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Abstract

The fractional Galois ideal of [Victor P. Snaith, Stark's conjecture and
new Stickelberger phenomena, Canad. J. Math. 58 (2) (2006) 419{448]
is a conjectural improvement on the higher Stickelberger ideals de�ned at
negative integers, and is expected to provide non-trivial annihilators for
higher K -groups of rings of integers of number �elds. In this article, we
extend the de�nition of the fractional Galois ideal to arbitrary (possibly
in�nite and non-abelian) Galois extensions of number �elds under the
assumption of Stark's conjectures, and prove naturalit y properties under
canonical changes of extension. We discuss applications of this to the
construction of ideals in non-commutativ e Iwasawa algebras.

1 In tro duction

Let E=F be a Galois extensionof number �elds with Galois group G. In seeking
annihilators in Z[G] of the K -groups K 2n (OE ;S ) (S a �nite set of placesof E
containing the in�nite ones), Stickelberger elements have long been a source
of interest. This began with the classicalStickelberger theorem, showing that
for abelian extensionsE=Q, annihilators of Tors(K 0(OE ;S )) can be constructed
from Stickelberger elements. Coates and Sinnott later conjectured in [12] that
the analogousphenomenonwould occur for higher K -groups. However, de�ned
in terms of values of L -functions at negative integers, these elements do not
provide all the annihilators, becauseof the prevalent vanishing of the L -function
values.

This di�cult y is hoped to be overcomeby considering the \fractional Ga-
lois ideal" intro duced by the secondauthor in [33, 34] and de�ned in terms
of leading coe�cients of L -functions at negative integers under the assump-
tion of the higher Stark conjectures. A version more suitable for the case
of Tors(K 0(OE ;S )) = Cl(OE ;S ) was de�ned in [5] by the �rst author. Ev-
idence that the fractional Galois ideal annihilates the appropriate K -groups
(resp. class-groups)can be found in [34] (resp. [5]). In the �rst case,it is �etale
cohomology that is annihilated, but this is expected to give K -theory by the
Lichtenbaum{Quillen conjecture (see[34, Section 1] for details).

With a view to relating the fractional Galois ideal to characteristic ideals in
Iwasawa theory, we would like to describe how it behaves in towers of number
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�elds. That it exhibits naturalit y in certain changesof extension was observed
in particular casesin [5], and part of the aim of this paper is to explain these
phenomenagenerally. Passageto subextensionscorresponding to quotients of
Galois groupswill be of particular interest in the situation of non-abelian exten-
sions, becauseof the relatively recent emergenceof non-commutativ e Iwasawa
theory in, for example, [11, 15]. Consequently , the aims of this paper are

(i) to prove formal properties of the fractional Galois ideal with re-
spect to changesof extension, in the commutativ e setting �rst
(x3.3 to x3.6)

(ii) to extend the de�nition of the fractional Galois ideal to non-
abelian Galois extensions(x5), having previously de�ned it only
for abelian extensions

(iii) to show that it behaveswell under passingto subextensionsin the
non-commutativ e setting also (Proposition 5.3)

(iv) to show that in order for the non-commutativ e fractional Galois
ideals to annihilate the appropriate �etale cohomologygroups, it is
su�cien t that the commutativ e onesdo (x7).

We will also provide an explicit example(in the commutativ e case)in x6.2.1
illustrating how a limit of fractional Galois ideals givesthe Fitting ideal for an
inverselimit Cl1 of `-parts of class-groups.This should make clear the impor-
tance of taking leading coe�cien ts of L -functions rather than just values,since
it will be the part of the fractional Galois ideal corresponding to L -functions
with �rst-order vanishing at 0 which provides the Fitting ideal for the plus-part
of Cl1 .

In x8, we will conclude with a discussionof how the constructions of this
paper �t into non-commutativ e Iwasawa theory. In particular, under someas-
sumptions which, compared with the many conjectures permeating this area,
are relatively weak, we will be able to give a partial answer to a question of
Ardakov{Bro wn in [1] on constructing ideals in Iwasawa algebras.

2 Notation and the Stark conjectures

In what follows, by a Galois representation of a number �eld F we shall mean
a continuous, �nite-dimensional complex representation of the absolute Galois
group of F , which amounts to saying that the representation factors through
the Galois group Gal(E=F) of a �nite Galois extension E=F. We begin with
the Stark conjecture (at s = 0) and its generalizations to s = � 1; � 2; � 3; : : :
which were intro duced in [16] and [34] independently .

Let �( E ) denote the set of embeddingsof E into the complex numbers. For
r = 0; � 1; � 2; � 3; : : : set

Yr (E ) =
Y

�( E )

(2� i ) � r Z = Map(�( E ); (2� i ) � r Z)

endowed with the G(C=R)-action diagonally on �( E ) and on (2� i ) � r . If c0

denotescomplex conjugation, the action of c0 and G commute so that the �xed
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points of Yr (E ) under c0, denoted by Yr (E )+ , form a G-module. It is easy to
seethat the rank of Yr (E )+ is given by

rkZ(Yr (E )+ ) =
�

r2 if r is odd;
r1 + r2 if r � 0 is even:

where j�( E )j = r 1 + 2r2 and r1 is the number of real embeddingsof E .

2.1 Stark regulators

We begin with a slight modi�cation of the original Stark regulator [36]. Now let
G denotethe Galois group of an extensionof number �elds E=F. We extend the
Dirichlet regulator homomorphism to the Laurent polynomials with coe�cien ts
in OE to give an R[G]-module isomorphism of the form

R0
E : K 1(OE ht � 1 i ) 
 R = OE ht � 1i � 
 R

�=! Y0(E )+ 
 R �= Rr 1 + r 2

by the formulae, for u 2 O�
E ,

R0
E (u) =

X

� 2 �( E )

log(j� (u)j) � �

and
R0

E (t) =
X

� 2 �( E )

� :

The existenceof this isomorphism implies (see[30, Section 12.1] and [36, p.26])
that there exists at least one Q[G]-module isomorphism of the form

f 0
E : OE ht � 1 i � 
 Q

�=! Y0(E )+ 
 Q:

For any choice of f 0
E Stark forms the composition

R0
E � (f 0

E )� 1 : Y0(E )+ 
 C
�=! Y0(E )+ 
 C

which is an isomorphism of complex representations of G. Let V be a �nite-
dimensional complex representation of G whose contragredient is denoted by
V _ . The Stark regulator is de�ned to be the exponential homomorphism V 7!
R(V; f 0

E ), from representations to non-zerocomplex numbers, given by

R(V; f 0
E ) = det((R0

E � (f 0
E )� 1)� 2 Aut C (HomG (V _ ; Y0(E )+ 
 C)))

where (R0
E � (f 0

E )� 1)� is composition with R0
E � (f 0

E )� 1.
For r = � 1; � 2; � 3; : : : there is an isomorphism of the form [26]

K 1� 2r (OE ht � 1 i ) 
 Q �= K 1� 2r (OE ) 
 Q

becauseK � 2r (OE ) is �nite. Therefore the Borel regulator homomorphism de-
�nes an R[G]-module isomorphism of the form

Rr
E : K 1� 2r (OE ht � 1i ) 
 R = K 1� 2r (OE ) 
 R

�=! Yr (E )+ 
 R:
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Choosea Q[G]-module isomorphism of the form

f r
E : K 1� 2r (OE ht � 1i ) 
 Q

�=! Yr (E )+ 
 Q

and form the analogousStark regulator, (V 7! R(V; f r
E )), from representations

to non-zerocomplex numbers given by

R(V; f r
E ) = det((Rr

E � (f r
E )� 1)� 2 Aut C (HomG (V _ ; Yr (E )+ 
 C))) :

2.2 Stark's conjectures

Let R(G) denote the complex representation ring of the �nite group G; that is,
R(G) = K 0(C[G]). SinceV determinesa Galois representation of F , we have a
non-zerocomplexnumber L �

F (r; V ) given by the leading coe�cien t of the Taylor
seriesat s = r of the Artin L -function associated to V ([23], [36, p.23]).

