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»,¼R½�¾
¿TÀTÁaÁaÀ�¾}ÂEÃ�¾}Äg¾aÀ�¿TÁaÅ|ÂR½ÇÆTÂE½.ÈkÀ�É�ÈkÀ�½�Ê.Ë|¼,¿TÂR½Y¾cÁkÈaÃ�¿TÁaÅ|ÂR½.ÊxÀ�Ì�ÂRÈkÀ�Ë:ÀTÁ
Í�ÂCÀ�ÎRÂxÊ�¾aÏCÐ�Ñ ÒÔÓ±ÕYÖ�×CÊ�À[Ë|À�Ã�È�¿�¼mÁaØ�ÙEÂRÈkÅpÀD¾ÇÚ�ÂEÛvÂmÁaÂEÉ�Å�ÜEÃ�À�¾
ÊxÀ�¾ ¾k¿`Ú�Ø�Û�¼R¾�À�½�ÈkÀ�ÛvÉ�Ë�¼RÝ�¼m½:Á�ËpÀD¾,¾k¿`Ú�Ø�Ûv¼E¾�É�¼RÈ�Ë|À�¾,À�¾aÉ�¼R¿�À�¾�¼R½�¼mË|Ð:ÁaÅ�ÜEÃ�À�¾�¿�ÂRÛvÉ�Ë|ÀTÞxÀ�¾�ß7à,½�ÎEÀ�ÈkÈk¼�Ü:Ã�À�Ë|¼�ÁaÚ�Ø�ÂRÈkÅpÀ�¼RÅp½Y¾}Å+ÂRáxÁkÀ�½CÃ�À
À�¾}Á,ØDÜEÃ�ÅpÎ)¼mË|À�½:ÁkÀRÆYÊ�¼m½�¾�ËpÀ�¿�¼R¾�¼má�¾aÂRË|ÃÇÆYâ�Ë|¼�ÁaÚ�Ø�ÂRÈkÅpÀ.ÊxÀ�Ëäã Ú�ÂEÛ�ÂRÁaÂEÉ�ÅpÀ�¾cÁ`¼má�Ë|À�¿TË�¼R¾k¾aÅ|Ü:Ã�ÀEß�å�ÂRÃ�È,Ë|¼�½�ÂmÁkÅpÂE½�Ê�ã ÀD¾}ÉY¼R¿TÀD¾�¼m½Y¼mË|ÐEÁkÅ|Ü:Ã�ÀD¾
¿TÂEÛ�É�ËpÀ�ÞCÀD¾�ÆxË|À�Ë|À�¿rÁkÀ�Ã�È�É5À�Ã�Á�¿TÂR½Y¾}Ã�ËpÁaÀ�È�Ñ{æVç)èVéCêYëx×gß
ì�½�À ¿�¼mÁaØ�ÙEÂRÈkÅpÀ�ÊxÀ ¿TÂCÀTí�¿�ÅpÀ�½EÁ`¾-ÀD¾cÁ[Ã�½�À,¿�¼)ÁaØ�ÙRÂEÈaÅ|À�ÊxÀ�ÛvÂxÊxî�Ë|À�¾

M
Û�Ã�½�Å|À�Ê�ã Ã�½�À�½Y¾}À�Û�á�Ë|À�Ê�ã ÂRáxïcÀ�Ák¾

E � Ob(M )
À�Á(ÎEØ�ÈkÅtðY¼R½:Á

ËpÀD¾�¿TÂE½�ÊxÅpÁaÅ|ÂR½�¾�¾aÃ�Å|Î)¼m½:ÁaÀD¾#ñ
ò ß

M
ÀD¾cÁ�É�ÈkÂRÉ�ÈaÀ�â�ÙE¼RÃ�¿`Ú�ÀRÆCÉ�ÈkØ�¾aÀ�½:Á`¼má�Ë|À#É�¼mÈ�¿TÂRð�á�È`¼)ÁkÅpÂE½�¾�ÀTÁ�¾}Ák¼má�ËpÀEß

ó ß�ô"À�¾�ØDÜEÃ�ÅpÎ)¼mË|À�½Y¿TÀ�¾�õ�¼RÅpá�ËpÀD¾�ÀTÁ�Ë|À�¾�ð�á�È`¼)ÁkÅpÂE½�¾�ÊxÀ
M
¾aÂR½:Á�¾cÁ`¼má�Ë|À�¾�É�¼RÈ�¿TÂEÉ�ÈaÂxÊxÃ�ÅtÁ`¾�ÀTÁ�¿TÂEËpÅ|ÛvÅtÁkÀ�¾�ð�ËpÁaÈ`¼m½:ÁaÀD¾�ß

ö ß�ô"À�¾vÂEáxïcÀTÁ`¾�ÊxÀ
E
¾aÂR½:Á�Ú�ÂEÛ�ÂRÁaÂEÉ�Å|Ü:Ã�À�ÛvÀ�½:Áv¿�ÂRÛvÉ�¼E¿rÁk¾vÀ�Á�À�½�ÙEÀ�½�Ê�ÈaÀ�½EÁvË�¼L¿�¼)ÁkØ�ÙRÂEÈaÅ|ÀVÁaÈkÅ|¼R½�ÙRÃ�Ë|Ø�À±¼GÎRÀD¿V¾aÂRÛvÛvÀ�¾vÅ|½xð�½�ÅpÀD¾

Ho (M )
ß

÷bË�¾�ã ¼mÙEÅtÁ Ë|â�Ê�ã Ã�½�À�½�ÂmÁkÅpÂE½�ËpØ�ÙRî�ÈaÀ�Û�À�½:Á,É�Ë|Ã�¾ ÈaÀD¾cÁkÈaÅ�¿rÁkÅpÎEÀ�Ü:Ã�Àv¿TÀ�Ë|Ë|À�¼RÊ�ÂRÉxÁkØ�ÀvÊ�¼m½�¾�Ñ ø,ù5ú5Ö5ê"Æ7»,ØTõcß�ûYß ûYß óRö ×�¼mÃ�Ü:Ã�À�Ë+ÂE½�ÈaÀ�½CÎRÂRÅ|À.Ë|À
ËpÀD¿rÁkÀ�Ã�È�ÉYÂEÃ�È�ËpÀD¾�Ê�ØTð�½�ÅpÁaÅ|ÂR½Y¾(ÊxÀD¾-ÁkÀ�ÈkÛvÀ�¾(À�ÛvÉ�Ë|Â)ÐRØ�¾(¿TÅpÄgÊ�À�¾k¾}Ã�¾�ßC»,¼R½�¾[Ë�¼�¾aÃ�ÅpÁaÀEÆ:Ã�½�À,¿�¼)ÁaØ�ÙRÂEÈaÅ|À�ÊxÀ ¿TÂCÀTí�¿TÅ|À�½:Á`¾

M
¾}À�Èk¼#ð�ÞCØ�À�Ã�½�À

õüÂRÅ�¾�É5ÂRÃ�È�ÁaÂEÃxÁaÀEß�à,½�¾}Ã�É�ÉYÂ:¾}À�Èk¼�Ü:Ã�À�ËpÀD¾�ÂRá�ïcÀTÁk¾,¼mÉ�ÉY¼mÈaÁaÀ�½Y¼m½:Á,â
E
¾aÂR½:Á,¿�Âmð�á�Èk¼R½EÁ`¾�ÀTÁ#Ü:Ã�À

E
ÀD¾cÁ Åp½CÎ)¼mÈkÅ|¼R½:Á�ý�â�Å�¾aÂRÛvÂRÈkÉ�Ú�Å�¾}ÛvÀ

É�Èkî�¾�Ê�¼m½Y¾
Ho (M ) þ É�¼mÈ�Ë|À�¾�õüÂR½Y¿rÁaÀ�Ã�È`¾(ÊxÀ�¾aÃ�¾aÉYÀ�½�¾}Å|ÂR½VÀTÁ�¿TÂ:¾}Ã�¾aÉ5À�½�¾aÅpÂE½ÇßxôÇÀ ËpÀD¿rÁkÀ�Ã�È�½�À#É5À�È`ÊxÈk¼�ÈaÅ|À�½�â�¾aÃ�É�É5ÂE¾aÀ�È�Ü:Ã�À M

ÀD¾cÁ�Ë�¼
¿�¼mÁaØ�ÙEÂRÈkÅpÀ ÊxÀ�¾�¿�ÂRÛvÉ�Ë|ÀTÞxÀ�¾�Ê�À ÙEÈaÂEÃ�É5À�¾�¼má5Ø�Ë|ÅpÀ�½�¾�Û�Ã�½�ÅpÀ�ÊxÀ.¾k¼�¾}ÁaÈkÃ�¿TÁaÃ�ÈkÀ,É�ÈaÂRïcÀ�¿rÁkÅpÎEÀ,ÂEÃ�¿�À�Ë|ËpÀ�ÊxÀD¾�¾}É5À�¿TÁaÈkÀ�¾�¾aÐ:ÛvØ�ÁaÈkÅ|Ü:Ã�ÀD¾(Û�Ã�½�Å|À
ÊxÀ.¾k¼�¾}ÁaÈkÃ�¿TÁaÃ�ÈkÀ#É�ÈaÂRïcÀ�¿TÁaÅ|ÎRÀ#¾cÁ`¼má�Ë|ÀRß
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X �������! #"%$&�'"(�)"(*,+ �-�/. �#�0$ �(1  2*3�546�87:9;�<� �(� � AnSm=X *3"=$&" �?>?@6��A�� �0B � � � *3�C� �%D/E � � �F� � � �
*3�C� X G��C�- #"%$&�C�H"��2"�*,+ �!�/. �#���H* � �&�C�C�JI � 7��873KL*M��� 1N��A  #O � � 1 ���H* � �&�C�C�:B
P ���! #"%$&�C�:"��2"�*,+ �!�/. �#���Q$ �(1  2*3�546�C�?R%7S9;� 1 ��� ��� $&� �-� �:$&" ��>!@6��A�� �
B%�T*3" �?�  � * �5@(� �T�U�&�#�V*�*3�WI . �SP � �X" DCAY>?@ � A "Z [" A usuR<�C� @ �V�)B AY> �J [" A *M"Z AY>V�?�  � * �5@(� ��B � � � *3�C�H\C" 1]� *�*3�C�=$ � ��^ A "�� � �C�_� � � � *3���
(Vi ! Y )i∈I "(^`�&$ Y ��� X G��C�! ["a$&�]"(�)"�*b+ �-�/. �#�]* � �&�C�c� � Vi Ba��� � ��^`� A�� �dB%� Y ^ >VA�� e "�� � Y = [ i∈IVi 7å�¼mÈ±Ñ ø ù5ú5Ö5ê+Æ�å-ÈaÂEÉÇß�û�ß û�ß ògf × Æ�ÂE½ É5À�ÃxÁ�Û�Ã�½�Å|È�Ë|¼I¿�¼)ÁaØ�ÙRÂEÈaÅ|ÀVÊxÀD¾�É�ÈkØTõ�¼RÅ|¾k¿TÀD¼mÃxÞ

PreSh v (AnSm=X; M )
ÊÇã Ã�½�À�¾cÁkÈaÃ�¿TÁaÃ�ÈkÀ

ÊxÀ�ÛvÂxÊxî�Ë|À�¾#É�ÈkÂmïcÀD¿rÁkÅpÎEÀ
(W ; Cof proj ; Fib proj)

ß"ô"¼�¿TË�¼R¾k¾}À
W
ýüÈkÀ�¾aÉÇß

Fib proj þ À�¾}Á�¿TÀ�Ë|Ë|ÀvÊ�À�¾#ÛvÂRÈkÉ�Ú�Å�¾}ÛvÀD¾ f : F // GÅp½YÊxÃ�Å�¾a¼R½EÁ-Ã�½�À�Ø�Ü:Ã�Å|Î)¼mË|À�½�¿�À(õ�¼RÅpá�ËpÀ�ýüÈkÀ�¾aÉÇßmÃ�½�À�ð�á�È`¼)ÁaÅ|ÂR½ þ f (Y ) : F (Y) // G(Y )
É5ÂRÃ�È�ÁaÂRÃ�Á

X
Ä ÀD¾}ÉY¼R¿TÀ�¼m½Y¼mË|ÐEÁkÅ|Ü:Ã�À�Ë|Å|¾k¾}À

Y
ß

ô"¼�¿TË�¼R¾k¾}À
Cof proj

ÀD¾cÁ�ÊxØ�ð�½�Å|À ÉY¼mÈ�Ë|¼�É�ÈkÂRÉ�ÈkÅ|ØTÁaØ ÊxÀ#ÈaÀ�Ëpî�ÎRÀ�Û�À�½:Á�â�ÙE¼RÃ�¿`Ú�À�ÉY¼mÈ�Èk¼RÉ�É5ÂRÈaÁ�â
W \ Fib proj

ßYà,½�¼�Ë�¼�É�ÈaÂEÉYÂ:¾}ÅpÁaÅ|ÂR½
¾}Ã�ÅpÎ)¼m½:ÁkÀRß
hciS�SjL�
k%��	
���
�l�
�!m � n "�$&" �?>?@6��A�� �_O �(1F�(�?�  �/. �#� Ho (PreSh v(AnSm=X; M )) $ �(o �)$ � B%�T"(^`�&$Z�V"_ )*,�U�: #� �!��� �_� � �U�&G
$&" ��>!@6��A�� � �!A�� "�� @ ��* > ��� � " D *3�L [" A � �(1]1 �C� � � e � � �C�p� � $ � � � �C�2"�� � *3�C� �aDqE � � �rBa�r*M"s\ ��A�1 � Y 
 A "(^`�&$ Y ��� X G��C�- #"%$&�t"��)"(*,+ �!�/. �#�
* � �&�V�c� � A 2 E 7uFv[wtxzy
{V|2}2~U|��qxzy¯ôÇÀ�¾

Y 
 A
¾aÂR½:Á�ÊxÀD¾�ÂEáxïcÀTÁ`¾�¿TÂEÛ�ÉY¼R¿rÁ`¾�ÊxÀ

Ho (PreSh v (AnSm=X; M ))
ß��(À�¿�Å"ÊxØ�¿�ÂRÃ�Ë|À�Å|Û�ÛvØDÊxÅ|¼mÁaÀ�Û�À�½:Á

ÊxÃ�õ�¼RÅtÁ�Ü:Ã�À
A
ÀTÁ�¿TÂEÛvÉ�¼R¿TÁ,ÀTÁ#Ü:Ã�À�Ë|À�¾ ¿TÂEÉ�ÈkÂCÊ�Ã�ÅtÁ`¾�É�ÈaØD¾}À�ÈaÎEÀ�½:Á�ËpÀD¾ É�ÈaØ�õ�¼mÅ�¾a¿�À�¼RÃxÞVÉ�ÈkÂmïcÀD¿rÁkÅpÎEÀ�ÛvÀ�½:Á�ðYá�Èk¼R½:Ák¾�ß�å�¼mÈ#¼mÅ|ËpË|À�Ã�Èk¾�Æ5¾aÂRÅpÁ

f : F // G
Ã�½±ÛvÂRÈkÉ�Ú�Å�¾}ÛvÀ�ÊxÀ#É�ÈkØTõ�¼RÅ|¾k¿TÀD¼mÃxÞ�É�ÈkÂmïcÀD¿rÁkÅpÎEÀ�ÛvÀ�½:Á�ð�á�È`¼m½:Ák¾�¾aÃ�È

AnSm=X
ÁaÀ�Ë+ÜEÃ�À�Ëäã Ú�ÂRÛvÂEÛ�ÂEÈaÉ�Ú�Å|¾aÛvÀ

� 0(Y 
 A; F ) // � 0(Y 
 A; G)

À�¾}Á�á�Å ïcÀ�¿rÁkÅtõ�É5ÂRÃ�È�ÁkÂRÃxÁ
X
Ä ÀD¾}É�¼E¿TÀ ¼m½�¼RËpÐ:ÁaÅ�Ü:Ã�À#ËpÅ�¾k¾}À

Y
ÀTÁ

A 2 E
ß�å�¼mÈ�¼EÊGïcÂR½�¿TÁaÅ|ÂR½ÇÆxÂE½±ÂRáxÁkÅpÀ�½EÁ�Ü:Ã�À�Ë ã Ú�ÂRÛvÂRÛvÂRÈkÉ�Ú�Å�¾aÛ�À

� 0(A; F (Y )) // � 0(A; G(Y ))
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À�¾}Á�á�Å ïcÀ�¿rÁkÅtõcßY÷bË�ÎCÅpÀ�½EÁ�Ü:Ã�À
f
À�¾}Á�Ã�½�À�Ø�Ü:Ã�Å|Î)¼mË|À�½�¿�À õ�¼mÅ|á�ËpÀ.Ê�À É�ÈaØ�õ�¼mÅ�¾a¿�À�¼mÃ�Þ7ß�à,½�¼vÊxÂR½Y¿,ÛvÂE½EÁkÈaØ�Ü:Ã�À#Ë�¼�õ�¼mÛvÅpË|Ë|À#Ê�À�¾�õüÂE½�¿rÁkÀ�Ã�È`¾

homHo (PreSh v (AnSm/X,M )) (Y 
 A; � ) : Ho (PreSh v (AnSm=X; M )) // Ab

À�¾}ÁV¿TÂE½�¾aÀ�ÈkÎG¼mÁaÅ|ÎRÀEß�å�¼RÈ�Ñ ø ù5ú5Ö$#�Æ(å-ÈkÂRÉÇß ó ß ò ß ó�% ×gÆ�Ë|¼�¿�¼)ÁkØ�ÙRÂEÈaÅ|À�ÁaÈkÅ|¼R½�ÙRÃ�ËpØ�À
Ho (PreSh v (AnSm=X; M ))

ÀD¾cÁ�¿TÂRÛvÉ�¼E¿rÁkÀ�ÛvÀ�½:Á
À�½�ÙEÀ�½�Ê�ÈaØ�À ÉY¼mÈ�Ë|À�¾

Y 
 A
ß�»�ã Â'&�Ë|À�ÈkØ�¾aÃ�ËtÁ`¼)ÁDß (�)+*,).-$)0/

è é
� � ç1���
é ��243 5 ô"¼�É�ÈaÀ�Ã�ÎRÀ Ê�ÀVË�¼�É�ÈkÂRÉ5ÂE¾aÅtÁkÅpÂE½ ò ß ó ÛvÂR½:ÁkÈaÀ�É�ËpÃ�¾�É�ÈkØ�¿�Å|¾aØ�ÛvÀ�½:Á�ÀTÁ�ÊÇã Ã�½�À õ�¼EÝTÂR½ É�ËpÃY¾�ÙEØ�½�Ø�Èk¼RË(Ü:Ã�À Ë�¼¿�¼mÁaØ�ÙEÂRÈkÅpÀ�ÁaÈkÅ|¼R½�ÙRÃ�ËpØ�À ¼GÎEÀ�¿ ¾}ÂEÛ�ÛvÀD¾(Å|½xð�½�ÅpÀD¾
Ho (PreSh v(C; M ))

À�¾}Á�¿TÂEÛ�ÉY¼R¿rÁkÀ�ÛvÀ�½:Á�À�½�ÙRÀ�½YÊxÈaØ�À,ÉY¼mÈ�ËpÀD¾�ÂRáxïcÀ�Ák¾�ÊxÀ#Ë�¼�õüÂEÈaÛvÀ
X 
 A

¼GÎRÀD¿
X 2 Ob(C)

À�Á
A 2 E

ÀTÁ(¿�À�¿TÅ5É5ÂRÃ�È[ÁaÂRÃ�ÁaÀ�É5ÀTÁkÅtÁkÀ,¿�¼mÁaØ�ÙRÂRÈkÅ|À
C
ß��(À�õ�¼RÅtÁ[½�ÂRÃ�¾(¾}À�Èk¼#ÃxÁkÅpË|À,Ê�¼m½�¾[Ë|¼.¾aÃ�ÅpÁaÀ�ý�½�ÂmÁ`¼mÛvÛvÀ�½:Á

Ê�¼m½Y¾�Ë|¼vÉ�ÈkÀ�Ã�ÎRÀ#ÊxÀ�Ë|¼�É�ÈkÂRÉ5ÂE¾aÅpÁaÅ|ÂR½ ò ß û þ ßå�¼mÈ�Ñ ø ùYú7Ö5êÇÆ7»�À�õcß�û�ß û�ß öRö × ÆYÂR½�É5À�ÃxÁ#Ë|ÂC¿�¼mË|Å|¾aÀ�È,Ë|¼V¾cÁkÈaÃY¿rÁaÃ�ÈaÀ�ÊxÀ�ÛvÂxÊxî�ËpÀD¾,¿�ÅtÄbÊxÀ�¾k¾aÃ�¾�É5ÂRÃ�È,ÂEáxÁaÀ�½�ÅpÈ Ë�¼ ¾}ÁaÈkÃ�¿rÁkÃ�ÈaÀ�É�ÈkÂmïcÀ�¿TÁaÅ|ÎRÀ
usu
Ä Ë|Âx¿�¼RËpÀ

(W usu ; Cof proj ; Fib proj−usu )
ß$6�¼RÉ�ÉYÀ�ËpÂE½�¾�Å�¿TÅ+Ë|¼ ÊxØTð�½�ÅtÁkÅpÂE½�ÊxÀ.Ë�¼�¿TË�¼R¾k¾aÀ

W usu
ÊxÂE½EÁ,ËpÀD¾�Ø�Ë|Ø�ÛvÀ�½EÁ`¾�¾aÂR½:Á,¼RÉ�ÉYÀ�ËpØD¾

ËpÀD¾vØ�Ü:Ã�Å|Î)¼mË|À�½�¿�À�¾
usu
Ä Ë|Âx¿�¼mË|À�¾�ß87CÂRÅpÁ

A 2 E
À�Á

F 2 PreSh v(AnSm=X; M )
ß[à,½ ½�ÂRÁaÀ

� 0(A; F )
ËpÀ±É�ÈkØTõ�¼RÅ|¾k¿TÀD¼mÃ Ü:Ã�Å�â�Ã�½

X
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Dn
U 
 A

¾aÂR½:Á�Å�¾}ÂRÄ
ÛvÂRÈkÉ�Ú�À�¾�â

U 
 A
Ê�¼m½�¾

Ho D1−usu (PreSh v (AnSm=X; M ))
ß ( ).* )0-$)0/

6�¼mÉ�ÉYÀ�ËpÂE½�¾VÜ:ÃÇã ÂR½ ¼GÎ)¼mÅpÁV½�ÂRÁaØ
Ouv(X )

