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 t-stru
ture1



2 JOSEPH AYOUBshould be very di�erent from the existing homotopy t-stru
ture whi
h is an out
omeof the 
onstru
tion of DMeff(k) and the study of homotopy invariant presheaveswith transfers [7℄. However, one 
an spe
ulate about the existen
e of a sequen
e of
n-motivi
 t-stru
tures (

nT M
≥0(k), nT M

≤0(k)
) on DMeff(k), whi
h interpolate betweenthe homotopy t-stru
ture and the motivi
 t-stru
ture. More pre
isely, we expe
t thefollowing to hold.(1) (

0T
M

≥0(k), 0T
M

≤0(k)
) is the homotopy t-stru
ture.(2) nT M

≥0(k) ⊂ n+iT
M

≥0(k) and nT M
≤0(k) ⊃ n+iT

M

≤0(k) for i ≥ 0.(3) Denote ∞T M
≤0(k) =

⋂
n∈N

nT M
≤0(k) and ∞T M

≥0(k) ⊂ DMeff(k) the full sub
at-egory of P ∈ DMeff(k) su
h that
homDMeff (k)(P, N [−1]) = 0for all N ∈ ∞T M

≤0(k). Then (
∞T M

≥0(k), ∞T M
≤0(k)

) is the motivi
 t-stru
ture.(4) nT M
≥0(k)

⋂
n+iT

M

≤0(k) is independent of i ≥ 1 and is the abelian 
ategory ofmixed n-motives.The last property above, justi�es our terminology. For us, a mixed n-motiveis an obje
t of the heart of the motivi
 t-stru
ture whi
h is also in the smallesttriangulated sub
ategory of DMeff(k) stable under small sums and 
ontaining themotives of smooth varieties of dimension at most n. In parti
ular, 
ontrary to theusual, we allow non-geometri
 (or non-
onstru
tible) obje
ts.In this paper, we propose a de�nition of the n-motivi
 t-stru
ture for n ∈ {0, 1, 2}.Our 
onstru
tion relies on [2℄. We will see that obje
ts in 0T
M

≤0(k) ∩ 1T
M

≤1(k) are(possibly non-
ompa
t) 0-motives. We also see that obje
ts in 0T
M

≤1(k)∩1T
M

≤2(k) are(possibly non-
ompa
t) Deligne's 1-motives. Finally, we spe
ify a 
lass of obje
ts inthe heart of the 2-motivi
 t-stru
ture whi
h we 
all mixed 2-motives. We 
he
k thatthe 
ategory of mixed 2-motives is abelian.A
knowledgment. I wish to thank Lu
a Barbieri-Viale and Bruno Kahn for theiren
ouragement and interest in this work. An in
omplete de�nition of mixed 2-motives, very similar to the one proposed in this paper, appeared to me sometimesago. However, I never dared to take it seriously. Espe
ially, the problem of showingthat these mixed 2-motives form an abelian 
ategory seemed at a �rst sight out ofrea
h. After I shared my de�nition with Lu
a, he kept telling me that I should try todo something with it, till one evening (during the �Algebrai
 K-Theory and Motivi
Cohomology� workshop in Oberwolfa
h (June 28th - July 4th, 2009)), I de
ided tofollow his advise. I then realized that some progress was possible, and this paperwas 
on
eived. 1. Preliminaries1.1. Notation and general fa
ts.If not otherwise stated, we work with rational 
oe�
ients. In parti
ular, oursheaves take values in the 
ategory of Q-ve
torspa
es and we think of an isogenyof semi-abelian group-s
hemes as an invertible morphism (this will be made morepre
ise later).Fix a ground �eld k and denote by Sm/k the 
ategory of smooth k-s
hemes.Given two smooth k-s
hemes X and Y , we denote by Cor(X, Y ) the group of �nite
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orresponden
es, i.e., the Z-module freely generated by 
losed and integral sub-s
hemes Z ⊂ X ×k Y whi
h are �nite and surje
tive on X. There is an additive
ategory Cor(k) whose obje
ts are smooth k-s
hemes and whose morphisms are �-nite 
orresponden
es (see [7, Le
t. 1℄). The graph of a morphism yields an in
lusion
Sm/k →֒ Cor(k).A presheaf with transfers (on Sm/k) is an additive 
ontravariant fun
tor F from
Cor(k) to the 
ategory of abelian groups. F is 
alled a Nisnevi
h (resp. an étale)sheaf with transfers if its restri
tion to Sm/k is a sheaf for the Nisnevi
h (resp. theétale) topology. If not otherwise stated, a presheaf with transfers F is assumed tobe uniquely divisible, i.e., takes values in the 
ategory of Q-ve
torspa
es. Under thisassumption, the restri
tion of F to Sm/k is a Nisnevi
h sheaf if and only if it is anétale sheaf. Thus, there will be no ambiguity in saying: F is a sheaf with tranfers.We denote Shvtr(k) the abelian 
ategory of sheaves with transfers on Sm/k. Thereis an embedding Qtr(−) : Cor(k) →֒ Shvtr(k) whi
h takes a smooth k-s
heme X tothe sheaf with transfers Qtr(X) = Cor(−, X) ⊗ Q represented by X.We denote by K(Shvtr(k)) the 
ategory of 
omplexes of sheaves with transfersendowed with its inje
tive model stru
ture (i.e., W = {quasi-isomorphisms} and
Cof = {monomorphisms}). The homotopy 
ategory of this model stru
ture is thederived 
ategory D(Shvtr(k)). Following Voevodsky [7℄, we de�ne DMeff(k) to bethe homotopy 
ategory of the Bous�eld lo
alization of K(Shvtr(k)) with respe
t tothe 
lass of arrows Qtr(A

1
X)[n] → Qtr(X)[n] for X ∈ Sm/k and n ∈ Z. Given asmooth k-s
heme X, we denote by M(X) the 
omplex Qtr(X)[0] 
onsidered as anobje
t of DMeff(k). This is the motive of X. From the general theory of Bous�eldlo
alizations (see [5℄), we may identify (up to an equivalen
e) DMeff(k) with thetriangulated sub
ategory of D(Shvtr(k)) whose obje
ts are the A1-lo
al 
omplexes.Re
all that K ∈ K(Shvtr(k)) is A1-lo
al if the natural homomorphism

Hn(X, K) // Hn(A1
X , X)is invertible for all n ∈ Z and X ∈ Sm/k. (Here, Hn(−, K) stands for the Nisnevi
h(or equivalently the étale) hyper
ohomology with values in K.) A 
entral result ofVoevodsky [7, Th. 24.1℄ asserts that the previous 
ondition holds if and only if thehomology sheaves Hi(K) are homotopy invariant for all i ∈ Z. In parti
ular, thisimplies that the 
anoni
al t-stru
ture on D(Shvtr(k)) restri
ts to a t-stru
ture on

DMeff(k). This is the so-
olled homotopy t-stru
ture whose heart is identi�ed withthe 
ategory HI(k) of homotopy invariant sheaves with transfers.N.B. � In this paper, we will use the expression H-sheaf as a shorthand for: �ho-motopy invariant sheaf with transfers�.1.2. Some re
olle
tion from [2℄.For n ∈ N, we denote Sm/k≤n the full sub
ategory of Sm/k whose obje
ts arethe smooth k-s
hemes of dimension less or equal to n. Similarly, we denote Cor(k≤n)the full-sub
ategory of Cor(k) having the same obje
ts as Sm/k≤n. A presheaf withtransfers on Sm/k≤n is an additive 
ontravariant fun
tor F from Cor(k≤n) to the
ategory of Q-ve
torspa
es. F is a sheaf with transfers if its restri
tion to Sm/k≤nis a sheaf for the Nisnevi
h topology (or equivalently, for the étale topology). Wedenote by Shvtr(k≤n) the 
ategory of étale sheaves with transfers on Sm/k≤n. There



4 JOSEPH AYOUBis an adjun
tion [2, Lem. 1.1.12℄:
Shvtr(k≤n)

σ∗
n

// Shvtr(k).
σn∗

oo (1)Definition 1.1 � An H-sheaf F ∈ HI(k) is n-presented if the obvious mor-phism
h0σ

∗
nσn∗F → Fis an isomorphism. (Here, h0 is the left adjoint to the in
lusion HI(k) →֒ Shvtr(k).)Remark 1.2 � In [2℄ (see Def. 1.1.20 of lo
. 
it.) n-presented H-sheaves where
alled �n-motivi
 sheaves�. In this paper, we use a di�erent terminology be
ause ofan eventual 
on�i
t with the notion of (n,H)-sheaf whi
h will be introdu
ed later(for n ∈ {0, 1, 2}).Let HI≤n(k) denotes the full-sub
ategory of HI(k) whose obje
ts are the n-presented H-sheaves. This is an abelian 
ategory, and the in
lusion HI≤n(k) →֒

