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Abstract

We show that operations in Milnor K-theory mod p of a field are spanned by
divided power operations. After giving an explicit formula for divided power op-
erations and extending them to some new cases, we determine for all fields kg and
all prime numbers p, all the operations KM/p — KJM /p commuting with field ex-
tensions over the base field ko. Moreover, the integral case is discussed and we
determine the operations KM /p — K JM /p for smooth schemes over a field.

Introduction

Let ko be a field and p be a prime number different from the characteristic of kq. In [26],
Voevodsky constructs Steenrod operations on the motivic cohomology H**(X,Z/p) of
a general scheme over ky. However, when p is odd or when p = 2 and —1 is a square
in kg, such operations vanish on the motivic cohomology groups H “(Spec k,Z/p) for
7 > 0 of the spectrum of a field extension k of ky. Here, we define new operations on
H%'(Spec k,Z/p) that only exist for fields.

The same phenomenon happens in étale cohomology, where Steenrod operations,
as defined by Epstein in [8], vanish on the étale cohomology H:,(Spec k,Z/p) of a
field. Under the assumption of the Bloch-Kato conjecture, our operations give secondary

operations relatively to Steenrod operations on the étale cohomology of fields.

Given a base field ky and a prime number p, an operation on KZM /p is a function
KM(k)/p — KM (k)/p defined for all fields k/kg, compatible with extension of fields. In
other words, it is a natural transformation from the functor K ZM /p : Fields ., — Sets to
the functor K}kvl/p : Fields ,, — F), — Algebras. It is important for our purpose that our
operations should be functions and not only additive functions. The reason being that
additive operations will appear to be trivial in some sense. In these notes, we determine
all operations KM /p — KM /p over any field ko, no matter if p # char ko or not. This is
striking, specially in the case when 7 = 1.

Let n be a non-negative integer and k any field. Let z = 25«:1 sr be a sum of [

symbols in KM(k)/p, the mod p Milnor K-group of k of degree i. We define the nth
divided power of z, given as a sum of symbols, by

Tn(x) = Z Sl +...-81, € Kx(k)/p

1<l <...<ln <l



Such a divided power may depend on the way x has been written as a sum of symbols and
thus a well-defined map 7, : KM(k)/p — KX (k)/p may not exist. However, yo(z) = 1
and 71 (x) = z and as such, vy and v; are always well-defined. In his paper [13], Kahn
shows that this formula gives well-defined divided powers v, : K)(k)/p — KM .(k)/p
for p odd and 7, : KM(k)/2 — KM(k)/2 for k containing a square root of —1. Divided
powers are already mentioned in a letter of Rost to Serre, [9]. In this paper, we show
that in these cases, divided powers define operations in the above sense and form a basis
for all possible operations on mod p Milnor K-theory.

In the remaining case, when —1 is not a square in the base field kg, divided powers as
defined above are not well-defined on mod 2 Milnor K-theory. However, we will define
some new, weaker operations, and show that these new operations are all the possible
operations on mod 2 Milnor K-theory.

Precisely, we will prove :

Theorem 1 (p odd). Let ko be any field, p an odd prime number. The algebra of
operations KM(k)/p — KM (k)/p commuting with field extensions over ko is

e Ifi=0, the free KM(ko)/p-module of rank p of functions F, — KM (ko) /p.

o Ifi>1is odd, the free KM(ko)/p-module
KX (ko)/p-0 & K(ko)/p- .
o Ifi>2is even, the free KM (ko) /p-module

@K}k\/[(kO)/p *Tn-

n>0

Theorem 2 (p = 2). Let ko be any field, and consider the map 7; : KM(ko)/2 —
KM(ko)/2, x — {=1}"L.z. The algebra of operations KM (k)/2 — KM(k)/2 commuting
with field extensions over kg is

o Ifi=0, the free KM(ko)/2-module of rank 2 of functions Fo — KM (ko)/2.
o Ifi=1, the free KM(ko)/2-module of rank 2, generated by o and 1.

o Ifi>2, the KM(ko)/2-module

EM(ko)/2 - 0 & K2 (ko) /2 - 1 & @D Ker () - -
n>2

Actually, the divided powers ~, are not always defined with the assumptions of
Theorem 2. However, if y,, € Ker(r;), the map y, - v, will be shown to be well-defined.
Notice that when —1 is a square in kg, the map 7; is the zero map, and hence Ker(r;) =
KM (ko)/2.



m: n) Ym+n- Tlogether
with the algebra structure on KM (kq)/p, this gives the algebra structure of the algebra

of operations KM /p — KM /p over k.

Also, the divided powers satisfy the relation ~,, - v, = <

As Nesterenko-Suslin [21] and Totaro [23] have shown, there is an isomorphism
H™"(Spec k,Z) — KM(k) between some motivic cohomology groups of k and the
Milnor K-theory groups of k. This isomorphism, together with Theorem 1, provides
operations on the motivic cohomology groups H™"(Spec k,Z/p). Also, since the Bloch-
Kato conjecture seems to have been proven by Rost and Voevodsky (see [24] and Weibel’s
paper [27] that patches lemma 2.2 which is false as stated), this gives the operations in
Galois cohomology of fields, with suitable coefficients.

We also describe some new operations in integral Milnor K-theory over any base field
ko. Under some reasonable hypothesis on an operation ¢ : KM — KM defined over ko,
we are able to show that ¢ is in the K i\/[(ko)—span of our weak divided power operations.
See sections 2.5 and 3.4.

Finally, we are able to determine operations KZM /p — K JM /p in the more general
set-up of smooth schemes over a field k. The Milnor K-theory ring of a smooth scheme
X over k is defined to be the subring of the Milnor K-theory of the function field k(X)
whose elements are unramified along all divisors on X, i.e. who vanish under all residue
maps corresponding to codimension-1 points in X. An operation KM/p — K]M /p over
the smooth k-scheme X is a function that is functorial with respect to morphisms of
X-schemes (see section 4). Once again, if p is odd and 7 > 2 is even, or if p = 2 and k
contains a square-root of —1, we have

Theorem 3. Operations KZM/p — K}kVI/p over the smooth k-scheme X are spanned as
a KM(X)/p-module by the divided power operations.

Assuming the Bloch-Kato conjecture, we obtain this way all the operations for the
unramified cohomology of smooth schemes over the field k.

The paper is organised as follows. In the first section, we start by recalling some gen-
eral facts about Milnor K-theory, particularly the existence of residue and specialization
maps. In the second section, we give a detailed account on divided power operations
and extend the results mentioned in [13] to the case p = 2, v/—1 ¢ k*. We also describe
some weak divided power operations for integral Milnor K-theory. Some applications
to cohomological invariants are discussed. In section 3, Theorem 1 and Theorem 2 are
proven (see Propositions 3.7, 3.11 and 2.9), and the integral case is discussed (Proposi-
tion 3.18). Finally, in the last section, we extend our results to the case of the Milnor
K-theory of smooth schemes over a field k£ and prove Theorem 3.

Acknowledgement. 1 am deeply indebted to Burt Totaro for this work. He suggested
the problem to me and gave me some helpful advice through his detailed remarks.



1 General Facts

All the results in this section can be found in [10], Chapter 7.

Let k be a field. The n'® Milnor K-group KM (k) is the quotient of the n-fold tensor
power (k*)®" of the multiplicative group k> of the field k by the relations a1 ®. . .®a, = 0
as soon as a; + aj = 1 for some 1 < i < j < n. We write {ay,...,a,} for the image of
a1®...®ay, in KM(k), such elements are called symbols. Thus, elements in KM(k) are
sums of symbols. The relation {z, 1—x} = 0in KM (k) is often referred to as the Steinberg
relation. In particular K} (k) = Z and KM(k) = k*. This construction is functorial with
respect to field extension. There is a cup-product operation KM (k) x KM (k) — KM (k)
induced by the tensor product pairing (k*)®" x (kX)®" — (k*)®0m+1)  We write KM (k)
for the direct sum €0,,~o K (k). As a general fact, for any elements z and y in £k, we
have the relation {z,y} = —{y,z}. Thus, cup product turns KM(k) into a graded
commutative algebra. We now state the easy but important

Remark 1.1 (see e.g. [10]). It is a general fact that {z,z} = {x,—1}. The equality
{z,x} = {x,—1} = 0 happens

o in KM(K)/pif p# 2.
o in KM(K)/2if —1 € (k*)2.
e in K}(k) if k has characteristic 2.

Let K be a field equipped with a discrete valuation v : K* — Z, and A its asso-
ciated discrete valuation ring. Fix a local parameter 7 and let x be its residue field.
Then, for each n > 1, there exists a unique set of homomorphisms 9, : KM(K) —
KM (k) and s, : KM(K) — KM(k) satisfying 0,({m,uz, ... ,u,}) = {tz,...,4,} and
spe({muy, ... wnu,}) = {a1, ..., 4,} for all units ug,...,u, in A, where @; denotes the
image of u; in k. The maps 9, are called the residue maps and the maps s, are called the
specialization maps. The specialization maps depend on the choice of a local parameter,
whereas the residue maps don’t. It is easy to see that these maps induce well-defined
maps on the quotients KM /p. Moreover, for any » € KM(K), they are related by the
formula :

sx(z) = 0,({—7} - z).

