THE FIRST SUSLIN HOMOLOGY GROUP OF A SPLIT SIMPL Y
CONNECTED SEMISIMPLE  ALGEBRAIC GR OUP

STEFAN GILLE

Abstra ct. Let k be a perfect eld and G be a k-split simply connected
semisimple algebraic group. We provein this article that the rst Suslin (singu-
lar) homology group Hf(G) of the variety G is isomorphic to KQA (k)9, where d
is the number of irreducible components of the root system of G.

0. Intr oduction

Algebraic topology is a creation of this rst half of the last certury. The various

(co)homologytheoriesaswell ashomotopy theory have been(and are still) an indis-

pensabletool in the study of manifolds and topological spaces.Due to this success
thesetechniques have beentransfered from the beginningsto other mathematical

disciplines like e.g. algebraic geometry or algebraic number theory.

However only recertly an analogueof singular homology theory, or of homotopy
theory has beenconstructed for algebraic varieties. Suslin has de ned a homology
theory HS(X ) for algebraicvarieties, the socalled Suslin (singular) homolayy theory,
seethe article [19] of Suslin and Voewodsky; and Morel and Voevodsky [17] have
de ned a homotopy theory for algebraicvarieties, the socalled A*-homotopy theory.

Till today there are only very few actual computations of Suslin homology. The
aim of this work is to compute the rst Suslin homology sheafof a split simply con-
nectedsemisimplealgebraicgroup G. As a corollary we get from this a computation
of the rst Suslin homology group Hf(G).

To expressour result let Sm, be the category of smooth k-schemes,and C (X)
be the Suslin complex of X 2 Smy. By de nition we have H3(X) = h)® (X)(k),

where hi’\“s (X)) denotesthe ( i)-th (Nisnevich) cohomology sheafof C (X). We
show in this work:

Theorem A. Letk beaperfect eld and G be a k-split simply connected semisimple
algebric group. Denote by d the number of irr educible components of the root
systemof G, and ggﬂ the unrami ed Milnor K -theory sheaf. Then

hY*(G) ' (K3
In particular we have H7(G) * K (k)d.
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Our computation is basedon the following fact, seeTheorem 5.13 for a more
general result. Denote N Sh! the category of (abelian) Nisnevich sheaes with
transfers,and Zy 2 N ShLr the constart sheaf. If n{yis (X)) isisomorphicto Z; then
there is a natural isomorphism

Homy spe (WY (X);F) ' HYs (X3 F)

for all homotopy invariant F 2 N SH! . It is a consequenceof the Kneser-Tits
conjecture (which is true for split simply connectedgroups, see[12]) that hN'S (G) =
Zy , and therefore to prove Theorem A it is enoughto compute HN,S(G F) for all
homotopy invariant Nisnevich sheareswith transfers F .

To compute the group H,{“S (X;F) we usea theorem of Deglise[5]. There is a

functor M
F70. 0= b
n2z

from the category of homotopy invariant Nisnevich sheaveswith transfers over Smy
to Rost's [18] category of cycle modules over k. This functor is in fact an equiva-
Ience with a localization of Rost's category of cycle modules over k, and we have

nis X3 F) ! H' (X; Ibo) Here the latter group denotesthe i-th cohomologygroup
of the cycle complex of B,. We compute the cohomology of a cycle module as
follows.

Theorem B. Let k be an arbitrary eld, G a k-split simply connected semisim-

ple algebaic group, and M = My, a cycle module over k. Then we have an
n2z
isomorphism

HY(GiMn) * Mn 2(K)?;
where d denotesthe number of connected components of the root systemof G.

The content of this work is as follows. In Section 3 we recall the de nition of
Rost's cycle modules. As Brylinski and Deligne [3], who computed H(G; KM, we
usethen in Section 4 the Bruhat decomposition to de ne a Itration on the cycle
complex of M,. This lItration allows to reduce the proof of Theorem B to the
computation of certain cohomology groups of complexesof alternating forms on
the coroots of G. We intro duce these complexesabstractly in the rst section, and
compute the neededcohomologygroups in Section 2. In the last section we show
that Theorem B implies Theorem A.

Acknowledgemen t: | would like to thank Fabien Morel, Nikita Semene, and
Kirill Zainoulline for commerts and seweral useful discussions.In particular | would
like to thank Fabien Morel for telling me about the connectionbetweenRost's cycle
modules and Suslin homology:.

1. A complex of alterna ting forms

1.1. Notations. Let be aroot systemof rank r with base = f 1;:::; 0.
We assumethat is reducedin the senseof Bourbaki [2, Chap. VI, x1, No 4], i.e.
R\ =f gforal 2. By * and we denote the positive and negative

roots, respectively.
LetZ"' X R" bethe weight lattice of , andY = Homz(X;Z) its Z-dual, i.e.
Y is the span of the dual roots (coroots) -. If y- 2 Y we denotethe evaluation of
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y- at x 2 X by y-(x) (di ering from the usual notation < x; y- >). In particular,

7 2 Y is the dual root (coroot) of the simpleroot ; (hencewehave ( ;)= 2).

We denote $ 1;:::;$8, 2 X the fundamertal weights, i.e. +($;) = i (Kro-
neder delta).

Let | beacommutativ ering (with 1). We setin the following X| := | 2zX and
Y =] zY.SinceX andY are free Z-modules we have then Y, = Hom| (X|;|)
and X| = Hom (Y;;|). By abuseof notation we denotex landy- 1byx and
y-, respectively, for all x 2 X andy- 2 Y.

If 2 wedenotes the correspondingre ection, i.e.s (x) = x -(x) for
all x 2 X. Wedenotes; = s , the re ection correspondingto ; and W the Weyl
group of , i.e.the group generatedby the setof simplere ections S = fs3;:::;s Q.