Ëäã À�½�¾aÀ�Û�á�Ë|À�ÊxÀD¾VÂEÃ�ÎRÀ�È}Á`¾ ÊxÀ
X
ÂRÈ`ÊxÂE½�½�Ø�ÉY¼mÈ�Ëäã Åp½Y¿TË|Ã�¾}Å|ÂR½"ß�à,½ ¼mÉ�É5À�Ë|ËpÀ�Èk¼

�X :
Ouv(X ) � AnSm=X

Ë|À#õüÂR½�¿TÁaÀ�Ã�È�Ê�ã Åp½�¿�ËpÃY¾}Å|ÂR½±Ø�ÎCÅ�ÊxÀ�½:ÁkÀ#Ü:Ã�ÅÇõüÂRÃ�Èk½�ÅpÁ�Ã�½±¿�ÂRÃ�É�ËpÀ.ÊxÀ õüÂE½�¿rÁkÀ�Ã�È`¾�¼RÊGïcÂEÅp½:Á`¾

(�∗X ; �X∗) : PreSh v(Ouv(X ); M ) // PreSh v(AnSm=X; M ) :

à,½�ÎRØ�ÈaÅpð�À�ÅpÛvÛvØ�ÊxÅ�¼)ÁkÀ�ÛvÀ�½:Á�Ü:Ã�À
�X
À�¾}Á,Ã�½�ÛvÂRÈkÉ�Ú�Å�¾}ÛvÀ�Ê�À�¾aÅtÁkÀ�¾,ÉYÂEÃ�È,Ë|À�¾�ÁaÂEÉYÂEËpÂEÙRÅ|À�¾�Ã�¾}Ã�À�Ë|ËpÀD¾�ß5÷bË�Î:Å|À�½:Á#ÜEÃ�À�Ë|À�õüÂE½�¿rÁkÀ�Ã�È

�∗XÉ�ÈkØ�¾aÀ�ÈkÎRÀ ËpÀD¾�Ø�Ü:Ã�Å|ÎG¼RËpÀ�½�¿TÀD¾
usu
Ä Ë|Âx¿�¼RËpÀD¾�ßx÷bËÇ¾aÀ.ÊxØ�ÈkÅ|ÎRÀ#¼mË|ÂRÈ`¾[ÁkÈaÅ|ÎCÅ|¼RËpÀ�ÛvÀ�½:Á�ÉYÂEÃ�È�ÊxÂR½�½�À�È�Ã�½�õüÂE½�¿rÁkÀ�Ã�È

ýüû þ �∗X : D M (X ) = Ho usu (PreSh v (Ouv(X ); M )) // Ho D1−usu (PreSh v(AnSm=X; M )) :

ôÇÀ�ÈaØD¾}Ã�ËtÁ`¼)Á�¿�ÅtÄbÊxÀD¾a¾aÂRÃ�¾�À�¾}Á�Ë|À�ÉYÂEÅp½:Á�¿TË|ÀTõ,ÊxÀ�¿TÀ�Á}ÁaÀ�¾aÂRÃ�¾}Äb¾}ÀD¿rÁaÅ|ÂR½"ß"÷bË�¾�ã ¼mÙEÅtÁ�Ê�ã Ã�½�À±ÎG¼RÈaÅ�¼m½:ÁkÀ ¼m½�¼RËpÐ:ÁkÅ|Ü:Ã�ÀVÀTÁvÈaÀ�Ë|¼mÁaÅ|ÎRÀ�ý�Åäß ÀRß|Æ-¼mÃ
ÊxÀ�¾k¾aÃ�¾�Ê�ã Ã�½�À�á�¼E¾}À þ Ê�À�Ñ èD��ú7Ö #5Æ�K�Ú�Ø�ÂEÈ�ß M�ß òGó ×Ç¼GÎRÀD¿

� opEns
ÈkÀ�ÛvÉ�Ë�¼R¿�Ø�À É�¼mÈ

M
ß
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��� � �Si ���'� �
��� � n P "%B EV� �)$ �-�/� � (�∗X ; �X∗) �C� � ���)� >&. � � ^�"�*M�C�2$5�tB%��� � � *�*M�C�N* �(A � . �SP � � 1 ��� � � PreSh v(Ouv(X ); M ) Ba�
�V"N� �!A �#$ � � A �  AY��E �&$ �-� ^��]* � $&"(*3�F� � PreSh v (AnSm=X; M ) B%�d�V"F� �!A �#$ � � A �  AY��E �&$ �-� ^�� (D1; usu) G�* � $&"�*3�87
	 �WB P "(� �-A �C� � � A�1 ���&Kýüû þJ�C� � ���)� >&. � � ^�"�*3�V�)$&�cB%�c$&" ��>!@6��A�� �C�V7uFv[wtxzy
{V|2}2~U|��qxzy ô"À õüÂE½�¿rÁkÀ�Ã�È

�∗X
¿TÂEÛvÛ�ÃxÁkÀ�¼RÃxÞ ¾}ÂEÛvÛ�ÀD¾�Å|½xð�½�ÅpÀD¾�ß�å�¼mÈ�Ë�¼�É�ÈkÂRÉ5ÂE¾aÅpÁaÅ|ÂR½ ò ß MxÆ
Å|Ë�¾aÃxívÁvÊxÂE½�¿�ÊxÀ±Û�ÂE½:ÁaÈkÀ�È

Ü:Ã�À�ýüû þ À�¾}Á�É�Ë|À�Å|½�À�ÛvÀ�½:Á�ðYÊxî�ËpÀEß�à,½VÛvÂR½:ÁkÈaÀ�Èk¼.Ü:Ã�À#Ë|À,ÛvÂEÈaÉ�Ú�Å|¾aÛvÀ Ê�ã Ã�½�ÅpÁaØ id // R�X∗ � �∗X
ÀD¾cÁ�Å|½CÎRÀ�È`¾aÅpá�Ë|ÀRß:å�ÂRÃ�È�¿�À�Ë�¼�ÆCÂR½

Åp½:ÁkÈaÂxÊxÃ�ÅpÁ[Ë|À�õüÂR½�¿TÁaÀ�Ã�È
oX : AnSm=X // Ouv(X )

Ü:Ã�ÅYâ#Ã�½
X
Ä ÀD¾}É�¼E¿TÀ�¼m½�¼RËpÐ:ÁkÅ|Ü:Ã�À�Ë|Å|¾k¾aÀ

Y
¼R¾k¾}Âx¿TÅ|À�Ëäã ÂRÃ�ÎRÀ�ÈaÁ

oX(Y )
ÅpÛ�¼mÙEÀ

ÊxÃ±ÛvÂRÈkÉ�Ú�Å�¾}ÛvÀ�¾cÁkÈaÃY¿rÁaÃ�Èk¼RË
Y // X

ßx÷bËÇÀ�¾}Á�õ�¼R¿�ÅpË|À�ÊxÀ�ÎRÂEÅpÈ�Ü:Ã�À
oX
À�¾}Á�Ã�½±¼EÊGïcÂRÅ|½:Á�âvÙE¼mÃY¿`Ú�À Ê�À

�X
ß

ôÇÀ õüÂR½Y¿rÁaÀ�Ã�È
oX
Åp½�Ê�Ã�ÅtÁ�Ã�½±¿�ÂRÃ�É�ËpÀ�ÊxÀ#õüÂE½�¿rÁkÀ�Ã�È`¾�¼RÊGïcÂEÅp½:Á`¾�¾}Ã�È�Ë|À�¾�¿�¼)ÁkØ�ÙEÂRÈkÅpÀD¾(ÊxÀ�É�ÈaØ�õ�¼mÅ�¾a¿�À�¼mÃ�Þ

(o∗

X ; oX∗) : PreSh v (AnSm=X; M ) // PreSh v(Ouv(X ); M ) :

ô-ã ¼R¾k¾}Âx¿�Å|¼mÁaÅ|ÂR½
y  y∗

Ü:Ã�Å�âLÃ�½ õüÂR½Y¿rÁaÀ�Ã�È
y
¼R¾k¾}Âx¿�ÅpÀ�ËpÀ�õüÂE½�¿rÁkÀ�Ã�È GGÉ�ÈaØ�õ�¼mÅ�¾a¿�À�¼mÃ ÅpÛ�¼RÙRÀ±ÊxÅpÈkÀ�¿TÁaÀ1H·¾aÃ�ÅpÎ)¼R½EÁ

y
À�¾}Á�¿TÂ)Î)¼mÈkÅ|¼R½:ÁaÀ

ÀTÁ�ÛvÂE½�Â��gÊ�¼mË|À±ýüÉ5ÂRÃ�È.Ë�¼±¿TÂEÛ�É5ÂE¾aÅpÁaÅ|ÂR½�ÊxÀ�¾ õüÂE½�¿rÁkÀ�Ã�È`¾ þ ß"ô[ã ¼EÊGïcÂR½�¿TÁaÅ|ÂR½ (oX ; �X )
Å|½�ÊxÃ�ÅpÁ�¼RËpÂEÈk¾ Ã�½�ÀV¼RÊGïcÂE½�¿rÁkÅpÂE½

(oX∗; �X∗)
ß

-½

É�¼R¾k¾k¼m½:Á�¼mÃxÞV¼EÊGïcÂRÅ|½:Ák¾�â�ÙE¼RÃ�¿`Ú�ÀEÆ:ÂE½�ÊxØ�ÊxÃ�ÅtÁ�Ã�½�ÊxÀ�ÃxÞxÅpî�ÛvÀ#¿�ÂRÃ�É�ËpÀ.ÊxÀ õüÂE½�¿rÁkÀ�Ã�È`¾�¼RÊGïcÂEÅp½:Á`¾
(o∗

X ; �∗X )
ß

6�À�ÎEÀ�½�ÂE½�¾�Û�¼mÅ|½:ÁaÀ�½Y¼m½:Á�âvË|¼vÉ�ÈaÀ�Ã�ÎRÀ.ÊxÃ�ÁkÚ�Ø�ÂEÈaî�Û�ÀEß�ô"¼�Ê�Å|¾k¿TÃ�¾k¾aÅpÂE½VÉ�ÈkØ�¿�Ø�ÊxÀ�½:ÁaÀ�ÛvÂR½:ÁaÈkÀ.Ü:Ã�À�Ë|À�¾�õüÂE½�¿rÁkÀ�Ã�È`¾
�∗X
À�Á

oX∗

¾aÂR½:Á
¿�¼R½�ÂR½�Å�Ü:Ã�À�ÛvÀ�½EÁVÅ|¾aÂRÛvÂRÈkÉ�Ú�ÀD¾�ß�
-½ É�¼RÈ}ÁkÅ|¿�Ã�ËpÅ|À�ÈDÆ

oX �
É�ÈkØ�¾aÀ�ÈkÎRÀ�Ë|À�¾ Ø�Ü:Ã�Å|Î)¼mË|À�½�¿�À�¾

usu
ÄgË|ÂC¿�¼mË|À�¾�À�Á�¾aÀ�ÊxØ�ÈaÅ|ÎRÀ±ÁkÈaÅ|ÎCÅ|¼RËpÀ�Û�À�½:Á�ß�ôÇÀ

ÛvÂRÈkÉ�Ú�Å�¾}ÛvÀ�Ê�ã Ã�½�ÅpÁaØ
id // R�X∗ � �∗X

¾�ã Å�ÊxÀ�½:ÁaÅpð�À ¼RËpÂEÈk¾#â±Ë�¼�ÁaÈ`¼m½�¾}õüÂRÈkÛ�¼)ÁkÅpÂE½�½�¼mÁaÃ�ÈkÀ�Ë|ËpÀ
id∗

// R�X∗ � oX∗

ÊxØ�Ê�Ã�ÅtÁkÀ
É�¼mÈ[½�¼)ÁkÃ�Èk¼RËpÅ|Ø�ÊxÀ�Ë�¼�¿TÂEÃ�½�ÅpÁaØ�ÊxÀ�Ë ã ¼EÊGïcÂR½Y¿rÁaÅ|ÂR½

(oX ; �X )
ßCà,ÈDÆR¿TÀ�Á}ÁkÀ�¿TÂRÃ�½�ÅtÁkØ

oX � �X // id
ÀD¾cÁ(¿�Ë|¼RÅpÈkÀ�ÛvÀ�½EÁ�Å|½CÎRÀ�È`¾aÅpá�Ë|ÀRßm»�ã Â &

ËpÀ�ÈkØ�¾aÃ�ËpÁk¼mÁ�ÈkÀ�¿`Ú�À�È`¿`Ú�ØRß ( ).* )0-$)0/
èVé�� � ç����+é � 2 # 5 ôÇÂRÈ`¾kÜEÃ�À

X = pt
ÀD¾cÁ(Ëäã À�¾aÉ�¼R¿�À�¼m½�¼RËpÐ:ÁkÅ|Ü:Ã�À�ÈkØ�ÊxÃ�ÅpÁ(â#Ã�½�É5ÂRÅ|½:Á�ÆEËpÀ�ÁkÚ�Ø�ÂEÈaî�Û�À ò ß f õüÂRÃ�Èk½�ÅpÁ-Ã�½�À�ØDÜEÃ�ÅpÎ)¼mË|À�½Y¿TÀÊxÀ.¿�¼mÁaØ�ÙRÂRÈkÅ|À�¾

ý!M þ Ho D1−usu (PreSh v (AnSm=pt;M )) ' Ho (M ):

7CÅ
Y
À�¾}Á[Ã�½�À�Î)¼mÈkÅpØ�ÁaØ�¼R½�¼mË|Ð:ÁaÅ�Ü:Ã�À�¿TÂEÛvÉ�ËpÀ�ÞxÀ�ÀTÁ

R� // Y
À�¾}Á(Ã�½�ÚCÐ:É5À�ÈaÄgÈaÀD¿TÂRÃ�Î:ÈkÀ�ÛvÀ�½EÁ-ÊxÀ

Y
É�¼RÈ(ÊxÀD¾[ÂEÃ�ÎRÀ�È}Á`¾�Å|¾aÂRÛvÂEÈaÉ�Ú�À�¾

â�Ê�À�¾�ÉYÂEËpÐxÊxÅ�¾aÜ:Ã�ÀD¾�Ã�½�ÅpÁaØ�¾
Dd Æ�Ëäã ÂRáxïcÀ�Á Y 
 A

Æ-¿�ÂRÈkÈaÀD¾}É5ÂR½YÊIÎ:Å�¼�Ë ã Ø�Ü:Ã�Å|ÎG¼RËpÀ�½�¿TÀIý M þ Æ�â�Ë|¼L¿TÂEËpÅ|ÛvÅtÁkÀ Ú�ÂEÛ�ÂRÁaÂEÉ�Å|Ü:Ã�À�ÊxÀ�Ëäã ÂRáxïcÀ�Á¾}Å|ÛvÉ�Ë|Å|¿�Å|¼RË
� 0(R� ) 
 A

¼GÎEÀ�¿
� 0(Rn)

Ë ã À�½�¾aÀ�Û�á�ËpÀ�ÊxÀD¾.¿TÂEÛ�É5ÂE¾k¼m½:ÁkÀ�¾#¿TÂE½�½�ÀTÞxÀD¾�ÊxÀ
Rn
ßL�(À�¿TÅ(ÊxØ�¿�ÂRÃ�Ë|ÀvÅpÛvÛvØ�ÊxÅ�¼)ÁkÀ�ÛvÀ�½:Á�ÊxÀ�Ë�¼

É�ÈkÀ�Ã�ÎEÀ#Ê�À�Ë|¼�É�ÈkÂRÉ5ÂE¾aÅtÁkÅpÂE½ ò ß û�ß
ô"¼ ÊxÀ�Èk½�Å|î�ÈkÀ(Ø�Ák¼RÉYÀ�ÊxÀ�Ë|¼#¿�ÂR½�¾}ÁaÈkÃ�¿rÁkÅpÂE½�¿TÂE½�¿TÀ�Èa½�À(Ë�¼,¾}Ák¼Rá�Å|ËpÅ�¾a¼mÁaÅ|ÂR½ÇßRà,½�ÃxÁaÅ|Ë|Å|¾aÀ�È`¼�É5ÂRÃ�È�¿�À�Ë�¼�Ë|À�ËpÀ�ÛvÛ�À�¿�ÅtÄbÊxÀ�¾k¾aÂRÃ�¾
Ü:Ã�Å�ÊxØ�¿�ÂRÃ�Ë|À

ÊxÀ�Ë�¼�ÈkÀ�Û�¼RÈkÜ:Ã�À ò ß % ß
�������0� �
��� � �2�(���

A 2 M 7��C*z�54 � � � �d��� � � �(1F�(A  [O � � 1 �
Cof(Gman

X 
 A ! A1,an
X 
 A) ' (idX ) 
 A[+2]

B%"(�[�Q*3"0$5" �?>?@6��A�� � �!A�� "�� @ ��* > � Ho D1−usu (PreSh v (AnSm=X; M )) 7
� ÉY¼mÈaÁaÅ|È�ÊxÀ Û�¼mÅ|½:ÁaÀ�½Y¼m½:Á�ÆCÂR½V¾}Ã�É�ÉYÂ:¾}À�Èk¼�ÜEÃ�À

M
À�¾}Á�Ã�½�À ¿�¼)ÁkØ�ÙRÂEÈaÅ|À�ÊxÀ ÛvÂxÊxî�Ë|À�¾�ÛvÂR½�Â�� Ê�¼mË|À�ÀTÁ�¾}ÐCÛvØTÁkÈaÅ�Ü:Ã�À�ý�ÎRÂEÅpÈ Ñ ø,ù5ú5Ö5ê"Æ

»�Ø�õcß�û�ß ò ßNM % × þ ßxà,½�¾}Ã�É�ÉYÂ:¾}À�Èk¼�Ø�Ù:¼mË|À�ÛvÀ�½:Á�Ü:Ã�À E
¿TÂR½:ÁkÅpÀ�½EÁ�Ã�½�ÂRáxïcÀ�Á�Ã�½�ÅtÁkØ���ÊxÀ

M
ßYà,½V½�ÂmÁkÀ�È`¼

TX
Ã�½�ÈaÀ�Û�É�Ë|¼E¿TÀ�ÛvÀ�½EÁ�É�ÈkÂmïcÀD¿rÄ

ÁaÅ|ÎRÀ�Û�À�½:Á�¿TÂmðYá�Èk¼R½:Á�ÊxÃ±É�ÈkØTõ�¼RÅ|¾k¿TÀD¼mÃ
A1,an

X 

�

Gman
X 


� :

à,½±½�ÂmÁkÀ�È`¼
Spect �

TX
(PreSh v (AnSm=X; M ))

Ë�¼�¿�¼mÁaØ�ÙRÂRÈkÅ|À ÊxÀD¾
TX
Äb¾}É5À�¿TÁaÈkÀ�¾�¾aÐCÛ�Ø�ÁaÈkÅ|Ü:Ã�ÀD¾�ÊxÀ#É�ÈkØTõ�¼mÅ�¾k¿TÀ�¼RÃxÞV¾aÃ�È

AnSm=X
â

Î)¼mË|À�Ã�È`¾-Ê�¼R½�¾
M
ßCà,½vÉYÀ�ÃxÁ(Û�Ã�½�Å|È(¿�ÀTÁ}ÁkÀ�¿�¼mÁaØ�ÙRÂRÈkÅ|À�Ê�À�Ë|¼�¾}ÁaÈkÃ�¿TÁaÃ�ÈkÀ�É�ÈkÂmïcÀD¿rÁaÅ|ÎRÀ�ÊxØDÊxÃ�ÅpÁaÀ,Ê�À�Ëäã Ã�½�À,ÊxÀ�¾-¾}ÁaÈkÃ�¿TÁaÃ�ÈkÀ�É�ÈkÂmïcÀD¿rÁaÅ|ÎRÀD¾�¾}Ã�È

PreSh v (AnSm=X; M )
¿TÂR½Y¾}Å�ÊxØ�ÈkØ�ÀD¾�É�ËpÃY¾�Ú�¼mÃxÁDß�ôÇÀD¾�¾cÁkÈaÃY¿rÁaÃ�ÈaÀD¾�ÊxÀ�ÛvÂCÊ�î�Ë|À�¾�¼mÅ|½�¾aÅ�ÂRáxÁkÀ�½CÃ�ÀD¾�¾aÀ�ÈkÂR½:Á�½�ÂmÁkØ�ÀD¾�ÈaÀD¾}É5À�¿TÁaÅ|ÎRÀ�Û�À�½:Á

(W st; Cof proj ; Fib proj−st) ; (W usu−st; Cof proj ; Fib usu−proj−st)
ÀTÁ

(W D1−usu−st; Cof proj ; Fib D1−usu−proj−st):

ôÇÀ�Ã�Èk¾ ¿�¼mÁaØ�ÙRÂRÈkÅ|À�¾�Ú�ÂEÛvÂmÁaÂEÉ�Å�ÜEÃ�À�¾�¾aÀ�ÈkÂR½:Á,Ê�Ø�¾aÅpÙE½�Ø�ÀD¾�ÈkÀ�¾aÉYÀD¿rÁkÅpÎEÀ�ÛvÀ�½:Á�É�¼RÈ,Ã�½
Ho st
Æ

Ho usu−st
À�Á

Ho D1−usu−st

É�Ë|¼E¿TØ�Ê�À�Î)¼m½:Á
Spect �

TX
(PreSh v (AnSm=X; M ))

