DEL PEZZO SURFACES OF DEGREE 6 OVER AN
ARBITRAR Y FIELD

MARK BLUNK

Abstra ct. We give a characterization of all del Pezzosurfacesof degree
6 over an arbitrary eld F. A surfaceis determined by a pair of separable
algebras. These algebrasare usedto compute the Quillen K -theory of the
surface. As a consequencewe obtain an index reduction formula for the
function eld of the surface.

1. Intr oduction

If X is an algebraic variety de ned over an arbitrary eld F, a common
method (cf. the introduction of [13]) for learning various properties of X is
to rst study X = X specr SpecF), the extension of scalarsof X to a
separableclosureF of F, and then to study the action of the Galois group
Gal(F=F) on algebraic groups and other algebraic objects assaiated to X.
This is particularly useful when dealing with a classof varieties that all be-
comeisomorphic over F, e.g. Se\eri-Brauer varieties or involution varieties.
A Se\eri-Brauer variety is determined by a certral simple F-algebraA, and
an involution variety is determined by a certral simple F-algebraA with an
orthogonalinvolution of the rst kind (A; ). In either casethis algebraicdata
determinesgeometricaland topological information about the correspnding
variety. In particular the Quillen K -groups of the variety are determinedthe
algebrain the Se\eri-Brauer example,and the algebrawith involution in the
involution variety example. This was proved for Se\eri-Brauer varieties and
involution varieties in [8] and [11], respectively. Panin proved in [7] a more
generaltheorem computing the K -theory of projective homogeneouwarieties,
which cortains both examplesas special cases.In all of theseexamples,asin
this paper, the action of algebraicgroups plays a signi cant role. An imme-
diate consequencef this computation of the K -theory is an index reduction
formula, which determineshow extending scalarsof a division F-algebrato
the function eld of the variety reducesthe index of the algebra. In this paper
we will study del Pezzosurfacesof degree6 over F, obtaining similar results.

A del PezzosurfaceS is a smaoth projective surfaceover a eld F sudt
that the arnti-canonical bundle! ¢* is ample. The degree(the self-intersection
number of ! 5) of any sud surfacecan be any integer betweenl1 and 9. Suc
varieties were discussedin [1], [2], and [12]. As mertioned in someof these
referencesa del Pezzosurfaceof degreeb6 is a toric variety for a particular two
dimensionaltorus, which we will descrike belov. We explorethis toric struc-

ture in Section2. The resultis Theorem?2.4, a classi cation of all sud surfaces
1
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up to isomorphismpreservingthe action of the torus. Section3 cortains the
main result of the paper, Theorem 3.5, where it is proved that a del Pezzo
surfaceof degree6 is determined by a pair B and Q of separableF -algebras,
with certers K and L etale quadratic and cubic over F respectively, and both
containing K ¢ L asa subalgebra.Moreover, cork - (B) and cor ¢ (Q) must
be split. As an immediate corollary of Theorems?2.4 and 3.5, we give a nec-
essaryand su cient condition in terms of B and Q for determining when the
correspnding surfacewill have a rational point. We then make someconnec-
tions betweenthis characterization of del Pezzosurfacesof degree6 and the
characterization deweloped in [1].

In Section4, we relate the algebrasB and Q to the endomorphismrings of
locally free sheares on the asseiated del PezzosurfaceS. Thesesheaesare
usedin Theorem4.2to relate the Quillen K -theory of S to that of B and Q,
by showing that the algebraA = F B Q isisomorphicto S in a certain
K -motivic categoryC, constructedin [7]. This implies that for all n,

Kn(S) = Kn(A) = Kn(F) Kin(B) Kn(Q):

As a corollary we obtain an index reduction formula for the function eld of
S.

| would like to thank my advisor Alexander Merkurjev, who posed this
guestionto me, and answered se\eral of my questionswhich deweloped along
the way.

We usethe following notations and corventions:

An F-variety is a separatedsdhemeof nite type over SpedF).

F will denotea separableclosureof F.

An F-algebraA is separablef A ¢ L is semisimplefor every eld extension
L of F. Sud an algebrais Azumaya over its certer, which is an etale extension
of F.

will denotethe group Gal(F =F).

For any F-variety X andany eld extensionE of F, wewill denoteX speck
SpedE) (resp. X specr SpeqF)) by Xe (resp. X).

For any separableF -algebra A and any etale extensionE of F, we will
denoteA ¢ E (resp. A ¢ F) by Ac (resp. A).

If D is a Cartier divisor on a variety X, L(D) will denotethe correspnding
invertible sheafon X .

For any variety X and any separablealgebra A, P(X;A) will denotethe
exact category of left A ¢ Ox -modules which are locally free Ox -modules.
We will denoteP (X ;F) (resp. P(SpecF;A)) by P(X) (resp. P(A)).

For any integer n, K,(X;A) will denotethe Quillen group K,(P(X;A)).
As above, we will denoteK ,(X;F) by K,(X) and K,(SpecF;A) by K,(A).

For any algebraictorus T, P will denotethe -mo dule of charactersHom.(T; Gh.e)-
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2. Toric Varieties

We rst recall from [4], [5], and [12] somebasic properties of the variety
§, the blow up of P? at the 3 non-collinearpoints [1: 0: 0], [0: 1: 0], and
[0:0:1]. The variety § canberealizedasa closedsubvariety of P> P?, de ned
by the equationsxyyo = X1Y1 = X»Y». The projection onto the rst factor of P?
is the blow down of the three linesmg = fx; = X, = 0g, m; = fxo = X, = Og,
and m, = fxo = X, = 0g. Similarly, the projection onto the secondfactor of
P2 is the blow down of the three linesly = fy; = y, = 0g, |, = fyp = y, = 0Og,
andl; = fyo=y; = 0g.

Prop osition 2.1. Let § be the blow up of P? at the three points [1: 0 : 0],
[0:1:0], and[0:0: 1]
i. The variety § is a del Pezzosurface of degree 6 over F, andif F is sep-
arably closel, any del Pezzosurfae S of degree 6 over F is isomorphic
to S.
ii. The group CH(8) is geneated by the lines Iy, 11, |, mg, my, and ms.
ii. The intersection pairing on CH*(S) is determined by the following re-
lations: 17= 1, m?2= 1, Iim; = 1, andim; = l;l; = mim; = 0O, for
distinct i;j 2 f0;1;2g.
iv. The group CH?(8) is cyclic, geneated by the classof any rational point.

As mertioned in [1], there is an action of the torus ¥ = G2 =G, on P?,
descriked by:

(to;t;ta) [Xos X1;X2; Yoi Y1, Y2l = [toXo; tiXa; taXa; to Myo; ty tya; t, tyal:

Here G, enbedsinto G2 diagonally This action sends$ to itself, and is
faithful and transitive on the open subset8 of §, the complemen of the
subvariety de ned by the equation XoX1X2YoYy1Y2 = 0. This closedsubvariety
has6 irreducible componerts, the linesly, |4, I, mg, my, and m,, which by the
proposition are arrangedin a hexagon. Thus § is a P-toric variety, with fan
dual to the hexagonof lines. Thereis alsoan action of the symmetric groupssS,
and S; on S. The nortrivial elemen of S, actson P>  P? by interchangingthe
X; andy;, and the Sz action on P?> P2 arisesfrom the diagonalaction of Sz on
the coordinatesXxg, X1, X andyy, Y1, Y. The S, and S; actions commnute with
ead other, and both groupssend§ P? P? to itself. Thereforethey induce
an action of S,  S; on S, preservingthe set of lines g, |4, I, mg, my, and
m,, and thus inducing an isomorphismfrom S,  S; onto the automorphism
group of the hexagonof lines. The torus P is the connectedcomponert of the
identity of the algebraicgroup Autg (8) of automorphismsof §, and S, S;
is the group of connectedcomponerts. The action of S, S; on § dene a
sectionS, S;! Autg(S), sowe have the following split exact sequenceof
algebraicgroups:

11 B! Aute(S)! S, Sg! I
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Figure 1. The Hexagonof Lines.

We have another way to realize § as a closedsubvariety of a product of
projective spaces.Dene f; : §:! Plfori= 0;1;2 by

fo([Xo : X1 :X2; Yo Y1 :Yal) = [X1:X2] or[yz:yi]
f1([Xo 1 X1 i X2; Yo 1 Y1 :Y2]) = [X2 i Xo] OF [Yo : Y2l
fo([Xo i X1 :X2; Yo Y1 :Y2l) = [Xo : X1] or [y1 : yol:

Ead f; is well de ned, asthe two de nitions agreeon the overlap, and thus
is a morphism of varieties. These morphisms de ne a morphismf : § !

