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Introduction

Let S be a Noetherian separated scheme of finite Krull dimension, and let
SH(S) denote the motivic stable homotopy category of Morel and Voevodsky. In
order to get a motivic version of the Postnikov tower, Voevodsky [Voe02] constructs
a filtered family of triangulated subcategories of SH(S):

(1) · · · ⊆ Σq+1
T SHeff (S) ⊆ Σq

TSH
eff (S) ⊆ Σq−1

T SHeff (S) ⊆ · · ·

The work of Neeman [Nee96,Nee01], shows that the inclusion:

iq : Σq
TSH

eff (S)
�

� // SH(S)

has a right adjoint rq , and that the following functors are exact:

fq , sq : SH(S) // SH(S)

where fq = iqrq , and for every T -spectrum X , sq(X) fits in the following distin-
guished triangle:

fq+1X // fqX // sqX // Σ1,0
T fq+1X

We say that fq(X) is the (q−1)-connective cover of X and that sq(X) is the q-slice
of X .

Let SptΣTM∗ be Jardine’s model category of symmetric T -spectra [Jar00] and

SHΣ(S) its associated homotopy category. The symmetrization functor induces an

equivalence of categories between SH(S) and SHΣ(S) (see [Jar00, theorem 4.31]),

we will denote by fΣ
q , sΣ

q the functors on SHΣ(S) that correspond to fq , sq .

We consider a cofibrant ring spectrum A with unit in SptΣTM∗, such that the

natural map fΣ
0 (A) → A is an isomorphism in SHΣ(S). Let Y, Y ′, Z, Z ′ be arbitrary

symmetric T -spectra, and p, p′, q, q′ ∈ Z. Our main results (see theorems 3.6.19,
3.6.20, 3.6.22, 3.6.23, 3.6.9, 3.6.13, and 3.6.16) are the following:

(1) For every A-module M in SptΣTM∗, its q-slice sΣ
q (M) is again an A-module

in SptΣTM∗. (see lemma 3.6.21(1) and theorem 3.6.19). This means that
the q-slice of every A-module inherits an A-module structure which is
defined not just up to homotopy, but in a very strict sense.

(2) If the unit map u : 1 → A becomes an isomorphism after applying the

zero slice functor sΣ
0 in SHΣ(S), then sΣ

q (Y ) has a natural structure of

A-module in SptΣTM∗ (see lemma 3.6.21(4) and theorem 3.6.20), i.e. the
q-slice of every symmetric T -spectrum is enriched with an A-module struc-
ture which is defined not just up to homotopy, but in a very strict sense.

(3) As a consequence, if the base scheme S is a perfect field, we are able to
prove a conjecture of M. Levine (see [Lev08, corollary 11.1.3]), which says
that for every symmetric T -spectrum X , its q-slice sΣ

q (X) is naturally

iii



iv INTRODUCTION

equipped with a module structure in SptΣTM∗ over the motivic Eilenberg-
MacLane spectrum HZ (see theorem 3.6.22). Restricting the field even
further to the case of characteristic zero, we get that all the slices sΣ

q (X)
are big motives in the sense of Voevodsky (see theorem 3.6.23).

(4) The smash product of symmetric T -spectra induces the following natural

external pairing in SHΣ(S) (i.e. up to homotopy):

sΣ
p (Y ) ∧ sΣ

q (Z)
∪s

p,q // sΣ
p+q(Y ∧ Z)

(5) As a consequence, if B is a ring in SHΣ(S) (i.e. up to homotopy) and N

is a B-module in SHΣ(S) (i.e. also up to homotopy) then:

(a) The zero slice of B, sΣ
0 (B) is a ring spectrum in SHΣ(S) (i.e. up to

homotopy).

(b) The q-slice of N , sΣ
q (N) is a module in SHΣ(S) (i.e up to homotopy)

over sΣ
0 (B).

(c) The direct sum of all the slices of B, sΣ(B) = ⊕n∈ZsΣ
n (B) is a graded

ring spectrum in SHΣ(S) (i.e. up to homotopy).
(d) The direct sum of all the slices of N , sΣ(N) = ⊕n∈ZsΣ

n (N) is a graded

module in SHΣ(S) (i.e. up to homotopy) over sΣ(B).
(6) The smash product of symmetric T -spectra induces natural external pair-

ings in the motivic Atiyah-Hirzebruch spectral sequence generated by the
slice filtration (see definition 3.6.15):

Ep,q
r (Y ; Z) ⊗ Ep′,q′

r (Y ′; Z ′) // Ep+p′,q+q′

r (Y ∧ Y ′; Z ∧ Z ′)

To prove the results mentioned above, we need to carry out a very detailed anal-
ysis of the multiplicative properties (with respect to the smash product of spectra)
of the filtration (1) considered above. It turns out that the natural framework to
do this, is provided by Jardine’s category of motivic symmetric T -spectra [Jar00].
Our approach consists basically of three steps:

(1) First, we lift Voevodsky’s slice filtration to the usual category of T -spectra
equipped with the Morel-Voevodsky motivic stable model structure (see
section 3.2).

(2) Then, using the Quillen equivalence given by the symmetrization and
forgetful functors [Jar00], we are able to promote the previous lifting to
the category of symmetric T -spectra (see section 3.3).

(3) Finally, we describe the multiplicative properties of the slice filtration
using the symmetric monoidal structure given by the smash product of
symmetric T -spectra (see sections 3.4 and 3.5).

We use Hirschhorn’s approach to localization of model categories for the con-
struction of the lifting of the slice filtration to the model category setting. In order
to apply Hirschhorn’s techniques, it is necessary to show that the Morel-Voevodsky
motivic stable model structure is cellular; for this we rely on Hovey’s general ap-
proach to spectra [Hov01] and on an unpublished result of Hirschhorn (see theorem
2.2.4). For the description of the multiplicative properties of the slice filtration in
the model category setting, we use Hovey’s results on symmetric monoidal model
categories [Hov99, chapter 4].
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We now give an outline of this thesis. In chapter 1, we just recall some stan-
dard results about Quillen model categories. The reader who is familiar with the
terminology of model categories may skip this chapter.

In chapter 2, we review the definitions of the Morel-Voevodsky stable model
structure for simplicial presheaves and Jardine’s stable model structure for symmet-
ric T -spectra. We also show that these two model structures are cellular, therefore
it is possible to apply Hirschhorn’s technology to construct Bousfield localizations.
In section 2.8 we recall the construction of the model structures for the categories of
A-modules and A-algebras, where A denotes a cofibrant ring spectrum with unit in
Jardine’s motivic symmetric stable model category. We verify that the category of
A-modules equipped with this model structure also satisfies Hirschhorn’s cellularity
condition. The reader who is familiar with these model structures may either skip
this chapter or simply look at sections 2.2, 2.5, 2.7 and 2.8 where we prove that the
cellularity condition holds.

Finally in chapter 3, we carry out the program sketched above. In section 3.1,
we review Voevodsky’s construction for the slice filtration in the setting of simpli-
cial presheaves. In section 3.2, we apply Hirschhorn’s localizations techniques to
the Morel-Voevodsky stable model structure in order to construct three families
of model structures, namely RC

q

eff
SptTM∗, L<qSptTM∗ and SqSptTM∗ (q ∈ Z).

The first family, RC
q

eff
SptTM∗ is constructed by a right Bousfield localization with

respect to the Morel-Voevodsky stable model structure (see theorem 3.2.1), and it
provides a lifting of Voevodsky’s slice filtration to the model category level (see the-
orem 3.2.23). Moreover, this family has the property that the cofibrant replacement
functor Cq provides an alternative description for the functor fq ((q−1)-connective
cover) defined above (see theorem 3.2.20). In order to get a lifting for the slice
functors sq to the model category level, we need to introduce the model structures
L<qSptTM∗ and SqSptTM∗. The model category L<qSptTM∗ is defined as a left
Bousfield localization with respect to the Morel-Voevodsky stable model structure
(see theorem 3.2.29); its main property is that its fibrant replacement functor Wq

gives an alternative description for the cone of the natural map fqX → X (see
theorems 3.1.18 and 3.2.52). On the other hand, the model structure SqSptTM∗

is constructed using right Bousfield localization with respect to the model category
L<q+1SptTM∗ (see theorem 3.2.59), and it gives the desired lifting for the slice
functor sq to the model category level (see theorem 3.2.80).

In section 3.3, we promote the model structures defined above (section 3.2) to
the setting of symmetric T -spectra. In this case, Hirschhorn’s localization technol-
ogy applied to Jardine’s stable model structure for symmetric T -spectra allows us
to introduce three families of model structures which we denote by RC

q

eff
SptΣTM∗,

L<qSptΣTM∗ and SqSptΣTM∗; where the underlying category is given by symmetric
T -spectra (see theorems 3.3.9, 3.3.26 and 3.3.50). Using the Quillen equivalence
[Jar00] given by the symmetrization and the forgetful functors, we are then able to
show that these new families of model structures are also Quillen equivalent to the
ones introduced in section 3.2 (see theorems 3.3.19, 3.3.42 and 3.3.64). Therefore,
these model structures give liftings for the functors fq and sq to the model cate-
gory level (see corollary 3.3.5, and theorems 3.3.22(3), 3.3.68(3)), with the great
technical advantage that the underlying categories are now symmetric monoidal.
Hence, we have a natural framework for the study of the multiplicative properties
of Voevodsky’s slice filtration.
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In section 3.4, we show that the smash product of symmetric T -spectra

RC
p

eff
SptΣTM∗ × RC

q

eff
SptΣTM∗

−∧− // RC
p+q

eff
SptΣTM∗

SpSptΣTM∗ × SqSptΣTM∗
−∧− // Sp+qSptΣTM∗

is in both cases a Quillen bifunctor in the sense of Hovey (see theorems 3.4.5 and
3.4.13).

In section 3.5, we will promote (using the free A-module functor A ∧ −) the
model structures constructed in section 3.3 to the category of A-modules, where A
is a cofibrant ring spectrum with unit in SptΣTM∗. We will denote these new model
structures by RC

q

eff
A-mod(M∗), L<qA-mod(M∗) and SqA-mod(M∗). These new

model structures will be used as an analogue of the slice filtration for the motivic
stable homotopy category of A-modules, as well as a tool to describe the behavior
of the slice functors sΣ

q when they are restricted to the category of A-modules. We
will see that if one imposes some natural additonal conditions on the ring spectrum
A, then the free A-module functor A ∧ − induces a strict compatibility between
the slice filtration in the categories of symmetric T -spectra and A-modules (see
theorems 3.5.22, 3.5.44, 3.5.66 and 3.5.67).

In section 3.6, we will rely in all the previous results to show that if we have a
cofibrant ring spectrum A with unit in SptΣTM∗ which also satisfies some additional

hypothesis, then for every q ∈ Z and for every A-module M in SptΣTM∗ (see theorem
3.6.19):

(1) fΣ
q (M) is again an A-module in SptΣTM∗ (not just up to homotopy, but

in a very strict sense).

(2) sΣ
q (M) is again an A-module in SptΣTM∗ (not just up to homotopy, but

in a very strict sense).

Furthermore, if the unit map u : 1 → A fulfills some mild conditions, then the free
A-module functor A ∧ − induces for every symmetric T -spectrum X (see theorem

3.6.20), a natural structure of A-module in SptΣTM∗ (i.e. not just up to homotopy,
but in a very strict sense) on its q-slice sΣ

q (X).
Finally, we will be able to prove a conjecture of M. Levine (see [Lev08, corollary

11.1.3]), which says that if the base scheme S is a perfect field, then for every q ∈ Z
and for every symmetric T -spectrum X , its q-slice sΣ

q (X) is naturally equipped

with a module structure in SptΣTM∗ over the motivic Eilenberg-MacLane spectrum
HZ (see theorem 3.6.22). If we restrict the field even further, considering a field
of characteristic zero, then as a consequence we will prove that all the slices sΣ

q (X)
are big motives in the sense of Voevodsky (see theorem 3.6.23).

We will also show that for every p, q ∈ Z, the smash product of symmetric
T -spectra induces up to homotopy natural pairings (see theorem 3.6.9):

fΣ
p (X) ∧ fΣ

q (Y )
∪c

p,q // fΣ
p+q(X ∧ Y )

sΣ
p (X) ∧ sΣ

q (Y )
∪s

p,q // sΣ
p+q(X ∧ Y )

As a consequence, if A is a ring spectrum in SHΣ(S) (i.e. up to homotopy) and M

is an A-module in SHΣ(S), then (see theorem 3.6.13):
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(1) The (−1)-connective cover of A, fΣ
0 (A) is a ring spectrum (up to homo-

topy) in SHΣ(S).
(2) For every q ∈ Z, the (q − 1)-connective cover of M , fΣ

q (M) is a module

(up to homotopy) over fΣ
0 (A).

(3) The direct sum of all the connective covers of A, fΣ(A) = ⊕n∈ZfΣ
n (A) is

a graded ring (up to homotopy) in SHΣ(S).
(4) The direct sum of all the connective covers of M , fΣ(M) = ⊕n∈ZfΣ

n (M)
is a graded module (up to homotopy) over fΣ(A).

(5) The zero slice of A, sΣ
0 (A) is a ring spectrum (up to homotopy) in SHΣ(S).

(6) For every q ∈ Z, the q-slice of M , sΣ
q (M) is a module (up to homotopy)

over sΣ
0 (A).

(7) The direct sum of all the slices of A, sΣ(A) = ⊕n∈ZsΣ
n (A) is a graded ring

(up to homotopy) in SHΣ(S).
(8) The direct sum of all the slices of M , sΣ(M) = ⊕n∈ZsΣ

n (M) is a graded
module (up to homotopy) over sΣ(A).

We will also see that the smash product of symmetric T -spectra induces (via
the external pairings ∪c and ∪s) natural external pairings in the motivic Atiyah-
Hirzebruch spectral sequence (see definition 3.6.15 and theorem 3.6.16):

Ep,q
r (Y ; X) ⊗ Ep′,q′

r (Y ′; X ′) // Ep+p′,q+q′

r (Y ∧ Y ′; X ∧ X ′)

(α, β) � // α ^ β
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CHAPTER 1

Preliminaries

All the results in this chapter are classical (see [Qui67], [Hov99], [Hir03], [GJ99],
[GJ98]) and are included here just to fix notation and to make this note self con-
tained.

1.1. Model Categories

Model categories were first introduced by Quillen in [Qui67], his original defini-
tion has been slightly modified along the years, we will use the definition introduced
in [DHKS04].

Definition 1.1.1. A model category A is a category equipped with three classes
of maps (W , C,F) called weak equivalences, cofibrations and fibrations, such that
the following axioms hold:

MC1: A is closed under small limits and colimits.
MC2: If f, g are two composable maps in A and two out of f, g, g ◦ f are

weak equivalences then so is the third one.
MC3: The classes of weak equivalences, cofibrations and fibrations are closed

under retracts.
MC4: Suppose we have a solid commutative diagram:

A //

i

��

X

p

��
B //

>>~
~

~
~

Y

where i is a cofibration, p is a fibration, and either i or p is a weak
equivalence, then the dotted arrow making the diagram commutative exists.

MC5: Given any arrow f : A → B in A, there exist two functorial fac-
torizations, f = p ◦ i and f = q ◦ j, where p is a fibration and a weak
equivalence, i is a cofibration, q is a fibration and j is a cofibration and a
weak equivalence.

A map j : A → B will be called a trivial cofibration (respectively trivial fibra-
tion) if it is both a cofibration and a weak equivalence (respectively a fibration and
a weak equivalence).

If a given category A has a model structure, then we get immediately the
following consequences:

Remark 1.1.2. (1) The limit axiom MC1 implies that there is an initial
and a final object in A, which we will denote by ∅ and ∗ respectively.
We say that the category A is pointed if the canonical map ∅ → ∗ is an
isomorphism.

1



2 1. PRELIMINARIES

(2) The axioms for a model category are self dual, therefore the opposite cat-
egory Aop has also a model structure, where a map i : A → B in Aop is a
weak equivalence, cofibration or fibration if its dual i : B → A is a weak
equivalence, fibration or cofibration in A. This implies in particular that
any result we prove about model categories will have a dual version.

(3) Let X be an object in A. Then the category (A ↓ X) of objects in A over
X has also a model structure, where the weak equivalences, cofibrations
and fibrations are maps which become weak equivalences, cofibrations and
fibrations after applying the forgetful functor (A ↓ X) → A.

(4) Similarly the category (X ↓ A) has a model structure induced from the
one in A. We will denote by A∗ the category (∗ ↓ A) of objects under the
final object of A.

(5) Let A, X be two objects in A, then the category (A ↓ A ↓ X) of objects
which are simultaneously under A and over X has also a model structure
induced from the one in A.

Let X be an object in A. We say that X is cofibrant if the natural map ∅ → X
is a cofibration. Similarly, we say that X is fibrant if the natural map X → ∗ is a
fibration.

Consider two objects A, X in A. We say that A is a cofibrant replacement for
X , if A is cofibrant and there is a map A → X which is a weak equivalence in A.
Dually, we say that X is a fibrant replacement for A, if X is fibrant and there is a
map A → X which is a weak equivalence in A.

Let i : A → B, p : X → Y be two maps in A. We say that i has the left lifting
property with respect to p (or that p has the right lifting property with respect to i)
if for every solid commutative diagram:

A //

i

��

X

p

��
B //

s

>>~
~

~
~

Y

the dotted arrow making the diagram commutative exists.
The following are two elementary but extremely useful results about model

categories.

Proposition 1.1.3 (Retract Argument, [Hov99]). Let A be a model category
and f = p ◦ i a factorization of f such that f has the left lifting property with
respect to p (respectively f has the right lifting property with respect to i). Then f
is a retract of i (respectively f is a retract of p).

Proof. By duality it is enough to show the case where f has the left lifting
property with respect to p.

Consider the following solid commutative diagram:

A
i //

f

��

X

p

��
B

id
//

j
>>~

~
~

~

B
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By hypothesis the dotted arrow j making the diagram commutative exists. But
then the following commutative diagram shows that f is a retract of i.

A
id //

f

��

A
id //

i

��

A

f

��
B

j
// X p

// B

�

Lemma 1.1.4 (Ken Brown’s lemma, [Hov99]). Let F : A → D be a functor,
where A is a model category. Assume that there exists a class V of maps in D
which has the two out of three property, and that F (i) ∈ V for all trivial cofibrations
i : A → B between cofibrant objects A and B in A. Then F (g) ∈ V for all weak
equivalences g : A → B between cofibrant objects A and B in A.

Proof. Consider the following commutative diagram:

∅ //

��

A

iA

��
g

��

B
iB //

id 11

A
∐

B

i

""E
EE

EE
EE

EE

(g,id)

))

C
p

��@
@@

@@
@@

B

where we have a factorization of (g, id) = p ◦ i, with i a cofibration and p a trivial
fibration.

Since A and B are cofibrant, it follows that iA and iB are cofibrations. This
implies that i ◦ iA, i ◦ iB are both cofibrations, and hence C is a cofibrant object in
A.

By the two out of three property in A, i ◦ iA and i ◦ iB are weak equivalences,
since g, p and idB are weak equivalences. Therefore i ◦ iA and i ◦ iB are both
trivial cofibrations. It follows that F (i ◦ iA) and F (i ◦ iB) are both in V . But then
F (p) ◦ F (i ◦ iB) = F (p ◦ i ◦ iB) = F (id) = id, and since V has the two out of three
property, we have that F (p) is in V . Then the two out of three property for V
implies that F (g) = F (p) ◦ F (i ◦ iA) is also in V . �

By duality we get immediately the following lemma:

Lemma 1.1.5. Let F : A → D be a functor, where A is a model category.
Assume that there exists a class V of maps in D which has the two out of three
property, and that F (p) ∈ V for all trivial fibrations p : X → Y between fibrant
objects X, Y in A. Then F (g) ∈ V for all weak equivalences g : X → Y between
fibrant objects X and Y in A.

�

The retract argument has the following consequences, which give nice charac-
terizations for the cofibrations and trivial cofibrations (respectively fibrations and
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trivial fibrations) in terms of a left lifting property (respectively right lifting prop-
erty).

Corollary 1.1.6. The class of cofibrations (respectively trivial cofibrations)
in a model category A is equal to the class of maps having the left lifting property
with respect to any trivial fibration in A (respectively any fibration in A). The class
of fibrations (respectively trivial fibrations) in a model category A is equal to the
class of maps having the right lifting property with respect to any trivial cofibration
in A (respectively any cofibration in A).

Proof. By duality it is enough to prove the case of cofibrations and trivial
cofibrations. Suppose that i : A → B is a cofibration in A, then the lifting axiom
MC4 implies that i has the left lifting property with respect to any trivial fibration
in A. Conversely, if i : A → B has the left lifting property with respect to any
trivial fibration in A, then the factorization axiom MC5 implies that i = ql where
l is a cofibration in A and q is a trivial fibration in A. Since i has the left lifting
property with respect to q, the retract argument (see proposition 1.1.3) implies
that i is a retract of l. Therefore, the retract axiom MC3 implies that i is also a
cofibration. The case for trivial cofibrations is similar. �

Corollary 1.1.7. Any isomorphism in a model category A is a cofibration, a
fibration, and a weak equivalence. The class of cofibrations and the class of trivial
cofibrations in A are closed under retracts and pushouts. The class of fibrations
and the class of trivial fibrations in A are closed under retracts and pullbacks.

Proof. Follows immediately from the lifting property characterization (corol-
lary 1.1.6) for cofibrations, trivial cofibrations, fibrations and trivial fibrations. �

Remark 1.1.8. Let A be a model category. Given any object X in A, we can
apply the factorization axiom MC5 to the natural map ∅ → X to get a cofibrant
replacement for X:

∅ // QX
QX

// X

where QX is cofibrant and QX is a trivial fibration. We also get fibrant replacements
for X when we factor the natural map X → ∗:

X
RX

// RX // ∗

where RX is fibrant and RX is a trivial cofibration. The factorization axiom MC5

implies also that these two constructions are functorial.

Definition 1.1.9. Let A, B be two model categories. A functor F : A → B is
called a left Quillen functor if it has a right adjoint G : B → A, and satisfies the
following conditions:

(1) If i is a cofibration in A, then F (i) is also a cofibration in B.
(2) If j is a trivial cofibration in A, then F (j) is also a trivial cofibration in

B.

The right adjoint G is called a right Quillen functor, and the adjunction

(F, G, ϕ) : A // B

is called a Quillen adjunction.
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Definition 1.1.10. Let (F, G, ϕ) : A → B be a Quillen adjunction. We say
that F is a left Quillen equivalence if for every cofibrant object X in A and every
fibrant object Y in B the following condition holds:

• A map f : X → GY is a weak equivalence in A if and only if its adjoint
f ] : FX → Y is a weak equivalence in B.

In this case G will be called a right Quillen equivalence, and (F, G, ϕ) a Quillen
equivalence.

Definition 1.1.11. Let A be a model category, and let X be an object of A.
We say that X̃ is a cylinder object for X, if we have a factorization of the fold
map

X
∐

X
∇ //

i

��

X

X̃

s

<<xxxxxxxxx

where i is a cofibration and s is a weak equivalence.

Definition 1.1.12. Let A be a model category, and let X be an object of A.
We say that X̂ is a path object for X, if we have a factorization of the diagonal
map

X
∆ //

r

��

X × X

X̂

p

;;xxxxxxxxx

where p is a fibration and r is a weak equivalence.

Definition 1.1.13. Let A be a model category and consider two maps f, g :

X → Y . We say that f is left homotopic to g (f
l
∼ g) if there exists a cylinder

object X̃ for X, together with the following factorization:

X
∐

X
(f,g) //

i

��

Y

X̃

H

<<yyyyyyyyy

The map H is called a left homotopy from f to g.

Definition 1.1.14. Let A be a model category and consider two maps f, g :

X → Y . We say that f is right homotopic to g (f
r
∼g) if there exists a path object

Ŷ for Y , together with the following factorization:

X
(f,g) //

H

��

Y × Y

Ŷ

p

<<xxxxxxxxx

The map H is called a right homotopy from f to g.
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Definition 1.1.15. Let A be a model category and consider two maps f, g :
A → B. We say that f is homotopic to g (f ∼ g) if f and g are both left and right
homotopic.

Definition 1.1.16 (cf. [Qui67, I.1 definition 5]). Let A be an arbitrary category
and W a class of maps in A. The localization of A with respect to W will be a
category W−1A together with a functor

γ : A // W−1A

having the following universal property: for every w ∈ W, γ(w) is an isomorphism,
and given any functor F : A → D such that F (w) is an isomorphism for every
w ∈ W, there is a unique functor θ : W−1A → D, such that θ ◦ γ = F , i.e. the
following diagram commutes:

A
F //

γ

��

D

W−1A

θ

;;x
x

x
x

x

Theorem 1.1.17 (Quillen). Let A be a model category. Then there exists a
category HoA, which is the localization of A with respect to the class W of weak
equivalences, and is called the homotopy category of A. HoA is defined as follows:

(1) The objects of HoA are just the objects in A.
(2) The set of maps in HoA between two objects X, Y is given by the set of

homotopy classes between cofibrant-fibrant replacements for X and Y :

HomHoA(X, Y ) = πA(RQX, RQY )

and the composition law is induced by the composition in A.

Let HoAc, HoAf , HoAcf be the full subcategories of HoA generated by the cofibrant,
fibrant and cofibrant-fibrant objects of A respectively. In the following diagram, all
the functors are equivalences of categories:

HoAc
u

�

∼
''PPPPPPPPPPPPP

HoRvvmmmmmmmmmmmm

HoAcf

)

	

∼

66mmmmmmmmmmmm

u
�

∼
((PPPPPPPPPPPPP

HoA

HoQ

ggPPPPPPPPPPPPP

HoRwwnnnnnnnnnnnn

HoAf

)

	

∼

77nnnnnnnnnnnn

HoQ
hhPPPPPPPPPPPPP

where the adjoints to the equivalences given above are constructed taking cofibrant,
fibrant and cofibrant-fibrant replacements.

Proof. We refer the reader to [Qui67, I.1 theorem 1]. �

Theorem 1.1.18 (Quillen). Let (F, G, ϕ) : A → B be a Quillen adjunction.
Then the adjunction (F, G, ϕ) descends to the homotopy categories, i.e. we get an
adjuntion:

(QF, RG, ϕ) : HoA // HoB

Furthermore, if (F, G, ϕ) is a Quillen equivalence, then (QF, RG, ϕ) is an equiva-
lence of categories.
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Proof. We refer the reader to [Qui67, I.4 theorem 3]. �

1.2. Cofibrantly Generated Model Categories

In this section we recall the definition of a cofibrantly generated model category.
In order to get the functorial factorizations required in axiom MC5, we need

to introduce ordinals, cardinals, and regular cardinals. For a definition of these, see
[Hir03, chapter 10]. It will be convenient in some situations to consider an ordinal
λ as a small category, with objects equal to the elements of λ, and a unique map
from a to b if a ≤ b.

Definition 1.2.1. Let C be a category that is closed under small colimits, and
let V be a class of maps in C. If λ is an ordinal, then a λ-sequence in C is a functor
A : λ → C, i.e. a diagram

A0 → A1 → · · · → Aβ → · · · (β < λ)

such that for every limit ordinal γ < λ the induced map

colimβ<γAβ → Aγ

is an isomorphism.
The composition of the λ-sequence is the map A0 → colimβ<λAβ.
If Aβ → Aβ+1 is in V for any β < λ, we say that the λ-sequence is a λ-

sequence of maps in V, and the transfinite composition A0 → colimβ<λAβ is called
a transfinite composition of maps in V.

Proposition 1.2.2. Let A be a model category, then the cofibrations and trivial
cofibrations in A are both closed under transfinite composition.

Proof. The cofibrations and trivial cofibrations in A are characterized by a
left lifting property. But the universal property of the colimit clearly preserves this
lifting property under transfinite composition. �

Definition 1.2.3. Let C be a category closed under small colimits, and let V
be a class of maps in C.

(1) If κ is a cardinal, then an object D in C is κ-small relative to V, if for
every regular cardinal λ ≥ κ and every λ-sequence

A0 → A1 → · · · → Aβ → · · · (β < λ)

of maps in V, we have a bijection of sets:

colimβ<λHomC(D, Aβ) → HomC(D, colimβ<λAβ)

(2) An object D in C is small relative to V if it is κ-small relative to V for
some cardinal κ, and it is small if it is small relative to the class of all
maps in C.

Definition 1.2.4. Let C be a category, and let I be a set of maps in C.

(1) We define I-inj as the class of maps in C that have the right lifting property
with respect to every map in I.

(2) We define I-cof as the class of maps in C that have the left lifting property
with respect to every map in I-inj.

Definition 1.2.5. Let C be a category closed under small colimits, and let I
be a set of maps in C, then
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(1) The relative I-cell complexes are the maps that can be constructed as a
transfinite composition of pushouts of elements of I.

(2) An object A of C is an I-cell complex, if the map ∅ → A is a relative
I-cell complex.

(3) A map is an inclusion of I-cell complexes if it is a relative I-cell complex
whose domain is an I-cell complex.

We will denote the class of relative I-cell complexes as I-cells.

Remark 1.2.6. Since the left lifting property is preserved under pushouts and
transfinite compositions we have that I-cells ⊆ I-cof.

Theorem 1.2.7 (Quillen’s small object argument). Let C be a category closed
under small colimits, and let I be a set of maps in C. Assume that the domains of
all the maps in I are small with respect to I-cells. Then for every map f : X → Y
in C, there is a functorial factorization

X
i // Ef

I

p // Y

where i is in I-cells, and p is in I-inj.

Proof. We refer the reader to [Qui67], [Hir03], or [Hov99]. �

Definition 1.2.8. A model category A is cofibrantly generated if there exist
sets I and J of maps in A, such that:

(1) The domains of all the maps in I are small with respect to the I-cells.
(2) The domains of all the maps in J are small with respect to the J-cells.
(3) The class F ∩W of trivial fibrations in A is equal to I-inj.
(4) The class F of fibrations in A is equal to J-inj.

In this situation, I will be called the set of generating cofibrations, and J will be
called the set of generating trivial cofibrations.

To work with spectra, we need to start with a pointed model category. The
following result will allow us to go from an unpointed cofibrantly generated model
category to a pointed one.

Theorem 1.2.9 (Hirschhorn). Let A be a cofibrantly generated model category
with set of generating cofibrations I and set of generating trivial cofibrations J .
Then the associated pointed model category A∗ (see remark 1.1.2) is also a cofi-
brantly generated model category, with set of generating cofibrations F (I) = I+ and
set of generating trivial cofibrations F (J) = J+, where F is the functor F : A → A∗

defined on objects A in A as the pushout in the commutative diagram:

∅ //

��

A

��
∗ // F (A) = A+

and on maps i : A → B in A as:

F (A) = A
∐

∗
F (i)

‘

id // B
∐

∗ = F (B)

Proof. We refer the reader to [Hir, theorem 2.7]. �
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1.3. Cellular Model Categories

In this section we review Hirschhorn’s cellularity, which is the main property
that a model category has to satisfy if we want to construct Bousfield localizations.

Definition 1.3.1. Let C be a category closed under small colimits, and let I be
a set of maps in C. If i : A → B is a relative I-cell complex, then a presentation
of i is a pair consisting of a λ-sequence

A0 → A1 → · · · → Aβ → · · · (β < λ)

for some ordinal λ, and a sequence of ordered triples

{(T β, eβ , hβ)}

such that:

(1) The composition of the λ-sequence is isomorphic to i
(2) For every β < λ

(a) T β is a set.
(b) eβ is a function eβ : T β → I.

(c) If i ∈ T β and eβ
i is the element Ci → Di of I, then hβ

i is a map

hβ
i : Ci → Aβ, such that there is a pushout diagram

∐

i∈T β

Ci

‘

e
β
i //

‘

h
β
i

��

∐

i∈T β

Di

��
Aβ

// Aβ+1

Definition 1.3.2. Let C be a category closed under small colimits, and let I
be a set of maps in C. If

i : A → B, A = A0 → A1 → · · · → Aβ → · · · (β < λ), {T β, eβ, hβ}β<λ

is a presented relative I-cell complex, then

(1) The presentation ordinal of i is λ.
(2) The set of cells of i is

∐
β<λ T β.

(3) The size of i is the cardinal of the set of cells of i.
(4) If e is a cell of i, the presentation ordinal of e is the ordinal β such that

e ∈ T β.
(5) If β < λ, then the β-skeleton of i is Aβ.

The next remark follows directly from the previous definitions.

Remark 1.3.3. If C is a category closed under small colimits, and I is a set
of maps in C, then a presented relative I-cell complex is entirely determined by its
presentation ordinal λ, and its sequence of triples {(T β, eβ , hβ)}β<λ.

Definition 1.3.4. Let C be a category closed under small colimits, and I a set
of maps in C. If

i : A → B, A = A0 → A1 → · · · → Aβ → · · · (β < λ), {T β, eβ, hβ}β<λ

is a presented relative I-cell complex, then a subcomplex of i consists of a presented
relative I-cell complex

ı̃ : A → B̃, A = Ã0 → Ã1 → · · · → Ãβ → · · · (β < λ), {T̃ β, ẽβ, h̃β}β<λ



10 1. PRELIMINARIES

such that

(1) For every β < λ, T̃ β ⊆ T β and ẽβ is the restriction of eβ to T̃ β.
(2) There is a map of λ-sequences

A
id //

id

��

Ã0
//

��

Ã1
//

��

Ã2
//

��

· · ·

A
id

// A0
// A1

// A2
// · · ·

such that, for every β < λ and every i ∈ T̃ β, the map h̃β
i : Ci → Ãβ is a

factorization of the map hβ
i : Ci → Aβ through the map Ãβ → Aβ.

Proposition 1.3.5. Let C be a category closed under small colimits, and I a
set of maps in C such that the relative I-cell complexes are monomorphisms, then
a subcomplex of a presented relative I-cell complex is entirely determined by its set
of cells {T̃ β}β<λ.

Proof. The definition of a subcomplex implies that the maps Ãβ → Aβ are
all inclusions of subcomplexes (see definition 1.2.5(3)). Since inclusions of subcom-

plexes are monomorphisms, there is at most one possible factorization h̃β
i of each

hβ
i through Ãβ → Aβ �

Proposition 1.3.6. Let C be a category closed under small colimits, and let I
be a set of maps in C such that the relative I-cell complexes are monomorphisms.
If

i : A → B, A = A0 → A1 → · · · → Aβ → · · · (β < λ), {T β, eβ, hβ}β<λ

is a presented relative I-cell complex, then an arbitrary subcomplex of i can be
constructed by the following inductive procedure:

(1) Choose an arbitrary subset T̃ 0 of T 0.

(2) If β < λ and we have defined {T̃ γ}γ<β, then we have determined the object

Ãβ and the map Ãβ → Aβ. Consider the set

{i ∈ T β|hβ
i : Ci → Aβ factors through Ãβ → Aβ}

Choose an arbitrary subset T̃ β of this set. For every i ∈ T̃ β there is a

unique map h̃β
i : Ci → Ãβ that makes the diagram

Ci

h̃
β
i

��

h
β
i

  A
AA

AA
AA

A

Ãβ
// Aβ

commute. Let Ãβ+1 be defined by the pushout diagram

∐

i∈T̃ β

Ci //

‘

h̃
β
i

��

∐

i∈T̃ β

Di

��
Ãβ

// Ãβ+1
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Proof. Follows immediately from the definitions and proposition 1.3.5. �

Corollary 1.3.7. Let C be a category closed under small colimits, and let I
be a set of maps in C such that the relative I-cell complexes are monomorphisms.
Consider an arbitrary

i : A → B, A = A0 → A1 → · · · → Aβ → · · · (β < λ), {T β, eβ, hβ}β<λ

presented cell complex. Assume that S is a set and take an arbitrary family {As}s∈S

of subcomplexes of i : A → B, then there exists a subcomplex ∪s∈SAs which repre-
sents the union of the given family.

Proof. Follows immediately from proposition 1.3.6. �

Definition 1.3.8. Let C be a category closed under small colimits, and let I
be a set of maps in C.

(1) If γ is a cardinal, then an object A of C is γ-compact relative to I if, for
every presented relative I-cell complex i : X → Y , every map from A to
Y factors through a subcomplex of i of size at most γ.

(2) An object A of C is compact relative to I if it is γ-compact relative to I
for some cardinal γ.

Definition 1.3.9. Let A be a cofibrantly generated model category with set of
generating cofibrations I.

(1) If γ is a cardinal, then an object X of A is γ-compact if it is γ-compact
relative to I (see definition 1.3.8).

(2) An object X of A is compact if there is a cardinal γ for which it is γ-
compact.

To complete the definition of a cellular model category, we need to introduce
the concept of effective monomorphism.

Definition 1.3.10. Let C be a category that is closed under pushouts. The map
i : A → B is an effective monomorphism if i is the equalizer of the pair of natural
inclusions B ⇒ B

∐
A B.

Remark 1.3.11. In the category of sets, the class of effective monomorphisms
is just the class of injective maps.

Definition 1.3.12 (cf. [Hir03, definition 12.1.1]). Let A be a model category.
We say that A is cellular if it satisfies the following conditions:

(1) A is cofibrantly generated (see definition 1.2.8) with set of generating cofi-
brations I and set of generating trivial cofibrations J .

(2) Both the domains and codomains of the maps in I are compact (see defi-
nition 1.3.9).

(3) The domains of the maps in J are small relative to I (see definition 1.2.3).
(4) The cofibrations in A are effective monomorphisms (see definition 1.3.10).

When we have a cellular model category A with set of generating cofibrations
I , the relative I-cell complexes will be called relative cell complexes.

Theorem 1.3.13 (Hirschhorn). Let A be a cellular model category. Then the
associated pointed model category A∗ equipped with the model structure considered
in theorem 1.2.9 is also cellular.

Proof. We refer the reader to [Hir, theorem 2.8]. �
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1.4. Proper Model Categories

In this section we just recall the definition of proper model categories.

Definition 1.4.1. Let A be a model category. We say that A is left proper if
the class of weak equivalences is closed under pushouts along cofibrations, i.e. in
any pushout diagram

A
h //

i

��

X

��
B

h∗

// Y

where i is a cofibration and h is a weak equivalence, we then have that h∗ is also a
weak equivalence.

Definition 1.4.2. Let A be a model category. We say that A is right proper
if the class of weak equivalences is closed under pullbacks along fibrations, i.e. in
any pullback diagram

A
h∗

//

��

X

p

��
B

h
// Y

where p is a fibration and h is a weak equivalence, we then have that h∗ is also a
weak equivalence.

Definition 1.4.3. Let A be a model category. We say that A is proper if it is
both left and right proper.

Theorem 1.4.4 (Hirschhorn). Let A be a left proper, right proper, or proper
model category. Then the associated pointed model category A∗ (see remark 1.1.2)
is also left proper, right proper, or proper.

Proof. We refer the reader to [Hir, theorem 2.8]. �

1.5. Simplicial Sets

Let ∆ denote the category of well ordered finite sets, i.e. the category with
objets:

n = {0 < 1 < · · · < n}

where n ≥ 0; and maps the weakly order preserving functions, i.e.:

Hom∆(m,n) = {f : m → n|i ≤ j ⇒ f(i) ≤ f(j)}

There exists a canonical set of generators for the maps in ∆, called cofaces
(δi : n → n + 1), and codegeneracies (σi : n + 1 → n), defined as:

δi(j) =

{
j, if j < i

j + 1, if j ≥ i

σi(j) =

{
j, if j ≤ i

j − 1, if j > i
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The cofaces and degeneracies satisfy a list of relations called the cosimplicial
identities :

δjδi = δiδj−1 for i < j
σjδi = δiσj−1 for i < j
σiδi = id
σiδi+1 = id
σjδi = δi−1σj for i > j + 1
σjσi = σiσj+1 for i < j

(2)

Definition 1.5.1. A simplicial set X is a contravariant functor from the cat-
egory ∆ to the category of sets.

We will denote the category of simplicial sets by SSets, where the maps between
to simplicial sets X and Y are just the natural transformations η : X → Y .

It follows from the cosimplicial identities that to specify a simplicial set X , it is
enough to give sets X0, X1, . . . , Xn, . . .; where Xi = X(i) together with face maps
di : Xn → Xn−1 (di = X(δi)) and degeneracy maps si : Xn → Xn+1 (si = X(σi)),
satisfying the following relations which are called simplicial identities (these are
just the duals with respect to the cosimplicial identities):

didj = dj−1di for i < j
disj = sj−1di for i < j
disi = id
di+1si = id
disj = sjdi−1 for i > j + 1
sisj = sj+1si for i < j

(3)

There exist three particular interesting families of simplicial sets: ∆n, ∂∆n and∧n
k ; they are defined in the following way:

(4) ∆n = Hom∆(−,n)

∂∆n is the subobject of ∆n characterized by:

(5) (∂∆n)m = {f : m → n|f is not surjective}

and finally
∧n

k is the subobject of ∂∆n given by:

(6) (∧n
k )m = {f : m → n|{0 < 1 < · · · < k̂ < · · · < n} * im(f)}

where {0 < 1 < · · · < k̂ < · · · < n} denotes the well ordered set n with the k
element removed.

We also have the dual notion of cosimplicial set :

Definition 1.5.2. A cosimplicial set X is a covariant functor from the category
∆ to the category of sets.

Given any category C, we can also define simplical and cosimplicial objects in
C, where a simplicial (respectively cosimplicial) object X in C is just a contravariant
(respectively covariant) functor from ∆ to C.

Let Top be the category of compactly generated Hausdorff topological spaces.
Consider the following family of objects in Top:

|∆n| = {(t0, t1, . . . , tn)|ti ≥ 0,
∑

ti = 1} ⊆ Rn+1
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We get a cosimplicial object |∆•| in Top if we define the coface and codegen-
eracy maps for |∆n| as:

δi : |∆n| // |∆n+1|

(t0, t1, . . . , tn)
� // (t0, . . . , ti−1, 0, ti, . . . , tn)

(7)

and

σi : |∆n+1| // |∆n|

(t0, t1, . . . , tn+1)
� // (t0, . . . , ti−1, ti + ti+1, ti+2, . . . , tn+1)

(8)

Now we are ready to define the geometric realization functor:

| − | : SSets → Top

Let X be a simplicial set, then its geometric realization |X | is the following
topological space:

(9) |X | = lim
−→

∆n↓X

|∆n|

where the indexing category to compute the colimit has objects given by the sim-
plices over X , i.e. maps of simplicial sets ∆n → X ; and morphisms given by
commutative triangles:

∆n
θ∗ //

!!C
CC

CC
CC

C ∆m

}}{{
{{

{{
{{

X

for θ : n → m

The geometric realization functor | − | has a right adjoint:

Sing : Top → SSets

called the singular functor and defined in the following way:

(10)
Sing(T ) : ∆op // Sets

n � // HomTop(|∆n|, T )

with faces and degeneracies induced by the cofaces and codegeneracies of the cosim-
plical object |∆•|.

We say that a map of simplicial sets θ : X → Y is a weak equivalence if its
geometric realization |θ| : |X | → |Y | is a weak equivalence of topological spaces,
i.e. πi(|θ|, ∗) is an isomorphism for any i ≥ 0, and for every choice of base point
∗ ∈ |X |.

With all the previous definitions, we are ready to give a cofibrantly generated
model category structure on the category of simplicial sets. Take I = {∂∆n ↪→ ∆n}
and J = {

∧n
k ↪→ ∆n}.

Theorem 1.5.3 (Quillen). The category of simplicial sets SSets has a cofi-
brantly generated model category structure, where the weak equivalences, the set of
generating cofibrations I and the set of generating trivial cofibrations J are defined
as above.

Proof. The proof is probably one of the most difficult ones in abstract homo-
topy theory. We refer the reader to [Qui67, II.3 theorem 3], [GJ99] or [Hov99]. �
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1.6. Simplicial Model Categories

Simplicial model categeries were defined by Quillen in [Qui67], we will follow
the approach in [GJ99, chapter 2] and [Hir03, chapter 9].

Definition 1.6.1. Let A be a category. We say that A is simplicial if it satisfies
the following axioms:

(1) There exists a functor

Aop ×A // SSets

X, Y � // Map(X, Y )

such that
(2) The set of 0-simplices in Map(X, Y ) is equal to the set of maps in A from

X to Y , i.e. Map(X, Y )0 = HomA(X, Y ).
(3) For every triple X, Y, Z of objects in A, there exists a map of simplicial

sets called composition law

◦X,Y,Z : Map(Y, Z) × Map(X, Y ) // Map(X, Z)

which is compatible with the composition in A.
(4) There exists a map of simplicial sets iX : ∗ → Map(X, X), for every

object X ∈ A.
(5) There exists three commutative diagrams (see [Hir03, definition 9.1.2.]),

which give the associativity of the composition law, and right and left unit
properties for the map iX .

Definition 1.6.2. Let A be a model category, we say that A is a simplicial
model category if it is a simplicial category (see definition 1.6.1) and satisfies the
following two axioms:

SM0: (1) For every X ∈ A, the functor

Map(X,−) : A // SSets

Y
� // Map(X, Y )

has a left adjoint

X ⊗− : SSets // A

K
� // X ⊗ K

such that the adjuntion is compatible with the simpicial structure on
A, i.e. Map(X⊗K, Y ) ∼= Map(K, Map(X, Y )), where the simplicial
set on the right hand side is the one defined in remark 1.6.3(1).

(2) For every Y ∈ A, the functor

Map(−, Y ) : Aop // SSets

X
� // Map(X, Y )

has a left adjoint

Y − : SSets // Aop

K
� // Y K
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such that the adjunction is compatible with the simplicial structure on
A, i.e. Map(X, Y K) ∼= Map(K, Map(X, Y )), where the simplicial
set on the right hand side is the one defined in remark 1.6.3(1).

SM7: For any cofibration i : A → B in A and fibration p : X → Y in A,
the map

Map(B, X)
(i∗,p∗) // Map(A, X) ×Map(A,Y ) Map(B, Y )

is a fibration of simplicial sets, which is trivial if either i or p is a weak
equivalence.

Remark 1.6.3. (1) The category of simplicial sets SSets has a canonical
simplicial model category structure where Map(X, Y ) is the simplicial set
having n-simplices

Map(X, Y )n = HomSSets(X × ∆n, Y )

with faces and degeneracies induced from the cosimplicial object ∆•.
(2) The associated category of pointed simplicial sets SSets∗ equipped with

the induced model structure from SSets (see remark 1.1.2) has a natural
simplicial model category structure.

Lemma 1.6.4. Let A be a simplicial model category. Suppose that i : A → B,
p : X → Y are maps in A and j : L → K is a map of simplicial sets. Then the
following are equivalent:

(1) For every solid commutative diagram of simplicial sets

L //

j

��

Map(B, X)

(i∗,p∗)

��
K //

44hhhhhhhhhhh Map(A, X)×Map(A,Y ) Map(B, Y )

the dotted arrow making the diagram commutative exists.
(2) For every solid commutative diagram in A

A ⊗ K
∐

A⊗L B ⊗ L //

i�j

��

X

p

��
B ⊗ K //

55kkkkkkkkk

Y

the dotted arrow making the diagram commutative exists.
(3) For every solid commutative diagram in A

A

i

��

// XK

(j∗,p∗)

��
B //

99s
s

s
s

s
s

XL ×Y L Y K

the dotted arrow making the diagram commutative exists.

Proof. Follows directly from the existence of the adjunctions in axiom SM0.
�

The following is a useful criterion to check axiom SM7.
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Proposition 1.6.5. Let A be a model category with a simplicial structure (see
definition 1.6.1), satisfying axiom SM0, then the following are equivalent:

(1) A satisfies axiom SM7.
(2) Suppose that i : A → B is a cofibration in A, and j : L → K is a

cofibration of simplicial sets, then the map

A ⊗ K
∐

A⊗L B ⊗ L
i�j // B ⊗ K

is a cofibration in A, which is trivial if either i or j is a weak equivalence.
(3) Suppose that p : X → Y is a fibration in A, and j : L → K is a cofibration

of simplicial sets, then the map

XK
(j∗,p∗) // XL ×Y L Y K

is a fibration in A, which is trivial if either p or j is a weak equivalence.

Proof. Follows from lemma 1.6.4 and corollary 1.1.6. �

These characterizations of axiom SM7, allow to construct “simplicial” cylinder
(respectively path) objects for any cofibrant (respectively fibrant) object A of A.

Proposition 1.6.6. Let A be a simplicial model category, and let A be a cofi-
brant object in A. Then the following diagram represents a cylinder object for A

A ⊗ ∂∆1 ∼= A
∐

A

i

��

∇

((QQQQQQQQQQQQQ

A ⊗ ∆1
s

// A ⊗ ∗ ∼= A

Proof. Proposition 1.6.5 implies that i is a cofibration. In the following com-
mutative diagram

A ⊗ ∗ ∼= A

t

��

id

''OOOOOOOOOOO

A ⊗ ∆1
s

// A ⊗ ∗ ∼= A

proposition 1.6.5 implies that t is a trivial cofibration, so by the two out of three
property for weak equivalences we have that s is a weak equivalence. It only remains
to show that A ⊗ ∂∆1 → A ⊗ ∗ is the fold map A

∐
A → A, but this follows from

the next commutative diagram:

A ⊗ ∗

id⊗d1

��

id

**UUUUUUUUUUUUUUUUUUUU

A ⊗ ∂∆1 i // A ⊗ ∆1 s // A ⊗ ∗

A ⊗ ∗

id⊗d0

OO

id

44iiiiiiiiiiiiiiiiiiii

�

The dual statement for path objects is the following.
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Proposition 1.6.7. Let A be a simplicial model category, and let X be a fibrant
object in A. Then the following diagram represents a path object for X

X∆1

p

��
X ∼= X∗

r

77ooooooooooooo

∆
// X∂∆1 ∼= X × X

�

One of the interesting consequences we get when we have a simplicial model
category A, is that we can compute the maps in the homotopy category HoA
simplicially.

Proposition 1.6.8. Let X, Y be a pair of objects in A, where X is cofibrant
and Y is fibrant. Then [X, Y ] = π0Map(X, Y ), where [X, Y ] = HomHoA(X, Y ).

Proof. Since X is cofibrant and Y is fibrant, we have that [X, Y ] is just the
set of homotopy classes of maps between X and Y . On the other hand, axiom SM7

implies that Map(X, Y ) is a fibrant simplicial set (Kan complex), so π0Map(X, Y )
is computed using the simplicial homotopies given by ∆1 → Map(X, Y ), which by
the adjunction are in bijection with the homotopies given by X ⊗ ∆1 → Y . But
these are just homotopies between X and Y , since proposition 1.6.6 implies that
X ⊗ ∆1 is a cylinder object for X . �

Corollary 1.6.9. Let A be a simplicial model category, and consider a couple
of objects X, Y in A. Then [X, Y ] = π0Map(RQX, RQY ).

Proof. By construction [X, Y ] is equal to set of homotopy classes of maps
between RQX and RQY . But RQX, RQY are both cofibrant and fibrant objects
in A, so proposition 1.6.8 implies that this set of homotopy classes of maps is equal
to π0Map(RQX, RQY ). �

Another simple but very useful consequence of having a simplicial model cate-
gory A, is that we can also detect weak equivalences in A at the level of simplicial
sets.

Proposition 1.6.10. Let A be a simplicial model category, and let h : A → B
be a map between two cofibrant (respectively fibrant) objects in A. Then h is a weak
equivalence if and only if for every fibrant (respectively cofibrant) object X in A,
h∗ : Map(B, X) → Map(A, X) (respectively h∗ : Map(X, A) → Map(X, B)) is a
weak equivalence of simplicial sets.

Proof. By duality, it is enough to consider the case in which A, B are cofibrant
objects in A. Assume that h is a weak equivalence. Since weak equivalences of
simplicial sets have the two out of three property, then by Ken Brown’s lemma (see
lemma 1.1.4) we can assume that h is a trivial cofibration. The conclusion then
follows from axiom SM7 which implies that for any fibrant object X in A, h∗ :
Map(B, X) → Map(A, X) is a trivial fibration of simplicial sets, so in particular
h∗ is a weak equivalence.

For the converse, it is enough to show that h∗ : [B, X ] → [A, X ] is a bijection
for every fibrant object X in A. But since for every fibrant object X in A, h∗ :
Map(B, X) → Map(A, X) is a weak equivalence of simplicial sets, in particular we
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have that h∗ : π0Map(B, X) → π0Map(A, X) is a bijection, and the result follows
from proposition 1.6.8 since A, B are cofibrant in A and X is fibrant in A. �

Corollary 1.6.11. Let A be a simplicial model category and consider a couple
of objects A, B in A, and a map h : A → B between them. Then the following
conditions are equivalent:

(1) h is a weak equivalence in A.
(2) For every fibrant object X in A, (Qh)∗ : Map(QB, X) → Map(QA, X) is

a weak equivalence of simplicial sets.
(3) For every cofibrant object C in A, (Rh)∗ : Map(C, RA) → Map(C, RB)

is a weak equivalence of simplicial sets.

Proof. (1) ⇔ (2). We have that h is a weak equivalence if and only if every
(or some) cofibrant approximation Qh : QA → QB is also a weak equivalence.
Since QA, QB are cofibrant the result follows from proposition 1.6.10.

(1) ⇔ (3). We know that h is a weak equivalence if and only if every (or some)
fibrant approximation Rh : RA → RB is also a weak equivalence. But RA, RB are
fibrant, so the result follows from proposition 1.6.10. �

1.7. Symmetric Monoidal Model Categories

Symmetric monoidal model categories were introduced by Hovey in [Hov99,
chapter 4]. In this section we just recall some of his definitions and results without
proof. This is the language that we will use in section 3.6 to construct external
pairings for the slice filtration.

Definition 1.7.1. Let C be a monoidal category. We say that a category D is
a left C-module if the following conditions are satisfied:

(1) There exists a bifunctor ⊗ : C × D → D
(2) For every pair of objects X, Y in C and every object A in D there exists a

natural isomorphism a : (X ⊗ Y ) ⊗ A → X ⊗ (Y ⊗ A).
(3) For every object A in D there exists a natural isomorphism l : 1⊗A → A,

where 1 denotes the unit for the monoidal structure on C.
(4) Three coherence diagrams commute (see [Hov99, definition 4.1.6]).

We also have right modules over a given monoidal category.

Definition 1.7.2. Given three categories C,D, E, we define an adjunction of
two variables as a bifunctor ⊗ : C ×D → E together with two extra functors Homr :
Dop × E → C and Homl : Cop × E → D, such that there exist the following two
adjunctions:

(1) HomE(X ⊗ Y, Z)
ϕr // HomC(X, Homr(Y, Z))

(2) HomE(X ⊗ Y, Z)
ϕl // HomD(Y, Homl(X, Z))

Definition 1.7.3. We say that a category C is closed monoidal if it is a
monoidal category such that the bifunctor ⊗ : C × C → C giving the monoidal
structure is an adjunction of two variables.

Definition 1.7.4. Given model categories A, B, D an adjunction of two vari-
ables ⊗ : A × B → D is called a Quillen adjunction of two variables, if given a
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cofibration i : A → B in A and a cofibration j : C → D in B, the induced map

i�j : A ⊗ D
∐

A⊗C B ⊗ C // B ⊗ D

is a cofibration in D which is trivial if either i or j is a weak equivalence. In this
case, we will refer to the functor ⊗ as a Quillen bifunctor.

Lemma 1.7.5 (Hovey). Let A, B, D be three model categories and let ⊗ :
A × B → D be an adjunction of two variables. Then the following conditions are
equivalent:

(1) ⊗ is a Quillen bifunctor.
(2) Given a cofibration j : C → D in B and a fibration p : X → Y in D, the

induced map

(j∗, p∗) : Homr(D, X) // Homr(C, X) ×Homr(C,Y ) Homr(D, Y )

is a fibration in A which is trivial if either j or p is a weak equivalence.
(3) Given a cofibration i : A → B in A and a fibration p : X → Y in D, the

induced map

(i∗, p∗) : Homl(B, X) // Homl(A, X) ×Homl(A,Y ) Homl(B, Y )

is a fibration in B which is trivial if either i or p is a weak equivalence.

Proof. Follows immediately from the adjunctions that appear in the defini-
tion of an adjunction of two variables (see definition 1.7.2), and the lifting property
characterization for cofibrations, fibrations, trivial cofibrations and trivial fibra-
tions. �

Remark 1.7.6 (cf. [Hov99, remark 4.2.3]). Let ⊗ : A × B → D be a Quillen
bifunctor. Then if A is a cofibrant object in A, the functor A ⊗ − : B → D is a
Quillen functor with right adjoint Homl(A,−) : D → B. Similarly if B is a cofibrant
object in B, we get a Quillen functor −⊗B : A → D with right adjoint Homr(B,−).
Finally, if X is a fibrant object in D, we get a Quillen functor Homr(−, X) : B →
Aop with right adjoint Homl(−, X) : Aop → B.

Definition 1.7.7. A monoidal model category A is a closed monoidal category
with a model category structure, such that the following conditions are satisfied:

(1) The bifunctor ⊗ : A ×A → A giving the monoidal structure is a Quillen
bifunctor.

(2) Let q : Q1 → 1 be a cofibrant replacement for the unit 1. Then the
natural maps q ⊗ id : Q1⊗A → 1⊗A, id⊗ q : A⊗Q1 → A⊗1 are weak
equivalences for any cofibrant object A in A.

We have an analogous definition for symmetric monoidal categories.

Proposition 1.7.8 (Quillen). The category of simplicial sets SSets is a sym-
metric monoidal model category.

Proof. We refer the reader to [Qui67, II.3 theorem 3]. �

Proposition 1.7.9 (Hovey). Let A be a monoidal model category, with unit
1 equal to the terminal object ∗, and assume that ∗ is cofibrant. Then the associ-
ated pointed category A∗ (equipped with the monoidal structure described in remark
1.1.2) is also a monoidal model category, which is symmetric if A is.
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Proof. We refer the reader to [Hov99, proposition 4.2.9]. �

Corollary 1.7.10. The category of pointed simplicial sets SSets∗ is a sym-
metric monoidal model category.

Proof. Follows immediately from propositions 1.7.8 and 1.7.9. �

Definition 1.7.11. Let (F, G, ϕ) : A → B be a Quillen adjunction between two
monoidal model categories. We say that (F, G, ϕ) is a monoidal Quillen adjunction
if F is a monoidal functor (see [Hov99, definition 4.1.2]) and the map F (q1) :
F (Q1) → F1 is a weak equivalence. In this situation we say that F is a left
Quillen monoidal functor.

Definition 1.7.12. Let A be a monoidal model category. A A-model category
is a left A-module B equipped with a model category structure such that the following
conditions hold:

(1) The action map −⊗− : A×B → B is a Quillen bifunctor.
(2) If q : Q1 → 1 is a cofibrant replacement for 1 in A, then the map q ⊗ id :

Q1⊗ A → 1 ⊗ A is a weak equivalence for every cofibrant object A in B.

The simplicial model categories discussed in section 1.6 are just SSets-model
categories.

Proposition 1.7.13 (Hovey). Let A be a monoidal model category where the
unit 1 is equal to the terminal object ∗. Assume that ∗ is cofibrant. If B is a
A-model category, then the associated pointed category B∗ has a natural A∗-model
category structure.

Proof. We refer the reader to [Hov99, proposition 4.2.19]. �

Proposition 1.7.14 (Hovey). Let A, B, D be three model categories, and let
−⊗− : A× B → D be a Quillen bifunctor. Then the total derived functors define
an adjunction of two variables ⊗L : HoA × HoB → HoD, with adjoints given by
RHoml : (HoA)op × HoD → B and RHomr : (HoB)op × HoD → HoA.

Proof. We refer the reader to [Hov99, proposition 4.3.1]. �

Theorem 1.7.15 (Hovey). Let A be a (symmetric) monoidal model category.
Then HoA can be given the structure of a closed (symmetric) monoidal category.
The adjunction of two variables (⊗L,RHoml,RHomr) which gives the closed struc-
ture on HoA is the total derived adjunction of (⊗, Homl, Homr) described in propo-
sition 1.7.14. The associativity and unit isomorphisms (and the commutativity
isomorphism in case A is symmetric) on HoA are derived from the corresponding
isomorphisms of A.

Proof. We refer the reader to [Hov99, theorem 4.3.2]. �

1.8. Localization of Model Categories

In this section we recall some of Hirschhorn’s constructions [Hir03, sections 3.1,
3.2] restricted to the case where all the model categories are simplicial.

Definition 1.8.1. Let A be a model category and let V be a class of maps in
A. A left localization of A with respect to V is a model category LVA equipped
with a left Quillen functor λ : A → LVA satisfying the following properties:
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(1) The total left derived functor Lλ : HoA → HoLVA takes the images in
HoA of the elements in V into isomorphisms in HoLVA.

(2) If B is a model category and τ : A → B is a left Quillen functor such
that Lτ : HoA → HoB takes the images in HoA of the elements of V
into isomorphisms in HoB, then there exists a unique left Quillen functor
σ : LVA → B with σλ = τ .

Definition 1.8.2. Let A be a model category and let V be a class of maps in
A. A right localization of A with respect to V is a model category RVA equipped
with a right Quillen functor ρ : A → RVA satisfying the following properties:

(1) The total right derived functor Rρ : HoA → HoRVA takes the images in
HoA of the elements in V into isomorphisms in HoRVA.

(2) if B is a model category and τ : A → B is a right Quillen functor such
that Rτ : HoA → HoB takes the images in HoA of the elements of V into
isomorphisms in HoB, then there exists a unique right Quillen functor
σ : RVA → B with σρ = τ .

From the universal property, we immediately get the following uniqueness state-
ment.

Remark 1.8.3. Let A be a model category and V a class of maps in A. If a left
or right localization of A with respect to V exists, then it is unique up to a unique
isomorphism.

Definition 1.8.4. Let A be a model category and V a class of maps in A.

(1) An object A of A is V-local if A is fibrant and for every map f : C → D
in V, the induced map of simplicial sets Map(QD, A) → Map(QC, A) is
a weak equivalence.

(2) A map f : C → D in A is a V-local equivalence if for every V-local object
A, the induced map of simplicial sets Map(QD, A) → Map(QC, A) is a
weak equivalence.

Definition 1.8.5. Let A be a model category and V a class of maps in A.

(1) An object A of A is V-colocal if A is cofibrant and for every map f : C →
D in V, the induced map of simplicial sets Map(A, RC) → Map(A, RD)
is a weak equivalence.

(2) A map f : C → D in A is a V-colocal equivalence if for every V-colocal
object A, the induced map of simplicial sets Map(A, RC) → Map(A, RD)
is a weak equivalence.

The following definition will be necessary for the construction of right Bousfield
localizations.

Definition 1.8.6. Let A be a model category and let K be a set of objects in
A.

(1) A map g : X → Y is a K-colocal equivalence if for every object A in K the
induced map of simplicial sets (Rg)∗ : Map(QA, RX) → Map(QA, RY )
is a weak equivalence.

(2) If V is the class of K-colocal equivalences, then a V-colocal object will be
called K-colocal.

Proposition 1.8.7 (Hirschhorn). Let A be a model category and let V be a
class of maps in A.
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(1) The class of V-local equivalences satisfies the two out of three property
(see MC2 in definition 1.1.1).

(2) The class of V-colocal equivalences satisfies the two out of three property.

Proof. We refer the reader to [Hir03, proposition 3.2.3]. �

1.9. Bousfield Localization

In this section we review Hirschhorn’s construction of Bousfield localizations
[Hir03, section 3.3] in the restricted situation where all the model categories are
simplicial. These constructions will be the main technical ingredient in our approach
to produce a lifting of the slice filtration to the model category setting (see chapter
3).

Definition 1.9.1. Let A be a model category and let V be a class of maps in
A. The left Bousfield localization of A with respect to V (in case it exists) is a
model category structure LVA on the underlying category of A such that

(1) the class of weak equivalences of LVA is defined as the class of V-local
equivalences of A (see definition 1.8.4).

(2) the class of cofibrations of LVA is the same as the class of cofibrations of
A.

(3) the class of fibrations of LVA is defined as the class of maps that have the
right lifting property with respect to the maps which are cofibrations and
V-local equivalences.

We will also need the dual notion of right Bousfield localization.

Definition 1.9.2. Let A be a model category and let V be a class of maps in
A. The right Bousfield localization of A with respect to V (in case it exists) is a
model category structure RVA on the underlying category of A such that

(1) the class of weak equivalences of RVA is defined as the class of V-colocal
equivalences of A (see definition 1.8.5).

(2) the class of fibrations of RVA is the same as the class of fibrations of A.
(3) the class of cofibrations of RVA is defined as the class of maps that have

the left lifting property with respect to the maps which are fibrations and
V-colocal equivalences.

Proposition 1.9.3 (Hirschhorn). Let A be a model category and V a class of
maps in A. Let LVA be the left Bousfield localization of A with respect to V, then

(1) every weak equivalence in A is a weak equivalence in LVA.
(2) the class of trivial fibrations of LVA equals the class of trivial fibrations

of A.
(3) every fibration of LVA is a fibration of A.
(4) every trivial cofibration of A is a trivial cofibration of LVA.

Proof. We refer the reader to proposition 3.3.3 in [Hir03]. �

We then get the dual version for right Bousfield localizations.

Proposition 1.9.4 (Hirschhorn). Let A be a model category and V a class of
maps in A. Let RVA be the right Bousfield localization of A with respect to V, then

(1) every weak equivalence in A is a weak equivalence in RVA.
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(2) the class of trivial cofibrations of RVA equals the class of trivial cofibra-
tions of A.

(3) every cofibration of RVA is a cofibration of A.
(4) every trivial fibration of A is a trivial fibration of RVA.

Proof. We refer the reader to proposition 3.3.3 in [Hir03]. �

Proposition 1.9.5 (Hirschhorn). Let A be a model category and V a class of
maps in A.

(1) If LVA is the left Bousfield localization of A with respect to V, then the
identity functor id : A → LVA is a left Quillen functor with right adjoint
id : LVA → A.

(2) If RVA is the right Bousfield localization of A with respect to V, then the
identity functor id : RVA → A is a left Quillen functor with right adjoint
id : A → RVA.

Proof. Follows immediately from propositions 1.9.3 and 1.9.4. �

Theorem 1.9.6 (Hirschhorn). Let A be a model category and let V be a class
of maps in A.

(1) If LVA is the left Bousfield localization of A with respect to V, then the
identity functor id : A → LVA is a left localization of A with respect to V
(see definition 1.8.1).

(2) If RVA is the right Bousfield localization of A with respect to V then the
identity functor id : A → RVA is a right localization of A with respect to
V.

Proof. We refer the reader to [Hir03, theorem 3.3.19]. �



CHAPTER 2

Motivic Unstable and Stable Homotopy Theory

In this chapter we review the construction of the Morel-Voevodsky motivic
stable model structure and the construction of Jardine’s motivic symmetric stable
model structure (see sections 2.4 and 2.6). We also show that these two model struc-
tures satisfy Hirschhorn’s cellularity condition (see sections 2.5 and 2.7). Therefore,
it is possible to apply Hirschhorn’s localization techniques to get Bousfield localiza-
tions with respect to these two model structures. Finally, in section 2.8 we recall
the construction of the model structures for the categories of A-modules and A-
algebras, where A denotes a cofibrant ring spectrum in Jardine’s motivic symmetric
stable model category. We will see that the category of A-modules equipped with
this model structure also satisfies Hirschhorn’s cellularity condition.

2.1. The Injective Model Structure

Let S be a Noetherian separated scheme of finite Krull dimension, and consider
the category Sm|S of smooth schemes of finite type over S. (Sm|S)Nis will denote
the site with underlying category Sm|S equipped with the Nisnevich topology. We
are interested in the category ∆opPre(Sm|S)Nis of presheaves of simplicial sets
on Sm|S. The objects in ∆opPre(Sm|S)Nis can also be described as simplicial
presheaves on Sm|S . The work of Jardine (see [Jar87]) shows in particular that
∆opPre(Sm|S)Nis has the structure of a proper simplicial cofibrantly generated
model category.

We will denote by ∆n
U the representable simplicial presheaf corresponding to

the objects U in Sm|S and n in ∆, i.e.

∆n
U : (Sm|S × ∆)op // Sets

(V, m)
� // (HomSm|S(V, U)) × (∆n)m

The following functor gives a fully faithful embedding of Sm|S into ∆opPre(Sm|S)Nis:

Y : Sm|S // ∆opPre(Sm|S)Nis

U
� // ∆0

U

we will abuse notation and write U instead of ∆0
U . Given any simplicial set K

we can consider the associated constant presheaf of simplicial sets which we also
denote by K, i.e.

K : (Sm|S × ∆)op // Sets

(U, n) // Kn

The category of simplicial presheaves ∆opPre(Sm|S)Nis inherits a natural sim-
plical structure from the one on pointed simplicial sets.

25
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Given a simplicial presheaf X , the tensor objects for the simplicial structure
on ∆opPre(Sm|S)Nis are defined as follows:

X ⊗− : SSets // ∆opPre(Sm|S)Nis

where X ⊗ K is the following simplicial presheaf:

X ⊗ K : (Sm|S × ∆)op // Sets

(U, n)
� // Xn(U) × Kn

The simplicial functor in two variables is:

Map(−,−) : (∆opPre(Sm|S)Nis)
op × ∆opPre(Sm|S)Nis

// SSets

where Map(X, Y ) is the simplicial set given by:

Map(X, Y ) : ∆op // Sets

n
� // Hom∆opPre(Sm|S)Nis

(X ⊗ ∆n, Y )

and finally for any simplicial presheaf Y we have the following functor

Y − : SSets // (∆opPre(Sm|S)Nis)
op

where Y K is the simplicial presheaf given as follows:

Y K : (Sm|S × ∆)op // Sets

(U, n)
� // HomSSets(K × ∆n, Y (U))

Let t be a point in (Sm|S)Nis. Denote by θt the fibre functor which assigns to
every simplicial presheaf its stalk at t:

θt : ∆opPre(Sm|S)Nis
// SSets

X
� // θt(X) = Xt

Now we proceed to define the model structure on ∆opPre(Sm|S)Nis con-
structed by Jardine. A map f : X → Y in ∆opPre(Sm|S)Nis is defined to be
a weak equivalence, if f induces a weak equivalence of simplicial sets in all the
stalks on (Sm|S)Nis, i.e. if for every point t in (Sm|S)Nis the map

θt(X)
θt(f) // θt(Y )

is a weak equivalence of simplicial sets.
The set I of generating cofibrations is given by all the subobjects of ∆n

U for U
in Sm|S and n ≥ 0, i.e.

I = {Y ↪→ ∆n
U |U ∈ (Sm|S), n ≥ 0}

it is easy to see that a map i : X → Y is in I-cell if and only if it is a monomorphism,
i.e. in(U) : Xn(U) → Yn(U) is an injective map of sets, for every U in Sm|S, n ≥ 0.

Let λ be a cardinal, and X a simplicial presheaf on Sm|S . We say that X is
λ-bounded if the cardinal of all the simplices of X is bounded by λ, i.e. |Xn(U)| < λ
for every U in Sm|S , n ≥ 0. The site (Sm|S)Nis is essentially small, so we can find
a cardinal κ such that κ is greater than 2α, where α is the cardinality of the set
Map(Sm|S) of maps in Sm|S .
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We say that a map j : X → Y of simplicial presheaves in Sm|S is a trivial
cofibration, if it is both a cofibration and a weak equivalence. The set J of generating
trivial cofibrations is given by all the trivial cofibrations where the codomain is
bounded by the cardinal κ described above, i.e.

J = {j : X → Y |j is a trivial cofibration and Y is κ-bounded}

Theorem 2.1.1 (Jardine). The category ∆opPre(Sm|S)Nis of simplicial presheaves
on the Nisnevich site (Sm|S)Nis, has the structure of a proper simplicial cofibrantly
generated model category where the class W of weak equivalences, and the sets I, J
of generating cofibrations and generating trivial cofibrations are defined as above.

Proof. We refer the reader to [Jar87, theorem 2.3]. �

The model structure defined above will be called the injective model structure
for ∆opPre(Sm|S)Nis.

Remark 2.1.2. The cofibrations for the injective model structure on ∆opPre(Sm|S)Nis

have the following properties:

(1) The class of cofibrations coincides with the class of relative I-cell com-
plexes, therefore a map is a cofibration if and only if it is a monomor-
phism.

(2) If a map i : A → B in ∆opPre(Sm|S)Nis is a cofibration then for ev-
ery point t in (Sm|S)Nis the associated map θt(i) : θt(A) → θt(B) is a
cofibration of simplicial sets.

(3) Every object A in ∆opPre(Sm|S)Nis is an I-cell complex, therefore every
object in ∆opPre(Sm|S)Nis is cofibrant.

The category ∆opPre(Sm|S)Nis of simplicial presheaves on the smooth Nis-
nevich site (Sm|S)Nis also has a closed symmetric monoidal structure which is
compatible with the injective model structure, i.e. ∆opPre(Sm|S)Nis equipped
with the injective structure is a symmetric monoidal model category in the sense
of Hovey (see definition 1.7.7).

The closed symmetric monoidal structure is defined as follows:

∆opPre(Sm|S)Nis × ∆opPre(Sm|S)Nis
// ∆opPre(Sm|S)Nis

(X, Y )
� // X × Y

where X × Y is the presheaf of simplicial sets defined as follows:

X × Y : (Sm|S × ∆)op // Sets

(U, n)
� // Xn(U) × Yn(U)

and the functor that gives the adjunction of two variables is the following:

HomPre(−,−) : (∆opPre(Sm|S)Nis)
op × ∆opPre(Sm|S)Nis

// ∆opPre(Sm|S)Nis

where HomPre(X, Y ) is the simplicial presheaf given by:

HomPre(X, Y ) : (Sm|S × ∆)op // Sets

(U, n) � // Hom∆opPre(Sm|S)Nis
(X × ∆n

U , Y )

Proposition 2.1.3. Let X, Y, Z be simplicial presheaves on (Sm|S)Nis.
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(1) There is a natural isomorphism of simplicial sets

Map(X × Y, Z)
∼= // Map(X,HomPre(Y, Z))

(2) There is a natural isomorphism of simplicial presheaves on (Sm|S)Nis

HomPre(X × Y, Z)
∼= // HomPre(X,HomPre(Y, Z))

Proof. (1). To any n-simplex α in Map(X × Y, Z)

(X ⊗ ∆n) × Y
∼= // (X × Y ) ⊗ ∆n α // Z

associate the n-simplex α∗ in Map(X,HomPre(Y, Z))

α∗ : X ⊗ ∆n → HomPre(Y, Z)

coming from the adjunction between −× Y and HomPre(Y,−).
(2). To any n-simplex α in HomPre(X × Y, Z)n(U)

(X × ∆n
U ) × Y

∼= // (X × Y ) × ∆n
U

α // Z

associate the n-simplex α∗ in HomPre(X,HomPre(Y, Z))n(U)

α∗ : X × ∆n
U → HomPre(Y, Z)

coming from the adjunction between −× Y and HomPre(Y,−). �

Lemma 2.1.4 (cf. [Jar00, lemma 1.5]). The category ∆opPre(Sm|S)Nis of
simplicial presheaves on the smooth Nisnevich site (Sm|S)Nis equipped with the
injective model structure is a symmetric monoidal model category (see definition
1.7.7).

Proof. We need to check that the conditions (1)-(2) in definition 1.7.7 are
satisfied. Since every object is cofibrant in ∆opPre(Sm|S)Nis, condition (2) is
trivially satisfied. To check condition (1), we need to show that if we take two
cofibrations i : A → B and j : C → D for the injective model structure on
∆opPre(Sm|S)Nis, then the induced map

i�j : A × D
∐

A×C

B × C → B × D

is also a cofibration, which is trivial if either i or j is a weak equivalence. To see that
i�j is a cofibration, it is enough to show that i�j(U) is a cofibration of simplicial
sets for every U in Sm|S , but this is true since the category of simplicial sets is a
symmetric monoidal model category.

Now we show that i�j is a trivial cofibration if either i or j is a weak equiva-
lence. The definition of weak equivalences for the injective model structure implies
that is enough to prove it at the level of the stalks, so let t be any point in (Sm|S)Nis,
and consider the induced map of simplicial sets

θt(i�j) : θt(A) × θt(D)
∐

θt(A)×θt(C)

θt(B) × θt(C) → θt(B) × θt(D)

Now since the category of simplicial sets is in particular a symmetric monoidal
model category, we have that θt(i�j) is a trivial cofibration if either i or j is a
weak equivalence. Since this holds for every point t in (Sm|S)Nis, we have that
i�j is a cofibration in ∆opPre(Sm|S)Nis which is trivial if either i or j is a weak
equivalence, hence the result follows. �
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Lemma 2.1.5 (Morel-Voevodsky, cf. [MV99, 2.1 lemma 1.10]). Let X, Y be two
fibrant simplicial presheaves in the injective model structure, and consider a map
f : X → Y . The following are equivalent:

(1) f is a weak equivalence in the injective model structure for ∆opPre(Sm|S)Nis.
(2) For every U in Sm|S the map

f(U) : X(U) → Y (U)

is a weak equivalence of simplicial sets.

Proof. Assume that f is a weak equivalence in ∆opPre(Sm|S)Nis. Since
X, Y are fibrant and weak equivalences of simplicial sets satisfy the two out of
three property, by Ken Brown’s lemma (see lemma 1.1.4) we can assume that
f is a trivial fibration in ∆opPre(Sm|S)Nis. Now consider U as an element of
∆opPre(Sm|S)Nis. Since every object in ∆opPre(Sm|S)Nis is cofibrant, axiom
SM7 for simplicial model categories implies that: f∗ : Map(U, X) → Map(U, Y ) is
a trivial fibration of simplicial sets, but this is just equal to f(U) : X(U) → Y (U).

Conversely, suppose now that for every U in ∆opPre(Sm|S)Nis, f(U) : X(U) →
Y (U) is a weak equivalence of simplicial sets. Let t be an arbitrary point in
(Sm|S)Nis. We know that t is associated to a pro-object {Uα} in (Sm|S)Nis.
Therefore θt(f) : θt(X) → θt(Y ) is a filtered colimit of weak equivalences of sim-
plicial sets, hence a weak equivalence of simplicial sets. But this implies that f is
a weak equivalence in ∆opPre(Sm|S)Nis. �

Definition 2.1.6. Let X be a simplicial presheaf on (Sm|S)Nis. We say that
X satisfies the B.G. property if any elementary Cartesian square

U ×W V //

��

V

p

��
U

i
// W

of smooth schemes over S with p étale, i an open immersion and p−1(W − U) ∼=
W − U (both equipped with the reduced scheme structure) maps to a homotopy
Cartesian diagram of simplicial sets after applying X

X(W ) //

��

X(V )

��
X(U) // X(U ×W V )

Theorem 2.1.7 (Jardine). Let X be a simplicial presheaf on (Sm|S)Nis. Then
X satisfies the B.G. property if and only if any fibrant replacement X → GX in the
injective model structure for ∆opPre(Sm|S)Nis is a sectionwise weak equivalence
of simplicial sets, i.e. for any U in Sm|S,

X(U)
gX (U) // GX(U)

gX(U) is a weak equivalence of simplicial sets.