There is a canonical operation of the Weyl group on Y given by
(W -)x) = -(w *x)

which identies W with the Weyl group of the dual root system -.
Denote " (w) the length of a word in W (with respectto S) and wp 2 W be the

unique longestword. Let N := “(wp) be its length. We set
WO = fw2Wj(w)= (W) ig
fori = 0;:::; (wWo). Notethat W = fwesjjl i rgandW® = fwpsis;jl

i6]j rg,see[2, Chap.Vl, Cor. 3, p. 158].

1.2. Bruhat ordering. We recall the de nition of the Bruhat order on the Weyl
group W, seeDeodhar [10].

Let T be the set of W-conjugatesof the set of simple re ections S, i.e. T is the
setof reections fs j 2 g Then by de nition we have w°< w in the Bruhat
order if there exists elemens

wl= Wo, W1 i liWh 1,Wh =W 2 W

such that

(i) (W) < “(Wi+1), and
(i) thereist; 2 T, such that wj = Wj4+1 t;

forall0 i n 1.

It is well known that in this caseif w = s;, s, ::: s;, isareduceddecomposition
ofw (s;; 2 S)then wCis a subword of w, and any subword of w in this decomposition
is smaller than w in the Bruhat order.

Given w > w®with “(w) = (W% + 2 then there are exactly two elemeris
wi; W, 2 W, such that w > wy;w, > w% seee.g. [1, Lem. 2.7.3]. This implies that
the only words betweenwpy and wgs;s; are wgs; and wes; forall 1 i 6 j r.
We remark that wogsjs; = wps;s; if and only if the simple roots ; and ; are
orthogonal,i.e. +( ;)= 0.

1.3. De nition of the complex. Let w 2 W and w2 W({*D with wl< w. We
dene forall0 j r ahomomorphism
N n1
W X X



4 STEF AN GILLE

asfollows. By de nition wehavew = w® s for somere ection s , 2 *. Denote
- the dual (coroot) of 2 *. Then we set

X .
dyvo(Xy N i xj) = (1Y -(x) PSRARSEAAD (IS (i Q)
i=1

where® meansthat x is omitted. Thesemapsarethe componerts of the di eren tials
of a cohomologicalcomplex K (X;m):

(m 1)

d. o diy:
0—K m(x;m) UK (Mo D(x;my

dX:'lm
Ik 1(X;m)¥/K°(X;m)40

with K1 (X;m) in degreej, which we de ne now. Setfori 0
_ M m i
K ™(X;m) := X ;
w2 W ()

m i
where denotesthe (m i)-th exterior power of the Z-module X . The di eren tial

d(xm;,;; K m™Hi(X;m) 1 K ™D (X m) is de ned as follows. Let w 2 W ()
and w2 W(*D | Denote (d(x”;‘n’;; W, the wwP-componert of it. Then we set

Vi 0 if w06 w

(d(xm.m; wo = _

’ dv, if wl  w
(recall that w2 W (1) “(w) = “(wp) iandso (W) ="(wp) i 1< (w)).
1.4. We have to show that K (X;m) is a complex, i.e. d(x'“;n:;” d(x";n:; = 0. Let
w2 WO andw2 W+ forsome0 i “(wp) 2. Then, seel.2,there areonly
two elemens w;; w, betweenw and w® and we havew; = w s andw, = w s
forsome; 2 *. Thereexiststhen ; 2 *,suc that w°= ws s = ws s.

A straightforward calculation shows that K (X;m) is a complexif and only if

-(x) (X9 -x) - = (-0 -(x9 -x) -0 @
for all x; x°2 X . This can be deducedfrom Pieri's formula.

There exists a k-split semisimple algebraic group G with root system ( ;).
Denote T G a maximal k-split torus and B T the Borel subgroup. Pieri's
formula describesthe intersection product in the Chow ring CH (G=B).

By Chewalley [4] the graded abelian group

o)
CH (G=B) = CH'(G=B)
i=0
is a free abelian group with generatorsthe cycles[X,], v 2 W, where X, is the

closureof B¥B=B in G=B. Wedenotehereand in the following by v arepresenativ e
ofv2 W' Ng(T)=T.
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If now ; is a simple re ection and w 2 W W is as above we have the
following intersection formula, called Pie;i('s formula:
Kwes; I Xwl = -($)Xws 1;
‘w2 w1

see[9, 4.4, Cor. 2]. SinceCH (G=B) is commutativ e we have
Kwosi] Kwos ] [Xwl = Xwosi ] Kwosi] [Xw]

and therefore
;4 X
-($1) _($j)[sts] = _($j)_($l)[sts]
WS; 2 fN(i 1 WS; 2 fN(iJr 1
wss 2wl 2 wss 2wl 2
foralll | 61 r. As obsened above, seel.2, there are only two ordered

pairs (s ;s ) of re ections, such that w°= ws s , and hence by comparing the
coe cien ts of [X 0] in the above equation we get

3D -G+ ) -®) = &) -G+ -($5) -3

foralll j 61 r. Sincethe fundamental weights $ 1;:::;$ constitute a Z-basis
of X = X (T) = Hom(T; G,) this proves(2), and soK (X;m) is a complex.

1.5. Genenal basering. Let | be a commutativ e ring (with 1). We set then

K (X;m):=| zK (X;m). This isacomplexo'f free | -modules, and we have
_ M m i M m i
K ™"(X;m) = | 2 X = X
w2 W () wa2w () |

We denote the di erential of the complexK (X;m), by d(X|;m)'

2. On the cohomology of K (X;m),

2.1. An interpretation of tensor and exterior powersof | X = X;. We cortinue
with the notations of the last seggion. In particulag,| is a commutativ e ring.