Pt P! PL If wedenotethe bi-homogeneousoordinatesof Pt P! P! by
Xo, X1, Yo, Y1, Zo, and Z4, it canbe shavn that f maps$ isomorphically onto
the hypersurfaceof P P! P! de ned by the equation XYoZo = X1Y1Z.
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The morphismf sendsP to the torus
Ker(G2=G,, GZ=Gn G2=G, " G2=G_);

wherem((to; t1); (t3; t9); (137199) = (tototd0 tat2t3y.
_ Now let S be a del Pezzosurfaceof degree6 over an arbitrary eld F. Then
S is a del Pezzosurfaceof degree6 over F, and thus by Proposition 2.1 is

isomorphicover F to §. So S is an F-form of §. As the six lines of the
hexagonform a full set of exceptionalcurvesin S, the action of on S is
globally stable on the set of lines of the hexagon. Therefore,there is an open
subvariety U whosecomplemen Z is isomorphic over F to the hexagonof
lines. The action of on Z permutes its irreducible componerts, inducing an
action of on the hexagon.

Let T denotethe connectedcomponert of the identity of Autr(S). The
group of connectedcomponerts G of Aut ¢ (S) is an etalegroupscdeme:it isthe
group shemedetermined(asin Proposition 20.160f [3]) by the automorphism
group of the hexagonof lines, with cortinuous -action on this nite group
asin the previousparagraph. SoT is a torus, S is a T-toric variety, with an
open set U which is a T-torsor, and -action on the fan determined by the
etale group shemeG.

This -action onthe hexagondeterminesa homomorphism : ! S, Ss.
Projecting onto either factor yields cocycleswith valuesin S, and Sz, and
thus determinesa pair (K;L), whereK and L are etale quadratic and cubic
extensionsof F, respectively. Note that while the fan, dual to the hexagonof
lines, is the samefor all del Pezzosurfacesof degree6 over F, the possible
-actions on the fan are in a one-to-onecorrespndencewith pairs (K;L).

For a xed cocycle (i.e. a xed pair (K;L)), we will classifyall del Pezzo
surfacesS of degree6 wherethe -action onZ S is determinedby

We have from [12] the following short exact sequenceof -mo dules:

ol P! ZIKL=F]! Pic(S)! O

Here KL denotesthe algebraK ¢ L, and Z[K L=F] is the lattice of the six
lines of Z. The homomorphismZ[K L=F]! Pic(S) takesa line to the corre-
sponding Cartier divisor on S. As descrited in [1], this short exact sequence
can be extendedinto the exact sequence

(1) 0! P! Z[KL=F]! Z[K=F] Z[L=F]! Z! O

Here Z[L=F] is the lattice of pairs of opposite lines, and Z[K =F] is the lattice
of triangles, whereead triangle is a triple of skew lines. The homomorphism
ZIKL=F] ! Z[L=F] sendsead line to the pair cortaining it, and the ho-
momorphismZ[K L=F] ! Z[K=F] sendsead line to the triangle containing
it. The homomorphismZ[K=F] Z[L=F]! Z is the dierence of the aug-
mertation maps. This sequencenducesthe following short exact sequenceof
-mo dules:

) 0! P! Z[KL=F]=z! Z[K=F]=z Z[L=F]=z! O
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whereZ embedsinto Z[K=F], Z[L=F], and Z[K L=F] diagonally.
In analogywith R{._(Gp) := Ker(Nk=r : Rk=r(Gm) ! Gm), wede ne the

following algebraicF -groups:

GL := Ker(Nk = :Rki=r (Gm) ! Ri=r (Gn))

Gk = Ker(Nk =k : RkL=r (Gm)! Rk=r(Gm))
ThesegroupsareF -tori, dualto the -mo dulesZ[K L=F ]=Z[L=F ] and Z[K L=F |=Z[K =F],
where Z[K =F] and Z[L=F] are diagonally embeddedin Z[K L=F]. The em-
beddings of Rx=r(G) and R = (Gn,) into Rk = (G,,) induce embeddings
Rff) (Gm)! G_ and R(le)F (Gm)! Gk. The descriptionof 8§ P? P?

=F
above descendgo the following exact sequence:

(3) 11 R (Gn)! GL! T! 1
Similarly, the descriptionof f () P! P! P! above descendgo
11 RY.(Gn)! Gk ! T! 1

We will usethesesequencein Section4.
Finally, from (1) and (2), we have correspnding sequence®f F -tori:

(4) 1! Gn! Rk=f(Gm) Ri=r(Gm)! Rk=r(Gm)! T! L
and
11 RY_(Gn) RE(Gm)! RO __(Gn)! T! L
Recallthat for E = K, L, and KL,
HY(F;RE (Gm)) =F Ne-g(E )
H2(F; R (Gm)) = Ker(core¢ : Br(E) ! Br(F)):

Moreover, as N -r (KL) is a subgroupof Nyr (K ) and N g (L ), it
follows that the restriction of the homomorphismof H! groupsinduced by

to either factor is just factoring out the corresppnding subgroupof the quotiert,
and thus will be surjective. Therefore, by the induced long exact sequence
in cohomology we obtain the following exact sequence:

1! HYF;T)! Ker(cork=r) Ker(cor,r)! Ker(cor ¢ ):

wherethe last homomorphismsendsa pair (X; y) to resc =k (X) resc,=.(y) 2
Br(KL).

Let C; bethe setof K -algebraisomorphismclassef Azumaya K -algebras
B of rank 9 such that B, = B ¢ KL and corg=r(B) are split, C, the set of
L -algebraisomorphismclassesof Azumaya L-algebrasQ of rank 4 sud that
Qk = Q | KL andcor- (Q) aresplit, andsetC = C; C,. ThenC isa
pointed setwith distinguishedelemen (M3(K);M3(L)), andthemap :C!
Ker(cork-r) Ker(cor.-¢) sendinga pair (B;Q) to ([B];[Q]) is @ morphism
of pointed sets. Moreover, resc =k ([B]) = [B « KL] and res = ([Q]) =
[Q . KL]aretrivial, soit followsthat mapsinto H(F;T).
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Theorem 2.2. :C! HZY(F;T) is an isomorphismof pointed sets.

Proof. If (B;Q)= (B%Q9Y, then[B]=[BY2 Ker(corg-¢) Br(K). Then
B and B are similar Azumaya K -algebrasof the samerank, and thus must
be isomorphicasK -algebras. Similarly, Q and Q° are isomorphic,sothat s
injective.

