THE FIRST SUSLIN HOMOLOGY GROUP OF A SPLIT SIMPLY
CONNECTED SEMISIMPLE ALGEBRAIC GROUP

STEFAN GILLE

ABSTRACT. Let k be a perfect field and G be a k-split simply connected
semisimple algebraic group. We prove in this article that the first Suslin (singu-
lar) homology group Hf (G) of the variety G is isomorphic to Kéw (k)?, where d
is the number of irreducible components of the root system of G.

0. INTRODUCTION

Algebraic topology is a creation of this first half of the last century. The various
(co)homology theories as well as homotopy theory have been (and are still) an indis-
pensable tool in the study of manifolds and topological spaces. Due to this success
these techniques have been transfered from the beginnings to other mathematical
disciplines like e.g. algebraic geometry or algebraic number theory.

However only recently an analogue of singular homology theory, or of homotopy
theory has been constructed for algebraic varieties. Suslin has defined a homology
theory HY (X) for algebraic varieties, the so called Suslin (singular) homology theory,
see the article [19] of Suslin and Voevodsky; and Morel and Voevodsky [17] have
defined a homotopy theory for algebraic varieties, the so called A'-homotopy theory.

Till today there are only very few actual computations of Suslin homology. The
aim of this work is to compute the first Suslin homology sheaf of a split simply con-
nected semisimple algebraic group G. As a corollary we get from this a computation
of the first Suslin homology group H§ Q).

To express our result let Smy, be the category of smooth k-schemes, and C*(X)
be the Suslin complex of X € Smy. By definition we have H}(X) = hYS(X)(k),
where hY®(X) denotes the (—i)-th (Nisnevich) cohomology sheaf of C*(X). We
show in this work:

Theorem A. Let k be a perfect field and G be a k-split simply connected semisimple
algebraic group. Denote by d the number of irreducible components of the root
system of G, and Kéw the unramified Milnor K -theory sheaf. Then

B (G) = (Ky")".

In particular we have HY (G) ~ K3 (k)4.
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Our computation is based on the following fact, see Theorem 5.13 for a more
general result. Denote N'ShY" the category of (abelian) Nisnevich sheaves with
transfers, and Zi, € N Sh}? the constant sheaf. If @yis (X) is isomorphic to Zi, then
there is a natural isomorphism

Hom ygper (b (X)), F) ~ Hyo (X, F)

for all homotopy invariant F € N Sh}?. It is a consequence of the Kneser-Tits
conjecture (which is true for split simply connected groups, see [12]) that by (G) =
Zy, and therefore to prove Theorem A it is enough to compute Hy;, (G, F) for all
homotopy invariant Nisnevich sheaves with transfers F.

To compute the group Hyy (X, F) we use a theorem of Déglise [5]. There is a
functor R R
F— F.=F7
nez
from the category of homotopy invariant Nisnevich sheaves with transfers over Smy
to Rost’s [18] category of cycle modules over k. This functor is in fact an equiva-
lence with a localization of Rost’s category of cycle modules over k, and we have
i (X, F) ~ H'(X, Fo). Here the latter group denotes the i-th cohomology group
of the cycle complex of ]?0. We compute the cohomology of a cycle module as
follows.

Theorem B. Let k be an arbitrary field, G a k-split simply connected semisim-

ple algebraic group, and M, = @ M,, a cycle module over k. Then we have an
nez
isomorphism

H'(G,M,) ~ M,_»(k)?,
where d denotes the number of connected components of the root system of G.

The content of this work is as follows. In Section 3 we recall the definition of
Rost’s cycle modules. As Brylinski and Deligne [3], who computed H* (G, K31), we
use then in Section 4 the Bruhat decomposition to define a filtration on the cycle
complex of M,,. This filtration allows to reduce the proof of Theorem B to the
computation of certain cohomology groups of complexes of alternating forms on
the coroots of G. We introduce these complexes abstractly in the first section, and
compute the needed cohomology groups in Section 2. In the last section we show
that Theorem B implies Theorem A.

Acknowledgement: I would like to thank Fabien Morel, Nikita Semenov, and
Kirill Zainoulline for comments and several useful discussions. In particular I would
like to thank Fabien Morel for telling me about the connection between Rost’s cycle
modules and Suslin homology.

1. A COMPLEX OF ALTERNATING FORMS

1.1. Notations. Let II be a root system of rank r with base A = {aq,...,q;}.
We assume that II is reduced in the sense of Bourbaki [2, Chap. VI, §1, No 4], i.e.
Ra NIl = {+a} for all « € II. By II™ and II~ we denote the positive and negative
roots, respectively.

Let Z" ~ X C R" be the weight lattice of II, and Y = Homy (X, Z) its Z-dual, i.e.
Y is the span of the dual roots (coroots) a¥. If y¥ € Y we denote the evaluation of
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yY at z € X by yV(z) (differing from the usual notation < x,y" >). In particular,
ay €Y is the dual root (coroot) of the simple root «; (hence we have o (o;) = 2).

We denote w1, ...,w, € X the fundamental weights, ie. oy (w;) = d;; (Kro-
necker delta).

Let k be a commutative ring (with 1). We set in the following Xy := k®z X and
Y :=k®z Y. Since X and Y are free Z-modules we have then Yy = Homy (X}, k)
and Xy = Homyg (Yy, k). By abuse of notation we denote z ® 1 and ¥ ® 1 by x and
y", respectively, for all z € X and yV € Y.

If « € II we denote s, the corresponding reflection, i.e. so(z) =z —aV (x) -« for
all z € X. We denote s; = s,, the reflection corresponding to o; and W the Weyl
group of II, i.e. the group generated by the set of simple reflections S = {s1,..., s}

There is a canonical operation of the Weyl group on Y given by
(w-a")(z) = o¥(w'z)

which identifies W with the Weyl group of the dual root system IT".
Denote £(w) the length of a word in W (with respect to S) and wo € W be the
unique longest word. Let N := £(wq) be its length. We set

W = {weW|l(w) = l(lw) —i}

fori =0,...,¢(wp). Note that W) = {wps; |1 <i <r}and W = {wps;s;|1 <
1 #£ 5 <r},see [2, Chap. VI, Cor. 3, p. 158].