In the following we denoteby ' (respectivﬂy_ ") the i-th tensor (respectively
exterior) power over | . The i-th tensor power ' X, is isomorphic to the abelian
group of i-multilinear mapsfrom Y, to | :

Y
Xy inox ! (yr;:inyr) 7! yr (X;)
j=1
. .V N .
There is a monomorphism XB(J X given by
Xp N hx 7! sgn( )X @y X (2 i X (iys
2S;

permutation . This map identi es the i-th exterior power of X| with the group
of alternating i-formson ;. N vV

. . . . N . .
Note that using these isomorphismswe can consider ' X | I'X| as
the abelian group of (i + j)-multilinear maps on Y| which are alternating in the
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last j variables. We need this in particular in the casei = 1. Then the above
v INt
monomorphism X | X, factors
inl A o!
Xp b X X x|

where the map on the left hand side is given by

X1
X1 ™ i XN Xjar T (1% Ixs (xa M iiiAXAN A Xj+1):  (3)

s=1

In other words, this map is the natural injection of the abelian group of (j + 1)-

alternating forms on Y, to the abelian group of (j + 1)-multilinear forms on Y

which are alternating in the last j variables.

Theseidenti cations will be usedwithout further commert in the following.

2.2. There is an isomorphism

m 1 ' M m 1
fm i X | X ! X| Xy 7 (v f(0y):
w2Ww @

We get a commutativ e diagram

At im ) L Wi dy\my , L mv2
V Xl l w2w @ Xl l GVZW(Z) Xl (4)
° ||IIIII
m fim ||||I lm 1
my/ 1
X X

_ 1 —f 1 ;
where ., 1= d(xn:;n) fmand m=f, d(xn:;m) is the map
X )
X1 NN X T ( 1) 1Xj (Xg Mo MM Xm)
j=1

Obviously  coincideswith (3). In particular it is injective. We have proven:

Lemma. We have (

0 méo0
H ™K (X;m)) =
| m=0

forallm2 Z.

2.3. We describe now the homomorphism , 1 = d(x”?;ﬁ) fm which we de ned
by the commutativ e diagram (4).

As obsened above, seel.2, if i 6 j then wps; and wps; are the only elemeris of
W@ which are bigger than wosis; 2 W@ . It follows that (d(X”?;*ni) wosks, 6 0only
if k2 fi;jg. Let

— i i r —
X= (X" i Xy q)im 2 X = X|
i=1 w2WwW @
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(recall that W@ = fwes;ij1 i rg). Then the wps;s; -componert of d(X”?;"n%)(x)
is given by

1
(DT o)X A KN A X
k=1
X 1 o . .
+ (D¢ (g A A A iayd
k=1
Let nonm 2and
m 1 ) M m 1
b2 X, | X ! X
w2WwW @
a m-multilinear form on Y| which is alternating in the last (m 1) variables, i.e.
Blyr;::i5 Yz iinyz;ii)  Oforallyr;ys 2 Y if m 3respectively bis a bilinear
form on Y, if m = 2. Then the wgs;sj-componert of  1(b) = d(x”l‘fnf)(fm(b)) is
the following (m  2)-alternating form onY;:

(Yz::i0ym) 70 b0 rs o mayasiinym) b0 oS riyssiinim) (5)
Part (ii) of the following theorem is due to Brylinski and Deligne [3, Lem. 4.5].

2.4. Theorem. Letm 1andK (X;m), be asalove.
(i) f m6 2thenH ™" (K (X;m)) = 0.
@i f m = 2 then H }(K xX;2)) |9, where d is the number of irre-
ducible components of the root system . More precisely the | -module
H YK (X;2),) is isomorphic to the | -module of W-invariant quadratic
forms on Y, = Hom (X,;]).

1 Lr .
(s | is
i=1
surjective. This follows from our assumption, seel.1, that X is the weight lattice
of : Thereare ; 2 X;, suchthat,,-(j)= j (Kroneckerdelta).

Letnowm 3,andb2 X;| | m 1X| in the kernel of 1, 1=d(X”?;+n%) fm,

i.e.

Proof. We prove (i) rst for m = 1. We have to show that X

b 3 piin) + b pis pii) 0 (6)
forall i6j r,see2.3. Weshowthat bisin the imageof @, = f,* d(xnf;m)-

This is by 2.2 equivalent to the assertionthat b is an alternating m-multilinear
form. Note that form r+ 1> rankY, any alternating m-multilinear form on 'Y

is zero and hencethis argument implies that d(x”l‘;"ni) is injective in this case.
Since 1;:::; ¢ 2 Y| areabasisofthe free| -module Y it is enoughto show that
@ b( r; 7i:r) Oforalll i ryand (b) b( 7 piiz)+ (15 7500) O

foralll i6j r.
We x 1 j r. By (6) wehave

0 b i piopois)+ BOpss myopii) bBOpis ¢ opiiid)e

foralli 6 j. Sinces; ; = ; and bis alternating in its last (m 1) variables
by assumption we have also0  b( ;sj 5 ;). It follows b( +; r;ii)
b( +;-; +5::1) O becauses; 1;:::;s; ¢ is also a | -basis of Y;. We have

veried (a).
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To chek (b) weinserts; = r( j) 7 inequation (6) getting
O b( i piii)+ b0 s mim) p OB s i)
b( +; piii) + by 7o)

sincethe last term in the rst line is zero by (a). We have shown (b) and so are
done for part (i) of the theorem.

As mertioned above (ii) is proven in [3, Lem. 4.5] for | = Z, and the same

argumert works for any commutativ e ring | . But we can also deduce(ii) for any |
from this case.In fact, by [3, Prop. 4.6] the mapl)vI

1. X zX ! Z
w2W @

is surjective and sosplits. HenceH (K (X;2))' H YK (X;2)) z]|.

2.5. Remarks.

(i) Using Demazure's[8] description of the ring of invariants of the Weyl group
one can give a di erent proof of Theorem 2.4. _

(i) with this approad it is also possibleto compute H'(K (X;m);) for all
iim2 Zif | = Qisthe eld of rational numbers. This givesa simple ex-
planation for our resultsH (K (X;2);)" |9andH ™ (K (X;m);)=0
form 6 2: Thereisnoelemen 6 0of X invariant under the Weyl group W .