Now let (x;y) 2 HY(F;T), sothat (x;y) 2 Ker(corc—r) Ker(cor.¢), and
resc L=k (X) = resc =L (y). This implies that

3X = COlk L=k (resc =« (X))
= COlk =k (resc =L (¥)) = resc=r(cor.=r (y)) = O:

Similarly, 2y = 0. Thusresc =« (X) = res - (Y) hasorder divisible by 2 and
3, and thereforeis trivial. If L isnot a eld, thenL = F E, whereE is an
etale quadratic extensionof F. Then resc =« (X) = (X; res k=« (X)), and so
res =« (x) = Oimpliesx = 0. If L isa eld, then x is split by a eld extension
ofdegree3 (If K = F  F,andx = (Xx1;%2) 2 Br(K) = Br(F) Br(F) is split
by KL if and only if x; and x, are split by L). Thus for all possibleK and
L, there is an Azumaya K -algebraB of rank 9 that represets x in Br(K).
Sinceres¢ =k (X) and cork = (x) aretrivial, B ¢ KL and cork - (B) are split.
Similarly, there is an Azumaya L -algebraQ of rank 4 which represets y sut
that Q | KL andcor - (Q) aresplit. Then(B;Q) 2 A,and (B;Q) = (x;y),
SO s surjective.

Remark 2.3. As KL is an etale algebra of degree3 over K, if KL splits
B, then KL can be embeddedas a subalgebraof B. Similarly, KL can be
enmbeddedasasubalgebraof Q. If (B; Q) = (B2 Q9 in C = HY(F; T), thenany
K -isomorphismfrom B to B%sendsK L B to a subalgebraof B °isomorphic
to K L. Moreover, if we choosea xed enbeddingof KL into both B and B,
by applying Skolem-Noether to B%we can nd an isomorphismfrom B to B
which restricts to the idertity on K L. Similarly, we may assumethat Q to Q°
are isomorphicvia an isomorphismwhich is the identity on K L.

It follows that if K and L are etale quadratic and cubic extensionsof F
respectively, and T is the two dimensionaltorus induced from K and L asin
the exact sequencg4), then elemens of H(F; T) are determined by triples
(B;Q;KL), whereB is an Azumaya K -algebraof rank 9 sud that cork - (B)
is split, Q is an Azumaya algebraover L of rank 4 sud that cor - (Q) is split,
and we have a xed enbedding of KL as a subalgebrainto both B and Q.
Two triples (B;Q;K L) and (B% Q%K L) will determinethe sameelemen of
H1(F;T) if there are K L-algebraisomorphismsfrom B to B®and Q to Q°

If S is adel Pezzosurfaceof degree6, and if T is the connectedcomponen
of the idertity of Autg(S), S is a T-toric variety, with -action on the fan
induced by the -action  on the connectedcomponerts of Z, the hexagon
of lines. The T-torsorsU S is determined by an elemen of the pointed
set HY(F;T). Two surfacesS and S° will be isomorphic as toric varieties
if and only if T and T° are isomorphic as algebraic groups, and there is an
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isomorphismfrom S to S° which presenesthe action of T = T%on S and
S° thus inducing isomorphisms -actions on the fan and isomorphismsof the
T-torsors determining S and S°. Thus we have proved the following:

Theorem 2.4. Let S be a del Pezzosurfae of deggree 6, and T be the con-
nected component of the identity of the group Autg(S). Then S is a T-toric
variety with -invariant fan determined by a pair (K;L) and the T-torsor U
determined by a triple (B;Q;K L). Two triples (B;Q;KL) and (B% Q%K 19
will descrile isomorphic toric varieties if and only if K and L are isomorphic
to K%and L° as F-algebams, (so that T = T9, and there exist K L-algebra
isomorphismsfrom B to B®and Q to Q°

3. The Main Theorem

We would now like to classifythesesurfacesup to isomorphismas abstract
varieties. This is lessrestrictive than isomorphismas toric varieties. We will
seethat a del Pezzosurfaceis still determinedby atriple (B; Q;K L), but now
we will allow F-algebraisomorphismson B and Q, i.e. algebraisomorphisms
which may not x KL.

Let S be a del Pezzosurfaceof degree6 over F. Then S is a T-toric variety,
where T is the connectedcomponent of Autg(S), with the -action on the
fan determining a pair (K;L), and the T-torsor U S determining a pair
(B;Q;KL). Let G bethe group of connectedcomponerts of Autg (S). As we
have showvn above, G is an etalegroup sdheme,determinedby the actionof on
the hexagonof lines. In particular, G(F) = Autg (KL) = Autg(K) Autg(L).

Considerthe following action of G(F) on H(F; T): if (g;h) 2 Aut_ (K L)
Autg (KL) and (B;Q;K L) 2 HY(F; T) then g nontrivial sendsB to B°P, and
sendsthe embeddingi : KL! Btoi9:KL! B°, wherei?z) = i(g(z))° 2
B°P. As KL is a cyclic extensionof L, Q is a cyclic L-algebra,sothere is an
elemem | 2 L sud that Q is generatedby KL and an elemen y, subject to
the relationsy? = | andzy = y (2) for every z 2 KL, where 2 Aut, (K L)
is the nontrivial automorphism of KL over L. Sud an algebrais denoted
(KL=L;1). Let hacton Q = (KL=L;L) by h (KL=L;I) = (KL=L; h(l)),
and sendthe embeddingKL ! Q to KL " KL ! (KL;h(). Asl 2L
determinesQ = (K L=L; |) up to multiplication by an elemen of the subgroup
Nkee  (KL) L , and as Autg (L) takesNk . (KL)  to itself, we see
that this action is well de ned.

The orbits of this group action can be descrited in terms of F -algebraiso-
morphismson B and Q, as we will shov belonv. We will use the following
proposition seeral times: We will needthe following proposition:

Prop osition 3.1 (Proposition 4.18 of [3]). Let (B; ) be a central simple F-
algebr of dggree n with unitary involution, and let K be the center of B. For
every F-sulalgeba L of B whichis etale of dimensionn over F, there exists
a unitary involution of B xing L.
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Prop osition 3.2. (B%QY9 = g (B;Q) for someg 2 G(F) if and only if there
are F-automorphisms g : B! B%and o : Q! Q%suchthat gjx. =

okt = 0.

Proof. Assumethat (B4 Q%K L) = g (B;Q;KL) for someg 2 G(F). Any
F -automorphismg of K L canbe expressedsthe composition of two automor-
phisms,one xing K and one xing L. Soit suces to considerthe separate
casesvhereK and L are xed by the automorphism.

We rst considerthe casewhereg xes K, sothat B®= B. By Skolem-
Noether, there is a K -automorphism g of B sud that gjk. = g. Now,
Q= (KL=L; 1), Q°= (KL=L; g(l)) andas and g comnute, g extendsto an
F -automorphism o from Q to Q% by sendingKL to KL via g, andy to y°
Then g and o agreeonKL.

Now assumethat g = is the non-trivial L-automorphismof K L, sothat
Q%= Q andB°= B°P, Asin the previousparagraph,by Skolem-Nocether there
is anL-automorphism o of Q sudithat ojk. = 9. Moreover, ascork-¢(B) is
split and L is an etale cubic extensionof F, we know by Proposition 3.1that B
hasa unitary involution which is the iderntity on L. The involution de nes
an F-isomorphism g from B to B?, sud that gjx. = =0= ojkL-

Conversely assumethat 5 :B! B%and o:Q! Q%areF-isomorphisms
sudh that gjkiL = ojkL = 92 Autg(KL). Asin the argumerts above, we
will rst considerthe separatecasesvhereg x K andL.

If g xes L, then g is anisomorphismof L-algebras,sothat (B%Q;K L) =
(B%Q%KL) in HY(F;T). If we restrict g to the certer of B, we get an F-
isomorphismof K. If jx is the idertity (i.e. g is trivial), then B and B are
isomorphic as K -algebras. If jx is not the idertity, then by pre-compmsing

with the isomorphismfrom B°P to B induced by any unitary involution
xing L on B, we seethat B° and B°areisomorphicaskK -algebras.In either
case,(BSQ%KL) = (BSQ;KL) =g (B;Q;KL) in HY(F;T).