1.2. Bruhat ordering. We recall the definition of the Bruhat order on the Weyl
group W, see Deodhar [10].

Let T be the set of W-conjugates of the set of simple reflections S, i.e. T is the
set of reflections { s |a € II'}. Then by definition we have w’ < w in the Bruhat
order if there exists elements

!
W = W, Wi,y eeny, Wnp_1, Wy =w € W,

such that

(i) €(w;) < l(wiy1), and
(ii) there is t; € T, such that w; = w41 - ¢;

forall0 <i:<n-—1.

It is well known that in this case if w = s;, -84, .. .- s;, is a reduced decomposition
of w (s;; € S) then w' is a subword of w, and any subword of w in this decomposition
is smaller than w in the Bruhat order.

Given w > w” with £(w) = £(w”) + 2 then there are exactly two elements
wy,we € W, such that w > wq,ws > w”, see e.g. [1, Lem. 2.7.3]. This implies that
the only words between wo and wgs;s; are wos; and wgs; for all 1 <4 # j < r.
We remark that wgs;s; = wps;s; if and only if the simple roots a; and o; are
orthogonal, i.e. o (ovj) = 0.

1.3. Definition of the complex. Let w € W® and w’ € W0+ with v’ < w. We
define for all 0 < 7 < r a homomorphism

J Jj—1
oy /\X — /\X
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as follows. By definition we have w = w’- s, for some reflection s, o € II". Denote
aV the dual (coroot) of @ € II't. Then we set
j .
dg,(l‘l AN CCj) = Z(—l)l_lav(l'i) TN ANT NN z;, (1)
i=1
where Z means that z is omitted. These maps are the components of the differentials
of a cohomological complex K*(X,m):
—m g (m—1

A(xm) X.m)

0—— K ™(X,m) —= K~ (m=1(X, m)

—1
d(X,M)

K%(X,m)——=0

— S K Y(X,m)

with K7(X,m) in degree j, which we define now. Set for i > 0

KM (Xx,m) = P WKX,

weW (1)

where /{ denotes the (m—1)-th exterior power of the Z-module X. The differential
d&”ﬂt; c K~ H(X,m) — Km0+ (X m) is defined as follows. Let w € W

and w’ € WD, Denote (d, "1™, the ww'-component of it. Then we set

(va) w’
. 0 if w Lw
()i = o
dy, if W' <w
(recall that w € W <= ¢(w) = £(wo) — i and so £(w') = £(wg) —i — 1 < £(w)).
1.4. We have to show that K*(X,m) is a complex, i.e. d&”;;“ . d&”;fj =0. Let
we WO and w” € Wt for some 0 < i < £(wp)—2. Then, see 1.2, there are only
two elements w1, w2 between w and w”, and we have w1 = w - s, and we = w - sg

for some «, 3 € IIT. There exists then 7,6 € II't, such that w” = wses, = wsgss.
A straightforward calculation shows that K*(X,m) is a complex if and only if

a’ (@) -7Y(@") = a¥(2') -V (x) = —(BY(z) - 6"(2") — BY(")-0"(x)) (2)
for all z,2’ € X. This can be deduced from Pieri’s formula.

There exists a k-split semisimple algebraic group G with root system (II, A).
Denote T C G a maximal k-split torus and B O T the Borel subgroup. Pieri’s
formula describes the intersection product in the Chow ring CH*(G/B).

By Chevalley [4] the graded abelian group

£(wo)
CH*(G/B) = € CH'(G/B)

is a free abelian group with generators the cycles [X,], v € W, where X, is the
closure of BoB/B in G/B. We denote here and in the following by © a representative
of v e W ~ Ng(T)/T.
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If now «; is a simple reflection and w € W® < W is as above we have the
following intersection formula, called Pieri’s formula:

[XwOSj] ) [Xw] = Z pv(wj)['stp] )

pent
L(wsp) = £(w) — 1

see [9, 4.4, Cor. 2]. Since CH*(G/B) is commutative we have
[XwOSL] : [X'LUOSJ‘] : [Xw] = [XwOSj] : [XwOSz] : [Xw]
and therefore

Z vy (wl)pv (wj) [stpsu] = Z Vv(wj)/’v(wl) [stpsu]

p,v € mt p, v E ot
ws, € wi—1) wsp, € w1
wspSy € wi=2) wspsy, € w(—2)

for all 1 < j # [ < r. As observed above, see 1.2, there are only two ordered
pairs (s,,s,) of reflections, such that w” = ws,s,, and hence by comparing the
coefficients of [X,,~] in the above equation we get

oY (@)Y (w)) + Y (w@1)8" (w;) = a”(w;)y" (@) + BY(w;)8" (=)

forall 1 < j # [ <r. Since the fundamental weights w, . .., w, constitute a Z-basis
of X = X(T) = Hom(T, Gy,) this proves (2), and so K*(X,m) is a complex.

1.5. General base ring. Let k be a commutative ring (with 1). We set then
K*(X,m)k :=k ®z K*(X,m). This is a complex of free k-modules, and we have

K" (X,m) = P kg (7\){) = P n}izxk.

weW (i) wew @ k
We denote the differential of the complex K*(X,m)x by dek m)°

2. ON THE COHOMOLOGY OF K*(X,m)x

2.1. An interpretation of tensor and exterior powers of k®z X = Xi. We continue
with the notations of the last section. In particular k is a commutative ring.

In the following we denote by ®i (respectively /\l) the i-th tensor (respectively
exterior) power over k. The i-th tensor power ®1 Xk is isomorphic to the abelian
group of ¢-multilinear maps from Yj to k:

i
1 Q...0x; — {(yi/avy;/) — Hy]v(%)}
j=1

There is a monomorphism A" Xy — ®" Xj given by
TIN .. Nx; — Z SEN(0)Tr(1) @ To(2) @ .. @ To(yy
oc€eS;

where S; is the symmetric group on {1,...,i} and sgn denotes the signum of the
permutation . This map identifies the i-th exterior power of Xy with the group
of alternating i-forms on Y.

