THE K-THEOR Y OF TORIC VARIETIES

G. CORTINAS, C. HAESEMEYER, MARK E. WALKER, AND C. WEIBEL

Abstra ct. Recent advancesin computational techniques for K -theory allow
us to describe the K -theory of toric varieties in terms of the K -theory of elds
and simple cohomological data.

1. Intr oduction

In this paper, werevisit the K -theory of toric varieties, usingthe new perspective
aorded by the recent papers[18], [2], [3]. These papers provide a new technique
for computations of the K -theory of a singular algebraic variety X over a eld of
characteristic 0, in terms of the homotopy K -theory of X and cohomologicaldata:
the cyclic homology of X and the cdh-cohomology of the sheaves P of Keahler
di erentials.

The homotopy K -theory KH (X) of an ane toric variety is just the algebraic
K -theory of a Laurent polynomial ring, and is well understood. Even when X is
a non-a ne toric variety, KH (X) is tractable; we show in Proposition 5.6 that it
is a summand of K (X). This allows us to give a short proof in Proposition 5.7 of
Gubeladze'sclassicaltheorem (in [11]) that Ko(X) = Z forane X.

This reducesthe problem of understanding K (X) to that of understanding
the cyclic homology of X and its cdh-cohomology Becausetoric varieties admit
resolutions of singularities that are formed in a purely combinatorial manner, it
turns out this is indeed an accessibleproblem.

The main goal of this paper is to usethesenew techniquesto give a streamlined
approach to two of Gubeladze'srecen results concerning the K -theory of toric
varieties: examples of toric varieties with \h uge" Grothendieck groups [14] and
his \Dilation Theorem" (verifying the \nilp otence conjecture™) [15]. Our proof of
this theorem is considerableshorter than the original. On the other hand, our ap-
proach and Gubeladze'sare cousinsin the sensethat they have a commonancestor:
Cortinas' veri cation of the KABI conjecture [1].

Since varieties are locally smooth in the cdh-topology, it is not surprising that
the cdh- bran t versionof cyclic homology s strongly related to the cdh cohomology
of the sheaf P of Kahler di erentials. Theorem 4.1 below shows that, for a toric
variety X, the cdh cohomology of P is computed by the Zariski cohomology of
Danilov's sheafof di erentials ~§ . Sincethe global sectionsof § and ~§ canbe
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computed explicitly for toric varieties, we are ableto nd easily examplesof toric
varieties with huge Grothendiedk groups; seeExample 5.10.

Gubeladze'sDilation Theorem (stated and provenin Theorem 6.9 below) asserts,
roughly speaking, that after inverting the action of \dilations," the K -theory of
a toric variety becomeshomotopy invariant. Our Theorem 6.6 shaws that, after
inverting the action of dilations, the global sectionsof ~y agreewith the Hochsdild
homology groups HH4(X). By the technique of [2], this quickly leadsto our new
proof of Gubeladze'stheorem.

Notation. Throughout this paper, we will adhereto the following notation. Let
N be a free abelian group of rank n < 1 andlet M = N = Hom(N;Z). De ne
Nr=N zRandMgr= Homg(Ng;R)= M zR. Form 2 Mg;n 2 Ng, let hm; ni
denote the value of m at n. Finally, let k denotea eld of characteristic O.

2. Review of toric varieties

The material in this section may be found in standard texts, such as[9] or [5].
A strongly convexrational conein Ng is a subset NRr that is a conespanned
by nitely many vectorsin N and that contains no lines. That is, = R gvi +
+ R ovk for somevy;:::;vk 2 N Ngr and whenewer both u and u belongto
, we must have u = 0. Givensuch acone ,let - Mg denotethe dual cone,
de ned to consistof thosem 2 Mg suc that hm; i Oon . Notethat -\ M
is the abelian monoid (under addition of functions) of linear functions with integer
coe cien ts on Nr whoserestrictions to  are nowhere negative. A face of isa
subset of the form

(2.1) (m)=fn2 jhm;ni = 0g
for somem 2 -. Obserwethat afaceof a strongly convexrational coneis again
a strongly corvex rational cone. We write to indicate that is a face of

Recall that k denotesa eld of characteristic zero.

The ane toric k-variety assaiated to a strongly corvex rational cone is
U = Speck[ -\ M]. We write elemens of the monoid ring k| -\ M ] ask-linear
combinations of the setof formal symbolsf ™jm 2 -\ M g, sothat multiplication
in this ring is given on this k-basisby ™ m = m+m?

A fan in Ng is a nite collection of strongly convex rational conesin Ng such
that (1) any faceof a conein isagainin  and (2) the intersection of any two
conesin isafaceofeath. If isafaceof ,thenU ! U isanopenimmersion,
becausethe evidert map k| -\ M]! k[ -\ M] is given by inverting a nite
number of the ™. It follows that for any fan , we may form a schemeX () by
patching together the a ne schemesU corresponding to

cones along the open substhiemesasscaiated to their intersections.

We call X () the toric variety assiated to .

Orbits. We write Ty = Speck[M ] for the n-dimensional torus assa@iated to N .
Obsene that Ty actsoneadhh U | equivalertly, the ring k| -\ M] is naturally
M -graded with weight m part beingk ™, ifm2 -,and0if m 2 -. Since
theseactions are compatible, the torus Ty acts on X ().

