SOME REMARKS ON ORBIT SETS OF UNIMODULAR ROWS

J. FASEL

ABsSTRACT. Let A be a d-dimensional smooth algebra over a perfect field of
characteristic not 2. Let Umyn+1(A)/En+1(A) be the set of unimodular rows
of length n+ 1 up to elementary transformations. If n > (d+ 2)/2, it carries a
natural structure of group as discovered by Van der Kallen. If n = d > 3, we
show that this group is isomorphic to a cohomology group H?%(A, G4t1). This
extends a theorem of Morel, who showed that the set Umg41(A)/SLgy1(A) is
in bijection with H%(A, G*1)/SLg,1(A). We also extend this theorem to the
case d = 2. Using this, we compute the groups Umg41(A)/E44+1(A) when
A is a real algebra with trivial canonical bundle and such that Spec(A) is
rational. We then compute the groups Umg1(A)/GL411(A) when d is even,
thus obtaining a complete description of stably free modules of rank d on these
algebras. We also deduce from our computations that there are no stably free
non free modules of top rank over the algebraic real spheres of dimension 3
and 7.
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1. INTRODUCTION

Let A be a commutative noetherian ring and P, Q be two projective A-modules
which are stably isomorphic, i.e. PQA™ ~ Q@ A". The question is to know in which
1
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situations this implies P ~ ). A celebrated theorem of Bass and Schanuel states
that this is always the case if P is of rank strictly bigger than the Krull dimension
of the ring A (see [2, Theorem 9.3]). If A is an algebra over an algebraically closed
field, then Suslin showed that the result can be extended to projective modules
whose rank is equal to the dimension of the ring ([16]). In general, this result
is wrong as shown by the example of the tangent bundle over the algebraic real
two-sphere.

As a special case of the question, the stably free modules were extensively studied.
Let d denote the Krull dimension of A. By Bass-Schanuel’s cancellation theorem,
the study of stably free modules reduces to the case P ® A ~ A%t1. Such modules
correspond to unimodular rows of length d + 1. In general, let Um,,11(A) denote
the set of unimodular rows of length n + 1. One sees that GL,4+1(A) acts on
the right on this set, and so does its subgroup E, +1(A) generated by elementary
matrices. It is not hard to see that a unimodular row (ai,...,a,+1) yields a free
module if and only if it is the first row of a matrix in GL,,11(A4). This observation
led to the study of the sets Umy,+1(A)/Ent1(A) and Umy41(A)/GLp41(A) (which
is the same as Umy,+1(A)/SL,+1(A4)). An important step was the discovery by
Vaserstein that Umgs(A)/FE3(A) was carrying a natural structure of abelian group
under some conditions on A ([19, Theorem 5.2]). These conditions are for example
satisfied when A is of Krull dimension 2. Inspired by this case, Van der Kallen put
a structure of abelian group on Um,1(A)/E,+1(A) (under some hypothesis on A)
which coincides with the previous one when n = 2. This structure comes from the
following observation: If A = C'(X) is the ring of continous real functions on some
nice CW-complex X, then the set of maps from X to R?*!\ {0} up to homotopy
is the cohomotopy group 7%(X). Van der Kallen showed that the group law was in
some sense algebraic, thus leading to the group structure on Umy,11(A)/Ent1(4)
for any reasonable ring A. The problem is now to actually compute this group and
its quotient Umy,11(A)/SLp41(A).

In his recent preprint [12], Morel showed that the group Umg41(A)/SLg+1(A)
has a cohomological interpretation when A is a d-dimensional smooth algebra over
a field k. Indeed, let K}1" be the unramified Milnor-Witt sheaf. Then a very
easy computation shows that H?(A“\ {0}, K}{") = GW (k), the Grothendieck-
Witt group of k. A unimodular row (aq,...,a4+1) can be seen as a morphism f :
Spec(A) — A4T1\ {0} and one can consider the pull back f*((1)) in H(A, K}V,
where (1) denotes the unit in GW (k). Let H(k) be the Al-homotopy category
of smooth k-schemes. One of the main theorems in [12] states that this map in-
duces a bijection between Homg () (A, A%\ {0}) and H4(A, K}1"). Further-
more, the natural action of GLa41(A) on Homy ) (Spec(A), A4\ {0}) gives an
action on H(A, K}V), which reduces to an action of SLy;1(A). The quotient
HYA,K}MW)/SLay1(A) is then in bijection with the set of stably free modules
of rank d. Thus the above map induces a bijection Umgy1(A)/SLgt1(4) —
HYA,K}")/SLas1(A). For some technical reasons, Morel has to assume that
d > 3 to prove this theorem. Observe also that if the field k is of characteristic
different from 2, the group H%(A, K}1'V) coincide with the group H?(A4, G**1) as
defined in [6, Chapter 10] (following the original idea of [1]).

Our first goal in this paper is the following theorem (Theorem 4.9 in the text):
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Theorem. Let A be a smooth k-algebra of dimension d. Suppose that k is perfect.
Then the map ¢ : Umgi1(A)/Eqi1(A) — HYA,G¥Y) is an isomorphism for
d>3.

This result is most probably true if d = 2 and the field k£ is not perfect and
of arbitrary characteristic. Our strategy is the following: First we show that
Ump+1(A)/Eni1(A) is nothing but the set of morphisms from Spec(A) to A"\ {0}
up to naive homotopy. Here we say that two morphisms f, g : Spec(A) — A"\ {0}
are naively homotopic if there exists a morphism F : Spec(A[t]) — A™*1\ {0} whose
evaluations in 0 and 1 are f and g respectively. Then we show that there is an exact
sequence of pointed sets

GLn(A)/En(A) == GLp4+1(A)/Ep41(A) = Ump11(A)/Epy1(A) = Umy1(A)/GLpy1(A) = 0.

which turns out to be an exact sequence of groups in some situations. The
next step is to show that the set GL,(A)/E,(A) is nothing else than the set
Homyg (i) (Spec(4), Sing*GLy,) if n > 3. This is one of the results of [12], but we
spend some lines to explain it in Section 4. The theorem is an obvious consequence
of this fact.
Our next result extends the theorem of Morel to the case d = 2 (Theorem 4.11).

