
LOCALIZING SUBCATEGORIES IN THE BOOTSTRAP
CATEGORY OF SEPARABLE C∗-ALGEBRAS

IVO DELL’AMBROGIO

Abstract. Using the classical universal coefficient theorem of Rosenberg-
Schochet, we prove a simple classification of all localizing subcategories of the

Bootstrap category Boot ⊂ KK of separable complex C*-algebras. Namely,

they are in a bijective correspondence with subsets of the Zariski spectrum
Spec Z of the integers – precisely as for the localizing subcategories of the de-

rived category D(Z) of complexes of abelian groups. We provide corollaries of

this fact and put it in context with the similar classifications available in the
literature.
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1. Introduction

Denote by KK the Kasparov category of separable complex C*-algebras, with
Hom groups given by G. Kasparov’s bivariant K-groups KK(A,B) and with com-
position the Kasparov product ([5, 8]). As observed by R. Meyer and R. Nest [10],
KK carries the structure of a triangulated category (see [14]), which conveniently
captures the homological properties of KK-theory in a well-understood abstract
framework. The Kasparov category also has arbitrary countable coproducts, given
by the C*-algebra direct sums. The Bootstrap category, which we denote by Boot,
can then be defined as the smallest triangulated subcategory1 of KK which contains
C and is closed under the formation of coproducts and retracts of objects. More
generally, a subcategory L of a triangulated category T is said to be localizing if
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it is a triangulated subcategory closed under the formation of retracts and what-
ever coproducts exist in T (if T has at least all countable coproducts, as here, the
closure under taking retracts follows then from the other properties).

The interest in the Bootstrap category is due to the classical result of J. Rosen-
berg and C. Schochet [15], that the C*-algebras in it satisfy a universal coeffi-
cient theorem (UCT), recalled below together with its immediate corollaries. The
UCT shows that Boot is not far from the category of Z/2-graded countable abelian
groups. In this short note we use the UCT, and the related Künneth theorem, to
prove a very simple classification of all localizing subcategories of the Bootstrap cat-
egory, as follows. For a C*-algebra A, denote by K∗(A; Fp) its topological K-theory
with coefficients in the residue field Fp at p ∈ Spec Z (that is, Fp = Z/p if p is a prime
number and Fp = Q for p = 0; recall that we may set K∗(A; Fp) := K∗(A⊗ κ(p)),
where κ(p) is any C*-algebra in Boot with K0(κ(p)) = Fp and K1(κ(p)) = 0).

Here is the classification:

Theorem 1.1. There is an inclusion-preserving bijection between localizing subcat-
egories of the Bootstrap category Boot on the one hand, and subsets of the Zariski
spectrum Spec Z on the other, given by the maps

Loc(Boot) ' P(Spec Z)
L 7→ SuppL := {p | ∃A ∈ L s. t. K∗(A; Fp) 6= 0}

{A | ∀p 6∈ S,K∗(A; Fp) = 0} =: LS ←[ S

This bijection restricts to smashing subcategories of Boot on one side and special-
ization closed subsets of Spec Z on the other side.

In this note, a localizing subcategory L is smashing if its right orthogonal

(1) L⊥ := {A ∈ Boot | KK(B,A) = 0 for all B ∈ L}

is again a localizing subcategory of Boot. Thus, for instance, the subcategory L{0}
of C*-algebras whose mod p K-theory vanishes for all primes p, is localizing but
not smashing. Note also that a subset S ⊆ Spec Z is specialization closed if and
only if it is either a set of prime numbers or the whole spectrum.

Theorem 1.1 and its proof have some easy corollaries. For any family E ⊂ Boot
of object, let 〈E〉 denote the localizing subcategory generated by E , i.e., the smallest
localizing subcategory of Boot containing E . Thus for example Boot = 〈C〉. Also,
we shall see (Cor. 3.9) that the localizing subcategory corresponding in Thm. 1.1
to the set S ⊆ Spec Z is simply LS = 〈κ(p) | p ∈ S〉.

