

X 0j �� MO
n

:= X

X 0j �� O
n

:= X j _� n
SORO :

We claim that the restriction functor from �� #
n to �� MO

n is full. Suppose given X ; Y 2
Ob C+ (� #

n ) and a morphism X j �� MO
n

-f Yj �� MO
n

. By Proposition 2.6 and a shift, there exists

a morphism X j � M;+1
n

-f M

Yj � M;+1
n

such that f Mj _� +1
n

= f j _� +1
n

. By Proposition 2.6 and by duality,

there exists a morphism X j � O
n

-f O

Yj � O
n

such that f Oj _� n
= f j _� n

. We may de�ne a morphism

X -f
0

Y letting
f 0j �� M;+1

n
:= f M

f 0j �� MO
n

:= f

f 0j �� O
n

:= f O :

Ad (2). The composition

C+ ( �� #
n ) - C+ ( �� MO

n ) - C( _� n )

X - X j �� MO
n

- X j _� n

is an equivalenceby Proposition 2.6. Therefore, the functor induced by restriction from �� #
n

to �� MO
n is faithful. By (1), it is full and dense,and so it is an equivalence. Therefore,also the

functor induced by restriction from �� MO
n to _� n is an equivalence.

2.5.2 Cutting o� the last ob ject

Putting n = 2, the equivalencegiven in Lemma 2.10,composedwith the equivalencein Proposition
2.6, can be usedto retrieve Heller 's original isomorphism, called � (�) in [12, p. 53].

In this section,we supposethat n > 2. Considerthe functor

C( _� n ) -K Ĉ( _� n� 1)

X - X K := (X � 0)j _� n � 1
;

where0 denotesthe morphism 0 -0 X n ; cf. xA.7.

Explicitly , we have (X K ) i := Kern(X i
-x X n) for i 2 [1; n � 1], taken in Ĉ, equipped with the

induced morphisms(X K ) i
- (X K ) j for i; j 2 [1; n � 1] with i 6 j , �tting into a pullback

((X K ) i ; (X K ) j ; X i ; X j ).

Let Csplit ( _� n ) � C( _� n ) be the full subcategoryde�ned by

Ob Csplit ( _� n ) := f X 2 Ob C( _� n ) : (X i
- X j ) is split for all i; j 2 [1; n] with i 6 j g ;

and let C( _� n ) := C( _� n )=Csplit ( _� n ) and Ĉ( _� n� 1) := Ĉ( _� n� 1)=Csplit ( _� n� 1).
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For Y 2 ObĈ( _� n ) and i 2 [1; n], we let YRi := Y� Yi � 2 Ob Ĉ( _� n ).

We have a resolution map

Ob Ĉ( _� n ) -R0
n Ob C( _� n )

Y - YR0
n := YR0 � � � Rn :

If Y 2 Ob Ĉ( _� n ) consistsof monomorphisms,then sodoesYR0
n , whenceYR0

n 2 Ob Csplit ( _� n ).

Given a morphism Y - Y 0 in Ĉ( _� n ) with Y 0 having bijective entries, this morphism factors
over Y -r YR0

n by injectivit y of the entries of Y 0 and by the universalproperty of the pointwise
pushout.

Lemma 2.8 The functor K is dense.

Proof. Supposegiven X 2 Ob Ĉ( _� n� 1). Let X 0 2 Ob Ĉ( _� n ) be de�ned by X 0j _� n � 1
:= X and

X 0
n := 0. Then X 0R0

n 2 Ob C( _� n ) has (X 0R0
n )K ' X .

Lemma 2.9 The functor K is full.

Proof. SupposegivenX ; Y 2 Ob C( _� n ) anda morphismX K -f YK . Weclaim that thereex-
ists a morphismX -

~f Y such that ~f K = f . We construct its components ~f ` by induction on `.

For ` = 1, we obtain a morphismX 1
-
~f 1 Y1 such that ((X K )1; (YK )1; X 1; Y1) commutes, by in-

jectivit y of Y1 in Ĉ. For ` > 2, weobtain a morphismX `
-
~f ` Y` such that ((X K )` ; (YK )` ; X ` ; Y` )

and (X ` � 1; Y` � 1; X ` ; Y`) commute, by the fact that ((X K )` � 1; (X K )` ; X ` � 1; X ` ) is a weaksquare
and by injectivit y of Y` .

Prop osition 2.10 The functor K inducesan equivalence

C( _� n ) -K
� Ĉ( _� n� 1)

X - X K :

Proof. Let ~C � Ĉ denote the full subcategoryof bijective objects in Ĉ. Every object in ~C is a
direct summandof an object in C. Let ~Csplit ( _� n� 1) � ~C( _� n� 1) be the full subcategoryde�ned
by

Ob ~Csplit ( _� n� 1) := f X 2 ~C( _� n� 1) : (X i
- X j ) is split for all i; j 2 [1; n � 1] with i 6 j g ;

Let Y be an object of ~Csplit ( _� n� 1). Then YR0
n� 1 is an object of Csplit ( _� n� 1) that has Y as a

direct summandsincethe identit y on Y factors over Y -r YRn� 1.

Therefore, any morphism that factors over an object of ~Csplit ( _� n� 1) already factors over an
object of Csplit ( _� n� 1). We infer that

Ĉ( _� n� 1) = Ĉ( _� n� 1)=~Csplit ( _� n� 1):

Supposegiven X 2 Ob C( _� n ). DenoteX 0 := X K 2 ObĈ( _� n� 1).
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We claim that if X 2 Ob Csplit ( _� n ), then X 0 2 Ob ~Csplit ( _� n� 1). First of all, X 0
i is bijective

for i 2 [1; n � 1], since the image of X i
- X n is bijective, and since X 0

i is the kernel of
this morphism. Now suppose given i; j 2 [1; n � 1] with i < j . Let B be the image of
X i

- X j , and form a pullback (B 0; X 0
j ; B ; X j ). Then there is an induced morphism X 0

i
- B 0

turning (X 0
i ; B 0; X i ; B ) into a commutativ e quadrangle,which is a pullback by composition to

a pullback (X 0
i ; X 0

j ; X i ; X j ). We insert the commonkernel Z of X i
- X j and X 0

i
- X 0

j .

Z // � //X i
// � //B // � //X j

Z � //X 0
i

� //

�

OO

B 0 � //

�

OO

X 0
j

�

OO

HenceZ -r X 0
i is split monomorphic,and thereforeX 0 - B 0 is split epimorphic. Thus B 0 is

bijective, and so �nally B 0 -r X 0
j is split monomorphic. This provesthe claim.

We claim that if X 0 2 Ob ~Csplit ( _� n� 1), then X 2 Ob Csplit ( _� n ). Supposegiven i; j 2 [1; n � 1]
with i < j . We have to show that X i

- X j is split. We insert the imageB of X i
- X j and

form a pullback (B 0; X 0
j ; B ; X j ). Since(X 0

i ; B 0; X i ; B ) is a square,and sinceX 0
i is bijective, its

diagonal sequenceis split short exact. HenceB is bijective as a direct summandof X i � B 0,
which provesthe claim.

Invoking LemmaA.1 to prove the equivalence,it remainsto show that given X -f Y in C( _� n )
such that f K = 0, there exists an object V in Csplit ( _� n ) such that there exists a factorisation

(X -f Y) = (X - V - Y) :

Denoteby X K 0 2 Ob C( _� n ) the object that restricts to X K on _� n� 1 and that has(X K 0)n := 0.
Let U be the cokernel of X K 0 -r X and considerthe following diagram.

X K 0 � //

0
��

X � //

f
��

U � //

••

URn

vv
YK 0 � //Y

The morphism U - Y is induced by the universal property of the cokernel. Its factorisation
(U - Y) = (U -r URn

- Y) exists sinceY consistsof bijective objects.

Sincethe morphismX K 0 -r X consistsof pullbacks, its cokernelU consistsof monomorphisms.
Henceso doesV := URn , which is thereforein Ob Csplit ( _� n ), as required.

2.5.3 Not quite an equiv alence

Let C+ ; periodic( �� #
n ) be the subcategoryof C+ ( �� #

n ) that consistsof morphismsX -f Y for which

([X +1 ] -[f +1 ] [Y +1 ]) = ([X ]+1 -[f ]+1

[Y ]+1 ) ;

which is in general not a full subcategory. The objects C+ ; periodic( �� #
n ) are called periodic

n-pretriangles, the morphisms are called periodic morphisms of periodic n-pretriangles. Let
C+ ; split ; periodic ( �� #

n ) := C+ ; periodic( �� #
n ) \ C+ ; split ( �� #

n ).

For instance, if (C; T; #) is a Heller triangulated category, then C+ ; #=1 ( �� #
n ) � C+ ; perio dic ( �� #

n ) is
a full subcategory.
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For Y 2 Ob C( _� n ), we de�ne YS 2 Ob C+ ( �� #
n ) by

YSj �� M
n

:= YSM

YSj �� O
n

:= YSO ;

and similarly on morphisms. If Y 2 Ob Csplit ( _� n ), then YS 2 Ob C+ ; split ( �� #
n ) by Lemma 1.4,

sinceYSj _� n
= Y is split.

To any X 2 Ob C+ ( �� #
n ) for which X � =� is zero for all but �nitely many � =� 2 �� #

n , we can
assignits periodi�c ation

�X :=
M

i 2 Z

[X + i ]� i 2 Ob C+ ; periodic( �� #
n ) ;

and similarly for morphismsbetweensuch objects. If X is split, so is �X .

We have the restriction functor

C+ ; split ; periodic( �� #
n ) -

(� )j _� n Csplit ( _� n )

X - X j _� n

which is not faithful in general,as the casen = 2 shows. In the inversedirection, we dispose
of the functor

C+ ; split ; periodic( �� #
n ) �

�S Csplit ( _� n )

YS =: Y �S � Y :

Lemma 2.11 For X 2 Ob C+ ; split ; periodic ( �� #
n ), we haveX ' X j _� n

�S.

Note that we do not claim that 1 ' (� )j _� n
�S as endofunctors of C+ ; split ; perio dic ( �� #

n ).

Proof. We have a short exact sequence

X j _� n
Sj �� MO

n
- X j �� MO

n
- [X j _� n

S+1 ]� 1j �� MO
n

in Ĉ( �� MO
n ), and it su�ces to show that it splits. Write C := X j _� n

Sj �� MO
n

.

It su�ces to show that there existsa retraction to C - X j �� MO
n

, which we will construct by in-
duction. Supposegiven 0 < � < � 6 0+1 . We may assumethat after restriction of C - X j �� MO

n

to f � =
 2 �� MO
n : � =
 < � =� g, there exists a retraction. Let � 0 := � � 1 be the predecessor

of � , and let � 0 := � � 1 be the predecessorof � , using that �� n is linearly ordered. It su�ces
to show that the morphism from the quadrangle(C� 0=� 0; C� 0=� ; C� =� 0; C� =� ) to the quadrangle
(X � 0=� 0; X � 0=� ; X � =� 0; X � =� ) hasa retraction.

Let (X � 0=� 0; X � 0=� ; X � =� 0; T) be the pushout in Ĉ. The quadrangle(C� 0=� 0; C� 0=� ; C� =� 0; C� =� ) is
a pushout. The induced morphism from (C� 0=� 0; C� 0=� ; C� =� 0; C� =� ) to (X � 0=� 0; X � 0=� ; X � =� 0; T)
has a retraction by functorialit y of the pushout. The morphism T - X � =� induced by
pushout is a monomorphism in Ĉ, since (X � 0=� 0; X � 0=� ; X � =� 0; X � =� ) is a weak square. Note
that (C� =� ; T; X � =� ) is a commutativ e triangle.

The morphism T - C� =� that is part of the retraction of quadrangles,factors as

(T - C� =� ) = (T -r X � =�
- C� =� ) ;

since C� =� is injective in Ĉ as a summand of C� =0 = X � =0. Now X � =�
- C� =� com-

pletes the three morphisms on the other vertices to a retraction of quadrangles from
(X � 0=� 0; X � 0=� ; X � =� 0; X � =� ) to (C� 0=� 0; C� 0=� ; C� =� 0; C� =� ) as sought.
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3 Veri�cation of Verdier's axioms

Let (C; T; #) be a Heller triangulated category.

3.1 Restriction from C+ ; #=1 ( �� #
n ) to C( _� n) is dense and full

Let n > 1. Let
C( _� +1

n ) -S0O

Ĉ+ ( �� O;+1
n )

U - US0O := (U(+1) SO)(� 1)

be the conjugateby reindexing, i.e. a \shifted version" of SO; cf. x2.1.4. Note that

(US0O)� =� = Kern(U0+1 =�
-u U0+1 =� )

for � ; � 2 �� n with 0 6 � 6 � 6 0+1 .

Lemma 3.1 Suppose that idempotents split in C. Given X 2 Ob C( _� n ), there exists an
n-triangle ~X 2 Ob C+ ; #=1 ( �� #

n ) that restricts to

~X j _� n
= X :

In other words, the restriction functor C+ ; #=1 ( �� #
n ) -

(� )j _� n C( _� n ) is strictly dense.

Proof. Let Y := X R 2 Ob C+ ( �� #
n ); cf. x2.2.2.3. We have an isomorphism[Y]+1 -Y #n

� [Y +1 ] in
C+ ( �� #

n ). Let [Y +1 ] -� [Y ]+1 be a representativ e in C+ ( �� #
n ) of the inverseisomorphism(Y#n )�

in C+ ( �� #
n ). Considerthe morphism (6)

[Y +1 ]� 1j _� +1
n

-
[� ]� 1 j _� +1

n [Y ]+1 � 1j _� +1
n

= Yj _� +1
n

:

We have an induced pointwiseepimorphism

Yj �� MO
n

- Yj _� +1
n

S0Oj �� MO
n

;

which we may useto form the pullback

Z

f
��

� //[Y +1 ]� 1j _� +1
n

S0Oj �� MO
n

[� ]� 1 j _� +1
n

S0O j �� MO
n

��
Yj �� MO

n

� //Yj _� +1
n

S0Oj �� MO
n

in the abeliancategoryĈ( �� MO
n ), i.e. pointwise. An application of LemmaA.21.(2) to the diagonal

sequenceof this pullback showsthat Z 2 Ob Ĉ+ ;� ( �� MO
n ). Weobtain Z �=� = 0 for all 0 6 � 6 0+1 ;

and we obtain Z0+1 =0 = 0. Hencewe have Z 2 Ob Ĉ+ ( �� MO
n ).

Supposegiven � =� 2 �� n . We claim that Z � =�
-f � =� Y� =� represents an isomorphismin Ĉ=C.

By Lemma A.24, it su�ces to show that

([Y +1 ]� 1j _� +1
n

S0O)� =�
-

([ � ]� 1 j _� +1
n

S0O) � =�
(Y j _� +1

n
S0O)� =�

6We recall the convention that the inverseof the outer shift applied to a morphism f is written [f ]� 1, whereas
f � denotesthe inversemorphism, if existent.
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represents an isomorphism in Ĉ=C. Since evaluation at � =� induces a functor from
Ĉ+ ( �� MO

n )=C+ ; split ( �� MO
n ) to Ĉ=C, where C+ ; split ( �� MO

n ) denotes the full subcategory of C+ ( �� MO
n )

consistingof diagramsall of whosemorphismssplit, it su�ces to show that

[Y +1 ]� 1j _� +1
n

S0Oj �� MO
n

-
[� ]� 1 j _� +1

n
S0O j �� MO

n Yj _� +1
n

S0Oj �� MO
n

represents an isomorphismin Ĉ+ ( �� MO
n )=C+ ; split ( �� MO

n ).

Now (� )(� 1)S0Oj �� MO
n

induces a functor from C( _� n ) to Ĉ+ ( �� MO
n )=C+ ; split ( �� MO

n ), since it maps

Csplit ( _� n ) to C+ ; split ( �� MO
n ) by Lemma 1.4. Therefore, it su�ces to show that

([Y +1 ]� 1j _� +1
n

)(+1) -
([ � ]� 1 j _� +1

n
)(+1)

(Y j _� +1
n

)(+1)

represents an isomorphismin C( _� n ). Since([� ]� 1j _� +1
n

)(+1) = (� )j _� n
, this meansthat it su�ces

to show that
[Y +1 ]j _� n

-
� j _� n [Y ]+1 j _� n

represents an isomorphismin C( _� n ). Since(� )j _� n
inducesa functor from C+ (� #

n ) to C( _� n ),
it su�ces to show that

[Y +1 ] -� [Y ]+1

represents an isomorphismin C+ ( �� #
n ). This, however, follows by choiceof � . This proves the

claim.

Sinceidempotentsare assumedto split in C, we can concludethat for all � =� in �� MO
n , the entry

Z � =� is in C. SoZ 2 Ob C+ ( �� MO
n ).

We remark that

(� )
Z j _� n

= Yj _� n
= X

Z j _� +1
n

= [Y +1 ]� 1j _� +1
n

= (X +1 )(� 1) ;

whereX +1 arisesfrom X by pointwiseapplication of (� )+1 . Concerningmorphisms,we remark
that

(�� )
(Z -f Yj �� MO

n
)j _� n

= (X -1X X )

(Z -f Yj �� MO
n

)j _� +1
n

= ([Y +1 ]� 1 -[� ]� 1

Y)j _� +1
n

:

In fact, on _� n , the right hand sidecolumn of our pullback vanishes;and on _� +1
n , the lower row

of our pullback is an identit y.

