DUALIZATION IN ALGEBRAIC K-THEORY
AND INVARIANT ¢! OF QUADRATIC FORMS OVER SCHEMES

MAREK SZYJEWSKI

ABSTRACT. Let (A, D,d) be an exact category with a duality functor D. These data
define objects:
e a Witt group W (A, D, ) consisting of isomorphism classes of symmetric bilinear
forms (A, ¢), i.e. of isomorphisms ¢ : A — DA which are symmetric (Dpodas = ¢),
modulo metabolic ones,

e and two sequences of groups

EL(AD) = Ker(Ki(A)"=2 Ki(A)/Im(Ki(A)—2 Ki(A))
E'(AD) = Ker(Ki(A)2 Ki(A)/Im(Ki(A)—2 Ki(A)).

The natural homomorphism e® : W(A, D,§) — E{ (A, D) is a natural generalization
of dimension index and has several applications for usual Witt groups of schemes.

Let I(A, D,8) = Ker(e®). There exists a natural homomorphism e! : I(A, D,§) —
E%(A,D)/H which coincides with the usual discriminant if A is a category of finite
dimensional vector spaces over a field F' with usual dualization.

To define this generalized discriminant map e! one needs a self-dual K-theory space,
e.g. the bisimplicial set T(A) constructed by A. Nenashev. Roughly speaking, e! assigns
to a (A, ) a class of the loop in T'(A), corresponding to a double 4-term exact sequence,
obtained by glueing with its dual a common resolution of a form Witt equivalent to (A, ¢)
and a hyperbolic form. This class is well defined modulo subgroup H of classes assigned
to pairs of metabolic forms. There is an epimorphism E° (A, D) — H. In particular

H=0if E°(A,D)=0.
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1. INTRODUCTION

To obtain a proper generalization of the classical notion of the discriminant of a qua-

dratic form

et i W(F) — ky(F)

el((ay, ag, ..., a,)) = (=1)" D20, gy ... a, mod F*?

for symmetric bilinear forms over schemes, the framework of exact categories with duality
seems to be the best one, as it involves K-theory.

Section 2 contains a short review of the needed results from K-theory; details are
partially published ([10], [11], [12]); other will be published subsequently ([13]). The group
Ki(M) = m(QBQ(M),0) of an exact category M is generated by loops corresponding
to short double exact sequences and the presentation of K;(M) by these generators and
relations, due to Nenashev, is known (see section 2.3 below). In general a double exact
sequence of arbitrary length defines a loop in QBQ(M) (or other K-theory space of M).
As K-theory spaces we use G-construction G(M) and its self-dual version, denoted T'(M)
here and in [13, App. BJ, or W(M) in [12]. We are interested in exact categories with
a duality functor D (section 2.1 below); in such a case there arises an action of the two
element group {1, D} on K;(M).

The main example of exact category with duality functor is the category of locally free
sheaves of O x-modules of finite rank on a scheme X with a duality functor D : V — V" "®L
(L - a line bundle) with either the canonical isomorphism of V' with its double dual (for
symmetric L-valued forms) or the opposite of this isomorphism (for skew symmetric L-
valued forms).

For each of Witt groups W (X, L) = W(X, L), W~ (X, L) of a scheme X of forms with

values in a line bundle L there is a natural homomorphism

e WEX,L) — E°X,L)
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where E°(X, L) is certain subfactor of Ky(X), a member of the family
E"(X,L)=FEY(X,L), E"(X,L)

of subfactors of K,(X), namely the Tate cohomology groups of {1, D} with values in the
group K;(X). (see definition 3.2 below). The homomorphism €’ (depending on L) is
induced by the forgetful functor and reduces to usual dimension index e in the classical

case X = Spec(F), F' - a field of characteristic different from 2. The pull-back

Wy(X,L) —— W(X, L)

0

W(X,L) — E°(X,L) |,
i.e. the set of pairs ([(V,a)],[(W,3)]) of Witt classes with equal values of €°, may be
parametrized by a set W(X, L) of pairs of exact sequences

b a

0 V B A 0, a

0 W B A 0, B

b a'
with the same objects A, B (we call such a pair a common resolution of V, W) and (skew-

)selfdual isomorphisms o : V. — V" ® L, f: W — W™ ® L representing given Witt

classes:

0—V—B«A—0, «
— ([(V, )], [(W, B)])
O0—W B« A0, 0

(corollary 3.2). In this case we define the relative discriminant e!'(a =+ ) € EY(X, L)
(definition 3.4) by the formula

gl(a+fp) = classof dess. DA < DB =t B=——=A
Da’ Db oBob’ a’

(we say that the double exact sequence is obtained by gluing the common resolution with

its L-dual along o and ). This relative discriminant map ! : W(X, L) — FY(X, L) is
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additive:
(et )= (B ) =c(a+p)+e'(a + ),

it vanishes on pairs of equal forms:
ea+a)=0

and its value does not depend on a choice of common resolution (theorem 3.3), but need
not to be constant on a class of Witt equivalence. In fact, there exist pairs of hyperbolic
forms with the same values of €” and nontrivial relative discriminant (example 3.1).

Let H(X, L) be a subgroup of E*(X, L) consisting of relative discriminants of pairs
of hyperbolic forms with equal values of €. Consider the set of common resolutions
of pairs of hyperbolic forms and natural map of this set into E°(X,L). The relative
discriminant map is constant on each fiber of this map (prop. 3.5) - if a pair of hyperbolic
forms with equal values of €® defines trivial element of the group E° (X, L), then relative
discriminant of such a pair is trivial. It follows that E°(X, L) maps onto H(X,L). In
particular H(X, L) is trivial provided E° (X, L) is trivial.

Note that even in the case of a projective line over a field the group H(X,Ox) is
nontrivial (remark 3.1).

We define (definition 3.5 below) the first k-group of X (with respect to the dualization
D:V — Homp,(V,L)) as

k1(X, L) = EY(X,L)/H(X, L)
and the discriminant map (depending on L)
et 1 I(X,L) — ki(X,L)
e'(p) = e'(p+0)modH(X,L).

where I(X, L) = Ker ¢° (definition 3.6 below). In the classical case X = Spec(F), F' - a

field of characteristic different from 2, there is no nontrivial line bundles L, I(X) is the
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fundamental ideal of Witt ring W (X), E°(X) =0, k1(X) = EY(X) = F//F? and

2n(2n—1)
el(<a’17a27 e '7a’2n>) = 81(<a’17a’27 s 7a2n> - O) = (_1) . ;L a1Qg + - Ay,

is usual discriminant of a quadratic form (example 3.2 below).
The discriminant map is clearly functorial - given morphism f : X — Y of schemes,

the functor f* induces homomorphisms of all groups involved, and
elof*:f*oel.

In the particular case of a variety X over a field F such that K1(X) = K{(F)®z Ky(X)
E'-groups of X are following:

ENX.L) = ki(F)®z E"(X, L) ® py(F) @z E(X, L)

EL(X,L) = ky(F) @z EY(X, L) ® py(F) @ E°(X, L)

where p,(F) is the group of square roots of 1 in the field F.
If X is a variety over a field F' (so all Witt groups of X are W (F)-modules), the map
el has following property:

I(F)I(X,L) C Ker ¢!

(theorem 3.9 below). The framework of exact categories with duality provides an uniform
notation for the cases of symmetric and skew-symmetric forms, and different line bundles
L.

There are some immediate applications of relative discriminant to classes of metabolic
spaces in a Grothendieck group. The discriminant map is applied to the Witt group of
symmetric bilinear forms over an anisotropic conic with values in a line bundle.

The paper depends on bisimplicial computations done by Sasha Nenashev.

The author gratefully acknowledges the many helpful suggestions of improving the ex-
hibition of the present paper, especially from Grzegorz Banaszak and Piotr Pragacz. He

also thanks to for pointing out the possible connection of the main construction of this
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paper with the map on the level of spectra, studied in [24], should be investigated. Never-
theless, the construction of e! given here is designed especially for explicit computations,
as is shown in section 4. Moreover, there are some hopes to define higher maps e€” in a

similar way.

2. WITT GROUPS AND K-THEORY

2.1. Dualization and forms. Exact categories and their higher algebraic K-theory were

defined in [17] by D. Quillen as follows.

Definition 2.1. Fzact category M = (M, A, ) is an additive category I, having a set
of isomorphism classes of objects, embedded as a full subcategory of an abelian category

2(, closed under extensions in 2(, with a family € of exact (in ) sequences
(1) 0-MSME M -0
(called admissible exact sequences) satisfying the following conditions:

a) all split exact sequences of objects of 9t are in €; if (1) is in &, then « is a kernel
of #in 91 and [ is the cokernel of o in IN;
b) a composition of admissible epimorphisms (monomorphisms) is an admissible epi-

morphism (monomorphism);

A>L>B A<<a—B
N I N
| 1o
Boar N aofi N\
C C

a (co)base change of an admissible epimorphism (monomorphism) is an admissible

epimorphism (monomorphism);

C—->ClLyuB AxpC S (O

‘| K @i |

A B
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c) if M — M" possesses a kernel in 9 and the composition N — M — M" is an
admissible epimorphism, then M — M" is an admissible epimorphism; the dual

statement for monomorphisms holds true.

Kera — M -5 M" Cokera =— M <S M
N N

For example, given an admissible exact sequence (1) and a map N 2 M” the sequence
OHM/iMXM//NIgNHO

is an admissible exact sequence.
It is known now that condition c) is a consequence of a) - b) (Keller, [4, App. A]).
We will use arrows — and — to denote admissible monomorphisms and admissible
epimorphisms respectively.
An admissible subobject is a kernel of an admissible epimorphism.
Recall that an exact functor between exact categories is an additive functor, which

takes admissible exact sequences to admissible exact sequences.

Definition 2.2. A duality or a structure of a Hermitian category on 9 (cf. [18, p. 241])
is a pair (D,d), where the dualization functor D : 9t — 9 is an exact contravariant
functor and ¢ : 1gy — D? is a natural isomorphism such that (Dd) o (6p) = 1p, i.e. the
diagram
D3
N

DM DM

(Om)

commutes for every object M of 9.
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Note that by the definition the dual of an admissible exact sequence is an admissible
exact sequence.
We focus our attention on the following three examples:
1. Let 9 be the category of finitely generated vector spaces over some fixed field F,
DV =V* = Hompg(V, F),
D(f)(6) = do f

and 6y : V — D?V = V** is the canonical isomorphism of V' with its double dual:

for ¢ : V'— F. The condition (D) o (6p) = 1p means that the map defined by

Y+ dpy(¥)

composed with the D(dy)
D(bv)(x) = xodv

produces the map ¢ — (v — 9(v)) i.e. the map ¥ — . If f:V xV — F is a symmetric
bilinear form, then it is customary to factor out the kernel and deal exclusively with
nonsingular symmetric bilinear form. For such a form there is isomorphism - the adjoint
linear map ¢ : V. — DV - defined by ¢(v)(w) = f(v,w). The symmetry f(v,w) = f(w,v)
of f is equivalent to the condition (D¢) o 6y = ¢.

Changing the Jy to the opposite to the canonical isomorphism of V' with its double
dual, yields that the condition (D¢) o 0y = ¢ is equivalent to f(v,w) = —f(w,v), i.e.
gives a formalism for skew-symmetric bilinear forms.

2. Let 971 be the category of vector bundles on a scheme X. We set

DY = V" =Homp,(V,Ox),

Dp = ¢o"=—o0p: W =V forp:V—-W
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and dy : V — D?V = V" is the canonical isomorphism of a V with its double dual. In
this case we define a symmetric bilinear form as its adjoint - an isomorphism ¢ : V — V"~
such that ¢~ o dy, = Dy o dy = ¢. Note that on the fibres there arise a family of usual
symmetric bilinear forms, parametrized by points of X.

Changing 0y to the opposite to the canonical isomorphism of V with its double dual
yields a formalism for skew-symmetric bilinear forms.

3. Let 971 be the category of vector bundles on a scheme X, and £ - a line bundle on
X. We set

DV = V' ®p, L=Homo,(V, L),
Dy = ¢ ®oy 1g,
and

(5VZV—>D2V:(VA®(9X/:)A®0X£

~Y

- a composition of canonical isomorphisms (note that D*V 2 V""" @ (L" ®p, L) = V"").
An isomorphism ¢ : V — V" ®p, L is an L-valued symmetric bilinear form iff (9" ® 1) o0
oy = Dypody =

Changing 9y, to the opposite to the canonical isomorphism
Yy (V" ®o0, L) ®oy L

gives a formalism for £-valued skew-symmetric bilinear forms.