ßYà,½�É5ÂE¾aÀ#Ø�Ù:¼mË|À�ÛvÀ�½:Á

SH an
M (X ) = Ho D1−usu−st(Spect �

TX
(PreSh v (AnSm=X; M ))) :

à,½�ÊxÅ|¾aÉ5ÂE¾aÀ#ÊÇã Ã�½�õüÂE½�¿rÁkÀ�Ã�È�ÊxÀ.¾aÃ�¾aÉYÀ�½�¾aÅpÂE½VÅ|½xð�½�Å|À
ý f þ Sus0TX ,� : PreSh v(AnSm=X; M ) // Spect �

T (PreSh v (AnSm=X; M ))
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HoD1 � usu(PreShv(AnSm=X; M)) J�r 3oO�7�O�.%/jHbO�@[s tVu �+vGw n f 6IAS4 J#x�J y%J y�z|{ -�.�@]}�~��"@�=BHk.�3�@N7
-S.%/Ca&;#D>@�3�?:@O�@�PE.�/>D>DC@�3�DCAS68=8-�. L AS3�WR.�3�/CH2DZ;�=BAS.�68?�@XO�@X=8;�=MH86I.%?:HI.�68@o4�68A#`M@
?_HI/>a<@ (D1; usu) F D>A�?�;<DC@o@�H2DC@�c�.�HRO�@5=I;�=BHI68.%?_H8.�68@o4�6IA<`M@�?:HI/>a<@=MHU;#c�D>@2O�7
O�.�/CHI@2O�@]D>;o=BHI68.%?:HI.�68@[4�68A#`M@�?:HI/>a<@ (D1; usu) F D>A�?�;#D>@ J+r 3�A<c�H8/C@�3SHd;</C3�=B/"O�@�=N7
-�.�/Ca&;<DC@�3%?:@
=^O�@2?�;&HI7�Q<AS6I/>@�=\}�H86I/Z;#3%Q<.�D>7�@
=W�A<3�ASp�O�;<DC@
=�@:Hd=Iq�W�7�HI68/>-�.�@
=8�

}��<�
DM(X ) = Housu (PreShv(Ouv(X ); M))

�

��
HoD1� usu (PreShv(AnSm=X; M))

�

��
HoD1 � usu� st (Spect�

TX
(PreShv(AnSm=X; M))) = SHan

M
(X ):

� ���N�]�:�����\�����]�����������1���������&�]�5�k���[���:�]���U�����N�:�^� �N�R���2�_�"�
f A<.�6lDZ;[?:AS3%=BHI68.%?_H8/CAS3�O�@�=k?�;&H87�Q<AS6I/>@�="T�ASW�A#HIAS4�/Z-S.%@�=l=BH8;<c�DC@
=lO�@
= S F =I?UT%7�Wo;<=�D>@NDC@
?_H8@�.�6b@�=BHk6I@�3�a<A&q<7Y0�s tEu �GvGw n�¡�@
?_H JSx%J¢z|{ Jr 3*.�H8/CD>/>=I@�6U;£D>/Cc�68@�W�@�3SH�DC@
=]3�A<H8;#HI/>A<3%=RO�@¥¤C¦
§
¨d§�©�ª ¨ J�« AS.�HI@�9'A</Z=�n�/CDY= L ;<Q</>68;�O�@�3�A#HU;&HI/>A<3�=2;<=8=I@�¬X=BH8;#3�O�;#6UO�=2O�A<3�H2D>@5=I@�3%=R=B@�68;9�;<?�/CD>@�W�@�3�HdO�@�a�/C3�7\4%;<6NDC@
=ND>@�?_H8@�.�6U=�9�;#W�/>DC/>@�6U=N;|a<@
?dDZ;RHIT�7�A<68/C@[O�@
=YW�A#HI/C9�=^0�DZ;�­(A<68@�D®@:H^¯gA�@�a<A�O�=I°�q J¡�A</CH k .�3(?�A<684%=^O�@2?�;#6U;<?:HI7�68/Z=MH8/>-�.�@\3�.�D>DC@[WR.�3�/�O L .�3¥4�DCAS3�Q<@�W�@�3�Hd?:ASW�4%DC@:±�@ � : k ⊂ C J%² HU;#3�HEO�AS3�3�7].%3 k F =8?UT�7�W�; X nA<353�A#H8@�6U; X an D L @�3�=B@�W2c�D>@ X (C) n�O�@�=b4GA</>3SHU=bO�@ X 02a&;#D>@�.�6U=bO%;#3%=

C
nSWR.�3�/®O�@\=I;2=MH86I.%?:HI.�68@d3�;&HI.%6I@�DCD>@EO L @�=I4%;S?:@E;<3%;#D>q�HI/Z-�.�@?:ASW�4%DC@�±�@ J�r 3�O�/>=I4GAS=I@\O L .�3�9'AS3%?_H8@�.�6^O L ;#3�;#D>qSH8/j³G?�;&H8/CAS3

AnX : Sm=X //AnSm=X an

-�.�/®0 X F =8?UT�7�Wo;\D>/>=8=B@ Y ;S=I=IA�?:/>@dD>@ X F @
=B4%;S?:@d;<3%;#D>q�HI/Z-�.�@dD>/>=8=I@ Y an J%K @d9'AS3%?_H8@�.�6Y@
=MHY?:A<3�H8/C3�.�D>A<6U=8-S. L AS3oW2.�3�/CH Sm=X O�@V=8;HIAS4�ASDCASQ</>@YO�@d´^/Z=B3%@�a�/>?UT�@�H AnSm=X an O�@d=8;dH8A<4GA<D>A<QS/C@Y.%=I.�@�D>D>@ J�r 3oO�/Z=I4�A�=B@N7�QS;#D>@�W�@�3SHlO�@ P F =BHI68.%?_H8.�68@�=�3%;#HI.�68@�D>DC@
=N}�;<.X=B@�3%=O�@os tEu �GvGw n%µd7�9 J%x�J x�J z � { �k=I.�6 Sm=X @�H AnSm=X an @:H^D>@E9'AS3%?_H8@�.�6 AnX
@
=MHd?�A<W�4%;#HI/>c�DC@[0�?:@
= P F =MH86I.%?:HI.�68@�= J f ;#6[s tEu �GvGw nHIT�7�A<6 J�x%J x%J ~<¶ { n�D L ;SO|`MA<3%?:HI/>A<3

} i � (An�
X ; AnX � ) : PreShv(Sm=X; M) //PreShv(AnSm=X an ; M)

@�=BHRO�@�PE.%/CD>DC@�3�6I@�D>;#HI/>a<@�W�@�3�H2;#.�±·=MH86I.%?:HI.�68@�=]4�6IA<`M@�?:HI/>a<@�= Nis F DCA�?�;<DC@
=\@:H usu F D>A�?�;#D>@�= J1² HU;#3�HRO�AS3�3�7�-�.�@
An

�
X (A1

Y ⊗ A) =

(A1;an
Y an ) ⊗ A 4�AS.�6YHIAS.�H X F =I?UT%7�Wo;2D>/Z=I=I@ Y @:H A ∈ E

n%D L ;<O|`MAS3%?_H8/CAS3�} i �Y@�=BHdO�@RPE.�/>D>DC@�3�68@�DZ;&H8/CaS@�W�@�3�Hd;<.�±5=BHI68.%?_H8.�6I@
=N4�68A#`M@
? FHI/>a<@
= (A1; Nis) F DCA�?�;#D>@]@:H (D1; usu) F DCA�?�;#D>@ J+r 3(O�7�O�.�/CH\7�QS;<DC@�W�@�3�H^.�3�@�;<O|`MAS3%?_H8/CAS3(O�@�PE.�/>D>DC@�3(6I@�D>;#HI/>a<@�W�@�3�Hd;#.�±�=MH86I.�?_HI.%6I@
=4�68A#`M@�?:HI/>a<@
= (A1; Nis) F D>A�?�;#D>@\@:H (D1; usu) F D>A�?�;<DC@[=BH8;#c%DC@
=
(An�

X ; AnX � ) : Spect�
TX

(PreShv(Sm=X; M)) //Spect�
T an

X
(PreShv(AnSm=X an ; M))

A<¸ T an
X = An� (TX ) J%¹ D�@
=MHV?:DZ;#/>6d-�.�@ T an

X
?:A<3�a�/>@�3�Hd;#.�W�A�O�m�D>@]4�68A#`M@
?_H8/CaS@�W�@�3�Hd?:A<³%c�6U;#3�Hd?UT�AS/>=I/�0�DZ;�³%3(O�@]DZ;X=IA<.%= F =B@
?_HI/>A<34�687�?:7
O�@�3�H8@ J�r 3£4�@�.�HdO�AS3%?E9�;#/>6I@\DZ;oO�7:³%3%/jH8/CAS3�=I.�/>a|;<3�HI@ Jº�»®¼%½M¾^½M¿�½BÀk¾ÂÁ"ÃÅÄÇÆ È�ÉbÊ ¦&Ë+§:ª É�Ì�Í[ÎSÉRÍIÏUÐ ¤Ñ©ZÒ Ð ª�©�¦&Ë Î<É\ÓEÉ ª�ª
© Ð#Ì¥Î<É ÒUÒ Ì Ò Î1Ô Ì Ë k Õ Ò�§8Ö Ï:×oÐ

X
É Ò_ªb¤ Ð §U¦ ×dØ ¦&Ò ÏUÉ

SHM(X ) = HoA1� Nis � st (Spect�
TX

(PreShv(Sm=X; M)))

LAn∗

��
HoD1 � usu� st (Spect�

T an
X

(PreShv(Sm=X an ; M)))
OO
�

��
Housu (PreShv(Ouv(X an); M)) = DM(X an):

Ù Ë(¤ É ËG¦&ª É�ÍIÐ BettiX
¨

Ú ;#4%4�@�DCAS3%=R-�.�@5DC@�c�.�HoO�@£?:@�H�;<6BH8/>?�DC@5@�=BH�O L 7:H8.%O�/>@�6�D>;�?:ASW�4�;&HI/>c�/>DC/CHI7£O�@
=]9'AS3%?_H8@�.�6U=RO�@5687�;<DC/Z=I;#HI/>A<3*O�@�Û�@:HBH8/N;|a<@�?�DC@
=A<4G7�6U;&H8/CAS3%=bO�@VÜV68A#HIT%@�3%O�/>@�?U° J f ;#6Y?:A<3�=MH86I.%?:HI/>A<31n�DZ;[9'A<3�?_HI@�.�6 BettiX
@�=BHbW�AS3�A<p O�;#D J µE;<3%=kD>@V6I@
=MH8@EO�@\?:@�HBHI@\=IA<.%= F =I@�?:HI/>A<31nSA<3W�A<3�HI68@�6U;R-�.�@ BettiX

?:ASW�WR.�HI@];|aS@�?EDC@
=YA<4G7�6U;&H8/CAS3%= f � }'4GA<.�6 f Q<7�3�7�6U;#D��k@:H f #
}�4�AS.�6 f DC/Z=I=I@
� J
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r 3 6I@�3�a<A</>@£DC@�DC@
?_H8@�.�6�0 s tVu �+vGw nN¡�@�?:H Jbx%J¢z|{ 4GA<.%6�DZ;�?:A<3�=MH86I.%?:HI/>A<3 O�@
=XAS4�7�68;#HI/>A<3%= f � n f �
@:H f #

O%;#3%=�DC@¥?�A<3�HI@�±�HI@;#D>Q<7�c�6I/Z-�.�@V@:H^A<3�H868;</jH8@V/Z?:/®D>@]?�;S=N;#3%;<DCq�H8/>-�.�@ J
² H8;<3�HoO�A<3�3�7£.�3 W�A<684�T�/Z=IW�@ f : X 0 //X O L @�=I4%;S?:@�=�;<3%;#D>q�HI/Z-S.%@�=�?:ASW�4%DC@�±�@
=�ngAS3 O�/Z=I4�A�=B@�O L .�3�@(;SO|`MA<3%?:HI/>A<3�O�@PE.�/>DCD>@�3

(f � ; f � ) : Spect�
TX

(PreShv(AnSm=X; M)) //Spect�
TX ′

(PreShv(AnSm=X 0; M))

}'AS¸oD L A<3�4�68@�3%O TX ′ = f � (TX ) ��68@�DZ;&H8/CaS@�W�@�3�Hl;#.�±�=MH86I.�?_HI.%6I@
=g4�68A#`M@�?:HI/>a<@
=g=MHU;#c�D>@�=gO�7
O�.�/CHI@
=kO�@
=l=MH86I.�?_HI.%6I@
= (D1; usu) F DCA�?�;#D>@�= Jr 3£A<c�H8/C@�3SH^;</C3%=I/1O�@
=NA<4G7�6U;&H8/CAS3%= (f � ; f � )
=B.%6

SHan
M(−) J

�N»����5» Á"Ã�Á Æ È�É Ò�¦ Ø�Ï�ÍIÐ ª
©�¦#Ë�ÒX§:¤ Ð ÒUÒU©�� Ì%É Ò f � É ª f �
Ò Ì�Í ¤ É Òo§ Ð ª Ï�� ¦ Í © É Ò

DM(−) §U¦ Í_Í8É Ò Ø ¦&Ë ÎSÉ Ë�ª Ð&Ì
	 ¦ Ø%Ï:ÍIÐ ª
©�¦#Ë�Ò f � É ª
f �

Ò Ì�Í ¤ É Ò2§ Ð ª Ï�� ¦ Í © É Ò
SHan

M(−) � © Ð ¤ É Ò Ï � Ì © � Ð ¤ É ËG§ É Ò Î<É § Ð ª Ï�� ¦ Í © É Ò5} �#�
¨

������������������������ r 3 O�/>=I4GAS=I@�O L .�3 O�/>;<Q<6U;#W�W�@¥?:ASW�WR.�H8;#HI/C9�}�0 .�3 2 F /Z=BASW�A<684�T�/Z=BW�@�=�4�68m�=U�XO�@�?:A<.%4�DC@
=5O�@¥9'A<3�?_HI@�.�6U=;<O|`MAS/C3�HU=

PreShv(Ouv(X ); M)
( f ∗;f ∗) //

( � ∗X ;� X ∗)

��

PreShv(Ouv(X 0); M)

( � ∗X ′ ;� X ′∗
)

��
PreShv(AnSm=X; M)

( f ∗;f ∗) //

(Sus0
T X

;Ev 0)

��

PreShv(AnSm=X 0; M)

(Sus0
T X ′

;Ev 0)

��
Spect�

TX
(PreShv(AnSm=X; M))

( f ∗;f ∗) //Spect�
TX ′

(PreShv(AnSm=X 0; M))

A<¸£D L AS354�68@�3�O TX ′ = f � (TX ) J%« A<.�H8@�=YD>@�=N;SO|`MA<3%?:HI/>A<3%=N?�/ F O�@
=I=I.%=N=IA<3�H^O�@RPE.�/>DCD>@�3�6I@�D>;#HI/>a<@�W�@�3�HN;<.�±! 
" =BHI68.%?:HI.�68@�=Y4�68A#`M@
?_H8/CaS@�= usu F D>A�?�;<DC@
=�=I.�6

PreShv(Ouv(−); M) n
" =BHI68.%?:HI.�68@�=Y4�68A#`M@
?_H8/CaS@�= (D1; usu) F DCA�?�;#D>@�=N=I.�6

PreShv(AnSm=−; M) n
" =BHI68.%?:HI.�68@�=Y4�68A#`M@
?_H8/CaS@�= (D1; usu) F DCA�?�;#D>@�=N=BH8;#c%DC@
=N=B.�6

Spect�
T−

(PreShv(AnSm=−; M)) Jµd@�4�D>.%=�n�D>@�=R;<O|`MAS3%?_H8/CAS3%=]aS@�6IHI/Z?�;#D>@�=2=BAS3SH�DC@
=]7
-S.%/Ca&;#D>@�3�?:@�=RO�@£PE.%/CD>DC@�3�-�.�/�/C3%O�.�/>=I@�3�H�DC@
=27
-S.%/Ca&;#D>@�3�?:@�=RO�@5?�;&H87�Q<AS6I/>@�=o} �#� Jµ L A<¸£D>@[6I7
=B.%DjHU;&HN6I@
?UT�@�6U?UT�7 J #%$'&($*)�$*+
,.-lÀ0/�À21<½M¿�½BÀk¾�Á"Ã�3 Æ È�ÉgÊ ¦#ËG§�ª É�Ì�Í]Î<É]ÍIÏUÐ ¤Ñ©ZÒ Ð ª�©�¦&Ë Î<ÉEÓEÉ ª
ª�© É Ò_ªb§U¦ ×dØ%Ð ª�©�4:¤ ÉRÐ&Ì
	 ¦ Ø%Ï:ÍIÐ ª
©�¦#Ë�Ò f � ¨�5�¤ Ì Ò ØGÍ8Ï §�©ZÒ Ï:×oÉ Ë%ª76"Ò�¦#©�ª

f : X 0 //X
Ì Ë × ¦ Í�Ø Ö�©ZÒ ×�ÉoÎSÉ

k Õ Ò:§UÖ Ï�×oÐ Ò Î<É ª�8 Ø�É29 Ë%©�¨�::¤ É;	 ©ZÒ_ª É]Ì Ë(©ZÒ�¦ × ¦ Í�Ø Ö�©ZÒ ×oÉ Ë Ð ª Ì�ÍIÉ ¤
� f : (f an)� ◦ BettiX

� //BettiX ′ ◦ f � :

<RÉNØ ¤ Ì Ò;6b§ É ªb©ZÒ�¦ × ¦ Í�Ø Ö�©ZÒ ×oÉ §U¦ ×�×RÌ ª É>= ¤ Ð §U¦ ×dØ ¦|Ò_©�ª
©�¦#Ë ÎSÉ Ò × ¦ Í�Ø Ö�©ZÒ ×�É Ò ÎSÉ
k Õ Ò�§UÖ Ï�×�Ð Ò:¨


������������������������ ¯g.*D>@�D>@�W�W�@�? J ?�n"/>Db=I.A@�H�O�@54�6IAS.�a<@�6]D L 7�3�A<3%?�7�?:AS6I68@�=I4GA<3%O�;<3�H]4�AS.�62D>@�=]9'A<3%?:HI@�.%68=RO L ;<3%;#D>q�HI/C³�?�;#HI/>A<3
An� J ­(;</>=^A<3£O�/>=I4GAS=I@\O L .�3�?�;#686I7\?:ASW�WR.�H8;#HI/C9�O L ;SO|`MA<3%?:HI/>A<3%=NO�@]PE.%/CD>DC@�3

Spect�
TX

(PreShv(Sm=X; M))
( f ∗;f ∗) //

(An∗

X ;AnX ∗)

��

Spect�
TX ′

(PreShv(Sm=X 0; M))

(An∗

X ′ ;AnX ′∗
)

��
Spect�

T an
X

(PreShv(AnSm=X an ; M))
(( f an)∗;f an

∗
) //Spect�

T an
X ′

(PreShv(AnSm=X 0an ; M))

4�AS.�6^D>@�=N=BHI68.%?_H8.�68@�=Y4�68A#`M@
?_HI/>a<@
=Y=MHU;#c�D>@�= (A1; Nis) F DCA�?�;#D>@�=Y@:H (D1; usu) F DCA�?�;<DC@
= J µ L AS¸£DC@[687�=I.�DCH8;&H J #�$B&2$')�$*+
¡�.�4�4GAS=IA<3�=^Wo;#/>3�HI@�3�;#3�HV-�.�@ f : X 0 //X @�=BHV.�3¥W�AS6I4%T�/>=IW�@2D>/>=8=I@2O L @�=I4%;<?�@�=d;<3%;#D>q�HI/Z-�.�@�=V?:ASW�4%DC@�±�@
= J®r 3¥O�/Z=B4GAS=I@O L .�3�@];<O&`MA<3%?:HI/>A<3

(f # ; f � ) : Spect�
TX ′

(PreShv(AnSm=X 0; M)) //Spect�
TX

(PreShv(AnSm=X; M))

}�;|aS@�? T 0
X = f � (TX ) �^-�.�/�@�=BHdO�@�PE.�/>D>DC@�3�6I@�D>;#HI/>a<@�W�@�3SHd;<.�±�=BHI68.%?:HI.�68@�=N4%6IA<`M@�?_H8/CaS@�= (D1; usu) F D>A�?�;<DC@
=^=MHU;#c�D>@�= J }
´^A#H8A<3%=d-S.%@D>;�?:AS3%=BHI68.%?_H8/CAS3�O�.59'A<3%?:HI@�.%6 f #

.�HI/>DC/Z=B@\DZ;]9'AS6IWR.�D>@EO�@V4�68A#`M@�?:HI/>A<3 f # (f � (−)⊗−) ' (−)⊗ f # (−) J f A<.%6�4%DC.%=YO�@\O�7�H8;#/>DZ=�n�D>@DC@
?_H8@�.�6�4�@�.�H"?�A<3%=I.�DCHI@�6ks tVu �+vGw { @:H�3%A#H8;<W�W�@�3�H�DC@k4%;#6U;#QS68;<4�T�@g-�.�/S=I.�/CH�D>;^4�6I@�.�a<@lO�@kDZ; f 6IAS4�A�=B/CHI/>A<3 x�J z�J hDC J_¹ D�= L ;#QS/jH�?�@�6IHI@
=1O�.?�;S=1;#D>Q<7�c�6I/Z-�.�@<n_Wo;</>=®D>@l?�;S=1;#3�;#D>qSH8/>-�.�@g3 L @
=MH1QS.�m�68@lO�/'EG7�6I@�3SH J ��Fl3[.�HI/>D>/>=8;#3�H1D>@�=®7
-S.%/Ca&;#D>@�3�?:@�=�O�@k?�;#HI7�Q<A<68/>@�=�}��<�_n�AS3\A<c�H8/C@�3SH1.%3�@
3�A<.%a<@�D>D>@^4�68@�.�aS@<n#4�D>.%=b?:A<3�?:@�4�HI.�@�DCD>@<n�O�@^D L @�±�/>=BHI@�3%?:@dO L .�35;<O|`MAS/C3�Hk0[Q�;#.%?UT�@ f #