Theorem. Let A be a smooth k-algebra of dimension 2. The homomorphism ¢
induces an isomorphism

¢ :Ums(A)/SLz(A) ~ H?(A,G?)/SL3(A).

The idea to prove this result is to use a result of Bhatwadekar and Sridharan
relating Umg(A)/SL3(A) with the Euler class group E(A) and the weak Euler class
group Eo(A) (see [3]). Namely, there is an exact sequence

0 — > Ums(A)/SLs(A) —> E(A) —> Eg(A) — 0.
We then use the fact that if A is of regular of dimension 2 then E(A) coincide
with the Chow-Witt group CH (A) and Eo(A) is just the Chow group CH2(A).
A comparison of exact sequences then yields the result.

Next we compute the group H%(A, G4t1) where A is a real algebra satisfying
some extra conditions:

Theorem. Let A be a smooth R-algebra of dimension d with trivial canonical bun-
dle. Suppose that X = Spec(A) is rational. Then

HYX,G™) ~ HYX, 1) ~ Pz
cecC
where C is the set of compact connected components of X(R) (endowed with the
Euclidian topology).

We also show that when A is even-dimensional, then GL441 acts trivially on
HY(A, G and we can completely compute the set of stably free modules of rank
d in that case.

Theorem. Let A be a smooth R-algebra of even dimension d with trivial canonical
bundle. Suppose that X = Spec(A) is rational. Then the set of stably free modules of
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rank d is isomorphic to @ Z, where C is the set of compact connected components

cecC
of X(R) (endowed with the Fuclidian topology).

In odd dimension, things are more complicated. If S® and S denote the real
algebraic spheres of dimension 3 and 7, we show that all the stably free modules of
top rank on these spheres are free.

1.1. Conventions. Throughout the article, k£ will be a commutative field of char-
acteristic different from 2. All k-algebras are commutative and essentially of finite
type over k. If A is such an algebra and p is any prime ideal in A, we denote by
k(p) the residue field in p. If p is of height n, we denote by wj, the x(p)-vector space
Ext)y, (k(p), Ap) (which is of dimension 1 if the ring is regular). When we write
W (k(p)), we always mean the Witt group of x(p)-vector spaces endowed with sym-
metric isomorphisms for the duality Hom, ,)(_,wp). The Witt group W (x(p)) is
a module over the classical Witt ring of x(p). If (o) denotes the class of o € k(p)*
in the classical Witt group, and ¢ is any element of W (k(p)), we denote by (a) - £
the product of (o) and &.

2. UNIMODULAR ROWS AND NAIVE HOMOTOPIES OF MAPS

2.1. A Vorst-type theorem. Let A be a k-algebra, where k is a field. For any
m,n € N such that m < n, let Um,, »,(A) be the set of surjective homomorphisms
A" — A™. Let E,(A) be the subgroup of SL,(A) generated by the elementary
matrices. This group acts (on the right) on Um,, ,(A) and we denote the set
of orbits by Umpn(A)/E,(A). In particular, when m = 1 we get the set of
unimodular rows under elementary transformations, and when m = n we get the
set GL,(A)/E,(A), which is a group when n > 3.

For any m,n as above, denote by V(m,n) the ideal of A™" (seen as the set of
m X n matrices) generated by the m x m minors. Denote by D(m,n) the open
subscheme A™"\ V(m,n) of A™". In particular, D(1,n) = A"\ {0} and D(n,n) =
GL, (k).

Let X,Y be two schemes over k. We say that two homomorphisms f,g: X — Y
are naively homotopic if there exists a morphism F : X x A' — Y such that
F(0) = f and F(1) = g where F(i) denotes the evaluation in i = 0,1. Being
naively homotopic is an equivalence relation and we denote by Homy:(X,Y") the
set of equivalence classes of morphism from X to Y. If X = Spec(A), remark that
Hom (X, D(m,n)) = Umy, »n(A) and we can identify the naive homotopy classes as
follows:

Theorem 2.1. Let A be a regular k-algebra and X = Spec(A). Then

Homy: (X, D(m, n)) = Umm,n(A)/En (4)
for any m,n.

Proof. First remark that any elementary matrix is naively homotopic to the identity.
Let L and L’ be two elements of Um,y,_,(A). Suppose that there is an element M
in Uy, n(A[t]) such that M(0) = L and M (1) = L’. Consider the exact sequence

M

0 P A[" Alf]™ ——>0
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where P is the kernel of M. Remark that P is projective, and therefore it is
extended from A by [9], i.e. P = P(0)[t]. But P(0) is defined by the following
sequence

0 P(0) An L5 gm 0.

Comparing the two (split) exact sequences

00— P(0)[¢] Al s Afgm 0
|
00— P(0)[¢] Al —E= Aff™ 0,

we see that there exists an automorphism v of A[¢]™ such that the diagram com-
mutes. Remark that ¢(0) = Id. By [20], ¢ € E,(A[t]). Evaluating at t = 1, we get
L’ = Ly(1). Thus the result is proved.

O

2.2. The group structure on Um,(A)/E,(A). The universal weak Mennike
symbol on the set Um,,(A)/E,(A) is the free group WM S,,(A) with generators
wms(v) for all v € Um,,(A) and relations

(i) wms(v) = wms(vg) for any g € E,,(A).
(i) If (q,v2,...,vy,) and (14¢,ve, ..., v,) are unimodular and r(¢+1) = ¢ modulo
(vay...,vy), then
wms(q, v, ..., v,) = wms(r,ve, ..., v, )wms(l + q,va,...,v,).
By definition, there is a map wms : Um,,(A)/E,(A) - WMS,,(A). In [17, Theo-
rem 4.1], it is proven that this map is a bijection under certain conditions. In the

same paper, it is shown that WM S,,(A) is abelian in that case ([17, Theorem 3.6]).
We condense these informations in the next result:

Theorem 2.2. Let A be a regular k-algebra of dimension d > 2. Then the map
wms : Umy,(A)/E,(A) — WMS,(A) is a bijection for any n > (d+ 4)/2. More-
over, WMS,,(A) is an abelian group.