An object C ∈ Boot is compact (more precisely we should say compactℵ1 , see
[7, §2.1]) if its Hom functor KK(C,−) takes values in countable abelian groups and
commutes with coproducts. Write Bootc for the subcategory of compact objects
in Boot; it is a thick triangulated subcategory, consisting precisely of all algebras
A ∈ Boot with finitely generated K-theory groups (Lemma 2.9).

Corollary 1.2 (Telescope conjecture for Boot). Every smashing subcategory L of
Boot is generated by the compact objects it contains: L = 〈L ∩ Bootc〉 ⊆ Boot.

Proof. Clearly 〈L ∩ Bootc〉 ⊆ L, since L is localizing. If L is moreover smashing,
then by our classification it is either LSpec Z = Boot, which is generated by the
compact object C, or it is LS for some set S of prime numbers, and in this case LS

is generated by the set {κ(p) | p ∈ S} ⊆ L ∩ Bootc of its compact objects. �

Corollary 1.3. There is a bijection between thick subcategories of Bootc (i.e.,
triangulated subcategories closed under taking retracts of objects) and specialization
closed subsets of Spec Z.
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Proof. This is immediate from Cor. 1.2 and the last statement of Thm. 1.1, once
we know that the maps C 7→ 〈C〉 and L 7→ L ∩ Bootc provide a bijection between
thick subcategories C ⊆ Bootc of compactℵ1 objects and localizing subcategories
L ⊆ Boot which are generated by compactℵ1 objects (because Boot is compactlyℵ1

generated, see [7, §2.1]). �
If we also take into consideration the biexact tensor product ⊗ = ⊗min, we can

easily derive from the bijection of Cor. 1.3 a new proof of [7, Thm. 6.9]:

Corollary 1.4. There is a canonical isomorphism of schemes

Spec(Bootc) ' Spec(Z),

where the first Spec denotes P. Balmer’s spectrum of prime ⊗-ideals [1]. �

We leave this to the interested reader.
In the remaining pages, we shall prove Theorem 1.1 using general results on

triangulated categories, together with Bott periodicity and the UCT. The next
challenge now would be to provide a similar classification for the strictly bigger
([16, p. 751]) triangulated category KK, where the UCT does not hold. Indeed, not
much is known about KK – structurally speaking – except that it “decomposes”
into the orthogonal localizing subcategories Boot and KerK∗ := {A ∈ KK | K∗A =
0} = Boot⊥; that is, every A ∈ KK fits into an (automatically unique and functorial)
exact triangle A′ → A → A′′ → ΣA with A′ ∈ Boot and A′′ ∈ KerK∗. This is
due to Meyer and Nest ([9,11]; cf. [7, Thm. 5.8]). Hence structural questions about
KK could hopefully be reduced to questions about Boot, which is well-understood,
and about KerK∗, which is still mysterious. At this point, one is led to investigate
homological invariants of separable C*-algebras finer than K-theory.

2. The universal coefficient and Künneth theorems

Let us recall some well-known results, mostly for the purpose of fixing notation.
As is customary, we write KK∗(A,B) for the Z/2-graded abelian group with

KK(A,B) in degree zero and KK(ΣA,B) in degree one. Here Σ = C0(R) ⊗min −
is the suspension functor of the triangulated structure of KK. The Bott isomor-
phism C0(R) ⊗ C0(R) ' C in KK shows that Σ ' Σ−1. The K-theory functor
K∗ = KK∗(C,−) is a coproduct preserving homological functor taking values in
the abelian category AbZ/2

∞ of Z/2-graded countable abelian groups and degree-
preserving homomorphisms, for which we shall use the following

Notation 2.1. If M is a Z/2-graded abelian group, then M0 shall denote its zero-
degree part and M1 its one-degree part; on the other hand, if M is an abelian
group and ε ∈ Z/2, we write M [ε] for the graded group with M in degree ε and 0
in degree ε+ 1.