Note that using these isomorphisms we can consider (®l Xk> (e (/\J Xk) as

the abelian group of (i + j)-multilinear maps on Yy which are alternating in the
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last j variables. We need this in particular in the case ¢ = 1. Then the above
J+1 J+1
monomorphism A Xy — @ Xi factors
J+1 j j+1
/\Xk — Xk ®x /\X]k — ®Xk7
where the map on the left hand side is given by
J+1
CIA. AT AT — Z(—l)s_lxséb(ml A ANESA L ANT). (3)

s=1

In other words, this map is the natural injection of the abelian group of (j + 1)-
alternating forms on Y to the abelian group of (j + 1)-multilinear forms on Yy
which are alternating in the last 5 variables.

These identifications will be used without further comment in the following.

2.2. There is an isomorphism

m—1 m—1
fm s Xe®e N\ X = @ A X oy — (@i (@)y,....,a/(@)y).
weWw®)

We get a commutative diagram

m A my m—1 d(X’Iﬁi) m—2
A s A xe— g ANx
weWw ™) weW (2)
x :Tf’" /
m—1
Xe@x A Xk,
where Ky,—1 = d(_)g:';i) < fm and vy, = f1- d(_)g: my 18 the map

m
TIA ATy — Z(—l)j_lxj®(z1/\.../\zj/\.../\zm).
J=1

Obviously v, coincides with (3). In particular it is injective. We have proven:

Lemma. We have

0 m#0
H (K (X)) = { .

forallm e Z.

2.3. We describe now the homomorphism K,,—1 = d(ﬂﬁ) - fm which we defined
by the commutative diagram (4).

As observed above, see 1.2, if ¢ # j then wgs; and wps; are the only elements of
W@ which are bigger than wgs;s; € W), Tt follows that (d "' )idsks, # 0 only

(Xk,m)/ wos;i
if k€ {i,j}. Let

r m—1

m—1
z= (A A ) E@AXIKZ @ /\Xk
i=1

weW (1)
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(recall that w = {wos; |1 <i<r}). Then the wys;s;-component of d()znfnl) (2)
is given by

m—1 -
ey (wh)at A AT AL AT,
k:l
m—1 o
+ Yoy (sjel)el A AT AL AT
k:l

Let now m > 2 and

m—1 m—1
bEXk®k/\in> @ /\X]k

weWw (1)

a m-multilinear form on Yj which is alternating in the last (m — 1) variables, i.e.
b(yys .o yys oy yy,...) =0 for all yy, ys € Yy if m > 3 respectively b is a bilinear

form on Yy if m = 2. Then the wqs;s;-component of K,,—1(b) = d(_);zﬂ)(fm(b)) is
the following (m — 2)-alternating form on Yy:
(Y3 sy yyn) — bla) ey Youd, o yn) + b(a;/,sjaz\-/,yg/,...,y;/l). (5)

Part (ii) of the following theorem is due to Brylinski and Deligne [3, Lem. 4.5].

2.4. Theorem. Let m > 1 and K*(X, m)x be as above.
(i) If m # 2 then H-™TH(K*(X,m)x) = 0.
(i) If m = 2 then H ' (K*(X,2)x) ~ k% where d is the number of irre-
ducible components of the root system II. More precisely the k-module
H ' (K*(X,2)y) is isomorphic to the k-module of W -invariant quadratic
forms on Yy = Homy (X, k).

Proof. We prove (i) first for m = 1. We have to show that Xy ———=— (e @ k is

surjective. This follows from our assumption, see 1.1, that X is the welght lattlce
of II: There are €; € Xy, such that «; (ej) = 0;j (Kronecker delta).
Let now m > 3, and b € X @, A"~ Xk in the kernel of k,,_1 = d(_)gk‘ ml) fm,
ie.
blay,of,...) + b(e),sj0f,...) =0 (6)
for all 1 <i # j <7, see 2.3. We show that b is in the image of 9, = f,,1 - d, " (Xe,m)*
This is by 2.2 equivalent to the assertion that b is an alternating m—multlhnear
form. Note that for m > r +1 > rank Yy any alternating m-multilinear form on Yj

is zero and hence this argument implies that d(_)g‘;i) is injective in this case.

Since @y, ..., a, € Yj are a basis of the free k-module Y]k it is enough to show that
(a) b(ey;af,...) =0 forall 1 <i <7, and (b) b(a),af,...) +b(a),a),...) =0
forall 1 <i#£j<r.

We fix 1 <j<r. By (6)wehave

0= blay,of,0f,...) + b(a),sje o) ,..) = blaf, s, af,...).
for all ¢ # j. Since s; aj = —aj and b is alternating in its last (m — 1) variables
by assumption we have also 0 = b( ;s o Y,..). It follows b(ay,ay,...) =
—b(a),-,a),...) = 0 because sjal,.. ,s;a) is also a k-basis of Yk. We have

verified (a).
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To check (b) we insert s;o;” = o — o/ (;) - @) in equation (6) getting

0=b(e,af,...) +blaf,af,...) — o (a;)b(e), ) ;.. .)
v

=b(a),af,...) + blaf,af,...)

since the last term in the first line is zero by (a). We have shown (b) and so are
done for part (i) of the theorem.

As mentioned above (ii) is proven in [3, Lem. 4.5] for k = Z, and the same
argument works for any commutative ring k. But we can also deduce (ii) for any k
from this case. In fact, by [3, Prop. 4.6] the map

K1t X @7 X — EB 7
weW (2)

is surjective and so splits. Hence H™ ' (K*(X,2);) ~ H ' (K*(X,2)) @z k. O

2.5. Remarks.

(i) Using Demazure’s [8] description of the ring of invariants of the Weyl group
one can give a different proof of Theorem 2.4.

(ii) With this approach it is also possible to compute H'(K*(X,m)y) for all
i,m € Z if k = Q is the field of rational numbers. This gives a simple ex-
planation for our results H™ ! (K*(X,2);) ~ k% and H™™ " (K*(X,m);) = 0
for m s 2: There is no element # 0 of X invariant under the Weyl group W.