The orbits of this action aretori, and arein 1{1 correspondencewith the conesof
; thus X () isthe disjoint union of the orbits orb( ) correspondingto the 2 .
To describe the orbit for , let Z( \ N) denote the subgroup of N generatedby

\ N, and let N be the free abelian group N=Z( \ N). Then orb( ) = Tg. Note
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that the orbit corresponding to the minimal conef Og is the denseopenorb(0) = Uy,
and is naturally isomorphicto Ty .

We write V () for the closure of orb( ) in X(). The orbits in V () are
indexed by the star of , Star ( ), de ned asthe set of conesin  containing

a
vV ()= orb( ):

Each orbit-closure V () hasthe structure of a toric variety. To seethis, let N =
N=Z( \ N). Thenf~]j gformsafanin N g, and the corresponding toric variety
isV (). The torus Ty is a quotient of Ty and the inclusionV () X () is
Tn -equivariant, the action of Ty on V ( ) being induced by the quotient map
TN Ty In the casewhere hasa single maximal cone , sothat is a face of
, we have

V ()= Speck[-\ M\ 7]
and the closedimmersionV ( ) ! U is given by the ring surjection
Speck[ -\ M] Speck[-\ M\ 7]

sending ™ to 0,if m2 ?,andto ™,ifm2 ?.

It is usefulto regard the open complemen of V () in X () asthe toric variety
corresponding to the largest sub-fanof in N that doesnot corntain

Every toric variety is normal, but need not be smooth. A toric variety X ()
is smooth if and only if, for every cone in the fan , the minimal lattice points
alongthe 1-dimensionalfaces(rays) of form part of a Z-basisof N. In particular,
in order for X () to be smooth, the set of rays of eath cone must be R-linearly
independert (such a coneis said to be simplicial).

Resolution of Singularities. We will needa detailed description of resolutions of
singularities for toric varieties, which we now recall from [9]. If v 2 N is contained
in one (or more) of the conesof , one may subdivide by theray = R v
through v to form anewfan Cin Ng asfollows: If 2  doesnot contain , then

is alsoa coneof C For eadicone 2 containing and for eac face of
not containing , ©cortains the conespannedby and

~= +R g:

Finally, itself belongsto C Thusif 2 isthe minimal coneof containing
, then Cis the disjoint union of nStar ( ) and Star o ).

There is a map of toric varieties X%= X( 91 X = X () andit is proper,
birational, and equivariant with respect to the action of the torus Ty . Starting
with any toric variety X (), one can arrive at a desingularization of X () by
performing a nite number of subdivisions of this type.

Suppose Cis the fan obtained by subdividing by inserting a ray , and let

2 bethe minimal conein  containing . Then the description of the orbit-
closuresgiven above makesit clear that

Vo=V () ) X( 9= x°
(2.2) g g

V=V () 't X0O= X
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is an abstract blow-up square. That is, this a pull-back squarein which the hor-
izontal arrows are closed immersions and the map on open complemerns is an
isomorphism:

X( YNV o()T X() nV ():
As with any abstract blow-up, the mapsfX( 9! X () ;V ()! X() gform

a covering for the cdh-topology. Recall that the torus Ty acts on ead variety in
the above squareand ead map in this squareis Ty -equivariant.

3. Danilo v's sheaves ~P

In this section, we intro duce the coherert sheaves ~%, rst de ned by Danilov
[5, 4.2]. We will seein the next sectionthat their Zariski cohomologygroups turn
out to give the cdh-cohomologygroupsof P.

Givenafan , let (1) denotethe collection of raysin ; the 1-skeleton of
is the fan (1) [ fOg and its toric variety X  lies in the smooth locus of X ().

Denition  3.1. For a toric k-variety X = X () dened by afan in Ng, we
de ne "Q to be the coherert sheafon X tting into the exact sequence

M
0! ~B1 Ox z"P(M) ! Ov () z"PYm\ 7y
2 (1)

The componert of the map indexedby sendsf (mi® “~mgp)inOx ~5(M)
to ]

X _
i (f) ( D'tmi;nime™r AmyA Amg
[
wherei : V ()] X isthe canonicalclosedimmersion,andn 2 N isthe minimal
lattice point on . By corwvertion, ~% = Ox .

On the ane U , the ring O(U ) is M -graded, so the sectionsof Ox  "PM
are M -graded with ~PM in weight O; the weight m summandisk ™ APM if
m 2 -. Since is graded,it follows that each ~5 (U ) is M -graded.

Remark 3.2. Sectionsof ~% may be consideredas di erential forms on X, with
1 m corresponding to the form dlog( ™) = d ™= ™. On a nonsingular cone
we may identify O "~PM with the locally free sheaf P(log D) of di erentials with
logarithmic polesalong D = [ V(). This identies the map with the residue
map, sowe have Pjy = 7Pjy .

As shown by Danilov [5, 4.3], the sheaf ~§ is naturally isomorphicto j ( ),
wherej : U] X is the immersion of the open substhiemeU of smooth points of
X . Applying Remark 3.2to X @ | U, we seethat ~& = j&( % @) where

j@ X ® 1 X is the evidert open immersion.