2.1. The universal coefficient theorem and some corollaries. The extremely
useful UCT of Rosenberg-Schochet [15] computes the Kasparov groups KK∗(A,B)
in terms of the K-theory groups of A and B:

Theorem 2.2 (Universal coefficient theorem). Let A and B be separable C∗-alge-
bras, with A ∈ Boot. Then there is a short exact sequence of Z/2-graded groups

(2) Ext(K∗A,K∗B) //
+1

// KK∗(A,B) // // Hom(K∗A,K∗B),

where the map marked by +1 has degree one, and the second map is the K-theory
functor K0 = KK(C,−). The sequence is natural and splits unnaturally. �

Here Hom and Ext denote the (graded) Hom and Ext groups computed in AbZ/2
∞ .

Concretely, Hom has the degree preserving homomorphisms in degree zero and
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the degree exchanging homomorphisms in degree one, while Ext(K∗A,K∗B)0 =
Ext1Z(K0A,K0B) ⊕ Ext1Z(K1A,K1B) and Ext(K∗A,K∗B)1 = Ext1Z(K0A,K1B) ⊕
Ext1Z(K1A,K0B) in terms of the usual Ext1Z of abelian groups.

Remark 2.3. The UCT, and the Künneth theorem recalled below, are best un-
derstood in the general context of relative homological algebra for triangulated
categories. There they are corollaries, among others, of the stronger result that
homological algebra in KK relative to the (homological ideal defined by) K-theory
is hereditary. Consult [9, 11] for this and more.

Remark 2.4. In fact, the UCT has the following converse: for any separable C*-
algebra A, the sequence (2) is exact (for all B ∈ KK) if and only if A ∈ Boot. This
can be used to show that all commutative separable C*-algebras belong to Boot
([16, Prop. 5.3]). The same question for nuclear separable C*-algebras, however,
is still unanswered. Indeed, this has been called “one of the outstanding open
questions of C*-algebra theory” ([5, 23.15.12]; see also [6]).

The following corollaries are easily derivable from the UCT and the 6-periodic
long exact sequence in K-theory, cf. [5, §23] or [7, Cor. 5.29-32].

Corollary 2.5. K-theory induces an isomorphism KK(A,B) ' Hom(K∗A,K∗B)0
for any A ∈ Boot and B ∈ KK such that K∗A is free or K∗B is divisible. �

Corollary 2.6. Let M be any Z/2-graded countable abelian group. Then there is
a C*-algebra A ∈ Boot in the Bootstrap category with K∗A 'M . �

With this corollary, for instance, one constructs the objects κ(p) with K∗(κ(p)) =
Fp[0] used in the definition of K-theory with coefficients. For p 6= 0, of course, one
needs simply set κ(p) = cone(p), where p ∈ Z = EndBoot(C) is considered to be a
map in Boot and cone(p) is its cone (or equivalently: cone(p) = ΣCp, where Cp is
the “mapping cone”, in the traditional arrow-reversing sense of C*-algebraists, of
the unital *-homomorphism C→Mp(C)).

Corollary 2.7. Consider objects A,B ∈ Boot and an isomorphism f : K∗A ' K∗B
of graded abelian groups. Then f lifts to an isomorphism A ' B in Boot. �

Thus K-theory induces a bijection between the isomorphism types of Boot and
those of AbZ/2

∞ . It is no surprise that something like Theorem 1.1 must be true.

Remark 2.8. As already mentioned in the Introduction, Boot is compactlyℵ1 gener-
ated in the sense of [7], that is, it admits all countable coproducts and it is generated
by a set of compactℵ1 objects. Note that Boot is not compactly generated in the
usual sense, because it has no non-trivial uncountable coproducts – this is due to
the separability hypothesis built into the theory. This said, the reader may now
relax in view of the following characterization.

Lemma 2.9. An object A ∈ Boot is compact (i.e., compactℵ1) if and only if K∗A
is finitely generated.