HI(k) is right exa
t. It is 
onje
tured that this in
lusion is also left exa
t (see [2,Cor. 1.4.5℄ for a 
onje
tural proof). This 
onje
ture is known to hold for n = 0, 1due to the following result (see [2, Cor. 1.2.5 and Prop. 1.3.11℄).Proposition 1.3 � For n = 0, 1, the in
lusions H≤n(k) →֒ Shvtr(k) admitleft adjoints denoted respe
tively by
π0 : Shvtr(k) // HI≤0(k) and Alb : Shvtr(k) // HI≤1(k). (2)Definition 1.4 � An H-sheaf F ∈ HI(k) is 
alled 0-
onne
ted if π0(F ) = 0.It is 
alled 1-
onne
ted if Alb(F ) = 0.By [2, Prop. 2.3.2 and Th. 2.4.1℄, the fun
tors π0 and Alb from (2) 
an be leftderived, yielding fun
tors

Lπ0 : D(Shvtr(k)) // D(HI≤0(k)) and LAlb : D(Shvtr(k)) // D(HI≤1(k)).The above fun
tors pass to the Bous�eld lo
alization, yielding fun
tors
Lπ0 : DMeff(k) // D(HI≤0(k)) and LAlb : DMeff(k) // D(HI≤1(k))whi
h are left adjoints to the obvious fun
tors

D(HI≤0(k)) // DMeff(k) and D(HI≤1(k)) // DMeff(k).These are fully faithful embedding with essential images DM≤0(k) and DM≤1(k)respe
tively. Re
all that DM≤n(k) (with n ∈ N) is the smallest triangulated sub
at-egory of DMeff(k) stable under small sums and 
ontaining M(X) with X ∈ Sm/k ofdimension at most n. It follows that the obvious in
lusions DM≤0(k) →֒ DMeff(k)and DM≤1(k) →֒ DMeff(k) have left adjoints, whi
h we also denote as follows:
Lπ0 : DMeff(k) // DM≤0(k) and LAlb : DMeff(k) // DM≤1(k).
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tures.Let T be a triangulated 
ategory. Re
all from [3℄ that a t-stru
ture on T is a
ouple of full sub
ategories (T≥0, T≤0) satisfying three simple axioms. Contrary tolo
. 
it., we will use the homologi
al 
onvention for t-stru
tures. One passes ba
kand forth between the homologi
al and 
ohomologi
al 
onventions via the usual rule:
T≥n = T ≤−n and T≤n = T ≥−n.In this paragraph we re
all the te
hnique of generating t-stru
tures whi
h is de-s
ribed in [1, �2.1.3℄. Let G a 
lass of obje
ts in T .Definition 1.5 � (Compare with [1, Déf. 2.1.68℄.)(a) An obje
t N ∈ T is G-negative if for every A ∈ G and n ∈ N, we have

homT (A[n + 1], N) = 0.We denote T G

≤0 the full sub
ategory of G-negative obje
ts and set T G

≤d = T
G

≤0[d]for d ∈ Z.(b) An obje
t P ∈ T is G-positive if for every N ∈ T G

≤−1, we have
homT (P, N) = 0.We denote T

G

≥0 the full sub
ategory of G-positive obje
ts and set T G

≥d = T
G

≥0[d]for d ∈ Z.Re
all that an obje
t E of T is said to be an extension of E ′ and E ′′ if there existsa distinguished triangle in T :
E ′ // E // E ′′ // E ′[1].We re
ord the following fa
t (see [1, Prop. 2.1.70℄).Proposition 1.6 � Assume that T has small sums and that G is essentiallysmall (i.e., the isomorphism 
lasses of obje
ts in G form a set) and 
onsists of
ompa
t obje
ts. Then (T G

≥0, T
G
≤0) is a t-stru
ture on T . Moreover, T G

≥0 is the smallestfull sub
ategory of T 
ontaining G, and stable under small sums, suspensions andextensions.The t-stru
ture (T G
≥0, T

G
<0) is said to be generated by G. Clearly G ⊂ T G

≥0, and
(T G

≥0, T
G
≤0) is the universal t-stru
ture with this property in the following sense (see[1, Lem. 2.1.78℄).Lemma 1.7 � Keep the hypothesis in Proposition 1.6. Let S be a triangulated
ategory endowed with a t-stru
ture (S≥0,S≤0). Let F : T → S be a triangulatedfun
tor. We assume that F 
ommutes with small sums and that F (G) ⊂ S≥0. Then

F is t-positive, i.e., takes an obje
t in T G
≥0 to an obje
t in S≥0.2. Perverting t-stru
tures2.1. The abstra
t 
onstru
tion.In this paragraph we present a simple way to 
onstru
t new t-stru
tures out ofolds. This will be applied in the next se
tion. We begin by des
ribing the abstra
tsetting.Let T be a triangulated 
ategory endowed with a t-stru
ture (T≥0, T≤0). For n ∈ Z,we denote by τ≥n and τ≤n the trun
ation fun
tors with respe
t to this t-stru
tures.



6 JOSEPH AYOUBThus, we have a 
anoni
al distinguished triangle
τ≥n(A) // A // τ≤n−1(A) // τ≥n(A)[1]for every A ∈ T . We also set Hn(A) = τ≥n ◦ τ≤n(A)[−n]. This is an obje
t of theheart HT = T≥0 ∩ T≤0.Let A ⊂ HT be a full sub
ategory. We assume the following.Hypothesis 2.1 �(i) A is a thi
k abelian sub
ategory of HT , i.e., stable under extensions, subob-jets and quotients.(ii) The in
lusion A →֒ HT admits a left adjoint F : HT → A.(iii) Let

0 // A′ // A // A′′ // 0,be a short exa
t sequen
e in HT . If A′′ ∈ A, then F(A′) → F(A) is amonomorphism.Remark 2.2 �(a) It follows from (i) that the in
lusion A →֒ HT is an exa
t fun
tor. As itis also a full embedding, the unit of the adjun
tion φA : A → F(A) is theuniversal morphism from A ∈ HT to an obje
t in A. In parti
ular, when
A ∈ A, φA is invertible. For general A ∈ HT , we 
laim that φA is surje
tive.Indeed, im(φA) is a sub-obje
t of F(A). Hen
e by (i), it is in A. Applyingthe universal property to A → im(φA), we get a retra
tion F(A) → im(φA).As the 
omposition F(A) → im(φA) →֒ F(A) is the identity, im(φA) → F(A)is an isomorphism.(b) Being a left adjoint, the fun
tor F is right exa
t. Under the 
onditions of(iii), we thus have a short exa
t sequen
e in A:

0 // F(A′) // F(A) // A′′ // 0. (3)(Here we use that A′′ ≃ F(A′′).) For A ∈ HT , we set
G(A) = ker{A → F(A)}. (4)Thus, we have a 
anoni
al exa
t sequen
e in HT :

0 // G(A) // A // F(A) // 0. (5)It follows from the exa
t sequen
e (3) that F(G(A)) = 0.Definition 2.3 � An obje
t A ∈ HT is said to be F-
onne
ted if F(A) = 0.Equivalently, any morphism from A to an obje
t of A is zero.We have seen that for any A ∈ HT , G(A) is F-
onne
ted. Moreover, this is thelargest F-
onne
ted subobje
t of A. Indeed, let a : B → A be a morphism in HTfrom an F-
onne
ted obje
t B. Then the 
omposition φA ◦ a : B → F(A) is zeroand hen
e, a fa
tors through G(A). This also prove that G is the right adjoint tothe in
lusion of the full sub
ategory of F-
onne
ted obje
ts in HT .We now 
ome the main 
onstru
tion of this paragraph.Proposition 2.4 � We de�ne a t-stru
ture (‘T ≥0, ‘T ≤0) on T as follows:
• ‘T ≥0 is the full sub
ategory of P ∈ T su
h that Hi(P ) = 0 for i < −1 and

H−1(P ) is F-
onne
ted.
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• ‘T ≤0 is the full sub
ategory of N ∈ T su
h that Hi(N) = 0 for i > 0 and