3. ROST’S CYCLE MODULES

3.1. Milnor K-theory. Before we recall the definition of Rost’s cycle modules we
remind the reader of some properties of Milnor K-theory defined in [15].
Let for this k& be a field. The Milnor K-theory of k

K0 = K b)
i=1

is the quotient ring of the tensor algebra of k* = k\ {0} over Z by the ideal
generated by all elements a ® (1 —a), a € F*\ {1}. As usual we denote the image
of a tensor a; ®...® a; in KM(k) by {a1,...,a;}.

If E/F is a field extension then there is restriction map KM (F) — KM (E)
and if the extension is finite a corestriction map K (E) — KM (F) satisfying the
usual projection formula.

If v: k* — Z is a discrete valuation on the field k with residue field k(v) then
there is the so called second residue homomorphism 0, : KM (k) — KM | (k(v))
which maps the symbol {z, ua, ..., u;} to v(x) -{dg,...,q;} ifv(uz) = ... = v(u;) =
0, where @ denotes the image of the v-unit u in k(v).

3.2. Rost’s cycle modules. These have been defined by Rost in [18], for which we
refer for details and much more information.

A cycle module over the field k is a covariant functor

Fiels, — A6  E +— M.(E) = PMi(E)
i€z
t: K— L — Ly My (K) — M, (L)
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from the category of finitely generated fields over k to the category of graded abelian
groups, such that
(a) For any finite extension ¢ : K < L in Fields, there is a corestriction
homomorphism
My (L) — M(F).
(b) The graded abelian group M, (K) is a graded K (K )-module for any K €
Sie[hsk.
(c¢) For any valuation v on K € §ields, which is trivial on & C K there is a
(second) residue map

M & ML(K) — M._1(K (1)),
where K (v) denotes the residue field of v.
These data are subject to several axioms, see [18, Sect. 1 and 2]. Most of them

corresponds to well known properties of Milnor K-theory, which is the prototype
of a cycle module.

3.3. We will use the following property of the residue map oM.

Let ¢ : k — K be a field extension with valuation v which is trivial on k, and M,
a cycle module over k. Denote K (v) the residue field of v. We have then a residue
map M : M, (K) — M.,_1(K(v)) and restriction maps ¢, : My (k) — M, (K) and
Ts : M (k) — M., (K), where 7 : k — K (v) denotes the by ¢ induced inclusion.

Let £ € M;(k) and {uy,...,u;} € KM(K) be a symbol. It is a consequence of
the axioms [18, R3c and R3{] that

M ({ur, . yui} - 1a(€)) = Op({un, ..., ui}) - w(),
where 8, : KM(K) — KM | (K (v)) is the second residue homomorphism of Milnor
K-theory.

3.4. The cycle complex. Let X be a scheme of finite type over the field & or a local-
ization of such a scheme. We denote X (9 C X the set of points of codimension 1.
For any cycle module M, over k Rost [18, Sect. 3] defines a complex C*(X, M,,n)
as follows:
D M,_i(k(z)) 0<i<dimX
C'(X,M,,n) := zeX®
0 otherwise,

where k(z) denotes the residue field of z € X. The zy-component, z € X0 gy e
XU+ of the differential d* : C*(X, M,,n) — C*(X,M,,n) is defined to be 0
if y ¢ {z} and if y € {x} as the following sum. Let Z — {z} be the normalization
and y1,...,Ym € Z the points above y. These points define valuations vy, ..., vm
in the function field k(Z) = k(x) of Z. Denote the respective residue maps by oM

and the respective inclusions k(y) — k(y;) by ¢;. Then dj; := i - oM.
The ¢-th cohomology group of M,, over X is then by deﬁnitioZn::1
HY(X,M,) = HY(C*(X,M,,n)).
Remarks.

(i) For M, = K this complex has been defined by Kato [14].
(ii) There is an isomorphism CHP(X) ~ H"(X,KM) for all p > 0 and smooth
k-schemes X.
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3.5. These groups are homotopy invariant. Let p: E — X be an affine fibration.
Then the homomorphism p* : H*(X,M,,) — H*(E,M,,) is an isomorphism for all
i € Z, see [18, Prop. 8.6]. As usual we get from this fact and the long exact coho-
mology sequence the cohomology of a split torus T = G, (k) = Spec k[t1, ..., tF]:

é( Ph {tsl,...,tsj}Mnj(k)) i=0

HZ(T,Mn) ~ 7=0 \1<s1<...<s;<r

(7)
0 i#0.
We recall briefly the argument. Let A = k[t5, ..., 5 ;] and consider the localization

»Yr—1

sequence for the open set X = Spec A[t}] C Spec A[t,]:

0 — H(Y[t,], M,,) — H(X, M,,) —— H(Y, M,,_;) —>

Hl(y[tT]u Mn) — }I1 (X, Mn) —_— }I1 (Y, Mn—l) [

where Y = Spec A. The homomorphism § splits by « — {¢,.} - 2, and by homotopy
invariance we have H*(Y[t,], M,,_1) ~ H'(Y,M,,_;). This implies the claimed fact
by induction.

4. THE CYCLIC COMPLEX OF A CYCLE MODULE OVER A SEMISIMPLE ALGEBRAIC
GROUP

4.1. Notations. Let k be a field and G a k-split simply connected semisimple alge-
braic group. Let T be a maximal k-split torus of rank r and B O T a Borel subgroup.
We denote W = N¢(T)/T the Weyl group, and II = II(B,T) C Hom(T,G,,) the
associated root system with simple roots A = {a1,...,a,}. Denote sq,...,s, the
corresponding simple reflections.

Recall the Bruhat decomposition: G = |J BwB, where w € N¢g(T) denotes

weW
a representative of w € W. We have BwB N Bw'B = ) if w # w’. This disjoint

decomposition of G defines a partial order, the so called (strong) Bruhat order, on
W, see [4]: w < w’ if and only if BwB C Bw'B.

We remark that this definition of an partial ordering on W coincides with the
algebraic defined ordering in [10], which we have recalled in 1.2. As there we denote
wo € W the unique longest word (with respect to the simple reflections s1, ..., s,)
and let N = £(wp) be its length. We set also W) := {w € W|l(w) =N —i}.