3. Rost's cycle modules

3.1. Milnor K-theory. Before we recall the de nition of Rost's cycle modules we
remind the reader of someproperties of Milnor K -theory de ned in [15].
Let for this k be a eld. The Milnor K -theory of k

M
KMk = KM(K)
i=1
is the quotient ring of the tensor algebra of k = k nfOg over Z by the ideal
generatedby all elemenisa (1 a), a2 F nflg. As usual we denote the image

ofatensora; ::: @& in Ki’\" (k) by fag;:::;a0.

If E=F is a eld extension then there is restriction map KM (F) ! KM (E)
and if the extensionis nite a corestriction map KM (E) | KM (F) satisfying the
usual projection formula.

If v:k ! Zisadiscretevaluation onthe eld k with residue eld k(v) then
there is the so called second residue homomorphism @ : KM (k) ! KM ;(k(v))
which mapsthe symbol fx; uz;:::;uigto v(x) fug;:::;uigif v(up) = :::= v(uyy) =

0, where u denotesthe image of the v-unit u in k(v).

3.2. Rost's cycle modules. These have beende ned by Rost in [18], for which we
refer for details and much more information.
A cycle module over the eld k is a covariant functor

M
Fields, ! GrAb E 7! M (E):=  M(E)
i2Z
K LT “M (K) ! M (L)
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from the categoryof nitely generated elds overk to the category of gradedabelian
groups, such that
(@) For any nite extension : K | L in Fields, there is a corestriction
homomorphism
M (L) ' M (F):
(b) The graded abelian group M (K) is a graded KM (K )-module for any K 2
Fields,.
(c) For any valuation v on K 2 Fields, which is trivial on k K thereis a
(second)residue map

@ :MK) ! M i(KV);
where K (v) denotesthe residue eld of v.
These data are subject to seweral axioms, see[18, Sect. 1 and 2]. Most of them

corresponds to well known properties of Milnor K -theory, which is the prototype
of a cycle module.

3.3. We will usethe following property of the residuemap @' .
Let :k! K bea eld extensionwith valuation v which is trivial on k, and M
a cycle module over k. Denote K (v) the residue eld of v. We have then a residue
map@ :M (K) ! M 1(K(v)) and restriction maps :M (k) ! M (K) and
M (k) ' M (K), where :k! K/(v) denotesthe by induced inclusion.
Let 2 M;(k) and fuy;:::;uig 2 KM (K) be a symbol. It is a consequenceof

@ (fui:iuig () = @fusiinuig) ()
where@ : KM (K) ' KM (K (v)) is the secondresidue homomorphism of Milnor
K -theory.

3.4. The cyclecomplex. Let X be a schemeof nite typeoverthe eld k or alocal-
ization of such a scheme. We denote X () X the set of points of codimensioni.
For any cycle module M over k Rost [18, Sect. 3] de nes a complexC (X ;M ;n)
as follows: s L
< Mp i(k(x)) 0 i dimX
C'(X;M ;n) =  x2X®

' 0 otherwise,

where k(x) denotesthe residue eld of x 2 X. The xy-componert, x 2 X (;y 2
X (*D of the dierential d' : C'(X;M ;n) ! c'*t (X;M ;n) is de ned to be 0
if y 64 xgandif y 2 fxg asthe following sum. Let Z ! fxg bethe normalization

in the function eld k(Z) = k(x) of Z. Denote the respective residue maps by @'
and the respective inclusionsk(y) ! k(yi) by i. Thendj := P @.

I
i=1
The i-th cohomologygroup of M, over X is then by de nitiorll:
H'(X;Mp) := H(C (X;M ;n)):
Remarks.
(i) For M = KM this complex has beende ned by Kato [14].
(i) There is an isomorphism CHP(X) ' H"(X;KM) for all p 0 and smooth
k-sthemesX .
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3.5. Thesegroups are homotopy invariant. Let p:E ! X beanane bration.
Then the homomorphismp : H'(X;M;,) ! H'(E;M,) is an isomorphism for all
i 2 Z, see[18, Prop. 8.6]. As usual we get from this fact and the long exact coho-

: b - fte,;i01; ts 9 Mp j(K) i=0
Hi(T;Mn) ' 5 j=0 1 s;<ii<s 1 S n (7
: 0 i 60:
Werecallbriey the argumert. Let A = K[t; ;:::;t, ;] andconsiderthe localization

sequencdor the openset X = SpecAlft, ] SpecAlt;]:
0 ——HO(Y [t,]; M) ——/HO(X; M) —IHO(Yi My 1) —

H(Y [t : M) ——HY(X; Mp) ——IHY (Y, My ) —555

whereY = SpecA. The homomorphism splits by x 7! ft,g x, and by homotopy
invariance we have HX(Y[t,];Mn 1) ' H(Y;M, 1). This implies the claimed fact
by induction.

4. The cyclic complex of a cycle module over a semisimple algebraic
gr oup

4.1. Notations. Let k be a eld and G a k-split simply connectedsemisimplealge-
braic group. Let T bea maximal k-split torus ofrankr andB T a Borel subgroup.

We denote W = Ng(T)=T the Weyl group, and = ( B;T) Hom(T;Gn) the
assiated root systemwith simpleroots = f q;:::; ;g. Denotes;;:::;s; the
corresponding simple re ections. s
Recall the Bruhat decomposition: G = BwB, wherew 2 Ng(T) denotes
w2W
a represernative of w 2 W. We have BwB \ BwB = ; if w 6 w® This disjoint

decomposition of G de nes a partial order, the so called (strong) Bruhat order, on
W, see[4]: w wCif and only if BwB Bw0B.