H0(N) ∈ A.Proof. As usual, we set ‘T ≥n = ‘T ≥0[n] and ‘T ≤n = ‘T ≤0[n] for n ∈ Z. We 
learlyhave ‘T ≥1 ⊂ ‘T ≥0 and ‘T ≤1 ⊃ ‘T ≤0.Let P ∈ ‘T ≥0 and N ∈ ‘T ≤−1. Then P ∈ T≥−1 and N ∈ T≤−1. Thus, we have
homT (P, N) ≃ homT (τ≤−1(P ), N) ≃ homT (τ≤−1(P ), τ≥−1(N))

≃ homHT
(H−1(P ), H−1(N)).As H−1(P ) is F-
onne
ted and H−1(N) ∈ A, every morphism from H−1(P ) to

H−1(N) is zero. This shows that homT (P, N) = 0.To end the proof, we still need to 
he
k axiom (iii) of [3, Déf. 1.3.1℄. Let A ∈ T .There is a distinguished triangle
P0

u0
// A

v0
// N0

// P0[1]where P0 ∈ T≥−1 and N0 ∈ T≤−2. Consider the 
omposition
t : P0

// H−1(P0)[−1] // F(H−1(P0))[−1],and form a distinguished triangle
P

s
// P0

t
// F(H−1(P0))[−1] // P [1].Let u = u0 ◦ s : P → A. Clearly Hi(P ) = 0 for i < −1, and we have an isomorphism

Hi(u) : Hi(P )
∼

−→ Hi(A) for i > −1. Moreover, there is a short exa
t sequen
e
0 // H−1(P )

H−1(u)
// H−1(A) // F(H−1(A)) // 0.In parti
ular H−1(P ) is F-
onne
ted. It follows that P ∈ ‘T ≥0.Now, form a distinguished triangle

P
u

// A
v

// N // P [+1].Then Hi(N) = 0 for i ≤ 0 and
H−1(N) ≃ coker{H−1(P ) → H−1(A)} ≃ F(H−1(A)).This shows that N ∈ ‘T ≤−1. The proposition is proven. �Definition 2.5 � Keep the above notation and assumption. The t-stru
ture

(‘T ≥0, ‘T ≤0) is 
alled the A-perverted t-stru
ture.Remark 2.6 � We denote ‘HT = ‘T ≥0 ∩ ‘T ≤0 the heart of the A-perverted t-stru
ture. Clearly, and obje
t A ∈ T is in ‘HT if and only if it satis�es the followingproperties:(1) Hi(A) = 0 for i 6∈ {0,−1};(2) H0(A) ∈ A;(3) H−1(A) is F-
onne
ted.From this, it follows immediately that A = HT ∩ ‘HT .



8 JOSEPH AYOUB2.2. The 
ase of a generated t-stru
ture.We keep the notation and assumption of �2.1. Suppose that the t-stru
ture
(T≥0, T≤0) is generated by an essentially small 
lass G of 
ompa
t obje
ts in T .Assume that for every A ∈ G, we 
an �nd a distinguished triangle

A⊥ // A // AF // A⊥[1]su
h that AF is 
ompa
t and t-positive, H0(A
F ) ∈ A, and the obvious morphism

F(H0(A)) → H0(A
F ) is invertible. Let G⊥[−1] = {A⊥[−1] |A ∈ G}. We 
hoose theabove triangles so that G⊥[−1] is again essentially small (this is 
learly possible).Remark also that G⊥[−1] 
onsists of 
ompa
t obje
ts.Proposition 2.7 � The t-stru
ture (‘T ≥0, ‘T ≤0) is generated by the essentiallysmall 
lass of 
ompa
t obje
ts ‘G = G

⋃
G⊥[−1].Proof. Denote by (‘T ′

≥0, ‘T
′
≤0) the t-stru
ture on T generated by ‘G. It su�
es to
he
k that ‘T ′

≥0 ⊂ ‘T ≥0 and ‘T ′
≤0 ⊂ ‘T ≤0. It is easy to see that ‘G ⊂ ‘T ≥0. We thushave ‘T ′

≥0 ⊂ ‘T ≥0 by Lemma 1.7. To 
he
k the se
ond in
lusion, we �x N ∈ ‘T ′
≤0.As G ⊂ ‘G, we have ‘T ′

≤0 ⊂ T≤0 and thus Hi(N) = 0 for i > 0. It remains to showthat H0(N) ∈ A.Let A ∈ G. Clearly, A⊥ is t-positive. It follows that
homT (A⊥, N) ≃ homHT

(H0(A
⊥), H0(N)).On the other hand, homT (A⊥, N) = 0 by the de�nition of the 
lass of ‘G-negativeobje
ts. Thus we get homHT

(H0(A
⊥), H0(N)) = 0.From the statement of the proposition, we have an exa
t sequen
e

H0(A
⊥) // H0(A) // F(H0(A)) // 0,and hen
e a surje
tive morphism H0(A

⊥) ։ G(H0(A)). We dedu
e from this anin
lusion
homHT

(G(H0(A)), H0(N)) →֒ homHT
(H0(A

⊥), H0(N)).This shows that
homHT

(G(H0(A)), H0(N)) = 0. (6)Now, the abelian 
ategoryHT is generated by H0(A) for A ∈ G. Thus, we may �nda family (Ai)i∈I ∈ GI and a surje
tive morphism ⊕
i∈I H0(Ai) ։ H0(N). Considerthe indu
ed morphism of short exa
t sequen
es

0 //
⊕

i∈I G(H0(Ai)) //

α

��

⊕
i∈I H0(Ai) //

����

⊕
i∈I F(H0(Ai)) //

β

��

0

0 // G(H0(N)) // H0(N) // F(H0(N)) // 0.As G(H0(N)) → H0(N) is inje
tive, we dedu
e from (6) that α = 0. By the SnakeLemma, we have a surje
tive morphism ker(β) ։ G(H0(N)). As ker(β) ∈ A, weget from Hypothesis 2.1, (i) that G(H0(N)) ∈ A. This implies that G(H0(N)) = 0.Indeed, the identity morphism of an F-
onne
ted obje
t whi
h is in A is ne
essarilyzero. The proposition is proven. �
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ategories of the heart.We keep the notation and assumption of �2.1. Let B ⊂ HT be a full sub
ategorysatisfying to the following 
onditions.Hypothesis 2.8 �(i) B 
ontains A. Moreover, if B ∈ B, then G(B) is also in B.(ii) The 
ategory B is abelian and the in
lusion B →֒ HT admits a right adjoint
Q : HT → B.It follows from (ii) that the in
lusion B →֒ HT is right exa
t. Given a morphism

b : B → C in B, its 
okernel taken in B 
oin
ides with its 
okernel taken in HT . Itwill be denoted by coker(b). This is a priori not the 
ase for kernels. We will reservethe notation ker(b) for the kernel taken in HT and denote kerB(b) the kernel takenin B. We have a 
anoni
al isomorphism kerB(b) ≃ Q(ker(b)).Definition 2.9 � Let ‘B ⊂ T be the full sub
ategory whose obje
ts are the
A ∈ T su
h that:(1) Hi(A) = 0 for i 6= {0,−1};(2) H0(A) ∈ A;(3) H−1(A) ∈ B and is F-
onne
ted.We 
all ‘B the A-perverted sub
ategory asso
iated to B. Clearly, ‘B is 
ontained in
‘HT .Lemma 2.10 � The in
lusion ‘B →֒ ‘HT has a right adjoint ‘Q : ‘HT → ‘B.Moreover, for A ∈ ‘HT the 
ounit of the adjun
tion ‘Q(A) → A indu
es isomor-phisms H0(‘Q(A)) ≃ H0(A) and H−1(‘Q(A)) ≃ G ◦ Q(H−1(A)).Proof. It su�
es to 
onstru
t for every A ∈ ‘HT a universal morphism ‘Q(A) → Afrom an obje
t ‘Q(A) ∈ ‘B. We have a fun
torial distinguished triangle

H0(A) // A // H−1(A)[−1] // H0(A)[1].As both H0(A) and H−1(A)[−1] are in ‘HT , this determines a fun
torial short exa
tsequen
e
0 // H0(A) // A // H−1(A)[−1] // 0.Consider G ◦ Q(H−1(A))[−1]. This is an obje
t of ‘HT . We de�ne

‘Q(A) = A ×H−1(A)[−1]

(
G ◦ Q(H−1(A))[−1]

)
, (7)the �ber produ
t being taken in the abelian 
ategory ‘HT . We thus have a 
artesiansquare in ‘HT :

‘Q(A) //

��

G ◦ Q(H−1(A))[−1]