4.2. A filtration on C*(G,M,,n). Let M, be a cycle module. Following [3] we

define a filtration on the cycle complex C*(G, M,,n). Let fPW := J W® and
i>p

FPC/ (G Mon) = ( D Mn_j(k(ac))) .
wefPW  zeBwBNGY)
This is a decreasing filtration whose associated graded complex is equal

gr’ G = FPCy /FPTICe ~ @ C*(BwB,M,,n —p)[-p].
weW (P)



THE FIRST SUSLIN HOMOLOGY GROUP 11

In particular we have grP C; =0 for 7 < p and

HP(g1? C;) ~ €D HO(C;(BWB,M.,n —p)).
weW (P)

4.3. Recall now the following facts about the cell BwB. Denote IIT and I~ the
positive and negative roots, respectively, U, the radicial subgroup of a € II, and
U, the subgroup generated by all U, with o € IT NwIl~ (w € W).

The product in G induces an isomorphism Uy, x @T x U — BwB, where U is
the unipotent radical of B. We get a morphism

- —1
ps : BoB — oT 24— T,
where the map on the left hand side is the inverse of the above isomorphism com-
posed with the projection to @wT. This is an affine fibration, and therefore by
homotopy invariance we have H*'(BwB,M,,) ~ H*(T,M,,) for all i € N.
We denote in the following by z; the pull-back of z € X along py.

4.4. Tt follows by (7) that H?*9(grP? Ct) = 0 for ¢ # 0 and therefore the spectral
sequence EP? = HP*9(grP C:) degenerates at the Ej-term. Hence the embeddings
gr? C? — CP induce a quasi-isomorphism of the subcomplex

@ H°(BwB,M,)_d @ HBwB,M,_,)_d" _

e
weW (0) weW 1)

(8)
@ H'BwB,M, o) _4_ @& HY(B&B,M, 3)____ .

E———
weW (2) weW (3)

with C*(G, My, n), where dP is the restriction of the p-th differential of the com-
plex C*(G, My, n).
4.5. We define now a decreasing filtration on the complex (8) as follows. We set
FPH(BWwB,M,,) = 0 for p > 1, and for p > 0 let F~? H*(BwB, M,,) be the image
of the homomorphism
P

D (X @z Mpi(k)) — H(BEB,M,,),

i=0
which is given by (21 ® ... ® z;) ® £ — {Z1,..., 25} - £ This defines a decreas-
ing filtration on the complex (8), and by (7) we know that F~" H*(BwB,M,,) =
H°(BwB,M,,), where r is the rank of T.

The associated spectral sequence E7*Y(G, M,,n) converges to the cohomology of

the complex (8) and so also to the cohomology of the cycle complex C*(G, M,, n).

4.6. The Ey-terms of the spectral sequence EV?(G,M,,n). Let w € W®) and
w € WeHD | If w' ¢ w then Bw'B is not in the closure of BwB and so the
ww'-component (dP)Y, of

dv - EB H(B&B,M,,_,) — @ HO(B&B,M,,_(y+1))
weW (») weW (p+1)

is zero. Otherwise, i.e. if w’ < w, we have by 3.3

(@) {zra, - asal-§) = Op({zra, - wsa}) - € 9)
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for £ € My,—p—s(k), where
“, . KM(k(BwB)) — KM | (k(Buw'B))

denotes the second residue map on Milnor K-theory induced by the smooth divisor
Bw'B C BwB. Hence we have

(d)w,(F~/ H(B®B,M,_p)) € F It HO(BwB, My, _p_1)
for all j € Z, and therefore

P (/(’X))@mn_q(k) P<0,p+q>0

EP9(G, M, n) ~ <wew<p+w (10)

0 otherwise.

4.7. The differential of the spectral sequence E7(G,M,,n). To describe the dif-
ferentials of this spectral sequence it is by (9) above enough to consider the dif-
ferential 9%, : KM (k(BwB)) — KM | (k(Bw'B)) for w € W® and w' € WF+D
with w’ < w. Then we have, see [10], w’ = w; - we and w = w - 8;, - wa for some
wy,we € W with £(w) +(we) = ¢(w') = £(w) — 1 and some ig € {1,...,r}, Le. s,
is a simple reflection. Equivalently, we have w’ = w - s, where s, = w;l " 84y - W2,
ie.a= w2_1 (ay). We denote in this case by v, the valuation of k(BwB) induced
by the smooth divisor Bw'B C BwB.

It follows from results of Demazure [9], see [3, Lem. 4.2], that the valuation
vY, of xp, © € X = Hom(T,Gyy,), is given as follows: v¥ (zg5) = aV(z). where
aV €Y = Hom(Gy, T) denotes the dual (coroot) of a. If @¥(xz) = 0 then the
restriction of . to Bw'B is equal to ¢ - x4 for some ¢ € k™ =k \ {0}.

Using these facts we compute the differential d}"? of EP"? = EYY(G,M,,n). For
ease of notation (analogous to 4.5) we denote by F~PKM (k(BwB)) the image of the

p ,
multiplication map € ( (®1X> Rz Kﬁ‘[_l(k)) — KM (k(BwB)), which sends
i=0

(as above) (11 ® ... @ z;) @€ to {1y, Tin} - & and set FIKM(k(BwB)) = 0
for ¢ > 0. With this notation we have the following

Lemma. Let w > w' € W be as above, i.e. in particular w' = w - sq, x1,...,2p €

X =Hom(T,Gn), and £ € K} (k). Then we have 8% ({z1 ..., Tpa}-E)

p
= > (D)"Y (@) {zrar, o Ty o Tpar §-§ mod FPTK (k(Bi'B)).
=1

Proof. We prove the lemma by induction on p > 1. This is obvious for p = 1.

Let p > 2. If x4 is a unit at Bw'B then we have 8% (a - {p. 4}) = 0% (a) -
{z, .} mod Fret2g (k(Bw'B)) for all a € K} | (k(BwB)), and so the lemma
follows by induction in this case.