We will needan explicit description of the M -grading on ~1, or rather on the
module of sections ~1(U ) over an ane toric variety U . (See[5, 4.2.3].) When
m2 -\ M, its weight m summandis the subspace™(U ), =k ™ (M\ (m)?)
of the weight m summandk ™ M of O(U ) M. Here (m)? is the orthogonal
complemen of the face (m) of dened in (2.1) by the vanishing of m: For
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m2 -, “Y(U )m = 0becauseO(U )y, = 0. More generally, we have for m 2 M
andp O

k ™ APM\ (m)?) ifm2 -

(3:3) xWm= tmz -.

It is instructive to compare (3.3) to the analogousformula for P(U ) and
HHp(U ), which are graded by the submonoid -\ M of M. There is a natural
map from the module § of Kehler di erentials to ~ . On U it is the M -graded
map induced by the M -gradedmap P(U )! O(U ) ~P(M) de ned by:

X

(3.4) Mod MA A d M7 (1=p) ™ miN Amp m = m;:
Recall that the orbit-closure V() for the face is Speck[ -\ M\ ?]).

Lemma 3.5. Foreachm 2 -\ M, letV = V( (m)) denotethe orbit-closure for
the face (m) of . Then the closal immersion V.~ U induces an isomorphism
HH (U )y = HH (V)n. In particular, for all p:

fWUIm= P(V)m

Proof. For corvenience,let ussetA = -\ M and B = A\ (m)?, so that
U = SpecK[A]) and V( (m)) = Speak[B]). The immersionV U corresponds
to a surjection k[A]! k[B], which is split by the evidert inclusion :k[B]! Kk[A].
HenceHH (Kk[B]) isasummandof HH (k[A]), andit su ces to shawvthat induces
a surjection on the weight m summand of the complex for Hochschild homology:
Now the degreep part of the Hochschild complex for k[A] is k[A] P*, sothe
Weiglg m summand has a basis consisting of the Yo U1 UYs whereu; 2 A
and u;=m. If n2 (m), then hu;;ni Oand ,huj;ni = m;ni = 0. This
forcesead hui;ni = 0, i.e., u; 2 B. Hencek[B],P** = k[A],,P*', as claimed.

Lemma 3.6. Every orbit blow-upsquae (2.2) determinesa distinguished triangle
on X zg of the form

LU R He i Hr R %P0 B
and hene a long exact sequene of Zariski cohomolay groups:
LOHIOXG TP HIX S =PY HA(V; ~P) 1 HA(VE =Py 1 HA (X ~P) |

Proof. We have short exact sequence®f coherert sheaves

0! ~FX;V) b tro
onX,and 0! "fx ov o) ! ol i 0! 0on X% Applying R to the latter
yields a morphism of distinguished triangles
~p | ~P | i =P

V) ; X : 2V

? ? ?

y y y

R “xovo IR h, I R i P,

Danilov proved in [6, Prop 1.8] that the left vertical map is a quasi-isomorphism,
i.e., that R “xoyo = 0forj>0,and 7y ! Tlxoyo- The distinguished
triangle follows from this in a standard way.
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Remark 3.7. Danilov [5, 8.5.1] proved that if :X©%! X is a morphism of toric
varieties resulting from a subdivision of the fan,then Ox ! R Oxo,i.e., Oxo=
Ox and R' Oxo = Ofori > 0. This provesthat toric varieties have (at most)
rational singularities.

4. The cdh-cohomology of P for toric varieties

In this short section, we prove Theorem 4.1, that Danilov's shearescompute the
cdh-cohomologygroups H .y, (X; P) for toric varieties.

Theorem 4.1. Let X be an arbitrary toric k-variety. There is an isomorphism
Hzar (X5 ~§)() = Hean (X5 P)

for all p, natural for morphisms of toric varieties and for the closal emtedding of
an orbit-closure of X into X.

Example 4.2. The case = 0of Theorem4.1listhat ~P(X) = HS, (X; P). This
is equivalent to Danilov's calculation [6, 1.5] that in (2.2), ~§ ! ~5 . for all p.

For the proof, we recall that H 4, (X; P) is just the Zariski hypercohomology
of the complexRa a Pjx, wherea: (Sch=K)cgn ! (Sch=K)z is the morphism of
sitesand jx denotesthe restriction from the big Zariski site (Sch=K)zar t0 X z4 .

Recall that we can resolve the singularities of a toric variety via equivariant
blow-up squaresof the form (2.2). Iterating the orbit blow-up operations described
in (2.2), asin [7, 6.2.5]we can nd asmooth toric cdh-hypercover :Y ! X. The
following Mayer-Vietoris lemma is an immediate consequenceof [21, 12.1].

Lemma 4.3. For everycdhshafF, Ra Fjx = R (Ra Fjy ).

Proof of Theorem 4.1. As in [7, 5.2.6], Lemma 3.6 implies that the maps ~§ !
R ¥ are quasi-isomorphisms. By Remark 3.2, the maps § ! ~¥ areiso-
morphisms. Hencewe have quasi-isomorphismsof complexesof Zariski sheaveson
X:

R P 1R B ~B:
Now by [3, 2.5], we have $n = Raa Pjy,. Applying Lemma4.3to F = a P
yields:

Raa Px ! R (Raa Pjy)=R B

Applying Hz, (X; ) yields H 4, (X; P) ! Hz (Y; P) = H,, (X;7P), an iso-
morphism which is natural in the pair Y ! X. As any two smooth toric hypercov-
ers have a common re nement, the isomorphism ~% ' Ra a Pjx in the derived
category is independert of Y . The assertednaturalit y follows.