Proof. See [18, Theorem 3.3].
([

2.3. An exact sequence. For n > 1 Consider the morphism of algebraic groups
GL,, — GL,41 sending a matrix M to the matrix ((1) j\04> Consider also the

morphism GL, 1 — A"\ {0} sending a matrix to its first row. We get a sequence

GL, — GL,+1 — A"\ {0}.
If A is a k-algebra, we get a sequence of pointed sets (where Um,,11(A)/En+1(4)

is pointed by [1,0,...,0])
GLn(A)/En(A) — GLny1/Eny1(A) ——= Umpy1(A)/ En i1 (A)

which is the sequence of maps up to homotopy obtained from the above sequence
(if A is regular).
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Proposition 2.3. Let A be a regular k-algebra of dimension d. For n > 2, the
sequence of pointed sets

GLy(A)/En(A) —= GLnt1/Eni1(A) ——=Umny1(A)/Ens1(A)
is exact. If moreover n = d and d > 3, then it is an exact sequence of groups.

Proof. We first prove the first assertion. Since the composition

GL, — GL,; — A"\ {0}

send a matrix to the distinguished point of A”*!\ {0}, then the sequence above
is a complex. Let M € GL,11(A) be such that there exists E € E,1+1(A) with

ME = (i ]\2’) for some M’ € GL,(A). There is a matrix F € E,11(A) such

1 0
that FME = (0 Iy!
identity (use [20] again). Therefore M (M ~'FM)E comes from GL,(A) and the
sequence is exact.

If n = d and d > 3 the terms in the sequence are groups. Moreover, the map
GLp41(A)/Epy1(A) — Umpy1(A)/Ep+1(A) is a homomorphism of groups by [17,
Theorem 5.3 (ii)].

). Now M~'FM is in E,1(A) since it is homotopic to

O

Now the cokernel of the map GL,41(A)/Ent1(A) — Umpy1(A)/Eny1(A) is
just Umy11(A)/GLp41(A) which is the set of isomorphism classes of stably free
modules of rank n over A. The following result is an obvious consequence of the
above proposition, but we state it for further reference.

Theorem 2.4. Let A be a regular k-algebra of dimension d. For any n > 2, there
is an exact sequence of pointed sets

GLn(A)/En(A) = GLypy1(A)/Ept1(A) == Umy1(A)/Ept1(A) == Ump41(A)/GLy1(A) — 0.

If n=d and d > 3, this is an exact sequence of groups.

3. COMPUTATIONS OF SOME COHOMOLOGY GROUPS

In this section, we compute some cohomology groups of the sheaf G7, where
j € N. The definition and basic properties of this sheaf can be found in [5, §3].
If A is a regular k-algebra of dimension d, then H¢(A, G¢) and H¢(A, GI*!) coin-
cide respectively with H(A, K}V') and H(A, K}1Y'), where KMW is the (j-th)
unramified Milnor-Witt sheaf as defined in [11]. For the forthcoming computation,
the only thing to know is that H*(_,G*) is a contravariant bigraded functor from
the category of smooth schemes to the category of abelian groups having two basic
properties:

i) H*(_,G*) is a cohomology theory in the sense of Panin and Smirnov ([15]),
but it is not oriented.
ii) H°(Spec(k),G°) = GW (k), the Grothendieck-Witt group of .
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3.1. A preliminary computation. Let U = A"*! —{0}. To compute the groups
HY(U,GY) for any i, j, it suffices to use the localization sequence

L Hig (AT GI) — HY(A™ GY) — Hi(U,G7) % Hi (A, GT) — .

Using that H}LO}(A"H,GJ' ) = 0if i # n+ 1 and homotopy invariance, we get
HOU,G7) ~ HO(A™,G9) ~ HO(k,G9) = GI(k), H'(U,G/) = 0if 0 < i < n
and H"(U,G7) =~ H?Oﬁl(A"“,Gj ) via d. Moreover, we have an isomorphism
H{g (A", G7) ~ HO(k,G7~""") and finally H"(U,G’) ~ H°(k,G/~"""). Ob-
serve that this isomorphism is H°(k, G®)-linear. Since we use it in the sequel, we
give an explicit description for j =n + 1.

Observe first that H°(k,G°) = GW (k). Let B = k[z1,...,2,41] and con-
sider the Koszul complex Kos(zs,...,z,4+1) associated to the regular sequence
To,...,Tpt1- We get an isomorphism

Vag,wnis P B/ (T2, Tpg1) = Exty(B/(22,. .., Tny1), B)
given by 1 — Kos(za,...,xn+1). Localizing at p = (x2,...,2Zn+1), it becomes
an isomorphism ¢z,,.. 2, : £(p) =~ Exty (x(p), By). Observe that z1 € By and
consider the couple (1, (—Vus,....z0041> L1%as,....z,,.)) i the fibre product

G (k(p)) —— I(k(p), wp)

| |

KM (k(p)) —— I(k(p))/1* (k(p)).
It defines an element ¢ of H"(U, G"*!) which is mapped to (1) (after identification
of H?ggl(A”“, G"*1) with GW (k)) under 9.

3.2. An exact sequence. From the definition of G7, we have an exact sequence
of sheaves for any j € N

0 [t el KM 0

where I7*! is the unramified sheaf associated to the (j + 1)-th power of the fun-
damental ideal and K} is the unramified Milnor K;-sheaf (see [5, §3] for flasque
resolutions of these sheaves).