We choose now z € X, such that v% (z) = 1, i.e. zz is a local uniformizer at the
divisor Bw’ B. This is possible since we assume G to be simply connected and so X
coincides with the weight lattice. Then we have x, = z'rr, and xp_1 = z%%='r,_;
for rp—1,7rp € X with v, (rp—1%) = vl (rpw) = 0 and appropriate ip_1, i, € Z.
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We have { z1w,...,Tpa} =

{‘rlﬁlv s 7$p71ﬂ); T;D’LD} + {zlmv s 7’rp71’LD; Zg} + {xlﬂla ce azgilazg
Since {z, 2z} = {zw, —1} the last summand is mapped by 0%, to zero modulo the
subgroup F~P+2K), (k(Bw'B)).

Hence by induction we compute 0% ({1 @, .., ZTpw})
p—1
=Y (D)"Y (@) @ Ty Ty 1 T |
I=1
R -1,V = @
— ; 1(—1) 6 (:171){5611;,, ceey "Elu;” e ’Ip72u;’7 Zjﬂrpfld’}
—(=1)P2aY (@p) {0, - - 7%72“5'7%7175/}
p—l —
=S )Y @) Ty}
I=1
p—1 i
+ DY @@ T Ty 25
=1
p—1 o i
— S (=D (@) @y Ty YTy 1 2L
=1
p=2 -1 v — [
_ 171(_1) oV (@) @ Ty T 2 Ty 1}
— (—l)p*QQV(‘IP){Il’u‘)/, e 5Ip—2u;"’rp—1u;'}
p—1 -
=Y (D)"Y (@) @y T Ipfl'u;”xpu;’}
=1
p=2 _— —i i
+ S (=D (@) g Ty P TE P
=1
— (—I)P*QQV (xpfl){zlu?'v s Ty o Z:f,}
_ (—l)p*QOZV(CCp){IM;,, ... ,Ip72u;,,7”p71u;,}

modulo F*p“Kg{l(k(BuN)’B)). By the same reasons as above the summand

p—2
Z(—l)lilav(a:l){zlu;,, s Ty a:p_Qd,,zE”fl,zZ’,
=1
is zero modulo F‘p*‘QKI])\{l(k(BuN)’B)) and we are done. O

4.8. It follows from this lemma that the following diagram commutes:

—(p+1)

( ® Kx> ®Zan(k)—d>< & A X) 92 My_ (k)

weW (p+a) weW (p+1+4q)

l/ d;qu l

EPY(G, My, n) EPTL(G, M, n)
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for all p < 0, where d = d(—)gp;)-q) ® idyg,_, (k) and the columns are the isomor-

phisms of (10) in 4.6. Hence the g-th line of the spectral sequence E;)Q(G, M., n) is
isomorphic to K*(X, q) ®z M,,_q(k), where K*(X, q) is the complex defined in 1.3.

Therefore by the lemma in 2.2 and Theorem 2.4 we have E; ”P* (G, M., n) = 0
except if p = 1, and E5 PP(G,M,,n) = 0 except if p = 0 (p € N). Since we have
also E5 P9(G,M,,n) =0 for p € N and ¢ < p, see (10), it follows

E;PPTHG M., n) = EZPPYY(G, M, n)
and also
E;PP(G, My, n) = EZPP(G, My, n)
for all p € N. Again by the lemma in 2.2 and Theorem 2.4 we have EQO’O(G, M., n) ~

M, (k), and Ey "?(G,M.,n) ~ M, _o(k)?, where d is the number of connected
components of the Dynkin diagram of G.

We have established the following result.

4.9. Theorem. Let G be a simply connected k-split semisimple algebraic group
and M, a cycle module over k. Then:
(i) H(G,M,,) ~ M, (k).
(i) HY(G,M,,) ~ HY(G,K}) @z M,,_s(k) ~ Z% @z M,,_o(k), where d is the
number of irreducible components of the roots system II of G.

4.10. Remark. For M,, = K3/ this has been proven in [3, Prop. 4.6], and with a
different method in [11].

5. THE FIRST SUSLIN HOMOLOGY GROUP OF A SIMPLY CONNECTED SEMISIMPLE
SPLIT ALGEBRAIC GROUP

5.1. The aim of this section is to prove Theorem A of the introduction. Let k£ be
a field.

We assume in the whole section that our base field k is perfect.

We denote Smy, the category of smooth k-schemes, and Pshy, the category of abelian
presheaves on Smy.

The sheaves appearing in this section are sheaves with respect to the Nisnevich
topology. If not otherwise said by a (pre)sheaf we mean an abelian (pre)sheatf,
ie. a (pre)sheaf of abelian groups. We denote the category of (abelian) Nisnevich
sheaves by N'Shy. Recall that the forgetful functor A'Sh;, — Pshy has a left
adjoint F +— Fuis.

5.2. Presheaves with transfers. These (pre)sheaves on Smy, have been introduced
by Voevodsky, see [21]. We start by recalling the definition of the category Cory, of
finite correspondences.

Let X,Y € Smy. Then an elementary correspondence from X to Y is an irre-
ducible closed subscheme of X X Y which is finite and surjective above an irre-
ducible component of X. The group ¢(X,Y) is the free abelian group generated
by all elementary correspondences from X to Y. Its elements are called finite
correspondences.
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The category of finite correspondences Cory has smooth k-schemes as objects
and ¢(X,Y) as group of morphisms X — Y. It is an additive category, and there
is an obvious functor Smy — Cory which is the identity on objects and sends any
morphism to its graph.

A presheaf with transfers is a presheaf on Cory. We call a presheaf with trans-
fers F a (Nisnevich) sheaf with transfers if F is also a Nisnevich sheaf on Smj. We
denote Pshy" the category of presheaves with transfers and A'Sh}" the category of
sheaves with transfers (over Smy). Note that if F is a presheaf with transfers then
Fuis is a Nisnevich sheaf with transfers, see [21, Chap. 5, Lem. 3.1.6].

The category N'Sh" possesses a commutative tensor product @VS'" and an
inner Hom-functor Hom g~ (—, —), such that

Hompsner (F,G) (k) = Hompygper (F,G)
for all F,G € N'Sh", see Déglise [5, Prop. 2.2.18].