Now assumethat g xes K, sothat g :B ! B%is anisomorphismof K -
algebras,andthen (B4 Q%K L) = (B;Q%KL) in HY(F;T). If Q = (KL=L; ),
and if 1= o(l) = g(l), then Q is isomorphic over L to (K L=L; 19, and so
(BSQ%KL) = (B;Q%KL) =g (B;Q)in H'(F;T).

Finally, assumethat g doesnot x K or L. If is the nontrivial L-
automorphismof KL, g does x K. Moreover, by post-composing g with
the F -isomorphism go: B°! (BY°P inducedby any unitary involution ofB°
xing L (which exist by Proposition 3.1), we getisomorphisms go g : B!
(B9 and o:Q! QYsudthat ( go )jkL = ojkL = g. Thereforeby
our argumert in the previousparagraph, (B%Q%KL)= ((B9°P;Q%KL) =

g (B;Q;KL) in HY(F;T). Acting on both sidesof this equationby , we
get (BSQSKL) =g (B;Q;KL).

The next theoremrelatesisomorphismclasse®f del PezzoSurfacesof degree
6 with G(F)-orbits of H(F;T). We will needthe following standard result
from Galois cohomology: (cf. Corollary (28.10) of [3] or Chapter I, Section
5.5, Corollary 2 of [9].)
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Prop osition 3.3. Let be a pronite group, A andB be -groupswith A a
normal sulgroup of B, andsetC = B=A. If 2 H( ;B), and b a cocycle
representing , then the elementsof H( ;B) with the sameimageas in
H1( ;C) correspnding bijectively with (Cp) -orbits of the setH( ;Ap).

Theorem 3.4. The isomorphism classof S correspndsto a G(F)-orbit of
H(F;T).

Proof. As mertioned in Section2, we have the following split exact sequence
of algebraicgroups:

(5) 11 Bl Aute(§)! S, Si! 1

where ® is the connectedcomponert of the idertity of Autg (S), andS, S
is the group of connectedcomponens. This sequencenducesthe split exact
sequencef pointed sets:

1! HYF B! HYFAute(S) ! HYFS, S)! L

The elemens of HY(F; Aut (S)) arein a one-to-onecorrespndencewith the
set of isomorphismsclassesof F-forms of §, which by Proposition 2.1 are
del Pezzosurfacesof degree6. Let 2 Z1(F;Autg(S)) be a cocycle whose
cohomologyclassis determined by the isomorphismclassof S, and let be
the imageof in ZY(F;S, Ss). The cocycle is determinedby the action
of the Galoisgroup onZ S, and inducesa pair (K;L). The twist of ¥ by

is the torus T, determinedby (K ;L) asin the sequencd4), and the twist of
S, S;isthe etalegroup shemeG. The result follows by Proposition 3.3.

Note that asH(F;Aut:(S)) ! HYF:;S, S3) is surjective, we seethat
all possiblepairs (K ;L) are realizedby the action of on Z, for Z cortained
in somedel PezzosurfaceS of degree6. Solet S; and S, be two del Pezzo
surfacesof degree6, andlet (Bi; Q;; KiL;) bean elemen of the the G;(F )-orbit
of H(F;T;) determinedby S;, fori = 1;2. Then S; and S, induceisomorphic
-actions on the hexagonof lines (sothat (Kq;L;) = (K2 L), Ty = T, and
G; = G3; we denote thesealgebraicobjects (K;L), T, and G, respectively).
It follows from Proposition 3.2 that two pairs (B1; Q;;KL) and (B;; Q2; KL)
are in the sameG(F)-orbit of H(F; T) if and only if there are isomorphisms

By - B:! B, and Q; - Ql ! Q2 sud that BleL = QleL- We have
proved the following theorem:

Theorem 3.5. There are bijections, inverseto each other, between the follow-

ing two sets:
The set of isomorphismclassesof del Pezzosurfaaes of degree 6.
The setof triples (B; Q; K L), modulotherelation: (B;Q;KL) (B%Q%K19
if there are F-algeba isomorphisms g : B! B%and o:Q! Q°
suchthat BjKL = QjKL-

For the rest of this paper, S(B; Q; K L) will denotethe del Pezzosurfaceof
degree6 determinedby the triple (B;Q;KL).



DEL PEZZO SURFACES OF DEGREE 6 OVER AN ARBITRAR Y FIELD 11

Corollary 3.6. The surface S(B; Q; K L) contains a rational point if and only
if B and Q are split.

Proof. SinceS(B;Q;K L) is a T-toric variety for a two dimensionaltorus T,
S hasa rational point if and only if the correspnding T-torsor U is a trivial
torsor (cf. Proposition 4 of [14]). By Theorem 2.4, this occurs preciselywhen
B and Q are split.

Remark 3.7. If SgisaT-toric model (i.e. the T-torsorU  Syistrivial), then
the map HY(F;T) ! HZI(F;Aut:(S)) inducedby T ! Autg(S) takesa T-
torsor U to the surfacedeterminedby U andthe -action onthe fan determined
by the pair (K;L). Thus for any surfaceS, the elemens of H(F;T) in the
b er of the isomorphismclassof S determinethe possiblenon-isomorphicT -
toric structureson S, whereT is the connectedcomponert of the idertity of
the algebraic group Autg(S). In terms of the algebrasB and Q, the map
HY(F;T) ! HY(F;Aut:(S)) forgetsthe K L-algebrastructure of B and Q,
preservingonly the F -algebrastructure and the embeddingof K L into B and

Q.

The group Autg (K) always has order 2, but the group Autg (L) can have
order1, 2, 3,0r 6. If Autg (L) hasorderlessthan 6, thenthe orbit of (B; Q; K L)
in HY(F; T) cortains at most 6 elemets. It Autg (L) hasorder6,thenlL = F3
is not a eld, and thus B is necessarilysplit. If B is split, then the pair
(B;Q;KL) 2 HY(F;T) is xed by the subgroup Autr(K) of G(F), and so
againthe G(F)-orbit of (B;Q;K L) in H(F;T) hasat most 6 elemens. Thus
for a del PezzosurfaceS of degree6, there at most 6 non-isomorphicT -toric
structureson S.

Remark 3.8. We would like to relate this characterization of del Pezzosur-
facesof degree6 by triples (B;Q;K L) with the characterization by triples
(B; ;L) found in [1]. A triple (B; ;L) is an Azumaya K -algebraB of rank
9, a unitary involution on B, and a cubic etale F-algebraL sud that
L Sym(B; ). Twotriples (B; ;L) and(B% %L9 areisomorphicif there is
an F-algebraisomorphism :B! B%sucdithat © = and (L) = L°

Solet (B;Q;KL) be a triple asin Theorem 3.5. Then B is an Azumaya
K -algebraof rank 9, and is classi ed up to isomorphismas an F -algebra. As
B, is split, soB contains KL, and hencelL, asa subalgebra.Sincecork - (B)
is split, we know that B has a unitary involution. Moreover, sincelL is an
etale cubic extensionof F cortained in B, there is someunitary involution

sud that L Sym(B; ), by Proposition 3.1. Sothe B and L in our
characterization match with the B and L descriked in [1]. The rest of the
remark seekgto relate Q and the involution . That is, we want to classifyall
triples (B; ;L) with B and L xed. This should correspnd to xing K, L,
and B, and trying to determineall possibleQ.