Now recall that every variety is locally smooth for the cdh topology. Hence
the Hochsdild-Kostant-Roserberg theorem implies that the Hochsdild homology
sheafHH, hasa HH, = a ". We write Hgn(X;HH) for Ra a applied to
the Hochscild complex, and Hegn (X ; HH () for its summand in Hodge weight t.
We write the Zariski hypercohomology of these complexesas H 4, (X;HH) and
Hegn (X HH W), respectively. By [3, 2.2], Hean (X;HH®) = Ra a ![t]. Hence
Theorem 4.1 translates into the following language:



THE K-THEOR Y OF TORIC VARIETIES 7

Corollary 4.4. For everytoric variety X, Hl (X;HH®) = HE* "(X; =), and
M
Hean (X;HH) = ; OHéar (X5 7x):

The Hochsdild homology in 4.4 is taken over any eld k of characteristic zero.
Since every toric variety X = Xy over k is obtained by base-tange from a toric
variety Xq over the ground eld Q, at base-dnangeyields X=k = Xo=Q ok,

and the Kenneth formula yields  _5 = =& k=0 = x=k k k=q- Similar
formulas hold for HH (X= Q) and hencefor Hth (X HH( =Q)).
Wedene ~§ _,tobej §_o. The aboveremarksimply that =} = “Xo=o ki

and that there is alsoa Kenneth formula =y .5 = T« =
Hencewe have have the following variant of the previous corollary.

Corollary 4.5. For everytoric k-variety X, M
Hign OGHH®O(=Q)) = HE (X “Y ) = Hi (G %)« degd
i+j=t
and

M
HInOGHH( =Q) = HILM(X; ~koo):
t 0

5. K-theor y and cyclic homology of toric varieties

Recall from section 3 that ~§ has both a combinatorial de nition, and an in-
terpretation asj [’J wherej : U ! X is the inclusion of the smooth locus. In

this section, we study the exterior di erentiation mapd: ~5 ! ~5* which arises
as the pushforward of the de Rham dierential d : ) ! . The following
combinatorial description of this map is useful.

p+l
u

Lemma 5.1. ([5, 4.4) Themapd: ~5 ! ~B*! induced by exterior di er entiation
d: D1 P is the M-graded map which in weightm is k ™ (m;~ ) 7!
k™ (m~myg” ). Thatis, it is induced by:

(Ox (U )m z~PM)=A~PM ™ APY M = (Ox (U )m 2P M):

Pushing forward the de Rham complex ;, we seethat the ~§'s t together to
form a\log de Rham" complex ™y on X. Thereis a natural map ! Ty of
complexes,which is an isomorphism on the smooth locus of X . Similarly, pushing

forward the de Rham complex U=0 from the smooth locusto X, we obtain a log

de Rham complex =~ -o-

As in [2] and [3], Hegn (X;HC) denotes Ra a applied to the cyclic homol-
ogy cochain complex, and Hcegn (X;HC®) is its summand in Hodge weight t.
The Zariski hypercohomology of these complexesis written as H 4, (X;HC) and
Hgn (X; HCW), respectively, and is called the cdh- br ant cyclic homolagy of X .

By [3,2.2], Hean (X;HC®) = Ra a  '[2t], where ! denotesthe brutal trun-
cation of the de Rham complex. Similarly, we write ~Xt for the brutal truncation
of the Danilov complex ~y . By Theorem 4.1, Hegn (X;HC®) = =, '[2t].

As with Hochsdild homology, the cyclic homology in the above paragraph is
takenoverk. Asin the previoussection,we may alsoconsidercyclic homologytaken
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over the ground eld Q, and we also have Hegnh (X;HC( =Q)) = Ra a :(S[Zt],
again by [3, 2.2].
Again by Theorem 4.1, we have an isomorphismin the derived category:

ty ~ t .
=Q X=Q"
Concatenating theseidenti cations, we have:

Ra a

Prop osition 5.2. If X is atoric k-variety, the cdh- br ant cyclic homolayy is given
by the formula: M
Hcdr;(X;HC): ¢ OHgérn(X;~xt):
and

M
Hcd%(X;HC( :Q)): t OHggrn(X;~xt:Q):

Example 5.3. The caset = 0 of 5.2 yields the formula
HCO (X) = H,(X;0) 1 H_(X;0)=H (X;HCO):

This illustrates the interconnections between the casep = 0 of Theorem 4.1,
Danilov's calculation in Remark 3.7, and the cornvertion that ~§’< = Oy.

Thesecalculations tell us about the algebraicK -theory of toric varieties, via the
following translation of [3, 1.6] into the presen language.

Denition 5.4. Let Fyc[1] denote the mapping cone complex of HC( =Q) !
Ra a HC( =Q); the indexing we useis such that there is a long exact sequence:

I H "(X;Frc) ! HCh(X=Q)! Hh(X;HC( =Q))!
Theorem 5.5. ([3, 1.6]) For every X in Sch=k, there is a long exact sequen@
I KHpar (X) 1 Hygt (X5FRce[1) ! Ka(X) ! KHp(X) !