Proof. We refer the reader to [Jar00, theorem 1.3]. �
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Definition 2.1.8. Consider U ∈ Sm|S with structure map φ : U → S, i.e.
φ is a smooth map of finite type. Then we have the following adjunction (see
[72, proposition I.5.1]):

(φ−1, φ∗, ϕ) : ∆opPre(Sm|S)Nis
// ∆opPre(Sm|U )Nis

where φ−1 and φ∗ are defined as follows:

φ−1 : ∆opPre(Sm|S)Nis
// ∆opPre(Sm|U )Nis

X
� // φ−1X

with φ−1X defined as the composition of φ and X:

(Sm|U × ∆)op φ×id //

φ−1X &&NNNNNNNNNNN
(Sm|S × ∆)op

Xxxpppppppppp

Sets

and the right adjoint φ∗ is given by:

φ∗ : ∆opPre(Sm|U )Nis
// ∆opPre(Sm|S)Nis

X
� // φ∗X

where φ∗X is the following simplicial presheaf:

φ∗X : (Sm|S × ∆)op // Sets

(V, n)
� // Xn(V ×S U)

Remark 2.1.9. Let φ : U → S be a smooth map of finite type, and let Y
be an arbitrary simplicial presheaf on (Sm|U )Nis. It follows immediately from the
description of the functors φ−1 and φ∗ that the counit of the adjunction (φ−1, φ∗, ϕ)

φ−1φ∗Y //∼= // Y

is an isomorphism which can be naturally identified with the identity map on Y , in
particular φ−1φ∗Y is canonically isomorphic to Y .

Proposition 2.1.10. Let φ : U → S be a smooth map of finite type, and let
X be an arbitrary simplicial presheaf on (Sm|S)Nis. Then we have a canonical
isomorphism:

φ∗φ
−1X

∼= // HomPre(U, X)

Proof. To any n-simplex α in (φ∗φ
−1X)n(V ) = Xn(V ×S U)

∆n
V × U ∼= ∆n

V ×SU
α // X

associate the n-simplex α∗ in HomPre(U, X)n(V )

∆n
V

α∗ // HomPre(U, X)

coming from the adjunction between −× U and HomPre(U,−). �

Proposition 2.1.11. Let φ : U → S be a smooth map of finite type, let X be a
simplicial presheaf on (Sm|S)Nis and Y a simplicial presheaf on (Sm|U )Nis. Then
we have the following enriched adjunctions:
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(1) There is a natural isomorphism of simplicial sets

Map(φ−1X, Y )
∼= // Map(X, φ∗Y )

(2) There is a natural isomorphism of simplicial presheaves on (Sm|S)Nis

HomPre(X, φ∗Y )
∼= // φ∗(HomPre(φ

−1X, Y ))

(3) There is a natural isomorphism of simplicial presheaves on (Sm|U )Nis

φ−1(HomPre(X, φ∗Y ))
∼= // HomPre(φ

−1X, Y )

Proof. (1): To any n-simplex α in Map(φ−1X, Y )

φ−1(X ⊗ ∆n) ∼= φ−1X ⊗ ∆n α // Y

associate the n-simplex α∗ in Map(X, φ∗Y )

X ⊗ ∆n
α∗ // φ∗Y

coming from the adjunction between φ−1 and φ∗.
(2): To any n-simplex α in HomPre(X, φ∗Y )n(V ) (where V ∈ (Sm|S))

X × ∆n
V

α // φ∗Y

associate the n-simplex α∗ in φ∗(HomPre(φ
−1X, Y ))n(V )

φ−1X × ∆n
V ×SU

∼= φ−1(X × ∆n
V )

α∗

// Y

coming from the adjunction between φ−1 and φ∗.
(3): To any n-simplex α in φ−1(HomPre(X, φ∗Y ))n(V ) (where V ∈ (Sm|U ))

X × ∆n
V

α // φ∗Y

associate the n-simplex α∗ in HomPre(φ
−1X, Y )n(V )

φ−1X × ∆n
V
∼= φ−1(X × ∆n

V )
α∗

// Y

coming from the adjunction between φ−1 and φ∗. �

Definition 2.1.12 (cf. [Jar00, section 1.4]). Let X be a simplicial presheaf on
(Sm|S)Nis. We say that X is flasque if:

(1) X is a presheaf of Kan complexes.
(2) Every finite collection Vi ↪→ V , i = 1, . . . , n of subschemes of a scheme V

induces a Kan fibration

X(V ) ∼= Map(V, X)
i∗ // Map(∪n

i=1Vi, X)

Remark 2.1.13. (1) Let X be a simplicial presheaf on (Sm|S)Nis which
is fibrant in the injective model structure for ∆opPre(Sm|S)Nis. Then X
is flasque and satisfies the B.G. property.

(2) The class of flasque simplicial presheaves is closed under filtered colimits.
(3) The B.G. property is stable under filtered colimits.
(4) The functors φ−1 and φ∗ preserve flasque simplicial presheaves.
(5) The functors φ−1 and φ∗ preserve the B.G. property.
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2.2. Cellularity of the Injective Model Structure

In this section we prove that the injective model structure on ∆opPre(Sm|S)Nis

is cellular (see definition 1.3.12). This is an unpublished result due to Hirschhorn,
which also appears in [Hor06, theorem 1.4]. The author would like to thank Jens
Hornbostel for the discussion related to Hirschhorn’s cellularity results.

Lemma 2.2.1. Let A be a simplicial presheaf on the smooth Nisnevich site
(Sm|S)Nis. Then A is small (see definition 1.2.3).

Proof. Let µ be the cardinal of the set SA of simplices of A, i.e.

SA =
∐

V ∈(Sm|S),n≥0

An(V )

and let κ be the successor cardinal of µ. Since κ is a succesor cardinal, we have
that κ is a regular cardinal (see [Hir03, proposition 10.1.14]).

We claim that A is κ small with respect to the class of all maps in ∆opPre(Sm|S)Nis.
In effect, consider an arbitrary λ-sequence where λ is a regular cardinal greater than
κ,

X0 → X1 → · · · → Xβ → · · · (β < λ)

we need to show that the map colimβ<λHom∆opPre(Sm|S)Nis
(A, Xβ) → Hom(A, Xλ)

is a bijection. To check the injectivity, we just take sections on every U ∈ (Sm|S),
and use the fact that every simplicial set is small (see [Hov99, lemma 3.1.1]). To
check the surjectivity, consider an arbitrary map f : A → Xλ, now the restriction
of f to every simplex of A (∆n

U → A), factors through some Xβ with β < λ. Since
λ is a regular cardinal and there are fewer than κ simplices in A (where κ < λ),
there exists Xα with α < λ such that the restriction of f to every simplex of A
factors through Xα. But this implies that f factors through Xα, and therefore we
get the surjectivity. �

Lemma 2.2.2. Consider the category ∆opPre(Sm|S)Nis of simplicial presheaves
on the smooth Nisnevich site (Sm|S)Nis equipped with the injective model structure.
Then all the cofibrations in ∆opPre(Sm|S)Nis are effective monomorphisms.

Proof. A map i : A → B is an effective monomorphism if and only if for
every U ∈ (Sm|S), n ≥ 0 the induced map in(U) : An(U) → Bn(U) is an effective
monomorphism of sets, this is true since all small limits and colimits are computed
termwise. Now in the injective model structure for ∆opPre(Sm|S)Nis the class
of cofibrations coincides with the class of monomorphisms. But this implies that
all the cofibrations are effective monomorphisms in ∆opPre(Sm|S)Nis, since in
the category of sets any injective map is an effective monomorphism (see remark
1.3.11). �

The next proposition is an unpublished result due to Hirschhorn, which also
appears in [Hor06, lemma 1.5], nevertheless the proof given here is slightly differ-
ent since it also handles the case of a relative I-cell complex, which is necessary
according to Hirschhorn’s definition of compactness (see definition 1.3.12).

Proposition 2.2.3. Let I be the set of generating cofibrations for the injec-
tive model structure in the category of simplicial presheaves ∆opPre(Sm|S)Nis (see
theorem 2.1.1). The domains and codomains of the maps in I are compact relative
to I.
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Proof. Let µ be the cardinal of the set SI of simplices corresponding to all
the domains and codomains of the maps in I , i.e.

SI =
∐

(i:A→B)∈I

∐

U∈(Sm|S),n≥0

An(U) t Bn(U)

and let κ be the successor cardinal of µ. Since κ is a successor cardinal, we have
that it is a regular cardinal (see [Hir03, proposition 10.1.14]).

If X is a presented I-cell complex with presentation ordinal λ,

i : ∅ → X, ∅ = X0 → X1 → · · · → Xβ → · · · (β < λ), {T β, eβ , hβ}β<λ

we claim that every cell e of X is contained in a subcomplex Xe of X of size less
than κ. This follows from a transfinite induction argument over the presentation
ordinal of e (see definition 1.3.2). If the presentation ordinal of e is 0, then the
cell e defines a subcomplex of X of size 1, this gets the induction started. Now
assume that the result holds for every cell of presentation ordinal less than β < λ,
and consider an arbitrary cell e of presentation ordinal β. The attaching map he

of this cell has image contained in the union of fewer than κ simplices {se} of X
(since the domain of he is also a domain for a map in I), now each such simplex
se is contained in a cell es of presentation ordinal less than β and the induction
hypothesis implies that each such cell es is contained in a subcomplex Xs of size
less than κ, thus taking the union of all these subcomplexes Xs (which is possible
by corollary 1.3.7 since all the I-cells are monomorphisms in this case) we get a
subcomplex X ′

e of size less than κ (since κ is regular) which contains the image
of the attaching map he. Therefore if we define Xe as the subcomplex obtained
from X ′

e after attaching the cell e via he, we get a subcomplex of size less than κ
containing the given cell e. This proves the claim.

Now if A is a simplicial presheaf on (Sm|S) which is a domain or codomain of
a map in I , we have that A has less than κ simplices. Consider a map j : A → X
where X is a presented I-cell complex,

i : ∅ → X, ∅ = X0 → X1 → · · · → Xβ → · · · (β < λ), {T β, eβ , hβ}β<λ

then the image of j has less than κ simplices {sj}, each such simplex sj is contained
in some cell es of X which by the previous argument is contained in a subcomplex
Xs of X of size less than κ. We take now the union of all these subcomplexes Xs

to get a subcomplex Xj of X of size less than κ (since κ is regular) which contains
the image of j. Therefore j factors through the subcomplex Xj which has size less
than κ.

Finally, we consider a relative cell complex f : X → Y ,

f : X → Y, X = X0 → X1 → · · · → Xβ → · · · (β < λ), {T β, eβ, hβ}β<λ

Take any map j : A → Y where A is a domain or codomain of a map in I . Since
all the inclusions are I-cells for the injective model structure, we have that X is a
cell complex,

i : ∅ → X, ∅ = X0 → X1 → · · · → Xβ → · · · (β < ν), {T β, eβ, hβ}β<ν

Combining this presentation of X with the presentation of f we get a presentation
for Y as a cell complex, where X is a subcomplex. The previous argument shows
that the image of j is contained in a subcomplex W ′ of Y where the size of W ′ is
less than κ. Taking the union of W ′ and X we get a subcomplex Xf of f having the
same size as W ′ (as a subcomplex of f) which contains the image of j. Therefore
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j factors through Xf where Xf is a subcomplex of f of size less than κ, and this
shows that A is κ-compact relative to I . �

Finally we are ready to prove Hirschhorn’s cellularity theorem.

Theorem 2.2.4. The category ∆opPre(Sm|S)Nis of simplicial presheaves on
the smooth Nisnevich site (Sm|S)Nis is a cellular model category when it is equipped
with the injective model structure, the sets of generating cofibrations and generating
trivial cofibrations are the ones considered in theorem 2.1.1.

Proof. We have to check that the conditions (1)-(4) of definition 1.3.12 hold.
(1) follows from theorem 2.1.1 which shows that the injective model structure is
cofibrantly generated. (2) follows from proposition 2.2.3 and (3) follows from lemma
2.2.1 which says that every simplicial presheaf is small. Finally (4) follows from
lemma 2.2.2. �

Theorem 2.2.4 will be used to show that the category SptT (Sm|S)Nis of T -
spectra on Sm|S equipped with the motivic stable model structure is cellular
(see theorem 2.5.4). This will allow us to apply all the localization technology
of Hirschhorn [Hir03] to construct new model structures for SptT (Sm|S)Nis.

2.3. The Motivic Model Structure

Let A1
S be the affine line over S. Consider the following set of maps

VM = {πU : U × A1
S → U | U ∈ (Sm|S)}

In [MV99] Morel and Voevodsky show in particular that for simplicial sheaves on
(Sm|S)Nis the left Bousfield localization for the injective model structure with
respect to VM exists, and furthermore they show it is a proper simplicial model
structure. Their work was extended to the case of simplicial presheaves by Jardine
in [Jar00, section 1]. Following Jardine we call this localized model structure the
motivic model structure on ∆opPre(Sm|S)Nis.

Theorem 2.3.1 (Morel-Voevodsky, Jardine). Consider the category of simpli-
cial presheaves on the smooth Nisnevich site (Sm|S)Nis equipped with the injective
model structure. Then the left Bousfield localization (see section 1.9) with respect
to the set of maps VM defined above exists. This model structure will be called mo-
tivic, and the category ∆opPre(Sm|S)Nis equipped with the motivic model structure
will be denoted by M. Furthermore M is a proper and simplicial model category.

Proof. We refer the reader to [Jar00, theorem 1.1]. �

The following theorem gives explicit sets of generating cofibrations and trivial
cofibrations for M; and it also shows that with this choice of generators, M has
the structure of a cellular model category. In [Hor06, corollary 1.6] it is also proved
that M is cellular.

Theorem 2.3.2. M is a cellular model category, where the set IM of generating
cofibrations and the set JM of generating trivial cofibrations are defined as follows:

(1) IM = I where I is the set of generating cofibrations for the injective model
structure on ∆opPre(Sm|S)Nis (see theorem 2.1.1).

(2) JM = {j : A → B} such that:
(a) j is a monomorphism.
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(b) j is a VM -local equivalence.
(c) The size of B as an I-cell complex (see definition 1.3.2) is less than

κ, where κ is the cardinal defined by Hirschhorn in [Hir03, definition
4.5.3].

Proof. By theorem 2.2.4 the injective model structure on ∆opPre(Sm|S)Nis is
cellular. Therefore we can use Hirschhorn’s techniques (see section 1.9) to construct
the left Bousfield localization with respect to the set of maps VM defined above.
This model structure is identical to the motivic model structure of theorem 2.3.1
since both are left Bousfield localizations with respect to the same set of maps. Now
using [Hir03, theorem 4.1.1] we have that the motivic model structure is cellular.
So it only remains to show that the sets of generating cofibrations and trivial
cofibrations are the ones described above. For the set of generating cofibrations it
is clear. Theorem 4.1.1 in [Hir03] implies that the generating trivial cofibrations
are the maps j : A → B where j is an inclusion of I-cell complexes and a VM -local
equivalence, and the size of B is less than κ. The result follows from the fact that
in the injective model structure for ∆opPre(Sm|S)Nis, I-cell is just the class of
monomorphisms and that every object in ∆opPre(Sm|S)Nis is an I-cell complex
(see remark 2.1.2). �

Following Jardine we say that a simplicial presheaf X is motivic fibrant if X is
VM -local.

Proposition 2.3.3. The following conditions are equivalent:

(1) X is motivic fibrant.
(2) X is fibrant in the injective structure and for every U in Sm|S the map

induced by U × A1
S → U

Map(U, X) // Map(U × A1
S , X)

is a weak equivalence of simplicial sets.
(3) X is fibrant in the injective structure and for every U in Sm|S the map

induced by U × ∗ → U × A1
S

Map(U × A1
S , X) // Map(U × ∗, X)

is a weak equivalence of simplicial sets, where ∗ → A1
S is any rational

point for A1
S.

(4) X is fibrant in the injective structure and for every U in Sm|S the map
induced by U × ∗ → U × A1

S

Map(U × A1
S , X) // Map(U × ∗, X)

is a trivial fibration of Kan complexes, where ∗ → A1
S is any rational point

for A1
S.

(5) X is fibrant in the injective structure and for every U in Sm|S the map
induced by U × ∗ → U × A1

S

HomPre(U × A1
S , X) // HomPre(U × ∗, X)

is a trivial fibration between fibrant objects in the injective model structure
for ∆opPre(Sm|S)Nis, where ∗ → A1

S is any rational point for A1
S.
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Proof. The claim that (1) and (2) are equivalent follows from the definition
of VM -local and the fact that every simplicial presheaf is cofibrant in the injec-
tive model structure. (2) and (3) are equivalent since the following diagram is
commutative

U ∼= U × ∗ //

id

��

U × A1
S

xxqqqqqqqqqqq

U

and weak equivalences of simplicial sets satisfy the two out of three property. (3)
and (4) are equivalent since the injective structure is in particular a simplicial model
category.

(4) ⇒ (5): Since ∆opPre(Sm|S)Nis equipped with the injective model structure
is a symmetric monoidal model category we have that

HomPre(U × A1
S , X)

p // HomPre(U × ∗, X)

is a fibration between fibrant objects in the injective structure. It only remains to
show that p is a weak equivalence in the injective model structure. Lemma 2.1.5
implies that it is enough to show that

HomPre(U × A1
S , X)(V )

p(V ) // HomPre(U × ∗, X)(V )

is a weak equivalence of simplicial sets for every V in (Sm|S). But for any simplicial
presheaf Z we have a natural isomorphism of simplicial sets Z(V ) ∼= Map(V, Z),
therefore p(V ) is just

Map(V,HomPre(U × A1
S , X))

p(V ) // Map(V,HomPre(U × ∗, X))

Now using the enriched adjuntions of 2.1.3, p(V ) becomes

Map(V × U × A1
S , X)

p(V ) // Map(V × U × ∗, X)

and by hypothesis we know that this map is a weak equivalence of simplicial sets.
(5) ⇒ (4): Since the injective model structure is simplicial, we have that

Map(U × A1
S , X)

f // Map(U × ∗, X)

is a fibration between Kan complexes. So it only remains to show that f is a weak
equivalence of simplicial sets. By hypothesis we have that

HomPre(U × A1
S , X)

p // HomPre(U × ∗, X)

is a trivial fibration between fibrant objects in the injective model structure. Lemma
2.1.5 implies that if we take global sections at S:

HomPre(U × A1
S , X)(S)

p(S) // HomPre(U × ∗, X)(S)

we get a weak equivalence of simplicial sets. But p(S) is natural isomorphic to

Map(U × A1
S , X)

f // Map(U × ∗, X)

so this proves the result. �
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Proposition 2.3.4. Let X be a motivic fibrant simplicial presheaf on the
smooth Nisnevich site (Sm|S)Nis. Then for any Y in ∆opPre(Sm|S)Nis, the sim-
plicial presheaf HomPre(Y, X) is also motivic fibrant.

Proof. Since the injective structure is a symmetric monoidal model category
(see lemma 2.1.4) we have that HomPre(Y, X) is a fibrant object for the injective
model structure. Proposition 2.3.3(5) implies that for every U in Sm|S , the map

HomPre(U × A1
S , X)

p // HomPre(U × ∗, X)

is a trivial fibration between fibrant objects in the injective model structure for
∆opPre(Sm|S)Nis, and since the injective model structure is simplicial we have
that

Map(Y,HomPre(U × A1
S , X))

p∗ // Map(Y,HomPre(U × ∗, X))

is a trivial fibration of Kan complexes. Now using the enriched adjunctions of
proposition 2.1.3, p∗ becomes

Map(Y × U × A1
S , X)

p∗ // Map(Y × U × ∗, X)

and finally

Map(U × A1
S ,HomPre(Y, X))

p∗ // Map(U × ∗,HomPre(Y, X))

therefore proposition 2.3.3(4) implies that HomPre(Y, X) is motivic fibrant since
p∗ is a trivial fibration of Kan complexes for every U in (Sm|S). �

Since the motivic and the injective model structures have the same class of cofi-
brations and the same set of generating cofibrations, it follows that the cofibrations
for the motivic model structure also have the properties described in remark 2.1.2.

Corollary 2.3.5. M is a symmetric monoidal model category.

Proof. The cofibrations for the motivic and injective model structures coin-
cide, therefore it only remains to show that if we have two cofibrations i : A → B,
j : C → D where j is a motivic weak equivalence, the induced map

i�j : A × D
∐

A×C B × C → B × D

is a trivial cofibration in M. Since every simplicial presheaf is cofibrant in the
motivic model structure, it is enough to prove the following claim: For any trivial
cofibration j : C → D in M and for any simplicial presheaf A, the induced map
j × id : C × A → D × A is a trivial cofibration in M. Since the injective model
structure for ∆opPre(Sm|S)Nis is a symmetric monoidal model category (see lemma
2.1.4) we have that j×id is a cofibration, so it only remains to show that it is a weak
equivalence in M. Let X be any motivic fibrant simplicial presheaf, proposition
2.3.4 implies that HomPre(A, X) is also motivic fibrant, therefore since j is a weak
equivalence in M, the map

Map(D,HomPre(A, X))
j∗ // Map(C,HomPre(A, X))

is a weak equivalence of simplicial sets. Now using the enriched adjunctions of
proposition 2.1.3, j∗ becomes

Map(D × A, X)
j∗ // Map(C × A, X)
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and this implies that j × id : C × A → D × A is a weak equivalence in M, hence
the result follows. �

Remark 2.3.6. Proposition 1.7.9 implies that the associated pointed category
∆opPre∗(Sm|S)Nis of pointed simplicial presheaves is also closed symmetric monoidal,
we denote by X∧Y the functor giving the monoidal structure, and by HomM∗

(X, Y )
the adjunction of two variables.

Proposition 2.3.7. Let M∗ denote the pointed category associated to M (see
remark 1.1.2), i.e. the category with pointed simplicial presheaves as objects and
base point preserving maps. The model structure on M∗ induced from the model
structure on M is cellular, proper, simplicial and symmetric monoidal. Further-
more, M∗ is a SSets∗-model category (see definition 1.7.12). The sets IM∗

, JM∗
of

generating cofibrations and trivial cofibrations respectively, are defined as follows:

(1)

IM∗
= {i+ : Y+ ↪→ (∆n

U )+}

where i : Y ↪→ ∆n
U is a generating cofibration for M (see theorem 2.3.2(1)).

(2)

JM∗
= {j+ : A+ → B+}

where j is a map in the set J defined in theorem 2.3.2(2), i.e. j is a
generating trivial cofibration for M.

Proof. Theorems 2.3.1, 2.3.2 together with corollary 2.3.5 imply that M is
cellular, proper, simplicial and symmetric monoidal. Then theorem 1.3.13 and the-
orem 1.4.4 imply that the associated pointed category M∗ with the induced model
structure is cellular (with the sets of generating cofibrations and trivial cofibra-
tions as defined above) and proper. Now proposition 1.7.13 implies that M∗ is a
SSets∗-model category, and this induces a simplicial model structure in M∗, since
the natural functor SSets → SSets∗ which adds a disjoint base point is a left
Quillen monoidal functor. Finally proposition 1.7.9 implies that M∗ is symmetric
monoidal. �

Definition 2.3.8 (cf. [Jar00, section 2.2]). Let X ∈ M be a simplicial presheaf.
We say that X is motivic flasque if:

(1) X is flasque (see definition 2.1.12).
(2) For every U ∈ Sm|S the map

X(U) ∼= Map(U, X) // Map(U × A1
S , X) ∼= X(U × A1

S)

induced by the projection U ×A1
S → U is a weak equivalence of simplicial

sets.

Remark 2.3.9. (1) The class of motivic flasque simplicial presheaves is
closed under filtered colimits.

(2) The functors φ−1 and φ∗ (see definition 2.1.8) preserve motivic flasque
simplicial presheaves.

(3) If X is fibrant in the motivic model structure for ∆opPre∗(Sm|S)Nis then
X is also motivic flasque.

Definition 2.3.10 (cf. [Jar00, section 2.2]). Let X ∈ M∗ be a pointed simpli-
cial presheaf. We say that X is compact if:



2.3. THE MOTIVIC MODEL STRUCTURE 39

(1) All inductive systems Z1 → Z2 → · · · of pointed simplicial presheaves
induce isomorphisms

HomM∗
(X, lim

−→
Zi) ∼= lim

−→
HomM∗

(X, Zi)

(2) If Z is motivic flasque, then HomM∗
(X, Z) is also motivic flasque.

(3) The functor

HomM∗
(X,−) : M∗

// M∗

takes sectionwise weak equivalences of motivic flasque pointed simplicial
presheaves to sectionwise weak equivalences.

Proposition 2.3.11. Let X ∈ M∗ be a pointed simplicial presheaf, and let

Z1
// Z2

// · · ·

be an inductive system of pointed simplicial presheaves. If X is compact in the
sense of Jardine (see definition 2.3.10) then:

[X, lim
−→

Zi] ∼= lim
−→

[X, Zi]

where [−,−] denotes the set of maps in the homotopy category associated to M∗.

Proof. Let R denote a functorial fibrant replacement in M∗, such that the
natural map RY : Y → RY is always a trivial cofibration. Consider the following
commutative diagram:

Z1
//

��

Z2
//

��

· · · // lim−→Zi
j //

i

��

R(lim
−→

Zi)

iR

��
RZ1

// RZ2
// · · · // lim

−→
RZi

jR

// R(lim
−→

RZi)

Since all the maps Zi → RZi are trivial cofibrations, it follows that the induced
map i : lim

−→
Zi → lim

−→
RZi is also a trivial cofibration. Therefore:

(11) [X, lim
−→

Zi] ∼= [X, lim
−→

RZi] ∼= [X, R(lim
−→

RZi)]

We have that the pointed simplicial presheaves RZi are motivic fibrant, then
remark 2.1.13(3) implies that lim

−→
RZi satisfies the B.G. property. Therefore using

theorem 2.1.7 we get that the map jR : lim
−→

RZi → R(lim
−→

RZi) is a sectionwise weak

equivalence. On the other hand lim
−→

RZi and R(lim
−→

RZi) are both motivic flasque

(see remark 2.3.9(1)), and since X is compact we have that

lim
−→

HomM∗
(X, RZi) ∼= HomM∗

(X, lim
−→

RZi) // HomM∗
(X, R(lim

−→
RZi))

is a sectionwise weak equivalence of simplicial sets. Taking global sections at S we
get the following weak equivalence of simplicial sets:

lim
−→

Map(X, RZi) → Map(X, R(lim
−→

Zi))

Therefore

[X, R(lim
−→

RZi)] ∼= π0Map(X, R(lim
−→

RZi))(12)

∼= π0 lim
−→

Map(X, RZi) ∼= lim
−→

π0Map(X, RZi)

On the other hand:

(13) lim
−→

π0Map(X, RZi) ∼= lim
−→

[X, RZi]



40 2. MOTIVIC UNSTABLE AND STABLE HOMOTOPY THEORY

Hence equations (11), (12) and (13) imply that

[X, lim
−→

Zi] ∼= [X, R(lim
−→

RZi)] ∼= lim
−→

[X, RZi] ∼= lim
−→

[X, Zi]

as we wanted. �

Definition 2.3.12. Let A ∈ M∗ be an arbitrary pointed simplicial presheaf.
We define the functor of A-loops as follows:

ΩA : M∗
// M∗

X
� // HomM∗

(A, X)

Remark 2.3.13. (1) The functor of A-loops ΩA has a left adjoint given
by smash product with A, i.e.

− ∧ A : M∗
// M∗

X
� // X ∧ A

(2) The adjunction

(− ∧ A, ΩA, ϕ) : M∗
// M∗

is a Quillen adjunction.

2.4. The Motivic Stable Model Structure

In [Jar00] Jardine constructs a stable model structure for the category of T -
spectra on Sm|S . In order to define this stable model structure, he constructs two
auxiliary model structures called projective and injective. In this section we recall
Jardine’s definitions for these three model structures on the category of T -spectra.

Let S1 denote the constant presheaf associated to the pointed simplicial set
∆1/∂∆1, let Sn denote S1∧· · ·∧S1 (n-factors) and let Gm denote the multiplicative
group over the base scheme S, i.e. Gm = A1

S − {0} pointed by the unit e for the
group operation. Let T = S1 ∧ Gm.

Proposition 2.4.1. (1) T = S1 ∧Gm is compact in the sense of Jardine
(see definition 2.3.10).

(2) Consider U ∈ Sm|S and r, s ≥ 0. Then the pointed simplicial presheaf
Sr ∧ Gs

m ∧ U+ is compact in the sense of Jardine, where Gs
m denotes

Gm ∧ · · · ∧ Gm (s-factors).

Proof. Follows immediately from [Jar00, lemma 2.2]. �

Definition 2.4.2. (1) A T -spectrum X is a collection of pointed simpli-
cial presheaves (Xn)n≥0 on the smooth Nisnevich site Sm|S, together with
bonding maps

T ∧ Xn σn

// Xn+1

(2) A map f : X → Y of T -spectra is a collection of maps

Xn
fn

// Y n
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in M∗ which are compatible with the bonding maps, i.e. the following
diagram:

T ∧ Xn
id∧fn

//

σn

��

T ∧ Y n

σn

��
Xn+1

fn+1

// Y n+1

commutes for all n ≥ 0.
(3) With the previous definitions we get a category called the category of T -

spectra which will be denoted by SptT (Sm|S)Nis.

The category of T -spectra has a natural simplicial structure induced from the
one on pointed simplicial presheaves.

Given a T -spectrum X , the tensor objects are defined as follows:

X ∧ − : SSets // SptT (Sm|S)Nis

K
� // X ∧ K

where (X ∧ K)n = Xn ∧ K+ and the bonding maps are

T ∧ (Xn ∧ K+)
∼= // (T ∧ Xn) ∧ K+

σn∧idK+ // Xn+1 ∧ K+

The simplicial functor in two variables is:

Map(−,−) : (SptT (Sm|S)Nis)
op × SptT (Sm|S)Nis

// SSets

(X, Y ) � // Map(X, Y )

where Map(X, Y )n = HomSptT (Sm|S)Nis
(X∧∆n

+, Y ), and finally for any T -spectrum
Y we have the following functor

Y − : SSets // (SptT (Sm|S)Nis)
op

K
� // Y K

where (Y K)n = (Y n)K+ with bonding maps

T ∧ (Y n)K+
α // (T ∧ Y n)K+

(σn)∗ // (Y n+1)K+

where for U ∈ (Sm|S), α(U) is adjoint to

T (U) ∧ (Y n(U))K+ ∧ K+

idT (U)∧evK+ // T (U) ∧ Y n(U)

Remark 2.4.3. (1) In fact there exists an adjunction of two variables (see
definition 1.7.2):

− ∧ − : SptT (Sm|S)Nis × SSets∗ // SptT (Sm|S)Nis

which induces the simplicial structure for T -spectra described above via the
monoidal functor SSets → SSets∗ which adds a disjoint base point.

(2) For any two given spectra X, Y , the simplicial set Map(X, Y ) is just
Map∗(X, Y ) (i.e. the pointed simplicial set coming from the adjunction
of two variables described above) after forgetting its base point

ω0 : X // ∗ // Y
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We have the following family of shift functors between T -spectra defined for
every n ∈ Z

sn : SptT (Sm|S)Nis
// SptT (Sm|S)Nis

X
� // X [n]

where X [n] is defined as follows:

(X [n])m =

{
∗ if m + n < 0.

Xm+n if m + n ≥ 0.

with the obvious bonding maps induced by X . It is clear that s0 = id and that for
n ≥ 0, sn is right adjoint to s−n, i.e.

HomSptT (Sm|S)Nis
(X, Y [n]) ∼= HomSptT (Sm|S)Nis

(X [−n], Y )

We define the projective model structure as follows.

Definition 2.4.4. Consider the following family of functors from the category
of pointed simplicial presheaves to the category of T -spectra:

(14)
Fn : M∗

// SptT (Sm|S)Nis

X
� // (Σ∞

T X)[−n]

where Σ∞
T X is defined as follows:

(Σ∞
T X)k = T k ∧ X

where the bonding maps are the canonical isomorphisms T ∧ (T k ∧ X)
∼=
→ T k+1X

and T 0 ∧ X is just X.

We also have the following evaluation functors from the category of T -spectra
to the category of pointed simplicial presheaves:

Evn : SptT (Sm|S)Nis
// M∗

X
� // Xn

where n ≥ 0. It is clear that F0 is left adjoint to Ev0. This implies that for every
n > 0, Fn is left adjoint to Evn and F−n is left adjoint to Ωn

T ◦ Ev0.
We say that a map of T -spectra f : X → Y is a level equivalence if for every

n ≥ 0, fn : Xn → Y n is a weak equivalence in M∗.
Let IM∗

and JM∗
denote the sets of generating cofibrations and trivial cofibra-

tions for M∗ (see proposition 2.3.7).

Theorem 2.4.5 (Jardine). There exists a cofibrantly generated model structure
for the category SptT (Sm|S)Nis of T -spectra with the following choices:

(1) The weak equivalences are the level weak equivalences defined above.
(2) The set I of generating cofibrations is

I =
⋃

n≥0

Fn(IM∗
)

(3) The set J of generating trivial cofibrations is

J =
⋃

n≥0

Fn(JM∗
)
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This model structure will be called the projective model structure for T -spectra.
Furthermore, the projective model structure is proper and simplicial.

Proof. We refer the reader to [Jar00, lemma 2.1]. �

Remark 2.4.6. Let f : A → B be a map of T -spectra.

(1) f is a cofibration in the projective model structure if and only if f 0 : A0 →
B0 and the induced maps

T ∧ Bn
∐

T∧An An+1
(σn,fn+1) // Bn+1

are all cofibrations in M∗.
(2) f is a fibration in the projective model structure if and only if f is a level

motivic fibration, i.e. for every n ≥ 0, fn : An → Bn is a fibration in
M∗.

Proposition 2.4.7. Let n ≥ 0. Consider M∗ and SptT (Sm|S)Nis equipped
with the projective model structure (see theorem 2.4.5). Then the adjunction

(Fn, Evn, ϕ) : M∗
// SptT (Sm|S)Nis

is a Quillen adjunction.

Proof. It is enough to show that Evn is a right Quillen functor. Let p : X → Y
be a fibration in the projective model structure for SptT (Sm|S)Nis, then p is a level
motivic fibration. In particular, Evn(p) = pn : Xn → Y n is a fibration in M∗.

Now let q : X → Y be a trivial fibration in the projective model structure for
SptT (Sm|S)Nis. Then q is a level motivic trivial fibration. In particular, Evn(q) =
qn : Xn → Y n is a trivial fibration in M∗. �

We now proceed to define the injective model structure for the category of
T -spectra.

We say that a map of T -spectra i : A → B is a level cofibration (respectively
level trivial cofibration) if for every n ≥ 0, in : An → Bn is a cofibration (respec-
tively trivial cofibration) in M∗. Notice that a map i : A → B is a level cofibration
if and only if it is a monomorphism in the category of T -spectra.

Let A be an arbitrary T -spectra. We say that A is λ-bounded if for every n ≥ 0,
the presheaf of pointed simplicial sets An is λ-bounded.

Theorem 2.4.8 (Jardine). Let κ be a regular cardinal larger than 2α where α is
the cardinality of the set Map(Sm|S) of maps in Sm|S. There exists a cofibrantly
generated model structure for the category SptT (Sm|S)Nis of T -spectra with the
following choices:

(1) The weak equivalences are the level weak equivalences.
(2) The set I of generating cofibrations is

I = {i : A → B}

where i satisfies the following conditions:
(a) i is a level cofibration.
(b) The codomain B of i is κ-bounded.

(3) The set J of generating trivial cofibrations is

J = {j : A → B}

where j satisfies the following conditions:
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(a) j is a level trivial cofibration.
(b) The codomain B of j is κ-bounded.

This model structure will be called the injective model structure for T -spectra. Fur-
thermore, the injective model structure is proper and simplicial.

Proof. We refer the reader [Jar00, lemma 2.1]. �

Remark 2.4.9. (1) Let f : A → B be a map of T -spectra. Then f is a
cofibration in the injective model structure for SptT (Sm|S)Nis if and only
if f is a level cofibration.

(2) The identity functor on SptT (Sm|S)Nis induces a left Quillen functor from
the projective model structure to the injective model structure.

Proposition 2.3.7 implies in particular that M∗ is a closed symmetric monoidal
category. The category of T -spectra SptT (Sm|S)Nis has the structure of a closed
M∗-module, which is obtained by extending the symmetric monoidal structure for
M∗ levelwise.

The bifunctor giving the adjunction of two variables is defined as follows:

− ∧− : SptT (Sm|S)Nis ×M∗
// SptT (Sm|S)Nis

(X, A)
� // X ∧ A

with (X ∧ A)n = Xn ∧ A and bonding maps given by

T ∧ (Xn ∧ A)
∼= // (T ∧ Xn) ∧ A

σn∧idA // Xn+1 ∧ A

The adjoints are given by:

Ω−− : Mop
∗ × SptT (Sm|S)Nis

// SptT (Sm|S)Nis

(A, X)
� // ΩAX

homr(−,−) : (SptT (Sm|S)Nis)
op × SptT (Sm|S)Nis

// M∗

(X, Y ) � // homr(X, Y )

where (ΩAX)n = ΩAXn and the bonding maps T∧(ΩAXn) → ΩAXn+1 are adjoint
to

T ∧ (ΩAXn) ∧ A
id∧evA // T ∧ Xn σn

// Xn+1

and homr(X, Y ) is the following pointed simplicial presheaf on Sm|S :

homr(X, Y ) : (Sm|S × ∆)op // Sets

(U, n) � // HomSptT (Sm|S)Nis
(X ∧ (∆n

U )+, Y )

Proposition 2.4.10. (1) Let SptT (Sm|S)Nis denote the category of T -
spectra equipped with the projective model structure. Then SptT (Sm|S)Nis

is a M∗-model category (see definition 1.7.12).
(2) Let SptT (Sm|S)Nis denote the category of T -spectra equipped with the

injective model structure. Then SptT (Sm|S)Nis is a M∗-model category.
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Proof. In both cases we need to check that conditions (1) and (2) in definition
1.7.12 are satisfied. Condition (2) is automatic since the unit ∗

∐
∗ is cofibrant in

M∗.
(1): To check condition (1) in definition 1.7.12 we use lemma 1.7.5(3) which

implies that it is enough to prove the following claim: Given a cofibration i : A → B
in M∗ and a fibration p : X → Y in SptT (Sm|S)Nis then (i∗, p∗) : ΩBX →
ΩAX ×ΩAY ΩBY is a fibration of T -spectra (in the projective model structure),
which is trivial if either i or p is a weak equivalence. But fibrations in the projective
model structure are level motivic fibrations, by proposition 2.3.7 we have that M∗

is a symmetric monoidal model category, so in particular (i∗, p∗) is a level motivic
fibration which is trivial if either i or p is a weak equivalence. This proves the claim.

(2): We will prove directly that we have a Quillen bifunctor, i.e. given a
cofibration i : A → B in M∗ and a level cofibration j : C → D of T -spectra,
we will show that i�j : D ∧ A

∐
C∧A C ∧ B → D ∧ B is a level cofibration (i.e a

cofibration in the injective model structure) which is trivial if either i or j is a weak
equivalence. But cofibrations in the injective model structure are level cofibrations,
and since M∗ is a symmetric monoidal model category, we have that i�j is a level
cofibration which is trivial if either i or j is a weak equivalence. This finishes the
proof. �

If we fix A in M∗, we get an adjunction

(− ∧ A, ΩA, ϕA) : SptT (Sm|S)Nis
// SptT (Sm|S)Nis

Proposition 2.4.11. Let A in M∗ be an arbitrary presheaf of pointed simplicial
sets on Sm|S.

(1) The adjunction (−∧A, ΩA, ϕA) defined above is a Quillen adjunction for
the projective model structure on SptT (Sm|S)Nis.

(2) The adjunction (−∧A, ΩA, ϕA) defined above is a Quillen adjunction for
the injective model structure on SptT (Sm|S)Nis.

Proof. Since every object A in M∗ is cofibrant, the result follows immediately
from proposition 2.4.10. �

Proposition 2.4.12. Let X, Y be two arbitrary T -spectra and let A in M∗ be
an arbitrary presheaf of pointed simplicial sets. Then we have the following enriched
adjunctions:

Map(A,homr(X, Y ))
α

∼=
// Map(X ∧ A, Y )

β

∼=
// Map(X, ΩAY )

HomM∗
(A,homr(X, Y ))

δ

∼=
// homr(X ∧ A, Y )

ε

∼=
// homr(X, ΩAY )

where the maps in the first row are isomorphisms of simplicial sets and the maps
in the second row are isomorphisms in M∗.

Proof. We consider first the simplicial adjunctions: To any n-simplex t in
Map(A,homr(X, Y ))

A ⊗ ∆n t // homr(X, Y )
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associate the following n-simplex in Map(X ∧ A, Y ):

X ∧ A ⊗ ∆n
α(t) // Y

corresponding to the adjunction between X ∧ − and homr(X,−).
To any n-simplex t in Map(X ∧ A, Y )

∆n ⊗ X ∧ A
∼= // X ∧ A ⊗ ∆n t // Y

associate the following n-simplex in Map(X, ΩAY ):

X ⊗ ∆n
∼= // ∆n ⊗ X

β(t) // ΩAY

corresponding to the adjunction between − ∧ A and ΩA.
We consider now the isomorphisms of simplicial presheaves: To any simplex s

in HomM∗
(A,homr(X, Y ))

A ∧ ∆n
U

s // homr(X, Y )

we associate the following simplex in homr(X ∧ A, Y )

X ∧ A ∧ ∆n
U

δ(s) // Y

corresponding to the adjunction between X ∧ − and homr(X,−).
To any simplex s in homr(X ∧ A, Y )

X ∧ ∆n
U ∧ A

∼= // X ∧ A ∧ ∆n
U

s // Y

we associate the following simplex in homr(X, ΩAY )

X ∧ ∆n
U

ε(s) // ΩAY

corresponding to the adjunction between − ∧ A and ΩA. �

We now proceed to define the stable model structure for the category of T -
spectra. Consider the functor ΩT of T -loops in SptT (Sm|S)Nis. There is an-
other way to promote the T -loops functor from the category of pointed simplicial
presheaves to the category of T -spectra.

Definition 2.4.13. We define the functor Ω`
T as follows:

Ω`
T : SptT (Sm|S)Nis

// SptT (Sm|S)Nis

X
� // Ω`

T X

where (Ω`
T X)n = ΩT Xn and the bonding maps T ∧ΩT Xn → ΩT Xn+1 are given by

the adjoints to

ΩT Xn
ΩT (σn

∗
) // ΩT (ΩT Xn+1)

where σn
∗ : Xn → ΩT Xn+1 is adjoint to the bonding map

Xn ∧ T
∼= // T ∧ Xn σn

// Xn+1

Following Jardine we call the functor Ω`
T the fake T -loops functor.
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Remark 2.4.14. The fake T -loops functor Ω`
T has a left adjoint Σ`

T called the
fake T -suspension functor defined as follows:

Σ`
T : SptT (Sm|S)Nis

// SptT (Sm|S)Nis

X
� // Σ`

T X

where (Σ`
T X)n = T ∧ Xn and the bonding maps are

id ∧ σn : T ∧ (T ∧ Xn) → T ∧ Xn+1

We will denote by ΣT the left adjoint (− ∧ T ) to ΩT .
For any T -spectrum X , the adjoints σn

∗ : Xn → ΩT Xn+1 of the bonding maps
are the levelwise components of a map σ∗ : X → Ω`

T X [1]. Consider the following
inductive system of T -spectra:

X //σ∗ // Ω`
T X [1]

Ω`
T σ∗[1] // (Ω`

T )2X [2]
(Ω`

T )2σ∗[2] // · · ·

and denote its colimit by QT X . The functor QT is called the stabilization functor.
Following Jardine, J will denote a fibrant replacement functor for the projective

model structure and I will denote the corresponding fibrant replacement functor
for the injective model structure on SptT (Sm|S)Nis. The tranfinite composition
X → QT X will be denoted ηX , and we define η̃X as the composition

X
ηX // QT X

QT (jX ) // QT JX

We say that a map f : X → Y of T -spectra is a stable equivalence if it becomes
a level equivalence after taking a fibrant replacement and applying the stabilization
functor, i.e. if QT J(f) : QT JX → QT JY is a level equivalence of T -spectra.

Remark 2.4.15. Let f : X → Y be a map of T -spectra.

(1) f is a stable equivalence if and only if the map

IQT J(f) : IQT JX → IQT JY

is a level equivalence of T -spectra.
(2) If f is a level motivic equivalence then f is also a stable equivalence.

Theorem 2.4.16 (Jardine). Let SptT (Sm|S)Nis be the category of T -spectra
equipped with the projective model structure (see theorem 2.4.5). Then the left
Bousfield localization of SptT (Sm|S)Nis with respect to the class of stable equiva-
lences exists, and furthermore it is proper and simplicial. This model structure will
be called motivic stable, and the category of T -spectra SptT (Sm|S)Nis, equipped
with the motivic stable model structure will be denoted by SptTM∗.

Proof. We refer the reader to [Jar00, theorem 2.9]. �

Proposition 2.4.17. Let n ≥ 0. Consider the adjunction

(Fn, Evn, ϕ) : M∗
// SptTM∗

described in proposition 2.4.7. Then (Fn, Evn, ϕ) is a Quillen adjunction.

Proof. Follows immediately from proposition 2.4.7 and the following fact:

• The identity functor on SptT (Sm|S)Nis is a left Quillen functor from the
projective model structure to the motivic stable model structure.
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�

Lemma 2.4.18 (Jardine). Let p : X → Y be a map of T -spectra. Then p is
a fibration in SptTM∗ (we then say that p is a stable fibration) if the following
conditions are satisfied:

(1) p is a fibration in the projective model structure for SptT (Sm|S)Nis, i.e.
p is a level motivic fibration.

(2) The following diagram is level homotopy Cartesian:

X
η̃X //

p

��

QT JX

QT J(p)

��
Y

η̃Y

// QT JY

Proof. We refer the reader to [Jar00, lemma 2.7]. �

Lemma 2.4.19 (Jardine). Let X be a T -spectrum. The following are equivalent:

(1) X is a fibrant object in SptTM∗ (we then say that X is stably fibrant).
(2) X is a fibrant object in the projective model structure for T spectra (i.e. X

is level motivic fibrant) and the adjoints to the bonding maps σn
∗ : Xn →

ΩT Xn+1 are weak equivalences in M∗.
(3) X is a fibrant object in the projective model structure for T -spectra and

the adjoints to the bonding maps are sectionwise weak equivalences of sim-
plicial sets, i.e. for any U ∈ (Sm|S) the induced map σn

∗ (U) : Xn(U) →
ΩT Xn+1(U) is a weak equivalence of simplicial sets.

Proof. We refer the reader to [Jar00, lemma 2.8]. �

We say that a T -spectrum X is stably fibrant injective, if X is a fibrant object
in both the motivic stable and the injective model structures for SptT (Sm|S)Nis.

Corollary 2.4.20. Let X be a T -spectrum. Then IQT JX is a stably fibrant
injective replacement for X, i.e. the natural map

X
rX // IQT JX

is a level weak equivalence (in particular a stable weak equivalence) and IQT JX is
stably fibrant injective.

Proof. It is clear that rX is a level weak equivalence and that IQT JX is
fibrant in the injective model structure for SptT (Sm|S)Nis, so we only need to
show that IQT JX is stably fibrant. Since the identity functor on SptT (Sm|S)Nis

is a left Quillen functor from the projective to the injective model structure (see
remark 2.4.9(2)), we have that IQT JX is in particular a fibrant object in the
projective model structure for T spectra. Lemma 2.4.19(3) implies that it is enough
to show that the adjoints to the bonding maps for IQT JX , σn

∗ : (IQT JX)n →
ΩT (IQT JX)n+1 are all sectionwise weak equivalences of simplicial sets. We will
prove that using the following commutative diagram, and showing that the top row
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and the vertical maps are all sectionwise weak equivalences of simplicial sets:

(QT JX)n
τn
∗ //

��

ΩT (QT JX)n+1

��
(IQT JX)n

σn
∗ // ΩT (IQT JX)n+1

A cofinal argument implies that the adjoints of the bonding maps for QT JX :

(QT JX)n
τn
∗ // ΩT (QT JX)n+1

are isomorphisms, so in particular these maps are sectionwise weak equivalences of
simplicial sets.

Since the B.G. property (see definition 2.1.6) is preserved under filtered colimits
and the fibrant objects for M∗ in particular satisfy the B.G. property (see theorem
2.1.7), we have that the pointed simplicial presheaves (QT JX)n satisfy the B.G.
property. Therefore theorem 2.1.7 implies that the maps (QT JX)n → (IQT JX)n

are sectionwise weak equivalences of simplicial sets.
Remark 2.3.9(1) implies that the pointed simplicial presheaves (QT JX)n are all

motivic flasque, and since the simplicial presheaves (IQT JX)n are fibrant in M∗,
we have that (IQT JX)n are also motivic flasque. Now since T is compact in the
sense of Jardine (see proposition 2.4.1), we have that the maps ΩT (QT JX)n+1 →
ΩT (IQT JX)n+1 are sectionwise weak equivalences of simplicial sets. This finishes
the proof. �

Corollary 2.4.21. Let A in M∗ be an arbitrary pointed simplicial presheaf,
and let X be a stably fibrant T -spectrum. Then ΩAX is also stably fibrant.

Proof. Using proposition 2.4.11 we have that ΩA is a right Quillen functor for
the projective model structure on SptT (Sm|S)Nis, therefore in particular ΩAX is
level fibrant. Lemma 2.4.19(2) implies that σn

∗ : Xn → ΩT Xn+1 are motivic weak
equivalences between motivic fibrant objects. M∗ is a symmetric monoidal model
category, then Ken Brown’s lemma 1.1.5 implies that ΩA(σn

∗ ) : ΩAX → ΩAΩT Xn+1

is a motivic weak equivalence. Let θn : ΩAXn → ΩT ΩAXn+1 be the adjoint to
the bonding map T ∧ΩAXn → ΩAXn+1 for the spectrum ΩAX , then we have the
following commutative diagram:

ΩAXn θn

//

ΩA(σn
∗
) &&MMMMMMMMMMM

ΩT ΩAXn+1

∼= t

��
ΩAΩT Xn+1

where t is the isomorphism which flips loop factors. Then the two out of three prop-
erty for weak equivalences in M∗ implies that the maps θn : ΩAXn → ΩT ΩAXn+1

are motivic weak equivalences. Finally, lemma 2.4.19(2) implies that ΩAX is stably
fibrant as we wanted. �

Lemma 2.4.22 (Jardine). Let f : A → B be a map of T -spectra. The following
are equivalent:

(1) f is a weak equivalence in SptTM∗.
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(2) For every stably fibrant injective object X, f induces a bijection

f∗ : [B, X ]Spt
// [A, X ]Spt

in the homotopy category associated to SptTM∗.
(3) For every stably fibrant injective object X, f induces a bijection

f∗ : [B, X ] // [A, X ]

in the projective homotopy category for SptT (Sm|S)Nis.
(4) For every stably fibrant injective object X, f induces a weak equivalence

of simplicial sets

f∗ : Map(B, X) // Map(A, X)

Proof. We refer the reader to [Jar00, lemma 2.11 and corollary 2.12]. �

Proposition 2.4.23. Let A in M∗ be an arbitrary presheaf of pointed simplicial
sets. Then the adjunction

(− ∧ A, ΩA, ϕA) : SptTM∗
// SptTM∗

is a Quillen adjunction.

Proof. Since the cofibrations in the stable and projective model structures for
T -spectra coincide, we have that −∧A preserves stable cofibrations (since −∧A is a
left Quillen functor for the projective model structure). So it only remains to show
that if j : B → C is a trivial cofibration in SptTM∗, then j ∧ id : B ∧ A → C ∧ A
is a weak equivalence in SptTM∗. Let X be an arbitrary stably fibrant injective
T -spectrum, corollary 2.4.21 implies that ΩAX is also stably fibrant, and since
ΩA is a right Quillen functor for the injective model structure on SptT (Sm|S)Nis

(see proposition 2.4.11), we have that ΩAX is also fibrant in the injective model
structure. Thus ΩAX is stably fibrant injective, then lemma 2.4.22 implies that j∗ :
Map(C, ΩAX) → Map(B, ΩAX) is a weak equivalence of simplicial sets. Using the
enriched adjunction of propositon 2.4.12, j∗ becomes (j ∧ id)∗ : Map(C ∧A, X) →
Map(B∧A, X). Finally since (j∧id)∗ is a weak equivalence for every stably fibrant
injective spectrum X , we get that j ∧ id : C ∧ A → B ∧ A is a weak equivalence in
SptTM∗. �

Proposition 2.4.24. SptTM∗ is a M∗-model category (see definition 1.7.12).

Proof. Condition (2) in definition 1.7.12 follows automatically since the unit
in M∗ is cofibrant. It only remains to prove that if i : A → B is a cofibration in M∗

and j : C → D is a cofibration in SptTM∗ then i�j : D∧A
∐

C∧A C ∧B → D∧B
is a cofibration in SptTM∗ which is trivial if either i or j is a weak equivalence.
Since the cofibrations in the projective and the motivic stable model structure
for SptT (Sm|S)Nis coincide, and proposition 2.4.10 implies in particular that the
category of T -spectra equipped with the projective model structure is a M∗-model
category, we have that i�j is a cofibration in the motivic stable structure. It only
remains to show that i�j is a stable weak equivalence when either i or j is a
weak equivalence. If i is a weak equivalence (i.e. a trivial cofibration) then using
proposition 2.4.10 again we have that i�j is a level weak equivalence, therefore i�j
is also a stable equivalence (see remark 2.4.15). Finally if j is a stable equivalence
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(i.e. a trivial cofibration in the motivic stable structure) then we consider the
following commutative diagram

C ∧ A
idC∧i //

j∧idA

��

C ∧ B

f

��
j∧idB

��

D ∧ A //

22

D ∧ A
∐

C∧A C ∧ B

i�j ((QQQQQQQQQQQQ

D ∧ B

Proposition 2.4.23 implies that j ∧ idA and j ∧ idB are both trivial cofibrations in
SptTM∗. Thus f is also a trivial cofibration (since it is the pushout of j∧idA along
idC ∧ i), and therefore the two out of three property for stable weak equivalences
implies that i�j is a stable equivalence. This finishes the proof. �

In order to prove that the motivic stable model structure on SptT (Sm|S)Nis is
in fact “stable”, i.e. that the T -suspension functor ΣT is indeed a Quillen equiv-
alence, Jardine introduces bigraded stable homotopy groups which allow to give
another criterion to detect motivic stable weak equivalences.

Definition 2.4.25. Let X be an arbitrary T -spectrum. The weighted stable
homotopy groups of X are presheaves of abelian groups πt,sX (where t, s ∈ Z) on
Sm|S. For U ∈ (Sm|S) the sections πt,sX(U) are defined as the colimit of the
inductive system:

[St+n ∧ Gs+n
m , Xn|U ] // [St+n+1 ∧ Gs+n+1

m , Xn+1|U ] // · · ·

where [−, X i|U ] denotes the set of maps in the homotopy category associated to the
motivic model structure on the category ∆opPre∗(Sm|U )Nis of pointed simplicial
presheaves on the smooth Nisnevich site over the base scheme U , and the transition
maps are given by taking suspension with T and composing with the bonding maps
of X. The index t is called the degree and the index s is called the weight of πt,sX.

Proposition 2.4.26. Consider t, s ∈ Z and U ∈ (Sm|S). Then the following
functor:

SptTM∗
// Abelian Groups

X
� // πt,sX(U)

is representable in the homotopy category associated to SptTM∗. To represent it
we can choose any spectrum of the form (see definition 2.4.4)

Fn(Sp ∧ Gq
m ∧ U+)

where n, p, q ≥ 0, p − n = t and q − n = s.

Proof. Since every pointed simplicial presheaf on Sm|S is cofibrant in M∗,
proposition 2.4.17 and corollary 2.4.20 imply that

[Fn(Sp ∧ Gq
m ∧ U+), X ]Spt

∼= [Sp ∧ Gq
m ∧ U+, (IQT JX)n]

where [−,−]Spt denotes the set of maps between two objects in the homotopy
category associated to SptTM∗, and [−,−] denotes the set of maps in the homotopy
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category associated to M∗. Since QT JX → IQT JX is in particular a level motivic
trivial fibration we have the natural isomorphism

[Sp ∧ Gq
m ∧ U+, (IQT JX)n] ∼= [Sp ∧ Gq

m ∧ U+, (QT JX)n]

Now since Sp ∧ Gq
m ∧ U+ is compact in the sense of Jardine (see proposition

2.4.1), using proposition 2.3.11 we have that

[Sp ∧ Gq
m ∧ U+, (QT JX)n] ∼= lim

−→
j≥0

[Sp+j ∧ Gq+j
m ∧ U+, (JX)n+j ]

Since M∗ is in particular a symmetric monoidal model category (see proposition
2.3.7) and U+ ∈ ∆opPre∗(Sm|S)Nis is cofibrant, we have that

lim
−→
j≥0

[Sp+j ∧ Gq+j
m ∧ U+, (JX)n+j ] ∼= lim

−→
j≥0

[Sp+j ∧ Gq+j
m ,HomM∗

(U+, (JX)n+j)]

Proposition 2.1.10 implies that

lim
−→
j≥0

[Sp+j ∧ Gq+j
m ,HomM∗

(U+, (JX)n+j)] ∼= lim
−→
j≥0

[Sp+j ∧ Gq+j
m , φ∗φ

−1(JX)n+j ]

where φ : U → S is the structure map defining U as an object in Sm|S .
Now since M∗ is in particular a simplicial model category, and φ∗φ

−1(JX)n+j ∼=
HomM∗

(U+, (JX)n+j) is a fibrant object, we have that

π0(Map(Sp+j ∧ Gq+j
m , φ∗φ

−1(JX)n+j))

computes [Sp+j ∧ Gq+j
m , φ∗φ

−1(JX)n+j ]. The enriched adjunctions of proposition
2.1.11 imply that

Map(Sp+j ∧ Gq+j
m , φ∗φ

−1(JX)n+j) ∼= Map(φ−1(Sp+j ∧ Gq+j
m ), φ−1(JX)n+j)

= Map(Sp+j ∧ Gq+j
m , φ−1(JX)n+j)

Let rU : φ−1(JX)n+j → RUφ−1(JX)n+j be a functorial fibrant replacement for
φ−1(JX)n+j in the category of pointed simplicial presheaves ∆opPre∗(Sm|U )Nis

on the smooth Nisnevich site over U equipped with the motivic model structure.
It is clear that (JX)n+j is motivic flasque (see definition 2.3.8) and satisfies the
B.G. property (see definition 2.1.6) on ∆opPre∗(Sm|S)Nis, and since φ−1 preserves
both properties we have that φ−1(JX)n+j is motivic flasque and satisfies the B.G.
property on ∆opPre∗(Sm|U )Nis. Thus rU is a sectionwise weak equivalence, and
since Sp+j ∧ Gq+j

m is compact in the sense of Jardine in ∆opPre∗(Sm|U )Nis (see
proposition 2.4.1) we have that

(15)

HomM∗
(Sp+j ∧ Gq+j

m , φ−1(JX)n+j)

rU∗

��
HomM∗

(Sp+j ∧ Gq+j
m , RUφ−1(JX)n+j)

is also a sectionwise weak equivalence. Taking global sections at U we get a weak
equivalence of simplicial sets:

(16)

Map(Sp+j ∧ Gq+j
m , φ−1(JX)n+j)

rU∗

��
Map(Sp+j ∧ Gq+j

m , RUφ−1(JX)n+j)
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Thus Map(Sp+j ∧ Gq+j
m , φ∗φ

−1(JX)n+j) and Map(Sp+j ∧ Gq+j
m , RUφ−1(JX)n+j)

are naturally weakly equivalent simplicial sets. Since ∆opPre∗(Sm|U )Nis is a sim-
plicial model category we have that

π0Map(Sp+j ∧ Gq+j
m , RUφ−1(JX)n+j)

computes [Sp+j ∧Gq+j
m , φ−1(JX)n+j ]U = [Sp+j ∧Gq+j

m , (JX)n+j |U ], where [−,−]U
denotes the set of maps in the homotopy category associated to the motivic model
structure on ∆opPre∗(Sm|U )Nis. Thus [Sp+j ∧ Gq+j

m , φ∗φ
−1(JX)n+j ] is naturally

isomorphic to [Sp+j ∧ Gq+j
m , (JX)n+j |U ]. This implies that

[Fn(Sp ∧ Gq
m ∧ U+), X ]Spt

∼= lim
−→
j≥0

[Sp+j ∧ Gq+j
m , φ∗φ

−1(JX)n+j ]

∼= lim
−→
j≥0

[Sp+j ∧ Gq+j
m , (JX)n+j |U ](17)

∼= lim−→
j≥0

[Sp+j ∧ Gq+j
m , Xn+j |U ]

∼= πp−n,q−nX(U) = πt,sX(U)

Therefore the functors [Fn(Sp ∧ Gq
m ∧ U+),−]Spt and πt,s(−)(U) have canonically

isomorphic image for every T -spectrum X . To finish the proof we will give an
element α ∈ πt,s(Fn(Sp ∧Gq

m ∧U+))(U) which induces an isomorphism of functors

[Fn(Sp ∧ Gq
m ∧ U+),−]Spt

α∗ // πt,s(−)(U)

Consider the identity map id : St+j ∧Gs+j
m ∧U+ → St+j ∧Gs+j

m ∧U+. Since −∧U+

and HomM∗
(U+,−) are adjoint functors, we have an associated adjoint βj :

St+j ∧ Gs+j
m

βj

// HomM∗
(U+, St+j ∧ Gs+j

m ∧ U+) ∼= φ∗φ
−1(St+j ∧ Gs+j

m ∧ U+)

Now let γj be the adjoint to βj corresponding to the adjunction between φ−1 and
φ∗:

φ−1(St+j ∧ Gs+j
m )

γj

// φ−1(St+j ∧ Gs+j
m ∧ U+)

Let [γj ] ∈ [φ−1(St+j ∧ Gs+j
m ), φ−1(St+j ∧ Gs+j

m ∧ U+)]U = [St+j ∧ Gs+j
m , (St+j ∧

Gs+j
m ∧U+)|U ] denote the map induced by γj in the homotopy category associated

to ∆opPre∗(Sm|U )Nis equipped with the motivic model structure. It is clear that
the maps [γj ] define an element

α ∈ lim
−→
j≥0

[St+j ∧ Gs+j
m , (St+j ∧ Gs+j

m ∧ U+)|U ]

But

[St+j ∧ Gs+j
m , (St+j ∧ Gs+j

m ∧ U+)|U ] = [St+j ∧ Gs+j
m , (Sp+j−n ∧ Gq+j−n

m ∧ U+)|U ]

= [St+j ∧ Gs+j
m , (Fn(Sp ∧ Gq

m ∧ U+))j |U ]

Thus

α ∈ lim
−→
j≥0

[St+j ∧ Gs+j
m , (Fn(Sp ∧ Gq

m ∧ U+))j |U ] = πt,s(Fn(Sp ∧ Gq
m ∧ U+))

Finally it is clear that α induces the required isomorphism of functors

[Fn(Sp ∧ Gq
m ∧ U+),−]Spt

α∗ // πt,s(−)(U)
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since by construction α is compatible with the isomorphisms in (17) which are
induced by rU : φ−1(JX)n+j → RUφ−1(JX)n+j via the natural maps rU∗ in the
diagrams (15) and (16), where rU denotes a functorial fibrant replacement in the
category ∆opPre∗(Sm|U )Nis equipped with the motivic model structure. �

Proposition 2.4.27 (Jardine). Let f : X → Y be a map of T -spectra. The
following are equivalent:

(1) f is a weak equivalence in SptTM∗.
(2) For every t, s ∈ Z, f induces an isomorphism

πt,s(f) : πt,sX // πt,sY

of presheaves of abelian groups on Sm|S.

Proof. We refer the reader to [Jar00, lemma 3.7]. �

Corollary 2.4.28. Let f : X → Y be a map of T -spectra. The following are
equivalent:

(1) f is a weak equivalence in SptTM∗.
(2) For every n, p, q ≥ 0 and every U ∈ Sm|S, f induces an isomorphism

[Fn(Sp ∧ Gq
m ∧ U+), X ]Spt

f∗ // [Fn(Sp ∧ Gq
m ∧ U+), Y ]Spt

in the homotopy category associated to SptTM∗.

Proof. Follows immediately from propositions 2.4.27 and 2.4.26. �

Theorem 2.4.29 (Jardine). The Quillen adjunction:

(ΣT , ΩT , ϕ) : SptTM∗
// SptTM∗

is a Quillen equivalence.

Proof. We refer the reader to [Jar00, theorem 3.11 and corollary 3.17]. �

Proposition 2.4.30 (Jardine). The natural map Σ`
T X → X [1] from the fake

suspension functor to the shift functor is a weak equivalence in SptTM∗. Therefore
the fake suspension functor and the shift functor are naturally equivalent in the
homotopy category associated to SptTM∗.

Proof. We refer the reader to [Jar00, lemma 3.19]. �

Proposition 2.4.31 (Jardine). The fake suspension functor Σ`
T and the sus-

pension functor ΣT are naturally equivalent in the homotopy category associated to
SptTM∗.

Proof. We refer the reader to [Jar00, lemma 3.20]. �

Corollary 2.4.32 (Jardine). The T -loops functor ΩT , fake T -loops functor
Ω`

T , and shift functor s−1 (s−1X = X [−1]) are all naturally equivalent in the
homotopy category associated to SptTM∗.

Proof. Follows immediately from propositions 2.4.30 and 2.4.31. �
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Proposition 2.4.33. Let X ∈ ∆opPre∗(Sm|S)Nis be a pointed simplicial presheaf
which is compact in the sense of Jardine (see definition 2.3.10), and let Fn(X) be
the T -spectrum constructed in definition 2.4.4. Consider an inductive system of
T -spectra:

Z0
// Z1

// Z2
// · · ·

Then

[Fn(X), lim
−→

Zi]Spt
∼= lim

−→
[Fn(X), Zi]Spt

where [−,−]Spt denotes the set of maps in the homotopy category associated to
SptTM∗.

Proof. Since X is cofibrant in M∗, proposition 2.4.17 and corollary 2.4.20
imply that

[Fn(X), lim−→Zi]Spt
∼= [X, (IQT J lim−→Zi)

n]

∼= [X, (QT J lim
−→

Zi)
n]

where [−,−] denotes the set of maps in the homotopy category associated to M∗.
Since X is compact in the sense of Jardine, we have that proposition 2.3.11 implies
the following:

[X, (QT J lim
−→

Zi)
n] ∼= lim

−→
j≥0

[Sj ∧ Gj
m ∧ X, (J lim

−→
Zi)

n+j ]

∼= lim
−→
j≥0

[Sj ∧ Gj
m ∧ X, (lim

−→
Zi)

n+j ]

Now lemma 2.2(4) in [Jar00] implies that Sj ∧Gj
m ∧X are all compact in the sense

of Jardine, therefore using proposition 2.3.11 again, we have:

lim
−→
j≥0

[Sj ∧ Gj
m ∧ X, (lim

−→
Zi)

n+j ] ∼= lim
−→
j≥0

lim
−→
i≥0

[Sj ∧ Gj
m ∧ X, (Zi)

n+j ]

∼= lim
−→
i≥0

lim
−→
j≥0

[Sj ∧ Gj
m ∧ X, (Zi)

n+j ]

∼= lim
−→
i≥0

[X, (QT JZi)
n]

∼= lim
−→
i≥0

[Fn(X), Zi]Spt

and this finishes the proof. �

2.5. Cellularity of the Motivic Stable Model Structure

In this section we will show that SptTM∗ is a cellular model category. For this
we will use the cellularity of M∗ (see proposition 2.3.7) together with some results
of Hovey [Hov01].

The cellularity for the motivic stable model structure is also proved in [Hor06,
corollary 1.6]. However, our proof is different since we use the characterization
for weak equivalences given in corollary 1.6.11(2) (which holds in any simplicial
model category) whereas the argument given in [Hor06, corollary 1.6] relies on
[Hov01, theorem 4.12] which does not apply to the model category M∗ described
in proposition 2.3.7 (see [Hov01, p. 83]).
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Theorem 2.5.1 (Hovey). Let SptT (Sm|S)Nis be the category of T -spectra equipped
with the projective model structure (see theorem 2.4.5). Then the category SptT (Sm|S)Nis

is a cellular model category where the sets of generating cofibrations and trivial cofi-
brations are the ones described in theorem 2.4.5.

Proof. Proposition 2.3.7 implies that the model category M∗ is in particular
cellular and left proper. Therefore we can apply theorem A.9 in [Hov01], which
says that the category of T -spectra equipped with the projective model structure
is also cellular under our conditions. �

Theorem 2.4.5 together with theorem 2.5.1 imply that the projective model
structure on SptT (Sm|S)Nis is cellular, proper and simplicial. Therefore we can
apply Hirschhorn’s localization technology to it. If we are able to find a suitable set
of maps such that the left Bousfield localization with respect to this set recovers
the motivic stable model structure, then an immediate corollary of this will be the
cellularity of the motivic stable model structure for SptT (Sm|S)Nis.

Definition 2.5.2 (Hovey, cf. [Hov01, definition 3.3]). Let IM∗
= {Y+ ↪→

(∆n
U )+} be the set of generating cofibrations for M∗ (see propositon 2.3.7). Notice

that Y+ may be equal to (∆n
U )+. We consider the following set of maps of T -spectra

S = {Fk+1(T ∧ Y+)
ζY

k // FkY+}

where ζY
k is the adjoint to the identity map (in ∆opPre∗(Sm|S)Nis)

id : T ∧ Y+ → Evk+1(FkY+) = T ∧ Y+

coming from the adjunction between Fk+1 and Evk+1 (see definition 2.4.4).

Proposition 2.5.3 (Hovey). Let X be a T -spectrum. The following conditions
are equivalent:

(1) X is stably fibrant, i.e. X is a fibrant object in SptTM∗.
(2) X is S-local.

Proof. Follows from [Hov01, theorem 3.4] and lemma 2.4.19. �

Now it is very easy to show that the motivic stable model structure for T -
spectra is in fact cellular.

Theorem 2.5.4. SptTM∗ is a cellular model category with the following sets
IT
M∗

, JT
M∗

of generating cofibrations and trivial cofibrations respectively:

IT
M∗

=
⋃

k≥0{Fk(Y+ ↪→ (∆n
U )+) | U ∈ (Sm|S), n ≥ 0}

JT
M∗

= {j : A → B}

where j satisfies the following conditions:

(1) j is an inclusion of IT
M∗

-complexes.
(2) j is a stable weak equivalence.
(3) the size of B as an IT

M∗
-complex is less than κ, where κ is the regular

cardinal described by Hirschhorn in [Hir03, definition 4.5.3].
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Proof. By theorem 2.5.1 we know that SptT (Sm|S)Nis is cellular when it is
equipped with the projective model structure. Therefore we can apply Hirschhorn’s
localization techniques to construct the left Bousfield localization with respect to
the set S of definition 2.5.2. We claim that this localization coincides with SptTM∗.
In effect, using proposition 2.5.3, we have that the fibrant objects in the left Bous-
field localization with respect to S coincide with the fibrant objects in SptTM∗.
Therefore a map f : X → Y of T -spectra is a weak equivalence in the left Bousfield
localization with respect to S if and only if Qf ∗ : Map(QY, Z) → Map(QX, Z)
is a weak equivalence of simplicial sets for every stably fibrant object Z (here Q
denotes the cofibrant replacement functor in SptT (Sm|S)Nis equipped with the pro-
jective model structure). But since SptTM∗ is a simplicial model category and the
cofibrations coincide with the projective cofibrations, using corollary 1.6.11(2) we
get exactly the same characterization for the stable equivalences. Hence the weak
equivalences in both the motivic stable structure and the left Bousfield localization
with respect to S coincide. This implies that the motivic stable model structure
and the left Bousfield localization with respect to S are identical, since the cofibra-
tions in both cases are just the cofibrations for the projective model structure on
SptT (Sm|S)Nis.

Therefore using theorem 4.1.1 in [Hir03] we have that SptTM∗ is cellular, since
it is constructed applying Hirschhorn technology with respect to the set S.

The claim with respect to the sets of generating cofibrations and trivial cofibra-
tions also follows from [Hir03, theorem 4.1.1] and the fact that IT

M∗
is just the set of

generating cofibrations for the projective model structure on SptT (Sm|S)Nis. �

Theorem 2.5.4 will be one of the main technical ingredients for the construction
of new model structures on SptT (Sm|S)Nis which lift Voevodsky’s slice filtration
to the model category level.

2.6. The Motivic Symmetric Stable Model Structure

One of the technical disadvantages of the category of T -spectra SptT (Sm|S)Nis

(see definition 2.4.2) is that it does not inherit a closed symmetric monoidal struc-
ture from the category of pointed simplicial presheaves M∗. Symmetric spectra
were introduced by Hovey, Shipley and Smith in [HSS00] to solve this problem in
the context of simplicial sets.

Their construction was lifted to the motivic setting by Jardine in [Jar00], where
he constructs a closed symmetric monoidal category of T -spectra together with a
suitable model structure which is Quillen equivalent to the category SptTM∗ (see
theorem 2.4.16). In this section we describe some of his constructions and results
that will be necessary for our study of the multiplicative properties of the slice
filtration.

Definition 2.6.1. For n ≥ 0, let Σn denote the symmetric group on n letters
where Σ0 is by definition the group with only one element.

The (q, p)-shuffle cq,p ∈ Σp+q is given by the following formula:

cq,p(i) =

{
i + p if 1 ≤ i ≤ q.

i − q if q + 1 ≤ i ≤ p + q.
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Definition 2.6.2 (Jardine, cf. [Jar00, p. 504]). (1) A symmetric T -spectrum
X is a collection of pointed simplicial presheaves (Xn)n≥0 on the smooth
Nisnevich site Sm|S, together with:
(a) Left actions

Σn × Xn // Xn

(b) Bonding maps

T ∧ Xn σn

// Xn+1

such that the iterated composition

T r ∧ Xn // Xn+r

is Σr × Σn-equivariant for r ≥ 1 and n ≥ 0.
(2) A map f : X → Y of symmetric T -spectra is a collection of maps

Xn
fn

// Y n

in M∗ satisfying the following conditions:
(a) Compatibility with the bonding maps, i.e. the following diagram:

T ∧ Xn
id∧fn

//

σn

��

T ∧ Y n

σn

��
Xn+1

fn+1

// Y n+1

commutes for all n ≥ 0
(b) fn is Σn-equivariant.

(3) With the previous definitions we get a category, called the category of

symmetric T -spectra which will be denoted by SptΣT (Sm|S)Nis.

Example 2.6.3. Given any pointed simplicial presheaf X in M∗, the T -spectrum
F0(X) has the structure of a symmetric T -spectrum; where the left action of Σn on
F0(X)n = T n ∧ X is given by the permutation of the T factors.

In particular if we take X = S0, we get the sphere T -spectrum; which will be
denoted by 1.

The category of symmetric T -spectra has a simplicial structure similar to the
one that exists for T -spectra, which is induced from the one on pointed simplicial
presheaves.

Given a symmetric T -spectrum X , the tensor objects are defined as follows:

X ∧ − : SSets // SptΣT (Sm|S)Nis

K
� // X ∧ K

where (X ∧ K)n = Xn ∧ K+ which has an action of Σn induced by the one in Xn

and the functor − ∧ K+, and with bonding maps

T ∧ (Xn ∧ K+)
∼= // (T ∧ Xn) ∧ K+

σn∧idK+ // Xn+1 ∧ K+
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The simplicial functor in two variables is:

Map Σ(−,−) : (SptΣT (Sm|S)Nis)
op × SptΣT (Sm|S)Nis

// SSets

(X, Y ) � // Map Σ(X, Y )

where MapΣ(X, Y )n = HomSptΣ
T

(Sm|S)Nis
(X∧∆n

+, Y ), and finally for any symmet-

ric T -spectrum Y we have the following functor

Y − : SSets // (SptΣT (Sm|S)Nis)
op

K
� // Y K

where (Y K)n = (Y n)K+ which has an action of Σn induced by the one in Y n and
the K+-loops functor, and with bonding maps

T ∧ (Y n)K+
α // (T ∧ Y n)K+

(σn)∗ // (Y n+1)K+

where for U ∈ (Sm|S), α(U) is adjoint to

T (U) ∧ (Y n(U))K+ ∧ K+

idT (U)∧evK+ // T (U) ∧ Y n(U)

In a similar way, it is possible to promote the action of M∗ on the category of
T -spectra to the category of symmetric T -spectra, i.e. the category of symmetric T -
spectra SptΣT (Sm|S)Nis has the structure of a closed M∗-module, which is obtained
by extending the symmetric monoidal structure for M∗ levelwise.

The bifunctor giving the adjunction of two variables is defined as follows:

− ∧− : SptΣT (Sm|S)Nis ×M∗
// SptΣT (Sm|S)Nis

(X, A)
� // X ∧ A

with (X ∧A)n = Xn ∧A which has an action of Σn induced by the one in Xn and
the functor − ∧ A, and with bonding maps

T ∧ (Xn ∧ A)
∼= // (T ∧ Xn) ∧ A

σn∧idA // Xn+1 ∧ A

The adjoints are given by:

Ω−− : Mop
∗ × SptΣT (Sm|S)Nis

// SptΣT (Sm|S)Nis

(A, X)
� // ΩAX

homΣ
r (−,−) : (SptΣT (Sm|S)Nis)

op × SptΣT (Sm|S)Nis
// M∗

(X, Y ) � // hom
Σ
r (X, Y )

where (ΩAX)n = ΩAXn which has an action of Σn induced by the one in Xn and
the A-loops functor, with bonding maps T ∧ (ΩAXn) → ΩAXn+1 adjoint to

T ∧ (ΩAXn) ∧ A
id∧evA // T ∧ Xn σn

// Xn+1

and homΣ
r (X, Y ) is the following pointed simplicial presheaf on Sm|S :

homΣ
r (X, Y ) : (Sm|S × ∆)op // Sets

(U, n)
� // HomSptΣ

T
(Sm|S)Nis

(X ∧ (∆n
U )+, Y )
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The main difference between the categories of T -spectra and symmetric T -
spectra is that the latter has a closed symmetric monoidal structure, i.e. it is
possible to construct the smash product of two symmetric T -spectra.

Definition 2.6.4 (cf. [Jar00, p. 506]). (1) A symmetric sequence X is
a collection of pointed simplicial presheaves (Xn)n≥0 on the smooth Nis-
nevich site Sm|S, together with left actions

Σn × Xn // Xn

(2) A map f : X → Y of symmetric sequences consists of a collection of
Σn-equivariant maps

fn : Xn // Y n

in M∗.
(3) With these definitions we get a category, called the category of symmetric

sequences which will be denoted by (M∗)
Σ.

Definition 2.6.5. Let X and Y be two symmetric sequences. Then the product
X ⊗ Y is given by the following symmetric sequence:

(X ⊗ Y )n =
∨

p+q=n

Σn ⊗Σp×Σq
Xp ∧ Y q

Remark 2.6.6. A symmetric T -spectrum X can be identified with a symmetric
sequence X equipped with a module structure over the sphere spectrum, i.e. with a
map of symmetric sequences:

1⊗ X
σX // X

satisfying the usual associativity conditions.

Definition 2.6.7 (cf. [HSS00, definition 2.1.7]). For every n ≥ 0, we have the
following adjunction:

(Gn, Evn, ϕ) : M∗
// (M∗)

Σ

where Evn is the n-evaluation functor

Evn : (M∗)
Σ // M∗

X
� // Xn

and Gn is the n-free symmetric sequence functor:

Gn : M∗
// (M∗)

Σ

X
� // Gn(X)

where

Gn(X)m =

{
∗ if m 6= n.∨

σ∈Σn
X if m = n.