��

A // H−1(A)[−1].From the 
onstru
tion, H0(‘Q(A)) ≃ H0(A) and H−1(‘Q(A)) ≃ G ◦ Q(H−1(A)). Inparti
ular, ‘Q(A) ∈ ‘B as it follows from Hypothesis 2.8, (i).We 
laim that ‘Q(A) → A is the universal morphism from an obje
t of ‘B. Indeed,let B be an obje
t of ‘B. With ‘A = ‘Q(A), we have a 
ommutative diagram of
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0 // homT (B,H0(‘A)) //

∼
��

homT (B, ‘A) //

��

homT (B,H−1(‘A)[−1]) //

��

homT (B,H0(‘A)[1])
∼

��

0 // homT (B,H0(A)) // homT (B,A) // homT (B,H−1(A)[−1]) // homT (B,H0(A)[1])with exa
t rows. By the Five Lemma, we are redu
ed to show that third verti
alhomomorphism is bije
tive. The latter 
an be identi�ed with
homHT

(H−1(B), G ◦ Q(H−1(A))) // homHT
(H−1(B), H−1(A)).This is a bije
tion as H−1(B) is F-
onne
ted and in B. �Proposition 2.11 � Keep the above notation and assumptions. The 
ategory

‘B is abelian.Proof. We split the proof in two parts.Part A: Let a : A → B be a morphism in ‘B. Here we prove that coker(a), taken in
‘HT is an obje
t of ‘B. Denote N = ker(a), C = im(a) and D = coker(a), all takenin ‘HT . From the two short exa
t sequen
es:

0 // N // A // C // 0

0 // C // B // D // 0we dedu
e two exa
t sequen
es in HT :
H−1(N) // H−1(A) // H−1(C) // 0

H−1(C) // H−1(B) // H−1(D) // 0whi
h 
an be put together to get another exa
t sequen
e:
H−1(A) // H−1(B) // H−1(D) // 0.Now, as H−1(A) and H−1(B) are in B, and the in
lusion B →֒ HT is right exa
t, wededu
e that H−1(D) ∈ B. This shows that coker(a) ∈ ‘B.Part B: The previous part shows that 
okernels exist in ‘B and 
an be 
omputedin HT . On the other hand, by Lemma 2.10, the kernels also exist in ‘B. Indeed, if

a : A → B is a morphism in ‘B, then its kernel in ‘B is ker ‘B(a) = ‘Q(ker(a)). Itremains to show that images and 
oimages 
oin
ide in ‘B.Fix a morphism a : A → B in ‘B. ‘HT being an abelian 
ategory, the 
anoni
almorphism
coker{ker(a) → A} // ker{B → coker(a)}is invertible. Applying ‘Q, we get an isomorphism

‘Q
(
coker{ker(a) → A}

) ∼
// ‘Q

(
ker{B → coker(a)}

)
.

‘Q being a left adjoint, it 
ommutes with 
okernels. It follows that:
‘Q

(
coker{ker(a) → A}

)
≃ coker{‘Q(ker(a)) → ‘Q(A)} ≃ coker{ker ‘B(a) → A}.Thus the obvious morphism

coker{ker ‘B(a) → A} // ker ‘B{B → coker(a)}is invertible. This �nishes the proof of the proposition. �
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 t-stru
ture for n = 0 and 13.1. The 0-motivi
 t-stru
ture.We bring in the notation from �1.1. From the introdu
tion, we are led to makethe following de�nition.Definition 3.1 � The 0-motivi
 t-stru
ture (
0T

M

≥0(k), 0T
M

≤0(k)
) on DMeff(k)is the usual homotopy t-stru
ture. An obje
t in 0T

M

≥0(k) will be 
alled 0tM-positive.An obje
t in 0T
M

≤0(k) will be 
alled 0tM-negative. For n ∈ Z, we denote 0τM
≥n and

0τM
≤n the trun
ation fun
tors, and 0HM

n (−) = 0τM
≥n ◦ 0τM

≤n(−)[−n]. We also de-note 0H
M

(k) = 0T
M

≥0(k)
⋂

0T
M

≤0(k), the heart of 0-motivi
 t-stru
ture. An obje
tof 0H
M

(k) is a 
alled a (0,H)-sheaf.Stri
tly speaking, the 
ategory 0H
M

(k) is equivalent (and not isomorphi
) to the
ategory HI(k) of H-sheaves (i.e., homotopy invariant sheaves with transfers). Thisequivalen
e takes a (0,H)-sheaf to its zero homology H-sheaf. However, it is safeenough to identify both 
ategories, and we will often do this.Remark 3.2 � In the sequel, we will keep using the notation τ≤n, τ≥n, Hn and
HI(k) relative to the homotopy t-stru
ture. In fa
t, the only reason we introdu
edthe new terminology in De�nition 3.1, is to stress the analogy between the 0-motivi
,
1-motivi
 and 2-motivi
 t-stru
tures.Proposition 3.3 � The 0-motivi
 t-stru
ture on DMeff(k) is generated by theessentially small 
lass {M(X) |X ∈ Sm/k}.Proof. This is well-known (see [8℄). For the sake of 
ompleteness, we provide anargument. For K ∈ K(Shvtr(k)), the following two 
onditions are equivalent:(i) The homology sheaves Hi(K) are zero for i < 0;(ii) The (Nisnevi
h) hyper-
ohomology groups H−i(X, K) are zero for i > 0 and

X ∈ Sm/k.If moreover we assume that K is A1-lo
al, the se
ond 
ondition 
an be rewritten asfollows:(ii′) The groups homDMeff (k)(M(X)[i], K) are zero for i > 0 and X ∈ Sm/k.In other words, K is {M(X) |X ∈ Sm/k}-negative. This proves the proposition. �Definition 3.4 � We denote by M0(k) ⊂ 0H
M

(k) the full sub
ategory whoseobje
ts are the 0-presented H-sheaves whi
h we will also 
all mixed 0-motives (orsimply 0-motive).In [2℄, the 
ategory M0(k) is denoted by HI≤0(k) and their obje
ts were 
alled
0-motivi
 sheaves. It is the heart of the restri
tion of the homotopy t-stru
tureon DM≤0(k). By [2, Lem. 1.2.2℄, M0(k) is 
anoni
ally equivalent to the 
ategory
Shvtr(k≤0). The latter is equivalent to the 
ategory of Q-linear representations V ofthe absolute Galois group Gal(ks/k) of k su
h that the stabilizer of ea
h element of
V is open (i.e., of �nite index). This justi�es our terminology.3.2. The 1-motivi
 t-stru
ture.The sub
ategory M0(k) ⊂ 0H

M
(k) satis�es Hypothesis 2.1. Indeed, (i) and (ii)are 
ontained in [2, Cor. 1.2.5 and Prop. 1.2.7℄. To 
he
k (iii), we use [2, Cor. 2.3.3℄.
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M

→ M1(k) is indu
ed on the hearts by a t-positive triangulated fun
tor Lπ0 : DMeff(k) → DM≤0(k). Given an exa
t sequen
eof H-sheaves
0 // M ′ // M // M ′′ // 0we dedu
e a distinguished triangle

Lπ0(M
′) // Lπ0(M) // Lπ0(M

′′) // Lπ0(M
′)[1],and thus an exa
t sequen
e of 0-motives

H1(Lπ0(M
′′)) // π0(M

′) // π0(M).Now, assume that M ′′ is a 0-motive. Then M ′′ ≃ Lπ0(M
′′) and H1(Lπ0(M

′′)) = 0.This proves that π0(M
′) → π0(M) is inje
tive.We are now in position to apply the 
onstru
tion from �2.1.Definition 3.5 � The 1-motivi
 t-stru
ture (

1T
M

≥0(k), 1T
M

≤0(k)
) on DMeff(k) isthe M0(k)-perverted t-stru
ture asso
iated to the 0-motivi
 t-stru
ture. An obje
t in

1T
M

≥0(k) will be 
alled 1tM-positive. An obje
t in 1T
M

≤0(k) will be 
alled 1tM-negative.For n ∈ Z, we denote 1τM
≥n and 1τM

≤n the trun
ation fun
tors and 1HM
n (−) = 1τM

≥n ◦
1τM

≤n(−)[−n]. We also denote 1H
M

(k) = 1T
M

≥0(k)
⋂

1T
M

≤0(k) the heart of 1-motivi

t-stru
ture. An obje
t of 1H

M
(k) is a 
alled a (1,H)-sheaf.Remark 3.6 � From the 
onstru
tion, we have the following des
ription of the