Let k(t) be the function field over k in one variable. A closed point P in the projective
line P} over k determines a discrete valuation on k(t) and can be viewed as an irreducible
polynomial in k[t] (for P = oo, take P =t~1). Let dp (resp. sp) be the corresponding
residue map (resp. specialization map) and xp the residue field corresponding to the
valuation induced by P. Then, we have Milnor’s exact sequence

0— EM(k) — KM(kt) &5 @ KMi(kp) 0
PePL\{oo}



where the injective arrow is induced by the inclusion of fields k& C k(t). Moreover, this
sequence is split by so,. This yields an exact Milnor sequence mod p for any prime
number p.

Kummer theory defines a map in Galois cohomology 0 : k* — H'(k, ) where
i is the group of m! roots of unity in a fixed separable closure of k. Consider the
cup-product H'(k, pim) @ ... @ HY(k, pt) — H"(k,p2"). We get a map 0" : kX ®
c. @ kX — H"(k,p2™). Bass and Tate prove in [1] that this map factors through
KM(k) and yields a map Rim KM(k) — H"(k,2"). The map Ry is called the
Galois symbol. The Bloch-Kato conjecture asserts that the Galois symbol induces an
isomorphism KM(k)/m — H"(k, u2") for all n > 0, all fields k and all integer m prime
to the characteristic of k. The case when m is a power of 2 is known as Milnor’s
conjecture and has been proven by Voevodsky in [25]. The case n = 0 is trivial, the
case n = 1 is just Kummer theory and Hilbert 90, and the case n = 2 is known as the
Merkurjev-Suslin theorem (cf. [19]). Rost and Voevodsky have announced a proof of
the Bloch-Kato conjecture in the general case, see [24] and [27]. The proof relies on the
existence of reduced power operations.

In the sequel, p will always denote a prime number, cup product in Milnor K-theory
will be denoted by - and by definition the group K ZM (k) will be 0 as soon as i < 0. By
ring, we mean commutative ring with unit.

2 Divided powers

2.1 Existence of divided powers in Milnor K-theory

In [13], Kahn mentions the existence of divided powers in all cases of the following
proposition. However, we recall the construction of divided powers, as it will prove to
be useful for the determination of our operations.

Definition 2.1. Let n be a non-negative integer and F' any field. Let z = 25:1 s be
a sum of [ symbols of degree i in some Milnor K-group. A divided power of z is

Tn(x) = Z Sly t et Sl

1<hi<..<lp<l

Of course, it is not clear that ~, should give a well-defined map KZM(k’)/p —
KM(k)/p. However, we have

Proposition 2.2. 7y =1 and v1 = id are always well-defined.
1. If i is even > 2 and p is an odd prime number, then there exists a divided power
w i KMU(F) fp — K3 (F)/p.
2. If p=2 and —1 € (F*)2, then for all i > 2, there exists a divided power

w: KM(F) /2 — KM(F) /2.



3. If i is even > 2 and char ' = 2, then there exists a divided power
s KM (F) — K (F).

Proof. We are going to prove that =, as defined explicitly doesn’t depend on a particular
writing of . We will give the proof only in the first case. The two remaining cases can
be proven exactly the same way, once one remarks that the conditions (i even and p
odd), (p =2 and —1 € (F*)?) and (i even and char F = 2) are here to force :

e {a,a} =0

e The algebras @,,-o KM(F)/p, @,,50 KM(F)/2 and @,,~o KM (F) are commuta-
tive. B - -

Let M; r be the free Z-module generated by elements in (F*), and define
Lo Mip — Knl(F)/p
Zr:l NSy = Zl§11<...<ln§l Ny Sy c et M, S,

The map T',, is well-defined because of the commutativity of @, <o KM (F)/p and we
want to show that I',, factors through (F*)®!. For this purpose, it is enough to show that
I, takes the same value on each equivalence class for the quotient map M; p — (F*)®"
We notice that, given z and y in M; g, the sum formula T',,(z +y) = > i=0 T;(z)Thj(y)
holds. Thus, if # and x + y have same image in (F*)®?, we want to show that T, (x +
y) =", [;(x)T,—;(y) = T,(x). For this, it is enough to prove that T';(y) = 0 for
all 5 > 1 and y mapping to 0 in (F*)®'. Still using the sum formula, it is enough
to prove that for any 1 < j < 4, elements of the form (a1,...,a;-1,b,aj41,...,0a;) +
(@1,...,a5-1,¢,aj41,...,0a;) — (a1,...,a;-1,bc,aj41,...,a;) map to 0 under I',. This
happens, when i > 2, because {a,a} = 0 in K}(F)/p for all a € F*.

Therefore, we get a map I'y, : (F*)®" — KM(F)/p that satisfies the sum formula.

Now, I',, factors through 7, : KM(F) — KM(F)/p. Let x = x1 + x2 with 29 a pure
tensor satisfying Steinberg’s relation. Then I'y,(z) = 'y (21) + Tn—1(21)T'1(22) + ..., but
['n(22) is clearly 0 for n > 1. Hence a map 7, : KM(F) — KM(F)/p.

Finally, 7, factors through 7, : KM(F)/p — KM(F)/p as easily seen. O

In all cases of Proposition 2.2, the divided powers satisfy the following properties. More-
over, they are the only set of maps satisfying such properties. See e.g. [13].

Properties 2.3. 1. y(z) =1, 1(x) = x.
2. n(zy) = 2" m(y).

5. () =

m-+n
n

) S—)
4o mlr+y) =300 7%i(@) yn—i(y)-

5. (1)) = i o ().
6. Yn(s) =0 ifn>2 and s is a symbol.



2.2 Divided powers and length

Definition 2.4. The length of an element x € KM(F)/p (resp. KM(F)) is the minimum
number of symbols appearing in any decomposition of x as a sum of symbols.

Remark 2.5. If x € KM(F)/p has length [ and if the divided power 7, is well-defined
on KM(F)/p, then n > [ implies v, (z) = 0. That is, ~,, vanishes on elements of length
strictly less than n.

As was noted by Kahn in [13], the existence of divided powers implies

Proposition 2.6. If there exists an integer | such that the length of any element in
KM(F)/p (resp. KX(F)/2, KM(F)) is <1, then for all n > 2l + 2, we have

o KM(F)/p=0, if pis odd.
o KM(F)/2 =0, if -1 is a square in F*.
e KM(F) =0, if char F = 2.

Proof. Let z = {1,...,7,} be a symbol in KM(F)/p with p odd and n > 2/ +2. Then
=y ({z1, 22} +. ..+ {@2us1, vas0}) {2213, .., 2n}. By assumption {1, 22} +...+
{T9111, T2} has length at most [ and maps therefore to 0 under ~;,1. The two other
cases are similar. O

Examples 2.7. In [3], Becher shows that if KM(F)/p = F*/(F*)P is finite of order
p™, then the length of elements in K. %VI(F) /p is always less or equal than % if p is odd,
and is always less or equal than “4 if p = 2. Hence, if K}(F)/p = F*/(F*)? is finite
of order p™, the higher Milnor K-groups KM(F)/p are zero whenever n > 2%+ 1ifp
is odd and n > 2[mT+1] +1if p = 2. It is worth saying that Becher also shows that these
upperbounds are sharp.

2.3 Stiefel-Whitney classes of a quadratic form

Let ¢ be a quadratic form of rank r over a field F' of characteristic # 2. Then g
admits a diagonal form (aq,...,a,). The total Stiefel-Whitney class of ¢ is defined to
be w(q) = (14 {a1})... (1 + {an}) € KM(F)/2. In [20], Milnor shows that w(q) is
well-defined and doesn’t depend on a particular choice of a diagonal form for ¢. The k"
Stiefel-Whitney class wy, is defined to be the degree k part of w.

