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Abstract

The fractional Galois ideal of [Victor P. Snaith, Stark's conjecture and
new Stickelberger phenomena, Canad. J. Math. 58 (2) (2006) 419{448]
is a conjectural improvemert on the higher Stickelberger ideals de ned at
negative integers, and is expected to provide non-trivial annihilators for
higher K -groups of rings of integers of number elds. In this article, we
extend the de nition of the fractional Galois ideal to arbitrary (possibly
in nite  and non-abelian) Galois extensions of number elds under the
assumption of Stark's conjectures, and prove naturalit y properties under
canonical changes of extension. We discuss applications of this to the
construction of ideals in non-commutativ e lwasava algebras.

1 Intro duction

Let E=F bea Galois extensionof number elds with Galoisgroup G. In seeking
annihilators in Z[G] of the K -groups K2,(Og;s) (S a nite set of placesof E
containing the in nite ones), Stickelberger elemens have long been a source
of interest. This beganwith the classical Stickelberger theorem, showing that
for abelian extensionskE =Q, annihilators of Tors(K ¢(Og.s)) can be constructed
from Stickelberger elemers. Coatesand Sinnott later conjectured in [12] that
the analogousphenomenonwould occur for higher K -groups. However, de ned
in terms of values of L-functions at negative integers, these elemeris do not
provide all the annihilators, becauseof the prevalent vanishing of the L -function
values.

This dicult y is hoped to be overcomeby considering the \fractional Ga-
lois ideal" introduced by the secondauthor in [33, 34] and de ned in terms
of leading coe cients of L-functions at negative integers under the assump-
tion of the higher Stark conjectures. A version more suitable for the case
of Tors(Ko(Og.s)) = Cl(Og.s) was dened in [5] by the rst author. Ev-
idence that the fractional Galois ideal annihilates the appropriate K -groups
(resp. class-groups)can be found in [34] (resp. [5]). In the rst case,it is etale
cohomologythat is annihilated, but this is expected to give K -theory by the
Lichtenbaum{Quillen conjecture (see[34, Section 1] for details).

With aview to relating the fractional Galoisideal to characteristic idealsin
Iwasawa theory, we would like to describe how it behavesin towers of number



elds. That it exhibits naturality in certain changesof extensionwas obsened
in particular casesin [5], and part of the aim of this paper is to explain these
phenomenagenerally Passageto subextensionscorresponding to quotients of
Galois groupswill be of particular interestin the situation of non-abelian exten-
sions, becauseof the relatively recert emergenceof non-comrutativ e lwasava
theory in, for example,[11, 15]. Consequetly, the aims of this paper are

(i) to prove formal properties of the fractional Galois ideal with re-
spect to changesof extension, in the commutativ e setting rst
(x3.3t0 x3.6)

(i) to extend the de nition of the fractional Galois ideal to non-
abelian Galois extensions(x5), having previously de ned it only
for abelian extensions

(i) to show that it behareswell under passingto subextensionsin the
non-commutativ e setting also (Proposition 5.3)

(iv) to show that in order for the non-commutativ e fractional Galois
idealsto annihilate the appropriate etale cohomologygroups, it is
su cien t that the commutativ e onesdo (x7).

We will alsoprovide an explicit example (in the commutativ e case)in x6.2.1
illustrating how a limit of fractional Galois ideals givesthe Fitting ideal for an
inverselimit Cl; of “-parts of class-groups.This should make clear the impor-
tance of taking leading coe cien ts of L-functions rather than just values, since
it will be the part of the fractional Galois ideal corresponding to L-functions
with rst-order vanishing at 0 which providesthe Fitting ideal for the plus-part
of C|1 .

In x8, we will conclude with a discussionof how the constructions of this
paper t into non-commutativ e lwasawa theory. In particular, under someas-
sumptions which, compared with the many conjectures permeating this area,
are relatively weak, we will be able to give a partial answer to a question of
Ardakov{Bro wn in [1] on constructing idealsin lwasava algebras.

2 Notation and the Stark conjectures

In what follows, by a Galois represenation of a number eld F we shall mean
a cortinuous, nite-dimensional complex represenation of the absolute Galois
group of F, which amourts to saying that the represenation factors through
the Galois group Gal(E=F) of a nite Galois extension E=F. We begin with
the Stark conjecture (at s = 0) and its generalizationsto s = 1; 2; 3;:::
which were introducedin [16] and [34] independertly.
Let ( E) denotethe setof embeddingsof E into the complex numbers. For

r=0, 1, 2; 3;:::set

Y

Y (E) = (2 1) "Z=Map(( E);(2 1) "2)
(E)

endowved with the G(C=R)-action diagonally on ( E) andon (2 i) ". If ¢
denotescomplex conjugation, the action of ¢o and G commute sothat the xed



points of Y; (E) under ¢y, denoted by Y;(E)*, form a G-module. It is easyto
seethat the rank of Y, (E)* is given by

ro if r is odd;

rkz(Yi (E)") = ri+r, ifr 0Oiseven

wherej ( E)j = rp + 2r and ry is the number of real embeddingsof E.

2.1 Stark regulators

We beginwith a slight modi cation of the original Stark regulator [36]. Now let
G denotethe Galois group of an extensionof number elds E=F. We extend the
Diric hlet regulator homomorphismto the Laurent polynomials with coe cien ts
in Og to give an R[G]-module isomorphism of the form

R2 :K,(Oght i) R=0Ogh i RF Yo(E)* R=R1*"
by the formulae, for u 2 O,
X
RE (u) = log(j (u)j)
2(E)

and
RE (1) =
2 (E)

The existenceof this isomorphismimplies (see[30, Section12.1]and [36, p.26])
that there exists at least one Q[G]-module isomorphism of the form

fe:0eht i QF Y(E) «Q:
For any choiceof f2 Stark forms the composition
R (f2) 1:Yo(E)* CT Y(E)" C

which is an isomorphism of complex represertations of G. Let V be a nite-
dimensional complex represertation of G whose contragredient is denoted by
V-. The Stark regulator is de ned to be the exponertial homomorphismV 7!
R(V;f2), from represenations to non-zerocomplex numbers, given by

R(V;f2) = det(RE (f2) ') 2 Autc(Homg(V-;Yo(E)* C)))

where (RZ (f2) 1) is composition with R (f2) 1.
Forr= 1; 2; 3;:::thereis anisomorphism of the form [26]

Ki 2(Oeght ') Q=Ki 2(0Oe) Q

becauseK o (Og) is nite. Therefore the Borel regulator homomorphism de-
nes an R[G]-module isomorphism of the form

RE 1K1 2 (Oeht %) R=K; 2(Oe) RF Y (E)Y R



Choosea Q[G]-module isomorphism of the form

fE 1K1 2(Oeht ) QF Yi(E)" Q

and form the analogousStark regulator, (V 7! R(V;f¢)), from represenations
to non-zerocomplex numbers given by

R(V;TL) = det(RE (FE) 1) 2 Aute(Homa(V—; Y, (E)*  C)):

2.2 Stark's conjectures

Let R(G) denotethe complex represenation ring of the nite group G; that is,
R(G) = Ko(C[G]). SinceV determinesa Galois represeration of F, we have a
non-zerocomplexnumber L (r; V) given by the leading coe cien t of the Taylor
seriesat s = r of the Artin L-function assaiated to V ([23], [36, p.23]).