0[D L A<4G7�6U;&HI/>A<3 f � : DM(X ) //DM(X 0) J
r 3�;�O�@[4�DC.�=G 
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,.-lÀ2/"À(1#½M¿�½BÀl¾ Á�Ã�� Æ � ¦&©�ª f : X 0 //X
Ì Ë × ¦ Í�Ø Ö�©ZÒ ×�É ¤Ñ©ZÒUÒ É£Î<É

k Õ Ò�§UÖ Ï�×�Ð Ò Î<É ª78 Ø%É 9 Ë�©�¨ È�Ð ª ÍIÐ Ë%Ò Ê ¦ Í_×�Ð ª
©�¦#ËË Ð ª Ì�ÍIÉ ¤�¤ É
f an

# ◦ BettiX ′
//BettiX ◦ f # ;

Î<ÏUÎ&Ì ©�ª É]ÎSÉ ¤ Ô ©�Ë � É:Í Ò É]ÎSÉ ¤ Ô ©ZÒ�¦ × ¦ Í�Ø Ö�©ZÒ ×�É�Î<É ¤ Ð^ØGÍ ¦ Ø ¦&ÒU©�ª�©�¦&Ë���¨�� � © Ð ¤ É Ò ÐSÎ�� ¦#ËG§�ª
©�¦#Ë�Ò (f # ; f � )
É ª (f an

# ; (f an)� ) 6 É Ò_ª�©�Ë � É�Í ÒU©�4�¤ É ¨
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É Ò_ª�¤ Ô É Ë%Ò É:× 4:¤ É�ÎSÉ ÒÎ ¦#Ë%Ë ÏUÉ Ò2§:© Õ ÎSÉ ÒUÒ�¦ Ì Ò�¨

- © . , Ë Ê ¦#ËG§�ª É�Ì�Í ª Í © Ð Ë �<Ì ¤ Ï RX : H1(X ) //H2(X )
Ø ¦ Ì�Í ªÅ¦ Ì ª S Õ Ò�§8Ö Ï:×oÐ � Ì%Ð Ò_© Õ ØGÍ ¦ ��É §:ª�© Ê X ¨

- ©�© . , Ë É ª ÍIÐ Ë�Ò Ê ¦ Í_×oÐ ª�©�¦&Ë¥Ë Ð ª Ì�ÍIÉ ¤�¤ É ©�Ë � É�Í Ò_©�4:¤ É � f : f � ◦ RX
� //RX ′ ◦ f � Ø ¦ Ì�Í ªÅ¦ Ì ª × ¦ Í�Ø Ö�©ZÒ ×oÉRÎSÉ

S Õ Ò�§UÖ Ï�×�Ð Ò � Ì%Ð Ò_© ÕØGÍ ¦ ��É §�ª�© Ê Ò f : X 0 //X ¨
/ É Ò Î ¦&Ë%Ë ÏUÉ Ò Î ¦#© � É Ë%ª�Ò Ð ª�©ZÒ Ê:Ð © ÍIÉ�Ð&Ì
	£Ð 	 ©�¦ ×�É Ò\Ò Ì © � Ð Ë%ª
Ò%0
1 � ��$	2�3 È�É Ò[ª ÍIÐ Ë%Ò Ê ¦ Í_×�Ð ª
©�¦#Ë�Ò[Ë Ð ª Ì�Í8É ¤�¤ É Ò � f

Ò�¦&Ë�ªY§U¦ ×dØ%Ð ª�©�4:¤ É Ò = ¤ Ð §U¦ ×dØ ¦&Ò_©�ª
©�¦#Ë ÎSÉ Ò S Õ × ¦ Í�Ø Ö�©ZÒ ×�É Ò�¨
1 � ��$<�43 È ¦ Í Ò�� Ì%É
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É Ò_ªb¤Ñ©ZÒUÒ É 6b¤ Ð ª Í8Ð Ë�Ò Ê ¦ Í_×�Ð ª
©�¦#Ë�Ë Ð ª Ì�ÍIÉ ¤�¤ É f # ◦ RX ′

//RX ◦ f #
6Y¦
4�ª É Ë Ì¥ÎSÉ

� � 1
f � © Ð ¤ É Ò Ð<Î5� ¦&ËG§ Õª
©�¦#Ë�Ò (f # ; f � ) 6 É Ò_ªb©�Ë � É�Í Ò_©�4:¤ É ¨º�»®¼%½M¾N½M¿�½BÀl¾ 3gÃ�Á Æ6��Ì
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Ò�¦&Ë%ª Î<É Ò 2 Õ Ê ¦&ËG§�ª É:Ì�Í Ò × ¦&Ë+¦87 ÎSÐ&Ì
	 Ö�¦ × ¦&ªÅ¦ Ø ©�� Ì%É ÒoÒ_ª Ð 4:¤ É Ò - Í8É Ò Ø ¨kÒ 8 ×oÏ Õª Í ©�� Ì%É Ò;6 Ì Ë%©�ª Ð © ÍIÉ Ò9. Ð#Ì Ò É Ë%Ò ÎSÉ s tVu �+v)� n%µE@:9 J ? J y�J h { ¨ � ¦&©�ª R : H1
//H2

Ì Ë × ¦ Í�Ø Ö�©ZÒ ×oÉoÎ<É
2 Õ Ê ¦#ËG§�ª É�Ì�Í ÒdÖ�¦ × ¦&ªÅ¦ Ø ©�� Ì%É Ò

Ò_ª Ð 4:¤ É Ò�¨ Ù Ë Î ©�ª � Ì%É
R

É Ò_ª × ¦#ËG¦:7 Î<Ð ¤ - Ò 8 ×oÏ ª Í ©�� Ì%É 6 Ì Ë%©�ª Ð © ÍIÉ .¥Ò_©V¤ É Ò Ê ¦&Ë+§:ª É�Ì�Í Ò RX
Ò�¦&Ë�ª × ¦&ËG¦:7 Î<Ð#Ì
	 - ÍIÉ Ò Ø ¨dÒ 8 ×oÏ ª Í ©�� Ì%É Ò 6Ì Ë%©�ª Ð © ÍIÉ Ò9. É ª � Ì%É ¤ É Ò]ª ÍIÐ Ë%Ò Ê ¦ Í_×�Ð ª
©�¦#Ë�Ò]Ë Ð ª Ì�ÍIÉ ¤�¤ É Ò � f

Ò:¦#Ë%ª Î<É Ò]ª Í8Ð Ë�Ò Ê ¦ Í_×�Ð ª
©�¦#Ë�Ò]Ë Ð ª Ì�Í8É ¤�¤ É Ò Î<É�Ê ¦#ËG§�ª É�Ì�Í Ò × ¦#ËG¦87 ÎSÐ&Ì
	 - ÍIÉ Ò Ø ¨Ò 8 ×�Ï ª Í ©�� Ì%É Ò;6 Ì Ë%©�ª Ð © ÍIÉ Ò9.#¨
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Ì Ë × ¦ Í�Ø Ö�©ZÒ ×�É(ÎSÉ
2 Õ Ê ¦#ËG§�ª É�Ì�Í Ò�Ö�¦ × ¦#ª ¦ Ø ©�� Ì%É Ò5ÒUª Ð 4�¤ É Ò Ð&Ì Î<É ÒUÒ Ì Ò Î�Ô Ì Ë

Ò�§8Ö Ï:×oÐ ËG¦ É ª'Ö Ï�Í © É Ë S ¨�5N¦ Ì�Í ªÅ¦ Ì ª × ¦ Í�Ø Ö�©ZÒ ×oÉ
f : X 0 //X

É Ë%ª ÍIÉ S Õ Ò�§8Ö Ï:×oÐ Ò�� Ì%Ð ÒU© Õ Ø+Í ¦ ��É §�ª
© Ê Ò 6N©�¤ É 	 ©ZÒ_ª É�ÎSÉ Ò2ª ÍIÐ Ë�Ò Ê ¦ Í Õ×�Ð ª
©�¦#Ë�Ò[Ë Ð ª Ì�Í8É ¤�¤ É Ò2§ Ð ËG¦#Ë%©�� Ì%É Ò

 f : RX ◦ f �

//f � ◦ RX ′ ; � f : f ! ◦ RX ′
//RX ◦ f !

É ª � f : RX ′ ◦ f ! //f ! ◦ RX

§U¦ ×dØ�Ð ª
©�4�¤ É Ò = ¤ Ð §U¦ ×dØ ¦&ÒU©�ª�©�¦&Ë Î<É Ò S Õ × ¦ Í�Ø Ö�©ZÒ ×�É Ò Î<É Ò�§8Ö Ï:×oÐ Ò�¨ <�ÉYØ ¤ Ì Ò 0
- Ð . 
 f

É Ò_ªb©�Ë � É�Í Ò_©�4:¤ É^Ø ¦ Ì�Í
f

ØGÍ ¦ ��É §:ª�© Ê 6
- 4�. � f

É Ò_ªk©�Ë � É�Í Ò_©�4:¤ É Ò Ð Ë�ÒdÖ�8 Ø ¦&ª'Ö��:Ò É Ò]Ò Ì�Í
f 6- §�. � f

É ÒUª�©�Ë � É�Í ÒU©�4�¤ É^Ø ¦ Ì�Í
f ¤Ñ©ZÒUÒ É ¨
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Ì Ë × ¦ Í�Ø Ö�©ZÒ ×oÉ*Î<É
2 Õ Ê ¦&Ë+§:ª É:Ì�Í Ò5Ö%¦ × ¦&ªÅ¦ Ø ©�� Ì%É Ò¥Ò_ª Ð 4:¤ É Ò Ð#Ì Î<É ÒUÒ Ì ÒÎ1Ô Ì Ë Ò�§UÖ Ï�×�Ð Ë+¦ É ª�Ö Ï:Í © É Ë S ¨ , Ë ¦
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S Õ Ò�§8Ö Ï:×oÐ Ò � Ì%Ð Ò_© Õ ØGÍ ¦ ��É §:ª�© Ê Ò � X : X //S
Ð � É § X
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� i //i !RX � �
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=B.�DCH8;#H^=B.�/>a&;#3�H  

� À2-lÀ������k½ -�» 3gÃÅÄ®Á Æ � ¦#©�ª f : X 0 //X
Ì Ë × ¦ Í�Ø Ö�©ZÒ ×oÉVØGÍ ¦ ��É §:ª�© Ê�É Ë�ª ÍIÉ S Õ Ò:§UÖ Ï�×oÐ Ò.� Ì%Ð Ò_© Õ ØGÍ ¦ ��É §:ª�© Ê Ò�¨ È�Ð ª ÍIÐ Ë%Ò ÕÊ ¦ Í_×oÐ ª�©�¦&Ë�Ë Ð ª Ì�ÍIÉ ¤�¤ É 
 f : RX ◦ f �

//f � ◦ RX ′

É Ò_ª�©�Ë � É:Í Ò_©�4�¤ É ¨
¡�A</CH f : X 0 //X .�3�W�AS6I4�T%/>=IW�@]O�@ S F =I?UT%7�Wo;<=N-�.%;S=B/ F 4%6IA<`M@�?_H8/j9�= J�r 3(O�7
O�.�/CHVO�@ � f

n%a�/>;�D L ;<O|`MAS3%?_H8/CAS3 (f !; f !) n%.%3�@HI6U;#3%=B9'A<68Wo;&H8/CAS3�3%;#HI.�68@�D>DC@
� f : RX ′ ◦ f ! //f ! ◦ RX :

	 AS68=8-�.�@ f @�=BHED>/Z=I=I@<nGA<3(; f ! = Th(Ωf ) ◦ f � @�H � f
@
=MHVD>;X?�A<W�4GAS=I7�@RO�@ � � 1

f
@:H[O L .�3(/Z=BASW�A<684�T�/Z=BW�@2O�@�?:ASW�WR.�H8;#HI/>A<3¥;|aS@�?DC@
=N7�-�.�/>a&;#D>@�3%?�@�=YO�@ « T�ASW JGr 3�;�O�AS3%?. 

�^»�� ��» 3gÃÅÄ�3 Æ � ¦&©�ª f : X 0 //X
Ì Ë × ¦ Í�Ø Ö�©ZÒ ×oÉ ¤Ñ©ZÒUÒ É�Î<É

S Õ Ò�§8Ö Ï:×oÐ Ò!� Ì%Ð Ò_© Õ ØGÍ ¦ ��É §:ª�© Ê Ò�¨ È�Ð ª ÍIÐ Ë%Ò Ê ¦ Í_×�Ð ª
©�¦#ËË Ð ª Ì�ÍIÉ ¤�¤ É � f
É Ò_ªk©�Ë � É�Í Ò_©�4:¤ É ¨

� ?�@�=BH8;SO�@<n
3�AS.%=�;|aSA<3%=�O�7�W�AS3SH86I7bDC@bHIT%7�A<68m�W�@ y�J y�J<r 3R=I.�4�4GAS=I@�6U;NWo;#/>3SH8@�3%;<3�H�-�.�@bDC@
=�T�q�4GA#HIT%m�=I@�="O�.]H8T�7�AS6Im�W�@ y�J ~d=IA<3�H=I;#HI/Z=M9�;</jH8@�= J Ú ;#4�4G@�D>A<3�=E}�a<A</>6\s tVu �Gv)� n�µE7:9 J ? J ? J y#{ �k-S.%@ Hct
1;� (X ) @�=BH�DZ;2=IA<.%= F ?�;&H87�QSA<68/C@YH86I/Z;#3�QS.�D>7�@\O�@ H1(X ) @�3%Q<@�3�O�6I7�@d4%;<6

DC@
=kASc�`M@:HU=bO�@dDZ;\9'A<68W�@ g# � �
U A ;|a<@
? g : U //X .�3XW�AS6I4�T%/>=IW�@dD>/>=8=B@EO�@ S F =8?UT�7�Wo;<=b-�.%;<=I/ F 4�68A#`M@
?_HI/C9�=�n � U : U //SD>;�4%6IA<`M@�?_H8/CAS35=BHI68.%?_H8.�6U;#D>@V@�H A ∈ Λ J�	 @
=YA<c�`M@�H8=NO�@

Hct
1;� (X ) =IA<3�H^O�/CH8= Λ F ?�A<3%=BHI68.%?_H8/Cc%DC@
= J

	lL 7:HU;#4G@�=I.�/>a|;<3�HI@Y?:A<3�=B/Z=MH8@�0EW�A<3�HI68@�6"DZ;E?�A<W�W2.�HU;&H8/CAS32O�@ R?
;|aS@�?kDC@
=�/>Wo;#QS@�=�/C3�a<@�68=I@�=�@:±�H868;<A<6UO�/C3�;#/>6I@
=1;#4�68m�=";#4%4�DC/Z?�;#HI/>A<3;#.�±5A<c�`M@�H8= Λ F ?�A<3%=BHI68.%?:HI/>c�DC@
= J 	 @\?�;<=Y@
=I=I@�3�HI/>@�D®@
=MH^D>@[=B.%/Ca&;#3�H  

,.-lÀ0/�À21<½M¿�½BÀk¾ 3gÃÅÄ4� Æ � ¦&©�ª i : Y //X
Ì Ë É © ×�×oÉ:Í Ò_©�¦&Ë Ê:É�Í_×�ÏUÉ�Î<É

S Õ Ò�§8Ö Ï:×oÐ Ò!� Ì%Ð Ò_© Õ ØGÍ ¦ ��É §:ª�© Ê Ò�¨ È�Ð ª ÍIÐ Ë%Ò ÕÊ ¦ Í_×oÐ ª�©�¦&Ë Ë Ð ª Ì�ÍIÉ ¤�¤ É � i : RY ◦ i ! //i ! ◦ RX
É ÒUª\©�Ë � É�Í Ò_©�4:¤ É ¤C¦ Í Ò�� ÌlÔ É ¤�¤ É�É Ò_ª Ð8ØSØ ¤Ñ©�� Ì%ÏUÉ(Ð&Ì
	 ¦ 4 ��É ª
Ò Λ Õ §8¦#Ë�Ò_ª Í_Ì §:ª�©�4:¤ É Ò ÎSÉ

H1(X ) ¨

������������������������ f ;#6�s tEu �Gv)� n f 68A<4 J ? J ? J ?S� { n�A<3 4G@�.�H�@�3�Q<@�3%O�68@�6oDZ;�?�;#HI7�QSA<68/C@ Hct

1;� (X ) 4%;<6oDC@
=oA<c�`M@�H8=XO�@�DZ;�9'A<68W�@
f � � �

X ′A(n) ;|a<@
? A ∈ Λ n n ∈ Z
@�H

" f : X 0 //X 4�68A#`M@
?_H8/j9Mn
" X 0 @�=BH^6I7�Q<.�D>/C@�6Y@:Hd?:AS3�3�@�±�@Sn
" DZ;�4%;#6IHI/>@ f � 1(Y ) ⊂ X 0 @
=MHd=IA</CH X 0 HIAS.�H^@�3�HI/>@�6^=IA</CHND L .�3�/>A<3�O�@]O�/Ca�/Z=B@�.�68=�687�QS.�DC/>@�6U=Y0�?:68A</Z=B@�W�@�3�H8=Y3�AS6IWo;#.�± J



��� ��$����"	��
)*���2�"�
2 � � �G��!<���	��$|�
�"��)��%�
����	
���"���2������������� 2 2

² H8;<3�HdO�A<3�3%7]-S.%@VD>@�=N9'A<3%?:HI@�.%68= RX
n RX ′

@:H i ! =IA<3�HYHI68/>;<3�Q<.%DC7
=�n�/>D�=B.�@�HdO�@[W�AS3�HI68@�6N-�.�@[DC@
=��%m�?UT%@�=
RY i !f � � �

X ′A //i !RX f � � �
X ′A

=BAS3�HY/>3�a<@�68=I/Cc%DC@Sn�;|a<@�? f ?�A<W�W�@[?:/ F O�@
=I=I.%= J�� AS6IW�A<3�=bD>@]?�;<6I687\?�;#6IHI7
=B/>@�3£O�@ S F =I?UT�7�Wo;<=Y-�.%;<=I/ F 4�68A#`M@
?_HI/C9�=

Y 0 i ′ //

f ′

��

X 0

f

��
Y

i //X :

r 3�;R.%3�/Z=IA<W�A<684�T�/Z=BW�@\O�@]?UT%;<3�Q<@�W�@�3�HYO�@[c�;<=I@ i !f � ' f 0
� i 0! @:H^.%3£O�/>;<Q<6U;#W�W�@V?�A<W�W2.�HU;&H8/j9

RY i !f �
//

�

��

i !RX f �
(1) //i !f � RX ′

�

��
RY f 0

� i 0!
(2) //f 0

� RY ′ i 0! //f 0
� i 0!RX ′ :

	 @
=YHI6U;#3%=B9'A<68Wo;&H8/CAS3%=k3�;&HI.%6I@�DCD>@�= (1) @:H (2) =BAS3SHN/>3�a<@�6U=I/Cc�D>@�=�4%;<6NDC@]?�A<68A<D>D>;</C68@ y�J hD? J�¹ D�=B.A@�HdO�AS3%?\O�@[4�68A<.�aS@�6Y-�.�@
� i ′ : RY ′ i 0! � �

X ′(A) //i 0!RX ′ � �
X ′(A)

@�=BH�/>3�a<@�68=I/Cc%DC@ J 	 A<6U=I-�.�@ Y 0 = X 0n�/>DG3 L qX;R6I/>@�3502W�A<3�H86I@�6 J 	 A<6U=8-S.%@ Y 0 @�=BHY.�35O�/>a�/>=I@�.%6Y0R?:68A</Z=B@�W�@�3�H8=k3�A<68Wo;#.�±®n�DC@V6I7
=B.%DjHU;&H6I@
?UT�@�6U?UT�7\O�7�?�A<.�D>@[O�.£DC@�W�W�@ y%J h z ?�/ F O�@
=I=IA<.%= J #%$'&($*)�$*+
�^»�� ��» 3lÃÅÄ�� Æ � ¦#©�ª � X : X //S

Ì Ë S Õ Ò:§UÖ Ï�×oÐ � Ì%Ð Ò_© Õ ØGÍ ¦ ��É §:ª�© Ê ¨ � ¦#©�ª i : Y ⊂ X
Ì Ë Î © � ©ZÒ É�Ì�Í = § Í ¦#©ZÒ É�×oÉ Ë�ª�ÒËG¦ Í_×�Ð#Ì
	5ÎSÐ Ë�Ò Ì Ë(Ò:¦ Ì Ò Õ Ò:§UÖ Ï�×oÐ^Ê:É�Í_×�Ï2ÍIÏ��#Ì ¤j© É:Í H ⊂ X ¨ � ¤>¦ Í Ò 6l¤ É2× ¦ Í�Ø Ö�©ZÒ ×oÉ

� i : RY i !� �
X (A) //i !RX � �

X (A)

É Ò_ª�©�Ë � É:Í Ò_©�4�¤ É^Ø ¦ Ì�Í ª ¦ Ì ª A ∈ Λ ¨

������������������������ f ;<6YDC@[D>@�W�W�@ y�J C�n�/>D®6I@�a�/C@�3SH^;<.�W�e�W�@[O�@]O�7�W�A<3�HI68@�6N-�.�@

RX i � i ! � �
X (A) //i � i !RX � �

X (A)

@�=BHN/C3�a<@�68=I/>c�DC@ J�r 357�?�6I/CH Y = ∪n
i =1 D i

;|a<@
? D i
O�@�=YO�/>a�/>=I@�.%68=�687�Q<.%DC/>@�6U=bO�@ H @:HNA<3568;</>=IA<3%3�@d4%;<6Y6I7
?:.�686I@�3%?:@E=B.�6 n J�	 A<6U=I-�.�@

n = 1 n
DC@b6I7
=B.%DjHU;&H"O�7�?:AS.�D>@bO�@�D>;d4�68A<4�68/C7�HI7kO�@ R F 4�.�68@:H87k/>W�4�A�=B7�@b0^DZ;d?�D>;S=I=I@ Λ J ¡�.�4�4GAS=IA<3%=�-S.%@ n ≥ 2 J#r 324GAS=I@ Ci = D i ∩Dn4�AS.�6 1 ≤ i ≤ n − 1 n Z = ∪n � 1
i =1 Ci