Proposition 2.8. We have wiws = w3 and more generally if n =Y ;2 is the binary
decomposition of n, then wy, = [[; .._j wai. Also, when —1 € (F*)2, way, = Yn(w2) and
S0 Wap4+1 = w1 - Yp(we). We also have

3
wy, = wi’ - H Yoi-1(wa).
i>1e;=1



Proof. The first point is proved in [20]. The last point was pointed out by Becher in [2,
§9] and is a direct consequence of the existence of divided powers mod 2 when —1 is a
square in F'*, and of the explicit formula defining both the Stiefel-Whitney classes and
the divided powers. O

This result confirms that the invariants w and w9 of a quadratic form are important.
In the literature, wy is often referred to as the determinant, and ws as the Hasse invariant.
Also, the Witt invariant can be expressed in terms of the determinant and the Hasse
invariant (see e.g. [17], Proposition V.3.20). A natural question is to ask whether or
not a non-degenerate quadratic form is determined, up to isometry, by its total Stiefel-
Whitney class. This has been answered by Elman and Lam in [6] : let F' be a field of
characteristic not equal to 2, with W (F') its Witt ring of anisotropic quadratic forms, and
IF its ideal of even-dimensional forms. Let I™F denote the nth power (IF)". Then,
the equivalence class of a non-degenerate quadratic form over F' is determined by its
dimension and Stiefel-Whitney invariant if and only if I3F is torsion free (as an additive
abelian group). This is for example the case of the field of real numbers. However, a
real non-degenerate quadratic form of given rank is not solely determined by w; and
wo and as such, the higher Stiefel-Whitney classes do carry a little information beyond
what wy and wy give. Proposition 2.8 shows that when —1 is a square in the base field
F, the higher Stiefel-Whitney classes are completely determined by w; and ws. This
helps to explain why the classes w; for ¢ > 3 have played very little role in quadratic
form theory. Also, in general, it is known that two non-degenerate quadratic forms ¢
and ¢’ of same dimension < 3 are isometric if and only if they have same w; and ws
(see [17], Proposition V.3.21.). Finally, Elman and Lam gave a description of fields for
which non-degenerate quadratic forms of given dimension are totally determined, up to
isometry, by their determinant w; and Hasse invariant ws. This happens if and only if
IBF =0 (cf. [7]).

By Milnor’s conjecture (proven by Voevodsky in [25]), the above gives divided powers
in Galois cohomology. Let Et, be the functor that associates to any field F' over kg
the set of étale algebras of rank n over F. In [9], it is proven that the H*(ko,Z/2)-
module Invy, (Ety,,Z/2) of natural transformations from the functor Et,, over ky to
the functor H*(—,Z/2) over ko is free with basis the Galois-Stiefel-Whitney classes
1,w‘1’al,...,w?,fl, m = [§]. Moreover, wigal = 0 for ¢ > m. Given an étale algebra
FE over kg, we can consider the non-degenerate quadratic form g on E viewed as a
ko-vector space, defined as gp(z) = Trg kg (x?). Therefore, we have some invariants,
coming from the Stiefel-Whitney classes of quadratic forms. In [12], Kahn proves that
for £ € Et,(ko), wfal(E) = w;(qp) if 7 is odd and wigal(E) = w;(qr)+(2)-wi—1(qe) if i is
even. When —1 is a square in kg, we get that the higher Galois-Stiefel-Whitney invariants
are determined by w/" and wi® in the following way : wgzlJrl = w? oy (W™ — {2} -wI™)
and wi)! =y (w§™ — {2} wi™) + {2} 0™ s (@ - {2} w™),

However, there are some examples where the divided powers act trivially. For in-
stance, MacDonald computes, for n odd > 3, the mod 2 cohomological invariants for the
groups SO(n), Z/2 x PGL(n), PSp(2n), and Fy. These correspond, for r = 0,1,2, and



3 respectively, to Invy, (J),,Z/2), the group of mod 2 invariants for odd degree n > 3 Jor-
dan algebras with associated composition algebra of dimension 2" (0 < r < 3) over the
base field kg of characteristic supposed to be different from 2. Such algebras are known to
be of the form H(C,q) = {z € M,(C), B, '#'B, = z} for ¢ an n-dimensional quadratic
form of determinant 1 with associated bilinear form B, and C a composition algebra over
ko of dimension 2". The composition algebra comes with a norm form ¢, which turns
out to be a Pfister form. The group of invariants for r-Pfister forms (r > 0) is the free
H*(ko,Z/2)-module generated by 1 and e,, where e.({{a1,...,a,))) = (a1) - ... (a,).
Write J = ¢ ® ¢ for a Jordan algebra J, then we have invariants v; = e, ® wy; and
it is shown in [18] that Invy,(J),Z/2) is the free H*(ko,Z/2)-module generated by
1,vg,...,Um, with m satisfying n = 2m + 1. For » > 0, when —1 is a square in kg and
because e, - e, is zero, we see that the divided powers vanish on the v;’s.

2.4 Divided powers in Milnor K-theory mod 2

In this section, we no longer assume —1 € (F*)2. We define the map
7 K(F)/2 = K (F)/2, @ {-1}"" -2

Let’s say a few words about this map. If F' has characteristic p > 0, then {—1} is zero in
KM(F)/2if p=1mod 4, and in any case {—1,—1} = 0 since the groups KM (F,) vanish
for finite fields F, and n > 2. So, considering a function field over a finite field, we see
that the maps 7; for ¢ > 2 are neither injective nor surjective, even when —1 is not a
square in F'. If F' is a number field (or a global field), let 7; be the number of real places
of F' and denote them by o; : F — R. Bass and Tate show in [1] that for n > 3, the
embeddings o; : ' — R corresponding to the real places of F' induce an isomorphism
KM(F) 2% @1, KM(R)/2 = (Z/2)". Then, clearly K)(F)/2 = (Z/2)" for n > 3.
Also, KM(F)/2 is countably infinite. This shows that 7; cannot be injective.

Hence, Ker (7;) is non-trivial in general and the weak divided power operations that
we construct below are non-trivial in general.

Proposition 2.9. Let n be an integer > 2 and F' any field. Let y, be in the kernel of
7. Then, if s1,...,8; are symbols in KM(F)/2,

(Yn - n)(S14+ ...+ 81) =Yn - Z Spy c .- S,
1§811<...<Slngl

is a well-defined map over KM(F)/2.

Proof. We proceed exactly the same way as in Proposition 2.2, from which we take up
the notations. The map yn'fn M g — Ki\/I(F)/2, Zizl Ny Sy yn'21§l1<...<ln§l Ny, Sty
...-ny,s;, is well-defined due to the commutativity of the Fy-algebra KM(F)/2. As be-
fore, T, satisfies a sum formula which we write y,, - T (z +y) = > =0 L) yn-Tnoj(y)
for all  and y in M; p. To prove that I, factors through (F*)®, it is enough to show
that elements of the form y = (a1,...,a;-1,b) + (a1,...,a;—1,¢) — (a1,...,a;—1,bc) map



to zero under yn'fj for all 5 > 1. This is clear for j = 1 and j > 3. In the case j = 2, we

have yn-T2(y) = yn- ({a1,...,ai-1,b,a1,...,ai-1,c} +{a1,...,a;-1,b,a1,...,a;—1,bc} +

{ai,...,a;—1,¢,a1, ..., a;_1, bc}). Notice that {a1,...,a;_1,0a1,...,a;_1} = {—1}"Hay,

to conclude ¥, - Ia(y) = 0. The case j = 3 is similar.

Thus, we have a well-defined map y,, - T'y, : (FX)®" — KM(F)/2, and as in the proof of

Proposition 2.2, it factors through a well-defined map y,, - v, : KM(F)/2 — KM(F)/2.
]

Example 2.10. Consider again quadratic forms over F', but this time without assuming
—1is a square in F, and their Stiefel-Whitney invariants. If y € KM(F)/2 is such that
{=1} -y =0, then
Y- wan = (Y- yn)(w2).

If we write wy as an ordered sum of symbols ) . s;, we can consider v,(wz2) to be
Y ic ;Si " S5 Of course, this is not well-defined. However, we have the equality for all
y € ker 1o, y - (Yn(w2) — wap) = 0. Hence, v, (w2) — we, must be in the subgroup G of
KM(F)/2 consisting of elements z such that z -y = 0 for all y € ker 2. In particular, G
contains {—1}- K} | (F)/2. This means that knowing w; and wy gives some restriction
on the possible values of the higher Stiefel-Whitney classes even when —1 is not a square.

2.5 Divided powers in integral Milnor K-theory

In this section, 7; is the map on integral Milnor K-theory KM(F) — KM(F), z
{1}~ . 2. The same examples as in the previous section show that this map is not
necessarily injective nor surjective.

Proposition 2.11. Let n and i be integers > 2 with i even, and F any field. Let y,, be
an element in the kernel of ;. Then, if s1,...,s; are symbols in KZM(F),

(Yn - )(S1+ ...+ 51) =Yn - Z Syt .- S,
1§811<---<81n§l

is a well-defined map over KM (F).
Proof. Same as for Proposition 2.9 since the algebra €, K)(F) is commutative. [

Proposition 2.12. Let n and i be integers > 2 with i odd, and F' any field. Let y, be

an element in the kernel of T;, which is of 2-torsion. Then, if s1,...,s; are symbols in
KM(F),

(Yn - )(S1+ ...+ 51) =Yn - Z Sy .- S,
1§811<...<Sln§l

is a well-defined map KM(F) to KM(F).

...,a,-_l}

Proof. Notice that the map y,,-T, : M; p — KM(F), Do s yn’21<11<...<ln<r Ny, Sy

...-mny,s, is well-defined because y,, is of 2-torsion. Now, the proof is the same as for
Proposition 2.9. ]
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3 Operations in Milnor K-theory of a field

We start this section with a result that will be of constant use.