Now, (� ) allows to de�ne the periodic prolongation �Z 2 Ob C+ ( �� #
n ) of Z 2 Ob C+ ( �� MO

n ) by
�Z j �� MO

n
:= Z and by the requirement that [ �Z ]+1 = [ �Z +1 ].

We claim that �Z#n = 1[ �Z ]+1 in C+ ( �� #
n ). Let �Z -f̂ Y be an inverseimageof Z -f Yj �� MO

n
under

C+ ( �� #
n ) -

(� )j �� MO
n C+ ( �� MO

n ); cf. Lemma 2.7.(1). By (�� ), we get

(�� 0)
( �Z -f̂ Y)j _� n

= (X -1X X )

( �Z -f̂ Y)j _� +1
n

= ([Y +1 ]� 1 -[� ]� 1

Y)j _� +1
n

:

We considerthe commutativ e quadrangle

[ �Z ]+1
�Z #n //

[f̂ ]+1

��

[ �Z +1 ]

[f̂ +1 ]
��

[Y ]+1 Y #n //[Y +1 ]
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in C+ ( �� #
n ). We restrict it to _� n to obtain the commutativ e quadrangle

[ �Z ]+1 j _� n

�Z #n j _� n //

[f̂ ]+1 j _� n
��

[ �Z +1 ]j _� n

[f̂ +1 ]j _� n
��

[Y ]+1 j _� n

Y #n j _� n //[Y +1 ]j _� n

in C( _� n ), which, using (�� 0) can be rewritten as

X +1
�Z #n j _� n //

� j _� n
��

X +1

1X +1

��
[Y ]+1 j _� n

Y #n j _� n //X +1 ;

wherewe did not distinguish in notation between� j _� n
and its residueclassin C( _� n ), etc.

Since� (Y#n ) = 1[Y +1 ] in C+ ( �� #
n ), we have � j _� n

(Y#n j _� n
) = 1X +1 in C( _� n ). Thus the last quad-

rangle shows that �Z#n j _� n
= 1X +1 = 1[ �Z ]+1 j _� n

in C( _� n ) as well. SinceC+ ( �� #
n ) -

(� )j �� MO
n

� C+ ( �� MO
n )

is an equivalence,we concludethat �Z#n = 1[ �Z ]+1 in C+ ( �� #
n ); cf. Proposition 2.6. This proves

the claim; i.e. we have shown that �Z is an n-triangle.

Since �Z j _� n
= X by (� ), this provesthe lemma.

In the proof of Lemma 3.1, we neededthe assumption that idempotents split in C in the equivalent
form that the residue class functor Ĉ - Ĉ=C maps precisely the objects of C to zero { just as
Heller did at that point.

Lemma 3.2 Given n-triangles X and Y and a morphism

X j _� n
-f Yj _� n

in C( _� n ), there existsa morphism X -
~f Y of n-triangles suchthat ~f j _� n

= f . In other words,

the restriction functor C+ ; #=1 ( �� #
n ) -

(� )j _� n C( _� n ) is full.

Proof. Sincethe restriction functor C+ ( �� #
n ) -

(� )j _� n C( _� n ) is full by Proposition 2.5, we �nd a
morphism X -g Y in C+ ( �� #

n ) such that gj _� n
= f .

Let g denote the residue class of g in C+ ( �� #
n ). Since #n is a transformation, we have

[g]+1 (Y#n ) = (X #n )[g+1 ]. Since X and Y are n-triangles, both X #n and Y#n are identi-
ties, and this equality amounts to [g]+1 = [g+1 ], i.e. the di�erence [g]+1 � [g+1 ] factors over an
object of C+ ; split ( �� #

n ). Restricting to _� n , the di�erence

([g]+1 � [g+1 ])j _� n
= (gj _� +1

n
)(+1) � f +1

factors over an object of Csplit ( _� n ). Therefore, gj _� +1
n

� (f +1 )(� 1) factors over an object Z of
Csplit ( _� +1

n ), say, as
�

X j _� +1
n

-
gj _� +1

n
� (f +1 )( � 1)

Yj _� +1
n

�
=

�
X j _� +1

n
-a Z -b Yj _� +1

n

�
:
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By periodic continuation, it su�ces to �nd a morphism X j �� MO
n

-
�f Yj �� MO

n
in C+ ( �� MO

n ) such that
�f j _� n

= f and such that �f j _� +1
n

= (f +1 )(� 1). I.e. we have to �nd a morphism X j �� MO
n

-h Yj �� MO
n

such that hj _� n
= 0 and such that hj _� +1

n
= ab, for then we may take �f := gj �� MO

n
� h.

Note that (ZS0Oj �� MO
n

)j _� n
= 0. Note that ZS0Oj �� MO

n
is in C+ ( �� MO

n ), hencein C+ ; split ( �� MO
n ) by

Lemma 1.4.

SinceS0Oj �� MO
n

is right adjoint to restriction to _� +1
n , we have a morphism X j �� MO

n
-a
0

ZS0Oj �� MO
n

such that a0j _� +1
n

= a.

SinceC+ ( �� MO
n ) -

(� )j _� +1
n C( _� +1

n ) is full by the dual and shifted assertionof Lemma 2.7.(1), there

is a morphism ZS0Oj �� MO
n

-b
0

Yj �� MO
n

such that b0j _� +1
n

= b.

We may take h := a0b0.

In Lemmata 3.1and 3.2,wedo not claim the existenceof a coretraction from C( _� n ) to C+ ; #=1 ( �� #
n )

to restriction. The construction made in the proof of Lemma 3.2 involvese.g. a choice of a lift b0

of b. Cf. [28, I I.1.2.13].

The fullnessusedin the proof of Lemma 3.2 to lift b, can also be usedto lift a. We have usedthe
direct argument and thus seenthat the lift a0 of a doesnot involve a choice.

Remark 3.3 Supposethat idempotents split in C. By Lemmata 3.1 and 3.2, the restriction
functor

C+ ; #=1 ( �� #
n ) -

(� )j _� n C( _� n )

is full and strictly dense.By Proposition 2.6, the restriction functor

C+ ( �� #
n ) -

(� )j _� n
� C( _� n )

is an equivalence. Denoting by C+ ; #=1 ( �� #
n ) the imageof C+ ; #=1 ( �� #

n ) in C+ ( �� #
n ), we obtain a

full and strictly densefunctor C+ ; #=1 ( �� #
n ) -

(� )j _� n C( _� n ). Sinceit factors as a faithful embed-

ding C+ ; #=1 ( �� #
n ) -�� C+ ( �� #

n ) followed by an equivalence,it is also faithful. We end up with
equivalences

C+ ; #=1 ( �� #
n ) -

(� )j _� n
� C( _� n ) ; C+ ; #=1 ( �� #

n ) -� C+ ( �� #
n ) :

3.2 An omnibus lemma

Supposegiven n; m > 1. Concerningthe category C+ ; periodic( �� #
n ) of periodic n-pretriangles

and its full subcategoryC+ ; split ; periodic ( �� #
n ) of periodic split n-pretriangles,cf. x2.5.3;concerning

the category C+ ; #=1 ( �� #
n ) of n-triangles, cf. De�nition 1.5.(ii). Note that

C+ ; #=1 ( �� #
n ) � C+ ; periodic( �� #

n ) � C+ ( �� #
n ) ;

and that the �rst inclusion is full.

Lemma 3.4

(1) Let X be an n-triangle, and let �� n
� p �� m be a morphism of periodic linearly ordered

sets. Then X p# , obtained by \r estriction along p", is an m-triangle.



37

(2) Let X be a (2n + 1)-triangle. Then X fn , obtained by folding, is an (n + 1)-triangle.

(3) The category C+ ; #=1 ( �� #
n ) of n-triangles is a full additive subcategory of the category

C+ ; periodic( �� #
n ) of periodic n-pretriangles,closed under direct summands.

(4) Supposegiven an isomorphismX -f Y in C+ ; periodic( �� #
n ). If X is an n-triangle, then Y

is an n-triangle.

(5) Let X -f Y be a morphism in C+ ; periodic( �� #
n ) such that f j _� n

is an isomorphism. Then
f is an isomorphism.

(6) Let X and Y be n-triangles. Suppose given an isomorphism X j _� n
-u

� Yj _� n
in C( _� n ).

Then there existsan isomorphismX -~u
� Y in C+ ; #=1 ( �� #

n ) suchthat ~ujC( _� n ) = u .

(7) If X 2 Ob C+ ; split ; periodic ( �� #
n ), then X is an n-triangle.

Note that Lemma 3.4.(5) applies in particular to n-triangles and a morphism of n-triangles.

Proof. Ad (1). In C+ ( �� #
m ), we have

(X p# )#m = (X #n )p# = (1[X ]+1 )p# = 1[X p# ]+1 :

Ad (2). In C+ ( �� #
n+1 ), we have

(X f
n
)#n+1 = (X #2n+1 )f

n
= (1[X ]+1 )f

n
= 1[X f

n
]+1 :

Ad (3). We have to show that

X ; Y 2 Ob C+ ; #=1 ( �� #
n ) ( ) X � Y 2 Ob C+ ; #=1 ( �� #

n ) :

But since#n is a morphism betweenadditive functors, we have (X � Y)#n = 1[X � Y ]+1 if and
only if X #n = 1[X ]+1 and Y#n = 1[Y ]+1 . In fact, (X � Y)#n identi�es with

� X #n 0
0 Y #n

�
.

Ad (4). Sincef j _� n
is an isomorphismin C( _� n ), so is its image in C( _� n ). Hencethe imageof

f in C+ ( �� #
n ) is an isomorphismby Proposition 2.6. Considerthe commutativ e quadrangle

[X ]+1 [f ]+1

�
//

X #n o
��

[Y ]+1

Y #no
��

[X +1 ]
[f +1 ]

�
//[Y +1 ]

in C+ ( �� #
n ). Since[f ]+1 = [f +1 ] by assumption,we concludefrom X #n = 1[X ]+1 that Y#n =

1[Y ]+1 .

Ad (5). It su�ces to show that given 0 6 i 6 j 6 n, the morphism f j =i is an isomorphismin
C. In fact, we have a morphism of exact sequences

( f i=0; f j =0; f j =i ; f +1
i=0 ; f +1

j =0 )

in Ĉ, whoseentries exceptpossibly f j =i are isomorphisms;hencealso f j =i is isomorphic.

Ad (6). This follows by Lemma 3.2 using (5).

Ad (7). We have [X ]+1 ' 0 in C+ ( �� #
n ), whenceX #n = 1[X ]+1 2 C+ ( �� #

n )([X ]+1 ; [X ]+1 ).
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3.3 Turning n-triangles

Let n > 2.

Lemma 3.5 Given an n-triangle X 2 Ob C+ ; #=1 ( �� #
n ), we de�ne Y 2 Ob C+ ; periodic( �� #

n ) by
letting

(Yj =i
-y Yj 0=i0) := (X i +1 =j

-x X i 0+1 =j 0)

for 0 6 i 6 j 6 n and 0 6 i 0 6 j 0 6 n suchthat i 6 i 0 and j 6 j 0, and by letting

(Yn=i
-y Y0+1 =i) := (X i +1 =n

-� x X i +1 =0+1 )

for 0 6 i 6 n. Then [X ]+1
� := Y is an n-triangle.

Proof. Let

2�� n� 1
-hn �� n

i+ j -

(
(i + 1)+ j =2 if j � 2 0

0+( j +1) =2 if j � 2 1 ;

wherei 2 [0; n � 1] and j 2 Z. The map hn is a morphism of periodic posets.We claim that

Y = X h#
n fn� 1 :

Oncethis claim is shown, we are doneby Lemma 3.4.(1,2).

Note that (X h#
n ) l=k = X lhn =khn for k; l 2 2�� n� 1 with k 6 l. For 0 6 i 6 n and 1 6 j 6 0+1 ,

we obtain

(X h#
n fn� 1) j =i =

8
>>><

>>>:

(X h#
n )(j � 1)+1 =(j � 1) for i = 0 and 1 6 j 6 n

(X h#
n )(i � 1)+2 =(i � 1)+1 for 1 6 i 6 n and j = 0+1

(X h#
n )(j � 1)+1 =(i � 1)+1 � (X h#

n )(i � 1)+2 =(j � 1) for 1 6 i 6 j 6 n

0 for i = 0 and j = 0+1

=

8
>>><

>>>:

X 0+1 =j for i = 0 and 1 6 j 6 n

X i +1 =0+1 for 1 6 i 6 n and j = 0+1

X i +1 =j for 1 6 i 6 j 6 n

0 for i = 0 and j = 0+1 ;

and also the morphismsresult as claimed.

3.4 Application to the axioms of Verdier

Recall that (C; T; #) is a Heller triangulated category.

Prop osition 3.6 Supposethat idempotents split in C. The tuple (C; T), equipped with the set
of 2-triangles as the set of distinguished triangles, is a triangulated category in the senseof
Verdier [29, Def. 1-1].
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Proof. We number the axiomsof Verdier as in loc. cit.

Ad (TR 1). Stabilit y under isomorphism of the set of distinguished triangles follows from
Lemma 3.4.(4).

The possibleextensionof a morphism to a distinguishedtriangle follows by Lemma 3.1.

The distinguished triangle (X ; X ; 0) on the identit y of an object X in C follows by Lemma
3.4.(7). Alternativ ely, onecan usethat each morphism is contained in a distinguishedtriangle
and the fact that a distinguishedtriangle is a long exact sequencein Ĉ.

Ad (TR 2). Supposegiven a distinguishedtriangle

X -u Y -v Z -w X +1 :

By 3.5, we obtain the distinguishedtriangle

X +1 -u+1

Y +1 -v+1

Z +1 -� w+1

X +2 :

By 3.4.(1), applied to the morphism �� 2
� �� 2 that sends0 to 2� 1, 1 to 0 and 2 to 1, we obtain

the distinguishedtriangle
Y -v Z -� w X +1 -u+1

Y +1 :

By 3.4.(4), we obtain the distinguishedtriangle

Y -v Z -w X +1 -� u+1

Y +1 :

Ad (TR 3). The possiblecompletion of a morphism in C( _� 2) to a morphism of distinguished
triangles follows from Lemma 3.2.

Ad (TR 4). The octahedral axiom, i.e. the compatibilit y of forming coneswith composition of
morphisms,follows from Lemma 3.1, applied to the casen = 3, for by Lemma 3.4.(6), we may
arbitrarily choosecompletionsto distinguishedtriangles.

Note that 3-trianglesare particular octahedra, in the languageof [3, 1.1.6]. Using 3-triangles,
we will now verify the axiom proposedin [3, 1.1.13].

Lemma 3.7 Supposegiven a 3-triangle T in Ob C+ ; #=1 ((2 �� 1)# ), depicted as follows.

0

0 //Z +1

OO

0 //Z 00 w00
//

OO

+

Y +1

v+1

OO

0 //Y 0 v0
//

OO

+

Z 0 w0
//

z0

OO

+

X +1

u+1

OO

0 //X
u //

OO

+

Y
v //

y

OO
+

Z //

z

OO
+

0

OO

Then
Tf1 = ( Y -vz

Z 0 -( z0 w0)
Z 00� X +1 -

�
w00

� u+1

�

Y +1 )
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and
Ts# f1 = (Z 0� 1 -w0� 1u

Y -( y v )
Y 0 � Z -

�
v0

� z

�

Z 0 )

are distinguished triangles, where 2�� 1
� s 2�� 1 is the morphism of periodic posetsdetermined

by 0s = 1� 1, 1s = 0, 0+1 s = 1 and 1+1 s = 0+1 .

Proof. This follows by Lemma 3.4.(1,2).

3.5 n-triangles and strictly exact functors

Let C -F C0 be a strictly exact functor between Heller triangulated categories(C; T; #) and
(C0; T0; #0). Let n > 0.

Lemma 3.8 Given an n-triangle X 2 Ob C+ ; #=1 ( �� #
n ), the diagram X (F + ( �� #

n )) , obtained by

pointwise application of F to X , is an n-triangle, i.e. an object of C0+ ; #0=1 ( �� #
n ).

Proof. Using F T0 = T F as well as [X ]+1 = [X +1 ], we obtain

[X F + ( �� #
n )]+1 = X (F + ( �� #

n ))( C+ (Tn )) = X (F + (Tn ))

= X (C+ (Tn ))( F + ( �� #
n )) = [X ]+1 (F + ( �� #

n ))

= [X +1 ](F + ( �� #
n )) = X (T+ ( �� #

n ))( F + ( �� #
n ))

= X ((T F )+ ( �� #
n )) = X ((F T0)+ ( �� #

n ))

= X (F + ( �� #
n ))( T0+ ( �� #

n )) = [(X (F + ( �� #
n ))) +1 ] :

Moreover,

X (F + ( �� #
n ))#0

n = X #n (F + ( �� #
n )) = 1[X ]+1 (F + ( �� #

n )) = 1[X F + ( �� #
n )]+1 :

3.6 A remark on spectral sequences

Verdier calls certain pretriangles objets spectraux (spectral objects); cf. [28, Sec.I I.4]. We shall
explain the connection to spectral sequencesin our language.