Let A be a smooth k-algebra of dimension d. Then the above sequence of sheaves
gives an exact sequence

HYA, DY) ——= HY(A,GY) —>Hd(A,KJM) —0

for any j € N. There is also a natural map of sheaves G/*! — [/*! which gives a
surjective map He(A, G711) — HY(A, [’T') and we get an exact sequence

HYA, G —= HYA,G7) —= HYA, KM) ——=0

—d
for any j € N. By definition, H%(A, G?) is the Chow-Witt group CH (A) and
HY(A, K}) is the Chow group C H?(A). Putting everything together, we have:
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Proposition 3.1. Let A be a smooth k-algebra of dimension d. There is an exact
sequence

HY(A, GH) — > CH' (A) ——> CHY(A) — 0.

4. THE HOMOMORPHISM Umy, 1(A)/En11(A) — H*(A, G

4.1. The homomorphism. Let A be a smooth k-algebra and X = Spec(4). We
define a map

¢ : Hom (X, A" — {0}) — H"(A, G
by ¢(f) = f*(&), where f* : H*(A"*! — {0},G"") — H™(A,G"1) is the pull-
back induced by f (|5, Definition 7.2]). Because of the homotopy invariance of
H"(A,G"1), we get a map

6 Uyt (A)/ By (A) — H'(A,G™).

Theorem 4.1. Let A be a smooth k-algebra. Then for any n > 1 the map ¢ :
Umpi1(A)/Eny1(A) — H"(A, G ) induces a homomorphism

O WMS,1(A) — H"(A,G").

Proof. Since H"(A,G™*1) is a group and the relation (i) in WM S, 1(A) is clearly
satisfied in H"(A,G™*1), it is enough to verify that relation (ii) is also satisfied.
We start with a simple computation in G*(k(t)). Using [8, Chapter I, Proposition
5.1], we have (1,t) = (¢(t + 1),¢t + 1) in I(k(¢)) because both forms represent ¢ + 1
and they have the same discriminant. Adding (—1,—1) on both sides, we get
(—1,t) = (=1,¢(t + 1)) + (=1, + 1) in I(k(t)). Therefore we have an equality

(1) t/(t+1),(=1,t/t+ 1))+ (t+1,{(=1,t+ 1)) = (¢, (—1,t))

in G'(k(t)). This equality also applies to the generator & of H™ (A" — {0}, G™*1).
Suppose now that (¢, v, ..., vp4+1) is unimodular in A, as well as (¢+1,va, ..., Up11)-
Remark then that (q(¢ + 1),v2,...,vn41) is also unimodular. Performing if nec-
essary elementary operations on this unimodular line, we can suppose that the
sequence (v, ...,v,+1) is regular in A. Now the pull back of £ under the map
f : Spec(A) — A"t —{0} given by (¢, va, ..., v,11) is precisely the cycle (¢, (—1, q))
supported on A/(va, ..., vn+1). Since (¢+1,va,...,vs+1) is also unimodular by as-
sumption, we get a cycle (¢ + 1,(—1,¢ + 1)) also supported on A/(va,..., nt1).
Because of relation 1 above, we see that the relation (ii) in WM S, 1(A) is also
satisfied in H"(A,G™"!) and the theorem is proved.

(I

Applying Theorem 2.2, we get the following corollary:

Corollary 4.2. Let A be a smooth k-algebra of dimension d. For anyn > (d+2)/2
the map ¢ : Umy1(A)/Eni1(A) — H™(A,G"ML) is a homomorphism of groups.

There is an elementary proof of the fact that ¢ is surjective in some non trivial
situations. Let m be any maximal ideal in A and put d = dim(A). Then there is
a regular sequence (v1,...,vq) such that A/(v1,...,vq) is a finite length A-module
and Ay /(v1,...,04)Am = A/m (use [4, Corollary 2.4]). The primary decomposition
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of this ideal is (v1, ..., vq) = mNMiN...NM, for some m;-primary ideals M; (where
m,; are comaximal maximal ideals). Thus

Af(v1,...,vq) 2~ A/mx A/My x ... x A/M,.
Let o € (A/m)*. Then there exists an element a € A such that its class modulo

(v1,...,vq) 18 (a, 1,...,1) under the above isomorphism. Therefore (a,v1,...,vq) is
unimodular. Consider the Koszul complex Kos(v1, ..., v4) associated to the regular
sequence (v1,...,vq). As in section 3, we get an isomorphism

Yoy rova P AJ (01, va) = Exth(A/(v1, ..., va), A)
defined by ¥, 4,(1) = Kos(v1,...,vq). Consider (a, (=, . vy v, v,)) i
@ G'(A/q). By construction, it vanishes outside m and, as « varies, gen-
qeSpec(A)(d)

..........

(av <_¢'U1 »»»»» CER) C“/’m »»»»» 'Ud>) - (_b7 <_11[}'U1 »»»»» CER) _b¢vl »»»»» Ud>)

in G'. We have proven:

Proposition 4.3. Let A be a regular k-algebra of dimension d. Then the homo-
morphism ¢ : Umgy1/Eqi1(A) — HY(A, G4 is surjective.

Our next goal in the next section is to show that ¢ is in fact an isomorphism
when d > 3, independently of the dimension d of the algebra. The case d = 2 will
be treated in the sequel.

4.2. The case d > 3. In this section, we will use results of Morel ([12]). We
will have to first recall some definitions and results in A'-homotopy theory. Our
reference here will be [13]. Consider the category Sm/k of smooth schemes over k,
endowed with the Nisnevich topology. We denote by Sh the category of sheaves on
Sm/k (in the Nisnevich topology) and by A°PSh the category of simplicial sheaves
over Sm/k. This category is endowed with a model structure ([13, Definition 1.2,
Theorem 1.4]), and we denote by H(k) its homotopy category. If F,G are two
simplicial sheaves, we denote by Homy_ (1) (F, G) the set of homomorphisms in this
category.