Proposition 3.1. Let a be in KM(ko) and suppose that for all extension k/kqo and for
all v € KM(k) we have a -z = 0, then a is necessarily 0 in KM(ko). Moreover the same
result holds mod p.

Proof. Let a be as in the proposition. Consider the map KM (ko) — KM (ko(?)), a —
{t} - a. This map is injective since it admits a left inverse, namely the residue map O}
at the point 0 € P} . Indeed, we have the formula oY ({t} - a) = a. The residue map, as
defined in [10, Chapter 7], is a homomorphism and hence induces a well-defined residue
map mod p, KM (ko(t))/p — K)'(ko)/p. Hence, the same arguments apply in the mod
p case. O

Definition 3.2. An operation ¢ : KZM/p — K}kVI/p over a field kg is a natural trans-
formation from the functor KM /p : Fields,;, — Sets to the functor KM/p - Fields, —
F, — Algebras. In other words, it is a set of functions ¢ : KM(k)/p — KM(k)/p de-
fined for all extensions k of kg such that for any extension [ of k, the following diagram
commutes:

EM(1)/p—— KM(0)/p

EM(k) /p—== KM(k)/p

Example. Divided powers are indeed operations in the above sense (when they are well-
defined). So, if for instance p is odd and i is even, any sum of divided power operations
with coefficients in KM (ko)/p gives an operation KM/p — KM /p over kg. Our main
theorems say that this gives all the possible operations.

Example. Suppose p is odd, ¢ > 2 is even and k is an extension of kg. The map
KM(k)/p — K3(k)/p, x +— x? defines an operation over kg. It is easy to check that
this operation corresponds to 2 - 9. More generally, it is straightforward to check that
any map of the form x — x4 defines an operation KM(k)/p — K}I\f(kz)/p and that it is a
sum of divided powers. Of course, this is a particular case of Theorem 1.

Definition 3.3. Let kg be any field and K an extension of ky endowed with a discrete
valuation v such that its valuation ring R = {x € K,v(z) > 0} contains kg, so that the
residue field k is an extension of kg. We say that specialization maps commute with
an operation ¢ : KM — KM over ko if for any extension K/ko as above, we have a
commutative diagram

EM(K)/p—= KM(K)/p

EM(k)/p —= KM(r)/p

11



where 7 is any uniformizer for the valuation v.

Example. Divided power operations over kg do commute with specialization maps.
This is clear from the definition of specialization maps.

3.1 Operations KM/p x ... x KM/p — KM/p

The following theorem is essential in the determination of operations KM/p — KM/p
for ¢ > 2.

Theorem 3.4. Let kg be any field and let p be a prime number. The algebra of operations
K'(k)/p x ... x K'(k)/p — K)(k)/p

r times

for fields k O ko and commuting with field extension over kg is the free module over
KM(ko)/p with basis the operations ({a1},...,{ar}) — {ai,...,a;,} for all subsets
1<n<...<is<r.

For example, given an operation v : KM(k)/p x KM(k)/p — K} (k)/p, there exist
a € KM(ko)/p, by and by € K)(ko)/p and ¢ € K3!(kg)/p, such that for any ({z}, {y}) €
K (k)/p x KY'(k)/p, we have ¢ ({z}, {y}) = a+ b1 - {z} + b2 {y} + ¢~ {z,y}.

This result is proven for Galois cohomology in [9, Theorem 16.4] in the particular case
when the characteristic of kg is different from p. Using the Galois symbol and the fact
that the Bloch-Kato conjecture is true, we could conclude directly in that case. However,
we prefer to give a direct proof that does not rely on this very difficult result obtained
by Rost and Voevodsky. Moreover, in the case p = char kg the differential symbols
Y KM(K)/p — v(n)g, {z1,...,2n} = (dz1/21) A ... A (d2y/20) are isomorphisms for
all n > 0 (Bloch-Gabber-Kato Theorem) and hence give us the operations for logarithmic
differentials. For more details on the differential symbols, we refer to [10, Ch. 9].

Proof of Theorem 3.4. The proof goes in three steps. In the first step, we show that
an operation KM/p — KM /p over kg is determined by the image of {t} € KM (ko(t))/p
where t is a transcendental element over k(. In the second step, we determine the image
of {t}. Finally, in the last step we conclude by induction on the number r of factors.
Let ¢ : KM/p — KM/p be an operation over k.

Step 1. The operation ¢ : KM /p — KM /p over kg is determined by the image ¢ ({t})
of {t} € KM(ko(t))/p in KM(ko(t))/p, for t transcendental over kq. Indeed, consider a
field extension k/ko and an element e € k. If e is not algebraic over kg, then p({e})
is the image in KM(k)/p of the element {e} € KM(kq(e))/p. If e is algebraic and if k
possesses a transcendental element ¢ over kg, then et? is transcendental over kg. Also,
in KM(k)/p, {et?} = {e}, and so ¢({e}) is determined by ¢({et?}). Finally, if e € k is
algebraic over kg, consider the function field k(¢) and the commutative diagram

EM(k) fp—— KM(k(t))/p



where ¢ is the map induced by the inclusion of fields k C k(t). We can write p(i({e})) =
i(¢({e})). The element p(i({e})) is determined by the previous case. By Milnor’s exact
sequence, 7 is injective. Therefore, p({e}) is uniquely determined.

Step 2. The element ¢({t}) € KM(ky(t))/p has residue 0 for all residue maps corre-
sponding to closed points in P,lﬁo\{O, oo}. Indeed, let P be a closed point in P,lm\{oo}
and view it as a monic non-constant irreducible polynomial in k¢[t]. We have a commu-
tative diagram with injective vertical arrows induced by the obvious inclusion of fields
(they are injective by Milnor’s exact sequence.).

Pako(X) 1

KM (ko (t, X)) /p —E KM (ko8 X)) /0 222 KM (1o (X))

.

KM (ko (t)) /p —2—> KM (ko (£)) /p —=— KM(1p) /p

where Opgp,(x) is the residue map at the polynomial P € kg[t] seen as a polynomial
in ko(X)[t] via the obvious inclusion of fields ko C ko(X) (See Lemma 3.15). Consider
the element {tXP} € KM(ko(t, X))/p. Then by definition, {tXP} = {t} and thus this
element comes from an element in KM (kq(t))/p. The diagram then tells us that p({tX?})
can only have non-zero residues at polynomials P in ko(X)[t] with coefficients in k.

Given a polynomial @ in ko[t], let’s write Qx for the polynomial in ko (X)[t] defined
by Qx(t) = Q(tXP?). Then, via the isomorphism ko(t) = ko(tXP), t — tXP, we get that
©({tXP}) has non-zero residues only at polynomials of the form Q x.

Exploiting the fact that {t} = {tX?} in KM (ko(¢, X))/p, we deduce that if p({t}) =
©({tXP}) has non-zero residue at some polynomial @ x as above, then @) x must come
from a polynomial P € kgy[t]. Concretely, we must have

Q(tXP) = a(X)P(t), for some a(X) € ko(X), P € ko[t].

Having in mind that P is monic irreducible, this implies P =t as easily seen.

So, we have proven that ¢({t}) is unramified outside {0, co}. Writing a for dpp({t}),
©({t}) —a-{t} is then unramified on P'\{oo}. By Milnor’s exact sequence, this implies
that this element comes from an element b € KM (kg)/p. Therefore, we have p({t}) =
a - {t} +b. Combining with step 1, this tells us that there exist a and b in KM (ko) /p,
such that for any field extension k/kg and for any = € KM (k)/p, ¢(x) = a -z + b. This
defines an operation as one can easily check.

Step 8. We conclude by induction on r. The case r = 1 has been treated in steps 1 and
2. Now, write (KM(k)/p)" = (Kiw(k)/p)r_l x KM(k)/p and write (z, a,) for the element
(a1,...,a,) € (KM(k)/p)". Fix afield k/kq and z € (Kf/[(k:)/p)r_l, then p(z, a,) defines
an operation KM /p — KM/p over k. Steps 1 and 2 yield the existence of elements c,
and d, in KM(k)/p such that p(z,a,) = c; - a, + d,. The maps = +— ¢, and = +— d,
define operations (K My p)r_l — KM /p over ky. By the induction hypothesis, they are of
the form stated in the theorem. It is now easy to see that ¢(z,a,) = ¢; - a, +d is of the
required form. It remains to prove that the operations (a1, ...,a,) — {ai,,...,a; } for
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subsets 1 < i1 < ... < iz < rform a free basis. Let ¢ be an operation (Ki\d/p)r — K}k\/[/p
over ko. By the above, we know that there exist elements \;, ;. € KM(ko)/p such that
for all field extension k/ko and all r-tuple (a1,...,a,) € (KM(k)/p)",

olal,...,a) = Z Nityooie Gins -3}

1<i1 <. <is<r

Assume ¢ is 0. Fix a subset 1 < i3 < ... < is < r and consider the field £k =
ko(tiy, ... t;,) where t;,,...,t; areindeterminates. Let a be the element in (K} (k)/p)"
with entry {¢;,} in the if]h coordinate for all ¢ and zero elsewhere. Consider also the
residue maps corresponding to the local parameters t; , J; : KM (k:(til, e ,tiq))/p —
KM (k(tiy, .. ti,_1))/p- Then, N;,, i, = 8s0...008:(p(z)) =0. O

As a consequence of the very nice form of the operations K f/[ /p — KM /p over ko,
we get

Corollary 3.5. Let ky be any field. Then, specialization maps commute with operations
o : KM/p— KM/p over k.