We may modify R(V; f r
E ) to give another exponential homomorphism

R f r
E

2 Hom(R(G); C� )

de�ned by

R f r
E

(V ) =
R(V; f r

E )
L �

F (r; V )
:

Let Q denote the algebraic closure of the rationals in the complex numbers
and let 
 Q denote the absolute Galois group of the rationals, which acts con-

tinuously on R(G) and Q
�

. The Stark conjecture asserts that for each r =
0; � 1; � 2; � 3; : : :

R f r
E

2 Hom
 Q (R(G); Q
�

) � Hom(R(G); C� ):

In other words, R f r
E

(V ) is an algebraic number for each V and for all z 2 
 Q

we have z(R f r
E

(V )) = R f r
E

(z(V )). Sinceany two choicesof f r
E di�er by multi-

plication by a Q[G]-automorphism, the truth of the conjecture is independent
of the choice of f r

E ([36] pp.28-30).
When s = 0 the conjecture which we have just formulated apparently dif-

fers from the classicalStark conjecture of [36], therefore we shall pauseto show
that the two conjecturesare equivalent. For the classicalStark conjecture one
replacesY0(E )+ by X 0(E )+ whereX 0(E ) is the kernel of the augmentation ho-
momorphismY0(E ) ! Z, which addstogether all the coordinates. The Dirichlet
regulator givesan R[G]-module isomorphism

~R0
E : O�

E 
 R
�=! X 0(E )+ 
 R

and choosing a Q[G]-module isomorphism

~f 0
E : O�

E 
 Q
�=! X 0(E )+ 
 Q

we may form
~R0

E � ( ~f 0
E )� 1 : X 0(E )+ 
 C

�=! X 0(E )+ 
 C:
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Taking its Stark determinant we obtain ~R(V; ~f 0
E ) and �nally

~R ~f 0
E

(V ) =
~R(V; ~f 0

E )
L �

F (0; V )
:

Prop osition 2.1 In x2.2

R f 0
E

2 Hom
 Q (R(G); Q
�

) � Hom(R(G); C� )

if and only if

~R ~f 0
E

2 Hom
 Q (R(G); Q
�

) � Hom(R(G); C� )

independently of the choice of f 0
E or ~f 0

E .

Proof. Given any Q[G]-isomorphism ~f 0
E we may �ll in the following commu-

tativ e diagram by Q[G]-isomorphismsf 0
E and f

0
E . Conversely, given any Q[G]-

isomorphismsf 0
E and f

0
E we may �ll in the diagram with a Q[G]-isomorphism

~f 0
E .

O�
E 
 Z Q //

~f 0
E

��

OE [t � 1]� 
 Z Q //

f 0
E

��

Q

�f 0
E

��
X 0(E )+ 
 Z Q //Y0(E )+ 
 Z Q //Q

Similarly there is a commutativ e diagram in which the vertical arrows are
reversed,Q is replacedby R and ~f E , f E and f E by ~R0

E , R0
E and R

0
E , respectively.

Furthermore R
0
E is multiplication by a rational number. The result now follows

from the multiplicativit y of the determinant in short exact sequences.

We shall be particularly interested in the casewhen G is abelian, in which
casethe following observation is important. Let bG = Hom(G; Q

�
) denote the

set of characters on G and let Q(� ) denote the �eld generatedby the character
values of a representation � . We may identify Hom
 Q (R(G); Q)with the ring
Map
 Q

( bG; Q).

Prop osition 2.2 Let G be a �nite abelian group. Then there exists an isomor-
phism of rings

� G : Map
 Q
( bG; Q) = Hom
 Q (R(G); Q)

�=! Q[G]

given by
� G (h) =

X

� 2 bG

h(� )e�

where
e� = jGj � 1

X

g2 G

� (g)g� 1 2 Q(� )[G]:
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In particular there is an isomorphism of unit groups

� G : Hom
 Q (R(G); Q
�

)
�=! Q[G]� :

Proof. There is a well-known isomorphism of rings ([22] p.648)

 : Q[G] !
Y

� 2 bG

Q = Map( bG; Q)

given by  (
P

g2 G � gg)( � ) =
P

g2 G � g � (g). If 
 Q acts on Q and bG in the
canonical manner, then  is Galois equivariant and inducesan isomorphism of

 Q-�xed points of the form

Q[G] = (Q[G]) 
 Q �= Map
 Q
( bG; Q) �= Hom
 Q (R(G); Q):

It is straightforward to verify that this isomorphism is the inverseof � G .

3 The canonical fractional Galois ideal J r
E=F in

the abelian case

3.1 De�nition of J r
E =F

In this section we recall the canonical fractional Galois ideal intro duced in [34]
(seealso [5], [31] and [33]). In [34] this was denoted merely by J r

E but in this
paper we shall needto keeptrack of the base�eld.

As in x2.2, let E=F be a Galois extensionof number �elds. Throughout this
section we shall assumethat the Stark conjecture of x2.2 is true for all E=F
and that G = Gal(E=F) is abelian. Therefore, by Proposition 2.2, for each
r = 0; � 1; � 2; � 3; : : : we have an element

R f r
E

2 Hom
 Q (R(G); Q
�

) �= Q[G]�

which dependsupon the choice of a Q[G]-isomorphism f r
E in x2.2.

Let � 2 EndQ[G](Yr (E )+ 
 Q) and extend this by the identit y on the (� 1)-
eigenspaceof complex conjugation Yr (E ) � 
 Q to give

� � 1 2 EndQ[G](Yr (E ) 
 Q):

SinceYr (E ) 
 Q is free over Q[G], we may form the determinant

detQ[G](� � 1) 2 Q[G]:

In terms of the isomorphism of Proposition 2.2, detQ[G](� � 1) corresponds to
the function which sends� 2 bG to the determinant of the endomorphism of
e� Yr (E ) 
 Q induced by � � 1.
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Following [34, Section 4.2] (seealso [33, 31]), de�ne I f r
E

to be the (�nitely
generated) Z[1=2][G]-submodule of Q[G] generated by all the elements
detQ[G](� � 1) satisfying the integralit y condition

� � f r
E (K 1� 2r (OE [t � 1])) � Yr (E ):

De�ne J r
E =F to be the �nitely generatedZ[1=2][G]-submodule of Q[G] given

by
J r

E =F = I f r
E

� � (R � 1
f r

E
)

where � is the automorphism of the group-ring induced by sendingeach g 2 G
to its inverse.

Prop osition 3.1 ([34, Prop.4.5]) Let E=F be a Galois extension of number
�elds with abelian Galois group G. Then, assumingthat the Stark conjecture of
x2.2 holds for E=F for r = 0; � 1; � 2; � 3; : : :, the �nitely generated Z[1=2][G]-
submodule J r

E =F of Q[G] just de�ned is independent of the choice of f r
E .