We may modify R(V;fL) to give another exponertial homomorphism

Rfé 2 Hom(R(G);C )

de ned by
R(Vifg)
Rir (V)= ——E:
E Le(r;V)
Let Q denote the algebraic closure of the rationals in the complex numbers
and let o denote the absolute Galois group of the rationals, which acts con-

tinuously on R(G) and Q . The Stark conjecture assertsthat for ead r =
0 1, 2, 3;:::

Rfr 2 Hom ,(R(G);Q ) Hom(R(G);C ):

In other words, R¢; (V) is an algebraic number for each V and for all z2 q
we have z(R¢: (V)) = R¢r (z(V)). Sinceany two choicesof f¢ dier by multi-
plication by a Q[G]-automorphism, the truth of the conjecture is independert
of the choice of f £ ([36] pp.28-30).

When s = 0 the conjecture which we have just formulated apparertly dif-
fers from the classicalStark conjecture of [36], therefore we shall pauseto show
that the two conjecturesare equivalent. For the classicalStark conjecture one
replacesYg(E)* by Xo(E)* where Xo(E) is the kernel of the augmertation ho-
momorphismYy(E) ! Z, which addstogether all the coordinates. The Diric hlet
regulator givesan R[G]-module isomorphism

R2:0: RT Xo(E)" R
and choosing a Q[G]-module isomorphism
f£:0x QF Xo(E)* Q

we may form
R (f2) 1:Xo(E)" CTF Xo(E)* C:



Taking its Stark determinant we obtain R(V;f2) and nally

R(V;f2).

Re (V)= T ov)°

Prop osition 2.1 In x2.2

Rio 2 Hom ,(R(G);Q ) Hom(R(G);C )
if and only if

Rpo 2 Hom o(R(G);Q ) Hom(R(G);C )
independently of the choice of f2 or f£.

Proof. Given any Q[G]-isomorphismf2 we may Il in the following commu-
tativ e diagram by Q[G]-isomorphismsf ¢ and f_cE). Conversely given any Q[G]-
isomorphismsf 2 and f_g we may Il in the diagram with a Q[G]-isomorphism
£,

O zQ—oelt 1] 2Q—Q

i o o

Xo(E)* zQ—IYo(E)* 2Q——Q

Similarly there is a commutativ e diagram in which the vertical arrows are
reversed,Q is replacedby R and g, fg andf ¢ by R2, RY and ﬁ‘; , respectively.
Furthermore ﬁ‘; is multiplication by a rational humber. The result now follows
from the multiplicativit y of the determinant in short exact sequences. [ ]

We shall be particularly interested in the casewhen G is abelian, in which

casethe following obsenation is important. Let 8= Hom(G; Q ) denote the
set of characterson G and let Q( ) denotethe eld generatedby the character
values of a represeriation . We may identify Hom Q(R(G);@)With the ring

Map (8;Q).

Prop osition 2.2 Let G bea nite akelian group. Then there exists an isomor-
phism of rings

¢ :Map (8;Q) = Hom ((R(G);Q) " Q[G]

given by X
c(h) = h( )e
28

where

X
e =jGj * (99 '2Q( )Gl
092G



In particular there is an isomorphism of unit groups
6 :Hom (R(G);Q ) ! Q[C] :
Proof. There is a well-known isomorphism of rings ([22] p.648)

_ Y _ _
: Q[G] ! Q = Map(®;Q)
28

P P —
given by ( 926 g( ) = 926 ¢ (9). If o actson Q and 8 in the
canonical manner, then is Galois equivariant and inducesan isomorphism of
o- Xed points of the form

QIG] = (QIG]) © = Map ,(8;Q) = Hom ,(R(G);Q):

It is straightforward to verify that this isomorphismis the inverseof . H

3 The canonical fractional Galois ideal J[_. in
the abelian case

3.1 Denition of J._

In this section we recall the canonical fractional Galois ideal introducedin [34]
(seealso[5], [31] and [33]). In [34] this was denoted merely by J£ but in this
paper we shall needto keeptrack of the base eld.

As in x2.2, let E=F be a Galois extensionof number elds. Throughout this
section we shall assumethat the Stark conjecture of x2.2 is true for all E=F
and that G = Gal(E=F) is abelian. Therefore, by Proposition 2.2, for each
r=0; 1, 2; 3;:::wehavean elemern

Rtz 2 Hom ,(R(G);Q ) = Q[G]

which dependsupon the choice of a Q[G]-isomorphismf £ in x2.2.
Let 2 Endgei(Yr(E)* Q) and extend this by the identity on the ( 1)-
eigenspaceof complex conjugation Y; (E) Q to give

12 Endgg)(Yr(E) Q):
SinceY;(E) Q is free over Q[G], we may form the determinant
detQ[G]( 1) 2 Q[G]

In terms of the isomorphism of Proposition 2.2, detgg;( 1) corresponds to

the function which sends 2 @ to the determinant of the endomorphism of
e Y,(E) Q induced by 1.



Following [34, Section 4.2] (seealso [33, 31]), de ne I, to be the (nitely
generated) Z[1=2][G]-submodule of Q[G] generated by all the elemers
detgc)( 1) satisfying the integrality condition

FE(K1 2r(Oelt ') Y (E):

Dene J._. to bethe nitely generatedZ[1=2][G]-submadule of Q[G] given
by
Je=f = lr (Rf![:l)
where is the automorphism of the group-ring induced by sendingeath g2 G
to its inverse.

Prop osition 3.1 ([34, Prop.4.5]) Let E=F be a Galois extension of number
elds with akelian Galois group G. Then, assumingthat the Stark conjecture of
x2.2 holdsfor E=F for r = 0; 1; 2; 3;::: the nitely geneated Z[1=2][G]-
submalule J [ _. of Q[G] just de ned is independent of the choice of f L .