Proof. For K and v as in Definition 3.3, specialization maps s, are KM(kq)/p-linear
for any choice of uniformizer 7, as easily seen from their definition. O

Remark 3.6. In [9], Theorem 3.4 is proven in Galois cohomology for base fields kg of
characteristic different from p. The proof relies on the fact that it is possible to show first
that operations H'(—,Z/p) — H*(—,Z/p) over kg commute with specialization maps
in the above sense. Roughly, this is done by proving that the specialization maps admit
right inverses that are induced by some inclusion of fields. Here, we first determine all
the operations and obtain a posteriori that the operations commute with specialization
maps. Also, using the Faddeev exact sequence for Galois cohomology with finite co-
efficients ([10, Cor. 6.9.3]) and thanks to Kummer theory, the proof of Theorem 3.4
translates mutatis mutandis to the case of operations H'(—,Z/p) — H*(—,Z/p) over
ko. Thus, this gives a new proof of [9, Theorem 16.4].

3.2 Operations in Milnor K-theory mod p

In this section, we determine the group of operations K ZM /p — KM /p over any field ko,
except in the case when p = 2 and —1 is not a square in ky. The proof of this last case
is postponed to the next section. Thus we prove here Theorem 1, and Theorem 2 in the
particular case when —1 is a square in ky. Proposition 3.7 covers the cases when divided
powers are well-defined on K(kg)/p (as in Proposition 2.2) and Proposition 3.11 deals
with the case where p and 7 are both odd.

Proposition 3.7. Let kg be a field and p a prime number. The algebra of operations
KM(k)/p — KM(k)/p commuting with field extensions over ko is

o Ifi=0, the free KM(ko)/p-module of rank p of functions F, — KM(ko)/p.
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o Ifi=1, the free KM(kq)/p-module of rank 2, generated by vo and 1.

o Ifiis even > 2 and p is an odd prime, the free KM (ko)/p-module generated by
the divided powers v, for n > 0 and the action of one of its element (yo, y1,...) is
given by

T Yoty tyze2(e) oy () + .

o Ifi > 2, p=2and —1 is a square in kg, likewise, the free KM (ko)/2-module
generated by the divided powers 7y, forn > 0.

Remark 3.8. Assume ky is a field of characteristic # p and k is any extension of kg. Via
the Galois symbol KM(k)/p — H'(k,Z/p(i)) and under the assumption of the Bloch-
Kato conjecture, this gives all operations H*(—, Z/p(i)) — H*(—,Z/p(x)) over ko (by
Hi(k,Z/p(i)), we mean the étale cohomology of the field k with values in p$h). Since ko
has characteristic not p, we get by Galois descent that H*(k,Z/p(j)) = H'(k,Z/p(i)) ®
ug(j_i). Thus, if p is an odd prime, ¢ > 2 is even and if j is any integer, there is a
well-defined divided power operation v, : H'(—, Z/p(j)) — H™(—,Z/p(ni+j—1i)) over
ko.

Proof. In the first case (i = 0), the functor K}!/p is just the constant functor with value
F,, hence the result. The second case is Theorem 3.4. We now restrict our attention to
the two last cases, that is either ¢ even and p odd, or p = 2 and kg has a square-root
of —1. By Proposition 2.2 the given maps define operations. Therefore, the inclusion
”?D” holds in each case if we can prove that the algebra of such operations is a free
module over KM(ko)/p. Let ¥ =y -y 4+ Yiy - Yiy + -+ + Y, - Vi, With [ < i3 < ... <4,
be an operation on KM(k)/p which is zero, with minimal [ such that y; # 0. We are
going to see that this is contradictory. If [ = 0, ¥(0) = yo = 0. If [ > 1, let’s consider
the field extension F' = ko(z; r)1<j<i1<k<; in il indeterminates over ko and the element
x = Zizl{xl,k,...,xi,k} of length at most [ in KM(F)/p, then (z) = y, - yi(z) =
yr-{x1,1,..., i}, which is zero only if y; = 0 by Proposition 3.1.

It is thus enough to prove that given an operation ¢ : KM (k)/p — K]M(k)/p, © must
be of the form p =yo+y1-id+y2-vo+...+yr- M +-...

Consider as above the element x = 22:1{$1,k, oy xik ) € KM(F)/p of length < 1.
Define the set E;; = {(m, k), 1 <m <1, 1 <k <1} and equip it with the lexicographic
order : (m,k) < (m/,K') if either k < k' or k = k¥’ and m < m/. Consider an element a
in P(E;;) the set of subsets of E;;. We will write a, = H (m.k)e o{@m. i} for the ordered
product of the {z,,1}’s for (m,k) € a, and if a is the empty set, a, = 1. With our
notations, Theorem 3.4 tells us that there are unique elements ¢, € KjNi #(a)(ko) /p for
a € E;; that make the equality

= 5 Cq - Qg

aEEi,l

true for all elements z as above. We want to prove that the only non-zero terms
in this sum are the ones which correspond to ”concatenation” of the symbols s =
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{1 k,...,xip}. Precisely, let A;; be the subset of P(E;;) consisting of elements a such
that if (m, k) € a for some m and k, then (m’, k) € a for all integer m' € [1,4]. Also, let
B;; be the complement of A;; in P(E;;). Notice that elements in A;; have cardinal a
multiple of 3.

Lemma 3.9. ¢, # 0 implies a € A; ;.

Proof of lemma 3.9. We will proceed by induction on #(a). Let P,, be the proposition
"For all a € B, such that #(a) <n, ¢, =07.

Py is true since if #(a) = 0, a is not in B;;. Now, assume P, is true for some n,
and let’s prove that P, holds. Let a € B;; be of cardinal n + 1. Consider the element
T = 22:1{1"1,;@, o, ) where ,, p = 1 if (m, k) ¢ a. To be precise, this means that
we are considering the image of 22:1{3"1,167 ..., % 1} under the successive application of
the specialization maps s, , for (m, k) ¢ a. Then, by induction hypothesis,

(p(x): an”aéc:ca’a:c‘F Z Ca”a;c’
/ga

a’'Ca
a’ € A

U ad Ca
&

’

Also,

a a
’

a € Az’,l

. . . /
because A, ; is stable under union. So now, consider an element (m, k) € a— Ua’Ca,aeAi,l a )

for some m and k, then there exists an m’ such that (m’,k) ¢ a. As xpy = 1, we see
that ¢(z) doesn’t depend on z,, ;. The only term in p(x) where x,, , appears is ¢, - ag.
Therefore, for any field extension k/kg, and for any values taken in K}M(k)/p assigned
to the elements x,, i for (m, k) belonging to a, we must have ¢, - a, = 0. Proposition 3.1
implies ¢, = 0. U

o(z) = Z Cq * Qg

aGAi,l

Hence we obtain

Lemma 3.10. If a, o’ € A;; are such that #(a) = #(a') = ri € Zi, then ¢, = cy €
KM (ko)/p.

Proof of lemma 3.10. It suffices to impose [ — r of the symbols appearing in the
decomposition of z to be 0 and to use the commutativity of addition. O

Allin all, noticing that >, 4 4(a)=ri Gz = Vr(x), We obtain the existence of elements
yr € KM _(ko)/p such that for all z € KM(k)/p,

Jj—ri
o(x) =Dy 7e(2).

r>0
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Proposition 3.11. In the case where i and p are odd, the algebra of operations is the
free KM(kq)/p-module of rank 2 generated by o and 1.

Proof. The module is clearly free and its elements do define operations. So now, let
¢ be an operation KM(k)/p — KJM(k)/p over ko and let x = sy + ...+ s, € KM(k)/p
be an element of length at most [. With the same notations as in Theorem 1, we have
o(z) = ZaeEi,l ¢q - a; and Lemma 3.9 applies. So, actually, ¢(z) = ZaeA“ Ca - Qz. We
want to show that ¢, = 0 as soon as #(a) > i. It is possible to write ’

(,0(31+...+81)231-82-g00(83+...+81)+81-@1(83+...+81)+32-(pg(Sg—i—...—FSl).

If s1 and s9 are permuted, we should obtain the same result. Substracting both identities
and considering that s; - so = —sg - 51, we get the equality

281'82'4p0(83+...+81)+(81—82)-((,01(834-...—0—81)—902(83+...+Sl))20.