Definition 2.6.8 (cf. [Jar00, p. 506]). For every n ≥ 0, we have the following
adjunction:

(FΣ
n , Evn, ϕ) : M∗

// SptΣT (Sm|S)Nis
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where Evn is the n-evaluation functor

Evn : SptΣT (Sm|S)Nis
// M∗

X
� // Xn

and FΣ
n is the n-free symmetric T -spectrum functor:

FΣ
n : M∗

// SptΣT (Sm|S)Nis

X
� // 1⊗ Gn(X)

Definition 2.6.9 (cf. [Jar00, section 4.3]). Let X and Y be two symmetric
T -spectra. Then the smash product X ∧ Y is given by the colimit of the following
diagram

1⊗ X ⊗ Y
σX⊗id //

// X ⊗ Y

where the bottom arrow is the following composition

1⊗ X ⊗ Y
t // X ⊗ 1⊗ Y

id⊗σY // X ⊗ Y

Proposition 2.6.10 (Jardine). The category of symmetric T -spectra SptΣ
T (Sm|S)Nis

has a closed symmetric monoidal structure where the product is given by the smash
product described in definition 2.6.9, and the functor that gives the adjunction of
two variables is the following:

HomSptΣ
T
(−,−) : (SptΣT (Sm|S)Nis)

op × SptΣT (Sm|S)Nis
// SptΣT (Sm|S)Nis

(X, Y )
� // HomSptΣ

T
(X, Y )

where HomSptΣT
(X, Y )n = homΣ

r (FΣ
n (S0)∧X, Y ), and the adjoints σn

∗ to the bond-

ing maps are given as follows: Let ζ : F Σ
n+1(T ) ∼= FΣ

n+1(S
0) ∧ T → FΣ

n (S0) be the
adjoint corresponding to the inclusion determined by the identity in Σn+1:

ıe : T ↪→ Evn+1(F
Σ
n (S0)) = Σn+1 ⊗Σ1×Σn

(T ∧
∨

σ∈Σn

S0) =
∨

σ∈Σn+1

T

then σn
∗ is the following map induced by ζ ∧ id:

homΣ
r (FΣ

n (S0) ∧ X, Y )
(ζ∧id)∗ // homΣ

r (FΣ
n+1(S

0) ∧ T ∧ X, Y )

The twist isomorphism τ : X ∧ Y → Y ∧ X is induced levelwise by:

Xp ∧ Y q t //

α

��

Y q ∧ Xp

αcq,p

��
(X ⊗ Y )p+q (Y ⊗ X)p+q

Finally, the unit is given by the sphere T -spectrum F Σ
0 (S0) = 1.

Proof. We refer the reader to [Jar00, section 4.3]. �
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Proposition 2.6.11. Let X, Y be two arbitrary symmetric T -spectra and let
A in M∗ be an arbitrary pointed simplicial presheaf. Then we have the following
enriched adjunctions:

(18) Map(A,homΣ
r (X, Y ))

α

∼=
// Map Σ(X ∧ A, Y )

β

∼=
// Map Σ(X, ΩAY )

(19) HomM∗
(A,homΣ

r (X, Y ))
δ

∼=
// homΣ

r (X ∧ A, Y )
ε

∼=
// homΣ

r (X, ΩAY )

(20) HomSptΣ
T
(X ∧ A, Y )

γ

∼=
// HomSptΣ

T
(X, ΩAY )

where the maps in (18) are isomorphisms of simplicial sets, the maps in (19) are
isomorphisms of simplicial presheaves, and the map in (20) is an isomorphism of
symmetric T -spectra.

Proof. We consider first the simplicial adjunctions: To any n-simplex t in
Map(A,homΣ

r (X, Y ))

A ∧ ∆n t // homΣ
r (X, Y )

associate the following n-simplex in Map Σ(X ∧ A, Y ):

X ∧ A ∧ ∆n
α(t) // Y

corresponding to the adjunction between X ∧ − and homΣ
r (X,−).

To any n-simplex t in Map Σ(X ∧ A, Y )

∆n ∧ X ∧ A
∼= // X ∧ A ∧ ∆n t // Y

associate the following n-simplex in Map Σ(X, ΩAY ):

X ∧ ∆n
∼= // ∆n ∧ X

β(t) // ΩAY

corresponding to the adjunction between − ∧ A and ΩA.
We consider now the isomorphisms of simplicial presheaves: To any simplex s

in HomM∗
(A,homΣ

r (X, Y ))

A ∧ ∆n
U

s // homΣ
r (X, Y )

we associate the following simplex in homΣ
r (X ∧ A, Y )

X ∧ A ∧ ∆n
U

δ(s) // Y

corresponding to the adjunction between X ∧ − and homΣ
r (X,−).

To any simplex s in homΣ
r (X ∧ A, Y )

X ∧ ∆n
U ∧ A

∼= // X ∧ A ∧ ∆n
U

s // Y

we associate the following simplex in homΣ
r (X, ΩAY )

X ∧ ∆n
U

ε(s) // ΩAY

corresponding to the adjunction between − ∧ A and ΩA.
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Finally, we consider the isomorphism of symmetric T -spectra: Using the ad-
junction given by ε in (19), we get for every n ≥ 0 the following commutative
diagram, where the vertical maps are isomorphisms of simplicial presheaves:

homΣ
r (FΣ

n (S0) ∧ X ∧ A, Y )
(α∧idX∧A)∗ //

ε∼=

��

homΣ
r (FΣ

n+1(T ) ∧ X ∧ A, Y )

ε∼=

��
homΣ

r (FΣ
n (S0) ∧ X, ΩAY )

(α∧idX )∗
// hom

Σ
r (FΣ

n+1(T ) ∧ X, ΩAY )

By definition (see proposition 2.6.10) the diagram above is equal to:

HomSptΣ
T
(X ∧ A, Y )n σn

∗ //

ε∼=

��

ΩT HomSptΣ
T
(X ∧ A, Y )n+1

ε∼=

��
HomSptΣ

T
(X, ΩAY )n

σn
∗

// ΩT HomSptΣ
T
(X, ΩAY )n+1

This induces the isomorphism γ. �

Proposition 2.6.12. Let X, Y, Z be three arbitrary symmetric T -spectra. Then
we have the following enriched adjunctions:

(21) Map Σ(X ∧ Y, Z)
λ

∼=
// Map Σ(X,HomSptΣT

(Y, X))

(22) homΣ
r (X ∧ Y, Z)

κ

∼=
// homΣ

r (X,HomSptΣT
(Y, Z))

(23) HomSptΣ
T
(X ∧ Y, Z)

µ

∼=
// HomSptΣ

T
(X,HomSptΣ

T
(Y, Z))

where the map in (21) is an isomorphism of simplicial sets, the map in (22) is an
isomorphism of simplicial presheaves, and the map in (23) is an isomorphism of
symmetric T -spectra.

Proof. We consider first the simplicial adjunctions: To any n-simplex t in
Map Σ(X ∧ Y, Z)

∆n ∧ X ∧ Y
∼= // X ∧ Y ∧ ∆n t // Z

associate the following n-simplex in Map Σ(X,HomSptΣ
T
(Y, Z)):

X ∧ ∆n
∼= // ∆n ∧ X

λ(t) // HomSptΣ
T
(Y, Z)

corresponding to the adjunction between − ∧ Y and HomSptΣT
(Y,−).

We consider now the isomorphisms of simplicial presheaves: To any simplex s
in hom

Σ
r (X ∧ Y, Z)

∆n
U ∧ X ∧ Y

∼= // X ∧ Y ∧ ∆n
U

s // Z

we associate the following simplex in homΣ
r (X,HomSptΣ

T
(Y, Z))

X ∧ ∆n
U

∼= // ∆n
U ∧ X

κ(s) // HomSptΣ
T
(Y, Z)



64 2. MOTIVIC UNSTABLE AND STABLE HOMOTOPY THEORY

corresponding to the adjunction between − ∧ Y and HomSptΣT
(Y,−).

Finally, we consider the isomorphism of symmetric T -spectra: Using the ad-
junction given by κ in (22), we get for every n ≥ 0 the following commutative
diagram, where the vertical maps are isomorphisms of simplicial presheaves:

homΣ
r (FΣ

n (S0) ∧ X ∧ Y, Z)

(α∧idX∧Y )∗

,,XXXXXXXXXXXXXXXXXXXXXXX

κ∼=

��

homΣ
r (FΣ

n+1(T ) ∧ X ∧ Y, Z)

κ∼=

��

homΣ
r (FΣ

n (S0) ∧ X,HomSptΣ
T
(Y, Z))

(α∧idX )∗ ++XXXXXXXXXXXXXXXXXXXXXX

homΣ
r (FΣ

n+1(T ) ∧ X,HomSptΣT
(Y, Z))

By definition (see proposition 2.6.10) the diagram above is equal to:

HomSptΣ
T
(X ∧ Y, Z)n σn

∗ //

κ∼=

��

ΩT HomSptΣT
(X ∧ Y, Z)n+1

κ∼=

��
HomSptΣ

T
(X,HomSptΣ

T
(Y, Z))n

σn
∗

// ΩT HomSptΣT
(X,HomSptΣT

(Y, Z))n+1

This induces the isomorphism µ. �

The following proposition will have remarkable consequences in our study of
the multiplicative properties for Voevodsky’s slice filtration.

Proposition 2.6.13 (Jardine). Let A, B be two arbitrary pointed simplicial
presheaves in M∗. Then we have an isomorphism:

FΣ
n (A) ∧ FΣ

m(B)
∼= // FΣ

m+n(A ∧ B)

which is natural in A and B.

Proof. We refer the reader to [Jar00, corollary 4.18]. �

For the construction of the motivic stable model structure on the category of T -
spectra, it was necessary to introduce the projective and injective model structures
(see theorem 2.4.16). In [Jar00], Jardine considers an injective model structure for
symmetric T -spectra as a preliminary step in the construction of a model structure
which turns out to be Quillen equivalent to SptTM∗. We will also need to consider
a projective model structure for symmetric T -spectra, in order to show that this
stable model structure for symmetric T -spectra is cellular.

Definition 2.6.14. Let f : X → Y be a map of symmetric T -spectra. We say
that f is a level cofibration (respectively level fibration, level weak equivalence), if
for every n ≥ 0, the map fn : Xn → Y n is a cofibration (respectively a fibration, a
weak equivalence) in M∗.
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In proposition 2.3.7 we used IM∗
and JM∗

to denote the sets of generating
cofibrations and trivial cofibrations for M∗.

Theorem 2.6.15 (Hovey). There exists a cofibrantly generated model structure

for the category SptΣT (Sm|S)Nis of symmetric T -spectra with the following choices:

(1) The weak equivalences are the level weak equivalences.
(2) The set I of generating cofibrations is

I =
⋃

n≥0

FΣ
n (IM∗

)

(3) The set J of generating trivial cofibrations is

J =
⋃

n≥0

FΣ
n (JM∗

)

This model structure will be called the projective model structure for symmetric
T -spectra. Furthermore, the projective model structure is left proper and simplicial.

Proof. Proposition 2.3.7 implies that the model category M∗ is in particu-
lar pointed, proper, simplicial and symmetric monoidal. We also have that every
pointed simplicial presheaf in M∗ is cofibrant. Then the result follows immediately
from theorems 8.2 and 8.3 in [Hov01]. �

Remark 2.6.16. Let f : X → Y be a map of symmetric T -spectra.

(1) f is a fibration in SptΣT (Sm|S)Nis equipped with the projective model struc-
ture if and only if f is a level fibration.

(2) f is a trivial fibration in SptΣT (Sm|S)Nis equipped with the projective model
structure if and only if f is both a level fibration and a level weak equiva-
lence.

It follows directly from the definition that every symmetric T -spectrum after
forgetting the Σn-actions becomes a T -spectrum in SptT (Sm|S)Nis. Therefore we
get a functor:

U : SptΣT (Sm|S)Nis
// SptT (Sm|S)Nis

It turns out that this forgetful functor has a left adjoint.

Definition 2.6.17 (Jardine, cf. [Jar00, section 3.4]). Let X be an arbitrary
T -spectrum in SptT (Sm|S)Nis. Then X has a natural filtration {LnX}n≥0 called
the layer filtration, where LnX is defined as

X0, X1, . . . , Xn, T ∧ Xn, T 2 ∧ Xn, . . .

and furthermore

X ∼= lim
−→

LnX

It is also possible to give an inductive definition for the layers LnX using the
following pushout diagrams (see definition 2.4.4):

Fn+1(T ∧ Xn) //

��

LnX

��
Fn+1(X

n+1) // Ln+1X
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Proposition 2.6.18 (Jardine). We have the following adjunction

(V, U, ϕ) : SptT (Sm|S)Nis
// SptΣT (Sm|S)Nis

The functor V is called the symmetrization functor and is defined as follows:

(1) For every pointed simplicial presheaf X on the smooth Nisnevich site
(Sm|S)Nis we have

V (Fn(X)) = FΣ
n (X)

(2) V is constructed inductively using the layer filtration (see definition 2.6.17)
together with the following pushout diagrams (see definition 2.6.8):

FΣ
n+1(T ∧ Xn) //

��

V (LnX)

��
FΣ

n+1(X
n+1) // V (Ln+1X)

(3) Finally, V (X) = lim−→V (LnX)

Proof. We refer the reader to [Jar00, p. 507] �

Proposition 2.6.19. The adjunction

(V, U, ϕ) : SptT (Sm|S)Nis
// SptΣT (Sm|S)Nis

is enriched in the categories of simplicial sets and pointed simplicial presheaves on
(Sm|S)Nis, i.e. for every T -spectrum X and for every symmetric T -spectrum Y we
have the following natural isomorphisms:

Map Σ(V X, Y ) ∼=

ε // Map(X, UY )

homΣ
r (V X, Y ) ∼=

η // homr(X, UY )

Proof. We consider first the simplicial isomorphism: Given any n-simplex t
in Map Σ(V X, Y )

V X ∧ ∆n t // Y

consider the map corresponding to the adjuntion between − ∧ ∆n and −∆n

in
SptΣT (Sm|S)Nis

V X
t′ // Y ∆n

Now use the adjunction between V and U to get the map:

X
t′′ // U(Y ∆n

) = (UY )∆
n

and finally use the adjunction between − ∧ ∆n and −∆n

in SptT (Sm|S)Nis to get
the associated n-simplex ε(t) in Map(X, UY ):

X ∧ ∆n
ε(t) // UY

We consider now the isomorphism of simplicial presheaves: Given any simplex
s in homΣ

r (V X, Y )

V X ∧ ∆n
W

s // Y
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consider the map corresponding to the adjunction between −∧ ∆n
W and Ω∆n

W
− in

SptΣT (Sm|S)Nis

V X
s′

// Ω∆n
W

Y

Now use the adjunction between V and U to get the map:

X
s′′

// U(Ω∆n
W

Y ) = Ω∆n
W

UY

and finally use the adjunction between −∧∆n
W and Ω∆n

W
in SptT (Sm|S)Nis to get

the associated simplex η(s) in homr(X, UY ):

X ∧ ∆n
W

η(s) // UY

�

We say that a map f : X → Y of symmetric T -spectra is an injective fibration
if it has the right lifting property with respect to the class of maps which are both
level cofibrations and level weak equivalences.

Theorem 2.6.20 (Jardine). There exists a model structure for the category

SptΣT (Sm|S)Nis of symmetric T -spectra with the following choices:

(1) The weak equivalences are the level weak equivalences.
(2) The cofibrations are the level cofibrations.
(3) The fibrations are the injective fibrations.

This model structure will be called the injective model structure for symmetric
T -spectra. Furthermore, the injective model structure is proper, simplicial, and
cofibrantly generated with the following sets I, J of generating cofibrations and
trivial cofibrations, respectively (see theorem 2.4.8):

(1) The set I of generating cofibrations is

I = {V (i) : V A → V B}

where i satisfies the following conditions:
(a) i is a level cofibration in SptT (Sm|S)Nis.
(b) The codomain B of i is κ-bounded.

(2) The set J of generating trivial cofibrations is

J = {V (j) : V (A) → V (B)}

where j satisfies the following conditions:
(a) j is a level trivial cofibration in SptT (Sm|S)Nis.
(b) The codomain B of j is κ-bounded.

Proof. We refer the reader to [Jar00, theorem 4.2]. �

Remark 2.6.21. The identity functor on SptΣT (Sm|S)Nis induces a left Quillen
functor from the projective model structure to the injective model structure.

Definition 2.6.22. (1) Let Z be a symmetric T -spectrum. We say that
Z is injective stably fibrant if Z satisfies the following conditions:
(a) Z is fibrant in SptΣT (Sm|S)Nis equipped with the injective model struc-

ture.
(b) UZ is fibrant in SptTM∗.
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(2) Let f : X → Y be a map of symmetric T -spectra. We say that f is
a stable weak equivalence if for every injective stably fibrant symmetric
T -spectrum Z, the induced map

Map Σ(Y, Z)
f∗

// Map Σ(X, Z)

is a weak equivalence of simplicial sets.
(3) Let f : X → Y be a map of symmetric T -spectra. We say that f is a

stable fibration if Uf is a fibration in SptTM∗ (see theorem 2.4.16).

In theorem 2.5.4 we used IT
M∗

and JT
M∗

to denote the sets of generating cofibra-
tions and trivial cofibrations for SptTM∗.

Theorem 2.6.23 (Jardine). There exists a model structure for the category

SptΣT (Sm|S)Nis of symmetric T -spectra with the following choices:

(1) The weak equivalences are the stable weak equivalences.
(2) The cofibrations are the projective cofibrations (see theorem 2.6.15), i.e.

they are generated by the set
⋃

n≥0

FΣ
n (IM∗

) = V (IT
M∗

)

(3) The fibrations are the stable fibrations.

This model structure will be called motivic symmetric stable, and the category of
symmetric T -spectra, equippped with the motivic symmetric stable model structure
will be denoted by SptΣTM∗. Furthermore, SptΣTM∗ is a proper and simplicial model
category.

Proof. We refer the reader to [Jar00, proposition 4.4 and theorem 4.15]. �

Remark 2.6.24. Let p : X → Y be a map of symmetric T -spectra. Then p is
a trivial fibration in SptΣTM∗ if and only if Up is a trivial fibration in SptTM∗.

Proposition 2.6.25. SptΣTM∗ is a M∗-model category (see definition 1.7.12).

Proof. Condition (2) in definition 1.7.12 follows automatically since the unit
in M∗ is cofibrant. It remains to show that

− ∧− : SptΣT (Sm|S)Nis ×M∗
// SptΣT (Sm|S)Nis

is a Quillen bifunctor. By lemma 1.7.5 it is enough to prove the following claim:
Given a cofibration i : A → B in M∗ and a fibration p : X → Y in SptΣTM∗,

then the map

ΩBX
(i∗,p∗) // ΩBY ×ΩAY ΩAX

is a fibration in SptΣTM∗ which is trivial if either i or p is a weak equivalence.
But this follows immediately from the following facts:

(1) A map of symmetric T -spectra f : X → Y is a fibration (respectively a

trivial fibration) in SptΣTM∗ if and only if Uf : UX → UY is a fibration
(respectively a trivial fibration) in SptTM∗.

(2) For every symmetric T -spectrum X and for any pointed simplicial presheaf
A in M∗, we have that U(ΩAX) = ΩAUX , where the right hand side
denotes the action of M∗ in SptTM∗.

(3) SptTM∗ is a M∗-model category (see proposition 2.4.24).
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�

Corollary 2.6.26. For every pointed simplicial presheaf A ∈ M∗, the adjunc-
tion

(− ∧ A, ΩA−, ϕ) : SptΣTM∗
// SptΣTM∗

is a Quillen adjunction.

Proof. We have that every pointed simplicial presheaf is cofibrant in M∗.
Then the result follows from proposition 2.6.25. �

Theorem 2.6.27 (Jardine). Let T = S1 ∧ Gm ∈ M∗. Then the Quillen ad-
junction:

(− ∧ T, ΩT , ϕ) : SptΣTM∗
// SptΣTM∗

is a Quillen equivalence.

Proof. Let η, ε denote the unit and counit of the adjunction (− ∧ T, ΩT , ϕ).
By proposition 1.3.13 in [Hov99], it suffices to check that the following conditions
hold:

(1) For every cofibrant symmetric T -spectrum A in SptΣTM∗, the following
composition

A
ηA // ΩT (T ∧ A)

ΩT (RT∧A) // ΩT R(T ∧ A)

is a weak equivalence in SptΣTM∗, where R denotes a fibrant replacement

functor in SptΣTM∗.

(2) For every fibrant symmetric T -spectrum X in SptΣTM∗, the following
composition

T ∧ Q(ΩT X)
id∧QΩT X

// T ∧ (ΩT X)
εX // X

is a weak equivalence in SptΣTM∗, where Q denotes a cofibrant replacement

functor in SptΣTM∗.

(1): Follows directly from corollary 4.26 in [Jar00].
(2): By construction the map QΩT X : Q(ΩT X) → ΩT X is a weak equivalence

in SptΣTM∗. Therefore by lemma 4.25 in [Jar00], we have that id ∧ QΩT X is also

a weak equivalence in SptΣTM∗. Then by the two out of three property for weak

equivalences, it suffices to show that εX is a weak equivalence in SptΣTM∗.

Since X is fibrant in SptΣTM∗, it follows that UX is fibrant in SptTM∗. There-
fore by lemma 2.4.19(2) we have that UX is in particular level fibrant. Then by
corollary 3.16 in [Jar00] it follows that the map:

εUX : T ∧ (ΩT UX) // UX

is a weak equivalence in SptTM∗, but this is just U(εX). Hence by proposition 4.8

in [Jar00], we have that εX is a weak equivalence in SptΣTM∗, as we wanted. �

Proposition 2.6.28 (Jardine). SptΣTM∗ is a symmetric monoidal model cat-
egory (with respect to the smash product of symmetric T -spectra) in the sense of
Hovey (see definition 1.7.7).

Proof. We refer the reader to [Jar00, proposition 4.19]. �



70 2. MOTIVIC UNSTABLE AND STABLE HOMOTOPY THEORY

Corollary 2.6.29. Let A be a cofibrant symmetric T -spectrum in SptΣ
TM∗.

Then the adjunction:

(− ∧ A,HomSptΣT
(A,−), ϕ) : SptΣTM∗

// SptΣTM∗

is a Quillen adjunction.

Proof. Follows directly from proposition 2.6.28. �

Theorem 2.6.30 (Jardine). The adjunction:

(V, U, ϕ) : SptTM∗
// SptΣTM∗

given by the symmetrization and the forgetful functor is a Quillen equivalence.

Proof. We refer the reader to [Jar00, theorem 4.31]. �

2.7. Cellularity of the Motivic Symmetric Stable Model Structure

In this section we will show that the model category SptΣTM∗ is cellular. For
this we will use the cellularity of M∗ (see proposition 2.3.7) together with some
results of Hovey [Hov01].

Theorem 2.7.1 (Hovey). Let SptΣT (Sm|S)Nis be the category of symmetric
T -spectra equipped with the projective model structure (see theorem 2.6.15). Then

SptΣT (Sm|S)Nis is a cellular model category where the sets of generating cofibrations
and trivial cofibrations are the ones described in theorem 2.6.15.

Proof. Proposition 2.3.7 implies that M∗ is in particular a cellular, left proper
and symmetric monoidal model category. We also have that T = S1 ∧ Gm is
cofibrant in M∗. Therefore we can apply theorem A.9 in [Hov01], which says that
the category of symmetric T -spectra equipped with the projective model structure
is also cellular under our conditions. �

Theorem 2.6.15 together with theorem 2.7.1 imply that the projective model
structure on SptΣT (Sm|S)Nis is cellular, left proper and simplicial. Therefore we
can apply Hirschhorn’s localization technology to construct left Bousfield localiza-
tions. If we are able to find a suitable set of maps such that the left Bousfield
localization with respect to this set recovers the motivic stable model structure on
SptΣT (Sm|S)Nis, then an immediate corollary of this will be the cellularity of the
motivic stable model structure for symmetric T -spectra.

Definition 2.7.2 (Hovey, cf. [Hov01, definition 8.7]). Let IM∗
= {Y+ ↪→

(∆n
U )+} be the set of generating cofibrations for M∗ (see propositon 2.3.7). Notice

that Y+ may be equal to (∆n
U )+. We consider the following set of maps of symmetric

T -spectra

SΣ = {FΣ
k+1(T ∧ Y+)

ζY
Σ,k // FΣ

k (Y+)}

where ζY
Σ,k is the adjoint corresponding to the inclusion determined by the identity

in Σk+1

ıe : T ∧ Y+ ↪→ Evk+1(F
Σ
k (Y+)) = Σk+1 ⊗Σ1×Σk

(T ∧
∨

σ∈Σk

Y+) =
∨

σ∈Σk+1

T ∧ Y+

coming from the adjunction between F Σ
k+1 and Evk+1 (see definition 2.6.8)
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Proposition 2.7.3 (Hovey). Let X be a symmetric T -spectrum. The following
conditions are equivalent:

(1) X is stably fibrant, i.e. X is a fibrant object in SptΣTM∗.
(2) X is SΣ-local.

Proof. Follows from definition 8.6 and theorem 8.8 in [Hov01], together with
definition 2.6.22(3) and lemma 2.4.19. �

Now it is very easy to show that the motivic symmetric stable model structure
for symmetric T -spectra is in fact cellular.

Theorem 2.7.4. SptΣTM∗ is a cellular model category with the following sets
IT
Σ , JT

Σ of generating cofibrations and trivial cofibrations respectively:

IT
Σ = V (IT

M∗
) =

⋃

k≥0

FΣ
k (IM∗

)

=
⋃

k≥0

{FΣ
k (Y+) ↪→ FΣ

k ((∆n
U )+) | U ∈ (Sm|S), n ≥ 0}

JT
Σ = {j : A → B}

where j satisfies the following conditions:

(1) j is an inclusion of IT
Σ -complexes.

(2) j is a stable weak equivalence of symmetric T -spectra.
(3) the size of B as an IT

Σ -complex is less than κ, where κ is the regular
cardinal described by Hirschhorn in [Hir03, definition 4.5.3].

Proof. By theorem 2.7.1 we know that SptΣT (Sm|S)Nis is cellular when it is
equipped with the projective model structure. Therefore we can apply Hirschhorn’s
localization techniques to construct the left Bousfield localization with respect
to the set SΣ of definition 2.7.2. We claim that this localization coincides with
SptΣTM∗. In effect, using proposition 2.7.3, we have that the fibrant objects in
the left Bousfield localization with respect to SΣ coincide with the fibrant objects
in SptΣTM∗. Therefore a map f : X → Y of symmetric T -spectra is a weak
equivalence in the left Bousfield localization with respect to SΣ if and only if
Qf∗ : Map(QY, Z) → Map(QX, Z) is a weak equivalence of simplicial sets for
every stably fibrant object Z (here Q denotes the cofibrant replacement functor in

SptΣT (Sm|S)Nis equipped with the projective model structure). But since SptΣTM∗

is a simplicial model category and the cofibrations coincide with the projective cofi-
brations, using corollary 1.6.11(2) we get exactly the same characterization for the
stable equivalences. Hence the weak equivalences in both the motivic symmetric
stable structure and the left Bousfield localization with respect to SΣ coincide. This
implies that the motivic symmetric stable model structure and the left Bousfield
localization with respect to SΣ are identical, since the cofibrations in both cases
are just the cofibrations for the projective model structure on SptT (Sm|S)Nis.

Therefore using [Hir03, theorem 4.1.1] we have that the motivic symmetric

stable model structure on SptΣT (Sm|S)Nis is cellular, since it is constructed applying
Hirschhorn technology with respect to the set SΣ.

The claim with respect to the sets of generating cofibrations and trivial cofi-
brations also follows from [Hir03, theorem 4.1.1]. �
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Theorem 2.7.4 will be used for the construction of new model structures on
SptΣT (Sm|S)Nis which are adequate to study the multiplicative properties of Vo-
evodsky’s slice filtration.

2.8. Modules and Algebras of Motivic Symmetric Spectra

In this section A will always denote a ring spectrum with unit in SptΣT (Sm|S)Nis,
and A-mod will denote the category of left (or right) A-modules. In case A is a
commutative ring spectrum, we will denote the category of A-algebras by A-alg.
Our goal is to define the model structures induced by the motivic symmetric stable
model structure on the categories of A-modules and A-algebras, and to show some
of their properties.

Proposition 2.8.1. We have the following adjunction between the categories
of symmetric T -spectra and A-modules:

(A ∧ −, U, ϕ) : SptΣT (Sm|S)Nis
// A-mod

where U(N) = N after forgetting the A-module structure, and A∧X has a structure
of A-module induced by the ring structure on A.

Proof. The unit η and counit δ of the adjunction are defined as follows:

ηX : X ∼= 1 ∧ X
uA∧id // U(A ∧ X) = A ∧ X

δN : A ∧ U(N) = A ∧ N
µN

// N

where uA is the unit of A and µN is the map inducing the A-module structure on
N . �

The category of A-modules inherits a simplicial structure from the one that
exists on symmetric T -spectra (see section 2.6).

Given an A-module M , the tensor objects are defined as follows:

M ∧ − : SSets // A-mod

K
� // M ∧ K

where (M ∧ K)n = Mn ∧ K+, i.e. it coincides with the tensor object defined for
symmetric T -spectra and has a structure of A-module induced by the one in M .

The simplicial functor in two variables is:

Map A-mod(−,−) : (A-mod)op × A-mod // SSets

(M, N)
� // Map A-mod(M, N)

where Map A-mod(M, N)n = HomA-mod(M ∧∆n
+, N), and finally for any A-module

N we have the following functor

N− : SSets // (A-mod)op

K
� // NK

where (NK)n = (Nn)K+ , i.e. it coincides with the cotensor object defined for
symmetric T -spectra and has a structure of A-module A ∧ (N)K+ → NK+ adjoint
to

A ∧ (N)K+ ∧ K+

id∧evK+ // A ∧ N
µ // N
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where µ is the map that induces the A-module structure on N .
Similarly, it is possible to promote the action of M∗ on the category of sym-

metric T -spectra to the category of A-modules, i.e. the category of A-modules
A-mod has the structure of a closed M∗-module, which is obtained by extending
the symmetric monoidal structure for M∗ levelwise.

The bifunctor giving the adjunction of two variables is defined as follows:

− ∧− : A-mod ×M∗
// A-mod

(M, D) � // M ∧ D

with (M ∧ D)n = Mn ∧ D, i.e. it coincides with the tensor object defined for
symmetric T -spectra and has a structure of A-module induced by the one in M .

The adjoints are given by:

Ω−− : Mop
∗ × A-mod // A-mod

(D, N)
� // ΩDN

homA-mod
r (−,−) : (A-mod)op × A-mod // M∗

(M, N)
� // homA-mod

r (M, N)

where (ΩDN)n = ΩDNn, i.e. it coincides with the cotensor object defined for
symmetric T -spectra and has a structure of A-module A∧ (ΩDN) → ΩDN adjoint
to

A ∧ (ΩDN) ∧ D
id∧evD // A ∧ N

µ // N

and hom
A-mod
r (M, N) is the following pointed simplicial presheaf on Sm|S :

hom
A-mod
r (M, N) : (Sm|S × ∆)op // Sets

(U, n)
� // HomA-mod(M ∧ (∆n

U )+, N)

Proposition 2.8.2. The adjunction (see proposition 2.8.1)

(A ∧ −, U, ϕ) : SptΣT (Sm|S)Nis
// A-mod

is enriched in the categories of simplicial sets and pointed simplicial presheaves on
(Sm|S)Nis, i.e. for every symmetric T -spectrum X and for every A-module N we
have the following natural isomorphisms:

Map A-mod(A ∧ X, N) ∼=

ε // MapΣ(X, UN)

hom
A-mod
r (A ∧ X, N) ∼=

η // homΣ
r (X, UN)

Proof. We consider first the simplicial isomorphism: Given any n-simplex t
in Map A-mod(A ∧ X, N)

A ∧ X ∧ ∆n
+

t // N

use the adjunction between A ∧ − and U to get the associated n-simplex ε(t) in
MapΣ(X, UY ):

X ∧ ∆n
+

ε(t) // UN
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We consider now the isomorphism of simplicial presheaves: Given any simplex
s in homA-mod

r (A ∧ X, N)

A ∧ X ∧ (∆n
W )+

s // N

use the adjunction between A ∧ − and U to get the associated simplex η(s) in

homΣ
r (X, UN):

X ∧ (∆n
W )+

η(s) // UN

�

If A is a commutative ring spectrum then A-mod is a closed symmetric monoidal
category, where the monoidal structure is induced by the one exisiting on SptΣ

T (Sm|S)Nis.
Namely,

− ∧A − : A-mod × A-mod // A-mod

(M, N)
� // M ∧A N

HomA-mod(−,−) : (A-mod)op × A-mod // A-mod

(M, N)
� // HomA-mod(M, N)

where M ∧A N is defined as the colimit of the following diagram

A ∧ M ∧ N
µM∧id //

// M ∧ N

with the bottom arrow given by the following composition

A ∧ M ∧ N
t∧id // M ∧ A ∧ N

id∧µN // M ∧ N

and HomA-mod(M, N) is defined as the limit of the following diagram

HomSptΣ
T
(M, N)

(µM )∗ //

(µN )∗

// HomSptΣ
T
(A ∧ M, N)

If A is not commutative, the bifunctor − ∧A − defines instead an adjunction
of two variables from the categories of right and left A-modules to the category of
symmetric T -spectra:

− ∧A − : A-modr × A-modl
// SptΣT (Sm|S)Nis

(M, N) � // M ∧A N

given a right A-module M , the right adjoint to

M ∧A − : A-modl → SptΣT (Sm|S)Nis

is given by

HomSptΣ
T
(M,−) : SptΣT (Sm|S)Nis → A-modl

where HomSptΣT
(M, Z) has a structure of left A-module

µ : A ∧ HomSptΣ
T
(M, Z) → HomSptΣ

T
(M, Z)

defined as the adjoint of the following composition

M ∧ A ∧ HomSptΣ
T
(M, Z)

µM∧id // M ∧HomSptΣ
T
(M, Z)

εZ // Z
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where µM denotes the map defining the right A-module structure for M and ε
denotes the counit of the adjunction between M ∧ Z and HomSptΣ

T
(M,−). The

construction of the remaining adjoint is similar.

Theorem 2.8.3. Let A be a cofibrant ring object in SptΣTM∗. Then the adjun-
tion (see proposition 2.8.1):

(A ∧ −, U, ϕ) : SptΣTM∗
// A-mod

induces a model structure for the category A-mod of A-modules, i.e. a map f in
A-mod is a fibration or a weak equivalence if and only if U(f) is a fibration or a

weak equivalence in SptΣTM∗ (see theorem 2.6.23).
This model structure will be called motivic stable, and the category of A-modules

equipped with the motivic stable model structure will be denoted by A-mod(M∗).

Proof. We have that SptΣTM∗ is a cellular model category (see theorem 2.7.4),
i.e. in particular a cofibrantly generated model category, and a monoidal model cat-
egory in the sense of Hovey (see proposition 2.6.28). Therefore, since A is cofibrant
the result follows from [Hov, corollary 2.2]. �

Lemma 2.8.4. Let f : A → A′ be a map between cofibrant ring spectra in
SptΣTM∗, which is compatible with the ring structures. Then the adjunction:

(A′ ∧A −, U, ϕ) : A-mod(M∗) → A′-mod(M∗)

is a Quillen adjunction. Furthermore, a map w : M → M ′ in A′-mod(M∗) is a
weak equivalence if and only if Uw is a weak equivalence in A-mod(M∗).

Proof. It is clear that U : A′-mod(M∗) → A-mod(M∗) is a right Quillen
functor, since the fibrations (respectively, trivial fibrations) for both model struc-

tures are detected in SptΣTM∗. Finally, the claim related to the weak equivalences
follows immediately from theorem 2.8.3. �

Proposition 2.8.5. Let f : A → A′ be a weak equivalence between cofibrant
ring spectra in SptΣTM∗, which is compatible with the ring structures. Then f
induces a Quillen equivalence between the motivic stable model structures of A and
A′ modules:

(A′ ∧A −, U, ϕ) : A-mod(M∗) // A′-mod(M∗)

Proof. It follows immediately from theorem 2.4 in [Hov] together with the

fact that the domains of the generating cofibrations for SptΣTM∗ are cofibrant (see
theorem 2.7.4). �

Proposition 2.8.6. Let f : A → A′ be a map between cofibrant ring spectra in
SptΣTM∗, which is compatible with the ring structures. Then the adjunction

(A′ ∧A −, U, ϕ) : A-mod(M∗) // A′-mod(M∗)

is enriched in the categories of simplicial sets and pointed simplicial presheaves on
(Sm|S)Nis, i.e. for every A-module M and for every A′-module N we have the
following natural isomorphisms:

Map A′
-mod(A

′ ∧A M, N) ∼=

ε // MapA-mod(M, UN)
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homA′
-mod

r (A′ ∧A M, N) ∼=

η // hom
A-mod
r (M, UN)

Proof. The proof is exactly the same as the one in propositon 2.8.2. �

Proposition 2.8.7. Let A be a cofibrant ring spectrum in SptΣTM∗, and let i

be a cofibration in A-mod(M∗). Then U(i) is also a cofibration in SptΣTM∗.

Proof. Theorem 2.7.4 implies in particular that SptΣTM∗ is a cofibrantly gen-
erated model category. Therefore the proposition follows directly from [Hov, corol-
lary 2.2]. �

Proposition 2.8.8. A-mod(M∗) is a:

(1) proper model category.
(2) simplicial model category.
(3) M∗-model category (see definition 1.7.12).

Proof. (1): It follows directly from the fact that SptΣTM∗ is a proper model
category (see theorem 2.6.23), together with theorem 2.8.3 and proposition 2.8.7.

(2): Since the cotensor objects NK for the simplicial structure are identical

in A-mod(M∗) and SptΣTM∗, the results follows from theorem 2.8.3 and theorem

2.6.23 which implies in particular that SptΣTM∗ is a simplicial model category.
(3): Since the cotensor objects ΩDN for the M∗-action are identical in A-mod(M∗)

and SptΣTM∗, the results follows from the fact that SptΣTM∗ is a M∗-model cate-
gory (see proposition 2.6.25) together with theorem 2.8.3. �

Theorem 2.8.9. A-mod(M∗) is a cellular model category with the following
sets IA-mod, JA-mod of generating cofibrations and trivial cofibrations respectively
(see theorem 2.7.4):

IA-mod = A ∧ IT
Σ

=
⋃

k≥0

{id ∧ i : A ∧ FΣ
k (Y+) → A ∧ FΣ

k ((∆U
n )+) | U ∈ (Sm|S), n ≥ 0}

JA-mod = A ∧ JT
Σ = {id ∧ j : A ∧ X → A ∧ Y }

where j : X → Y satisfies the following conditions:

(1) j is an inclusion of IT
Σ -complexes.

(2) j is a stable weak equivalence of symmetric T -spectra.
(3) the size of Y as an IT

Σ -complex is less than κ, where κ is the regular
cardinal described by Hirschhorn in [Hir03, definition 4.5.3].

Proof. We have to check that the conditions (1)-(4) of definition 1.3.12 hold.
By construction (see theorem 2.8.3) it is clear that IA-mod and JA-mod are

generators for the model structure on A-mod(M∗). This takes care of (1).
By adjointness, to prove (2) it suffices to show that the domains and codomains

of IT
Σ are compact relative to IA-mod. However, the domains and codomains of IT

Σ

are cofibrant in SptΣTM∗, which is in particular a cellular model category (see theo-
rem 2.7.4). Hence [Hir03, corollary 12.3.4] implies that the domains and codomains

of IT
Σ are compact with respect to the class of cofibrations in SptΣ

TM∗. Finally,

proposition 2.8.7 implies that all the maps in IA-mod are cofibrations in SptΣTM∗.
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Thus, the domains and codomains of IT
Σ are compact with respect to IA-mod, as we

wanted.
Again by adjointness, to prove (3) it suffices to show that the domains of JT

Σ

are small relative to IA-mod. But proposition 2.8.7 implies that all the maps in
IA-mod are cofibrations in SptΣTM∗. Therefore by [Hir03, theorem 12.4.4] we have

that the domains of JT
Σ are small relative to IA-mod, since SptΣTM∗ is a cellular

model category (see theorem 2.7.4).
Finally, proposition 2.8.7 implies that the cofibrations in A-mod(M∗) are in

particular cofibrations in SptΣTM∗, which is a cellular model category (see theorem
2.7.4). Therefore the cofibrations in A-mod(M∗) are effective monomorphisms in

SptΣTM∗. This takes care of (4) since the limits and colimits in A-mod(M∗) are

computed in SptΣTM∗. �

Theorem 2.8.10. Let T = S1 ∧ Gm ∈ M∗. Then the adjunction:

(− ∧ T, ΩT , ϕ) : A-mod(M∗) // A-mod(M∗)

is a Quillen equivalence.

Proof. Every pointed simplicial presheaf in M∗ is cofibrant, therefore propo-
sition 2.8.8(3) implies that − ∧ T : A-mod(M∗) → A-mod(M∗) is a left Quillen
functor.

Let η, ε denote the unit and counit of the adjunction (− ∧ T, ΩT , ϕ). By
proposition 1.3.13 in [Hov99], it suffices to check that the following conditions hold:

(1) For every cofibrant A-module M in A-mod(M∗), the following composi-
tion

M
ηM // ΩT (T ∧ M)

ΩT (RT∧M ) // ΩT R(T ∧ M)

is a weak equivalence in A-mod(M∗), where R denotes a fibrant replace-
ment functor in A-mod(M∗).

(2) For every fibrant A-module M in A-mod(M∗), the following composition

T ∧ Q(ΩT M)
id∧QΩT M

// T ∧ (ΩT M)
εM // M

is a weak equivalence in A-mod(M∗), where Q denotes a cofibrant re-
placement functor in A-mod(M∗).

(1): By proposition 2.8.7 we have that M is cofibrant in SptΣTM∗. Thus the
result follows immediately from theorems 2.6.27(1) and 2.8.3.

(2): Follows directly from theorem 2.8.3, proposition 2.8.7 and theorem 2.6.27(2).
�

Proposition 2.8.11. Let A be a cofibrant commutative ring spectrum in SptΣ
TM∗.

Then A-mod(M∗) is a symmetric monoidal model category in the sense of Hovey
(see definition 1.7.7).

Proof. This follows directly from theorem 2.7.4, proposition 2.6.28 and [Hov,
proposition 2.8(2)]. �

If A is not commutative then we get a weaker version of the previous proposi-
tion.
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Proposition 2.8.12. Let A be a cofibrant ring spectrum in SptΣ
TM∗. Then

− ∧A − defines a Quillen adjunction of two variables (see definition 1.7.4) from
the motivic model structure for right and left A-modules to the motivic symmetric
stable model structure:

− ∧A − : A-mod(M∗)r × A-mod(M∗)l → SptΣTM∗

Proof. We need to show that given a cofibration i : M → M ′ in A-mod(M∗)r

and a cofibration j : N → N ′ in A-mod(M∗)l, the induced map

i�Aj : M ∧A N ′
∐

M∧AN

M ′ ∧A N → M ′ ∧A N ′

is a cofibration in SptΣTM∗, which is trivial if either i or j are trivial.
Clearly it is enough to do it for the generating cofibrations and trivial cofibra-

tions in A-mod(M∗) (see lemma 3.5 in [SS00]). Theorem 2.8.9 implies that A∧ IT
Σ ,

A∧ JT
Σ (IT

Σ ∧A, JT
Σ ∧A) are the sets of generating cofibrations and trivial cofibra-

tions for A-mod(M∗)l (respectively for A-mod(M∗)r), where IT
Σ , JT

Σ denote the

sets of generating cofibrations and trivial cofibrations for SptΣ
TM∗.

Now

IT
Σ ∧ A�AA ∧ IT

Σ = IT
Σ �A ∧ IT

Σ ⊆ IT
Σ�IT

Σ -cof ⊆ IT
Σ -cof

where the equality follows by definition, the first inclusion follows from the fact that
A is cofibrant in SptΣTM∗ and SptΣTM∗ is a symmetric monoidal model category

(see proposition 2.6.28), and the last inclusion follows from the fact that SptΣTM∗

is a symmetric monoidal model category. A similar argument shows that

JT
Σ ∧ A�AA ∧ IT

Σ = JT
Σ �A ∧ IT

Σ ⊆ JT
Σ �IT

Σ -cof ⊆ JT
Σ -cof

and finally, the remaining case follows from this by symmetry. �

In the rest of this section, we assume that A is a commutative ring spectrum
with unit in SptΣT (Sm|S)Nis. The category of A-algebras is a symmetric monoidal
category, where the monoidal structure coincides with the one exisiting on A-mod.
Namely,

− ∧A − : A-alg × A-alg // A-alg

(C, D)
� // C ∧A D

However, the category of A-algebras is not a closed symmetric monoidal category,
i.e. the functor C ∧A − : A-alg → A-alg does not have in general a right adjoint.

Proposition 2.8.13. We have the following adjunction between the categories
of symmetric T -spectra and A-algebras:

(T, U, ϕ) : SptΣT (Sm|S)Nis
// A-alg

where U(N) = N after forgetting the A-algebra structure, and T (X) = A∧
∐

n≥0 X∧n

has a structure of A-algebra induced by concatenation together with the ring struc-
ture on A.

Proof. The unit η of the adjunction is

X ∼= 1 ∧ X
uA∧id // A ∧ X

�

� iX∧A // U(T (X)) = A ∧
∐

n≥0 X∧n
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where uA is the unit of A. On the other hand, the counit δ of the adjunction is
induced by iterating the map that induces the A-algebra structure of B

A ∧
∐

B∧k �

� // A ∧
∐

n≥0 B∧n δB // B

�

Lemma 2.8.14. Let IT
Σ , JT

Σ be the sets of generating cofibrations and trivial

cofibrations for the motivic symmetric stable model structure SptΣ
TM∗ of symmetric

T -spectra (see theorem 2.7.4). Then:

(1) The domains of IT
Σ are small relative to X ∧ IT

Σ -cell for every symmetric
T -spectrum X.

(2) The domains of JT
Σ are small relative to X ∧ JT

Σ -cell for every symmetric
T -spectrum X.

(3) The maps of X ∧ JT
Σ -cell are weak equivalences for every symmetric T -

spectrum X.

Proof. Let I , J denote the sets of generating cofibrations and trivial cofibra-
tions for the category of symmetric T -spectra SptΣT (Sm|S)Nis equipped with the
injective model structure (see theorem 2.6.20), where the cofibrations and the weak
equivalences are defined levelwise. Hence every symmetric T -spectrum is cofibrant
in the injective model structure. On the other hand, theorem 2.6.20 implies that
the injective model structure is cofibrantly generated and that the codomains of the
generating cofibrations I are small relative to I . Thus, applying [Hir03, corollary
11.2.4] we get that every symmetric T -spectrum is small with respect to the class
of level cofibrations.

(1): It suffices to show that every map in X ∧ IT
Σ is a level cofibration. But this

follows directly from [Jar00, proposition 4.19], since every symmetric T -spectrum
X is cofibrant in the injective model structure.

(2): It suffices to show that every map in X ∧JT
Σ is a level cofibration. But this

is a consequence of [Jar00, proposition 4.19], since every symmetric T -spectrum X
is cofibrant in the injective model structure.

(3): This follows immediately from [Jar00, proposition 4.19], since every sym-
metric T -spectrum is cofibrant in the injective model structure. �

Theorem 2.8.15. Let A be a cofibrant commutative ring object with unit in
SptΣTM∗. Then the adjuntion (see proposition 2.8.13):

(T, U, ϕ) : SptΣTM∗
// A-alg

induces a model structure for the category A-alg of A-algebras, i.e. a map f in
A-alg is a fibration or a weak equivalence if and only if U(f) is a fibration or a

weak equivalence in SptΣTM∗ (see theorem 2.6.23).
This model structure will be called motivic, and the category of A-algebras

equipped with the motivic model structure will be denoted by A-alg(M∗). Further-
more, A-alg(M∗) is a cofibrantly generated model category with the following sets
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IA-alg, JA-alg of generating cofibrations and trivial cofibrations respectively (see the-
orem 2.7.4):

IA-alg = T (IT
Σ )

=
⋃

k≥0

{T (i) : T (FΣ
k (Y+)) → T (FΣ

k ((∆U
n )+)) | U ∈ (Sm|S), n ≥ 0}

JA-alg = T (JT
Σ ) = {T (j) : T (X) → T (Y )}

where j : X → Y satisfies the following conditions:

(1) j is an inclusion of IT
Σ -complexes.

(2) j is a stable weak equivalence of symmetric T -spectra.
(3) the size of Y as an IT

Σ -complex is less than κ, where κ is the regular
cardinal described by Hirschhorn in [Hir03, definition 4.5.3].

Proof. Theorem 2.7.4 implies that SptΣTM∗ is in particular a cofibrantly gen-

erated model category, and by proposition 2.6.28 we have that SptΣTM∗ is a sym-
metric monoidal model category. Therefore the result follows immediately from
lemma 2.8.14 and [Hov, theorem 3.1]. �

Proposition 2.8.16. Let A be a cofibrant commutative ring object with unit in
SptΣTM∗, and let f : B → B′ be a map of A-algebras which is a cofibration in the
motivic model category A-alg(M∗) of A-algebras. If B is cofibrant in A-mod(M∗),
then Uf is a cofibration in A-mod(M∗).

Proof. It follows directly from lemma 6.2 in [SS00]. �



CHAPTER 3

Model Structures for the Slice Filtration

This chapter contains our main results. In section 3.1, we recall Voevodsky’s
construction of the slice filtration in the context of simplicial presheaves. In section
3.2, we apply Hirschhorn’s localization techniques to the Morel-Voevodsky stable
model structure SptTM∗, in order to construct three new families of model struc-
tures, namely RC

q

eff
SptTM∗, L<qSptTM∗ and SqSptTM∗. These model struc-

tures will provide a lifting of Voevodsky’s slice filtration to the model category
setting. Furthermore, we will also get a simple description for the exact functors
fq ((q − 1)-connective cover) and sq (q-slice) defined in section 3.1, in terms of a
suitable composition of cofibrant and fibrant replacement functors.

In section 3.3, we promote the model structures introduced in section 3.2 to
the setting of symmetric T -spectra. These new model structures will be denoted
by RC

q

eff
SptΣTM∗, L<qSptΣTM∗ and SqSptΣTM∗. We will prove that the Quillen

adjunction given by the symmetrization and the forgetful functors descends to a
Quillen equivalence for these three new model structures. As a consquence we will
see that the model categories RC

q

eff
SptΣTM∗, L<qSptΣTM∗ and SqSptΣTM∗ provide

a lifting for Voevodsky’s slice filtration and give an alternative description for the
functors fq and sq . The great technical advantage of these model structures relies
on the fact that the underlying category is symmetric monoidal. Hence, we have a
natural framework to describe the multiplicative properties of the slice filtration.

In section 3.4, we will show that the slice filtration is compatible with the smash
product of symmetric T -spectra.

In section 3.5, we will promote the model structures constructed in section
3.3 to the category of A-modules, where A is a cofibrant ring spectrum with unit
in SptΣTM∗. We will denote these new model structures by RC

q

eff
A-mod(M∗),

L<qA-mod(M∗) and SqA-mod(M∗). These new model structures will give an ana-
logue of the slice filtration for the motivic stable homotopy category of A-modules.
We will see that when one imposes some natural additonal conditions on the ring
spectrum A, the free A-module functor (A ∧ −) induces a strict compatibility be-
tween the slice filtration in the categories of symmetric T -spectra and A-modules.

In section 3.6 we will use all our previous results to show that the smash product
of symmetric T -spectra induces natural pairings (in the motivic stable homotopy
category) for the functors fq and sq . We will see that for every symmetric T -
spectrum X , and for every q ∈ Z:

(1) fΣ
q X is a module (up to homotopy) over the (−1)-connective cover of the

sphere spectrum fΣ
0 1.

(2) sΣ
q X is a module (up to homotopy) over the zero slice of the sphere spec-

trum sΣ
0 1.

81
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We will verify that the smash product of symmetric T -spectra induces natural
external pairings in the motivic Atiyah-Hirzebruch spectral sequence (see definition
3.6.15):

Ep,q
r (Y ; X) ⊗ Ep′,q′

r (Y ′; X ′) // Ep+p′,q+q′

r (Y ∧ Y ′; X ∧ X ′)

(α, β) � // α ^ β

We will also see that for an A-module M , with A a cofibrant ring spectrum with
unit in SptΣTM∗, which also satisfies the additional hypothesis that are required in
section 3.5:

(1) fΣ
q M is again an A-module in SptΣTM∗ (not just up to homotopy, but in

a very strict sense).

(2) sΣ
q X is again an A-module in SptΣTM∗ (not just up to homotopy, but in

a very strict sense).

Then we will prove that if the ring spectrum A and its unit map u : 1 → A satisfy
the conditions that are required in section 3.5, the free A-module functor A ∧ −
induces for every q ∈ Z and for every symmetric T -spectrum X , a natural structure
of A-module (in SptΣTM∗, i.e. not just up to homotopy, but in a very strict sense)
on its q-slice sΣ

q (X).
Finally, we will be able to prove a conjecture of M. Levine (see [Lev08, corollary

11.1.3]), which says that if the base scheme S is a perfect field, then for every q ∈ Z
and for every symmetric T -spectrum X , its q-slice sΣ

q (X) is naturally equipped
with a module structure over the motivic Eilenberg-MacLane spectrum HZ. If we
restrict the field even further, considering a field of characteristic zero, then as a
consequence we will prove that all the slices sΣ

q X are big motives in the sense of
Voevodsky.

3.1. The Slice Filtration

Let SH(S) denote the homotopy category associated to SptTM∗. We call
SH(S) the motivic stable homotopy category. We will denote by [−,−]Spt the
set of maps between two objects in SH(S). In [Voe02] Voevodsky constructs the
slice filtration on motivic stable homotopy theory, using sheaves on the Nisnevich
site (Sm|S)Nis instead of simplicial presheaves as the underlying category. In this
section we recall his construction in the context of simplicial presheaves.

Definition 3.1.1. Let Qs denote a cofibrant replacement functor in SptTM∗;
such that for every T -spectrum X, the natural map:

QsX
QX

s // X

is a trivial fibration in SptTM∗.

Proposition 3.1.2. The motivic stable homotopy category SH(S) has a struc-
ture of triangulated category defined as follows:

(1) The suspension functor Σ1,0
T is given by

− ∧ S1 : SH(S) // SH(S)

X
� // QsX ∧ S1
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(2) The distinguished triangles are isomorphic to triangles of the form

A
i // B

j // C
k // Σ1,0

T A

where i is a cofibration in SptTM∗, and C is the homotopy cofibre of i.

Proof. Theorem 2.4.16 implies in particular that SptTM∗ is a pointed sim-
plicial model category, and theorem 2.4.29 implies that the adjunction:

(− ∧ S1, ΩS1 , ϕ) : SptTM∗
// SptTM∗

is a Quillen equivalence. The result now follows from the work of Quillen in [Qui67,
sections I.2 and I.3] and the work of Hovey in [Hov99, chapters VI and VII] (see
[Hov99, proposition 7.1.6]). �

Note 3.1.3. For n ∈ Z, Σn,0
T will denote the nth iteration of the suspension

functor if n ≥ 0 (Σ0,0
T = id) or the (−n)th iteration of the desuspension functor for

n < 0.

Lemma 3.1.4. Let X ∈ M∗ be a pointed simplicial presheaf which is compact in
the sense of Jardine (see definition 2.3.10), and let Fn(X) be the T -spectrum con-
structed in definition 2.4.4. Consider an arbitrary collection of T -spectra {Zi}i∈I

indexed by a set I. Then

[Fn(X),
∐

i∈I

Zi]Spt
∼=

∐

i∈I

[Fn(X), Zi]Spt

Proof. If the indexing set I is finite then the claim holds trivially since SH(S)
is a triangulated category and therefore finite coproducts and finite products are
canonically isomorphic. Thus we can assume that the indexing set I is infinite.

Choosing a well ordering for the set I there exists a unique ordinal µ which
is isomorphic to the ordered set I (see [Hir03, proposition 10.2.7]). We will prove
the lemma by transfinite induction, so assume that for every ordinal λ < µ, Fn(X)
commutes in SH(S) with coproducts indexed by λ. If µ = λ + 1, i.e. if µ is the
sucessor of λ, then ∐

α<λ+1

Zα
∼= (

∐

α<λ

Zα)
∐

Zλ

Therefore

[Fn(X),
∐

α<λ+1 Zα]Spt

∼= // ([Fn(X),
∐

α<λ Zα]Spt)
∐

([Fn(X), Zλ]Spt)

but by the induction hypothesis

[Fn(X),
∐

α<λ

Zα]Spt
∼=

∐

α<λ

[Fn(X), Zα]Spt

thus

[Fn(X),
∐

α<λ+1

Zα]Spt
∼=

∐

α<λ+1

[Fn(X), Zα]Spt

as we wanted.
It remains to consider the case when µ is a limit ordinal. In this case proposition

10.2.7 in [Hir03] implies that we can recover the map ∗ →
∐

α<µ Zα as the transfinite
composition of a µ-sequence:

A0 → A1 → · · · → Aβ → · · · (β < µ)
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where A0 = ∗, Aβ =
∐

α<β Zα, and the maps in the sequence are the obvious ones.

In particular we have that
∐

α<µ Zα
∼= lim

−→β<µ
Aβ .

Since X is compact, proposition 2.4.33 implies that:

[Fn(X), lim
−→
β<µ

Aβ ]Spt
∼= lim

−→
β<µ

[Fn(X), Aβ ]Spt

Now using the induction hypothesis we have:

[Fn(X), Aβ ]Spt
∼=

∐

α<β

[Fn(X), Zα]Spt

and using proposition 10.2.7 in [Hir03] again, we get:

lim
−→
β<µ

∐

α<β

[Fn(X), Zα]Spt
∼=

∐

α<µ

[Fn(X), Zα]Spt

thus

[Fn(X),
∐

α<µ

Zα]Spt
∼=

∐

α<µ

[Fn(X), Zα]Spt

as we wanted. �

Proposition 3.1.5. The motivic stable homotopy category SH(S) is a com-
pactly generated triangulated category in the sense of Neeman (see [Nee96, defini-
tion 1.7]). The set of compact generators is given by (see definition 2.4.4):

C =
⋃

n,r,s≥0

⋃

U∈(Sm|S)

Fn(Sr ∧ Gs
m ∧ U+)

i.e. the smallest triangulated subcategory of SH(S) closed under small coproducts
and containing all the objects in C coincides with SH(S).

Proof. Since SH(S) is closed under small coproducts, we just need to prove
the following two claims:

(1) For every Fn(Sr ∧ Gs
m ∧ U+) ∈ C; Fn(Sr ∧ Gs

m ∧ U+) commutes with
coproducts in SH(S), i.e. given a family of T -spectra {Xi}i∈I indexed by
a set I we have:

[Fn(Sr ∧ Gs
m ∧ U+),

∐

i∈I

Xi]Spt
∼=

∐

i∈I

[Fn(Sr ∧ Gs
m ∧ U+), Xi]Spt

(2) If a T spectrum X has the following property: [Fn(Sr∧Gs
m∧U+), X ]Spt =

0 for every Fn(Sr ∧ Gs
m ∧ U+) ∈ C, then X ∼= ∗ in SH(S).

(1): Follows immediately from lemma 3.1.4 since we know by proposition 2.4.1
that the pointed simplicial presheaves Sr ∧ Gs

m ∧ U+ are all compact in the sense
of Jardine.

(2): Consider the canonical map X → ∗ in SptTM∗. Corollary 2.4.28 together
with our hypotheses implies that X → ∗ is a weak equivalence in SptTM∗, therefore
X ∼= ∗ in SH(S) as we wanted. �

Corollary 3.1.6. Let f : X → Y be a map in SH(S). Then f is an isomor-
phism if and only if f induces an isomorphism of abelian groups:

[Fn(Sr ∧ Gs
m ∧ U+), X ]Spt

f∗ // [Fn(Sr ∧ Gs
m ∧ U+), Y ]Spt

for every Fn(Sr ∧ Gs
m ∧ U+) ∈ C.
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Proof. (⇒): If f is an isomorphism in SH(S) it is clear that the induced
maps f∗ are isomorphisms of abelian groups for every Fn(Sr ∧ Gs

m ∧ U+) ∈ C.
(⇐): Complete f to a distinguished triangle in SH(S):

X
f // Y

g // Z
h // Σ1,0

T X

Then f is an isomorphism if and only if Z ∼= ∗ in SH(S).
Now since the functor [Fn(Sr ∧ Gs

m ∧ U+),−]Spt is homological, we get the
following long exact sequence of abelian groups:

...

��
[Fn(Sr ∧ Gs

m ∧ U+), X ]Spt

f∗

��
[Fn(Sr ∧ Gs

m ∧ U+), Y ]Spt

g∗

��
[Fn(Sr ∧ Gs

m ∧ U+), Z]Spt

h∗

��
[Fn(Sr ∧ Gs

m ∧ U+), Σ1,0
T X ]Spt

Σ1,0
T

f∗

��

[Fn+1(S
r ∧ Gs+1

m ∧ U+), X ]Spt

∼=

Σ1,0
T

oo

f∗

��
[Fn(Sr ∧ Gs

m ∧ U+), Σ1,0
T Y ]Spt

��

[Fn+1(S
r ∧ Gs+1

m ∧ U+), Y ]Spt

∼=

Σ1,0
T

oo

...

But by hypothesis all the maps f∗ are isomorphisms, therefore [Fn(Sr ∧ Gs
m ∧

U+), Z]Spt = 0 for every Fn(Sr ∧ Gs
m ∧U+) ∈ C. Since SH(S) is a compactly gen-

erated triangulated category (see proposition 3.1.5) with set of compact generators
C, we have that Z ∼= ∗. This implies that f is an isomorphism, as we wanted. �

Definition 3.1.7 (Voevodsky, cf. [Voe02]). We define the effective motivic

stable homotopy category SHeff (S) ⊆ SH(S) as the smallest triangulated full
subcategory of SH(S) that is closed under small coproducts and contains

Ceff =
⋃

n,r,s≥0;s−n≥0

⋃

U∈(Sm|S)

Fn(Sr ∧ Gs
m ∧ U+)

Definition 3.1.8 (Voevodsky, cf. [Voe02]). Let q ∈ Z. We define Σq
TSH

eff (S) ⊆
SH(S) as follows:

(1) If q = 0, we just take SHeff (S).
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(2) If q 6= 0, then Σq
TSH

eff (S) is the smallest triangulated full subcategory of
SH(S) that is closed under small coproducts and contains

Cq
eff =

⋃

n,r,s≥0;s−n≥q

⋃

U∈(Sm|S)

Fn(Sr ∧ Gs
m ∧ U+)

Definition 3.1.9 (Voevodsky, cf. [Voe02]). The collection of triangulated sub-

categories Σq
TSH

eff (S) for q ∈ Z give a filtration on SH(S) which is called the
slice filtration, i.e. we have an inductive system of full embeddings

. . . ⊆ Σq+1
T SHeff (S) ⊆ Σq

TSH
eff (S) ⊆ Σq−1

T SHeff (S) ⊆ . . .

and proposition 3.1.5 implies that the smallest triangulated subcategory of SH(S)

containing Σq
TSH

eff (S) for all q ∈ Z and closed under small coproducts coincides
with SH(S).

Proposition 3.1.10. For every q ∈ Z, Σq
TSH

eff (S) is a compactly generated
triangulated category in the sense of Neeman, where the set of compact generators
is

Cq
eff =

⋃

n,r,s≥0;s−n≥q

⋃

U∈(Sm|S)

Fn(Sr ∧ Gs
m ∧ U+)

Proof. By construction Σq
TSH

eff (S) is closed under small coproducts. There-
fore we just need to check the following two properties:

(1) For every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff ; Fn(Sr ∧ Gs
m ∧ U+) commutes

with coproducts in Σq
TSH

eff (S), i.e. given a family of T -spectra {Xi ∈

Σq
TSH

eff (S)}i∈I indexed by a set I we have:

HomΣq

T
SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+),
∐

i∈I Xi)

∼=

��∐
i∈I HomΣq

T SHeff (S)(Fn(Sr ∧ Gs
m ∧ U+), Xi)

(2) If a T -spectrum X ∈ Σq
TSH

eff (S) has the following property:

HomΣq

T
SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), X) = 0

for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff , then X ∼= ∗ in Σq
TSH

eff (S).

(1): Follows immediately from proposition 3.1.5 since Σq
TSH

eff (S) is in par-
ticular a full subcategory of SH(S).

(2): The natural map X → ∗ is an isomorphism in Σq
TSH

eff (S) if and only if

for every Z ∈ Σq
TSH

eff (S) we get an induced isomorphism of abelian groups

HomΣq

T
SHeff (S)(Z, X)

∼= // HomΣq

T
SHeff (S)(Z, ∗) = 0

and since Σq
TSH

eff (S) is a full subcategory of SH(S), this last condition is equiv-

alent to: For every Z ∈ Σq
TSH

eff (S) we have an induced isomorphism of abelian
groups

[Z, X ]Spt

∼= // [Z, ∗]Spt = 0
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Let AX be the full subcategory of SH(S) generated by the T -spectra Y satisfying
the following property

[Σn,0
T Y, X ]Spt

∼= // [Σn,0
T Y, ∗]Spt = 0

for all n ∈ Z. To finish the proof it is enough to show that Σq
TSH

eff (S) ⊆ AX ,

and by construction of Σq
TSH

eff (S), it suffices to prove that AX is a triangulated
subcategory of SH(S) which is closed under small coproducts and contains the
objects Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff . The claim that AX is triangulated follows

immediately from the fact that the functor [−, X ]Spt is cohomological. The claim
that AX is closed under small coproducts follows from the universal property of the
coproduct. Finally by hypothesis AX contains the generators Fn(Sr ∧Gs

m ∧U+) ∈
Cq

eff . This finishes the proof. �

Corollary 3.1.11. Let f : X → Y be a map in Σq
TSH

eff (S). Then f is an
isomorphism if and only if one of the following equivalent conditions holds:

(1) For every Fn(Sr∧Gs
m∧U+) ∈ Cq

eff , f induces an isomorphism of abelian
groups:

HomΣq

T
SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), X)

f∗

��
HomΣq

T
SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), Y )

(2) For every Fn(Sr∧Gs
m∧U+) ∈ Cq

eff , f induces an isomorphism of abelian
groups:

[Fn(Sr ∧ Gs
m ∧ U+), X ]Spt

iq(f)∗ // [Fn(Sr ∧ Gs
m ∧ U+), Y ]Spt

Proof. Since by construction Σq
TSH

eff (S) contains Cq
eff and it is a full sub-

category of SH(S), we get immediately that (1) and (2) are equivalent.
We will prove (1). It is clear that if f is an isomorphism then the induced maps

f∗ considered above are all isomorphisms of abelian groups. Conversely, assume
that all the induced maps:

HomΣq
T
SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), X)

f∗

��
HomΣq

T
SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), Y )

are isomorphisms for Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff . Complete the map f : X → Y to

a distinguished triangle in Σq
TSH

eff (S):

X
f // Y

g // Z
h // Σ1,0

T X

then f is an isomorphism if and only if Z ∼= ∗ in Σq
TSH

eff (S). Now since the
functor HomΣq

T
SHeff (S)(Fn(Sr ∧Gs

m ∧U+),−) is homological, we get the following
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long exact sequence of abelian groups:

...

��
HomΣq

T
SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), X)

f∗

��
HomΣq

T
SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), Y )

g∗

��
HomΣq

T SHeff (S)(Fn(Sr ∧ Gs
m ∧ U+), Z)

h∗

��

HomΣq

T
SHeff (S)(Fn+1(S

r ∧ Gs+1
m ∧ U+), X)

f∗

��

∼=

Σ1,0
T

sshhhhhhhhhhhhhhhhhhh

HomΣq
T SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), Σ1,0
T X)

Σ1,0
T

f∗

��

HomΣq

T SHeff (S)(Fn+1(S
r ∧ Gs+1

m ∧ U+), Y )

∼=

Σ1,0
T

sshhhhhhhhhhhhhhhhhhh

HomΣq

T
SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), Σ1,0
T Y )

��
...

But by hypothesis all the maps f∗ are isomorphisms, therefore

HomΣq

T
SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), Z) = 0

for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff . Since Σq
TSH

eff (S) is a compactly generated

triangulated category (see proposition 3.1.10) with set of compact generators Cq
eff ,

we have that Z ∼= ∗. This implies that f is an isomorphism, as we wanted. �

Proposition 3.1.12. For every q ∈ Z the inclusion

iq : Σq
TSH

eff (S) // SH(S)

has a right adjoint

rq : SH(S) // Σq
TSH

eff (S)

which is also an exact functor.

Proof. We have that Σq
TSH

eff (S) is a compactly generated triangulated cat-
egory (see proposition 3.1.10), and it is clear that the inclusion iq is an exact functor
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which preserves coproducts. Then the existence of the exact right adjoint rq follows
from theorem 4.1 in [Nee96]. �

Remark 3.1.13. (1) Since the inclusion iq : Σq
TSH

eff (S) → SH(S) is a

full embedding, we have that the unit of the adjunction id
τ
→ rqiq is an

isomorphism of functors.
(2) We define fq = iqrq. Then clearly fq+1fq = fq+1 and there exists a

canonical natural transformation fq+1 → fq.

Proposition 3.1.14. Fix q ∈ Z, and let g : X → Y be a map in SH(S).
Then fq(g) : fqX → fqY is an isomorphism in SH(S) if and only if for every
Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff the induced map:

[Fn(Sr ∧ Gs
m ∧ U+), X ]Spt

g∗

∼=
// [Fn(Sr ∧ Gs

m ∧ U+), Y ]Spt

is an isomorphism of abelian groups.

Proof. We have that fq = iqrq , where iq : Σq
TSH

eff (S) → SH(S) is a full
embedding. Therefore, fq(g) is an isomorphism in SH(S) if and only if rq(g) is an

isomorphism in Σq
TSH

eff (S).
Hence, corollary 3.1.11 implies that fq(g) is an isomorphism if and only if for

every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff the induced map:

HomΣq

T
SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), X)

rq(g)∗

��
HomΣq

T SHeff (S)(Fn(Sr ∧ Gs
m ∧ U+), Y )

is an isomorphism. Fix Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff . Finally since iq , rq are adjoint

functors and Cq
eff ⊆ Σq

TSH
eff (S), we have the following commutative diagram,

where the vertical arrows are all isomorphisms:

HomΣq

T
SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), rqX)

rq(g)∗

++WWWWWWWWWWWWWWWWWWWW

∼=

��

HomΣq

T
SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), rqY )

∼=

��

[Fn(Sr ∧ Gs
m ∧ U+), X ]Spt

g∗ ++WWWWWWWWWWWWWWWWWWWWW

[Fn(Sr ∧ Gs
m ∧ U+), Y ]Spt

Therefore, fq(g) is an isomorphism if and only if for every Fn(Sr∧Gs
m∧U+) ∈ Cq

eff

the induced map:

[Fn(Sr ∧ Gs
m ∧ U+), X ]Spt

g∗

∼=
// [Fn(Sr ∧ Gs

m ∧ U+), Y ]Spt

is an isomorphism, as we wanted. �
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Proposition 3.1.15. For every q ∈ Z the counit of the adjunction constructed

in proposition 3.1.12, fq = iqrq
θ
→ id, has the following property:

For any T -spectrum X, and for any compact generator Fn(Sr ∧ Gs
m ∧ U+) ∈

Cq
eff , the map fqX

θX→ X in SH(S) induces an isomorphism of abelian groups:

[Fn(Sr ∧ Gs
m ∧ U+), fqX ]Spt ∼=

θX∗ // [Fn(Sr ∧ Gs
m ∧ U+), X ]Spt

Proof. Let Fn(Sr ∧Gs
m∧U+) be an arbitrary element in Cq

eff . Since Fn(Sr ∧

Gs
m ∧ U+) ∈ Σq

TSH
eff (S) for n, r, s ≥ 0 with s − n ≥ q, we get the following

commutative diagram:

[Fn(Sr ∧ Gs
m ∧ U+), fqX ]Spt

θX∗ // [Fn(Sr ∧ Gs
m ∧ U+), X ]Spt

[iq(Fn(Sr ∧ Gs
m ∧ U+)), iqrqX ]Spt

θX∗

// [iq(Fn(Sr ∧ Gs
m ∧ U+)), X ]Spt

Now using the adjunction between iq and rq we have the following commutative
diagram:

[iq(Fn(Sr ∧ Gs
m ∧ U+)), iqrqX ]Spt

θX∗

++WWWWWWWWWWWWWWWWWWWW

∼=

��

[iq(Fn(Sr ∧ Gs
m ∧ U+)), X ]Spt

∼=

��

HomΣq

T
SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), rqiqrqX)

rq(θX)∗ ++WWWWWWWWWWWWWWWWWWW

HomΣq

T
SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), rqX)

HomΣq
T SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), rqX)

id ++WWWWWWWWWWWWWWWWWWW

τrqX ∼=

OO

HomΣq

T
SHeff (S)(Fn(Sr ∧ Gs

m ∧ U+), rqX)

id

OO

where τ is the unit of the adjunction between iq and rq . This shows that θX∗ is an
isomorphism, as we wanted. �

Theorem 3.1.16 (Voevodsky, cf. [Voe02, theorem 2.2]). For every q ∈ Z there
exist exact functors

sq : SH(S) // SH(S)

together with natural transformations

πq : fq
// sq

σq : sq // Σ1,0
T fq+1



3.1. THE SLICE FILTRATION 91

such that the following conditions hold:

(1) Given any T -spectrum X, we get the following distinguished triangle in
SH(S)

(24) fq+1X // fqX
πq // sqX

σq // Σ1,0
T fq+1X

(2) For any T -spectrum X, sqX is in Σq
TSH

eff (S).

(3) For any T -spectrum X, and for any T spectrum Y in Σq+1
T SHeff (S),

[Y, sqX ]Spt = 0.

Proof. Since the triangulated categories Σq+1
T SHeff (S) and Σq

TSH
eff (S) are

both compactly generated (see proposition 3.1.10), the result follows from proposi-
tions 9.1.19 and 9.1.8 in [Nee01]. �

Definition 3.1.17 (Voevodsky). Given an arbitrary T -spectrum X, the se-
quence of distinguished triangles (24) is called the slice tower of X. The T -spectrum
sqX is called the q-slice of X, and the T -spectrum fqX is called the (q − 1)-
connective cover of X.

Theorem 3.1.18. For every q ∈ Z there exist exact functors

s<q : SH(S) // SH(S)

together with natural transformations

π<q : id // s<q

σ<q : s<q // Σ1,0
T fq

such that the following conditions hold:

(1) Given any T -spectrum X, we get the following distinguished triangle in
SH(S)

(25) fqX // X
π<q // s<qX

σ<q // Σ1,0
T fqX

(2) For any T -spectrum X, and for any T spectrum Y in Σq
TSH

eff (S),
[Y, s<qX ]Spt = 0.

Proof. The result follows from propositions 9.1.19 and 9.1.8 in [Nee01], us-

ing the fact that the triangulated categories Σq
TSH

eff (S) and SH(S) are both
compactly generated (see propositions 3.1.5 and 3.1.10). �

Proposition 3.1.19. Let X be an arbitrary T -spectrum. Then for every q ∈ Z,
we have the following commutative diagram, where all the rows and columns are
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distinguished triangles in SH(S):

fq+1X // fqX
πq //

��

sqX
σq //

jq

��

Σ1,0
T fq+1X

fq+1X //

��

X
π<q+1 //

π<q

��

s<q+1X
σ<q+1 //

tq

��

Σ1,0
T fq+1X

��
∗ //

��

s<qX

σ<q

��

s<qX //

��

∗

��
Σ1,0

T fq+1X // Σ1,0
T fqX

Σ1,0
T

πq

// Σ1,0
T sqX

Σ1,0
T

σq

// Σ2,0
T fq+1X

Proof. It follows from theorems 3.1.16 and 3.1.18, together with the octahe-
dral axiom applied to the following commutative diagram:

fq+1X //

""F
FFFFFFF

fqX

}}{{
{{

{{
{{

X

�

Proposition 3.1.20. Fix q ∈ Z and let f : X → Y be a map in SH(S). Then

s<qf : s<qX → s<qY

is an isomorphism in SH(S) if and only if f induces the following isomorphisms
of abelian groups:

[Fn(Sr ∧ Gs
m ∧ U+), s<qX ]Spt

(s<qf)∗// [Fn(Sr ∧ Gs
m ∧ U+), s<qY ]Spt

for every Fn(Sr ∧ Gs
m ∧ U+) /∈ Cq

eff .

Proof. (⇒): Assume that s<qf is an isomorphism. Then it is clear that
(s<qf)∗ is also an isomorphism for every Fn(Sr ∧ Gs

m ∧ U+) /∈ Cq
eff .

(⇐): Corollary 3.1.6 implies that s<qf is an isomorphism in SH(S) if and only
if for every Fn(Sr ∧ Gs

m ∧ U+) ∈ C, the induced maps:

[Fn(Sr ∧ Gs
m ∧ U+), s<qX ]Spt

(s<qf)∗// [Fn(Sr ∧ Gs
m ∧ U+), s<qY ]Spt

are isomorphisms of abelian groups.
But theorem 3.1.18(2) implies that for every Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff , we

have:

0 ∼= [Fn(Sr ∧ Gs
m ∧ U+), s<qX ]Spt

(s<qf)∗

∼=
// [Fn(Sr ∧ Gs

m ∧ U+), s<qY ]Spt
∼= 0

thus (s<qf)∗ is an isomorphism in this case.
Thus in order to show that s<qf is an isomorphism, we only need to check that

for every Fn(Sr ∧ Gs
m ∧ U+) /∈ Cq

eff , the induced maps:

[Fn(Sr ∧ Gs
m ∧ U+), s<qX ]Spt

(s<qf)∗// [Fn(Sr ∧ Gs
m ∧ U+), s<qY ]Spt
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are all isomorphisms of abelian groups; but this holds by hypothesis. This finishes
the proof. �

Proposition 3.1.21. Fix q ∈ Z and let f : X → Y be a map in SH(S). Then

sqf : sqX → sqY

is an isomorphism in SH(S) if and only if f induces the following isomorphisms
of abelian groups:

[Fn(Sr ∧ Gs
m ∧ U+), sqX ]Spt

(sqf)∗ // [Fn(Sr ∧ Gs
m ∧ U+), sqY ]Spt

for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff where s − n = q.

Proof. (⇒): Assume that sqf is an isomorphism. Then it is clear that (sqf)∗
is also an isomorphism for every Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff with s − n = q.

(⇐): Theorem 3.1.16(2) implies that sqX and sqY are both in Σq
TSH

eff (S).

Therefore using corollary 3.1.11 and the fact that Σq
TSH

eff (S) is a full subcategory
of SH(S), we have that sqf is an isomorphism if and only if the maps:

[Fn(Sr ∧ Gs
m ∧ U+), sqX ]Spt

(sqf)∗ // [Fn(Sr ∧ Gs
m ∧ U+), sqY ]Spt

are all isomorphisms of abelian groups for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff .

But if s−n ≥ q+1, we have that Fn(Sr∧Gs
m∧U+) is in fact in Σq+1

T SHeff (S);
and using theorem 3.1.16(3) again, we have that in this case:

0 ∼= [Fn(Sr ∧ Gs
m ∧ U+), sqX ]Spt

(sqf)∗

∼=
// [Fn(Sr ∧ Gs

m ∧ U+), sqY ]Spt
∼= 0

Thus in order to show that sqf is an isomorphism, we only need to check that
the maps:

[Fn(Sr ∧ Gs
m ∧ U+), sqX ]Spt

(sqf)∗ // [Fn(Sr ∧ Gs
m ∧ U+), sqY ]Spt

are all isomorphisms of abelian groups, for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff with
s − n = q. This finishes the proof. �

3.2. Model Structures for the Slice Filtration

Our goal in this section is to use the cellularity of SptTM∗ (see theorem 2.5.4),
to construct using Hirschhorn’s localization techniques, several families of model
structures on SptT (Sm|S)Nis via left and right Bousfield localization. This new
model structures will provide liftings in a suitable sense for the functors

fq, s<q , sq : SH(S) → SH(S)

described in section 3.1.
The first family of model structures on SptT (Sm|S)Nis will be constructed via

right Bousfield localization. These model structures will have the property that
the cofibrant replacement functor coincides in a suitable sense with the functor fq

defined in remark 3.1.13. This will provide a natural lifting of Voevodsky’s slice
filtration to the level of model categories.
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Theorem 3.2.1. Fix q ∈ Z. Consider the following set of objects in SptTM∗

Cq
eff =

⋃

n,r,s≥0;s−n≥q

⋃

U∈(Sm|S)

Fn(Sr ∧ Gs
m ∧ U+)

Then the right Bousfield localization of SptTM∗ with respect to the class of Cq
eff -

colocal equivalences exists (see definitions 1.8.6 and 1.9.2). This model struc-
ture will be called (q − 1)-connected motivic stable, and the category of T -spectra
equipped with the (q−1)-connected motivic stable model structure will be denoted by
RC

q

eff
SptTM∗. Furthermore RC

q

eff
SptTM∗ is a right proper and simplicial model

category. The homotopy category associated to RC
q

eff
SptTM∗ will be denoted by

RC
q

eff
SH(S).

Proof. Theorems 2.4.16 and 2.5.4 imply that SptTM∗ is cellular, proper and
simplicial. Therefore we can apply theorem 5.1.1 in [Hir03] to construct the right
Bousfield localization of SptTM∗ with respect to the class of Cq

eff -colocal equiva-

lences. Using theorem 5.1.1 in [Hir03] again, we have that this new model structure
is right proper and simplicial. �

Definition 3.2.2. Fix q ∈ Z. Let Cq denote a cofibrant replacement functor
in RC

q

eff
SptTM∗; such that for every T -spectrum X, the natural map

CqX
CX

q // X

is a trivial fibration in RC
q

eff
SptTM∗, and CqX is always a Cq

eff -colocal T -spectrum.

Proposition 3.2.3. Fix q ∈ Z. Then IQT J is also a fibrant replacement
functor in RC

q

eff
SptTM∗ (see corollary 2.4.20).

Proof. Since RC
q

eff
SptTM∗ is the right Bousfield localization of SptTM∗

with respect to the Cq
eff -colocal equivalences, by construction we have that the

fibrations and the trivial cofibrations are indentical in RC
q

eff
SptTM∗ and SptTM∗

respectively. This implies that for every T -spectrum X , IQT JX is fibrant in
RC

q

eff
SptTM∗, and using [Hir03, proposition 3.1.5] we have that the natural map:

X
IQT JX

// IQT JX

is a weak equivalence in RC
q

eff
SptTM∗. Hence IQT J is also a fibrant replacement

functor for RC
q

eff
SptTM∗. �

Proposition 3.2.4. Fix q ∈ Z and let f : X → Y be a map in SptTM∗. Then
f is a Cq

eff -colocal equivalence if and only if for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff ,
f induces the following isomorphisms of abelian groups:

[Fn(Sr ∧ Gs
m ∧ U+), X ]Spt

f∗ // [Fn(Sr ∧ Gs
m ∧ U+), Y ]Spt

Proof. (⇒): Assume that f is a Cq
eff -colocal equivalence. Since all the com-

pact generators Fn(Sr ∧ Gs
m ∧ U+) are cofibrant in SptTM∗, we have that f is a
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Cq
eff -colocal equivalence if and only if the following maps are weak equivalences of

simplicial sets:

Map(Fn(Sr ∧ Gs
m ∧ U+), IQT JX)

(IQT Jf)∗

��
Map(Fn(Sr ∧ Gs

m ∧ U+), IQT JY )

for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff . Since SptTM∗ is a simplicial model category

and Fn(Sr ∧Gs
m ∧U+) is cofibrant, we have that Map(Fn(Sr ∧Gs

m ∧U+), IQT JX)
and Map(Fn(Sr ∧ Gs

m ∧ U+), IQT JY ) are both Kan complexes, thus we get the
following commutative diagram where the top row and the vertical maps are all
isomorphisms of abelian groups:

π0Map(Fn(Sr ∧ Gs
m ∧ U+), IQT JX)

(IQT Jf)∗

∼= ++VVVVVVVVVVVVVVVVVVV

∼=

��

π0Map(Fn(Sr ∧ Gs
m ∧ U+), IQT JY )

∼=

��

[Fn(Sr ∧ Gs
m ∧ U+), X ]Spt

f∗ ++VVVVVVVVVVVVVVVVVVV

[Fn(Sr ∧ Gs
m ∧ U+), Y ]Spt

Therefore

[Fn(Sr ∧ Gs
m ∧ U+), X ]Spt

f∗

// [Fn(Sr ∧ Gs
m ∧ U+), Y ]Spt

is an isomorphism of abelian groups for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff , as we
wanted.

(⇐): Fix Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff . Let ω0, η0 denote the base points

corresponding to Map∗(Fn(Sr ∧ Gs
m ∧ U+), IQT JX) and Map∗(Fn(Sr ∧ Gs

m ∧
U+), IQT JY ) respectively. We need to show that the map:

Map(Fn(Sr ∧ Gs
m ∧ U+), IQT JX)

(IQT Jf)∗

��
Map(Fn(Sr ∧ Gs

m ∧ U+), IQT JY )

is a weak equivalence of simplicial sets.
We know that the map

j : Fn+1(S
r+1 ∧ Gs+1

m ∧ U+) → Fn(Sr ∧ Gs
m ∧ U+)

which is adjoint to the identity map

id : Sr+1 ∧ Gs+1
m ∧ U+ → Evn+1(Fn(Sr ∧ Gs

m ∧ U+)) = Sr+1 ∧ Gs+1
m ∧ U+

is a weak equivalence in SptTM∗. Now since Fn(Sr ∧ Gs
m ∧ U+) and Fn+1(S

r+1 ∧
Gs+1

m ∧U+) are both cofibrant and SptTM∗ is a simplicial model category, we can
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apply Ken Brown’s lemma (see lemma 1.1.4) to conclude that the horizontal maps
in the following commutative diagram are weak equivalences of simplicial sets:

Map(Fn(Sr ∧ Gs
m ∧ U+), IQT JX)

j∗

++VVVVVVVVVVVVVVVVVVV

(IQT Jf)∗

��

Map(Fn+1(S
r+1 ∧ Gs+1

m ∧ U+), IQT JX)

(IQT Jf)∗

��

Map(Fn(Sr ∧ Gs
m ∧ U+), IQT JY )

j∗ ++VVVVVVVVVVVVVVVVVVV

Map(Fn+1(S
r+1 ∧ Gs+1

m ∧ U+), IQT JY )

Hence by the two out of three property for weak equivalences, it is enough to show
that the following induced map

Map(Fn+1(S
r+1 ∧ Gs+1

m ∧ U+), IQT JX)

(IQT Jf)∗

��
Map(Fn+1(S

r+1 ∧ Gs+1
m ∧ U+), IQT JY )

is a weak equivalence of simplicial sets.
On the other hand, since SptTM∗ is a pointed simplicial model category, we

have that lemma 6.1.2 in [Hov99] together with remark 2.4.3(2) imply that the
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following diagram is commutative for k ≥ 0:

πk,ω0Map(Fn(Sr ∧ Gs
m ∧ U+), IQT JX)

(IQT Jf)∗

++VVVVVVVVVVVVVVVVVVV

πk,η0Map(Fn(Sr ∧ Gs
m ∧ U+), IQT JY )

πk,ω0Map∗(Fn(Sr ∧ Gs
m ∧ U+), IQT JX)

(IQT Jf)∗

++VVVVVVVVVVVVVVVVVVV

∼=

��

πk,η0Map∗(Fn(Sr ∧ Gs
m ∧ U+), IQT JY )

∼=

��

[Fn(Sr ∧ Gs
m ∧ U+) ∧ Sk, IQT JX ]Spt

(IQT Jf)∗

**VVVVVVVVVVVVVVVVVV

[Fn(Sr ∧ Gs
m ∧ U+) ∧ Sk, IQT JY ]Spt

[Fn(Sr ∧ Gs
m ∧ U+) ∧ Sk, X ]Spt

f∗

**VVVVVVVVVVVVVVVVVV

∼=

OO

∼=

��

[Fn(Sr ∧ Gs
m ∧ U+) ∧ Sk, Y ]Spt

∼=

OO

∼=

��

[Fn(Sk+r ∧ Gs
m ∧ U+), X ]Spt

f∗

∼=

**VVVVVVVVVVVVVVVVVV

[Fn(Sk+r ∧ Gs
m ∧ U+), Y ]Spt

but by hypothesis we have that the bottom row is an isomorphism of abelian groups.
Therefore all the maps in the top row are also isomorphisms. Then for every
Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff , the induced map

Map(Fn(Sr ∧ Gs
m ∧ U+), IQT JX)

(IQT Jf)∗ // Map(Fn(Sr ∧ Gs
m ∧ U+), IQT JY )

is a weak equivalence when it is restricted to the path component of Map(Fn(Sr ∧
Gs

m ∧ U+), IQT JX) containing ω0. But Fn+1(S
r ∧ Gs+1

m ∧ U+) is also in Cq
eff ,

therefore the following induced map

Map∗(S
1, Map∗(Fn+1(S

r ∧ Gs+1
m ∧ U+), IQT JX))

(IQT Jf)∗

��
Map∗(S

1, Map∗(Fn+1(S
r ∧ Gs+1

m ∧ U+), IQT JY ))
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is a weak equivalence of simplicial sets, since taking S1-loops kills the path compo-
nents that do not contain the base point.

Finally, since SptTM∗ is a simplicial model category we have that the rows in
the following commutative diagram are isomorphisms:

Map∗(S
1, Map∗(Fn+1(S

r ∧ Gs+1
m ∧ U+), IQT JX))

∼=

**VVVVVVVVVVVVVVVVVV

(IQT Jf)∗

��

Map∗(Fn+1(S
r ∧ Gs+1

m ∧ U+) ∧ S1, IQT JX)

(IQT Jf)∗

��

Map∗(S
1, Map∗(Fn+1(S

r ∧ Gs+1
m ∧ U+), IQT JY ))

∼= **VVVVVVVVVVVVVVVVVV

Map∗(Fn+1(S
r ∧ Gs+1

m ∧ U+) ∧ S1, IQT JY )

Hence the two out of three property for weak equivalences implies that the right
vertical map is a weak equivalence of simplicial sets. But Fn+1(S

r∧Gs+1
m ∧U+)∧S1

is clearly isomorphic to Fn+1(S
r+1 ∧ Gs+1

m ∧ U+), therefore the induced map

Map(Fn+1(S
r+1 ∧ Gs+1

m ∧ U+), IQT JX)

(IQT Jf)∗

��
Map(Fn+1(S

r+1 ∧ Gs+1
m ∧ U+), IQT JY )

is a weak equivalence, as we wanted. �

Corollary 3.2.5. Fix q ∈ Z and let f : X → Y be a map in SptTM∗. Then
f is a Cq

eff -colocal equivalence if and only if the following map

rqX
rq(f) // rqY

is an isomorphism in Σq
TSH

eff (S).

Proof. The result follows immediately from proposition 3.2.4 and corollary
3.1.11(2). �

Corollary 3.2.6. Fix q ∈ Z and let X be an arbitrary T -spectrum X. Then
X ∼= ∗ in RC

q

eff
SH(S) if and only if the following condition holds:

For every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff :

[Fn(Sr ∧ Gs
m ∧ U+), X ]Spt

∼= 0

Proof. We have that X is isomorphic to ∗ in RC
q

eff
SH(S) if and only if the

map ∗ → X is a Cq
eff -colocal equivalence. But corollary 3.2.5 implies that ∗ → X

is a Cq
eff -colocal equivalence if and only if

∗ ∼= rq(∗) // rqX

becomes an isomorphism in Σq
TSH

eff (S).
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Finally by corollary 3.1.11(2) we have that ∗ → rqX is an isomorphism in

Σq
TSH

eff (S) if and only if for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff the following
induced maps are isomorphisms of abelian groups:

0 ∼= [Fn(Sr ∧ Gs
m ∧ U+), ∗]Spt

∼= // [Fn(Sr ∧ Gs
m ∧ U+), X ]Spt

as we wanted. �

Lemma 3.2.7. Fix q ∈ Z and let f : X → Y be a map in SptTM∗, then f is a
Cq

eff -colocal equivalence if and only if ΩS1IQT J(f) is a Cq
eff -colocal equivalence.

Proof. Assume that f is a Cq
eff -colocal equivalence. We need to show that

ΩS1IQT J(f) is a Cq
eff -colocal equivalence. Fix Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff . Since

SptTM∗ is a simplicial model category and all the compact generators Fn(Sr ∧
Gs

m ∧ U+) are cofibrant, we have the following commutative diagram:

[Fn(Sr ∧ Gs
m ∧ U+), ΩS1IQT JX ]Spt

(IQT Jf)∗

++VVVVVVVVVVVVVVVVVVV

∼=

��

[Fn(Sr ∧ Gs
m ∧ U+), ΩS1IQT JY ]Spt

∼=

��

[Fn(Sr ∧ Gs
m ∧ U+) ∧ S1, X ]Spt

f∗

++VVVVVVVVVVVVVVVVVVV

∼=

��

[Fn(Sr ∧ Gs
m ∧ U+) ∧ S1, Y ]Spt

∼=

��

[Fn(Sr+1 ∧ Gs
m ∧ U+), X ]Spt

f∗

∼=

++VVVVVVVVVVVVVVVVVVV

[Fn(Sr+1 ∧ Gs
m ∧ U+), Y ]Spt

but using proposition 3.2.4 and the fact that f is a Cq
eff -colocal equivalence, we

have that the bottom row is an isomorphism, therefore the top row is also an
isomorphism. Using proposition 3.2.4 again, we have that ΩS1IQT J(f) is a Cq

eff -
colocal equivalence, as we wanted.

Conversely, assume that ΩS1IQT J(f) is a Cq
eff -colocal equivalence. Fix Fn(Sr ∧

Gs
m ∧ U+) ∈ Cq

eff . Proposition 3.2.4 implies that the top row in the following
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commutative diagram is an isomorphism:

[Fn+1(S
r ∧ Gs+1

m ∧ U+), ΩS1IQT JX ]Spt

IQT J(f)∗

∼= ++WWWWWWWWWWWWWWWWWWW

∼=

��

[Fn+1(S
r ∧ Gs+1

m ∧ U+), ΩS1IQT JY ]Spt

∼=

��

[Fn+1(S
r ∧ Gs+1

m ∧ U+) ∧ S1, X ]Spt

f∗

++WWWWWWWWWWWWWWWWWWW

[Fn+1(S
r ∧ Gs+1

m ∧ U+) ∧ S1, Y ]Spt

[Fn(Sr ∧ Gs
m ∧ U+), X ]Spt

f∗ ++WWWWWWWWWWWWWWWWWWWW

∼=

OO

[Fn(Sr ∧ Gs
m ∧ U+), Y ]Spt

∼=

OO

therefore the bottom row is also an isomorphism. Finally using Proposition 3.2.4
again, we have that f is a Cq

eff -colocal equivalence. This finishes the proof. �

Corollary 3.2.8. For every q ∈ Z, the adjunction

(− ∧ S1, ΩS1 , ϕ) : RC
q

eff
SptTM∗ // RC

q

eff
SptTM∗

is a Quillen equivalence.

Proof. Using corollary 1.3.16 in [Hov99] and proposition 3.2.3 we have that
it suffices to verify the following two conditions:

(1) For every cofibrant object X in RC
q

eff
SptTM∗, the following composition

X
ηX // ΩS1(X ∧ S1)

ΩS1 IQT JX∧S1

// ΩS1IQT J(X ∧ S1)

is a Cq
eff -colocal equivalence.

(2) ΩS1 reflects Cq
eff -colocal equivalences between fibrant objects in RC

q

eff
SptTM∗.

(1): By construction RC
q

eff
SptTM∗ is a right Bousfield localization of SptTM∗,

therefore the identity functor

id : RC
q

eff
SptTM∗ // SptTM∗

is a left Quillen functor. Thus X is also cofibrant in SptTM∗. Since the adjunction
(−∧S1, ΩS1 , ϕ) is a Quillen equivalence on SptTM∗, [Hov99, proposition 1.3.13(b)]
implies that the following composition is a weak equivalence in SptTM∗:

X
ηX // ΩS1(X ∧ S1)

ΩS1 IQT JX∧S1

// ΩS1IQT J(X ∧ S1)

Hence using [Hir03, proposition 3.1.5] it follows that the composition above is a
Cq

eff -colocal equivalence.
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(2): This follows immediately from proposition 3.2.3 and lemma 3.2.7. �

Remark 3.2.9. The adjunction (ΣT , ΩT , ϕ) is a Quillen equivalence on SptTM∗.
However it does not descend even to a Quillen adjunction on the (q − 1)-connected
motivic stable model category RC

q

eff
SptTM∗.

Corollary 3.2.10. For every q ∈ Z, RC
q

eff
SH(S) has the structure of a tri-

angulated category.

Proof. Theorem 3.2.1 implies in particular that RC
q

eff
SptTM∗ is a pointed

simplicial model category, and corollary 3.2.8 implies that the adjunction

(− ∧ S1, ΩS1 , ϕ) : RC
q

eff
SptTM∗ → RC

q

eff
SptTM∗

is a Quillen equivalence. Therefore the result follows from the work of Quillen in
[Qui67, sections I.2 and I.3] and the work of Hovey in [Hov99, chapters VI and
VII]. �

Proposition 3.2.11. We have the following adjunction

(Cq , IQT J, ϕ) : RC
q

eff
SH(S) // SH(S)

between exact functors of triangulated categories.

Proof. Since RC
q

eff
SptTM∗ is the right Bousfield localization of SptTM∗

with respect to the Cq
eff -colocal equivalences, we have that the identity functor

id : RC
q

eff
SptTM∗ → SptTM∗ is a left Quillen functor. Therefore we get the

following adjunction at the level of the associated homotopy categories:

(Cq , IQT J, ϕ) : RC
q

eff
SH(S) // SH(S)

Now proposition 6.4.1 in [Hov99] implies that Cq maps cofibre sequences in
RC

q

eff
SH(S) to cofibre sequences in SH(S). Therefore using proposition 7.1.12 in

[Hov99] we have that Cq and IQT J are both exact functors between triangulated
categories. �

Proposition 3.2.12. Fix q ∈ Z. Then the unit of the adjunction

(Cq , IQT J, ϕ) : RC
q

eff
SH(S) // SH(S)

σX : X → IQT JCqX is an isomorphism in RC
q

eff
SH(S) for every T -spectrum X,

and the functor:

Cq : RC
q

eff
SH(S) → SH(S)

is a full embedding.

Proof. For any T -spectrum X , we have the following commutative diagram
in RC

q

eff
SptTM∗:

CqX
CX

q //

IQT JCq X

��

X

IQT JX

��
IQT JCqX

IQT J(CX
q )

// IQT JX
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where IQT JCqX is in particular a weak equivalence in SptTM∗. But since RC
q

eff
SptTM∗

is the right Bousfield localization of SptTM∗ with respect to the Cq
eff -colocal equiv-

alences, proposition 3.1.5 in [Hir03] implies that IQT JCqX is also a Cq
eff -colocal

equivalence.
On the other hand, by construction we have that CX

q is a Cq
eff -colocal equiva-

lence. Therefore IQT JCqX and CX
q both become isomorphisms in RC

q

eff
SH(S).

Finally, since σX is the following composition in RC
q

eff
SH(S):

X
(CX

q )−1

∼=
// CqX

IQT JCqX

∼=
// IQT JCqX

it follows that σX is an isomorphism in RC
q

eff
SH(S) as we wanted. This also

implies that the functor

Cq : RC
q

eff
SH(S) → SH(S)

is a full embedding. �

Proposition 3.2.13. Fix q ∈ Z, and let f : X → Y be a map in RC
q

eff
SH(S).

Then f is an isomorphism if and only if the following condition holds:
For every Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff , the induced maps

[Fn(Sr ∧ Gs
m ∧ U+), CqX ]Spt

(Cqf)∗ // [Fn(Sr ∧ Gs
m ∧ U+), CqY ]Spt

are all isomorphisms of abelian groups.

Proof. Complete the map f to a distinguished triangle in RC
q

eff
SH(S):

X
f // Y // Z // Σ1,0

T X

We have that

(26) CqX
Cqf // CqY // CqZ // Σ1,0

T CqX

is also a distinguished triangle in RC
q

eff
SH(S), therefore Cqf is an isomorphism

in RC
q

eff
SH(S) if and only if CqZ ∼= ∗ in RC

q

eff
SH(S); and since Cq is a cofi-

brant replacement functor in RC
q

eff
SptTM∗ we have that f is an isomorphism in

RC
q

eff
SH(S) if and only if Cqf is an isomorphism in RC

q

eff
SH(S).

Hence, f is an isomorphism in RC
q

eff
SH(S) if and only if CqZ ∼= ∗ in RC

q

eff
SH(S).

Now corollary 3.2.6 implies that CqZ ∼= ∗ in RC
q

eff
SH(S) if and only if for every

Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff :

[Fn(Sr ∧ Gs
m ∧ U+), CqZ]Spt

∼= 0

But proposition 3.2.11 implies that the diagram (26) is a distinguished triangle
in SH(S); and since for every Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff , the functor [Fn(Sr ∧

Gs
m∧U+),−]Spt is homological, we get the following long exact sequence of abelian
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groups

...

��
[Fn(Sr ∧ Gs

m ∧ U+), CqX ]Spt

(Cqf)∗

��
[Fn(Sr ∧ Gs

m ∧ U+), CqY ]Spt

��
[Fn(Sr ∧ Gs

m ∧ U+), CqZ]Spt

��
[Fn(Sr ∧ Gs

m ∧ U+), Σ1,0
T CqX ]Spt

(Σ1,0
T

Cqf)∗

��

[Fn+1(S
r ∧ Gs+1

m ∧ U+), CqX ]Spt

∼=

Σ1,0
T

oo

(Cqf)∗

��
[Fn(Sr ∧ Gs

m ∧ U+), Σ1,0
T CqY ]Spt

��

[Fn+1(S
r ∧ Gs+1

m ∧ U+), CqY ]Spt

∼=

Σ1,0
T

oo

...

Therefore [Fn(Sr ∧ Gs
m ∧ U+), CqZ]Spt

∼= 0 for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff if
and only if the induced map

[Fn(Sr ∧ Gs
m ∧ U+), CqX ]Spt

(Cqf)∗ // [Fn(Sr ∧ Gs
m ∧ U+), CqY ]Spt

is an isomorphism of abelian groups for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff . This
finishes the proof. �

Proposition 3.2.14. Fix q ∈ Z, and let A be an arbitrary T -spectrum in
Σq

TSH
eff (S). Then (QsA) ∧ S1 is a Cq

eff -colocal T -spectrum in SptTM∗.

Proof. Let ω0, η0 denote the base points corresponding to Map∗(QsA, IQT JX)
and Map∗(QsA, IQT JY ) respectively.

It is clear that QsA ∼= A in SH(S); then QsA is in Σq
TSH

eff (S), since A is in

Σq
TSH

eff (S) and Σq
TSH

eff (S) is a triangulated subcategory of SH(S).
Since SptTM∗ is a simplicial model category, we have that QsA∧S1 is cofibrant

in SptTM∗, hence it suffices to check that for every Cq
eff -colocal equivalence f :

X → Y , the induced map

Map(QsA ∧ S1, IQT JX)
(IQT Jf)∗ // Map(QsA ∧ S1, IQT JY )

is a weak equivalence of simplicial sets.
Now corollary 3.2.8 together with proposition 3.2.3 imply that for every n ≥ 0,

ΩSnIQT J(f) is also a Cq
eff -colocal equivalence. Hence corollary 3.2.5 implies that

rqΩSnIQT J(f) is an isomorphism in Σq
TSH

eff (S). Since QsA ∈ Σq
TSH

eff (S), we
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have that iqQsA = QsA, then by proposition 3.1.12 we get the following commuta-
tive diagram where both rows and the left vertical map are isomorphisms of abelian
groups:

HomΣq

T
SHeff (S)(QsA, rqΩSnIQT JX)

∼= //

(rqΩSnIQT Jf)∗ ∼=

��

[QsA, ΩSnIQT JX ]Spt

(ΩSnIQT Jf)∗

��
HomΣq

T
SHeff (S)(QsA, rqΩSnIQT JY )

∼= // [QsA, ΩSnIQT JY ]Spt

Therefore the right vertical map is also an isomorphism of abelian groups.
Now since SptTM∗ is a pointed simplicial model category, we have that lemma

6.1.2 in [Hov99] together with remark 2.4.3(2) imply that the following diagram is
commutative for n ≥ 0, where all the vertical maps together with the bottom row
are isomorphisms of abelian groups:

πn,ω0Map(QsA, IQT JX)
(IQT Jf)∗ // πn,η0Map(QsA, IQT JY )

πn,ω0Map∗(QsA, IQT JX)
(IQT Jf)∗ //

∼=

��

πn,η0Map∗(QsA, IQT JY )

∼=

��
[QsA, ΩSnIQT JX ]Spt

(ΩSnIQT Jf)∗

∼= // [QsA, ΩSnIQT JY ]Spt

Therefore all the maps in the top row are also isomorphisms. Thus, the induced
map

Map(QsA, IQT JX)
(IQT Jf)∗ // Map(QsA, IQT JY )

is a weak equivalence when it is restricted to the path component of Map(QsA, IQT JX)
containing ω0. This implies that the following induced map

Map∗(S
1, Map∗(QsA, IQT JX))

(IQT Jf)∗

��
Map∗(S

1, Map∗(QsA, IQT JY ))

is a weak equivalence since taking S1-loops kills the path components that do not
contain the base point.

Finally, since SptTM∗ is a simplicial model category we have that the rows in
the following commutative diagram are isomorphisms:

Map∗(S
1, Map∗(QsA, IQT JX))

∼= //

(IQT Jf)∗

��

Map∗(QsA ∧ S1, IQT JX)

(IQT Jf)∗

��
Map∗(S

1, Map∗(QsA, IQT JY )) ∼=
// Map∗(QsA ∧ S1, IQT JY )

Hence the two out of three property for weak equivalences implies that the right
vertical map is a weak equivalence of simplicial sets, as we wanted. �
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Corollary 3.2.15. Fix q ∈ Z and let X be an arbitrary T -spectrum in Σq
TSH

eff (S).
Then QsX is a Cq

eff -colocal T -spectrum in SptTM∗

Proof. Let R denote a fibrant replacement functor in SptTM∗ such that for
every T -spectrum Y , the natural map

Y
RY // RY

is a trivial cofibration in SptTM∗. Then RQsX is cofibrant in SptTM∗. Now the
map

QsX
RQsX // RQsX

is in particular a weak equivalence in SptTM∗, therefore using [Hir03, lemma
3.2.1(2)] we get that QsX is Cq

eff -colocal if and only if RQsX is Cq
eff -colocal.

We will show that RQsX is Cq
eff -colocal.

By hypothesis X is in Σq
TSH

eff (S) and it is clear that QsX ∼= X in SH(S).

Hence QsX is also in Σq
TSH

eff (S) since it is a triangulated subcategory of SH(S).

Therefore ΩS1RQsX is also in Σq
TSH

eff (S) since ΩS1RQsX computes the desus-

pension Σ−1,0
T QsX of QsX .

Using proposition 3.2.14 we have that (QsΩS1RQsX)∧S1 is Cq
eff -colocal. But

since the adjunction

(− ∧ S1, ΩS1 , ϕ) : SptTM∗
// SptTM∗

is a Quillen equivalence, we have the following weak equivalence in SptTM∗:

(QsΩS1RQsX) ∧ S1
εRQsX◦(Q

Ω
S1RQsX

s ∧id) // RQsX

where ε denotes the counit of the adjunction considered above.
Finally using [Hir03, lemma 3.2.1(2)] again, we get that RQsX is Cq

eff -colocal.
This finishes the proof. �

Proposition 3.2.16. Fix q ∈ Z and let ρ be the counit of the adjunction:

(Cq , IQT J, ϕ) : RC
q

eff
SH(S) // SH(S)

Then for every T -spectrum X, the map

rq(ρX) : rqCqIQT JX → rqX

is an isomorphism in Σq
TSH

eff (S); and this map induces a natural isomorphism
between the following exact functors

SH(S)
rqCqIQT J //

rq

// Σ
q
TSH

eff (S)

Proof. The naturality of the counit ρ, implies that rq(ρ−) : rqCqIQT J → rq

is a natural transformation. Hence, it is enough to show that for every T -spectrum
X , rq(ρX) is an isomorphism in Σq

TSH
eff (S).

Consider the following diagram of T -spectra:

CqIQT JX
C

IQT JX
q // IQT JX X

IQT JX

oo
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where IQT JX is a weak equivalence in SptTM∗ and CIQT JX
q is a Cq

eff -colocal

equivalence. Then it is clear that rq(IQT JX ) is an isomorphism in Σq
TSH

eff (S).
On the other hand, corollary 3.2.5 implies that rq(C

IQT JX
q ) is also an isomorphism

in Σq
TSH

eff (S).
And this proves the result, since ρX is just the following composition in SH(S):

CqIQT JX
C

IQT JX
q // IQT JX

(IQT JX )−1

// X

�

Proposition 3.2.17. Fix q ∈ Z and let θ be the counit of the adjunction

(iq, rq , ϕ) : Σq
TSH

eff (S) // SHeff (S)

Then for any T -spectrum X in SptTM∗, the map

IQT J(θX) : IQT J(iqrq)X // IQT JX

is an isomorphism in RC
q

eff
SH(S); and this map induces a natural isomorphism

between the following exact functors

SH(S)
IQT J(iqrq) //

IQT J
// RC

q

eff
SH(S)

Proof. The naturality of the counit θ, implies that IQT J(θ−) : IQT J(iqrq) →
IQT J is a natural transformation. Hence, it is enough to show that for every T -
spectrum X , IQT J(θX ) is an isomorphism in RC

q

eff
SH(S).

By proposition 3.2.13 it is enough to show that for every Fn(Sr ∧ Gs
m ∧ U+) ∈

Cq
eff the induced maps

[Fn(Sr ∧ Gs
m ∧ U+), CqIQT J(iqrq)X ]Spt

CqIQT J(θX)∗

��
[Fn(Sr ∧ Gs

m ∧ U+), CqIQT JX ]Spt

are all isomorphisms of abelian groups.
Consider the following commutative diagram in SH(S):

CqIQT J(iqrq)X
CqIQT J(θX) //

C
IQT Jiq rqX
q

��

CqIQT JX

C
IQT JX
q

��
IQT J(iqrq)X

IQT J(θX ) // IQT JX

where C
IQT JiqrqX
q and CIQT JX

q are by construction maps of T -spectra and Cq
eff -

colocal equivalences. Therefore proposition 3.2.4 implies that for every Fn(Sr ∧
Gs

m ∧ U+) ∈ Cq
eff the induced maps

[Fn(Sr ∧ Gs
m ∧ U+), CqIQT J(iqrq)X ]Spt

(C
IQT Jiq rqX
q )∗

��

[Fn(Sr ∧ Gs
m ∧ U+), CqIQT JX ]Spt

(C
IQT JX
q )∗

��
[Fn(Sr ∧ Gs

m ∧ U+), IQT J(iqrq)X ]Spt [Fn(Sr ∧ Gs
m ∧ U+), IQT JX ]Spt
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are both isomorphisms of abelian groups.
On the other hand, proposition 3.1.15 implies that we have an induced isomor-

phism of abelian groups:

[Fn(Sr ∧ Gs
m ∧ U+), IQT J(iqrq)X ]Spt

IQT J(θX)∗

��
[Fn(Sr ∧ Gs

m ∧ U+), IQT JX ]Spt

for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff .

Finally, this implies that for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff , we get the
following induced isomorphisms of abelian groups

[Fn(Sr ∧ Gs
m ∧ U+), CqIQT J(iqrq)X ]Spt

CqIQT J(θX)∗

��
[Fn(Sr ∧ Gs

m ∧ U+), CqIQT JX ]Spt

as we wanted. �

Proposition 3.2.18. Fix q ∈ Z, and let θ be the counit of the adjunction

(iq, rq , ϕ) : Σq
TSH

eff (S) // SHeff (S)

Then for any T -spectrum X , the map

CqIQT J(θX) : CqIQT J(iqrq)X // CqIQT JX

is an isomorphism in SH(S); and this map induces a natural isomorphism between
the following exact functors

SH(S)
CqIQT J(iqrq) //

CqIQT J
// SH(S)

Proof. The naturality of the counit θ, implies that CqIQT J(θ−) : CqIQT J(iqrq) →
CqIQT J is a natural transformation. Hence, it is enough to show that for every
T -spectrum X , CqIQT J(θX) is an isomorphism in SH(S).

But this follows immediately from proposition 3.2.17 together with proposition
3.2.11. �

Proposition 3.2.19. Fix q ∈ Z. Then for every T -spectrum X, the natural
map

CqIQT J(iqrq)X
C

IQT J(iqrq)X
q // IQT J(iqrq)X

is a weak equivalence in SptTM∗. Therefore we have a natural isomorphism between
the following exact functors

SH(S)
CqIQT J(iqrq) //

IQT J(iqrq)
// SH(S)
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Proof. The naturality of the maps CX
q : CqX → X implies that we have an

induced natural transformation of functors CqIQT J(iqrq) → IQT J(iqrq). Hence, it

is enough to show that for every T -spectrum X , C
IQT J(iqrq)X
q is a weak equivalence

in SptTM∗.
Consider the following commutative diagram in SptTM∗:

QsCqIQT J(iqrq)X
Qs(C

IQT J(iq rq)X
q ) //

Q
CqIQT J(iq rq)X
s

��

QsIQT J(iqrq)X

Q
IQT J(iqrq)X
s

��
CqIQT J(iqrq)X

C
IQT J(iqrq)X
q

// IQT J(iqrq)X

Since Qs is a cofibrant replacement functor in SptTM∗, it follows that the vertical
maps are weak equivalences in SptTM∗. Hence by the two out of three property for

weak equivalences it suffices to show that Qs(C
IQT J(iqrq)X
q ) is a weak equivalence

in SptTM∗.

On the other hand we have that by construction C
IQT J(iqrq)X
q is a Cq

eff -colocal

equivalence, and [Hir03, proposition 3.1.5] implies that the vertical maps in the
diagram above are also Cq

eff -colocal equivalences. Then by the two out of three

property for Cq
eff -colocal equivalences we have that Qs(C

IQT J(iqrq)X
q ) is a Cq

eff -
colocal equivalence.

Now by construction we have that CqIQT J(iqrq)X is a Cq
eff -colocal T -spectrum,

and that QsCqIQT J(iqrq)X is cofibrant in SptTM∗. Since Q
CqIQT J(iqrq)X
s is in

particular a weak equivalence in SptTM∗, using [Hir03, lemma 3.2.1(2)] we have
that QsCqIQT J(iqrq)X is also a Cq

eff -colocal T -spectrum.

It is clear that IQT J(iqrq)X ∼= iqrqX in SH(S), therefore IQT J(iqrq)X is in

Σq
TSH

eff (S) since Σq
TSH

eff (S) is a triangulated subcategory of SH(S) and iqrqX

is in Σq
TSH

eff (S). Then using corollary 3.2.15, we have that QsIQT J(iqrq)X is a
Cq

eff -colocal T -spectrum.

Finally we have that Qs(C
IQT J(iqrq)X
q ) is a Cq

eff -colocal equivalence, and that

QsCqIQT J(iqrq)X , QsIQT J(iqrq)X are both Cq
eff -colocal T -spectra. Then [Hir03,

theorem 3.2.13(2)] implies that Qs(C
IQT J(iqrq)X
q ) is a weak equivalence in SptTM∗,

as we wanted. �

Theorem 3.2.20. Fix q ∈ Z. Then for every T -spectrum X, we have the
following diagram in SH(S):

(27)

fqX = iqrqX
IQT JfqX

∼=
// IQT JfqX

CqIQT JfqX
CqIQT J(θX )

∼= //

C
IQT JfqX
q

∼=

OO

CqIQT JX
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where all the maps are isomorphisms in SH(S). This diagram induces a natural
isomorphism between the following exact functors:

SH(S)
fq //

CqIQT J
// SH(S)

Proof. Since IQT J is a fibrant replacement functor in SptTM∗, it is clear that
IQT JfqX becomes an isomorphism in the associated homotopy category SH(S).

The fact that C
IQT JfqX
q is an isomorphism in SH(S) follows from proposition

3.2.19. Finally, proposition 3.2.18 implies that CqIQT J(θX ) is also an isomorphism
in SH(S). This shows that all the maps in the diagram (27) are isomorphisms in
SH(S), therefore for every T -spectrum X we can define the following composition
in SH(S)

(28)

fqX
IQT Jfq X

∼=
// IQT JfqX

(C
IQT Jfq X
q )−1∼=

��
CqIQT JfqX

CqIQT J(θX)

∼= // CqIQT JX

which is an isomorphism. The fact that IQT J is a functorial fibrant replacement in
SptTM∗, propositions 3.2.19 and 3.2.18, imply all together that the isomorphisms

defined in diagram (28) induce a natural isomorphism of functors fq

∼=
→ CqIQT J .

This finishes the proof. �

Theorem 3.2.20 gives the desired lifting to the model category level for the
functor fq . Now we proceed to show that the homotopy categories RC

q

eff
SH(S)

are in fact equivalent to the categories Σq
TSH

eff (S) defined in section 3.1.
Using propositions 3.1.12 and 3.2.11, we get the following diagram of adjunc-

tions:

(29)

RC
q

eff
SH(S)

(Cq ,IQT J,ϕ) // SH(S)

Σq
TSH

eff (S)

(iq ,rq ,ϕ)

OO

RC
q

eff
SH(S)

Cq //
SH(S)

IQT J
oo

rq

��
Σq

TSH
eff (S)

iq

OO

where all the functors are exact.
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Proposition 3.2.21. For every q ∈ Z the adjunctions of diagram (29) induce
an equivalence of categories:

(30) RC
q

eff
SH(S)

rqCq //
Σq

TSH
eff (S)

IQT Jiq

oo

between RC
q

eff
SH(S) and Σq

TSH
eff (S).

Proof. It is enough to show the existence of the following natural isomor-
phisms between functors:

(31)

id ∼=

ε // (IQT Jiq)(rqCq)

(rqCq)(IQT Jiq)
∼=

η
// id

We construct first the natural equivalence ε. Let f : X → Y be a map in
RC

q

eff
SH(S). Applying the functor iqrqCq , we get the following commutative dia-

gram in SH(S):

iqrqCqX

iqrqCqf

��

θCqX // CqX

Cqf

��
iqrqCqY

θCqY

// CqY

where θ denotes the counit of the adjunction between iq and rq . Now if we apply
the functor IQT J , we have the following commutative diagram in RC

q

eff
SH(S):

IQT JiqrqCqX

IQT JiqrqCqf

��

IQT J(θCqX)

∼=
// IQT JCqX

IQT JCqf

��

X
σX

∼=
oo

f

��
IQT JiqrqCqY

IQT J(θCqY )

∼= // IQT JCqY YσY

∼=oo

where σ denotes the unit of the adjunction between Cq and IQT J . But propo-
sitions 3.2.17 and 3.2.12 imply that all the horizontal maps are isomorphisms in
RC

q

eff
SH(S). Now if we define

εX = (IQT J(θCqX))−1 ◦ (σX )

we get the natural isomorphism of functors ε : id → (IQT Jiq)(rqCq).
To finish the proof, we proceed to construct the natural equivalence η. Let

f : X → Y be a map in Σq
TSH

eff (S). Applying the functor CqIQT Jiq , we get the
following commutative diagram in SH(S):

CqIQT JiqX
ρiq X //

CqIQT Jiqf

��

iqX

iqf

��
CqIQT JiqY ρiq Y

// iqY
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where ρ denotes the counit of the adjunction between Cq and IQT J . Now if we

apply the functor rq , we have the following commutative diagram in Σq
TSH

eff (S):

rqCqIQT JiqX
rq(ρiq X

)

∼=
//

rqCqIQT Jiqf

��

rqiqX

rqiqf

��

X

f

��

τX

∼=
oo

rqCqIQT JiqY
rq(ρiq Y

)

∼= // rqiqY YτY

∼=oo

where τ denotes the unit of the adjunction between iq and rq . But proposition
3.2.16 and remark 3.1.13 imply that all the horizontal maps are isomorphisms in
Σq

TSH
eff (S). Now if we define

ηX = (τX )−1 ◦ rq(ρiq X
)

we get the natural isomorphism of functors η : (rqCq)(IQT Jiq) → id. This finishes
the proof. �

Proposition 3.2.22. Fix q ∈ Z.

(1) We have the following commutative diagram of left Quillen functors:

(32)

R
C

q+1
eff

SptTM∗
id //

id ''OOOOOOOOOOO
RC

q

eff
SptTM∗

idwwooooooooooo

SptTM∗

(2) For every T -spectrum X, the natural map:

CqCq+1X
C

Cq+1X

q // Cq+1X

is a weak equivalence in SH(S), and it induces a natural equivalence

C
Cq+1−
q : Cq ◦ Cq+1 → Cq+1 between the following functors:

RC
q+1
eff

SH(S)
Cq+1 //

Cq+1 &&MMMMMMMMMM
RC

q

eff
SH(S)

Cqxxrrrrrrrrrr

SH(S)

(3) The natural transformation fq+1X → fqX (see theorem 3.1.16(1)) gets
canonically identified, through the equivalence of categories rqCq, IQT Jiq
constructed in proposition 3.2.21; with the following composition in SH(S)

CqCq+1IQT JX
Cq(C

IQT JX

q+1 )

((PPPPPPPPPPPP

Cq+1IQT JX

(C
Cq+1IQT JX

q )−1
66mmmmmmmmmmmmm

CqIQT JX
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which is induced by the following commutative diagram in SptTM∗

(33)

CqCq+1IQT JX

C
Cq+1IQT JX

q

��

Cq(C
IQT JX

q+1 )
// CqIQT JX

C
IQT JX
q

��
Cq+1IQT JX

C
IQT JX

q+1

// IQT JX

Proof. (1): Since RC
q+1
eff

SptTM∗ and RC
q

eff
SptTM∗ are both right Bousfield

localizations of SptTM∗, by construction the identity functor

RC
q+1
eff

SptTM∗
id // SptTM∗

RC
q

eff
SptTM∗

id
// SptTM∗

is in both cases a left Quillen functor. To finish the proof, it suffices to show that
the identity functor

id : RC
q

eff
SptTM∗ → RC

q+1
eff

SptTM∗

is a right Quillen functor. Using the universal property of right Bousfield localiza-
tions (see definition 1.8.2), it is enough to check that if f : X → Y is a Cq

eff -colocal

equivalence in SptTM∗ then IQT J(f) is a Cq+1
eff -colocal equivalence. But since

IQT JX and IQT JY are already fibrant in SptTM∗, we have that IQT J(f) is a

Cq+1
eff -colocal equivalence if and only if for every Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq+1
eff , the

induced map:

Map(Fn(Sr ∧ Gs
m ∧ U+), IQT JX)

IQT J(f)∗

��
Map(Fn(Sr ∧ Gs

m ∧ U+), IQT JY )

is a weak equivalence of simplicial sets. But since Cq+1
eff ⊆ Cq

eff , and by hypothesis

f is a Cq
eff -colocal equivalence; we have that all the induced maps IQT J(f)∗ are

weak equivalences of simplicial sets. Thus IQT J(f) is a Cq+1
eff -colocal equivalence,

as we wanted.
Finally (2) and (3) follow directly from proposition 3.2.21, theorem 3.2.20 to-

gether with the commutative diagram (32) of left Quillen funtors constructed above
and [Hov99, theorem 1.3.7]. �
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Theorem 3.2.23. We have the following commutative diagram of left Quillen
functors:

(34)

...

id

��
RC

q+1
eff

SptTM∗

id

��

id

''NNNNNNNNNNN

RC
q

eff
SptTM∗

id

��

id // SptTM∗

RC
q−1
eff

SptTM∗

id

��

id

77ppppppppppp

...

and the associated diagram of homotopy categories:

(35)

...

��
RC

q+1
eff

SH(S)

Cq+1

��

Cq+1

UUUUUUU

**UUUUUUU

OO

RC
q

eff
SH(S)

Cq

��

Cq
//

IQT J

OO

SH(S)
IQT Joo

IQT JUUUUUUU

jjUUUUUUU

IQT J
iiiiiii

ttiiiiiii

R
C

q−1
eff

SH(S)

��

Cq−1iiiiiii

44iiiiiii
IQT J

OO

...

OO
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gets canonically identified, through the equivalences of categories rqCq, IQT Jiq con-
structed in proposition 3.2.21; with Voevodsky’s slice filtration:

(36)

...

��
Σq+1

T SH(S)

iq+1

��

iq+1
UUUUUUUU

**UUUUUUUU

OO

Σq
TSH

eff (S)

iq

��

iq //

rq

OO

SH(S)rqoo

rq+1UUUUUUUU

jjUUUUUUUU

rq−1
iiiiiiii

ttiiiiiiii

Σq−1
T SH(S)

��

iq−1iiiiiiii

44iiiiiiii
rq−1

OO

...

OO

Proof. Follows immediately from propositions 3.2.22 and 3.2.21. �

Remark 3.2.24. The drawback of the model structures on RC
q

eff
SptTM∗ is

that it is not clear if they are cellular again. Therefore in order to recover a lifting
for the slice functors sq, we are forced to take an indirect approach.

The first step in this new approach will be to construct another family of model
structures on SptT (Sm|S)Nis, via left Bousfield localization; such that the fibrant
replacement functor provides an alternative description of the functors s<q defined
in theorem 3.1.18.

Definition 3.2.25. For r ≥ 1, we define Dr using the following pushout dia-
gram of simplicial sets:

Sr−1
j0 //

��

Sr−1 × ∆1

p

��
∗ // Dr

where j0 is the following composition:

Sr−1 ∼= Sr−1 × ∆0
id×d1 // Sr−1 × ∆1

and let ι1 : Sr−1 → Dr be the following composition:

Sr−1 ∼= Sr−1 × ∆0
id×d0 // Sr−1 × ∆1

p // Dr

Remark 3.2.26. It is clear that the canonical map ∗ → Dr is a trivial cofibra-
tion in the category of pointed simplicial sets.

Proposition 3.2.27. For every r ≥ 1, s ≥ 0, and for every scheme U ∈ Sm|S;
the pointed simplicial presheaf on the smooth Nisnevich site over S

Dr ∧ Gs
m ∧ U+

has the following properties:
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(1) it is compact in the sense of Jardine (see definition 2.3.10).
(2) the canonical map ∗ → Fn(Dr ∧ Gs

m ∧ U+) is a trivial cofibration in
SptTM∗.

(3) the canonical map Fn(Dr ∧ Gs
m ∧ U+) → ∗ is a weak equivalence in

SptTM∗.

Proof. (1): It is clear from the construction that Dr has only finitely many
non-degenerate simplices. Therefore the result follows from [Jar00, lemma 2.2].

(2): Proposition 2.3.7 implies that M∗ is a SSets∗-model category; and since
Gs

m ∧ U+ is cofibrant, we have the following Quillen adjunction:

SSets∗

−∧G
s
m∧U+ //

M∗
Map∗(Gs

m∧U+,−)
oo

But ∗ → Dr is a trivial cofibration of pointed simplicial sets, therefore the induced
map

∗ ∼= ∗ ∧ Gs
m ∧ U+

// Dr ∧ Gs
m ∧ U+

is a trivial cofibration in M∗. Finally using proposition 2.4.17 we have that

(Fn, Evn, ϕ) : M∗
// SptTM∗

is a Quillen adjunction. Hence the canonical map

∗ ∼= Fn(∗) // Fn(Dr ∧ Gs
m ∧ U+)

is a trivial cofibration in SptTM∗, as we wanted.
(3): Follows immediately from (2) and the two out of three property for weak

equivalences. �

Proposition 3.2.28. For every compact generator Fn(Sr ∧Gs
m∧U+) ∈ C (see

proposition 3.1.5), there exists a natural cofibration:

Fn(Sr ∧ Gs
m ∧ U+)

ιU
n,r,s // Fn(Dr+1 ∧ Gs

m ∧ U+)

in SptTM∗.

Proof. We define ιUn,r,s as Fn(ι1 ∧ Gs
m ∧ U+), where ι1 : Sr → Dr+1 is the

map constructed in definition 3.2.25.
It is clear that ι1 is a cofibration of pointed simplicial sets, therefore the result

follows from propositions 2.4.17 and 2.3.7 which imply that Fn and − ∧ Gs
m ∧ U+

are both left Quillen functors. �

Theorem 3.2.29. Fix q ∈ Z, and consider the following set of maps in SptTM∗:

L(< q) = {ιUn,r,s : Fn(Sr ∧ Gs
m ∧ U+) → Fn(Dr+1 ∧ Gs

m ∧ U+) |(37)

Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff}

Then the left Bousfield localization of SptTM∗ with respect to the L(< q)-local
equivalences exist. This new model structure will be called weight<q motivic sta-
ble. L<qSptTM∗ will denote the category of T -spectra equipped with the weight<q

motivic stable model structure, and L<qSH(S) will denote its associated homotopy
category. Furthermore the weight<q motivic stable model structure is cellular, left
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proper and simplicial; with the following sets of generating cofibrations and trivial
cofibrations respectively:

IL(<q) = IT
M∗

=
⋃

n≥0{Fn(Y+ ↪→ (∆n
U )+)}

JL(<q) = {j : A → B}

where j satisfies the following conditions:

(1) j is an inclusion of IT
M∗

-complexes.
(2) j is a L(< q)-local equivalence.
(3) the size of B as an IT

M∗
-complex is less than κ, where κ is the regular

cardinal defined by Hirschhorn in [Hir03, definition 4.5.3].

Proof. Theorems 2.5.4 and 2.4.16 imply that SptTM∗ is a cellular, proper and
simplicial model category. Therefore the existence of the left Bousfield localization
follows from [Hir03, theorem 4.1.1]. Using [Hir03, theorem 4.1.1] again, we have
that L<qSptTM∗ is cellular, left proper and simplicial; where the sets of generating
cofibrations and trivial cofibrations are the ones described above. �

Definition 3.2.30. Fix q ∈ Z and let Wq denote a fibrant replacement functor
in L<qSptTM∗, such that the for every T -spectrum X, the natural map:

X
W X

q // WqX

is a trivial cofibration in L<qSptTM∗, and WqX is L(< q)-local in SptTM∗.

Proposition 3.2.31. Fix q ∈ Z. Then Qs is also a cofibrant replacement
functor in L<qSptTM∗, and for every T -spectrum X the natural map

QsX
QX

s // X

is a trivial fibration in L<qSptTM∗.

Proof. Since L<qSptTM∗ is the left Bousfield localization of SptTM∗ with
respect to the L(< q)-local equivalences, by construction we have that the cofibra-
tions and the trivial fibrations are indentical in L<qSptTM∗ and SptTM∗ respec-
tively. This implies that for every T -spectrum X , QsX is cofibrant in L<qSptTM∗,
and we also have that the natural map

QsX
QX

s // X

is a trivial fibration in L<qSptTM∗. Hence Qs is also a cofibrant replacement
functor for L<qSptTM∗. �

Proposition 3.2.32. Fix q ∈ Z and let Z be an arbitrary T -spectrum. Then
Z is L(< q)-local in SptTM∗ if and only if the following conditions hold:

(1) Z is fibrant in SptTM∗.
(2) For every Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff , [Fn(Sr ∧ Gs

m ∧ U+), Z]Spt
∼= 0

Proof. (⇒): Assume that Z is L(< q)-local. Then by definition we have
that Z must be fibrant in SptTM∗. Since all the T -spectra Fn(Sr ∧Gs

m ∧U+) and
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Fn(Dr∧Gs
m∧U+) are cofibrant, and Z is L(< q)-local; for every Fn(Sr∧Gs

m∧U+) ∈
Cq

eff we get the following weak equivalence of simplicial sets:

Map(Fn(Dr+1 ∧ Gs
m ∧ U+), Z)

(ιU
n,r,s)

∗

// Map(Fn(Sr ∧ Gs
m ∧ U+), Z)

Now we have that SptTM∗ is in particular a simplicial model category, therefore
we get the following commutative diagram:

π0Map(Fn(Dr+1 ∧ Gs
m ∧ U+), Z)

(ιU
n,r,s)

∗

∼=
//

∼=

��

π0Map(Fn(Sr ∧ Gs
m ∧ U+), Z)

∼=

��
[Fn(Dr+1 ∧ Gs

m ∧ U+), Z]Spt
(ιU

n,r,s)
∗

// [Fn(Sr ∧ Gs
m ∧ U+), Z]Spt

where the vertical arrows and the top row are isomorphisms. Therefore we get the
following isomorphism:

[Fn(Dr+1 ∧ Gs
m ∧ U+), Z]Spt

(ιU
n,r,s)

∗

∼=
// [Fn(Sr ∧ Gs

m ∧ U+), Z]Spt

Finally proposition 3.2.27(2) implies that [Fn(Dr+1 ∧ Gs
m ∧ U+), Z]Spt

∼= 0. Thus,
for every Fn(Sr ∧Gs

m ∧U+) ∈ Cq
eff we have that [Fn(Sr ∧Gs

m ∧U+), Z]Spt
∼= 0, as

we wanted.
(⇐): Assume that Z satisfies (1) and (2). Let ω0, η0 denote the base points

corresponding to the pointed simplicial sets Map∗(Fn(Dr+1 ∧ Gs
m ∧ U+), Z) and

Map∗(Fn(Sr ∧ Gs
m ∧ U+), Z) respectively. Since Fn(Sr ∧ Gs

m ∧ U+) and Fn(Dr ∧
Gs

m ∧ U+) are always cofibrant, it is enough to show that the induced map:

Map(Fn(Dr+1 ∧ Gs
m ∧ U+), Z)

(ιU
n,r,s)

∗

// Map(Fn(Sr ∧ Gs
m ∧ U+), Z)

is a weak equivalence of simplicial sets for every map ιUn,r,s ∈ L(< q).

Fix ιUn,r,s ∈ L(< q). By proposition 3.2.27(3) we know that the map Fn(Dr+1∧
Gs

m ∧ U+) → ∗ is a weak equivalence in SptTM∗. Then Ken Brown’s lemma (see
lemma 1.1.4) together with the fact that SptTM∗ is a simplicial model category,
imply that the following map is a weak equivalence of simplicial sets:

∗ ∼= Map(∗, Z) // Map(Fn(Dr+1 ∧ Gs
m ∧ U+), Z)

In particular Map(Fn(Dr+1∧Gs
m∧U+), Z) has only one path connected component.

Since SptTM∗ is a simplicial model category, we have the following isomor-
phism of abelian groups

π0Map(Fn(Sr ∧ Gs
m ∧ U+), Z)

∼= // [Fn(Sr ∧ Gs
m ∧ U+), Z]Spt

but our hypothesis implies that [Fn(Sr∧Gs
m∧U+), Z]Spt

∼= 0, hence π0Map(Fn(Sr∧
Gs

m ∧ U+), Z) ∼= 0, i.e. Map(Fn(Sr ∧ Gs
m ∧ U+), Z) has only one path connected

component.
Now proposition 3.2.27(2) implies that ∗ → Fn(Dr+1 ∧ Gs

m ∧ U+) is a trivial
cofibration in SptTM∗, and since − ∧ S1 is a left Quillen functor, it follows that

∗ ∼= ∗ ∧ Sk // Fn(Dr+1 ∧ Gs
m ∧ U+) ∧ Sk
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is also a trivial cofibration for k ≥ 0. Therefore [Fn(Dr+1∧Gs
m∧U+)∧Sk, Z]Spt

∼= 0,
and this implies that the induced map (ιUn,r,s)

∗ is an isomorphism of abelian groups:

0 ∼= [Fn(Dr+1 ∧ Gs
m ∧ U+) ∧ Sk, Z]Spt

(ιU
n,r,s)

∗

��
[Fn(Sr ∧ Gs

m ∧ U+) ∧ Sk, Z]Spt
∼= [Fn(Sk+r ∧ Gs

m ∧ U+), Z]Spt

since by hypothesis [Fn(Sk+r ∧ Gs
m ∧ U+), Z]Spt

∼= 0.
On the other hand, since SptTM∗ is a pointed simplicial model category, we

have that lemma 6.1.2 in [Hov99] together with remark 2.4.3(2) imply that the
following diagram is commutative for k ≥ 0 and all the vertical arrows are isomor-
phisms:

πk,ω0Map(Fn(Dr+1 ∧ Gs
m ∧ U+), Z)

(ιU
n,r,s)

∗

++VVVVVVVVVVVVVVVVVVV

πk,η0Map(Fn(Sr ∧ Gs
m ∧ U+), Z)

πk,ω0Map∗(Fn(Dr+1 ∧ Gs
m ∧ U+), Z)

(ιU
n,r,s)

∗

++VVVVVVVVVVVVVVVVVVV

∼=

��

πk,η0Map∗(Fn(Sr ∧ Gs
m ∧ U+), Z)

∼=

��

[Fn(Dr+1 ∧ Gs
m ∧ U+) ∧ Sk, Z]Spt

(ιU
n,r,s)

∗

++VVVVVVVVVVVVVVVVVV

∼=

��

[Fn(Sr ∧ Gs
m ∧ U+) ∧ Sk, Z]Spt

∼=

��

[Fn(Dr+1 ∧ Gs
m ∧ U+) ∧ Sk, Z]Spt

(ιU
n,r,s)

∗

++VVVVVVVVVVVVVVVVVV

[Fn(Sk+r ∧ Gs
m ∧ U+), Z]Spt

but we know that the bottom row is always an isomorphism of abelian groups,
hence the top row is also an isomorphism. This implies that the map

Map(Fn(Dr+1 ∧ Gs
m ∧ U+), Z)

(ιU
n,r,s)

∗

// Map(Fn(Sr ∧ Gs
m ∧ U+), Z)

is a weak equivalence when it is restricted to the path component of Map(Fn(Dr+1∧
Gs

m∧U+), Z) containing ω0. However we already know that Map(Fn(Dr+1∧Gs
m ∧

U+), Z) and Map(Fn(Sr ∧Gs
m ∧U+), Z) have only one path connected component.

This implies that the map defined above is a weak equivalence of simplicial sets, as
we wanted. �
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Corollary 3.2.33. Let m, n ∈ Z with m > n. If Z is a L(< n)-local T -
spectrum in SptTM∗ then Z is also L(< m)-local in SptTM∗.

Proof. We have that Cm
eff ⊆ Cn

eff , since m > n. The result now follows

immediately from the characterization of L(< q)-local objects given in proposition
3.2.32. �

Corollary 3.2.34. Fix q ∈ Z and let Z be a fibrant T -spectrum in SptTM∗.
Then Z is L(< q)-local if and only if ΩS1Z is L(< q)-local.

Proof. (⇒): Assume that Z is L(< q)-local. We have that Z is fibrant in
SptTM∗; and since SptTM∗ is a simplicial model category, it follows that ΩS1Z is
also fibrant.

Fix Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff . Since SptTM∗ is a simplicial model category,
we have the following natural isomorphisms:

[Fn(Sr ∧ Gs
m ∧ U+), ΩS1Z]Spt

∼= [Fn(Sr ∧ Gs
m ∧ U+) ∧ S1, Z]Spt

∼= [Fn(Sr+1 ∧ Gs
m ∧ U+), Z]Spt

but proposition 3.2.32 implies that [Fn(Sr+1∧Gs
m∧U+), Z]Spt

∼= 0, hence [Fn(Sr ∧
Gs

m ∧ U+), ΩS1Z]Spt
∼= 0 for every Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff . Finally, using

proposition 3.2.32 again, we have that ΩS1Z is L(< q)-local, as we wanted.
(⇐): Assume that ΩS1Z is L(< q)-local. Since by hypothesis Z is fibrant

in SptTM∗, proposition 3.2.32 implies that it is enough to show that for every
Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff :

[Fn(Sr ∧ Gs
m ∧ U+), Z]Spt

∼= 0

Fix Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff . Since SptTM∗ is a simplicial model category, and
Z is fibrant by hypothesis; we have the following natural isomorphisms of abelian
groups:

[Fn+1(S
r ∧ Gs+1

m ∧ U+), ΩS1Z]Spt
∼= [Fn+1(S

r+1 ∧ Gs+1
m ∧ U+), Z]Spt

∼= [Fn(Sr ∧ Gs
m ∧ U+), Z]Spt

Now using proposition 3.2.32 and the fact that ΩS1Z is L(< q)-local, it follows that
[Fn+1(S

r ∧Gs+1
m ∧U+), ΩS1Z]Spt

∼= 0. Therefore, [Fn(Sr ∧Gs
m ∧U+), Z]Spt

∼= 0 for
every Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff , as we wanted. �

Corollary 3.2.35. Fix q ∈ Z, and let Z be a fibrant T -spectrum in SptTM∗.
Then Z is L(< q)-local if and only if IQT J(QsZ ∧ S1) is L(< q)-local.

Proof. (⇒): Assume that Z is L(< q)-local. Since IQT J(QsZ∧S1) is fibrant,
using proposition 3.2.32 we have that it is enough to check that for every Fn(Sr ∧
Gs

m ∧U+) ∈ Cq
eff , [Fn(Sr ∧Gs

m ∧U+), IQT J(QsZ ∧ S1)]Spt
∼= 0. But since −∧ S1
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is a Quillen equivalence, we get the following diagram:

[Fn(Sr ∧ Gs
m ∧ U+), IQT J(QsZ ∧ S1)]Spt

∼=

++VVVVVVVVVVVVVVVVVVV

[Fn+1(S
r+1 ∧ Gs+1

m ∧ U+), IQT J(QsZ ∧ S1)]Spt

[Fn+1(S
r ∧ Gs+1

m ∧ U+), Z]Spt

Σ1,0
T

∼= ++VVVVVVVVVVVVVVVVVVV

[Fn+1(S
r+1 ∧ Gs+1

m ∧ U+), QsZ ∧ S1]Spt

∼=

OO

where all the maps are isomorphisms of abelian groups. Since Z is L(< q)-local,
proposition 3.2.32 implies that [Fn+1(S

r ∧ Gs+1
m ∧ U+), Z]Spt

∼= 0. Therefore

[Fn(Sr ∧ Gs
m ∧ U+), IQT J(QsZ ∧ S1)]Spt

∼= 0

for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff , as we wanted.

(⇐): Assume that IQT J(QsZ ∧ S1) is L(< q)-local. By hypothesis, Z is
fibrant; therefore proposition 3.2.32 implies that it is enough to show that for
every Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff , [Fn(Sr ∧ Gs

m ∧ U+), Z]Spt
∼= 0. Since SptTM∗

is a simplicial model category and − ∧ S1 is a Quillen equivalence; we have the
following diagram:

[Fn(Sr ∧ Gs
m ∧ U+), ΩS1IQT J(QsZ ∧ S1)]Spt

∼=

��
[Fn(Sr ∧ Gs

m ∧ U+) ∧ S1, QsZ ∧ S1]Spt [Fn(Sr ∧ Gs
m ∧ U+), Z]Spt

Σ1,0
T

∼=oo

where all the maps are isomorphisms of abelian groups. On the other hand, using
corollary 3.2.34 we have that ΩS1IQT J(QsZ ∧S1) is L(< q)-local. Therefore using
proposition 3.2.32 again, we have that for every Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff :

[Fn(Sr ∧ Gs
m ∧ U+), Z]Spt

∼= [Fn(Sr ∧ Gs
m ∧ U+), ΩS1IQT J(QsZ ∧ S1)]Spt

∼= 0

and this finishes the proof. �

Corollary 3.2.36. Fix q ∈ Z and let f : X → Y be a map in SptTM∗. Then
f is a L(< q)-local equivalence if and only if for every L(< q)-local T -spectrum Z,
f induces the following isomorphism of abelian groups:

[Y, Z]Spt

f∗

// [X, Z]Spt

Proof. Suppose that f is a L(< q)-local equivalence, then by definition the
induced map:

Map(QsY, Z)
(Qsf)∗// Map(QsX, Z)

is a weak equivalence of simplicial sets for every L(< q)-local T -spectrum Z. Propo-
sition 3.2.32(1) implies that Z is fibrant in SptTM∗, and since SptTM∗ is in partic-
ular a simplicial model category; we get the following commutative diagram, where
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the top row and all the vertical maps are isomorphisms of abelian groups:

π0Map(QsY, Z)
(Qsf)∗

∼=
//

∼=

��

π0Map(QsX, Z)

∼=

��
[Y, Z]Spt

f∗

// [X, Z]Spt

hence f∗ is an isomorphism for every L(< q)-local T -spectrum Z, as we wanted.
Conversely, assume that for every L(< q)-local T -spectrum Z, the induced map

[Y, Z]Spt

f∗

// [X, Z]Spt

is an isomorphism of abelian groups.
Since L<qSptTM∗ is the left Bousfield localization of SptTM∗ with respect to

the L(< q)-local equivalences, we have that the identity functor id : SptT (Sm|S)Nis →
L<qSptTM∗ is a left Quillen functor. Therefore for every T -spectrum Z, we get
the following commutative diagram where all the vertical arrows are isomorphisms:

HomL<qSH(S)(QsY, Z)
(Qsf)∗//

∼=

��

HomL<qSH(S)(QsX, Z)

∼=

��
[Y, WqZ]Spt

f∗

∼= // [X, WqZ]Spt

but WqZ is by construction L(< q)-local, then by hypothesis the bottom row is an
isomorphism of abelian groups. Hence it follows that the induced map:

HomL<qSH(S)(QsY, Z)
(Qsf)∗

∼=
// HomL<qSH(S)(QsX, Z)

is an isomorphism for every T -spectrum Z. This implies that Qsf is a weak equiv-
alence in L<qSptTM∗, and since Qs is also a cofibrant replacement functor in
L<qSptTM∗, it follows that f is a weak equivalence in L<qSptTM∗. Therefore we
have that f is a L(< q)-local equivalence, as we wanted. �

Lemma 3.2.37. Fix q ∈ Z and let f : X → Y be a map in SptTM∗, then f is
a L(< q)-local equivalence if and only if

Qsf ∧ id : QsX ∧ S1 → QsY ∧ S1

is a L(< q)-local equivalence.

Proof. Assume that f is a L(< q)-local equivalence, and let Z be an arbitrary
L(< q)-local T -spectrum. Then corollary 3.2.34 implies that ΩS1Z is also L(< q)-
local. Therefore the induced map

Map(QsY, ΩS1Z)
(Qsf)∗// Map(QsX, ΩS1Z)
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is a weak equivalence of simplicial sets. Now since SptTM∗ is a simplicial model
category, we have the following commutative diagram:

Map(QsY, ΩS1Z)
(Qsf)∗ //

∼=

��

Map(QsX, ΩS1Z)

∼=

��
Map(QsY ∧ S1, Z)

(Qsf∧id)∗ // Map(QsX ∧ S1, Z)

and using the two out of three property for weak equivalences of simplicial sets, we
have that

Map(QsY ∧ S1, Z)
(Qsf∧id)∗ // Map(QsX ∧ S1, Z)

is a weak equivalence. Since this holds for every L(< q)-local T -spectrum Z, it
follows that

Qsf ∧ id : QsX ∧ S1 → QsY ∧ S1

is a L(< q)-local equivalence, as we wanted.
Conversely, suppose that

Qsf ∧ id : QsX ∧ S1 → QsY ∧ S1

is a L(< q)-local equivalence. Let Z be an arbitrary L(< q)-local T -spectrum.
Since SptTM∗ is a simplicial model category and − ∧ S1 is a Quillen equivalence,
we get the following commutative diagram:

[QsY ∧ S1, IQT J(QsZ ∧ S1)]Spt

(Qsf∧id)∗ //

∼=

��

[QsX ∧ S1, IQT J(QsZ ∧ S1)]Spt

∼=

��
[QsY ∧ S1, QsZ ∧ S1]Spt

(Qsf∧id)∗ // [QsX ∧ S1, QsZ ∧ S1]Spt

[Y, Z]Spt
f∗

//

∼= Σ1,0
T

OO

[X, Z]Spt

∼=Σ1,0
T

OO

Now, corollary 3.2.35 implies that IQT J(QZ ∧ S1) is also L(< q)-local. There-
fore using corollary 3.2.36 we have that the top row in the diagram above is an
isomorphism of abelian groups. This implies that the induced map:

[Y, Z]Spt

f∗

// [X, Z]Spt

is an isomorphism of abelian groups for every L(< q)-local spectrum Z. Finally
using corollary 3.2.36 again, we have that f : X → Y is a L(< q)-local equivalence,
as we wanted. �

Corollary 3.2.38. For every q ∈ Z, the following adjunction:

(− ∧ S1, ΩS1 , ϕ) : L<qSptTM∗
// L<qSptTM∗

is a Quillen equivalence.

Proof. Using corollary 1.3.16 in [Hov99] and proposition 3.2.31 we have that
it suffices to verify the following two conditions:
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(1) For every fibrant object X in L<qSptTM∗, the following composition

(QsΩS1X) ∧ S1 Q
Ω

S1X

s ∧id // (ΩS1X) ∧ S1 εX // X

is a L(< q)-local equivalence.
(2) − ∧ S1 reflects L(< q)-local equivalences between cofibrant objects in

L<qSptTM∗.

(1): By construction L<qSptTM∗ is a left Bousfield localization of SptTM∗,
therefore the identity functor

id : L<qSptTM∗ // SptTM∗

is a right Quillen functor. Thus X is also fibrant in SptTM∗. Since the adjunction
(−∧S1, ΩS1 , ϕ) is a Quillen equivalence on SptTM∗, [Hov99, proposition 1.3.13(b)]
implies that the following composition is a weak equivalence in SptTM∗:

(QsΩS1X) ∧ S1
Q

Ω
S1X

s ∧id // (ΩS1X) ∧ S1 εX // X

Hence using [Hir03, proposition 3.1.5] it follows that the composition above is a
L(< q)-local equivalence.

(2): This follows immediately from proposition 3.2.31 and lemma 3.2.37. �

Remark 3.2.39. We have a situation similar to the one described in remark
3.2.9 for the model categories RC

q

eff
SptTM∗; i.e. although the adjunction (ΣT , ΩT , ϕ)

is a Quillen equivalence on SptTM∗, it does not descend even to a Quillen adjunc-
tion on the weight<q motivic stable model category L<qSptTM∗.

Corollary 3.2.40. For every q ∈ Z, the homotopy category L<qSH(S) asso-
ciated to L<qSptTM∗ has the structure of a triangulated category.

Proof. Theorem 3.2.29 implies in particular that L<qSptTM∗ is a pointed
simplicial model category, and corollary 3.2.38 implies that the adjunction

(− ∧ S1, ΩS1 , ϕ) : L<qSptTM∗ → L<qSptTM∗

is a Quillen equivalence. Therefore the result follows from the work of Quillen in
[Qui67, sections I.2 and I.3] and the work of Hovey in [Hov99, chapters VI and
VII]. �

Corollary 3.2.41. For every q ∈ Z, L<qSptTM∗ is a right proper model
category.

Proof. We need to show that the L(< q)-local equivalences are stable under
pullback along fibrations in L<qSptTM∗. Consider the following pullback diagram:

Z
w∗

//

p∗

��

X

p

��
W w

// Y

where p is a fibration in L<qSptTM∗, and w is a L(< q)-local equivalence. Let F
be the homotopy fibre of p. Then we get the following commutative diagram in
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L<qSH(S):

ΩS1Y
q // F

i // X
p // Y

ΩS1W
r

//

ΩS1w

OO

F
j

// Z
p∗

//

w∗

OO

W

w

OO

Since the rows in the diagram above are both fibre sequences in L<qSptTM∗, it
follows that both rows are distinguished triangles in L<qSH(S) (which has the
structure of a triangulated category given by corollary 3.2.40). Now w, idF are
both isomorphisms in L<qSH(S), hence it follows that w∗ is also an isomorphism
in L<qSH(S). Therefore w∗ is a L(< q)-local equivalence, as we wanted. �

Proposition 3.2.42. For every q ∈ Z we have the following adjunction

(Qs, Wq , ϕ) : SH(S) // L<qSH(S)

of exact functors between triangulated categories.

Proof. Since L<qSptTM∗ is the left Bousfield localization of SptTM∗ with
respect to the L(< q)-local equivalences, we have that the identity functor id :
SptTM∗ → L<qSptTM∗ is a left Quillen functor. Therefore we get the following
adjunction at the level of the associated homotopy categories:

(Qs, Wq , ϕ) : SH(S) // L<qSH(S)

Now proposition 6.4.1 in [Hov99] implies that Qs maps cofibre sequences in
SH(S) to cofibre sequences in L<qSH(S). Therefore using proposition 7.1.12 in
[Hov99] we have that Qs and Wq are both exact functors between triangulated
categories. �

Proposition 3.2.43. Fix q ∈ Z and let ηX : QsWqX → X denote the counit
of the adjunction

(Qs, Wq , ϕ) : SH(S) // L<qSH(S)

Then the following conditions hold:

(1) For every T -spectrum X, we have that ηX is an isomorphism in L<qSH(S).
(2) The exact functor

Wq : L<qSH(S) // SH(S)

is a full embedding of triangulated categories.

Proof. (1): We have that ηX is the following composition in L<qSH(S):

QsWqX
Q

Wq X
s // WqX

(W X
q )−1

∼=
// X

where Q
WqX
s is a weak equivalence in SptTM∗. Now [Hir03, proposition 3.1.5] im-

plies that Q
WqX
s is a L(< q)-local equivalence, i.e. a weak equivalence in L<qSptTM∗.

Therefore Q
WqX
s becomes an isomorphism in L<qSH(S), and this implies that ηX

is an isomorphism in L<qSH(S), as we wanted.
(2): Follows immediately from (1). �
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Proposition 3.2.44. Fix q ∈ Z. Then for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff ,

the map ∗ → Fn(Sr ∧ Gs
m ∧ U+) is a L(< q)-local equivalence in SptTM∗.

Proof. Let Z be an arbitrary L(< q)-local T -spectrum. Then proposition
3.2.32(2) implies that the following induced map

0 ∼= [Fn(Sr ∧ Gs
m ∧ U+), Z]Spt

// [∗, Z]Spt
∼= 0

is an isomorphism of abelian groups. Therefore using corollary 3.2.36, it follows
that ∗ → Fn(Sr ∧ Gs

m ∧ U+) is a L(< q)-local equivalence. �

Proposition 3.2.45. Fix q ∈ Z and let f : X → Y be a map in L<qSH(S).
Then f is an isomorphism in L<qSH(S) if and only if one of the following equiv-
alent conditions holds:

(1) The following map

WqX
Wq(f)

∼=
// WqY

is an isomorphism in SH(S).
(2) For every Fn(Sr ∧ Gs

m ∧ U+) /∈ Cq
eff , the induced map

[Fn(Sr ∧ Gs
m ∧ U+), WqX ]Spt

(Wqf)∗

∼=
// [Fn(Sr ∧ Gs

m ∧ U+), WqY ]Spt

is an isomorphism of abelian groups.
(3) For every Fn(Sr ∧ Gs

m ∧ U+) /∈ Cq
eff , the induced map

HomL<qSH(S)(QsFn(Sr ∧ Gs
m ∧ U+), X)

f∗

��
HomL<qSH(S)(QsFn(Sr ∧ Gs

m ∧ U+), Y )

is an isomorphism of abelian groups.

Proof. Proposition 3.2.43 implies that f is an isomorphism in L<qSH(S) if
and only if Wqf becomes an isomorphism in SH(S). Thus it only remains to show
that (1), (2) and (3) are all equivalent.

(1) ⇔ (2) Corollary 3.1.6 implies that Wqf is an isomorphism in SH(S) if and
only if for every Fn(Sr ∧ Gs

m ∧ U+) ∈ C the following induced map

[Fn(Sr ∧ Gs
m ∧ U+), WqX ]Spt

(Wqf)∗

∼=
// [Fn(Sr ∧ Gs

m ∧ U+), WqY ]Spt

is an isomorphism of abelian groups. But using proposition 3.2.32(2) we have that
for every Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff ,

0 ∼= [Fn(Sr ∧ Gs
m ∧ U+), WqX ]Spt

∼= [Fn(Sr ∧ Gs
m ∧ U+), WqY ]Spt

since by construction WqX and WqY are both L(< q)-local T -spectra. Hence Wqf
is an isomorphism in SH(S) if and only if for every Fn(Sr ∧ Gs

m ∧ U+) /∈ Cq
eff the

following induced map

[Fn(Sr ∧ Gs
m ∧ U+), WqX ]Spt

(Wqf)∗

∼=
// [Fn(Sr ∧ Gs

m ∧ U+), WqY ]Spt

is an isomorphism of abelian groups.
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(2) ⇔ (3) By proposition 3.2.42 we have the following adjunction between exact
functors of triangulated categories:

(Qs, Wq , ϕ) : SH(S) // L<qSH(S)

In particular for every Fn(Sr∧Gs
m∧U+) /∈ Cq

eff , we get the following commutative
diagram, where all the vertical arrows are isomorphisms of abelian groups:

[Fn(Sr ∧ Gs
m ∧ U+), WqX ]Spt

(Wqf)∗

++WWWWWWWWWWWWWWWWWWWW

∼=

��

[Fn(Sr ∧ Gs
m ∧ U+), WqY ]Spt

∼=

��

HomL<qSH(S)(QsFn(Sr ∧ Gs
m ∧ U+), X)

f∗

++WWWWWWWWWWWWWWWWWWWW

HomL<qSH(S)(QsFn(Sr ∧ Gs
m ∧ U+), Y )

therefore the top row is an isomorphism if and only if the bottom row is an isomor-
phism of abelian groups, as we wanted. �

Lemma 3.2.46. Fix q ∈ Z and let Z be a L(< q)-local T -spectrum. Then
fqZ ∼= ∗ in SH(S) (see remark 3.1.13).