3.2 Naturalit y examples

Givenan extensionE =F of number elds satisfying the Stark conjectureat s= 0
and a nite set of placesS of F cortaining the in nite places,let J (E=F;S)
denotethe fractional Galoisideal asde ned in [5], a slight modi cation of the one
just de ned sothat we can take into accourt nite places. Let us considerthe
following situation: " is an odd prime, E,, = Q( -n+ ) for a primitiv e *"*! th root
ofunity w«a (n  0),and S= fl1 ; g. The descriptions below of J (E,=Q;S)
and J (E; =Q; S) are provided in [5, Section 4]:

1

J(En=Q;S) = §e+annZ[Gn](oE;;S=Er:) Z[Gn] e, =08 (3.1)
1

J(Ef=Q;S) = zannZ[G;](OE; ;S:E,‘{) (3.2)

where G, = Gal(En=Q), G, = Gal(E; =Q), E is the Z[G} ]-submodule of
OE+ S generatedby land (I -na)@ %), and E,.=q:s IS the Stickel-
bergerelemen at s= 0. Also, e, = %(1+ c) is the plus-idempotent for complex
conjugation c2 G,.

It is immediate from these descriptions that the natural maps Q[G] !
Q[G; 1, Q[Gn]! Q[Gn 1] and Q[G}]! Q[G; ,] giverise to a commutativ e
diagram

J (En=Q;S) —J (E} =Q; S) (33)

J(En 1=Q;S) —JJ (E} ,=Q;9S):

— . - .
(OE; l;s_En . embeds into OE;;S—En , and Stickelberger elemeris are well

known (e.g. [18]) to map to ead other in this way.)



Now supp%se_that * 3 maod 4, sothat E,, contains the imaginary quadratic
eld F = Q( 7). Again, letting Sk consist of the in nite place of F and
the unique place above °, J (E=F;Sg) has a simple description. Indeed, if
H, = Gal(E,=F), then

1
J(En=F;SF) = —annz[Hn](OEn;S:En) (3.4)
n

where E, is genefgatedover Z[Hn] by -wa and (1 snst ) "0, Here, , =
j (Ep)jand & = on, En=qs(0; 1y 2 Q[H,], asortof\nalf Stickelberger
element” obtained by keepingonly thoseterms corresponding to elemerts in the
index two subgroup H, of G,. (Note that & 2 Z[H,].) Comparing (3.2)
and (3.4), we seewithout too much dicult y that

Prop osition 3.2 Theisomorphism  : Q[Hn]! Q[G/ ]identies J (En=F;SF)
with 2 »(7)J (Ef =Q; S).

We now explain the above phenomenaby proving somegeneralrelationships
betweenthe J £ _. under natural changesof extension.

3.3 Behaviour under quotient maps Gal(L=F)! Gal(K=F)

Supposethat F K L is a tower of number elds with L=F abelian. The
inclusion of K into L inducesa homomorphism

K1 2r(Ok [t ! Ki 2(OLft ]):
Whenr = 0
K1(Ok [t 1)
Torsion

mapsinjectively to the Galois invariants of O, =( (L)) Zhi sendingt to itself.
For strictly negativer,

K1 20(Ok [t ') _ K1 2(Ok)

Torsion Torsion

= O, =( (K)) zHi

embedsinto the Gal(L=K )-invariants of Kl—?go(rg;r?—ll). There is a homomor-

phismY;(K)! Y;(L) which sendsn ton ( (0] F)= 9 which is aniso-
morphism onto the Gal(L=K )-invariants Y, (L)% (:"K) Forr = 0; 1; 2, 3;:::
there is a commutativ e diagram of regulators in x2.1

Rl .
Ki 2(0ct 1) zR—Y,(K)* 2R

R! N
Ki 2Ot 1) zR—Y, (L)* 2R



We may choosefy and f| asin x2.1 to make the corresponding diagram of
Q-vector spacescommute

Ki 2(Oclt 1) 2Q—Jv,(K)* 20Q (3.5)

Ki 2Ot 1) 2Q——M (L) -Q

Let V be a one-dimensionalcomplex represenation of Gal(K=F) and let

W = Infgg:gki )) (V) denotethe ination of V. Then

Homgy (L=F y(W-; Y; (L)"  C)
= Homgay1=F ) (W-; (Y (L)S& (=) C)
= Homga(k=F )(V-: Yr (K)" C)

and theseisomorphismstransport (R{ (f{) ) into (R (fx) 1) by virtue
of the above commutativ e diagrams. Furthermore, sincethe Artin L-function

is invariant under in ation, Lg(r;V) = Lg(r;W). On the other hand, the
in ation homomorphism
Inf ga e ) - R(Gal(K=F)) | R(Gal(L=F))

inducesthe canonical quotient map
L=k :Q[Gal(L=F)] ! Q[Gal(K=F)]
via the isomorphism of Proposition 2.2. Hence
t=x (R;) =Ry :
Let 2 Endgear =F (Y:(L)* Q) satisfy the integrality condition of x3.1
FL(Ka 20(Oclt ') Ye(L):

Extend this by the identity on the ( 1)-eigenspaceof complex conjugation
Y (L) Q to give

12 Endgca L=F y(Yr(L) Q):

The endomorphism commutes with the action by Gal(L=K ) sothere is » 2
Endgca (k= jj (Yr (K)* Q) making the following diagram commute

Y (K)' 2Q—Y,(K)* 2Q

Y (L) zQ—Y. (L)Y 2Q:



Therefore » satis es the integrality condition of x3.1
NfE(Kr 2Okt 1) Ve (K):

We may choosea Z[1=2][Gal(K =F)] basisfor Y, (K) Z[1=2] consisting of em-

beddings ; : K I Cfor 1l i m. Let 0 be an embedding of L which
extends ; for1 i m. Then a Z[1=2][Gal(L=F)] basisfor Y;(L) Z[1=2]
is givenby f 25 2;:::; g The embedding of Y;(K) into Y (L) is given by

i 7' gocal(i=k ) 9( 9 which implies that the m m matrix for ~ with respect

to the Z[1=2][Gal(K =F)] basisof ;'s is the image of the m m matrix for
with respect to the Z[1=2][Gal(L=F )] basisof s under the canonicalsurjection

Q[Gal(L=F)] ! Q[Gal(K=F)]:
This discussionhas establishedthe following result.

Prop osition 3.3 Suppsethat F K L is a tower of number elds with
L=F alelian. Then, in the notation of x3.1, the canonical surjection

=k - Q[Gal(L=F)]! Q[Gal(K=F)]

satis es
=k (Jlsp ) Jk=r

Proposition 3.3 explains the existenceof the mapsin (3.3).