As K=F and K L=L are cyclic,

Br(K=F) = F =Ngr (K )
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and
Br(KL=L) = L =N (KL)

The restriction homomorphismres-¢ : Br(F) ! Br(L) sendsthe subgroup
Br(K=F) to Br(KL=L). As K and L have coprime degreesfes -r jgrk =) :
Br(K=F) ! Br(KL=L) is injective, and the cyclic algebraQ correspndsto
an elemen of Br(K L=L)=res = (Br(K=F)), i.e. an elemen of

L =Ny (KL) res.k F =Ngr (K )

L =Ngw (KL) F Nk (KL) =Nk (KL)
L =F Ngu (KL)

If is a unitary involution on B which is the identity onL, andu 2 L
then , := Int(u) isalsoaunitary involution onB xing L. Moreover, , is
conjugateto ,ifuv 2 F Ng, (KL) . Thus,after achoiceofaparticular
involution , we have a morphism of pointed setsfrom L =F Ny (KL)
to the setof conjugacyclasse®f unitary involutions of B which arethe idertity
onlL, sendingu to . By Corollary 19.30f [3], this map is a surjection. Sowe
have a surjective map from L =F Nk, (KL) to the set of isomorphism
classesf triples (B; ;L).

Theorem 3.5 shouldsay that the b ersof this surjection should be the orbit
ofthe groupAute (L) inL =F Nk, (KL) , correspndingto the Autg(L)-
orbit of (B;Q). Howewer, to make this statemen correct, we needto choose
a particular involution on B. It is not clearin generalwhat this involution
should be. The involution should be chosenso that the surfaceS(B; ;L)
should correspnd to the pair (B; M,(L)). In particular, if B = M3(K) is split,
the surfacedescrited by the triple (M3(K); ;L) shouldhave a rational point,
by Corollary 3.6. The next remark constructsthe involution in this case.

Remark 3.9. GivenK andL, wewill nd atriple (B; ;L), (i.e. acertral sim-
ple algebraof degree3 over K with aninvolution sudithat L Sym(B; ),)
sothat the correspnding del PezzosurfaceS(B; ;L) constructedin [1] hasa
rational point.

As K L is a three dimensionalvector spaceover K, B := Endx (KL) is a
Azumaya K -algebraof rank 9. Left multiplication by an elemen of K L deter-
minesan embeddingof KL into B. If is the nontrivial L-automorphism of
KL, h(x;y) = Trx =« ( (X)y) de nes a hermitian form on KL. This hermit-
ian form on KL inducesan involution of the secondkind on B, sud that
L Sym(B; ). Sowe haveatriple (B; ;L). Let S denotethe correspnding
del Pezzosurfaceof 6, constructedin [1].

| claim that S cortains a rational point. According to [1], it suces to
showv that there is a right ideal | of B of reduced dimension 1 sud that
(I (1)\ SymB; ) F L?, whereL” = fx 2 Sym(B; )jTrd(Ix) =
O; foralll 2 Lg.
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Let W = spanc (1) LK, sothat W is a one dimensionalK -subspaceof
KL. andthen| = Homg (KL; W) is aright ideal of B of reduceddimension
1, generatedby the linear mapt = Trgx -« : KL! K | KL. Wewant to
showv that t 2 Sym(B; ). First, note that for any x 2 KL, Trx =« ( (X)) =

(Trik = (x)). If x;y 2 KL,

h(x; t(y))

Trici=x ( (%) Tric=x (¥))
Tric=k ( (X)) Tre =« (y)
Tric=k ( (Tre =k (X))y)
h(t(x);y):

Sot 2 Sym(B; ), which impliesthat (1) is a left ideal of B, also generated
by t. Thus,I ()= tBt.

In orderto provel (1)\ Sym(B; ) F L7, it suces to considerthe
casewhereL = F3 is split. Sowe can choosea basise;; e;; e; of idempotents
for KL over K. In this basis, is the standard adjoint involution, Sym(B; )
is the set of hermitian matrices,and F  L? is the set of hermitian matrices
wherethe diagonalertries agree. Moreover, t is the matrix with onesin every
ertry, sot 2 F L?. A direct calculationshovs| (1) = spar (t), and hence

(I (1)\ SymB; )=span(t) F L7

4. Ky of del Pezzo Surf aces

Let S = S(B;Q;KL) be a del Pezzosurfaceof degree6, a T-toric variety
for a two dimensionaltorus T. Let Z S be the closedvariety sud that Z
is the union of six lines Iy, I1, |5, Mg, my, and m,. Recall the exact sequence
(2) from Section2, whereZ[K L=F] is the lattice of connectedcomponerts of
Z S, thelinesl; and m;, and the homomorphismZ[K L=F]! Pic(S) sends
ead line to the correspnding invertible sheafon S. From the exact sequence
(1), we seethat Pisthe subgroupof Z[K L=F] generatedby I, 1; (mg my),
lo I, (mg my),andl; I, (m; my). Note that any one of these3
generatorscan be expressedhs a linear conbination of the other 2. So Pic(S)
is generatedby the invertible shearesL( 1;), L( m;), and we have that the
invertible shearesL( |} mj)andL( |; m;) areisomorphicfori;j = 0;1,;2.

There is another way to recover thesegeneratorsand relations, which does
not depend on the theory of toric varieties. Recall that there is a morphism
p:S! P2 obtainedby blowing down the linesmg, my, and m,. If X, X1, X2
are the homogeneousgoordinatesof P? and D; = fx; = Og for i = 0; 1; 2, then
Do, D1, and D, areall linearly equivalert divisorson P?, and thus their strict
transformsm;+ o+ my, mp+ I, + m,, and mg+ I,+ m; areall linearly equivalent
divisorson S. Thereforethe correspndinginvertible shearesL( m; o my),
L mg | my),andL( mg |, mj) onS areisomorphic. From this
we can concludethat Pic(S) is generatedby the invertible sheaesL ( my),
L( ml), L( mz), L( mq |0 mg), L( Mg |1 mz), and L( Mg |2 ml),
andwehavethat L( I; m; I)andL( I|j m; Ix) areisomorphicfor any
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I;j = 0;1;2. This presemation is equivalert to that in the previousparagraph.
Similarly, this preseration can be obtained by consideringthe morphism p, :
S| P? obtained by blowing down the lineslq I1, and I,.

We de ne the following locally free sheaeson S:

lp=L( my o mp) L( mg I3 mp) L( mo Il my)
lo=L( 1l mog I2) L(Clo my 1) L(Clo my |y
Ji=L( lo my) L(C It mo)
Jo=L( lo mz) L( l2 mg)
Jz=L( Iz mz) L( Iz my:
The -action on the hexagonof lines inducesan action on the locally free
sheaesl; l,andJ; J, Js, compatiblewith the actionon S. Therefore
. l,andJ; J, Js;descendo sheaesl andJ onS.
We will considerthe following endomorphismrings: B®= Endo, (I )°°, and

Q%= Endo.(1)°. As S is projective, Endo.(Os)° = F, and sincel and J
are Os-modules, it follows that B°and Q° are F -algebras.For i, j, and k not

equal, Endo_(L( m; I my)) = Endo(L( i m; I)) = F, sowe see
that F° embedsdiagonally into Endo_(l1 |2). Moreover, sinceL( i m;)
andL( I} m;) areisomorphicforanyi,j,l1 l>=(L( m1 lg my)

L(C 11 mo 1)) =V, whereV is an F-vector spaceof dimension3. An
elemen of Homo_(L( my lo mg);L( l1 mo I2)) is given by a global
sectionof L(m, I5). Any non-zeroglobal sectionof L(m, I,) would give a
function de ned on a neighborhood of I, S with vanishing setl,. Blowing
down the lines |;, this function would then correspnd to a function de ned
on an open subsetof P? with vanishing set a point, which is impossible,since
a point is a codimension2 subvariety of P2. ThusL(m, |,) hasno nonzero
global sections. Similarly Homo _(L( 11 mg I2);L( m1 lo mg)) = 0,and
SoEndo_(I'1 12) = Endo(L( m; Ij my) L( i m; k) gEnd=(V)=

End_-(V.2). Sothe certer of Endo_(l1 |2) is acopy of F?, cortained in F°.