3.2 Naturalit y examples

Givenan extensionE=F of number �elds satisfying the Stark conjectureat s = 0
and a �nite set of placesS of F containing the in�nite places, let J (E=F; S)
denotethe fractional Galois ideal asde�ned in [5], a slight modi�cation of the one
just de�ned so that we can take into account �nite places. Let us consider the
following situation: ` is an odd prime, En = Q(� ` n +1 ) for a primitiv e `n +1 th root
of unit y � ` n +1 (n � 0), and S = f1 ; `g. The descriptions below of J (En =Q; S)
and J (E +

n =Q; S) are provided in [5, Section 4]:

J (En =Q; S) =
1
2

e+ annZ[Gn ](O
�
E +

n ;S
=E+

n ) � Z[Gn ]� E n =Q;S (3.1)

J (E +
n =Q; S) =

1
2

annZ[G+
n ](O

�
E +

n ;S
=E+

n ) (3.2)

where Gn = Gal(En =Q), G+
n = Gal(E +

n =Q), E+
n is the Z[G+

n ]-submodule of
O�

E +
n ;S

generatedby � 1 and (1 � � ` n +1 )(1 � � � 1
` n +1 ), and � E n =Q;S is the Stickel-

bergerelement at s = 0. Also, e+ = 1
2 (1+ c) is the plus-idempotent for complex

conjugation c 2 Gn .
It is immediate from these descriptions that the natural maps Q[Gn ] !

Q[G+
n ], Q[Gn ] ! Q[Gn � 1] and Q[G+

n ] ! Q[G+
n � 1] give rise to a commutativ e

diagram
J (En =Q; S) //

��

J (E +
n =Q; S)

��
J (En � 1=Q; S) //J (E +

n � 1=Q; S):

(3.3)

(O�
E +

n � 1 ;S
=E+

n � 1 embeds into O�
E +

n ;S
=E+

n , and Stickelberger elements are well

known (e.g. [18]) to map to each other in this way.)
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Now supposethat ` � 3 mod 4, sothat En contains the imaginary quadratic
�eld F = Q(

p
� `). Again, letting SF consist of the in�nite place of F and

the unique place above `, J (En =F; SF ) has a simple description. Indeed, if
Hn = Gal(En =F), then

J (En =F; SF ) =
1

� n
annZ[H n ](O

�
E n ;S =En ) (3.4)

where En is generated over Z[H n ] by � ` n +1 and (1 � � ` n +1 )� n
~� n . Here, � n =

j� (En )j and ~� n =
P

� 2 H n
� E n =Q;S (0; � � 1)� 2 Q[Hn ], a sort of \half Stickelberger

element" obtained by keepingonly thoseterms corresponding to elements in the
index two subgroup Hn of Gn . (Note that � n

~� n 2 Z[Hn ].) Comparing (3.2)
and (3.4), we seewithout too much di�cult y that

Prop osition 3.2 The isomorphism� n : Q[Hn ] ! Q[G+
n ] identi�es J (En =F; SF )

with 2� n (~� n )J (E +
n =Q; S).

We now explain the above phenomenaby proving somegeneralrelationships
betweenthe J r

E =F under natural changesof extension.

3.3 Behaviour under quotien t maps Gal(L=F ) ! Gal(K =F)

Supposethat F � K � L is a tower of number �elds with L=F abelian. The
inclusion of K into L inducesa homomorphism

K 1� 2r (OK [t � 1]) ! K 1� 2r (OL [t � 1]):

When r = 0
K 1(OK [t � 1])

Torsion
�= O�

K =(� (K )) � Zhti

maps injectively to the Galois invariants of O �
L =(� (L )) � Zhti sendingt to itself.

For strictly negative r ,

K 1� 2r (OK [t � 1])
Torsion

�=
K 1� 2r (OK )

Torsion

embeds into the Gal(L=K )-invariants of K 1� 2r (O L [t � 1 ])
Torsion . There is a homomor-

phism Yr (K ) ! Yr (L ) which sendsn� � � to n� � (
P

( � 0 j F )= � � 0) which is an iso-

morphism onto the Gal(L=K )-invariants Yr (L )Gal (L=K ) . For r = 0; � 1; � 2; � 3; : : :
there is a commutativ e diagram of regulators in x2.1

K 1� 2r (OK [t � 1]) 
 Z R
R r

K //

��

Yr (K )+ 
 Z R

��
K 1� 2r (OL [t � 1]) 
 Z R

R r
L //Yr (L )+ 
 Z R
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We may choose f r
K and f r

L as in x2.1 to make the corresponding diagram of
Q-vector spacescommute

K 1� 2r (OK [t � 1]) 
 Z Q
f r

K //

��

Yr (K )+ 
 Z Q

��
K 1� 2r (OL [t � 1]) 
 Z Q

f r
L //Yr (L )+ 
 Z Q

(3.5)

Let V be a one-dimensionalcomplex representation of Gal(K =F) and let
W = Inf Gal (L=F )

Gal (K=F ) (V ) denote the in
ation of V . Then

HomGal (L=F ) (W _ ; Yr (L )+ 
 C)
= HomGal( L=F ) (W _ ; (Yr (L )Gal (L=K ) )+ 
 C)
= HomGal( K=F ) (V _ ; Yr (K )+ 
 C)

and theseisomorphismstransport (Rr
L � (f r

L )� 1)� into (Rr
K � (f r

K )� 1)� by virtue
of the above commutativ e diagrams. Furthermore, since the Artin L -function
is invariant under in
ation, L �

F (r; V ) = L �
F (r; W ). On the other hand, the

in
ation homomorphism

Inf Gal( L=F )
Gal( K=F ) : R(Gal(K =F)) ! R(Gal(L=F ))

inducesthe canonical quotient map

� L=K : Q[Gal(L=F )] � ! Q[Gal(K =F)] �

via the isomorphism of Proposition 2.2. Hence

� L=K (R f r
L

) = R f r
K

:

Let � 2 EndQ[Gal( L=F )] (Yr (L )+ 
 Q) satisfy the integralit y condition of x3.1

� � f r
L (K 1� 2r (OL [t � 1])) � Yr (L ):

Extend this by the identit y on the (� 1)-eigenspaceof complex conjugation
Yr (L ) � 
 Q to give

� � 1 2 EndQ[Gal( L=F )] (Yr (L ) 
 Q):

The endomorphism � commutes with the action by Gal(L=K ) so there is �̂ 2
EndQ[Gal (K=F )] (Yr (K )+ 
 Q) making the following diagram commute

Yr (K )+ 
 Z Q �̂ //

��

Yr (K )+ 
 Z Q

��
Yr (L )+ 
 Z Q

� //Yr (L )+ 
 Z Q:
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Therefore �̂ satis�es the integralit y condition of x3.1

�̂ � f r
K (K 1� 2r (OK [t � 1])) � Yr (K ):

We may choosea Z[1=2][Gal(K =F)] basis for Yr (K ) 
 Z[1=2] consisting of em-
beddings � i : K ! C for 1 � i � m. Let � 0

i be an embedding of L which
extends � i for 1 � i � m. Then a Z[1=2][Gal(L=F )] basis for Yr (L ) 
 Z[1=2]
is given by f � 0

1; � 0
2; : : : ; � 0

m g. The embedding of Yr (K ) into Yr (L ) is given by
� i 7!

P
g2 Gal( L=K ) g(� 0

i ) which implies that the m� m matrix for �̂ with respect
to the Z[1=2][Gal(K =F)] basis of � i 's is the image of the m � m matrix for �
with respect to the Z[1=2][Gal(L=F )] basisof � 0

i 's under the canonicalsurjection

Q[Gal(L=F )] ! Q[Gal(K =F)]:

This discussionhas establishedthe following result.

Prop osition 3.3 Suppose that F � K � L is a tower of number �elds with
L=F abelian. Then, in the notation of x3.1, the canonical surjection

� L=K : Q[Gal(L=F )] ! Q[Gal(K =F)]

satis�es
� L=K (J r

L=F ) � J r
K=F :

Proposition 3.3 explains the existenceof the maps in (3.3).