One may easily generalize concepts known for example 1 to the other two.

Definition 2.3. For a category 9 with a duality (D,d) a morphism ¢ : V' — DV is a
self-dual morphism iff Dy o §y = ¢, or the diagram

v
V——=DV

Tt

D?V —= DV
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commutes.
A symmetric bilinear form (or a symmetric bilinear space) is a self-dual isomorphism

p:V — DV.

Remark 2.1. If (D, §) is a duality, then (D, —¢) is a duality. A morphism is self-dual with
respect to (D, —9) iff it is skew self-dual with respect to (D, ).

Example 2.1. (0,0) is a symmetric bilinear form for arbitrary (D, ).

There are obvious notions of an isomorphism of symmetric bilinear forms and of a direct
sum of symmetric bilinear forms. In all three examples there is a well defined bi-exact

tensor product of symmetric bilinear forms.

Definition 2.4. Let ¢ : V. — DV be a symmetric bilinear form. For an admissible
monomorphism « : U » V the orthogonal complement U+ of U 5 V is the kernel of

.. (] Da .
composition V= DV — DU, so there is an exact sequence

0— Ut v22% py.

The kernel U~ exists, since « is admissible.
A direct generalization of above notions to self-dual morphisms which are not isomor-

phisms is impossible.

Example 2.2. Let 9 be a full subcategory of the category of finitely generated abelian
groups, having free abelian groups as objects, and exact sequences of free abelian groups

as admissible exact sequences, with the dualization functor
DA = Homg(A,Z).

The multiplication by 2
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is a self-dual map, and even is a bimorphism (a monomorphism and an epimorphism) in
M. This is a symmetric bilinear map, which is not a form. It has a nontrivial cokernel

7,/27 in the ambient abelian category, but the functor D is not defined on Z/27Z.

Example 2.3. Let ¢ : V — DV be a self-dual morphism. The morphism ¢ has a kernel
in the ambient abelian category, but it needs not to have a kernel in the category 901; even
if it has a kernel in 9%, this may differ from the kernel in the ambient abelian category (e.g.
consider the opposite to the category 90t of the last example, and the same morphism),

unless the kernel in the ambient abelian category is an object of 90.

To avoid a situation described in the last example, we define symmetric bilinear maps

as follows:

Definition 2.5. A symmetric bilinear map ¢ : V' — DV is a self-dual morphism, which
has a decomposition ¢ = p o7 with an admissible monomorphism g and an admissible

epimorphism 7.

Remark 2.2. This is a terminological novelty: symmetric bilinear form is nonsingular by

the definition; symmetric bilinear map may be singular.

A symmetric bilinear map ¢ has both the kernel and cokernel, and Coker ¢ = D Ker ¢.
A symmetric bilinear map is a symmetric bilinear form iff Kero =0.If p: V — DV is a

symmetric bilinear map and ¢ = p o7, then there is a commutative diagram

n H
v w DV
ol
D*V DW DV
Dp Dn

with an isomorphism v, which must be self-dual. Thus every symmetric bilinear map is

of the form

p=Dnoton
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for a symmetric bilinear form 1 and an admissible epimorphism 7.
If o : V — DV is a symmetric bilinear map with a decomposition as above, o : U — V

is a morphism, Ker ¢ = R — V factors through «,

and # : R — U has a cokernel in 91, then [ is an admissible monomorphism. If,
in addition, o : U — V is an admissible monomorphism, Coker 5 = U — S, then
S — W is an admissible monomorphism. Thus it has an orthogonal complement S+ in
the symmetric bilinear space (W, ). Then V xy S+ is an object of M, V xyy S+ — S+
is an admissible epimorphism, and V xy S+ — V is an admissible monomorphism.
Moreover, V xy S+ — V is the kernel of Da o ¢ and R — V Xy S+ is an admissible

monomorphism.

Definition 2.6. Let ¢ : V. — DV be a symmetric bilinear map. If a : U — V is an
admissible subobject such that Ker ¢ factors through o with cokernel in 9, then the

orthogonal complement U+ »— V of o : U ~ V is the kernel of Da o ¢
Ut —V = Ker(Da o o).

An orthogonal complement of an admissible subobject is itself an admissible subobject,
since the sequence

Ut —V - DS

is admissible. Moreover, Ker ¢ factors through U+ »— V with cokernel in 901.
If o : V — DV is a symmetric bilinear form and x : V' — V/U is a cokernel of an
admissible suboject j : U — V, then ¢ induces an isomorphism U+ = D(V/U):

Dk D1

0 — D(V/U) DV DU ——= 0

A
@ ¢
' j Diog

U+t V DU —= 0

0
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Lemma 2.1. Ifi: U — V s an admissible subobject such that Ker ¢ factors through U

with cokernel in M, then U+ = U.

Proof. Dualization of the exact sequence
0— UL vE2% pu —o

yields an exact sequence

0 — DU2E py 2 pty o,

Since Ker ¢ factors through U, it follows from the next lemma that sequences

D?;

0 — DL pv il pt

0 — U DZioby D2y DjoDy D(UL)

0 — U pry 2Pl pty

0 — Ut V% pt)
are exact in ambient abelian category. Hence ULV = Ker(Djo ), ie. U=U*t,
Lemma 2.2. Assume there are morphisms

a:A—B, [:B—-C, ~:C—D
in an abelian category. If Ker B factors through o, then the exactness of
0—AZ% 2 p

yields the exactness of

0— A% B2 D, O

0

The subobjects U, U+ of V may have various mutual positions; two partial cases are
J Y p

important.
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Definition 2.7. Let ¢ : V. — DV be a symmetric bilinear map, and ¢ : U — V be an
admissible monomorphism such that Ker ¢ factors through it.
1. i: U — V is nonsingular iff U xy, U+ = 0.
2. i: U — V is totally isotropic (or sublagrangian) iff it factors through j : U+ — V (i.e.

there exists an o/ : U — U™ such that i = j o o/) and the cokernel U+ /U is in M.

Of course, for a symmetric bilinear map ¢ : V' — DV all nontrivial subobjects are
nonsingular only if it is a symmetric bilinear form. Nevertheless, there are symmetric
forms with singular nontrivial subobjects. If i : U — V' is nonsingular, then Dio ¢ o7 :
U — DU is an isomorphism - an induced symmmetric bilinear form ¢ |y .

If p: V — DV is a symmetric bilinear form and ¢ : U — V is totally isotropic, then
Di o ¢ induces an isomorphism V/U+ — DU and a morphism V/U — DU. If U — V is

totally isotropic, then U — U* is an admissible monomorphism.

Definition 2.8. Let ¢ : V' — DV be a symmetric bilinear map. An admissible monomor-
phism a : U — V is a Lagrangian (or a metabolizer) iff it is the kernel of Da o ¢
(Daogpoa =0 and given 8 : T — V such that Da o p o f = 0, there exists unique
B:T — U such that ao 3 = f3), i.e. the diagram

a Daop
U V DU
du \L l ® l 1
DypoD?a Do
D*U DV DU

with exact rows commutes. A symmetric bilinear map ¢ : V. — DV is metabolic iff it

possesses a Lagrangian.

If (V,p) is a metabolic space (¢ is an isomorphism), then in addition the map Da o ¢
is an epimorphism and Dy o D?« is a monomorphism. In such a case Di o ¢ induces an

isomorphism V/U — DU.
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Example 2.4. A hyperbolic form

0 1pv
oy 0

- VaeDV - DVaeD*V2VaeDV

(o]

is a metabolic space with the Lagrangian V-2 V & DV.
Example 2.5. For an arbitrary symmetric bilinear form (V, ¢), the form

p 0
VoV —-DV oDV

0 —o

[1]

has a Lagrangian V' —= V @ V| so it is metabolic.

Example 2.6. For an arbitrary self-dual map o : U — DU (i.e. Daody = «) the split

a 1
metabolic space H(U, o) = (U & DU, nv ) is metabolic, since the subobject
ov 0
0
: DU — U @ DU
lpu
is a Lagrangian:
0 a 1 a 1
Ker | D vy = Ker | [0, 1p2y] bu
1pu 5U 0 5U 0
= Ker[dy,0] =
lpu
« 1DU
Example 2.7. For a split metabolic space H (U, a) = (U & DU, ) and arbi-
by 0

trary map v : U — DU, there is an isomorphism H (U, «) = H(U,a+ v+ D7y ody). The
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isomorphism is given by

1
v . U® DU — U® DU
v lpu
since
D Iy 0 a lpu 1y 0
v lpy oy 0 v lpu
lpy Dy a lpy ly O
0 1D2U 5(] 0 Y 1DU
B 1DU D"}/ Oé—'—"}/ 1DU _ Oé‘i")/‘i‘D’)/O(SU 1DU
0 lpw 5y, 0 5y 0

It follows that a split metabolic space need not be hyperbolic; it is so for symmetric

bilinear forms over a field of characteristic 2.

Example 2.8. If
UV ey
is an admissible exact sequence, then

[65;]:U®DW —V @DV

J

is a Lagrangian for the hyperbolic space

(Ve DV, |5 0])-

In fact,
1 0 0 1 Di 0 0 1
D o = o
0 Dj oy 0 0 D2j oy 0
0 D 0 D
D2j o 5\/ 0 5W Oj 0




DUALIZATION AND INVARIANT e! 17

and the sequence

i8 % B
Uo DW Ve DV DU & D*W
: o f .
is exact, since if for any : K — V & DV the equality
g
0 D1 f Diog 0
owoyj 0 g dwojof 0

holds, then g factors through Ker Di, g = Djog. Therefore f factors through Ker (dy o j) =
Kerj, f =io f, so

S
=)
-

<.

@

2.2. Witt groups.

Proposition 2.3. Let ¢ : V — DV be a symmetric bilinear map. If i : U — V 1is totally

1s0tropic,

i

vhvo o= UuLuthv
and k : U+ — UL /U is the natural map, then o induces the unique symmetric bilinear

form @ : U+ /U — D(U*+/U) such that
Dkopok=Djoypoj.

Proof. By the assumption there is an exact sequence

J (Di)op
Ut>——V — DU.

Hence
0 = D(Diopoj)= DjoDypo D?

0 = 0ody=DjoDpoD?*ody=DjoDpodyoi=Djopoi
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and ¢ factors through Ker(Dj o ). Moreover

0=Djoypoi=Djopojoi,

so i factors through Ker(Dj o ¢ o j) and there is an induced map @ : U+/U — D(U*)
such that

Yok=Djopoy

The commutative diagram

i Dioyp
U \%4 DU
i l 1 Di
j Djo
UJ- J v Jop D(UL)
K Dk
<
Ut/ DU+

has exact columns, and the induced map @ : U+/U — D(U*) has the property
Diogpor=DioDjogpoj=D(joi)opoj=Diopoj=0,
which yields
Diop =0,

since  is an epimorphism. It follows that p factors through Dk : D(UL/U) — D(U%);
let ¢ : U+/U — D(U*/U) be such that p = Dk o @. This induced map @ is the unique

map which has the property that

Dkopok=Djopoj.
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since Dk is a monomorphism and & is an epimorphism. It follows that ¢ is symmetric,

since D o 01y has the same property:
D(Drkopok)odyr = D(Djogpoj)odys
DkoDpoD?*kodyr = DjoDypoD?*jod,.
DkoDgpodyrjyok = DjoDpodyoj
Dko (Dgodyryy)ok = Djogoj
Doodyrjy = ¢
It is easy to check that  is an isomorphism. O

In such a case (V, ) and (UL /U, p) are said to be directly Witt equivalent.
Example 2.9. A metabolic form is directly Witt equivalent to 0 = (0, 0).

Example 2.10. Let ¢ : V — DV be a symmetric bilinear map with the kernel k£ : R — V.
Then Rt =V:

Sv (RY) = by (Ker(Dkoy)) = dy (Ker (Dko Dpody))
— Ker (Dk o Dg) = Ker (D(p o k)) = Ker D (R 9, DV)
= Ker (D*V % DR) = D*V
Rt =V
and (V) is directly Witt equivalent to (V/R, ®).
In general the Witt equivalence is a transitive completion of the direct Witt equivalence.