Consider the linearly ordered set Z1 := f�1g t Z t f + 1g . Let �Z##
1 be the subposet of

�Z#
1 (� 1) consistingof those� =� ==
 =� for which

� � 1 6 � 6 � 6 
 6 � 6 � +1 ;

where� ; � ; 
 ; � 2 �Z1 . A spectral object, in a slightly di�erent sensefrom [28, I I.4.1.2], is an
object of C+ ( �Z#

1 ). The spectral sequence functor

C+ ( �Z#
1 ) -E Ĉ( �Z##

1 )

X - X E ;

is de�ned by
X E(� =� ==
 =� ) := Im(X 
 =�

- X � =� )

for � =� ==
 =� 2 �Z##
1 , equipped with the induced morphisms.
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Lemma 3.9 Given � ; � ; 
 ; � ; " 2 �Z1 suchthat

" � 1 6 � 6 � 6 
 6 � 6 " 6 � +1 ;

and given X 2 Ob C+ ( �Z#
1 ), the morphismsappearing in X E form a short exactsequence

X E("=� ==
 =� ) -r X E("=� ==�=� ) - X E("=
 ==�=� ) :

Proof. This follows by Lemma A.22, applied to the diagram

( X 
 =� ; X � =� ; X "=� ; X 
 =� ; X � =� ; X "=� ; X 
 =
| {z }
=0

; X � =
 ; X "=
 ) :

Note that we may apply a shift � =� - � +1 =� to the indices, i.e. an outer shift to X , before
applying Lemma 3.9, to get another short exact sequence.

The usual exact sequencesof spectral sequenceterms can be derived from Lemma 3.9. Cf.
[28, I I.4.2.6], [5, App.].

4 The stable category of a Frob enius category is
Heller triangulated

Let F = (F ; T; I; �; P; � ) be a functorial Frobeniuscategory;cf. De�nition A.5.(3). Let B � F
denotethe full subcategoryof objects in the imageof I, coinciding with the full subcategoryof
the objects in the imageof P; then B is a su�cien tly big full subcategoryof bijectives in F .

We shall prove in Theorem 4.6 below that the classicalstable category F carries a Heller triangu-
lation.

4.1 De�nition of F � ( �� #
n ), mo delling F + ( �� #

n )

We shall model, in the senseof Proposition 4.5 below, the category F + ( �� #
n ) by a category

F � ( �� #
n ). Morally, we represent weak squares(+) in F by pure squares(� ) in F . To do so,

we have to represent the zeroeson the boundariesby bijective objects.

Let n > 0. Concerningthe notion of a pure square,seexA.4. Let F � ( �� #
n ) � F ( �� #

n ) be the
full subcategoryde�ned by

Ob F � ( �� #
n ) :=

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

X 2 Ob F ( �� #
n ) :

1) X �=� and X � +1 =� are in ObB for all � 2 �� n

2) For all � � 1 6 � 6 � 6 
 6 � 6 � +1 in �� n ,

the quadrangle
X 
 =�

x //X � =�

X 
 =� x
//

x

OO

�

X � =�

x

OO

is a pure square.

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

:
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Given n; m > 0, a morphism �� n
� p �� m inducesa morphism F � (p# ), usually, and by abuse

of notation, denotedby p# .

Givenan exact functor F -F ~F betweenfunctorial Frobeniuscategoriesthat sendsbijectivesto

bijectives,we obtain an induced functor F � ( �� #
n ) -F � ( �� #

n ) ~F � ( �� #
n ) by pointwiseapplication

of F .

Denoteby
F � ( �� #

n ) -M F + ( �� #
n )

F � ( �� #
n ) -M 0

F + ( �� #
n )

F + ( �� #
n ) -M 00

F + ( �� #
n )

F -N F

F ( _� n ) -N 0

F ( _� n )

the respective residueclassfunctors, wellde�ned by Lemma A.31. In particular, M = M 0M 00.

4.2 Folding for F � ( �� #
n )

We model, in the senseof Remark 4.1, the folding operation f intro duced in x1.2.2.

Supposegiven n > 0. Let the periodic functor

F � ((2 �� n )# ) -
~fn F � (� t � n

#
)

X - X ~fn

be determinedby the following data. Writing Y := X ~fn , we let

(Y�=�
-y Y� =� ) :=

�
X � +1 =�

-x X � +1 =�

�

Y�=� := 0

Y� +1 =� := 0

(Y� =�
-y Y� =� ) :=

�
X � +1 =�

-( x x ) X � +1 =� +1 � X � +2 =�

�

(Y� =�
-y Y� =
 ) :=

�
X � +1 =� +1 � X � +2 =�

-

�
x 0
0 x

�

X � +1 =
 +1 � X 
 +2 =�

�

(Y� =

-y Y� +1 =
 ) :=

�
X � +1 =
 +1 � X 
 +2 =�

-

� x
� x

�

X 
 +2 =
 +1

�

for � ; � ; 
 ; � 2 � n with � 6 � , with 
 6 � and with � =� 6 � =
 . The remaining morphisms
are given by composition.

We claim that X ~fn is an object of F � (� t � n
#

).

In fact, by Lemma A.12, we are reducedto consideringthe quadranglesof Y inside � MO
n , i.e.

the quadrangles

(i) on (
 =� ; � =� ; 
 =� ; � =� ) for � ; � ; 
 ; � 2 � n with � 6 � 6 
 6 � ;

(ii) on (
 =�; � =�; 
 =� ; � =� ) for � ; 
 ; � 2 � n with � 6 
 6 � ;
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(iii) on (
 =� ; � +1 =� ; 
 =� ; � +1 =� ) for � ; � ; 
 2 � n with � 6 � 6 
 ;

(iv) and on (� =�; � +1 =�; � =� ; � +1 =� ) for � ; � 2 � n with � 6 � .

Another application of loc. cit. reducescase(i) to case(ii) (or (iii)). Still another application
of loc. cit. reducesthe cases(ii) and (iii) to case(iv). Now the quadranglein case(iv) is in fact
a pure square,as follows from X 2 Ob F � ( �� #

n ) and the de�nition of a pure squarevia its pure
short exact diagonalsequence.

The construction of Y is functorial in X .

Remark 4.1 We have ~fnM 0 = M 0fn , and thus~fnM = M f
n

for n > 0.

F � ((2 �� n )# )
~fn //

M 0

��

F � (� t � n
#

)

M 0

��

F + ((2 �� n )# )
fn //

M 00

��

F + (� t � n
#

)

M 00

��

F + ((2 �� n )# )
f
n //F + (� t � n

#
)

Example 4.2 Let n = 2. Note that 2 �� 2 ' �� 5. Let X 2 Ob F � ((2 �� 2)# ), depicted as follows.

X 0+1 =0+1
x //X 1+1 =0+1

OO

x //

�

X 2+1 =0+1

OO

x //

�

X 0+2 =0+1

OO

x //

�

X 1+2 =0+1

OO

x //

�

X 2+2 =0+1

OO

x //

�

X 0+3 =0+1

OO

X 2=2
x //X 0+1 =2

x

OO

x //

�

X 1+1 =2

x

OO

x //

�

X 2+1 =2

x

OO

x //

�

X 0+2 =2

x

OO

x //

�

X 1+2 =2

x

OO

x //

�

X 2+2 =2

x

OO

X 1=1
x //X 2=1

x

OO

x //

�

X 0+1 =1

x

OO

x //

�

X 1+1 =1

x

OO

x //

�

X 2+1 =1

x

OO

x //

�

X 0+2 =1

x

OO

x //

�

X 1+2 =1

x

OO

X 0=0
x //X 1=0

x

OO

x //

�

X 2=0

x

OO

x //

�

X 0+1 =0

x

OO

x //

�

X 1+1 =0

x

OO

x //

�

X 2+1 =0

x

OO

x //

�

X 0+2 =0

x

OO

X 2� 1 =2� 1
x //X 0=2� 1

x

OO

x //

�

X 1=2� 1

x

OO

x //

�

X 2=2� 1

x

OO

x//

�

X 0+1 =2� 1

x

OO

x //

�

X 1+1 =2� 1

x

OO

x //

�

X 2+1 =2� 1

x

OO

OO
�

OO
�

OO
�

OO
�

OO
�

OO

Note that the objects on the boundary of the diagram,

: : : ; X 2� 1 =2� 1 ; X 0=0 ; X 1=1 ; X 2=2 ; X 0+1 =0+1 ; : : :
: : : ; X 2+1 =2� 1 ; X 0+2 =0 ; X 1+2 =1 ; X 2+2 =2 ; X 0+3 =0+1 ; : : :

are all supposedto be in Ob B.
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Note that � t � 2 ' � 3. Folding turns X into X ~f2 2 Ob F � (� t � 2
#

), depicted as follows.

0 //

X 2+1 =2+1 � X 2+2 =2

�
x

� x

�

//X 2+2 =2+1

OO

//

�

X 1+1 =1+1 � X 1+2 =1

�
x 0
0 x

�

//X 2+1 =1+1 � X 1+2 =2

�
x

� x

�

//

�
x 0
0 x

�
OO

�

X 1+2 =1+1

x

OO

//

�

X 0+1 =0+1 � X 0+2 =0

�
x 0
0 x

�

//X 1+1 =0+1 � X 0+2 =1

�
x 0
0 x

�

//

�
x 0
0 x

�
OO

�

X 2+1 =0+1 � X 0+2 =2

�
x

� x

�

//

�
x 0
0 x

�
OO

�

X 0+2 =0+1

x

OO

//

�

0 // X 0+1 =0
x //

( x x )

OO

�

X 1+1 =1
x //

( x x )

OO

�

X 2+1 =2 //

( x x )

OO

�

0

OO

X 2� 1 =2� 1 � X 2=2� 2

�
x

� x

�

//X 2=2� 1
( x x ) //

OO

�

X 2=0 � X 0+1 =2� 1

�
x 0
0 x

�

//

�
x

� x

�
OO

�

X 2=1 � X 1+1 =2� 1

�
x 0
0 x

�

//

�
x

� x

�
OO

�

X 2=2 � X 2+1 =2� 1

�
x

� x

�
OOOO

OO
�

OO
�

OO
�

OO

4.3 Some 1-epimorphic functors

Let n > 0. Concerning1-epimorphy, cf. xA.8.

Lemma 4.3 The restriction functor

F � ( �� #
n ) -

(� )j _� n F ( _� n )

X - X j _� n

is 1-epimorphic.

Proof. We claim that the functor (� )j _� n
satis�es the requirements (i, ii) of Corollary A.36,

which then implies that it is 1-epimorphic.

Supposegiven Y 2 Ob F ( _� n ). We construct an object ~Y of F � ( �� #
n ) such that ~Yj _� n

= Y by
the following procedure.

Write �� M; �
n := �� M

n r f 0=0g and �� O; �
n := �� O

n r f 0+1 =0g; cf. x2.1.1.

On �� M; �
n , we proceedby induction to construct a diagram for which, moreover, the morphisms

~Y
 =�
- ~Y
 =� are purely monomorphic for all � ; � ; 
 2 �� n with 0 6 � 6 � 6 
 6 � +1 , and,

moreover, for which ~Y� +1 =� = 0 for all 0 6 � .

First of all, let ~Yj _� n
:= Y.

Assumegiven ` > 0 such that ~Y� M(`0) , together with all diagram morphismspointing to position
� M(`0), is alreadyconstructedfor all `0 < `, but such that ~Y� M(` ) is not yet constructed;cf. x2.1.2.

If � M(`) is of the form � =� for some� 2 �� n with 0 < � , then choosea pure monomorphism
~Y�= (� � 1)

-r ~Y�=� into an object ~Y�=� of B

We do not necessarilychoose ~Y�= ( � � 1) � here.
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If � M(`) = � +1 =� for some� 2 �� n with 0 6 � , then let ~Y� +1 =� := 0.

If � M(`) is of the form � =� for some� ; � 2 �� n with 0 < � < � < � +1 , then we let

( ~Y(� � 1)=(� � 1) ; ~Y(� � 1)=� ; ~Y� =(� � 1) ; ~Y� =� )

bea pushout. Recallthat by induction assumption, ~Y(� � 1)=(� � 1)
-r ~Y(� � 1)=� is purely monomor-

phic. So ~Y� =(� � 1)
-r ~Y� =� is purely monomorphicas well.

On �� O; �
n , we proceeddually, and �nally glue along _� n to obtain the sought ~Y.

Ad (i). The restriction map F ( �� #
n )(

~Y1; ~Y2) -
(� )j _� n

F ( _� n )(Y1; Y2) is surjective for Y1; Y2 2

Ob F ( _� n), aswe seeby induction, using bijectivit y to prolong morphismsand universalprop-
erties of occurring pushoutsand pullbacks.

Ad (ii). Suppose given X 2 ObF � ( �� #
n ). Let X 00 := (X j _� n

)~ 2 Ob F � ( �� #
n ). Let X 0 2

Ob F � ( �� #
n ) be de�ned by X 0j �� M; �

n
= X 00j �� M; �

n
and by X 0j �� O; �

n
= X j �� O; �

n
.

There is a morphismX 0 - X that restricts to the identit y of X j �� O; �
n

on �� O; �
n , and henceto the

identit y of X j _� n
on _� n .

There is a morphism X 0 - X 00that restricts to the identit y of X 00j �� M; �
n

on �� M; �
n , and henceto

the identit y of X j _� n
on _� n .

Now supposegiven X 1; X 2 2 Ob F � ( �� #
n ) such that X 1j _� n

= X 2j _� n
. Then there is a sequence

of morphisms
X 1

� X 0
1

- X 00
1 = X 00

2
� X 0

2
- X 2

each of which restricts to the identit y of X 1j _� n
= X 2j _� n

on _� n , as required.

Lemma 4.4 The functors

F ( _� n ) -N ( _� n )
F ( _� n )

F ( _� n ) -N ( _� n )N 0

F ( _� n )

are 1-epimorphic.

Proof. SinceN 0 is full and dense,it is 1-epimorphicby Corollary A.37. Therefore,it su�ces to
show that N ( _� n ) is 1-epimorphic.

We will apply Lemma A.35. Choosing representativ esof the occurring morphismsZ i
- Z i +1

in an object Z of F ( _� n ), wherei 2 [1; n � 1], we seethat N ( _� n ) is dense.

To ful�ll condition (C) of loc. cit., we will show that given X ; Y 2 Ob F ( _� n) and a morphism
(X )(N ( _� n )) -f (Y)(N ( _� n )), there aremorphismsX 0 -h X and X 0 -f

0

Y in F ( _� n) such that
(h)(N ( _� n )) is an isomorphismand such that (h)(N ( _� n )) f = (f 0)(N ( _� n )).

We proceedby induction on k 2 [1; n]. Supposegiven a diagram

~X 1
~x //

~f 1

��

~X 2
~x //

~f 2

��

~X 3
~x //

~f 3

��

� � � ~x // ~X n� 1
~x //

~f n � 1

��

~X n

~f n

��
Y1

y //Y2
y //Y3

y //� � �
y //Yn� 1

y //Yn

in F such that ~x ~f i +1 = ~f i y for i 2 [1; k � 1], and such that ~x ~f i +1 � B
~f i y for i 2 [k; n],

and a morphism ~X -
~h X in F ( _� n) such that (~h)(N ( _� n )) is an isomorphismand such that

(~h)(N ( _� n )) f is the morphism in F ( _� n ) represented by ~f .
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If k < n, we shall construct a morphism ~X 0 -
~h0 ~X in F ( _� n ) with each ~h0

i N being an isomor-
phism, and a diagram

~X 0
1

~x0
//

~f 0
1

��

~X 0
2

~x0
//

~f 0
2

��

~X 0
3

~x0
//

~f 0
3

��

� � � ~x0
// ~X 0

n� 1
~x //

~f 0
n � 1

��

~X 0
n

~f 0
n

��
Y1

y //Y2
y //Y3

y //� � �
y //Yn� 1

y //Yn

in F such that ~x0~f 0
i+1 = ~f 0

i y for i 2 [1; k], such that ~x0~f 0
i+1 � ~f 0

i y � B 0 for i 2 [k + 1; n], and such
that ~h0

i
~f i � ~f 0

i � B 0 for all i 2 [1; n]. For then we obtain a commutativ e diagram in F ( _� n )

~X 0

~h0

��
~f 0

��0
00

00
00

00
00

00
00

~X
~h

��
~f   A

AA
AA

AA
A

X f
//Y ;

in which we denotedmorphismsby their representativ es.

Let ~X k
-rj B be a pure monomorphismto an object B in B, and let ~x ~f k+1 � ~f ky = j g. Let

~X 0 := ( ~X 1 -~x � � � -~x ~X k -( ~x j ) ~X k+1 � B -

�
~x
0

�

~X k+2 -~x � � � -~x ~X n ) ;

and let

~f 0
i :=

8
<

:

~f i for i 2 [1; n] r f k + 1g
�

~f k +1
� g

�
for i = k + 1

; ~h0
i :=

8
<

:

1 ~X i
for i 2 [1; n] r f k + 1g

�
1 ~X k +1

0

�
for i = k + 1

:

Prop osition 4.5 The residueclassfunctor F � ( �� #
n ) -M F + ( �� #

n ) is 1-epimorphic.