3.4 Behaviour under inclusion maps Gal(L=K ) ! Gal(L=F )

As in x3.3, suppose that F � K � L is a tower of number �elds with L=F
abelian. The inclusion of Gal(L=K ) into Gal(L=F ) induces an inclusion of
group-rings Q[Gal(L=K )] into Q[Gal(L=F )]. In terms of the isomorphism of
Proposition 2.2, as is easily seenby the formula, this homomorphism is induced
by the restriction of representations

ResGal( L=F )
Gal( L=K ) : R(Gal(L=F )) ! R(Gal(L=K )) :

If V is a complex representation of Gal(L=F ) then

R f r
L

(ResGal( L=F )
Gal( L=K ) (V )) =

R(ResGal (L=F )
Gal (L=K ) (V ); f r

L )

L �
K (r; ResGal (L=F )

Gal (L=K ) (V ))

=
R(ResGal( L=F )

Gal( L=K ) (V ); f r
L )

L �
F (r; IndGal( L=F )

Gal( L=K ) (ResGal( L=F )
Gal( L=K ) (V )))

=
R(ResGal (L=F )

Gal (L=K ) (V ); f r
L )

L �
F (r; V 
 IndGal( L=F )

Gal( L=K ) (1))
:
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If Wi 2 dGal(L=F ) for 1 � i � [K : F ] is the set of one-dimensionalrepresenta-
tions which restrict to the trivial representation on Gal(L=K ) then
IndGal( L=F )

Gal( L=K ) (1)) = � i Wi . By Frobenius reciprocity

HomGal( L=K ) (ResGal( L=F )
Gal( L=K ) (V )_ ; Yr (L )+ 
 C))

= HomGal( L=F ) (� i (V 
 Wi )_ ; Yr (L )+ 
 C))

so that
R(ResGal (L=F )

Gal (L=K ) (V ); f r
L ) =

Y

i

R(V 
 Wi ; f r
L )

and
R f r

L
(ResGal( L=F )

Gal( L=K ) (V )) =
Y

i

R f r
L

(V 
 Wi ):

Let H � G be �nite groups with G abelian. It will su�ce to consider the
casein which G=H is cyclic of order n generatedby gH . Let W 
 Q be a free
Q[G]-module with basis v1; : : : ; vr . Then W 
 Q is a free Q[H ]-module with
basis f gavi j 0 � a � n � 1; 1 � i � r g. Set S = f 0; : : : ; n � 1g � f 1; : : : ; r g;
then for u = (a; i ) 2 S, we set eu = gavi . If ~� 2 EndQ[H ](W 
 Q) we may write

~� (ew ) =
X

u

Au:w eu

so that A is an nr � nr matrix with entries in Q[H ].
Now considerthe induced Q[G]-module IndG

H (W 
 Q), which is a free Q[G]-
module on the basisf 1
 H eu j u 2 Sg. Hencethe nr � nr matrix, with entries in
Q[G], for 1
 H ~� with respect to this basisis the imageof A under the canonical
inclusion of � H ;G : Q[H ] ! Q[G]. In particular

� H ;G (detQ[H ]( ~� )) = detQ[G](Q[G] 
 Q[H ] ~� )

and, by induction on [G : H ], this relation is true for an arbitrary inclusion
H � G of �nite abelian groups.

This discussionyields the following result:

Prop osition 3.4 Suppose that F � K � L is a tower of number �elds with
L=F abelian. Then, in the notation of x3.1, the canonical inclusion

� K=F : Q[Gal(L=K )] ! Q[Gal(L=F )]

maps J r
L=K onto the Z[1=2][Gal(L=K )]-submodule

Z[1=2][Gal(L=K )]hdetQ[Gal( L=F )] (Q[Gal(L=F )] 
 Q[Gal( L=K )] (� � 1))� (R̂ f r
L

)� 1i :

Here, in terms of Proposition 2.2, R̂ f r
L

2 Q[Gal(L=F )] � is given by

R̂ f r
L

(V ) = R f r
L

(V 
 IndGal( L=F )
Gal( L=K ) (1))

and � 2 EndQ[Gal (L=K )] (Yr (L )+ 
 Q) runs through endomorphismssatisfying
the integrality condition of x3.1.
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3.5 Behaviour under �xed-p oin t maps

As in x3.3, suppose that F � K � L is a tower of number �elds with L=F
abelian. Let eL=K = [L : K ]� 1(

P
y2 Gal( L=K ) y) denote the idempotent associ-

ated with the subgroup Gal(L=K ). There is a homomorphism of unital rings of
the form

� K=F : Q[Gal(K =F)] ! Q[Gal(L=F )]

given, for z 2 Gal(L=F ), by the formula

� K=F (zGal(L=K )) = (1 � eL=K ) + z � eL=K 2 Q[Gal(L=F )]:

From Proposition 2.2 it is easyto seethat in terms of group characters

Map(dGal(K =F); Q) ! Map( dGal(L=F ); Q)

this sendsa function h on dGal(K =F) to the function h0 given by

h0(� ) =

(
h(� 1) if Inf Gal( L=F )

Gal( K=F ) (� 1) = �;
1 otherwise:

Sending a complex representation V of Gal(L=F ) to its Gal(L=K )-�xed
points V Gal( L=K ) givesa homomorphism

Fix : R(Gal(L=F )) ! R(Gal(K =F)) :

In terms of one-dimensionalrespresentations (i.e. characters) the above condi-
tion Inf Gal (L=F )

Gal (K=F ) (� 1) = � is equivalent to Fix( � ) = � 1.
Let V be a one-dimensionalcomplex representation of Gal(L=F ) �xed by

Gal(L=K ). Then we have isomorphismsof the form

HomGal( L=F ) ((V Gal( L=K ) )_ ; Yr (L )+ 
 C)
= HomGal (K=F ) (V _ ; (Yr (L )Gal( L=K ) )+ 
 C)
= HomGal (K=F ) (V _ ; Yr (K )+ 
 C)

and, by invarianceof L -functions under in
ation, L �
F (r; V ) = L �

F (r; V Gal( L=K ) ).
Therefore, by the discussionof x3.3,

R f r
L

(V ) = R f r
K

(V Gal (L=K ) ):

On the other hand, if V Gal( L=K ) = 0 then R f r
K

(V Gal (L=K ) ) = 1 since both
L �

F (r; 0) and the determinant of the identit y map of the trivial vector spaceare
equal to one. This establishesthe formula

� K=F (R f r
K

) = (1 � eL=K ) + R f r
L

� eL=K :

Now consideran endomorphism

� 2 EndQ[Gal( K=F )] (Yr (K )+ 
 Q)

12



satisfying the integralit y condition of x3.1

�f r ;K (K 1� 2r (OK [t � 1])) � Yr (K )+ �= (Yr (L )+ )Gal (L=K ) :

Let v1; v2; : : : ; vd be a Z[1=2][Gal(L=F )]-basis of Yr (L )[1=2] so that a
Z[1=2][Gal(K =F)]-basis of the subspace(Yr (L )+ )Gal (L=K ) [1=2] �= Yr (K )[1=2]
is given by f (

P
y2 Gal( L=K ) y)vi j 1 � i � dg. To construct the generatorsof

J r
K=F , as in x3.1, we must calculate the determinant of � � 1 on Yr (K )+ 
 Q �

Yr (K ) � 
 Q = Yr (K ) 
 Q with respect to the basis f (
P

y2 Gal( L=K ) y)vi g and
divide by � (R f r

K
).

Let �̂ 2 EndQ[Gal( L=F )] (Yr (L ) 
 Q) be given by � on Yr (L )Gal( L=F ) 
 Q and
the identit y on (1 � eL=K )Yr (L ) 
 Q. Hence�̂ satis�es the integralit y condition

�̂ � f r
L (K 1� 2r (OL [t � 1]))Gal (L=F ) � Yr (L )Gal (L=F ) ;

because,as in x3.3, f r
K may be assumedto extend to f r

L . Therefore

eL=K
det(�̂ )
� (R f r

L
)

2 eL=K J r
L=F � Q[Gal(L=F )]:

On the other hand it is clear that � K=F (det( � � 1)) = det(�̂ ).
This discussionhas establishedthe following result.