Definition 2.9. Two symmetric bilinear forms ¢ : V- — DV and ¢ : U — DU are Witt
equivalent, (V, ) ~ (U,), iff there exist metabolic forms x, : M7 — DM, xy : My —
DM, such that

(‘/7 ()0) @ (M17X1) = (an) ©® (M27X2)'
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Remark 2.3. In the classical algebraic theory of quadratic forms (V) @) = (W, 9) or p = 1)
means an isomorphism, (V, @) = (W, ) or ¢ = 1 means the Witt equivalence, and ¢ =~ a
means that ¢ represents a. There is no notion of representing elements in this categorial

context, so we may reserve = for the identity relation and = the for Witt equivalence.

Proposition 2.4. Two symmetric bilinear maps o : V. — DV and ¢ : U — DU are Witt
equivalent, (V, @) ~ (U, ) iff the space (V @& U, p & (—1)) is Witt equivalent to 0.

Proof. 1t is obvious that if for metabolic (W, i) the form (V& U & W, p & (=) & p) is

metabolic, then

Vip) @ (U)o U —p)o W p) = U)o (VeUoW,eo(=y) o u)

so (V) and (U, ) are Witt equivalent.
Conversely, if (V, ¢) =~ (U,v), and (V, )& (W, n) = (U, )& (W', 1) for some metabolic
(W, ), (W', i), then the graph of this isomorphism is a Lagrangian in

Vie)® (Wp) & (U, =) & (W', =)
o(VaUed(—1))is Witt equivalent to 0. O

Even for projective modules over a ring, the Witt equivalence of spaces of equal rank

is weaker than an isomorphism.

Example 2.11. For X = SpecZ, a well known lattice I's generated by all e; + ¢;, and
%i e; in the Euclidean space R® with the usual scalar product defines a rank 8 free
al;zllian group together with a selfdual isomorphism 5 : I's — Hom(I's,Z) which is not
isomorphic to 8 - (1) = (1,1,1,1,1,1,1, 1) since the integer 5(u)(u) is even for arbitrary
u € T'g (see [9, Chapt. 2].) Nevertheless, I's and 8- (1) are Witt equivalent, since (Theorem

4.3 of [9, Chapt. 2]) the space I's @ 8 - (—1) is hyperbolic.
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Example 2.12. For X = SpecR|z,y| it is known that W(R) — W(R[z,y]) is an iso-
morphism (the Karoubi theorem). Parimala in [14] produced a sequence of invertible

symmetric matrices

A4y (142) @y (14+y°") 0 y" (1a?y®™)
S o $yn(l_’_y2n) 1+x2y4n _yn(1+x2y2n) 0
n — _amn 2,2n 2n 2 n 2n
0 Yyt (+a?y®) A4yt (142%)  zy" (1+y°")
yn(1+x2y2n) 0 $yn(l_;'_an) 1+$2y4n

such that over R|x, y]

1) Sy is congruent to the identity matrix;

2) if m # n, then S, is not congruent to .S,

(1)
(2)
(3) for n > 0 the bilinear space P, = (R[z,y]*, S,) is not extended from R.

(4) for n > 0 the bilinear space P, = (R[z,y]*, S,) is indecomposable (so it has no

orthogonal base).

Thus for n > 0 the bilinear space P, is not isomorphic to any symmetric bilinear space
of dimension four extended from R. On the other hand, over the field R(z,y) the space

P, is isomorphic to a totally positive space

1+ 22y 4+ 2%y 2 + y6":p4’ 4 + 4a?yin ’ 16 >
1+ 2yin 4+ 202yin {20 1 yfngd’ 4 1 fy2yin
and the map W(R) = W (R[z,y]) — W(R(z,y)) is an injection, so over R[z, y] this form
is Witt equivalent to 4 - (1).
The symmetric bilinear space P, extends from SpecR[z,y] = A% to the whole projec-
tive plane PZ (Theorem 4.1 of [6]).
Note that a space Witt equivalent to 0 need not be metabolic, even in the exact category

of finitely generated projective modules over a commutative ring.

It is easy to see that the Witt equivalence is transitive.

Proposition 2.5. Let ¢ : V — DV be a symmetric bilinear map. If i : U — V s totally

1sotropic, has a decomposition

UL v=ULutL v
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and k : UL — UL/U, then (V, ) and (U /U, p) are Witt equivalent.

Proof. The symmetric bilinear space (V, @) ® (U+/U, —p) is metabolic, since the map

Ut - VoUH/U

coincides with its orthogonal complement: firstly

and secondly U+ = U, so there are exact sequences

J Dioyp
U+ V DU ;
i Djoyp
U DU
: , 11/ f N
if | Djoy —D/iogp] = 0 for a map K -V @U~+/U, then
9 9

Djopof—Dkopog = 0
DZoDjogpof—DgoD/io@og =0
D(jof)ogof~Dirof)eFog — 0

Diopof =0

22
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f factors through ULLV = Ker (Dioy),ie. f=jofand
Djogpof—Dropog = 0
Djopojof—Dropog = 0
Dkogorof—Dropog = 0

Drofo(rof—g) = 0

po(kof—g) =0

kof—g = 0
g = rof
.O__ . . .
and d — |’ i — |’ o f. Thus / : Ut — V@ U*/U is the kernel
g ko f K K

of [ Djoyp —Drkop _, which is the orthogonal complement of J U -V
U+/u. O

Definition 2.10. The Witt group W (9, D, ) of a duality (D, J) consists of classes of
Witt equivalence of symmetric bilinear spaces with the operation & induced by direct

suil.

In the case of vector spaces over a field F' of the characteristic different from 2 every
metabolic form is hyperbolic and the Witt ring of duality of example 1 is usual Witt ring
W (F) of the field F. In the case of example 2, of dualization DV = V" of vector bundles,
there arise usual Witt ring W (X) of a scheme X, introduced by Knebusch in [5]. The
third example is less known (but not new - e.g. [3]) - it yields the Witt group W (X, L)
of (Witt classes of) L-valued symmetric bilinear forms of X. Note that the usual Witt
rings of Severi-Brauer varieties are known ([15]) as well as the Witt groups of L-valued

symmetric bilinear forms ([16]).
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2.3. Description of K;(9). A double short exact sequence - shortly: a d.s.e.s. - is a
pair of admissible short exact sequences with the same objects:

clpiia

ciBlia
We will abbreviate the notation for a d.s.e.s. to

B @
* <~ - <
(*) C=—B~——A

and refer to C «6— B << A as the upper short exact sequence of this d.s.e.s., and to
C b B <~ A as the lower short exact sequence of the d.s.e.s. (*). We use a quite unusual
convention: if the sequence is depicted vertically, with arrows going from top to bottom,
the upper exact sequence is on the left side of the arrow, as if arrow rotated like a rigid
body together with its upper and lower sides.

A d.s.e.s. (*) defines a path in the K-theory space of the category 9, e.g. in the
G-construction of M from (A, A) to (B, B) and, together with the d.s.e.s’s

AéiA<—< 0, B£B<—< 0
1a 1p
a loop £ = {(«a,v; B,6)
(%)
(A, A) (B, B)
l \ /
(0,0)

Theorem 2.6. K;(9M) may be described as follows.
(a) Every element of K,(9M) is represented by the loop £ = (o, ~y; 3,9) of a d.s.e.s.;
(b) K1(9M) is an abelian group generated by all d.s.e.s. in M, subject to relations:
(i) The class of (the loop of ) the d.s.e.s. with equal the upper and the lower short

exact sequences 18 ZET0,
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(i) (3 x 3-lemma) for any diagram of siz d.s.e.s.

A< A

v’ a’

iIi’ hIh’ HIg’
d c

B’ <— B~}
d’ c

l%z' kik’ jij’

e
c” <</— C <—/<C/
e

such that the diagram of upper short exact sequences commutes, and the diagram of lower

exact sequences commutes, the alternate sums of rows and columns coincide:

la,ad’;b,b") — Le,d;d,d)+ Le e f, )
=U(g,9'55,5") — €(h, W b K') + 0G0, 35 1),
Proof. (a) - [10, Theorem 2.1]; (b) - [11, Theorem)]. O
Given an object A of M and o € Aut(A) we put

Oa) =000 = A0 — A; A5 A, A A).

Remark 2.4. In fact, a pair o, € Aut(A) gives rise to the two double short exact

sequences:

2) A«%Ae«o
and

(3) e p—

CV/

which classes are opposite to each other in K;(9). There is a choice of signs: we choose

the class of (/) "la in K1(9M) to be given by (3).
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Lemma 2.7. Given an object A of M,

0 1
i) the class {(a) of the automorphism o = € Aut(A® A) in K;(9N) vanishes;
-1 0
ii) the class of the d.s.e.s of the form
0.1 [o]
ADA A
10 9]
vanishes in Ki(9N).
Proof. [11, Lemma 3.2] O

2.4. The Nenashev’s K-theory space T (91). Since its vital to this investigation, we
restate here notions and results of [12, sect. 2.4 |, and an unpublished result of Nenashev,
the 3 x 4-lemma.

Definition of the loop corresponding to a four-term double exact sequence may also
be stated in terms of self-dual K-theory space T'(901) introduced by A. Nenashev as a
bisimplicial set, a mixture of G(9t) and G(9M): a (p,0)-simplex of T'(IM) is a p-simplex
of G(M) and a (0, g)-simplex of T'(IM) is a g-simplex of G(IM?). Both these embedding
G(ON) — T(M), G(MP) — T(M) are homotopy equivalences. More precisely T'(9) is

the result of the Nenashev mapping cone construction C~ applied to the square

Id

M~~——M
diag l Id

diag

MxXM~<—M

(see [12, sect. 2.4 ]).
Let 9 be an exact category. T'(90) is following bisimplicial set.
A (p, q)-simplex is given by five families of objects:

Ai,ka A;,k;a Aj/i,k‘) A’Ll/ka Aj/z,l/k:
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for 1,5 =0,1,...,p, 1 < 7, k,1 =0,1,...,q, k < [ and six families of admissible short

exact sequences:

Az‘,k — Aj,k - Aj/i,k, Ai,l/k — Ai,k - Ai,la
/

/ / /
ik T ik 7 Aj/i,ka Ai,l/k — Ai,k - Ai,lv

/ /!
Aie — Ajr = Ay A — Ay > A

00

Ai,l/k — Aj,l/k - Aj/z‘,l/k:a Aj/i,l/k — Aj/i,k: - Aj/i,l,

such that all diagrams

A= Ajie —= Ajsiim A= Ajue —>= Ajiik
Ai,k A],k: A]/z,k A;7k>—> A;,k — A]/Z,k
A Ajy Ajrig A Al —— Ay

commute.
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In other words a (p, ¢)-simplex is a pair of admissible filtrations-cofiltrations

Ag—= Ay 0— Az o e Apo
AO,I Al,l A2,1 o A ,1
(4)
Ao A g— Az Ap g
Ap A Ay A
Ap i Al Ay Ay
AIO?( Aa?qf A/27( T A;)7q

with fixed common: subquotients A;/;;, subkernels A;;/, induced cofiltrations of sub-
quotients and induced filtrations of subkernels.

Degeneracy maps are defined by duplicating a row or a column in both diagrams (4)
and reindexing. Boundaries are defined by deleting a row or a column in both diagrams
(4) and reindexing.