Zar

For toric varieties, the sequencg5.5) splits:

Prop osition 5.6. For everytoric variety X, K (X)! KH (X) is a split surjec-
tion. Hence
Kn(X) = KHn(X) H, o (X;Fuc[l]):

Proof. For eadhane cone ,M( ):= M\ 7? isa free abelian monoid, soT =

SpecK[M ( )]) is atorus. We rst claim that the inclusioni : k[M ( )] kM \
-], or surjection U T , inducesan isomorphism on K H -theory, i.e.,

(5.6a) K(T) ! KH(T) ! KH(U ):

Since(5.6a) factors K (T )! K(U )! KH(U ), this provesthe lemmafor U .

BecauseT is regular, the rst map is an isomorphism. For a suitable rational
n2 , ewluation at n is a monoid map from M \ - to N with kernelM ( ).

This gives kM \ -] the structure of an N-graded algebra with k[M ( )] in
degreezero. Hencei inducesan isomorphismKH (k[M( )]) = KH(k[M \ -]),
as claimed.

If isafaceof ,wehavea commutative diagram

kM ()] PokM) -]
? ?
intoy yinto

KIM ( )] I KM\ -:
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Thus the isomorphismin (5.6a) is natural in , for afaceof afan , andsois
the splitting of K(U ) ! KH (U ). SinceK (X) is the homotopy limit over of
the K (U ), and similarly for K H (X), the homotopy limit of the splittings provides
a splitting of the map K (X)! KH(X).

Remark 5.6.1 The proof amounts to the obsenation that there is an algebraic
homotopy from U onto its smallestorbit orb( ), and that this homotopy is natural
with respect to faceinclusions.

The sequencg5.5) is compatible with the decomposition arising from the Adams
operations becausethe Chern character is, by [4]. ThusK (i)(X) and KH (i)(X) t
into a long exact sequencewith F,S,icl). For example,it is immediate from Example
5.3 that F,S,O)C (X)) is acyclic, proving that K ) (X)=KH ) (X)) for toric varieties.
The case = 0, which is a well known assertionabout the Picard group of normal
varieties, has the following extension:

Prop osition 5.7. If X = U is an ane toric k-variety, then Ko(X) = Z.

Proof. Note that the coordinate ring of U is graded,soK Ho(X) = Z.
By 5.5, we needto shaw that HO(X;Fyc) = 0. SinceHC 1(X) = 0, we are
reducedto proving that the map

HCo(X)! H%, (X;HC)
is onto. By 5.2, the target of this mapis ~, ,HZ, (X; *zé): SinceX isane, we
have HZ, (X; ~_5) = O for all t > 0. Finally, whent = 0 we have

H2ar (X5 79) = H2a (X;0x) = HCo(X):

Remark 5.7.1 A much better version of this Corollary was proven years ago by
Gubeladze[11]: For a PID R, every nitely projective module over R[A], where
A is a semi-normal, abelian, cancellative monoid without non-trivial units, is free.
This was extendedto the casewhere R is regular by Swan [22].

Of course,the dictionary coming from [3] via 5.5 alsoallows us to say something
about the higher K -theory of toric varieties. Let Krﬁ')(X) denote the weight i part
of Kn(X) Q with respect to the Adams operations, i.e., the eigenspacewhere

kK = ki for all k. We adopt the parallel notation K H,ﬁi)(x) for the weight i part
of KH,(X).
The absolute cotangert sheafLy of X=Q has on = }(:Q andH?® "(X;Lx) =
|

HH Y (X=Q); see[27, 8.8.9]. There is a natural map Ly ! k<0! Tx=o
Corollary 5.8. For any toric k-variety X, we havea distinguishel triangle
Fib ! Lx ! “koo! FSLILL

and hene an isomorphism K & (X) = KHE (X)  H2Z, 9(X;Lx ! “X=0):

Proof. The Zariski sheafHC® is the mapping coneof O ! Ly ; see[27, 9.8.18].
SinceRa (a 0)jX = Ox by Remark 3.7, and Hegn (X;HCW) ' (0! ~%)[2] by
5.2, it follows that the mapping coneF L of HC® 1 Hegn (X;HC®) is alsothe

mapping coneof Lx ! ~%. This provesthe rst assertion;the secondassertion
follows from this, Proposition 5.6 and [3, 1.6].
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The techniques of [3] allow us to nd examplesof toric varieties with \h uge"
Ko and K1 groups, in the spirit of [25], [12] and [14]. Our toric varieties will have
quotient singularities becauseall the coneswill be simplices;see[9].

Example 5.9. Let N = Z3, and let usto agreeto write elemers of N as column
vectors and elemerts of M = Z3 asrow vectors. ,Dene to be the gonein the

1
xy-plane of Ng = R® spannedby the vectors e; =§o§ and e; + 2e; =§2§. Then U
0 0

is a singular, a ne toric k-variety.
In fact, U = Spec k[X;Y;Z]=(YZ X?[T;T 1], whereX = @00 vy =
©:10) 7z = @ L0 gndT 1= @0 1 This is because - \ M is generatedby
the vectors (1;0;0); (0; 1;0); (2; 1;0) and (0;0; 1).

Let m 2 M be the vector (1;0;0). Its faceis (m) = f0g, so (m)? = M.
We seefrom (3.3) that (U ), = k X M = k3. The forms dX, X dY=Y and
X dT=T form a basis. On the other hand, (U ). is the k-vector spacespanned
by Yd( Y) with u;v2 -\ M satisfyingu+ v = m. It is easyto seethat the only
u;v2 -\ M satisfyingu+ v = (1;0;0) arewhenu;visf(0;0; j);(1;0;j)g. Thus

(U ) is the 2-dimensionalvector spacespannedby dX and X dT=T. It follows
that (U )! ~I(U) is not onto in weight m.