1-motivi
 t-stru
ture.(1) An obje
t P ∈ DMeff(k) is 1tM-positive if and only if it satis�es:(a) Hn(P ) = 0 for n < −1;(b) H−1(P ) is a 0-
onne
ted H-sheaf.(2) An objet N ∈ DMeff(k) is 1tM-negative if and only if it satis�es:(a) Hn(N) = 0 for n > 0;(b) H0(N) is a 0-motive.(3) An obje
t M ∈ DMeff(k) is a (1,H)-sheaf if and only if it satis�es:(a) Hi(M) = 0 for i 6∈ {0,−1};(b) H0(M) is a 0-motive;(
) H−1(M) is a 0-
onne
ted H-sheaf.For X ∈ Sm/k we 
hoose a distinguished triangle
M≥1(X) // M(X) // Lπ0(M(X)) // M≥1(X)[1].From the 
onstru
tion in [2, �2.3℄, we have Lπ0(M(X)) ≃ M(π0(X)) where π0(X)is the étale k-s
heme of 
onne
ted 
omponents of X. It follows that M≥1(X) isisomorphi
 in DMeff(k) to ker{Qtr(X) → Qtr(π0(X))}[0]. The following result is adire
t 
onsequen
e of Proposition 2.7.Proposition 3.7 � The 1-motivi
 t-stru
ture on DMeff(k) is generated bythe essentially small 
lass {M(X), M≥1(X)[−1] |X ∈ Sm/k}.3.3. Mixed 1-motives.Definition 3.8 � An obje
t M ∈ DMeff(k) is 
alled a mixed 1-motive if itsatis�es the following 
onditions:(1) Hi(M) = 0 for i 6∈ {0,−1};(2) H0(M) is a 0-motivi
 sheaf;
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onne
ted 1-presented H-sheaf.The full sub
ategory of mixed 1-motives will be denoted by M1(k).Clearly, M1(k) is the M0(k)-perverted sub
ategory asso
iated to HI≤1(k) ⊂

HI(k) ≃ 0H
M

(k). In parti
ular, it is abelian. In fa
t, we have more as the fol-lowing result shows.Proposition 3.9 � M1(k) is a thi
k abelian sub
ategory of 1H
M

(k), i.e.,stable under extensions, subobje
ts and quotients.Proof. Indeed, 
onsider a short exa
t sequen
e of (1,H)-sheaves:
0 // M ′ // M // M ′′ // 0. (8)It su�
es to show that M is a mixed 1-motive if and only if M ′ and M ′′ are mixed

1-motives. In other words, we need to show that the H-sheaf H−1(M) is 1-presentedif and only if the H-sheaves H−1(M
′) and H−1(M

′′) are 1-presented.From (8), we get an exa
t sequen
e of H-sheaves:
0 // im{H0(M) → H0(M

′′)} // H−1(M
′) // H−1(M) // H−1(M

′′) // 0.The H-sheaf im{H0(M) → H0(M
′′)} is 0-presented and hen
e 1-presented. Thelemma follows now as HI≤1(k) is a thi
k abelian sub
ategory of HI(k) (see [2,Cor. 1.3.5℄). �Lemma 3.10 � Let M be a mixed 1-motive. Then, M de
omposes into a dire
tsum

M ≃ H0(M)[0]
⊕

H−1(M)[−1].Proof. We have a distinguished triangle in DMeff(k):
H0(M) // M // H−1(M)[−1]

ǫ
// H0(M)[1]. (9)We need to show that ǫ is zero. By [2, Th. 2.4.1, (i)℄, HI≤1(k) is 
ontained in

DM≤1(k), and hen
e M ∈ DM≤1(k). Also, by [2, Th. 2.4.1, (i)℄, we have anequivalen
e of 
ategories D(HI≤1(k)) ≃ DM≤1(k). Thus, we may view (9) as atriangle in the derived 
ategory D(HI≤1(k)) and ǫ as a element of:
homD(HI≤1(k))

(
H−1(M)[−1], H0(M)[1]

)
≃ ext2

HI≤1(k)

(
H−1(M), H0(M)

)
.On the other hand, the 
ohomologi
al dimension of HI≤1(k) is 1 by [2, Prop. 2.4.10℄.This shows that ext2

HI≤1(k)

(
H−1(M), H0(M)

)
= 0, and hen
e ǫ = 0. �In the reminder of this paragraph, we des
ribe the link between our notion ofmixed 1-motives and the 
lassi
al notion of Deligne's 1-motives. We do this in orderto justify our terminology. However, this material will not be used elsewhere in thepaper and 
an safely be skipped by the reader.Re
all (
f. [4℄) that a Deligne 1-motive is a morphism of group-s
hemes [L

u
→ G]with L a latti
e (i.e., lo
ally for the étale topology isomorphi
 to Zr) and G asemi-abelian variety. We denote by M1(k) the 
ategory of 1-motives. Given two

1-motives M1 = [L1
u1→ G1] and M2 = [L2

u2→ G2], we have
homM1

(M1, M2) = {(a : L1 → L2, b : G1 → G2) | b ◦ u1 = u2 ◦ a} ⊗Z Q.
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hemes.) There is a fun
tor
T : M1(k) → DMeff(k)whi
h takes a 1-motive [L → G] to the 
omplex

[· · · → 0 → L ⊗ Q → G ⊗ Q → 0 → · · · ]where L and G are identi�ed with the sheaves they represents and L ⊗ Q is pla
edin degree 0.Proposition 3.11 � The fun
tor T indu
es an exa
t full embedding of M1(k)into M1(k).Proof. This is a spe
ial 
ase of the main result in [9℄. For the sake of 
ompleteness,we give a proof. Clearly, the image of T is 
ontained in M1(k). Let Mi = [Li → Gi](for i ∈ {1, 2}) be two Deligne 1-motives. We need to show that
homM1

(M1, M2) // homM1(k)(T(M1), T(M2)) (10)is a bije
tion. We 
an de
ompose Mi as follows
Mi ≃ L′

i

⊕
[L′′

i → Gi]where L′
i and L′′

i are sub-latti
es of Li su
h that:
• L′

i ∩ L′′
i = 0 and L′

i + L′′
i is of �nite index in Li;

• L′′
i → Gi is inje
tive.We are then redu
ed to 
he
k that (10) is bije
tive in the following 
ases:(a) Gi is zero for i ∈ {1, 2};(b) G1 is zero and L2 →֒ G2 is inje
tive;(
) L1 →֒ G1 is inje
tive and G2 = 0;(d) Li →֒ Gi is inje
tive for i ∈ {1, 2}.Case (a) is easy. In 
ase (b), both sides of (10) are zero. In 
ase (
), both sidesof (10) are 
anoni
ally isomorphi
 to hom(L1, L2) ⊗ Q. Finally, in 
ase (d), bothsides of (10) are given by the sub-ve
torspa
e of e ∈ hom(G1, G2) ⊗ Q su
h that

e(L1 ⊗ Q) ⊂ e(L2 ⊗ Q). �Remark 3.12 � Using [2, Th. 1.3.10℄ and Lemma 3.10, it is possible to show that
M1(k) is equivalent to the 
ategory of ind-obje
ts in M1(k). We leave the detailsto the reader.3.4. n-Presented (1,H)-sheaves.Definition 3.13 � Let n ≥ 0 be an integer. A (1,H)-sheaf M is n-presentedif the H-sheaf H−1(M) is n-presented. We denote by 1H

M

≤n(k) ⊂ 1H
M

(k) the fullsub
ategory of n-presented (1,H)-sheaves.Remark 3.14 � A (1,H)-sheaf M is 0-presented if and only if H−1(M) = 0.It follows that 1H
M

≤0(k) = M0(k). Also, 1-presented (1,H)-sheaves are exa
tly themixed 1-motives, i.e, 1H
M

≤1(k) = M1(k).Clearly, 1H
M

≤n(k) is the M0(k)-perverted sub
ategory of 1H
M

(k) asso
iated tothe full sub
ategory 0H
M

≤n(k) = HI≤n(k) of 0H
M

(k). It is easy to 
he
k Hypothesis2.8 for the 0-motivi
 t-stru
ture with A = M0(k) and B = HI≤n(k). Indeed,



THE n-MOTIVIC t-STRUCTURES FOR n = 0, 1 AND 2 15the in
lusion HI≤n(k) →֒ HI(k) admits a right adjoint given by Qn = h0σ
∗
nσn∗.Moreover, a short exa
t sequen
e of H-sheaves

0 // F ′ // F // F ′′ // 0su
h that F ′′ is 0-presented has a splitting. This 
learly implies that Qn(F ′) →
Qn(F ) is inje
tive. From Lemma 2.10 and Proposition 2.11, we dedu
e the followingresult.Corollary 3.15 � 1H