We remark that this de nition of an partial ordering on W coincideswith the
algebraicde ned ordering in [10], which we haverecalledin 1.2. As there we denote

and let N = “(wp) beits length. We setalsoW( := fw2 W (w)=N ig.

4.2. A ltr ation on C (G;M ;n). Let M be a cycle module. Fglowir_lg [3] we
de ne a ltration on the cycle complexC (G;M ;n). Let fPW := w ) and
ip
. M M
FPCI(GM ;n) = Mpn j (k(x))
w2fPW  x2BwB\ G(i)

This is a decreasing Itration whoseassaiated graded complex is equal
M
g°C, = FPC,=FPt C, " C (BwB:M ;n pI pl:

w2 W (P)
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In particular we have grP Cin =0fori< pand

HP(grPC,) " H°(C,(BWB;M ;n p)):
w2 W (pP)

4.3. Recall now the following facts about the cell BwB. Denote * and the
positive and negative roots, respectively, U the radicial subgroupof 2 , and
Uw the subgroupgeneratedby all U with 2 *\ w (w‘2 W).

The product in G inducesan isomorphismU,, wT U ! BwB, whereU is
the unipotent radical of B. We get a morphism

W

1
' T,

where the map on the left hand side is the inverseof the above isomorphism com-
posed with the projection to wT. This is an ane bration, and therefore by
homotopy invariance we have H'(BwB; M) ' H'(T;M,) for all i 2 N.

We denotein the following by X, the pull-back of x 2 X along py-.

ps : BwB | wT

4.4. 1t follows by (7) that HP*%(grP C,) = 0 for q 6 0 and therefore the spectral
sequenceE["® = HP" 9(grP C,,) degeneratesat the E;-term. Hencethe embeddings
grP CP I CP induce a quasi-isomorphismof the subcomplex

L
HO(BwWB;M,) _d° J HO(BWB:Mn 1) ¢ J
w2 W © w2WwW @
. 8
HO(BWB;M, ,) d y HO(BWB;Mn 3) _ /:::
w2W @ w2W ®

with C (G; M ;n), where dP is the restriction of the p-th dierential of the com-
plex C (G;M ;n).

4.5. We de ne now a decreasing Itration on the complex (8) as follows. We set
FPH(BWB;Mpy) = Oforp 1,andforp OletF PH°(BwB;M,) bethe image
of the homomorphism

M .

X' zMm i(k) ! HY(BWB;Mm);

i=0
which is givenby (X1 :::  Xj) 7' fX1w;::;Xiwg . This de nes a decreas-
ing Itration on the complex (8), and by (7) we know that F " H(BwB;M,) =
H°(BwB;My,), wherer is the rank of T.

The assaiated spectral sequenceE}"Y(G; M ;n) convergesto the cohomologyof

the complex (8) and soalsoto the cohomologyof the cycle complexC (G; M ;n).

4.6. The E;-terms of the spectral sgquene EYY(G;M ;n). Let w 2 WP and
wl 2 W) 1f w® 8 w then Bw®B is not in the closure of BwB and so the
wwOC-componert (dP)%, of "
d H(BwB;M, ;) ! HO(BWB; My (p+1) )
w2 W (P) w2 W (p+1)
is zero. Otherwise, i.e. if W< w, we have by 3.3

(Pyvo(FX1w; i Xswd ) = @o(fX1w; i1 Xsw0) 9)
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for 2 My p s(k), where
@o : KM (k(BwB)) ! KM, (k(Bw'B))

denotesthe secondresiduemap on Milnor K -theory induced by the smooth divisor
BwB BwB. Hencewe have

(dP)o(F I HO(BWB; M, ) F 1" HY(BWB;M, , 1)

for all j 2 Z, and therefore

8 !
E L W
_ X zMn q(k) p O;p+q O
Ef’q(G;M ;n) ' § w2 W (p+a) (10)

0 otherwise.

4.7. The dier ential of the spectral sequene E%(G; M ;n). To describe the dif-
ferertials of this spectral sequenceit is by (9) above enoughto considerthe dif-
ferertial @, : KM (k(BwB)) ! KM (k(Bw’B)) for w 2 W and w®2 w (D

with w< w. Then we have, see[10], W= w; w, andw = w; Si, W for some
w1, Wa 2 W with “(wp) + “(wp) = “(W9) = “(w) landsomeip2fl;:::;rg, i.e.si,
is a simple re ection. Equivalently, we havew®= w s , wheres = w, Ls, wo,
ie. =w,( i,). Wedenotein this caseby v¥, the valuation of k(BwB) induced
by the smooth divisor Bw’B8 BwB.

It follows from results of Demazure [9], see[3, Lem. 4.2], that the valuation

vivo Of Xw, X 2 X = Hom(T;Gp), is given as follows: vjyo(xw) = -(X). where

- 2 Y = Hom(Gn;T) denotesthe dual (coroot) of . If -(x) = 0 then the
restriction of x,» to Bw%B is equalto ¢ Xxuo for somec2 k = knfOg.

Using thesefacts we compute the di erential dy® of Ef' = EP9(G; M ;n). For
easeof notation (analogousto 4.5) we denoteby F PKM (k(BwB)) the imageof the
Lp .
multiplication map "X 7z KM (k) I KM (k(BwB)), which sends
i=0
(as above) (x1  :::  Xj) to fX1w;:::;Xiwg , and set F'/KM (k(BwB)) = 0
for i > 0. With this notation we have the following

Lemma. Letw> w®2 W be as atove, i.e. in particular w°= w s , X1, Xp 2
X = Hom(T;Gp), and 2 KY' (k). Then wehave @o(fX1w ::::Xpwd )

X
(D' =) Xiwoiiiiidwo; iiiXpwo  mod F PPZKH L (k(Bw'B)) :
=1

Proof. We prove the lemma by induction onp 1. This is obvious for p= 1.