Obviously all (p,0)-simplexes for p = 0, 1,2, ... form a simplicial subset isomorphic to
G (9) and all (0, p)-simplexes for p = 0,1,2,... form a simplicial subset isomorphic to

G(9°P). Moreover, Nenashev proved following theorem.
Theorem 2.8. The embeddings
G (M) =T (M) — T (M) and G(M?P) = Tp.(M) — T (M)

are homotopy equivalences.
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Proof. [12, Theorem 2.5]. O

Thus geometric realization of T'(9) is a K-theory space: K, (M) = m, (T'(9N)). The
main advantage of this particular K-theory space is it’s self-duality. Namely, for any
bisimplicial set X let X be the bisimplicial set Ym,n = X, m. There is a canonical
homeomorphism of their geometric realizations ¢y : ’Y’ — | X| which takes x x A™ x A"
to 2 x A" x A™ for any & € X,,,,. The T(9M) is self-dual in the sense that T'(9MP) = T(M)

which yields a homeomorphism |T'(9P)| = |T(9M)| — |T'(ON)].
A duality functor D : 9t — 9P induces a bisimplicial map T'(9) — T(9P)

T(m)

which maps a (p, ¢)-simplex (4) onto (g, p)-simplex

DA070>—>DA0’1>—>DA0’2>—> v '>—>DAO’q

DA, ——DA ——=DA, »—— - ——DA, ,

DAp7Q>—>DAp71 DAP,Q' R DAp7q

DA670>—>DA671>—>DA672>—> .. ->—>DA67q

DA}, ——DA, ——=DA, >0— . —=DA, ,

with subquotients DA, ;/, and subkernels DA;; . Therefore G (9) = T o(9M) is mapped
onto G(IMP) =T, .(IM).
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There is a commutative diagram of spaces

)| 2 (70| 2 rm)

| |

|G| |G (9

A vertex (i.e. a (0,0)-simplex) of T'(9N) is a pair of objects (P, P’') of M. Thus, given
a pair of objects, think of it as a vertex in the triangulation of the geometric realization
|7 (9M) |. We display this situation as (%F),

Given two vertices (P, Py) and (Py, P]), there may generally be edges of two types
connecting (P, ) to (P, P{), namely (1,0)- and (0, 1)-simplices; imagine something like

(Fo, Fp) (P1, PY)

® Y
L 4 =

in both cases. The (1,0)-edges are in one-to-one correspondence with the pairs of short

exact sequences of the form
(5) (POHP1—»P1/07P6HP{**P1/0),

and it is essential that the cokernel objects in them are identical. The (1,0)-simplices in

T (9M) are therefore the same as the edges in the G-construction. In fact, the (—,0)-part

of T'(9M) is isomorphic to G (IM), and it is how we get an embedding G (M) C T (IM).
The (0, 1)-simplices connecting (Fy, P}) to (P, P{) are given by pairs of short exact

sequences
(6) (PQ«—P1<—<P0\1,P0,<'HP1/<—<P0\1)

in <M with identical kernel objects. This is the same as the edges in G (), and in fact,
G (9M°P) embeds into T (9M) as its (0, —)-part.
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A (1,1)-simplex (a cell of square shape in the geometric realization) is defined by a pair

of diagrams

(7) Ao1j0=— A0 = Aijo,1/0 Ao1j0 = A0 = Ai0,1/0
J J J | ! J

AO,l Al,l Al/O,l Alo’l > Allal — Al/O,l
J J J J } J

A070 Al,O A1/070 A/O,O > > A/l,O — Al/O,O

with identical upper horizontal and right vertical short exact sequences. The vertices of
this ‘square’ are the pairs (A;;, A} ;) with i,j € {0,1}. Its four edges are given by the
corresponding pairs of short exact sequences in these diagrams.

The map D : |T'(9M)| — |T (IM)| takes a vertex (P, P') to (DP,DP’). If a (1,0)-edge e
from (P, Pj) to (Py, Py) is given by (5), then

DGZ(DPQQHDpl<—<DP1/0,DP6<'HDP1/<—<DP1/0),

which is a (0, 1)-simplex.
B a
Recall that by theorem 2.6 given a double short exact sequence u = ( C ~ B ~ A ) ,
we may associate to it a 3-edge loop

= (00, 4D, BB, 00)

e(u €

)
® @ @< o
L 4 > =< o

in G (M) =T o(M), where e(A) = (O—> AL A0-A4L A) is the canonical edge from
the base point (0,0) to (A, A) (the same for B), and e(u) is (1,0)-simplex given by u.
The map D : [T (IM)| — |1 (<M)] takes the loop £(u) to the loop
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in G(ONP) = Tp,.(9M), where De(A) = <O<g DA <+ DAL DA & DA) (the same for
B), and

D~

Da Dp Dé
De(u) = ( DA <=<— DB <—<DC, DA DB DC ) .

There is also the dual d.s.e.s.
Da Dg
Du = ( DA<<—DB<—<DC>
D~y Dé

and its loop

e(Du

((Du) = ( 0,0) ., (PC;DC)  (DB,DB) .~ (0,0) )

® Y @<
L 4 e @< A 4

We restate here Proposition 3.1, Corollary 3.2 and Lemma 3.3 of [12]:
Proposition 2.9. D{(u) is homotopic to {(Du) in T (9N).
Corollary 2.10. If m(u) is the class of { (u) in Ky (9M), then Dm(u) = m (Du).

Lemma 2.11. For any object X in M put eP(X) = (O<g X & x02 x & X) €
To1 (). Then the loop

in T (9M) is contractible.

Proof of the lemma. A contracting 2-cell is given by the (1, 1)-simplex

I
L S A
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Proof of the proposition. By the lemma, we can replace the edges De(A) = e (DA) and
De(B) = e (DB) in D{(u) by e(DA) and e(DB) respectively, and the edge e¢(DC) in
{(Du) by e (DC'). Tt then follows that D¢(u)¢(Du)~! is homotopic to the contour of the

(1,1)-simplex

1 1
DC>—— DC —= 0 DC>—— DC —= 0 ]
Tl
Dg Da Dé§ D~
DC>—= DB>— DA DC>—= DB>—— DA
A R R
0>—>DA—1>>DA O>—>DA—1>>DA
c1 b1 al
Definition 2.11. Given a four-term double exact sequence D C . B A, let
c2 2 az

B L X1 be Cokera,, B % X5 be Coker as, X 2 C be Ker c; and X, 2 C be Ker Cy.

b1 al

A corresponding element ¢ | D g B A) of K1(9M) is a class of the loop

c2 b a2

(0,0) o (X1, X)

consisting of paths:
- e(B) from (0,0) to (B, B) given by the (1,0)-simplex B<<1—B<—<0;
- from (X3, X5) to (B, B) given by the (0, 1)-simplex

X, <B&A
X, < B&A

9
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- from (C, C) to (X1, X5) given by the (1,0)-simplex

D& 0 &Xx,
D& CEX,

9

- e(C) from (0,0) to (C,C) given by the (1,0)-simplex C’<<1—C<—<O.

Remark 2.5. There is another choice of signs: given a double short exact sequence (*),

6 Y

E(a,v;ﬁ,é):£<0 | g 0)

é v

B
and {(«,; 3, 9) is opposite to £ (O C B A).

Here are some standard ways to replace a pair of adjoint edges in a combinatorial path

by another pair of edges and get a homotopic path as a result.

e Suppose we are given a pair of (1,0)-simplices sharing the source:

el €2

(8) -~ . -

Q. Q") (P, P') (R, /')

Then e; and ey are given by data of the form

e = (P—> Q — M, P’ Q' M)

€y = (P>—>R—>>]\/'7 P’ R N)




Following [2] we choose push out objects S = Q[[R, S’ = Q'[[R’ and consider
P P
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the two (2, 0)-simplices

(@, Q")

€1

(P, P’)

given by the diagrams

t1

P

1

& (5,5")

3]

€2

(R, R')

N

T

M>—— M®N

b

M>— M®N

|

R

|

S

P/ Q/ S/
N

M>— M®N
P’ R S’

This enables us to replace the 2-edge path (8) by the homotopic path

€2

€1

(@ Q)

@< o
< A 4

(5,5

(R, R')

Note that everything here is happening in the G (9)-part of 7' (M).

e Given a pair of (0, 1)-simplices with a common source

(9)
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€1 = (P&QHM’P,&Q/HM/)
€y = (P<-<—Q<—<N’P/<<—QI<—<NI)

take the pullbacks S =@ x R, S’ = @' x R’ and form the two (0, 2)-simplices
j2 P

N N
| |

t = M<=—M&N M ~<~<— M&N
| |
P Q S P’ Q' s’
N N
| |

ty = M <<=— M®N M ~<~— M®N
| |
P R S P’ R S’

The whole picture has the form

(@, Q) : (5,5")

. S P 2

| S0

| s

| ty d |

er | / | e1

| /

I // t2 :

L7 !

« - - — - — - =)
PPy % (RR)

is homotopic to the given one. Everything here lies in the G (9°)-part of T'(M).
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e Suppose we are given a (0, 1)-simplex followed by a (1, 0)-simplex:

(10) - — — — o

61:(P<'<—Q<—<M,Pl<<—QI<—<M)

ey = (Q>—>R—>>-N7 Q/ R N)

Choose pushout objects S = P[[R, S’ = P'[[R’ and consider the (1,1)-simplex
Q Q’
given by the diagrams

M M 0 M’ M’ 0
I b I | |
Q R N Q R N’
J J ! J J !
P S N P’ S’ N'.
It looks like
(@, Q") . (R, R)
| |
| |
| |
el | | é1
| |
I I
PPy (S8

which enables us to replace the path (10) by the homotopic path

e €1
-~ o — — — — — >0
(P, P (5,9 (R,R) .
e Given a path of the form
(11) .e%’___eg___*

(P, P’) (@, Q") (R, R') .
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where

61:(P>—>Q—>>M,Pl>—>QI—>>M)

62:(Q<<—<R N)Q/<<—<R’ N)
choose pullbacks S = P x R and S’ = P’ x R and consider the (1, 1)-simplex
Q Q'
N N 0 N’ N’ 0
S R M S/ R/ M/
P—Q —= M P’ Q' M.
Thus we can replace (11) by
(P, P (S,5") (R, R)
where
& = (S——= R —=— M, &' R M)
& = (@=—R~=——N, R N) .

The main technical tool for computations with four-term double exact sequences is the

following proposition proved by A. Nenashev:

Proposition 2.12 (3 x 4 lemma). Suppose we are given a diagram

R} g1 f

(1 2) D/ C/ B/ A/

hf 95 fs
dy | dy h | by | b aj |
h1 fi
D C B A
h2 92 f2
dy $ da C1 $ Cc2 b1 $ bo ai $ az
hlll gll/ f{/

Dl/ C// B/l A//

1" 1 1
hj 92 f2
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which consists of three double J-term exact sequences and four d.s.e.s, such that each of
the two diagrams with indices i = 1 or 2 commutes. Let ¢', q, and " denote the horizontal
double four-term exact sequences and la, lg, lc, Ip denote the vertical double short exact

sequences. Then the equality
0(q') = U(q) + £(q") = —€(la) + £(lp) — L(lc) + L(Ip).
holds in K (9).

Proof. We simplify the things and do not display the unnecesary parts of loops, in the
following sense. Let 7 (M) denote the bisimplicial subset of 7' (M) which consists of
diagonal bi-simplices, i.e. the bi-simplices given by pairs of identical diagrams. It is
easily seen to be contractible and we can therefore compute K1(9) = 71 (T'(M)) as the
relative fundamental group: 71 (T (M)) = m (T (M), T (/\/l)) In this context, we can
omit the side edges of the type e(X) in the definition of ¢(¢q) and ¢(l) and work with
relative loops; £(I) (resp. £(q)) amounts then to the single edge e(l) (resp. the pair of
edges (e01(q), €1,0(q)))-

With the notation of Definition 2.11, the given 3 x 4-diagram may be cut into two

3 x 3-diagrams:

(1 3) D’ o4 XZ/ XZ/ B’ A
d c; z z b} al
h; V4 Uj fi
D C X, X; B A (1=0,1)
d; ci x; T b @i
hy o " 7 uw a
D" ol Xi Xi B A

The same argument as in the proof of Proposition 2.9 lets us replace the (1, 0)-edge e (I¢)
from (C’,C") to (C,C) by homotopic (rel. T (M)) (0, 1)-edge from (C”,C") to (C,C).
The element ¢ (¢") + ¢(l¢) — €(q) — ¢(Ig) + ¢(q’) can be thus represented by the following
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path
(BlvBl) €0 1(q/) (X{7Xé) (0/70/)
4 e -
ero(ln) e1,0(q")
(B,B)
60,1((1)\ <
(X1,X2 e1,0(q)
(¢,C)
er0(d”) I eo,1(lc)
« - — — — — N
(B",B") 60,1(61”) (X{',Xé') (C",C")

We will now construct several homotopies in order to show that the above expression

equals —((l4) + {(Ip).

1. Denote by P; a pullback object for X{'>—>C’"<<Ci—0, i =1,2 and apply (11) to

e1,0(¢") eo,1(lc)

the edges o———o —— -5 in (14). We get two other edges
€o,1(lc) é1,0(¢")
- — — — — — — -9
(XY, X3) (P, P) (.0,

the homotopy being provided by the (1, 1)-simplex

1

(15) C’ C' 0
Z I W R
P, C D" (i=1,2)

C; L (& 1
o !