M

≤n(k) is an abelian 
ategory and there is a fun
tor
1Qn : 1H

M
(k) // 1H

M

≤n(k),whi
h is a right adjoint to the obvious in
lusion.4. The 2-motivi
 t-stru
ture4.1. The 
onstru
tion.By Proposition 3.9, M1(k) ⊂ 1H
M

(k) is a thi
k abelian sub
ategory. Thus the�rst 
ondition in Hypothesis 2.1 is satis�ed. We will see in a moment that the twoother 
onditions are satis�ed as well. First, we note the following result whi
h is ofindependent interest.Proposition 4.1 � The 1-motivi
 t-stru
ture restri
ts to a t-stru
ture on
DM≤1(k) whose heart is M1(k).Proof. We know that the homotopy t-stru
ture restri
ts to a t-stru
ture on DM≤1(k)whose heart is HI≤1(k). The sub
ategory M0(k) ⊂ HI≤1(k) satis�es the 
ondi-tions in Hypothesis 2.1. Thus, we may 
onsider the M0(k)-perverted t-stru
tureon DM≤1(k) asso
iated to the homotopy t-stru
ture. By a straightforward inspe
-tion, we see that the in
lusion DM≤1(k) →֒ DMeff(k) is exa
t with respe
t to the
M0(k)-perverted t-stru
tures. This proves the proposition. �Definition 4.2 � The restri
tion of the 1-motivi
 t-stru
ture to DM≤1(k) isalso 
alled the 1-motivi
 t-stru
ture.Lemma 4.3 � The fun
tor LAlb : DMeff(k) → DM≤1(k) is 1tM-positive (i.e.,
t-positive with respe
t to the 1-motivi
 t-stru
tures).Proof. This is 
lear as LAlb is the left adjoint to the in
lusionDM≤1(k) →֒ DMeff(k)whi
h is 1tM-exa
t. �We are now in position to 
he
k Hypothesis 2.1, (ii) and (iii) for M1(k) ⊂ 1H

M
(k).Lemma 4.4 � The in
lusion M1(k) →֒ 1H

M
(k) has a left adjoint

AlbM : 1H
M

(k) // M1(k).Moreover, given an exa
t sequen
e of (1,H)-sheaves
0 // M ′ // M // M ′′ // 0,with M ′′ a mixed 1-motive, the morphism AlbM(M ′) → AlbM(M) is inje
tive.
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AlbM(M) = 1HM

0 (LAlb(M)).That this is a left adjoint to the obvious in
lusion, follows immediately from Lemma4.3. To prove the se
ond part, we use the distinguished triangle
LAlb(M ′) // LAlb(M) // LAlb(M ′′) // LAlb(M ′)[1].We dedu
e an exa
t sequen
e of mixed 1-motives

1HM
1 (LAlb(M ′′)) // 1HM

0 (LAlb(M ′)) // 1HM
0 (LAlb(M)).Now, if M ′′ is a mixed 1-motive, M ′′ ≃ LAlb(M ′′) and thus 1HM

1 (LAlb(M ′′)) = 0.This �nishes the proof of the lemma. �Definition 4.5 � The 2-motivi
 t-stru
ture (
2T

M

≥0(k), 2T
M

≤0(k)
) on DMeff(k) isthe M1(k)-perverted t-stru
ture asso
iated to the 1-motivi
 t-stru
ture. An obje
t in

2T
M

≥0(k) will be 
alled 2tM-positive. An obje
t in 2T
M

≤0(k) will be 
alled 2tM-negative.For n ∈ Z, we denote 2τM
≥n and 2τM

≤n the trun
ation fun
tors and 2HM
n (−) = 2τM

≥n ◦
2τM

≤n(−)[−n]. We also denote 2H
M

(k) = 2T
M

≥0(k)
⋂

2T
M

≤0(k) the heart of 2-motivi

t-stru
ture. An obje
t of 2H

M
(k) is a 
alled a (2,H)-sheaf.Remark 4.6 �We will say that a (1,H)-sheaf M is 1-
onne
ted if AlbM(M) = 0.From the 
onstru
tion, we have the following.(1) An obje
t P ∈ DMeff(k) is 2tM-positive if and only if it satis�es:(a) 1HM

n (P ) = 0 for n < −1;(b) 1HM
−1(P ) is a 1-
onne
ted (1,H)-sheaf.(2) An objet N ∈ DMeff(k) is 2tM-negative if and only if it satis�es:(a) 1HM
n (N) = 0 for n > 0;(b) 1HM
0 (N) is a mixed 1-motive.(3) An obje
t M ∈ DMeff(k) is a (2,H)-sheaf if and only if it satis�es:(a) 1HM
i (M) = 0 for i 6∈ {0,−1};(b) 1HM
0 (M) is a 0-motive;(
) 1HM
−1(M) is a 0-
onne
ted H-sheaf.In the next paragraph, we will give equivalent formulations of the above 
onditionsin terms of the homotopy t-stru
ture.For X ∈ Sm/k we 
hoose a distinguished triangle
M≥2(X) // M(X) // LAlb(M(X)) // M≥2(X)[1].We have the following result.Proposition 4.7 � The 2-motivi
 t-stru
ture on DMeff(k) is generated bythe essentially small 
lass {M(X), M≥1(X)[−1], M≥2(X)[−2] |X ∈ Sm/k}.Proof. For X ∈ Sm/k, we 
hoose a distinguished triangle

M′
≥2(X) // M≥1(X) // LAlb(M≥1(X)) // M′

≥2(X)[1].A dire
t appli
ation of Propositions 2.7 and 3.7 yields the following generating 
lassfor the 2-motivi
 t-stru
ture:
{M(X), M≥1(X)[−1], M≥2(X)[−1], M′

≥2(X)[−2] |X ∈ Sm/k}.
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≥2(X) ≃ M≥2(X). There is amorphism of distinguished triangles

M′
≥2(X) //

��

M≥1(X) //

��

LAlb(M≥1(X)) //

��

M′
≥2(X)[1]

��

M≥2(X) // M(X) // LAlb(M(X)) // M≥2(X)[1].By the Verdier's o
tahedral axiom (and the fa
t that LAlb is a triangulated fun
tor),it su�
es to show that
Cone{M≥1(X) → M(X)} ≃ LAlb

(
Cone{M≥1(X) → M(X)}

)
.This is indeed the 
ase as Cone{M≥1(X) → M(X)} ≃ Lπ0(M(X)) ∈ DM≤0(k) ⊂

DM≤1(k). The proposition is proven. �4.2. A more expli
it des
ription.The des
ription of the 2-motivi
 t-stru
ture in term of the 1-motivi
 t-stru
turegiven in Remark 4.6 is rather abstra
t and not intuitive. Here we give a moredown-to-earth des
ription whi
h only uses the homotopy t-stru
ture.Proposition 4.8 �(1) An obje
t P ∈ DMeff(k) is 2tM-positive if and only if it satis�es:(a′) Hi(P ) = 0 for i < −2;(b′) H−2(P ) is a 1-
onne
ted H-sheaf;(
′) For every 0-motive L, homDMeff (k)(P, L[−1]) = 0.(2) An obje
t N in DMeff(k) is 2tM-negative if and only if it satis�es:(a′) Hi(N) = 0 for i > 0;(b′) H0(N) is a 0-presented H-sheaf;(
′) H−1(N) is a 1-presented H-sheaf.Proof. We will 
ompare the 
onditions of the statement with those in Remark 4.6.We split the proof into four parts.Part A: Let P ∈ DMeff(k) be a 2tM-positive obje
t. We will show that P satis�es
onditions (1a′), (1b′) and (1
′).We have a 
hain of in
lusions 2T
M

≥0(k) ⊂ 1T
M

≥−1(k) ⊂ 0T
M

≥−2(k). It follows that
Hi(P ) = 0 for i < −2. This is 
ondition (1a′) of the statement.By Remark 4.6, (1b), the (1,H)-sheaf 1HM

−1(P ) is 1-
onne
ted. As
1HM

−1(LAlb(P )) ≃ AlbM(1HM
−1(P )) = 0,we dedu
e that LAlb(P ) is 1tM-positive. This implies that LAlb(P )[1] is t-positif.It follows that

Alb(H−2(P )) ≃ H−2(LAlb(P )) = 0.Hen
e H−2(P ) is a 1-
onne
ted H-sheaf. This is 
ondition (1b′) of the statement.Condition (1
′) of the statement is 
lear as P is 2tM-positive and L[−1] is stri
tly
2tM-negative.Part B: Let P ∈ DMeff(k) satisfying 
onditions (1a′), (1b′) and (1
′). We will showthat P is 2tM-positive.The H-sheaf H−2(P ) being 1-
onne
ted, is also 0-
onne
ted. It follows that P ∈
1T

M

≥−1(k), i.e., 1HM
i (P ) = 0 for i < −1. It remains to show that the (1,H)-sheaf

1HM
−1(P ) is 1-
onne
ted.