3.4 Behaviour under inclusion maps Gal(L=K) ! Gal(L=F)

As in x3.3, supposethat F K L is a tower of number elds with L=F
abelian. The inclusion of Gal(L=K) into Gal(L=F) induces an inclusion of
group-rings Q[Gal(L=K )] into Q[Gal(L=F)]. In terms of the isomorphism of
Proposition 2.2, asis easily seenby the formula, this homomorphismis induced
by the restriction of represenations

Resiat iy ) R(Gal(L=F)) I R(Gal(L=K )):
If V is a complex represernation of Gal(L=F) then
RResa (1 ) (Vi)
| (L=
Lic (i Re3 (15 ) (V)
Gal( L=F )

R(Res3 o5 ) (V)i {)

(L= (L=
L (5 ma ) Res (V)

I (L=
R(Resoq (o ) (V)i ()

Le(riV o Indgat i3 @)

Gal( L=F )
Rir (Resgqy =k (V)

10



If WizéaI(L:F)forl i [K :F]isthe setof one-dimensionalrepreserta-
tions which restrict to the trivial represenation on Gal(L=K) then

Indgz:g ii))(l)) = | W;. By Frobeniusreciprocity
HOMGa( Lk ) (Resgoay oy ) (V)3 Ye (L)* ©))
= Homga(=r)( i (V W)=Y (L) C))

sothat

_ Y
RReAGTI(Vif) = RV Wif])

and Gal( L=F Y
Ri; (Resga ik (V) = R (V. Wy):
[
Let H G be nite groupswith G abelian. It will suce to considerthe
casein which G=H is cyclic of order n generatedby gH. Let W Q be a free
Q[G]-module with basisvi;:::;v,. Then W Q is a free Q[H]-module with

basisfg?y; jO a n 1,1 i rg SetS=10;:::;n 1g f1;:::;rg;
then for u= (a;i) 2 S, wesetey, = g?v;. If ~2 Endgy (W Q) we may write
X
~(ew) = Auw ey

u

sothat A isannr nr matrix with entries in Q[H].

Now considerthe induced Q[G]-module Ind(H3 (W Q), which is a free Q[G]-
module on the basisf1 e, ju2 Sg. Hencethe nr nr matrix, with ertries in
Q[G], for 1  ~ with respect to this basisis the image of A under the canonical
inclusion of . : Q[H]! Q[G]. In particular

H:G (detqri(~)) = detqie)(Q[G] qrHy ~)

and, by induction on [G : H], this relation is true for an arbitrary inclusion
H G of nite abelian groups.
This discussionyields the following result:

Prop osition 3.4 Suppsethat F K L is a tower of number elds with
L=F alelian. Then, in the notation of x3.1, the canonical inclusion

k=F : Q[Gal(L=K)] ! Q[Gal(L=F)]
mapsJ_ onto the Z[1=2][Gal(L=K )]-submalule

Z[1=2][Gal(L=K )]idetgicai =r 1 (Q[Gal(L=F )] qai=k y ( 1)) (R¢;) ti:
Here, in terms of Proposition 2.2, F?f[ 2 Q[Gal(L=F)] is given by
Ri (V)= Reg (V. Indggl (2 ()

and 2 Endgea =k ) (Yr(L)" Q) runs through endomorphismssatisfying
the integrality condition of x3.1.

11



3.5 Behaviour under xed-p oint maps

As in x3.3, supposethat F L is a tower of number elds with L=F
abelian. Let e« = [L : K] ( y2cal(L=k ) Y) denotethe idempotent assai-
ated with the subgroup Gal(L=K ). There is a homomorphism of unital rings of
the form

k=F 1 Q[Gal(K=F)]! Q[Gal(L=F)]
given, for z 2 Gal(L=F), by the formula

K=F (ZGaI(LZK )) = (1 € =k )+ Z € - 2 Q[GaI(LZF )]
From Proposition 2.2 it is easyto seethat in terms of group characters
Map(&al(K=F); Q) ! Map(&al(L=F);Q)

this sendsa function h on éaI(K:F) to the function h° given by

hy= M) NI =
1 otherwise

Sending a complex represertation V of Gal(L=F) to its Gal(L=K )- xed
points V ¢(L=K) givesa homomorphism

Fix : R(Gal(L=F)) ! R(Gal(K=F)):

In terms of one-dimensionalrespresetations (i.e. characters) the above condi-

tion Infgg:gki ))( 1) = s equivalert to Fix( )= 1.
Let V be a one-dimensionalcomplex represenation of Gal(L=F) xed by

Gal(L=K ). Then we have isomorphismsof the form

Homgay =r ) (VE(EK)-0 Y (L) C)
Homgal (k= ) (V-; (Y (L)CA(E=K N+ C)
= Homga (k=F )(V-; Y (K)* C)

and, by invariance of L -functions under in ation, Lg(r;V) = Ly (r;VGa(L=K)),
Therefore, by the discussionof x3.3,

Ri; (V) = Ryy (VIO

On the other hand, if V&(:=K) = 0 then Ry, (V& (-K)) = 1 since both
Lg (r; 0) and the determinant of the identity map of the trivial vector spaceare
equal to one. This establishesthe formula

k=F (Rip) =1 e=)+Ri e
Now consideran endomorphism

2 Endgeai k=F y (Yr (K)" Q)

12



satisfying the integrality condition of x3.1
f ok (Ko 2Okt M) Ye(K)™ = (Ye(L)*)SH (=)

Let vi;vo;:i:i;vq be a Z[1=2][Gal(L=F)]-basis of Y;(L)[1=2] so that a
Z[1=2][Gal(K 7§)]-basis of the subspace(Y;(L)*)% (=K )[1=2] = Y, (K)[1=2]
is givenby f( \,Ga1=x) Y)Vii1l 1 dg. To construct the generators of

J k¢ » asin x3.1, we must calculate the determinant of lonY,(K)* Q

Y (K) Q= Y, (K) Q with respectto the basisf( y2 Gal( L=K ) y)vig and
divide by (Rt ).

Let ~ 2 EndgearL=r y(Yr(L) Q) begivenby onY,(L)®¥(F) Q and
theidentity on (1 e« )Y:(L) Q. Hence” satis es the integrality condition

A FL(Ky 2 (Ot MSHEF) v, (L)S =R,
becauseasin x3.3,f ¢ may be assumedto extend to f. Therefore

det(")

eL=K “Ri) 2 e« J QGal(L=F)]:

On the other hand it is clear that k- (det( 1)) = det(™).
This discussionhas establishedthe following result.