Xz{/: i; C// ;; Dl/

The arrows ¢, &, v/, and h! in this diagrams are induced by the arrows ¢}, ¢;, v/, and hY
of (13).
. . i . - - ~ .
2. As ¢v; = v!'x;, there is a unique arrow X; — P; with é&p; = @; and v/p; = v; (1 =1, 2).

We leave it to the reader to deduce from Quillen’s third axiom of an exact category that
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this arrow is an admissible monomorphism (see the example after the definition 2.1) and

we have the following pair of diagrams

(16) X, P ' D’
1 oY d;
v; h;
Xi C D (i=1,2)
dih; d;
0 D/I ! D/I

The arrows r; here are induced by the other arrows in the diagrams.

!
Uy

b;
3. Denote by U; a pushout object for B<<—B>——X! i = 1,2 and apply (10) to the

e1,0(lB) eo,1(q") )
edges &——— & — — — — e in (14). We get then two other edges
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4. Dualizing 2, we get admissible epimorphisms U; hid X; with s;u; = u; and sli); =

(1 =1,2) and the diagrams

1
(18) A A 0
a I fid;
fi Us

a i i, 1
t

i Si
Al —— Uz —— Xz

The arrows t; here are induced by the other arrows in these diagrams. This results with

the following figure

(B',B") (X1,X3) (@.cn

(B//,B”) (X£/7Xé/) (C”,C”)
in which:
e the horizontal arrow from (P, P») to (C,C) is é1,0(¢");
e the horizontal arrow from (X7, X7) to (C”,C") is e10(q");

e the vertical arrow from (X, Xy) to (P, P) is

p1 71 p2 T2

e1,0(p1,p2) = (X1 P D", X Py D),

and the shadowed areas are (1, 1)-simplices. The triangular contour with vertices
(X1, X2), (P, P),(C,C) is an admissible triple of edges in the G-part of T' (M),
in the sense of [11, Definition, p. 207]. By [11, Prop. 4.5], the diagrams (16) show
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that the associated d.s.e.s. is [p. Dually, the triangular contour with vertices
(X1, Xs), (Uy,Us), (B, B) is a (co)admissible triple in the GP-part (we leave it to
the reader to dualize the definition and related arguments), the associated d.s.e.s.

being [4. Thus by [11, Prop. 4.5] and its dual version, the path

eo0,1(q¢") é10(lc) e1,0(p1,p2) eo,1(51,52) é1o(lB) e1,0(q")
(19) ~“_ — & — — e & — — < o -8

(B/lvB//) (Xi,7Xé,) (P17P2) (X17X2) (U17U2) (XivXé) (Clvc/)

represents the element ((v') — l(v) + (V") + {(lc) — (lg) + £(la) — £(Ip) in
(T (M), T (M)), and it remains to show that this path is contractible.

5. We leave it to the reader to check the following elementary assertion

Lemma 2.13. In an abelian category, given a commutative diagram

B/>_>. B _>>B”

A

C'— O ——= "

whose rows are s.e.s’s, there is a natural map C' g B — C xXcv B” and this map is an

1somorphism. O

Let F;, i = 1,2 denote a choice for the pullback / pushout object of the lemma applied
to the i-th arrows in the B-C-part of diagram (12). Then

C'Tlx U; = C'y (X! B)=C' 1y B F,

Pi XXz{/ BI/ =~ (C XC” XZ/I) XXz{/ BI/ =~ C XC” B/I =~ E
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and we get the following picture

(X7.XY) & Se (X{,X3)

(B",B") (eel)

where the shadowed rectangles are as in (9) and (8) respectively. The remaining rec-

tangular contour can be filled by the (1, 1)-simplex

A//; ! > A// > 0

T

Ui F; D’ (i=1,2)
Si i L 1
p: Ti
X; B, D'

Thus the path (19) is homotopic to the two-edge path
(BﬂvB”) <F17F2> (Clvc/)

The latter can be contracted to T (M) by means of the (1, 1)-simplex

1

' c’ 0 O

1

C’ F, B (i=1,2)
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Corollary 2.14.

(69 [59] 5 %]

(l Do H Cod Bag F AQFE O
¢ 0 v 0 a 0
0 h’] [0 g/] [0 f/]

Corollary 2.15.
E(DchBaA>+£<DCCbBaA>:0 O
C/ b/ a/ C b a
Lemma 2.16. For arbitrary automorphisms a, o € Aut(A) and arbitrary exact sequences

b c e
A%BHC,FeiEHAtheequality

« f eoqo
¢ (0 A< 4 o) .y <F E< B
o f eoaob

holds in K (9).

ol
Q
N———

Proof. Apply 3 x 3 lemma and 3 x 4 lemma to diagrams:

a 1

0= A——4 0 0 ¢ ~——C O
RN

! eox f eoqob c
F=—=——F-<——=<A F 1) B C

f eoa f eoa’ob ¢
111 fIf I 1&1 1$1 bib iL

1 f eoq
F ~— F <=0 Fe—E<—4 0

Lemma 2.17.
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Proof. Apply 3 x 4 lemma to the diagram

D i C b// B 1" A |:|
(6] | [9] (o] | [9] [o] | [9] [6] | [9]
[6 0] H3 6 3]
D®D <= CoC <= B® B <= AP A
[5 ] 5 ] (4]
[01] | [-10] [01] | [-10] 01] | [-10] [01] | [-10]
c v a’
D / C ” B , A

3. THE GROUP E'(X) AND THE INVARIANT ¢!
For the sake of completeness we state the following obvious fact:
Lemma 3.1. Let M be a small exact category. For A, B € Ob(IM) the following condi-
tions are equivalent:
i) the equality [A] = [B] in Ko(9M) holds;
i1 ) there exist P,Q, R € Ob(M) and a, 3,a', 3" € Mor(9M) such that the sequences
0 —« REQ& AP —0
0 « Rﬁ Qﬁ B®&P«—0
are exact admissible;
iiy) there exist P,Q, R € Ob(IM) and ~y, p,~', i’ € Mor(9M) such that the sequences
(20) 0 — ApPEQEIR—0
0 — BaPL QL R0
are exact admissible.

Moreover, if (I, D,0) is an exact category with duality, then one may assume that in

each case P carries a hyperbolic form x : P — DP.
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Proof. 1t is obvious that each of conditions ii), ily) implies equality [A] = [B] in Ky(9MN).
Assume that 1) holds. By [17, Theorem 1] Ky(9) = A/B is a factor group of free abelian
group A generated by classes of isomorphic objects in Ob(9t) modulo the subgroup B

generated by expressions

Y] -[X]-1[Z]
for all admissible exact sequences Z « Y «< X. Thus if [A] = [B], then there exist two
admissible exact sequences

Z « Y &X

W o« V&U

and an isomorphism
pBOX®ZOV S ADYQUDW.
Thus for

- XU,

AdY@oUaW2BaX®ZaV,

O v
I

= ZoW,

[ 1, 00

0 i 0
TADX U - AdY U W,

0
0

0
0
0

0 1y
0 0

15 0 0

1x 0
0 0
0 J

BeXaeU—-AaYaaUaW
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ii;) holds. Analogously i) implies iiy) for the same @,
P=ZoW, R=XaU

and suitable morphisms.
If there is a duality in 9, then substitution of P & DP for P, Q & DP for ) and
a @ 1pp for a, ete., yields an analogous exact sequence with a hyperbolic form x defined

on P. ]

We will refer to the pair of exact sequences A@® P « () «—~ R, B® P « () —~ R with
hyperbolic P as a common resolution of A® P, B @ P. Let us rephrase the last result in

more convenient form:

Corollary 3.2. Given two symmetric bilinear maps ¢ : A — DA, ¢ : B — DB such
that the equality [A] = [B] in Ko(9M) holds, there exist:

e a hyperbolic form (P, x),

e an object (),

e admissible epimorphisms w4 : Q — A® P, and 7g : Q — B ® P with kernels
R = @ having common source R,

o symmetric bilinear maps Drao (o @ x)oma: Q — DQ and Drgo (@ x)omp :
Q — DQ Wilt equivalent to ¢ and 1 respectively O

Definition 3.1. Let 9T be an exact category with a duality (D,d). With symmetric
bilinear maps a : Q — DQ, (§ : Q — D@ with respective kernels 7,7 : R — @, we

associate a selfdual double exact sequence

D~ @ v
(21) DR <<— DQ Q R .
D,y/ IG ,y/

In particular, with symmetric bilinear forms ¢ : A = DA, ¢ : B = DB such that
the equality [A] = [B] in Ky(9) holds, and a common resolution A ® P « @ < R,
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B @ P « @ < R with hyperbolic (P, x) we associate a selfdual double exact sequence

Dy Dpo(pdx)on v
(22) DR <=— DQ Q R
D' Dy’ o(sp@x)op’ o

with admissible ~,~'. We will refer to this double exact sequence as to gluing a common
resolution with its dual.
We want to refine this to a map defined on classes of Witt equivalence, so we shall

define an appropriate target group.

3.1. E-groups. An exact dualization functor D : 9T — 9t defines an action of the two
element group {1, D} on K-groups of M. One of objectives of this paper is the study of

following groups for n = 1:

Definition 3.2. For D : K,,(9) — K,(9M) the E™-groups of an exact category 9t with

a duality D are

E"OM; D) = EY(ON; D)= Ker(l —D)/Im(1+ D),

E™ (O, D)

Ker(1+ D)/Im(1 — D).

Equivalently one may define E"-groups as homology groups of the complex

1+D 1-D 1+D 1-D
(23) = Kpy(M) — K, (M) — Kp(M) — -+

or Tate cohomology groups
E"9D) = H”({1,D},K.(M)),
E"(9; D) = H¥ ' ({1,D}, K,(9M)).

Note that the case n = 0 was used extensively in [20], [22] and [21]. Let us recall that

in these papers the map

e W (M) — E°(M)
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induced by the forgetful functor, and more general maps € : W*(9, D, §) — E°(9M, D)

were used. The group
EY(9, D) = {a € Ko(M) : D = —a}/{y — Dy : y € Ko(9M)}

also occurred. Each pair of hyperbolic spaces (M & DM, [ ¢]), (N® DN, [ ¢]) such
that in Ko(91) the equality

[M & DM] = [N @ DN]
holds, defines an element [M] — [N] of E° (90; D).

Now we are interested in the case when for two symmetric bilinear forms (A, ), (B, ¥)

the equality
(A, p) = e"(B,v)

holds. By corollary 3.2

e’ (A, p) = (B, ) iff there exist M, N € Ob(IM)

such that [A@® M & DM|] = [B@® N & DN] in Ky(MN).

Definition 3.3. Given two symmetric bilinear forms (A, ¢), (B, ) and admissible exact

sequences
B «
A« P
v u
“— ——
denote

Dpu Dvoov K

s o
A<<=— P ~——=Q,p Da Dpowof3 @
el :E(DQ DP P Q).



DUALIZATION AND INVARIANT e! 51

Theorem 3.3. Given two symmetric bilinear forms (A, ), (B, ) such that [A] = [B] in

Ko(OM), and two common resolutions

a

Alplg alris

I

Q
BLpig BLRELS

we get

b a
A<~<—R<—<S’(p
v d c
€ (1+ D)K, ().

Proof. The class

B a b a
L A<<—P<—<ngp ) A<'<_R<—<S,S0

€ — € =

v d c

B a
1 AG%P<—<Q7SO
€ + €

v 1% b a

corresponds to the double long exact sequence:

58, i 50

DQ @ DS DP & DR PP PR~——=Q®S
|:D;,L0 QO} [MO]
0 Da 0o 0a

where
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It follows that if

Da 0 gg a0
t = ¢| DQoDS o o DR 5] P@RM 0 ,
% 8] g la
0 Da 0 ¢ 0a
Da 0 [%ﬁ 0]
w = | DQ® DS DP & DR DA® DB |,
[OMDQ [Db%y]
[DOa lgc] D%OLP Dc(l)ozp]
v = (| DO® DS DP & DR AaB |,
Dpu 0] [ 0 Duo'gb]
0 Da Dbop 0

then u = v (since these d.s.e.s. are isomorphic) and ¢t = u + Dv = u + Du by the 3 x 4

lemma, since there is a commutative diagram

[8086 ?)d] [59]
DA® DB PPR~——=Q®S
0 ob w0
[yor 5] 50
1% pal | 156 7]
no g 03] 5
DQ @ DS DP® DR PPR~——=Q®S
[Du 0 @ 0 [,u 0]
0 Da 0 y} 0a
[ el | [T pal
DQ ® DS DQ ® DS
with exact rows and columns. O

Definition 3.4. The relative discriminant ' (¢ + ) of a pair (A, @), (B,) of forms
such that [A] = [B] in Ky(9M) is

B a
ey = | AT P T | an s Dy

v K
B<<—P<—<Q7¢
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This is well defined by theorem 3.3. Clearly

(24) et (¢ + ) € Ker(1 — D)

by the very construction.