Let p 2. If Xpw is a unit at BW®B then we have @.(a fxp.w0) = @o(a)
fX, 000 mod F P2 KH , (k(BW®B)) for all a2 K} ;(k(BwB)), and so the lemma
follows by induction in this case.

We choosenow z 2 X, such that v}o(z) = 1, i.e. z, is a local uniformizer at the
divisor Bw’B. This is possiblesincewe assumeG to be simply connectedand so X
coincideswith the weight lattice. Then we have x, = z'erp and xp 1 = Z'» 1rp 4
forrp 1;rp 2 X with vijo(rp 1w) = Vivo(rpw) = 0 and appropriate i, 1;ip 2 Z.
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fXaw; 10 Xp 1w Tpwd + FXaw; 10050y 1W;z\i,(;g+ fxlw;:::;z\i,;’ 1;z\i,“;g:
Sincef zw; zwg = fzw; 1gthe last summandis mapped by @, to zero modulo the
subgroupF P*2KM , (k(BWB)).

modulo F P*? K,’ﬁ" 1(k(BW9B)). By the samereasonsas above the summand

X 2 . .
(D" =) X010 g0i 115Xy 290200 H3 2000
=1
is zeromodulo F P*2 K} , (k(BWB)) and we are done.

4.8. It follows from this lemma that the following diagram commutes:
! !
L (RF1)
X My (k) — X zMn oK)

w2 W (p+a) w2 W (p+l+ q)

L A3

Ef;q(G;M 'n) 1 /Efﬂ ;q(G;M 'n)
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for all p 0, whered = d(x(f’q;q) idw, . and the columns are the isomor-
phismsof (10) in 4.6. Hencethe g-th line of the spectral sequenceEé;q(G; M ;n)is

isomorphicto K (X;0) zMp g(k), whereK (X;q) is the complexde ned in 1.3.

Therefore by the lemmain 2.2 and Theorem 2.4 we have E, "P** (G;M ;n) = 0
exceptif p= 1, and E, "P(G;M ;n) = 0 exceptif p= 0 (p 2 N). Sincewe have
alsoE, "4(G;M ;n) = 0for p2 N and g< p, see(10), it follows

E,"P™(GiM ;n) = E, PP (GiM :n)
and also
E,"(G;M ;n)=E; PP(G;M ;n)
for all p 2 N. Again by the lemmain 2.2and Theorem2.4we haveES°(G;M ;n) "

Mn(k), and E, "?(G;M ;n) * M, 2(k)?, where d is the number of connected
componerts of the Dynkin diagram of G.

We have establishedthe following result.

4.9. Theorem. Let G be a simply connected k-split semisimple algebeic group
and M a cycle module over k. Then:
() HY(G;Mn) ' My (K).
iy HY(G;Mp) ' HYG;KY) zM, ok) " Z9 2 M, 2(k), wher d is the
number of irr educible components of the roots system of G.

4.10. Remark. For M, = K} this hasbeenprovenin [3, Prop. 4.6], and with a
di erent method in [11].

5. The first Suslin homology gr oup of a simply connected semisimple
split algebraic gr oup

5.1. The aim of this sectionis to prove Theorem A of the introduction. Let k be
a eld.

We assumein the whole section that our base eld k is perfect.

We denote Sy the category of smooth k-schemes,and Pshy the category of abelian
presheareson Smy.

The sheavesappearing in this section are sheaveswith respect to the Nisnevich
topology. If not otherwise said by a (pre)sheaf we mean an abelian (pre)sheaf,
i.e. a (pre)sheaf of abelian groups. We denote the category of (abelian) Nisnevich
sheaves by N Sh¢. Recall that the forgetful functor NShy ! Pshy has a left
adjoint F 7! Fyjs.

5.2. Preshaveswith transfers. These (pre)sheaszeson Smy have beenintro duced
by Voewodsky, see[21]. We start by recalling the de nition of the category Cory of
nite correspondences.

Let X;Y 2 Sm. Then an elementary correspnden@ from X to Y is an irre-
ducible closedsubshemeof X Y which is nite and surjective above an irre-
ducible componert of X. The group c(X;Y) is the free abelian group generated
by all elemenary correspopndencesfrom X to Y. Its elemens are called nite
correspndenes
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The category of nite corresppndenes Corg has smooth k-schemesas objects
and c¢(X;Y) asgroup of morphisms X ! Y. It isan additive category, and there
is an obvious functor Smy ! Cory which is the identit y on objects and sendsany
morphism to its graph.

A presheafwith transfersis a presheafon Cory. We call a presheafwith trans-
fersF a (Nisnevich) sheafwith transfersif F is alsoa Nisnevich sheafon Smy. We
denote Pshi the category of presheaeswith transfers and N Shi the category of
sheaveswith transfers (over Smy). Note that if F is a presheafwith transfers then
Fnis is a Nisnevich sheafwith transfers, see[21, Chap. 5, Lem. 3.1.6].

The category N Shi possesses commutativ e tensor product N Shi and an
inner Hom-functor Homy shy ( ; ), suc that

Homy she (F; G)(k) = Homy spr (F;G)
for all F; G2 N Sh; , seeDeglise[5, Prop. 2.2.18].

Examples.
(i) The presheaf
Zy (X) - Y 71 (Y; X)
is obviously a presheafwith transfer. It is a sheafin the etale, and so also
in the Nisnevich, topology, seee.g. [21, Chap. 5, Lem. 3.1.2]. Note that
Zy (Speck) is the constart sheaf,i.e. the Nisnevich sheafassaiated to the

presheafU 7! Z. We denoteit Zy .
(i) Let M be a cycle module over k. Then

M, Y 70 HO®Y;M,)

is a sheafwith transfers, se€[5, Sect.4.3]or [7]. This sheafis alsohomotopy
invariant, a notion which we recall now.