Proof. Considerthe commutativ e quadrangle

F � ( �� #
n ) M //

(� )j _� n
��

F + ( �� #
n )

(� )j _� n
��

F ( _� n )
N ( _� n )N 0

//F ( _� n ) :

Therein, the functor F � ( �� #
n ) -

(� )j _� n F ( _� n ) is 1-epimorphic by Lemma 4.3. The functor

F ( _� n ) -N ( _� n ) N 0

F ( _� n ) is 1-epimorphicby Lemma 4.4. The functor F + ( �� #
n ) -

(� )j _� n F ( _� n )

is an equivalenceby Proposition 2.6. Henceby RemarkA.34, the functor F � ( �� #
n ) -M F + ( �� #

n )
is 1-epimorphic.

We do not claim that the residueclassfunctor F � ( �� #
n ) -N ( �� #

n )
F + ( �� #

n ) is 1-epimorphic.
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4.4 Construction of #

Let n > 0. In the notation of Lemma A.32, we let C := �� #
n ; the role of the categorycalled E

there is played by F here; we let G := F � ( �� #
n ); and �nally , we let H := F + ( �� #

n ). Note that
F + ( �� #

n ) is a characteristic subcategoryof F ( �� #
n ).

The tuples

I (n) =
� �

I X ; � =�

�
� =� 2 �� #

n

�

X 2 Ob F � ( �� #
n )

:=
� �

X � =�
-r

( x x )
X � =� � X � +1 =�

-

� x
� x

�

X � +1 =�

�

� =� 2 �� #
n

�

X 2 Ob F � ( �� #
n )

J (n) =
� �

JX ; � =�

�
� =� 2 �� #

n

�

X 2 Ob F � ( �� #
n )

:=
� �

X � =�
-r

X � =� �
X � =� I = X +1

� =� P -
X +1

� =� �
X +1

� =�

�

� =� 2 �� #
n

�

X 2 Ob F � ( �� #
n )

are �� #
n -resolvingsystems,inducing an isomorphismTI (n)

-� I ( n ) ; J ( n )
� TJ (n) by LemmaA.32.(2).

Recall that F + ( �� #
n ) -M 00

F + ( �� #
n ) denotesthe residueclassfunctor. We have

TI (n) M 00 = M F + (Tn ) = M [� ]+1

TJ (n) M 00 = M T+ ( �� n ) = M [� +1 ] :

SinceM is 1-epimorphicby Proposition 4.5, we obtain

F � ( �� #
n )

TI ( n )
--

TJ ( n )

11

M
��

F + ( �� #
n )

M 00

��
F + ( �� #

n )
[� ]+1

--

[� +1 ]

11F + ( �� #
n ) ;

� I ( n ) ; J ( n )��

#n��

where#n is characterisedby this commutativ e diagram, i.e. by

� I (n); J (n) ? M 00 = M ? #n :

Since� I (n); J (n) is an isomorphism,so is #n . Varying n, this de�nes # = (#n )n> 0.

Theorem 4.6 The tuple # = (#n )n> 0 is a Heller triangulation on F .

Proof. According to De�nition 1.5, we have to show that the following conditions (� ) and (�� )
hold.

(� ) For m; n > 0, for a morphism �� n
� p �� m and for an object Y 2 Ob F + ( �� #

n ), we have

(Yp# )#m = (Y#n )p# :

(�� ) For n > 0 and for an object Y 2 Ob F + ((2 �� n )# ), we have

(Yf
n
)#n+1 = (Y#2n+1 )f

n
:
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Ad (� ). Recall that p# standsfor F + (p# ), and that p# standsfor F � (p# ). By Proposition 4.5,
we may assumeY = X M for someX 2 ObF � ( �� #

n ). Then

(X M p# )#m = (X p# M )#m = (X p# � I (m); J (m) )M 00

(X M #n )p# = (X � I (n); J (n)M 00)p# = (X � I (n); J (n)p# )M 00;

so that it su�ces to show that X p# � I (m); J (m) = X � I (n); J (n)p# .

Starting with X p# , the object X p# TI (m) is calculatedby meansof (I X p# ; � =� )� =� 2 �� #
m

; whereas
X TI (n) is calculated by meansof (I X ; � =
 )� =
 2 �� #

n
, so that X TI (n) p# can be regardedas being

calculatedby meansof (I X ; � p=�p )� =� 2 �� #
m

. But

I X ; � p=�p =
�

X � p=�p
-r( x x )

X � p=� p � X (�p )+1 =�p
-

� x
� x

�

X (�p )+1 =� p

�
= I X p# ; � =� ;

whenceX p# TI (m) = X TI (n) p# .

Next, starting with X p# , the object X p# TJ (m) is calculated by meansof (JX p# ; � =� )� =� 2 �� #
m

;
whereasX TJ (n) p# can be regardedas being calculatedby meansof (JX ; � p=�p )� =� 2 �� #

m
. But

JX ; � p=�p =
�

X � p=�p
-r

X � p=�p �
X � p=�p I = X +1

� p=�p P -
X +1

� p=�p �
X +1

� p=�p

�
= JX p# ; � =� ;

whenceX p# TJ (m) = X TJ (n) p# .

Now
X p# TI (m)

-X p# � I ( m ) ; J ( m )
� X p# TJ (m)

is induced by (I X p# ; � =� )� =� 2 �� #
m

and by (JX p# ; � =� )� =� 2 �� #
m

; whereas

X TI (n) p# -X � I ( n ) ; J ( n ) p#

� X TJ (n) p#

can be regardedas being induced by (I X ; � p=�p )� =� 2 �� #
m

and by (JX ; � p=�p )� =� 2 �� #
m

. We have just

seen,however, that thesepairs of tuples coincide.

Ad (�� ). By Proposition 4.5, we may assumeY = X M for someX 2 ObF � ((2 �� n )# ). By
Remark 4.1, we have

(X M f
n
)#n+1 = (X ~fnM )#n+1 = (X ~fn � I (n+1) ; J (n+1) )M 00

(X M #2n+1 )f
n

= (X � I (2n+1) ; J (2n+1) M 00)f
n

= (X � I (2n+1) ; J (2n+1) fn)M 00;

so that it su�ces to show that X ~fn � I (n+1) ; J (n+1) = X � I (2n+1) ; J (2n+1) fn .

Starting with X ~fn , the object X ~fn TI (n+1) is calculated by means of (I X ~fn ; � =� )
� =� 2 � t � n

# ;
whereasX TI (2n+1) fn can be regardedas being calculatedby meansof the tuple of pure short
exact sequencesconsistingof

8
><

>:

0 at (�=� )+ z, z 2 Z

I X ; (� +1 =� )+ z at (� =� )+ z, � 2 � n , z 2 Z

I X ; (� +1 =� +1 )+ z � I X ; (� +2 =� )+ z at (� =� )+ z, � ; � 2 � n , � 6 � , z 2 Z :

We have I X ~fn ; (�=� )+ z = 0 for z 2 Z. For � 2 � n , we have

I X ~fn ; �=� =
�

X � +1 =�
-r

( x x )
X � +1 =� +1 � X � +2 =�

-

�
x

� x

�

X � +2 =� +1

�
= I X ; � +1 =� ;
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and accordinglyat (� =� )+ z for z 2 Z. Moreover, for � ; � 2 � n with � 6 � , we have

I X ~fn ; � =� =
�

X � +1 =� +1 � X � +2 =�
-r

�
x 0 x 0
0 x 0 � x

�

X � +1 =� +1 � X � +2 =� � X � +3 =� +1 � X � +2 =� +2 -

0

@
x 0
0 � x

� x 0
0 � x

1

A

X � +3 =� +1 � X � +2 =� +2

�

and

I X ; � +1 =� +1 � I X ; � +2 =� =
�

X � +1 =� +1 � X � +2 =�
-r

�
x x 0 0
0 0 x x

�

X � +1 =� +1 � X � +3 =� +1 � X � +2 =� +2 � X � +2 =�
-

0

@
x 0

� x 0
0 x
0 � x

1

A

X � +3 =� +1 � X � +2 =� +2

�

Accordingly at (� =� )+ z for z 2 Z.

Sincethere is an isomorphismfrom I X ~fn ; �=� to I X ; � +1 =� +1 � I X ; � +2 =� that has identities on the
�rst and on the third terms of the short exact sequences,completedby

X � +1 =� +1 � X � +2 =� � X � +3 =� +1 � X � +2 =� +2 -

0

@
1 0 0 0
0 0 0 1
0 1 0 0
0 0 � 1 0

1

A

� X � +1 =� +1 � X � +3 =� +1 � X � +2 =� +2 � X � +2 =�

on the secondterms, the characterisation in Lemma A.32.(1) shows that we end up altogether
with X ~fn TI (n+1) = X TI (2n+1) fn .

Starting with X ~fn , the object X ~fn TJ (n+1) is calculated by means of (JX ~fn ; � =� )
� =� 2 � t � n

# ;
whereasX TJ (2n+1) fn can be regardedas being calculatedby meansof the tuple of pure short
exact sequencesconsistingof

8
><

>:

0 at (�=� )+ z, z 2 Z

JX ; (� +1 =� )+ z at (� =� )+ z, � 2 � n , z 2 Z

JX ; (� +1 =� +1 )+ z � JX ; (� +2 =� )+ z at (� =� )+ z, � ; � 2 � n , � 6 � , z 2 Z :

We have JX ~fn ; (�=� )+ z = 0 for z 2 Z. For � 2 � n , we have

JX ~fn ; �=� =
�

X � +1 =�
-r

X � +1 =� �
X � +1 =� I = X +1

� +1 =� P -
X +1

� +1 =�
�

X +1
� +1 =�

�
= JX ; � +1 =� ;

and accordinglyat (� =� )+ z for z 2 Z.

Moreover, for � ; � 2 � n with � 6 � , we have

JX ~fn ; � =� =

 

X � +1 =� +1 � X � +2 =�
-r

(X � +1 =� +1 � X � +2 =� ) �

(X � +1 =� +1 � X � +2 =� ) I = (X � +1 =� +1 � X � +2 =� )+1 P -
(X � +1 =� +1 � X � +2 =� )+1 �

X � +3 =� +1 � X � +2 =� +2

!

= JX ; � +1 =� +1 � JX ;� +2 =� ;

and accordinglyat (� =� )+ z for z 2 Z.

Hencealtogether, we concludethat X ~fn TJ (n+1) = X TJ (2n+1) fn .

Now
X ~fn TI (n+1)

-
X ~fn � I ( n +1) ; J ( n +1)

� X ~fn TJ (n+1)
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is induced by (I X ~fn ; � =� )� =� 2 �� #
n +1

and by (JX ~fn ; � =� )� =� 2 �� #
n +1

; whereas

X TI (2n+1) fn
-

X � I (2 n +1) ; J (2 n +1) fn

� X TJ (2n+1) fn

can be regardedasbeing induced by the tuple consistingof
8
><

>:

0 at (�=� )+ z, z 2 Z

I X ; (� +1 =� )+ z at (� =� )+ z, � 2 � n , z 2 Z

I X ; (� +1 =� +1 )+ z � I X ; (� +2 =� )+ z at (� =� )+ z, � ; � 2 � n , � 6 � , z 2 Z :

and by (JX ~fn ; � =� )� =� 2 �� #
n +1

.

Since the respective former tuples are isomorphic by a tuple of isomorphismsthat has iden-
tities on the �rst and on the third term, and sincethe respective latter tuples are equal, the
characterisationin LemmaA.32.(3) shows that in fact X ~fn � I (n+1) ; J (n+1) = X � I (2n+1) ; J (2n+1) fn :

Corollary 4.7 Let E be a Frobenius category. There existsa Heller triangulation on (E; T).

Concerningthe stable categoryE, cf. De�nition A.7.

Proof. Let B � E be the full subcategory of bijectives. The category Bac is functorially
Frobeniusby ExampleA.6. HenceE = Bac, equipped with the complexshift T, carriesa Heller
triangulation by virtue of Theorem4.6.

4.5 Exact functors induce strictly exact functors

Prop osition 4.8 Supposegiven an exact functor

F -F ~F

between functorial Frobenius categories F = (F ; T; I; �; P; � ) and ~F = ( ~F ; ~T;~I; ~�; ~P; ~� ) that sat-
is�es

F ~T = TF

F ~I = I F

F ~P = PF :

Then the induced functor
F -F ~F

is strictly exactwith respect to the Heller triangulations intr oduced in Theorem 4.6.

Proof. Condition (1) of De�nition 1.5.(iii) is satis�ed. Condition (2) of loc. cit. holdssinceeach
morphism has a weak kernel that is sent to a weak kernel of its image; and dually. In fact,

given a morphism represented by X -f Y, the residueclassof the kernel of X � Y P -

�
f

Y �

�

Y in

F , composedwith X � Y P -

�
1
0

�

X , is a weak kernel of the residueclassof X -f Y by Lemma
A.31 and Remark A.27. Sincepure short exact sequencesand bijectives are preserved by F ,
this weak kernel is preserved by F .
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Considercondition (3) of loc. cit. Let # resp. ~# be the Heller triangulation on F resp. on ~F
characterisedas in Theorem4.6 by

� I (n); J (n)M 00 = M #n

� ~I (n); ~J (n)
~M 00 = ~M ~#n ;

where ~M , ~M 0, ~M 00, ~I (n) resp. ~J (n) is de�ned over ~F asM , M 0, M 00, I (n) resp.J (n) is over F .
To prove (3), i.e. to show that for n > 0 and Y 2 Ob F + ( �� #

n ), we have

(Y#n )F + ( �� #
n ) = (YF + ( �� #

n )) ~#n ;

we may assumeby Proposition 4.5 that Y = X M for someX 2 Ob F � ( �� #
n ). Since

(X M #n )F + ( �� #
n ) = (X � I (n); J (n)M 00)F + ( �� #

n ) = (X � I (n); J (n)F + ( �� #
n )) ~M 00

(X M F + ( �� #
n )) ~#n = (X F � ( �� #

n ) ~M ) ~#n = (X F � ( �� #
n )� ~I (n); ~J (n) ) ~M 00;

it su�ces to show that X � I (n); J (n)F + ( �� #
n ) = X F � ( �� #

n )� ~I (n); ~J (n) .

Starting with X F � ( �� #
n ) , the object X F � ( �� #

n ) T~I (n) is calculated by means of

( ~I X F � ( �� #
n ); � =� )� =� 2 �� #

n
; whereasX T~I (n) F + ( �� #

n ) can be regardedas being calculatedby means

of (I X ; � =� F )� =� 2 �� #
n

, where I X ; � =� F is de�ned by an application of F to all three terms and
both morphismsof the pure short exact sequenceI X ; � =� . SinceF is additive, we get

( ~I X F � ( �� #
n ); � =� )� =� 2 �� #

n
= (I X ; � =� F )� =� 2 �� #

n
;

whenceX F � ( �� #
n ) T~I (n) = X TI (n) F + ( �� #

n ).

Starting with X F � ( �� #
n ) , the object X F � ( �� #

n ) T~J (n) is calculated by means of
( ~JX F � ( �� #

n ); � =� )� =� 2 �� #
n

; whereasX TJ (n) F + ( �� #
n ) can be regardedasbeing calculatedby means

of (JX ; � =� F )� =� 2 �� #
n

, where JX ; � =� F is obtained by entrywise application of F . SinceF com-

mutes with P and ~P, and with I and~I, we get

( ~JX F � ( �� #
n ); � =� )� =� 2 �� #

n
= (JX ; � =� F )� =� 2 �� #

n
;

whenceX F � ( �� #
n ) T~J (n) = X TJ (n) F + ( �� #

n ).

Moreover, since the de�ning pairs of tuples coincide, we �nally get X F � ( �� #
n )� ~I (n); ~J (n) =

X � I (n); J (n)F + ( �� #
n ).

Supposegiven an exact functor
E -E ~E

betweenFrobeniuscategoriesE and ~E that sendsall bijective objects in E to bijective objects in
~E. Let B � E resp. ~B � ~E be the respective subcategoriesof bijectives. We obtain an induced
functor Bac -E ac ~Bac, inducing in turn a functor

E := E ac : E = Bac - ~Bac = ~E

modulo split acyclic complexes;cf. Example A.6.(2).

Corollary 4.9 The induced functor

E -E ~E

is strictly exactwith respect to the Heller triangulations on E and on ~E intr oduced in Theorem
4.6 via the functorial Frobenius categoriesBac and ~Bac.

Proof. We may apply Proposition 4.8 to (F -F ~F ) := (Bac -E ac ~Bac).
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5 Some quasicyclic categories

In the de�nition of a Heller triangulated category, the categoriesC+ ( �� #
n ) occur. Replacing this

classicalstable category by its stable counterpart, theseturn out to be Heller triangulated them-
selves. So we can iterate. Cf. [2, Prop. 8.4].

Let C be a weakly abelian category. Let n > 0.

5.1 The category C+ ( �� #
n ) is Frob enius

5.1.1 The category A 0( �� #
n ) is Frob enius

We proceed in a slightly more general manner than necessary. We generalisethe fact that the
category of complexesA 0( �� #

2 ) over an additiv e category A is a Frobenius category, to a category
A 0( �� #

n ) for n > 0; cf. Lemma 5.2 below. Then we will specialiseto our weakly abelian category
C and passto the full subcategory C+ ( �� #

n ) � C0( �� #
n ); cf. Proposition 5.5 below.