Lemma 3.4. If (A, ) is metabolic and v : L — A is a Lagrangian, then

0 1
e lp+ =0.
or 0

Proof. If L= A is a Lagrangian, then the sequence

Doy .

DL A L

is exact. Thus one may form exact sequences

[1,0] 9]

A AL =——L

DL® L AL =——L.

(6]

758

Since

DyoD?* o6, =DpodsoL=pou,

gluing them with their duals yields a double exact sequence

0,1 50 9]
DL DA® DL AL ——1

53
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which may be "resolved” as follows: apply the 3 x 4 lemma to the commutative diagram

-1 1]
I LoL~——1I
[0.1] y
0
S E]EY
DL DA® DL AL =——L
11—t [%L (1]] [%L (1]] [Deop,0] | [Diogp,0]
0.1] 6
DL [ DL ® DL ] DL
n 1

Then lemma 2.7 b) applied to the upper and the lower d.s.e.s. shows that

o g ; — (1)) + [DL) = (1 + D)({-1}[1))

(here {—1} € K;(F)), so a metabolic form and its hyperbolic form produce exactly 0 in

EY(9M, D). 0

Proposition 3.5. If (K ® DK, [52( (1)]) and (L& DL, [50L é]) are hyperbolic spaces such
that [K ® DK| = [L ® DL] in Ky(9M), and

[K] — [L] = 0mod(1 — D)Ky(M),
then

S ([0 3]+ [24]) = 0mod(1 + DK, (M),

K

Proof. Denote H(X) = X @ DX for an object X. The second assumption implies the
existence of objects X,Y of 9 such that [K]| — [L] = ([X] — [DX]) — ([Y] — [DY])), i.e.

[Ke DX aY|=[Le X & DY].
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The common resolution may be chosen in a special way - as a direct sum

HEKOXOYORGS)« POP ®DR®DS —~ Qo Q'

HL3X®YPROS)« POP ®DR®DS —~ Qo Q'

of exact sequences

(%] o
(K& DX®Y)® R < P Q

[+] a
(LOX®DY)®R P Q

and

[/;’] o'
(DK®X®DY)® S P’ Q

[ls/] a’
(DLeDXoY)o S P’ Q

with added DR “ DR «—~0and DS “ DS « 0 respectively.
This common resolution glued with its dual yields the double exact sequence

Da 0
0 Da’

()]
[N

DQ & DQ’

DP®DP & R& S
" b

(o))
[eNe)
p—

0 uw Dp O
Du 0 0 Do @b
00

dop 0 0 O
0 Soc 0 0 00 ,
PP ®DR®DS ——=QdQ
|: 0 v Dp O :| 8 0/
Dv 0 0 Ds a
or 00
60 625 8 8 00
which is a direct sum of the double exact sequence
Du Do a
, [Da/, 0] [éop 0 [O]
DQ DP' &R P& DS —=
(D', 0} [5or 7] i

with the one isomorphic to its dual.

55
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The assumption on the class in the group EY (9; D) is necessary:

Example 3.1. Let X be a projective line X = Proj F[z,y| over a field F, x,y - homo-

geneous coordinates. Consider vector bundles on X with the dualization
DA=A"=Hom(A,Oy)
and the canonical isomorphism A — A" as 4. The equality
[Ox(=1)] +[0x(1)] = 2[Ox]
in Ky(X) follows from the exactness of the sequence

[2.3] []
Ox(l) -~ Ox@OX <—<Ox(—1) .

Consider the hyperbolic forms

0 1
o = 1 O0x(=1) ® Ox(1) = Ox(1) ® Ox(-1),
1 0
_ . i}
w = IOXEBOXHOXEBOX-
10

The common resolution

1
939) 0]
Ox ® Ox Ox(-1)®dO0x ® Ox =——= Ox(-1)
0
[52¢] El

Ox<—1>@0)(<1) Ox(—1>EBOx€BOX -~ Ox<—1)

glued with its dual yields the double exact sequence

100 344 4]

25 Ox(1) =<—— 0x(1) ® 04*
(25) () == Ox() ® Ox {ow} E1
z00 Y
y 00 z
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Since the short double exact sequence

100
200]
z01

Ox(~=1) ® Oy Ox(=1) ® O0y* =10

produces 0 in K;(X), the class of (3.1) in K;(X) is - by the 3 x 4-lemma - the same as

the class of the double exact sequence

Ox(1) < o 2 ['] (1)
R T
5l [ 5 )] 18]

Ox(1) [[:j] (’)X2 E_j Ox(—1)
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which occurs in the commutative diagram

0 0 0
=) =3
Ox(1) ——— 0,2 Ox(~1)
[,3] (9]
101 [*01 (1]] 1 1| -1
[,9] [ 2]
Ox(1) 0,2 Ox(-1)
[x,y] [ v ]

It follows from theorem 2.6 that the relative discriminant equals

—{—1}Ox] = {-1}Ox(=1)] = {1} ([Ox] = [Ox(-1)]),
({—1} has order 2 in K;(F)) which is not 0.

Remark 3.1. Tt is easy to see that if the classes of symmetric bilinear forms ¢, 1 are equal
in a Grothendieck group of symmetric bilinear spaces, then €'(p <+ 1) = 0. It follows
that the Grothendieck ring of symmetric bilinear spaces of a projective line over a field
F differs from the Grothendieck ring of symmetric bilinear spaces of the field F', contrary

to the case of Witt rings.

As an example shows, to define an invariant of the Witt equivalence one must factor

out relative discriminants of pairs of hyperbolic forms.

Definition 3.5. Let H(9; D, J) be the subgroup of E*(9M; D) generated by classes of
all relative discriminants e'(u <+ v) of pairs of hyperbolic spaces (the class of hyperbolic

spaces depends on §). The kj-group of (9; D, d) is the factor group

ke (90 D) = EX(9; D) /H(9M; D, 6).
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For applications it is important - by proposition 3.5 - that to compute the group
H(9; D, 6) it is enough to compute relative discriminants of pairs of hyperbolic spaces

corresponding to nonzero elements of E° (90; D).

Corollary 3.6. There is a natural surjective homomorphism E° (9; D) — H(IM; D, ).
In particular H(9M; D, ) = 0 whenever E° (9M; D) = 0.

Proof. Consider the pull back X = X(90; D, J)

X
l 1+D
14D
Ko(A) —= Ko(M)
There are two homomorphisms defined on X:
o ([K],[L]) = [K] = [L] mod (1 — D)Ko(9M) € E2(M; D)
o ([K],[L]) — e'(H(K),H(L)) € E'(M; D)
Proposition 3.5 states that the kernel of the first one is contained in the kernel of the
second one, so there is a homomorphism E° (9; D) — E'(9N; D).

Whenever two hyperbolic forms H(A), H(B) such that [H(A)] = [H(B)] in Ky(A) are

given,

so [A]—[B] defines an element of E° (9; D), which maps onto the class ¢! (H(A) + H(B)).
(]

For instance, for the projective line X = PL from example 3.1, the group
(26) H(X) = H(; D, 8) = p(F) - EY(X)

has two elements: 0 and {—1} ([Ox] — [Ox(-1)]).
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Corollary 3.7. If for symmetric bilinear spaces (A, ) and (B,1) there are metabolic
forms (M, ), (M', 1), (N,v) and (N, V') with common resolutions

AP M« P —Q, B® N « P «—Q,

ADOM « RS, B® N « R« S,
then the difference
elpdurvdv)—c(pay +var)

belongs to H(IM; D, 6).

Proof. This is a formal consequence of theorem 3.3 and the proposition: for double exact

sequences

DQ DP P Q@ ,

DS DR R S

the difference between them is the class of the direct sum of the first one and the upside-

down of the second one:
DQ® DS <<— DP®DR~—POR~——=<Q®S.
Denote by w its class in K7(9). Next choose common a resolution
M ONOW « U —~T, MoON W « U —~T
for some metabolic (W, w). Since
S orvdw-p®r ®w)=0modH(IM; D, ),
the class v in K7(90) defined by the direct sum

DQ@®DS® DT <<— DP®DR®DU =— PHPROU ——QDSPHT
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is congruent to umod H(M; D, ). But this is the class corresponding to the common

resolution of isomorphic forms

(X, 6)=(AODMOBON OMOENOW, oo u®yv oV o dvow)
and

Y0)=(BONOAOIM OMOIN oW, rvdedy dudrv dw).

By theorem 3.3 this class is congruent mod H(9; D, d) to the class of

3
0 DXgX 0.

It follows that « = 0 mod H(9M; D, 9). O

The goal of this paper is to define the discriminant map:
Definition 3.6. Let I(90; D, ) = Ker €. The discriminant map
el I(M; D, 6) — ki (IM; D)
is defined as follows

if[Ae M@ DM] = [N @ DN]in Kyo(9MN),

then e' (A, ) = &' (@ p=+v)modH(IM; D, )
where p: M & DM — DM & M, v: N& DN — DN & N are hyperbolic forms.
Let us state several elementary properties of these notions.

Proposition 3.8. For arbitrary ezact categories with duality (M, (D,9)), (N, (D’,d")),

i) E™-groups are elementary 2-groups (groups of exponent 2).
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i) if f:9M — N is an exact functor which commutes with the duality, then f induces

homomorphisms
[ WO D,§) — WD) and f: 1(9M; D, ) — [(M; D', 4),
f : E"9;D,5) — E"N;D',¢) and f: E"(9M; D, ) — E"(M; D', d)
f o k(O Do) — k(D D, 9)

such that diagrams

W (9 D,8) — E°(M, D) [(M; D, 8) —— ky(9M, D)
f l l f f l l f
WM, D', §) — E°(N, D) IO, D8 — k(N D)
commute.
Proof. 1) If (1 £ D)a =0, then 2a = (1 F D)a = 0 (mod Im(1 F D)). O

The following example provides a motivation for the notation e! and I(91; D, ), and
shows that the above defined notion generalizes usual notion of the discriminant of a

quadratic form.

Example 3.2. Let 9 be the category of vector spaces over a field F' with the usual
dualization. In this case it is obvious that e coincides with the usual dimension index,
so [(9M) = I(F). Moreover, E° (F) = 0, so k1(9) = E'(9M). Note that D acts trivially
on K;(F), so

El(F) = El(gﬁ) = Ki\(F)/2K\(F) = k. (F),

hence the new notation k;(F) is consistent with the one introduced in [8].
E'(F) S EY (M) = pup(F) = {1, -1},

The group F'(F) = F*/F*? is usually denoted by g(F) - the square classes group - in

the theory of quadratic forms. If €°(A, ) = 0, then A is an even-dimensional vector
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space, dim(A) = 2k, so there exists an isomorphism p : B @ B* — A of a space B @ B*
supporting a hyperbolic form y, with A. Thus one may choose the exact sequences (20)

in a special way:

A £ BaB*«—0—0,

B@ B* & B@ B« 0~ 0.

The double exact sequence (22)

X

0 =— Bp B BB =—=0

p*opop

defines the element
det(p) det(x) = (—1)* det(p) = (—1)*E=D/2 det(p) mod 2K, (F),

which is exactly the discriminant of (A, ¢).

The additional E'-group

EL(F) = pol(F) = {1, -1}

has no direct interpretation yet.

Example 3.3. If 9 is the category of vector bundles on a scheme X with the usual

dualization (D =~ = Homp, (—, Ox)), then we write
W(X) =W (m), [(X)=I1M), E"(X)=E"®N), k(X)="k(M).