Let X be a smooth scheme over k and consider the simplicial sheaf Sing®(X)
defined at the level n € N by U — (X x A™)(U) for any smooth scheme U. Here
A" denotes the usual n-simplex over k, i.e. A™ = Spec(k[zo,...,zn]/ > x; — 1).
Observe that there is a canonical map of simplicial presheaves X — Sing®(X)
(where X is seen as a simplicially constant sheaf). If moreover X is an algebraic
group, then the above map is a map of simplicial sheaves of groups.

For any simplicial sheaf F', there exists a fibrant simplicial sheaf RF and a
trivial cofibration F' — RF. Such an association can be done functorially. If X is
a smooth scheme, then Homy (1) (X, F) = mo(RF(X)) by definition. One of the
results of [12] is that the map of simplicial sheaves GL,, — Sing*GL,, induces an
isomorphism G L, (A)/E,(A) — Homy, () (A, Sing*GLy,) for n > 3. The idea is to
show that the map Sing*GL,, — RSing*GL,, induces for any affine smooth scheme
Spec(A) a weak-equivalence of simplicial sets (Sing*GL,,)(A) — (RSing*GL,)(A)
for n > 3. The explaination of the proof requires first a definition (see [12]).

Definition 4.4. Let F be a presheaf of simplicial sets over Sm/k.
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1) We say that F satisfies the affine B.G. property in the Nisnevich topology if for
any smooth k-algebra A, any étale A-algebra A — B and any f € A such that
A/f — B/f is an isomorphism, the diagram

F(A) F(B)

L

F(Af) — F(By)

is homotopy cartesian.

2) We say that F satisfies the Al-invariance property if for any smooth k-algebra
A the map F(A) — F(A[t]) induced by the inclusion A — AJt] is a weak
equivalence.

The following theorem is a particular case of a theorem proved by Morel. Its
proof is done in [12].

Theorem 4.5. Let k be a perfect field. Let F be o simplicial sheaf of groups
on Sm/k (for the Nisnevich topology). Suppose that F satisfies the affine B.G.
property in the Nisnevich topology and the A'-invariance property. Then for any
smooth k-algebra A the map F(A) — RF(A) is a weak equivalence.

Corollary 4.6. Let k be a perfect field and let A be a smooth k-algebra. Then the
map of simplicial sheaves GL,, — Sing*GL,, induces an isomorphism

GL,(A)/E,(A) — Homy (A, Sing*GLy,)
forn > 3.

Proof. We first prove that Sing®*GL,, satisfies the properties of Definition 4.4. If F'
is any sheaf on Sm/k, then it is not hard to see that Sing®F is Al-invariant (see
[12]). The affine B.G. property is also proven in [12] and requires n > 3. Theo-
rem 4.5 shows then that (Sing*GL,)(A) is weak-equivalent to (RSing*GL,)(A).
Therefore 7o ((Sing*GL,)(A)) ~ mo((RSing*GLy)(A). The left-hand term is just
GLn(A)/E,(A) by Theorem 2.1 and the other term is Homy_ 1) (A, Sing*GLy,,) by
definition.

(]

Let now H(k) be the A'-homotopy category of smooth schemes over k. It can
be seen as the full subcategory of Al-local objects in H;(k) ([13, Theorem 3.2]).
It turns out that Sing*GLy, is A'-local for n # 2. So Homy, (i) (A, Sing*GL,,) =
Homg i) (A, Sing*G Ly,).

Consider the (pointed) map of simplicial sheaves Sing*GL,, — Sing*GL, 11
induced by the inclusion GL,, — GL, 41 sending M to ((1) ]\04> It is a cofibration
whose cofiber is Sing®*GL,1/5ing*GL,, and it is not hard to see that the latter
is isomorphic to Sing®*(GL,4+1/GL,). Moreover, the map of simplicial sheaves
Sing*(GLy,11/GL,) — Sing®(A"*1\ {0}) is a weak equivalence in H (k) and the
following sequence

Sing*GL, —— Sing*GLy, 1 —— Sing.(AnJrl \ {0})

is a fibration sequence in H (k) ([12]). This is one of the ingredients of the proof of
the following theorem of Morel ([12] again):
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Theorem 4.7. Let A be a smooth k-algebra and let n > 3. Suppose that A is of
dimension d < n. Then the natural map Homy (A, A"\ {0}) — H"(A,G")
is a bijection. This induces a bijection between the set of stably free modules of
rank n and H"(A,G"1)/GL,1(A).

Remark 4.8. Remark that if d < n then the set of stably free modules of rank n
and H"(A, G"*!) are both trivial.

This allows to prove the following theorem:

Theorem 4.9. Let A be a smooth k-algebra of dimension d. Suppose that k is
perfect. Then the map ¢ : Umgy1(A)/Eqi1(A) — HY(A, G4 is an isomorphism
for d > 3.

Proof. By Theorem 2.4, there is an exact sequence of groups
GLg(A)/Eq(A) = GLg11(A)/Egy1(A) = Umgy1(A)/Eg41(A) = Umgy1(A)/GLgy1(A) = 0.

Because

Sing*GLg — Sing*GLgy 1 — Sing®(A9T1\ {0})

is a fibration sequence and Theorem 4.7, we have an exact sequence

Homy (1) (A, Sing®GLy) —>= Homyy (g (A, Sing®GLgt1) = H (A, G > HY(A,GIT1)/GLa11(A) =0
Using the definition of ¢, as well as Corollary 4.6, we get a commutative diagram
GLd(A)/Ed(A) EE— HomH(k) (A, Sing'GLd)
GLat1(A)/Eat1(A) — Homyy(i) (A, Sing*GLat1)

Umgy1(A)/Eqi1(A) ——— Hd(A’ Gd+1)

Umas1(A))GLasr (A) ——= HYA, GH1)/GLasr (A)

0 0
We conclude by applying Theorem 4.7 again.
O

Remark 4.10. As in the previous theorem, remark that if n > d, then H"(A, G*t1)
and Umy,41(A)/Ent1(A) are both trivial.