Proof. Let j : ∗ → Z denote the canonical map. Proposition 3.1.14 implies
that fq(j) : ∗ ∼= fq(∗) → fqX is an isomorphism in SH(S) if and only if for every
Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff the induced map

0 ∼= [Fn(Sr ∧ Gs
m ∧ U+), ∗]Spt

fq(j)∗ // [Fn(Sr ∧ Gs
m ∧ U+), Z]Spt

is an isomorphism of abelian groups. Therefore it is enough to show that for every
Fn(Sr ∧Gs

m ∧U+) ∈ Cq
eff , we have [Fn(Sr ∧Gs

m ∧U+), Z]Spt
∼= 0. But this follows

from proposition 3.2.32(2), since Z is L(< q)-local by hypothesis. �

Corollary 3.2.47. For every q ∈ Z, and for every T -spectrum X, QsfqX ∼= ∗
in L<qSH(S).

Proof. We will show that the map ∗ → QsfqX is an isomorphism in L<qSH(S).
By Yoneda’s lemma it suffices to check that for every T -spectrum Z, the induced
map

HomL<qSH(S)(QsfqX, Z) // HomL<qSH(S)(∗, Z) ∼= 0

is an isomorphism of abelian groups. Now propositions 3.2.42 and 3.1.12 imply that
we have the following isomorphisms:

HomL<qSH(S)(QsfqX, Z) ∼= [fqX, WqZ]Spt = [iqrqX, WqZ]Spt

∼= HomΣq

T
SHeff (S)(rqX, rqWqZ)

Finally since iq is a full embedding, we have

HomΣq

T
SHeff (S)(rqX, rqWqZ) ∼= [iqrqX, iqrqWqZ]Spt = [fqX, fqWqZ]Spt
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and lemma 3.2.46 implies that fqWqZ ∼= ∗ in SH(S). Hence

HomL<qSH(S)(QsfqX, Z) ∼= [fqX, fqWqZ]Spt
∼= [fqX, ∗]Spt

∼= 0

as we wanted. �

Proposition 3.2.48. For every q ∈ Z and for every T -spectrum X, the natural
map in L<qSH(S)

QsX
Qs(π<qX) // Qss<qX

is an isomorphism, where π<q is the natural transformation defined in theorem
3.1.18. Furthermore, these maps induce a natural isomorphism between the follow-
ing exact functors

SH(S)
Qs //

Qss<q

// L<qSH(S)

Proof. The naturality of π<q and the fact that Qs is a functor imply that the
maps Qs(π<qX) induce a natural transformation Qs → Qss<q . Hence it suffices
to show that for every T -spectrum X , the map Qs(π<qX) is an isomorphism in
L<qSH(S).

Theorem 3.1.18 implies that we have the following distinguished triangle in
SH(S):

fqX // X
π<qX // s<qX

σ<qX // Σ1,0
T fqX

and using proposition 3.2.42, we get the following distinguished triangle in L<qSH(S):

QsfqX // QsX
Qs(π<qX) // Qss<qX

Qs(σ<qX) // Σ1,0
T QsfqX

But corollary 3.2.47 implies that QsfqX ∼= ∗ in L<qSH(S), therefore Qs(π<qX) is
an isomorphism in L<qSH(S), as we wanted. �

Corollary 3.2.49. For every q ∈ Z and for every T -spectrum X, the natural
map in SH(S)

WqQsX
WqQs(π<qX) // WqQss<qX

is an isomorphism. Furthermore, these maps induce a natural isomorphism between
the following exact functors

SH(S)
WqQs //

WqQss<q

// SH(S)

Proof. Since Qs, Wq are both functors and π<q : id → s<q is a natural
transformation (see theorem 3.1.18); we have that the maps WqQs(π<qX) induce
a natural transformation WqQs → WqQss<q. Therefore it suffices to see that for
every T -spectrum X , the map WqQs(π<qX) is an isomorphism in SH(S).

But proposition 3.2.48 implies that the map Qs(π<qX) is an isomorphism in
L<qSH(S). Therefore using proposition 3.2.42, we have that WqQs(π<qX) is also
an isomorphism in SH(S). �

Lemma 3.2.50. Fix q ∈ Z. Then for every T -spectrum X, IQT J(Qss<qX) is
L(< q)-local in SptTM∗.
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Proof. Proposition 3.2.32 implies that it is enough to show that IQT J(Qss<qX)
satisfies the following properties:

(1) IQT J(Qss<qX) is fibrant in SptTM∗.
(2) For every Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff

[Fn(Sr ∧ Gs
m ∧ U+), IQT J(Qss<qX)]Spt

∼= 0

The first condition is obvious since IQT J is a fibrant replacement functor in
SptTM∗.

Fix Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff . Using theorem 3.1.18(2) and the fact that

Cq
eff ⊆ Σq

TSH
eff (S), we have that

[Fn(Sr ∧ Gs
m ∧ U+), s<qX ]Spt

∼= 0

Therefore

[Fn(Sr ∧ Gs
m ∧ U+), IQT J(Qss<qX)]Spt

∼= [Fn(Sr ∧ Gs
m ∧ U+), s<qX ]Spt

∼= 0

for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff . This takes care of the second condition and
finishes the proof. �

Proposition 3.2.51. Fix q ∈ Z. Then for every T -spectrum X the natural
map

Qss<qX
W

Qss<qX

q // WqQss<qX

is a weak equivalence in SptTM∗. Therefore, we have a natural isomorphism be-
tween the following exact functors

SH(S)
Qss<q //

WqQss<q

// SH(S)

Proof. The naturality of the maps W X
q : X → WqX implies that we have an

induced natural transformation of functors Qss<q → WqQss<q . Hence, it is enough

to show that for every T -spectrum X , W
Qss<qX
q is a weak equivalence in SptTM∗.

Consider the following commutative diagram in SptTM∗:

(38)

Qss<qX //

W
Qss<qX

q

��

IQT J(Qss<qX)

IQT J(W
Qss<qX

q )

��
WqQss<qX // IQT J(WqQss<qX)

where the horizontal maps are weak equivalences in SptTM∗. Hence, the two out
of three property for weak equivalences implies that it is enough to show that

IQT J(W
Qss<qX
q ) is a weak equivalence in SptTM∗.

By construction the map W
Qss<qX
q is a L(< q)-local equivalence, and since

the horizontal maps in diagram (38) are weak equivalences in SptTM∗, it follows
from [Hir03, proposition 3.1.5] that these horizontal maps are also L(< q)-local
equivalences. Therefore, the two out of three property for L(< q)-local equivalences

implies that IQT J(W
Qss<qX
q ) is a L(< q)-local equivalence.

Now lemma 3.2.50 implies that IQT J(Qss<qX) is L(< q)-local. On the other
hand, since the map

WqQss<qX // IQT J(WqQss<qX)
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is a weak equivalence in SptTM∗, WqQss<qX is by construction L(< q)-local,
and IQT J(WqQss<qX), WqQss<qX are both fibrant in SptTM∗; it follows from
[Hir03, lemma 3.2.1] that IQT J(WqQss<qX) is also L(< q)-local.

Finally we have a L(< q)-local equivalence

IQT J(Qss<qX)
IQT J(W

Qss<qX

q ) // IQT J(WqQss<qX)

where the domain and the codomain are both L(< q)-local. Then theorem 3.2.13

in [Hir03] implies that IQT J(W
Qss<qX
q ) is a weak equivalence in SptTM∗. This

finishes the proof. �

Theorem 3.2.52. Fix q ∈ Z. Then for every T -spectrum X, we have the
following diagram in SH(S):

(39)

s<qX Qss<qX
Q

s<qX

s

∼=
oo

W
Qss<qX

q
∼=

��
WqQss<qX WqQsX

WqQs(π<q)

∼=
oo

where all the maps are isomorphisms in SH(S). This diagram induces a natural
isomorphism between the following exact functors:

SH(S)
s<q //

WqQs

// SH(S)

Proof. Since Qs is a cofibrant replacement functor in SptTM∗, it is clear that

Q
s<qX
s becomes an isomorphism in the associated homotopy category SH(S).

The fact that W
Qss<qX
q is an isomorphism in SH(S) follows from proposition

3.2.51. Finally, corollary 3.2.49 implies that WqQs(π<q) is also an isomorphism
in SH(S). This shows that all the maps in the diagram (39) are isomorphisms in
SH(S), therefore for every T -spectrum X we can define the following composition
in SH(S)

(40)

s<qX
(Q

s<qX

s )−1

∼=
// Qss<qX

W
Qss<qX

q
∼=

��
WqQss<qX

(WqQs(π<q))−1

∼=
// WqQsX

which is an isomorphism. The fact that Qs is a functorial cofibrant replacement
in SptTM∗, proposition 3.2.51 and corollary 3.2.49, imply all together that the
isomorphisms defined in diagram (40) induce a natural isomorphism of functors

s<q

∼=
→ WqQs. This finishes the proof. �
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Remark 3.2.53. Theorem 3.2.52 gives the desired lifting to the model category
level for the functors s<q defined in theorem 3.1.18.

Proposition 3.2.54. For every q ∈ Z, we have the following commutative
diagram of left Quillen functors:

SptTM∗

id

wwnnnnnnnnnnn
id

''OOOOOOOOOOO

L<q+1SptTM∗
id

// L<qSptTM∗

Proof. Since L<qSptTM∗ and L<q+1SptTM∗ are both left Bousfield local-
izations for SptTM∗, we have that the identity functors:

id : SptTM∗
// L<qSptTM∗

id : SptTM∗
// L<q+1SptTM∗

are both left Quillen functors. Hence, it suffices to show that

id : L<q+1SptTM∗ // L<qSptTM∗

is a left Quillen functor. Using the universal property for left Bousfield localizations
(see definition 1.8.1), we have that it is enough to check that if f : X → Y is a
L(< q+1)-local equivalence then Qs(f) : QsX → QsY is a L(< q)-local equivalence.

But theorem 3.1.6(c) in [Hir03] implies that this last condition is equivalent to
the following one: Let Z be an arbitrary L(< q)-local T -spectrum, then Z is also
L(< q + 1)-local. Finally, this last condition follows immediately from corollary
3.2.33. �

Corollary 3.2.55. For every q ∈ Z, we have the following adjunction

(Qs, Wq , ϕ) : L<q+1SH(S) // L<qSH(S)

of exact functors between triangulated categories.

Proof. Proposition 3.2.54 implies that id : L<q+1SptTM∗ → L<qSptTM∗ is
a left Quillen functor. Therefore we get the following adjunction at the level of the
associated homotopy categories

(Qs, Wq , ϕ) : L<q+1SH(S) // L<qSH(S)

Now proposition 6.4.1 in [Hov99] implies that Qs maps cofibre sequences in L<q+1SH(S)
to cofibre sequences in L<qSH(S). Therefore using proposition 7.1.12 in [Hov99] we
have that Qs and Wq are both exact functors between triangulated categories. �
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Theorem 3.2.56. We have the following tower of left Quillen functors:

(41)

...

id

��
L<q+1SptTM∗

id

��
SptTM∗

id

77oooooooooooo
id //

id ''OOOOOOOOOOOO
L<qSptTM∗

id

��
L<q−1SptTM∗

id

��
...

together with the corresponding tower of associated homotopy categories:

(42)

...

Qs

��
L<q+1SH(S)

Qs

��

Wq+1

OO

Wq+1
iiiiiiii

ttiiiiiiii

SH(S)

Qsiiiiiiiii

44iiiiiiiii

Qs
//

Qs
UUUUUUUUU

**UUUUUUUUU

L<qSH(S)

Qs

��

Wq

OO

Wqoo

L<q−1SH(S)

Qs

��

Wq−1

OO

Wq−1UUUUUUUU

jjUUUUUUUU

...

Wq−2

OO

Furthermore, the tower (42) satisfies the following properties:

(1) All the categories are triangulated.
(2) All the functors are exact.
(3) Qs is a left adjoint for all the functors Wq .

Proof. Follows immediately from propositions 3.2.42, 3.2.54 and corollary
3.2.55. �

Remark 3.2.57. The great technical advantage of the categories L<qSptTM∗

over the categories RC
q

eff
SptTM∗ is the fact that L<qSptTM∗ are always cellular,

whereas it is not clear if RC
q

eff
SptTM∗ satisfy the cellularity property. Therefore we

still can apply Hirschhorn’s localization technology to the categories L<qSptTM∗.
This will be the final step in our approach to get the desired lifting for the functors
sq (see theorem 3.1.16) to the model category level.
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Definition 3.2.58. For every q ∈ Z, we consider the following set of T -spectra

S(q) = {Fn(Sr ∧ Gs
m ∧ U+) ∈ C|s − n = q} ⊆ Cq

eff

(see proposition 3.1.5 and definition 3.1.8).

Theorem 3.2.59. Fix q ∈ Z. Then the right Bousfield localization of the model
category L<q+1SptTM∗ with respect to the S(q)-colocal equivalences exists. This
new model structure will be called q-slice motivic stable. SqSptTM∗ will denote
the category of T -spectra equipped with the q-slice motivic stable model structure,
and SqSH(S) will denote its associated homotopy category. Furthermore the q-slice
motivic stable model structure is right proper and simplicial.

Proof. Theorem 3.2.29 implies that L<q+1SptTM∗ is a cellular and simplicial
model category. On the other hand, corollary 3.2.41 implies that L<q+1SptTM∗

is right proper. Therefore we can apply theorem 5.1.1 in [Hir03] to construct the
right Bousfield localization of L<q+1SptTM∗ with respect to the S(q)-colocal equiv-
alences. Using [Hir03, theorem 5.1.1] again, we have that SqSptTM∗ is a right
proper and simplicial model category. �

Definition 3.2.60. Fix q ∈ Z. Let Pq denote a functorial cofibrant replacement
functor in SqSptTM∗ such that for every T -spectrum X, the natural map

PqX
P X

q // X

is a trivial fibration in SqSptTM∗, and PqX is a S(q)-colocal T -spectrum in L<q+1SptTM∗.

Proposition 3.2.61. Fix q ∈ Z. Then Wq+1 is also a fibrant replacement func-
tor in SqSptTM∗ (see definition 3.2.30), and for every T -spectrum X the natural
map

X
W X

q+1 // Wq+1X

is a trivial cofibration in SqSptTM∗.

Proof. Since SqSptTM∗ is the right Bousfield localization of L<q+1SptTM∗

with respect to the S(q)-colocal equivalences, by construction we have that the fi-
brations and the trivial cofibrations are indentical in SqSptTM∗ and L<q+1SptTM∗

respectively. This implies that for every T -spectrum X , Wq+1X is fibrant in
SqSptTM∗, and we also have that the natural map:

X
W X

q+1 // Wq+1X

is a trivial cofibration in SqSptTM∗. Hence Wq+1 is also a fibrant replacement
functor for SqSptTM∗. �

Proposition 3.2.62. Fix q ∈ Z and let f : X → Y be a map of T -spectra.
Then f is a S(q)-colocal equivalence in L<q+1SptTM∗ if and only if for every
Fn(Sr ∧ Gs

m ∧ U+) ∈ S(q) the induced map

[Fn(Sr ∧ Gs
m ∧ U+), Wq+1X ]Spt

(Wq+1f)∗

∼=
// [Fn(Sr ∧ Gs

m ∧ U+), Wq+1Y ]Spt

is an isomorphism of abelian groups.



3.2. MODEL STRUCTURES FOR THE SLICE FILTRATION 133

Proof. (⇒): Assume that f is a S(q)-colocal equivalence. All the compact
generators Fn(Sr∧Gs

m∧U+) are cofibrant in L<q+1SptTM∗, since they are cofibrant
in SptTM∗, and the cofibrations are exactly the same in both model structures.

Therefore we have that f is a S(q)-colocal equivalence if and only if for every
Fn(Sr ∧ Gs

m ∧ U+) ∈ S(q) the following maps are weak equivalences of simplicial
sets:

Map(Fn(Sr ∧ Gs
m ∧ U+), Wq+1X)

(Wq+1f)∗ // Map(Fn(Sr ∧ Gs
m ∧ U+), Wq+1Y )

Since L<q+1SptTM∗ is a simplicial model category, we have that Map(Fn(Sr∧Gs
m∧

U+), Wq+1X) and Map(Fn(Sr ∧Gs
m ∧U+), Wq+1Y ) are both Kan complexes. Now

proposition 3.2.32(1) implies that Wq+1X , Wq+1Y are both fibrant in SptTM∗,
therefore since SptTM∗ is a simplicial model category we get the following com-
mutative diagram where the top row and all the vertical maps are isomorphisms of
abelian groups:

π0Map(Fn(Sr ∧ Gs
m ∧ U+), Wq+1X)

(Wq+1f)∗

∼= ++VVVVVVVVVVVVVVVVVVV

∼=

��

π0Map(Fn(Sr ∧ Gs
m ∧ U+), Wq+1Y )

∼=

��

[Fn(Sr ∧ Gs
m ∧ U+), Wq+1X ]Spt

(Wq+1f)∗ ++VVVVVVVVVVVVVVVVVVV

[Fn(Sr ∧ Gs
m ∧ U+), Wq+1Y ]Spt

Therefore

[Fn(Sr ∧ Gs
m ∧ U+), Wq+1X ]Spt

(Wq+1f)∗

∼=
// [Fn(Sr ∧ Gs

m ∧ U+), Wq+1Y ]Spt

is an isomorphism of abelian groups for every Fn(Sr ∧ Gs
m ∧ U+) ∈ S(q), as we

wanted.
(⇐): Fix Fn(Sr∧Gs

m∧U+) ∈ S(q). Let ω0, η0 be the base points corresponding
to Map∗(Fn+1(S

r∧Gs+1
m ∧U+), Wq+1X) and Map∗(Fn+1(S

r∧Gs+1
m ∧U+), Wq+1Y )

respectively. We need to show that the map:

Map(Fn(Sr ∧ Gs
m ∧ U+), Wq+1X)

(Wq+1f)∗ // Map(Fn(Sr ∧ Gs
m ∧ U+), Wq+1Y )

is a weak equivalence of simplicial sets. Let

j : Fn+1(S
r+1 ∧ Gs+1

m ∧ U+) → Fn(Sr ∧ Gs
m ∧ U+)

be the adjoint to the identity map

id : Sr+1 ∧ Gs+1
m ∧ U+ → Evn+1Fn(Sr ∧ Gs

m ∧ U+) = Sr+1 ∧ Gs+1
m ∧ U+

We know that j is a weak equivalence in SptTM∗, therefore [Hir03, proposition
3.1.5] implies that j is a L(< q + 1)-local equivalence, i.e. a weak equivalence in
L<q+1SptTM∗. Now since Fn(Sr∧Gs

m∧U+) and Fn+1(S
r+1∧Gs+1

m ∧U+) are both
cofibrant in L<q+1SptTM∗, and L<q+1SptTM∗ is a simplicial model category, we



134 3. MODEL STRUCTURES FOR THE SLICE FILTRATION

can apply Ken Brown’s lemma (see lemma 1.1.4) to conclude that the horizontal
maps in the following commutative diagram are weak equivalences of simplicial sets:

Map(Fn(Sr ∧ Gs
m ∧ U+), Wq+1X)

j∗ //

(Wq+1f)∗

��

Map(Fn+1(Sr+1 ∧ Gs+1
m ∧ U+), Wq+1X)

(Wq+1f)∗

��
Map(Fn(Sr ∧ Gs

m ∧ U+), Wq+1Y )
j∗

// Map(Fn+1(S
r+1 ∧ Gs+1

m ∧ U+), Wq+1Y )

Hence by the two out of three property for weak equivalences, it is enough to show
that the following induced map

Map(Fn+1(S
r+1 ∧ Gs+1

m ∧ U+), Wq+1X)

(Wq+1f)∗

��
Map(Fn+1(S

r+1 ∧ Gs+1
m ∧ U+), Wq+1Y )

is a weak equivalence of simplicial sets.
On the other hand, since SptTM∗ is a pointed simplicial model category and

Wq+1X , Wq+1Y are both fibrant in SptTM∗ by proposition 3.2.32(1); we have
that lemma 6.1.2 in [Hov99] together with remark 2.4.3(2) imply that the following
diagram is commutative for k ≥ 0:

πk,ω0Map(Fn+1(S
r ∧ Gs+1

m ∧ U+), Wq+1X)

(Wq+1f)∗

++VVVVVVVVVVVVVVVVVVV

πk,η0Map(Fn+1(S
r ∧ Gs+1

m ∧ U+), Wq+1Y )

πk,ω0Map∗(Fn+1(S
r ∧ Gs+1

m ∧ U+), Wq+1X)

(Wq+1f)∗

++VVVVVVVVVVVVVVVVVVV

∼=

��

πk,η0Map∗(Fn+1(S
r ∧ Gs+1

m ∧ U+), Wq+1Y )

∼=

��

[Fn+1(S
r ∧ Gs+1

m ∧ U+) ∧ Sk, Wq+1X ]Spt

(Wq+1f)∗

++VVVVVVVVVVVVVVVVVV

∼=

��

[Fn+1(S
r ∧ Gs+1

m ∧ U+) ∧ Sk, Wq+1Y ]Spt

∼=

��

[Fn+1(S
k+r ∧ Gs+1

m ∧ U+), Wq+1X ]Spt

(Wq+1f)∗

++VVVVVVVVVVVVVVVVVV

[Fn+1(S
k+r ∧ Gs+1

m ∧ U+), Wq+1Y ]Spt

but by hypothesis we have that the bottom row is an isomorphism of abelian groups,
since Fn+1(S

k+r ∧ Gs+1
m ∧ U+) is also in S(q). Therefore all the maps in the top
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row are also isomorphisms. Hence, the induced map

Map(Fn+1(S
r ∧ Gs+1

m ∧ U+), Wq+1X)

(Wq+1f)∗

��
Map(Fn+1(S

r ∧ Gs+1
m ∧ U+), Wq+1Y )

is a weak equivalence when it is restricted to the path component of Map(Fn+1(S
r∧

Gs+1
m ∧ U+), Wq+1X) containing ω0. This implies that the following induced map

Map∗(S
1, Map∗(Fn+1(S

r ∧ Gs+1
m ∧ U+), Wq+1X))

(Wq+1f)∗

��
Map∗(S

1, Map∗(Fn+1(S
r ∧ Gs+1

m ∧ U+), Wq+1Y ))

is a weak equivalence since taking S1-loops kills the path components that do not
contain the base point.

Finally, since SptTM∗ is a simplicial model category we have that the rows in
the following commutative diagram are isomorphisms:

Map∗(S
1, Map∗(Fn+1(S

r ∧ Gs+1
m ∧ U+), Wq+1X))

∼=

++VVVVVVVVVVVVVVVVVVV

(Wq+1f)∗

��

Map∗(Fn+1(S
r ∧ Gs+1

m ∧ U+) ∧ S1, Wq+1X)

(Wq+1f)∗

��

Map∗(S
1, Map∗(Fn+1(S

r ∧ Gs+1
m ∧ U+), Wq+1Y ))

∼= ++VVVVVVVVVVVVVVVVVVV

Map∗(Fn+1(S
r ∧ Gs+1

m ∧ U+) ∧ S1, Wq+1Y )

Hence the two out of three property for weak equivalences implies that the right
vertical map is a weak equivalence of simplicial sets. But Fn+1(S

r∧Gs+1
m ∧U+)∧S1

is clearly isomorphic to Fn+1(S
r+1 ∧ Gs+1

m ∧ U+), therefore the induced map

Map(Fn+1(S
r+1 ∧ Gs+1

m ∧ U+), Wq+1X)

(Wq+1f)∗

��
Map(Fn+1(S

r+1 ∧ Gs+1
m ∧ U+), Wq+1Y )

is a weak equivalence, as we wanted. �

Corollary 3.2.63. Fix q ∈ Z and let f : X → Y be a map of T -spectra. Then
f is a S(q)-colocal equivalence in L<q+1SptTM∗ if and only if

Wq+1X
Wq+1f // Wq+1Y

is a Cq
eff -colocal equivalence in SptTM∗.
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Proof. (⇒): Assume that f is a S(q)-colocal equivalence, and fix Fn(Sr ∧
Gs

m ∧ U+) ∈ Cq
eff . By proposition 3.2.4 it suffices to show that the induced map

(43)

[Fn(Sr ∧ Gs
m ∧ U+), Wq+1X ]Spt

(Wq+1f)∗

��
[Fn(Sr ∧ Gs

m ∧ U+), Wq+1Y ]Spt

is an isomorphism of abelian groups.
Since Fn(Sr ∧ Gs

m ∧ U+) ∈ Cq
eff , we have two possibilities:

(1) s − n = q, i.e. Fn(Sr ∧ Gs
m ∧ U+) ∈ S(q).

(2) s − n ≥ q + 1, i.e. Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq+1

eff

In case (1), proposition 3.2.62 implies that the induced map in diagram (43) is
an isomorphism of abelian groups.

On the other hand, in case (2), we have by proposition 3.2.32(2) that

[Fn(Sr ∧ Gs
m ∧ U+), Wq+1X ]Spt

∼= 0 ∼= [Fn(Sr ∧ Gs
m ∧ U+), Wq+1Y ]Spt

since by construction Wq+1X and Wq+1Y are both L(< q + 1)-local T -spectra.
Hence the induced map in diagram (43) is also an isomorphism of abelian groups
in this case, as we wanted.

(⇐): Assume that Wq+1f is a Cq
eff -colocal equivalence in SptTM∗, and fix

Fn(Sr ∧ Gs
m ∧ U+) ∈ S(q).

Since S(q) ⊆ Cq
eff , it follows from proposition 3.2.4 that the induced map

[Fn(Sr ∧ Gs
m ∧ U+), Wq+1X ]Spt

(Wq+1f)∗ // [Fn(Sr ∧ Gs
m ∧ U+), Wq+1Y ]Spt

is an isomorphism of abelian groups. Therefore, proposition 3.2.62 implies that f
is a S(q)-colocal equivalence in L<q+1SptTM∗. This finishes the proof. �

Lemma 3.2.64. Fix q ∈ Z and let f : X → Y be a map of T -spectra, then f is
a S(q)-colocal equivalence in L<q+1SptTM∗ if and only if

ΩS1Wq+1(f) : ΩS1Wq+1X // ΩS1Wq+1Y

is a S(q)-colocal equivalence in L<q+1SptTM∗.

Proof. Assume that f is a S(q)-colocal equivalence. We need to show that
ΩS1Wq+1(f) is a S(q)-colocal equivalence in L<q+1SptTM∗.

Fix Fn(Sr ∧ Gs
m ∧ U+) ∈ S(q). Corollary 3.2.34 implies that ΩS1Wq+1X

and ΩS1Wq+1Y are both L(< q + 1)-local; and proposition 3.2.32(1) implies that
ΩS1Wq+1X and ΩS1Wq+1Y are both fibrant in SptTM∗. Therefore using the fact
that SptTM∗ is a simplicial model category, we get the following commutative
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diagram:

[Fn(Sr ∧ Gs
m ∧ U+), ΩS1Wq+1X ]Spt

(ΩS1Wq+1f)∗

**VVVVVVVVVVVVVVVVVV

∼=

��

[Fn(Sr ∧ Gs
m ∧ U+), ΩS1Wq+1Y ]Spt

∼=

��

[Fn(Sr ∧ Gs
m ∧ U+) ∧ S1, Wq+1X ]Spt

(Wq+1f)∗

**VVVVVVVVVVVVVVVVVV

∼=

��

[Fn(Sr ∧ Gs
m ∧ U+) ∧ S1, Wq+1Y ]Spt

∼=

��

[Fn(Sr+1 ∧ Gs
m ∧ U+), Wq+1X ]Spt

(Wq+1f)∗

∼=

**VVVVVVVVVVVVVVVVVV

[Fn(Sr+1 ∧ Gs
m ∧ U+), Wq+1Y ]Spt

but using proposition 3.2.62 and the fact that f is a S(q)-colocal equivalence, we
have that the bottom row is an isomorphism, therefore the top row is also an
isomorphism. Hence, the induced map:

[Fn(Sr ∧ Gs
m ∧ U+), ΩS1Wq+1X ]Spt

(ΩS1Wq+1f)∗∼=

��
[Fn(Sr ∧ Gs

m ∧ U+), ΩS1Wq+1Y ]Spt

is an isomorphism of abelian groups for every Fn(Sr ∧ Gs
m ∧ U+) ∈ S(q). Fi-

nally, using proposition 3.2.62 again, together with the fact that ΩS1Wq+1X and
ΩS1Wq+1Y are both L(< q + 1)-local T -spectra; we have that ΩS1Wq+1(f) is a
S(q)-colocal equivalence in L<q+1SptTM∗, as we wanted.

Conversely, assume that ΩS1Wq+1(f) is a S(q)-colocal equivalence in L<q+1SptTM∗,
and fix Fn(Sr ∧ Gs

m ∧ U+) ∈ S(q). Corollary 3.2.34 implies that ΩS1Wq+1X
and ΩS1Wq+1Y are both L(< q + 1)-local; and proposition 3.2.32(1) implies that
ΩS1Wq+1X and ΩS1Wq+1Y are both fibrant in SptTM∗. Therefore using the fact
that SptTM∗ is a simplicial model category, we get the following commutative
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diagram:

[Fn+1(S
r ∧ Gs+1

m ∧ U+), ΩS1Wq+1X ]Spt

(ΩS1Wq+1f)∗

∼= ++VVVVVVVVVVVVVVVVVV

∼=

��

[Fn+1(S
r ∧ Gs+1

m ∧ U+), ΩS1Wq+1Y ]Spt

∼=

��

[Fn+1(S
r ∧ Gs+1

m ∧ U+) ∧ S1, Wq+1X ]Spt

(Wq+1f)∗

++VVVVVVVVVVVVVVVVVV

∼=

��

[Fn+1(S
r ∧ Gs+1

m ∧ U+) ∧ S1, Wq+1Y ]Spt

∼=

��

[Fn+1(S
r+1 ∧ Gs+1

m ∧ U+), Wq+1X ]Spt

(Wq+1f)∗

++VVVVVVVVVVVVVVVVVV

[Fn+1(S
r+1 ∧ Gs+1

m ∧ U+), Wq+1Y ]Spt

[Fn(Sr ∧ Gs
m ∧ U+), Wq+1X ]Spt

(Wq+1f)∗ ++VVVVVVVVVVVVVVVVVVV

∼=

OO

[Fn(Sr ∧ Gs
m ∧ U+), Wq+1Y ]Spt

∼=

OO

Since ΩS1Wq+1f is a S(q)-colocal equivalence, we have that proposition 3.2.62
together with the fact that ΩS1Wq+1X and ΩS1Wq+1Y are both L(< q + 1)-local
imply that the top row in the diagram above is an isomorphism; therefore the
bottom row is also an isomorphism. Thus, the induced map:

[Fn(Sr ∧ Gs
m ∧ U+), Wq+1X ]Spt

(Wq+1f)∗

∼=
// [Fn(Sr ∧ Gs

m ∧ U+), Wq+1Y ]Spt

is an isomorphism of abelian groups for every Fn(Sr ∧Gs
m∧U+) ∈ S(q). Now using

proposition 3.2.62 again, we have that f is a S(q)-colocal equivalence. This finishes
the proof. �

Corollary 3.2.65. For every q ∈ Z, the adjunction

(− ∧ S1, ΩS1 , ϕ) : SqSptTM∗
// SqSptTM∗

is a Quillen equivalence.

Proof. Using corollary 1.3.16 in [Hov99] and proposition 3.2.61 we have that
it suffices to verify the following two conditions:

(1) For every cofibrant object X in SqSptTM∗, the following composition

X
ηX // ΩS1(X ∧ S1)

ΩS1W X∧S1

q+1 // ΩS1Wq+1(X ∧ S1)

is a S(q)-colocal equivalence.
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(2) ΩS1 reflects S(q)-colocal equivalences between fibrant objects in SqSptTM∗.

(1): By construction SqSptTM∗ is a right Bousfield localization of L<q+1SptTM∗,
therefore the identity functor

id : SqSptTM∗
// L<q+1SptTM∗

is a left Quillen functor. Thus X is also cofibrant in L<q+1SptTM∗. Since the
adjunction (− ∧ S1, ΩS1 , ϕ) is a Quillen equivalence on L<q+1SptTM∗, [Hov99,
proposition 1.3.13(b)] implies that the following composition is a weak equivalence
in L<q+1SptTM∗:

X
ηX // ΩS1(X ∧ S1)

ΩS1W X∧S1

q+1 // ΩS1Wq+1(X ∧ S1)

Hence using [Hir03, proposition 3.1.5] it follows that the composition above is a
S(q)-colocal equivalence.

(2): This follows immediately from proposition 3.2.61 and lemma 3.2.64. �

Remark 3.2.66. We have a situation similar to the one described in remarks
3.2.9 and 3.2.39 for the model categories RC

q

eff
SptTM∗ and L<qSptTM∗; i.e.

although the adjunction (ΣT , ΩT , ϕ) is a Quillen equivalence on SptTM∗, it does
not descend even to a Quillen adjunction on the q-slice motivic stable model category
SqSptTM∗.

Corollary 3.2.67. For every q ∈ Z, SqSH(S) has the structure of a triangu-
lated category.

Proof. Theorem 3.2.59 implies in particular that SqSptTM∗ is a pointed
simplicial model category, and corollary 3.2.65 implies that the adjunction

(− ∧ S1, ΩS1 , ϕ) : SqSptTM∗ → SqSptTM∗

is a Quillen equivalence. Therefore the result follows from the work of Quillen in
[Qui67, sections I.2 and I.3] and the work of Hovey in [Hov99, chapters VI and
VII]. �

Proposition 3.2.68. For every q ∈ Z we have the following adjunction

(Pq , Wq+1, ϕ) : SqSH(S) // L<q+1SH(S)

of exact functors between triangulated categories.

Proof. Since SqSptTM∗ is the right Bousfield localization of L<q+1SptTM∗

with respect to the S(q)-colocal equivalences, we have that the identity functor
id : SqSptTM∗ → L<q+1SptTM∗ is a left Quillen functor. Therefore we get the
following adjunction at the level of the associated homotopy categories:

(Pq , Wq+1, ϕ) : SqSH(S) // L<q+1SH(S)

Now proposition 6.4.1 in [Hov99] implies that Pq maps cofibre sequences in
SqSH(S) to cofibre sequences in L<q+1SH(S). Therefore using proposition 7.1.12
in [Hov99] we have that Pq and Wq+1 are both exact functors between triangulated
categories. �
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Proposition 3.2.69. Fix q ∈ Z. Then the identity functor

id : SqSptTM∗
// RC

q

eff
SptTM∗

is a right Quillen functor.

Proof. Consider the following diagram of right Quillen functors

L<q+1SptTM∗
id //

id

��

SptTM∗
id // RC

q

eff
SptTM∗

SqSptTM∗

id

33ggggggggggg

By the universal property of right Bousfield localizations (see definition 1.8.2) it
suffices to check that if f : X → Y is a S(q)-colocal equivalence in L<q+1SptTM∗,
then Wq+1f : Wq+1X → Wq+1Y is a Cq

eff -colocal equivalence in SptTM∗. But
this follows immediately from corollary 3.2.63. �

Corollary 3.2.70. For every q ∈ Z we have the following adjunction

(Cq , Wq+1, ϕ) : RC
q

eff
SH(S) // SqSH(S)

of exact functors between triangulated categories.

Proof. By proposition 3.2.69 the identity functor id : RC
q

eff
SptTM∗ →

SqSptTM∗ is a left Quillen functor. Therefore we get the following adjunction
at the level of the associated homotopy categories:

(Cq , Wq+1, ϕ) : RC
q

eff
SH(S) // SqSH(S)

Now proposition 6.4.1 in [Hov99] implies that Cq maps cofibre sequences in
RC

q

eff
SH(S) to cofibre sequences in SqSH(S). Therefore using proposition 7.1.12

in [Hov99] we have that Cq and Wq+1 are both exact functors between triangulated
categories. �

Lemma 3.2.71. Fix q ∈ Z, and let A be a cofibrant T -spectrum in SqSptTM∗.
Then the map ∗ → A is a trivial cofibration in L<qSptTM∗.

Proof. Let Z be an arbitrary L(< q)-local T -spectrum in SptTM∗. We claim
that the map Z → ∗ is a trivial fibration in SqSptTM∗. In effect, using corollary
3.2.33 we have that Z is L(< q + 1)-local in SptTM∗, i.e. a fibrant object in
L<q+1SptTM∗. By construction SqSptTM∗ is a right Bousfield localization of
L<q+1SptTM∗, hence Z is also fibrant in SqSptTM∗. Then by proposition 3.2.62
it suffices to show that for every Fn(Sr ∧ Gs

m ∧ U+) ∈ S(q) (i.e. s − n = q):

0 ∼= [Fn(Sr ∧ Gs
m ∧ U+), Z]Spt

But this follows immediately from proposition 3.2.32, since Z is L(< q)-local.
Now since SqSptTM∗ is a simplicial model category and A is cofibrant in

SqSptTM∗, we have that the following map is a trivial fibration of simplicial sets:

Map(A, Z) // Map(A, ∗) = ∗

The identity functor

id : SqSptTM∗
// L<q+1SptTM∗
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is a left Quillen functor, since SqSptTM∗ is a right Bousfield localization of L<q+1SptTM∗.
Therefore A is also cofibrant in L<q+1SptTM∗, and since L<q+1SptTM∗ is a left
Bousfield localization of SptTM∗; it follows that A is also cofibrant in SptTM∗.
On the other hand, we have that Z is in particular fibrant in SptTM∗. Hence
π0Map(A, Z) computes [A, Z]Spt, since SptTM∗ is a simplicial model category.
But Map(A, Z) → ∗ is in particular a weak equivalence of simplicial sets, then

[A, Z]Spt
∼= 0

for every L(< q)-local T -spectrum Z. Finally, corollary 3.2.36 implies that ∗ → A
is a weak equivalence in L<qSptTM∗. This finishes the proof, since we already
know that A is cofibrant in L<qSptTM∗. �

Lemma 3.2.72. Fix q ∈ Z. Then the natural map

CqsqX
C

sqX
q // sqX

is a weak equivalence in SptTM∗.

Proof. Consider the following commutative diagram in SptTM∗:

sqX QssqX
Q

sqX
soo

CqsqX

C
sqX
q

OO

CqQssqX

C
QssqX
q

OO

Cq(Q
sqX
s )

oo

By construction C
sqX
q , C

QssqX
q are both weak equivalences in RC

q

eff
SptTM∗; and

[Hir03, proposition 3.1.5] implies that Q
sqX
s is a Cq

eff -colocal equivalence in SptTM∗,
i.e. a weak equivalence in RC

q

eff
SptTM∗. Then the two out of three property for

weak equivalences implies that Cq(Q
sqX
s ) is a weak equivalence in RC

q

eff
SptTM∗.

Now [Hir03, theorem 3.2.13(2)] implies that Cq(Q
sqX
s ) is a weak equivalence in

SptTM∗, since CqsqX and CqQssqX are by construction Cq
eff -colocal T -spectra

in SptTM∗. It is clear that Q
sqX
s is a weak equivalence in SptTM∗, then by the

two out of three property for weak equivalences, it suffices to show that C
QssqX
q is

a weak equivalence in SptTM∗.

By theorem 3.1.16(2) we have that sqX is in Σq
TSH

eff (S), then corollary 3.2.15

implies that QssqX is Cq
eff -colocal in SptTM∗. We already know that C

QssqX
q is a

Cq
eff -colocal equivalence in SptTM∗; then [Hir03, theorem 3.2.13(2)] implies that

C
QssqX
q is also a weak equivalence in SptTM∗, since by construction CqQssqX is

a Cq
eff -colocal T -spectrum. This finishes the proof. �

Lemma 3.2.73. Fix q ∈ Z. Then for every T -spectrum X, we have that
IQT JsqX (see theorem 3.1.16) is L(< q + 1)-local.

Proof. Proposition 3.2.32 implies that it suffices to check that IQT JsqX sat-
isfies the following conditions:

(1) IQT JsqX is fibrant in SptTM∗.
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(2) For every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq+1

eff ,

[Fn(Sr ∧ Gs
m ∧ U+), IQT JsqX ]Spt

∼= 0

Condition (1) holds trivially, since IQT J is a fibrant replacement functor in
SptTM∗.

Fix Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq+1

eff . Since Cq+1
eff ⊆ Σq+1

T SHeff (S), it follows from

theorem 3.1.16(3) that:

[Fn(Sr ∧ Gs
m ∧ U+), IQT JsqX ]Spt

∼= [Fn(Sr ∧ Gs
m ∧ U+), sqX ]Spt

∼= 0

and this takes care of condition (2). �

Lemma 3.2.74. Fix q ∈ Z. Then for every T -spectrum X, CqIQT Jfq+1X ∼= ∗
in SqSH(S).

Proof. Consider the following commutative diagram in SptTM∗:

(44)

Qsfq+1X
Q

fq+1X

s // fq+1X
IQT J

fq+1X

// IQT Jfq+1X

CqQsfq+1X
Cq(Q

fq+1X

s )

//

C
Qsfq+1X

q

OO

Cqfq+1X
Cq(IQT J

fq+1X )

//

C
fq+1X

q

OO

CqIQT Jfq+1X

C
IQT Jfq+1X

q

OO

We claim that all the maps in the diagram (44) above are weak equivalences in
SptTM∗. In effect, it is clear that all the maps in the top row are weak equivalences
in SptTM∗. Hence, by the two out of three property for weak equivalences it suffices

to show that C
Qsfq+1X
q , Cq(Q

fq+1X
s ) and Cq(IQT Jfq+1X) are all weak equivalences

in SptTM∗.
On the other hand, [Hir03, proposition 3.1.5] implies that all the maps in the

top row are weak equivalences in RC
q

eff
SptTM∗, and it is clear that all the vertical

maps are also weak equivalences in RC
q

eff
SptTM∗. Thus, by the two out of three

property for weak equivalences we have that all the maps in the diagram (44) above
are weak equivalences in RC

q

eff
SptTM∗.

By construction we have that CqQsfq+1X , Cqfq+1X and CqIQT Jfq+1X are
all Cq

eff -colocal T -spectra in SptTM∗. Then [Hir03, theorem 3.2.13(2)] implies

that Cq(Q
fq+1X
s ) and Cq(IQT Jfq+1X) are both weak equivalences in SptTM∗.

Now, by proposition 3.1.12 we have that fq+1X ∈ Σq+1
T SHeff (S) ⊆ Σq

TSH
eff (S).

Thus, corollary 3.2.15 implies that Qsfq+1X is a Cq
eff -colocal T -spectrum in SptTM∗.

Then using [Hir03, theorem 3.2.13(2)] again, we have that C
Qsfq+1X
q is a weak equiv-

alence in SptTM∗ since by construction CqQsfq+1X is a Cq
eff -colocal T -spectrum

and C
Qsfq+1X
q is a Cq

eff -colocal equivalence in SptTM∗.

This proves the claim, i.e. all the maps in the diagram (44) above are weak
equivalences in SptTM∗. Then using [Hir03, proposition 3.1.5] again, we have that
all the maps in the diagram (44) above are also weak equivalences in SqSptTM∗.
Therefore, to finish the proof it is enough to check that ∗ → Qsfq+1X is a weak
equivalence in SqSptTM∗.

But corollary 3.2.47 implies that ∗ → Qsfq+1X is a weak equivalence in
L<q+1SptTM∗. Therefore, using [Hir03, proposition 3.1.5], we have that ∗ →
Qsfq+1X is a S(q)-colocal equivalence in L<q+1SptTM∗, i.e. a weak equivalence
in SqSptTM∗. This finishes the proof. �
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Proposition 3.2.75. Fix q ∈ Z. Then for every T -spectrum X, the following
maps of T -spectra:

(45) sqX
IQT JsqX

// IQT JsqX CqIQT JsqX
C

IQT JsqX
qoo

are both weak equivalences in SptTM∗.
Furthermore, these weak equivalences induce natural isomorphisms between the

following exact functors

SH(S)
sq //

IQT Jsq

// SH(S)

SH(S)
IQT Jsq //

CqIQT Jsq

// SH(S)

Proof. The naturality of the maps IQT JX : X → IQT JX and CX
q : CqX →

X implies that we have induced natural transformations of functors sq → IQT Jsq

and CqIQT Jsq → IQT Jsq . Hence, it is enough to show that for every T -spectrum

X , IQT JsqX and C
IQT JsqX
q are weak equivalences in SptTM∗.

It is clear that IQT JsqX is a weak equivalence in SptTM∗, since IQT J is a
fibrant replacement functor for SptTM∗.

We now proceed to show that C
IQT JsqX
q is a weak equivalence in SptTM∗.

Consider the following commutative diagram in SptTM∗:

sqX

IQT JsqX

��

CqsqX
C

sqX
qoo

Cq(IQT JsqX )

��
IQT JsqX CqIQT JsqX

C
IQT JsqX
q

oo

Lemma 3.2.72 implies that C
sqX
q is a weak equivalence in SptTM∗. Since we

know that IQT JsqX is always a weak equivalence in SptTM∗, the two out of three
property for weak equivalences implies that it suffices to check that Cq(IQT JsqX)
is also a weak equivalence in SptTM∗.

Using [Hir03, proposition 3.1.5], we have that IQT JsqX is a Cq
eff -colocal equiv-

alence. Then the two out of three property for Cq
eff -colocal equivalences implies

that Cq(IQT JsqX) is a Cq
eff -colocal equivalence, since by construction C

sqX
q and

C
IQT JsqX
q are both Cq

eff -colocal equivalences.

Finally, by construction CqsqX and CqIQT JsqX are both Cq
eff -colocal, there-

fore [Hir03, theorem 3.2.13(2)] implies that Cq(IQT JsqX) is a weak equivalence in
SptTM∗, as we wanted. �

Proposition 3.2.76. Fix q ∈ Z. Then for every T -spectrum X, the natural
map:

CqIQT JsqX
W

Cq IQT JsqX

q+1 // Wq+1CqIQT JsqX

is a weak equivalence in SptTM∗.
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Furtheremore, this weak equivalence induces a natural isomorphism between the
following exact functors

SH(S)
CqIQT Jsq //

Wq+1CqIQT Jsq

// SH(S)

Proof. The naturality of the maps W X
q+1 : X → Wq+1X implies that we

have an induced natural transformation of functors CqIQT Jsq → Wq+1CqIQT Jsq.

Hence, it is enough to show that for every T -spectrum X , W
CqIQT Jsq

q+1 is a weak
equivalence in SptTM∗.

Consider the following commutative diagram in SptTM∗:

IQT JsqX
W

IQT JsqX

q+1 // Wq+1IQT JsqX

CqIQT JsqX
W

Cq IQT JsqX

q+1

//

C
IQT JsqX
q

OO

Wq+1CqIQT JsqX

Wq+1(C
IQT JsqX
q )

OO

By construction, W
IQT JsqX
q+1 is a L(< q + 1)-local equivalence, and Wq+1IQT JsqX

is L(< q + 1)-local in SptTM∗. By lemma 3.2.73 we have that IQT JsqX is also

L(< q + 1)-local. Therefore, [Hir03, theorem 3.2.13(1)] implies that W
IQT JsqX
q+1 is

a weak equivalence in SptTM∗.

Now, it follows directly from proposition 3.2.75 that C
IQT JsqX
q is a weak equiv-

alence in SptTM∗. Hence by the two out of three property for weak equivalences,

it suffices to show that Wq+1(C
IQT JsqX
q ) is a weak equivalence in SptTM∗.

We already know that C
IQT JsqX
q is a weak equivalence in SptTM∗, then using

[Hir03, proposition 3.1.5] we have that C
IQT JsqX
q is a L(< q + 1)-local equiva-

lence. Then the two out of three property for L(< q + 1)-local equivalences implies

that Wq+1(C
IQT JsqX
q ) is also a L(< q + 1)-local equivalence, since by construction

W
IQT JsqX
q+1 and W

CqIQT JsqX
q+1 are both L(< q + 1)-local equivalences.

Finally, by construction Wq+1IQT JsqX and Wq+1CqIQT JsqX are L(< q+1)-

local in SptTM∗, then [Hir03, theorem 3.2.13(1)] implies that Wq+1(C
IQT JsqX
q ) is

a weak equivalence in SptTM∗, as we wanted. �

Proposition 3.2.77. Fix q ∈ Z. Then for every T -spectrum X, the natural
map:

Wq+1CqIQT JsqX CqWq+1CqIQT JsqX
C

Wq+1CqIQT JsqX

qoo

is a weak equivalence in SptTM∗.
Furtheremore, this weak equivalence induces a natural isomorphism between the

following exact functors

SH(S)
Wq+1CqIQT Jsq //

CqWq+1CqIQT Jsq

// SH(S)

Proof. The naturality of the maps CX
q : CqX → X implies that we have an

induced natural transformation of functors CqWq+1CqIQT Jsq → Wq+1CqIQT Jsq.
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Hence, it is enough to show that for every T -spectrum X , C
Wq+1CqIQT JsqX
q is a

weak equivalence in SptTM∗.
Consider the following commutative diagram in SptTM∗:

CqIQT JsqX

W
CqIQT JsqX

q+1

��

CqCqIQT JsqX
C

CqIQT JsqX
qoo

Cq(W
Cq IQT JsqX

q+1 )

��
Wq+1CqIQT JsqX CqWq+1CqIQT JsqX

C
Wq+1CqIQT JsqX

q

oo

By construction C
CqIQT JsqX
q is a Cq

eff -colocal equivalence, and CqIQT JsqX , CqCqIQT JsqX

are both Cq
eff -colocal in SptTM∗. Therefore, [Hir03, theorem 3.2.13(2)] implies

that C
CqIQT JsqX
q is a weak equivalence in SptTM∗.

Now, it follows directly from proposition 3.2.76 that W
CqIQT JsqX
q+1 is a weak

equivalence in SptTM∗. Hence by the two out of three property for weak equiva-

lences, it suffices to show that Cq(W
CqIQT JsqX
q+1 ) is a weak equivalence in SptTM∗.

We already know that W
CqIQT JsqX
q+1 is a weak equivalence in SptTM∗, then

using [Hir03, proposition 3.1.5] we have that W
CqIQT JsqX
q+1 is a Cq

eff -colocal equiv-

alence. Then the two out of three property for Cq
eff -colocal equivalences implies

that Cq(W
CqIQT JsqX
q+1 ) is also a Cq

eff -colocal equivalence, since by construction

C
CqIQT JsqX
q and C

Wq+1CqIQT JsqX
q are both Cq

eff -colocal equivalences.

Finally, by construction CqCqIQT JsqX and CqWq+1CqIQT JsqX are Cq
eff -

colocal in SptTM∗, then [Hir03, theorem 3.2.13(2)] implies that Cq(W
CqIQT JsqX
q+1 )

is a weak equivalence in SptTM∗, as we wanted. �

Proposition 3.2.78. Fix q ∈ Z. Then for every T -spectrum X, the following
natural maps in RC

q

eff
SH(S) (see proposition 3.1.15 and theorem 3.1.16):

IQT JX IQT JfqX
IQT J(πX

q )
//IQT J(θX)oo IQT JsqX

become isomorphisms in SqSH(S) after applying the functor Cq:

CqIQT JX CqIQT JfqX
CqIQT J(πX

q )

∼=
//CqIQT J(θX)

∼=
oo CqIQT JsqX

Proof. Proposition 3.2.17 implies that the map

IQT JfqX
IQT J(θX)

∼=
// IQT JX

is an isomorphism in RC
q

eff
SH(S). Hence using corollary 3.2.70 we have that

CqIQT JfqX
CqIQT J(θX )

∼=
// CqIQT JX

is an isomorphism in SqSH(S).
On the other hand, theorem 3.1.16(1) implies that we have the following dis-

tinguished triangle in SH(S):

fq+1X // fqX
πX

q // sqX // Σ1,0
T fq+1X
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Proposition 3.2.11 implies that after applying IQT J we get the following distin-
guished triangle in RC

q

eff
SH(S)

IQT Jfq+1X // IQT JfqX
IQT J(πX

q )
// IQT JsqX // Σ1,0

T IQT Jfq+1X

Now corollary 3.2.70 implies that after applying Cq we get the following distin-
guished triangle in SqSH(S)

CqIQT Jfq+1X // CqIQT JfqX
CqIQT J(πX

q )
// CqIQT JsqX

��
Σ1,0

T CqIQT Jfq+1X

Therefore it is enough to check that CqIQT Jfq+1X ∼= ∗ in SqSH(S). But this
follows directly from lemma 3.2.74. �

Corollary 3.2.79. Fix q ∈ Z. Then for every T -spectrum X, the following
natural maps in SH(S) (see proposition 3.1.15 and theorem 3.1.16):

X fqX
πX

q //θXoo sqX

become isomorphisms in SH(S) after applying the functor CqWq+1CqIQT J :

CqWq+1CqIQT JX CqWq+1CqIQT JfqX

CqWq+1CqIQT J(πX
q )∼=

��

CqWq+1CqIQT J(θX)

∼=
oo

CqWq+1CqIQT JsqX

Furtheremore, these maps induce natural isomorphisms between the following
exact functors

SH(S)
CqWq+1CqIQT Jsq //

CqWq+1CqIQT Jfq

// SH(S)

SH(S)
CqWq+1CqIQT Jfq //

CqWq+1CqIQT J
// SH(S)

Proof. The naturality of the maps πX
q : fqX → sqX and θX : fqX → X im-

plies that we have induced natural transformations of functors CqWq+1CqIQT Jfq →
CqWq+1CqIQT Jsq and CqWq+1CqIQT Jfq → CqWq+1CqIQT J . Hence, it is enough
to show that for every T -spectrum X , CqWq+1CqIQT J(πX

q ) and CqWq+1CqIQT J(θX)
are weak equivalences in SptTM∗.

Proposition 3.2.78 implies that the following natural maps

CqIQT JX CqIQT JfqX
CqIQT J(πX

q )

∼=
//CqIQT J(θX)

∼=
oo CqIQT JsqX

are isomorphisms in SqSH(S). Then the result follows immediately from corollary
3.2.70 and proposition 3.2.11. �



3.2. MODEL STRUCTURES FOR THE SLICE FILTRATION 147

Theorem 3.2.80. Fix q ∈ Z. Then for every T -spectrum X, we have the
following diagram in SH(S):

(46)

Wq+1CqIQT JsqX

CqIQT JsqX

W
Cq IQT JsqX

q+1

∼=

66lllllllllllll

C
IQT JsqX
q

∼=

��

CqWq+1CqIQT JsqX

C
Wq+1CqIQT JsqX

q

∼=

jjTTTTTTTTTTTTTTT

IQT JsqX CqWq+1CqIQT JfqX

CqWq+1CqIQT J(πX
q ) ∼=

OO

CqWq+1CqIQT J(θX) ∼=

��
sqX

IQT JsqX ∼=

OO

CqWq+1CqIQT JX

where all the maps are isomorphisms in SH(S). Furthermore, this diagram induces
a natural isomorphism between the following exact functors:

SH(S)
sq //

CqWq+1CqIQT J
// SH(S)

Proof. The fact that IQT JsqX and C
IQT Js<qX
q are isomorphisms in SH(S)

follows from proposition 3.2.75. Now proposition 3.2.76 implies that W
CqIQT JsqX
q+1

is an isomorphism in SH(S), and proposition 3.2.77 implies that C
Wq+1CqIQT JsqX
q is

also an isomorphism in SH(S). Finally, corollary 3.2.79 implies that CqWq+1CqIQT J(πX
q )

and CqWq+1CqIQT J(θX ) are both isomorphisms in SH(S).
This shows that all the maps in the diagram (46) are isomorphisms in SH(S),

therefore for every T -spectrum X we can define the following composition in SH(S)

(47)

Wq+1CqIQT JsqX

(C
Wq+1Cq IQT JsqX

q )−1

∼= **TTTTTTTTTTTTTTT

CqIQT JsqX

W
Cq IQT JsqX

q+1

∼=

66lllllllllllll

CqWq+1CqIQT JsqX

(CqWq+1CqIQT J(πX
q ))−1 ∼=

��
IQT JsqX

(C
IQT JsqX
q )−1 ∼=

OO

CqWq+1CqIQT JfqX

CqWq+1CqIQT J(θX) ∼=

��
sqX

IQT JsqX ∼=

OO

CqWq+1CqIQT JX

which is an isomorphism.
On the other hand, propositions 3.2.75, 3.2.76 and 3.2.77, and corollary 3.2.79

imply all together that the isomorphisms defined in diagram (47) induce a natural

isomorphism of functors sq

∼=
→ CqWq+1CqIQT J . This finishes the proof. �

Proposition 3.2.81. Fix q ∈ Z. Let η denote the unit of the adjuntion
(Cq , Wq+1, ϕ) : RC

q

eff
SH(S) → SqSH(S) constructed in corollary 3.2.70. Then

the natural transformation πq : fq → sq (see theorem 3.1.16) gets canonically iden-
tified, through the equivalence of categories rqCq, IQT Jiq constructed in proposition
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3.2.21 with the following map in SH(S):

CqIQT JX
Cq(ηIQT JX )

// CqWq+1CqIQT JX

Proof. It follows directly from theorem 3.1.16, corollary 3.2.63 together with
[Nee01, proposition 9.1.8]. �

Remark 3.2.82. Theorem 3.2.80 gives the desired lifting to the model category
level for the functors sq defined in theorem 3.1.16; and it completes the program
that we started at the beginning of this section, where the goal was to get a lifting
for the slice functors sq.

3.3. The Symmetric Model Structure for the Slice Filtration

Our goal now is to lift the model structures constructed in section 3.2 to the
category of symmetric T -spectra, in order to have a natural framework for the study
of the multiplicative properties of Voevodsky’s slice filtration.

Let SHΣ(S) denote the homotopy category associated to SptΣ
TM∗. We call

SHΣ(S) the motivic symmetric stable homotopy category. We will denote by

[−,−]ΣSpt the set of maps between two objects in SHΣ(S).

Definition 3.3.1. Let QΣ denote a cofibrant replacement functor in SptΣTM∗;
such that for every symmetric T -spectrum X, the natural map

QΣX
QX

Σ // X

is a trivial fibration in SptΣTM∗.

Definition 3.3.2. Let RΣ denote a fibrant replacement functor in SptΣTM∗;
such that for every symmetric T -spectrum X, the natural map

X
RX

Σ // RΣX

is a trivial cofibration in SptΣTM∗.

Proposition 3.3.3. The motivic symmetric stable homotopy category SHΣ(S)
has a structure of triangulated category defined as follows:

(1) The suspension Σ1,0
T functor is given by

− ∧ S1 : SHΣ(S) // SHΣ(S)

X
� // QΣX ∧ S1

(2) The distinguished triangles are isomorphic to triangles of the form

A
i // B

j // C
k // Σ1,0

T A

where i is a cofibration in SptΣTM∗, and C is the homotopy cofibre of i.

Proof. Theorem 2.6.23 implies in particular that SptΣTM∗ is a pointed sim-
plicial model category, and theorem 2.6.27 implies that the adjunction:

(− ∧ S1, ΩS1 , ϕ) : SptΣTM∗
// SptΣTM∗
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is a Quillen equivalence. The result now follows from the work of Quillen in [Qui67,
sections I.2 and I.3] and the work of Hovey in [Hov99, chapters VI and VII] (see
[Hov99, proposition 7.1.6]). �

Theorem 3.3.4. The adjunction

(V, U, ϕ) : SptTM∗
// SptΣTM∗

given by the symmetrization and the forgetful functors, induces an adjunction

(V Qs, URΣ, ϕ) : SH(S) // SHΣ(S)

of exact funtors between triangulated categories. Furthermore, V Qs and URΣ are
both equivalences of categories.

Proof. Theorem 2.6.30 implies that the adjunction (V, U, ϕ) is a Quillen equiv-
alence. Therefore we get the following adjunction at the level of the associated
homotopy categories:

(V Qs, URΣ, ϕ) : SH(S) // SHΣ(S)

Now [Hov99, proposition 1.3.13] implies that V Qs, URΣ are both equivalences
of categories. Finally, proposition 2.6.19 together with [Hov99, proposition 6.4.1]

imply that V Qs maps cofibre sequences in SH(S) to cofibre sequences in SHΣ(S).
Therefore using proposition 7.1.12 in [Hov99] we have that V Qs and URΣ are both
exact functors between triangulated categories. �

Corollary 3.3.5. Fix q ∈ Z.

(1) The exact functor (see remark 3.1.13)

fq : SH(S) // SH(S)

gets canonically identified with the following exact functor:

f̃q : SHΣ(S) // SHΣ(S)

X
� // V Qs(fq(URΣX))

i.e. f̃q = V Qs ◦ fq ◦ URΣ.
(2) The exact functor (see theorem 3.1.18)

s<q : SH(S) // SH(S)

gets canonically identified with the following exact functor:

s̃<q : SHΣ(S) // SHΣ(S)

X
� // V Qs(s<q(URΣX))

i.e. s̃<q = V Qs ◦ s<q ◦ URΣ.
(3) The exact functor (see theorem 3.1.16)

sq : SH(S) // SH(S)

gets canonically identified with the following exact functor:

s̃q : SHΣ(S) // SHΣ(S)

X
� // V Qs(sq(URΣX))
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i.e. s̃q = V Qs ◦ sq ◦ URΣ.

Proof. Follows immediately from theorem 3.3.4. �

Lemma 3.3.6. Let X ∈ M∗ be a pointed simplicial presheaf which is com-
pact in the sense of Jardine (see definition 2.3.10), and let FΣ

n (X) be the symmet-
ric T -spectrum constructed in definition 2.6.8. Consider an arbitrary collection of
symmetric T -spectra {Zi}i∈I indexed by a set I. Then

[FΣ
n (X),

∐

i∈I

Zi]
Σ
Spt

∼=
∐

i∈I

[FΣ
n (X), Zi]

Σ
Spt

Proof. Since every pointed simplicial presheaf in M∗ is cofibrant and FΣ
n =

V ◦ Fn (see proposition 2.6.18) is a left Quillen functor, using theorem 2.6.30 we
have:

[FΣ
n (X),

∐

i∈I

Zi]
Σ
Spt = [V (Fn(X)),

∐

i∈I

Zi]
Σ
Spt

∼= [Fn(X), URΣ(
∐

i∈I

Zi)]Spt

∼= [Fn(X), (
∐

i∈I

URΣZi)]Spt

where the last isomorphism follows from theorem 3.3.4, which implies in particular
that URΣ : SHΣ(S) → SH(S) is a left adjoint, since it is an equivalence of cate-
gories. Now since X ∈ M∗ is compact in the sense of Jardine, lemma 3.1.4 implies
that:

[Fn(X),
∐

i∈I

URΣZi]Spt
∼=

∐

i∈I

[Fn(X), URΣZi]Spt

Finally using proposition 2.6.18 and theorem 2.6.30 again, we get:

[FΣ
n (X),

∐

i∈I

Zi]
Σ
Spt

∼=
∐

i∈I

[Fn(X), URΣZi]Spt

∼=
∐

i∈I

[V (Fn(X)), Zi]
Σ
Spt

=
∐

i∈I

[FΣ
n (X), Zi]

Σ
Spt

as we wanted. �

Proposition 3.3.7. The motivic symmetric stable homotopy category SHΣ(S)
is a compactly generated triangulated category in the sense of Neeman (see [Nee96,
definition 1.7]). The set of compact generators is given by (see definition 2.6.8):

CΣ =
⋃

n,r,s≥0

⋃

U∈(Sm|S)

FΣ
n (Sr ∧ Gs

m ∧ U+)

i.e. the smallest triangulated subcategory of SHΣ(S) closed under small coproducts

and containing all the objects in CΣ coincides with SHΣ(S).

Proof. Since SHΣ(S) is closed under small coproducts, we just need to prove
the following two claims:
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(1) For every F Σ
n (Sr ∧ Gs

m ∧ U+) ∈ CΣ; FΣ
n (Sr ∧ Gs

m ∧ U+) commutes with

coproducts in SHΣ(S), i.e. given a family of symmetric T -spectra {Xi}i∈I

indexed by a set I we have:

[FΣ
n (Sr ∧ Gs

m ∧ U+),
∐

i∈I

Xi]
Σ
Spt

∼=
∐

i∈I

[FΣ
n (Sr ∧ Gs

m ∧ U+), Xi]
Σ
Spt

(2) If a symmetric T -spectrum X has the following property: [F Σ
n (Sr ∧Gs

m ∧
U+), X ]ΣSpt = 0 for every F Σ

n (Sr∧Gs
m∧U+) ∈ CΣ, then X ∼= ∗ in SHΣ(S).

(1): Follows immediately from lemma 3.3.6 since we know by proposition 2.4.1
that the pointed simplicial presheaves Sr ∧ Gs

m ∧ U+ are all compact in the sense
of Jardine.

(2): Fix Fn(Sr ∧ Gs
m ∧ U+) ∈ C ⊆ SptTM∗. Using theorem 2.6.30 we have

that:

[Fn(Sr ∧ Gs
m ∧ U+), UX ]Spt

∼= [FΣ
n (Sr ∧ Gs

m ∧ U+), X ]ΣSpt = 0

Therefore, proposition 3.1.5 implies that the map UX → U(∗) = ∗ is a weak
equivalence in SptTM∗. Hence, [Jar00, proposition 4.8] implies that X → ∗ is also

a weak equivalence in SptΣTM∗, i.e. X ∼= ∗ in SHΣ(S). This finishes the proof. �

Corollary 3.3.8. Let f : X → Y be a map in SHΣ(S). Then f is an
isomorphism if and only if f induces an isomorphism of abelian groups:

[FΣ
n (Sr ∧ Gs

m ∧ U+), X ]ΣSpt

f∗ // [FΣ
n (Sr ∧ Gs

m ∧ U+), Y ]ΣSpt

for every FΣ
n (Sr ∧ Gs

m ∧ U+) ∈ CΣ.

Proof. (⇒): If f is an isomorphism in SHΣ(S) it is clear that the induced
maps f∗ are isomorphisms of abelian groups for every F Σ

n (Sr ∧ Gs
m ∧ U+) ∈ CΣ.

(⇐): Complete f to a distinguished triangle in SHΣ(S):

X
f // Y

g // Z
h // Σ1,0

T X

Then f is an isomorphism if and only if Z ∼= ∗ in SHΣ(S).
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Now since the functor [F Σ
n (Sr ∧ Gs

m ∧ U+),−]ΣSpt is homological, we get the
following long exact sequence of abelian groups:

...

��
[FΣ

n (Sr ∧ Gs
m ∧ U+), X ]ΣSpt

f∗

��
[FΣ

n (Sr ∧ Gs
m ∧ U+), Y ]ΣSpt

g∗

��
[FΣ

n (Sr ∧ Gs
m ∧ U+), Z]ΣSpt

h∗

��
[FΣ

n (Sr ∧ Gs
m ∧ U+), Σ1,0

T X ]ΣSpt

Σ1,0
T f∗

��

[FΣ
n+1(S

r ∧ Gs+1
m ∧ U+), X ]ΣSpt

∼=

Σ1,0
T

oo

f∗

��
[FΣ

n (Sr ∧ Gs
m ∧ U+), Σ1,0

T Y ]ΣSpt

��

[FΣ
n+1(S

r ∧ Gs+1
m ∧ U+), Y ]ΣSpt

∼=

Σ1,0
T

oo

...

But by hypothesis all the maps f∗ are isomorphisms, therefore [F Σ
n (Sr ∧ Gs

m ∧
U+), Z]ΣSpt = 0 for every F Σ

n (Sr ∧ Gs
m ∧ U+) ∈ CΣ. Since SHΣ(S) is a compactly

generated triangulated category (see proposition 3.3.7) with set of compact gen-
erators CΣ, we have that Z ∼= ∗. This implies that f is an isomorphism, as we
wanted. �

Theorem 3.3.9. Fix q ∈ Z. Consider the following set of objects in SptΣTM∗

(see theorem 3.2.1):

Cq,Σ
eff =

⋃

n,r,s≥0;s−n≥q

⋃

U∈(Sm|S)

FΣ
n (Sr ∧ Gs

m ∧ U+)

Then the right Bousfield localization of SptΣTM∗ with respect to the class of Cq,Σ
eff -

colocal equivalences exists (see definitions 1.8.6 and 1.9.2). This model structure
will be called (q − 1)-connected motivic symmetric stable, and the category of
symmetric T -spectra equipped with the (q − 1)-connected motivic symmetric sta-

ble model structure will be denoted by RC
q

eff
SptΣTM∗. Furthermore RC

q

eff
SptΣTM∗

is a right proper and simplicial model category. The homotopy category associated
to RC

q

eff
SptΣTM∗ will be denoted by RC

q

eff
SHΣ(S).

Proof. Theorems 2.6.23 and 2.7.4 imply that SptΣTM∗ is a cellular, proper
and simplicial model category. Therefore we can apply theorem 5.1.1 in [Hir03] to

construct the right Bousfield localization of SptΣTM∗ with respect to the class of



3.3. THE SYMMETRIC MODEL STRUCTURE FOR THE SLICE FILTRATION 153

Cq,Σ
eff -colocal equivalences. Using theorem 5.1.1 in [Hir03] again, we have that this

new model structure is right proper and simplicial. �

Definition 3.3.10. Fix q ∈ Z. Let CΣ
q denote a cofibrant replacement functor

in RC
q

eff
SptΣTM∗; such that for every symmetric T -spectrum X, the natural map

CΣ
q X

CΣ,X
q // X

is a trivial fibration in RC
q

eff
SptΣTM∗, and CΣ

q X is always Cq,Σ
eff -colocal in SptΣTM∗.

Proposition 3.3.11. Fix q ∈ Z. Then RΣ is also a fibrant replacement functor
in RC

q

eff
SptΣTM∗ (see definition 3.3.2), and for every symmetric T -spectrum X the

natural map

X
RX

Σ // RΣX

is a trivial cofibration in RC
q

eff
SptΣTM∗.

Proof. Since RC
q

eff
SptΣTM∗ is the right Bousfield localization of SptΣTM∗

with respect to the Cq,Σ
eff -colocal equivalences, by construction we have that the

fibrations and the trivial cofibrations are indentical in RC
q

eff
SptΣTM∗ and SptΣTM∗

respectively. This implies that for every symmetric T -spectrum X , RΣX is fibrant
in RC

q

eff
SptΣTM∗, and we also have that the natural map

X
RX

Σ // RΣX

is a trivial cofibration in RC
q

eff
SptΣTM∗. Hence RΣ is also a fibrant replacement

functor for RC
q

eff
SptΣTM∗. �

Proposition 3.3.12. Fix q ∈ Z. Then a map of symmetric T -spectra f :

X → Y is a Cq,Σ
eff -colocal equivalence in SptΣTM∗ if and only if the underlying map

URΣ(f) : URΣX → URΣY is a Cq
eff -colocal equivalence in SptTM∗.

Proof. Consider F Σ
n (Sr∧Gs

m∧U+) ∈ Cq,Σ
eff . Using the enriched adjunctions of

proposition 2.6.19, we get the following commutative diagram where all the vertical
arrows are isomorphisms:

Map Σ(FΣ
n (Sr ∧ Gs

m ∧ U+), RΣX)
RΣf∗ // Map Σ(FΣ

n (Sr ∧ Gs
m ∧ U+), RΣY )

Map Σ(V (Fn(Sr ∧ Gs
m ∧ U+)), RΣX)

RΣf∗ //

∼=

��

Map Σ(V (Fn(Sr ∧ Gs
m ∧ U+)), RΣY )

∼=

��
Map(Fn(Sr ∧ Gs

m ∧ U+), URΣX)
URΣf∗

// Map(Fn(Sr ∧ Gs
m ∧ U+), URΣY )

Since URΣX and URΣY are both fibrant in SptTM∗, we have that URΣ(f) is a
Cq

eff -colocal equivalence in SptTM∗ if and only if the bottom row in the diagram

above is a weak equivalence of simplicial sets for every Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff .
By the two out of three property for weak equivalences we have that this happens
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if and only if the top row in the diagram above is a weak equivalence for every

FΣ
n (Sr ∧ Gs

m ∧ U+) ∈ Cq,Σ
eff . But this last condition holds if and only if f is a

Cq,Σ
eff -colocal equivalence in SptΣTM∗. This finishes the proof. �

Proposition 3.3.13. Fix q ∈ Z, and let f : X → Y be a map of symmetric

T -spectra. Then f is a Cq,Σ
eff -colocal equivalence in SptΣTM∗ if and only if for every

FΣ
n (Sr ∧ Gs

m ∧ U+) ∈ Cq,Σ
eff , the induced map:

[FΣ
n (Sr ∧ Gs

m ∧ U+), X ]ΣSpt

f∗ // [FΣ
n (Sr ∧ Gs

m ∧ U+), Y ]ΣSpt

is an isomorphism of abelian groups.

Proof. By proposition 3.3.12, f is a Cq,Σ
eff -colocal equivalence in SptΣTM∗ if

and only if URΣ(f) is a Cq
eff -colocal equivalence in SptTM∗. Using proposition

3.2.4 we have that URΣ(f) is a Cq
eff -colocal equivalence if and only if for every

Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq

eff , the induced map

[Fn(Sr ∧ Gs
m ∧ U+), URΣX ]Spt

URΣ(f)∗ // [Fn(Sr ∧ Gs
m ∧ U+), URΣY ]Spt

is an isomorphism of abelian groups.
Now theorem 2.6.30 implies that we have the following commutative diagram,

where all the vertical arrows are isomorphisms:

[Fn(Sr ∧ Gs
m ∧ U+), URΣX ]Spt

URΣ(f)∗ //

∼=

��

[Fn(Sr ∧ Gs
m ∧ U+), URΣY ]Spt

∼=

��
[V (Fn(Sr ∧ Gs

m ∧ U+)), X ]ΣSpt

f∗ // [V (Fn(Sr ∧ Gs
m ∧ U+)), Y ]ΣSpt

[FΣ
n (Sr ∧ Gs

m ∧ U+), X ]ΣSpt

f∗ // [FΣ
n (Sr ∧ Gs

m ∧ U+), Y ]ΣSpt

Therefore f is a Cq,Σ
eff -colocal equivalence if and only if for every F Σ

n (Sr ∧ Gs
m ∧

U+) ∈ Cq,Σ
eff , the bottom row is an isomorphism of abelian groups. This finishes the

proof. �

Lemma 3.3.14. Fix q ∈ Z, and let f : X → Y be a map of symmetric T -

spectra. Then f is a Cq,Σ
eff -colocal equivalence in SptΣTM∗ if and only if ΩS1RΣf is

a Cq,Σ
eff -colocal equivalence in SptΣTM∗.

Proof. It follows from proposition 3.3.12 that f is a Cq,Σ
eff -colocal equivalence

in SptΣTM∗ if and only if URΣf is a Cq
eff -colocal equivalence in SptTM∗. Since

URΣX, URΣY are both fibrant in SptTM∗, using lemma 3.2.7 we have that URΣf
is a Cq

eff -colocal equivalence if and only if ΩS1URΣf = U(ΩS1RΣf) is a Cq
eff -

colocal equivalence in SptTM∗.

Finally, since ΩS1RΣX, ΩS1RΣY are both fibrant in SptΣTM∗, we have by
proposition 3.3.12 that U(ΩS1RΣf) is a Cq

eff -colocal equivalence if and only if

ΩS1RΣf is a Cq,Σ
eff -colocal equivalence. This finishes the proof. �
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Corollary 3.3.15. Fix q ∈ Z. Then the adjunction

(− ∧ S1, ΩS1 , ϕ) : RC
q

eff
SptΣTM∗ // RC

q

eff
SptΣTM∗

is a Quillen equivalence.

Proof. Using corollary 1.3.16 in [Hov99] and proposition 3.3.11 we have that
it suffices to verify the following two conditions:

(1) For every cofibrant object X in RC
q

eff
SptΣTM∗, the following composition

X
ηX // ΩS1(X ∧ S1)

ΩS1RX∧S1

Σ // ΩS1RΣ(X ∧ S1)

is a Cq,Σ
eff -colocal equivalence.

(2) ΩS1 reflects Cq,Σ
eff -colocal equivalences between fibrant objects in RC

q

eff
SptΣTM∗.

(1): By construction RC
q

eff
SptΣTM∗ is a right Bousfield localization of SptΣTM∗,

therefore the identity functor

id : RC
q

eff
SptΣTM∗ // SptΣTM∗

is a left Quillen functor. Thus X is also cofibrant in SptΣTM∗. Since the adjunction

(−∧S1, ΩS1 , ϕ) is a Quillen equivalence on SptΣTM∗, [Hov99, proposition 1.3.13(b)]

implies that the following composition is a weak equivalence in SptΣ
TM∗:

X
ηX // ΩS1(X ∧ S1)

ΩS1RX∧S1

Σ // ΩS1RΣ(X ∧ S1)

Hence using [Hir03, proposition 3.1.5] it follows that the composition above is a

Cq,Σ
eff -colocal equivalence.

(2): This follows immediately from proposition 3.3.11 and lemma 3.3.14. �

Remark 3.3.16. The adjunction (ΣT , ΩT , ϕ) is a Quillen equivalence on SptΣTM∗.
However it does not descend even to a Quillen adjunction on the (q − 1)-connected

motivic symmetric stable model category RC
q

eff
SptΣTM∗.

Corollary 3.3.17. Fix q ∈ Z. Then RC
q

eff
SHΣ(S) has the structure of a

triangulated category.

Proof. Theorem 3.3.9 implies in particular that RC
q

eff
SptΣTM∗ is a pointed

simplicial model category, and corollary 3.3.15 implies that the adjunction

(− ∧ S1, ΩS1 , ϕ) : RC
q

eff
SptΣTM∗ → RC

q

eff
SptΣTM∗

is a Quillen equivalence. Therefore the result follows from the work of Quillen in
[Qui67, sections I.2 and I.3] and the work of Hovey in [Hov99, chapters VI and
VII]. �

Proposition 3.3.18. For every q ∈ Z, we have the following adjunction

(CΣ
q , RΣ, ϕ) : RC

q

eff
SHΣ(S) // SHΣ(S)

between exact functors of triangulated categories.
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Proof. Since RC
q

eff
SptΣTM∗ is the right Bousfield localization of SptΣTM∗

with respect to the Cq,Σ
eff -colocal equivalences, we have that the identity functor

id : RC
q

eff
SptΣTM∗ → SptΣTM∗ is a left Quillen functor. Therefore we get the

following adjunction at the level of the associated homotopy categories:

(CΣ
q , RΣ, ϕ) : RC

q

eff
SHΣ(S) // SHΣ(S)

Now proposition 6.4.1 in [Hov99] implies that CΣ
q maps cofibre sequences in

RC
q

eff
SHΣ(S) to cofibre sequences in SHΣ(S). Therefore using proposition 7.1.12

in [Hov99] we have that CΣ
q and RΣ are both exact functors between triangulated

categories. �

Theorem 3.3.19. Fix q ∈ Z. Then the adjunction

(V, U, ϕ) : RC
q

eff
SptTM∗ // RC

q

eff
SptΣTM∗

given by the symmetrization and the forgetful functors is a Quillen equivalence.

Proof. Proposition 3.3.12 together with the universal property for right Bous-
field localizations (see definition 1.8.2) imply that

U : RC
q

eff
SptΣTM∗ // RC

q

eff
SptTM∗

is a right Quillen functor. Using corollary 1.3.16 in [Hov99] and proposition 3.3.11
we have that it suffices to verify the following two conditions:

(1) For every cofibrant object X in RC
q

eff
SptTM∗, the following composition

X
ηX // UV (X)

URV X
Σ // URΣV (X)

is a weak equivalence in RC
q

eff
SptTM∗.

(2) U reflects weak equivalences between fibrant objects in RC
q

eff
SptΣTM∗.