Prop osition 3.5 Suppsethat F K L is a tower of number elds with
L=F abelian and let

k=F :Q[Gal(K=F)]! Q[Gal(L=F)]
denote the unital ring homomorphismof x3.5. Then

keF (Jg=r ) (1 e )Q[Gal(L=F )]+ e« J /¢ :

3.6 Behaviour under corestriction maps

As in x3.3, supposethat F K L is a tower of number elds with L=F
abelian. There is an additive homomorphism of the form

k=F : Q[Gal(L=F)] ! Q[Gal(L=K)]

calledthe transfer or corestriction map. In terms of Proposition 2.2it is induced
by the induction of represerations

mdgg:g tji’) ' R(Gal(L=K)) ! R(Gal(L=F)):

That is, the image k= (h) of h 2 Hom Q(R(GaI(L:F));G) is given by

ke (N)(V) = h(nd gt 5 ) (V)):

13



By Frobenius reciprocity, for each V 2 R(Gal)(L=K)) there is an isomor-
phism

Gal( L=F .
HomgaL=¢ ) (Ind oo L )3 Ye (L) ©)

= Homgy( =k )(V-; Yr (L)"  C):

Also L (r; lndEZIEEE ))(V)) = L (r;V) sothat

k=F (Rf;) = Ry
Now consideran endomorphism
2 Endgear (= y(Yr (L) Q)
satisfying the integrality condition of x3.1
fru(Ko 2(Oct 1) Ye(L)*:

Then it is straightforward to seefrom Proposition 2.2 that the determinant of
1 as a map of Q[Gal(L=F )]-modules detgga (=F ) ( 1) is mapped to
detgigai( L=k y( 1), the determinant of 1 asdetggai =k (1)
This discussionhas establishedthe following result.

Prop osition 3.6 Suppsethat F K L is a tower of number elds with
L=F alelian, and let

k=F : Q[Gal(L=F)] ! Q[Gal(L=K)]
denote the additive homomorphismof x3.6. Then
ker Olee) Il

3.7

We can now explain the secondexample in x3.2, i.e. Proposition 3.2. Let us
work more generally to begin with. E and F can be any number elds, and we
supposewe have a diagram

satisfying the following: E=K is Galois (though not necessarilyabelian), LF =
E,L\ F = K, the extensionL=K is abelian (and hencesois E=F), and L=K
and E=F satisfy the Stark conjecture. We let G = Gal(E=K), and the Galois

14



groups of the other Galois extensionsare marked in the diagram. We obsene
that C neednot be abelian here.

Owing to the natural isomorphismG=C! H, ead character 2 i extends
to a unique one-dimensionalrepresenation b:G! C whichis trivial on C.
Denote by ch(G) the set of irreducible characters of G. Then having chosena
Q[G]-module isomorphismf asin x2.2, we can de ne an elemert f 2 C[H]
by 0 1

Y X
f= @ Ri,( bleA;
2ch(G) flg 21

where for a character of G, d is the multiplicit y of the trivial character of
H in Resﬁ"( ). We have opted to denote by RszK the group-ring elemen Ry,
de ned in x3.1, to emphasizewhich extensionis being considered.

The following lemma shows that the group-ring elemen RszF for the ex-
tension E=F is related, via ', to the corresponding elemert for the extension
L=K.

Lemma 3.7 ' has rational coe cients, and the image of RfE:F under the
isomorphism :Q[H]! Q[G9is

0

Rize (1)
whete f 9 is the Q[GY-module isomorphism making diagram (3.5) commute.

The proof of the lemma is little more than a combination of x3.3 and x3.6.

In the situation of Proposition 3.2 (with L = E* and K = Q now) we nd
that the elemen 2~ occurring there is just ( ') * (for any choiceof f in this
case).Indeed,let 2 8 bethe unique non-trivial character extending the trivial
character of H. Then the only 2 ch(G)r flgwith d 6 Ois ,andd = 1, so

X
b= Ri_o( Pe
21
X f
= Re_o( e j,:

28

even
However, for  even, is odd sothat Rf () = Le=qs(0; ) '. Usingthe
easily veried fact that (1 ¢)™= g-q.s, wherec2 G is complex conjugation,

we seethat Le-q.s(0; )= 2 ju( 7), from which the assertionfollows.

Applying Lemma 3.7 now justi es the appearanceof 2 (™) in Proposition
3.2.
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4 The passage to non-ab elian groups
4.1

In this section we shall usethe Explicit Brauer Induction constructions of [32,
pp.138{147]to passfrom nite abelian Galois groupsto the non-abelian case.
Let G be a nite group and considerthe additive homomorphism

IndgInfls © v ¢ RH®) ! R(G):
H G

Let N C G beanormal subgroupandlet :G! G=N denotethe quotient
homomorphism.

De ne a homomorphism
en © g e=n RE™)!T w6 R(H™)

to be the homomorphism which sendsthe J-componert R(J2°) to the H =
1(J)-componert R( 1(J)2) via the map

Inf . @ (RA®) 1 R HI)®):
Lemma 4.1 In the notation of x4.1 the following diagram commutes:

L
3 een RE®) —/R(G=N)

. G
GN Inf G=N

L

b o R(H®) —JR(G):

Proof. Sincethe kernelof 1(J)! J andthat of :G! G=N coincide,
both being equalto N, we have

— 1
Inf&-y INd$™ = Ind® +;Inf, :

Therefore, given a character :J2 ! Q in the J-coordinate, we have

1 J 1 J ab
Ind® 15, Inf 1EJ;abIanab( " O)

Ind® 1(3yInf, I(J)Infjab( )
InfS_y INdS™ InfJ ();

e
Ind® l(J)Inf IEJ;ab on ()

as required. |
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4.2

The homomorphism of x4.1 is invariant under group conjugation and therefore
inducesan additive homomorphism of the form

Be:( n ¢ R(H®)s! R(G)

where X ¢ denotesthe coinvariants of the conjugation G-action. This homomor-
phism is a split surjection whoseright inverseis given by the Explicit Brauer
Induction homomorphism

Ac :R(G)! ( n e R(H™)s

constructed in [32, Section4.5.16]. We shall be interestedin the dual homomor-
phisms ([32, Section 4.5.20])

Bg :Hom (R(G);Q)! ( n & Hom ,(R(H®);Q)°

and
Ag:( n e Hom (R(H®);Q)®! Hom ,(R(G);Q)

where X ¢ denotesthe subgroup of G-invariants.
As in [32, Def.4.5.4],denote by Qf Gg the rational vector spacewhosebasis
consistsof the conjugacyclasse®f G. Thereis anisomorphism([32, Prop.4.5.14])

:QfGg ™ Hom ,(R(G); Q)

P P
given by the formula ( m )( )= m Trace( ( )).
When G is abelian, we have Qf Gg = Q[G] and under the identi cation

Hom L(R(G);Q) = Map (8:Q)

of Proposition 2.2 we have (g) = ( 7! (g)), which is a ring isomorphism
inverseto ¢.