18 JOSEPH AYOUBConsider LAlb(P ). We have H−2(LAlb(P )) ≃ Alb(H−2(P )) = 0 by 
ondition(1b′). It follows that LAlb(P )[1] is t-positive. On the other hand, we 
laim that
H−1(LAlb(P )) is a 0-
onne
ted H-sheaf. Indeed, given any 0-motive L, we have

homHI(k)(π0(H−1(LAlb(P ))), L) ≃ homHI(k)(H−1(LAlb(P )), L)

≃ homDMeff (k)(LAlb(P ), L[−1]) ≃ homDMeff (k)(P, L[−1]) = 0.By Yoneda's Lemma, this shows that π0(H−1(LAlb(P ))) = 0. Thus, we have proventhat LAlb(P ) ∈ 1T
M

≥0(k). But, we have
AlbM(1HM

−1(P )) ≃ 1HM
−1(LAlb(P )) = 0.This proves that P satis�es 
ondition (1b) of Remark 4.6.Part C: Let N ∈ DMeff(k) be a 2tM-negative obje
t. We will show that N satis�es
onditions (2a′), (2b′) and (2
′).We have a 
hain of in
lusions 2T

M

≤0(k) ⊂ 1T
M

≤0(k) ⊂ 0T
M

≤0(k). It follows that
Hi(N) = 0 for i > 0. This is 
ondition (2a′) of the statement.We have H0(N) ≃ H0(

1HM
0 (N)), and the latter is 0-presented be
ause 1HM

0 (N) isa mixed 1-motive by Remark 4.6, (2b). This is 
ondition (2b′) of the statement.We 
learly have H−1(N) ≃ H−1(
1τM

≥−1(N)). Using the distinguished triangle
1HM

0 (N) // 1τM
≥−1(N) // 1HM

−1(N)[−1] // 1HM
0 (N)[1],we dedu
e an exa
t sequen
e of H-sheaves

0 // H−1(
1HM

0 (N)) // H−1(N) // H0(
1HM

−1(N)). (11)This shows that the H-sheaf H−1(N) is 1-presented. This is 
ondition (2
′) of thestatement.Part D: Let N ∈ DMeff(k) satisfying 
onditions (2a′), (2b′) and (2
′). Then N is
2tM-negative. Indeed, N ∈ 1T

M

≤0(k). On the other hand, from (11), we dedu
e that
1HM

0 (N) is a mixed 1-motive. This �nishes the proof of the proposition. �The next lemma shows that we may repla
e 
ondition (1
′) of Proposition 4.8 bya more 
on
rete 
ondition.Lemma 4.9 � Let P ∈ DMeff(k) be an obje
t satisfying (1a′) and (1b′) ofProposition 4.8. Then the following 
onditions are equivalent:(
′) For every 0-motive L, homDMeff (k)(P, L[−1]) = 0,(
′′) For every 0-motive L, ext1
HI(k)(H−2(P ), L) = 0 and L[−1] is not a dire
tsummand of P unless L = 0.Proof. First, assume that P satis�es 
ondition (
′). Then 
learly, L[−1] 
annot bea dire
t summand of P unless L = 0.On the other hand, from the distinguished triangle

τ≥−1(P )[1] // P [1] // H−2(P )[−1] // τ≥−1(P )[2], (12)we dedu
e an exa
t sequen
e
homDMeff (k)(τ≥−1(P )[2], L) // homDMeff (k)(H−2(P )[−1], L) // homDMeff (k)(P [1], L).Both extremal terms are zero; the left one is zero for degree reasons and theright one is zero by assumption. We are done as the middle term is isomorphi
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ext1

HI(k)(H−2(P ), L). Indeed, both groups 
lassify H-sheaves whi
h are extensions of
H−2(P ) by L.Conversely, assume that P satis�es 
ondition (
′′). We argue by 
ontradition.Thus, let α : P [1] → L be a non-zero morphism. As L is a dire
t sum of inde
om-posable 0-motives, we may assume that L is itself inde
omposable.By the long exa
t sequen
e asso
iated to the distinguished triangle (12), the ob-vious homomorphism

homDMeff (k)(P [1], L) // homDMeff (k)(τ≥−1(P )[1], L)is inje
tive. (Here again, we use that homDMeff (k)(τ≥−1(P )[2], L) is zero for degreereasons.) In other words, the 
omposition
α′ : τ≥−1(P )[1] // P [1]

α
// Lis also non-zero. Moreover, α′ uniquely fa
tors through π0(H−1(P )) yielding a 
om-mutative diagram

τ≥−1(P )[1] //

��

α′

((

P [1]

α

��

H−1(P ) // π0(H−1(P ))
α′′

// L.As α′′ is non-zero and L is inde
omposable, we dedu
e that α′′ is surje
tive. Itfollows that H−1(P ) → L is also surje
tive. Hen
e, given a distinguished triangle
Q // τ≥−1(P )[1]

α′
// L // Q[1],the obje
t Q is t-positive and thus the morphism L → Q[1] is zero. This shows that

α′ has a se
tion β ′ : L → τ≥−1(P )[1]. Clearly, the 
omposition
β : L

β′

//// τ≥−1(P )[1] // P [1]is a se
tion to α. We have proven that L is a non-trivial dire
t summand of P [1]whi
h is a 0-motive. This 
ontradi
ts (
′′). �Corollary 4.10 � An obje
t M ∈ DMeff(k) is a (2,H)-sheaf if and only ifit satis�es:(a′) Hi(M) = 0 for i 6∈ {0,−1,−2};(b′) H0(M) is a 0-presented H-sheaf;(
′) H−1(M) is a 1-presented H-sheaf;(d′) H−2(M) is a 1-
onne
ted H-sheaf;(e′) M [1] does not have any non-trivial dire
t summand whi
h is a 0-motive;(f′) If L is a 0-presented H-sheaf, then ext1
HI(k)(H2(M), L) = 0, i.e., every ex-tension of H−2(M) by L splits.4.3. n-Presented (2,H)-sheaves and mixed 2-motives.Proposition 4.11 � Let n ≥ 1 be an integer. Then Hypothesis 2.8 is satis�edfor the 1-motivi
 t-stru
ture with A = M1(k) and B = 1H

M

≤n(k).



20 JOSEPH AYOUBProof. By Corollary 3.15, we have a right adjoint 1Qn : 1H
M

(k) → 1H
M

≤n(k) to theobvious in
lusion. Next, 
onsider a short exa
t sequen
e of (1,H)-sheaves
0 // M ′ // M // M ′′ // 0,where M ′′ is a mixed 1-motive. We need to show that 1Qn(M ′) → 1Qn(M) isinje
tive. This is easily seen to be equivalent to the 
ondition that

U = ker{1Qn(M) → M ′′}is n-presented. Consider the exa
t sequen
e of H-sheaves
0 // coker{H0(M) → H0(M

′′)} // H−1(U) // H−1(
1Qn(M)) // H−1(M

′′) // 0.By Lemma 4.12 below, ker{H−1(
1Qn(M)) → H−1(M

′′)} is n-presented. It followsfrom [2, Lem. 1.1.22℄ that H−1(U) is also n-presented. This imples that U is an
n-presented (1,H)-sheaf. �Lemma 4.12 � Consider a short exa
t sequen
e of H-sheaves:

0 // F ′ // F // F ′′ // 0.Assume that F is n-presented (with n ≥ 1) and F ′′ is 1-presented. Then F ′ is
n-presented.Proof. Clearly, we 
an write F as a �ltered 
olimit as follows:

F = colim
i∈I

Fi, where Fi = coker{αi : h0(Yi) → h0(Xi)}.Above, I is a �ltered ordered set, Yi and Xi are smooth k-s
hemes of dimensionat most n, and αi is a morphism of sheaves. Let F ′′
i = im{Fi → F ′′} and F ′

i =
ker{Fi → F ′′}. Then F ′ = colimi∈I F ′

i (use that �ltered 
olimits are exa
t) and wehave short exa
t sequen
es
0 // F ′

i
// Fi

// F ′′
i

// 0. (13)Clearly, it su�
es to show that ea
h F ′
i is n-presented. As F ′′

i is a subsheaf of F ′′,it is 1-presented. Hen
e, the exa
t sequen
e (13) satis�es to the 
onditions of thestatement. In other words, we may assume that
F = coker{α : h0(Y ) → h0(X)}with X and Y of dimension at most n.Given a smooth k-variety V , we denote by h≥2