@:H T = ∪n � 1
i =1 D i J�� aS@�?\?:@
=Y3�A#HU;&H8/CAS3%=�n�AS3�;�.%3£?�;#686I7\?�;<6BH87�=I/C@�35O L />W�W�@�68=I/CAS3%=�9'@�68W�7�@
=

Z
s //

t

��

z

  A
A

A

A

A

A

A

A

Dn

a
��

T
b //Y:

r 3�O�7�O�.%/jHd;<DCAS68=�.�3£W�A<684�T�/Z=BW�@[O�@ 2 F HI68/Z;#3�QSDC@
=�O�/>=BHI/>3�Q<.%7�=
RX (i ◦ z)� (i ◦ z)! //

��

RX (i ◦ b)� (i ◦ b)! ⊕ RX (i ◦ a)� (i ◦ a)! //

��

RX i � i ! //

��
(i ◦ z)� (i ◦ z)!RX

//(i ◦ b)� (i ◦ b)!RX ⊕ (i ◦ a)� (i ◦ a)!RX
//i � i !RX

//:

r 35.�HI/>DC/Z=B@[;<DCAS68=bD L T�q�4�A<HIT�m
=B@\O�@\6I7
?:.�6868@�3%?�@d@:HND>@d9�;</jH^-�.�@ T @�H Z =IA<3�HNO�@�=YO�/>a�/>=I@�.%68=Y0�?:68A</Z=B@�W�@�3�H8=�3�A<68Wo;#.�±XO�@ H @:H Dn
n6I7�.�3�/>A<3£O�@ n − 1 O�/>a�/Z=I@�.�6U=Y6I7�Q<.�D>/>@�6U= J #�$B&2$')�$*+

	 @EDC@�W�W�@ y�J h y @�H�DZ;]4%6IAS4�A�=B/CHI/>A<3 y%J h x @�3�H868;8*Z3�@�3�H�-�.�@dD>@�=kHI6U;#3�=M9'AS6IWo;&H8/CAS3%=l3�;&HI.%6I@�DCD>@ � f
=IA<3�Hb/>3�a<@�68=I/Cc%DC@
=k;#4%6Im
=k;#4%4�DC/Z?�; FHI/>A<3�;#.�±�A<c�`M@�H8= Λ F ?�A<3%=BHI68.%?:HI/>c�DC@
=�4�AS.�6NHIAS.�HNW�A<684�T�/Z=BW�@ f O�@ S F =8?UT�7�Wo;<=Y-�.%;S=B/ F 4%6IA<`M@�?_H8/j9�= J



��� ��$����"	��
)*���2�"�
2 � � �G��!<���	��$|�
�"��)��%�
����	
���"���2������������� 2��

� À2-lÀ������k½ -�» 3gÃÅÄ � Æ � ¦&©�ª j : U //X
Ì Ë É © ×�×oÉ:Í Ò_©�¦&Ë ¦ Ì � É:Í ª É�Î<É

S Õ Ò�§8Ö Ï:×oÐ Ò!� Ì%Ð Ò_© Õ ØGÍ ¦ ��É §:ª�© Ê Ò�¨ È�Ð ª ÍIÐ Ë%Ò ÕÊ ¦ Í_×oÐ ª�©�¦&Ë Ë Ð ª Ì�ÍIÉ ¤�¤ É 
 j : RX ◦ j �
//j � ◦ RU

É Ò_ª^©�Ë � É�Í Ò_©�4:¤ É ¤C¦ Í Ò � ÌlÔ É ¤�¤ É5É Ò_ª Ð8ØSØ ¤Ñ©�� Ì%ÏUÉ�Ð#Ì
	 ¦
4 ��É ª�Ò Λ Õ §U¦#Ë�Ò_ª Í_Ì §�ª�©�4:¤ É Ò ÎSÉ
H1(U) ¨

������������������������ ¡�AS/jH i : Y //X D L />W�W�@�68=I/CAS3�O�.�9'@�68W�75?�A<W�4�D>7�W�@�3�H8;</C68@X0 U Jgr 3�O�/Z=B4GAS=I@�O L .�3�W�A<684�T�/Z=IW�@5O�@
2 F HI68/>;<3�Q<D>@�=YO�/Z=BHI/>3�Q<.�7
=

RX i � i ! //

��

RX
//RX j � j � //

��
i � i !RX

//RX
//j � j � RX

//:

f ;#61DZ;Y4�68A<4GAS=I/jH8/CAS3 y%J h x n:DZ;�HI6U;#3%=B9'A<68Wo;&HI/>A<3V3%;#HI.�68@�D>DC@lO�@lO�6IAS/jH8@g@�=BH1/C3�aS@�6U=B/>c�D>@�;<4�68m�=1;<4�4�D>/>?�;&HI/>A<3\;#.�±EA<c�`M@:H8= Λ F ?:AS3%=MH86I.�?_HI/>c�D>@�= J
	 @[687�=I.�DCH8;&H^O�7
?:AS.�DC@[;<DCAS68=YO�.�9�;#/CHd-�.�@ j � : Hct

1;� (X ) //Hct
1;� (U) @�=BHN@�=8=B@�3�HI/>@�D>DC@�W�@�3�HN=I.�6
`M@�?:HI/C9 J #%$'&($*)�$*+

	 @
=b?�A<68A<D>D>;</C68@�= y%J h ?\@:H y�J h�~[@�3�HI6U;#/>3�@�3�Hb-�.�@ 
 f
@�=BHb/>3�a<@�68=I/Cc%DC@d;<4�68m�=k;<4�4�D>/>?�;&H8/CAS3�;#.�±oASc�`M@:HU= Λ F ?�A<3%=BHI68.%?_H8/Cc%DC@
=l4GA<.�6bHIAS.�HW�A<684�T�/Z=BW�@ f O�@ S F =8?UT�7�Wo;<=Y-�.%;S=B/ F 4%6IA<`M@�?_H8/j9�= J%r 3�;�;</C3%=I/1;<?UT%@�a<7\DZ;�4�6I@�.�a<@[O�.5HIT%7�A<68m�W�@ y%J ~ Jr 3\4%;<=8=B@gWo;</C3�HI@�3%;#3�H�0YDZ;N?:ASW�WR.�H8;#HI/>A<3[;|a<@
?"DC@
=®9'A<3�?_HI@�.�6U= Hom(−;−) J
r 3\HI6U;|a&;#/>DCD>@�6U;bO%;#3%=®DZ;N=I.�/jH8@k=IA<.%=®D>@�=1T�q�4GA#H8T�m�=I@�=O�.�HIT�7�A<68m�W�@ y�J � JGr 3£;#.�6U;�c�@
=BAS/C3£O�.£D>@�W�W�@]=B.�/>a&;#3�H  

�^»�� ��» 3gÃÅÄ � Æ � ¦&©�ª f : X 0 //X
Ì Ë × ¦ Í�Ø Ö�©ZÒ ×oÉ ¤j©ZÒ8Ò É*ÎSÉ

S Õ Ò�§UÖ Ï�×�Ð Ò � Ì%Ð Ò_© Õ ØGÍ ¦ ��É §:ª�© Ê Ò�¨ Ù Ë Î ©ZÒ Ø ¦|Ò É�Î�Ô Ì ËÎ © Ð �#ÍIÐ#×R×oÉ §U¦ ×�×RÌ ª Ð ª�© Ê

RX (Hom(f # (A); B )) //

�

��

Hom(RX f # (A); RX (B ))
� //Hom(f # RX ′(A); RX (B ))

�

��
f � Hom(RX ′(A); f � RX (B ))

� f�

��
RX f � Hom(A; f � (B ))


 f //f � RX ′Hom(A; f � (B )) //f � Hom(RX ′(A); RX ′ f � (B ))

Ë Ð ª Ì�ÍIÉ ¤ É Ë A ∈ H1(X 0)
É ª B ∈ H1(X ) ¨


������������������������ 	 @�= �%m
?UT�@�=�3%A<3 F 3�A<W�W�7�@
=�O�.oO�/>;<Q<6U;#W�W�@�O�@�D L 7�3�AS3%?:7N=IA<3�HlO�@�=�W�A<684�T�/Z=IW�@
=gO�.RHMq�4G@]}�C���@:HkO�@
=�/>=IA<W�A<6 F4�T�/Z=BW�@
= Hom(f # (−); (−)) ' f � Hom((−); f � (−)) ASc�HI@�3�.�=�4�;#6g;<O|`MAS3%?_H8/CAS32O�@YDZ;^9'AS6IWR.�DC@�O�@Y4�68A#`M@�?:HI/>A<3 f # ((−)⊗f � (−)) '
f # (−)⊗(−) J Fk3�4�;<=8=I;<3SHg;#.�±]9'A<3%?:HI@�.�68=g;SO|`MA</>3�H8=g0VQS;<.%?UT�@YO�@�=g9'A<3%?:HI@�.%68= f � @:H Hom(†;−) O�;#3�=�DC@NO�/Z;#QS68;<W�W�@YO�@ND L 7�3�A<3%?�7<nA<3£A<c�HI/>@�3�H

f # (RX ′(A) ⊗ f � RX (C))
� //

�

��

f # (RX ′(A)) ⊗ RX (C)
� //RX (f # (A)) ⊗ RX (C)

�

��
RX (f # (A) ⊗ C)

f # (RX ′(A) ⊗ RX ′ f � (C))
� //f # RX ′(A ⊗ f � (C))

� //RX f # (A ⊗ f � (C)):

�

OO

¹ D1@�=BHN9�;<?�/CD>@[O�@[a<AS/C6N-�.�@\D>@]O�/>;<Q<6U;#W�W�@V?�/ F O�@
=I=I.%=Y@�=BH^?:ASW�WR.�H8;#HI/C9 J�	 @\D>@�W�W�@[@�=BHdO�7�W�AS3SH86I7 J #%$'&($*)�$*+f A<.�6VW�A<3�HI68@�6V-S.%@5}�C��N@
=MHV/C3�a<@�68=I/>c�DC@R;|a<@�? A @�H B O�@�=EA<c�`M@�H8= Λ F ?:AS3%=MH86I.�?_HI/>c�D>@�=�n%AS3(4�@�.�H[=B.�4%4�A�=B@�6E-�.�@ A = g# � �
U A04�AS.�6 g : U //X .�3(W�A<684�T�/Z=BW�@]D>/Z=I=I@RO�@ S F =I?UT�7�Wo;<=^-�.%;S=B/ F 4%6IA<`M@�?_H8/j9�=�n � U

D>;�4�68A#`M@�?:HI/>A<3(=BHI68.%?_H8.�6U;#D>@2O�. S F =8?UT�7�Wo; U@:H A0 ∈ Λ J f ;#6YD>@[DC@�W�W�@ y%J h&�Sn�/>D�=B.�@�HdO�@[W�AS3�HI68@�6N-�.�@\DC@
=NW�A<684�T�/Z=BW�@�=
}MhSh
� RX g� Hom(� �

U (A0); g� (B ))

 g //g� RU Hom(� �

U (A0); g� (B ))

}Mh ?<�
RU Hom(� �

U (A0); g� (B )) //Hom(RU � �
U (A0); RX ′g� (B ))

=BAS3�HR/>3�aS@�6U=B/>c�D>@�= Jgr 6
n Hom(� �
U (A0); g� (B )) @�=BH�.%3�A<c�`M@:H Λ F ?:A<3�=MH86I.%?:HI/>c�D>@�4%;<65s tVu �+v � n f 6IAS4 J ? J y�J ~ ? {�J 	 @XH8T�7�AS6Im�W�@ y�J ~;<=8=B.%6I@�O�A<3%?�-�.�@�}MhSh��E@�=BHV/>3�a<@�6U=I/Cc�D>@ J+¹ D�68@�=BHI@�O�A<3%?�0�HI6U;#/CHI@�6\D>@RW�AS6I4�T%/>=IW�@�}BhD?#� J Fl3�O L ;<.�HI68@�=EHI@�6IW�@
=�n+A<3�4�@�.�H]=B.%4�4�A�=B@�6
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-�.�@ g = idX
nk/ J @ J nk-�.�@ A = � �

X (A0) J�² HU;#3�H5O�AS3�3�7(-�.�@ A0
@�=BHX9'A<6IHI@�W�@�3�H�O�.%;<DC/Z=I;<c�D>@<nE}BhD?#�X= L />O�@�3�HI/C³%@¥0·D L />3�a<@�68=I@�O�@D L /Z=BASW�AS6I4%T�/>=IW�@[=MH86I.%?:HI.�6U;#D®O�.�9'AS3%?_H8@�.�6^W�AS3�A<p O�;#D RX

RX (� �
X (A_

0 ) ⊗ B )
� //RX � �

X (A_
0 ) ⊗ RX (B )

;|a<@
? A_
0

D>@EO�.%;<D�9'AS6BHYO�@ A0 J�K @�?:/+;<?UT%m�a<@NDZ;]4%6I@�.�a<@dO�.oHIT�7�A<68m�W�@ y%J � J Fl3�=B4G7�?�/>;<DC/Z=I;<3�Hb0[DZ;]687�;#D>/Z=I;#HI/>A<3oO�@EÛ�@�HBHI/�n�A<3oA<c�HI/>@�3�HDC@[687�=I.�DCH8;#HN=I.�/>a&;#3�H  
�
� »1À0-�»���» 3lÃÅÄ�� Æ � ¦&© É Ë%ª k

Ì Ë�§U¦ Í�Ø Ò Î<É § Ð&ÍIÐ §:ª Ï�Í ©ZÒUª�©�� Ì�É Ë Ì ¤�¤ É�×RÌ Ë�© Î1Ô Ì Ë Ø ¤C¦#Ë ��É:×oÉ Ë�ª]§8¦ ×^Ø ¤ É;	�É � : k ⊂ C
É ª

f : X 0 //X
Ì Ë × ¦ Í�Ø Ö�©ZÒ ×�ÉoÎSÉ

k Õ Ò:§UÖ Ï�×oÐ Ò>� Ì%Ð Ò_© Õ ØGÍ ¦ ��É §�ª�© Ê Ò:¨
�	��Ù Ë Î ©ZÒ Ø ¦|Ò É�Î<É ª Í8Ð Ë�Ò Ê ¦ Í_×�Ð ª
©�¦#Ë�Ò]Ë Ð ª Ì�Í8É ¤�¤ É Ò\©�Ë � É:Í Ò_©�4�¤ É Ò

� f : (f an)� ◦ BettiX
� //BettiX ′ f � É ª � f : BettiX ◦ f !

� //f an
! ◦ BettiX ′

§U¦ ×dØ�Ð ª
©�4�¤ É Ò = ¤ Ð §U¦ ×dØ ¦&ÒU©�ª�©�¦&Ë Î<É Ò × ¦ Í�Ø Ö�©ZÒ ×oÉ Ò Î<É
k Õ Ò�§8Ö Ï:×oÐ Ò�¨


 � È�É Ò\ª ÍIÐ Ë%Ò Ê ¦ Í_×�Ð ª
©�¦#Ë�Ò]Ë Ð ª Ì�ÍIÉ ¤�¤ É Ò � f
É ª � f

©�Ë Î&Ì ©ZÒ É Ë%ª Ø�Ð#Í2Ð<Î�� ¦#ËG§�ª
©�¦#Ë ÎSÉ Ò]ª ÍIÐ Ë�Ò Ê ¦ Í_×oÐ ª�©�¦&Ë%Ò\Ë Ð ª Ì�ÍIÉ ¤�¤ É Ò

 f : BettiX ◦ f �

//f an
� ◦ BettiX ′

É ª � f : BettiX ′ ◦ f ! //(f an)! ◦ BettiX :

/ É Òkª ÍIÐ Ë�Ò Ê ¦ Í_×oÐ ª�©�¦&Ë%ÒkË Ð ª Ì�ÍIÉ ¤�¤ É ÒgÒ�¦&Ë%ª+©�Ë � É�Í Ò_©�4:¤ É Òk¤C¦ Í Ò�� ÌlÔ É ¤�¤ É ÒkÒ�¦&Ë�ª ÐUØ<Ø ¤Ñ©�� Ì%ÏUÉ Ò Ð#Ì
	 ¦
4 ��É ª
Ò�§U¦ ×dØ�Ð §:ª
Ò Î<É
SHM(X 0)

É ª
SHM(X )ÍIÉ Ò Ø%É §:ª�© � É:×oÉ Ë�ª ¨

��� � ¦&©�ª X
Ì Ë k Õ Ò�§8Ö Ï:×oÐ � Ì%Ð Ò_© Õ Ø+Í ¦ ��É §�ª
© Ê ¨ Ù Ë Î ©ZÒ Ø ¦&Ò É�Î�Ô Ì Ë × ¦ Í�Ø Ö�©ZÒ ×�É

}Mh y � BettiX (Hom(A; B )) //Hom(BettiX (A); BettiX (B ))

Ë Ð ª Ì�ÍIÉ ¤ É Ë A
É ª B

Î<Ð Ë%Ò
SHM(X ) ¨ ��Ì
Ø<Ø ¦|Ò�¦#Ë�Ò�� Ì%É ¤ É ÒE¦
4 ��É ª
ÒV§U¦ ×dØ%Ð §�ª�Ò ÎSÉ

Ho(M) Ò�¦&Ë�ª Ê ¦ Í ª É�×oÉ Ë�ª Î#Ì%Ð ¤Ñ©ZÒ Ð 4:¤ É Ò�¨ � ¤>¦ Í Ò�}Bh y �É Ò_ª�©�Ë � É:Í Ò_©�4�¤ É^Ø ¦ Ì�Í
A

É ª B
ÎSÉ Ò2¦ 4 ��É ª�ÒR§U¦ ×^Ø%Ð §�ª�Ò�¨


������������������������ r 3(4�68@�3�O�68;X4�AS.�6 Λ DZ;�?:DZ;<=8=I@2O�@�=EA<c�`M@:H8=VO�@RD>;X9'A<68W�@ Susp
T (Spec(k) ⊗ A) ;|a<@
? p ∈ N

@�H A .%3¥A<c�`M@:H?:ASW�4�;<?_H�O�@
Ho(M) J µV;#3�=2?:@5?�;<=�n Λ F ?:A<3�=MH86I.%?:HI/>c�D>@X@�=BHR=Iq�3%A<3�q�W�@�O�@�?:ASW�4�;<?_H J Fl3�@ E+@:H�n"4GA<.�6 X .�3 k F =I?UT%7�Wo;�-�.%;<=I/ F4�68A#`M@�?:HI/C9Mn#DZ;[?�;&H87�QSA<68/C@�HI68/Z;#3�QS.�DC7�@N;|a<@�?Y=IA<W�W�@�=g/>3�³%3%/C@
=

SHM(X ) @�=BHk?:ASW�4%;S?_H8@�W�@�3�Hl@�3%Q<@�3�O�6I7�@Y4%;#6lD>@�=lA<c�`M@�H8=lO�@NDZ;V9'A<68W�@
Susp

T (U ⊗ A) ;|a<@�? U .�3 X F =8?UT�7�W�;�DC/Z=8=B@Sn A ∈ E
@:H p ∈ N J µV;#3%=\DZ;£=BAS.%= F =I@�?:HI/>A<3 x�J z�J z O�@�s¢tEu �GvGw { n1?�@�?:/k@�=BH[O�7�W�A<3�HI6874�AS.�6

M
DZ;�?�;#HI7�QSA<68/C@[O�@
=^=I4�@
?_HI68@�=N=Iq�W�7:HI68/Z-S.%@�=NAS.£?�@�D>DC@]O�@�=^?�A<W�4�D>@:±�@�=NO�@[QS6IAS.�4�@
=N;#cG7�D>/C@�3%=]}�a<A</>6ND>@ « T�7�AS6Im�W�@ x�J z�J ~��]O�@¤C¦
§�¨g§�©�ª ¨¢� J f A<.�6

M
.�3�@[?�;#HI7�QSA<68/C@EO�@V?�A�@ @X?:/>@�3�H8=�QS7�3�7�68;<DC@SnSAS3XHI68A<.%a<@�6U;[.�3%@E4�68@�.%a<@\O�;#3%=Es tEu �GvGw�� { c%;<=I7�@\=I.�6YD>;24�6IAS4�68/C7�HI7O�@RÛ�68A �N3 F ÜV@�6U=MH8@�3·s ��
��4� { W�;</>=V-�.�/�@
=MH\= L ;#4%4�DC/Z-�.�@R0X.�3¥?�;S=^4�D>.%=EQ<7�3�7�6U;#D J�¹ D�=B.A@�H\;#D>A<6U=dO�@2=I@268@�=BHI68@�/>3%O�68@];#.�?�;<=EO�@2DZ;a&;#D>.%;&H8/CAS3�H86I/>a�/>;<DC@\4GA<.�6NASc�HI@�3�/C6NDZ;�4�68A<4�68/>7:HI7V68@�?UT�@�68?UT�7�@ Jf A<.�6"`M.%=BHI/C³%@�6YD>@VHIT�7�A<68m�W�@ y%J h i n�/CD+3�AS.%=b9�;#.�H^O�AS3%?EW�AS3�HI68@�6Y-S.%@ED>@�=N?�A<3%O�/CHI/>A<3�=bO L ;#4%4�DC/Z?�;#HI/>A<3�O�@�=�H8T�7�AS6Im�W�@
= y%J ~R@:H y�J �=BAS3�H"aS7�68/j³%7�@�="O�;#3�=�3%A#HI68@Y=B/CHI.%;#HI/>A<3 J<K ASW�W�@ k @
=MHgO�@N?�;<68;S?_HI7�6I/Z=BHI/Z-S.%@l3�.%DCD>@<n&AS3RO�/Z=B4GAS=I@bO�@�DZ;E6I7
=BASDC.�H8/CAS32O�@
="=I/>3�Q<.�DZ;#68/CHI7�=�4%;<67�?�D>;#HI@�W�@�3SHU=�4%;#6\s � 	'$&� ��� { J 	 ;�?:DZ;<=8=B@ Λ @�=BHN?�D>;</C68@�W�@�3SHY=MHU;#c�D>@V4%;#6�H��N/Z=MHU=�O�@ « ;&H8@V3%7�QS;#HI/C9�= J 	 @�=�?:A<3�O�/jH8/CAS3%=YO�@\4�.�68@:H87V=IA<3�H;#.�H8A<Wo;&H8/>-�.�@
=�DCAS68=8-�.�@ S @
=MHoD>@(=B4G@�?:HI68@£O L .�3 ?�A<684%=�4%;#6I9�;#/CH J Fl3�³%31nk=I/NDC@
=�A<c�`M@�H8=o?�A<W�4%;<?:H8=oO�@