Prop osition 3.5 Suppose that F � K � L is a tower of number �elds with
L=F abelian and let

� K=F : Q[Gal(K =F)] ! Q[Gal(L=F )]

denote the unital ring homomorphismof x3.5. Then

� K=F (J r
K=F ) � (1 � eL=K )Q[Gal(L=F )] + eL=K J r

L=F :

3.6 Behaviour under corestriction maps

As in x3.3, suppose that F � K � L is a tower of number �elds with L=F
abelian. There is an additiv e homomorphism of the form

�K=F : Q[Gal(L=F )] ! Q[Gal(L=K )]

called the transfer or corestriction map. In terms of Proposition 2.2 it is induced
by the induction of representations

IndGal( L=F )
Gal( L=K ) : R(Gal(L=K )) ! R(Gal(L=F )) :

That is, the image �K=F (h) of h 2 Hom
 Q (R(Gal(L=F )) ; Q) is given by

�K=F (h)(V ) = h(Ind Gal( L=F )
Gal( L=K ) (V )) :

13



By Frobenius reciprocity, for each V 2 R(Gal)( L=K )) there is an isomor-
phism

HomGal( L=F ) ((Ind Gal( L=F )
Gal( L=K ) )

_ ; Yr (L )+ 
 C)
= HomGal( L=K ) (V _ ; Yr (L )+ 
 C):

Also L �
F (r; IndGal (L=F )

Gal (L=K ) (V )) = L �
K (r; V ) so that

�K=F (R f r
L

) = R f r
L

:

Now consideran endomorphism

� 2 EndQ[Gal (L=F )] (Yr (L )+ 
 Q)

satisfying the integralit y condition of x3.1

�f r ;L (K 1� 2r (OL [t � 1])) � Yr (L )+ :

Then it is straightforward to seefrom Proposition 2.2 that the determinant of
� � 1 as a map of Q[Gal(L=F )]-modules detQ[Gal (L=F )] (� � 1) is mapped to
detQ[Gal( L=K )] (� � 1), the determinant of � � 1 as detQ[Gal (L=K )] (� � 1).

This discussionhas establishedthe following result.

Prop osition 3.6 Suppose that F � K � L is a tower of number �elds with
L=F abelian, and let

�K=F : Q[Gal(L=F )] ! Q[Gal(L=K )]

denote the additive homomorphismof x3.6. Then

�K=F (J r
L=F ) � J r

L=K :

3.7

We can now explain the secondexample in x3.2, i.e. Proposition 3.2. Let us
work more generally to begin with. E and F can be any number �elds, and we
supposewe have a diagram

E
C

~~
~~

~~
~

H

@@
@@

@@
@

L
G0

@@
@@

@@
@ F

~~
~~

~~
~

K

satisfying the following: E=K is Galois (though not necessarilyabelian), LF =
E, L \ F = K , the extension L=K is abelian (and henceso is E=F), and L=K
and E=F satisfy the Stark conjecture. We let G = Gal(E=K ), and the Galois
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groups of the other Galois extensionsare marked in the diagram. We observe
that C neednot be abelian here.

Owing to the natural isomorphismG=C ! H , each character  2 bH extends
to a unique one-dimensionalrepresentation b : G ! C� which is trivial on C.
Denote by ch(G) the set of irreducible characters of G. Then having chosena
Q[G]-module isomorphism f as in x2.2, we can de�ne an element 
 f 2 C[H ]�

by


 f =
Y

� 2 ch( G)r f 1g

0

@
X

 2 bH

R f
E =K (� b )d� e 

1

A ;

where for a character � of G, d� is the multiplicit y of the trivial character of
H in ResGH (� ). We have opted to denote by R f

E =K the group-ring element R f E

de�ned in x3.1, to emphasizewhich extension is being considered.
The following lemma shows that the group-ring element R f

E =F for the ex-

tension E=F is related, via 
 f , to the corresponding element for the extension
L=K .

Lemma 3.7 
 f has rational coe�cients, and the image of R f
E =F under the

isomorphism � : Q[H ] ! Q[G0] is

R f 0

L=K �(
 f );

where f 0 is the Q[G0]-module isomorphism making diagram (3.5) commute.

The proof of the lemma is little more than a combination of x3.3 and x3.6.
In the situation of Proposition 3.2 (with L = E + and K = Q now) we �nd

that the element 2~� occurring there is just � (
 f )� 1 (for any choice of f in this
case). Indeed, let � 2 bG be the unique non-trivial character extending the trivial
character of H . Then the only � 2 ch(G)r f 1g with d� 6= 0 is � , and d� = 1, so


 f =
X

 2 bH

R f
E =Q(� b )e 

=
X

 2 bG
 even

R f
E =Q(� )e j H :

However, for  even, � is odd so that R f (� ) = L E =Q;S (0; � ) � 1. Using the
easily veri�ed fact that (1 � c) ~� = � E =Q;S , where c 2 G is complex conjugation,
we seethat L E =Q;S (0; � ) = 2 jH (� ~� ), from which the assertion follows.

Applying Lemma 3.7 now justi�es the appearanceof 2� n (~� n ) in Proposition
3.2.
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4 The passage to non-ab elian groups

4.1

In this section we shall use the Explicit Brauer Induction constructions of [32,
pp.138{147] to passfrom �nite abelian Galois groups to the non-abelian case.

Let G be a �nite group and consider the additiv e homomorphism
X

H � G

IndG
H Inf H

H ab : � H � G R(H ab ) ! R(G):

Let N C G be a normal subgroup and let � : G ! G=N denote the quotient
homomorphism.

De�ne a homomorphism

� G;N : � J � G=N R(J ab ) ! � H � G R(H ab )

to be the homomorphism which sends the J -component R(J ab ) to the H =
� � 1(J )-component R(� � 1(J )ab ) via the map

Inf � � 1 (J )ab

J ab (R(J ab )) ! R(� � 1(J )ab ):

Lemma 4.1 In the notation of x4.1 the following diagram commutes:

L
J � G=N R(J ab ) //

� G;N

��

R(G=N )

Inf G
G= N

��L
H � G R(H ab ) //R(G):

Proof. Since the kernel of � � 1(J ) ! J and that of � : G ! G=N coincide,
both being equal to N , we have

Inf G
G=N IndG=N

J = IndG
� � 1 (J ) Inf � � 1 (J )

J :

Therefore, given a character � : J ab ! Q
�

in the J -coordinate, we have

IndG
� � 1 (J ) Inf � � 1 (J )

� � 1 (J )ab � G;N (� ) = IndG
� � 1 (J ) Inf � � 1 (J )

� � 1 (J )ab Inf � � 1 (J )ab

J ab (� )

= IndG
� � 1 (J ) Inf � � 1 (J )

J Inf J
J ab (� )

= Inf G
G=N IndG=N

J Inf J
J ab (� );

as required.
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4.2

The homomorphism of x4.1 is invariant under group conjugation and therefore
inducesan additiv e homomorphism of the form

BG : (� H � G R(H ab ))G ! R(G)

whereX G denotesthe coinvariants of the conjugation G-action. This homomor-
phism is a split surjection whoseright inverseis given by the Explicit Brauer
Induction homomorphism

AG : R(G) ! (� H � G R(H ab ))G

constructed in [32, Section4.5.16]. We shall be interestedin the dual homomor-
phisms ([32, Section 4.5.20])

B �
G : Hom
 Q (R(G); Q) ! (� H � G Hom
 Q (R(H ab ); Q))G

and
A �

G : (� H � G Hom
 Q (R(H ab ); Q))G ! Hom
 Q (R(G); Q)

where X G denotesthe subgroup of G-invariants.
As in [32, Def.4.5.4],denote by Qf Gg the rational vector spacewhosebasis

consistsof the conjugacyclassesof G. There is an isomorphism([32, Prop.4.5.14])

 : Qf Gg
�=! Hom
 Q (R(G); Q)

given by the formula  (
P


 m
 
 )( � ) =
P


 m
 Trace(� (
 )).
When G is abelian, we have Qf Gg = Q[G] and under the identi�cation

Hom
 Q (R(G); Q) = Map
 Q
( bG; Q)

of Proposition 2.2 we have  (g) = (� 7! � (g)), which is a ring isomorphism
inverseto � G .