Let f: Y — X be a morphism of schemes, and 91 be the category of vector bundles on Y.
The exact functor f* : 9 — 9 commutes with the dualization, so it induces homomor-
phisms on E-groups and Witt groups and homomorphisms of E° and W commute with
. Thus the homomorphism of Witt groups maps I(X) in I(Y'), and this homomorphism
commutes with el.

This means that if, in particular, Y is a point, then the above defined discriminant reduces
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to the usual discriminant on fibres.
It is known that exist symmetric bilinear forms of even rank (and hence with trivial ® on
fibres) which have nontrivial global €°, say on split projective quadrics of even dimension.
So there is no reason to expect in general that local discriminant determine the value of

el

The following property of e! provides a motivation for adopting the classical notation

I(X) for the notion defined above:

Theorem 3.9. Consider the category Px of locally free sheaves of finite rank on a variety
X over a field F with a line bundle L (L may be trivial), the usual duality functor DA =
Home, (A, L) and § either the canonical isomorphism, or the opposite to the canonical
one. Let moreover ¢ € F be a nonzero constant. Then for arbitrary form (A, ) such that

() = 0 the equality

in ki1(X) holds.

Proof. Choose metabolic (M, p), (N, v) such that A®M and N have a common resolution:

s p
i o

N P Q

Note, that (M, c- u) and (N, c- v) are metabolic forms, and the four-term double exact

sequences needed to compute discriminants are rows of the commutative diagram:

Dp eDmo(p®pu)om Dp
D@ <<— DP P Q
Dy’ cD'o(pPu)or’ Dy’
1 l 1 1 l 1 c l c c l c
P Dmo(pdp)om p
DQ <=— DP P Q

P Dr'o(pdp)on’ P



DUALIZATION AND INVARIANT e! 65

with isomorphic vertical arrows. It follows from the 3 x 4 lemma that both rows define

the same class in K;(X), so e'(c- ) =e!(p). O
Corollary 3.10. Under assumptions of the theorem, I(F) - I(X) C Ker(e'). O

4. THE MAP ¢! : I(X) — ki (X) FOR CERTAIN PROJECTIVE VARIETY X.

Here we assume that the dualization (D, ) is fixed, and suppress it in the notation. It

is easy to compute the E'-groups in the following particular case:

Theorem 4.1. Assume that X is a quasiprojective variety over a field F such that

Kl(X) = Ko(X) X7 Kl(F) Then

EY(X) =2 EY(F)® E°%X)® E'(F)® E°(X),

E'(X) =2 EYF)®E°(X)® E'(F)® E°(X).
Proof. E-groups are Tate cohomology groups of the group {1, D}:

EY(X) = H°({1,D},Ki(F)® Ko(X))

E'(X) = H'{1,D},K\(F)® Ko(X)).

By the universal coefficients formula there are exact sequences

0— Ki(F)® H ({1,D}, Ko(X)) — EL(X) —
s Tor, (KI(F), A ({1, DY, KO(X))> 0,

l.e. exact sequences

0 — Ki(F)®E"(X)— E'(X) — Tor; (Ki(F),E’ (X)) =0

0 — Ki(F)®E’(X)— EL(X) — Tor; (Ki(F), E°(X)) — 0.
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E°(X) and E°(X) are elementary 2-groups (groups of exponent 2), so
K\(F) @ BL(X) = g(F)® EL(X)

Tor, (Ki(F), Y (X)) = po(F) ® EL(X)
and the assertion is proved. O

It is obvious that H(X) = H(IM) C uy(F) @ E°(X).
Conjecture 4.2. Under assumptions of theorem 4.1

H(X) = EY(F)®E°(X)

k(X) = EY(F)® E°(X).

Example 4.1. The projective space X = P% = ProjF|[zo,x1,...,2,| with the usual
dualization functor (D = Hompe, (—, Ox)) meets the assumption of theorem 4.1. In this

case the E’-groups are known:

0 for even n
E%(X) =7/27|0x] and  E°(X) = ;
Z/27Z.H™ for odd n
where H = 1 —[Ox(—1)] is the class of a hyperplane section (|20, Prop. 2.1.3], [22, Prop.

5.1], [21, Cor. 3.4]). Thus:

El(X) _ g(F) - [Ox] for even n |
g(F) - [Ox] & uy(F) - H*  for odd n
0 for even n
H(X) = ’
ws(F) - H*  for odd n
Ei(X) _ po(F) - [Ox] for even n |

ws(F) - [Ox] @ g(F)H™ for odd n
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It is known that the canonical map W (F') — W (X) induced by the inverse image functor
V — V ®p Ox for the structure map X — Spec(F) is an isomorphism ([1, Satz ]).
Therefore I(X) = I(F) @ Ox and the map e' : [(X) — ki(X) is surjective for even n.

For a field F' of characteristic different from 2, the classes of hyperbolic spaces form
a cyclic direct summand of even order in the Grothendieck group of symmetric bilinear
spaces generated by hyperbolic plane ([23, Th. 1.1]). Tt is not so for the odd-dimensional

projective spaces. First of all, there is an infinite sequence of hyperbolic planes:
f)k = Ox<k7) ©® Ox<—]{}> for k = O, 1, 2, R

Corollary 4.3. On the projective space X = P} of odd dimension n there exists a hy-
perbolic space, which class in a Grothendieck group of symmetric bilinear spaces is not a

multiple of the standard hyperbolic plane by = (O%,[94§]).

Proof. For the case n = 1 see example 3.1. For n > 1 there exists a pair of hyperbolic
spaces with relative discriminant {—1}H" # 0, since H is nontrivial.

Let n =2k — 1,

@7) 4 = (% - 1)m

(28) B = : <2k - 1) b; .

The identity H""! = 0 yields that A and B define equal classes in Ky(X). The proof of
corollary 3.6 shows that ¢!(A, B) is nonzero. Thus it is impossible that each of A, B is a

multiple of the standard hyperbolic plane b. O

4.1. A conic.

We compute here Fy-groups and Fj-groups of a projective conic X:

_ 2 2 2
q=2z"—az" —bz
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for anisotropic quadratic form (1, —a, —b) over a field F' defined on the space V over F'
with base vy, v1,v2 (20, 21, 22 is the dual base of the dual space V*), so that the projective

X =ProjS(V")/(q)

has no rational points.

The Clifford algebra C'(q) has a base given by
L, vo, v1, Vg, Vo1, VgV2, V1V2, VoU1 V2,
and

vv; = —v;v; for i # j,

2 _ 2 _ 2 _
vy" =1,v," = —a,v," = —b.

The elements 1,vgvi, vove, vov; form a base of the even Clifford algebra Cy, which is

b
isomorphic to the quaternion algebra (aj? ):

(vov1)? = a, (vov2)(vav1) = —(vav1)(Vov2),
(U0U2)2 = b, (?Jo’l}l)(vgvl) = —(’Ull)g)(vo’l}l),
(v9v1)? = —ab, (vov1)(Vov2) = —(vov2)(Vovy) = Vavy.

We denote as usual
1= 1vgV1, J=Ugl2, Kk = vouy.
Let
© = 2oUy + 2101 + 202 € ['(X,0x(1) ® C4)

be the ”generic zero vector” of q.

2 2 2 2 2
©° = (2000 + 2101 + 2202)" = 2z,° —az;” — bzy” = 0.
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The complex
5 Ox(=n) @ Caya™ Ox(1=n) @F Cap
2 Ox(2—n) ®p Cys -+
(subscripts in C,, are taken mod 2) is exact and splits locally ([19, Prop. 8.2.(a)]). It

may be written explicitely - for the bases 1,17, 7,k of Cy and wvg, vy, va, vov1v9 of C the

maps ¢ - — have the matrices
20 —az; —bzy 0
—Z1 20 0 bZQ @
for Ox(28 — 1) Rp Cl—> Ox(28) & CQ,
—2Z9 0 20 —az
i 0 Z9 —21 20 ]
zo az; bz 0
Z1 R0 0 —bZQ o
for Ox(2s) @r Ch— Ox(2s+ 1) ® C4.
z9 0 Zo azn
0 —Z9 21 20 ]

Definition 4.1. The Swan sheaf ¢/ is defined as the cokernel
U = Uy = Coker(Ox(—2) @p Co= Ox(—1) @F C}).
Let EF(X), Ef (X, L) be B-groups of the dualization
A" =Hom(A,Ox), AY=Hom(A Ox(-1)),
with canonical d, d; respectively.

Proposition 4.4. E-groups of X are:

Eo(X) = (2/2) - [Ox],  Ey(X)=(Z/2)-(2-[U]),

Ey(X,L) =0, Ey(X,L)=0.
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Proof. There is an exact sequence
0 Ox(1) «+ Oy® «— Ox(~1)*  Ox(~2) 0

inherited from the projective plane. Now to use results of [19], note that the sheaf O x(1)

has the truncated canonical resolution
(29) 0 Ox(1) « Oy* «— U « 0.

The Swan sheaf U is a right module over

Endy(U) = Co((1, —a, —b)) = (“}b) .

b
The quaternion algebra D = (al,? ) is a skew field, so U is an indecomposable vector

bundle. The sheaf U/ has rank 2, so there is nonsingular skew symmetric pairing U®@op U —
2

/\L[ given by the exterior multiplication. Thus

2
U = Homo, (U, \U).

Taking the highest exterior powers in the truncated canonical resolution yields

2
Ox()o \U = Ox

Au

1

Ox(-1).
It follows that
U= Homoxa/{a OX(_1>> =U® OX<_1)>

The formula for determinant of tensor product yields that in general

2 2

Aun) = AU @ Ox(n)) = (/\u> ® (Ox(n))™ = Ox(2n - 1)

and
Z/l(n) = HomoX(U(n),(’)X(Qn — 1)) = Z/l(n)A X Ox<2’n — 1),

so U(n) carries a skew symmetric O x(2n — 1)-valued bilinear form.
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It follows that Ky(X) is a free abelian group of rank 2 with a free base 1 = [Ox], [U]

and identities

H3>=0

where H = 1 — [Ox(—1)] is the class of hyperplane section, as above. By [20, corollary
3.4.3] there is an additional identity

(30) U+ U =4or U]+ [UD)] =4

Thus

U]+ [U1)] =3 = [Ox(1)] +3[0x(1)] = [Ox(2)] = 4,

1 —2[0x(1)] + [0x(2)] = 0 or H2 = 0.

The same result - that H? = 0 - may be obtained easily by checking locally that the

sequence

is exact. Here z; € I'(X,0x(1)) = Homx(Ox(k),Ox(k + 1)) are global morphisms of
O x-modules under consideration.

The condition H? = 0 implies 2 — [U] = [Ox(1)]H = H, and

= (2 ))?
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It follows that
U = AU -4
Ox(M)] = 3-U=1+2-[U)
Ox(=D] = U -1=1-2-[U]).

There is a ring isomorphism Ky(X) = Z[u]/(u?) which maps 2 — [U] onto coset of u
and - by (30) -

Denote L = Ox(—1). With respect to the base 1,(2 — [i]) the involutions ~ and "%

have matrices

10 1 0
and
0 -1 -1 -1
respectively.
Now the assertion follows immediately. 0

Note that the discriminant map e' is defined on the whole W (X, L).

The atgument used in the argument above proof can be rwformulated as follows:

Corollary 4.5. In Ky(X) the action of involutions induced by duality functors ~, "L

respectively, is given by formulae:
(r+ylUd])” = (v +4y) - ylU]

(z+ylU))" = —z+(z+y)U].

More precisely: the map ~ on Ky(X) is induced by functors:

e the identity from F-modules to F-modules (the summand x),
e the forgetful functor from D-modules to F-modules (the summand 4y),

e the identity functor from D-modules to D-modules (the summand y[if]),

L

while the map ~* is induced by functors:
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e the identity from F-modules to F-modules (the summand x)
e the natural functor from F-modules to D-modules (the summand x[U])
e the identity functor from D-modules to D-modules (the summand y[i]).
Proposition 4.4 states that £, (X, L) = 0. Hence the group H is trivial and ky(X, L) =
Ei(X,L).
To compute E'-groups let us recall some facts on K-theory of quaternion algebras.