5.1.1.1 Notation

Let A be an additive category. Let A 0( �� #
n ) be the full subcategoryof A ( �� #

n ) de�ned by

ObA 0( �� #
n ) :=

�
X 2 ObA( �� #

n ) : X �=� = 0 and X � +1 =� = 0 for all � 2 �� n
	

:

A sequenceX 0 -i X -p X 00 in A 0( �� #
n ) is called pointwise split short exact if the sequence

X 0
�

-i � X �
-p� X 00

� is split short exact for all � 2 �� #
n . A morphism is called pointwise split

monomorphic(resp. epimorphic) if it appearsas a kernel (resp. cokernel) in a pointwise split
short exact sequence.

The category A 0( �� #
n ) carries an outer shift functor X - [X ]+1 , where [X ]+1

� =� := X (� =� )+1 =
X � +1 =� for � =� 2 �� #

n .

Recall that A , together with the set of split short exact sequences,is an exact category; cf.
Example A.3. Sothe additive categoryA 0( �� #

n ), equipped with the set of pointwisesplit short
exact sequencesas pure short exact sequences,is an exact category;cf. Example A.4.

Given � =� ; � =
 2 �� #
n , we write � =� l � =
 if � < 
 and � < � .

Given A 2 Ob A and � =� 2 �� #
n , we denote by A ]�;� ] the object in A 0( �� #

n ) consisting of
identical morphismswherever possibleand having

(A ]�;� ])� =
 :=

(
A if � =� � 1 l � =
 6 � =�

0 else

for � =
 2 �� #
n . Such an object is called an extended interval.

Intuitiv ely, it is a rectangle with upper right corner at � =� , and as large as possiblein A 0( �� #
n ).

Let A + ; split ( �� #
n ) be the full subcategory of A 0( �� #

n ) consistingof objects isomorphic to sum-
mandsof objects of the form M

� =� 2 �� #
n

(A � =� )]�;� ] ;

whereA � =� 2 Ob A for � =� 2 �� #
n . This direct sum existssinceit is a �nite direct sum at each

� =
 2 �� #
n . Concerningthe notation A + ; split ( �� #

n ), cf. alsoRemark 5.3 below.
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5.1.1.2 The perio dic case

Let A 0 be an additive category, equipped with a graduation shift automorphism X - X [+1].
We write X - X [m] for its m-th iteration, wherem 2 Z.

By entrywise application, there is also a graduation shift on A 00( �� #
n ), likewise denoted by

X - X [+1].

As in x2.5.3,we de�ne the subcategoryA 00;periodic( �� #
n ) � A 00( �� #

n ) to consistof the morphisms
X -f Y in A 00( �� #

n ) that satisfy

(X [+1] -f [+1] Y[+1]) = ([X ]+1 -[f ]+1

[Y ]+1 )

So the subcategoryA 00;periodic( �� #
n ) � A 00( �� #

n ) is not full in general.

Given A 2 Ob A 0 and 0 6 i 6 j 6 n, we denoteby A ]i;j ] the object in A 00( �� #
n ) consistingonly

of zeroand identical morphismsand having

(A ]i;j ])� =
 :=

(
A[m] if (i=j � 1)+ m l � =
 6 (j =i)+ m for somem 2 Z

0 else

for � =
 2 �� #
n .

Intuitiv ely, it is a rectangle with upper right corner at j =i, and as large as possible in
A 00; perio dic ( �� #

n ), repeated Z-periodically up to according graduation shift.

Let A 0+ ; split ; periodic( �� #
n ) be the full subcategoryof A 00; periodic( �� #

n ) consistingof objects isomor-
phic to summandsof objects of the form

M

06 i6 j 6 n

(A j;i )]i;j ] ;

whereA j;i 2 ObA 0 for 0 6 i 6 j 6 n. Such an object is called a periodic extended interval.

Lemma 5.1 The category A 00; periodic( �� #
n ), equipped with the pointwise split short exact se-

quences, is a Frobenius category, having A 0+ ; split ; periodic( �� #
n ) as its subcategory of bijectives.

Proof. By duality, it su�ces to show that the following assertions(1,2) hold.

(1) The object A ]i;j ] is injective in A 00; periodic( �� #
n ) for any A 2 Ob A 0 and any 0 6 i 6 j 6 n.

(2) For each object of A 00; periodic( �� #
n ), there exists a pure monomorphisminto an object of

A 0+ ; split ; periodic( �� #
n ).

Ad (1). Note that we have an adjunction isomorphism

A 00; p erio dic ( �� #
n )(X ; A ]i;j ]) -�

A 0(X j =i ; A)

f - f j =i ;

where X 2 Ob A 00; periodic( �� #
n ). Suppose given a pure monomorphism A ]i;j ]

-r X for some
A 2 Ob A 0. Let (A -r X j =i

- A) = 1A . Let X - A ]i;j ] correspond to X j =i
- A. The

composition (A ]i;j ]
-r X - A ]i;j ]) restricts to 1A at j =i, henceequals1A ] i;j ]

.
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Ad (2). Supposegiven X 2 ObA 00; periodic( �� #
n ). Given 0 6 i 6 j 6 n, we let

X -X sj =i (X j =i)]i;j ]

be the morphism corresponding to 1X j =i
by adjunction, which is natural in X . Collecting these

morphismsyields a morphism
X -X s M

06 i6 j 6 n

(X j =i)]i;j ] ;

which is pointwisesplit monomorphicsinceat j =i, its component X j =i
- X j =i is an identit y.

5.1.1.3 The general case

Lemma 5.2 The category A 0( �� #
n ), equipped with the pointwise split short exact sequences, is

a Frobenius category, having A + ; split ( �� #
n ) as its subcategory of bijectives.

Proof. To prove that A 0( �� #
n ) is a Frobeniuscategory, we morepreciselyclaim that A + ; split ( �� #

n )
is a su�cien tly big categoryof bijective objects in the exact categoryA 0( �� #

n ).

Abbreviate A Z := A ( _Z), where _Z denotesthe discrete category with Ob _Z = Z and only
identical morphisms. The categoryA Z carriesthe graduation shift automorphism

A Z -� A Z

(X -f Y) - (X [+1] -f [+1]
Y[+1]) := (X i +1

-f i +1 Yi +1 ) i 2 Z :

We have an isomorphismof categories

A + ( �� #
n ) -�

� (A Z )+ ; periodic( �� #
n )

X -
�
(X (� =� )+ i ) i 2 Z

�
� =� 2 �� #

n

((Y� =� )0)� =� 2 �� #
n

� Y :

Both categoriesare exactwhenequipped with pointwisesplit short exact sequences,and � and
� � 1 are exact functors. We have A + ; split ( �� #

n )� = (A Z )+ ; split ; periodic( �� #
n ).

Putting A 0 := A Z , the result follows by Lemma 5.1.

If A = C is a weakly abelian category, we have two de�nitions of C+ ; split ( �� #
n ).

The �rst one,given in 1.2.1.1,de�nes this categoryasa full subcategoryof C+ ( �� #
n ) containing

thosediagramsin which all morphismsare split.

The secondone, just given, de�nes this category as a full subcategory of C0( �� #
n ) containing,

up to isomorphism,summandsof direct sumsof extendedintervals.

Remark 5.3 If A = C is a weakly abelian category, then the two aforementioned de�nitions of
C+ ; split ( �� #

n ) coincide.

Proof. First, we notice that an extended interval lies in C+ ( �� #
n ), and that all its diagram

morphismsare split.

It remainsto be shown that an object in C+ ( �� #
n ) all of whosediagram morphismsare split, is,

up to isomorphism,a summandof a direct sum of extendedintervals.
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Passingto (CZ )+ ; periodic( �� #
n ), we have to show that an object X 2 Ob(CZ )+ ; periodic( �� #

n ) all
of whosediagram morphismsare split, is, up to isomorphism,a summandof a direct sum of
periodic extendedintervals.

By LemmaA.25, applied to the abelian Frobeniuscategorygiven by the Freyd categoryof CZ ,
the object X j _� n

2 Ob CZ ( _� n ) is isomorphic to a summandof a �nite direct sum of intervals.
Hence,by Lemma 2.11, the object X is isomorphic to a summand of a �nite direct sum of
imagesof intervals under �S, i.e. of periodic extendedintervals, as was to be shown.

5.1.2 The subcategory C+ ( �� #
n ) � C0( �� #

n )

Recall that C is a weakly abelian category.

Lemma 5.4 Supposegiven a pure short exactsequence

X 0 -r X - X 00

in C0( �� #
n ). If two out of the three objects X 0, X and X 00are in C+ ( �� #

n ), so is the third.

Proof. For an object X 2 Ob C0( �� n ) to lie in Ob C+ ( �� n ), it su�ces to know that the complex

X (� ; � ; 
 ) :=
�

� � � - X � =
 � 1 - X � =�
- X 
 =�

- X 
 =�
- X � +1 =�

- � � �
�

is acyclic in Ĉ for all � ; � ; 
 2 �� n with � 6 � 6 
 6 � +1 ; which is true, as we take from
Lemma A.17; cf. Remark A.27.

Now the long exact homology sequence, applied in Ĉ to the short exact sequence
X 0(� ; � ; 
 ) -r X (� ; � ; 
 ) - X 00(� ; � ; 
 ) of complexes,shows that if two of these complexes
are acyclic, so is the third.

Prop osition 5.5

(1) The category C+ ( �� #
n ), equipped with the pointwise split short exactsequences, is a Frobe-

nius category, having C+ ; split ( �� #
n ) as its subcategory of bijectives.

Hence its stablecategory C+ ( �� #
n ) is equivalent to its classical stablecategory C+ ( �� #

n ) =

C+ ( �� #
n )=C+ ; split ( �� #

n ). So both C+ ( �� #
n ) and C+ ( �� #

n ) are weakly abelian.

(2) SupposeC to be equipped with an automorphismX - X +1 . The category C+ ; periodic ( �� #
n )

(cf. x2.5.3), equipped with the pointwise split short exactsequences, is an additively func-
torial Frobenius category, having C+ ; split ; periodic( �� #

n ) as its subcategory of bijectives.

We remark that C+ ( �� #
n ) appearsin De�nition 1.5.

Proof. Ad (1). To prove that C+ ( �� #
n ) is an exact category, it remainsto be shown, in view of

Lemma 5.2 and of xA.2.2, that a pure short exact sequencein C0( �� #
n ) that has the �rst and

the third term in Ob C+ ( �� #
n ), hasthe secondterm in Ob C+ ( �� #

n ), too. This follows by Lemma
5.4.

To prove that C+ ( �� #
n ) is Frobenius, we may usethat C0( �� #

n ) is Frobenius, with the bijective
objects already lying in C+ ( �� #

n ), thus being a fortiori bijective with respect to C+ ( �� #
n ). By

duality, it remainsto be shown that the kernel of a pointwise split epimorphismof a bijective
object to a given object in C+ ( �� #

n ) is again in C+ ( �� #
n ), thus showing that this epimorphismis

actually pure in C+ ( �� #
n ). This follows by Lemma 5.4.

Ad (2). In view of Lemma 5.1, this follows as (1).
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I do not know whether C+ ; #=1 ( �� #
n ) is Frobenius. It seemsdoubtful, since this question is

reminiscent of the example of A. Neeman that shows that the mapping cone of a morphism
of distinguished triangles in the senseof Verdier neednot be distinguished [24, p. 234].

5.1.3 Tw o examples

SupposeC to be equipped with an automorphism X - X +1 .

The categoryC+ ; perio dic ( �� #
n ) being a Frobeniuscategoryby Proposition 5.5.(2), its classicalstable

categoryC+ ; perio dic ( �� #
n ) carriesa Heller operator, de�ned on X 2 Ob C+ ; perio dic ( �� #

n ) asthe kernel
of B - X , where B 2 Ob C+ ; split ; perio dic ( �� #

n ). As examples,we calculate the Heller operator
for n 2 f 2; 3g on periodic n-pretriangles.

Supposen = 2. Let X 2 Ob C+ ; perio dic ( �� #
2 ) be a periodic 2-pretriangle. We obtain

X 1=0
-x

X 2=0

� � � � � �*
x

X 2=1
-x

X +1
1=0

� � � � � �*
x

X +1
2=0

?

� x
1
�

?

� x
1
�

?

� x
1
�

?

� x
1
�

?

� x
1
�

X � 1
2=1 � X 1=0

-

h
0 0
1 0

i

X 1=0 � X 2=0

� � � � �*
h

0 0
1 0

i X 2=0 � X 2=1
-

h
0 0
1 0

i

X 2=1 � X +1
1=0

� � � � �*
h

0 0
1 0

i X +1
1=0 � X +1

2=0

?

[1 � x ]

?

[1 � x ] ?

[1 � x ]

?

[1 � x ] ?

[1 � x ]

X � 1
2=1

-� x
X 1=0

� � � � � �*
� x

X 2=0
-� x

X 2=1

� � � � � �*
� x

X +1
1=0

In particular, if X is a 2-triangle, i.e. an object of C+ ; #=1 ( �� #
2 ), then this Heller shift of X is also

a 2-triangle; cf. Lemma 3.5.
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Supposen = 3. Let X 2 Ob C+ ; perio dic ( �� #
3 ) be a periodic 3-pretriangle. We obtain

X 1=0
-x

X 2=0
-x

X 3=0

� � � � � �*
x

� � � � � �*
x

X 2=1
-x

X 3=1
-x

X +1
1=0

� � � � � �*
x

� � � � � �*
x

X 3=2
-x

X +1
2=0

� � � � � �*
x

X +1
3=0

?

hx
x
1

i

?

� x
x
x
1

�

?

hx
x
1

i

?

hx
x
1

i

?

� x
x
x
1

�

?

hx
x
1

i

?

hx
x
1

i

?

� x
x
x
1

�
?

hx
x
1

i

X � 1
2= 1� X � 1

3= 1� X 1= 0 -

�
0 0 0 0
1 0 0 0
0 0 1 0

�

X � 1
3= 1� X � 1

3= 2� X 1= 0� X 2= 0 -

2

4
0 0 0
0 0 0
1 0 0
0 1 0

3

5

X 1= 0� X 2= 0� X 3= 0

� � � � �*

2

4
0 0 0
1 0 0
0 0 0
0 1 0

3

5

� � � � �*
�

0 0 0 0
1 0 0 0
0 1 0 0

�

X � 1
3= 2� X 2= 0� X 2= 1 -

�
0 0 0 0
1 0 0 0
0 0 1 0

�

X 2= 0� X 3= 0� X 2= 1� X 3= 1 -

2

4
0 0 0
0 0 0
1 0 0
0 1 0

3

5

X 2= 1� X 3= 1� X +1
1= 0

� � � � �*

2

4
0 0 0
1 0 0
0 0 0
0 1 0

3

5

� � � � �*
�

0 0 0 0
1 0 0 0
0 0 1 0

�

X 3= 0� X 3= 1� X 3= 2
-

�
0 0 0 0
1 0 0 0
0 1 0 0

�

X 3= 1� X 3= 2� X +1
1= 0� X +1

2= 0

� � � � �*

2

4
0 0 0
0 0 0
1 0 0
0 1 0

3

5 X +1
1= 0� X +1

2= 0� X +1
3= 0

?

h
1 0 � x
0 1 � x

i

?

�
1 0 0 � x
0 1 0 � x
0 0 1 � x

�

?

h
1 0 � x
0 1 � x

i

?

h
1 0 � x
0 1 � x

i

?

�
1 0 0 � x
0 1 0 � x
0 0 1 � x

�

?

h
1 0 � x
0 1 � x

i

?

h
1 0 � x
0 1 � x

i

?

�
1 0 0 � x
0 1 0 � x
0 0 1 � x

�
?

h
1 0 � x
0 1 � x

i

X � 1
2= 1� X � 1

3= 1
-

h
0 0 � x
1 0 � x

i

X � 1
3= 1� X � 1

3= 2� X 1= 0 -

�
0 � x
0 � x
1 � x

�

X 1= 0� X 2= 0

� � � � �*
�

0 � x
1 � x
0 � x

�

� � � � ��*h
0 � x 0
1 � x 0

i

X � 1
3= 2� X 2= 0 -

h
0 0 � x
1 0 � x

i

X 2= 0� X 3= 0� X 2= 1 -

�
0 � x
0 � x
1 � x

�

X 2= 1� X 3= 1

� � � � ��*
�

0 � x
1 � x
0 � x

�

� � � � ��*h
0 0 � x
1 0 � x

i
X 3= 0� X 3= 1 -

h
0 � x 0
1 � x 0

i

X 3= 1� X 3= 2� X +1
1= 0

� � � � ��*
�

0 � x
0 � x
1 � x

�
X +1

1= 0� X +1
2= 0

If X is a 3-triangle, i.e. an object C+ ; #=1 ( �� #
3 ), I do not know whether this Heller shift of X is again a 3-triangle.
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5.2 A quasicyclic category

The category of quasicycliccategories is de�ned to be the category of contravariant functors
from �� � to the (1-)category (Cat) of categories. Recall that we have a functor � - �� ,
� n

- �� n that allows to restrict a quasicyclicset to its underlying simplicial set.

Given a categoryU, we denoteby Iso U � U its subcategoryconsistingof isomorphisms.Given
a functor U -U U0, we denoteby IsoF : Iso U - Iso U0 the induced functor.