This chain F° F°  Endo(l1 |,) descendto K KL  Endo(l),

with K the certer of Endo (1 ).

Now let E beany separableeld extensionof F over which the linesl;, m; are
de ned. This is equivalert to E splitting both K and L. the above argumeris
shov that Endo (1) ¢ E  M3(E?), whereE? K ¢ E. Therefore, we
concludethat B?is an Azumaya K -algebraof rank 9 which cortains KL as
a subalgebra. A similar argumen shows that Q°is an Azumaya L -algebra of
rank 4 which alsocontains a copy of KL.

Theorem 4.1. B%= Endo.(l )°° and B are isomorphic as K -algebas. Simi-
larly, Q°= Endo.(J )°P and Q are isomorphic as L-algebas.

Proof. Let § beasin Proposition 2.1,andlet F and F bethe sheaesasseiated
to § asabove. Twisting £ and F by the -action correspnding to the pair
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(K;L), we get sheaes |, and J, asseiated to the T-toric model Sy. Let
B3 = Endo, (1 0)° and Q3 = Endo(Jo)°P. The enbeddingsof KL into B
and QY descriked above induce the following comnutativ e diagrams (cf. (3)):

1—/Ri (Gm) /G, T I

1—Rk=r(Gm) —Rk=r(GL (Bg)) —/Rk=(PGL (Bg)) —1,

and

1—R{% (Gm) /Gy IT /1
1—Ri=r (Gm) —/Ri=r (GL (QY)) —/R=¢ (PGL (QJ)) —1:

The rst diagraminducesthe following commnutativ e diagram of cohomology
sets:

H(F;T) —/Ker(corc=¢ : Br(K) ! Br(F))

1—/HY(K;PGL (BY) /Br(K):

The left vertical arrow sendsthe triple (B; Q; K L) to the endomorphismring
B%= End(l )°°, wherel is the sheafasseiated to the surfaceS(B;Q;K L)
constructedabove. The upper horizontal arrow sendsthe triple (B;Q;KL) to
the classof [B] 2 Br(K), which lands in the subgroupof elemerts of trivial
norm. The right vertical map is the inclusion homomorphism. The lower
horizontal arrow sendsa K -algebrato its correspnding elemen in Br(K).
By the comnutativit y of the diagram, we seethat [B] = [BY in Br(K). But
thesealgebrashave the samerank, sothey must be isomorphicasK -algebras.
A similar argumert shows that Q% = Endo.(J )°° and Q are isomorphic as
L-algebras.

Let A bethe separableF-algebraF B Q, sothat P(A) = P(F) P(B)
P(Q). De ne the exactfunctors ug from P(F) to P(S) by M; 7! Os ¢ My,
ug from P(B) to P(S) by M, 7! | g My, and ug from P(Q) to P(S) by
M3 7!'J oMs. IfwesetP = Os | J,then the respective right actions of
F,B,andQonOsg, |,andJ combineto givearight actionofA=F B Q
on P. Therefore,we cande ne an exactfunctor from P (A) to P(S) by sending
M to P A M. This exactfunctor inducesa homomorphism:

. Ko(A) ! KO(S)
More generally if Y is any F-variety, then we have an exact functor from

P(Y;A) to P(Y S), sendingM to p,(P) o, ¢ -a Pi(M), wherep; : Y
S! Yandp,:Y S! S arethe projection morphisms. This inducesa
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homomorphism v : Ko(Y;A) ! Ko(Y S). Furthermore, if E is any eld
extensionof F, then naturally extendsto a homomorphism ¢ : Ko(Ag) !
Ko(Se)-

Theorem 4.2. :Kg(A)! Ky(S) is an isomorphism.

We will prove this in seweral stages. Let us rst considerthe casewhere
F is separably closed. By Proposition 2.1, S is isomorphic to the blow up
of the projective plane at the 3 non-collinear points [1: 0 : 0], [0 : 1 : O],
and [0: 0: 1]. Recallthat we have the ltration 0= Ky(S)® Ky(S)@
Ko(S)®  Ko(S)® = Ko(S) by codimensionof support, and homomorphisms
CH'(S)! Ko(S)(=*D | which sendthe classof a subvariety V to the equiva-
lenceclass[Oy]. Thesehomomorphismsareisomorphismsfori = 0; 1; 2. Soby
Proposition 2.1, if P is arational point of S, K((S) is generatedby [Os], [O,],
[01,1, [O1,], [Om,], [Om, ], [Om,], and [Op]. Moreover, asCH?(S), CH(S), and
CH?(S) are free abelian groupswith ranks 1, 4, and 1, respectively, K o(S) is
free abelian with rank 6. SinceF is separablyclosed,K, L, B, and Q are
split, and thus Ky(A) is also free abelian of rank 6. Therefore will be an
isomorphism provided it is surjective. Soit su ces to show that [Os], [O),],
[O1,], [O1,], [Om,]s [Om, ], [Om,], and [Op] arein the imageof .

Clearly, [Os] = [Os ¢ F]isin the imageof . As F is separablyclosed,
Il =(L( my lg mp) L( Iy mg 1)) gV, whereV isanF -vector spaceof
dimension3,K = F F = Endo,(L( m1 lp my)) Endo (L( |1 mg 1)),
and Endo (1 )°° = Endg2(VE2).

Now Homg:2(Ve2; F  0) is a right Endog(l )-module, and thus a left A-
module, where the F and Q componert of A = F B Q act trivially.
Therefore,

h [
I g HOM2(Ve2;F  0)

Homg2(Ve2; F 0)

LC my o mp) L( I mo 1)
#
r2(F 0)

=[L( my lo my)];

wherewe useMorita equivalencein the secondline. A mirror argumern shows
that Homg2(VE2;0 F) = [L( Iy mg |y)], and a similar argumert

appliedto J andQ showsthat [L( 1o my)], [L( o my)],and[L( |1 my)]
are in the imageof .

Now let i;j 2 f0;1;2g and not equal. By Proposition 2.1, the lines|; and
m; have intersectiona rational point P of S, with multiplicit y 1, the lines m;
and m; are skew, and the lines|; and |; are skew. Thus we have the following
resolutionsof Op and Os:
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0 1
oL
ol L( I m) TroLcmL (my) M) o0 0p1 0o
0 1
oL
o L(m m) Procm) L(omy) SR o0 o
and
0 1
Loy
or L( I 1) Proecny ey SO W o0 o
In addition, whenD = |; or m;, we have the standard resolution

0l L(D)"Post op! O

So0=[Os] [L( m)] [L( m)I+ [L( mi m)]in Ko(S). If we take
k 2 f0;1;2g not equalto i or j and multiply this equationby [L( 1x)], we see
that

O=[L( Il [LC e m)] [LC e m)l+[LC m e myl
Therefore,
O ]=[0s] [L( 1]
=[0s] [LC e m)l [LC e m)I+[LC mi [ my)]
isin the imageof . The sameargumern with | and m interchangedshows that
[Om,] isin the imageof for k 2 f0;1;29. Finally, [Op] = [Os] [L( lo)]

[LC m)]+[L( lo my)]isin the imageof , andthus is surjective when
F is separablyclosed.

Prop osition 4.3. : Kg(A) ! Ko(S) is an isomorphismif B and Q are
split.