P
5 J{_¢ in general

Let G denotethe Galois group of a nite Galois extensionE =F of number elds.
Henceead subgroup of G hasthe form H = Gal(E=E" ), whoseabelianization
isHa = Gal(EM:H1=E") where[H;H] is the commutator subgroupof H. For
eadintegerr = 0; 1; 2; 3;::: wehavethe canonicalfractional Galois ideal
Jewn 1en Q[H?] asde ned in x3.1.

De nition 5.1 In the notation of x5, de ne a sulgroup J [ _. of Qf Gg by
Je=r = (Bg) Cwo JEtrm 1=gn )

Lemma 5.2 In x5 and De nition 5.1, when G = Gal(E=F) is alelian then
J¢£ _- coincides with the canonical fractional Galois ideal of x3.1.
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Proof. The H-componert of B hasthe form

leH =

Q[Gal(E=F)] ' ™ Q[Gal(E=E")] 1" ' Q[Gal(EMHI=E")]

which mapsJ{_p to J L.« by Proposition 3.3 and Proposition 3.6 sothat

Jize (Bg) '( v o6 Ifpm imgn )

On the other hand, the G-componert of B is the identity map from Q[G]
to itself. Therefore if z 2 Q[G]r JL_ then Bg(2) 62 1 6 Jg i jgn» @S
required. |

Prop osition 5.3 Supmsethat F K L is a tower of nite extensionsof
numker elds with L=F and K=F Galois. Then, forr = 0; 1; 2; 3;::: the
canonical homomorphism

=k . QfGal(L=F)g! QfGal(K=F)g
satises |-k (JE_p) Jif -

Proof. This follows immediately from Proposition 3.3, Lemma 4.1 and De -
nition 5.1. |

Denition 5.4 Let F be a number eld and L=F a (possibly in nite) Galois
extension with Galois group G = Gal(L=F). Forr = 0; 1, 2; 3;:::dene
J¢£ _ to bethe alkelian group

r — i r .
Je=p = M I [0 ops

where H runs throughthe open normal sulgroups of G.

6 JZ_- and the annihilation of
HZ(SpecOvs); Z (1 T))
6.1

Let * be an odd prime. We corntinue to assumethe Stark conjecture as stated
inx2.2forr=0; 1, 2, 3;::. ReplacingQ by Q- in x3.1 and De nition 5.1
we may assiate a nitely generatedZ--submodule of Q-f Gal(E=F)g, again
denotedby J[_., to any nite extensionE=F of number elds.

In this sectionwe are going to explain a conjectural procedureto passfrom
J¢£ _ to the construction of elemerts in the annihilator ideal of the etale coho-
mology of the ring of S-integersof E,

annz. (g e=r) (H&(SPedOe s (€)); Z: (1 1));
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where S denotesa nite set of primes of F including all archimedean primes
and all nite primeswhich ramify in E=F, and S(E) denotesall the primes of E
overthosein S. This conjectural procedurewas rst described in [34, Thm.8.1].

We shall restrict ourselvesto the casewhenr = 1; 2; 3;::. In sev-
eral ways this is a simpli cation over the casewhenr = 0. In this case
Hét(Speo(OE;S(E));Z‘(l r)) is independert of S(E), while it is related to the
group of S(E)-units whenr = 0. Also, whenr 1, Hgt(Spec(OE;s(E));Z‘(l
r)) is a subgroup of the corresponding cohomologygroup when S(E) is enlarged
to SYE), but whenr = 0 the class-groupof Okesoe) is a quotient of that of
Ok .s(e). Furthermore (see[5], [36]), there are subtleties concerningwhether or
not to usethe S-modi ed L-function in x2 whenr = 0, while for r 1this is
immaterial.

When r = 0 the annihilator procedureis similar to the other casesbut the
additional complications have prompted us to omit this case.

Write G = Gal(E=F), and for eac subgroup H = Gal(E=E") G
let S(EM) denote the set of primes of EM above those of S. Then H& =
Gal(EMMHI=EH) where [H;H] denotesthe commutator subgroup of H. The
following conjecture originated in [31, 33, 34].

Conjecture 6.1 In the notation of x6.1, whenr = 1, 2; 3;:::,
() Integralit y:

Jgtn 1gn  @NNZ (Y ab](TOrSHét(SpeC(OE[H;H 52 (1)) Z[MH 27;
(i)  Annihilation:

JEr[H:H 1=gn  annz.y ab](TOVSHét(Spec(OEIH:H 1s):Z:(1 1))
annz. H ab](HeZt(Spec(oE[H§H ],S)uz(l r))):

(We have adopted the shorthand: Ogn 1.5 = Og s 1.5 (E [HH 1).)

6.2 Evidence

Part (i) of Conjecture 6.1 is analogousto the Stickelberger integrality, which
is described in [34, Section 2.2]. Stickelberger integrality was provenin certain
totally real casesin [21, 9, 8, 14], for r = 0. In general, whenr = 0O, it is
part of the Brumer conjecture [4]. The novelty of part (ii) of Conjecture 6.1,
whenit wasintroducedin [33] and [34], wasthe annihilator prediction whenthe
L -function vanishesat s = r. For the part of the fractional ideal corresponding
to characters whoseL -functions are non-zeroat s = r, generatedby the higher
Stickelbergerelemen at s = r, part (ii) is the conjecture of [12].

Let us consider the cyclotomic exampIeJLr:Q (r < 0)whenL = Q( ) for
someroot of unity , and suppose’ is an odd prime dividing the order of . In
this case,J I_f:Q splits into plus and minus parts for complex conjugation, i.e.



where €, = %(1+ (Do, €& =31 ( Dcgandc2 G = Gal(L=Q) is
complex conjugation. By the proof of [34, Theorem 6.1], €' JerQ is generated

by the Stickelbergerelemert |-q.s(r) de ned in terms of L-function valuesat
s = r. However, by [14],

annz. (g1(Tors(Hg (SpeOuis ;Z- (1 1)) 1=qs(r) Z-[G]:

Further, the proof of [34, Theorem 7.6] shows that eLJLr:Q Z-[G]. In fact,
[34, Theorem 6.1] also shaws that part (i) of Conjecture 6.1 holds in this case
(with E = Q and H = G), the intersection\\ Z-[G]" found in the statemert of
that theorem being unnecessary

Turning now to the caser = 0, with the eld E, asin x3.2, we have a similar
scenariofor J (E,=Q;S), where S = f1 ; g. Indeed, we seefrom (3.1) that
J (E=Q; S) again splits into plus and minus parts, with the minus part being
generatedby the Stickelbergerelemen g -o.s de ned at s = 0. Stickelberger's
theorem then implies that

annz.ic,1( (En))e J (En=Q;S) Z:[Gn];

and e, J (E,=Q; S) is already in Z-[G,]. The roles of the plus and minus parts
of J (E,=Q; S) will becomeclearin x6.2.1 below.