Similar reasoning shows that for m = (1;0;c) we also have ~*(U ), = k% on
TCdX, T¢X dY=Y and T¢ X dT, and that ~*(U ), = (U ) for all other m.
(It is useful to usethe fact that (U ) is a submodule of ~(U ) by [23].) Thus
~L(U )= YU ) = K[T;T 1]. By the Kunneth formula,

coker YU =Q)! ~YU=Q ="tU)= }U):
As in Proposition 5.6, it is easyto seethat KH (U ) = K (K[T;T 1]). Hence
5.8 implies that Kf)(U ) is isomorphic to a nonzerok-vector space:
KPWU)=Hi U T ~H=~HU)= {U) = kLT 1)

Example 5.10. We now extendthe of Example 5.9to form afan  consisting of
two 3-dimensionalcones 1, 2 (together with all of their faces)sudch that ;\ , =
. Specically, let ; and ; be spannedby the two edgesof together with

2 13 2 13
V1=§ 0% and Vz=§ 0%;
+1 1

respectively. Let X = X(), soX =U,[U,andU =U  \ U,. It follows
from 5.6that KHy(X) = Z Z and that

Ko(X)=2? HL,(X;Fuc):

We will show that the right-hand term is nonzero;sinceit is a k-vector space,it will
follow that K (X ) cortains the additiv e group underlying a non-zerok-vector space.
Taking k to be uncountable, for examplek = C, we seeK o(X) is uncourtable.

Becausethe singular locus of X is 1-dimensional, H"(X;Lx) = H"(X; %) for
n > 0. By Corollary 5.8,

Ko? (X) = Hia (XiFuc) = Ha (X M1 =Y
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From the Mayer-Vietoris sequencefor the given cover of X, and Proposition 5.7,
we seethat there is an exact sequence

U= MU, YU L= YUyt U= Hu)r KO o

By Example 5.9, ~}(U )= (U ) is zero except in weights m = (1;0;c), ¢ 2 Z,
whereit is spannedby the forms T¢X dY=Y. For such m, (m) = f0Og. If c> Othen
m 2 1 andthe elemenn ™dY=Y 2 ~}(U ,) mapsto T¢X dY=Y 2 T U ). Ifc< O
thenm 2 , andthe elemen ™MdY=Y 2 ~}(U ,) mapsto T¢X dY=Y 2 T U ).

We are left with the form X dY=Y in weight m = (1;0;0). Sincem 2z  for
i = 1;2,wehave “}(U ,)m = “}(U ,)m = 0. This provesthat

K& (X) = 7HU)= (U )uog = k

As in Gubeladze'sexampleof toric varieties with \h uge" Grothendieck groupsin
[14], we canfurther extend to obtain a completefan consistingof simplicial cones
", sothat X = X ( ) is aprojective closureof X andsuchthat Y = X( ) is
smooth. SinceY and X form an open cover of X, we seethat K o(X) also corntains
the additiv e group underlying a non-zerok-vector space.

6. Gubeladze's Dila tion Theorem

The main goal of this section is to give a new proof of Gubeladze's Dilation
Theorem [15] for the K -theory of monoid rings, which we obtain in 6.10 as a
corollary of a version of this result valid for all toric varieties (Theorem 6.9).

For a toric variety X = X () with a fan in Ng and integer c 2 N, de ne

c : X() ! X() to bethe endomorphism of toric varieties induced by the
endomorphism of the lattice N given by multiplication by c. If Ng is a cone,
themap :U ! U ofane toric k-varietiesis induced by the ring endomorphism
ofk[ -\ M]that sends ™ to °™. That is, this isthe map that raisesall monomials
to the c-th power. Obsernethat if k = F, and c = p, this is preciselythe Frobenius
endomorphism, and it useful to think of . as a generalization of Frobenius that
exists in the category of toric varieties.

Fix a sequencec = (cp;Cp;:::) of integers with ¢ 2forali. If Fisa
cortravariant functor from toric varieties to abelian groups, we de ne F¢ by

F(X)°=lim F(X) PE(X) P

Gubeladze's Dilation Theorem assertsthat the natural map K (X) ! KH (X)
induces an isomorphism K (X)¢! KH (X)¢ for any toric variety X. Our proof
of this theorem involves computing HH4(X )¢ where HH denotesHochsaild ho-
mology.
Fix a cone . As in the proof of Lemma 3.5, the chain complex de ning the
Hochsdild homologyof k[ -\ M]is -\ M -gradedwith the weight of ™o
Mr de ned to be mg + + mp, and the Hochsdild homology groups of U are
-\ M-graded k| -\ M]-modules. A fortiori, they are M -graded, with zeroin
weight m if m 2 -. Since ( Mo ) = ¢mo , ¢ sendsthe weight m
summandto the weight cm summand.
The Hochsdild homology of a non-ane variety is de ned by taking Zariski
hypercohomologyof the shea cation of the complexde ned just asin the de nition
of HH (R), but with Ox ¢ k Ox in placeof R ¢ k R (see[24, 4.1]).
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For a toric variety X = X (), we may compute HH (X) as follows: Let
1;::1; m denotethe maximal conesin the fan . Foreachl g ip, m,
we may form the complex de ning the Hochsdild homology of the a ne toric vari-
etyU \ ip We then assenble theseinto a bicomplexin the usual Cech manner
and take the homology of the assaiated total complex.