(1): By construction RC
q

eff
SptTM∗ is a right Bousfield localization of SptTM∗,

therefore the identity functor

id : RC
q

eff
SptTM∗ // SptTM∗

is a left Quillen functor. Thus X is also cofibrant in SptTM∗. Since the adjunction

(V, U, ϕ) is a Quillen equivalence between SptTM∗ and SptΣTM∗, [Hov99, propo-
sition 1.3.13(b)] implies that the following composition is a weak equivalence in
SptTM∗:

X
ηX // UV (X)

URV X
Σ // URΣV (X)

Hence using [Hir03, proposition 3.1.5] it follows that the composition above is a
Cq

eff -colocal equivalence in SptTM∗, i.e. a weak equivalence in RC
q

eff
SptTM∗.

(2): This follows immediately from propositions 3.3.11 and 3.3.12. �

Corollary 3.3.20. Fix q ∈ Z. Then the adjunction

(V, U, ϕ) : RC
q

eff
SptTM∗ // RC

q

eff
SptΣTM∗
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given by the symmetrization and the forgetful functors, induces an adjunction

(V Cq , URΣ, ϕ) : RC
q

eff
SH(S) // RC

q

eff
SHΣ(S)

of exact funtors between triangulated categories. Furthermore, V Cq and URΣ are
both equivalences of categories.

Proof. Theorem 3.3.19 implies that the adjunction (V, U, ϕ) is a Quillen equiv-
alence. Therefore we get the following adjunction at the level of the associated
homotopy categories:

(V Cq , URΣ, ϕ) : RC
q

eff
SH(S) // RC

q

eff
SHΣ(S)

Now [Hov99, proposition 1.3.13] implies that V Cq , URΣ are both equivalences
of categories. Finally, proposition 2.6.19 together with [Hov99, proposition 6.4.1]
imply that V Cq maps cofibre sequences in RC

q

eff
SH(S) to cofibre sequences in

RC
q

eff
SHΣ(S). Therefore using proposition 7.1.12 in [Hov99] we have that V Cq

and URΣ are both exact functors between triangulated categories. �

Now it is very easy to find the desired lifting for the functor f̃q : SHΣ(S) →

SHΣ(S) (see corollary 3.3.5(1)) to the model category level.

Lemma 3.3.21. Fix q ∈ Z.

(1) Let X be an arbitrary T -spectrum in RC
q

eff
SptTM∗. Then the following

maps in SptΣTM∗

V Qs(CqX)
V (Q

CqX
s ) // V CqX CΣ

q (V CqX)
C

Σ,V CqX
qoo

induce natural isomorphisms between the functors:

CΣ
q ◦ V Cq , V Cq , V Qs ◦ Cq : RC

q

eff
SH(S) → SHΣ(S)

RC
q

eff
SHΣ(S)

CΣ
q

&&MMMMMMMMMMM

RC
q

eff
SH(S)

V Cq //

V Cq

77ooooooooooo

Cq ((PPPPPPPPPPPP
SHΣ(S)

SH(S)

V Qs

77ppppppppppp

Given a T -spectrum X

αX : V Qs(CqX)
∼= // CΣ

q (V CqX)

will denote the isomorphism in SHΣ(S) corresponding to the natural iso-
morphism between V Qs ◦ Cq and CΣ

q ◦ V Cq.
(2) Let X be an arbitrary symmetric T -spectrum. Then the following maps

in RC
q

eff
SptTM∗

IQT J(URΣX) URΣX
IQT JURΣX

oo
U(R

RΣX

Σ )
// URΣ(RΣX)
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induce natural isomorphisms between the functors:

IQT J ◦ URΣ, URΣ, URΣ ◦ RΣ : SHΣ(S) → RC
q

eff
SH(S)

SH(S)

IQT J

((PPPPPPPPPPPP

SHΣ(S)
URΣ //

URΣ

77ppppppppppp

RΣ &&MMMMMMMMMMM
RC

q

eff
SH(S)

RC
q

eff
SHΣ(S)

URΣ

77ooooooooooo

Given a symmetric T -spectrum X

βX : IQT J(URΣX)
∼= // URΣ(RΣX)

will denote the isomorphism in RC
q

eff
SH(S) corresponding to the natural

isomorphism between IQT J ◦ URΣ and URΣ ◦ RΣ.

Proof. (1): Follows immediately from theorem 1.3.7 in [Hov99] and the fol-
lowing commutative diagram of left Quillen functors:

RC
q

eff
SptTM∗

V //

id

��

RC
q

eff
SptΣTM∗

id

��
SptTM∗

V
// SptΣTM∗

(2): Follows immediately from the dual of theorem 1.3.7 in [Hov99] and the
following commutative diagram of right Quillen functors:

RC
q

eff
SptTM∗ RC

q

eff
SptΣTM∗

Uoo

SptTM∗

id

OO

SptΣTM∗U
oo

id

OO

�

Theorem 3.3.22. Fix q ∈ Z, and let X be an arbitrary symmetric T -spectrum.

(1) The diagram (27) in theorem 3.2.20 induces the following diagram in

SHΣ(S):

(48)

V Qs(IQT Jfq(URΣX)) V Qs(CqIQT Jfq(URΣX))
V Qs(C

IQT Jfq (URΣX)
q )

∼=
oo

V Qs(CqIQT J(θURΣX)) ∼=

��
f̃qX = V Qs(fq(URΣX))

V Qs(IQT Jfq URΣX )∼=

OO

V Qs(CqIQT J(URΣX))
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where all the maps are isomorphisms in SHΣ(S). Furthermore, this dia-
gram induces a natural isomorphism between the following exact functors:

SHΣ(S)

f̃q //

V Qs◦CqIQT J◦URΣ

// SH
Σ(S)

(2) Let ε be the counit of the adjunction (see corollary 3.3.20):

(V Cq , URΣ, ϕ) : RC
q

eff
SH(S) // RC

q

eff
SHΣ(S)

Then we have the following diagram in SHΣ(S) (see lemma 3.3.21):

(49)

CΣ
q (V Cq(IQT J(URΣX)))

CΣ
q V Cq(βX)

∼=
// CΣ

q (V Cq(URΣ(RΣX)))

CΣ
q (εRΣX)∼=

��
V Qs(CqIQT J(URΣX))

αIQT J(URΣX) ∼=

OO

CΣ
q RΣX = fΣ

q X

where all the maps are isomorphisms in SHΣ(S). This diagram induces
a natural isomorphism between the following exact functors:

SHΣ(S)

V Qs◦CqIQT J◦URΣ //

CΣ
q RΣ=fΣ

q

// SH
Σ(S)

(3) Combining the diagrams (48) and (49) above we get a natural isomorphism
between the following exact functors:

SHΣ(S)

f̃q //

fΣ
q

// SH
Σ(S)

Proof. It is clear that it suffices to prove only the first two claims.
(1): Follows immediately from theorems 3.2.20 and 3.3.4.
(2): Follows immediately from lemma 3.3.21 and corollary 3.3.20. �

Proposition 3.3.23. Fix q ∈ Z. Let ε denote the counit of the adjuntion
(CΣ

q , RΣ, ϕ) : RC
q

eff
SHΣ(S) → SHΣ(S) constructed in proposition 3.3.18. Then

the natural transformation θq : fq → id (see proposition 3.1.15) gets canonically
identified, through the equivalence of categories rqCq, IQT Jiq, V Cq, URΣ, V Qs

and URΣ constructed in proposition 3.2.21, corollary 3.3.20 and theorem 3.3.4;
with θΣ

q = ε.

Proof. By construction θq is the counit of the adjunction

(iq , rq , ϕ) : Σq
TSH

eff (S) → SH(S)

(see proposition 3.1.15). The result follows immediately from proposition 3.2.21,
corollary 3.3.20 and theorem 3.3.4. �
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The functor fΣ
q gives the desired lifting for the functor f̃q to the model category

level, and it will be used in the study of the multiplicative properties of Voevodsky’s
slice filtration.

Proposition 3.3.24. Fix q ∈ Z.

(1) We have the following commutative diagram of left Quillen functors:

(50)

RC
q+1
eff

SptΣTM∗
id //

id &&NNNNNNNNNNN
RC

q

eff
SptΣTM∗

idxxppppppppppp

SptΣTM∗

(2) For every symmetric T -spectrum X, the natural map:

CΣ
q CΣ

q+1X
C

Σ,CΣ
q+1X

q // CΣ
q+1X

is a weak equivalence in SHΣ(S), and it induces a natural equivalence

C
Σ,CΣ

q+1−
q : CΣ

q ◦ CΣ
q+1 → CΣ

q+1 between the following functors:

RC
q+1
eff

SHΣ(S)
CΣ

q+1 //

CΣ
q+1 &&MMMMMMMMMMM

RC
q

eff
SHΣ(S)

CΣ
qxxqqqqqqqqqqq

SHΣ(S)

(3) The natural transformation fq+1X → fqX (see theorem 3.1.16(1)) gets
canonically identified, through the equivalence of categories rqCq, IQT Jiq,
V Cq and URΣ constructed in proposition 3.2.21 and corollary 3.3.20; with

the following composition ρX
q : fΣ

q+1X → fΣ
q X in SHΣ(S)

CΣ
q CΣ

q+1RΣX

CΣ
q (C

Σ,RΣX

q+1 )

&&NNNNNNNNNNN

CΣ
q+1RΣX

(C
Σ,CΣ

q+1RΣX

q )−1
77ppppppppppp

CΣ
q RΣX

which is induced by the following commutative diagram in SptΣ
TM∗

(51)

CΣ
q CΣ

q+1RΣX

C
Σ,CΣ

q+1RΣX

q

��

CΣ
q (C

Σ,RΣX

q+1 )
// CΣ

q RΣX

C
Σ,RΣX
q

��
CΣ

q+1RΣX
C

Σ,RΣX

q+1

// RΣX

Proof. (1): Since RC
q+1
eff

SptΣTM∗ and RC
q

eff
SptΣTM∗ are both right Bousfield

localizations of SptΣTM∗, by construction the identity functor

id : R
C

q+1
eff

SptΣTM∗ → SptΣTM∗

id : RC
q

eff
SptΣTM∗ → SptΣTM∗
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is in both cases a left Quillen functor. To finish the proof, it suffices to show that
the identity functor

id : RC
q

eff
SptΣTM∗ → RC

q+1
eff

SptΣTM∗

is a right Quillen functor. Using the universal property of right Bousfield localiza-

tions (see definition 1.8.2), it is enough to check that if f : X → Y is a Cq,Σ
eff -colocal

equivalence in SptΣTM∗ then RΣf is a Cq+1,Σ
eff -colocal equivalence. But since RΣX

and RΣY are already fibrant in SptΣTM∗, we have that RΣ(f) is a Cq+1,Σ
eff -colocal

equivalence if and only if for every F Σ
n (Sr ∧Gs

m ∧U+) ∈ Cq+1,Σ
eff , the induced map:

Map Σ(FΣ
n (Sr ∧ Gs

m ∧ U+), RΣX)

(RΣf)∗

��
Map Σ(FΣ

n (Sr ∧ Gs
m ∧ U+), RΣY )

is a weak equivalence of simplicial sets. But since Cq+1,Σ
eff ⊆ Cq,Σ

eff , and by hypothesis

f is a Cq,Σ
eff -colocal equivalence; we have that all the induced maps (RΣf)∗ are weak

equivalences of simplicial sets. Thus RΣf is a Cq+1,Σ
eff -colocal equivalence, as we

wanted.
Finally (2) and (3) follow directly from proposition 3.2.21, corollary 3.3.20,

theorems 3.2.20, 3.3.22 together with the commutative diagram (50) of left Quillen
funtors constructed above and [Hov99, theorem 1.3.7]. �

Theorem 3.3.25. We have the following commutative diagram of left Quillen
functors:

(52)

...

id

��
RC

q+1
eff

SptΣTM∗

id

��

id

&&MMMMMMMMMMM

RC
q

eff
SptΣTM∗

id

��

id // SptΣTM∗

R
C

q−1
eff

SptΣTM∗

id

��

id

88qqqqqqqqqqq

...
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and the associated diagram of homotopy categories:

(53)

...

��
RC

q+1
eff

SHΣ(S)

CΣ
q+1

��

CΣ
q+1

UUUUUUU

**UUUUUUU

OO

RC
q

eff
SHΣ(S)

CΣ
q

��

CΣ
q

//

RΣ

OO

SHΣ(S)RΣ
oo

RΣUUUUUUUU

jjUUUUUUUU

RΣ
iiiiiiii

ttiiiiiiii

RC
q−1
eff

SHΣ(S)

��

CΣ
q−1iiiiiii

44iiiiiii
RΣ

OO

...

OO

gets canonically identified, through the equivalences of categories rqCq, IQT Jiq,
V Cq and URΣ constructed in proposition 3.2.21 and corollary 3.3.20; with Voevod-
sky’s slice filtration:

(54)

...

��
Σq+1

T SH(S)

iq+1

��

iq+1
UUUUUUUU

**UUUUUUUU

OO

Σq
TSH

eff (S)

iq

��

iq //

rq

OO

SH(S)rqoo

rq+1UUUUUUUU

jjUUUUUUUU

rq−1
iiiiiiii

ttiiiiiiii

Σq−1
T SH(S)

��

iq−1iiiiiiii

44iiiiiiii
rq−1

OO

...

OO

Proof. Follows immediately from proposition 3.3.24, corollary 3.3.20 and the-
orem 3.2.23. �

Theorem 3.3.26. Fix q ∈ Z. Consider the following set of maps in SptΣTM∗

(see theorem 3.2.29):

LΣ(< q) = {V (ιUn,r,s) : FΣ
n (Sr ∧ Gs

m ∧ U+) → FΣ
n (Dr+1 ∧ Gs

m ∧ U+) |(55)

FΣ
n (Sr ∧ Gs

m ∧ U+) ∈ Cq,Σ
eff}
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Then the left Bousfield localization of SptΣTM∗ with respect to the LΣ(< q)-local
equivalences exists. This new model structure will be called weight<q motivic sym-
metric stable. L<qSptΣTM∗ will denote the category of symmetric T -spectra equipped

with the weight<q motivic symmetric stable model structure, and L<qSH
Σ(S) will

denote its associated homotopy category. Furthermore the weight<q motivic sym-
metric stable model structure is cellular, left proper and simplicial; with the follow-
ing sets of generating cofibrations and trivial cofibrations respectively:

ILΣ(<q) = IT
Σ =

⋃
n≥0{F

Σ
n (Y+ ↪→ (∆n

U )+)}

JLΣ(<q) = {j : A → B}

where j satisfies the following conditions:

(1) j is an inclusion of IT
Σ -complexes.

(2) j is a LΣ(< q)-local equivalence.
(3) the size of B as an IT

Σ -complex is less than κ, where κ is the regular
cardinal defined by Hirschhorn in [Hir03, definition 4.5.3].

Proof. Theorems 2.7.4 and 2.6.23 imply that SptΣTM∗ is a cellular, proper and
simplicial model category. Therefore the existence of the left Bousfield localization
follows from [Hir03, theorem 4.1.1]. Using [Hir03, theorem 4.1.1] again, we have

that L<qSptΣTM∗ is cellular, left proper and simplicial; where the sets of generating
cofibrations and trivial cofibrations are the ones described above. �

Definition 3.3.27. Fix q ∈ Z. Let W Σ
q denote a fibrant replacement functor

in L<qSptΣTM∗, such that the for every symmetric T -spectrum X, the natural map:

X
WΣ,X

q // WΣ
q X

is a trivial cofibration in L<qSptΣTM∗, and WΣ
q X is LΣ(< q)-local in SptΣTM∗.

Proposition 3.3.28. Fix q ∈ Z. Then QΣ is also a cofibrant replacement
functor in L<qSptΣTM∗, and for every symmetric T -spectrum X the natural map

QΣX
QX

Σ // X

is a trivial fibration in L<qSptΣTM∗.

Proof. Since L<qSptΣTM∗ is the left Bousfield localization of SptΣTM∗ with
respect to the LΣ(< q)-local equivalences, by construction we have that the cofi-

brations and the trivial fibrations are indentical in L<qSptΣTM∗ and SptΣTM∗ re-
spectively. This implies that for every symmetric T -spectrum X , QΣX is cofibrant
in L<qSptΣTM∗, and we also have that the natural map

QΣX
QX

Σ // X

is a trivial fibration in L<qSptΣTM∗. Hence QΣ is also a cofibrant replacement

functor for L<qSptΣTM∗. �

Proposition 3.3.29. Fix q ∈ Z. Then a symmetric T -spectrum Z is LΣ(< q)-

local in SptΣTM∗ if and only if UZ is L(< q)-local in SptTM∗.
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Proof. We have that Z is LΣ(< q)-local if and only if Z is fibrant in SptΣTM∗

and for every

ιUn,r,s : Fn(Sr ∧ Gs
m ∧ U+) → Fn(Dr+1 ∧ Gs

m ∧ U+) ∈ L(< q)

the induced map

Map Σ(V (Fn(Dr+1 ∧ Gs
m ∧ U+)), Z)

V (ιU
n,r,s)

∗

��
Map Σ(V (Fn(Sr ∧ Gs

m ∧ U+)), Z)

is a weak equivalence of simplicial sets.
On the other hand, we have that UZ is L(< q)-local in SptTM∗ if and only if

UZ is fibrant in SptTM∗ and for every ιUn,r,s : Fn(Sr ∧ Gs
m ∧ U+) → Fn(Dr+1 ∧

Gs
m ∧ U+) ∈ L(< q), the induced map

Map(Fn(Dr+1 ∧ Gs
m ∧ U+), UZ)

(ιU
n,r,s)

∗

// Map(Fn(Sr ∧ Gs
m ∧ U+), UZ)

is a weak equivalence of simplicial sets.
Then the result follows from the following facts:

(1) By definition, Z is fibrant in SptΣTM∗ if UZ is fibrant in SptTM∗.
(2) Proposition 2.6.19, which implies that the adjunction

(V, U, ϕ) : SptTM∗
// SptΣTM∗

is enriched in the category of simplicial sets.

�

Proposition 3.3.30. Fix q ∈ Z, and let Z be a symmetric T -spectrum. Then
Z is LΣ(< q)-local in SptΣTM∗ if and only if the following conditions hold:

(1) Z is fibrant in SptΣTM∗.

(2) For every F Σ
n (Sr ∧ Gs

m ∧ U+) ∈ Cq,Σ
eff , [FΣ

n (Sr ∧ Gs
m ∧ U+), Z]ΣSpt

∼= 0

Proof. Follows directly from propositions 3.3.29 and 3.2.32, together with the
fact that (V, U, ϕ) : SptTM∗ → SptΣTM∗ is a Quillen adjunction. �

Corollary 3.3.31. Fix q ∈ Z, and let Z be a fibrant symmetric T -spectrum in
SptΣTM∗. Then Z is LΣ(< q)-local in SptΣTM∗ if and only if ΩS1Z is LΣ(< q)-local

in SptΣTM∗.

Proof. By proposition 3.3.29 we have that Z is LΣ(< q)-local if and only if
UZ is L(< q)-local in SptTM∗. Now corollary 3.2.34 implies that UZ is L(< q)-
local if and only if ΩS1UZ = U(ΩS1Z) is L(< q)-local.

Therefore using proposition 3.3.29 again, we get that Z is LΣ(< q)-local if and
only if ΩS1Z is LΣ(< q)-local. �

Corollary 3.3.32. Fix q ∈ Z, and let Z be a fibrant symmetric T -spectrum
in SptΣTM∗. Then Z is LΣ(< q)-local in SptΣTM∗ if and only if RΣ(QΣZ ∧ S1) is

LΣ(< q)-local in SptΣTM∗.
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Proof. (⇒): Assume that Z is LΣ(< q)-local. Since RΣ(QΣZ∧S1) is fibrant,
using proposition 3.3.30 we have that it is enough to check that for every F Σ

n (Sr ∧

Gs
m ∧ U+) ∈ Cq,Σ

eff , [FΣ
n (Sr ∧ Gs

m ∧ U+), RΣ(QΣZ ∧ S1)]ΣSpt
∼= 0. But since − ∧ S1

is a Quillen equivalence, we get the following diagram:

[FΣ
n (Sr ∧ Gs

m ∧ U+), RΣ(QΣZ ∧ S1)]ΣSpt

∼=

++WWWWWWWWWWWWWWWWWWWW

[FΣ
n+1(S

r+1 ∧ Gs+1
m ∧ U+), RΣ(QΣZ ∧ S1)]ΣSpt

[FΣ
n+1(S

r ∧ Gs+1
m ∧ U+), Z]ΣSpt

Σ1,0
T

∼= ++WWWWWWWWWWWWWWWWWWWW

[FΣ
n+1(S

r+1 ∧ Gs+1
m ∧ U+), QΣZ ∧ S1]ΣSpt

∼=

OO

where all the maps are isomorphisms of abelian groups. Since Z is LΣ(< q)-local,
proposition 3.3.30 implies that [FΣ

n+1(S
r ∧ Gs+1

m ∧ U+), Z]ΣSpt
∼= 0. Therefore

[FΣ
n (Sr ∧ Gs

m ∧ U+), RΣ(QΣZ ∧ S1)]ΣSpt
∼= 0

for every FΣ
n (Sr ∧ Gs

m ∧ U+) ∈ Cq,Σ
eff , as we wanted.

(⇐): Assume that RΣ(QΣZ∧S1) is LΣ(< q)-local. By hypothesis, Z is fibrant;
therefore proposition 3.3.30 implies that it is enough to show that for every F Σ

n (Sr∧

Gs
m ∧ U+) ∈ Cq,Σ

eff , [FΣ
n (Sr ∧ Gs

m ∧ U+), Z]ΣSpt
∼= 0. Since SptΣTM∗ is a simplicial

model category and −∧S1 is a Quillen equivalence; we have the following diagram:

[FΣ
n (Sr ∧ Gs

m ∧ U+), ΩS1RΣ(QΣZ ∧ S1)]ΣSpt

∼=

��
[FΣ

n (Sr ∧ Gs
m ∧ U+) ∧ S1, QΣZ ∧ S1]ΣSpt [FΣ

n (Sr ∧ Gs
m ∧ U+), Z]ΣSpt

Σ1,0
T

∼=
oo

where all the maps are isomorphisms of abelian groups. On the other hand, using
corollary 3.3.31 we have that ΩS1RΣ(QΣZ ∧ S1) is LΣ(< q)-local. Therefore using

proposition 3.3.30 again, we have that for every F Σ
n (Sr ∧ Gs

m ∧ U+) ∈ Cq,Σ
eff :

[FΣ
n (Sr ∧ Gs

m ∧ U+), Z]ΣSpt
∼= [FΣ

n (Sr ∧ Gs
m ∧ U+), ΩS1RΣ(QΣZ ∧ S1)]ΣSpt

∼= 0

and this finishes the proof. �

Corollary 3.3.33. Fix q ∈ Z, and let f : X → Y be a map of symmetric
T -spectra. Then f is a LΣ(< q)-local equivalence in SptTM∗ if and only if for
every LΣ(< q)-local symmetric T -spectrum Z, f induces the following isomorphism
of abelian groups:

[Y, Z]ΣSpt

f∗

// [X, Z]ΣSpt

Proof. Suppose that f is a LΣ(< q)-local equivalence, then by definition the
induced map:

Map Σ(QΣY, Z)
(QΣf)∗// Map Σ(QΣX, Z)
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is a weak equivalence of simplicial sets for every LΣ(< q)-local symmetric T -

spectrum Z. Proposition 3.3.30(1) implies that Z is fibrant in SptΣTM∗, and since

SptΣTM∗ is in particular a simplicial model category; we get the following commu-
tative diagram, where the top row and all the vertical maps are isomorphisms of
abelian groups:

π0Map Σ(QΣY, Z)
(QΣf)∗

∼=
//

∼=

��

π0Map Σ(QΣX, Z)

∼=

��
[Y, Z]ΣSpt

f∗

// [X, Z]ΣSpt

hence f∗ is an isomorphism for every LΣ(< q)-local symmetric T -spectrum Z, as
we wanted.

Conversely, assume that for every LΣ(< q)-local symmetric T -spectrum Z, the
induced map

[Y, Z]ΣSpt

f∗

// [X, Z]ΣSpt

is an isomorphism of abelian groups.
Since L<qSptΣTM∗ is the left Bousfield localization of SptΣTM∗ with respect to

the LΣ(< q)-local equivalences, we have that the identity functor id : SptΣ
TM∗ →

L<qSptΣTM∗ is a left Quillen functor. Therefore for every symmetric T -spectrum
Z, we get the following commutative diagram where all the vertical arrows are
isomorphisms:

HomL<qSHΣ(S)(QΣY, Z)
(QΣf)∗//

∼=

��

HomL<qSHΣ(S)(QΣX, Z)

∼=

��
[Y, WΣ

q Z]ΣSpt
f∗

∼= // [X, WΣ
q Z]ΣSpt

but WΣ
q Z is by construction LΣ(< q)-local, then by hypothesis the bottom row is

an isomorphism of abelian groups. Hence it follows that the induced map:

HomL<qSHΣ(S)(QΣY, Z)
(QΣf)∗

∼=
// HomL<qSHΣ(S)(QΣX, Z)

is an isomorphism for every symmetric T -spectrum Z. This implies that QΣf is
a weak equivalence in L<qSptΣTM∗, and since QΣ is also a cofibrant replacement

functor in L<qSptΣTM∗, it follows that f is a weak equivalence in L<qSptΣTM∗.
Therefore we have that f is a LΣ(< q)-local equivalence, as we wanted. �

Lemma 3.3.34. Fix q ∈ Z, and let f : X → Y be a map of symmetric T -spectra.
Then f is a LΣ(< q)-local equivalence in SptΣTM∗ if and only if

QΣf ∧ id : QΣX ∧ S1 → QΣY ∧ S1

is a LΣ(< q)-local equivalence in SptΣTM∗.

Proof. Assume that f is a LΣ(< q)-local equivalence, and let Z be an ar-
bitrary LΣ(< q)-local symmetric T -spectrum. Then corollary 3.3.31 implies that
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ΩS1Z is also LΣ(< q)-local. Therefore the induced map

Map Σ(QΣY, ΩS1Z)
(QΣf)∗// Map Σ(QΣX, ΩS1Z)

is a weak equivalence of simplicial sets. Now since SptΣTM∗ is a simplicial model
category, we have the following commutative diagram:

Map Σ(QΣY, ΩS1Z)
(QΣf)∗ //

∼=

��

Map Σ(QΣX, ΩS1Z)

∼=

��
Map Σ(QΣY ∧ S1, Z)

(QΣf∧id)∗ // Map Σ(QΣX ∧ S1, Z)

and using the two out of three property for weak equivalences of simplicial sets, we
have that

Map Σ(QΣY ∧ S1, Z)
(QΣf∧id)∗ // Map Σ(QΣX ∧ S1, Z)

is a weak equivalence. Since this holds for every LΣ(< q)-local symmetric T -
spectrum Z, it follows that

QΣf ∧ id : QΣX ∧ S1 → QΣY ∧ S1

is a LΣ(< q)-local equivalence, as we wanted.
Conversely, suppose that

QΣf ∧ id : QΣX ∧ S1 → QΣY ∧ S1

is a LΣ(< q)-local equivalence. Let Z be an arbitrary LΣ(< q)-local symmetric

T -spectrum. Since SptΣTM∗ is a simplicial model category and −∧ S1 is a Quillen
equivalence, we get the following commutative diagram:

[QΣY ∧ S1, RΣ(QΣZ ∧ S1)]ΣSpt

(QΣf∧id)∗ //

∼=

��

[QΣX ∧ S1, RΣ(QΣZ ∧ S1)]ΣSpt

∼=

��
[QΣY ∧ S1, QΣZ ∧ S1]ΣSpt

(QΣf∧id)∗ // [QΣX ∧ S1, QΣZ ∧ S1]ΣSpt

[Y, Z]ΣSpt
f∗

//

∼= Σ1,0
T

OO

[X, Z]ΣSpt

∼=Σ1,0
T

OO

Now, corollary 3.3.32 implies that RΣ(QΣZ ∧ S1) is also LΣ(< q)-local. There-
fore using corollary 3.3.33 we have that the top row in the diagram above is an
isomorphism of abelian groups. This implies that the induced map:

[Y, Z]ΣSpt

f∗

// [X, Z]ΣSpt

is an isomorphism of abelian groups for every LΣ(< q)-local symmetric spectrum
Z. Finally using corollary 3.3.33 again, we have that f : X → Y is a LΣ(< q)-local
equivalence, as we wanted. �

Corollary 3.3.35. For every q ∈ Z, the following adjunction:

(− ∧ S1, ΩS1 , ϕ) : L<qSptΣTM∗
// L<qSptΣTM∗
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is a Quillen equivalence.

Proof. Using corollary 1.3.16 in [Hov99] and proposition 3.3.28 we have that
it suffices to verify the following two conditions:

(1) For every fibrant object X in L<qSptΣTM∗, the following composition

(QΣΩS1X) ∧ S1
Q

Ω
S1X

Σ ∧id
// (ΩS1X) ∧ S1 εX // X

is a LΣ(< q)-local equivalence.
(2) − ∧ S1 reflects LΣ(< q)-local equivalences between cofibrant objects in

L<qSptΣTM∗.

(1): By construction L<qSptΣTM∗ is a left Bousfield localization of SptΣTM∗,
therefore the identity functor

id : L<qSptΣTM∗
// SptΣTM∗

is a right Quillen functor. Thus X is also fibrant in SptΣTM∗. Since the adjunction

(−∧S1, ΩS1 , ϕ) is a Quillen equivalence on SptΣTM∗, [Hov99, proposition 1.3.13(b)]

implies that the following composition is a weak equivalence in SptΣ
TM∗:

(QΣΩS1X) ∧ S1
Q

Ω
S1X

Σ ∧id
// (ΩS1X) ∧ S1 εX // X

Hence using [Hir03, proposition 3.1.5] it follows that the composition above is a
LΣ(< q)-local equivalence.

(2): This follows immediately from proposition 3.3.28 and lemma 3.3.34. �

Remark 3.3.36. We have a situation similar to the one described in remark
3.3.16 for the model categories RC

q

eff
SptΣTM∗; i.e. although the adjunction (ΣT , ΩT , ϕ)

is a Quillen equivalence on SptΣTM∗, it does not descend even to a Quillen adjunc-

tion on the weight<q motivic symmetric stable model category L<qSptΣTM∗.

Corollary 3.3.37. For every q ∈ Z, the homotopy category L<qSH
Σ(S) as-

sociated to L<qSptΣTM∗ has the structure of a triangulated category.

Proof. Theorem 3.3.26 implies in particular that L<qSptΣTM∗ is a pointed
simplicial model category, and corollary 3.3.35 implies that the adjunction

(− ∧ S1, ΩS1 , ϕ) : L<qSptΣTM∗ → L<qSptΣTM∗

is a Quillen equivalence. Therefore the result follows from the work of Quillen in
[Qui67, sections I.2 and I.3] and the work of Hovey in [Hov99, chapters VI and
VII]. �

Corollary 3.3.38. For every q ∈ Z, L<qSptΣTM∗ is a right proper model
category.

Proof. We need to show that the LΣ(< q)-local equivalences are stable under

pullback along fibrations in L<qSptΣTM∗. Consider the following pullback diagram:

Z
w∗

//

p∗

��

X

p

��
W w

// Y
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where p is a fibration in L<qSptΣTM∗, and w is a LΣ(< q)-local equivalence. Let
F be the homotopy fibre of p. Then we get the following commutative diagram in
L<qSH

Σ(S):

ΩS1Y
q // F

i // X
p // Y

ΩS1W
r

//

ΩS1w

OO

F
j

// Z
p∗

//

w∗

OO

W

w

OO

Since the rows in the diagram above are both fibre sequences in L<qSptΣTM∗, it

follows that both rows are distinguished triangles in L<qSH
Σ(S) (which has the

structure of a triangulated category given by corollary 3.3.37). Now w, idF are both

isomorphisms in L<qSH
Σ(S), hence it follows that w∗ is also an isomorphism in

L<qSH
Σ(S). Therefore w∗ is a LΣ(< q)-local equivalence, as we wanted. �

Proposition 3.3.39. For every q ∈ Z we have the following adjunction

(QΣ, WΣ
q , ϕ) : SHΣ(S) // L<qSH

Σ(S)

of exact functors between triangulated categories.

Proof. Since L<qSptΣTM∗ is the left Bousfield localization of SptΣTM∗ with
respect to the LΣ(< q)-local equivalences, we have that the identity functor id :

SptΣTM∗ → L<qSptΣTM∗ is a left Quillen functor. Therefore we get the following
adjunction at the level of the associated homotopy categories:

(QΣ, WΣ
q , ϕ) : SHΣ(S) // L<qSH

Σ(S)

Now proposition 6.4.1 in [Hov99] implies that QΣ maps cofibre sequences in

SHΣ(S) to cofibre sequences in L<qSH
Σ(S). Therefore using proposition 7.1.12

in [Hov99] we have that QΣ and WΣ
q are both exact functors between triangulated

categories. �

Lemma 3.3.40. Fix q ∈ Z, and let X be a L(< q)-local spectrum in SptTM∗.
Then QsX and URΣV QsX are also L(< q)-local in SptTM∗.

Proof. Since X is L(< q)-local, it follows that X is fibrant in SptTM∗. By
definition we have that the natural map

QsX
QX

s // X

is a trivial fibration in SptTM∗, therefore QsX is also fibrant in SptTM∗. Hence
[Hir03, lemma 3.2.1(a)] implies that QsX is L(< q)-local.

Since the adjunction (V, U, ϕ) is a Quillen equivalence between SptTM∗ and

SptΣTM∗, we have that URΣV QsX is fibrant in SptTM∗, and [Hov99, proposition
1.3.13(b)] implies that the composition

QsX
ηQsX // UV (QsX)

U(RV QsX

Σ )
// URΣV QsX

is a weak equivalence in SptTM∗. Since we already know that QsX is L(< q)-local,
using [Hir03, lemma 3.2.1(a)] again we get that URΣV QsX is also L(< q)-local in
SptTM∗. This finishes the proof. �
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Proposition 3.3.41. Fix q ∈ Z, and let f : X → Y be a map in SptTM∗.
Then f is a L(< q)-local equivalence in SptTM∗ if and only if V Qsf is a LΣ(< q)-

local equivalence in SptΣTM∗.

Proof. (⇒): Assume that f is a L(< q)-local equivalence, and let Z be an

arbitrary LΣ(< q)-local symmetric T -spectrum. Then Z is fibrant in SptΣTM∗,
and using theorem 2.6.30 we get the following commutative diagram where all the
vertical arrows are isomorphisms:

[V QsY, Z]ΣSpt

(V Qsf)∗ //

∼=

��

[V QsX, Z]ΣSpt

∼=

��
[Y, UZ]Spt

f∗

// [X, UZ]Spt

By proposition 3.3.29 we have that UZ is L(< q)-local in SptTM∗, hence corollary
3.2.36 implies that the bottom row in the diagram above is always an isomorphism.
Therefore the top row in the diagram above is an isomorphism for every LΣ(< q)-
local symmetric T -spectrum Z, then by corollary 3.3.33 it follows that V Qsf is a
LΣ(< q)-local equivalence in SptΣTM∗.

(⇐): Assume that V Qsf is a LΣ(< q)-local equivalence in SptΣTM∗, and let
Z be an arbitrary L(< q)-local T -spectrum in SptTM∗. We need to show that the
induced map:

Map(QsY, Z)
(Qsf)∗// Map(QsX, Z)

is a weak equivalence of simplicial sets.
But theorem 2.6.30 implies that the adjunction (V, U, ϕ) is a Quillen equivalence

between SptTM∗ and SptΣTM∗, therefore using [Hov99, proposition 1.3.13(b)] we
have that all the maps in the following diagram are weak equivalences in SptTM∗:

Z QsZ
QZ

soo
U(RV QsZ

Σ )◦ηQsZ // URΣV QsZ

Lemma 3.3.40 implies in particular that Z, QsZ, URΣV QsZ are all fibrant in
SptTM∗. Now using the fact that SptTM∗ is a simplicial model category together
with Ken Brown’s lemma (see lemma 1.1.5) and the two out of three property for
weak equivalences, we have that it suffices to prove that the induced map:

Map(QsY, URΣV QsZ)
(Qsf)∗// Map(QsX, URΣV QsZ)

is a weak equivalence of simplicial sets. Using the enriched adjunctions of proposi-
tion 2.6.19, we get the following commutative diagram where all the vertical arrows
are isomorphisms:

Map(QsY, URΣV QsZ)
(Qsf)∗ //

∼=

��

Map(QsX, URΣV QsZ)

∼=

��
Map Σ(V QsY, RΣV QsZ)

(V Qsf)∗
// Map Σ(V QsX, RΣV QsZ)

Finally, lemma 3.3.40 implies that URΣV QsZ is L(< q)-local in SptTM∗, there-

fore by proposition 3.3.29 we have that RΣV QsZ is LΣ(< q)-local in SptΣTM∗.
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Since V Qsf is a LΣ(< q)-local equivalence and V QsX, V QsY are both cofibrant

in SptΣTM∗, it follows that the bottom row in the diagram above is a weak equiva-
lence of simplicial sets. This implies that the top row is also a weak equivalence of
simplicial sets, as we wanted. �

Theorem 3.3.42. For every q ∈ Z, the adjunction

(V, U, ϕ) : L<qSptTM∗
// L<qSptΣTM∗

given by the symmetrization and the forgetful functor is a Quillen equivalence.

Proof. Proposition 3.3.41 together with the universal property for left Bous-
field localizations (see definition 1.8.1) imply that

V : L<qSptTM∗ // L<qSptΣTM∗

is a left Quillen functor. Using corollary 1.3.16 in [Hov99] and proposition 3.2.31
we have that it suffices to verify the following two conditions:

(1) For every fibrant object X in L<qSptΣTM∗, the following composition

V QsU(X)
V (QUX

s ) // V U(X)
εX // X

is a weak equivalence in L<qSptΣTM∗.
(2) V reflects weak equivalences between cofibrant objects in L<qSptTM∗.

(1): By construction L<qSptΣTM∗ is a left Bousfield localization of SptΣTM∗,
therefore the identity functor

id : L<qSptΣTM∗
// SptΣTM∗

is a right Quillen functor. Thus X is also fibrant in SptΣTM∗. Since the adjunction

(V, U, ϕ) is a Quillen equivalence between SptTM∗ and SptΣTM∗, [Hov99, propo-
sition 1.3.13(b)] implies that the following composition is a weak equivalence in

SptΣTM∗:

V QsU(X)
V (QUX

s ) // V U(X)
εX // X

Hence using [Hir03, proposition 3.1.5] it follows that the composition above is a
LΣ(< q)-local equivalence.

(2): This follows immediately from propositions 3.2.31 and 3.3.41. �

Corollary 3.3.43. Fix q ∈ Z. Then the adjunction

(V, U, ϕ) : L<qSptTM∗
// L<qSptΣTM∗

given by the symmetrization and the forgetful functors, induces an adjunction

(V Qs, UWΣ
q , ϕ) : L<qSH(S) // L<qSH

Σ(S)

of exact funtors between triangulated categories. Furthermore, V Qs and UWΣ
q are

both equivalences of categories.
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Proof. Theorem 3.3.42 implies that the adjunction (V, U, ϕ) is a Quillen equiv-
alence. Therefore we get the following adjunction at the level of the associated
homotopy categories:

(V Qs, UWΣ
q , ϕ) : L<qSH(S) // L<qSH

Σ(S)

Now [Hov99, proposition 1.3.13] implies that V Qs, UWΣ
q are both equivalences

of categories. Finally, proposition 2.6.19 together with [Hov99, proposition 6.4.1]
imply that V Qs maps cofibre sequences in L<qSH(S) to cofibre sequences in

L<qSH
Σ(S). Therefore using proposition 7.1.12 in [Hov99] we have that V Qs

and UWΣ
q are both exact functors between triangulated categories. �

Now it is very easy to find the desired lifting for the functor s̃<q : SHΣ(S) →

SHΣ(S) (see corollary 3.3.5(2)) to the model category level.

Lemma 3.3.44. Fix q ∈ Z, and let X be an arbitrary symmetric T -spectrum.

(1) The following maps in L<qSptΣTM∗

QΣ(V QsX)
Q

V QsX

Σ // V QsX V Qs(QsX)
V (QQsX

s )oo

induce natural isomorphisms between the functors:

QΣ ◦ V Qs, V Qs, V Qs ◦ Qs : SH(S) → L<qSH
Σ(S)

SHΣ(S)

QΣ

''NNNNNNNNNNN

SH(S)
V Qs //

V Qs

99ssssssssss

Qs %%LLLLLLLLLL
L<qSH

Σ(S)

L<qSH(S)

V Qs

77ooooooooooo

Given a T -spectrum X

κX : QΣ(V QsX)
∼= // V Qs(QsX)

will denote the isomorphism in L<qSH
Σ(S) corresponding to the natural

isomorphism between QΣ ◦ V Qs and V Qs ◦ Qs.
(2) The following maps in SptTM∗

URΣ(WΣ
q X) UWΣ

q X
U(R

WΣ
q X

Σ )
oo W

UWΣ
q X

q // Wq(UWΣ
q X)

induce natural isomorphisms between the functors:

URΣ ◦ WΣ
q , UWΣ

q , Wq ◦ UWΣ
q : L<qSH

Σ(S) → SH(S)



3.3. THE SYMMETRIC MODEL STRUCTURE FOR THE SLICE FILTRATION 173

SHΣ(S)

URΣ

%%KKKKKKKKKK

L<qSH
Σ(S)

UWΣ
q //

WΣ
q

77ppppppppppp

UWΣ
q ''OOOOOOOOOOO

SH(S)

L<qSH(S)

Wq

99rrrrrrrrrr

Given a symmetric T -spectrum X

µX : URΣ(WΣ
q X)

∼= // Wq(UWΣ
q X)

will denote the isomorphism in SH(S) corresponding to the natural iso-
morphism between URΣ ◦WΣ

q and Wq ◦ UWΣ
q .

Proof. (1): Follows immediately from theorem 1.3.7 in [Hov99] and the fol-
lowing commutative diagram of left Quillen functors:

SptTM∗
V //

id

��

SptΣTM∗

id

��
L<qSptTM∗

V
// L<qSptΣTM∗

(2): Follows immediately from the dual of theorem 1.3.7 in [Hov99] and the
following commutative diagram of right Quillen functors:

SptTM∗ SptΣTM∗
Uoo

L<qSptTM∗

id

OO

L<qSptΣTM∗U
oo

id

OO

�

Theorem 3.3.45. Fix q ∈ Z, and let X be an arbitrary symmetric T -spectrum.

(1) The diagram (39) in theorem 3.2.52 induces the following diagram in

SHΣ(S):

(56)

V Qs(Qss<q(URΣX))

V Qs(Q
s<qURΣX

s ) ∼=

��

V Qs(W
Qss<q(URΣX)
q )

∼= ++VVVVVVVVVVVVVVVVVV

V Qs(WqQss<q(URΣX))

s̃<qX = V Qs(s<q(URΣX))

V Qs(WqQs(URΣX))

V Qs(WqQs(π
URΣX

<q ))∼=

OO
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where all the maps are isomorphisms in SHΣ(S). Furthermore, this dia-
gram induces a natural isomorphism between the following exact functors:

SHΣ(S)

s̃<q //

V Qs◦WqQs◦URΣ

// SH
Σ(S)

(2) Let η be the unit of the adjunction (see corollary 3.3.43):

(V Qs, UWΣ
q , ϕ) : L<qSH(S) // L<qSH

Σ(S)

Then we have the following diagram in SH(S) (see lemma 3.3.44):

(57)

Wq(UWΣ
q (QΣ(V QsX)))

WqUWΣ
q (κX)

∼=
// Wq(UWΣ

q (V Qs(QsX)))

Wq(ηQsX)−1∼=

��
URΣ(WΣ

q QΣ(V QsX))

µQΣ(V QsX) ∼=

OO

WqQsX

where all the maps are isomorphisms in SHΣ(S). This diagram induces
a natural isomorphism between the following exact functors:

SH(S)

URΣ◦WΣ
q QΣ◦V Qs //

WqQs

// SH(S)

(3) Let ε denote the counit of the adjunction (see theorem 3.3.4):

(V Qs, URΣ, ϕ) : SH(S) // SHΣ(S)

and let γ denote the natural isomorphism constructed above in (2). Then

we have the following diagram in SHΣ(S):

(58)

V Qs(URΣWΣ
q QΣV Qs(URΣX))

ε
WΣ

q QΣV Qs(URΣX)

∼= **VVVVVVVVVVVVVVVVVV

WΣ
q QΣV Qs(URΣX)

WΣ
q QΣ(εX)∼=

��

V Qs(WqQs(URΣX))

V Qs(γURΣX )−1 ∼=

OO

WΣ
q QΣX = sΣ

<qX

where all the maps are isomorphisms in SHΣ(S). This diagram induces
a natural isomorphism between the following exact functors:

SHΣ(S)

V Qs◦WqQs◦URΣ //

WΣ
q QΣ=sΣ

<q

// SH
Σ(S)
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(4) Combining the diagrams (56) and (58) above we get a natural isomorphism
between the following exact functors:

SHΣ(S)

s̃<q //

sΣ
<q

// SH
Σ(S)

Proof. It is clear that it suffices to prove only the first three claims.
(1): Follows immediately from theorems 3.2.52 and 3.3.4.
(2): Follows immediately from lemma 3.3.44 and corollary 3.3.43.
(3): Follows immediately from (2) above, and theorem 3.3.4. �

The functor sΣ
<q gives the desired lifting for the functor s̃<q to the model

category level.

Proposition 3.3.46. For every q ∈ Z, we have the following commutative
diagram of left Quillen functors:

SptΣTM∗

id

wwooooooooooo
id

&&NNNNNNNNNN

L<q+1SptΣTM∗ id
// L<qSptΣTM∗

Proof. Since L<qSptΣTM∗ and L<q+1SptΣTM∗ are both left Bousfield local-

izations for SptΣTM∗, we have that the identity functors:

id : SptΣTM∗
// L<qSptΣTM∗

id : SptΣTM∗
// L<q+1SptΣTM∗

are both left Quillen functors. Hence, it suffices to show that

id : L<q+1SptΣTM∗
// L<qSptΣTM∗

is a left Quillen functor. Using the universal property for left Bousfield localizations
(see definition 1.8.1), we have that it is enough to check that if f : X → Y is
a LΣ(< q + 1)-local equivalence then QΣf : QΣX → QΣY is a LΣ(< q)-local
equivalence.

But theorem 3.1.6(c) in [Hir03] implies that this last condition is equivalent
to the following one: Let Z be an arbitrary LΣ(< q)-local symmetric T -spectrum,
then Z is also LΣ(< q + 1)-local. Finally, this last condition follows immediately
from proposition 3.3.29 and corollary 3.2.33. �

Corollary 3.3.47. For every q ∈ Z, we have the following adjunction

(QΣ, WΣ
q , ϕ) : L<q+1SH

Σ(S) // L<qSH
Σ(S)

of exact functors between triangulated categories.

Proof. Proposition 3.3.46 implies that id : L<q+1SptΣTM∗ → L<qSptΣTM∗ is
a left Quillen functor. Therefore we get the following adjunction at the level of the
associated homotopy categories

(QΣ, WΣ
q , ϕ) : L<q+1SH

Σ(S) // L<qSH
Σ(S)
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Now proposition 6.4.1 in [Hov99] implies that QΣ maps cofibre sequences in L<q+1SH
Σ(S)

to cofibre sequences in L<qSH
Σ(S). Therefore using proposition 7.1.12 in [Hov99]

we have that QΣ and WΣ
q are both exact functors between triangulated cate-

gories. �

Theorem 3.3.48. We have the following tower of left Quillen functors:

(59)

...

id

��
L<q+1SptΣTM∗

id

��
SptΣTM∗

id

77ooooooooooo
id //

id ''OOOOOOOOOOO
L<qSptΣTM∗

id

��
L<q−1SptΣTM∗

id

��
...

together with the corresponding tower of associated homotopy categories:

(60)

...

QΣ

��
L<q+1SH

Σ(S)

QΣ

��

WΣ
q+1

OO

WΣ
q+1

iiiiiiii

ttiiiiiiii

SHΣ(S)

QΣiiiiiiiii

44iiiiiiiii

QΣ
//

QΣ
UUUUUUUUU

**UUUUUUUUU

L<qSH
Σ(S)

QΣ

��

WΣ
q

OO

WΣ
q

oo

L<q−1SH
Σ(S)

QΣ

��

WΣ
q−1

OO

WΣ
q−1UUUUUUUU

jjUUUUUUUU

...

WΣ
q−2

OO

The tower (60) gets canonically identified, through the equivalences of categories
V Qs, URΣ and UWΣ

q constructed in theorem 3.3.4 and corollary 3.3.43; with the
tower (42) defined in theorem 3.2.56. Moreover, this tower also satisfies the follow-
ing properties:

(1) All the categories are triangulated.
(2) All the functors are exact.
(3) QΣ is a left adjoint for all the functors W Σ

q .
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Proof. Follows immediately from propositions 3.3.39, 3.3.46, corollary 3.3.47
together with theorem 3.3.4 and corollary 3.3.43. �

Definition 3.3.49. For every q ∈ Z, we consider the following set of symmetric
T -spectra

SΣ(q) = {FΣ
n (Sr ∧ Gs

m ∧ U+) ∈ CΣ|s − n = q} ⊆ Cq,Σ
eff

(see proposition 3.1.5 and definition 3.1.8).

Theorem 3.3.50. Fix q ∈ Z. Then the right Bousfield localization of the model
category L<q+1SptΣTM∗ with respect to the SΣ(q)-colocal equivalences exists. This

new model structure will be called q-slice motivic symmetric stable. SqSptΣTM∗ will
denote the category of symmetric T -spectra equipped with the q-slice motivic sym-
metric stable model structure, and SqSHΣ(S) will denote its associated homotopy
category. Furthermore, the q-slice motivic symmetric stable model structure is right
proper and simplicial.

Proof. Theorem 3.3.26 implies that L<q+1SptΣTM∗ is a cellular and simplicial

model category. On the other hand, corollary 3.3.38 implies that L<q+1SptΣTM∗

is right proper. Therefore we can apply theorem 5.1.1 in [Hir03] to construct the

right Bousfield localization of L<q+1SptΣTM∗ with respect to the SΣ(q)-colocal

equivalences. Using [Hir03, theorem 5.1.1] again, we have that SqSptΣTM∗ is a
right proper and simplicial model category. �

Definition 3.3.51. Fix q ∈ Z. Let P Σ
q denote a cofibrant replacement functor

in SqSptΣTM∗; such that for every symmetric T -spectrum X, the natural map

PΣ
q X

PΣ,X
q // X

is a trivial fibration in SqSptΣTM∗, and PΣ
q X is always a SΣ(q)-colocal symmetric

T -spectrum in L<q+1SptΣTM∗.

Proposition 3.3.52. Fix q ∈ Z. Then W Σ
q+1 is also a fibrant replacement

functor in SqSptΣTM∗ (see definition 3.3.27), and for every symmetric T -spectrum
X the natural map

X
W

Σ,X
q+1 // WΣ

q+1X

is a trivial cofibration in SqSptΣTM∗.

Proof. Since SqSptΣTM∗ is the right Bousfield localization of L<q+1SptΣTM∗

with respect to the SΣ(q)-colocal equivalences, by construction we have that the fi-

brations and the trivial cofibrations are indentical in SqSptΣTM∗ and L<q+1SptΣTM∗

respectively. This implies that for every symmetric T -spectrum X , W Σ
q+1X is fi-

brant in SqSptΣTM∗, and we also have that the natural map

X
W

Σ,X
q+1 // WΣ

q+1X

is a trivial cofibration in SqSptΣTM∗. Hence WΣ
q+1 is also a fibrant replacement

functor for SqSptΣTM∗. �
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Proposition 3.3.53. Fix q ∈ Z, and let f : X → Y be a map in L<q+1SptΣTM∗.

Then f is a SΣ(q)-colocal equivalence in L<q+1SptΣTM∗ if and only if the un-
derlying map UW Σ

q+1(f) : UWΣ
q+1X → UWΣ

q+1Y is a S(q)-colocal equivalence in
L<q+1SptTM∗.

Proof. Consider F Σ
n (Sr ∧Gs

m ∧U+) ∈ SΣ(q). Using the enriched adjunctions
of proposition 2.6.19, we get the following commutative diagram where the vertical
arrows are all isomorphisms:

Map Σ(FΣ
n (Sr ∧ Gs

m ∧ U+), WΣ
q+1X)

WΣ
q+1f∗

++WWWWWWWWWWWWWWWWWWWW

Map Σ(FΣ
n (Sr ∧ Gs

m ∧ U+), WΣ
q+1Y )

Map Σ(V (Fn(Sr ∧ Gs
m ∧ U+)), WΣ

q+1X)

WΣ
q+1f∗

++WWWWWWWWWWWWWWWWWWWW

∼=

��

Map Σ(V (Fn(Sr ∧ Gs
m ∧ U+)), WΣ

q+1Y )

∼=

��

Map(Fn(Sr ∧ Gs
m ∧ U+), UWΣ

q+1X)

UWΣ
q+1f∗ ++WWWWWWWWWWWWWWWWWWWW

Map(Fn(Sr ∧ Gs
m ∧ U+), UWΣ

q+1Y )

Since UWΣ
q+1X and UWΣ

q+1Y are both fibrant in L<q+1SptTM∗, we have that

UWΣ
q+1(f) is a S(q)-colocal equivalence in L<q+1SptTM∗ if and only if the bottom

row in the diagram above is a weak equivalence of simplicial sets for every Fn(Sr ∧
Gs

m ∧ U+) ∈ S(q). By the two out of three property for weak equivalences we
have that this happens if and only if the top row in the diagram above is a weak
equivalence for every F Σ

n (Sr ∧ Gs
m ∧ U+) ∈ SΣ(q). But this last condition holds

if and only if f is a SΣ(q)-colocal equivalence in L<q+1SptΣTM∗. This finishes the
proof. �

Proposition 3.3.54. Fix q ∈ Z, and let f : X → Y be a map in L<q+1SptΣTM∗.

Then f is a SΣ(q)-colocal equivalence in L<q+1SptΣTM∗ if and only if for every
FΣ

n (Sr ∧ Gs
m ∧ U+) ∈ SΣ(q), the induced map:

[FΣ
n (Sr ∧ Gs

m ∧ U+), WΣ
q+1X ]ΣSpt

(WΣ
q+1f)∗ // [FΣ

n (Sr ∧ Gs
m ∧ U+), WΣ

q+1Y ]ΣSpt

is an isomorphism of abelian groups.

Proof. By proposition 3.3.53, f is a SΣ(q)-colocal equivalence in L<q+1SptΣTM∗

if and only if UWΣ
q+1(f) is a S(q)-colocal equivalence in L<q+1SptTM∗. Since

UWΣ
q+1X, UWΣ

q+1Y are both fibrant in L<q+1SptTM∗, using proposition 3.2.62

we have that UW Σ
q+1(f) is a S(q)-colocal equivalence if and only if for every



3.3. THE SYMMETRIC MODEL STRUCTURE FOR THE SLICE FILTRATION 179

Fn(Sr ∧ Gs
m ∧ U+) ∈ S(q), the induced map

[Fn(Sr ∧ Gs
m ∧ U+), UWΣ

q+1X ]Spt

UWΣ
q+1(f)∗ // [Fn(Sr ∧ Gs

m ∧ U+), UWΣ
q+1Y ]Spt

is an isomorphism of abelian groups.
Now since WΣ

q+1X, WΣ
q+1Y are also fibrant in SptΣTM∗, theorem 2.6.30 implies

that we have the following commutative diagram, where all the vertical arrows are
isomorphisms:

[Fn(Sr ∧ Gs
m ∧ U+), UWΣ

q+1X ]Spt

(UWΣ
q+1f)∗ ++XXXXXXXXXXXXXXXXXXXXXX

∼=

��

[Fn(Sr ∧ Gs
m ∧ U+), UWΣ

q+1Y ]Spt

∼=

��

[V (Fn(Sr ∧ Gs
m ∧ U+)), WΣ

q+1X ]ΣSpt

(WΣ
q+1f)∗ ++XXXXXXXXXXXXXXXXXXXXXX

[V (Fn(Sr ∧ Gs
m ∧ U+)), WΣ

q+1Y ]ΣSpt

[FΣ
n (Sr ∧ Gs

m ∧ U+), WΣ
q+1X ]ΣSpt

(WΣ
q+1f)∗ ++XXXXXXXXXXXXXXXXXXXXXX

[FΣ
n (Sr ∧ Gs

m ∧ U+), WΣ
q+1Y ]ΣSpt

Therefore f is a SΣ(q)-colocal equivalence if and only if for every F Σ
n (Sr ∧ Gs

m ∧
U+) ∈ SΣ(q), the bottom row is an isomorphism of abelian groups. This finishes
the proof. �

Corollary 3.3.55. Fix q ∈ Z and let f : X → Y be a map of symmetric
T -spectra. Then f is a SΣ(q)-colocal equivalence in L<q+1SptΣTM∗ if and only if

WΣ
q+1X

WΣ
q+1f

// WΣ
q+1Y

is a Cq,Σ
eff -colocal equivalence in SptΣTM∗.

Proof. (⇒): Assume that f is a SΣ(q)-colocal equivalence, and fix F Σ
n (Sr ∧

Gs
m ∧ U+) ∈ Cq,Σ

eff . By proposition 3.3.13 it suffices to show that the induced map

(61)

[FΣ
n (Sr ∧ Gs

m ∧ U+), WΣ
q+1X ]ΣSpt

(WΣ
q+1f)∗

��
[FΣ

n (Sr ∧ Gs
m ∧ U+), WΣ

q+1Y ]ΣSpt

is an isomorphism of abelian groups.

Since FΣ
n (Sr ∧ Gs

m ∧ U+) ∈ Cq,Σ
eff , we have two possibilities:
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(1) s − n = q, i.e. F Σ
n (Sr ∧ Gs

m ∧ U+) ∈ SΣ(q).

(2) s − n ≥ q + 1, i.e. F Σ
n (Sr ∧ Gs

m ∧ U+) ∈ Cq+1,Σ
eff

In case (1), proposition 3.3.54 implies that the induced map in diagram (61) is
an isomorphism of abelian groups.

On the other hand, in case (2), we have by proposition 3.3.30(2) that

[FΣ
n (Sr ∧ Gs

m ∧ U+), WΣ
q+1X ]ΣSpt

∼= 0 ∼= [FΣ
n (Sr ∧ Gs

m ∧ U+), WΣ
q+1Y ]ΣSpt

since by construction W Σ
q+1X and WΣ

q+1Y are both LΣ(< q+1)-local symmetric T -
spectra. Hence the induced map in diagram (61) is also an isomorphism of abelian
groups in this case, as we wanted.

(⇐): Assume that W Σ
q+1f is a Cq,Σ

eff -colocal equivalence in SptΣTM∗, and fix

FΣ
n (Sr ∧ Gs

m ∧ U+) ∈ SΣ(q).

Since SΣ(q) ⊆ Cq,Σ
eff , it follows from proposition 3.3.13 that the induced map

[FΣ
n (Sr ∧ Gs

m ∧ U+), WΣ
q+1X ]ΣSpt

(WΣ
q+1f)∗ // [FΣ

n (Sr ∧ Gs
m ∧ U+), WΣ

q+1Y ]ΣSpt

is an isomorphism of abelian groups. Therefore, proposition 3.3.54 implies that f
is a SΣ(q)-colocal equivalence in L<q+1SptΣTM∗. This finishes the proof. �

Lemma 3.3.56. Fix q ∈ Z, and let f : X → Y be a map in L<q+1SptΣTM∗.

Then f is a SΣ(q)-colocal equivalence in L<q+1SptΣTM∗ if and only if ΩS1WΣ
q+1f

is a SΣ(q)-colocal equivalence in L<q+1SptΣTM∗.

Proof. It follows from proposition 3.3.53 that f is a SΣ(q)-colocal equiva-

lence in L<q+1SptΣTM∗ if and only if UWΣ
q+1f is a S(q)-colocal equivalence in

L<q+1SptTM∗. Since UWΣ
q+1X, UWΣ

q+1Y are both fibrant in L<q+1SptTM∗, us-

ing lemma 3.2.64 we have that UW Σ
q+1f is a S(q)-colocal equivalence if and only if

ΩS1UWΣ
q+1f = U(ΩS1WΣ

q+1f) is a S(q)-colocal equivalence.

Finally, since ΩS1WΣ
q+1X, ΩS1WΣ

q+1Y are both fibrant in L<q+1SptΣTM∗, we

have by proposition 3.3.53 that U(ΩS1WΣ
q+1f) is a SΣ(q)-colocal equivalence if and

only if ΩS1WΣ
q+1f is a SΣ(q)-colocal equivalence. This finishes the proof. �

Corollary 3.3.57. Fix q ∈ Z. Then the adjunction

(− ∧ S1, ΩS1 , ϕ) : SqSptΣTM∗
// SqSptΣTM∗

is a Quillen equivalence.

Proof. Using corollary 1.3.16 in [Hov99] and proposition 3.3.52 we have that
it suffices to verify the following two conditions:

(1) For every cofibrant object X in SqSptΣTM∗, the following composition

X
ηX // ΩS1(X ∧ S1)

ΩS1W
Σ,X∧S1

q+1 // ΩS1WΣ
q+1(X ∧ S1)

is a SΣ(q)-colocal equivalence.

(2) ΩS1 reflects SΣ(q)-colocal equivalences between fibrant objects in SqSptΣTM∗.

(1): By construction SqSptΣTM∗ is a right Bousfield localization of L<q+1SptΣTM∗,
therefore the identity functor

id : SqSptΣTM∗
// L<q+1SptΣTM∗
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is a left Quillen functor. Thus X is also cofibrant in L<q+1SptΣTM∗. Since the

adjunction (− ∧ S1, ΩS1 , ϕ) is a Quillen equivalence on L<q+1SptΣTM∗, [Hov99,
proposition 1.3.13(b)] implies that the following composition is a weak equivalence

in L<q+1SptΣTM∗:

X
ηX // ΩS1(X ∧ S1)

ΩS1W
Σ,X∧S1

q+1 // ΩS1WΣ
q+1(X ∧ S1)

Hence using [Hir03, proposition 3.1.5] it follows that the composition above is a
SΣ(q)-colocal equivalence.

(2): This follows immediately from proposition 3.3.52 and lemma 3.3.56. �

Remark 3.3.58. The adjunction (ΣT , ΩT , ϕ) is a Quillen equivalence on SptΣTM∗.
However it does not descend even to a Quillen adjunction on the q-slice motivic
symmetric stable model category SqSptΣTM∗.

Corollary 3.3.59. For every q ∈ Z, SqSHΣ(S) has the structure of a trian-
gulated category.

Proof. Theorem 3.3.50 implies in particular that SqSptΣTM∗ is a pointed
simplicial model category, and corollary 3.3.57 implies that the adjunction

(− ∧ S1, ΩS1 , ϕ) : SqSptΣTM∗ → SqSptΣTM∗

is a Quillen equivalence. Therefore the result follows from the work of Quillen in
[Qui67, sections I.2 and I.3] and the work of Hovey in [Hov99, chapters VI and
VII]. �

Proposition 3.3.60. Fix q ∈ Z. Then we have the following adjunction

(PΣ
q , WΣ

q+1, ϕ) : SqSHΣ(S) // L<q+1SH
Σ(S)

between exact functors of triangulated categories.

Proof. Since SqSptΣTM∗ is the right Bousfield localization of L<q+1SptΣTM∗

with respect to the SΣ(q)-colocal equivalences, we have that the identity functor

id : SqSptΣTM∗ → L<q+1SptΣTM∗ is a left Quillen functor. Therefore we get the
following adjunction at the level of the associated homotopy categories:

(PΣ
q , WΣ

q+1, ϕ) : SqSHΣ(S) // L<q+1SH
Σ(S)

Now proposition 6.4.1 in [Hov99] implies that PΣ
q maps cofibre sequences in

SqSHΣ(S) to cofibre sequences in L<q+1SH
Σ(S). Therefore using proposition

7.1.12 in [Hov99] we have that P Σ
q and WΣ

q+1 are both exact functors between
triangulated categories. �

Proposition 3.3.61. Fix q ∈ Z. Then the identity functor

id : SqSptΣTM∗
// RC

q

eff
SptΣTM∗

is a right Quillen functor.
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Proof. Consider the following diagram of right Quillen functors

L<q+1SptΣTM∗
id //

id

��

SptΣTM∗
id // RC

q

eff
SptΣTM∗

SqSptΣTM∗

id

33hhhhhhhhhhh

By the universal property of right Bousfield localizations (see definition 1.8.2) it

suffices to check that if f : X → Y is a SΣ(q)-colocal equivalence in L<q+1SptΣTM∗,

then WΣ
q+1f : WΣ

q+1X → WΣ
q+1Y is a Cq,Σ

eff -colocal equivalence in SptΣTM∗. But
this follows immediately from corollary 3.3.55. �

Corollary 3.3.62. For every q ∈ Z we have the following adjunction

(CΣ
q , WΣ

q+1, ϕ) : RC
q

eff
SHΣ(S) // SqSHΣ(S)

of exact functors between triangulated categories.

Proof. By proposition 3.3.61 the identity functor id : RC
q

eff
SptΣTM∗ →

SqSptΣTM∗ is a left Quillen functor. Therefore we get the following adjunction
at the level of the associated homotopy categories:

(CΣ
q , WΣ

q+1, ϕ) : RC
q

eff
SHΣ(S) // SqSHΣ(S)

Now proposition 6.4.1 in [Hov99] implies that CΣ
q maps cofibre sequences in

RC
q

eff
SHΣ(S) to cofibre sequences in SqSHΣ(S). Therefore using proposition

7.1.12 in [Hov99] we have that CΣ
q and WΣ

q+1 are both exact functors between
triangulated categories. �

Lemma 3.3.63. Fix q ∈ Z, and let A be a cofibrant symmetric T -spectrum in
SqSptΣTM∗. Then the map ∗ → A is a trivial cofibration in L<qSptΣTM∗.

Proof. Let Z be an arbitrary LΣ(< q)-local symmetric T -spectrum in SptΣTM∗.

We claim that the map Z → ∗ is a trivial fibration in SqSptΣTM∗. In effect, us-
ing proposition 3.3.29 and corollary 3.2.33 we have that Z is LΣ(< q + 1)-local in

SptΣTM∗, i.e. a fibrant object in L<q+1SptΣTM∗. By construction SqSptΣTM∗ is a

right Bousfield localization of L<q+1SptΣTM∗, hence Z is also fibrant in SqSptΣTM∗.
Then by proposition 3.3.54 it suffices to show that for every F Σ

n (Sr ∧ Gs
m ∧ U+) ∈

SΣ(q) (i.e. s − n = q):

0 ∼= [Fn(Sr ∧ Gs
m ∧ U+), Z]ΣSpt

But this follows immediately from proposition 3.3.30, since Z is LΣ(< q)-local.

Now since SqSptΣTM∗ is a simplicial model category and A is cofibrant in

SqSptΣTM∗, we have that the following map is a trivial fibration of simplicial sets:

Map Σ(A, Z) // Map Σ(A, ∗) = ∗

The identity functor

id : SqSptΣTM∗
// L<q+1SptΣTM∗
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is a left Quillen functor, since SqSptΣTM∗ is a right Bousfield localization of L<q+1SptΣTM∗.

Therefore A is also cofibrant in L<q+1SptΣTM∗, and since L<q+1SptΣTM∗ is a left

Bousfield localization of SptΣTM∗; it follows that A is also cofibrant in SptΣTM∗.

On the other hand, we have that Z is in particular fibrant in SptΣTM∗. Hence

π0Map Σ(A, Z) computes [A, Z]ΣSpt, since SptΣTM∗ is a simplicial model category.

But Map Σ(A, Z) → ∗ is in particular a weak equivalence of simplicial sets, then

[A, Z]ΣSpt
∼= 0

for every LΣ(< q)-local symmetric T -spectrum Z. Finally, corollary 3.3.33 implies

that ∗ → A is a weak equivalence in L<qSptΣTM∗. This finishes the proof, since we

already know that A is cofibrant in L<qSptΣTM∗. �

Theorem 3.3.64. Fix q ∈ Z. Then the adjunction

(V, U, ϕ) : SqSptTM∗
// SqSptΣTM∗

given by the symmetrization and the forgetful functors is a Quillen equivalence.

Proof. Proposition 3.3.53 together with the universal property for right Bous-
field localizations (see definition 1.8.2) imply that

U : SqSptΣTM∗
// SqSptTM∗

is a right Quillen functor. Using corollary 1.3.16 in [Hov99] and proposition 3.3.52
we have that it suffices to verify the following two conditions:

(1) For every cofibrant object X in SqSptTM∗, the following composition

X
ηX // UV (X)

UW
Σ,V X
q+1 // UWΣ

q+1V (X)

is a weak equivalence in SqSptTM∗.

(2) U reflects weak equivalences between fibrant objects in SqSptΣTM∗.

(1): By construction SqSptTM∗ is a right Bousfield localization of L<q+1SptTM∗,
therefore the identity functor

id : SqSptTM∗
// L<q+1SptTM∗

is a left Quillen functor. Thus X is also cofibrant in L<q+1SptTM∗. Since the ad-

junction (V, U, ϕ) is a Quillen equivalence between L<q+1SptTM∗ and L<q+1SptΣTM∗,
[Hov99, proposition 1.3.13(b)] implies that the following composition is a weak
equivalence in L<q+1SptTM∗:

X
ηX // UV (X)

UW
Σ,V X
q+1 // UWΣ

q+1V (X)

Hence using [Hir03, proposition 3.1.5] it follows that the composition above is a
S(q)-colocal equivalence in L<q+1SptTM∗, i.e. a weak equivalence in SqSptTM∗.

(2): This follows immediately from propositions 3.3.52 and 3.3.53. �

Corollary 3.3.65. Fix q ∈ Z. Then the adjunction

(V, U, ϕ) : SqSptTM∗
// SqSptΣTM∗

given by the symmetrization and the forgetful functors, induces an adjunction

(V Pq , UWΣ
q+1, ϕ) : SqSH(S) // SqSHΣ(S)
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of exact funtors between triangulated categories. Furthermore, V Pq and UWΣ
q+1 are

both equivalences of categories.

Proof. Theorem 3.3.64 implies that the adjunction (V, U, ϕ) is a Quillen equiv-
alence. Therefore we get the following adjunction at the level of the associated
homotopy categories:

(V Pq , UWΣ
q+1, ϕ) : SqSH(S) // SqSHΣ(S)

Now [Hov99, proposition 1.3.13] implies that V Pq , UWΣ
q+1 are both equiva-

lences of categories. Finally, proposition 2.6.19 together with [Hov99, proposition
6.4.1] imply that V Pq maps cofibre sequences in SqSH(S) to cofibre sequences in

SqSHΣ(S). Therefore using proposition 7.1.12 in [Hov99] we have that V Pq and
UWΣ

q+1 are both exact functors between triangulated categories. �

Now it is very easy to find the desired lifting for the functor sΣ
q : SHΣ(S) →

SHΣ(S) (see corollary 3.3.5(3)) to the model category level.

Lemma 3.3.66. Fix q ∈ Z.

(1) Let X be an arbitrary T -spectrum in RC
q

eff
SptTM∗. Then the following

maps in SqSptΣTM∗

V Pq(CqX)
V (P

CqX
q ) // V CqX CΣ

q (V CqX)
C

Σ,V CqX
qoo

induce natural isomorphisms between the functors:

CΣ
q ◦ V Cq , V Cq , V Pq ◦ Cq : RC

q

eff
SH(S) → SqSHΣ(S)

RC
q

eff
SHΣ(S)

CΣ
q

''NNNNNNNNNNN

RC
q

eff
SH(S)

V Cq //

V Cq

77ooooooooooo

Cq ((PPPPPPPPPPPP
SqSHΣ(S)

SqSH(S)

V Pq

77oooooooooooo

Given a T -spectrum X

σX : V Pq(CqX)
∼= // CΣ

q (V CqX)

will denote the isomorphism in SqSHΣ(S) corresponding to the natural
isomorphism between V Pq ◦ Cq and CΣ

q ◦ V Cq.

(2) Let X be an arbitrary symmetric T -spectrum in SqSptΣTM∗. Then the
following maps in RC

q

eff
SptTM∗

Wq+1(UWΣ
q+1X) UWΣ

q+1X
W

UWΣ
q+1X

q+1oo
U(R

WΣ
q+1X

Σ )
// URΣ(WΣ

q+1X)

induce natural isomorphisms between the functors:

Wq+1 ◦ UWΣ
q+1, UWΣ

q+1, URΣ ◦ WΣ
q+1 : SqSHΣ(S) → RC

q

eff
SH(S)
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SqSH(S)

Wq+1

((PPPPPPPPPPPP

SqSHΣ(S)
UWΣ

q+1 //

UWΣ
q+1

77oooooooooooo

WΣ
q+1 ''NNNNNNNNNNN

RC
q

eff
SH(S)

RC
q

eff
SHΣ(S)

URΣ

77ooooooooooo

Given a symmetric T -spectrum X

τX : Wq+1(UWΣ
q+1X)

∼= // URΣ(WΣ
q+1X)

will denote the isomorphism in RC
q

eff
SH(S) corresponding to the natural

isomorphism between Wq+1 ◦ UWΣ
q+1 and URΣ ◦ WΣ

q+1.

Proof. (1): Follows immediately from theorem 1.3.7 in [Hov99] and the fol-
lowing commutative diagram of left Quillen functors:

RC
q

eff
SptTM∗

V //

id

��

RC
q

eff
SptΣTM∗

id

��
SqSptTM∗

V
// SqSptΣTM∗

(2): Follows immediately from the dual of theorem 1.3.7 in [Hov99] and the
following commutative diagram of right Quillen functors:

RC
q

eff
SptTM∗ RC

q

eff
SptΣTM∗

Uoo

SqSptTM∗

id

OO

SqSptΣTM∗U
oo

id

OO

�

Lemma 3.3.67. Fix q ∈ Z. Let X be an arbitrary T -spectrum, and let η be the
unit of the adjunction (see corollary 3.3.65):

(V Pq , UWΣ
q+1, ϕ) : SqSH(S) // SqSHΣ(S)

Then we have the following diagram in RC
q

eff
SH(S) (see lemma 3.3.66):

Wq+1UWΣ
q+1V PqCqX

Wq+1UWΣ
q+1(σX )

∼=
// Wq+1UWΣ

q+1C
Σ
q V CqX

τ
CΣ

q V CqX∼=

��
Wq+1CqX

Wq+1(ηCqX ) ∼=

OO

URΣWΣ
q+1C

Σ
q V CqX
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where all the maps are isomorphisms in RC
q

eff
SH(S). This diagram induces a

natural isomorphism between the following exact functors:

RC
q

eff
SH(S)

Wq+1Cq //

URΣWΣ
q+1CΣ

q V Cq

// RC
q

eff
SH(S)

Proof. Follows immediately from lemma 3.3.66 and corollary 3.3.65. �

Theorem 3.3.68. Fix q ∈ Z, and let X be an arbitrary symmetric T -spectrum.

(1) The diagram (46) in theorem 3.2.80 induces the following diagram in

SHΣ(S):

(62)

s̃qX = V Qs(sqURΣX)

V Qs(IQT JsqURΣX ) ∼=

��
V Qs(IQT JsqURΣX)

V Qs(CqIQT JsqURΣX)

V Qs(C
IQT JsqURΣX
q ) ∼=

OO

V Qs(W
Cq IQT JsqURΣX

q+1 ) ∼=

��
V Qs(Wq+1CqIQT JsqURΣX)

V Qs(CqWq+1CqIQT JsqURΣX)

V Qs(C
Wq+1CqIQT JsqURΣX

q ) ∼=

OO

V Qs(CqWq+1CqIQT JfqURΣX)

V Qs(CqWq+1CqIQT J(π
URΣX
q )) ∼=

OO

V Qs(CqWq+1CqIQT J(θURΣX )) ∼=

��
V Qs(CqWq+1CqIQT JURΣX)

where all the maps are isomorphisms in SHΣ(S). This diagram induces
a natural isomorphism between the following exact functors:

SHΣ(S)

s̃q //

V Qs◦CqWq+1CqIQT J◦URΣ

// SH
Σ(S)

(2) Let ε denote the counit of the adjunction (see corollary 3.3.20):

(V Cq , URΣ, ϕ) : RC
q

eff
SH(S) // RC

q

eff
SHΣ(S)

and let δ denote the natural isomorphism constructed in lemma 3.3.67.
Then we have the following diagram in SHΣ(S) (see lemmas 3.3.67 and
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3.3.21):

(63)

CΣ
q WΣ

q+1C
Σ
q RΣX = sΣ

q X

CΣ
q (V CqURΣWΣ

q+1C
Σ
q RΣX)

CΣ
q (ε

WΣ
q+1

CΣ
q RΣX

) ∼=

OO

CΣ
q V CqURΣWΣ

q+1C
Σ
q (V CqURΣRΣX)

CΣ
q V CqURΣWΣ

q+1CΣ
q (εRΣX ) ∼=

OO

CΣ
q V Cq(Wq+1Cq)URΣRΣX

CΣ
q V Cq(δURΣRΣX ) ∼=

OO

CΣ
q V CqWq+1Cq(IQT JURΣX)

CΣ
q V CqWq+1Cq(βX) ∼=

OO

V QsCq(Wq+1CqIQT JURΣX)

αWq+1Cq IQT JURΣX ∼=

OO

where all the maps are isomorphisms in SHΣ(S). This diagram induces
a natural isomorphism between the following exact functors:

SHΣ(S)

V Qs◦CqWq+1CqIQT J◦URΣ //

CΣ
q WΣ

q+1CΣ
q RΣ=sΣ

q

// SH
Σ(S)

(3) Combining the diagrams (62) and (63) above we get a natural isomorphism
between the following exact functors:

SHΣ(S)

s̃q //

sΣ
q

// SH
Σ(S)

Proof. It is clear that it suffices to prove only the first two claims.
(1): Follows immediately from theorems 3.2.80 and 3.3.4.
(2): Follows immediately from lemmas 3.3.21 and 3.3.67 together with corollary

3.3.20. �

Proposition 3.3.69. Fix q ∈ Z. Let η denote the unit of the adjuntion
(CΣ

q , WΣ
q+1, ϕ) : RC

q

eff
SHΣ(S) → SqSHΣ(S) constructed in corollary 3.3.62. Then

the natural transformation πq : fq → sq (see theorem 3.1.16) gets canonically identi-
fied, through the equivalence of categories rqCq, IQT Jiq, V Cq and URΣ constructed
in proposition 3.2.21 and corollary 3.3.20; with the following map πΣ

q : fΣ
q → sΣ

q in

SHΣ(S):

CΣ
q RΣX

CΣ
q (ηRΣX)

// CΣ
q WΣ

q+1C
Σ
q RΣX

Proof. The result follows easily from proposition 3.2.81, corollaries 3.3.20,
3.3.65 and theorem 3.3.68. �
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The functor sΣ
q gives the desired lifting for the functor s̃q to the model category

level, and it will be the main ingredient for the study of the multiplicative properties
of Voevodsky’s slice filtration. This completes the program that we started at the
beginning of this section.

3.4. Multiplicative Properties of the Slice Filtration

Our goal in this section is to show that the smash product of spectra is com-
patible in a suitable sense with the slice filtration. To establish this compatibility
in a formal way, we will use the model structures constructed in section 3.3.

Lemma 3.4.1. The sphere spectrum 1 is a cofibrant object in RC0
eff

SptΣTM∗,

S0SptΣTM∗ and SptΣTM∗.