6.2.1 An Ilwasawa-theoretic example

(3.1) can be usedto provide an example of the relationship of J (E,=Q;S) to
Iwasawa theory, with an inverselimit of the J (E,=Q;S) over n giving rise, in
a suitable way, to Fitting ideals of both the plus and minus parts of an inverse
limit of class-groups(Proposition 6.2). Givenn 0, let Q(™=Q be the degree
*" subextensionof the (unique) Z--extensionQ(* ) of Q. We then havethe eld
diagram

E

in which Q™ \ Ey = Q and QE, = E,, sothat the Galois group G, =
Gal(E,=Q) is the internal direct product of , and ,. S will denote the set
of placesfl ; gof Q.

By virtue of the natural isomorphism ! , charactersof , correspond
to charactersof . If 2 D welet , denotethe corresponding character in
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b.. Now, the ideais to view the group-ring C[Gn] asC[ n][ n]. In doing this,
we cande ne aprojection () :C[Gn]! C[ n]by extending , linearly (over
C[ n)).
Finally, x anisomorphism :C-! Candlet! : I C bethe com-
position of the Teichmeller character ! C. with :C. ! C . Then given
2 b will denote! . Obsene that since! is odd, is evenif and only
if isodd.

Prop osition 6.2 Let 2 b, ( may be evenor odd.)

Clmze o( )3 (Ea=0:S)) if 61
Fitt Z[ 1 ]I(e Cly ) = n

imz- n( )@ @1+7) n DI (En=Q;S)) if =1
where , = (1+ 7; En=Q).

Proof. This stemsfrom (3.1), which we reproduce for corvenience:
1
J(En=Q;S) = §e+ annZ[Gn](OE;;S:E;) Z[Gn] g, =qs:

Let us deal with even characters 2 P rst. For simplicity, we will assume
that 6 1, though in fact the case = 1is similar. (3.1) tells us that for eac
n 0,Z n( )JIENQ;S) = Z[ n] n( ) g,=q0s) However, Iwvasava's
construction of “-adic L-functions (see[19] and [40, Chapter 7]) shows that
this liesin Z-[ ,] and that the inverselimit of theseidealsis generatedby the
algebraic "-adic L-function corresponding to the even character . Mazur and
Wiles' proof (see[24]) of the Main Conjecture of lwasava theory, and later
Wiles' generalization of this (see[41]), show that this in turn is equal to the
Fitting ideal appearing in the statemert of the proposition.

Now we turn to odd characters 2 b Referring to (3.1) again, we nd that

Z () (En=QiS) = o Fitt 216,1(Op. s=Er) 2Z):

This usesthat (OE+ S =E') zZ is cocyclic asa Z-[G]-module sothat, since
G, is cyclic, the Fitting and annihilator ideals of (OE+_S:E;{) z Z+ agree.
[13, Theorem 1] says in particular that this Fitting ideal is equal to that of

CI(E}) zZ-. Combining the above and passingto limits completesthe proof.
|

We obsene the importance here of taking leading coe cien ts of L -functions
at s = O rather than just values. For even (i.e. odd), n( )(J (En=Q;S))
concernsL -functions which are non-zeroat 0, and we get the usual Stickelberger
elemens which are related to minus parts of class-groupsvia "-adic L -functions.
However when isodd (i.e. isewen), ( )(J (En=Q;S)) is concernedwith
L -functions having simple zercesat 0, which are related to plus parts of class-
groups via cyclotomic units.
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7 £-¢ and annihilation
Let " be an odd prime. Given 2 J{_. andH G = Gal(E=F), chooseany
2 anng. a0 (TorsH & (SpedOg v 1.5);Z- (1 1))):

Then the H -componert B ( )y liesin Q-[H2NeH 'the xed points under the
conjugation action by NgH, the normalizer of H in G. Assuming Conjecture
6.1(), Bg( )u 2 Z-[H#]NeH . Choosezy.. 2 Z-[H]sud that

(zn;; ) =Bg( )n

Consider the composition

HE(SPecOese)iz @ 1) 1™ HE(SpecOgim 1) 2@ 1)
"4 H2(SpedOgmn 15)iZ:(1 1))
! HZ(Sped(Oes(e))i 2 (1 1))
in which j is induced by the inclusion of elds and Trg_gw+ 1 denotesthe
transfer homomorphism.

Assuming Conjecture 6.1(ii), this composition is zero. However, by Frobe-
nius reciprocity for the cohomologytransfer, for all a 2 H 2 (SpeqOg sy 2 (1
r)

0 =j( (zn:; )Tre=gmn1(a))
= jpTrEzE[H:H (zn;; @)
= ( h2 Gal (E =E [HH 1) h)zy,, a

De nition 7.1 In the situation of XG.JPand X7, let I (E=F;r) Z-[G] denote
the left ideal geneated by the elements( |, o ggmn 1) N)zn;; as , H and
vary through all the possibilities alove.

Theorem 7.2 If Conjecture 6.1 is true for all akelian intermediate extensions
EMHI=EHM of E=F then the left action of the left ideal | (E=F;r) annihilates

H& (SpedOk s(g)); Z: (1 1)):

Remark If G is abelian in De nition 7.1 and Theorem 7.2, then
| (E=F;r) = JEr:F anng. [G](TorsHét(Spec(OE;s(E));Z‘(1 r)):
That is, | (E=F;r) equalsthe left hand side of Conjecture 6.1(ii).