Examples.
(i) The presheaf
Z(X) : Y — (Y, X)
is obviously a presheaf with transfer. It is a sheaf in the étale, and so also
in the Nisnevich, topology, see e.g. [21, Chap. 5, Lem. 3.1.2]. Note that
Zyy(Spec k) is the constant sheaf, i.e. the Nisnevich sheaf associated to the

presheaf U +— Z. We denote it Zt,.
(ii) Let M, be a cycle module over k. Then

M, : Y — H%(Y,M,)

is a sheaf with transfers, see [5, Sect. 4.3] or [7]. This sheaf is also homotopy
invariant, a notion which we recall now.

5.3. Homotopy invariant (pre)sheaves. A (pre)sheaf F is called homotopy invariant
if for any X € Smy, the projection X xj A} — X induces an isomorphism

F(X) = F(X xp A}).

We denote the category of homotopy invariant Nisnevich sheaves (respectively

presheaves) with transfers on Smy, by A’'Shf™" (respectively by Pshy' ™). The inclu-

sion functor N'ShY" < ASh™" has a left adjoint F — FH | see [5, Prop. 3.1.7].
By a result of Voevodsky [21, Chap. 3, Thm. 5.6] any F € NSh{’'" is strictly

homotopy invariant:
%\Tis(Xv ]:) i Hf\hs(X Xk Alle:)

for all 7 > 0.
The comparison of the Zariski and Nisnevich cohomology of such sheaves is given
by another theorem of Voevodsky [21, Chap. 5, Thm. 3.1.12].

Theorem. Let F € NShi/"". Then we have
%\Tis(ij:) = HiZar(ij:)

for alli >0 and all X € Smy,.
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There is also a tensor product @*" in A’'Shi’"" which is defined by
_7_-®Htr g = (]: ®tr g)H7

see [5, Prop. 3.1.9].

We will need the following
5.4. Lemma. Let f : F — G be a morphism in Psth". Then the induced
morphism

INis ¢+ Fnis — ONis

is an isomorphism if and only if fg : F(E) — G(E) is an isomorphism for all
separable finite type field extensions E/k.
Proof. See e.g. [5, Lem. 3.3.5]. O

5.5. For any F € Pshy, there are presheaves F,,, n € Z, which are defined as follows.

Let F € Pshy. In analogy to negative K-theory the presheaves F_,,, n > 0, are
defined inductively by setting:

F_1: X — Coker (F(X x Ap) — F(X xk (Gm)i) ),
and for n > 2:
.7:7" = (.7:_(”_1)),1 .

We have F_, € NShi!" if F € NSh'", and F_,, ~ Hom sy (K}, F) for all
F € NShi''" | see [5, Sect. 3.4]. Tt follows

Fon(k) =~ Homprgner (KN, F) (k)

(11)
~ Homrgper (KM F) = Hom yrgpsrer (KM F)

for all homotopy invariant sheaves with transfers F.

For n > 0 we set

Fo = KM VW F

for all F € N'Shi'™".
Remark. Note that the unramified Milnor sheaf K* does not appear in [5, Sect.
3.4] but a sheaf S € N'Sh™" which is defined as follows: S} = Zy(Gp, \ {117
and S = (8})®". Tt follows from a theorem of Suslin and Voevodsky [20, Thm.
3.4] that S ~ KM see [5, Prop. 6.3.20].

5.6. Cycle modules and NSth”. The main result of Déglise’s thesis, see [5, Thm.
6.3.12] and [6], is the following: The functor

F. @ Fiels, — &b B — F.(E) = PF.(B),
neZ
where F,,(E) := Fn(E) for all E € Jielos;, and n € Z, is a cycle module in the
sense of Rost [18], and the functor F —— F, is an equivalence between the category
N Sth " and a localization of the category of cycle modules over k. The inverse of
this equivalence is given by M, —— M,.
Moreover, see Déglise [5, Thm. 6.2.3], we have
%\Tis(Xaj:) = Hi(ij_:O)

for all i > 0 and all F € NSh{’*", where the cohomology on the right hand side is
the cohomology of cycle modules as defined in 3.4.
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Hence we get from Theorem 4.9:

5.7. Theorem. Let G be a k-split simply connected semisimple algebraic group.
Then we have

Hll\Tis(GaF) = f*Q(k)d
for all F € ./\/Sthtr, where d is the number of irreducible components of the root

system of G.

5.8. The category DM/ (k). We denote by D_(NShi") the derived category of
bounded above complexes of Nisnevich sheaves with transfers. Voevodsky’s [21,
Chap. 5, Sect. 3.1] category of effective motivic complexes is by definition the full
subcategory DM¢// (k) € D_(N'ShY") consisting of complexes whose cohomology
sheaves are homotopy invariant.

There is a t-structure on the triangulated category DM (k) which is the re-

striction of the natural t-structure on D_(AN'Sh}’). The heart of this t-structure

is equivalent to the abelian category N'Shf'*" via the natural functor A'Shi ™"

DM/ (k), see [21, Chap. 5, Sect. 3.1].

5.9. The embedding DM/ (k) — D_(NShY) has a left adjoint. We recall its
definition. Let for this

AT = AL = Speck[mo,...,xi]/(l - Z:Ej),
=0

be the standard ¢-simplex with coface maps
5l : Ai_l — Ai (ao, ce ,ai_l) [— (ao, ce ,al_l,O,al, ce ,ai_l) .

Given a presheaf F we have then a complex of presheaves C'*(F) which is defined
as follows: We set C*(F) = 0 for ¢ > 0, and define C™*(F), i > 0, as the sheaf

U +— F(U xj AY).
The differential d~*(F) : C~(F) — C~“"'(F) is the alternating sum

d7(F) = Y ()N

=0

Following [21, Chap. 5, Sect. 3] we denote the cohomology presheaf of the com-
plex C*(F) in degree —i by h;(F). If F is a presheaf with transfers then b} (F) :=
h;(F)nis is a homotopy invariant Nisnevich sheaf, see [21, Chap. 5, Lem. 3.2.1].