Proof. By proposition 3.3.61 and theorem 3.3.9 we have that it is enough to
show that 1 is cofibrant in RC0

eff
SptΣTM∗.

Now, corollary 3.2.15 implies that F0(S
0) is a C0

eff -colocal T -spectrum in

SptTM∗, since F0(S
0) ∈ SHeff (S). Then using [Hir03, theorem 5.1.1(2)] we

have that F0(S
0) is a cofibrant object in RC0

eff
SptTM∗, and this implies that

1 = V (F0(S
0)) is also cofibrant in RC0

eff
SptΣTM∗, since the symmetrization func-

tor

V : RC0
eff

SptTM∗ // RC0
eff

SptΣTM∗

is a left Quillen functor. �

Lemma 3.4.2. Fix p, q ∈ Z, and let A be a symmetric T -spectrum.

(1) If A is cofibrant in RC
p

eff
SptΣTM∗, then the functor HomSptΣ

T
(A,−) maps

fibrations in RC
p+q

eff
SptΣTM∗ to fibrations in RC

q

eff
SptΣTM∗.

(2) If A is cofibrant in SptΣTM∗, then the functor HomSptΣ
T
(A,−) maps fi-

brations in RC
p+q

eff
SptΣTM∗ to fibrations in RC

q

eff
SptΣTM∗.

Proof. Since RC
p

eff
SptΣTM∗, RC

q

eff
SptΣTM∗ and RC

p+q

eff
SptΣTM∗ are all right

Bousfield localizations of SptΣTM∗, we have that the fibrations in all these model
structures coincide and also the identity functor

id : RC
p

eff
SptΣTM∗ // SptΣTM∗

is a left Quillen functor. Therefore if A is cofibrant in RC
p

eff
SptΣTM∗, then A is

also cofibrant in SptΣTM∗. Hence it suffices to prove (2).

So assume that A is cofibrant in SptΣTM∗, and let f : X → Y be an arbitrary

fibration in RC
p+q

eff
SptΣTM∗. Then using corollary 2.6.29 together with the fact that

A is cofibrant in SptΣTM∗, we get that

HomSptΣ
T
(A, X)

f∗ // HomSptΣ
T
(A, Y )

is a fibration in SptΣTM∗, or equivalently a fibration in RC
q

eff
SptΣTM∗. �
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Lemma 3.4.3. Fix p, q ∈ Z, and let A = F Σ
n (Sr ∧ Gs

m ∧ U+) be an arbi-
trary element in SΣ(p), i.e. s − n = p. Assume that F is a symmetric T -

spectrum such that the map F → ∗ is a trivial fibration in RC
p+q

eff
SptΣTM∗. Then

π : HomSptΣ
T
(A, F ) → ∗ is a trivial fibration in RC

q

eff
SptΣTM∗.

Proof. Since A is cofibrant in SptΣTM∗, it follows directly from lemma 3.4.2

that π is a fibration in RC
q

eff
SptΣTM∗. Thus, it only remains to show that π is a

weak equivalence in RC
q

eff
SptΣTM∗.

Fix FΣ
j (Sk ∧ Gl

m ∧ V+) ∈ Cq,Σ
eff . By construction RC

p+q

eff
SptΣTM∗ is a right

Bousfield localization of SptΣTM∗, therefore F is also fibrant in SptΣTM∗. Since A

is cofibrant and F is fibrant in SptΣTM∗, corollary 2.6.29 implies that we have the
following natural isomorphism of abelian groups:

[FΣ
j (Sk ∧ Gl

m ∧ V+),HomSptΣ
T
(A, F )]ΣSpt

∼= [FΣ
j (Sk ∧ Gl

m ∧ V+) ∧ A, F ]ΣSpt

and proposition 2.6.13 implies that:

FΣ
j (Sk ∧ Gl

m ∧ V+) ∧ A = FΣ
j (Sk ∧ Gl

m ∧ V+) ∧ FΣ
n (Sr ∧ Gs

m ∧ U+)

∼= FΣ
j+n(Sk+r ∧ Gl+s

m ∧ U ×S V+)

But clearly FΣ
j+n(Sk+r ∧ Gl+s

m ∧ U ×S V+) ∈ Cp+q,Σ
eff , and since F → ∗ is a weak

equivalence in RC
p+q

eff
SptΣTM∗, we have by proposition 3.3.13:

0 ∼= [FΣ
j+n(Sk+r ∧ Gl+s

m ∧ U ×S V+), F ]ΣSpt

∼= [FΣ
j (Sk ∧ Gl

m ∧ V+),HomSptΣ
T
(A, F )]ΣSpt

Finally, using proposition 3.3.13 again, we get that π is a weak equivalence in
RC

q

eff
SptΣTM∗, as we wanted. �

Lemma 3.4.4. Fix p, q ∈ Z, and let A be cofibrant symmetric T -spectrum in
RC

p

eff
SptΣTM∗. Assume that F is a symmetric T -spectrum such that the map F →

∗ is a trivial fibration in R
C

p+q

eff

SptΣTM∗. Then π : HomSptΣ
T
(A, F ) → ∗ is a trivial

fibration in RC
q

eff
SptΣTM∗.

Proof. Since A is cofibrant in RC
p

eff
SptΣTM∗, it follows from lemma 3.4.2(1)

that π is a fibration in RC
q

eff
SptΣTM∗. Thus, it only remains to show that π is a

weak equivalence in RC
q

eff
SptΣTM∗.

Fix FΣ
n (Sr ∧ Gs

m ∧ U+) ∈ Cq,Σ
eff . Then lemma 3.4.3 together with proposition

3.3.24(1) imply that

HomSptΣ
T
(FΣ

n (Sr ∧ Gs
m ∧ U+), F ) // ∗

is a trivial fibration in RC
p

eff
SptΣTM∗. Now, since A is cofibrant in RC

p

eff
SptΣTM∗

which is in particular a simplicial model category, we have that the induced map:

Map Σ(A,HomSptΣ
T
(FΣ

n (Sr ∧ Gs
m ∧ U+), F )) // Map Σ(A, ∗) = ∗
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is a trivial fibration of simplicial sets. Finally using the enriched adjunctions of
proposition 2.6.12, this last map gets canonically identified with

Map Σ(FΣ
n (Sr ∧ Gs

m ∧ U+),HomSptΣT
(A, F ))

��
Map Σ(FΣ

n (Sr ∧ Gs
m ∧ U+), ∗) = ∗

Since HomSptΣT
(A, F ) is in particular fibrant in SptΣTM∗, by definition we have that

π is a Cq,Σ
eff -colocal equivalence in SptΣTM∗, i.e. a weak equivalence in RC

q

eff
SptΣTM∗.

This finishes the proof. �

Theorem 3.4.5. Fix p, q ∈ Z. Then the smash product of symmetric T -spectra

− ∧ − : RC
p

eff
SptΣTM∗ × RC

q

eff
SptΣTM∗ // RC

p+q

eff
SptΣTM∗

is a Quillen bifunctor in the sense of Hovey (see definition 1.7.4).

Proof. By lemma 1.7.5, it is enough to prove the following claim:
Given a cofibration i : A → B in RC

p

eff
SptΣTM∗ and a fibration f : X → Y in

R
C

p+q

eff

SptΣTM∗, the induced map

(i∗, f∗) : HomSptΣ
T
(B, X) // HomSptΣ

T
(A, X) ×Hom

SptΣ
T

(A,Y ) HomSptΣ
T
(B, Y )

is a fibration in RC
q

eff
SptΣTM∗ which is trivial if either i or f is a weak equivalence.

Since RC
p

eff
SptΣTM∗, RC

q

eff
SptΣTM∗ and RC

p+q

eff
SptΣTM∗ are all right Bousfield

localizations of SptΣTM∗, we have that the fibrations in all these model structures
coincide and also the identity functor

(64) id : RC
p

eff
SptΣTM∗ // SptΣTM∗

is a left Quillen functor. Hence it follows that i is cofibration in SptΣTM∗ and f is

fibration in SptΣTM∗. Then proposition 2.6.28 implies that (i∗, f∗) is a fibration in

SptΣTM∗, or equivalently a fibration in RC
q

eff
SptΣTM∗.

Now assume that i is a trivial cofibration in RC
p

eff
SptΣTM∗. Since the identity

functor considered in (64) above is a left Quillen functor, we have that i is also a

trivial cofibration in SptΣTM∗. Hence using proposition 2.6.28 again, we have that

(i∗, f∗) is in particular a weak equivalence in SptΣTM∗. Then [Hir03, proposition

3.1.5] implies that (i∗, f∗) is also a weak equivalence in RC
q

eff
SptΣTM∗.

Finally, assume that f is a trivial fibration in RC
p+q

eff

SptΣTM∗. Consider the

following commutative diagrams

F
κ //

��

∗

��

A
i //

��

B

��
X

f
// Y ∗

ι
// B/A
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where the diagram on the left is a pullback in RC
p+q

eff
SptΣTM∗ and the diagram on

the right is a pushout in RC
p

eff
SptΣTM∗. We already know that the map (i∗, f∗)

is a fibration in RC
q

eff
SptΣTM∗, therefore it is clear that HomSptΣ

T
(B/A, F ) is the

homotopy fibre of (i∗, f∗) in RC
q

eff
SptΣTM∗. On the other hand, it is clear that κ

is a trivial fibration in RC
p+q

eff
SptΣTM∗ and ι is a cofibration in RC

p

eff
SptΣTM∗.

By corollary 3.3.17 we have that the homotopy category associated to RC
q

eff
SptΣTM∗

is triangulated, hence to check that (i∗, f∗) is a weak equivalence in RC
q

eff
SptΣTM∗

it is enough to show that the map

π : HomSptΣT
(B/A, F ) // ∗

is a weak equivalence in RC
q

eff
SptΣTM∗. But this follows immediately from lemma

3.4.4. �

Lemma 3.4.6. Fix p, q, r ∈ Z. Let i : A → B be a cofibration in L<pSptΣTM∗,

and let j : C → D be a cofibration in L<qSptΣTM∗. Then

B ∧ C
∐

A∧C A ∧ D
i�j // B ∧ D

is a cofibration in L<rSptΣTM∗.

Proof. Since L<pSptΣTM∗, L<qSptΣTM∗ and L<rSptΣTM∗ are all left Bous-

field localizations of SptΣTM∗, we have that the cofibrations in these four model
categories coincide.

Then the result follows immediately from proposition 2.6.28. �

Lemma 3.4.7. Fix p, q ∈ Z. Let A = F Σ
n (Sr∧Gs

m∧U+) be an arbitrary element
in SΣ(p), i.e. s − n = p, and let Z be an arbitrary LΣ(< p + q)-local symmetric

T -spectrum in SptΣTM∗. Then HomSptΣ
T
(A, Z) is a LΣ(< q)-local symmetric T -

spectrum in SptΣTM∗.

Proof. By proposition 3.3.30 it is enough to check that the following two
conditions hold:

(1) HomSptΣT
(A, Z) is fibrant in SptΣTM∗.

(2) For every F Σ
j (Sk ∧ Gl

m ∧ V+) ∈ Cq,Σ
eff

[FΣ
j (Sk ∧ Gl

m ∧ V+),HomSptΣ
T
(A, Z)]ΣSpt

∼= 0

Since Z is LΣ(< p+q)-local in SptΣTM∗, we have that Z is in particular fibrant

in SptΣTM∗. Now corollary 2.6.29 together with the fact that A is cofibrant in

SptΣTM∗ imply that HomSptΣ
T
(A, Z) is fibrant in SptΣTM∗. This takes care of the

first condition.
Fix FΣ

j (Sk∧Gl
m∧V+) ∈ Cq,Σ

eff . Since A is cofibrant and Z is fibrant in SptΣTM∗,
it follows from corollary 2.6.29 that we have the following natural isomorphism of
abelian groups:

[FΣ
j (Sk ∧ Gl

m ∧ V+),HomSptΣ
T
(A, Z)]ΣSpt

∼= [FΣ
j (Sk ∧ Gl

m ∧ V+) ∧ A, Z]ΣSpt
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Using proposition 2.6.13 we have the following isomorphisms of symmetric T -
spectra:

FΣ
j (Sk ∧ Gl

m ∧ V+) ∧ A = FΣ
j (Sk ∧ Gl

m ∧ V+) ∧ FΣ
n (Sr ∧ Gs

m ∧ U+)

∼= FΣ
j+n(Sk+r ∧ Gl+s

m ∧ U ×S V+)

But clearly FΣ
j+n(Sk+r ∧Gl+s

m ∧U ×S V+) ∈ Cp+q,Σ
eff . Since Z is a LΣ(< p+ q)-local

in SptΣTM∗, proposition 3.3.30 implies:

0 ∼= [FΣ
j+n(Sk+r ∧ Gl+s

m ∧ U ×S V+), Z]ΣSpt

∼= [FΣ
j (Sk ∧ Gl

m ∧ V+),HomSptΣ
T
(A, Z)]ΣSpt

This finishes the proof. �

Lemma 3.4.8. Fix p, q ∈ Z. Let A be a symmetric T -spectrum such that the
map ∗ → A is a trivial cofibration in L<pSptΣTM∗, and let Z be an arbitrary

LΣ(< p + q)-local symmetric T -spectrum in SptΣTM∗. Then HomSptΣ
T
(A, Z) is a

LΣ(< q)-local symmetric T -spectrum in SptΣTM∗.

Proof. By proposition 3.3.30 it is enough to check that the following two
conditions hold:

(1) HomSptΣT
(A, Z) is fibrant in SptΣTM∗.

(2) For every F Σ
n (Sr ∧ Gs

m ∧ U+) ∈ Cq,Σ
eff

[FΣ
n (Sr ∧ Gs

m ∧ U+),HomSptΣ
T
(A, Z)]ΣSpt

∼= 0

Since Z is LΣ(< p + q)-local in SptΣTM∗, we have that Z is in particular

fibrant in SptΣTM∗. By construction L<pSptΣTM∗ is a left Bousfield localization

of SptΣTM∗, then it follows that A is cofibrant in SptΣTM∗. Therefore, corollary

2.6.29 implies that HomSptΣ
T
(A, Z) is fibrant in SptΣTM∗. This takes care of the

first condition.
Fix FΣ

n (Sr ∧ Gs
m ∧ U+) ∈ Cq,Σ

eff . Using lemma 3.4.7 together with proposition
3.3.46, we get that the induced map

HomSptΣ
T
(FΣ

n (Sr ∧ Gs
m ∧ U+), Z) // ∗

is a fibration in L<pSptΣTM∗. Since L<pSptΣTM∗ is a simplicial model category

and ∗ → A is a trivial cofibration in L<pSptΣTM∗, it follows that the following map
is a trivial fibration of simplicial sets:

Map Σ(A,HomSptΣ
T
(FΣ

n (Sr ∧ Gs
m ∧ U+), Z)) // Map Σ(A, ∗) = ∗

Finally using the enriched adjunctions of proposition 2.6.12, the map above be-
comes:

Map Σ(FΣ
n (Sr ∧ Gs

m ∧ U+),HomSptΣT
(A, Z))

��
Map Σ(FΣ

n (Sr ∧ Gs
m ∧ U+), ∗) = ∗
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which is in particular a weak equivalence of simplicial sets. We already know that
HomSptΣ

T
(A, Z) is fibrant in SptΣTM∗, and we have that F Σ

n (Sr ∧ Gs
m ∧ U+) is

cofibrant in SptΣTM∗. Since SptΣTM∗ is a simplicial model category, we have that

0 ∼= π0Map Σ(FΣ
n (Sr ∧ Gs

m ∧ U+),HomSptΣ
T
(A, Z))

∼= [FΣ
n (Sr ∧ Gs

m ∧ U+),HomSptΣ
T
(A, Z)]ΣSpt

for every FΣ
n (Sr ∧ Gs

m ∧ U+) ∈ Cq,Σ
eff . This finishes the proof. �

Lemma 3.4.9. Fix p, q ∈ Z, and let A = F Σ
n (Sr ∧ Gs

m ∧ U+) be an arbitrary
element in SΣ(p), i.e. s − n = p. Assume that C is a symmetric T -spectrum such

that the map ∗ → C is a trivial cofibration in L<qSptΣTM∗. Then ι : ∗ → C ∧ A is

a trivial cofibration in L<p+qSptΣTM∗.

Proof. Since A is cofibrant in SptΣTM∗ and L<pSptΣTM∗ is a left Bousfield

localization of SptΣTM∗, we have that A is also cofibrant in L<pSptΣTM∗. Then it

follows directly from lemma 3.4.6 that ι is a cofibration in L<p+qSptΣTM∗. Thus,

it only remains to show that ι is a weak equivalence in L<p+qSptΣTM∗.

Let Z be an arbitrary LΣ(< p + q)-local T -spectrum in SptΣTM∗. Then by

lemma 3.4.7, we have that HomSptΣ
T
(A, Z) is LΣ(< q)-local in SptΣTM∗. Now

corollary 3.3.33 implies that

[C,HomSptΣ
T
(A, Z)]ΣSpt

∼= 0

But A, C are cofibrant in SptΣTM∗ and Z is in particular fibrant in SptΣTM∗,
then using corollary 2.6.29 we get the following isomorphism:

[C ∧ A, Z]ΣSpt
∼= [C,HomSptΣ

T
(A, Z)]ΣSpt

∼= 0

Hence the induced map

0 ∼= [C ∧ A, Z]ΣSpt
ι∗ // [∗, Z]ΣSpt

∼= 0

is an isomorphism for every LΣ(< p+q)-local T -spectrum Z. Thus, using corollary
3.3.33 again, we have that ι is a LΣ(< p + q)-local equivalence. This finishes the
proof. �

Lemma 3.4.10. Fix p, q ∈ Z. Assume that A, C are symmetric T -spectra such
that ∗ → A is a trivial cofibration in L<pSptΣTM∗, and ∗ → C is a trivial cofibration

in L<qSptΣTM∗. Then ι : ∗ → C ∧ A is a trivial cofibration in L<p+qSptΣTM∗.

Proof. Since A is in particular cofibrant in L<pSptΣTM∗, it follows directly

from lemma 3.4.6 that ι is a cofibration in L<p+qSptΣTM∗. Thus, it only remains

to show that ι is a weak equivalence in L<p+qSptΣTM∗.

Let Z be an arbitrary LΣ(< p + q)-local T -spectrum in SptΣTM∗. Then by

lemma 3.4.8, we have that HomSptΣ
T
(A, Z) is LΣ(< q)-local in SptΣTM∗. Now

corollary 3.3.33 implies that

[C,HomSptΣ
T
(A, Z)]ΣSpt

∼= 0

But A, C are in particular cofibrant in SptΣTM∗, and Z is in particular fibrant

in SptΣTM∗, then using corollary 2.6.29 we get the following isomorphism:

[C ∧ A, Z]ΣSpt
∼= [C,HomSptΣ

T
(A, Z)]ΣSpt

∼= 0
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Hence the induced map

0 ∼= [C ∧ A, Z]ΣSpt
ι∗ // [∗, Z]ΣSpt

∼= 0

is an isomorphism for every LΣ(< p+q)-local T -spectrum Z. Thus, using corollary
3.3.33 again, we have that ι is a LΣ(< p + q)-local equivalence. This finishes the
proof. �

Lemma 3.4.11. Fix p, q ∈ Z, and let A = F Σ
n (Sr ∧ Gs

m ∧ U+) be an arbi-
trary element in SΣ(p), i.e. s − n = p. Assume that F is a symmetric T -

spectrum such that the map F → ∗ is a trivial fibration in Sp+qSptΣTM∗. Then

π : HomSptΣ
T
(A, F ) → ∗ is a trivial fibration in SqSptΣTM∗.

Proof. F is fibrant in L<p+q+1SptΣTM∗, since by construction Sp+qSptΣTM∗

is a right Bousfield localization of L<p+q+1SptΣTM∗. Applying lemma 3.4.7, we get

that HomSptΣT
(A, F ) is fibrant in L<q+1SptΣTM∗; and since SqSptΣTM∗ is a right

Bousfield localization of L<q+1SptΣTM∗, it follows that HomSptΣ
T
(A, F ) is fibrant

in SqSptΣTM∗.
By proposition 3.3.54 it only remains to check that for every F Σ

j (Sk∧Gl
m∧V+) ∈

SΣ(q), i.e. l − j = q,

[FΣ
j (Sk ∧ Gl

m ∧ V+),HomSptΣ
T
(A, F )]ΣSpt

∼= 0

Since A is cofibrant in SptΣTM∗ and F is in particular fibrant in SptΣTM∗, corollary
2.6.29 implies that we have the following natural isomorphism of abelian groups:

[FΣ
j (Sk ∧ Gl

m ∧ V+),HomSptΣT
(A, F )]ΣSpt

∼= [FΣ
j (Sk ∧ Gl

m ∧ V+) ∧ A, F ]ΣSpt

But using proposition 2.6.13 we get:

FΣ
j (Sk ∧ Gl

m ∧ V+) ∧ A = FΣ
j (Sk ∧ Gl

m ∧ V+) ∧ FΣ
n (Sr ∧ Gs

m ∧ U+)

∼= FΣ
j+n(Sk+r ∧ Gl+s

m ∧ U ×S V+)

and it is clear that F Σ
j+n(Sk+r ∧ Gl+s

m ∧ U ×S V+) ∈ SΣ(p + q).

Finally, since F → ∗ is a trivial fibration in Sp+qSptΣTM∗, using proposition
3.3.54 we get that for every F Σ

j (Sk ∧ Gl
m ∧ V+) ∈ SΣ(q):

0 ∼= [FΣ
j+n(Sk+r ∧ Gl+s

m ∧ U ×S V+), F ]ΣSpt

∼= [FΣ
j (Sk ∧ Gl

m ∧ V+),HomSptΣ
T
(A, F )]ΣSpt

as we wanted. �

Lemma 3.4.12. Fix p, q ∈ Z. Assume that A is a cofibrant symmetric T -
spectrum in SpSptΣTM∗, and F is a symmetric T -spectrum such that the map F → ∗
is a trivial fibration in Sp+qSptΣTM∗. Then π : HomSptΣ

T
(A, F ) → ∗ is a trivial

fibration in SqSptΣTM∗.

Proof. F is fibrant in L<p+q+1SptΣTM∗, since by construction Sp+qSptΣTM∗

is a right Bousfield localization of L<p+q+1SptΣTM∗. Now, lemma 3.3.63 implies

that ∗ → A is a trivial cofibration in L<pSptΣTM∗. Applying lemma 3.4.8, we get

that HomSptΣ
T
(A, F ) is fibrant in L<q+1SptΣTM∗; and since SqSptΣTM∗ is a right
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Bousfield localization of L<q+1SptΣTM∗, it follows that HomSptΣT
(A, F ) is fibrant

in SqSptΣTM∗.
Fix FΣ

n (Sr ∧Gs
m ∧U+) ∈ SΣ(q), i.e s−n = q. Applying lemma 3.4.11 we have

that

HomSptΣ
T
(FΣ

n (Sr ∧ Gs
m ∧ U+), F ) // ∗

is a trivial fibration in SpSptΣTM∗ which is in particular a simplicial model category.
Therefore the induced map

Map Σ(A,HomSptΣT
(FΣ

n (Sr ∧ Gs
m ∧ U+), F )) // Map Σ(A, ∗) = ∗

is a trivial fibration of simplicial sets. Finally using the enriched adjunctions of
proposition 2.6.12, the map above becomes:

Map Σ(FΣ
n (Sr ∧ Gs

m ∧ U+),HomSptΣT
(A, F ))

��
Map Σ(FΣ

n (Sr ∧ Gs
m ∧ U+), ∗) = ∗

which is in particular a weak equivalence of simplicial sets. We already know that
HomSptΣ

T
(A, F ) is fibrant in L<q+1SptΣTM∗, then by definition it follows that π is a

SΣ(q)-colocal equivalence in L<q+1SptΣTM∗, i.e. a weak equivalence in SqSptΣTM∗.
This finishes the proof. �

Theorem 3.4.13. Fix p, q ∈ Z. Then the smash product of symmetric T -spectra

− ∧ − : SpSptΣTM∗ × SqSptΣTM∗
// Sp+qSptΣTM∗

is a Quillen bifunctor in the sense of Hovey (see definition 1.7.4).

Proof. Since

− ∧ − : SpSptΣTM∗ × SqSptΣTM∗
// Sp+qSptΣTM∗

is an adjunction of two variables (see lemma 1.7.5), it follows that it is enough to
prove the following two claims:

(1) Let i : A → B be a cofibration in SpSptΣTM∗, and let j : C → D be a

cofibration in SqSptΣTM∗. Assume that either i or j is trivial. Then

B ∧ C
∐

A∧C A ∧ D
i�j // B ∧ D

is a trivial cofibration in Sp+qSptΣTM∗.

(2) Let i : A → B be a cofibration in SpSptΣTM∗, and let p : X → Y be a

trivial fibration in Sp+qSptΣTM∗. Then

HomSptΣ
T
(B, X)

(i∗,p∗) // HomSptΣT
(B, Y ) ×Hom

SptΣ
T

(A,Y ) HomSptΣT
(A, X)

is a trivial fibration in SqSptΣTM∗.

(1): By symmetry, it is enough to consider the case where i is a cofibration

in SpSptΣTM∗, and j is a trivial cofibration in SqSptΣTM∗. Since SqSptΣTM∗ and
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SpSptΣTM∗ are right Bousfield localizations of L<q+1SptΣTM∗ and L<p+1SptΣTM∗

respectively, we have that the identity functor

id : SqSptΣTM∗
// L<q+1SptΣTM∗

id : SpSptΣTM∗
// L<p+1SptΣTM∗

is in both cases a left Quillen functor. This implies in particular that i is a cofibra-
tion in L<p+1SptΣTM∗ and j is a cofibration in L<q+1SptΣTM∗. Then by lemma

3.4.6 we have that i�j is a cofibration in L<p+q+1SptΣTM∗.

By construction Sp+qSptΣTM∗ is a right Bousfield localization of L<p+q+1SptΣTM∗,
hence the trivial cofibrations in both model structures are exactly the same. Thus,
it only remains to show that i�j is a weak equivalence in L<p+q+1SptΣTM∗.

Consider the following pushout diagrams in SptTM∗:

A
i //

��

B

��

C
j //

��

D

��
∗

ι
// B/A ∗

κ
// D/C

By construction SqSptΣTM∗ is a right Bousfield localization of L<q+1SptΣTM∗;
therefore the trivial cofibrations coincide in both model structures. This implies
that j and κ are both trivial cofibrations in L<q+1SptΣTM∗. On the other hand,

it is clear that ι is a cofibration in SpSptΣTM∗. Then lemma 3.3.63 implies that ι

is a trivial cofibration in L<pSptΣTM∗. Using lemma 3.4.10, we get that the map

∗ → (B/A) ∧ (D/C) is a trivial cofibration in L<p+q+1SptΣTM∗.

Finally, since i�j is a cofibration in L<p+q+1SptΣTM∗, it follows that (B/A) ∧

(D/C) is the homotopy cofibre of i�j in L<p+q+1SptΣTM∗. But corollary 3.3.37

implies that the homotopy category associated to L<p+q+1SptΣTM∗ is triangulated.

Therefore i�j is a trivial cofibration in L<p+q+1SptΣTM∗, since its homotopy cofibre
is contractible.

(2): Using (1) above together with the fact that

− ∧ − : SpSptΣTM∗ × SqSptΣTM∗
// Sp+qSptΣTM∗

is an adjunction of two variables, we have that (i∗, p∗) is a fibration in SqSptΣTM∗.

Thus, it only remains to show that (i∗, p∗) is a weak equivalence in SqSptΣTM∗.
Consider the following diagrams in SptTM∗:

A
i //

��

B

��

F
κ //

��

∗

��
∗

ι
// B/A X p

// Y

where the diagram on the left is a pushout square and the diagram on the right is a
pullback square. It is clear that ι is a cofibration in SpSptΣTM∗ and that κ is a trivial

fibration in Sp+qSptΣTM∗. Then lemma 3.4.12 implies that HomSptΣ
T
(B/A, F ) → ∗

is a trivial fibration in SqSptΣTM∗.

We already know that (i∗, p∗) is a fibration in SqSptΣTM∗, therefore HomSptΣT
(B/A, F )

is the homotopy fibre of (i∗, p∗) in SqSptΣTM∗. Finally, by corollary 3.3.59 we have
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that the homotopy category associated to SqSptΣTM∗ is triangulated. Therefore it

follows that (i∗, p∗) is a trivial fibration in SqSptΣTM∗, since its homotopy fibre is
contractible. �

3.5. Further Multiplicative Properties of the Slice Filtration

In this section A will always denote a cofibrant ring spectrum with unit in
SptΣTM∗. The goal in this section is to use the motivic model structure A-mod(M∗)
for the category of A-modules (see section 2.8) together with the model structures
for the category of symmetric T -spectra constructed in section 3.3 (which provide
a lifting of the slice filtration to the model category level), in order to get an
analogue of the slice filtration for the category of A-modules. The main results of
this section guarantee that under suitable conditions, the (q − 1)-connective cover
fΣ

q (M), sΣ
<q(M) and the q-slice sΣ

q (M) of an arbitrary A-module M , inherit a
natural structure of A-module; and that the unit map u : 1 → A satisfying some
natural additional conditions, induces for every symmetric T -spectrum X a natural
structure of A-module on its q-slice sΣ

q (X).
Let SH(A-mod) denote the homotopy category associated to A-mod(M∗). We

call SH(A-mod) the motivic stable homotopy category of A-modules. We will denote
by [−,−]m the set of maps between two objects in SH(A-mod).

Definition 3.5.1. Let Qm denote a cofibrant replacement functor in A-mod(M∗);
such that for every A-module M , the natural map

QmM
QM

m // M

is a trivial fibration in A-mod(M∗).

Definition 3.5.2. Let Rm denote a fibrant replacement functor in A-mod(M∗);
such that for every A-module M , the natural map

M
RM

m // RmM

is a trivial cofibration in A-mod(M∗).

Proposition 3.5.3. The motivic stable homotopy category of A-modules SH(A-mod)
has a structure of triangulated category defined as follows:

(1) The suspension Σ1,0
T functor is given by

− ∧ S1 : SH(A-mod) // SH(A-mod)

M
� // QmM ∧ S1

(2) The distinguished triangles are isomorphic to triangles of the form

M
i // N

j // O
k // Σ1,0

T M

where i is a cofibration in A-mod(M∗), and O is the homotopy cofibre of
i.

Proof. By proposition 2.8.8(2) we have that A-mod(M∗) is a pointed simpli-
cial model category, and theorem 2.8.10 implies that the adjunction:

(− ∧ S1, ΩS1 , ϕ) : A-mod(M∗) // A-mod(M∗)
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is a Quillen equivalence. The result now follows from the work of Quillen in [Qui67,
sections I.2 and I.3] and the work of Hovey in [Hov99, chapters VI and VII] (see
[Hov99, proposition 7.1.6]). �

Theorem 3.5.4. The adjunction

(A ∧ −, U, ϕ) : SptΣTM∗
// A-mod(M∗)

defined in proposition 2.8.1, induces an adjunction

(A ∧ QΣ−, URm, ϕ) : SHΣ(S) // SH(A-mod)

of exact funtors between triangulated categories.

Proof. The proof is exactly the same as in theorem 3.3.4. We leave the details
to the reader. �

Lemma 3.5.5. Let X ∈ M∗ be a pointed simplicial presheaf which is compact
in the sense of Jardine (see definition 2.3.10), and let FΣ

n (X) be the symmetric
T -spectrum constructed in definition 2.6.8. Consider an arbitrary collection of A-
modules {Mi}i∈I indexed by a set I. Then

[A ∧ FΣ
n (X),

∐

i∈I

Mi]m ∼=
∐

i∈I

[A ∧ FΣ
n (X), Mi]m

Proof. The proof is exactly the same as in lemma 3.3.6. We leave the details
to the reader. �

Proposition 3.5.6. The motivic stable homotopy category of A-modules SH(A-mod)
is a compactly generated triangulated category in the sense of Neeman (see [Nee96,
definition 1.7]). The set of compact generators is given by (see definition 2.6.8):

Cm =
⋃

n,r,s≥0

⋃

U∈(Sm|S)

A ∧ FΣ
n (Sr ∧ Gs

m ∧ U+)

i.e. the smallest triangulated subcategory of SH(A-mod) closed under small coprod-
ucts and containing all the objects in Cm coincides with SH(A-mod).

Proof. The proof is exactly the same as in proposition 3.3.7. We leave the
details to the reader. �

Corollary 3.5.7. Let f : M → N be a map in SH(A-mod). Then f is an
isomorphism if and only if f induces an isomorphism of abelian groups:

[A ∧ FΣ
n (Sr ∧ Gs

m ∧ U+), M ]m
f∗ // [A ∧ FΣ

n (Sr ∧ Gs
m ∧ U+), N ]m

for every A ∧ F Σ
n (Sr ∧ Gs

m ∧ U+) ∈ Cm.

Proof. The proof is exactly the same as in corollary 3.3.8. We leave the details
to the reader. �

In the rest of this section some results will be just stated without proof. In
every case, the proof is exactly the same as the one given in section 3.3, taking
into consideration all that has been proved so far in this section together with
proposition 2.8.2, the cellularity for the motivic model category of A-modules (see
theorem 2.8.9), and the fact that the generators A ∧ F Σ

n (Sr ∧ Gs
m ∧ U+) ∈ Cm are

all cofibrant in A-mod(M∗) (this follows immediately from theorem 2.8.3).
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Theorem 3.5.8. Fix q ∈ Z. Consider the following set of objects in A-mod(M∗)
(see theorem 3.2.1):

Cq,m
eff =

⋃

n,r,s≥0;s−n≥q

⋃

U∈(Sm|S)

A ∧ FΣ
n (Sr ∧ Gs

m ∧ U+)

Then the right Bousfield localization of A-mod(M∗) with respect to the class of
Cq,m

eff -colocal equivalences exists (see definitions 1.8.6 and 1.9.2). This model struc-

ture will be called (q − 1)-connected motivic stable, and the category of A-modules
equipped with the (q − 1)-connected motivic stable model structure will be denoted
by RC

q

eff
A-mod(M∗). Furthermore RC

q

eff
A-mod(M∗) is a right proper and sim-

plicial model category. The homotopy category associated to RC
q

eff
A-mod(M∗) will

be denoted by RC
q

eff
SH(A-mod).

Remark 3.5.9. Notice that we can not use the adjuntion

(A ∧ −, U, ϕ) : RC
q

eff
SptΣTM∗ → RC

q

eff
A-mod(M∗)

for the construction of RC
q

eff
A-mod(M∗), since we do not know if the model struc-

ture for RC
q

eff
SptΣTM∗ is cofibrantly generated.

Definition 3.5.10. Fix q ∈ Z. Let Cm
q denote a cofibrant replacement functor

in RC
q

eff
A-mod(M∗); such that for every A-module M , the natural map

Cm
q M

Cm,M
q // M

is a trivial fibration in RC
q

eff
A-mod(M∗), and Cm

q M is always Cq,m
eff -colocal in

A-mod(M∗).

Proposition 3.5.11. Fix q ∈ Z. Then Rm is also a fibrant replacement functor
in RC

q

eff
A-mod(M∗) (see definition 3.5.2), and for every A-module M the natural

map

M
RM

m // RmM

is a trivial cofibration in RC
q

eff
A-mod(M∗).

Proposition 3.5.12. Fix q ∈ Z. Then the adjunction

(− ∧ S1, ΩS1 , ϕ) : RC
q

eff
A-mod(M∗) // RC

q

eff
A-mod(M∗)

is a Quillen equivalence, and RC
q

eff
SH(A-mod) has the structure of a triangulated

category.

Proposition 3.5.13. For every q ∈ Z, we have the following Quillen adjunction

(id, id, ϕ) : RC
q

eff
A-mod(M∗) // A-mod(M∗)

which induces an adjunction

(Cm
q , Rm, ϕ) : RC

q

eff
SH(A-mod) // SH(A-mod)

between exact functors of triangulated categories.



200 3. MODEL STRUCTURES FOR THE SLICE FILTRATION

Theorem 3.5.14. Fix q ∈ Z. Then the adjunction (see theorem 3.2.1)

(A ∧ −, U, ϕ) : RC
q

eff
SptΣTM∗ // RC

q

eff
A-mod(M∗)

given by the free A-module and the forgetful functors is a Quillen adjunction, and
it induces an adjunction

(A ∧ CΣ
q −, URm, ϕ) : RC

q

eff
SHΣ(S) // RC

q

eff
A-mod(M∗)

of exact funtors between triangulated categories.

Proposition 3.5.15. Fix q ∈ Z. We have the following commutative diagram
of left Quillen functors:

(65)

RC
q+1
eff

SptΣTM∗
id //

id ((QQQQQQQQQQQQ

A∧−

��

RC
q

eff
SptΣTM∗

idvvmmmmmmmmmmmm

A∧−

��

SptΣTM∗

A∧−

��

RC
q+1
eff

A-mod(M∗) id //

id ((QQQQQQQQQQQQQ
RC

q

eff
A-mod(M∗)

idvvmmmmmmmmmmmmm

A-mod(M∗)

and the following associated commutative diagrams of homotopy categories:

(66)

RC
q

eff
SH(A-mod)

Cm
q

((PPPPPPPPPPPPP

RC
q

eff
SHΣ(S)

A∧CΣ
q −

//

A∧CΣ
q −

66mmmmmmmmmmmmm

CΣ
q ((QQQQQQQQQQQQQ

SH(A-mod)

SHΣ(S)

A∧QΣ−

66mmmmmmmmmmmmm

(67)

SHΣ(S)

RΣ

((QQQQQQQQQQQQQ

SH(A-mod)
URm //

URm

66mmmmmmmmmmmmm

Rm ((PPPPPPPPPPPPP
RC

q

eff
SHΣ(S)

RC
q

eff
SH(A-mod)

URm

66mmmmmmmmmmmmm
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Theorem 3.5.16. We have the following commutative diagram of left Quillen
functors:

(68)

...

id

��

...

id

��
RC

q+1
eff

SptΣTM∗

id

��

A∧−
//

id

{{www
www

ww
w

RC
q+1
eff

A-mod(M∗)

id

��

id

&&LLLLLLLLLLL

SptΣTM∗ RC
q

eff
SptΣTM∗

id

��

A∧−
//idoo RC

q

eff
A-mod(M∗)

id

��

id// A-mod(M∗)

RC
q−1
eff

SptΣTM∗

id

��

A∧−
//

id

ccGGGGGGGGG

RC
q−1
eff

A-mod(M∗)

id

��

id

88rrrrrrrrrrr

...
...

and the following associated commutative diagrams of homotopy categories:

(69)

...

��

...

��
RC

q+1
eff

SHΣ(S)

CΣ
q+1

��
CΣ

q+1

qqq
q

xxqqq
q

A∧QΣ−
// RC

q+1
eff

SH(A-mod)

Cm
q+1

��
Cm

q+1

PPPPP

''PPPPP

SHΣ(S) RC
q

eff
SHΣ(S)

CΣ
q

��

CΣ
q

oo
A∧QΣ−

// RC
q

eff
SH(A-mod)

Cm
q

��

Cm
q

// SH(A-mod)

R
C

q−1
eff

SHΣ(S)

��

CΣ
q−1MMMM

ffMMMM

A∧QΣ−
// RC

q−1
eff

SH(A-mod)

��

Cm
q−1nnnnn

77nnnnn

...
...
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(70)

...
...

RC
q+1
eff

SHΣ(S)

OO

R
C

q+1
eff

SH(A-mod)
URm

oo

OO

SHΣ(S)

RΣqqqq

88qqqq

RΣ
//

RΣ

MMMM

&&MMMM

RC
q

eff
SHΣ(S)

RΣ

OO

RC
q

eff
SH(A-mod)

URm

oo

Rm

OO

SH(A-mod)

RmPPPPP

ggPPPPP

Rm
oo

Rm

nnnnn

wwnnnnn

RC
q−1
eff

SHΣ(S)

RΣ

OO

RC
q−1
eff

SH(A-mod)

Rm

OO

URm

oo

...

OO

...

OO

Theorem 3.5.17. Fix p, q ∈ Z. Let A be a commutative cofibrant ring spectrum
in SptΣTM∗. Then the symmetric monoidal structure for the category of A-modules,
induces the following Quillen bifunctor in the sense of Hovey (see definition 1.7.4).

− ∧A − : RC
p

eff
A-mod(M∗) × RC

q

eff
A-mod(M∗) // RC

p+q

eff
A-mod(M∗)

Proof. The proof is similar to the one given for theorem 3.4.5. We leave the
details to the reader. �

If the ring A is not commutative, then it needs to satisfy some additional
conditions in order to get a weaker version of the previous result (see theorem
3.5.21).

Lemma 3.5.18. Fix q ∈ Z. Let f : A → A′ be a map between cofibrant ring
spectra in SptΣTM∗, which is compatible with the ring structures.

(1) Then the adjunction:

(A′ ∧A −, U, ϕ) : RC
q

eff
A-mod(M∗) → RC

q

eff
A′-mod(M∗)

is a Quillen adjunction.
(2) Furthermore, a map w : M → M ′ in RC

q

eff
A′-mod(M∗) is a weak equiv-

alence if and only if Uw is a weak equivalence in RC
q

eff
A-mod(M∗).

Proof. (1): Lemma 2.8.4 implies that U : A′-mod(M∗) → A-mod(M∗) is a
right Quillen functor. Consider the following commutative diagram of right Quillen
functors:

A′-mod(M∗)
U //

id

��

A-mod(M∗)

id

��
RC

q

eff
A′-mod(M∗)

U
//___ RC

q

eff
A-mod(M∗)

then the universal property of right Bousfield localizations together with proposition
2.8.6 imply that the dotted arrow U is a right Quillen functor.
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(2): Let Rm, Rm′ denote fibrant replacement functors in A-mod(M∗) and
A′-mod(M∗) respectively, and let N be an arbitrary A′-module. We have the
following commutative diagram in A-mod(M∗):

N

RN
m′

��

RN
m // RmN

Rm(RN
m′ )

��
Rm′N

R
R

m′ N

m

// RmRm′N

lemma 2.8.4 implies that all the maps in the diagram above are weak equivalences
in A-mod(M∗).

Now fix Fn(Sr ∧ Gs
m ∧ U+) ∈ Cq,Σ

eff . Using the naturality of the diagram
above together with proposition 2.8.6, we get the following commutative diagram
of simplicial sets:

MapA′-mod(A
′ ∧ Fn(Sr ∧ Gs

m ∧ U+), Rm′M)

(Rm′w)∗

++VVVVVVVVVVVVVVVVVVV

∼=

��

MapA′-mod(A
′ ∧ Fn(Sr ∧ Gs

m ∧ U+), Rm′M ′)

∼=

��

MapA-mod(A ∧ Fn(Sr ∧ Gs
m ∧ U+), URm′M)

(URm′w)∗

++VVVVVVVVVVVVVVVVVVV

(R
UR

m′ M

m )∗

��

MapA-mod(A ∧ Fn(Sr ∧ Gs
m ∧ U+), URm′M ′)

(R
UR

m′M′

m )∗

��

MapA-mod(A ∧ Fn(Sr ∧ Gs
m ∧ U+), RmURm′M)

(RmURm′w)∗

++VVVVVVVVVVVVVVVVVVVOO

(URm(RM
m′ ))∗ MapA-mod(A ∧ Fn(Sr ∧ Gs

m ∧ U+), RmURm′M ′)
OO

(URm(RM′

m′ ))∗MapA-mod(A ∧ Fn(Sr ∧ Gs
m ∧ U+), URmM)

(URmw)∗

++VVVVVVVVVVVVVVVVVVV

MapA-mod(A ∧ Fn(Sr ∧ Gs
m ∧ U+), URmM ′)

where the top vertical arrows are isomorphisms of simplicial sets. But A-mod(M∗),
A′-mod(M∗) are simplicial model categories (see proposition 2.8.8(2)) and the nat-

ural maps R
URm′M
m , URm(RM

m′), R
URm′M

′

m and URm(RM ′

m′ ) are all weak equiva-
lences between fibrant objects, thus by Ken Brown’s lemma (see lemma 1.1.5) all
the vertical arrows are weak equivalences of simplicial sets.

Therefore, the top row is a weak equivalence of simplicial sets if and only if the
bottom row is a weak equivalence of simplicial sets. This proves the claim. �
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Proposition 3.5.19. Fix q ∈ Z. Let f : A → A′ be a map between cofibrant
ring spectra in SptΣTM∗, which is compatible with the ring structures. Assume that

f is a weak equivalence in SptΣTM∗. Then the adjunction

(A′ ∧A −, U, ϕ) : RC
q

eff
A-mod(M∗) → RC

q

eff
A′-mod(M∗)

is a Quillen equivalence.

Proof. We have shown in lemma 3.5.18(1) that

(A′ ∧A −, U, ϕ) : RC
q

eff
A-mod(M∗) → RC

q

eff
A′-mod(M∗)

is a Quillen adjunction.
Now let η, ε denote the unit and counit of the adjunction (A′ ∧A −, U, ϕ). By

corollary 1.3.16(c) in [Hov99], it suffices to check that the following conditions hold:

(1) For every cofibrant A-module M in RC
q

eff
A-mod(M∗), the following com-

position

M ∼= A ∧A M
ηM=f∧Aid // A′ ∧A M

R
A′

∧AM

m′ // Rm′(A′ ∧A M)

is a weak equivalence in RC
q

eff
A-mod(M∗), where Rm′ denotes a fibrant

replacement functor in A′-mod(M∗) (see proposition 3.5.11).
(2) U reflects weak equivalences between fibrant objects in RC

q

eff
A′-mod(M∗).

(1): Since id : RC
q

eff
A-mod(M∗) → A-mod(M∗) is a left Quillen functor, we

have that M is also cofibrant in A-mod(M∗). Hence, proposition 2.8.5 implies that

RA′∧AM
m′ ◦ ηM is a weak equivalence in A-mod(M∗). Finally, by [Hir03, proposition

3.1.5] we have that RA′∧AM
m′ ◦ ηM is a weak equivalence in RC

q

eff
A-mod(M∗), as

we wanted.
(2): This follows immediately from lemma 3.5.18(2). �

Proposition 3.5.20. Let A be a cofibrant ring spectrum in SptΣ
TM∗, which is

also C0,Σ
eff -colocal (equivalently cofibrant in RC0

eff
SptΣTM∗). Then for every q ∈ Z,

and for every cofibration f : M → N in RC
q

eff
A-mod(M∗) we have that f is also

a cofibration in RC
q

eff
SptΣTM∗.

Proof. Let (see theorem 2.8.9)

Λ(K) = JA-mod ∪ {A ∧ FΣ
n (Sr ∧ Gs

m ∧ U+) ⊗ ∂∆k →

A ∧ FΣ
n (Sr ∧ Gs

m ∧ U+) ⊗ ∆k | s − n ≥ q, k ≥ 0}

Since A-mod(M∗) is in particular a simplicial model category (see proposition
2.8.8(2)), using definitions 5.2.1, 16.3.1 and propositions 5.3.6, 16.1.3 in [Hir03], we
have that f is a retract of a cofibration g : M → O in A-mod(M∗) for which there
is a weak equivalence h : O → P in A-mod(M∗) such that the composition h ◦ g is

a relative Λ(K)-cell complex.

It is clear that it is enough to check that g is a cofibration in RC
q

eff
SptΣTM∗.

Now, using lemma 5.3.4 in [Hir03], we have that this follows from:

(1) g is a cofibration in SptΣTM∗.

(2) h is a weak equivalence in SptΣTM∗.

(3) h ◦ g is a cofibration in RC
q

eff
SptΣTM∗.
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(1): This follows directly from proposition 2.8.7.
(2): This follows directly from theorem 2.8.3.

(3): Let C denote the class of cofibrations in RC
q

eff
SptΣTM∗. Theorem 2.8.9 im-

plies that JA-mod is a set of generating trivial cofibrations for A-mod(M∗), therefore
proposition 2.8.7 and theorem 2.8.3 imply that all the maps in JA-mod are trivial
cofibrations in SptΣTM∗. But RC

q

eff
SptΣTM∗ is a right Bousfield localization with

respect to SptΣTM∗, hence all the maps in JA-mod are also trivial cofibrations in

RC
q

eff
SptΣTM∗. We have that in particular

JA-mod = A ∧ JT
Σ = {id ∧ j : A ∧ X → A ∧ Y }

is contained in C. On the other hand, by hypothesis the map ∗ → A is a cofibration
in RC0

eff
SptΣTM∗ and by construction ∗ → Fn(Sr ∧ Gs

m ∧ U+) are cofibrations

in RC
q

eff
SptΣTM∗ for s − n ≥ q. Then theorem 3.4.5 together with the fact that

RC
q

eff
SptΣTM∗ is a simplicial model category (see theorem 3.3.9) imply that

{A ∧ FΣ
n (Sr ∧ Gs

m ∧ U+) ⊗ ∂∆k → A ∧ FΣ
n (Sr ∧ Gs

m ∧ U+) ⊗ ∆k |

s − n ≥ q, k ≥ 0}

is also contained in C. Therefore, we have that all the maps in Λ(K) are contained
in C.

Finally since limits and colimits in A-mod are computed in SptΣT (Sm|S)Nis,

we have that h ◦ g is a relative C-cell complex in SptΣT (Sm|S)Nis, and since C is
clearly closed under coproducts, pushouts and filtered colimits, we have that h ◦ g
is a cofibration in RC

q

eff
SptΣTM∗. �

Theorem 3.5.21. Fix p, q ∈ Z. Let A be a cofibrant ring spectrum in SptΣ
TM∗,

which is also cofibrant in RC0
eff

SptΣTM∗. Then −∧A− defines a Quillen adjunction

of two variables (see definition 1.7.4) from the (p − 1)-connected motivic model
structure for right A-modules and the (q−1)-connected motivic model structure for
left A-modules to the (p+q−1)-connected motivic symmetric stable model structure:

− ∧A − : RC
p

eff
A-mod(M∗)r × RC

q

eff
A-mod(M∗)l // RC

p+q

eff
SptΣTM∗

Proof. By lemma 1.7.5, it is enough to prove the following claim:
Given a cofibration i : N → N ′ in RC

q

eff
A-mod(M∗)l and a fibration f : X →

Y in R
C

p+q

eff

SptΣTM∗, the induced map

HomSptΣ
T
(N ′, X)

(i∗,f∗)

��
HomSptΣ

T
(N, X) ×Hom

SptΣ
T

(N,Y ) HomSptΣ
T
(N ′, Y )

is a fibration in RC
p

eff
A-mod(M∗)r which is trivial if either i or f is a weak equiv-

alence.
However, proposition 3.5.20 and lemma 3.5.18(2) imply that i is also a cofibra-

tion in RC
q

eff
SptΣTM∗, which is trivial if i is a weak equivalence in RC

q

eff
A-mod(M∗)l.

Now, it follows from theorem 3.4.5 that (i∗, f∗) is a fibration in RC
p

eff
SptΣTM∗ which
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is trivial if either i or f is a weak equivalence. By lemma 3.5.18(2) we have that it
suffices to check that (i∗, f∗) is a fibration in RC

p

eff
A-mod(M∗)r.

Proposition 3.3.24 implies that (i∗, f∗) is a fibration in SptΣTM∗, hence it fol-
lows from theorem 2.8.3 that (i∗, f∗) is also a fibration in A-mod(M∗)r. However,
by construction RC

p

eff
A-mod(M∗)r is a right Bousfield localization with respect

to A-mod(M∗)r, therefore the classes of fibrations in both model structures are
identical. Thus (i∗, f∗) is a fibration in RC

p

eff
A-mod(M∗)r, as we wanted. �

Theorem 3.5.22. Fix q ∈ Z. Let A be a cofibrant ring spectrum in SptΣ
TM∗,

which is also C0,Σ
eff -colocal in SptΣTM∗ (equivalently cofibrant in RC0

eff
SptΣTM∗),

and let M be an arbitrary A-module. Then the solid arrows in the following com-
mutative diagram:

(71)

CΣ
q RmM

CΣ,RmM
q

���
�

�

�

�

�

CΣ
q (RM

m )
// CΣ

q M

CΣ,M
q

���
�

�

�

�

�
CΣ

q Cm
q M

CΣ
q (Cm,M

q )
oo

CΣ
q (R

Cm
q M

m )
//

C
Σ,Cm

q M

q

���
�

�

�

�

�
CΣ

q RmCm
q M

C
Σ,RmCm

q M

q

��
RmM

RM
m

//______ M Cm
q M

Cm,M
q

oo_ _ _ _ _ _

R
Cm

q M

m

//______ RmCm
q M

induce a natural equivalence between the functors:

(72)

SH(A-mod)

URm

''NNNNNNNNNNN

RC
q

eff
SH(A-mod)

Cm
q

66lllllllllllll

URm ((QQQQQQQQQQQQQ
SHΣ(S)

RC
q

eff
SHΣ(S)

CΣ
q

88qqqqqqqqqqq

Proof. Clearly it suffices to show that CΣ
q (RM

m ), CΣ
q (Cm,M

q ), CΣ
q (R

Cm
q M

m ) and

C
Σ,RmCm

q M
q are all weak equivalences in SptΣTM∗.

Proposition 3.5.11 implies that RM
m is a weak equivalence in RC

q

eff
A-mod(M∗),

then applying lemma 3.5.18(2) to the unit map 1 → A we have that RM
m is a

weak equivalence in RC
q

eff
SptΣTM∗. By construction CΣ,RmM

q and CΣ,M
q are both

weak equivalences in RC
q

eff
SptΣTM∗. Hence, the two out of three property for

weak equivalences implies that CΣ
q (RM

m ) is a weak equivalence in RC
q

eff
SptΣTM∗.

However, CΣ
q RmM and CΣ

q M are both Cq,Σ
eff -colocal; therefore [Hir03, theorem

3.2.13(2)] implies that CΣ
q (RM

m ) is a weak equivalence in SptΣTM∗.

Using lemma 3.5.18(2) again, we have that Cm,M
q is a weak equivalence in

RC
q

eff
SptΣTM∗. But CΣ,M

q and C
Σ,Cm

q M
q are both weak equivalences in RC

q

eff
SptΣTM∗,

thus the two out of three property for weak equivalences implies that CΣ
q (Cm,M

q )

is also a weak equivalence in RC
q

eff
SptΣTM∗. However, by construction CΣ

q M and



3.5. FURTHER MULTIPLICATIVE PROPERTIES OF THE SLICE FILTRATION 207

CΣ
q Cm

q M are both Cq,Σ
eff -colocal; hence by [Hir03, theorem 3.2.13(2)] we have that

CΣ
q (Cm,M

q ) is a weak equivalence in SptΣTM∗.

By proposition 3.5.11 we have that R
Cm

q M
m is a weak equivalence in RC

q

eff
A-mod(M∗),

then lemma 3.5.18(2) implies that R
Cm

q M
m is a weak equivalence in RC

q

eff
SptΣTM∗.

Now, C
Σ,Cm

q M
q and C

Σ,RmCm
q M

q are both weak equivalences in RC
q

eff
SptΣTM∗. Thus,

the two out of three property for weak equivalences implies that CΣ
q (R

Cm
q M

m ) is

a weak equivalence in RC
q

eff
SptΣTM∗. However, by construction, CΣ

q Cm
q M and

CΣ
q RmCm

q M are both Cq,Σ
eff -colocal; therefore [Hir03, theorem 3.2.13(2)] implies

that CΣ
q (R

Cm
q M

m ) is a weak equivalence in SptΣTM∗.

We already know that CΣ
q (R

Cm
q M

m ) is a weak equivalence in SptΣTM∗, and defini-

tion 3.5.2 together with theorem 2.8.3 imply that R
Cm

q M
m is also a weak equivalence

in SptΣTM∗. Therefore, to show that C
Σ,RmCm

q M
q is a weak equivalence in SptΣTM∗,

it suffices to check that C
Σ,Cm

q M
q is a weak equivalence in SptΣTM∗. Now, by con-

struction we have that C
Σ,Cm

q M
q is a Cq,Σ

eff -colocal equivalence in SptΣTM∗ and that

CΣ
q Cm

q M is a Cq,Σ
eff -colocal spectrum, thus by [Hir03, theorem 3.2.13(2)] it only

remains to show that Cm
q M is Cq,Σ

eff -colocal. But this follows from our hypothesis

which says that A is C0,Σ
eff -colocal together with proposition 3.5.20. This finishes

the proof. �

Theorem 3.5.23. Fix q ∈ Z. Let f : A → A′ be a map between cofibrant
ring spectra in SptΣTM∗, which is compatible with the ring structures. Assume that

there exists p ∈ Z such that A, A′ are both Cp,Σ
eff -colocal in SptΣTM∗ and f is a weak

equivalence in RC
p

eff
SptΣTM∗ (equivalently in RC

p

eff
A-mod(M∗)). Then f induces

a Quillen equivalence between the (q − 1)-connected motivic stable model structures
of A and A′ modules:

(A′ ∧A −, U, ϕ) : RC
q

eff
A-mod(M∗) // RC

q

eff
A′-mod(M∗)

Proof. Since A and A′ are Cp,Σ
eff -colocal, [Hir03, theorem 3.2.13(2)] implies

that f is a weak equivalence in SptΣTM∗. Therefore, the result follows directly from
proposition 3.5.19. �

Theorem 3.5.24. Fix q ∈ Z. Consider the following set of maps in A-mod(M∗)
(see theorem 3.3.26):

Lm(< q) = {id ∧ V (ιUn,r,s) : A ∧ FΣ
n (Sr ∧ Gs

m ∧ U+) →(73)

A ∧ FΣ
n (Dr+1 ∧ Gs

m ∧ U+) |FΣ
n (Sr ∧ Gs

m ∧ U+) ∈ Cq,Σ
eff}

Then the left Bousfield localization of A-mod(M∗) with respect to the Lm(< q)-
local equivalences exists. This new model structure will be called weight<q motivic
stable. L<qA-mod(M∗) will denote the category of A-modules equipped with the
weight<q motivic stable model structure, and L<qSH(A-mod) will denote its asso-
ciated homotopy category. Furthermore the weight<q motivic stable model structure
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is cellular, left proper and simplicial; with the following sets of generating cofibra-
tions and trivial cofibrations respectively:

ILm(<q) = IA-mod =
⋃

n≥0{A ∧ FΣ
n (Y+ ↪→ (∆n

U )+)}

JLm(<q) = {j : A → B}

where j satisfies the following conditions:

(1) j is an inclusion of IT
A-mod-complexes.

(2) j is a Lm(< q)-local equivalence.
(3) the size of B as an IT

A-mod-complex is less than κ, where κ is the regular
cardinal defined by Hirschhorn in [Hir03, definition 4.5.3].

Remark 3.5.25. Notice that the model category L<qSptΣTM∗ is not a symmet-
ric monoidal model category, i.e. the smash product and the model structure are
not compatible, therefore in general it is not possible to use the adjuntion

(A ∧ −, U, ϕ) : SptΣT (Sm|S)Nis → A-mod

for the construction of a model structure on the category of A-modules. How-
ever, if A satisfies additional conditions (see proposition 3.5.40) then the adjunc-
tion above induces a model structure on the category of A-modules which coincides
with L<qA-mod(M∗) (see proposition 3.5.40 and theorem 3.5.43).

Definition 3.5.26. Fix q ∈ Z. Let W m
q denote a fibrant replacement functor

in L<qA-mod(M∗), such that the for every A-module M , the natural map:

M
W m,M

q // W m
q M

is a trivial cofibration in L<qA-mod(M∗), and W m
q M is Lm(< q)-local in A-mod(M∗).

Proposition 3.5.27. Fix q ∈ Z. Then Qm is also a cofibrant (see definition
3.5.1) replacement functor in L<qA-mod(M∗), and for every A-module M the
natural map

QmM
QM

m // M

is a trivial fibration in L<qA-mod(M∗).

Proposition 3.5.28. Fix q ∈ Z. Then an A-module M is Lm(< q)-local in

A-mod(M∗) if and only if UM is LΣ(< q)-local in SptΣTM∗.

Proposition 3.5.29. For every q ∈ Z, the following adjunction:

(− ∧ S1, ΩS1 , ϕ) : L<qA-mod(M∗) // L<qA-mod(M∗)

is a Quillen equivalence, and the homotopy category L<qSH(A-mod) associated to
L<qA-mod(M∗) has the structure of a triangulated category.

Corollary 3.5.30. For every q ∈ Z, L<qA-mod(M∗) is a right proper model
category.

Proposition 3.5.31. For every q ∈ Z we have the following Quillen adjunction

(id, id, ϕ) : A-mod(M∗) // L<qA-mod(M∗)
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which induces and adjunction

(Qm, W m
q , ϕ) : SH(A-mod) // L<qSH(A-mod)

of exact functors between triangulated categories.

Theorem 3.5.32. For every q ∈ Z, the adjunction

(A ∧ −, U, ϕ) : L<qSptΣTM∗
// L<qA-mod(M∗)

given by the free A-module and the forgetful functor is a Quillen adjunction, and it
induces an adjunction

(A ∧ Qs−, UW m
q , ϕ) : L<qSH

Σ(S) // L<qSH(A-mod)

of exact funtors between triangulated categories.

Proposition 3.5.33. Fix q ∈ Z. We have the following commutative diagram
of left Quillen functors:

(74)

SptΣTM∗

id

vvmmmmmmmmmmmmm
id

((QQQQQQQQQQQQ

A∧−

��

L<q+1SptΣTM∗
id

//

A∧−

��

L<qSptΣTM∗

A∧−

��

A-mod(M∗)

id

vvlllllllllllll
id

((QQQQQQQQQQQQQ

L<q+1A-mod(M∗)
id

// L<qA-mod(M∗)

and the following associated commutative diagrams of homotopy categories:

(75)

SH(A-mod)

Qm

((QQQQQQQQQQQQQ

SHΣ(S)
A∧QΣ− //

A∧QΣ−
88pppppppppp

QΣ &&MMMMMMMMMM
L<qSH(A-mod)

L<qSH
Σ(S)

A∧QΣ−

66nnnnnnnnnnnn

(76)

SH(A-mod)

URm

&&NNNNNNNNNN

L<qSH(A-mod)
UW m

q //

W m
q

66mmmmmmmmmmmmm

UW m
q ((PPPPPPPPPPPP

SHΣ(S)

L<qSH
Σ(S)

WΣ
q

88qqqqqqqqqq
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Theorem 3.5.34. We have the following commutative diagram of left Quillen
functors:

(77)

...

id

��

...

id

��
L<q+1SptΣTM∗

id

��

A∧−
//

99
id

ttttttttt

L<q+1A-mod(M∗)

id

��

gg
id

OOOOOOOOOOOO

SptΣTM∗ L<qSptΣTM∗

id

��

A∧−
////id
L<qA-mod(M∗)

id

��

oo id A-mod(M∗)

L<q−1SptΣTM∗

id

��

A∧−
//

%%id

JJJJJJJJJ

L<q−1A-mod(M∗)

id

��

ww id

oooooooooooo

...
...

and the following associated commutative diagrams of homotopy categories:

(78)

...

��

...

��
L<q+1SH

Σ(S)

QΣ

��

88

QΣ
pppp

pppp

A∧QΣ−
// L<q+1SH(A-mod)

Qm

��

hh

Qm

QQQ
QQQ

QQQ
QQQ

SHΣ(S) L<qSH
Σ(S)

QΣ

��

//QΣ
A∧QΣ−

// L<qSH(A-mod)

Qm

��

oo Qm SH(A-mod)

L<q−1SH
Σ(S)

��

&&
QΣNNNN

NNNN

A∧QΣ−
// L<q−1SH(A-mod)

��

vv
Qmmmmmmm

mmmmmm

...
...
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(79)

...
...

L<q+1SH
Σ(S)

OO

L<q+1SH(A-mod)
UW m

q+1

oo

OO

SHΣ(S)
xx

WΣ
q+1pppp

pppp

oo WΣ
qff

WΣ
q−1

NNN
N

NNN
N

L<qSH
Σ(S)

WΣ
q

OO

L<qSH(A-mod)
UW m

q

oo

W m
q

OO

SH(A-mod)
((

W m
q+1QQQQQ

QQQQQ

//W m
q 66

W m
q−1

mmmmm

mmmmm

L<q−1SH
Σ(S)

WΣ
q−1

OO

L<q−1SH(A-mod)

W m
q−1

OO

UW m
q−1

oo

...

OO

...

OO

Lemma 3.5.35. Fix q ∈ Z, and let f : A → A′ be a map between cofibrant
ring spectra SptΣTM∗, which is compatible with the ring structures. If g : M → N
is a Lm(< q)-local equivalence in A-mod(M∗) then id ∧A Qmg : A′ ∧A QmM →

A′ ∧A QmN is a Lm′

(< q)-local equivalence in A′-mod(M∗), where Qm denotes a
cofibrant replacement functor in A-mod(M∗).

Proof. Let Z be an arbitrary Lm′

(< q)-local A′-module in A′-mod(M∗).
Lemma 2.8.4 implies that A′∧AQmM , A′∧AQmN are both cofibrant in A′-mod(M∗).
Therefore it suffices to show that the induced map

MapA′-mod(A
′ ∧A QmN, Z)

(id∧AQmg)∗ // MapA′-mod(A
′ ∧A QmM, Z)

is a weak equivalence of simplical sets. However, using proposition 2.8.6 we get
the following commutative diagram, where the vertical maps are isomorphisms of
simplicial sets

MapA′-mod(A
′ ∧A QmN, Z)

(id∧AQmg)∗ //

∼=

��

MapA′-mod(A
′ ∧A QmM, Z)

∼=

��
MapA-mod(QmN, UZ)

(Qmg)∗
// MapA-mod(QmM, UZ)

Finally, proposition 3.5.28 implies that UZ is Lm(< q)-local in A-mod(M∗), there-
fore the bottom row is a weak equivalence of simplicial sets, since by hypothesis g
is a Lm(< q)-local equivalence in A-mod(M∗). Hence, the two out of three prop-
erty for weak equivalences implies that the top row is also a weak equivalence of
simplicial sets, as we wanted. �

Proposition 3.5.36. Fix q ∈ Z. Let f : A → A′ be a map between cofibrant
ring spectra in SptΣTM∗, which is compatible with the ring structures. Then the
adjunction:

(A′ ∧A −, U, ϕ) : L<qA-mod(M∗) → L<qA
′-mod(M∗)

is a Quillen adjunction.
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Proof. Lemma 2.8.4 implies that A′ ∧A − : A-mod(M∗) → A′-mod(M∗) is
a left Quillen functor. Consider the following commutative diagram of left Quillen
functors:

A-mod(M∗)
A′∧A− //

id

��

A′-mod(M∗)

id

��
L<qA-mod(M∗)

A′∧A−

//___ L<qA
′-mod(M∗)

then the universal property of left Bousfield localizations together with lemma
3.5.35 imply that the dotted arrow A′ ∧A − is a left Quillen functor. �

Lemma 3.5.37. Fix q ∈ Z, and let f : A → A′ be a map between cofibrant
ring spectra in SptΣTM∗, which is compatible with the ring structures. If f is a weak

equivalence in SptΣTM∗ (equivalently in A-mod(M∗)), then for every Lm(< q)-local
A-module M in A-mod(M∗), we have that QmX and URm′(A′ ∧A QmX) are also
Lm(< q)-local in A-mod(M∗), where Qm denotes a cofibrant replacement functor
in A-mod(M∗) and Rm′ denotes a fibrant replacement functor in A′-mod(M∗).

Proof. Since M is Lm(< q)-local, it follows that M is fibrant in A-mod(M∗).
By definition we have that the natural map

QmM
QM

m // M

is a trivial fibration in A-mod(M∗), therefore QmM is also fibrant in A-mod(M∗).
Hence [Hir03, lemma 3.2.1(a)] implies that QmM is Lm(< q)-local. Proposition
2.8.5 implies that the adjunction (A′ ∧A −, U, ϕ) is a Quillen equivalence between
A-mod(M∗) and A′-mod(M∗), therefore we have that URm′(A′∧AQmM) is fibrant
in A-mod(M∗), and [Hov99, proposition 1.3.13(b)] implies that the composition

QmM
ηQmM // U(A′ ∧A QmM)

U(R
A′

∧AQmM

m′
)
// URm′(A′ ∧A QmM)

is a weak equivalence in A-mod(M∗). Since we already know that QmM is Lm(<
q)-local, using [Hir03, lemma 3.2.1(a)] again we get that URm′(A′∧A QmM) is also
Lm(< q)-local in A-mod(M∗). This finishes the proof. �

Lemma 3.5.38. Fix q ∈ Z, and let f : A → A′ be a map between cofibrant
ring spectra SptΣTM∗, which is compatible with the ring structures. If f is a weak

equivalence in SptΣTM∗ (equivalently in A-mod(M∗)), then g : M → N is a Lm(<
q)-local equivalence in A-mod(M∗) if and only if id ∧A Qmg : A′ ∧A QmM →

A′ ∧A QmN is a Lm′

(< q)-local equivalence in A′-mod(M∗), where Qm denotes a
cofibrant replacement functor in A-mod(M∗).

Proof. (⇒): It follows directly from lemma 3.5.35.

(⇐): Assume that id∧A Qmg is a Lm′

(< q)-local equivalence in A′-mod(M∗),
and let Z be an arbitrary Lm(< q)-local A-module in A-mod(M∗). We need to
show that the induced map:

MapA-mod(QmN, Z)
(Qmg)∗// MapA-mod(QmM, Z)

is a weak equivalence of simplicial sets.



3.5. FURTHER MULTIPLICATIVE PROPERTIES OF THE SLICE FILTRATION 213

But proposition 2.8.5 implies that the adjunction (A′ ∧A −, U, ϕ) is a Quillen
equivalence between A-mod(M∗) and A′-mod(M∗), therefore using [Hov99, propo-
sition 1.3.13(b)] we have that all the maps in the following diagram are weak equiv-
alences in A-mod(M∗):

Z QmZ
QZ

moo
U(R

A′
∧AQmZ

m′
)◦ηQmZ

// URm′(A′ ∧A QmZ)

where Rm′ denotes a fibrant replacement functor in A′-mod(M∗). Lemma 3.5.37
implies in particular that Z, QmZ, URm′(A′∧AQmZ) are all fibrant in A-mod(M∗).
Now using the fact that A-mod(M∗) is a simplicial model category together with
Ken Brown’s lemma (see lemma 1.1.5) and the two out of three property for weak
equivalences, we have that it suffices to prove that the induced map:

MapA-mod(QmN, URm′(A′ ∧A QmZ))

(Qmg)∗

��
MapA-mod(QmM, URm′(A′ ∧A QmZ))

is a weak equivalence of simplicial sets. Using the enriched adjunctions of proposi-
tion 2.8.6, we get the following commutative diagram where all the vertical arrows
are isomorphisms:

MapA-mod(QmN, URm′(A′ ∧A QmZ))

(Qmg)∗

++VVVVVVVVVVVVVVVVVVV

∼=

��

MapA-mod(QmM, URm′(A′ ∧A QmZ))

∼=

��

MapA′-mod(A
′ ∧A QmN, Rm′(A′ ∧A QmZ))

(id∧AQmg)∗

++VVVVVVVVVVVVVVVVVVV

MapA′-mod(A
′ ∧A QmM, Rm′(A′ ∧A QmZ))

Finally, lemma 3.5.37 implies that URm′(A′∧AQmZ) is Lm(< q)-local in A-mod(M∗),

therefore by proposition 3.5.28 we have that Rm′(A′ ∧A QmZ) is Lm′

(< q)-local in

A′-mod(M∗). Since id ∧A Qmg is a Lm′

(< q)-local equivalence and A′ ∧A QmM ,
A′ ∧A QmN are both cofibrant in A′-mod(M∗), it follows that the bottom row in
the diagram above is a weak equivalence of simplicial sets. This implies that the
top row is also a weak equivalence of simplicial sets, as we wanted. �

Proposition 3.5.39. Fix q ∈ Z. Let f : A → A′ be a map between cofibrant
ring spectra in SptΣTM∗, which is compatible with the ring structures. If f is a weak

equivalence in SptΣTM∗ then the adjunction

(A′ ∧A −, U, ϕ) : L<qA-mod(M∗) → L<qA
′-mod(M∗)

is a Quillen equivalence.

Proof. Proposition 3.5.36 implies that the adjuntion (A′ ∧A −, U, ϕ) is a
Quillen adjunction. Using corollary 1.3.16 in [Hov99] and proposition 3.5.27 we
have that it suffices to verify the following two conditions:
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(1) For every fibrant A′-module M in L<qA
′-mod(M∗), the following com-

position

A′ ∧A QmUM
id∧A(QUM

m ) // A′ ∧A UM
εM // M

is a weak equivalence in L<qA
′-mod(M∗), where Qm denotes a cofibrant

replacement functor in A-mod(M∗) (see proposition 3.5.27).
(2) A′∧A− reflects weak equivalences between cofibrant A-modules in L<qA-mod(M∗).

(1): By construction L<qA
′-mod(M∗) is a left Bousfield localization of A′-mod(M∗),

therefore the identity functor

id : L<qA
′-mod(M∗) → A′-mod(M∗)

is a right Quillen functor. Thus M is also fibrant in A′-mod(M∗). Proposition
2.8.5 implies that the adjunction (A′ ∧A −, U, ϕ) is a Quillen equivalence between
A-mod(M∗) and A′-mod(M∗), hence using [Hov99, proposition 1.3.13(b)] we have
that the following composition is a weak equivalence in A′-mod(M∗):

A′ ∧A QmUM
id∧A(QUM

m ) // A′ ∧A UM
εM // M

Therefore [Hir03, proposition 3.1.5] implies that the composition above is a Lm′

(<
q)-local equivalence.

(2): This follows immediately from proposition 3.5.27 and lemma 3.5.38. �

Proposition 3.5.40. Fix q ∈ Z. Let A be a cofibrant ring spectrum in SptΣ
TM∗,

which is also cofibrant in S0SptΣTM∗. Then the adjunction

(A ∧ −, U, ϕ) : SptΣT (Sm|S)Nis → A-mod

between symmetric T -spectra and A-modules, together with the model structure
L<qSptΣTM∗ (see theorem 3.3.26), induces a model structure on A-mod, which we

will denote by L̃<qA-mod(M∗); i.e. a map f : M → N of A-modules is a fibration

or a weak equivalence in L̃<qA-mod(M∗) if and only if Uf is a fibration or a weak

equivalence in L<qSptΣTM∗. Furthermore, the model category L̃<qA-mod(M∗) is
cofibrantly generated, with the following sets of generating cofibrations and trivial
cofibrations respectively:

ILm(<q) = IA-mod = A ∧ IT
Σ

=
⋃

k≥0

{id ∧ i : A ∧ FΣ
k (Y+) → A ∧ FΣ

k ((∆U
n )+) | U ∈ (Sm|S), n ≥ 0}

˜JLm(<q) = {id ∧ j : A ∧ X → A ∧ Y }

where j : X → Y satisfies the following conditions:

(1) j is an inclusion of IT
Σ -complexes in L<qSptΣTM∗.

(2) j is a LΣ(< q)-local equivalence in SptΣTM∗.
(3) the size of Y as an IT

Σ -complex is less than κ, where κ is the regular
cardinal defined by Hirschhorn in [Hir03, definition 4.5.3].

Proof. Using a result of D. Kan (see theorem 11.3.2 in [Hir03]), we have that
it is enough to prove that the following conditions hold:

(1) The domains of ILm(<q) (respectively JLm(<q)) are small relative to the
ILm(<q)-cells (respectively JLm(<q)-cells) in the category of A-modules.
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(2) U maps relative JLm(<q)-cell complexes to weak equivalences in L<qSptΣTM∗.

(1): By adjointness it suffices to check that the domains of ILΣ(<q) (respec-
tively JLΣ(<q)) are small relative to the ILm(<q)-cells (respectively JLm(<q)-cells) in

SptΣT (Sm|S)Nis. Theorem 3.3.26 implies that L<qSptΣTM∗ is in particular a cofi-
brantly generated model category with the sets ILΣ(<q) and JLΣ(<q) as generating
cofibrations and trivial cofibrations, therefore by [Hov99, proposition 2.1.16] it only
remains to show that all the maps in ILm(<q)-cells (respectively JLm(<q)-cells) are

cofibrations (respectively trivial cofibrations) in L<qSptΣTM∗.

Since A is in particular cofibrant in SptΣTM∗ and the cofibrations in SptΣTM∗

and L<qSptΣTM∗ are identical, proposition 2.6.28 implies that all the maps in

ILm(<q) are cofibrations in L<qSptΣTM∗. However, the class of cofibrations is closed
under coproducts and filtered colimits, and the limits and colimits in the category
of A-modules are computed in SptΣT (Sm|S)Nis, hence all the maps in ILm(<q)-cells

are cofibrations in L<qSptΣTM∗.

By hypothesis A is cofibrant in S0SptΣTM∗, and every map j in JLΣ(<q) is

clearly a trivial cofibration in L<qSptΣTM∗. Since Sq−1SptΣTM∗ is a right Bousfield

localization with respect to L<qSptΣTM∗, we have that every map j in JLΣ(<q) is also

a trivial cofibration in Sq−1SptΣTM∗. Therefore, theorem 3.4.13 implies that all the

maps in JLm(<q) are trivial cofibrations in Sq−1SptΣTM∗, and since Sq−1SptΣTM∗ is

a right Bousfield localization with respect to L<qSptΣTM∗; we get that all the maps

in JLm(<q) are also trivial cofibrations in L<qSptΣTM∗. Finally, since the class of
trivial cofibrations is closed under coproducts and filtered colimits, and the limits
and colimits in the category of A-modules are computed in SptΣT (Sm|S)Nis, we

have that all the maps in JLm(<q)-cells are also trivial cofibrations in L<qSptΣTM∗.
(2): We have shown that every map in JLm(<q)-cells is a trivial cofibration in

L<qSptΣTM∗. In particular, every relative JLm(<q)-cell complex is a weak equiva-

lence in L<qSptΣTM∗, as we wanted. �

Remark 3.5.41. Notice that we can not use the same argument as in theo-

rem 2.8.3 to construct the model structure L̃<qA-mod(M∗), since the model cate-

gory L<qSptΣTM∗ is not a symmetric monoidal model category, i.e. the monoidal
structure on symmetric T -spectra is not compatible with the model structure on
L<qSptΣTM∗. Therefore, the hypothesis of A being cofibrant in S0SptΣTM∗ is really
necessary.

Lemma 3.5.42. Fix q ∈ Z. Let A be a cofibrant ring spectrum in SptΣ
TM∗,

which is also cofibrant in S0SptΣTM∗. Then the model category L̃<qA-mod(M∗)
described in proposition 3.5.40 is simplicial.

Proof. Since the cotensor objects NK for the simplicial structure are identical

in L̃<qA-mod(M∗) and L<qSptΣTM∗, the results follows from proposition 3.5.40 and

theorem 3.3.26 which implies in particular that L<qSptΣTM∗ is a simplicial model
category. �

Theorem 3.5.43. Fix q ∈ Z. Let A be a cofibrant ring spectrum in SptΣ
TM∗,

which is also cofibrant in S0SptΣTM∗. Then the model structures L<qA-mod(M∗)

(see theorem 3.5.24) and L̃<qA-mod(M∗) (see proposition 3.5.40) on the category
of A-modules are identical.
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Proof. Theorem 3.5.24 and proposition 3.5.40 imply that both L<qA-mod(M∗)

and L̃<qA-mod(M∗) have
⋃

k≥0

{id ∧ i : A ∧ FΣ
k (Y+) → A ∧ FΣ

k ((∆U
n )+) | U ∈ (Sm|S), n ≥ 0}

as set of generating cofibrations. Hence the cofibrations in L<qA-mod(M∗) and

L̃<qA-mod(M∗) are exactly the same. It suffices to check that the weak equiva-
lences in both model structures are identical.