Lemma 6.1. For any toric variety X = X () , thegroupsHH (X) havea natural
M -grading, and the endomorphism . mapsthe weight m summandto the weight
cm summand.

Proof. We have seenthat the Hochsaild complexesforming the columns of the bi-
complexare M -graded. Sincethe ring mapsare all M -graded, the Cec di eren tials
are also M -graded. SinceHH (X)) is the homology of an M -graded bicomplex, it
is M -graded. Sincethe map . sendsthe weight m subcomplex to the weight cm
subcomplex, it hasthe samee ect on homology:.

Remark 6.1.1 This construction implies that the Cecd spectral spectral sequence
is M -graded:

M
Epq = HHq(U ;v v ) HHg p(X):
io< <ip
Lemma 6.2. SetA = -\ M. If m 2 A lies on no proper face of -, then
A+h mi=M,andk[A]] ™]= K[M].

Proof. Sincek[A]] ™]= k[A+ h mi], it suces to provethe rst assertion,i.e.,
that everyt 2 M is of the form a im for somepositive integeri. Fix a nonzero
n 2 N. The assumptionthat m lies on no proper faceof - impliesthat tm; ni > 0.
Henceht + im; ni > Ofori 0. Since \ N is nitely generated,it follows that
t+im 2 Afori 0, asclaimed.

Lemma 6.3. Themap ¢: 9(U )m! 9(U )em is multiplication by cd (¢ Dm,
P

Proof. When uj = m, . takes! = UYod Y1 A d Y tocd M,

Remark 6.3.1 The sameproof shavs that the map ¢: ~9(U )m ! ~HU )em IS

multiplication by ¢9 (¢ D™ By (3.3), this is an isomorphism for all ¢6 0.

Prop osition 6.4. For any toric k-variety X, the natural maps (3.4) induce iso-
morphisms, for all g:
IX)er TX)*

Proof. We may assumeX = U , sothat 9(X) = E[A] forA= -\ M. It suces
to ched that the map is an isomorphismin eath weight m 2 M; without loss of
generality, one may assumem 2 M. By Lemma 3.5, ( E[A])m = ( E[B])m, where
B = A\ (m)?. By Lemma 6.3, . coincideswith multiplication by ¢ (¢ 1m
both asamap ( Ja)m ! ( fap)em andasamap ( Jg)m ! ( fg)em. Hence
the group

q(X )m = Ilrn ( E[A])m il ( E[A])Clm :
is the weight m part of the localization of E[B] at M ie., of 9K[B][ ™. By
construction, m is not on any proper faceof (m)-\ (m)?. By Lemma6.2,

YKBI "Dm= KB +h mihn= Uk[TDm; T=M\ (m)’:
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SinceT is a free abelian group, ( E[T])m = 79(T) k. Now recall that by Remark
6.3.1and (3.3) we also have

Thrh = U = UM =k M AT,

The map ( {1))m ! (Tr))m is given by (3.4), and it is an isomorphism by
inspection.

In order to prove an analogousresult for Hochscild homology, we needto brie y
review the decomposition of Hochsdild homology into summands given by the
(higher) Andre-Quillen homology groups. For more details, we refer the reader to
[20, 3.5] or [27, 8.8].

For a commutativ e k-algebra R, one forms a simplicial polynomial k-algebraR
and a simplicial ring map R ! R which is a homotopy equivalenceon underlying
simplicial sets. The (higher) Cotangentcompleng(qik is de ned to be the simplicial

R-moduleR r 3 ,andthe Andre-Quillen homologygroupsof R arede ned to be
D,(JQ)(R) = Hp(Lg(Q)_k). The R-modulesDé‘”(R) are independert up to isomorphism

of the choicesmade.
In general,there is a natural spectral sequenceof R-modules

DP(R) =) HHpq(R)

and a natural R-module isomorphism D(()q)(R) = g:k: Since we are assuming

char(k) = 0, this spectral sequencedegenerateso give a natural decomposition of
R-modules

M M
HH,(R) = DIW(R) = A DV (R):
p+g=n p+q=n;p> 0
Since the Andre-Quillen homology groups are functorial for ring maps, the en-
domorphisms , presene this decomposition.

Lemma 6.5. Let U be an ane toric variety. Then the Déq)(U ) are M -graded
modules and, for everym 2 -\ M, themap ¢ : DU )m ! DU Yem is
multiplication by ¢4 (¢ Dm,

Proof. Let A= -\ M andform asimplicial resolution of A by free abelian monoids
A ! A. That is, A is a simplicial abelian monoid which in eat degreeis free
abelian and the map of simplicial abelian monoids A ! A is a homotopy equiva-
lence. This is possibleby the samebasic cotriple resolution usedto form simplicial
free resolutions of k-algebras(see[27, 8.6]). For functorial reasonsk[A ]! Kk[A]is
a free simplicial resolution of k[A]. We therefore have

DIV (KIA]) = Hp(KIA] ka1 fa )

For eath n, the ring k[An] is M -graded by the maps , : A ! A M. Thusthe
simplicial ring K[A ]is alsoM -graded and the map k[A ]! k[A] of simplicial rings
presenesthis grading. It follows that k[A] a j E[A ! is naturally M -graded,
where the weight of Yo d( Y1)~ A d( Y9)isupg+ n(up) + + n(ug), for
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and it is clear that, for any positive integer c, the endomorphism . of D,(f‘)(k[A])
maps the weight m summandto the weight cm summand. To prove that the map

¢ : DIV (K[ADm ! D (K[A])em
coincideswith multiplication by ¢d (¢ D™ it su ces to provethe analogousasser-
tion for the M -gradedk[A]-modulesk[A] k[a,] E[An]: The proof of this is exactly
like the proof of Lemma 6.3,using! = Y d Y1nr  Ad Yo,
Theorem 6.6. For any toric k-variety X, the natural maps
X)L HHG(X)®
are isomorphisms, for all g.