Setting so = 0 gives s7 - (@1(33 +...4+s) —pass+ ...+ sl)) = 0 for all s1,83,...,5
and Proposition 3.1 implies ¢1(s3 + ...+ ;) = @a(s3 + ... + s;). Hence, we are led to
the equality

281892 - @o(sg+...+s)=0

for all symbols sq, ..., s;. Since 2 is invertible in K(l)\/l(kzo)/p = F,, Proposition 3.1 implies
wo(s3+ ...+ s) =0 for all s3,...,s that is ¢9 = 0, since | was arbitrary. The result
follows by taking all the different pairs of symbols in place of s; and ss. O

3.3 Operations in Milnor K-theory mod 2

We finish proving Theorem 2 by considering the remaining case, that is p = 2 and —1 is
not necessarily a square in the base field. Let kg be any field and consider again, as in
section 2.4, the map 7; : KM(kg)/2 — KM(ko)/2, x+— {—1}71 .z

Proposition 3.12. The algebra of operations KM(k)/2 — KM(k)/2 over kg commuting
with field extensions is

o Ifi =0, the free KM (ko)/2-module of rank 2 of functions Fy — KM (ko)/2.
o Ifi=1, the free KM(kq)/2-module of rank 2, generated by vo and 1.
o Ifi>2, the KM(ko)/2-module

K (ko) /20 & KM (ko)/2 - 1 & @D Ker(mi) - Y-

n>2
Proof. The cases ¢ = 0 and ¢ = 1 have already been treated. Now, suppose ¢ > 2.

Given | > 2 and y; € Ker(7;), the map y; - ; is a well-defined operation by Proposition
2.9. The inclusion ” 2” holds for the very same reason as in the proof of Proposition 3.7.
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The proof of Proposition 3.7 shows that if ¢ is an operation KM(k)/2 — K]M(k)/Q,
then necessarily there exist elements vy, € KM (kg)/2 such that ¢ = yo +y1 -y +... +

Jj—ri

Y1+ + ... All we have to prove is that necessarily, for a given integer [ > 2, y; must
satisfy oy - {—1}"! = 0. Let # = sy + ... + 5; be a sum of I > 2 symbols. Suppose
s1={z1,...,xi—1,2;} and so = {x1,...,2;-1,y;}. Then

CP(w):y0+y1-w+...+yl-’yl(sl+32+...+sl)

but also

o) =yo+yr-r+...+y—1-v—1({z1, ..,z iyt s34 )

It is easy to check that the difference of these two equalities lead to the equality

Y AT, T, T, T, T, Y 835 = 0.

Recall that {z,z} = {x, —1} for all z € k> and that KM (k)/2 is a commutative algebra.
Hence y; must satisfy y; - {—1}"-{21,..., 251, 2;,¥i} - 53 - ... - 5 = 0. Proposition 3.1
then implies that necessarily y; - {—1}*"1 = 0. O

As a consequence of Theorem 1 and Theorem 2, we get

Corollary 3.13. Let kg be any field and let i be an integer. Then, the operations
p: KZM/p — KM /p over kg commute with specialization maps.

O

3.4 Operations in integral Milnor K-theory

Operations KM — KM over kg are not as nice as in the mod p case since such operations
are not determined by the image of a transcendental element. For example, let a and b
be distinct elements in KM(kg) (for ko not the field with only 2 elements). Consider the
operation ¢ : K iVI — K%VI that assigns to each element ¢ transcendental over kg the value
{t} - a and to each element e algebraic over ko the value {e} - b. This is a well-defined
operation since for any extension k of kg, and any transcendental element ¢ € k and any
algebraic element e € k, we have {t} # {e} in KM (k). Also, such an operation is not of
the form described in Theorem 3.4 because of Proposition 3.1.

Nonetheless, the image ¢({t}) of any transcendental element t over k( determines the
image p({u}) of any other transcendental element u over kg, via the obvious isomorphism
ko(t) =~ ko(u). Also, it seems natural to impose the operations ¢ : KM — KM to
commute with specialization maps, in which case the image of any algebraic element
over kg is determined by ¢({t}).

Definition 3.14. Let ky be any field. We say that an operation ¢ : KZM — KM over
ko commutes with specialization maps if ¢ satisfies the conclusion of Definition 3.3. In
particular, ¢ commutes with specialization maps only if for any extension k/kg, any t
transcendental over k£ and for any closed point P in P,lﬁ, we have a commutative diagram
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EM(k(t)) —= KM(k(t))

*

KM (kp) —— KM(kp)

where kp denotes the residue field of k(t) with respect to the valuation vp corresponding
to the polynomial P, and 7 is any uniformizer for the valuation vp.

Before we describe operations commuting with specialization maps, we need to see
that residue maps and specialization maps are well-behaved with respect to transcen-
dental field extensions. We also need to relate the specialization maps s, and s,/ for
two different choices of uniformizers = and 7’.

Lemma 3.15. For any field F and any u transcendental over F, let 1, : KM(F) —
KM(F(u)) be the injective map induced by the inclusion of field F C F(u). Let k be a
field and P a closed point in the projective line P/%C with residue field kp. Let vp be the
valuation on k(t) corresponding to P and let w be a local parameter for vp in k(t).

Then, the valuation vp extends naturally to a valuation, that we still write vp, on
k(u)(t), and ™ seen as an element in k(u)(t) defines a uniformizer for vp in k(u)(t).
Moreover, the residue map Oy, and the specialization map s, commute with v,. Precisely,
the following diagrams commute :

EM(k(t) — KM (k(u, 1)) KM (k(t) —> KM (k(u, 1))
6UP\L L 81,Pl SW\L L swl
KL (kp) —= KLy (5p(u)) KM (kp) — K (kp(u))

Proof. The fact that vp and 7 extend respectively to a valuation and to a uniformizer
on k(u)(t) is straightforward. The commutativity of the diagrams is an immediate
consequence of the definition of the residue map and of the specialization map. O

Lemma 3.16. Let k be a field and x be an element in KM (k(t)). If P is a closed point
in Pi — {oo} and Q € k(t) is such that vp(Q) = 0, then we have the formula

spq(x) = sp(x) — sp({=Q(1)}) - Oup (2).

Proof. Under the assumption made on @, the element P(Q) is a uniformizer for the
valuation vp. Hence, we have spg(z) = Oy, ({—PQ} - z) = sp(x) + 0y, ({—Q} - 2). Tt is
thus enough to show that 8, ({-Q}-z) = —sp({—Q}) - 9y, (). The element @ being
a unit in the ring {a € k(t), vp(a) > 0}, this follows from the very definition of the
residue and specialization maps. O

Proposition 3.17. Let kg be a field.

e The algebra of operations K{'(k) — KM(k) over ko commuting with specialization
maps is the free KM(ko)-module of countable rank of functions Z — KM (ko).
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e The algebra of operations KM (k) — KM(k) over ko commuting with specialization
maps is the free KM(ko)-module generated by vy and ;.

Proof. For the first statement, K (I]VI is the constant functor with value Z. Also, inclusion
of fields and specialization maps induce the identity on the K (I)VI—groups of fields. Hence
the result.

For the second statement, such an operation ¢ : KM (k) — KM(k) is determined by
the image of {t} € KM(ko(t)) as discussed above. Let ¢ : KM — KM be an opera-
tion over kg commuting with specialization maps. We are going to show that, for ¢ a
transcendental element over kg, ¢({t}) is unramified outside {0, 00}. By Milnor’s exact
sequence, this will prove the Proposition.

Let’s consider the function field in one indeterminate k = ko(u) and a monic irre-
ducible polynomial P € kg[t] that we can also see as a monic irreducible polynomial in
k[t] with coefficients in kg, via the obvious inclusion of kg into k. Let vp denote the
valuation on k(t) corresponding to P. The choice of a uniformizer = € k(t) is equivalent
to the choice of an element @ € k(t) such that vp(Q) = 0, by setting 719 = PQ. Let
a be the image of ¢t in the residue field kp = k[t]/P. By definition of ¢, we have a
commutative diagram for any @ € ko(u,t) such that vp(Q) =0

KM (ko(u, t)) ——= KM (ko(u, 1))

EM(rp(u)) ——= KM(rp(u))

For any field F, let ¢, : KM(F) — KM(F(u)) be the injective map induced by the
inclusion of field F' C F(u). For {t} € K"(ko(t)), we then have sr,0p0u,({t}) = posx,o
w({t}). If P # t, Lemma 3.16 says that, on the one hand, po s, 0t ({t}) = tu(0({}))
and on the other hand sx, 0 @ 0 t({t}) = sxp © tu 0 P({t}) = {-Q @)} - Bup (tu ©
o({t})) + sp(tu(e({t}))). Also, since P has its coefficients in ko, Lemma 3.15 implies
that 0y, (tu 0 @({t})) = tu(0vp 0 p({t})) and also that sp(t,0p({t})) = tu(spoe({t})).
All in all, we have

t(p{ad) = {=Q7H )} - tu(Bup 0 p({t})) + tu(sp(0({t}))) € K (kP (u)).