We get a functor
NShiT — DM (k) , F — C*(F).
By [21, Chap. 5, Prop. 3.2.3] this extends to a functor
RC : D_(NShi") — DM/ (k)

which is left adjoint to the embedding DM/ (k) < D_ (N'ShY").
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5.10. Suslin complex and Suslin (singular) homology. Let X € Smy. Applying the
functor C* to the sheaf Zi, (X) defined in 5.2 we get a complex of Nisnevich sheaves
C*(X) = C*(Z(X)):

d-1 d-2 4-3

CX): CH)=—C'X)=—C7(X)=—C(X) =— -
This complex is called the Suslin complex of X, and we denote h; (X) = h;(Zs (X))
its cohomology presheaf in degree —i, and set as usual A (X) := h;(X)nis.
We are in position to define Suslin (singular) homology.
Definition. Let X € Smj and ¢ > 0. The abelian group
HE(X) = B,(X)(F)

is called the i-th Suslin (singular) homology group of X.

For later use we note the following. Let X € Smy. Then RC(Z, (X)) = C*(X),
see [21, Chap. 5, Thm. 3.2.6], and therefore we have a natural isomorphism

HomDMiff(k)(Q.(X)a}—.) = Home(NShtkT)(Ztr(X%]:.) (12)

for all 7* € DM/ (k).

5.11. Homological n-connected smooth schemes. We define now homological n-
connected smooth schemes. Roughly speaking a smooth scheme X is homological
n-connected if its Suslin complex is trivial in degrees > —n. It turns out, see
the example below, that a split simply connected semisimple algebraic group is
0-connected.

Definition. Let X € Smy and n € N. We say X is homological 0-connected if
Qgis (X) ~ Zty, = Z,(Spec k). More generally we call X homological n-connected if
(i) X is homological O-connected, and
(i) BS(X) =0 forall 1 <i<n.

5.12. Example. Let G be a k-split simply connected semisimple algebraic group.
Then G is homological 0-connected. Denote e € G(k) the neutral element of G.
This k-rational point induces a morphism « : Zi, = Zt,(Speck) — C*(G) which
in turn induces a split homomorphism a, : Z¢; — QONiS(G). We claim that o is
surjective and so an isomorphism. This follows from the Kneser—Tits conjecture
which is true for such groups, see [12].

Recall the assertion of this conjecture. Denote G (k) the subgroup of G(k)
generated by all subgroups isomorphic to the additive group G,(k). Since (by
assumption) the group G is k-split simply connected semisimple we have G (k) =
G(k), see [12, Cor. 5.10].

This implies that given g € G(k) then there exists a chain of elements g =
Jss Js—1,-- -+ 91, go = € in G(k), and morphisms u; : A}C — (G, 1 <1i < s, such that
u;(0) = g;—1 and u;(1) = g;.

Let now E/k be a finite field extension and g € G(E). Since E/k is finite the
E-rational point g defines an element [g] € C°(G)(k). Moreover any element of
C°(G)(k) is a sum of such elements for various finite extension fields E.

The Kneser—Tits conjecture is true for Gg := Gx F, too, and therefore there are
morphisms u; : AL ~ AL, — Gg, 1 <i < s, such that upd® = e, u;0° = u;_14',
and u,6' = g. From this it follows [g] = [¢] mod Imdj, by the following remark.
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Let E/k be as above and u : AL, — Gg be a morphism with E/k finite. Set
go = ud® and g; = ud'. Then [go] = [g1] mod Imd,. In fact, the push-forward along
A x;, G xp E — A x;, G of the graph of u is an elementary cycle ¢ € C*(G)(k)
with dj(€) = [go] — [91]. It follows that v is surjective and so an isomorphism
Z = hy"™(G)(k) = H(G).

By the same argument o, ¢ : Z ~ hY(G)(F) is a bijection for all F € Fields),
and therefore a, is isomorphism Z, ~ by *(G) by Lemma 5.4.

5.13. Theorem. Letn > 1 and X € Smy, be homological (n — 1)-connected. Then
there is a natural (in F) isomorphism

Hom ygypier (hy*(X), F) = Hyy(X, F)
for all F € N'Shi'".
Proof. By a theorem of Veovodsky [21, Chap. 5, Prop. 3.1.9], there is a natural
isomorphism
Homp_ (nshir) (Zex(X), Fln]) ~ Hy (X, F)
for all n € N, where we consider Z,(X) as a complex concentrated in degree 0, and
F[n] denotes the n-th translate of F, i.e. the complex F[n] is 0 except in degree n,

where it is equal to F.
Hence by (12) we have a natural isomorphism

Homypyers 5y (C7(X), Fn]) ~ Hyyo (X, F).

In particular we have HomDMﬁff(k)(QONis(X),}'[n]) ~ 0 by our assumptions that

n > 1 and h)"®(X) ~ Zy(Speck). We get from this the theorem by means of
elementary homological algebra. O

5.14. Corollary. Let G be a k-split simply connected semisimple algebraic group.
Let d be the number of connected components of the root system of G. Then we
have

B(G) = (K",
and so in particular H3 (G) ~ KM (k)<

Proof. By Example 5.12 the k-variety G is homological 0-connected, and so we have
by the theorem above a natural isomorphism

HomNSth”(bll\Iis(G)7f) = Hll\TiS(Gv ‘7:)
On the other hand by Theorem 5.7 we know that Hy; (G, F) =~ F_o(k)?, and
by (11) that HOmNSthtr((Kéw>d7f) ~ F_5(k)?. Hence we have by the Yoneda

lemma an isomorphism hYS(G) ~ (K})?. We are done O

5.15. Remark. If we consider a strictly homotopy invariant Nisnevich sheaf F
without transfers then we still have Hy, (X, F) ~ Hy (X, F) for all X € Smy, by
a theorem of Morel [16], but the group Hy, (G, F) depends on the type of the split
simply connected group G. For instance, if F = W is the Witt sheaf, i.e. the sheaf
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associated to the presheaf U — W (U), where W (U) denotes the Witt group of the
scheme U, and G is a split simply connected simple group then we have, see [13],
W (k) if G is of type Ay, B, and C, (r > 2)

Har (G, W) =

0 otherwise.

In particular this implies that contrary to the first Suslin (singular) homology group
the first A'-homotopy group of G as defined by Morel and Voevodsky [17] depends
on the type of G.
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