Proof. By the precedingargumert, = : Ko(A) ! Ko(S) is an isomorphism.
Moreover, = comnuteswith the action of on both Ko(A) and K(S), and
thus it descenddo an isomorphismon the -in variant subgroups. Therefore,
we have the following comnutativ e diagram:

Ko(A) ——/Ko(S)

Ko(A) ——K(S) :

As £ andthe left vertical mapKo(A) ! Ko(A) areisomorphisms, must be
injective. Moreover, if the right vertical map is injective, then is surjective,
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and hencean isomorphism. Soit suces to shav that Ko(S) ! Kqo(S) is
injective.

To seethis, notethat the rank and wedgehomomorphismgank : Ko(S) ! Z
and” : Ko(S)® I Pic(S) commute with the action of . Thus we have the
following short exact sequence®f -mo dules:

0! Ko(3@1 Ko(S)® 1" Pic(S)! 0
and
0!l Ko(S)®1 KoS) ™F z1 o
Thesesequencesf -mo dulesinduce the following long exact sequences:
0! (Ko(SP) I (Ko(S)P) ' Pic(S) | HY(F;Ko(S)?)

and
0! (Ko(®)P) 1 (Ko(S)) ™ Z1 HUF;Ko(S)P):
The mapKo(S) ! Ko(S) inducesthe following comrutativ e diagrams:

0——Ko(S)@ ——Ko(S)» ——Pic(S) —— 0
0——(Ko(S)®) —(Ko(S)D) A—/Pic(g) — THY(F: K o(S)@):
and

0——IKo(S) ——IKo(S) 2 /7 /o

0—(Ko(S)P) —Ko(S) F—Z —HHFiKo(S)P):

As B and Q are split, S has a rational point by Corollary 3.6. Thus the
homomorphismK(S)? ! (Ko(S)@) is a surjective homomorphismof free
abelian groupsof rank 1, and thereforean isomorphism. Moreover, the homo-
morphismPic(S) ! Pic(S) is injective. Thus, by applying the Snalke Lemma
to the rst diagram and then to the second,we seethat Ko(S) ! (Ko(S)) is
injective.

Remark 4.4. If P and PCarerational points of S, they de ne equalclassesn
CH?(S) by Proposition 2.1, and hence[Op] = [Opd] in Ko(S)@. SoKy(S)@
is generatedby the -in variant elemen [Op], and thus is a trivial -mo dule.
Similarly, our argumeris above show that the setf[O;, Om,], [0, Om,l,
[O|1 Om2]1 [Om1 Olo Omz]! [O|l Omo Olz]g is a -in variant ba-
sis of Ko(S)W, and thus Ko(S)® is a permutation module. It follows that
H(F;Ko(S)@) = HY(F;Ko(S)®D) = 0t

We will needthe following proposition (cf. Proposition 6.1 of [6]).
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Prop osition 4.5. If Y is a variety such that the homomorphism ¢ :
Ko(Ary)) ! Ko(Se(y) is anisomorphismfor everyy 2 Y, then v : Ko(Y;A)!
Ko(S Y) is surjective.

Proof. We do this by doubleinduction on the dimensionof Y and the number
of irreducible componerts of Y.

If Y hasa proper irreducible componert Y% with complemen U, we have
the following localization exact sequencécf. [8]):

Ko(Y®A) —Ko(Y;A) /K o(U; A) —0

yO0 Y u

Ko(YO S)—JKo(Y S)—JIKo(U S)—0

By our inductive assumption,the vertical mapson the right and on the left are
surjective. This implies that the middle vertical map is surjective aswell. So
we may assumethat Y isirreducible. If Y is not reduced,then we the natural
Yed ! Y inducesthe commutative diagram

K O(Yred; A) 4/K O(Y ; A)
Yred Y

Ko(Yrea S) —Ko(Y S);

wherethe horizontal arrows are isomorphisms.Thus we may alsoassumethat
Y is reduced.

Now let x 2 Ko(Y S). By assumption, g(y) : Ko(Arr)) ! Ko(Se(v)) is
an isomorphism,and hencethere existsan opensetU in Y sud the image of
xin Ko(U S) isin the imageof . We againconsiderthe localization exact
sequence:

Ko(Z;A) —IKo(Y;A) ——/Ko(U; A) —0

pA Y U

Ko(Z S)—Ko(Y S)—IKo(U S)—0;

whereZ is the complemen of U in Y. By assumption,Z hasa strictly smaller
dimensionthan Y, and so by our inductive hypothesis, 7 is surjective. A
standard diagram chaseshowvs that x 2 Im( v).

Proof of Theorem 4.2. Let SB(B) be the Se\eri-Brauer K -variety assaiated

to B, SB(Q) bethe Se\eri-Brauer L -variety assaiatedto Q, andY = Rk -£(SB(B))
R.=r (SB(Q)) be the product of the restriction of scalarsof both varieties.
Thenforany eld extensionE of F, Y (E) isnonemply if andonly if SB(B)(K ¢
E) and SB(Q)(L ¢ E) arenonempty if andonly if Be = B ¢ (K ¢ E)
andQg = Q | (L ¢ E) aresplit.
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The projectionp:Y ! SpedqF) induce the following diagram:

Ko(A) ———Ko(S)
p p (pv) ‘ (py)
Ko(Y;A) —Ko(Y 9S);

wherepy : Y S! Sisthe projection inducedby p. Both squarescommute,
and p p is the identity homomorphism,asY is a geometrically rational va-
riety. Foreweryy 2 Y, Y(F(y)) 6 ;, soBg() and Qg are split, and thus

Foy) - Ko(Ary) ' Ko(Sk(y) is an isomorphismby Proposition 4.3. So by
Proposition 4.5, v : Ko(Y;A) ! Ko(Y S) is surjective. A diagram chase
shows the top horizontal map is also surjective.

Now let E beany eld extensionof F sudthat S(E) 6 ;. Then, Bg and Qg
are split, and so g : Ko(Ag) ! Ko(Sg) is an isomorphism,again by Propo-
sition 4.3. The homomorphisms and g t into the following commutative
diagram:

Ko(A) 'K o(S)

Ko(Ae) —'Ko(Se);

wherethe vertical homomorphismsare induced by the inclusionF  E. The
bottom horizortal mapis anisomorphism,and the left vertical mapisinjective.
It followsthat is injective, and hencean isomorphism.

As is anisomorphism,the hypothesison the variety V in Proposition 4.5
is always true, we obtain the following corollary.

Corollary 4.6. y : Ko(V;A) ! KoV S) is surjective for any F-variety
V.

5. Higher K-theor vy

We have shown that the K, groupsof S and A coincide. We will shawv that
this is alsotrue for the higher Quillen K -groups.

For any F-varieties X, Y, and Z, and separableF -algebrasA, B, and C,
considerthe functor:

P(Y Z;B® -C) P(X VY;A® B)! P(X Z;A%® . C);

sendinga pair (M;N) to (p13) (P,3(M) & P12(N)), wherep;,, p23, and py3 are
the projectionsof X Y Z onto its factors. This functor is bi-exact, and
thus inducesa product map

Kn(Y Z;B® £C) 7Km(X Y:A® B)! Kpm(X Z:A%® ¢ C):

We will denotethe imageofu x underthis mapby u g Xx.
We recall the K -Motivic Category C and someof its properties. The details
can be found in [6] and [7]. Objects of C are pairs (X;A), where X is an
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F-variety and A is a separableF -algebra. For two pairs (X;A) and (Y;B) in
C, wesetMorc((X;A);(Y;B)) := Ko(X Y;A°® B). The composition law
isg f=gpgf,forf :(X;A)! (Y;B)andg:(Y;B)! (Z;C)in C. Forany
pair (X;A) with X smooth, the identity elemen 1x.a) 2 Ko(X X;A% £ A)
isthe elemen [O ¢ A], where X X isthe diagonal. For any F -variety
X and any separableF -algebra A, we will write X for the pair (X;F) and
A for the pair (SpecF; A). Finally, for any F-variety V and any nonnegatie
integer n, we have a realization functor K Y, which sendsan object (X;A) to
KoV X;A), andKY(f)(x) = f ax 2 K,(V Y;B) for any morphism
f 2 Morc((X;A);(Y;B)) = Ko(X  Y;A® B)andx 2 K,(V X;A). We
will denoteK 3P¢F by K.