Basically, we have just been expressing the fact that apart from @, everything exists
before adjoining that indeterminate w. So now, let @) be the constant polynomial in
ko(u)[t] equal to —u~! and consider the residue map 9, : KM(kp(u)) — KM, (kp).
Applying 0, to the above equality, and using the injectivity of ¢, we get

Oup 0 p({t}) = 0.

Proposition 3.18. Let kg be any field and i an integer > 2.
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e If i is even, the algebra of operations KM (k) — KM(k) over ko commuting with
specialization maps is the KM (kq)-module

KM (ko) & KM (ko) - id & @D Ker(r;) - Y-
n>2

e Ifi is odd, the algebra of operations KM (k) — KM(k) over ko commuting with
specialization maps is the KM (ko)-module

KM (ko) @ KM (ko) - id & @) 2Kex(7;) - vn.

n>2

Proof. The proof is the same as for Theorems 1 and 2. An operation ¢ : K ZM — KM
over kg is necessarily a sum of divided power operations and it is well-defined if and only
if these are weak divided power operations as in section 2.5. O

When char ky = 2, the maps 7; are zero for n > 2. Also, in [11], Izhboldin proves that
if ko has characteristic p then the Milnor K-groups KM (kq) have no p-torsion (result
conjectured by Tate). Hence, when char kg = 2, 2 KM(ky) = 0, the above Proposition
becomes

Proposition 3.19. Let kg be a field of characteristic 2 and i an integer > 2.

e Ifi is even, the algebra of operations KM (k) — KM (k) over ko commuting with
specialization maps is the free KM (kq)-module

KM (ko) & KM (ko) - id & @) KM (ko) - -

n>2

e [fi is odd, the algebra of operations KZM(k) — KM(k) over ky commuting with
specialization maps is the free KM (ko)-module

K (ko) & K2 (ko) - id.

4 Operations in Milnor K-theory of a smooth scheme

In this last section, we generalize the results about operations in Milnor K-theory of fields
to the case of regular schemes over a field k. We are first interested in the Milnor K-
theory of a regular k-scheme defined as the kernel of the first map in the Gersten complex.
Such a definition coincides with Rost’s Chow groups with coefficients as constructed in
[22]. Indeed, for X a regular k-scheme of dimension d, with Rost’s notations, we have
KM(X) = Ag(X,n—d) where A,(X, q) is the p™ homology group of the Gersten complex

C4(X, q) defined by Cp(X, q) = @mex(p) K}, (k(z)) and X3 denotes the p-dimensional
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points in X. It is then a fact that KM defines a contravariant functor from the category
of smooth k-schemes to the category of groups. As in the case of fields, we are able to
determine all operations KM/p — KM /p over a smooth k-scheme X. In view of the
Gersten complex, we can write KM(X) = HO(X,KM). Tt is then possible, under the
assumption of the Bloch-Kato conjecture, to relate for p # char k the Milnor K-group
KM(X)/p and the unramified cohomology group H° (X, H%(Z/p)), and thus to describe
all the operations on the unramified cohomology of smooth schemes over k.

We are then interested in the Milnor K-theory KM(A) of a ring A defined as the
tensor algebra of the units in A subject to the Steinberg relations. This defines a co-
variant functor from the category of rings to the category of sets. If k is an infinite field

and if A is a regular semi-local k-algebra, we are also able to determine all operations
KM — KM over A.

4.1 The unramified case

Let X be a regular (in codimension-1) scheme, and denote by X (") the set of codimension-
r points in X. If z is a codimension-0 point of X, e.g. the generic point of X if X is
irreducible, then the codimension-1 points in the closure of x define discrete valuations
on the function field k(z) of =, and thus residue maps on the Milnor K-theory of k(z).
We define the Milnor K-theory of the scheme X to be

K%(X):Ker< D K)(kx) L P Kgd_l(k(y))).

z€X () yex @

In particular, this definition makes sense for regular rings. For a regular scheme X
assumed to be irreducible and for any i > 1, an element z € K}M(X) is an element of
KM (k:(X )) which is unramified along all codimension-1 points of X, i.e. which has zero
residue for all residue maps corresponding to codimension-1 points in X. We say that
an element z € KM (k(X)) is unramified if it belongs to KM(X). It is therefore possible
to write an element x of KZM(X) as a sum of symbols sy = {z1k,..., Tk}, 1 < k <1,
with all the x;x’s in k(X)*. Given an integer n and an element y, € KM(X), an n'®
divided power of z written as a sum 22:1 Sk 1s

yn”)/n(w):yn' § Sly et Sty
1< <..<lp<l

Lemma 4.1. [10, Prop 7.1.7] Let K be a field equipped with a discrete valuation v, and

let Ok be its ring of integers and x be its residue field. Then, Ker (K,IYI(K) G, K}L/I_l(/-i))
is generated as a group by symbols of the form {x1,...,z,} where the z;’s are units in
Ok for all i.

Let’s mention that this lemma implies the following.

Corollary 4.2. Let X be a reqular scheme. The cup-product on KM (k‘(X)) endows the
group KM(X) = D,>0 KM(X) with a ring structure.
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Proposition 4.3. If X is a reqular scheme, divided powers are well-defined on KZM(X)/p
in the following cases :

e ifi=0o0ri=1.
e ifp=2,1>2 and y, € Ker (7, : KM(X)/2 - KM(X)/2, z— {1} - 2).
e if pis odd and i > 2 is even, and y, is any element in KM(X)/p.

Proof. For simplicity, assume X is irreducible with field of rational functions k(X).
By the results of section 2, it suffices to check that if z = chzl sk € KM (k:(X)) is
unramified then v,(z) == 3 o o o <8, -+ 81, € KM(k(X)) is unramified. So, let
y be a codimension-1 point in X with local ring Ox 4, and let a and b be symbols in
KM (k:(X)) unramified along y. Then, thanks to Lemma 4.1, we can write a as a sum of

symbols {aq,...,a,} and b as a sum of symbols {b1,...,b,} with a1,...,a,,b1,...,bn
being units in Ox 4. It is then clear that a - b is also unramified along y which finishes
the proof. O

The definition of Milnor K-theory we gave is functorial with respect to open immer-
sions of regular schemes. Indeed, if U <— X is an open immersion of regular scheme, the
group homomorphism KM(X) — KM(U) is just defined by restriction. Indeed, divisors
on U map injectively into the set of divisors on X, and thus an element x unramified
along divisors in X will surely be unramified along divisors in U. We define the Zariski
sheaf KM on X to be

U KM(U)

for any Zariski open subset U of X. Clearly, we have KM(X) = H(X,KM). By a map
of sheaves ¢ : KM/p — KM/p, we mean a map that commutes with open immersions,
i.e. if U — X is an open immersion of regular schemes, the following diagram commutes

KM (X) — KM (X)
KMU) —= KM(U)
As a straightforward consequence of the above, we have

Proposition 4.4. Let p be a prime number, S be a ring and X a reqular S-scheme.
Then, there exist divided powers of sheaves of sets on X

W K o — K
in the following cases :
e ifi=0o0ri=1.
e ifp=2,1>2and —1 is a square in S.

e if pis odd and i > 2 is even.
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Proof. This is clear from the definitions and Proposition 4.3. O

Remark 4.5. In the case when p = 2, ¢ > 2 and —1 is not a square in .9, it is still possible
to define some operations KM /2 — KM/2. Indeed, if 7; : KM(S)/2 — KM(S)/2, © —
{—1}1'_1 -z and if y, € Ker7;, then we have an operation of sheaves on X, vy, - v :
KM/2 — KM/2.

We have seen that K})/I is functorial with respect to open immersions of regular
schemes. If k is a field, it is actually functorial with respect to any map between smooth
k-schemes. Given a map f :Y — X between smooth k-schemes, Rost constructs in [22,
section 12] a pull-back group homomorphism f* : KM(X) — KM(Y), and shows that it is
functorial. In particular, if f : ¥ — X is a dominant map of smooth k-schemes, it induces
an embedding of the field of functions k(X') of X into the function field k(Y") of Y, and the
map f*: KM(X) — KM(Y) is induced by the map i : K} (k(X)) — KM(k(Y)) coming
from the inclusion of fields k(X)) — k(Y) ([22, Lemma 12.8.]), so that an unramified
element of K} (k(X)) will map to an unramified element of K} (k(Y)) under i.

Let k£ be a field and X be a smooth k-scheme. Let’s denote by Smx the category
of smooth k-schemes with a morphism to X and with morphisms being morphisms of
k-schemes respecting the X-structure, i.e. commutative diagrams

Y Z
X
In particular, if X is irreducible, the spectrum of its field of rational functions belongs
to Smyx. The map KM/p : Smy — Sets is a contravariant functor, and we define an
operation over a smooth scheme X to be a natural transformation from the functor
KM/p : Smx — Sets to the functor KM/p : Smy — F, — Algebras. Under these
assumptions, all the results concerning fields translate to the case of smooth k-schemes

and it is possible to describe all such operations. First, we show that divided powers
commute with Rost’s pullback map f* : KM(X) — KM(Y), for a morphism f : Y — X.