Proof. By the spectral sequencein 6.1.1, we may assumethat X is ane, say of
the form X = U for somecone . Setting A = -\ M, the coordinate ring of X is
k[A]. To establishthe isomorphism P(U )°= HH,(U )°it suces to prove that
DW(k[ -\ M])*=0

for all p > 0. As in the proof of Proposition 6.4, it suces to x an arbitrary
m 2 M and show that the weight m part vanishes.By Lemma 3.5, Dé,q)(k[A])m =
D (K[B])m, whereB = A\ (m)?. By Lemma 6.5, . coincideswith multipli-
cation by ¢@ (¢ D™ poth asa map D (k[A)m ! D (K[A)em and as a map
D (KB)m ! D (K[B])em. Hencethe weight m summand

DOX)S = lm DOKADm I DOKADem P

is the weight m part of the localization of D (k[B]) at ™, i.e., of D?(K[B][ ™]).
Recall that (m) denotesthe face of (possibly just the origin) on which
m = 0. By Lemma 6.2,

DPKBI ™Dm = DPKB +h midm = DPKTDm; T=M\ (m):

SinceT = M\ (m)? is a free abelian group, we have
1
D{?(k[B][5]) = DI (K[T]) = 0

for all p> 0. This provesthat Dé,q)(k[A])C = O for all p> 0, proving the theorem.

Corollary 6.7. For any eld k of characteristic 0 and any toric k-variety X, we
have a natural isomorphism for all n:

HHa(X=Q)® ! H 2 (X;HH( =Q))%:
The right hand sidein 6.7 denotesHochsdild homology with cdh descem imposed
(and localized by ¢). (On both sides,we take Hochsdild homology over Q.)

Proof. Let uswrite X o for the model of X de ned over the rationals and X, = X
for the model over k. We have X = Xg speco Speck.
The natural map

HHn(Xk=k)® ! Hegn (X;HH)C
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is an isomorphism. Since both sidessatisfy Zariski descem, this is an immediate
consequencerheorem 4.1 and Theorem 6.6. The Kenneth formula for Hochschild
homology, described before Corollary 4.5, gives

HH (X=Q)° = HH (Xq=Q)° o =o'

In particular, onegetslong exact sequencesor HH ( =Q)¢ assiated to abstract
blow-ups of toric k-varieties. Sincethe map

HH, (X=Q)° = Hegn (X;HH( =Q))°

is an isomorphism whenewer X is smooth by [3, 2.4], the result holds by induction
and the v e-lemma.

Corollary 6.8. For any eld k of characteristic 0 and any toric k-variety X, and
all n, we have

HCh(X=Q)° = H 4 (X;HC( =Q))*:

Proof. There is a map from the SBI sequencdor HH and H C to the SBI sequence
for its cdh- bran t variant. Applying the exact functor ( )¢ yields a similar map of

long exact sequencesevery third term of which is the isomorphismof Corollary 6.7.

The result now follows by induction on n, since all complexesare cohomologically
bounded above.

Theorem 6.9. For any eld k of characteristic 0 and any toric k-variety X, we
have

K (X)¢= KH (X)©

Proof. Since( )¢ is exact, it suces by Theorem 5.5to show that H,, (X;Fnc)°®
vanishes. Again because( )° is exact, we have a long exact sequence

P HZa (X5Fuce)!t HC n(X=Q)°! Hgh(X;HC( =Q)°
The desired vanishing follows from the previous corollary.

Corollary 6.10. (Gubeladze'sDilation Theorem) Let be an arbitrary commu-
tative, cancellative, torsionfree monoid without nontrivial units. Then for every
sgiuene c and every p, (Ko(K[]) =Kp(k))¢ = 0.

Proof. To prove the Dilation Theorem, it suces to proveit for all \ane positive
normal" monoids,i.e., for monoidsof the form = -\ M sudhthat ? = 0. This
is a reformulation of [12, 3.4], and is stated explicitly in [15, Proposition 2.1] (up
to the typo that K,(R[M]) should be K,(R[M ]J)=K(R)).

For such , X = SpecK[]) is a toric variety, and the proof of Proposition 5.6
above shavsthat k[] is N-gradedwith k in weight 0. HenceK H(X) ' K (Speck).
The result now follows from Theorem 6.9.

Remark 6.11 In [16], Gubeladzeprovesan unstable versionof his Dilation Theorem
for the groups K1 and K, which is valid for any regular coe cien t ring in place
of the eld k. In [17], he provesthat his Dilation Theorem remains valid if one
replacesthe eld k by any regular coe cien t ring that contains a copy of Q.
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