5 J r
E=F in general

Let G denotethe Galois group of a �nite Galois extensionE=F of number �elds.
Henceeach subgroup of G has the form H = Gal(E=EH ), whoseabelianization
is H ab = Gal(E [H ;H ]=EH ) where [H ; H ] is the commutator subgroup of H . For
each integer r = 0; � 1; � 2; � 3; : : :, we have the canonical fractional Galois ideal
J r

E [H;H ] =E H � Q[H ab ] as de�ned in x3.1.

De�nition 5.1 In the notation of x5, de�ne a subgroup J r
E =F of Qf Gg by

J r
E =F = (B �

G )� 1(� H � G J r
E [H;H ] =E H ):

Lemma 5.2 In x5 and De�nition 5.1, when G = Gal(E=F) is abelian then
J r

E =F coincides with the canonical fractional Galois ideal of x3.1.
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Proof. The H -component of B �
G has the form

Q[Gal(E=F)]
i E H =F

! Q[Gal(E=EH )]
�

E =E [H;H ]

! Q[Gal(E [H ;H ]=EH )]

which mapsJ r
E =F to J r

E [H;H ] =E H by Proposition 3.3 and Proposition 3.6 so that

J r
E =F � (B �

G )� 1(� H � G J r
E [H;H ] =E H ):

On the other hand, the G-component of B �
G is the identit y map from Q[G]

to itself. Therefore if z 2 Q[G] r J r
E =F then B �

G (z) 62� H � G J r
E [H;H ] =E H , as

required.

Prop osition 5.3 Suppose that F � K � L is a tower of �nite extensionsof
number �elds with L=F and K =F Galois. Then, for r = 0; � 1; � 2; � 3; : : :, the
canonical homomorphism

� L=K : Qf Gal(L=F )g ! Qf Gal(K =F)g

satis�es � L=K (J r
E =F ) � J r

K=F .

Proof. This follows immediately from Proposition 3.3, Lemma 4.1 and De�-
nition 5.1.

De�nition 5.4 Let F be a number �eld and L=F a (possibly in�nite) Galois
extension with Galois group G = Gal(L=F ). For r = 0; � 1; � 2; � 3; : : : de�ne
J r

E =F to be the abelian group

J r
E =F = lim

 H
J r

L H =F ;

where H runs through the open normal subgroups of G.

6 J r
E=F and the annihilation of

H 2
�et(Spec(OL;S ); Z`(1 � r ))

6.1

Let ` be an odd prime. We continue to assumethe Stark conjecture as stated
in x2.2 for r = 0; � 1; � 2; � 3; : : :. Replacing Q by Q` in x3.1 and De�nition 5.1
we may associate a �nitely generated Z` -submodule of Q` f Gal(E=F)g, again
denoted by J r

E =F , to any �nite extensionE=F of number �elds.
In this section we are going to explain a conjectural procedureto passfrom

J r
E =F to the construction of elements in the annihilator ideal of the �etale coho-

mology of the ring of S-integersof E ,

annZ` [G(E =F )] (H
2
�et (Spec(OE ;S (E ) ); Z` (1 � r ))) ;
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where S denotesa �nite set of primes of F including all archimedean primes
and all �nite primes which ramify in E=F, and S(E) denotesall the primes of E
over those in S. This conjectural procedurewas�rst described in [34, Thm.8.1].

We shall restrict ourselves to the casewhen r = � 1; � 2; � 3; : : :. In sev-
eral ways this is a simpli�cation over the case when r = 0. In this case
H 1

�et (Spec(OE ;S (E ) ); Z` (1 � r )) is independent of S(E), while it is related to the
group of S(E)-units when r = 0. Also, when r � � 1, H 2

�et (Spec(OE ;S (E ) ); Z` (1�
r )) is a subgroupof the corresponding cohomologygroup when S(E) is enlarged
to S0(E ), but when r = 0 the class-groupof OE ;S 0(E ) is a quotient of that of
OE ;S (E ) . Furthermore (see[5], [36]), there are subtleties concerningwhether or
not to usethe S-modi�ed L -function in x2 when r = 0, while for r � � 1 this is
immaterial.

When r = 0 the annihilator procedure is similar to the other casesbut the
additional complications have prompted us to omit this case.

Write G = Gal(E=F), and for each subgroup H = Gal(E=EH ) � G
let S(E H ) denote the set of primes of E H above those of S. Then H ab =
Gal(E [H ;H ]=EH ) where [H ; H ] denotes the commutator subgroup of H . The
following conjecture originated in [31, 33, 34].

Conjecture 6.1 In the notation of x6.1, when r = � 1; � 2; � 3; : : :,
(i) In tegralit y:

J r
E [H;H ] =E H � annZ` [H ab ](TorsH 1

�et (Spec(OE [H;H ] ;S ); Z` (1 � r ))) � Z` [H ab ]:

(ii) Annihilation:

J r
E [H;H ] =E H � annZ` [H ab ](TorsH 1

�et (Spec(OE [H;H ] ;S ); Z` (1 � r )))
� annZ` [H ab ](H 2

�et (Spec(OE [H;H ] ;S ); Z` (1 � r ))) :

(We have adopted the shorthand: OE [H;H ] ;S = OE [H;H ] ;S (E [H;H ] ) .)

6.2 Evidence

Part (i) of Conjecture 6.1 is analogousto the Stickelberger integralit y, which
is described in [34, Section 2.2]. Stickelberger integralit y was proven in certain
totally real casesin [21, 9, 8, 14], for r = 0. In general, when r = 0, it is
part of the Brumer conjecture [4]. The novelty of part (ii) of Conjecture 6.1,
when it wasintro ducedin [33] and [34], wasthe annihilator prediction when the
L-function vanishesat s = r . For the part of the fractional ideal corresponding
to characters whoseL-functions are non-zeroat s = r , generatedby the higher
Stickelberger element at s = r , part (ii) is the conjecture of [12].

Let us consider the cyclotomic example J r
L= Q (r < 0) when L = Q(� ) for

someroot of unit y � , and suppose` is an odd prime dividing the order of � . In
this case,J r

L= Q splits into plus and minus parts for complex conjugation, i.e.

J r
L= Q = er

+ J r
L= Q � er

� J r
L= Q;
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where er
+ = 1

2 (1 + (� 1)r c), er
� = 1

2 (1 � (� 1)r c) and c 2 G = Gal(L=Q) is
complex conjugation. By the proof of [34, Theorem 6.1], er

� J r
L= Q is generated

by the Stickelberger element � L= Q;S (r ) de�ned in terms of L -function valuesat
s = r . However, by [14],

annZ` [G](Tors(H 1
�et (SpecOL;S ; Z` (1 � r )))) � L= Q;S (r ) � Z` [G]:

Further, the proof of [34, Theorem 7.6] shows that er
+ J r

L= Q � Z` [G]. In fact,
[34, Theorem 6.1] also shows that part (ii) of Conjecture 6.1 holds in this case
(with E = Q and H = G), the intersection \ \ Z` [G]" found in the statement of
that theorem being unnecessary.