4.3. The case d = 2. We first recall some definitions. Let A be a k-algebra of
dimension d, where k is of characteristic 0. Then one can define the Fuler class
group E(A) of A ([3, §4]) and the weak Euler class group Fo(A) of A ([3, §6]). In
short, E(A) is the group generated by pairs (J,w;), where J C A is an ideal of
height d such that J/J? is generated by d elements and w; is an equivalent class
of surjections (A/.J)? — .J/J?, modulo relations similiar to rational equivalence.
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The group Eo(A) is generated by elements (J), where J is an ideal of height d as
above. There is a natural surjection E(A) — Fy(A). If d is even, there is an exact
sequence ([3, Theorem 7.6])

Ui (A)/SLas(A) —2> B(A) — Eg(A) —— 0

where v is defined as follows:

Let (ai,...,a4+1) be a unimodular row. By performing if necessary elemen-
tary operations, we can suppose that the ideal J = (ag,...,aq+1) is of height
d. Let ey,...,eqr1 be a basis of (A/J)¢ and let wy : (A/J)? — J/J? be the
surjection defined by wjy(e;) = a; for any i. Because (ai,...,aq4+1) is unimod-
ular and (ag,...,aq+1) is of height d, a1 € (A/J)* and we can define ¢ by
P(ay,...,aq41) = (J,a1wy) in E(A). The proof that this is well defined is done in
[3, §7] and this is where we need that A contains Q.

Suppose now that A is of dimension 2. Then the above sequence is exact on the
left also, i.e. we have a short exact sequence (|3, Proposition 7.3, Proposition 7.5])

0 ——> Umg(A)/SLs(A) —'> B(A) — Ey(A) — 0.

If A is smooth over k, then ¢ : Ums(A)/E3(A) — H?(A,G?) gives a homomor-
phism SL3(A)/E3(A) — H?*(A,G?) (after composition with the homomorphism
SL3(A)/Es(A) — Ums(A)/E3(A)).

Theorem 4.11. Let A be a smooth k-algebra of dimension 2, where k is a field of
characteristic 0. The homomorphism ¢ induces an isomorphism
& : Umg(A)/SL3(A) = H*(A,G°)/SLy(A).

Proof. Observe first that ¢ is surjective by Proposition 4.3. Now there are surjective

——2
homomorphisms F(A) — CH (A) and Eq(A) — CH?(A) ([6, Proposition 17.2.10])
making the following diagram commutative:

E(A) —— Ey(4)

L

CH'(A) —> CH?(A).

Because dim(A) = 2, the homomorphism E(A) — CH 2(A) is an isomorphism ([6,
Theorem 15.3.11] and [3, Theorem 7.2]). We then get a commutative diagram:

0 ——> Ums(A)/SLs(A) — = B(A) —— Ey(A) —0

| o
H2(A,G3)/SLy(A) —> CH (A) —> CH2(A) —>0
Therefore there exists a homomorphism f : H%(A,G3)/SL3(A) — Ums(A)/SL3(A)

such that f¢ = Id. So ¢ is also injective.
O
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5. COMPUTATIONS FOR REAL VARIETIES

5.1. Computation of H%(A,G%7). From now on, A is a smooth R-algebra, of
dimension d > 2 with trivial orientation, i.e. ws/r ~ A. Put X = Spec(A). First
we compute H¢(X, [917) for any j > 0.

Proposition 5.1. For any j > 0, we have H(X, [%17) ~ @ Z where C is the set

cec
of compact connected components of X(R). More precisely, choose a real point xc

for any C in C and a generator &, of Ext (rk(zc), A). Then the generators are
the classes of the forms ((1,1))7 - &, in I7(k(x)).

Proof. For j = 0, this is [6, Theorem 16.3.8]. We prove the result by induction on
j. Consider the form (1,1) € I(R). It can be seen as an element of H°(R, I). The
multiplication by this element yields a homomorphism

(1,1) : HYA, 177y — HA(A, 13+,
Now the homomorphism of sheaves I9t7+1 — [9+J induces a homomorphism
HA(A, T+ — HA(A, [7+9). Tt is easy to check that the composition of these
two homomorphism is the multiplication by 2 from HY(A, [’+%) to itself. By in-
duction H%(A, I’T%) is a sum of copies of Z, and therefore the multiplication by 2
is injective. So the homomorphism

(1,1) : HY(A, 1) — HY(A, 1+

is injective. But the multiplication by (1, 1) is surjective as a map from @ I (k(z))
zeX(d)
to @ I’*1(k(z)) because all residue fields are R or C. Therefore the multipli-

zeX (d)
cation by (1,1) is also surjective on cohomology groups.
O

The next result is an obvious consequence of the proposition.

Corollary 5.2. For any j > 0, we have H(X, [917 /]3I +1) ~ @2/22 and an

cec
ezxact sequence of cohomology groups

0— HYA, 197+ — HY(A, [917) — HIY(A, 1917 /[H7+1) — 0.

Next we exhibit some exact sequence which will be useful for the computation of
HY(X, G, We first prove a preliminary result. Let f : X ® C — X be the finite
morphism induced by the inclusion R C C. For any j > 0, it yields a morphism
fot H(X ® C,Kj{;) — HYX,K}{,). Moreover, the natural projection gives a
homomorphism H*(X, K}1 ;) — HYX, K}{;/2K}{ ).

Proposition 5.3. For any j > 1, the sequence

) Lo Hax, K ) — HA(X, K

HY{X®C,KM pisll

dtj /2K%_j) —0

18 exact.
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Proof. Tt suffices to show that the sequence of groups

B EMr@)E P EMey) —~ @ KM(ky)/ 2K (k(y) =0

mE(X@C)(d) yEX(d) yEX(d)

is exact. We have two distinct cases, depending on whether y is a complex point
or a real point. Suppose first that y is a complex point. Then there are two points
z1 and 2 in (X ® C)@ over y and the above sequence becomes

fs

KM(C) & KN (©) —L KM(©) —= KM (C)/2KM(C) — =0

J
where f. is just the sum (which is surjective). Since 7 > 1, K JM (C) is 2-divisible
and therefore K(C)/2K}(C) = 0.