5.3. Homotopyinvariant (pre)shaves. A (pre)sheafF is called homotopyinvariant
if for any X 2 Smy the projection X ¢ A} ! X inducesan isomorphism
F(X) | F(X kAD:

We denote the category of homotopy invariant Nisnevich sheaves (respectively

presheares)with transferson Smy by N Sh{:I " (respectively by Psh{:I ). The inclu-

sionfunctor NSh! | NSH!" hasa left adjoint F 7! F", see[5, Prop. 3.1.7].
By a result of Voewodsky [21, Chap. 3, Thm. 5.6]any F 2 N ShE " s strictly

homotopy invariant:
Ns(XiF) 1 Hys (X K AGF)

foralli O.
The comparisonof the Zariski and Nisnevich cohomologyof such sheavesis given
by another theorem of Voevodsky [21, Chap. 5, Thm. 3.1.12].

Theorem. LetF 2 NSH!". Then we have
Nis (G F) " Hzar (X3 F)
foralli Oandall X 2 Sm.
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There is alsoa tensor product " in N Sh,t”’ which is de ned by
E Htr G := (F tr G)H .
see[5, Prop. 3.1.9].
We will needthe following

54. Lemma. Letf : F ! G bea morphismin Psh". Then the induced
morphism

fns @ Fanis ! Gus
is an isomorphism if and only if fg : F(E) ! G(E) is an isomorphism for all
sefarable nite type eld extensionsE=k.
Proof. Seee.g. [5, Lem. 3.3.5].

5.5. Forany F 2 Pshy there are preshearesF,, n 2 Z, which are de ned asfollows.

Let F 2 Pshg. In analogy to negative K -theory the preshearesF ,, n > 0, are
de ned inductiv ely by setting:

F1:X 7! Coker F(X ¢Al) ! F(X «(Gmk) ;
andforn 2:
Fn=(F @y
Wehave F , 2 NSH!™ if F 2 NSH!", and F ' Homy sy (KY ;F) for all
F 2 NSH'", see[5, Sect.3.4]. It follows
F (k)" Homy sy (Ky'iF)(K)

' Homy sy (K) ;F) = Homy gye (Ky' 5 F)

for all homotopy invariant sheareswith transfers F.
Forn 0O we set

(11

Fo= KM NSO F
forall F 2 NSH!" .

Remark. Note that the unrami ed Milnor sheafﬁn"" doesnot appear in [5, Sect.
3.4] but a sheafS! 2 N SH!" which is de ned as follows: St = Z; (G nf1g)™
and S' = (S}) ". It follows from a theorem of Suslin and Voewvodsky [20, Thm.
3.4]that S ' KM, see[5, Prop. 6.3.20].

5.6. Cycle modulesand N ShE . The main result of Deglise'sthesis, see[5, Thm.
6.3.12]and [6], is the following: The functor

M
P : Fields, ! GrAb E 7! B (E) = . (E);

n2z
where an(E) .= Fn(E) for all E 2 Fields, and n 2 Z, is a cycle module in the
senseof Rost [18], and the functor F 7! B isan equivalencebetweenthe category
N Sh{;”’ and a localization of the category of cycle modules over k. The inverseof
this equivalenceis givenby M 7! M.

Moreover, seeDeglise[5, Thm. 6.2.3], we have
Nis G F) " HI(X; 1)

foralli Oandall F 2 N Sh{j” , where the cohomologyon the right hand side is
the cohomologyof cycle modules as de ned in 3.4.
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Hencewe get from Theorem 4.9:

5.7. Theorem. Let G be a k-split simply connected semisimple algebaic group.
Then we have

Hus(GiF) © F 2(k)*

for all F 2 NSH!" , wher d is the numkber of irr educible components of the root
systemof G.

5.8. The category DM ef f (k). We denote by D (N Sh{) the derived category of
bounded above complexesof Nisnevich sheares with transfers. Voewodsky's [21,
Chap. 5, Sect. 3.1] category of e ective motivic complexesis by de nition the full

subcategory DM ef f (k) D (NSH ) consisting of complexeswhose cohomology
sheavesare homotopy invariant.

There is a t-structure on the triangulated category DM e f (k) which is the re-
striction of the natural t-structure on D (N Sh!). The heart of this t-structure
is equivalent to the abelian category N ShE " via the natural functor N Sh{j” !
DM® ' (k), see[21, Chap. 5, Sect. 3.1].

5.9. The embedding DM® (k) | D (NSH') has a left adjoint. We recall its
de nition. Let for this

. . : X
"= | = Speck[xo;::nxi] (1 Xj);
i=0
be the standard i-simplex with cofacemaps
Lo T L (agnina 1) 7P (aosiinar n0aniiia 1)

Given a presheafF we have then a complex of preshearesC (F) which is de ned
asfollows: WesetC'(F)= Ofori > 0,anddene C '(F),i 0, asthe sheaf

U7l F(U  ):
The di erential d i(F) : C i(F) 1 c i1 (F) is the alternating sum
_ Xi
d'(F):= (D("H:
1=0

Following [21, Chap. 5, Sect. 3] we denote the cohomology presheafof the com-
plexC (F) in degree i by h;(F). If F is apresheafwith transfersthen hiN'S(F) =
h; (F)nis is @ homotopy invariant Nisnevich sheaf,see[21, Chap. 5, Lem. 3.2.1].

We get a functor
NSKH | DM®"(k); F 71 C (F):
By [21, Chap. 5, Prop. 3.2.3]this extendsto a functor
RC:D (NSH) ! DM®'(k)

which is left adjoint to the embeddingDM® " (k) | D (N Sh").
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5.10. Suslin complexand Suslin (singular) homolayy. Let X 2 Smy. Applying the
functor C to the sheafZ, (X) de ned in 5.2 we get a complex of Nisnevich sheares
C (X) = C (Zu (X)):

C (X): QO(X)Qig l(X)f’ig 2(x)f?ig 3(x)Q— i

This complexis called the Suslin complexof X', and we denoteh; (X ) := h; (Zy (X))
its cohomologypresheafin degree i, and set asusual n!\“s (X) == hy(X)nis -
We are in position to de ne Suslin (singular) homology:.