Turning now to the caser = 0, with the �eld En asin x3.2, we have a similar
scenario for J (En =Q; S), where S = f1 ; `g. Indeed, we seefrom (3.1) that
J (En =Q; S) again splits into plus and minus parts, with the minus part being
generatedby the Stickelbergerelement � E n =Q;S de�ned at s = 0. Stickelberger's
theorem then implies that

annZ` [Gn ](� (En ))e� J (En =Q; S) � Z` [Gn ];

and e+ J (En =Q; S) is already in Z` [Gn ]. The roles of the plus and minus parts
of J (En =Q; S) will becomeclear in x6.2.1 below.

6.2.1 An Iw asawa-theoretic example

(3.1) can be used to provide an example of the relationship of J (En =Q; S) to
Iwasawa theory, with an inverselimit of the J (En =Q; S) over n giving rise, in
a suitable way, to Fitting ideals of both the plus and minus parts of an inverse
limit of class-groups(Proposition 6.2). Given n � 0, let Q(n ) =Q be the degree
`n subextensionof the (unique) Z` -extensionQ(1 ) of Q. We then have the �eld
diagram

En

� n

zz
zz

zz
zz

� n

00
00

00
00

00
00

00
0

Q(n )

22
22

22
22

22
22

22
2

E0

�||
| |

||
| |

Q

in which Q(n ) \ E0 = Q and Q(n )E0 = En , so that the Galois group Gn =
Gal(En =Q) is the internal direct product of � n and � n . S will denote the set
of placesf1 ; `g of Q.

By virtue of the natural isomorphism � n ! �, charactersof � n correspond
to characters of �. If � 2 b�, we let � n denote the corresponding character in
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b� n . Now, the idea is to view the group-ring C[Gn ] as C[� n ][� n ]. In doing this,
we can de�ne a projection � n (� ) : C[Gn ] ! C[� n ] by extending � n linearly (over
C[� n ]).

Finally, �x an isomorphism � : C` ! C and let ! : � ! C� be the com-
position of the Teichm•uller character � ! C�

` with � : C�
` ! C� . Then given

� 2 b�, � � will denote ! � � 1. Observe that since ! is odd, � is even if and only
if � � is odd.

Prop osition 6.2 Let � 2 b� . (� may be evenor odd.)

Fitt Z` [[� 1 ]](e� � Cl1 ) =

(
lim
 n

Z` � n (� � )(J (En =Q; S)) if � 6= 1

lim
 n

Z` � n (� � )((1 � (1 + `)� � 1
n )J (En =Q; S)) if � = 1

where � n = (1 + `; En =Q).

Proof. This stemsfrom (3.1), which we reproduce for convenience:

J (En =Q; S) =
1
2

e+ annZ[Gn ](O
�
E +

n ;S
=E+

n ) � Z[Gn ]� E n =Q;S :

Let us deal with even characters � 2 b� �rst. For simplicit y, we will assume
that � 6= 1, though in fact the case� = 1 is similar. (3.1) tells us that for each
n � 0, Z` � n (� � )(J (En =Q; S)) = Z` [� n ]� n (� � )( � E n =Q;S ). However, Iwasawa's
construction of `-adic L -functions (see [19] and [40, Chapter 7]) shows that
this lies in Z` [� n ] and that the inverselimit of these ideals is generatedby the
algebraic `-adic L -function corresponding to the even character � . Mazur and
Wiles' proof (see [24]) of the Main Conjecture of Iwasawa theory, and later
Wiles' generalization of this (see [41]), show that this in turn is equal to the
Fitting ideal appearing in the statement of the proposition.

Now we turn to odd characters � 2 b�. Referring to (3.1) again, we �nd that

Z` � n (� � )(J (En =Q; S)) = � n (� � )(Fitt Z` [Gn ]((O�
E +

n ;S
=E+

n ) 
 Z Z` )) :

This usesthat (O�
E +

n ;S
=E+

n ) 
 Z Z` is cocyclic as a Z` [Gn ]-module so that, since

Gn is cyclic, the Fitting and annihilator ideals of (O �
E +

n ;S
=E+

n ) 
 Z Z` agree.

[13, Theorem 1] says in particular that this Fitting ideal is equal to that of
Cl(E +

n ) 
 Z Z` . Combining the above and passingto limits completesthe proof.

We observe the importance hereof taking leading coe�cien ts of L -functions
at s = 0 rather than just values. For � even (i.e. � � odd), � n (� � )(J (En =Q; S))
concernsL -functions which are non-zeroat 0, and we get the usual Stickelberger
elements which are related to minus parts of class-groupsvia `-adic L -functions.
However when � is odd (i.e. � � is even), � n (� � )(J (En =Q; S)) is concernedwith
L -functions having simple zeroesat 0, which are related to plus parts of class-
groups via cyclotomic units.
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7 J r
E=F and annihilation

Let ` be an odd prime. Given � 2 J r
E =F and H � G = Gal(E=F), chooseany

� 2 annZ` [H ab ](TorsH 1
�et (Spec(OE [H;H ] ;S ); Z` (1 � r ))) :

Then the H -component B �
G (� )H lies in Q` [H ab ]N G H , the �xed points under the

conjugation action by NG H , the normalizer of H in G. Assuming Conjecture
6.1(i), B �

G (� )H � � 2 Z` [H ab ]N G H . ChoosezH ;�;� 2 Z` [H ] such that

� (zH ;�;� ) = B �
G (� )H � � :

Consider the composition

H 2
�et (Spec(OE ;S (E ) ); Z` (1 � r ))

Tr
E =E [H;H ]

! H 2
�et (Spec(OE [H;H ] ;S ); Z` (1 � r ))

B �
G ( � )H � �

! H 2
�et (Spec(OE [H;H ] ;S ); Z` (1 � r ))

j
! H 2

�et (Spec(OE ;S (E ) ); Z` (1 � r ))

in which j is induced by the inclusion of �elds and TrE =E [H;H ] denotes the
transfer homomorphism.

Assuming Conjecture 6.1(ii), this composition is zero. However, by Frobe-
nius reciprocity for the cohomologytransfer, for all a 2 H 2

�et (Spec(OE ;S (E ) ); Z` (1�
r ))

0 = j (� (zH ;�;� )TrE =E [H;H ] (a))
= j � TrE =E [H;H ] (zH ;�;� � a)
= (

P
h2 Gal (E =E [H;H ] ) h)zH ;�;� � a:

De�nition 7.1 In the situation of x6.1 and x7, let I (E=F; r ) � Z ` [G] denote
the left ideal generated by the elements(

P
h2 Gal (E =E [H;H ] ) h)zH ;�;� as � , H and

� vary through all the possibilities above.

Theorem 7.2 If Conjecture 6.1 is true for all abelian intermediate extensions
E [H ;H ]=EH of E=F then the left action of the left ideal I (E=F; r ) annihilates

H 2
�et (Spec(OE ;S (E ) ); Z` (1 � r )) :

Remark. If G is abelian in De�nition 7.1 and Theorem 7.2, then

I (E=F; r ) = J r
E =F � annZ` [G](TorsH 1

�et (Spec(OE ;S (E ) ); Z` (1 � r ))) :

That is, I (E=F; r ) equalsthe left hand side of Conjecture 6.1(ii).