However, theorem 3.3.26 and lemma 3.5.40 imply that L<qA-mod(M∗) and

L̃<qA-mod(M∗) are both simplicial model categories. Therefore, corollary 1.6.11(2)
implies that it is enough to show that the fibrant objects in L<qA-mod(M∗) and

L̃<qA-mod(M∗) coincide. But this follows directly from propositions 3.5.28 and
3.5.40. �

Theorem 3.5.44. Fix q ∈ Z. Let A be a cofibrant ring spectrum in SptΣ
TM∗,

which is also cofibrant in S0SptΣTM∗, and let M be an arbitrary A-module. Then
the solid arrows in the following commutative diagram:

(80)

QΣRmM

Q
RmM

Σ

��

QΣM
QΣ(RM

m )

oo_ _ _ _

QM
Σ

���
�

�

�

�

�
QΣQmM

QΣ(QM
m )

oo_ _ _ _

Q
QmM
Σ

���
�

�

�

�

� QΣ(W m,QmM
q )

//____ QΣW m
q QmM

Q
W m

q QmM

Σ

���
�

�

�

�

�

RmM M
RM

m

oo QmM
QM

m

oo
W m,QmM

q

// W m
q QmM

induce a natural equivalence between the functors:

(81)

L<qSH(A-mod)
UW m

q

((QQQQQQQQQQQQ

SH(A-mod)

Qm

66mmmmmmmmmmmmm

URm ((PPPPPPPPPPPPP
L<qSH

Σ(S)

SHΣ(S)

QΣ

66nnnnnnnnnnnn

Proof. It suffices to show that all the maps W m,QmM
q , QM

m , RM
m and QRmM

Σ

are weak equivalences in L<qSptΣTM∗. Proposition 3.3.28 implies that QRmM
Σ is a

weak equivalence in L<qSptΣTM∗.

Since A is cofibrant in S0SptΣTM∗, theorem 3.5.43 and proposition 3.5.40 im-
ply that it is enough to show that W m,QmM

q , QM
m and RM

m are weak equivalences

in L<qA-mod(M∗). By construction (see definition 3.5.26) W m,QmM
q is a weak

equivalence in L<qA-mod(M∗), and proposition 3.5.27 implies that QM
m is a weak

equivalence in L<qA-mod(M∗). Finally, by construction (see definition 3.5.2) RM
m

is a weak equivalence in A-mod(M∗), and [Hir03, proposition 3.1.5] implies that
RM

m is also a weak equivalence in L<qA-mod(M∗). This finishes the proof. �
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Theorem 3.5.45. Fix q ∈ Z. Let f : A → A′ be a map between cofibrant ring
spectra in SptΣTM∗, which is compatible with the ring structures. Assume that one
of the following conditions holds:

(1) f is a weak equivalence in SptΣTM∗ (equivalently in A-mod(M∗)).

(2) There exists p ∈ Z such that A, A′ are both Lm(< p)-local in SptΣTM∗

and f is a weak equivalence in L<pSptΣTM∗.

(3) There exists p ∈ Z such that A, A′ are both Cp,Σ
eff -colocal in SptΣTM∗ and f

is a weak equivalence in RC
p

eff
SptΣTM∗ (equivalently in RC

p

eff
A-mod(M∗)).

Then f induces a Quillen equivalence between the weight<q motivic stable model
structures of A and A′ modules:

(A′ ∧A −, U, ϕ) : L<qA-mod(M∗) // L<qA
′-mod(M∗)

Proof. (1): This is just proposition 3.5.39.

(2): Since A and A′ are Lm(< p)-local in SptΣTM∗, [Hir03, theorem 3.2.13(1)]

implies that f is a weak equivalence in SptΣTM∗. Therefore the result follows from
proposition 3.5.39.

(3): Since A and A′ are Cp,Σ
eff -colocal in SptΣTM∗, using [Hir03, theorem 3.2.13(2)]

we have that f is a weak equivalence in SptΣTM∗. Thus, the result follows from
proposition 3.5.39. �

Definition 3.5.46. For every q ∈ Z, we consider the following set of A-modules

Sm(q) = {A ∧ FΣ
n (Sr ∧ Gs

m ∧ U+) ∈ Cm|s − n = q} ⊆ Cq,m
eff

(see definition 3.3.49).

Theorem 3.5.47. Fix q ∈ Z. Then the right Bousfield localization of the model
category L<q+1A-mod(M∗) with respect to the Sm(q)-colocal equivalences exists.
This new model structure will be called q-slice motivic stable. SqA-mod(M∗) will
denote the category of A-modules equipped with the q-slice motivic stable model
structure, and SqSH(A-mod) will denote its associated homotopy category. Fur-
thermore, the q-slice motivic stable model structure is right proper and simplicial.

Remark 3.5.48. Notice that we can not use the adjuntion (A ∧ −, U, ϕ) :

SqSptΣTM∗ → SqA-mod(M∗) for the construction of SqA-mod(M∗), since we

do not know if the model structure for SqSptΣTM∗ is cofibrantly generated.

Definition 3.5.49. Fix q ∈ Z. Let P m
q denote a cofibrant replacement functor

in SqA-mod(M∗); such that for every A-module M , the natural map

P m
q M

P m,M
q // M

is a trivial fibration in SqA-mod(M∗), and P m
q M is always a Sm(q)-colocal A-

module in L<q+1A-mod(M∗).

Proposition 3.5.50. Fix q ∈ Z. Then W m
q+1 is also a fibrant replacement

functor in SqA-mod(M∗) (see definition 3.5.26), and for every A-module M the
natural map

M
W

m,M
q+1 // W m

q+1M

is a trivial cofibration in SqA-mod(M∗).
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Corollary 3.5.51. Fix q ∈ Z and let f : M → N be a map of A-modules.
Then f is a Sm(q)-colocal equivalence in L<q+1A-mod(M∗) if and only if

W m
q+1M

W m
q+1f

// W m
q+1N

is a Cq,m
eff -colocal equivalence in A-mod(M∗).

Proposition 3.5.52. Fix q ∈ Z. Then the adjunction

(− ∧ S1, ΩS1 , ϕ) : SqA-mod(M∗) // SqA-mod(M∗)

is a Quillen equivalence, and SqSH(A-mod) has the structure of a triangulated
category.

Proposition 3.5.53. Fix q ∈ Z. Then we have the following adjunction

(P m
q , W m

q+1, ϕ) : SqSH(A-mod) // L<q+1SH(A-mod)

between exact functors of triangulated categories.

Proposition 3.5.54. Fix q ∈ Z. Then the identity functor

id : SqA-mod(M∗) // RC
q

eff
A-mod(M∗)

is a right Quillen functor, and it induces the following adjunction

(Cm
q , W m

q+1, ϕ) : RC
q

eff
SH(A-mod) // SqSH(A-mod)

of exact functors between triangulated categories.

Lemma 3.5.55. Fix q ∈ Z, and let M be a cofibrant A-module in SqA-mod(M∗).
Then the map ∗ → M is a trivial cofibration in L<qA-mod(M∗).

Theorem 3.5.56. Fix q ∈ Z. Then the adjunction

(A ∧ −, U, ϕ) : SqSptΣTM∗
// SqA-mod(M∗)

given by the free A-module and the forgetful functors is a Quillen adjunction, and
it induces an adjunction

(A ∧ PΣ
q −, UW m

q+1, ϕ) : SqSHΣ(S) // SqSH(A-mod)

of exact funtors between triangulated categories.

Proposition 3.5.57. Fix q ∈ Z. We have the following commutative diagram
of left Quillen functors:

(82)

RC
q

eff
SptΣTM∗

A∧− //

id

��

RC
q

eff
A-mod(M∗)

id

��
SqSptΣTM∗ A∧−

// SqA-mod(M∗)
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and the following associated commutative diagrams of homotopy categories:

(83)

RC
q

eff
SH(A-mod)

Cm
q

((QQQQQQQQQQQQQQ

RC
q

eff
SHΣ(S)

A∧CΣ
q −

//

A∧CΣ
q −

66mmmmmmmmmmmmm

CΣ
q ((QQQQQQQQQQQQQ

SqSH(A-mod)

SqSHΣ(S)

A∧PΣ
q −

66mmmmmmmmmmmmmm

(84)

SqSHΣ(S)
WΣ

q+1

((QQQQQQQQQQQQQ

SqSH(A-mod)
UW m

q+1 //

UW m
q+1

66mmmmmmmmmmmmmm

W m
q+1 ((QQQQQQQQQQQQQQ

RC
q

eff
SHΣ(S)

RC
q

eff
SH(A-mod)

URm

66mmmmmmmmmmmmm

Theorem 3.5.58. Fix p, q ∈ Z. Let A be a commutative cofibrant ring spectrum
in SptΣTM∗. Then the symmetric monoidal structure for the category of A-modules,
induces the following Quillen bifunctor in the sense of Hovey (see definition 1.7.4).

− ∧A − : SpA-mod(M∗) × SqA-mod(M∗) // Sp+qA-mod(M∗)

Proof. The proof is similar to the one given for theorem 3.4.13. We leave the
details to the reader. �

If the ring A is not commutative, then it needs to satisfy some additional
conditions in order to get a weaker version of the previous result (see theorem
3.5.63).

Lemma 3.5.59. Fix q ∈ Z. Let f : A → A′ be a map between cofibrant ring
spectra in SptΣTM∗, which is compatible with the ring structures. Then the adjunc-
tion:

(A′ ∧A −, U, ϕ) : SqA-mod(M∗) → SqA′-mod(M∗)

is a Quillen adjunction.

Proof. Proposition 3.5.36 implies that U : L<q+1A
′-mod(M∗) → L<q+1A-mod(M∗)

is a right Quillen functor. Consider the following commutative diagram of right
Quillen functors:

L<q+1A
′-mod(M∗)

U //

id

��

L<q+1A-mod(M∗)

id

��
SqA′-mod(M∗)

U
//_____ SqA-mod(M∗)

then the universal property of right Bousfield localizations together with proposition
2.8.6 imply that the dotted arrow U is a right Quillen functor. �
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Proposition 3.5.60. Fix q ∈ Z. Let f : A → A′ be a map between cofibrant
ring spectra in SptΣTM∗, which is compatible with the ring structures. Assume that

f is a weak equivalence in SptΣTM∗. Then the adjunction

(A′ ∧A −, U, ϕ) : SqA-mod(M∗) → SqA′-mod(M∗)

is a Quillen equivalence.

Proof. We have shown in lemma 3.5.59 that

(A′ ∧A −, U, ϕ) : SqA-mod(M∗) → SqA′-mod(M∗)

is a Quillen adjunction.
Now let η, ε denote the unit and counit of the adjunction (A′ ∧A −, U, ϕ). By

corollary 1.3.16(c) in [Hov99], it suffices to check that the following conditions hold:

(1) For every cofibrant A-module M in SqA-mod(M∗), the following compo-
sition

M ∼= A ∧A M
ηM=f∧Aid // A′ ∧A M

W
m′,A′

∧AM

q+1 // W m′

q+1(A
′ ∧A M)

is a weak equivalence in SqA-mod(M∗), where W m′

q+1 denotes a fibrant
replacement functor in SqA′-mod(M∗) (see proposition 3.5.50).

(2) U reflects weak equivalences between fibrant objects in SqA′-mod(M∗).

(1): Since id : SqA-mod(M∗) → L<q+1A-mod(M∗) is a left Quillen functor,
we have that M is also cofibrant in L<q+1A-mod(M∗). Hence, theorem 3.5.45(1)

implies that W m′,A′∧AM
q+1 ◦ ηM is a weak equivalence in L<q+1A-mod(M∗). Finally,

by [Hir03, proposition 3.1.5] we have that W m′,A′∧AM
q+1 ◦ ηM is a weak equivalence

in SqA-mod(M∗), as we wanted.
(2): Let g : M → N be a map between fibrant A′-modules in SqA′-mod(M∗),

such that Ug is a weak equivalence in SqA-mod(M∗).
Fix FΣ

n (Sr ∧ Gs
m ∧ U+) ∈ SΣ(q) (see definition 3.3.49). Using the enriched

adjunctions of proposition 2.8.6, we get the following commutative diagram of sim-
plicial sets where the vertical arrows are isomorphisms

MapA′-mod(A
′ ∧ FΣ

n (Sr ∧ Gs
m ∧ U+), M)

∼=

��

g∗

**UUUUUUUUUUUUUUUUU

MapA′-mod(A
′ ∧ FΣ

n (Sr ∧ Gs
m ∧ U+), N)

∼=

��

MapA-mod(A ∧ FΣ
n (Sr ∧ Gs

m ∧ U+), UM)

(Ug)∗ **UUUUUUUUUUUUUUUUU

MapA-mod(A ∧ FΣ
n (Sr ∧ Gs

m ∧ U+), UN)

Now M and N are both fibrant in L<q+1A
′-mod(M∗) (this follows from proposition

3.5.50), hence proposition 3.5.36 implies that UM and UN are also fibrant in
L<q+1A-mod(M∗). Therefore, the bottom row in the diagram above is a weak
equivalence of simplicial sets, since by hypothesis Ug is a weak equivalence in
SqA-mod(M∗). Finally, by the two out of three property for weak equivalences
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we get that the top row is also a weak equivalence of simplicial sets, and this
implies that g is a weak equivalence in SqA′-mod(M∗), since M and N are both
fibrant in L<q+1A

′-mod(M∗). �

Lemma 3.5.61. Fix q ∈ Z. Let f : A → A′ be a map between cofibrant ring
spectra in SptΣTM∗, which is compatible with the ring structures. Assume that A

and A′ are cofibrant in S0SptΣTM∗. Then w : M → M ′ is a weak equivalence in
SqA′-mod(M∗) if and only if Uw is a weak equivalence in SqA-mod(M∗).

Proof. Let W m
q+1, W m′

q+1 denote fibrant replacement functors in L<q+1A-mod(M∗)
and L<q+1A

′-mod(M∗) respectively, and let N be an arbitrary A′-module. We have
the following commutative diagram in L<q+1A-mod(M∗):

N

W
m′,N
q+1

��

W
m,N
q+1 // W m

q+1N

W m
q+1(W m′,N

q+1 )

��
W m′

q+1N

W
m,W m′

q+1N

q+1

// W m
q+1W

m′

q+1N

since A, A′ are both cofibrant in S0SptΣTM∗, theorem 3.5.43 and proposition
3.5.40 imply that all the maps in the diagram above are weak equivalences in
L<q+1A-mod(M∗).

Now fix Fn(Sr ∧ Gs
m ∧ U+) ∈ Sm(q) (see definition 3.5.46). Using the natu-

rality of the diagram above together with proposition 2.8.6, we get the following
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commutative diagram of simplicial sets:

MapA′-mod(A
′ ∧ Fn(Sr ∧ Gs

m ∧ U+), W m′

q+1M)

(W m′

q+1w)∗

**UUUUUUUUUUUUUUUU

∼=

��

MapA′-mod(A
′ ∧ Fn(Sr ∧ Gs

m ∧ U+), W m′

q+1M
′)

∼=

��

MapA-mod(A ∧ Fn(Sr ∧ Gs
m ∧ U+), UW m′

q+1M)

(UW m′

q+1w)∗

**UUUUUUUUUUUUUUUU

(W
m,UW m′

q+1M

q+1 )∗

��

MapA-mod(A ∧ Fn(Sr ∧ Gs
m ∧ U+), UW m′

q+1M
′)

(W
m,UW m′

q+1M′

q+1 )∗

��

MapA-mod(A ∧ Fn(Sr ∧ Gs
m ∧ U+), W m

q+1UW m′

q+1M)

(W m
q+1(UW m′

q+1w))∗

**UUUUUUUUUUUUUUUUOO

(UW m
q+1(W m′,M

q+1 ))∗ MapA-mod(A ∧ Fn(Sr ∧ Gs
m ∧ U+), W m

q+1UW m′

q+1M
′)

OO

(UW m
q+1(W m′,M′

q+1 ))∗MapA-mod(A ∧ Fn(Sr ∧ Gs
m ∧ U+), UW m

q+1M)

(UW m
q+1w)∗

**UUUUUUUUUUUUUUUUU

MapA-mod(A ∧ Fn(Sr ∧ Gs
m ∧ U+), UW m

q+1M
′)

where the top vertical arrows are isomorphisms of simplicial sets. But L<q+1A-mod(M∗),
L<q+1A

′-mod(M∗) are simplicial model categories (see theorem 3.5.24) and the

natural maps W
m,UW m′

q+1M

q+1 , UW m
q+1(W

m′,M
q+1 ), W

m,UW
m′,M′

q+1

q+1 and UW m
q+1(W

m′,M ′

q+1 )

are all weak equivalences between fibrant objects, thus by Ken Brown’s lemma (see
lemma 1.1.5) all the vertical arrows are weak equivalences of simplicial sets.

Therefore, the top row is a weak equivalence of simplicial sets if and only if the
bottom row is a weak equivalence of simplicial sets. This proves the claim. �

Proposition 3.5.62. Let A be a cofibrant ring spectrum in SptΣ
TM∗, which

is also cofibrant in S0SptΣTM∗. Then for every q ∈ Z, and for every cofibration

f : M → N in SqA-mod(M∗) we have that f is also a cofibration in SqSptΣTM∗.

Proof. Let (see theorem 3.5.24)

Λ(K) = JLm(<q+1) ∪ {A ∧ FΣ
n (Sr ∧ Gs

m ∧ U+) ⊗ ∂∆k →

A ∧ FΣ
n (Sr ∧ Gs

m ∧ U+) ⊗ ∆k | s − n = q, k ≥ 0}

Since L<q+1A-mod(M∗) is in particular a simplicial model category (see theo-
rem 3.5.24), using definitions 5.2.1, 16.3.1 and propositions 5.3.6, 16.1.3 in [Hir03],
we have that f is a retract of a cofibration g : M → O in L<q+1A-mod(M∗) for
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which there is a weak equivalence h : O → P in L<q+1A-mod(M∗) such that the

composition h ◦ g is a relative Λ(K)-cell complex.

It is clear that it is enough to check that g is a cofibration in SqSptΣTM∗. Now,
using lemma 5.3.4 in [Hir03], we have that this follows from:

(1) g is a cofibration in L<q+1SptΣTM∗.

(2) h is a weak equivalence in L<q+1SptΣTM∗.

(3) h ◦ g is a cofibration in SqSptΣTM∗.

(1): Since L<q+1A-mod(M∗) is a left Bousfield localization with respect to
A-mod(M∗), we have that the cofibrations are exactly the same in both model
structures. Hence g is a cofibration in A-mod(M∗), and proposition 2.8.7 implies

that g is also a cofibration in SptΣTM∗. But L<q+1SptΣTM∗ is a left Bousfield

localization with respect to SptΣTM∗, therefore g is a cofibration in L<q+1SptΣTM∗.

(2): Since A is cofibrant in S0SptΣTM∗, theorem 3.5.43 and proposition 3.5.40

imply that h is a weak equivalence in L<q+1SptΣTM∗.

(3): Let C denote the class of cofibrations in SqSptΣTM∗. Theorem 3.5.24 im-
plies that JLm(<q+1) is a set of generating trivial cofibrations for L<q+1A-mod(M∗),

and since A is cofibrant in S0SptΣTM∗, theorem 3.5.43 together with 3.5.40 imply

that all the maps in JLm(<q+1) are weak equivalences in L<q+1SptΣTM∗.
Now, L<q+1A-mod(M∗) is a left Bousfield localization with respect to A-mod(M∗),

thus all the maps in JLm(<q+1) are cofibrations in A-mod(M∗), and proposition

2.8.7 implies that the maps in JLm(<q+1) are also cofibrations in SptΣTM∗. How-

ever, L<q+1SptΣTM∗ is a left Bousfield localization with respect to SptΣTM∗, hence

all the maps in JLm(<q+1) are cofibrations in L<q+1SptΣTM∗.

Therefore, all the maps in JLm(<q+1) are trivial cofibrations in L<q+1SptΣTM∗.

But SqSptΣTM∗ is a right Bousfield localization with respect to L<q+1SptΣTM∗,

hence all the maps in JLm(<q+1) are also trivial cofibrations in SqSptΣTM∗. We
have that in particular JLm(<q+1) is contained in C. On the other hand, by con-

struction ∗ → Fn(Sr ∧ Gs
m ∧ U+) are cofibrations in RC

q

eff
SptΣTM∗ for s − n = q,

thus, proposition 3.3.61 implies that ∗ → Fn(Sr ∧ Gs
m ∧ U+) are also cofibrations

in SqSptΣTM∗ for s − n = q. By hypothesis the map ∗ → A is a cofibration

in S0SptΣTM∗, Then theorem 3.4.13 together with the fact that SqSptΣTM∗ is a
simplicial model category (see theorem 3.3.50) imply that

{A ∧ FΣ
n (Sr ∧ Gs

m ∧ U+) ⊗ ∂∆k → A ∧ FΣ
n (Sr ∧ Gs

m ∧ U+) ⊗ ∆k |

s − n = q, k ≥ 0}

is also contained in C. Therefore, we have that all the maps in Λ(K) are contained
in C.

Finally since limits and colimits in A-mod are computed in SptΣT (Sm|S)Nis,

we have that h ◦ g is a relative C-cell complex in SptΣT (Sm|S)Nis, and since C is
clearly closed under coproducts, pushouts and filtered colimits, we have that h ◦ g
is a cofibration in SqSptΣTM∗. �

Theorem 3.5.63. Fix p, q ∈ Z. Let A be a cofibrant ring spectrum in SptΣ
TM∗,

which is also cofibrant in S0SptΣTM∗. Then − ∧A − defines a Quillen adjunction
of two variables (see definition 1.7.4) from the p-slice motivic model structure for
right A-modules and the q-slice motivic model structure for left A-modules to the
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(p + q)-slice motivic symmetric stable model structure:

− ∧A − : SpA-mod(M∗)r × SqA-mod(M∗)l
// Sp+qSptΣTM∗

Proof. By lemma 1.7.5, it is enough to prove the following claim:
Given a cofibration i : N → N ′ in SqA-mod(M∗)l and a fibration f : X → Y

in Sp+qSptΣTM∗, the induced map

HomSptΣ
T
(N ′, X)

(i∗,f∗)

��
HomSptΣ

T
(N, X) ×Hom

SptΣ
T

(N,Y ) HomSptΣ
T
(N ′, Y )

is a fibration in SpA-mod(M∗)r which is trivial if either i or f is a weak equivalence.

However, proposition 3.5.62 and lemma 3.5.61 (1 is cofibrant in S0SptΣTM∗

by lemma 3.4.1) imply that i is also a cofibration in SqSptΣTM∗, which is trivial
if i is a weak equivalence in SqA-mod(M∗)l. Now, it follows from theorem 3.4.13

that (i∗, f∗) is a fibration in SpSptΣTM∗ which is trivial if either i or f is a weak
equivalence. By lemma 3.5.61 we have that it suffices to check that (i∗, f∗) is a
fibration in SpA-mod(M∗)r.

By definition SpSptΣTM∗ is a right Bousfield localization with respect to L<p+1SptΣTM∗,
hence the fibrations in both model structures coincide. This implies that (i∗, f∗) is

a fibration in L<p+1SptΣTM∗. Now, proposition 3.5.40 and theorem 3.5.43 imply
that (i∗, f∗) is also a fibration in L<p+1A-mod(M∗)r since we are assuming that

A is cofibrant in S0SptΣTM∗. However, by construction SpA-mod(M∗)r is a right
Bousfield localization with respect to L<p+1A-mod(M∗)r, therefore the classes of
fibrations in both model structures are identical. Thus (i∗, f∗) is a fibration in
SpA-mod(M∗)r, as we wanted. �

Lemma 3.5.64. Fix q ∈ Z. Let f : A → A′ be a map between cofibrant ring
spectra in SptΣTM∗, which is compatible with the ring structures. Assume that A

and A′ are cofibrant in S0SptΣTM∗. Furthermore, assume that A′ is also cofibrant

in A-mod(M∗). If f is a weak equivalence in S0SptΣTM∗, then for every cofibrant
A-module M in SqA-mod(M∗), the induced map

M ∼= A ∧A M
f∧Aid // A′ ∧A M

is a weak equivalence in SqA-mod(M∗).

Proof. Lemma 3.4.1 implies that 1 is cofibrant in S0SptΣTM∗ and A is by

hypothesis cofibrant in S0SptΣTM∗, thus by lemma 3.5.61 it suffices to check that

f ∧A id is a weak equivalence in SqSptΣTM∗.
Using lemma 3.5.61 again, we get that f is a weak equivalence in S0A-mod(M∗).

Now, M is cofibrant in SqA-mod(M∗) and f : A → A′ may be considered as a map
of right A-modules; therefore theorem 3.5.63 together with Ken Brown’s lemma
(see lemma 1.1.4) imply that it suffices to show that A and A′ are both cofibrant
in S0A-mod(M∗).

We have that 1 is cofibrant in S0SptΣTM∗ by lemma 3.4.1, therefore theorem
3.5.56 implies that A is cofibrant in S0A-mod(M∗).
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Finally, since S0A-mod(M∗) is a right Bousfield localization with respect to
L<1A-mod(M∗), [Hir03, proposition 3.2.2(2)] implies that to show that A′ is cofi-
brant in S0A-mod(M∗) it suffices to check that A′ is cofibrant in L<1A-mod(M∗)
and that f is a weak equivalence in L<1A-mod(M∗).

On the other hand, L<1A-mod(M∗) is a left Bousfield localization with respect
to A-mod(M∗), hence A′ is cofibrant in L<1A-mod(M∗) since by hypothesis A′

is cofibrant in A-mod(M∗). Now, we are assuming that f is a weak equivalence

in S0SptΣTM∗ and that A, A′ are both cofibrant in S0SptΣTM∗; therefore, [Hir03,

theorem 3.2.13(2)] implies that f is also a weak equivalence in L<1SptΣTM∗. But

since A is cofibrant in S0SptΣTM∗ and lemma 3.4.1 implies that 1 is also cofibrant

in S0SptΣTM∗, we can apply proposition 3.5.40 and theorem 3.5.43 to conclude that
f is a weak equivalence in L<1A-mod(M∗), as we wanted. �

Proposition 3.5.65. Fix q ∈ Z. Let f : A → A′ be a map between cofibrant
ring spectra in SptΣTM∗, which is compatible with the ring structures. Assume that

A and A′ are cofibrant in S0SptΣTM∗. Furthermore, assume that A′ is also cofibrant

in A-mod(M∗). If f is a weak equivalence in S0SptΣTM∗, then it induces a Quillen
equivalence between the q-slice motivic stable model structures of A and A′ modules:

(A′ ∧A −, U, ϕ) : SqA-mod(M∗) // SqA′-mod(M∗)

Proof. We have shown in lemma 3.5.59 that

(A′ ∧A −, U, ϕ) : SqA-mod(M∗) → SqA′-mod(M∗)

is a Quillen adjunction.
Now let η, ε denote the unit and counit of the adjunction (A′ ∧A −, U, ϕ). By

corollary 1.3.16(c) in [Hov99], it suffices to check that the following conditions hold:

(1) For every cofibrant A-module M in SqA-mod(M∗), the following compo-
sition

M ∼= A ∧A M
ηM=f∧Aid // A′ ∧A M

W
m′,A′

∧AM

q+1 // W m′

q+1(A
′ ∧A M)

is a weak equivalence in SqA-mod(M∗), where W m′

q+1 denotes a fibrant
replacement functor in SqA′-mod(M∗) (see proposition 3.5.50).

(2) U reflects weak equivalences between fibrant objects in SqA′-mod(M∗).

(1): Lemma 3.5.64 implies that f∧A id is a weak equivalence in SqA-mod(M∗),

and lemma 3.5.61 implies that W m′,A′∧AM
q+1 is also a weak equivalence in SqA-mod(M∗).

Therefore, the result follows from the two out of three property for weak equiva-
lences.

(2): This follows immediately from lemma 3.5.61. �

Theorem 3.5.66. Fix q ∈ Z. Let A be a cofibrant ring spectrum in SptΣ
TM∗,

which is also cofibrant in RC0
eff

SptΣTM∗, and let M be an arbitrary A-module. Then
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the solid arrows in the following commutative diagram:
(85)

CΣ
q W m

q+1C
m
q M

C
Σ,W m

q+1Cm
q M

q

���
�

�

�

�

�
CΣ

q Cm
q M

CΣ
q (W

m,Cm
q M

q+1 )

oo_ _ _ _
CΣ

q (Cm,M
q )

//

C
Σ,Cm

q M

q

��

CΣ
q M

CΣ
q (RM

m )
//

CΣ,M
q

���
�

�

�

�

�
CΣ

q RmM

CΣ,RmM
q

���
�

�

�

�

�

W m
q+1C

m
q M Cm

q M
W

m,Cm
q M

q+1

oo
Cm,M

q

//______ M
RM

m

//______ RmM

induce a natural equivalence between the functors:

(86)

RC
q

eff
SHΣ(S)

CΣ
q

''OOOOOOOOOOO

RC
q

eff
SH(A-mod)

URm

66mmmmmmmmmmmmm

Cm
q ((RRRRRRRRRRRRR

SqSHΣ(S)

SqSH(A-mod)

UW m
q+1

77nnnnnnnnnnnn

Proof. Clearly, it is enough to prove that the maps W
m,Cm

q M

q+1 , C
Σ,Cm

q M
q ,

CΣ
q (Cm,M

q ) and CΣ
q (RM

m ) are all weak equivalences in SqSptΣTM∗.

Lemma 3.4.1 implies that 1 is cofibrant in S0SptΣTM∗, and proposition 3.3.61

implies that A is also cofibrant in S0SptΣTM∗.
Now, proposition 3.5.50 implies that W m

q+1 is a fibrant replacement functor in

SqA-mod(M∗), then using lemma 3.5.61 we get that W
m,Cm

q M

q+1 is a weak equivalence

in SqSptΣTM∗.

By construction SqSptΣTM∗ is a right Bousfield localization with respect to

L<q+1SptΣTM∗, and on the other hand, L<q+1SptΣTM∗ is a left Bousfield local-

ization with respect to SptΣTM∗. Hence, [Hir03, proposition 3.1.5] implies that it

suffices to show that the remaining maps C
Σ,Cm

q M
q , CΣ

q (Cm,M
q ) and CΣ

q (RM
m ) are

weak equivalences in SptΣTM∗. We will show that this is the case.

Since A is cofibrant in RC0
eff

SptΣTM∗, proposition 3.5.20 implies that Cm
q M

is cofibrant in RC
q

eff
SptΣTM∗, and C

Σ,Cm
q M

q is by definition a weak equivalence in

RC
q

eff
SptΣTM∗; therefore [Hir03, theorem 3.2.13(2)] implies that C

Σ,Cm
q M

q is a weak

equivalence in SptΣTM∗, since CΣ
q Cm

q M is also cofibrant in RC
q

eff
SptΣTM∗.

Since CΣ
q Cm

q M and CΣ
q M are both cofibrant in RC

q

eff
SptΣTM∗ by construction,

using theorem 3.2.13(2) in [Hir03] we get that if CΣ
q (Cm,M

q ) is a weak equivalence

in RC
q

eff
SptΣTM∗, then it is also a weak equivalence in SptΣTM∗. But it is clear

that C
Σ,Cm

q M
q and CΣ,M

q are both weak equivalences in RC
q

eff
SptΣTM∗, then by the

two out of three property of weak equivalences, it is enough to check that the map
Cm,M

q is a weak equivalence in RC
q

eff
SptΣTM∗. Applying lemma 3.5.18 we get that
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Cm,M
q is a weak equivalence in RC

q

eff
SptΣTM∗, since Cm,M

q is by construction a

weak equivalence in RC
q

eff
A-mod(M∗).

Since CΣ
q M and CΣ

q RmM are both cofibrant in RC
q

eff
SptΣTM∗ by construction,

using theorem 3.2.13(2) in [Hir03] again, we get that if CΣ
q (RM

m ) is a weak equiva-

lence in RC
q

eff
SptΣTM∗ then it is also a weak equivalence in SptΣTM∗. But it is clear

that CΣ,M
q and CΣ,RmM

q are both weak equivalences in RC
q

eff
SptΣTM∗, then by the

two out of three property of weak equivalences, it is enough to check that the map
RM

m is a weak equivalence in RC
q

eff
SptΣTM∗. However, theorem 2.8.3 and definition

3.5.2 imply that RM
m is a weak equivalence in SptΣTM∗, and by [Hir03, proposition

3.1.5] we have that RM
m is a weak equivalence in RC

q

eff
SptΣTM∗. This finishes the

proof. �

Theorem 3.5.67. Fix q ∈ Z. Let f : A → A′ be a map between cofibrant ring
spectra in SptΣTM∗, which is compatible with the ring structures. Assume that one
of the following conditions holds:

(1) f is a weak equivalence in SptΣTM∗.

(2) There exists p ∈ Z such that A, A′ are both Lm(< p)-local in SptΣTM∗

and f is a weak equivalence in L<pSptΣTM∗.

(3) There exists p ∈ Z such that A, A′ are both Cp,Σ
eff -colocal in SptΣTM∗ and f

is a weak equivalence in RC
p

eff
SptΣTM∗ (equivalently in RC

p

eff
A-mod(M∗)).

(4) A, A′ are both cofibrant in RC0
eff

SptΣTM∗, A′ is also cofibrant in A-mod(M∗)

and f is a weak equivalence in S0SptΣTM∗.

(5) A, A′ are both cofibrant in S0SptΣTM∗, A′ is also cofibrant in A-mod(M∗)

and f is a weak equivalence in S0SptΣTM∗.

Then f induces a Quillen equivalence between the q-slice motivic stable model struc-
tures of A and A′ modules:

(A′ ∧A −, U, ϕ) : SqA-mod(M∗) // SqA′-mod(M∗)

Proof. (1): This is just proposition 3.5.60.

(2): Since A and A′ are Lm(< p)-local in SptΣTM∗, [Hir03, theorem 3.2.13(1)]

implies that f is a weak equivalence in SptΣTM∗. Therefore the result follows from
proposition 3.5.60.

(3): Since A and A′ are Cp,Σ
eff -colocal in SptΣTM∗, using [Hir03, theorem 3.2.13(2)]

we have that f is a weak equivalence in SptΣTM∗. Thus, the result follows from
proposition 3.5.60.

(4): Proposition 3.3.61 implies that A and A′ are both cofibrant in S0SptΣTM∗,
therefore the result follows from proposition 3.5.65.

(5): This is just proposition 3.5.65. �

3.6. Applications

In this section we will describe some of the consequences that follow from the
compatibility of the slice filtration with the smash product of symmetric T -spectra
in the sense of theorems 3.4.5 and 3.4.13, as well as those that follow from the
compatibility between the slice filtration on the categories of symmetric T -spectra
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and A-modules in the sense of propositions 3.5.15, 3.5.33, 3.5.57 and theorems
3.5.22, 3.5.44, 3.5.66, 3.5.67.

Proposition 3.6.1. The model categories RC0
eff

SptΣTM∗ and S0SptΣTM∗ are

both symmetric monoidal (with respect to the smash product of symmetric T -spectra)
model categories in the sense of Hovey (see definition 1.7.7).

Proof. Follows directly from lemma 3.4.1, together with theorems 3.4.5 and
3.4.13 �

Theorem 3.6.2. The triangulated categories SHΣ(S), RC0
eff

SHΣ(S) and S0SHΣ(S)

inherit a natural symmetric monoidal structure from the smash product of symmet-
ric T -spectra. The symmetric monoidal structure is defined as follows:

(1)

− ∧L − : SHΣ(S) × SHΣ(S) // SHΣ(S)

(X, Y )
� // QΣX ∧ QΣY

(2)

− ∧L − : RC0
eff

SHΣ(S) × RC0
eff

SHΣ(S) // RC0
eff

SHΣ(S)

(X, Y )
� // CΣ

0 X ∧ CΣ
0 Y

(3)

− ∧L − : S0SHΣ(S) × S0SHΣ(S) // S0SHΣ(S)

(X, Y )
� // PΣ

0 X ∧ PΣ
0 Y

Proof. Follows directly from propositions 2.6.28 and 3.6.1, together with the-
orem 1.7.15. �

Proposition 3.6.3. The following exact functors between triangulated cate-
gories are both strong symmetric monoidal:

CΣ
0 : RC0

eff
SHΣ(S) // S0SHΣ(S)

CΣ
0 : RC0

eff
SHΣ(S) // SHΣ(S)

Proof. Propositions 2.6.28 and 3.6.1 imply that SptΣT (Sm|S)Nis, RC0
eff

SptΣTM∗

and S0SptΣTM∗ are all symmetric monoidal model categories in the sense of Hovey.
Now, using proposition 3.3.61 and theorem 3.3.9 we have that the following adjunc-
tions

(id, id, ϕ) : RC0
eff

SptΣTM∗ // S0SptΣTM∗

(id, id, ϕ) : RC0
eff

SptΣTM∗ // SptΣT (Sm|S)Nis

are both symmetric monoidal Quillen adunctions (see definition 1.7.11). The result
then follows immediately from theorem 4.3.3 in [Hov99]. �
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Corollary 3.6.4. The following exact functors between triangulated categories
are both lax symmetric monoidal:

RΣ : SHΣ(S) // RC0
eff

SHΣ(S)

WΣ
1 : S0SHΣ(S) // RC0

eff
SHΣ(S)

Proof. By proposition 3.3.18 and corollary 3.3.62 we have the following ad-
junctions

(CΣ
0 , RΣ, ϕ) : RC0

eff
SHΣ(S) // SHΣ(S)

(CΣ
0 , WΣ

1 , ϕ) : RC0
eff

SHΣ(S) // S0SHΣ(S)

Using proposition 3.6.3 we have that the left adjoints for RΣ and WΣ
1 are both strong

symmetric monoidal. Finally by standard results in category theory we get that the
right adjoints RΣ and WΣ

1 are both lax symmetric monoidal (see [Kel74, theorem
1.5]). �

Proposition 3.6.5. Fix q ∈ Z. Then the smash product of symmetric T -spectra
induces the following Quillen adjunctions of two variables:

(1) RC
q

eff
SptΣTM∗ is a RC0

eff
SptΣTM∗-model category in the sense of Hovey

(see definition 1.7.12).

(2) SqSptΣTM∗ is a S0SptΣTM∗-model category in the sense of Hovey.

(3) SptΣTM∗ is a RC0
eff

SptΣTM∗-model category in the sense of Hovey.

(4) SqSptΣTM∗ is a RC0
eff

SptΣTM∗-model category in the sense of Hovey.

Proof. (1): Follows immediately from lemma 3.4.1 and theorem 3.4.5.
(2): Follows immediately from lemma 3.4.1 and theorem 3.4.13.
(3): Follows from proposition 2.6.28 and theorem 3.3.9 which imply that the

following composition is a Quillen adjunction of two variables:

RC0
eff

SptΣTM∗ × SptΣTM∗
(id,id) // SptΣTM∗ × SptΣTM∗

−∧−

��
SptΣTM∗

(4): Follows from proposition 3.3.61 and theorem 3.4.13 which imply that the
following composition is a Quillen adjunction of two variables:

RC0
eff

SptΣTM∗ × SqSptΣTM∗
(id,id) // S0SptΣTM∗ × SqSptΣTM∗

−∧−

��
SqSptΣTM∗

�

Theorem 3.6.6. Fix q ∈ Z. Then the smash product of symmetric T -spectra
induces the following natural module structures (see definition 1.7.1):
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(1) The triangulated category RC
q

eff
SHΣ(S) has a natural structure of RC0

eff
SHΣ(S)-

module, defined as follows:

− ∧L − : RC0
eff

SHΣ(S) × RC
q

eff
SHΣ(S) // RC

q

eff
SHΣ(S)

(X, Y ) � // CΣ
0 X ∧ CΣ

q Y

(2) The triangulated category SqSHΣ(S) has a natural structure of S0SHΣ(S)-
module, defined as follows:

− ∧L − : S0SHΣ(S) × SqSHΣ(S) // SqSHΣ(S)

(X, Y )
� // PΣ

0 X ∧ PΣ
q Y

(3) The triangulated category SHΣ(S) has a natural structure of RC0
eff

SHΣ(S)-

module, defined as follows:

− ∧L − : RC0
eff

SHΣ(S) × SHΣ(S) // SHΣ(S)

(X, Y ) � // CΣ
0 X ∧ QΣY

(4) The triangulated category SqSHΣ(S) has a natural structure of RC0
eff

SHΣ(S)-

module, defined as follows:

− ∧L − : RC0
eff

SHΣ(S) × SqSHΣ(S) // SqSHΣ(S)

(X, Y ) � // CΣ
0 X ∧ PΣ

q Y

Proof. Follows directly from lemma 3.4.1, proposition 3.6.5 and [Hov99, the-
orem 4.3.4]. �

Theorem 3.6.7. Fix p, q ∈ Z. Then the smash product of symmetric T -spectra
induces the following adjunctions of two variables (see definition 1.7.2):

(1) We have the following adjunction of two variables, which is also a bilinear
pairing:

− ∧L − : RC
p

eff
SHΣ(S) × RC

q

eff
SHΣ(S) // RC

p+q

eff
SHΣ(S)

(X, Y )
� // CΣ

p X ∧ CΣ
q Y

(2) We have the following adjunction of two variables, which is also a bilinear
pairing:

− ∧L − : SpSHΣ(S) × SqSHΣ(S) // Sp+qSHΣ(S)

(X, Y ) � // PΣ
p X ∧ PΣ

q Y

Proof. (1): By theorem 3.4.5 we have that

− ∧ − : RC
p

eff
SptΣTM∗ × RC

q

eff
SptΣTM∗ // RC

p+q

eff
SptΣTM∗

is a Quillen bifunctor. Then proposition 1.7.14 implies that

− ∧L − : RC
p

eff
SHΣ(S) × RC

q

eff
SHΣ(S) // RC

p+q

eff
SHΣ(S)

(X, Y )
� // CΣ

p X ∧ CΣ
q Y
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is an adjunction of two variables. Finally, since the coproduct of two cofibrant ob-
jects is always cofibrant, and X∧(Y

∐
Z) is canonically isomorphic in SptΣT (Sm|S)Nis

to (X ∧ Y )
∐

(X ∧ Z), we get that the pairing − ∧L − is bilinear.
(2): By theorem 3.4.13 we have that

− ∧ − : SpSptΣTM∗ × SqSptΣTM∗
// Sp+qSptΣTM∗

is a Quillen bifunctor. Then proposition 1.7.14 implies that

− ∧L − : SpSHΣ(S) × SqSHΣ(S) // Sp+qSHΣ(S)

(X, Y ) � // PΣ
p X ∧ PΣ

q Y

is an adjunction of two variables. Finally, since the coproduct of two cofibrant ob-
jects is always cofibrant and X∧(Y

∐
Z) is canonically isomorphic in SptΣT (Sm|S)Nis

to (X ∧ Y )
∐

(X ∧ Z), we get that the pairing − ∧L − is bilinear. �

Proposition 3.6.8. Fix p, q ∈ Z, and let X, Y be two arbitrary symmetric
T -spectra.

(1) There exists a natural bilinear isomorphism in SHΣ(S):

CΣ
p X ∧ CΣ

q Y
m

X,Y
1 // CΣ

p+q(C
Σ
p X ∧ CΣ

q Y )

(2) There exists a natural bilinear map in RC
p+q

eff
SHΣ(S):

CΣ
p RΣX ∧ CΣ

q RΣY
m

X,Y
2 // RΣ(X ∧ Y )

(3) There exists a natural bilinear isomorphism in Sp+qSHΣ(S):

CΣ
p X ∧ CΣ

q Y
m

X,Y
3 // CΣ

p+q(C
Σ
p X ∧ CΣ

q Y )

(4) There exists a natural bilinear map in RC
p+q

eff
SHΣ(S):

CΣ
p WΣ

p+1X ∧ CΣ
q WΣ

q+1Y
m

X,Y
4 // WΣ

p+q+1(X ∧ Y )

Proof. (1): Theorems 3.4.5 and 3.3.9 imply that we have the following com-
mutative diagram of Quillen bifunctors:

RC
p

eff
SptΣTM∗ × RC

q

eff
SptΣTM∗

−∧−

��

−∧−

))SSSSSSSSSSSSSSS

RC
p+q

eff
SptΣTM∗

id
// SptΣTM∗

Using [Hov99, theorem 1.3.7] we get the natural isomorphism m1, which is bilinear
since the functors CΣ

p , CΣ
q , CΣ

p+q are all exact and the smash product is bilinear.
(2): By proposition 3.3.18 we have the following adjunctions:

(CΣ
p , RΣ, ϕ) : RC

p

eff
SHΣ(S) // SHΣ(S)

(CΣ
q , RΣ, ϕ) : RC

q

eff
SHΣ(S) // SHΣ(S)
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Let εp, εq denote the respective counits, and let m̌X,Y
2 be the following composition

in SHΣ(S):

CΣ
p+q(C

Σ
p RΣX ∧ CΣ

q RΣY )
(m

RΣX,RΣY

1 )−1

//

m̌
X,Y
2

���
�

�
CΣ

p RΣX ∧ CΣ
q RΣY

εX
p ∧εY

qrrfffffffffffffffffffffffffff

X ∧ Y

Then using the adjunction between CΣ
p+q and RΣ considered above, we define mX,Y

2

as the adjoint of m̌X,Y
2 . The naturality of m2 follows from:

(1) the naturality of m1

(2) the naturality of the fibrant replacement functor, and
(3) the naturality of the counits εp and εq.

Finally we have that m2 is bilinear since:

(1) m1 is bilinear
(2) the functors CΣ

p , CΣ
q , CΣ

p+q and RΣ are all exact, and
(3) the smash product is bilinear.

(3):Theorem 3.4.5 and proposition 3.3.61 imply that we have the following
commutative diagram of Quillen bifunctors:

RC
p

eff
SptΣTM∗ × RC

q

eff
SptΣTM∗

−∧−

��

−∧−

))TTTTTTTTTTTTTTTT

RC
p+q

eff
SptΣTM∗

id
// Sp+qSptΣTM∗

Using [Hov99, theorem 1.3.7] we get the natural isomorphism m3, which is bilinear
since the functors CΣ

p , CΣ
q , CΣ

p+q are all exact and the smash product is bilinear.
(4):By corollary 3.3.62 we have the following adjunctions:

(CΣ
p , WΣ

p+1, ϕ) : RC
p

eff
SHΣ(S) // SqSHΣ(S)

(CΣ
q , WΣ

q+1, ϕ) : RC
q

eff
SHΣ(S) // SqSHΣ(S)

Let εp, εq denote the respective counits, and let m̌X,Y
4 be the following composition

in SqSHΣ(S):

CΣ
p+q(C

Σ
p WΣ

p+1X ∧ CΣ
q WΣ

q+1Y )
(m

WΣ
p+1X,WΣ

q+1Y

3 )−1

//

m̌
X,Y
4

���
�

�
CΣ

p WΣ
p+1X ∧ CΣ

q WΣ
q+1Y

εX
p ∧εY

qrreeeeeeeeeeeeeeeeeeeeeeeeeeeeee

X ∧ Y

Then using the adjunction between CΣ
p+q and WΣ

p+q+1 considered above, we define

mX,Y
4 as the adjoint of m̌X,Y

4 . The naturality of m4 follows from:

(1) the naturality of m3

(2) the naturality of the fibrant replacement functors, and
(3) the naturality of the counits εp and εq.

Finally we have that m4 is bilinear since:



3.6. APPLICATIONS 233

(1) m3 is bilinear
(2) the functors CΣ

p , CΣ
q , CΣ

p+q , WΣ
p+1, WΣ

q+1 and WΣ
p+q+1 are all exact, and

(3) the smash product is bilinear.

�

Theorem 3.6.9. Fix p, q ∈ Z. Then the smash product of symmetric T -spectra
induces the following natural pairings (external products):

(1) For every couple of symmetric T -spectra X, Y we have the following nat-

ural map in SHΣ(S):

fΣ
p X ∧ fΣ

q Y
∪c

p,q // fΣ
p+q(X ∧ Y )

CΣ
p RΣX ∧ CΣ

q RΣY

m
RΣX,RΣY

1

∼= **UUUUUUUUUUUUUUUU
CΣ

p+qRΣ(X ∧ Y )

CΣ
p+q(C

Σ
p RΣX ∧ CΣ

q RΣY )

CΣ
p+q(mX,Y

2 )
55jjjjjjjjjjjjjjj

(see proposition 3.6.8) which induces a bilinear natural transformation
between the functors:

SHΣ(S) × SHΣ(S) // SHΣ(S)

(X, Y )
� // fΣ

p X ∧ fΣ
q Y

SHΣ(S) × SHΣ(S) // SHΣ(S)

(X, Y ) � // fΣ
p+q(X ∧ Y )
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(2) For every couple of symmetric T -spectra X, Y we have the following nat-

ural map in SHΣ(S):

sΣ
p X ∧ sΣ

q Y

∪s
p,q

**VVVVVVVVVVVVVVVVVVV

CΣ
p WΣ

p+1C
Σ
p RΣX ∧ CΣ

q WΣ
q+1C

Σ
q RΣY

m
WΣ

p+1CΣ
p RΣX,WΣ

q+1CΣ
q RΣY

1

∼=

��

sΣ
p+q(X ∧ Y )

CΣ
p+qW

Σ
p+q+1C

Σ
p+qRΣ(X ∧ Y )

CΣ
p+q(C

Σ
p WΣ

p+1C
Σ
p RΣX ∧ CΣ

q WΣ
q+1C

Σ
q RΣY )

CΣ
p+q(m

CΣ
p RΣX,CΣ

q RΣY

4 )

��
CΣ

p+qW
Σ
p+q+1(C

Σ
p RΣX ∧ CΣ

q RΣY )

CΣ
p+qWΣ

p+q+1(m
RΣX,RΣY

3 )
∼=

**VVVVVVVVVVVVVVVVVV

CΣ
p+qW

Σ
p+q+1C

Σ
p+q(C

Σ
p RΣX ∧ CΣ

q RΣY )

CΣ
p+qWΣ

p+q+1CΣ
p+q(mX,Y

2 )

OO

(see proposition 3.6.8) which induces a bilinear natural transformation
between the following functors:

SHΣ(S) × SHΣ(S) // SHΣ(S)

(X, Y )
� // sΣ

p X ∧ sΣ
q Y

SHΣ(S) × SHΣ(S) // SHΣ(S)

(X, Y ) � // sΣ
p+q(X ∧ Y )

Proof. (1): Follows immediately from (1) and (2) in proposition 3.6.8.
(2): Follows immediately from (1), (4), (3) and (2) in proposition 3.6.8. �

Theorem 3.6.10. Fix p, q ∈ Z. Then the pairings ∪c
p,q and ∪s

p,q constructed

in theorem 3.6.9 are compatible with the natural transformations ρ and πΣ (see
propositions 3.3.24(3) and 3.3.69) in the following sense:

(1) For every couple of symmetric T -spectra X, Y ; the following diagram is

commutative in SHΣ(S):

fΣ
p+1X ∧ fΣ

q Y
ρX

p ∧id
//

∪c
p+1,q

��

fΣ
p X ∧ fΣ

q Y

∪c
p,q

��
fΣ

p+q+1(X ∧ Y )
ρX∧Y

p+q+1

// fΣ
p+q(X ∧ Y )
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(2) For every couple of symmetric T -spectra X, Y ; the following diagram is

commutative in SHΣ(S):

fΣ
p X ∧ fΣ

q+1Y
id∧ρY

q //

∪c
p,q+1

��

fΣ
p X ∧ fΣ

q Y

∪c
p,q

��
fΣ

p+q+1(X ∧ Y )
ρX∧Y

p+q+1

// fΣ
p+q(X ∧ Y )

(3) For every couple of symmetric T -spectra X, Y ; the following diagram is

commutative in SHΣ(S):

fΣ
p X ∧ fΣ

q Y
πΣ,X

p ∧πΣ,Y
q //

∪c
p,q

��

sΣ
p X ∧ sΣ

q Y

∪s
p,q

��
fΣ

p+q(X ∧ Y )
π

Σ,X∧Y
p+q

// sΣ
p+q(X ∧ Y )

Proof. (1): This follows from the following commutative diagram of left
Quillen (bi)functors, together with the construction of the external pairing ∪c given
in theorem 3.6.9(1) and the construction of the natural transformation ρ given in
proposition 3.3.24(3):

RC
p+1
eff

SptΣTM∗ × RC
q

eff
SptΣTM∗

id×id //

−∧−

))SSSSSSSSSSSSSSS

−∧−

��

RC
p

eff
SptΣTM∗ × RC

q

eff
SptΣTM∗

−∧−

uukkkkkkkkkkkkkkk

−∧−

��

SptΣTM∗

RC
p+q+1
eff

SptΣTM∗
id

//

id

55kkkkkkkkkkkkkkk

RC
p+q

eff
SptΣTM∗

id

iiSSSSSSSSSSSSSSS

(2): This follows from the following commutative diagram of left Quillen (bi)functors,
together with the construction of the external pairing ∪c given in theorem 3.6.9(1)
and the construction of the natural transformation ρ given in proposition 3.3.24(3):

RC
p

eff
SptΣTM∗ × RC

q+1
eff

SptΣTM∗
id×id //

−∧−

))SSSSSSSSSSSSSSS

−∧−

��

RC
p

eff
SptΣTM∗ × RC

q

eff
SptΣTM∗

−∧−

uukkkkkkkkkkkkkkk

−∧−

��

SptΣTM∗

RC
p+q+1
eff

SptΣTM∗
id

//

id

55kkkkkkkkkkkkkkk

RC
p+q

eff
SptΣTM∗

id

iiSSSSSSSSSSSSSSS

(3): This follows from the following commutative diagram of left Quillen (bi)functors,
together with the construction of the external pairings ∪c, ∪s given in theorem
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3.6.9(1)-(2) and the construction of the natural transformation πΣ given in propo-
sition 3.3.69:

SptΣTM∗ × SptΣTM∗
−∧− // SptΣTM∗

RC
p

eff
SptΣTM∗ × RC

q

eff
SptΣTM∗

id×id

OO

id×id

��

−∧− // RC
p+q

eff
SptΣTM∗

id

OO

id

��
SpSptΣTM∗ × SqSptΣTM∗ −∧−

// Sp+qSptΣTM∗

�

Definition 3.6.11. Consider the following functors:

fΣ : SHΣ(S) // SHΣ(S)

X
� //

⊕
q∈Z

fΣ
q X

sΣ : SHΣ(S) // SHΣ(S)

X
� //

⊕
q∈Z

sΣ
q X

Proposition 3.6.12. (1) The functor fΣ : SHΣ(S) → SHΣ(S) is an
exact functor.

(2) The functor sΣ : SHΣ(S) → SHΣ(S) is an exact functor.

Proof. (1):Theorem 3.3.22(3) implies that all the functors fΣ
q are exact. There-

fore fΣ = ⊕q∈ZfΣ
q is also an exact functor, since the coproduct of a collection of

distinguished triangles is a distinguished triangle.
(2):Theorem 3.3.68(3) implies that all the functors sΣ

q are exact. Therefore sΣ =

⊕q∈ZsΣ
q is also an exact functor, since the coproduct of a collection of distinguished

triangles is a distinguished triangle. �

Theorem 3.6.13. Fix q ∈ Z. Let X be a ring spectrum in SHΣ(S) and let M
be an X-module.

(1) The (−1)-connective cover of X, fΣ
0 X (see theorem 3.3.22(3)) also has

the structure of a ring spectrum in SHΣ(S).

(2) The (q−1)-connective cover of M , fΣ
q M is a module in SHΣ(S) over the

(−1)-connective cover of X, fΣ
0 X.

(3) The coproduct of all the connective covers of X, fΣX has the structure of

a graded ring spectrum in SHΣ(S).
(4) The coproduct of all the connective covers of M , fΣM is a graded module

in SHΣ(S) over the graded ring fΣX.
(5) The zero slice of X, sΣ

0 X (see theorem 3.3.68(3)) also has the structure

of a ring spectrum in SHΣ(S).

(6) The q-slice of M , sΣ
q M is a module in SHΣ(S) over the zero slice of X,

sΣ
0 X.

(7) The coproduct of all the slices of X, sΣX has the structure of a graded

ring spectrum in SHΣ(S).
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(8) The coproduct of all the slices of M , sΣM is a graded module in SHΣ(S)
over the graded ring sΣX.

Proof. We have that (1) and (5) follow immediately from proposition 3.6.3
and corollary 3.6.4. On the other hand, (2), (3) and (4) follow directly from theorem
3.6.9(1). Finally, (6), (7) and (8) follow directly from theorem 3.6.9(2). �

Theorem 3.6.14. Fix q ∈ Z, and let X be an arbitrary symmetric T -spectrum.

(1) The (−1)-connective cover of the sphere spectrum, fΣ
0 1 has the structure

of a ring spectrum in SHΣ(S).

(2) The (q − 1)-connective cover of X, fΣ
q X is a module in SHΣ(S) over the

(−1)-connective cover of the sphere spectrum, fΣ
0 1.

(3) The coproduct of all the connective covers of the sphere spectrum, fΣ1 has

the structure of a graded ring spectrum in SHΣ(S).
(4) The coproduct of all the connective covers of X, fΣX is a graded module

in SHΣ(S) over the graded ring fΣ1.
(5) The zero slice of the sphere spectrum, sΣ

0 1 has the structure of a ring

spectrum in SHΣ(S).

(6) The q-slice of X, sΣ
q X is a module in SHΣ(S) over the zero slice of the

sphere spectrum, sΣ
0 1.

(7) The coproduct of all the slices of the sphere spectrum, sΣ1 has the structure

of a graded ring spectrum in SHΣ(S).

(8) The coproduct of all the slices of X, sΣX is a graded module in SHΣ(S)
over the graded ring sΣ1.

Proof. It is clear that the sphere spectrum 1 is a ring spectrum in SHΣ(S),
and by construction we have that every symmetric T -spectrum X is a module in
SHΣ(S) over the sphere spectrum.

The result then follows immediately from theorem 3.6.13. �

Using the slice filtration, it is possible to construct a spectral sequence which
is an analogue of the classical Atiyah-Hirzebruch spectral sequence in algebraic
topology.

Definition 3.6.15 (Motivic Atiyah-Hirzebruch Spectral Sequence). Let X, Y
be a pair of symmetric T -spectra. Then the collection of distinguished triangles in
SHΣ(S) (see theorem 3.1.16 and propositions 3.3.24(3), 3.3.69):

fΣ
q+1X

ρX
q // fΣ

q X
πΣ,X

q // sΣ
q X

σΣ,X
q // Σ1,0

T fΣ
q+1X

generates an exact couple (Dp,q
1 (Y ; X), Ep,q

1 (Y ; X)), where:

(1) Dp,q
1 = [Y, Σp+q,0

T fΣ
p X ]ΣSpt, and

(2) Ep,q
1 (Y ; X) = [Y, Σp+q,0

T sΣ
p X ]ΣSpt.

The compatibility of the slice filtration with the smash product of symmetric
T -spectra implies that the smash product of symmetric T -spectra induces a pairing
of spectral sequences:

Theorem 3.6.16. Let X, X ′, Y , Y ′ be symmetrict T -spectra. Then the smash
product of symmetric T -spectra induces the following natural external pairings in
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the motivic Atiyah-Hirzebruch spectral sequence:

Ep,q
r (Y ; X) ⊗ Ep′,q′

r (Y ′; X ′) // Ep+p′,q+q′

r (Y ∧ Y ′; X ∧ X ′)

(α, β) � // α ^ β

where α : Y → Σp+q,0
T sΣ

p X, β : Y ′ → Σp′+q′,0
T sΣ

p′X ′ and α ^ β is the following

composition (see theorem 3.6.9(2)):

Y ∧ Y ′
α∧β // Σp+q,0

T sΣ
p X ∧ Σp′+q′,0

T sΣ
p′X ′

∼=

��

Σp+p′+q+q′ ,0
T sΣ

p X ∧ sΣ
p′X

Σp+p′+q+q′ ,0
T

◦∪s
p,p′

++WWWWWWWWWWWWWWWWWWWW

Σp+p′+q+q′ ,0
T sΣ

p+p′X ∧ X ′

Proof. Using the naturality of the external pairings ∪c
p,q , ∪

s
p,q (see theorem

3.6.9) and theorem 3.6.10, the result follows immediately from the work of Massey
[Mas54] together with [FS02, proposition 14.3]. �

Definition 3.6.17. Fix q ∈ Z. Let A be a cofibrant ring spectrum with unit in
SptΣTM∗.

(1) Let fm
q denote the following composition of exact functors between trian-

gulated categories (see proposition 3.5.13)

SH(A-mod)

Rm ((QQQQQQQQQQQQQ

fm
q // SH(A-mod)

RC
q

eff
SH(A-mod)

Cm
q

66mmmmmmmmmmmmm

(2) Let sm
<q denote the following composition of exact functors between trian-

gulated categories (see proposition 3.5.31)

SH(A-mod)

Qm ((QQQQQQQQQQQQQ

sm
<q // SH(A-mod)

L<qSH(A-mod)

W m
q

66mmmmmmmmmmmmm

(3) Let sm
q denote the following composition of exact functors between trian-

gulated categories (see propositions 3.5.13 and 3.5.54)

SH(A-mod)

Rm

��

sm
q // SH(A-mod)

RC
q

eff
SH(A-mod)

Cm
q

// SqSH(A-mod)
W m

q+1

// RC
q

eff
SH(A-mod)

Cm
q

OO
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Remark 3.6.18. Notice that the following two theorems (3.6.19 and 3.6.20)
are much stronger than theorem 3.6.13; since the module structures in the latter
are defined just up to homotopy (i.e. they make sense in SHΣ(S)), whereas the
module structures in the first case are strict (i.e. they are defined in the model

category SptΣTM∗).

Theorem 3.6.19. Fix q ∈ Z. Let A be a cofibrant ring spectrum with unit in
SptΣTM∗.

(1) If A is cofibrant in RC0
eff

SptΣTM∗, then the functor fΣ
q ◦ URm (see theo-

rems 3.3.22 and 3.5.4)

SH(A-mod)
URm // SHΣ(S)

fΣ
q // SHΣ(S)

factors through SH(A-mod) (see definition 3.6.17(1))

SH(A-mod)
URm //

fm
q

���
�

�
SHΣ(S)

fΣ
q

��
SH(A-mod)

URm

// SHΣ(S)

i.e. for every A-module M , its (q − 1)-connective cover fΣ
q (M) inherits a

natural strict structure of A-module in SptΣTM∗.

(2) If A is cofibrant in S0SptΣTM∗, then the functor sΣ
<q ◦URm (see theorems

3.3.45 and 3.5.4)

SH(A-mod)
URm // SHΣ(S)

sΣ
<q // SHΣ(S)

factors through SH(A-mod) (see definition 3.6.17(2))

SH(A-mod)
URm //

sm
<q

���
�

�
SHΣ(S)

sΣ
<q

��
SH(A-mod)

URm

// SHΣ(S)

i.e. for every A-module M , sΣ
<q(M) inherits a natural strict structure of

A-module in SptΣTM∗.

(3) If A is cofibrant in RC0
eff

SptΣTM∗, then the functor sΣ
q ◦ URm (see theo-

rems 3.3.68 and 3.5.4)

SH(A-mod)
URm // SHΣ(S)

sΣ
q // SHΣ(S)

factors through SH(A-mod) (see definition 3.6.17(3))

SH(A-mod)
URm //

sm
q

���
�

�
SHΣ(S)

sΣ
q

��
SH(A-mod)

URm

// SHΣ(S)
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i.e. for every A-module M , its q-slice sΣ
q (M) inherits a natural strict

structure of A-module in SptΣTM∗.

Proof. (1): By construction (see theorem 3.3.22) the functor fΣ
q is defined as

the following composition

SHΣ(S)

RΣ &&NNNNNNNNNN

fΣ
q // SHΣ(S)

RC
q

eff
SHΣ(S)

CΣ
q

88qqqqqqqqqqq

Since we are assuming that A is cofibrant in RC0
eff

SptΣTM∗ (equivalently C0,Σ
eff -

colocal in SptΣTM∗), the result follows directly from diagram (67) in proposition
3.5.15 and theorem 3.5.22.

(2): By construction (see theorem 3.3.45) the functor sΣ
<q is defined as the

following composition

SHΣ(S)

QΣ &&MMMMMMMMMM

sΣ
<q // SHΣ(S)

L<qSH
Σ(S)

WΣ
q

88qqqqqqqqqq

Since we are assuming that A is cofibrant in S0SptΣTM∗, the result follows directly
from theorem 3.5.44 and diagram (76) in proposition 3.5.33.

(3): By construction (see theorem 3.3.68) the functor sΣ
q is defined as the

following composition

SHΣ(S)

RΣ

��

sΣ
q // SHΣ(S)

RC
q

eff
SHΣ(S)

CΣ
q

// SqSHΣ(S)
WΣ

q+1

// RC
q

eff
SHΣ(S)

CΣ
q

OO

Since we are assuming that A is cofibrant in RC0
eff

SptΣTM∗ (equivalently C0,Σ
eff -

colocal in SptΣTM∗), the result is a consequence of diagram (67) in proposition
3.5.15, theorem 3.5.66, diagram (84) in proposition 3.5.57 and theorem 3.5.22. �

Theorem 3.6.20. Fix q ∈ Z. Let A be a cofibrant ring spectrum with unit in
SptΣTM∗. Consider the following composition of exact functors between triangulated
categories (see proposition 3.3.18, corollary 3.3.62, theorem 3.5.56 and propositions
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3.5.13, 3.5.54)

(87)

SHΣ(S)

RΣ

��

SHΣ(S)

RC
q

eff
SHΣ(S)

CΣ
q

��

SH(A-mod)

URm

OO

SqSHΣ(S)
A∧PΣ

q −

// SqSH(A-mod)
W m

q+1

// RC
q

eff
SH(A-mod)

Cm
q

OO

Furthermore, assume that A is cofibrant in RC0
eff

SptΣTM∗ and the unit map u :

1 → A is a weak equivalence in S0SptΣTM∗. Then u induces a natural equivalence
between sΣ

q (see theorem 3.3.68) and the functor defined above in diagram (87), i.e.

for every symmetric T -spectrum X, its q-slice sΣ
q (X) is equipped with a natural

strict structure of A-module in SptΣTM∗.

Proof. The functor sΣ
q (see theorem 3.3.68) is defined as the following com-

position

SHΣ(S)

RΣ

��

sΣ
q // SHΣ(S)

RC
q

eff
SHΣ(S)

CΣ
q

// SqSHΣ(S)
WΣ

q+1

// RC
q

eff
SHΣ(S)

CΣ
q

OO

By hypothesis A is cofibrant in RC0
eff

SptΣTM∗, and lemma 3.4.1 implies that 1

is also cofibrant in RC0
eff

SptΣTM∗. Since the unit map u : 1 → A is assumed to

be a weak equivalence in S0SptΣTM∗, it follows from theorem 3.5.67(4) that the
adjunction

(A ∧ −, U, ϕ) : SqSptΣTM∗ → SqA-mod(M∗)

is a Quillen equivalence. Therefore the functor sΣ
q is naturally isomorphic to the

following composition

SHΣ(S)

RΣ

��

SHΣ(S)

RC
q

eff
SHΣ(S)

CΣ
q

��

RC
q

eff
SHΣ(S)

CΣ
q

OO

SqSHΣ(S)
A∧PΣ

q −

// SqSH(A-mod)
UW m

q+1

// SqSHΣ(S)

WΣ
q+1

OO

Now, proposition 3.3.61 implies that A is cofibrant in S0SptΣTM∗, therefore using
diagram (84) in proposition 3.5.57, we get that the functor sΣ

q becomes naturally
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isomorphic to the following composition

SHΣ(S)

RΣ

��

SHΣ(S)

RC
q

eff
SHΣ(S)

CΣ
q

��

RC
q

eff
SHΣ(S)

CΣ
q

OO

SqSHΣ(S)
A∧PΣ

q −

// SqSH(A-mod)
W m

q+1

// RC
q

eff
SH(A-mod)

URm

OO

Finally, since A is cofibrant in RC0
eff

SptΣTM∗ we can apply theorem 3.5.22 and we

get that sΣ
q is naturally isomorphic to the following composition

SHΣ(S)

RΣ

��

SHΣ(S)

RC
q

eff
SHΣ(S)

CΣ
q

��

SH(A-mod)

URm

OO

SqSHΣ(S)
A∧PΣ

q −

// SqSH(A-mod)
W m

q+1

// RC
q

eff
SH(A-mod)

Cm
q

OO

This finishes the proof. �

Lemma 3.6.21. Fix q ∈ Z. Let g : X → Y be a map between cofibrant spectra
in SptΣTM∗.

(1) We have that X is cofibrant in RC
q

eff
SptΣTM∗ if and only if the natural

map θΣ,X
q : fΣ

q (X) → X (see proposition 3.3.23) is an isomorphism in

SHΣ(S).

(2) The map g is a weak equivalence in RC
q

eff
SptΣTM∗ if and only if the

induced map fΣ
q (g) : fΣ

q (X) → fΣ
q (Y ) is a weak equivalence in SptΣTM∗.

(3) If X ∼= sΣ
q (X) in SHΣ(S), then X is cofibrant in RC

q

eff
SptΣTM∗ and

X ∼= fΣ
q (X) in SHΣ(S).

(4) Furthermore, assume that X, Y are both cofibrant in RC
q

eff
SptΣTM∗.

Then g is a weak equivalence in SqSptΣTM∗ if and only if the induced

map sΣ
q (g) : sΣ

q (X) → sΣ
q (Y ) is a weak equivalence in SptΣTM∗.

Proof. (1): Proposition 3.3.23 implies that the natural map θΣ
q is just the

counit of the adjunction (see proposition 3.3.18)

(CΣ
q , RΣ, ϕ) : RC

q

eff
SHΣ(S) → SHΣ(S)

Consider the following diagram in SptΣTM∗

X
RX

Σ // RΣX CΣ
q RΣX

C
Σ,RΣX
qoo
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By construction (see definition 3.3.2) RX
Σ is always a weak equivalence in SptΣTM∗;

therefore, θΣ,X
q is an isomorphism in SHΣ(S) if and only if CΣ,RΣX

q is a weak

equivalence in SptΣTM∗.

On the other hand, X is cofibrant in SptΣTM∗ and by construction RX
Σ is a

trivial cofibration in SptΣTM∗ (see definition 3.3.2), hence we get that RX
Σ is cofi-

brant in SptΣTM∗. Therefore [Hir03, proposition 3.2.2] implies that X is cofibrant

in RC
q

eff
SptΣTM∗ if and only if RΣX is cofibrant in RC

q

eff
SptΣTM∗

Finally, CΣ
q is a cofibrant replacement functor in RC

q

eff
SptΣTM∗ (see definition

3.3.10). Hence, [Hir03, theorem 3.2.13(2)] and [Hir03, proposition 3.2.2] imply

that CΣ,RΣX
q is a weak equivalence in SptΣTM∗ if and only if RΣX is cofibrant in

RC
q

eff
SptΣTM∗.

(2): By construction, we have that fΣ
q = CΣ

q ◦RΣ (see theorem 3.3.22). Consider

the following commutative diagram in RC
q

eff
SptΣTM∗

X
g //

RX
Σ

��

Y

RY
Σ

��
RΣX

RΣ(g) // RΣY

CΣ
q RΣX

C
Σ,RΣX
q

OO

CΣ
q RΣ(g)

// CΣ
q RΣY

C
Σ,RΣY
q

OO

Proposition 3.3.11 and definition 3.3.10 imply that all the vertical arrows are weak
equivalences in RC

q

eff
SptΣTM∗. Hence, using the two out of three property for weak

equivalences we get that the top row is a weak equivalence in RC
q

eff
SptΣTM∗ if and

only if the bottom row is a weak equivalence in RC
q

eff
SptΣTM∗.

On the other hand, by construction CΣ
q RΣX , CΣ

q RΣY are both cofibrant in

RC
q

eff
SptΣTM∗ (see definition 3.3.10); thus, [Hir03, theorem 3.2.13(2)] and [Hir03,

proposition 3.1.5] imply that CΣ
q RΣ(g) is a weak equivalence in RC

q

eff
SptΣTM∗ if

and only if CΣ
q RΣ(g) is a weak equivalence in SptΣTM∗.

(3): By (1) above, it suffices to show that X is cofibrant in RC
q

eff
SptΣTM∗.

Since we are assuming that X is cofibrant in SptΣTM∗ and X ∼= sΣ
q (X) in SHΣ(S),

[Hir03, proposition 3.2.2] implies that it is enough to check that sΣ
q (X) is cofibrant

in RC
q

eff
SptΣTM∗.

However, by definition sΣ
q = CΣ

q ◦WΣ
q+1 ◦CΣ

q ◦RΣ (see theorem 3.3.68), and by

construction CΣ
q is a cofibrant replacement functor in RC

q

eff
SptΣTM∗ (see definition

3.3.10). Therefore, sΣ
q (X) is always cofibrant in RC

q

eff
SptΣTM∗, as we wanted.
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(4): By construction, we have that sΣ
q = CΣ

q ◦ WΣ
q+1 ◦ CΣ

q ◦ RΣ (see theorem

3.3.68). Consider the following commutative diagram in SptΣTM∗

X
g //

RX
Σ

��

Y

RY
Σ

��
RΣX

RΣ(g) // RΣY

CΣ
q RΣX

C
Σ,RΣX
q

OO

W
Σ,CΣ

q RΣX

q+1
��

CΣ
q RΣ(g)

// CΣ
q RΣY

C
Σ,RΣY
q

OO

W
Σ,CΣ

q RΣY

q+1
��

WΣ
q+1C

Σ
q RΣX

WΣ
q+1CΣ

q RΣ(g)

// WΣ
q+1C

Σ
q RΣY

CΣ
q WΣ

q+1C
Σ
q RΣX

C
Σ,WΣ

q+1CΣ
q RΣX

q

OO

sΣ
q (g)

// CΣ
q WΣ

q+1C
Σ
q RΣY

C
Σ,WΣ

q+1CΣ
q RΣY

q

OO

We claim that CΣ
q RΣ(g) is a weak equivalence in SqSptΣTM∗ if and only if sΣ

q (g)

is a weak equivalence in SptΣTM∗. In effect, corollary 3.3.55 implies that CΣ
q RΣ(g)

is a weak equivalence in SqSptΣTM∗ if and only if WΣ
q+1C

Σ
q RΣ(g) is a weak equiva-

lence in RC
q

eff
SptΣTM∗. But CΣ

q is by construction a cofibrant replacement functor

in RC
q

eff
SptΣTM∗ (see definition 3.3.10); thus, WΣ

q+1C
Σ
q RΣ(g) is a weak equiva-

lence in RC
q

eff
SptΣTM∗ if and only if sΣ

q (g) is a weak equivalence in RC
q

eff
SptΣTM∗.

Finally, since sΣ
q (X), sΣ

q (Y ) are always cofibrant in RC
q

eff
SptΣTM∗, we have that

[Hir03, theorem 3.2.13(2)] and [Hir03, proposition 3.1.5] imply that sΣ
q (g) is a weak

equivalence in RC
q

eff
SptΣTM∗ if and only if sΣ

q (g) is a weak equivalence in SptΣTM∗.

Now, the two out of three property for weak equivalences implies that it is
enough to show that the maps RX

Σ , RY
Σ , CΣ,RΣX

q and CΣ,RΣY
q are all weak equiva-

lences in SqSptΣTM∗. But SqSptΣTM∗ is a right Bousfield localization with respect

to L<q+1SptΣTM∗, and similarly L<q+1SptΣTM∗ is a left Bousfield localization with

respect to SptΣTM∗; thus, [Hir03, proposition 3.1.5] implies that it is enough to

check that RX
Σ , RY

Σ , CΣ,RΣX
q and CΣ,RΣY

q are weak equivalences in SptΣTM∗.

By construction the maps RX
Σ , RY

Σ are trivial cofibrations in SptΣTM∗ (see

definition 3.3.2); hence, they are in particular weak equivalences in SptΣTM∗, and

RΣX , RΣY are both cofibrant in SptΣTM∗ since we are assuming that X and Y are

cofibrant in SptΣTM∗. Now [Hir03, proposition 3.2.2] implies that RΣX and RΣY

are also cofibrant in RC
q

eff
SptΣTM∗, since by hypothesis X , Y are both cofibrant

in RC
q

eff
SptΣTM∗. Therefore, [Hir03, theorem 3.2.13(2)] and [Hir03, proposition

3.1.5] imply that CΣ,RΣX
q and CΣ,RΣY

q are weak equivalences in SptΣTM∗, if and

only if they are weak equivalences in RC
q

eff
SptΣTM∗, but this is clear since CΣ

q is a

cofibrant replacement functor in RC
q

eff
SptΣTM∗ (see definition 3.3.10). �

The next theorem proves a conjecture of M. Levine [Lev08, corollary 11.1.3].
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Theorem 3.6.22. Fix q ∈ Z. Let HZ denote the motivic Eilenberg-MacLane
spectrum in SptΣTM∗ (see [Lev08, example 8.2.2(2)]), and assume that the base

scheme is a perfect field k. Then for every symmetric T -spectrum X in SHΣ(k):

• The q-slice of X, sΣ
q X has a natural structure of HZ-module in SptΣTM∗,

i.e. sΣ
q X is in a natural way an object in the motivic stable homotopy

category of HZ-modules SH(HZ-mod).

Proof. The work of M. Levine (see [Lev08, theorem 10.5.1]) implies that sΣ
0 (u)

is a weak equivalence in SptΣTM∗, where u denotes the unit map u : 1 → HZ for

the commutative ring spectrum HZ in SptΣTM∗.
On the other hand, theorem 2.8.15, proposition 2.8.16 and lemma 3.4.1, imply

that we can assume that HZ is cofibrant in SptΣTM∗.

Furthermore, lemma 10.4.1 in [Lev08] implies that sΣ
0 (HZ) ∼= HZ in SHΣ(S);

hence by lemma 3.6.21(3) we get that HZ is cofibrant in RC0
eff

SptΣTM∗. On the

other hand, lemma 3.4.1 implies that 1 is also cofibrant in RC0
eff

SptΣTM∗.

Therefore, lemma 3.6.21(4) implies that u : 1 → HZ is a weak equivalence in

S0SptΣTM∗. Thus, the result follows immediately from theorem 3.6.20. �

The motivic stable model category of HZ-modules has been studied in detail
by Röndigs and Østvær (see [RØ08]), as a consequence of their work we get that
the slices may be interpreted as motives in the sense of Voevodsky.

Theorem 3.6.23. Let k be a field of characteristic zero. Then for every q ∈ Z
and for every symmetric T -spectrum X in SHΣ(k):

• The q-slice of X, sΣ
q X is a big motive (see [Voe00], [RØ08, section 2.3])

in the sense of Voevodsky .

Proof. The work of Röndigs and Østvær in [RØ08], shows in particular that
over a field of characteristic zero, the motivic stable homotopy category SH(HZ-mod)
of modules over the motivic Eilenberg-MacLane spectrum HZ is equivalent to
Voevodsky’s big category of motives DMk, where the equivalence preserves the
monoidal and triangulated structures (see [RØ08, theorem 1.1]).

Therefore, the result is an immediate consequence of theorem 3.6.22 �
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