Suppose now that y is a real point. There is only a complex point over y and
the sequence becomes

Ja
Here f. is just the transfer map given by the inclusion R ¢ C. But K JM (R) is
just the direct sum of a 2-divisible group D generated by symbols {a1,...,a;} with
a; > 0 and a factor Z/27Z generated by {—1,...,—1}. Now f. is surjective on
D (use [10, Proposition 14.64]) and 0 on the subgroup generated by {—1,...,—1}
because K /(C) is 2-divisible. So the sequence is exact.

O

As a corollary, we get:

Proposition 5.4. Let X be a real smooth affine variety with trivial canonical bun-
dle. Then for any j > 0, the sequence

HY(X ® C,G) —L o Hi(X,GH) — HI(X, [) — 0

is split exact, where the first homomorphism is induced by the finite morphism
f: X®C — X and the second by the map of sheaves G+ — I%7 . Moreover, the
morphism of sheaves G — K}, induces an isomorphism H*(X ® C,G4*7) —
HY(X @C, K} ).

Proof. If j = 0, this is [6, Theorem 16.6.4] and [6, Remark 10.2.16]. We suppose
now that j > 1. First observe that, since I(C) = 0, we have G7(C) = K '(C). This
proves the last assertion of the theorem. This also proves that the composition

HY(X & C,G*) L= HU(X, ) —— HI(X, 1)
is zero since the groups G7(r(x)) are the fibre products of K (x(z)) and I’ (k(z))

over I’ (r(x)) /17t (k(x)) for any z € X(?. Now remember that there is a commu-
tative diagram of sheaves whose columns are exact



SOME REMARKS ON ORBIT SETS OF UNIMODULAR ROWS 15

JA+i+l ——— pd+i+1

Qdti o pdtj

K(%_] J+3 /Id+j+1
0 0.

This yields the following commutative diagram

Hd(X, Id-l—j-‘rl) [ Hd(X, Id-l—j-‘rl)

HYX ®C,G4) — = HYX,GHI) — > HYX, [HH) —~0

|

HYX ® C, K} ) —— HY(X, K} ) —— H(X, I [T+ — 0

|

0 0 0

where the columns and the last line are exact. An easy chase shows that the line
in the middle is also exact.

O

Next we prove that H(X @ C, Kj}! ) = 0 for some interesting algebras. Recall

that a real variety X is said to be rational if X ® C is birational to P?.

Proposition 5.5. Let A be a smooth R-algebra of dimension d. Suppose that
X = Spec(A) is rational. Then HY(X @ C, K44;) = 0 for any j > 0.

Proof. Suppose first j = 0. Then H(X ® C,K}) = CHY(X ® C) = 0 because
X ® C is rational. Using [14, Corollary 3.4] and Roitman’s theorem, this shows
that any maximal ideal m in A ® C is complete intersection. Let {ai,...,q;}
be an element of K}¥(C) = K}M((A® C)/m). Let (f1,...,fa) be a regular se-
quence generating m. Consider the symbol { f4, a1, a2, ..., a;} defined on the residue
fields of the generic points of (A ® C)/(f1,..., fa—1). It defines an element of
@1€SPQC(A®C)<,171>K%l(m(z)) whose boundary is {a1,...,a;}.

O
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Finally, we get:

Theorem 5.6. Let A be a smooth R-algebra of dimension d with trivial canonical
bundle. Suppose that X = Spec(A) is rational. Then

HYX, @) ~ HY(X, I'V) ~ (P 7
cec
where C is the set of compact connected components of X(R) (endowed with the
Euclidian topology).

Proof. The first isomorphism is clear in view of Proposition 5.4 and Proposition
5.5. The second isomorphism is just Proposition 5.1.
O

Remark 5.7. If d > 3 this shows that Homy: (X, A4\ {0}) = Umay1(A)/Eas1(A)
(which is isomorphic to H?(X,G*!)) is isomorphic to the cohomotopy group
(X (R)).

5.2. Stably free modules. We first recall a few things. Let A be a regular k-
algebra of dimension d and let P be a projective module of rank d over A. To such
a module, one can associate an Euler class ¢q4(P) ([12] or [6, Chapter 13]) which
satifies the following property (proven in [12] if d > 4, in [7] if d = 3 and in [6] if
d=2): ¢4(P)=0if and only if P ~ Q & A.

We begin with a theorem:

Theorem 5.8. Let A be a smooth R-algebra of even dimension d with trivial canon-
ical bundle. Suppose that X = Spec(A) is rational. Then the set of stably free
modules of rank d is isomorphic to @ Z, where C is the set of compact connected

cec
components of X(R) (endowed with the Euclidian topology).

Proof. By Proposition 3.1, there is an exact sequence

—d
HY(X,G*) ——~ CH (X) ——= CHYX) —=0.
Theorem 5.6, shows that this sequence is exact on the left also.
Suppose that d > 3. Because of Theorem 4.9, we get a short exact sequence:

0 —— U1 (A)/Eap1(A) — CH" (X) — CHY(X) — 0

and Umg11(A)/Eqq41(A) =~ @Z by Theorem 5.6. Using [3, §7], we see that
cec

—d
the homomorphism Umgi1(A)/Eq41(A) — CH (X) associates to a stably free
module P (representing a unimodular row) its Euler class. The Euler class of
A? being trivial, a unimodular row coming from GLg,; has therefore image 0

in CH d(X ). The exact sequence above shows that GLg11(A) acts trivially on
Umgy1(A)/Eq41(A). This proves the result when d > 4.

Suppose now that d = 2. Because of Theorem 4.11, it suffices to compute
H?%(A,G3)/SL3(A). The same argument as above shows that the action of SL3(A)
on H?(A,G3) is trivial. This concludes the proof.