We de�ne
�� � -qcyc� C

(Cat)

( �� n
� f �� n ) -

�
IsoC+ ( �� #

n ) -Iso C+ (f # )
IsoC+ ( �� #

m )
�

:

More intuitiv ely written, qcyc� C := IsoC+ ( �� #
� ). Note that qcyc0 Cconsistsonly of zero-objects.

A strictly exact functor C -F C0 inducesa functor C+ ( �� #
n ) -F + ( �� #

n )
C0+ ( �� #

n ) for n > 0, and
thus a morphism

qcyc� C -qcyc� F
qcyc� C0

of quasicycliccategories.

As variants, we mention

qcycperiodic
� C := IsoC+ ; periodic( �� #

� )

qcyc#=1
� C := IsoC+ ; #=1 ( �� #

� ) :

5.3 A biquasicyclic category

As an attempt in the direction described in [30, p. 330], we de�ne a �rst step of an \iteration" of
the construction qcyc� C.

By Proposition 5.5, we may form the category C+ ( �� #
n )+ ( �� #

m ). Note that a morphism

�� m
� f �� m0 of periodic linearly ordered sets induces a functor C+ ( �� #

n )+ (f # ) in the second
variable.

By Lemma4.8,a morphism �� n
� g �� n0 of periodic linearly orderedsetsinducesa strictly exact

functor C+ (g# ), and so a functor C+ (g# )+ ( �� #
m ) in the �rst variable for m > 0.

The functors induced by f and by g commute.

We may de�ne

qcyc�� C := Iso
�

C+ ( �� #
� )+ ( �� #

� )
�

;

which yields a biquasicycliccategory, i.e. a functor from �� � � �� � to the (1-)category (Cat) of
categories.

By Lemma 4.8, a strictly exact functor C -F C0 inducesa functor C+ ( �� #
n ) -

F + ( �� #
n )

C0+ ( �� #
n )

for n > 0, and thus a morphism

qcyc�� C -qcyc�� F
qcyc�� C0

of quasicycliccategories.
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As variants, we mention

qcycperiodic
�� C := Iso

�
C+ ( �� #

� )+ ; periodic( �� #
� )

�

qcyc#=1
�� C := Iso

�
C+ ( �� #

� )+ ; #=1 ( �� #
� )

�
:

Cf. Remark 3.3.

This procedurecan be iterated to obtain triquasicyclic categoriesetc.

A Some general lemmata
This appendix is a tool kit consisting of folklore lemmata (with proof) and known results (mainly without proof).
We do not claim originalit y.

A.1 An additiv e lemma

Let A and B be additiv e categories,and let A -F B be a full and denseadditiv e functor. Let N � B be a full
additiv e subcategory. Let M � A be the full subcategory determined by

Ob M := f A 2 Ob A : AF is isomorphic to an object of N g :

Lemma A.1 Supposethat for each morphism A -a0
A0 in A such that a0F = 0, there exists a factorisation

(A -a0
A0) = (A -a

0
0 M 0

-a00
0 A0)

with M 0 2 Ob M . Then the induced functor

A=M -F B=N

(A -a A0) - (AF -aF
A0F )

is an equivalence.

Proof. We have to show that F is faithful. Supposegiven A -a A0 in A such that

(AF -aF
A0F ) = (AF -b

0

N -b
00

A0F ) ;

where N 2 Ob N . SinceF is dense,we may assumeN = M F for someM 2 Ob M . SinceF is full, there exist
a0 and a00in A with a0F = b0 and a00F = b00. Then

(A -a A0) = (A -a0a00

A0) + (A -a0
A0)

with a0F = 0. Sincea0a00factors over M 2 Ob M , and sincea0 factors over an object of M by assumption on
F , we concludethat a factors over an object of M .

A.2 Exact categories

A.2.1 De�nition

The concept of exact categories is due to Quillen [27 ], who uses a di�eren t, but equivalent set of axioms. In
[17 , App. A ], Keller has cut down redundancies in this set of axioms. We give still another equivalent reformu-
lation.
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An additive category A is a category with zero object, binary products and binary coproducts such that the
natural map from the coproduct to the product is an isomorphism; which allows to de�ne a commutativ e and
associative addition (+) on A(X ; Y ), where X ; Y 2 Ob A; and such that there exists an endomorphism � 1X

for each X 2 Ob A that is characterisedby 1X + (� 1X ) = 0X .

A sequenceX -f Y -g Z in A is called short exact if f is a kernel of g and g is a cokernel of f .

A short exact sequenceisomorphic to a short exact sequenceof the form

X -( 1 0 )
X � Y -

�
0
1

�

Y ;

where X ; Y 2 Ob A, is called split short exact. A morphism appearing as a kernel in a split short exact
sequenceis split monomorphic, a morphism appearing as a cokernel in a split short exact sequenceis called
split epimorphic. A split short exact sequenceis isomorphic to a sequenceof the form just displayed by an
isomorphism having an identit y on the �rst and on the third term.

An exact category (E; S) consists of an additiv e category E and an isomorphism closed set S of short exact
sequencesin E, called pure short exact sequences (7), such that the following axioms (Ex 1, 2, 3, 1� , 2� , 3� ) are
satis�ed.

A monomorphism �tting into a pure short exact sequenceis called a pure monomorphism, denoted by -r ;
an epimorphism �tting into a pure short exact sequenceis called a pure epimorphism, denoted by - . A
morphism which can be written as a composition of a pure epimorphism followed by a pure monomorphism is
called pure.

(Ex 1) Split monomorphismsare pure monomorphisms.
(Ex 1� ) Split epimorphismsare pure epimorphisms.

(Ex 2) The composite of two pure monomorphismsis purely monomorphic.
(Ex 2� ) The composite of two pure epimorphisms is purely epimorphic.

(Ex 3) Given a commutativ e diagram

Y

�@
@@

@

��@
@@@

X

??~~~~~~~~
� //Z ;

we may insert it into a commutativ e diagram

A

�
@@

@@

  @
@@@

� //B

Y

�@
@@@

  @
@@

@

>~~~~

>>~~~~

X

�~~~~

>>~~~~

� //Z

with (X ; Y; B ) and (A; Y; Z ) pure short exact sequences.

7This notion is borrowed from the particular casesof pure short exact sequencesof lattices over orders and of 
 -pure short exact
sequencesof modules. Other frequently used names are admissible short exact sequence, consisting of an admissible monomorphism
and an admissible epimorphism ; and con
ation, consisting of an in
ation and a de
ation.
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(Ex 3� ) Given a commutativ e diagram

Y

��@
@@

@@
@@

X

�~~~~

??~~~~

� //Z ;

we may insert it into a commutativ e diagram

A

�
@@

@@

  @
@@

@

� //B

Y

�@
@@

@

  @
@@@

>~~~~

>>~~~~

X

�~~~~

>>~~~~

� //Z

with (X ; Y; B ) and (A; Y; Z ) pure short exact sequences.

An exact functor from an exact category (E; S) to an exact category (F ; T ) is given by an additiv e functor

E -F F such that SF � T , where, by abuseof notation, F alsodenotesthe functor induced by F on diagrams
of shape � - � - � .

Frequently , the exact category (E; S) is simply referred to by E.

Example A.2

(1) An abelian category, equipped with the set of all short exact sequencesas pure short exact sequences,is
an exact category.

(2) If E is an exact category, so is E� , equipped with the pure short exact sequencesof E consideredas short
exact sequencesin E� , with the roles of kernel and cokernel interchanged.

Example A.3 An additiv e categoryA , equipped with the set of split short exact sequencesaspure short exact
sequences,is an exact category.

In fact, (Ex 1, 2) are ful�lled, and it remains to prove (Ex 3); then the dual axioms ensueby dualit y. Given

X � Y � Z

�L
LLLL

 
1 0
0 1
0 0

!

&&LLL
LL

X

::uuuuuuuuuu
�

( 1 0 ) //X � Y ;

we get

Z

�
KKKKKKK

( 0 0 1 )
%%KKKKKK

�
( 0 1 ) //Y � Z

X � Y � Z

�K
KKKKK  

1 0
0 1
0 0

!

%%KKK
KKK

3ssssss

 
0 � a
1 0
0 1

!

99ssssss

X

�sssssss

( 1 0 a )

99ssssss

�
( 1 0 ) //X � Y ;

where X -a Z is the third component of the given morphism X - X � Y � Z .

Example A.4 Supposegiven an exact category E and a category D . Let a short exact sequence(X ; Y; Z ) in
E(D) be pure if the sequence(X d; Yd; Zd) is a pure short exact sequencein E for all d 2 Ob D. Then E(D) is
an exact category.
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A.2.2 Em bedding exact categories

By a theorem

� stated by Quillen [27, p. 100],

� proven by La umon [21, Th. 1.0.3],

� re-proven by Keller [17, Prop. A.2],

� where Quillen resp. Keller refer to [9] for a similar resp. an auxiliary technique,

for any exact category E, there exists an abelian category ~E containing E as a full subcategory closedunder
extensions,the pure short exact sequencesin E being the short exact sequencesin ~E with all three objects in
Ob E.

Conversely, supposegiven an exact category E and a full subcategory E0 � E such that whenever (X ; Y; Z ) is a
pure short exact sequencein E with X ; Z 2 Ob E0, then also Y 2 Ob E0. Then the subcategory E0, equipped
with the pure short exact sequencesin E with all three terms in Ob E0 as pure short exact sequencesin E0, is
an exact category.

A.2.3 Frob enius categories : de�nitions

De�nition A.5

(1) A bijective object in an exact category E is an object B for which E(B ; � ) and E(� ; B ) are exact functors
from E resp. from E� to Z -Mod.

(2) A Frobenius category is an exact category for which each object X allows for a diagram B - X -r B 0

with B and B 0 bijective.

(3) Suppose given an exact category F carrying a shift automorphism T : X - X T = X +1 and two

additiv e endofunctors I and P together with natural transformations 1F
-� I and P -� 1F such that

T P = I and such that
X -X �

X I = X +1 P -X +1 �
X +1

is a pure short exact sequencewith bijective middle term for all X 2 Ob C. Then (F ; T; I; �; P; � ) is called
a functorial Frobenius category. Often we write just F for (F ; T; I; �; P; � ).

Example A.6

(1) Let A be an additiv e category. Let _Z denote the discretecategory with Ob _Z = Z and only identical
morphisms. The category A( _Z) carries the shift functor X � - X � +1 , where (X � +1 ) i = X i +1 . An
object in the category C(A) of complexeswith entries in A is written (X � ; d� ), where X is an object

of A( _Z) and where X � -d
�

X � +1 with d� d� +1 = 0. The category C(A), equipped with pointwise split
short exact sequences,is an exact category; cf. Examples A.3, A.4. Given a complex (X � ; d� ), we let
(X � ; d� ) T = (X � ; d� )+1 := (X � +1 ; � d� +1 ) and

�
(X � ; d� ) -(X � ;d � ) �

(X � ; d� ) I = (X � ; d� )+1 P -(X � ;d � )+1 �
(X � ; d� )+1

�

:=
�

(X � ; d� ) -( 1 d� ) �
X � � X � +1 ;

� 0 0
1 0

�� -

�
� d�

1

�

(X � +1 ; � d� +1 )
�

:

Then (C(A); T; I; �; P; � ) is a functorial Frobenius category.

(2) SupposeE to be a Frobeniuscategory. Let B � E be a su�ciently big ful l subcategory of bijective objects,
i.e. each object of B is bijective in E, and each object X of E admits B - X -r B 0 with B ; B 0 2 Ob B.
In other words, each bijective object of E is isomorphic to a direct summand of an object of B.

Let Bac � C(B) denotethe full subcategoryof purely acyclic complexes,i.e. complexes(X � ; d� ) such that

all di�eren tials X i -d X i +1 are pure, factoring asd = �d _d with �d purely epi- and _d purely monomorphic,
and such that all resulting sequences( _d; �d) are purely short exact. For short, a complex is purely acyclic
if it decomposesinto pure short exact sequences.
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Then Bac is a functorial Frobenius category, equipped with the restricted functors and transformations
of C(B) asde�ned in (1); cf. [23, Lem. 1.1]. Let Bsp ac � Bac be the full subcategory of split acyclic com-
plexes,i.e. of complexesisomorphic to a complex of the form (T � � T � +1 ;

� 0 0
1 0

�
) for someT � 2 Ob B( _Z).

Then Bsp ac is a su�cien tly big full subcategory of bijective objects in Bac.

De�nition A.7 Supposegiven a Frobenius category E, and a su�cien tly big full subcategory B � E of bijec-
tiv es. Let

E := E=B be the classical stablecategory of E ;

E := Bac=Bsp ac be the stablecategory of E :

In other words, the stable category E of E is de�ned to be the classicalstable category Bac of Bac. The shift
functor induced by the automorphism T of Bac on E is also denoted by T.

Lemma A.8 The functor

Bac -I E

(X ; d) - Im(X 0 -d X 1)

induces an equivalence

E = Bac -I
� E :

Cf. [19, Sec.4.3].

Proof. This is an application of Lemma A.1.

We choosean inverseequivalenceR to I . We have the residueclassfunctor E -N E, and, by abuseof notation,

a secondresidueclassfunctor (E -N E) := (E -N E -R
� E).

A morphism X -f Y is zero in E if and only if for any monomorphism X -ri X 0 and any epimorphism Y 0 -p Y ,
there is a factorisation f = if 0p. This de�nes E without mentioning bijectiv e objects in E. So one might speculate
whether the class of Frobenius categories within the class of exact categories could be extended still without losing
essential prop erties of Frobenius categories.

A.3 Kernel-cok ernel-criteria

Let A be an abelian category. The circumference lemma states that given a commutativ e triangle in A , the
induced sequenceon kernelsand cokernels,with zeroesattached to the ends, is long exact.

De�nition A.9 A weak square in A is a commutativ e quadrangle (A; B ; C; D) in A whosediagonal sequence
(A; B � C; D) is exact at B � C. It is denoted by a \ + "-sign in the commutativ e diagram,

C //D

A //

OO
+

B :

OO

A pullback is a weak squarewith �rst morphism in the diagonal sequencebeing monomorphic. It is denoted

C //D

A //

OO

B :

OO

A pushout is a weak squarewith secondmorphism in the diagonal sequencebeing epimorphic. It is denoted

C //D

A //

OO

B :

OO
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A square is a commutativ e quadrangle that is a pullback and a pushout, i.e. that has a short exact diagonal
sequence.It is denoted

C //D

A //

OO

�

B :

OO

Remark A.10 If a commutative quadrangle in A

C
c //D

A
b

//

a

OO

B

d

OO

is a square, then the induced morphism from the kernel of A -a C to the kernel of B -d D is an isomorphism

and the induced morphism from the cokernel of A -a C to the cokernel of B -d D is an isomorphism.

Proof. If (A; B ; C; D) is a square,then the circumferencelemma, applied to the commutativ e triangle

C

B � C

�
0
1

�ccFFFFFFFFF

A
( b a )

;;xxxxxxxxx

a

OO

;

yields a long exact sequence

0 - Ka
-j B -� d

D -q Ca
- 0 ;

where K a
-i A is the kernel of a, and where C -p Ca is the cokernel of a. Since ib = j and cb = p, the

induced morphisms on the kernelsand on the cokernelsof a and d are isomorphisms.

Lemma A.11 A commutative quadrangle in A

C
c //D

A
b

//

a

OO

B

d

OO

is a weak square if and only if the induced morphism K a
- Kd from the kernel of A -a C to the kernel of

B -d D is an epimorphism and the induced morphism Ca
- Cd from the cokernel of A -a C to the cokernel

of B -d D is a monomorphism.

It is a pullback if and only if K a
-� Kd and Ca

-r Cd.

It is a pushout if and only if K a
- Kd and Ca

-� Cd.

It is a square if and only if K a
-� Kd and Ca

-� Cd.

Proof. Let A0bethe pullback of (C; B ; D), and let D 0bethe pushout of (A0; C; B ). Weobtain inducedmorphisms
A - A0 and D 0 -r D . The circumferencelemma, applied to (B ; D 0; D ), shows CB ! D 0 -r CB ! D .

The quadrangle(A; B ; C; D) is a weaksquareif and only if A - A0; which in turn, by the circumferencelemma
applied to (A; A0; C), is equivalent to K A ! C

- KA 0! C and CA ! C
-� CA 0! C ; which, by composition and by

Remark A.10, applied to the square(A0; B ; C; D 0), is equivalent to K A ! C
- KB ! D and CA ! C

-r CB ! D .
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The quadrangle (A; B ; C; D) is a pullback if and only if A -� A0; which in turn, by the circumferencelemma
applied to (A; A0; C), is equivalent to K A ! C

-� KA 0! C and CA ! C
-� CA 0! C ; which, by composition and by

Remark A.10, applied to the square(A0; B ; C; D 0), is equivalent to K A ! C
-� KB ! D and CA ! C

-r CB ! D .

The quadrangle (A; B ; C; D) is a square if and only if A -� A0 and D 0 -� D; which in turn, by the
circumference lemma applied to (A; A0; C), is equivalent to K A ! C

-� KA 0! C , CA ! C
-� CA 0! C and

CB ! D 0 -� CB ! D ; which, by composition and by Remark A.10, applied to the square(A0; B ; C; D 0), is equiv-
alent to K A ! C

-� KB ! D and CA ! C
-� CB ! D .