Prop osition 7.3 In De nition 7.1, | (E=F;r) is a two-sidal ideal in Z-[G].
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Proof. In the notation of x7, it su ces to show that

0 1
X
w@ hAzy.. w!

h2 Gal( E=E[HH 1)

liesin | (E=F;r). Consider

0 1
X X
w@ hAw = h
h2 Gal( E ;E [HH 1) h2Gal(E=ElwHw TwHw 1])
and wzy.. w 1. Sincezy.. liesin Z-[H] and mapsto Bg( ) in Z:[H?3],

we seethat wzy.. w !liesin Z-[wHw ] and mapsto wBg( Jyw w w !
in Z-[H3]. However, WBg( )uw = Bg( Jwhw + andw w 1! liesin

annz jwrw 1y (TOrsH & (SPEAOp jwiw twww 11.5)i 2 (1 1));

completing the proof. |

Prop osition 7.4 Supmsethat F K E is a tower of number elds with
E=F and K=F Galois. Then forr = 1; 2; 3;::: the canonical homomor-
phism g_x :Z-[Gal(E=F)]! Z-[Gal(K=F)] satis es

e=k (I(E=F;r)) 1(K=F;r):

Proof. This follows easily from Lemma 4.1 and Proposition 5.3. |

8 Relation to Iwasawa theory

As discussedn the Introduction, the motivation for examining the behaviour of
the fractional Galois ideal under changesof extensionis to set up investigating
a possiblerole in Ilwasava theory. Via the relationship of the fractional ideal
with Stark-type elemerts (eg cyclotomic units in the caser = 0 and Beilinson
elemers in the caser < 0, discussedin [5] and [33] resp.), one might hope
that an approacd involving Euler systemswould be fruitful here. A general
connection of the fractional Galois ideal to Stark elemens of arbitrary rank
was demonstratedin [6], and the link of Stark elemers with class-groupsusing
the theory of Euler systemsis discussedin [29, 25|, sothat a strategy as above
would seempromising.

We conclude the paper with some speculation concerning what the non-
commutativ e Iwasawa theory of Fukaya{Kato [15], Kato [20] and Ritter{W eiss
[27] suggestsabout J [ _. of De nition 5.4 and | (E=F;r) of De nition 7.1.

It is worth pointing out, beforewe begin the recapitulation proper, that [15,
20, 27] often restrict to the situation wherethe extension elds are totally real,
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which tendsto involve only oneof the eigenspacesf complexconjugation acting
onJ._. and I (E=F;r). We have tried to give some examples (for example,
x6.2.1) which illustrate the expectedrole and properties of the other eigenspace.

Further, in this areathere is an immenselitany of conjectures (see[15, 7])
of which Stark's conjecture is approximately the weakest. All the constructions
we have made are cortingent only on the truth of Stark's conjecture, which is
crucial for us but also seemsfundamertal; it is assumed,for example, in [28].

Following [20], let * be an odd prime (denoted p there), F a totally real
number eld and F; a totally real Lie extension of F containing Q( -: )*.
Here, Q( 1 )* is the union of the totally real elds Q( n)* = Q( n + -,%)
over all n 1. Let G = Gal(F1 =F), and assumethat only nitely many
primes of F ramify in F; . Fix a nite set of primesof F cortaining the ones
which ramify in F; =F. De ne ( G) to be the lwasawa algebraof G, given by
(G) = Z[G] = lim y Z[G=U], where the limit runs over all open normal
subgroupsof G.

Let C denotethe cochain complex of ( G)-modules given by

RHom(R et(()lz1 [1:] ,Q:Z)'Q:Z),

sothat H%(C) = Z- with trivial G-action and H (C) = Gal(M=F; ), the
Galois group of the maximal pro-" abelian extension of F; unrami ed outside

The other H'(C)'s are zeroand Gal(M=F; ) is a nitely generatedtorsion
(left) ( G)-module. Let F%¥¢ F; denotethe cyclotomic Z--extensionand set
H = Gal(F; =F%¥¢) G sothat G=H = Z-. Asin [11]], let

S=ff 2 (G)j ( G)=( G)f is nitely generatedasa ( H)-moduleg:

Then S is an Ore set, which meansthat its elemens may be inverted to form
the localizedring ( G)s, and there is an exact localization sequenceof algebraic
K-groups

Ki(( G) ! Ki(( G)s)!®Ko(( G); (G)s)! Ko(( G)! Ko(( G)s):

By [17], lwasava's conjecture concerning the vanishing of the -invariant im-
plies that the cohomology of the perfect complex C vanisheswhen S-localized.
This givesrise to a class[C] 2 Ko(( G); ( G)s). In the caseof nite Galois
extensionsthe class [C] accourts for the Stickelberger phenomena(c.f. [34])
but on the other hand so do values of Artin L-functions. The main conjecture
of non-comrutativ e Iwasawva theory, described below following [20], makesthis
relation clear in terms of ( G)s-modules.

There is an "-adic determinantal valuation which assignsto f 2 K1(( G)s)
and a continuous Artin represeniation avaluef( ) 2 Q- [ flg . The main
conjecture of non-commutativ e lwasava theory assertsthat there exists 2
Ki(( G)s) suchthat () @)= [Cland (i) ( ")=L (@ r; ) forany
evenr 2 where isthe “-adic cyclotomic character and L (s; ) is the Artin
L-function of with the Euler factorsat removed.
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The main conjecture of Iwasawa theory wasformulated in [28] and studied in
the seriesof papers[27] whenthe Lie group G hasrank zeroor one. The caseof
G = GL(Z") is of particular interestin the study of elliptic curvesk =Q without
complexmultiplication [11] and is provenfor the "-adic Heiserberg group in [20].
For a comprehensie survey see[15].

Motiv ated by the main conjecture of Iwasawva theory, and more generally by
the role of ( G) in the arithmetic geometry of elliptic curvesand their Selmer
groups, there hasbeenconsiderablering-theoretic activity concerning ( G) and
(G)= (G)="( G) (seell, 2, 3, 37,38 39). Therings ( G) and ( G) are
examplesof \just-in nite  rings" which both satisfy the Auslander{Gorenstein
condition and are thus amenableto Lie theoretic analysis.

In the survey article [1], a number of questionsare posed. In particular the
constructions of x7 are directly related to [1, Question G]: \Is there a meca-
nism for constructing ideals of lwasawva algebraswhich involvesneither certral
elemers nor closednormal subgroups?"

Prop osition 8.1 If F; =F is any "-adic Lie extensionof a number eld F with
Galois group G then, under the assumption of x7 for the nite intermediate
sutextensionse=F for r = 1; 2; 3;:::wemay de ne a two-sidel ideal

I (F1 =F;r) = IirE I (E=F;r)
in ( G), wherthelimit is takenover nite Galois sukextensionseE=F of F; =F.

In view of the annihilation discussionof x7, Proposition 8.1 suggeststhe
following:

Question 8.2 What is the intersection of the canonical Ore set S of [11, 20]
with | (F1 =F;r)?

In many ways the most interesting caseis when G = GL(Z') ( 7)
arising from the tower of “-primary torsion points on an elliptic curve over Q
without complex multiplication [10, 11]. In this caseone hasparticularly strong
information concerning two-sided primes ideals of ( G) { see[3]. Thereis a
possibly alternativ e approach to the construction of fractional Galois idealsin
Q- [Gal(K =Q)] basedon assumingthat a type of Stark conjecture holds for the
Hasse{Weil L -function of the elliptic curve [35]. It would be interesting to know
whether this leadsto the sametwo-sidedideal as Proposition 8.1.
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