The reduced norm is an injective homomorphism
Nrd : K1<D> — K1<F)

such that for any splitting field £ (E®pD = My(F) is the matrix algebra over F) if E/F

is finite, then the diagram

(31) K\(My(E)) == K,(E®zD)
-] |~
Ky(E) K1(D)
Ng,r l ‘4
Ky(F)

commutes ([7]). It follows that K,(D) = D/[D, D] is isomorphic to the group B of values
of quadratic form (1, —a, —b, ab) in Ky F = F and the involution " acts trivially on K; (D).
Note that the composition K;(F) — KI(D)N—rd> Ki(F) is the map z — 2% We will
identify K;(D) with B via the map Nrd.
For example:
- if the involution " : Ko(X) — Ko(X) maps x + y[U] € Ko(X) onto = + 4y — y[U], then
" Ky (X) — Ky (X) maps x+y[U] € Kq(X) onto o+ Np,p(y) —ylU]; if 2 = {&} € K1 (F),
y = {¢} € Ky(D), then

x + ND/F(y) = {fND/F(C)} = {fNrd((’)Z} € Ki(F)
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—y=1{¢") e Ki(D)

and we write Nrd((™!) € B instead {¢"'} € K{(D).
- if the involution "% : Ko(X) — Ko(X) maps x + y[U] € Ko(X) onto —z + (x + y)[U],
then "I : Ki(X) — K(X) maps z + y[U] € K,(X) onto

—z+ (r(z) + y)U] = {7} + {3 U,

where 7 : K1(F) — K;(D) is the canonical map; after identification of K;(D) with B we
write Nrd(£¢) = €°Nrd(¢) € B instead {£¢} € K, (D).
It follows from corollary 4.5 that in K1(X) = K,(F) ® K{(D)U] = F ® B - [U] for

t € F, u € B the equalities:

(t7u[u])A = (tUQ’U_l[u])

(tu))t = (7, ultd])
hold. Thus it is obvious that the following result holds.

Theorem 4.6. For a projective conic X : x}—ax? —bx3 = 0 given by anisotropic quadratic
form (1, —a, —b) over a field F and line bundle L = Ox(—1) let EL(X) = EL(Px;",9)
and EL(X, L) = EL(Px; " *,81). Then

EBY(X) = g(P)Ox] ® (no(F) N B) U], ET(X) = uy(F)[Ox] ® B/B?,
B(X, 1) = jy(F) @ B/F*U), By (X,L) % p(F) & B/ O
The following computation looks strange, but will be used bellow, in the proof of

Proposition 4.13.

Consider two O x(—1)-valued bilinear forms: the first one is skew symmetric form

TU—-U R0x(-1)=U""
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2
given by the exterior multiplication U x U — /\Z/{ = Ox(—1), and the second one is the

symmetric hyperbolic form

0 1
10

L Ox ®0x(—1) = Ox(—=1) ® Ox = (Ox & Ox(~1)) L.

Then use common resolution

20,—%1,%2

0 «— (’)X(l)g OX?’LZ/M—O

0 z1
0 zo
0 — Ox(1)Le2d 0X3<—[1°} Ox ®Ox(=1) — 0

to produce four-term double exact sequence.

Proposition 4.7. The class of the double exact sequence

0 —z9 —21
z2 0 —2o

[20,—21,22] 21 z0 O
(32) Ox(1) 0y Ox(~1) —— Ox(-2)
[z0,—21,0] 002z {fgl}
Sa¥ o

in Ki1(X) = K1(F)[Ox] @ K1(D)[U] equals to {—1}Ox] + {1}[U].
Proof. Two resolutions

0 «— OX(1)<—[ZO7_ZLZ2} OX3 S U—0

0 z1
B
3 L1 o0

0,212 0y BOx(~1) 0

207_2170}

0 — Oyl
glued with their “F-duals along 7 and [{ §] give the double exact sequence

B
[z0,—21,22] 5 z1 z0 O 5
(33) Ox(l) OX Ox(—l) <= Ox(—Q) .

[z0,—21,0] |:0 0 z1:|

0 0 zo
z1 20 O
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This double exact sequence may be resolved as follows: in the commutative diagram

Or) T 0 < 0s () o

o 23] | (3] 5] | [¢]

Ox(1) 0> Ox(—1)3 Ox(—2)
[0.0.1] | [0,0,1] [b10] | [6%6] 11

0 Ox Ej Ox(—1)2 [_} Ox(~2)

all displayed d.s.e.s. but one have equal upper and lower part. Thus the double exact

sequence (33) defines the same element of K;(X) as the one defined by the split d.s.e.s.

o Bt
398 1]

The same element of K;(X) is defined by the automorphism of taking opposite on

Ox(—1), since there is a commutative diagram of d.s.e.s.’s:

0 Ox(-1) ; Ox(-1)
309] KA
Ox(—1)? Ox(-1) <———=0x(-1),
529) 4]
11 [396] [ [596]
Ox(~1)? : Ox(—1)2 0
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Since
{—=1HOx(-1)] = {1} (U] = 1) = {Nrd(-1)}{U] + {—1}[Ox]

in K;(X), the assertion follows. O

This computation is important for determining discriminants of generators of the Witt
group W (X, L) found by Susane Pumpliin in [16, Cor. 4.4].
A (skew) symmetric isomorphism ¢ : U — DU(—1) yields an involution * = *® on

Endx (U): if ¢ € Endx(U) then
¥ =¢""0o (DY@ lox() ¢

Proposition 4.8. The involution x™ coincides with the conjugation o — @ on the quater-

nion algebra Endx(U) = Cy = (%2) .
(g0 + qui + 2§ + q3k)™ = qo — @i — g2 — g3k
Proof. Replace U with isomorphic ol C Ox ®Cy. The exact sequence
- U— Ox@Cy—U(1)
splits locally, so it yields an exact sequence on each of the principal affine open subsets
D(zp) ={(20:21: 22) : 2 #0} for m =0,1,2.

Locally, in D(z,), the module ¢-U(D(z,,)) as a submodule of O(D(z,,))®rC) is generated
by products of ¢ times vy, vy, vo, Vov1Vg:
i(ZO — 211 — ZQj), i (—CLZl + Zo’i + Z2k>
(34)
i(—bz‘g + Zoj — Zlk’) i(bZQ'l — a,le + Zokf)
The module U(1)|p(,,) = U|D(z,) is generated by cosets of 1,7, 7,k modulo ¢ - U|p(.,,).
2
Thus the module AU|p.,,) is generated by the exterior products

TAG, 1Aj§, 1Ak, iAj§, iAk, Ak
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subject to twelve identities of the form

(generator (34)) A (one of 1,4, 7, k) =0,

e.g.

|~

zZ

(211/\i+221/\j>20, i(Z()l/\Z'—FZQl/\]{]):O,

3

(0l Ni+ 220N j) =0, i(azli/\j—l—zoi/\k)zo,

zZ

|- &~

(bZQl /\j —le/\lif) =0.

zZ

3

Thus the exterior multiplication
2
NUSU— NU=0Ox(-1)

has in D(z,,) the ”Gram matrix”

0 Z9 —Z1 —Z0

1 —z5 0 —zy —azm

“m 21 20 0 —bZQ
| 20 azn bz 0 |

Now it is easy to see that
ail\NB=—aNPi, ajANf=—-aAN(], akA(=—aA(k

for all a, 8 € U(D(zn)), 50 (do + 017 + G2 + ask)"™ = do — @i — 42 — gsk holds in every
D(zy), m =0,1,2, and hence holds globally. O

b
Corollary 4.9. For every pure quaternion vy € (%) the map
7o () U —U(-1)

defines a nonsingular symmetric bilinear form with values in O x(—1).
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Proof. Locally
(mo (M (@) = wla-)B) =(a-7)AB=—aA(B7)
= (B-Nna=(ro() (B)(a). O
Susane Pumpliin proved following fact:
Proposition 4.10. The Witt group W (X, L) is generated by the classes of the forms
(35) p = (trpyr(Ox(=1)), trpyp(cid) ,c € F.
Here F'/F is a quadratic extension which splits (1, —a, —b) (splits <%b>)

Proof. [16, Cor. 4.4]; the canonical bundle Z is our U. O

We will refer to forms of the kind (35) as Pumpliin generators.

a,

Corollary 4.11. For every pure quaternion vy € ( 7

) there exists a constant ¢ € F

such that
mo(4)=c-p
for a suitable Pumpliin generator p.

Proof. The bundle U is indecomposable, so the assertion follows immediately from [16,

Prop. 4.1]. O

Note that if o (+y) = ¢ - p, then mo (-c71y) = p. Moreover the quadratic extension F”
needed to define the Pumpliin generator p is F' = F(y) 2 F [\/—Nrd(fy)].

Proposition 4.12. For every Pumplin generator p there exist a pure quaternion n €

b
(a],? ) and a constant ¢ € F" such that

po(n) =cr.
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b
Proof. By the Noether-Skolem theorem every involution of the algebra (a,?) is a com-

a,b
position of the canonical involution with an inner automorphism. Let v € < fa ) be a
quaternion such that

(-6)™ =~y"1¢y

a,b

for all
or a {E(F

7 is any pure quaternion. If 7 # ~, then n =% — v is a pure quaternion and

). A priori there are two cases. If ¥ = v, then %? is the conjugation, and

N =~y"10y = -
and in any case p o (-n) is skew symmetric, since locally
(po (n) (@) (B) = plan)(B) = p(a)(=Bn) = —p(Bn)(e) = — (po (-n)) (B)(a).

Hence p o (-n) must be a scalar multiple of 7. U

Remark 4.1. Tt follows that the first case - when *? is the conjugation - never occurs: if

p=mo (-n~1), for a pure quaternion 7, then

(36) p(a)(8) = m(ayn™")(B) = m(a)(Byn~T) = —m(a)(Bn~'7) =

— (@) (B T ™) = —m(an= 1) (Bn~ ) = w(an™ ) (Bn~Fm) = p(e) (B0~ Fm)

VP =ntAm =yt
7 loalor=—a.
The composition o« : U — U * is a symmetric bilinear form.

Proposition 4.13. If a is an invertible anti-selfadjoint endomorphism of the sheaf U,
then

el(roa)=(=1,Nrd(a)F?) € u,(F) ® B/F?.
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Proof. The commutative diagram

(37) (I) (f
0 UL W;a U 0
1 iL 1 « i 1
0 UL u 0

™

o

yields that ¢ (O U U O) is the element of K;(D) corresponding to a €

™

Aut(U), which is obviously the reduced norm Nrd(«). By lemma 2.16 element

coincides with the element defined by

20
[20,—21,22] fomoaoD f {;;1 }
38 Ox(1 O <— Ox(-1)} <——= 0x(-2) .
I =
0

Moreover by lemma 2.17 the sum of the element of K;(X) defined by (38) and the element

defined by (33) coincides with the element defined by double exact sequence

20
[20,—21,22] fomoaoD f |:;§1 }
Ox(1) Oy’ =——— Ox(~1)> =——= Ox(-2)
[Z(),—Zl,o] |:8 8 Zl:| |:j21j|
z1 20 (;) 0

which represents e!(7 o o). Thus

L L 01
e(moa)=¢c |Toa—+ = (—1,Nrd(«)). O
10
Remark 4.2. The group B is generated by reduced norms of pure quaternions; in fact,

every nonzero quaternion either is a pure quaternion or is a product of two pure quater-

nions.
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Corollary 4.14. If Nrd(«f3) is not a square, then the forms mo« and 7o 3 are not Witt

equivalent.
This corollary may be partially reversed:

Proposition 4.15. If v, § are pure quaternions such that Nrd(vy) = Nrd(d), then for

some constant ¢ € F' the spaces (U, 7o (7)) and (U, c- 7o (-0)) are isomorphic.
Proof. If v+ = 0 then ¢ = —1. The condition Nrd(y) = Nrd(9) yields
7* = —Nrd(y) = —Nrd(d) = 6%
If v+ 6 #0 then for A\ =7+ 9
YA=AS ie y=AAL

Thus locally

1
= Sy (7 © () (@)Y

which means that -\ € Endx (i) is an isomorphism of Nrd(\)m o (-y) and 7 o (-9). O

Corollary 4.16. The discriminant map e' : W(X, L) — uy(F) ® B/F? is given by the

formula:

el (Z To (~am)> =((=1)",Nrd(ay - - --- ay))

Corollary 4.17. Ifn is odd or Nrd(ay -~ -+ ay,) 1s not a square, then the element Z o

m=1

(‘aum) 1s not zero in W (X, L).
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