Lemma 4.6. Let X and Y be smooth schemes over a field k, and let f :Y — X be
a morphism. The pullback maps f* : KM(X)/p — KM(Y)/p commute with the divided
powers of Proposition 4.3.

Proof. The morphism f : Y — X factors through Y — Y x X —— X, where i is the
closed immersion i(y) = (y, f(y)) and 7 is the projection 7(y,z) = x. By functoriality,
we have f* = i* o *. Divided powers commute with 7* because 7 is a dominant map
and as such induces a map on Milnor K-theory coming from an inclusion of fields,
see above. It remains to show that divided powers commute with the pullback maps
induced by closed immersions. Let ¢ : Z — X be a closed immersion of codimension
c. By [22, Corollary 12.4.], i* : KM(Z) — KM(X) is the restriction of a composition of
specialization maps s1 o...0 s, : KN (k(X)) — KM(k(Z)). But we already know that
divided powers commute with specialization maps. O
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Theorem 4.7. Let k be any field, p be a prime number and X be a smooth scheme
over k. Operations KZM/p — KM/p over the smooth k-scheme X are spanned as a
K}k\/l(X)/p—module by the divided power operations of Proposition 4.3.

Proof. Lemma 4.6 shows that divided powers are indeed operations over X and that
so are their KM(X)/p-span.

For simplicity, assume X is irreducible. An operation ¢ : KM/p — KM/p over X
induces naturally an operation @ over the field k(X) of rational functions on X. By
Theorems 1 and 2, the operation ¢ is a sum of divided power operations with coef-
ficients in KM (k(X))/p. For any irreducible smooth scheme Y with field of rational
functions k(Y), let’s write ¢ for the inclusion of KM(Y)/p inside KM (k(Y))/p. There
exist elements %o, ...,y, in KM (k;(X )) /p such that for all smooth scheme Y over X
and for all z € KM(Y)/p, we have pou(z) = Y 1_oyk - Ve(z). We also have, by defi-
nition of an operation, ¢ o t(x) = v o ¢(z) for all . If we can prove that the y;’s are
actually in KM(X)/p, then we will be done. First, yq is indeed in KM(X)/p. This is
because ¢(0) = yo must be in KM(X)/p. Suppose we have shown that yo, ...,y are in
KM(X)/p and let’s show that 3; is in KM(X)/p. Let Y = Spec Ox [tjkli<j<ii<k<i be the
smooth scheme X x A%, Then, the field of rational functions of Y is k(X)) (k) i<j<ii<k<i
and if z = Zzzl{tm, continh @) =yo+yi-x+...+y-y(x). Therefore, y;-v(x) =
yr-{tia, oo tin, ..o tig, ..., t  must be in KM(Y)/p.

Also, the closed subschemes Z in X correspond bijectively to the closed subschemes of
the form Z xx Y in Y. Let u be a codimension-1 point in X with residue field k(u),
then u corresponds to the codimension-1 point v = u xx Y in Y. The residue at v
of y; - vi(x) considered as an element of KM (k(Y'))/p is 0 since y; - y(z) € KM(Y)/p.
We also have 9, (y; - vi(2)) = 0u(yi) - (z) in KM(k(w)(tk)1<j<ii<k<i)/p- This in turn
implies, by Proposition 3.1, that 9,(y;) = 0 € KM (k;(u))/p Thus, by definition of the
Milnor K-theory of a scheme, we get y; € KM(X)/p. O

Remark 4.8. Actually, if X is a regular scheme over k and if 7 : X x A”™ — X is
the first projection or more generally if 7 is an affine bundle over X, then the induced
homomorphism 7* : KM(X) — KM(X x A") is an isomorphism. See [22, Prop. 8.6.].

Let k be a field and p a prime number different from the characteristic of k. We define
H!(Z/p) to be the Zariski sheaf on the category of smooth schemes over k corresponding
to the Zariski presheaf U — H{ (U, Z/p(i)). If X is a smooth scheme over k, the
unramified cohomology of X is defined to be H° (X JHY(Z/ p)) This group is birationally
invariant when X is proper over k, see Theorem 4.1.1 and Remark 4.1.3 of [4]. It is worth
saying that our unramified cohomology group is not the same as the one considered by
Colliot-Thélene in [4]. The unramified cohomology is then clearly functorial with respect
to morphisms of smooth k-schemes. Under the assumption of the Bloch-Kato conjecture,
the sheaf KM /p maps isomorphically to the sheaf H(Z/p). Indeed, there is a morphism
of exact Gersten complexes
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0 KM/p DB.exo K (k(z))/p 2 PBexw KMy (k(2))/p

l | |

0 —>H!(Z/p) —> Brexo Hiy (M), 2/p(0)) —> @,exor Hiy ' (k(x). Z/p(i — 1))

where the bottom residue map has a description in terms of Galois cohomology as the
edge homomorphisms of a Hochschild-Serre spectral sequence. It is a fact (see e.g. [10,
section 6.8]) that both residue maps are compatible with the Galois symbol. Hence the
claimed isomorphism of sheaves. In particular, both sheaves have same global sections,
i.e. there is an isomorphism

KM(X)/p — HY(X,H'(Z/p))-

Moreover, it can be shown that this isomorphism is compatible with the pull-back map
f* induced by any morphism f : X — Y between smooth k-schemes. This proves

Theorem 4.9. Let k be a field and p be a prime number different from the charac-
teristic of k. The algebra of operations in unramified cohomology H° (—,Hi(Z/p)) —
HO(—,H*(Z/p)) is spanned as a H}(k,Z/p(*))-module by the divided powers of Propo-
sition 4.3.

4.2 Operations in Milnor K-theory of rings

A natural question is to ask if KM(A), for a ring A, can be presented with generators
and relations. This is optimistic for a general A. However, notice that for a domain A,
the natural map (A*)®" — KM(F) factors through

EM(A) =qef (AX ®... ®AX>/StA,

where St 4 is that ideal in A* ® ... ® A* generated by elements of the form a ® (1 — a)
with a,1 —a € A*. A ring homomorphism A — B induces a ring homomorphism
KM(A) — KM(B) and this is functorial.

If A is an excellent ring, there is a Gersten complex

0— KM(A) — P EMk@) L @ KM (k@) L ...,
2 A0) zeA)

where A" is the set of codimension-r points in Spec A and k(z) is the residue field at
z. In order to determine all operations I_(ZM /p — KM /p over a "nice” ring A, we will
be concerned with the exactness of that complex. Let A be an essentially smooth semi-
local k-algebra, where by essentially smooth we mean that A is a localization of a smooth
affine k-algebra. Elbaz-Vincent and Mueller-Stach have established the exactness of the

complex
EM4) - @ KEM(k@) L @ KM (k@) 2 ...
z€A0) zeA)
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in the case when A has infinite residue field (see [5] and [16]). This last condition has
been removed by Kerz in [15]. Moreover, in [14], Kerz shows that the Gersten complex
is also exact at the first place when A has infinite residue field. All in all,

Theorem 4.10 (Gabber, Elbaz-Vincent, Mueller-Stach, Kerz). Let A be an essentially
smooth semi-local algebra over a field k with quotient field F'. If A has infinite residue
field, the Gersten complex is exact, and in particular

EM(A) = Im (AX ®...0 A — KQA(F)) — Ker (KM(F) 2. P Kgﬂ_l(k(x))).
ze A

Without assuming A has infinite residue field,

Im (AX ®...0 A — KQA(F)> — Ker (KQA(F) 2. P Ky_l(k(w))).
z€ A

From now on, k is an infinite field and A is a fixed essentially smooth semi-local
k-algebra. Let’s denote by C4 the category of rings over A (i.e. the rings R with a
morphism R — A) with morphisms compatible with the structure maps to A. Note that
fields containing A are objects in the category C 4. The map KM /p: C4 — Setsis a func-
tor, and an operation over the regular semi-local domain A is a natural transformation
from the functor KM /p: C4 — Sets to the functor KM/p: C4 — F, — Algebras. Under
these assumptions, all the results concerning fields translate to the case of essentially
smooth semi-local k-algebras and it is possible to describe all such operations.

Theorem 4.11. Let k be an infinite field and A be an essentially smooth semi-local k-
algebra. Operations KM /p — KM /p over A are in the KM(A)/p-span of divided powers.

Proof. Indeed, by Theorem 4.10, the functors KM /p and KM /p agree on essentially
smooth semi-local k-algebras. The proof of Theorem 4.7 applied to Spec A shows that
an operation over A must be in the span of divided power operations as in Proposition
4.3. It remains to say that such operations do exist. For this purpose, it is enough to
check that {b,b} = {—1,b} € KM(B) for all k-algebra B and all b € B*. This is the
case because k is infinite. Indeed, the relation {b, —b} = 0 € KM(B) holds for all b € B*
whenever the field k is infinite, see e.g. [21]. O
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