Ho(M) =IA<3�H�9'A<6IHI@�W�@�3�HO�.%;<DC/Z=I;<c�D>@�=�n�D>@�=£-�.%;#HI68/Cm�W�@�@:H�?:/>3%-�.�/>m�W�@�?:AS3%O�/CHI/>A<3%=£=I.�6 Λ nN-�. L A<3 ; />W�4GAS=I7�@
=£O�;#3%=�D L 7�3�A<3�?:7·O�. H8T�7�AS6Im�W�@ y�J ��n^=IA<3�H=I;#HI/Z=M9�;</jH8@�= J ¡�@�.%DC@\DZ;�-�.%;#HI68/Cm�W�@\?�A<3%O�/jH8/CAS353�7
?:@
=I=I/jH8@\.�3�@\4�68@�.�aS@ J ­(;</>=N=I/ A ∈ Ob(M) @�=BH^?:A<W�4%;S?_H
n Hom(A; −) ' A_ ⊗−?:ASW�WR.�HI@];<.�±5=IA<W�W�@�=Y/>3�³%3�/>@�= J�K @�?�/1@�3�H868;8*Z3�@[-�.�@ A ⊗− 4�687�=I@�68a<@VDC@
=YA<c�`M@�H8=N?�A<W�4%;<?:H8= J #�$B&2$')�$*+

� � �R� ���\�"� (����:�U��� �5� �:�����N�]�:�����\�����]� ��� �����1��� ���]�N� ��� �&�[�g� �]�:�:�"� � ���N�����o�b���N�
���V�]���N�����N�2�"�

K A<W�W�@�;|a|;<3�H�n k O�7�=I/CQS3�@�6U;�.�3�?�A<684%=�W2.�3%/dO L .�3 4�DCAS3�Q<@�W�@�3�HX?:A<W�4�D>@:±�@ � : k ⊂ C J µE;<3%=X?�@:HBH8@�O�@�683�/>m�68@£=I@�?:HI/>A<31nA<3�7:HI.�O�/C@�DZ;�?�A<W�4%;&H8/Cc%/CD>/jH87oO�@�=d9'A<3%?:HI@�.�68=\?�q�?�DC@
=V4�6IA�?UT�@
=d;|aS@�?]DZ;56I7
;#D>/>=8;&H8/CAS3(O�@�Û�@�HBHI/ J f A<.�6\?:@�D>;%n+A<3�;5cG@�=IA</>3¥O L 7:HI@�3%O�68@D>;·687�;<DC/Z=8;&HI/>A<3 O�@(Û�@:HIHI/V;#.�± O�/>;<Q<6U;#W�W�@�=�O�@ k F =8?UT�7�Wo;S= J Ú ;<4�4�@�DCAS3%=X-�. L .�3 O�/Z;#Q<6U;#W�W�@£O�@ k F =I?UT%7�Wo;<=£}'68@�=I4 J O L @
=B4%;S?:@
=;#3%;<DCq�H8/>-�.�@
=b?�A<W�4�D>@:±�@�=U� (F ; I) @�=BHb.�3o9'AS3%?_H8@�.�6Y?:A&a&;<6I/Z;#3�H F O�7:³%3�/+=I.�6b.%3�@E4G@:H8/jH8@V?�;&H87�Q<AS6I/>@
I

02a|;<DC@�.�6U=bO�;<3%=lDZ;2?�;&H87�Q<AS6I/>@O�@�= k F =8?UT�7�W�;S=\}'68@�=I4 J O�@�=Y@
=B4�;<?:@
=N;#3%;<DCq�H8/>-�.�@
=�?�A<W�4�D>@:±�@�=U� J¡�A</CH (F ; I) .%35O�/Z;#QS68;<W�W�@VO L @
=B4�;<?:@
=b;<3%;#D>q�HI/Z-�.�@�=Y?:ASW�4�DC@�±�@�= J f ;#6N;<3%;#D>A<QS/C@d;|aS@�?dD>;�=BAS.%= F =I@�?:HI/>A<3 x�J z�J hVO�@Rs tVu �+vGw { n�A<33�A#H8@�6U; AnSm=(F ; I) D>;�?�;#HI7�Q<A<68/>@dO�@�=Y?�A<.�4�D>@�= (U; i ) ;|a<@�? i ∈ Ob(I) @:H U .�3 F (i ) F @�=I4%;<?�@V;<3%;#D>q�HI/Z-S.%@dD>/>=8=B@ J%r 3�3�A<HI@\;#.%=8=B/
Ouv(F ; I) D>;�?�;&HI7�Q<AS6I/>@VO�@�=N?:AS.�4�D>@�= (U; i ) ;|a<@
? i ∈ Ob(I) @�H U .�3£A<.�aS@�6IHYO�@ F (i ) J+r 3£O�/Z=B4GAS=I@[O L .%3�@[/C3�?:D>.%=B/>A<3£7�a�/ZO�@�3SH8@
�F : Ouv(F ; I) ⊂ AnSm=(F ; I) -�.�/1/>3%O�.�/CH^.�3£W�A<684�T�/Z=BW�@[O�@]=I/jH8@�=Y4GA<.�6ND>@�=YH8A<4GA<D>A<QS/C@
=b.�=B.�@�DCD>@�= J¡�;#.�9�W�@�3�HI/>A<3£O�.£?:AS3SH868;</C68@<n�D>@�=N?�;#HI7�Q<A<68/>@�=

PreShv(Ouv(F ; I); M) @:H
PreShv(AnSm=(F ; I); M) =I@�68A<3�H�WR.�3�/>@�=NO�@
==MH86I.�?_HI.%6I@
=�=I@�W�/ F 4%6IA<`M@�?_H8/CaS@�= usu F D>A�?�;<DC@5@:H (D1; usu) F DCA�?�;#D>@568@�=I4�@
?_H8/CaS@�W�@�3�H JkK @
=�=BHI68.%?:HI.�68@�=�O�@£W�A�O�m�D>@�=�=IA<3�HRH8@�D>DC@
=�-S.%@DC@
=E?�A#³%c%68;#HI/>A<3%=Y@�HED>@�=^7
-�.�/Ca&;<DC@�3%?:@
=N9�;#/>c�D>@�=E=BAS3SHVO�7:H8@�?_H87�@
=^4%;<6dD>@�.�6U=^68@�=BHI68/>?:HI/>A<3%=d0 Ouv(F (i )) @:H AnSm=F (i ) 4GA<.�6dHIAS.�H

i ∈ Ob(I) JGr 3£3�A<HI@�68;
DM(F ; I) D>;o?�;&H87�Q<AS6I/>@dT%A<W�A#H8A<4�/Z-�.�@

Housu (PreShv(Ouv(F ; I); M)) J
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² H8;<3�HEO�A<3%3�7[.�3£W�A<684�T�/Z=BW�@]O�@]O�/Z;#QS68;<W�W�@
=NO L @�=I4%;<?�@�=N;#3�;#D>qSH8/>-�.�@
=^?:ASW�4�DC@�±�@�= (f ; � ) : (G; J) //(F ; I) n%A<3�;�.�3
?�;<6I687V?�A<W�W2.�H8;&H8/j9N}�0�.�3£/Z=BASW�A<684�T�/Z=BW�@\4�68m�=U�bO L ;SO|`MA<3%?:HI/>A<3%=NO�@]PE.%/CD>DC@�3

PreShv(Ouv(F ; I); M)
(( f ;� )∗;( f ;� )∗) //

( � ∗
F

;� F∗)

��

PreShv(Ouv(G; J); M)

( � ∗
G

;� G∗)

��
PreShv(AnSm=(F ; I); M)

(( f ;� )∗;( f ;� )∗) //PreShv(AnSm=(G; J); M):

	 @
=N9'A<3�?_HI@�.�6U= (f ; � )� = f � ◦ � � =IA<3�HEO�7:³%3�/Z=d?�A<W�W�@2O�;<3%=^D>@2?�;S=^;#D>Q<7�c�68/>-�.�@X}�a<A</>6]s tVu �+v�w n�µE7:9 JGx%J¢z�J h { � J�	 @�=E;<O|`MAS3%?_H8/CAS3%=a<@�6BH8/>?�;#D>@�=YO�;#3�=YDC@]?�;#686I7\?:/ F O�@�=8=B.%=N=IA<3�H^O�@
=Y7�-�.�/>a|;<DC@�3%?:@
=NO�@RPE.�/>DCD>@�3£?:ASW�W�@\D>@[W�A<3�HI68@\D>;�4�68A<4GAS=I/jH8/CAS35=I.�/>a|;<3�HI@  
,.-lÀ0/�À21<½M¿�½BÀl¾ �kÃÅÄ Æ � ¦&©�ª (F ; I)

Ì Ë Î © Ð��<ÍIÐ&×�×�ÉoÎ�Ô É Ò Ø%Ð § É Ò Ð Ë Ð ¤ 8&ª�©�� Ì%É ÒR§U¦ ×dØ ¤ É;	�É Ò�¨ È[Ô ÐSÎ�� ¦#ËG§�ª
©�¦#Ë
(� �

F ; �F � ) : PreShv(Ouv(F ; I); M) //PreShv(AnSm=(F ; I); M)

É Ò_ª Ì Ë Ï � Ì © � Ð ¤ É Ë+§ É�Î<É � Ì ©�¤�¤ É ËG¨

������������������������ f A<.%65.�3 A<c�`M@�H i O�@

I
n�AS3 3�A<HI@ i : F (i ) //(F ; I) DC@�W�AS6I4%T�/>=IW�@�O�@�O�/Z;#Q<6U;#W�W�@�=�O L @
=B4�;<?:@
=

;#3%;<DCq�H8/>-�.�@
=�?�A<W�4�D>@:±�@�=Y-�.�/®@
=MHND L /ZO�@�3�H8/jH87]=B.�6 F (i ) JGK A<W�W�@ i � 4%6I7
=B@�6IaS@dD>@�=Y7�-�.�/>a&;#D>@�3%?�@�= usu F DCA�?�;<DC@
=�@:H (D1; usu) F DCA�?�;#D>@�=�n/CDN=I@�O�7�6I/>a<@�HI68/Ca�/Z;#D>@�W�@�3�H Jgr 3�O�/Z=B4GAS=I@5O L .�3�/>=IA<W�A<684�T�/Z=IW�@�3%;&H8.�6I@�D i � ◦ � �
F ' � �

F ( i ) ◦ i � -�.�/�/C3�O�.�/CH�4%;<6�;SO|`MA<3�?_HI/>A<3�.%3�@HI6U;#3%=B9'A<68Wo;&H8/CAS3�3%;#HI.�68@�D>DC@
i � ◦ R�F �

//R�F ( i ) � ◦ i � :

r 3�aS7�68/j³�@2/>W�W�7
O�/>;#HI@�W�@�3�H2-S.%@�?�@:HBH8@�HI6U;#3%=B9'A<68Wo;&HI/>A<3¥3%;&H8.�6I@�DCD>@�@�=BH\/>3�a<@�68=I/Cc%DC@ J f ;#6[;</CD>DC@�.�6U=�n+A<3�;£O�@�=\O�/Z;#QS68;<W�W�@
=E?�A<W FW2.�HU;&H8/j9�=
i � //

((

i � R�F � � �
F

�

��
R�F ( i ) � � �

F ( i )

i � � �
F R�F �

//

�

��

i �

� �
F ( i ) R�F ( i ) � i �

@@ :

	 @[687�=I.�DCH8;&H^O�7
?:AS.�DC@\Wo;#/>3�HI@�3%;#3�H^O�.�HIT�7�A<68m�W�@�h J ~2@�HdO�.�9�;#/CHd-�.�@[D>;R9�;<W�/>D>DC@]O�@
= i � @�=BHd?:A<3�=B@�6Ia&;&H8/CaS@ J #%$'&($*)�$*+¡�.�4�4GAS=IA<3�=b-�.�@VDC@VW�A<684�T�/Z=BW�@VO�@EO�/Z;#QS68;<W�W�@
=kO L @�=I4%;S?:@�=�;#3�;#D>qSH8/>-�.�@
=b?�A<W�4�D>@:±�@�= (f ; � ) : (G; J) //(F ; I) @�=BHYDC/Z=I=I@
;#68Q<.�W�@�3SH�4%;#6�;#68Q<.�W�@�3SH\}'/ J @ J n�D>@�=bW�A<684�T�/Z=BW�@�= f (j ) : G(j ) //F (� (j )) =IA<3�H�DC/Z=I=I@�=b4GA<.�6bHIAS.�H j ∈ Ob(J) � J�r 35O�/>=I4GAS=I@
;#D>A<6U=YO L .%3�@];<O|`MAS3%?_H8/CAS3

((f ; � )# ; (f ; � )� ) : PreShv(AnSm=(G; J); M) //PreShv(AnSm=(F ; I); M) :

	 ;�?�A<3%=BHI68.%?_H8/CAS3 O�.�9'AS3%?_H8@�.�6 (f ; � )#
@�=BH�?�;#DZ-�.�7�@�=I.�6X=IA<3 ;#3%;<DCASQ<.�@£;#D>Q<7�c�68/>-�.�@·}'aSA</>6�s tVu �+vGw n f 6IAS4 Jgx%J¢z�J x#{ � Jg¹ Dd= L ;#Q</CHO L .�3�@\;<O|`MAS3%?_H8/CAS3XO�@[PE.%/CD>DC@�3X4GA<.�6�DC@
=k=BHI68.%?_H8.�68@�=b4�6IA<`M@�?:HI/>a<@�=d}'@:HY3�AS3�=B@�W�/ F 4�68A#`M@�?:HI/>a<@
=��¢� (D1; usu) F DCA�?�;#D>@�= J Fl35.�HI/>DC/Z=8;#3�HbDZ;4�68A<4GAS=I/jH8/CAS3 x�J h#n%A<3�A<c�H8/C@�3SH^;<DCAS68=�D L @�±�/Z=BHI@�3�?:@]O L .�3�@];SO|`MA<3%?:HI/>A<3

((f ; � )# ; (f ; � )� ) : DM(F ; I) //DM(G; J) :

r 3�³�±�@�.�3�68@�W�4�DZ;<?�@�W�@�3�H�?�A#³%c%68;<3SH T O�@ Cof(Gman ⊗
�

→ A1;an ⊗
�
) O�;<3%=

PreShv(AnSm=pt;M) ;|a<@
? �
∈ ED L A<c�`M@:Hd.�3%/jH872O�@

M
}
=B.�4%4�A�=B7�@]O�7�=IA<68Wo;#/Z=YW�AS3�A<p O�;<DC@[=Iq�W�7�HI68/>-�.�@[@�H^.�3�/CH8;#/>68@
� J®r 3�3%A#HI@ TF

D L />Wo;#Q<@[/>3�a<@�68=I@[O�@ T =B.�/>a&;#3�H
D>;�4%6IA<`M@�?_H8/CAS3

(F ; I) //pt J�	 @\9'AS3%?_H8@�.�6^O�@]=B.%=I4G@�3%=I/CAS3

Sus0
TF

: PreShv(AnSm=(F ; I); M) //Spect�
TF

(PreShv(AnSm=(F ; I); M))

@�=BH�.%3�@d7
-S.%/Ca&;#D>@�3�?:@EO�@\PE.�/>DCD>@�3�0]Q�;#.%?UT�@dDCAS68=8-�. L AS3�W2.�3�/CHYD>;R=BAS.�68?�@dO�@VD>;R=MH86I.�?_HI.%6I@d=I@�W�/ F 4%6IA<`M@�?_H8/CaS@ (D1; usu) F D>A�?�;#D>@d@�HbD>@c�.�HbO�@^D>;\=BHI68.%?_H8.�68@N4�6IA<`M@�?:HI/>a<@N=MHU;#c�D>@^O�7
O�.�/CHI@dO�@NDZ;[=BHI68.%?_H8.�6I@^=I@�W�/ F 4%6IA<`M@�?_H8/CaS@ (D1; usu) F DCA�?�;<DC@ J
	 ;[?�;&HI7�Q<AS6I/>@bT%A<W�A#H8A<4�/Z-�.�@O�@]?:@�HBH8@]O�@�683�/>m�68@\=BHI68.%?:HI.�68@[=B@�68;R3�A#H87�@
SHan

M
(F ; I) JGr 3�;�O�AS3%?V.�3�@[7�-�.�/>a&;#D>@�3%?�@[O�@]?�;#HI7�QSA<68/C@
=

}Mh x � SHan
M

(F ; I) ' DM(F ; I):

	 @
=d;<O&`MA<3%?:HI/>A<3%=^O�@�PE.�/>DCD>@�3 ((f ; � )� ; (f ; � )� ) /C3%O�.�/>=I@�3�HEO�@�=^;SO|`MA<3%?:HI/>A<3%=EO�@�PE.�/>D>DC@�3(=B.�6dDC@
=d?�;#HI7�Q<A<68/>@�=YO�@ T F =I4�@
?_HI68@�= JGr 3;�O�A<3%?\.%3£?�A<.�4%DC@[O L A<4G7�6U;&H8/CAS3%=Y;<O|`MAS/C3�HI@
=
((f ; � )� ; (f ; � )� ) : SHM(F ; I) //SHM(G; J)
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	��
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���o�����%�����
!<���+��� 2�,

-�.�/G?�A<686I@
=B4GA<3�O�@�3�Hl;#.�±�A<4G7�6U;&H8/CAS3%=lO�@EW�e�W�@�=k3�A<Wo=k=I.�6
DM(−;−) a�/>;]DC@
=l7�-�.�/>a&;#D>@�3%?�@�=bO�@d?�;#HI7�Q<A<68/>@�=N}Bh x � J 	 A<6U=I-�.�@ (f ; � )@�=BH^DC/Z=8=B@[;#68Q<.%W�@�3�H�4%;<6^;#68Q<.�W�@�3SH
n�A<3£O�/Z=B4GAS=I@[O L .%3£?�A<.�4%DC@[O L A<4G7�6U;&H8/CAS3%=N;<O|`MAS/C3�H8@�=

((f ; � )# ; (f ; � )� ) : SHM(G; J) //SHM(F ; I) :

¡�.�4�4GAS=IA<3�=[Wo;#/>3SH8@�3%;<3�H[-�.�@ (F ; I) @�=BH].�3*O�/Z;#Q<6U;#W�W�@oO�@ k F =I?UT%7�Wo;<=[O�@�HMq�4G@�³%3�/ J�r 3·3�A<HI@ (F an ; I) D>@XO�/Z;#Q<6U;#W�W�@O L @�=I4%;<?�@�=\;#3%;<DCq�H8/>-�.�@
=E?�A<W�4�D>@:±�@�=EA<c�H8@�3�.¥@�3�?�A<W�4GAS=8;#3�H F ;|a<@�?2DC@R9'A<3�?_HI@�.�6[O L ;#3%;<DCq�HI/C³�?�;&HI/>A<3 J®r 3�;�.�3%@�;SO|`MA<3�?_HI/>A<3�O�@PE.�/>DCD>@�3
(An�

F ; AnF � ) : Spect�
TF

(PreShv(Sm=(F ; I); M)) //Spect�
T an

F

(PreShv(AnSm=(F an ; I); M))

4�AS.�6^D>@�=N=BHI68.%?_H8.�68@�=Y4�68A#`M@
?_HI/>a<@
=Y=MHU;#c�D>@�=NO�7
O�.�/CHI@
=NO�@�=^=BHI68.%?:HI.�68@�=N=I@�W�/ F 4�68A#`M@
?_H8/CaS@�= (A1; Nis) F D>A�?�;<DC@V@:H (D1; usu) F DCA�?�;<DC@ Jº�»®¼�½M¾N½M¿�½BÀk¾ �kÃ�Á Æ � ¦&©�ª (F ; I)
Ì Ë Î © Ð��<ÍIÐ&×�×oÉ�ÎSÉ

k Õ Ò:§UÖ Ï�×oÐ Ò Î<É ª78 Ø%É 9 Ë%©�¨ Ù Ë ÎSÏ�9 Ë%©�ªd¤ Ð�ÍIÏUÐ ¤j©ZÒ Ð ª
©�¦#Ë ÎSÉ�ÓEÉ ª
ª�© Ð&ÌÎ<É ÒUÒ Ì Ò ÎSÉ
F

Ø%Ð&Í ¤ Ð §U¦ ×dØ ¦&Ò Ï8É

BettiF : SHM(F ; I)
LAn∗

F //SHan
M

(F an ; I) oo � //DM(F an ; I) :

¡�A</CH (f ; � ) : (G; J) //(F ; I) .�3¥W�AS6I4%T�/>=IW�@RO�@�O�/Z;#Q<6U;#W�W�@�=EO�@ k F =8?UT�7�Wo;S=dO�@2HMq�4G@R³%3�/ J®r 3¥O�/Z=I4�A�=B@�O L .%3�?�;<6I687
?:ASW�WR.�H8;#HI/C9Y}
0�.�3£/>=IA<W�A<684�T�/Z=IW�@\4�68m�=U��O L ;<O|`MAS3%?_H8/CAS3%=NO�@2PE.�/>DCD>@�3