O
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In the same flavour, we have:

Theorem 5.9. Let A be a smooth R-algebra of even dimension d with trivial canon-
ical bundle. Suppose that X = Spec(A) is rational. Then a stably free module of
rank d over A is free if and only if its Euler class is 0.

Proof. Again, the exact sequence

——d
HYX,G*) ——~ CH (X) —= CHYX) ——=0.
is also exact on the left by Theorem 5.6 and the homomorphism H%(X,G4*+1) —

—d
CH (X) sends a stably free module to its Euler class.
(]

As an example, let S¢ denote the algebraic real sphere of dimension d, i.e. S¢ =
Spec(R[z1, ..., zqq1]/ > x? —1).

Corollary 5.10. The set of stably free modules of rank 2d over S*? is isomorphic
to Z. It is generated by the tangent bundle.

Proof. The first statement is an obvious corollary of the above theorem. The fact
that H?29(S%1 G29+1) is generated by the class of the tangent bundle is a conse-
quence of Proposition 5.1.

O

In odd dimension, the situation is a bit more complicated as illustrated by the
following result:

Proposition 5.11. All stably free modules of top rank on S* and S7 are free.

Proof. We do the proof for S3, the case of S” being similar. Theorem 5.8 shows
that Uma4(S®)/E4(S%) ~ Z with generator the tangent bundle. It is well known
that the tangent bundle over S® is free and therefore its associated unimodular row
comes from GL,(S?). This shows that Um4(S3)/GL4(S%) = 0.

O

6. ACKNOWLEDGEMENTS

I warmly thank Jean Barge and Manuel Ojanguren for a very nice afternoon
spent on speaking about stably free projective modules. T also want to thank Fabien
Morel for stimulating my interest on the subject. Finally, I express my gratitude
to Frédéric Déglise and Matthias Wendt for some very useful discussions on A!-
homotopy theory. This work was supported by Swiss National Science Foundation,
grant 2000020-115978/1.

REFERENCES

[1] Jean Barge and Fabien Morel. Groupe de Chow des cycles orientés et classe d’Euler des fibrés
vectoriels. C. R. Acad. Sci. Paris Sér. I Math., 330(4):287-290, 2000.

[2] H. Bass. K-theory and stable algebra. Inst. Hautes Etudes Sci. Publ. Math., (22):5-60, 1964.

[3] S. M. Bhatwadekar and Raja Sridharan. The Euler class group of a Noetherian ring. Com-
positio Math., 122(2):183-222, 2000.

[4] S. M. Bhatwadekar and Raja Sridharan. On Euler classes and stably free projective modules.
In Algebra, arithmetic and geometry, Part I, II (Mumbai, 2000), volume 16 of Tata Inst.
Fund. Res. Stud. Math., pages 139-158. Tata Inst. Fund. Res., Bombay, 2002.

[5] Jean Fasel. The Chow-Witt ring. Doc. Math., 12:275-312 (electronic), 2007.



18

(6]
[7]

(8]
[9]

[10]
(11]

(12]

[13]
[14]
[15]
[16]
(17]

(18]

[19]

[20]

J. FASEL

Jean Fasel. Groupes de Chow-Witt. to appear in Mém. Soc. Math. Fr., 2008.

Jean Fasel and Vasudevan Srinivas. Chow-Witt groups and Grothendieck-Witt groups of
regular schemes. preprint available at www.math.uiuc.edu/K-theory/0836/, 2007.

T. Y. Lam. The algebraic theory of quadratic forms. W. A. Benjamin, Inc., Reading, Mass.,
1973. Mathematics Lecture Note Series.

Hartmut Lindel. On projective modules over polynomial rings over regular rings. In Algebraic
K -theory, Part I (Oberwolfach, 1980), volume 966 of Lecture Notes in Math., pages 169-179.
Springer, Berlin, 1982.

Bruce A. Magurn. An algebraic introduction to K-theory, volume 87 of Encyclopedia of
Mathematics and its Applications. Cambridge University Press, Cambridge, 2002.

Fabien Morel. Sur les puissances de I’idéal fondamental de ’anneau de Witt. Comment. Math.
Helv., 79(4):689-703, 2004.

Fabien Morel. A'-homotopy classification of vector bundles over smooth affine schemes.
preprint available at http://www.mathematik.uni-muenchen.de/ morel/preprint.html,
2008.

Fabien Morel and Vladimir Voevodsky. A'-homotopy theory of schemes. Inst. Hautes Etudes
Sci. Publ. Math., (90):45-143 (2001), 1999.

M. Pavaman Murthy. Zero cycles and projective modules. Ann. of Math. (2), 140(2):405-434,
1994.

I. Panin. Oriented cohomology theories of algebraic varieties. K -Theory, 30(3):265-314, 2003.
Special issue in honor of Hyman Bass on his seventieth birthday. Part ITI.

A. A. Suslin. A cancellation theorem for projective modules over algebras. Dokl. Akad. Nauk
SSSR, 236(4):808-811, 1977.

Wilberd van der Kallen. A module structure on certain orbit sets of unimodular rows. J. Pure
Appl. Algebra, 57(3):281-316, 1989.

Wilberd van der Kallen. From Mennicke symbols to Euler class groups. In Algebra, arithmetic
and geometry, Part I, II (Mumbai, 2000), volume 16 of Tata Inst. Fund. Res. Stud. Math.,
pages 341-354. Tata Inst. Fund. Res., Bombay, 2002.

L. N. Vaser§tein and A. A. Suslin. Serre’s problem on projective modules over polynomial
rings, and algebraic K-theory. Izv. Akad. Naouk SSSR Ser. Mat., 40(5):993-1054, 1199, 1976.
Ton Vorst. The general linear group of polynomial rings over regular rings. Comm. Algebra,
9(5):499-509, 1981.

JeaN FaserL, EPFL SB IMB CSAG, MA C3 575 (BAriMENT MA), StaTION 8, CH-1015

LAUSANNE

E-mail address: jean.fasel@gmail.com