Prop osition 7.3 In De�nition 7.1, I (E=F; r ) is a two-sided ideal in Z ` [G].
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Proof. In the notation of x7, it su�ces to show that

w

0

@
X

h2 Gal( E =E [H;H ] )

h

1

A zH ;�;� w� 1

lies in I (E=F; r ). Consider

w

0

@
X

h2 Gal( E ;E [H;H ] )

h

1

A w� 1 =
X

h2 Gal( E =E [w H w � 1 ;w H w � 1 ] )

h

and wzH ;�;� w� 1. Since zH ;�;� lies in Z` [H ] and maps to B �
G (� )� in Z` [H ab ],

we seethat wzH ;�;� w� 1 lies in Z` [wH w� 1] and maps to wB �
G (� )H w� 1w� w� 1

in Z` [H ab ]. However, wB �
G (� )H w� 1 = B �

G (� )wH w � 1 and w� w� 1 lies in

annZ` [( wH w � 1 )ab ](TorsH 1
�et (Spec(OE [w H w � 1 ;w H w � 1 ] ;S ); Z` (1 � r ))) ;

completing the proof.

Prop osition 7.4 Suppose that F � K � E is a tower of number �elds with
E=F and K =F Galois. Then for r = � 1; � 2; � 3; : : :, the canonical homomor-
phism � E =K : Z` [Gal(E=F)] ! Z` [Gal(K =F)] satis�es

� E =K (I (E=F; r )) � I (K =F; r ):

Proof. This follows easily from Lemma 4.1 and Proposition 5.3.

8 Relation to Iw asawa theory

As discussedin the Intro duction, the motivation for examining the behaviour of
the fractional Galois ideal under changesof extension is to set up investigating
a possible role in Iwasawa theory. Via the relationship of the fractional ideal
with Stark-type elements (eg cyclotomic units in the caser = 0 and Beilinson
elements in the caser < 0, discussedin [5] and [33] resp.), one might hope
that an approach involving Euler systems would be fruitful here. A general
connection of the fractional Galois ideal to Stark elements of arbitrary rank
was demonstrated in [6], and the link of Stark elements with class-groupsusing
the theory of Euler systemsis discussedin [29, 25], so that a strategy as above
would seempromising.

We conclude the paper with some speculation concerning what the non-
commutativ e Iwasawa theory of Fukaya{Kato [15], Kato [20] and Ritter{W eiss
[27] suggestsabout J r

E =F of De�nition 5.4 and I (E=F; r ) of De�nition 7.1.
It is worth pointing out, beforewe begin the recapitulation proper, that [15,

20, 27] often restrict to the situation where the extension �elds are totally real,
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which tends to involveonly oneof the eigenspacesof complexconjugation acting
on J r

E =F and I (E=F; r ). We have tried to give some examples (for example,
x6.2.1) which illustrate the expectedrole and properties of the other eigenspace.

Further, in this area there is an immenselitan y of conjectures (see[15, 7])
of which Stark's conjecture is approximately the weakest. All the constructions
we have made are contingent only on the truth of Stark's conjecture, which is
crucial for us but also seemsfundamental; it is assumed,for example, in [28].

Following [20], let ` be an odd prime (denoted p there), F a totally real
number �eld and F1 a totally real Lie extension of F containing Q(� ` 1 )+ .
Here, Q(� ` 1 )+ is the union of the totally real �elds Q(� ` n )+ = Q(� ` n + � � 1

` n )
over all n � 1. Let G = Gal(F1 =F), and assumethat only �nitely many
primes of F ramify in F1 . Fix a �nite set � of primes of F containing the ones
which ramify in F1 =F. De�ne �( G) to be the Iwasawa algebra of G, given by
�( G) = Z` [[G]] = lim  U Z` [G=U], where the limit runs over all open normal
subgroupsof G.

Let C denote the cochain complex of �( G)-modules given by

RHom(R� �et (OF 1 [1=�] ; Q` =Z` ); Q` =Z` );

so that H 0(C) = Z` with trivial G-action and H � 1(C) = Gal(M =F1 ), the
Galois group of the maximal pro-` abelian extension of F1 unrami�ed outside
�. The other H i (C)'s are zero and Gal(M =F1 ) is a �nitely generatedtorsion
(left) �( G)-module. Let F cyc � F1 denote the cyclotomic Z` -extensionand set
H = Gal(F1 =Fcyc) � G so that G=H �= Z` . As in [11], let

S = f f 2 �( G) j �( G)=�( G)f is �nitely generatedas a �( H )-moduleg:

Then S is an Ore set, which meansthat its elements may be inverted to form
the localizedring �( G)S , and there is an exact localization sequenceof algebraic
K-groups

K 1(�( G)) ! K 1(�( G)S ) @! K 0(�( G); �( G)S ) ! K 0(�( G)) ! K 0(�( G)S ):

By [17], Iwasawa's conjecture concerning the vanishing of the � -invariant im-
plies that the cohomologyof the perfect complex C vanisheswhen S-localized.
This gives rise to a class [C] 2 K 0(�( G); �( G)S ). In the caseof �nite Galois
extensions the class [C] accounts for the Stickelberger phenomena(c.f. [34])
but on the other hand so do valuesof Artin L -functions. The main conjecture
of non-commutativ e Iwasawa theory, described below following [20], makesthis
relation clear in terms of �( G)S -modules.

There is an `-adic determinantal valuation which assignsto f 2 K 1(�( G)S )
and a continuous Artin representation � a value f (� ) 2 Q` [ f1g . The main
conjecture of non-commutativ e Iwasawa theory asserts that there exists � 2
K 1(�( G)S ) such that (i) @(� ) = � [C] and (ii) � (�� r ) = L � (1 � r; � ) for any
even r � 2 where � is the `-adic cyclotomic character and L � (s; � ) is the Artin
L -function of � with the Euler factors at � removed.
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The main conjectureof Iwasawa theory wasformulated in [28] and studied in
the seriesof papers [27] when the Lie group G hasrank zeroor one. The caseof
G = GL 2(Z` ) is of particular interest in the study of elliptic curvesE=Q without
complexmultiplication [11] and is provenfor the `-adic Heisenberg group in [20].
For a comprehensive survey see[15].

Motiv ated by the main conjecture of Iwasawa theory, and more generally by
the role of �( G) in the arithmetic geometry of elliptic curvesand their Selmer
groups, there hasbeenconsiderablering-theoretic activit y concerning�( G) and

( G) = �( G)=`�( G) (see[1, 2, 3, 37, 38, 39]). The rings �( G) and 
( G) are
examplesof \just-in�nite rings" which both satisfy the Auslander{Gorenstein
condition and are thus amenableto Lie theoretic analysis.

In the survey article [1], a number of questionsare posed. In particular the
constructions of x7 are directly related to [1, Question G]: \Is there a mecha-
nism for constructing ideals of Iwasawa algebraswhich involvesneither central
elements nor closednormal subgroups?"

Prop osition 8.1 If F1 =F is any `-adic Lie extensionof a number �eld F with
Galois group G then, under the assumption of x7 for the �nite intermediate
subextensionsE=F for r = � 1; � 2; � 3; : : : we may de�ne a two-sided ideal

I (F1 =F; r ) = lim
 E

I (E=F; r )

in �( G), where the limit is taken over �nite Galois subextensionsE=F of F1 =F.

In view of the annihilation discussionof x7, Proposition 8.1 suggeststhe
following:

Question 8.2 What is the intersection of the canonical Ore set S of [11, 20]
with I (F1 =F; r )?

In many ways the most interesting case is when G = GL 2(Z` ) (` � 7)
arising from the tower of `-primary torsion points on an elliptic curve over Q
without complexmultiplication [10, 11]. In this caseonehasparticularly strong
information concerning two-sided primes ideals of �( G) { see[3]. There is a
possibly alternativ e approach to the construction of fractional Galois ideals in
Q` [Gal(K =Q)] basedon assumingthat a type of Stark conjecture holds for the
Hasse{Weil L -function of the elliptic curve [35]. It would be interesting to know
whether this leadsto the sametwo-sidedideal as Proposition 8.1.
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