A.4 An exact lemma

Let E be an exact category. A pure square in E is a commutativ e quadrangle (A; B ; C; D) in E that has a pure
short exact diagonal sequence(A; B � C; D). Just as a squarein abelian categories,a pure square is denoted
by a box \ � ".

Lemma A.12 Supposegiven a composition

X 0 //Y 0 //Z 0

X //

OO

Y //

OO

Z

OO

of commutative quadranglesin E. If two out of the three quadrangles(X ; Y; X 0; Y 0), (Y; Z; Y 0; Z 0), (X ; Z; X 0; Z 0)
are pure squares, so is the third.

Proof. In an abelian category, this follows from Lemma A.11.

As explained in xA.2.2, we may embed E fully, faithfully and additiv ely into an abelian category ~E such that the
pure short exact sequencesin E are precisely the short exact sequencesin ~E with all three objects in Ob E. In
particular, the pure squaresin E are precisely the squaresin ~E with all four objects in Ob E, and the assertion
in E follows from the assertion in ~E.

A.5 Some abelian lemmata

Let A be an abelian category.

Lemma A.13 Inserting images,a weak square (A; B ; C; D) in A decomposesinto

C
� // � //D

� //

�

OO
�

� //

�

OO

�

OO

A
� //

_
OO

� //

_
OO

�

B

_
OO

Proof. The assertionfollows using the characterisation of weaksquares,pullbacks and pushoutsgiven in Lemma
A.11.

Lemma A.14 If, in a commutative diagram

X 0 //Y 0 //Z 0

X

OO

//

+

Y

OO

//

+

Z

OO

in A, the quadrangles (X ; Y; X 0; Y 0) and (Y; Z; Y 0; Z 0) are weak squares, then the composite quadrangle
(X ; Z; X 0; Z 0) is also a weak square.
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Proof. The assertion follows using the characterisation of weak squaresgiven in Lemma A.11.

Lemma A.15 If, in a commutative diagram

X 0 //Y 0 //Z 0

X

OO

//Y

OO

//Z

OO

in A, the left hand side quadrangle (X ; Y; X 0; Y 0) is a pushout, as indicated, and the outer quadrangle
(X ; Z; X 0; Z 0) is a weak square, then the right hand side quadrangle (Y; Z; Y 0; Z 0) is also a weak square.

If the left hand side quadrangle (X ; Y; X 0; Y 0) and the outer quadrangle (X ; Z; X 0; Z 0) are pushouts, then the
right hand side quadrangle (Y; Z; Y 0; Z 0) is also a pushout.

Proof. This follows using Lemma A.11.

Lemma A.16 If, in a commutative quadrangle in A

X 0 //Y 0

X

OO

//Y ;

OO

the morphism X - Y is an epimorphism and the morphism X 0 - Y 0 is a monomorphism, then the quad-
rangle is a weak square.

Proof. This follows using Lemma A.11, applied horizontally .

Lemma A.17 Given a commutative diagram

0 //Y 0 //Z 0 //W 0

X

OO

//Y

OO

//Z

OO

//0

OO

in A such that (X ; Z; 0; Z 0) and (Y; 0; Y 0; W 0) are weak squares, then (Y; Z; Y 0; Z 0) is a weak square.

Proof. This follows using Lemma A.11.

Lemma A.18 Given a diagram

0 //Y 00 v00
//Z 00

X 0

OO

u0
//

+

Y 0 v0
//

y 0

OO
+

Z 0

z0

OO

X

x

OO

u //

+

Y //

y

OO
+

0

OO

in A consisting of weak squares, as indicated by + , the sequence

X -xu 0

Y 0 -( y 0 v0 )
Y 00� Z 0 -

�
v00

� z0

�

Z 00

is exact at Y 0 and at Y 00� Z 0.
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Proof. At Y 0, we reduceto the caseu, u0, x and y monomorphic and (X ; Y; X 0; Y 0) being a pullback via Lemma

A.13. Supposegiven T -t Y 0 with ty0 = 0 and tv0 = 0. First of all, there exist T -a X 0 and T -b Y such

that au0 = t = by. Thus there exists T -c X such that cx = a and cu = b. In particular, cxu0 = au0 = t.
Hencea factorisation of t over xu0 exists. Uniquenessfollows by monomorphy of xu0.

Lemma A.19

(1) Supposegiven a weak square in A
X 0 //Y 0

X //

OO
+

Y

OO

with X 0 bijective. If the imagesof X - Y , of X - X 0 and of Y - Y 0 are bijective, then the images
of X 0 - Y 0 and of X - Y 0 are bijective, too.

(2) Supposegiven a weak square in A
X 0 //Y 0

X //

OO
+

Y

OO

with Y bijective. If the imagesof X 0 - Y 0, of X - X 0 and of Y - Y 0 are bijective, then the images
of X - Y and of X - Y 0 are bijective, too.

Proof. Ad (1). We decompose(X ; Y; X 0; Y 0) according to Lemma A.13 and denote the image of X - Y by
ImX ;Y , etc.

The diagonal sequenceof the square(Im X ;Y ; Y; ImX ;Y 0; ImY;Y 0) shows that ImX ;Y 0 is bijective.

The diagonal sequenceof the square(Im X ;X 0; ImX ;Y 0; X 0; ImX 0;Y 0) shows that ImX 0;Y 0 is bijective.

Lemma A.20 Given a pullback

X
f //Y

X 0
f 0

//
OO
�x

OO

Y 0 ;

y

OO

in A with Y 0 injective, the morphism (X 0; Y 0) -(x;y )
(X ; Y ) is split monomorphic in A(� 1). More precisely, any

retraction for x may be extended to a retraction for (x; y).

Proof. Let xx 0 = 1X 0. We form the pushout.

Y

X //

f

66nnnnnnnnnnnnnnn
P

�}}}}

>>}}}}

X 0
f 0

//
OO
�x

OO

Y 0

OO
�

OO y

GG��������������

There is an induced morphism P - Y 0 such that (X - P - Y 0) = (X -x 0f 0

Y 0) and such that

(Y 0 - P - Y 0) = (Y 0 -1Y 0
Y 0). Since Y 0 is injective, we obtain a factorisation (P - Y 0) =

(P -r Y - Y 0).

Lemma A.21 Suppose given a morphism X - Y of commutative quadrangles in A , i.e. a morphism in
A(� 1 � � 1).
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(1) If X is a pushout and Y is a weak square, then the cokernel of X - Y is a weak square.

(2) If X is a weak square and Y is a pullback, then the kernel of X - Y is a weak square.

Proof. Ad (1). A morphism of commutativ e quadranglesgives rise to a morphism of the diagonal sequences;
namely from a sequencethat is exact in the middle and has an epimorphic secondmorphism, stemming from
X , to a sequencethat is exact in the middle, stemming from Y . In order to prove that the cokernel sequence
is exact in the middle, we reduce by insertion of the image of the �rst morphism of the diagonal sequence
and by an application of the circumferencelemma to the casein which the sequencestemming from Y has a
monomorphic �rst morphism. Then the snake lemma yields the result.

Lemma A.22 Supposegiven a diagram

0 //Y 00 //Z 00

X 0 //

OO
+

Y 0 //

OO
+

Z 0

OO

X //

OO
+

Y //

OO
+

Z

OO

in A, consisting of weak squares. The induced morphisms furnish a short exact sequence

Im(X - Z 0) - Im(Y - Z 0) - Im(Y - Z 00) :

Proof. Abbreviate Im(X - Z 0) by ImX ;Z 0 etc. The morphism ImX ;Z 0 - ImY;Z 0 is monomorphic by com-
position, and, dually, the morphism ImY;Z 0 - ImY;Z 00 is epimorphic. Now since ImX ;X 0 - ImX ;Z 0 is epi-
morphic and ImY;Z 00 - ImY 00;Z 00 is monomorphic, it su�ces to show that

ImX ;X 0 - ImY;Z 0 - ImY 00;Z 00

is exact at ImY;Z 0. This follows from the diagram obtained by Lemma A.13

0 //Y 00 � //ImY 00;Z 00

X 0 //

OO

+

Y 0 � //

OO

ImY 0;Z 0

OO

ImX ;X 0 //

�

OO

ImY;Y 0
� //

�

OO

�

ImY;Z 0 ;

�

OO

sinceby Lemma A.14, weak squaresare stable under composition.

A.6 On Frob enius categories

A.6.1 Some Frob enius-ab elian lemmata

Supposegiven an abelian Frobenius category A ; cf. De�nition A.5. Let B be its full subcategory of bijective
objects. Recall that the classicalstable category of A is de�ned as A = A=B; cf. De�nition A.7. A morphism
in A whoseresidueclassin A is an isomorphism is called a homotopism. A morphism in A whoseresidueclass
in A is a retraction is called a retraction up to homotopy.

Lemma A.23 Given a retraction up to homotopyX -f Y and an epimorphismY 0 -y Y in A, in the pullback

X 0 �x //

f 0

��

X

f
��

Y 0 �y //Y ;
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the morphism X 0 -f
0

Y 0 is a retraction up to homotopy, too. More precisely, if gf � B 1Y , then we may �nd a
morphism g0 with g0f 0 � B 1Y 0 as a pullback of g along x.

Proof. Let Y -g X be such that gf = 1Y + h, where

(Y -h Y ) = (Y -h1
B -h2

Y )

for someB 2 Ob B and somemorphisms h1 and h2 in A . Let B -h
0
2 Y 0 be a morphism such that

(B -h
0
2 Y 0 -y Y) = (B -h2

Y) ;

which exists sinceB is projective and y is epimorphic. The commutativ e quadrangle

Y 0 �y //

1Y 0+ yh1 h0
2

��

Y

1Y + h

��
Y 0 �y //Y

is a pullback since the induced morphism on the horizontal kernels is an identit y; cf. Lemma A.11. So we may
form the diagram

Y 0 �y //

g0

��

Y

g

��
X 0 �x //

f 0

��

X

f
��

Y 0 �y //Y ;

in which g0 with g0x = yg and g0f 0 = 1Y 0 + yh1h0
2 is induced by the universal property of the lower pullback

(X 0; X ; Y 0; Y ), and in which the resulting upper quadrangle (Y 0; Y; X 0; X ) is a pullback by Lemma A.11.

Lemma A.24 Given a homotopism X -f Y and an epimorphism Y 0 -y Y in A, in the pullback

X 0 �x //

f 0

��

X

f
��

Y 0 �y //Y ;

the morphism X 0 -f
0

Y 0 is a homotopism, too.

Proof. Let gf � B 1Y and f g � B 1X . By Lemma A.23, we may form the diagram

Y 0 �y //

g0

��

Y

g

��
X 0 �x //

f 0

��

X

f
��

Y 0 �y //Y ;

in which g0f 0 � B 1Y 0. Since g is a retraction up to homotopy, so is g0 by Lemma A.23. Therefore g0 is a
homotopism. Hencealso f 0 is a homotopism.
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A.6.2 Decomp osing split diagrams in in terv als

Let A be an abelian Frobenius category, and let B be its full subcategory of bijective objects. Supposegiven

n > 1. Write _� n := � n r f 0g. An object X in A( _� n ) is called split if X k
-x X l is split for all k; l 2 [1; n]

with k 6 l .

Given C 2 Ob A and k; l 2 [1; n] with k 6 l , we denote by C[k ;l ] the object of A( _� n ) given by (C[k ;l ]) j = 0 for

j 2 [1; n] r [k; l ], by (C[k ;l ]) j = C for j 2 [k; l ], and by
�
(C[k ;l ]) j

-c (C[k ;l ]) j 0

�
= (C -1C

C) for j; j 0 2 [k; l ]
with j 6 j 0. An object in A( _� n ) of the form C[k ;l ] for someC 2 Ob A and somek; l 2 [1; n] with k 6 l , is
called an interval.

Lemma A.25 Any split object in B( _� n ) is isomorphic to a �nite direct sum of intervals.

Proof. We proceedby induction on n. Supposegiven a split object X in B( _� n ). Let X 0 := X � 0 be de�ned

as a pointwise pullback at n, using 0 -0 X n (cf. xA.7 below). We have X 0 2 Ob B( _� n ) with X 0
n = 0. Hence,

by induction, X 0 is isomorphic to a �nite direct sum of intervals. There is a pure monomorphism X 0 -r X
whosecokernel is a diagram in Ob B( _� n ) consisting of split monomorphisms;cf. Lemma A.11. Moreover, by
an iterated application of Lemma A.20, starting at position 1, this pure monomorphism X 0 -r X is split as a
morphism of A( _� n ) (8). Thus X is isomorphic to the direct sum of X 0 and the cokernel of X 0 -r X , and it
remains to be shown that this cokernel is isomorphic to a �nite direct sum of intervals.

Therefore, we may assumethat X consistsof split monomorphisms X k // �
x //X l for k; l 2 [1; n]. We have

a monomorphism (X 1)[1;n ]
-ri X . Choosing a retraction to X 1 // �

x //X n and composing, we obtain a core-
traction to i , so that X is isomorphic to the direct sum of the interval (X 1)[1;n ] and the cokernel of i . Sincethe
cokernel of i has a zero term at position 1, we are done by induction.

A.6.3 A Freyd category reminder

The construction of the Freyd category and its prop erties are due to Freyd [8 , Th. 3.1].

De�nition A.26 Supposegiven an additiv e category C and a morphism X -f Y in C.

(1) A morphism K -i X is a weak kernel of X -f Y if the sequenceof abelian groups

(T; K ) -( � ) i
(T; X ) -( � ) f

(T; Y)

is exact at (T; X ) for every T 2 Ob C.

(2) A morphism Y -p C is a weak cokernel of X -f Y if the sequenceof abelian groups

(X ; T) �f ( � )
(Y; T) �p( � )

(C; T)

is exact at (Y; T) for every T 2 Ob C.

(3) The category C is called weakly abelian if every morphism has a weak kernel and a weak cokernel, and if
every morphism is a weak kernel (of somemorphism) and a weak cokernel (of somemorphism).

Let C be a weakly abelian category. Let C0(� 1) be the full subcategory of C(� 1) whose objects are zero
morphisms. The Freyd category Ĉ of C is de�ned to be the quotient category

Ĉ := C(� 1)=C0(� 1) :

We collect someelementary facts and constructions and mention someconventions.

8At this point, we use that _� n is linearly ordered.
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(1) The category Ĉ is abelian. The kernel and the cokernel of a morphism X -f Y represented by (f 0; f 00)
are constructed as

K
i //

ix
��

X 0

x

��

f 0

//Y 0

y

��

1Y 0 //Y 0

yp

��
X 00

1X 00 //X 00
f 00

//Y 00
p //C ;

where i is a chosenweak kernel and p a chosenweak cokernel of the diagonal morphism f 0y = xf 00. If

f 0y = xf 00= 0, we chooseX 0 -1X 0
X 0 as weak kernel and Y 00 -1Y 00

Y 00as weak cokernel.

Choosing a kernel and a cokernel for each object in Ĉ(� 1), we obtain a kernel and a cokernel functor
Ĉ(� 1) -- Ĉ, as for any abelian category.

(2) We stipulate that the pullback resp. the pushout of an identit y morphism along a morphism is chosento
be an identit y morphism.

(3) We have a full and faithful functor C - Ĉ, X - (X -1X
X ). Its image, identi�ed with C, consistsof

bijective objects.

(4) For each X = (X 0 -x X 00) 2 Ob Ĉ, we may de�ne objects and morphisms

X P -X �
X -rX �

X I

by

X 0
1X 0 //

1X 0

��

X 0 x //

x

��

X 00

1X 00

��
X 0 x //X 00

1X 00 //X 00:

As already mentioned in (3), the objects X P and X I are bijective, and thus Ĉ is Frobenius.

Sometimes,we write just � for X � and � for X � . Note that X � = 1X and X � = 1X if X 2 Ob C.

This construction X P -X �
X -r

X �
X I is not meant to be functorial in (X 0 -x X 00), however.

Remark A.27 Supposegiven morphisms X -f Y -g Z in C. The following assertionsare equivalent.

(i) The morphism f is a weak kernel of g.

(ii) The morphism g is a weak cokernel of f .

(iii) The sequence (f ; g) is exact at Y when considered in Ĉ.

Proof. Ad (i) =) (iii). Suppose that f is a weak kernel of g. Let K -i Y be the kernel of g in Ĉ. Factor
f = f 0i . Since f is a weak kernel of g in C, we may factor (K � )i = uf , whence K � = uf 0. Hence f 0 is
epimorphic.

Ad (iii) =) (i). Suppose(f ; g) to be exact at Y . Let T -t Y in C be such that tg = 0. Then t factors over
the kernel of g, taken in Ĉ, and therefore, by projectivit y of T in Ĉ, also over X .

Remark A.28 A morphism X -f Y in C is monomorphic if and only if it is a coretraction. Dually, it is
epimorphic if and only if it is a retraction.

Proof. Suppose f to be monomorphic in C. It su�ces to show that f is monomorphic in Ĉ, for then f is a

coretraction since X is injective in Ĉ. Let K -i X be the kernel of f in Ĉ. From (K � )if = 0, we conclude
(K � )i = 0 sincef is monomorphic in C, and thus K ' 0 sinceK � is epimorphic and i is monomorphic in Ĉ.