Spect�
TF

(PreShv(Sm=(F ; I); M))
(( f ;� )∗;( f ;� )∗) //

(An∗

F
;AnF∗)

��

Spect�
TG

(PreShv(Sm=(G; J); M))

(An∗

G
;AnG∗)

��
Spect�

T an
F

(PreShv(AnSm=(F an ; I); M))
(( f an ;� )∗;( f an;� )∗) //Spect�

T an
G

(PreShv(AnSm=(Gan ; J); M)):

	 AS68=8-�.�@ (f ; � ) @�=BH^DC/Z=8=B@[;#68Q<.%W�@�3�H�4%;<6^;#68Q<.�W�@�3SH
n�A<3�;�7�QS;<DC@�W�@�3�H�.%3£?�;#686I7\?:ASW�W2.�HU;&HI/C9gO L ;SO|`MA<3�?_HI/>A<3�=NO�@RPE.�/>DCD>@�3

Spect�
TG

(PreShv(Sm=(G; J); M))
(( f ;� )#;( f ;� )∗) //

(An∗

G
;AnG∗)

��

Spect�
TF

(PreShv(Sm=(F ; I); M))

(An∗

F
;AnF∗)

��
Spect�

T an
G

(PreShv(AnSm=(Gan ; J); M))
(( f an;� )#;( f an;� )∗) //Spect�

T an
F

(PreShv(AnSm=(F an ; I); M))

6I@�D>;#HI/>a<@�W�@�3�HR;#.�±·=MH86I.�?_HI.%6I@
=]4�68A#`M@
?_HI/>a<@
=]=BH8;#c%DC@
=]O�7�O�.�/jH8@�=�O�@�=R=MH86I.�?_HI.%6I@
=[4�68A#`M@�?:HI/>a<@
=X}'@�HR3�AS3*=B@�W�/ F 4�6IA<`M@�?:HI/>a<@�= � � J"r 3*;O�A<3�?\DC@\687�=I.�DjHU;&H^=I.�/Ca&;<3SH  
�N»����5» �lÃ�3 Æ 5N¦ Ì�Í ªÅ¦ Ì ª × ¦ Í�Ø Ö�©ZÒ ×�É5Î<ÉXÎ © Ð��<ÍIÐ&×�×�É Ò Î<É

k Õ Ò�§UÖ Ï�×�Ð Ò ÎSÉ ª78 Ø%É 9 Ë%© (f ; � ) : (G; J) //(F ; I) 6N¦#ËÎ ©ZÒ Ø ¦|Ò ÉoÎ1Ô Ì Ë É ª ÍIÐ Ë%Ò Ê ¦ Í_×oÐ ª�©�¦&Ë¥Ë Ð ª Ì�ÍIÉ ¤�¤ É ©�Ë � É�Í Ò_©�4:¤ É
� ( f ;� ) : (f ; � )� ◦ BettiF

� //BettiG ◦ (f ; � )�

§U¦ ×dØ�Ð ª
©�4�¤ É = ¤ Ð §U¦ ×dØ ¦|Ò_©�ª
©�¦#Ë Î<É Ò × ¦ Í�Ø Ö�©ZÒ ×�É Ò ÎSÉ*Î © Ð �#Í8Ð&×�×�É Ò ÎSÉ
k Õ Ò:§UÖ Ï�×oÐ Ò�¨ È ¦ Í Ò�� Ì%É

(f ; � )
É ÒUª�¤Ñ©ZÒUÒ É*Ð#Í7�#Ì�×oÉ Ë%ª Ø�Ð#ÍÐ&Í7�<Ì�×oÉ Ë�ª�6l¤ Ð ª Í8Ð Ë�Ò Ê ¦ Í_×�Ð ª
©�¦#Ë¥Ë Ð ª Ì�Í8É ¤�¤ É

(f ; � )# ◦ BettiG //BettiF ◦ (f ; � )# ;

Î<ÏUÎ&Ì ©�ª É�Î<É
� � 1

( f ;� ) � © Ð ¤ É Ò ÐSÎ�� ¦&Ë+§:ª�©�¦&Ë%Ò ((f ; � )# ; (f ; � )� ) 6 É Ò_ªk©�Ë � É�Í Ò_©�4:¤ É ¨
¯d/Z;�DC@
=^;<O|`MAS3%?_H8/CAS3%= ((f ; � )� ; (f ; � )� ) n%A<3£O�7�O�.%/jHdO�@ � ( f ;� )

.�3�@\HI6U;#3�=M9'AS6IWo;&H8/CAS3X3%;#HI.�68@�D>DC@

 ( f ;� ) : BettiF ◦ (f ; � )�

//(f ; � )� ◦ BettiG :

r 3�;RD>@\6I7
=B.%DjHU;&H^=B.%/Ca&;#3�H  
,.-lÀ0/�À21<½M¿�½BÀk¾ �lÃ�� Æ � ¦#©�ª f : (G; I) //(F ; I)

Ì Ë × ¦ Í�Ø Ö�©ZÒ ×oÉ[Î<É
I Õ Î © Ð �#Í8Ð&×�×�É Ò Î<É

k Õ Ò�§8Ö Ï:×oÐ Ò ÎSÉ ª78 Ø%É�9 Ë%© - ©�¨ É ¨'6
Ì Ë × ¦ Í�Ø Ö�©ZÒ ×�ÉoÎSÉRÎ © Ð��<ÍIÐ&×�×�É Ò]©�Ë Î#Ì ©ZÒ Ð Ë%ª�¤ Ô © ÎSÉ Ë�ª
©�ª Ï Ò Ì�Í ¤ É Ò2§ Ð ª Ï�� ¦ Í © É Ò Î1Ô ©�Ë Î ©�§ É Ò .<¨ � ¤C¦ Í Ò 6l¤ Ð ª ÍIÐ Ë�Ò Ê ¦ Í_×oÐ ª�©�¦&Ë�Ë Ð ª Ì�Í8É ¤�¤ É


 f : BettiF ◦ f �
//f � ◦ BettiG
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	b������!(�
��� �%$&)*���
	��
)*���"����! u !<�
���o�����%�����
!<���+��� 2A�

É Ò_ª�©�Ë � É:Í Ò_©�4�¤ É ¤C¦ Í Ò�� ÌlÔ É ¤�¤ É�É Ò_ª ÐUØ<Ø ¤Ñ©�� Ì%ÏUÉ�Ð&Ì
	 ¦
4 ��É ª�Ò A
Î<É

SHM(G; I) ª É ¤¢Ò>� Ì%É
i � (A)

É Ò_ª�§U¦ ×^Ø%Ð §�ª Ø ¦ Ì�Í ªÅ¦ Ì ª i ∈ Ob(I) ¨

������������������������ K @
?:/%O�7�?:AS.�D>@b9�;S?:/>DC@�W�@�3�HkO�@YD>;\4�;#6IHI/>@ � O�.RH8T�7�AS6Im�W�@ y%J h i @:HkO�.�9�;#/CHk-�.�@YDC@NW�AS6I4�T%/>=IW�@YO�@Y?UT�;#3�QS@�W�@�3�HO�@[c%;S=B@ i � f �

//f (i )� i � @�=BHN/C3�aS@�6U=B/>c�D>@V4GA<.%6YHIA<.�H i ∈ Ob(I) J #%$B&2$') $'+Ú ;#4%4�@�DCAS3%=lDZ;2?�A<3%=BHI68.%?_H8/CAS3XO�@�=k9'A<3�?_HI@�.�6U=b?�q�?�DC@
=l4�68A�?UT�@�=bO�;#3�=l.�3�O�7�68/Ca&;#HI@�.%6b;#D>Q<7�c�68/>-�.�@^T%A<W�A#H8A<4�/Z-�.�@^@:HY=MHU;#c�D>@
H

}�;<.=B@�3%="O�@ds tVu �+v � n|µd7�9 J ? J x�J h y&{ � J 	 @kD>@�?:HI@�.�6�3%@k4G@�6UO�@�6U;N68/C@�320d=I.�4�4GAS=I@�6"-S.%@
H(−;−) = SHM(−;−) A<.

H = SH
an
M((−)an ;−) JµE;<3%=[s tVu �+v�w n%µE7:9 J%y%J z�J y#{ 3%A<.%=N;|aSA<3%=YO�7�³%3�/1.�3�O�/Z;#QS68;<W�W�@\O�@ k F =8?UT�7�Wo;<=�D>/>=8=I@�= (R ; ∆× N� ) WR.�3�/1O L .�3£W�A<684�T�/Z=BW�@

(� ; p∆� N×) : (R ; ∆× N� ) //Gmk :

f A<.�6�DC@�W�A<W�@�3�H
n"DZ;¥O�7:³%3�/CHI/>A<3 @:±�;<?:HI@£O�. O�/>;<Q<6U;#W�W�@ R 3�@R`MA<.�@�68;�;#.%?�.�3�6 � D>@ J FlD>DC@£3�@£=B@�68;¥O�A<3%?�68;<4�4G@�D>DC7�@�-�.�@54�DC.�=
H8;<68O J%² H8;<3SHVO�A<3�3%7].�3�W�A<684�T�/Z=BW�@[O�@ k F =8?UT�7�Wo;S=N-S.�;<=I/ F 4�68A#`M@�?:HI/C9�= f : X //A1

k
n�AS3£9'A<68W�@[DC@]O�/Z;#QS68;<W�W�@[?�A<W�W2.�HU;&H8/j9

0�?�;#68687�=Y?�;<6BH87�=I/C@�3%=
R X

( � f ;p
∆×N× )

//

��

X �
j //

f �

��

X

f

��

X �

f �

��

ioo

R
( � ;p

∆×N× )
//� = Gmk

j //A1
k o = � :

ioo

r 3�O�7:³%3%/jHd;<DCAS68=�D>@E9'AS3%?_H8@�.�6��&?:q�?:D>@�=Y4%6IA�?UT�@
=��Sn�4%;<6�DZ;o?:ASW�4�A�=B7�@

H(X � )
( � f ;p

∆×N× )∗
//H(R X ; ∆× N� )

( � f )∗ //H(X � ; ∆× N� )
i ∗ j ∗ //H(X � ; ∆× N� )

(p
∆×N× )# //H(X � ) :

	 AS68=8-�.�@ H = SHM(−) ng?:@�HBHI@�?�A<W�4�A�=B7�@�=I@�6U;(3%A#HI7�@ Ψf J FlD>DC@£@
=MH�7�Q�;#D>@�W�@�3�Ho?:A<3%3�.%@�=IA<.%=RD>@�3%A<W�O�@�9'A<3�?_HI@�.�6��|W�A#H8/j94�68A�?UT%@�� J 	 A<6U=I-�.�@ H = DM((−)an ) ?�@:HBH8@¥?:ASW�4�A�=B7�@(=B@�68;·3�A<HI7�@ Ψ0
f an

;&³%3 O�@(D>;�O�/>=BHI/>3�QS.�@�6�O�. a�6U;#/^9'A<3%?:HI@�.%6��&?�q�?�DC@
=
4�68A�?UT%@�=�� Ψf an

O�A<3�H�AS3�H86IAS.�a<@�68;].�3�@[O�7:³�3�/jH8/CAS3�O%;#3%=Vs 	 ��
��4�4� n ² ±�4GAS=I7
� ¹ ¯ { JGK @�HBHI@[O�7�³%3�/CHI/>A<3£=B@�68;RO L ;#/>DCD>@�.�6U=�68;<4�4G@�D>7�@4�D>.%=ND>A</>3�O�;<3%=NDZ;�=B@
?_HI/>A<3 J
,.-lÀ0/�À21<½M¿�½BÀl¾ �kÃ ��Æ ::¤ É;	 ©ZÒ_ª É]Ì Ë É ª ÍIÐ Ë%Ò Ê ¦ Í_×oÐ ª�©�¦&Ë¥Ë Ð ª Ì�ÍIÉ ¤�¤ É

! f : BettiX � ◦ Ψf
//Ψ0

f an ◦ BettiX �

Î<ÉYÊ ¦#ËG§�ª É�Ì�Í Ò Ø Ò É:Ì%Î ¦ Õ × ¦&Ë+¦87 Î<Ð#Ì
	 6bÒ 8 ×oÏ ª Í ©�� Ì%É Ò É ª Ø Ò É�Ì%Î ¦ Õ Ì Ë%©�ª Ð © ÍIÉ Ò � Ì © É Ò_ª�©�Ë � É:Í Ò_©�4�¤ É ¤C¦ Í Ò � ÌlÔ É ¤�¤ ÉXÉ ÒUª Ð8ØSØ ¤Ñ©�� Ì%ÏUÉoÐ&Ì
	 ¦ 4 ��É ª�Ò
§U¦ ×dØ�Ð §:ª
Ò Î<É

SHM(X � ) ¨ È�É Ò ! ?
ÎSÏ�9 Ë%©ZÒUÒ É Ë�ª Ì Ë × ¦ Í�Ø Ö�©ZÒ ×oÉ

! : Betti ◦ Ψ //Betti ◦ Ψ0 Î<É Ò 8|Ò_ª � ×oÉ Ò Î<É Ò Ø�Ï §�© Ð ¤Ñ©ZÒ Ð ª�©�¦&Ë
- Ð&Ì Ò É Ë%Ò ÎSÉ s tVu �GvGw n�µd7�9 J%y�J h J h { . ÎSÉ

SHM(−)jSch=Gm k

Î<Ð Ë�Ò
DM((−)an ) ¨


�������������������������f AS.�6k;<c�6I7�Q<@�6"D>@�=l3�A#HU;&HI/>A<3�=�n&AS3�3%A#HI@�68;
K

D>;[?�;&HI7�Q<AS6I/>@
∆×N� J 	 ;VHI6U;#3�=M9'AS6IWo;&H8/CAS3 ! f

@�=BHlD>;[?�A<W�4GAS=I7�@O�@�=^/>=IA<W�A<684�T�/Z=IW�@
=\}�O�@\9'AS3%?_H8@�.�6U=Y4%=I@�.%O�A F W�AS3�A<p O�;#.�±��
BettiX � pK# ' pK# Betti(X � ;K) ; Betti(X � ;K) i

� ' i � Betti(X ;K) ; Betti(X ;K) j �
//j � Betti(X � ;K) ;

Betti(X � ;K) � f �
//� f � BettiR � Gmk

X �

@:H
BettiR � Gmk

X � (� f ; pK)� ' (� f ; pK)� BettiX � :

Fl3¥4�;#6IHI/Z?:.�D>/C@�6�nGD>@]9�;#/CH[-S.%@ ! f
@�=BHE/>3�a<@�68=I/Cc%DC@2;<4�68m�=d;<4�4�D>/>?�;&H8/CAS3¥;#.�±�ASc�`M@:HU=E?�A<W�4%;<?:H8=EO�7�?�A<.�D>@RO�@RD>;�4�68A<4GAS=I/jH8/CAS3 x%J x�J f ;<6;#/>DCD>@�.%68=�n#D>@�=g9'AS3%?_H8@�.�6U= BettiX � ◦Ψf

@:H Ψ0
f an ◦BettiX �

O�7:³%3%/>=8=B@�3�HbO�@�=k=Bq�=BHIm�W�@
=lO�@d=I4�7
?:/Z;#D>/>=8;&H8/CAS3�W�AS3�A<p O�;<.�± JSK @�?:/GO�7�?�A<.�D>@/CW�W�7�O�/>;#HI@�W�@�3SHVO�.£HIT�7�A<68m�W�@ y�J h i @�H^4�DC.�=^4�687�?�/>=I7�W�@�3�HdO�@[DZ;o?:ASW�W2.�HU;&HI/>A<3�O�@2D>;�687�;<DC/Z=I;#HI/>A<3�O�@2Û�@:HIHI/�;|aS@�?VD>@�=Y9'AS3%?_H8@�.�6U=
�|/>W�;<Q<@^O�/>68@�?_H8@���=I.�/Ca&;<3SHl.%3oW�AS6I4%T�/>=IW�@N4�68A#`M@�?:HI/C9 J 	 ;\aS7�68/j³G?�;&H8/CAS3o-S.%@ ! @
=MHk.%3oW�AS6I4%T�/>=IW�@^O�@d=Iq�=MH8m�W�@�=lO�@d=B4G7�?�/>;<DC/Z=8;&HI/>A<3@�=BHN9�;<?�/CD>@\@:Hd=I@�6U;2DZ;#/Z=I=I7�@\@�3�@�±�@�6U?:/Z?:@ J #%$'&($*)�$*+

	 ;X=I@�?�A<3%O�@]7:HU;#4G@R?:AS3%=I/>=BHI@�0X?:AS3%=MH86I.%/C68@].�3�@2HI6U;#3%=B9'A<68Wo;&H8/CAS3�3�;&HI.%6I@�DCD>@ Ψ0
f an

//Ψf an J f A<.�6V?:@�D>;%n%A<3�;XcG@�=IA</>3(O�@
68;<4�4G@�D>@�6lDZ;[?:AS3%=MH86I.�?_HI/>A<3�O�.XO�/Z;#QS68;<W�W�@ R A<.o4%DC.�H � Hk=IA<3o;#3�;#D>qSH8/j³�7 R an J 	 @dO�/>;<Q<6U;#W�W�@ R an @�=BHk?:AS3%=BHI68.�/jHl@�3X;#4�4%DC/Z-�.%;#3�Hs tVu �GvGw n 	 @�W J%y%J x�J h { ;#.�O�/Z;#Q<6U;#W�W�@\O�@[O�/>;<Q<6U;#W�W�@�=YO L @�=I4%;<?�@�=N;<3%;#D>q�HI/Z-S.%@�=Y?:ASW�4%DC@�±�@
=

(Ean ; N� ) (Ean ; N� ) (pt; N� )
1oo

;|a<@
? Ean DZ;2H8A<.�6^O�@�=N68@�aSe:HI@�W�@�3�H8=�7:HU;#D>@�=�³%3%/>=^O�@
Gman

k J � A<68W�AS3%=YD>@\O�/>;<Q<6U;#W�W�@V?�A<W�W2.�HU;&H8/j9
(A1;an ; N� )

(r ;id )

��

(A1;an ; N� )

(r ;id )

��

(pt; N� )
0oo

(Ean ; N� ) (Ean ; N� ) (pt; N� )
1oo
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A<¸ D>;�DC/>Q<3%@£=I.�4G7�68/C@�.�68@�@�=BH�9'A<68W�7�@�O�@£O�/>;<Q<6U;#W�W�@�=2?�A<3%=BH8;<3�H8=�@:H r(n) : A1;an //Gman @�=BHoD>;¥9'A<3%?:HI/>A<3�;#3%;<DCq�HI/Z-�.�@
z  exp(n� 1:z) J�r 3£O�7�O�.�/jHV;#/>3%=B/®.%3�W�AS6I4�T%/>=IW�@\O�@ (∆ × N� ) F O�/>;<Q<6U;#W�W�@�=�O L @�=I4%;<?�@�=N;#3�;#D>qSH8/>-�.�@
=

r : (C; ∆) × (pt; N� ) //(R an ; ∆× N� )

;|a<@
? C D L @�=I4%;<?�@[;#3%;<DCq�HI/Z-�.�@[?:A�=B/>W�4�DC/Z?:/Z;#D®ASc�HI@�3�.�O�@os tVu �+v�w n 	 @�W J�y�J x%J h { ;<4�4�D>/>-�.�7[0
A1;an A1;an pt

0oo :

f A<.�6NDZ;o=B.%/jH8@<n�A<3£/>3�HI68A�O�.�/jH^-�.�@�D>-�.�@
=Y3�A#HU;&HI/>A<3�= J
� �������
	��G� ��� � � r 3�3%A#HI@ (�; p∆) : (C; ∆) //A1

an
D>@[W�AS6I4%T�/>=IW�@[O�7�O�.%/jHdO�.�O�/Z;#QS68;<W�W�@\?:ASW�W2.�HU;&HI/C9

A1;an A1;an

��

pt
0oo

A1;an //pt pt

r 3�3�A<HI@�;#.�=I=I/ q : ∆× N� //∆ DZ;�4�6IA<`M@�?:HI/>A<3 =I.�6�DC@£4�68@�W�/>@�6R9�;<?:HI@�.%6 J � a<@�?�?:@
=�3�A#HU;&HI/>A<3�=�n"A<3�;¥.�3 O�/Z;#QS68;<W�W�@?:ASW�WR.�H8;#HI/C9�O�@]O�/>;<Q<6U;#W�W�@�=�O L @�=I4%;<?�@�=N;#3�;#D>qSH8/>-�.�@
=N?:ASW�4%DC@�±�@
=
}Mh z � (C ◦ q; ∆× N� )

r //

( �;p
∆×N× )

��
( ';p

∆×N× )

--

(R an ; ∆× N� )

( � an;p
∆×N× )

��
A1;an

r(1)
//

r( n ) **

Gman

Gman

en

44

;|a<@
? en
D>@¥W�A<684�T�/Z=IW�@(O L 7�DC7�a|;#HI/>A<3 0�DZ;�4�.%/>=8=I;<3%?:@ n J ¡�AS/jH f : X //A1;an .�3 W�AS6I4�T%/>=IW�@(O L @
=B4�;<?:@
=X;#3�;#D>qSH8/>-�.�@
=?:ASW�4%DC@�±�@
= J®r 3�3�A#H8@ X � = f � 1(Gman) @:H j =IA<3£/>3%?:D>.%=I/CAS3(O�;#3�= X JGr 3�3�A<HI@2;<.%=8=B/ X � = f � 1(o) @:H i =IA<3�/>3%?:D>.%=I/CAS3(O�;#3�=

X J�r 3£A<c�H8/C@�3�HNO�@X}Mh z ��.�3�O�/>;<Q<6U;#W�W�@V?�A<W�W2.�H8;&H8/j9
}Mh
~S� (CX ◦ q; ∆× N� )

r f //

( � f ;p
∆×N× )

��
( ' f ;p

∆×N× )

..