0 (V ) = ker{h0(V ) → Alb(V )}. Wealso set
F≥2 = coker{h≥2

0 (Y ) → h≥2
0 (X)}.As F ′′ is 1-presented and F≥2 is 1-
onne
ted, the 
omposition F≥2 → F → F ′′ iszero. It follows that F≥2 → F fa
tors through F ′, yielding a morphism

β : F≥2 // F ′.The kernel and 
okernel of β are 1-presented H-sheaves. Indeed, ker(β) is a sub-quotient of Alb(Y ) and coker(β) is a subquotient of Alb(X). Using [2, Lem. 1.1.22℄,we are redu
ed to show that F≥2 is n-presented. By a se
ond appli
ation of [2,Lem. 1.1.22℄, we are further redu
ed to 
he
k that h≥2
0 (V ) is n-presented for V a

k-smooth s
heme of dimension at most n.
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an �nd a smooth 
urve C ⊂ V su
h that the 
omposition
h0(C) → h0(V ) → Alb(V )is surje
tive. Let E = coker{h0(C) → h0(V )}. This is an n-presented H-sheaf. Themorphism γ : h≥2

0 (V ) // E is 
learly surje
tive and its kernel is a subquotient of
h0(C), and hen
e is 1-presented. We use again [2, Lem. 1.1.22℄ to 
on
lude. �Definition 4.13 � Let n ≥ 1 be an integer. We denote by 2H

M

≤n(k) ⊂ 2H
M

(k)the M1(k)-perverted sub
ategory asso
iated to 1H
M

≤n(k) ⊂ 1H
M

(k). A (2,H)-sheafwhi
h is in 2H
M

≤n(k) is 
alled n-presented.Clearly, a 1-presented (2,H)-sheaf is simply a mixed 1-motive, i.e., 2H
M

≤1(k) =

M1(k). By 
onvention, a 0-presented (2,H)-sheaf is a 0-motive and we set 2H
M

≤0(k) =
M0(k).Lemma 4.14 � Let n ≥ 1 be an integer. A (2,H)-sheaf M is n-presented if andonly if the H-sheaf H−2(M) is n-presented.Proof. Indeed, M is n-presented if and only if the (1,H)-sheaf 1HM

−1(M) is n-presentedwhi
h is equivalent to H−1(
1HM

−1(M)) ≃ H−2(M) being an n-presented H-sheaf. �Proposition 4.15 � 2H
M

≤n(k) is an abelian 
ategory and there is a fun
tor
2Qn : 2H

M
(k) → 2H

M

≤n(k),whi
h is a right adjoint to the obvious in
lusion.We now 
ome to our de�nition of mixed 2-motives.Definition 4.16 � An obje
t M ∈ DMeff(k) is a mixed 2-motive if it satis�esthe following 
onditions:(a) Hi(M) = 0 for i 6∈ {0,−1,−2};(b) H0(M) is a 0-presented H-sheaf;(
) H−1(M) is a 1-presented H-sheaf;(d) H−2(M) is a 1-
onne
ted and 2-presented H-sheaf;(e) M [1] does not have any non-trivial summand whi
h is a 0-motive;(f) If L is a 0-presented H-sheaf, then ext1
HI(k)(H2(M), L) = 0, i.e., every ex-tension of H−2(M) by L splits.We denote by M2(k) the full sub
ategory of mixed 2-motives.Obviously, mixed 2-motives are exa
tly the 2-presented (2,H)-sheaves, i.e., M2(k) =

2H
M

≤2(k). In parti
ular, M2(k) is an abelian 
ategory.4.4. Mixed 2-motives asso
iated to surfa
es.Ideally, we should have the following.Conje
ture 4.17 � Let S be a k-surfa
e (possibly singular). Then 2HM
i (M(S))is a mixed 2-motive for all i ∈ Z.In fa
t, 2HM

i (M(S)) is expe
ted to vanish for i 6∈ [[0, 4]] and more pre
isely, when-ever the ℓ-adi
 homology group Hét
i (S ⊗k ks, Qℓ) vanishes (here, ks is a separable
losure of the base �eld k and ℓ is a prime whi
h is invertible in k). Unfortunately,Conje
ture 4.17 seems out of rea
h of the a
tual te
hniques. However, it is possible



22 JOSEPH AYOUBto atta
h to S a sequen
e ‘HM
i (S) of mixed 2-motives whi
h hopefully 
oin
ide withthose in Conje
ture 4.17.For simpli
ity, we assume that S is smooth and, ex
ept for the next result, we
onsider the 
ases where S is a�ne or S is proje
tive.Lemma 4.18 � Let S be a smooth surfa
e. Then 2HM

n (M(S)) is a mixed n-motive for n ∈ {0, 1, 2}.Proof. Consider the distinguished triangle
M≥1(S) // M(S) // M(π0(S)) // M≥1(S)[1].Clearly, M(π0(S)) is 2tM-negative, whereas M≥1(S) is stri
tly 2tM-positive. Thisshows that 2HM

0 (M(S)) ≃ M(π0(S)) is a 0-motive.Similarly, 
onsider the distinguished triangle
M̃≥2(S)[−1] // M≥1(S)[−1] // (Alb0(S) ⊗ Q)[−1] // M̃≥2(S),with Alb0(S) the 
onne
ted 
omponent of the Albanese s
heme of S. Clearly,

(Alb0(S) ⊗ Q)[−1] is 2tM-negative, whereas M̃≥2(S)[−1] is stri
tly 2tM-positive.This shows that 2HM
1 (M(S)) ≃ (Alb0(S) ⊗ Q)[−1] is a mixed 1-motive.Finally, to prove that 2HM

2 (M(S)) is a mixed 2-motives, it su�
es to show that
H−2(

2HM
2 (M(S))) is 2-presented. But, the latter is given by ker{h0(S) → Alb(S)}.We 
on
lude using Lemma 4.12. �Now, assume that S is a�ne. Then 2HM

i (M(S)) are expe
ted to be zero for
i 6∈ {0, 1, 2}. Thus, we 
an make the following de�nition.Definition 4.19 � For i ∈ [[0, 2]], we set ‘HM

i (S) = 2HM
i (M(S)). These arethe (possibly non-zero) mixed 2-motives asso
iated to S.Next, assume that S is proje
tive. It is 
lassi
al that the Chow motive of S admitsa Künneth de
omposition (see for example [6℄). As the 
ategory of Chow motives isembedded into DMeff(k), we dedu
e a de
omposition

M(S) =

4⊕

i=0

Mi(S)[i]su
h that Mi(S) 
orresponds under the ℓ-adi
 realization to Hét
i (S ⊗k ks, Qℓ). Weknow that M0(S) = M(π0(S)) and that

M4(S) = Hom(M0(S), Q(2)) ≃ M0(S)∨(2),where M0(S)∨ = Hom(M0(S), Q(0)) is the dual 0-motive to M0(S). Also, M1(S) is apure 1-motive given by the 
omplex (Alb0(S)⊗Q)[−1] with Alb0(S) the 
onne
ted
omponent of the Albanese s
heme of S. Moreover,
M3(S) = Hom(M1(S), Q(2)) ≃ M1(S)∨(1),with M1(S)∨ = Hom(M1(S), Q(1)), the Cartier dual of the 1-motive M1(S).Lemma 4.20 � M0(S) is a 0-motive and M1(S) is a 1-motive. Moreover, for

i ∈ {2, 3, 4}, 2HM
0 (Mi(S)) is a mixed 2-motive.



THE n-MOTIVIC t-STRUCTURES FOR n = 0, 1 AND 2 23Proof. The �rst statement is obvious. To prove the se
ond statement, it su�
es toshow that for i ∈ {2, 3, 4}, the H-sheaf
H−2(

2HM
0 (Mi(S))) ≃ H−2(Mi(S))is 2-presented. By an easy inspe
tion, we see that:

H−2(M2(S)) = ker{h0(S) → Alb(S)}, H−2(M3(S)) = KM
1 ⊗ Alb0(S)∨and H−2(M4(S)) = KM

2 ⊗ Qtr(π0(S))∨.Above, KM
n is the n-th Milnor K-theory sheaf and the tensor produ
t is taken in

HI(k). This proves the lemma. �Definition 4.21 � Under the above hypothesis, we set ‘HM
i (S) = 2HM

0 (Mi(S))for i ∈ [[0, 4]]. These are the (possibly non-zero) mixed 2-motives atta
hed to S.Referen
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