In particular, an abelian category is weakly abelian if and only if it is semisimple, i.e. if and only if every morphism
in A splits. Hence the notion \w eakly abelian" is slightly abusive.
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Let E be a Frobenius category; cf. xA.2.3.

Lemma A.29 Suppose given a pure short exact sequence X 0 -ri X -p X 00 in E. In E, the residueclass iN
is a weak kernel of pN , and the residueclasspN is a weak cokernel of iN .

Proof. By dualit y, it su�ces to show that iN is a weak kernel of pN . So supposegiven T -t X in E with

tp � B 0. We have to show that there exists a morphism T -t
0

X 0 such that t0i � B t. Let (T -t X -p X 00) =

(T -u B -q X 00), where B is bijective. Let P -~p B be the pullback of p along q. We have a factorisation

(T -t X ) = (T -v P -w X ). We have a factorisation (X 0 -ri X ) = (X 0 -r
~i

P -w X ); moreover, (~i; ~p) is
a pure short exact sequence,hencesplit by projectivit y of B ; cf. Lemma A.11 and xA.2.2. Let ~ir = 1. Then
r~i � 1 � B 0, sinceit factors over B . We obtain (vr )i = vr~iw � B vw = t.

Remark A.30 The stablecategory E and the classical stablecategory E of the Frobenius category E are weakly
abelian. The stablecategory E carries an automorphism T, induced by shifting an acyclic complex to the left by
one position and negating the di�er entials.

Cf. De�nition A.7.

Proof. By Lemma A.8, it remains to prove that E is weakly abelian. Supposegiven a morphism X -f Y in E.

By dualit y, it su�ces to show that the residueclassof X -f Y in E is a weak cokernel and has a weak kernel.
Substituting isomorphically in E by adding a bijective object to X , we may assumef to be a pure epimorphism
in E. So we may complete to a pure short exact sequenceand apply Lemma A.29.

Lemma A.31 A pure short exact sequence X 0 -r
i

X -p X 00 in E is mapped via the residueclass functor N
to a sequence in E that is exact at X whenconsidered in the Freyd category Ê of E. In particular, a pure square
in E is mapped to a weak square in E.

Proof. By Remark A.27, we may apply Lemma A.29.

A.6.4 Heller operators for diagrams

In De�nition 1.5, the central role is attributed to the tuple # = (#n )n > 0 of isomorphisms. In the case of C
being the stable category of a Frobenius category, such an isomorphism #n arises from di�eren t choices of pure
monomorphisms into bijectiv e objects. To that end, we provide a comparison lemma, which suitably organises
wellknown facts.

Let C be a category.

Given a category D and a full subcategory U � D(C), we say that U is characteristic in D(C) if the image of

U under A(C) is contained in U for any autoequivalenceD -A
� D, and if U is closedunder isomorphy in D(C),

i.e. X ' X 0 in D(C) and X 0 2 Ob U implies X 2 Ob U.

Let E be a Frobenius category. Denote by E its classicalstable category, and denote by E -N E the residue
class functor. Let G � E(C) be a full additiv e subcategory. Let H � E(C) be a full additiv e characteristic
subcategory such that (G)(N (C)) � H .

G �• //

��

E(C)

N (C )

��
H

�• //E(C)

A C-resolvingsystemI consistsof pure short exact sequences

I =
��

X c
-ri X;c

I X ;c
-pX;c ~X c

�

c2 Ob C

�

X 2 Ob G

;

with bijective objects I X ;c in E as middle terms.
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Lemma A.32

(1) Given a C-resolvingsystem

I =
��

X c
-ri X;c

I X ;c
-pX;c ~X c

�

c2 Ob C

�

X 2 Ob G

;

there exists a functor

G -T I
H

that is uniquely characterised by the following properties.

On objects X 2 Ob G � Ob E(C), the image X T I 2 Ob H � Ob E(C) is characterised as follows.

(� ) For any (c -
 d) 2 C, there exist

� a representative(X T I )�

 in E of the evaluation (X T I )c

-(X T I ) 


(X T I )d in E at

c -
 d of the diagram X T I 2 Ob H � Ob E(C), and

� a morphism I X ;c
- I X ;d in E

such that

X c �
i X;c //

X 


��

I X ;c
�pX;c //

��

(X T I )c

(X T I ) �



��
X d �

i X;d //I X ;d
�pX;d //(X T I )d

is a morphism of pure short exact sequences.

On morphisms (X -f Y ) 2 G � E(C), the image (X T I
-f T I

Y T I ) 2 H � E(C) is characterised as
follows.

(�� ) For any c 2 Ob C, there exist

� a representative (f T I )�
c in E of the evaluation (X T I )c

-( f T I ) c

(Y T I )c in E at

c of the diagram morphism (X T I
-f T I

Y T I ) 2 H � E(C), and

� a morphism I X ;c
- I Y;c in E

such that

X c �
i X;c //

f c

��

I X ;c
�pX;c //

��

(X T I )c

( f T I ) �
c

��
Yc �

i Y ;c //I Y;c
�pY ;c //(Y T I )c

is a morphism of pure short exact sequences.

(2) Given C-resolvingsystems

I =
��

X c
-r

i X;c

I X ;c
-pX;c ~X c

�

c2 Ob C

�

X 2 Ob G

;

I 0 =
��

X c
-r

i 0
X;c

I 0
X ;c

-p0
X;c ~X 0

c

�

c2 Ob C

�

X 2 Ob G

;

there exists an isomorphism

T I
-� I ;I 0

� T I 0

that is uniquely characterised by the following property.
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(� � � ) For any X 2 Ob G � Ob E(C) and for any c 2 Ob C, there exist

� a representative (X � I ;I 0)� in E of the evaluation (X T I )c
-(X � I ;I 0) c

(X T I 0)c in

E at c of the evaluation X T I
-X � I ;I 0

X T I 0 in H � E(C) of � I ;I 0 at X , and

� a morphism I X ;c
- I 0

X ;c in E

such that

X c �
i X;c //I X ;c

�pX;c //

��

(X T I )c

(X � I ;I 0) �

��
X c �

i 0
X;c //I 0

X ;c
�p0

X;c //(X T I 0)c

is a morphism of pure short exact sequences.

Proof. Let us �rst assumethat H = E(C). Having proven all assertionsin this case,it then �nally will remain
to be shown that given H � E(C) and a C-resolving systemI , we have X T I 2 Ob H � Ob E(C) for X 2 Ob G.

We remark that starting from a morphism U -u U0 in E and from chosenpure short exact sequences(U;B ; V)

and (U0; B 0; V 0) with bijective middle terms B resp. B 0, we may de�ne a morphism V -v V 0 in E by the
existenceof a morphism

U �
i

//

u

��

B
�p //

��

V

v �

��
U0 �

i 0

//B 0 �p0

//V 0

of pure short exact sequencesin E, where V -v V 0 is the image in E of the morphism V -v �

V 0 in E.

Ad (1). Given X 2 Ob G, we de�ne X T I 2 E(C) at the morphism c -
 d of C by the diagram in (� ). The
characterisation (� ) shows that X T I is in fact in Ob E(C).

Given a morphism X -f Y in G, we de�ne the morphism X T I
-f T I

Y T I in E(C) at c 2 Ob C by the diagram
in (�� ). Combining (� ) and (�� ), we seethat f T I is in fact in E(C). From (�� ) we concludethat T I is indeed
a functor.

Ad (2). Given X 2 Ob G, we de�ne X T I
-X � I ;I 0

X T I 0 at c 2 Ob C by the diagram in (� � � ).

Combining (� � � ) and (� ), we seethat X T I
-X � I ;I 0

X T I 0 is indeed in E(C). Combining (� � � ) and (�� ), we see
that � I ;I 0 is indeed a transformation.

Supposegiven resolving systemsI , I 0 and I 00. The characterisation of � I ;I 0 etc. implies that � I ;I 0� I 0;I 00 = � I ;I 00

and that � I ;I = 1T I . Hencein particular, � I ;I 0� I 0;I = 1T I and � I 0;I � I ;I 0 = 1T I 0 , and so � I ;I 0 is an isomorphism
from T I to T I 0.

Consider the caseC = � 0, i.e. the terminal category, let G = E(� 0) = E and let H = E(� 0) = E. For a

� 0-resolving system J , we obtain a functor E -T J
E that factors as

(E -T J
E) = (E -N E -

�T J

� E) :

In fact, for a morphism b that factors over a bijective object B , we can choose0 as a representativ e of bT J ,
inserting the pure short exact sequence(B ; B ; 0). Moreover, �TJ is an equivalence,for it is full; faithful, using
the dual of the argument just given; and dense,since given a morphism of short exact sequencesin E with
bijective middle terms and an identit y on the kernels, the morphism on the cokernels is a homotopism.

Now return to the generalcaseH � E(C). Let J 0bea C-resolvingsystemconsistingof pure short exactsequences
with bijective middle term that already occur in the chosen� 0-resolving system J . Then, for X 2 Ob G, we
have X TJ 0 = X (N (C))( �TJ (C)). Since X (N (C)) 2 Ob H by assumption, and since, moreover, H is assumed
to be a characteristic subcategory of E(C), we conclude that X (N (C))( �TJ (C)) = X TJ 0 is in Ob H. Finally,

let I be an arbitrary C-resolving system. We have X T I
-� I ;J 0

� X TJ 0 in E(C), and thus X TJ 0 2 Ob H implies
X T I 2 Ob H, sincea characteristic subcategory of E(C) is, by de�nition, closedunder isomorphy.
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A.7 Poin twise pullbac k and pushout

Supposegiven an abelian category A , a poset E and an element " 2 E. Let E " := E t f " 0g be the posetde�ned
by requiring that " 6 " 0, that � 66 " 0 whenever � 66 " and that " 0 66 � for all � 2 E ; and the remaining relations
within E � E " inherited from E. We de�ne the pushout at "

A(E " ) -( � ) � (=)

A(E)
X 0 - X � x 0

;

where X := X 0jE , and (X 0
"

-x
0

X 0
" 0) = (X 0

"
-X 0

" 0="
X 0

" 0); and a transformation

X 0jE = X -i = iX 0

X � x 0
;

natural in X 0, by the following construction. Abbreviating X � x 0
by ~X , we let

X 0
" 0 = ~X "

~X �=" // ~X �

X "
X �=" //

x 0

OO

X �

i �

OO

for � 2 E with " 6 � . If " 66 � , we let ~X � = X � and i � = 1X � .

Given � 6 � in E , we let

( ~X �
-~X � =� ~X � ) be induced by pushout if " 6 � 6 � ;

( ~X �
-~X � =� ~X � ) := (X �

-X � =� X �
-i � ~X � ) if " 66 � , but " 6 � ;

( ~X �
-~X � =� ~X � ) := (X �

-X � =� X � ) if " 66 � :

The morphism X -i X � x 0
is the solution to the following universal problem. Suppose given a morphism

X -f Y in A(E) such that at " 2 E we have a factorisation

(X "
-f "

Y" ) = (X "
-x
0

X 0
" 0

- Y" ) :

Then there is a unique morphism X � x 0 -g Y such that

(X -f Y) = (X -i X � x 0 -g Y ) :

Dually, let E" := E t f " 0g be the poset de�ned by requiring that " > " 0, that � 6> " 0 whenever � 6> " and that
"0 6> � for all � 2 E ; and the remaining relations within E � E " inherited from E. We de�ne the pullback at "

A(E" ) -( � ) � (=) A(E)

X 0 - X � x 0 ;

where X := X 0jE , and (X 0
" 0

-x
0

X 0
" ) = (X 0

" 0
-X 0

"=" 0

X 0
" ); and a transformation

X 0jE = X � p = pX 0

X � x 0 ;

natural in X 0, being the solution to the universal problem dual to the one described above.
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A.8 1-epimorphic functors

Let C -F D be a functor betweencategoriesC and D.

De�nition A.33 The functor C -F D is 1-epimorphic if the induced functor \restriction along F "

C; E �F ( � )
D; E

is full and faithful for any categoryE. In particular, given functors D -
-G

H
E with F G ' F H , we can conclude

that G ' H ; whencethe notion of 1-epimorphy.

Remark A.34 Supposegiven a diagram of categories and functors

C
F //

S o

��

D

To

��
C0 F 0

//D0

with equivalences S and T, and with F T ' SF 0. Then F is 1-epimorphic if and only if F 0 is 1-epimorphic.

Let C; C0 2 Ob C. An F -epizigzag(resp. an F -monozigzag) C
u
 C0 is a �nite sequenceof morphisms

C = C0
-u0

Z0
� u0

0 C1
-u1

Z1
� u0

1 C1
-u2

� � � �u
0
k � 2 Ck � 1

-u k � 1
Zk � 1

�u
0
k � 1 Ck = C0

in C of length k > 0 such that u0
i F is an isomorphism for all i 2 [0; k], and such that

uF := (u0F )(u0
0F ) � (u1F )(u0

1F ) � � � � (uk � 1F )(u0
k � 1F ) � : CF - C0F

is a retraction (resp. a coretraction) in D.

Lemma A.35 Suppose the functor

C -F D

to be dense,and to satisfy the following condition (C).

(C)

8
>>>>>>>>><

>>>>>>>>>:

Given objects C; C0 2 Ob C and a morphism CF -d C0F in D, there exists

an F -epizigzagCs
cs C, an F -monozigzagC0 c0

t C0
t and a morphism Cs

-c C0
t

such that

(CsF -csF
CF -d C0F -c0

t F
C0

t F ) = (CsF -cF
C0

t F ) :

Then F is 1-epimorphic.

Proof. SinceF is dense,Remark A.34 allows to assumethat F is surjective on objects, i.e. (Ob C)F = Ob D.

Let us prove that E(C) �F ( � )
E(D) is faithful. Supposegiven functors C -F D --

G

H
E and morphisms G -
 H

and G -

0

H such that F 
 = F 
 0. Given D 2 Ob D, we have to show that D 
 = D 
 0. Writing D = CF for
someC 2 Ob C, this follows from D
 = CF 
 = CF 
 0 = D
 0.

Let us prove that E(C) �F ( � )
E(D) is full. Supposegiven functors C -F D -

-G

H
E and a morphism F G -� F H .

De�ne G -�̂ H by (CF )�̂ := C� .

We have to prove that D �̂ is a wellde�ned morphism for D 2 Ob D. So supposethat D = CF = C0F . We
have to show that C� = C0� . By assumption (C), applied to d = 1D = 1C F = 1C 0F , there exist an F -epizigzag
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Cs
cs C, an F -monozigzagC0 c0

t C0
t and a morphism Cs

-c C0
t such that (csF )(c0

t F ) = cF. We obtain

(csF G)(C� )(c0
t F H ) = (Cs� )(csF H )(c0

t F H )
= (Cs� )(cFH )

= (cFG)(C0
t � )

= (csF G)(c0
t F G)(C0

t � )
= (csF G)(C0� )(c0

t F H ) ;

whenceC� = C0� by epimorphy of csF G and by monomorphy of c0
t F H .

We have to prove that �̂ is natural. Suppose given CF -d C0F in D for some C; C0 2 Ob C. We have to
show that (dG)(( C0F )�̂ ) = ((CF )�̂ )(dH ), i.e. that (dG)(C0� ) = (C� )(dH ). By assumption (C), there exist an

F -epizigzagCs
cs C, an F -monozigzagC0 c0

t C0
t and a morphism Cs

-c C0
t such that (csF )d(c0

t F ) = cF. We
obtain

(csF G)(dG)(C0� )(c0
t F H ) = (csF G)(dG)(c0

t F G)(C0
t � )

= (cGF)(C0
t � )

= (Cs� )(cFH )

= (Cs� )(csF H )(dH )(C0
t F H )

= (csF G)(C� )(dH )(c0
t F H ) ;

whence(dG)(C0� ) = (C� )(dH ) by epimorphy of csF G and by monomorphy of c0
t F H .

Corollary A.36 If C -F D is a functor such that (i, ii) hold, then F is 1-epimorphic.

(i) For all morphisms D -d D 0 in D, there is a morphism C -c C0 in C such that

(C -c C0)F = (D -d D 0) :

(ii) For any C; C0 2 Ob C such that CF = C0F , there exists a �nite sequence of morphisms

C = C0
-u0

Z0
� u0

0 C1
-u1

Z1
� u0

1 C2
-u2

� � � �u
0
k � 2 Ck � 1

-u k � 1 Zk � 1
�u

0
k � 1 Ck = C0

from C to C0 such that ui F = u0
i F = 1C F = 1C 0F for all i 2 [0; k].

Proof. The functor F is dense,even surjective on objects, becauseidentities have inverseimagesunder F . To

ful�ll condition (C) of Lemma A.35, given objects C; C0 2 Ob C and a morphism CF -d C0F in D, we may

take somemorphism Cs
-c C0

t in C such that (Cs
-c C0

t )F = (CF -d C0F ), we may take for cs a sequence
as given by assumption becauseof CsF = CF , and we may take for ct a sequenceas given by assumption
becauseof C0

t F = C0F .

Corollary A.37 If C -F D is a ful l and densefunctor, then F is 1-epimorphic.

Proof. In fact, in condition (C) of Lemma A.35, we may take an F -monozigzagand an F -epizigzagof length 0:
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