Denition. Let X 2 Sm¢ andi 0. The abelian group
HP(X) = h(X)(K)
is called the i-th Suslin (singular) homolay group of X .

For later usewe note the following. Let X 2 Smg. Then RC(Zy (X)) = C (X)),
see[21, Chap. 5, Thm. 3.2.6], and therefore we have a natural isomorphism

HomDM e 1 (k) (Q (X ); F ) " Homp (N shf )(Ztr (X ); F ) (12)

forall F 2 DM® " (k).

5.11. Homolagical n-connected smaoth schemes. We de ne now homological n-
connectedsmooth schemes. Roughly speaking a smooth scheme X is homological
n-connectedif its Suslin complex is trivial in degrees n. It turns out, see
the example below, that a split simply connected semisimple algebraic group is
0-connected.

De nition. Let X 2 Smg and n 2 N. We say X is homolayical 0-connected if
hB“S(X) " Zy = Zy (Speck). More generally we call X homolgical n-connected if

() X is homological 0-connected,and
(iy hM*(X)=0foralll1 i n.

5.12. Example. Let G be a k-split simply connectedsemisimplealgebraic group.
Then G is homological 0-connected. Denote e 2 G(k) the neutral elemen of G.
This k-rational point inducesa morphism : Zy = Zy (Speck) ! C (G) which
in turn inducesa split homomorphism  : Zg | QB"S(G). We claim that is
surjective and so an isomorphism. This follows from the Kneser{Tits conjecture
which is true for such groups, see[17].

Recall the assertion of this conjecture. Denote G* (k) the subgroup of G(k)
generated by all subgroups isomorphic to the additive group Ga(k). Since (by
assumption) the group G is k-split simply connectedsemisimplewe have G* (k) =
G(k), see[12, Cor. 5.10].

This implies that given g 2 G(k) then there exists a chain of elemeris g =
Os;0s 1;:::;01,00 = ein G(k), and morphismsu; : Al ! G,1 i s, sud that
ui(0) = g 1 andui(l) = g.

Let now E=k be a nite eld extensionand g 2 G(E). SinceE=k is nite the
E-rational point g de nes an elemer [g] 2 C°(G)(k). Moreover any elemen of
C%G)(K) is a sum of such elemerts for various nite extension elds E.

The Kneser{Tits conjectureistrue for G := G (E, too, and thereforethere are
morphismsu; : &' AL ! Gg,1 i s,sudthatup®=¢eu %=u ;1
and us * = g. From this it follows [g] = [€] mod Im g& by the following remark.
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Let E=k be as above and u : % I Gg be a morphism with E=k nite. Set
g =u %andg; = u . Then[ge] = [g1] mod Im g&. In fact, the push-forward along
1 vG (E ! ' G ofthe graphof u is an elemenary cycle 2 C(G)(k)

With g&(_) = [go] [01]- It followsthat ¢ is surjective and so an isomorphism
Z | hy®(G)(k) = H3(G).

By the sameargument ¢ : Z' hQiS.(G)(F) is a bijection for all F 2 Fields,
and therefore  is isomorphismZ, ' h}"(G) by Lemma 5.4.

5.13. Theorem. Letn 1andX 2 Sm be homolaical (n  1)-connected. Then
there is a natural (in F) isomorphism

Homy e (WS (X);F) ' Hs (X5 F)
for all F 2 NSh'" .
Proof. By a theorem of Veovodsky [21, Chap. 5, Prop. 3.1.9], there is a natural
isomorphism
Homp (n shyr )(Ze (X);F[N]) " HRis (X5 F)

for all n 2 N, wherewe considerZ; (X ) asa complex concerrated in degree0, and
F [n] denotesthe n-th translate of F, i.e. the complex F [n] is 0 exceptin degreen,
whereit is equalto F.

Henceby (12) we have a natural isomorphism

Homp, et i, (C (X);FIn]) * His (X3 F):

In particular we have Homp,, « 1 (k)(n'gis (X);F[n]) ' O by our assumptions that

n 1 and ng“S(X) " Zy (Speck). We get from this the theorem by means of
elemenary homological algebra.

5.14. Corollary . Let G be a k-split simply connected semisimple algebmic group.
Let d be the number of connected components of the root systemof G. Then we
have

h*G) " (K
and soin particular H3(G) * KY (k)d.

Proof. By Example 5.12the k-variety G is homological 0-connected,and sowe have
by the theorem above a natural isomorphism

Homy gpae (0 (G);F) * HRs(GiF):
On the other hand by Theorem 5.7 we know that H,{“S(G;F) " F »(k)9, and

by (11) that Homy gps v (KX)9:F) ' F (k). Hencewe have by the Yoneda
lemma an isomorphism h* (G) ' (KM )?. We are done

5.15. Remark. If we considera strictly homotopy invariant Nisnevich sheafF
without transfers then we still have H1 (X;F) ' Hy(X;F) for all X 2 Smy by
a theorem of Morel [16], but the group H3,, (G; F) dependson the type of the split
simply connectedgroup G. For instance,if F = W is the Witt sheaf,i.e. the sheaf
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assciated to the presheafU 7! W (U), where W (U) denotesthe Witt group of the
schemeU, and G is a split simply connectedsimple group then we have, see[13],

W (k) if GisoftypeAs, B2, andC; (r 2)

Hi. (G;W) '
zar 0 otherwise.

In particular this implies that cortrary to the rst Suslin (singular) homology group

the rst Al-homotopy group of G asde ned by Morel and Voewvodsky [17] depends
on the type of G.
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