Proof. One implication, that every compact object in Boot has finitely generated
K-theory, follows from a routine induction based on the fact that the subcategory
of compact objects coincides with the thick triangulated subcategory of Boot gener-
ated by C. If A ∈ Boot has finitely generated K-theory and

∐
iBi is a coproduct in

Boot (or even in KK), then the canonical map
⊕

i KK(A,Bi)→ KK(A,
∐

iBi) is an
isomorphism by [15, Prop. 7.13] (which is another easy corollary of the UCT). Again
by the UCT, we see that KK(A,B) is countable wheneverK∗(A) is finitely generated
(we also see that it is not countable in general, e.g. B = C and A =

∐
N C). �
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2.2. The Künneth theorem and some corollaries. The Kasparov category KK
come equipped with a tensor product (a symmetric monoidal structure), induced by
the minimal tensor product ⊗ := ⊗min of C*-algebras, which preserves coproducts
and exact triangles in each variable. The following Künneth theorem (not to be
confused with the homonymous and allied, but different, Künnneth theorem [15,
1.18]) computes the K-theory of a tensor product in terms of that of its factors,
provided one of them is in Boot.

Theorem 2.10 (Künneth theorem; [5, §23], [11]). Let A and B be separable C∗-al-
gebras with A ∈ Boot. Then there is a natural short exact sequence of Z/2-graded
abelian groups

(3) K∗(A) ⊗̂K∗(B) // // K∗(A⊗B)
+1

// // Tor(K∗(A),K∗(B))

which splits unnaturally. The first map is the one induced by the symmetric monoidal
structure ⊗ := ⊗min : KK(C, A)× KK(C, B)→ KK(C, A⊗B) of KK. �

Here ⊗̂ is the tensor product of Z/2-graded groups, defined by (M ⊗̂N)ε =⊕
i+j=εMi ⊕Mj , and Tor is its first derived functor, or concretely Tor(M,N)ε =⊕
i+j=ε TorZ

1 (Mi, Nj), in terms of the usual TorZ
1 of abelian groups (i, j, ε ∈ Z/2).

Corollary 2.11. For all p, q ∈ Spec Z, we have κ(p)⊗κ(q) 6= 0 if and only if p = q.

Proof. Immediate from the Künneth theorem, since TorZ
∗(Fp,Fq) 6= 0 iff p = q. �

Corollary 2.12. If A ∈ 〈κ(p) | p ∈ S〉 for some S ⊆ Spec Z, then A⊗κ(q) = 0 for
all q ∈ Spec Z r S.

Proof. Because the kernel on objects Ker(−⊗ κ(q)) of tensorization with κ(q) is a
localizing subcategory of Boot and contains κ(p) for p 6= q by Cor. 2.11. �

Corollary 2.13. For every A ∈ Boot and p ∈ Spec Z, the tensor product A⊗ κ(p)
is isomorphic to a coproduct of suspensions of copies of κ(p).

Proof. By the Künneth theorem, K∗(A⊗κ(p)) is a graded k(p)-vector space. Hence
A⊗ κ(p) has the desired form because of Cor. 2.7. �

Corollary 2.14. For every p ∈ Spec Z, the localizing subcategory 〈κ(p)〉 ⊂ Boot is
minimal with respect to inclusion.

Proof. Let L ⊆ Boot be a localizing subcategory such that 0 6= L ⊆ 〈κ(p)〉. Thus
there exists a 0 6= A ∈ L, so κ(p) is a retract of A ⊗ κ(p) by Cor. 2.13, therefore
κ(p) ∈ L since L is a thick ⊗-ideal (Lemma 3.10). Hence L = 〈κ(p)〉. �

2.3. Injective objects. We recall a few well-known facts. The ring Z of integers
is a commutative noetherian ring of homological dimension one, and it follows
that every abelian group M has a lenght-one minimal injective resolution (one
which is a retract of any other). Such a resolution M � I0 � I1 is unique up
to isomorphism. The class of injective Z-modules coincides with that of divisible
abelian groups, and every divisible group M is isomorphic to a direct sum of copies
of the following groups – the indecomposable injective Z-modules:

I(0) := Q and I(p) := Z[ 1p ]/Z , for p prime .