(R an
X ; ∆× N� )

( � an
f ;p

∆×N× )

��
A1;an ×Gman X � r f (1)

//

r f (n ) ++

X �

Gman ×en ; Gman X �

en;f

22

4%;#6^?UT�;#3�QS@�W�@�3�H^O�@\c%;<=I@[=B.%/Ca&;#3�H f � : X �
//Gman J

­�.�3�/�O�@�=g3%A#H8;#HI/>A<3%=�4%6I7
?:7�O�@�3�HI@
=�n&AS3�O�7�³%3�/CHb?:/>3%-]9'A<3%?:HI@�.%68= Ψ0
f
n Ψ1

f
n Ψ2

f
n Ψ3

f
@�H � n;f

6I@
=B4G@�?:HI/>a<@�W�@�3SHg4%;<6gDC@
=l?:ASW�4�A�=B7�@�==B.%/Ca&;#3�H8@�=

DM(X � )
( � an

f ;p
∆×N× )∗

//DM(R an
X ; ∆×N� )

( � an
f )∗ //DM(X � ; ∆×N� )

i ∗ j ∗ //DM(X � ; ∆×N� )
(p

∆×N× )# //DM(X � ) ;

DM(X � )
( ' f ;p

∆×N× )∗
//DM(CX ◦ q; ∆×N� )

( ' f )∗ //DM(X � ; ∆×N� )
i ∗ j ∗ //DM(X � ; ∆×N� )

(p
∆×N× )# //DM(X � ) ;

DM(X � )
( ' f ;p∆)∗ //DM(CX ; ∆)

( ' f )∗ //DM(X � ; ∆)
i ∗ j ∗ //DM(X � ; ∆)

(p∆)# //DM(X � ) ;

DM(X � )
r f (1) ∗

//DM(A1;an ×Gman X � )
r f (1) ∗ //DM(X � )

i ∗ j ∗ //DM(X � ) ;

@�H
DM(X � )

e∗

n;f //DM(Gman ×en ; Gman X � )
en;f ∗ //DM(X � )

i ∗ j ∗ //DM(X � ) :
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r 3�;RD>@\DC@�W�W�@]=I.�/>a&;#3�H  
�^»�� ��» �lÃ�� Æ :_¤ É;	 ©ZÒUª É¥ÎSÉ Ò£©ZÒ�¦ × ¦ Í�Ø Ö�©ZÒ ×�É Ò�Ë Ð ª Ì�ÍIÉ ¤¢Ò - ÎSÉ]Ê ¦#ËG§�ª É�Ì�Í Ò Ø Ò É:Ì%Î ¦ Õ × ¦&ËG¦:7 Î<Ð#Ì
	 6[Ò 8 ×oÏ ª Í ©�� Ì%É Ò É ª Ø Ò É:Ì%Î ¦ ÕÌ Ë%©�ª Ð © ÍIÉ Ò9. Ψ1

f ' Ψ2
f

É ª Ψ2
f ' Ψ3

f
§U¦ ×dØ�Ð ª
©�4�¤ É�= ¤ Ð §U¦ ×dØ ¦&Ò_©�ª
©�¦#Ë ÎSÉ Ò

A1;an × ¦ Í�Ø Ö�©ZÒ ×oÉ Ò�¨

������������������������ f A<.%6d.�3�A<c�`M@�H A O�@

DM(X � ) n Ψ1
f (A) @�=BHVDZ;�?�A<D>/CW�/CHI@RT�A<W�A#H8A<4�/Z-�.�@RO�.

N� F O�/Z;#Q<6U;#W�W�@2?�A<3%=BH8;<3SHVO�@
a&;#D>@�.�6 Ψ2

f (A) n</ J @ J n Ψ1
f (A) ' (pN×)# p�

N×Ψ2
f (A) ;|a<@�? pN× : N� //e J µE@N4�D>.%=�n#DC@NW�AS6I4�T%/>=IW�@ Ψ1 //Ψ2 = L />O�@�3�HI/C³%@

0�D>;�?:AS.�3�/CHI7\O�@ (p�
N× ; (pN×)# ) J�r 6
n�D L @�3%=I@�WRc�D>@VAS68O�A<3�3�7

N� ;SO�W�@:HN.�3�4�D>.%=�Q<6U;#3%O�7�D>7�W�@�3�HN0�=8;|a<AS/C6 1 }
N� 7�H8;<3SHNAS68O�AS3�3�7

4%;#6VD L AS4�4�A�=B7�@RO�@�DZ;X68@�DZ;&HI/>A<3�O�@�O�/Ca�/Z=B/>c�/>DC/CHI7|� J+¹ D�a�/>@�3�H[-�.�@RD>@2W�AS6I4�T%/>=IW�@RO�@�?:AS.�3�/CHI7 (pN×)# p�
N×

//id @�=BHV/>3�a<@�68=I/Cc%DC@
}'aSA</>6N4%;#6N@�±�@�W�4�DC@�s tVu �+v � n f 68A<4 J ? J h J x h { � Jf ;<=8=BAS3%=\0£D L />=IA<W�AS6I4�T%/>=IW�@ Ψ2

f ' Ψ3
f J�	 ;£?�;&HI7�Q<AS6I/>@

∆
;<O�W�@�H[.�3·A<c�`M@�H[³%3%;#D�n�0£=8;|a<A</>6

0 J1¹ Dka�/>@�3�H2-�.�@�DZ;�?:A<.%3�/jH87oO�@
D L ;<O&`MA<3%?:HI/>A<3 ((p∆)# ; p�

∆
) @�=BHY/>3�a<@�68=I/Cc%DC@ J�¹ D�=B.A@o6U;#/CH^O�A<3%?\O�@[4%6IAS.�a<@�6Y-�.�@ Ψ2 @
=MHN/Z=BASW�AS6I4%T�@[0RDZ;�?:ASW�4GAS=I7�@

DM(X � )
(exp f ;p∆)∗

//DM(A1;an ×Gman X � ; ∆)
exp f ∗ //DM(X � ; ∆)

i ∗ j ∗ //DM(X � ; ∆)
(p∆)# //DM(X � )

r 3*W�A<3�HI68@�6U;�4�D>.%=R4�687�?:/Z=I7�W�@�3�H�-�.�@5DC@5W�A<684�T�/Z=BW�@�O L .�3�/CHI7 id //(� f )� (� f )� @�=BHR/>3�a<@�6U=I/Cc�D>@�;|aS@�? � f
DC@5W�A<684�T�/Z=BW�@

O L @�=I4%;<?�@�=d;<3%;#D>q�HI/Z-�.�@�=^?�A<W�4�D>@:±�@�=E?:A�=B/>W�4�DC/Z?:/Z;#.�±
(CX ; ∆) //(A1;an ×Gman X � ; ∆) J�¹ D"=B.�@�H\;#D>A<6U=^O�@]W�AS3SH86I@�6d-�.�@]D>@

W�A<684�T�/Z=BW�@dO L .�3�/CHI7 id //� f (n)� � f (n)� @�=BHk/>3�aS@�6U=B/>c�D>@N4�AS.�6bHIA<.�H n ∈ N J ­¥;#/Z=�n CX (n) ' (A1;an ×Gman X � ) × An; an

@:H � f (n) @�=BH^D>;�4�68A#`M@
?_HI/>A<3�=B.%6NDC@[4�68@�W�/>@�6Y9�;S?_HI@�.�6 J�	 @\6I7
=B.%DjHU;&H^O�7�?�A<.�D>@];#D>A<6U=YO�@\D L />3�a&;<6I/Z;#3%?�@E4�;#6NT�ASW�A<HIAS4�/C@ J #�$B&2$')�$*+
Ú ;#4%4�@�DCAS3%=[DZ;(O�7:³�3�/jH8/CAS3�O�.·9'AS3%?_H8@�.�6 �&?:q�?:D>@�=24�68A�?UT%@�=�� Ψf

;S=I=IA�?:/>7X0�.�3�W�A<684�T�/Z=IW�@ f : X //A1;an O L @
=B4�;<?:@
=;#3%;<DCq�H8/>-�.�@
=N?:A<W�4�D>@:±�@
= J ´dA#HIAS3%= E = A1;an `
{(−∞)} WR.�3�/�O�@[DZ;RHIAS4�ASDCASQ</>@V?�;#6U;<?_H87�68/>=I7�@V4%;<6  

" E − {(−∞)} @�=BH^.�3£A<.�aS@�6IHYO�@ E @�HND L />O�@�3�HI/CHI7
A1;an //E − {(−∞)}

@
=MHN.�3£T�ASW�7�A<W�A<684�T�/Z=IW�@ J
"�� 3�=Iq�=BHIm�W�@E?:A<³%3%;<D�O�@Ea<A</Z=I/C3%;<Q<@
=gA<.�aS@�6IH8=lO�@ (−∞) @
=MHYO�A<3�3%7d4%;<6kD>@�= VN = {(−∞)}

`
{z ∈ C; Re(z) < −N } ;|a<@�?

N ∈ N J
	 ;R9'A<3�?_HI/>A<3�;<3%;#D>q�HI/Z-S.%@ r(1) = exp : A1;an //A1;an = L 7:HI@�3%O�4%;#6N?�A<3�HI/>3�.�/jH87[@�3�.�3�@];<4�4�D>/>?�;&HI/>A<3

exp0 : E //A1;an

@�3£4GAS=8;#3�H exp0(−∞) = 0 J�r 3£;o;#/>3%=I/®.�3�O�/>;<Q<6U;#W�W�@V0�?�;#686I7
=�?�;#6IHI7
=B/>@�3%=

E � = A1;an
�j //

exp

��

E

exp ′

��

pt
�1

�ioo

Gman j ////A1;an pt:
0

ioo

Fl3£9�;#/Z=8;#3�HNDC@[?UT%;<3�Q<@�W�@�3�HNO�@Vc�;<=I@\=I.�/>a&;#3�H f n�A<3�A<c�H8/C@�3�H^DC@[O�/Z;#QS68;<W�W�@

E � ×A1;an X
�j //

exp f

��

E ×A1;an X

exp ′

f

��

X �
�ioo

X �
j //X X � :

ioo

r 3£4�A�=B@Sn�=B.�/>a&;#3�H[s 	 ��
��4�4� n ² ±�4GAS=I7 � ¹ ¯ { n Ψf (A) = ī � j̄ � exp�
f A JGr 3£O�/>=I4GAS=I@\O L .�3%@\HI6U;#3%=B9'A<68Wo;&HI/>A<353%;&H8.�68@�D>DC@

Ψ3
f = i � j � expf � exp�

f
//i � exp0

f � j̄ � exp�
f

//idX � � ī � j̄ � exp�
f ' Ψf :

	 ;�?:AS3%?:D>.%=I/CAS3�O�@[D>;�O�/Z=I?�.%=8=B/>A<3�4�687�?:7
O�@�3�H8@V@
=MHND>@[6I7
=B.%DjHU;&H^=B.%/Ca&;#3�H  
,.-lÀ0/�À21<½M¿�½BÀl¾ �kÃ ��Æ � ¦#©�ª f : X //A1;an Ì Ë × ¦ Í�Ø Ö�©ZÒ ×oÉ^ÎSÉ

k Õ Ò�§8Ö Ï:×oÐ Ò Î<É ª�8 Ø�É 9 Ë%©�¨ :_¤ É 	 ©ZÒ_ª É�Ì Ë É ª Í8Ð Ë�Ò Ê ¦ Í_×�Ð ª
©�¦#ËË Ð ª Ì�ÍIÉ ¤�¤ É�Î<ÉbÊ ¦&Ë+§:ª É:Ì�Í Ò Ø Ò É�Ì%Î ¦ Õ × ¦#ËG¦:7 Î<Ð&Ì
	 Ò 8 ×oÏ ª Í ©�� Ì%É Ò É ª Ø Ò É�Ì%Î ¦ Õ Ì Ë%©�ª Ð © ÍIÉ Ò
$ X : BettiX � ◦ Ψf

//Ψf an ◦ BettiX �
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§U¦ ×dØ�Ð ª
©�4�¤ É = ¤ Ð §U¦ ×dØ ¦&ÒU©�ª�©�¦&Ë Î<É Ò
A1

k Õ × ¦ Í�Ø Ö�©ZÒ ×�É Ò�¨ È�É Ò $ ?
Î<Ï79 Ë%©ZÒUÒ É Ë%ª Ì Ë × ¦ Í�Ø Ö�©ZÒ ×�É

$ : Betti ◦ Ψ //Betti ◦Ψ
ÎSÉ

Ò 8|ÒUª � ×�É Ò Î<É Ò Ø%Ï §:© Ð ¤Ñ©ZÒ Ð ª�©�¦&Ë Î<É
SHM(−)jSch=Gm k

ÎSÐ Ë�Ò
DM((−)an)

Ð&Ì Ò É Ë�Ò ÎSÉ s tVu �GvGw n"µE7:9 J�y�J h J h { ¨ <�É[Ø ¤ Ì Ò 6\¦#Ë Ð�Ì Ë§ Ð&Í_ÍIÏ §U¦ ×�×RÌ ª Ð ª�© Ê
BettiX � ◦ � n;f

//

��

� n;f an ◦ BettiX �

��
BettiX � ◦ Ψf

//Ψf an ◦ BettiX �Ð � É § � n;f = i � j � en;f � e�
n;f

¨ -�� ¦#© Í ¤ É Ò[Ë+¦&ª Ð ª�©�¦&Ë�Ò �G¨�� ÎSÐ Ë�Ò[¤ É § Ð Ò Ð Ë Ð ¤ 8&ª�©�� Ì%É ¨ .

������������������������ 	 ;RHI6U;#3%=B9'A<W�6U;&H8/CAS3X3%;&H8.�68@�D>DC@ $ f

@�=BH^DZ;�?�A<W�4GAS=I7�@

BettiX � Ψf
! f //Ψ0

f anBettiX �
//Ψ1

f anBettiX � ' Ψ2
f anBettiX � ' Ψ3

f anBettiX �
:

	 @g9�;</jH�-�. L />DS= L ;<Q</CH®O L .�3[W�AS6I4�T%/>=IW�@lO�@l=Bq�=BHIm�W�@
=1O�@l=I4�7
?:/Z;#D>/>=8;&H8/CAS3[O�7�?�A<.�D>@lO�@gDZ;Y4�6IAS4�A�=B/CHI/>A<3 x%J¢z @:H�O�.\9�;#/CH�-�.�@ Ψ0
?

//Ψ1
?;#/>3%=I/G-�.�@^D>@�=b/Z=BASW�AS6I4%T�/>=IW�@�=lO�.XDC@�W�W�@ x%J �\=IA<3�Hb7�QS;#D>@�W�@�3SHkO�@�=bW�AS6I4%T�/>=IW�@�=bO�@�=�=Bq�=BHIm�W�@
=kO�@V=B4G7�?�/>;<DC/Z=8;&HI/>A<3�}
;#.�=I@�3%=�;#3�; FDCq�H8/>-�.�@]O�.�H8@�68W�@|� J�	 @�=��%m
?UT�@�=YaS@�6IHI/Z?�;<DC@
=�O�.£?�;#686I7\O�@\D L 7�3�A<3%?�7\4�6IA&a�/>@�3�3%@�3�H^O�@�=�H86I/Z;#3�QSDC@
=N?:ASW�WR.�H8;#HI/C9�=

(R ◦ (id × n); ∆× N� ) //

��

(R ; ∆× N� )

��
Gmk

en //Gmk

A1;an
r( n ) //

exp ((

Gman

en

��
Gman :

	 ;�?:ASW�W2.�HU;&HI/>A<3£O�.�?�;<6I687V@�=BHN9�;<?:/>D>@V@�Hd=B@�68;RDZ;#/Z=I=I7�@\@�3£@�±�@�68?�/>?�@ J #%$'&($*)�$*+
r 354G@�.�HdWo;#/>3SH8@�3%;<3�HY7�3�A<3�?:@�6Y@�HdO�7�W�A<3�H86I@�6�D>@\HIT%7�A<68m�W�@\4�68/C3�?:/>4%;#D1O�@]?�@:HIHI@]=I@�?_H8/CAS3 J

��� »1À0-�»��5» �kÃ�� Æ 5N¦ Ì�Í ªÅ¦ Ì ª × ¦ Í�Ø Ö�©ZÒ ×oÉoÎ<É ª78 Ø%É29 Ë%© f : X //A1
k
6l¤ Ð ª ÍIÐ Ë�Ò Ê ¦ Í_×oÐ ª�©�¦&Ë�Ë Ð ª Ì�ÍIÉ ¤�¤ É

$ X : BettiX � ◦ Ψf
//Ψf an ◦ BettiX �

É Ò_ª�©�Ë � É:Í Ò_©�4�¤ É ¤C¦ Í Ò�� ÌlÔ É ¤�¤ É�É Ò_ª ÐUØ<Ø ¤Ñ©�� Ì%ÏUÉ�Ð&Ì
	 ¦
4 ��É ª�ÒR§U¦&Ë%Ò_ª Í_Ì §�ª
©�4�¤ É Ò ÎSÉ
SHM(X � ) ¨


������������������������ ¡�A</CH Λ DZ;£?:DZ;<=8=B@�O�@�=\ASc�`M@:HU=[O�@�D>;59'AS6IW�@ Susp
T (Spec(k) ⊗ †) ;|a<@
? † ∈ Ho(M) ?:A<W�4%;S?_H\@:H p ∈ N J®¹ Da�/C@�3SHX}�a<A</>6[DZ;54%6I@�.�a<@�O�.�HIT�7�A<68m�W�@ y�J h i �V-�.�@o?:ASW�4�;<?_H[@
=MH]=Iq�3%A<3�q�W�@�O�@ Λ F ?�A<3%=BHI68.%?:HI/>c�DC@�4GA<.�6[D>@�=\ASc�`M@:HU=VO�@

SHM(−) J¡�A</CH � .�3�@[/>3%O�7:H8@�68W�/C3�7�@[O�@]=BAS6BH8@[-S.%@
A1

k = Spec(k[� ]) J f AS.�6 n ∈ N
n�?�A<3%=I/ZO�7�68A<3%=�D>@�=NO�@�.�±

A1
k F =I?UT%7�Wo;<=

bn : Bn = Spec(k[� ; T ]=Tn − � ) //Spec(k[� ])

@:H b1
n : B 1

n = Spec(k[� ; T; U;U � 1]=Tn − U:� ) //Spec(k[� ]) :
f ;#6[s tEu �GvGw n « T�7�AS6 J�y%J y%J x ~ { n�4�AS.�6NW�A<3�HI68@�6N-�.�@ $ @�=BH^/C3�a<@�68=I/>c�DC@\=I.�6NDC@
=NA<c�`M@:H8=N?�A<W�4%;S?_H8=�n�/>D1=B.A@�HdO�@[aS7�68/j³�@�6N-�.�@

Betti(B n ) �
◦ Ψbn (bn )�

� A jGm k
//Ψban

n
◦ Betti(B n ) � (bn )�

� A jGm k

@:H
Betti(B 1

n ) � ◦ Ψb1
n
(b1

n )�
� A jGm k

//Ψb1;an
n

◦ Betti(B 1
n ) � (b1

n )�
� A jGm k

=BAS3�HY/>3�a<@�68=I/Cc%DC@
=b4GA<.%6NHIAS.�H A ∈ Λ J
	 @ 2 F 9'A<3%?:HI@�.%61T�A<W�A<HIA<4%/>-�.�@k=BH8;<c�D>@

DM((−)an) @�=BH"=I7�4%;<6I7b;#.2=I@�3%=�O�@ds tVu �+v � n|µd7�9 J ? J h J h
~<¶ {�J Fk3].�HI/>D>/>=8;#3�H�D>@k68@�aSe:H8@�W�@�3�H7:HU;#D>@
B 0

n = k[� ; T 0; V; V � 1]=(T 0n − � ) //B 1
n = k[� ; T; U;U � 1]=(T n − U:� ) ;

O�A<3%3�7�=I.�62D>@�=R;#3�3�@
;#.�±·O�@X9'AS3%?_H8/CAS3%=[4%;<62D>@�=R;<=8=BA�?:/Z;&H8/CAS3%= U  V n @:H T  T 0V � 1 n�A<3�4G@�.�H�6I@�W�4�D>;S?:@�62?:/ F O�@�=8=B.%= b1
n :

B 1
n

//A1
k

4%;<6 b0
n : B 0

n
//A1

k JGr 6
n B 0
n

@�=BHNDC/Z=8=B@];<.�O�@
=I=I.%=NO�@ Bn J�¹ D1@
=MHdO�AS3%?\=B.�@o=8;#3�H^O�@[aS7�68/j³%@�6N-S.%@
}Mh&�#�

Betti(B n ) � ◦ Ψbn (bn )�
� A jGm k

//Ψban
n

◦ Betti(B n ) � (bn )�
� A jGm k

@�=BH^/C3�aS@�6U=B/>c�D>@E4GA<.�6 n ∈ N� @�H A ∈ Ho(M) J%¹ D168@�a�/>@�3�HN;#.£W�e�W�@[O�@[W�A<3�HI68@�6N-�.�@
}Mh i � Betti� ◦ Ψid (bn )� � (bn )�

� A jGm k
//Ψid ◦ Betti� (bn )� � (bn )�

� A jGm k
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1����32�45� 	 id (bn)η∗(bn)∗

η
A|Gm k

'
L

n
A
��� 	 id Bettiη(bn)η∗(bn)∗A|Gm k

'
L

n BettiσA
$ % "6��7 +98��:�3.0�

; 1
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����D�"�� ; 1��<E5F#�!� ; �HG(I'J
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Bettiσ � χn,id (bn)η∗(bn)∗
η
A|Gm k

//

��

χn,id � Bettiη(bn)η∗(bn)∗
η
A|Gm k

��

Bettiσ � 	 id (bn)η∗(bn)∗
η
A|Gm k

// 	 id � Bettiη(bn)η∗(bn)∗
η
A|Gm k
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b(��-?�<�!1
�5� (id , 0) : BettiσA � BettiσA(� 1)[� 1] // BettiσA
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