As we mertioned in the beginningof Section4, thereis a left action of A°° =
Endo,(Os) Endo.(l) Endo(J ) onthelocally freesheafP = Os | J.
SoP 2 P(X;A%). The correspnding elemen [P] 2 Ky(S;A°") denes a
morphismu: A! Sin C It follows from the construction of the realization
functor that = Ky (u) for any V. In particular, Ko(u) =

Theorem 5.1. u:A! Sis anisomorphismin C.

Proof. Let V be any F-variety. Equating Ko(V;A) (resp. Ko(V  S)) with
Morc(V; A) (resp. Morc(V;S)), Ky (u) : Ko(V;A) ! Ko(V S) is just post-
composition in C with u. By Corollary 4.6, Ky (u) = v is surjective for any
variety V. In particular, if V = S, thereis an elemen v 2 Ky(S; A) sud that
uv = [O ], i.e. u hasaright inversev in C,

We want to shav that v is also a left inverseto u in C i.e. vu = [A] 2
Ko(A® £ A). AsKo(A%® £ A) ! Ko((A%® ¢ A)p) = Ko(AY ¢ Ap), it
su ces to considerthe casewhereK , L, B andQ aresplit. SOA=F M3(F
F) My(F F F),andthusAisisomorphicinCtoF (F F) (F F F)
(cf. examplel1.6 of [6]). SOKy(A) = Z8, and Morc(A; A) = Ko(A%P ¢ A) =
Me(Z). Moreover, under this isomorphism[A] 2 Ko(A°? ¢ A) correspndsto
the idertit y matrix.

Sovu 2 Ko(A° ¢ A) is represetted by a matrix M with integer ertries.
It follows that the correspnding homomorphismK o(vu) from Ky(A) = Z°
to itself is multiplication by this matrix M. Now, as v is a right inverse
to u in C, Ko(v) is a right inverseto Ko(u). Howewer, Ko(u) = is an
isomorphismby Theorem 4.2, soin fact Ko(v) = Ko(u) 1. Thus Ko(vu) =
Ko(V)Ko(u) = idk4a), Which forcesM to be the idertity matrix. Thusvu =
[A] 2 Ko(A°"  A), i.e. vu=idp in C

Corollary 5.2. For any integer n, any central simple F-algeba D, and any
F-variety V,

Kn(V;A D)= K,V S;D):
In particular, K,(F) K,(B) Kn(Q)=Kup(A)=K,(9).

Proof. For any certral simpleF -algebraD, Morita Equivalencegivesa natural
isomorphismK o(S; A°® D% D) = K(S;A°P). Thusthe isomorphismu :
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Al Sin Calsode nesanisomorphismfrom A ¢ D to (S;D) in C. Applying
the realization functor K\ yieldsK,(V;A ¢ D)= K,(V S;D):

We concludethe paper with an Index Reduction Formula for the function
eld of the surfaceS(B;Q;KL). We will needthe following lemma:

Lemma 5.3 ([10Q]). Let X be a irreducible F -variety, and D a central simple
F -algeba. The restriction homomorphismK (X ;D) ! Ko(Dg(x)) induced by
the inclusion SpeqF (X)) ! X is surjective.

Lemma 5.4. Let X be an irreducible F -variety, and D a central simple F -
algeba.

ind Dgx) = @g: c.d:frank(P);8P 2 P(X;D)g:

Proof. We recall that for any eld E and any certral simple E-algebraD?
Ko(D9 is cyclic, generatedby the classof a simple D2>module M % Moreover,
dimg (M9 = deg DY ind(D9.

The rank homomorphismrank : Ko(X ;D) ! Ko(F (X)) hasthe following
decompsition:

Ko(X;D)! Ko(Dex))! Ko(F(X));

where the rst map is induced by the inclusion SpeqF (X)) ! X, and the
secondmap takesthe classof a D¢ (x )-module to the classof the corresmnding
F (X)-vector space.

As Ko(F (X)) is cyclic, the image of the rank homomorphismis n[F (X)],
wheren is the greatestcommondivisor of the numbers rank(P), for all P 2
P(X;D). By the previouslemma,the homomorphismK (X ;D) ! Ko(Dg(x))
is surjective. Thusif M is a simple D¢ xy-module,

n = dime(x)(M) = dedDk (x)) INd(Dg (x)) = degD) ind(Dk (x));
and the result follows.

Corollary 5.5 (Index Reduction Formula). Let S = S(B;Q;K L) be a del
Pezzosurface of degree 6. For any central simple F-algeba D, ind Dg s is
equal to:
I. gicd:find(D);2ind(D ¢ B);3ind(D ¢ Q)g, if K andL are elds.
i. gicd:find(D);ind(D ¢ By);ind(D ¢ Bj)g,if K=F F andL is
a eld. HereB = B; B.,.
iii. g:c.d:find(D);ind(D ¢ Q);2ind(D ¢ QJ)g, if K is a eld, and
L=F E.HereQ=Q; Q..
iv. g:c:d:find(D);ind(D ¢ Qq);ind(D ¢ Qy);ind(D ¢ Q3)g, if K isa
eld, andL=F F F.HereQ=0Q; Q> Qas.
v. ind D, whenK andL are not elds.

Remark 5.6. In caseii.,, Q = M,(L) is necessarilysplit, asK is not a eld.
Then ind(D ¢ My(L)) = ind(D_), and asind(D) divides[L : F]ind(D_) =
3ind(D.), the greatestcommondivisor will not changeif we remove the term
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3ind(D ¢ Q). Similarly, in casedii., iv., andv., we canremove the term with
the split B or Q when computing greatestcommondivisors.

Proof. Asu:A! Sisanisomorphismin C, it de nes anisomorphismK o(u)
from Ko(A g D) to Ko(S;D). Moreover,asA=F B Q,KoA D)=
Ko(D) Ko(B D) Ko(Q D).

We will considerthe casewhereK and L are elds. The proof of the other
casesare similar. AsD, B ¢ D, and Q ¢ D are certral simple algebras
(with certersF, K, and L, respectively), their K, groupsare cyclic, generated
by the classof a simple module. Thereforeby Lemma5.4, degD) ind(Dgs))
will equal the greatestcommondivisor of the ranks of the imagesof simple
D,B ¢ D andQ ¢ D modulesunderthe imageof Ko(u) : Ko(A ¢ D)!
Ko(S; D).

Solet Mg be a simple B ¢ D-module. Then dimg (Mg) = degB ¢
D)ind(B ¢ D), andthus

rank(Ko(u)(Mg)) = rank(Mg g 1)
_dimg (M3g) rank(l )
- dimg (B)
dimg (Mg) rank(l )
dimg (B)
degB ¢ D)ind(B ¢ D)rank(l)
dimg (B)
2degD)ind(B ¢ D):

Similarly, if Mg (resp. Mg) is a simple Q ¢ D-module (resp. D-module),
rank(Ko(u)(Mg)) = 3degD)ind(D (Q) (resp. rank(Ko(u)(Mg)) = degD) ind(D)),
and the result follows.
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