(This description is a simple special case of the classification of injective R-modules
over a commutative noetherian ring R.) Note that I(p) consists entirely of p-
primary torsion elements (p 6= 0). If we localize the Z-module I(p) at q, we get
I(p)(q) = 0 except if q = p or p = 0, in which case I(p)(q) = I(p).

All of this extends to graded abelian groups: it is clear that an object M ∈ AbZ/2
∞

is injective iff its zero- and one-degree parts are both (countable) injective abelian
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groups, and therefore M '
⊕

n∈N0
I(pn)[0]⊕

⊕
m∈N1

I(pm)[1] for some countable
sets N0 and N1.

If we also factor in Corollary 2.5, we get

Lemma 2.15. The K-theory functor K∗ : Boot→ AbZ/2
∞ restricts to an equivalence

between the full subcategory of those A ∈ Boot with divisible K-theory, and the full
subcategory of injective objects in AbZ/2

∞ . �

Remark 2.16. Using the UCT and the decomposition of KK mentioned in the In-
troduction, one can show that the objects B ∈ Boot with injective K-theory are
precisely the K∗-injective objects of KK in the sense of [11], i.e., those B ∈ KK such
that KK(ϕ,B) = 0 for every morphism ϕ with K∗(ϕ) = 0. However, we shall not
need this here.

Definition 2.17. As we did for the residue field objects κ(p), we can use Cor. 2.6
to define for each p ∈ Spec Z the – up the isomorphism, unique – object ι(p) in
Boot such that

K∗(ι(p)) ' I(p)[0],
thus realizing in the Bootstrap category the indecomposable injectives I(p)[0] and
I(p)[1] of AbZ/2

∞ associated to p. Note that ι(0) = κ(0), and that none of the ι(p)
is compact.

Corollary 2.18. Every B ∈ Boot with divisible K-theory is a coproduct of copies
of ι(p) and Σι(p), p ∈ Spec Z. �

2.4. Re-generating the Bootstrap category. We now investigate more closely
the relation between the objects κ(p) and ι(p). As it turns out, they generate the
same localizing subcategories of Boot (Prop. 2.24).

Definition 2.19 (Cf. [2]). Define the support, written suppZM , of a (graded)
abelian group as the set of p ∈ Spec Z such that I(p) appears (in some degree) as
a direct summand in a minimal injective resolution I0 → I1 of M . For any subset
S ⊆ Spec Z, define

BootS := {A ∈ Boot | suppZK∗A ⊆ S}.

Thus for instance Boot∅ = 0, BootSpec Z = Boot, and BootSpec Zr{0} consists of
all C*-algebras with torsion K-theory. More generally:

Lemma 2.20. If V ⊆ Spec Z is specialization closed (i.e., either V = Spec Z or
V is a subset of prime numbers), then BootV = Ker

(⊕
q 6∈V K∗(−)(q)

)
⊆ Boot.

In particular, as the object-kernel of a coproduct preserving homological functor,
BootV is a localizing subcategory of Boot.

Proof. This is [2, Lemma 2.3 (1)] for R = Z. Of course, this case is also easy to see
directly from §2.3. �

Remark 2.21. The hypothesis that V be specialization closed is necessary. Indeed,
if S ⊆ Spec Z is not specialization closed then S contains 0 without containing some
prime number p. Therefore κ(0) ∈ Boot{0} ⊆ BootS but (K∗κ(0))(p) = Q[0] 6= 0.

Lemma 2.22. BootV = 〈ι(p) | p ∈ V 〉 for any specialization closed V ⊆ Spec Z.

Proof. By definition, for every A ∈ BootV there is in AbZ/2
∞ a short exact sequence

K∗A � I0 � I1 such that I0 and I1 are direct sums of copies of I(p)[0] and I(p)[1],
for p ∈ V . Now use the UCT to realize f : I0 → I1 as a map ϕ : B0 → B1 in Boot.
We see from §2.3 that B0 and B1 must be isomorphic to coproducts of suspensions
of copies of the objects ι(p), p ∈ V . In particular B0, B1 ∈ 〈ι(p) | p ∈ V 〉 ⊆ Boot.
Finally, the 6-periodic long exact sequence in K-theory for a distinguished triangle
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ΣB1 → C → B0 → B1 containing ϕ splits in two short exact sequences by the
surjectivity of K∗(ϕ) = f , and we immediately see that K∗A ' K∗C and therefore
A ' C ∈ 〈ι(p) | p ∈ V 〉. Thus BootV ⊆ 〈ι(p) | p ∈ V 〉.

The other inclusion 〈ι(p) | p ∈ V 〉 ⊆ BootV follows because BootV is localizing
(Lemma 2.20) and ι(p) ∈ BootV for all p ∈ V . �

Lemma 2.23. 〈ι(p)〉 = 〈κ(p)〉 for every p ∈ Spec Z.

Proof. Since ι(0) = κ(0), we can assume that p is a prime number. There is a
short exact sequence Fp � I(p) � I(p), where the first map sends 1 to 1

p and the
second map is multiplication by p. This can be realized as a distinguished triangle
Σι(p) → κ(p) → ι(p) → ι(p) in Boot. Hence κ(p) ∈ 〈ι(p)〉, which proves “⊇”. For
the converse inclusion, recall that for every element x ∈ I(p) there is some positive
integer n such that pnx = 0. This defines a filtration 0 = M0 ⊆M1 ⊆ · · · ⊆Mn ⊆
· · · I(p), where Mn consists of the pn-torsion elements of I(p). For every n, build an
exact triangle Bn → Bn+1 → Cn → ΣBn with K∗(Bn → Bn+1) = (Mn ↪→Mn+1).
We see from the long exact sequence in K-theory that each K∗C

n 'Mn+1/Mn[0]
is a graded Fp-vector space. Hence Cn ∈ 〈κ(p)〉 by Cor. 2.7. Since B1 ' C0, it
follows by induction that Bn ∈ 〈κ(p)〉 for every n ≥ 0. Therefore, the homotopy
colimit B̃ := hocolim(B0 → B1 → B2 → . . .) (see [14, §1.6]) is also in 〈κ(p)〉. Since
the K-theory functor K∗ is homological and commutes with coproducts, there is
an isomorphism I(p) = colimnM

n ' K∗B̃ ([12, Lemma 1.5] [10, Lemma 2.4]),
showing that ι(p) ' B̃ ∈ 〈κ(p)〉, as required. �

Therefore

Proposition 2.24. 〈ι(p) | p ∈ S〉 = 〈κ(p) | p ∈ S〉 for any subset S ⊆ Spec Z. �

In particular, with Lemma 2.22, this has the following implications.

Corollary 2.25. BootV = 〈κ(p) | p ∈ V 〉 for any specialization closed V ⊆ Spec Z.
In particular, the Bootstrap category is generated by the residue field objects: Boot =
〈κ(p) | p ∈ Spec Z〉. �

Corollary 2.26. If A⊗ κ(p) = 0 for all p ∈ Spec Z, then A = 0.

Proof. Indeed, if the hypothesis holds then A = A ⊗ C belongs to A ⊗ Boot =
A⊗ 〈κ(p) | p ∈ Spec Z〉 = 0 (Cor. 2.25) and therefore A = 0. �

Corollary 2.27. Let A ∈ 〈κ(p) | p ∈ S〉 for some S ⊆ Spec Z. If A⊗ κ(p) = 0 for
each p ∈ S, then A = 0.

Proof. By the hypothesis and Cor. 2.12, we get A⊗ κ(p) = 0 for every p ∈ Spec Z
and therefore A = 0 by the previous corollary. �

3. Localization in Boot

Shortly we shall see that the localizing subcategories BootV ⊆ Boot of Def. 2.19
recover part of the localization theory in [2], just enough for us to define, in our
setting, the functors Γp of loc. cit. The next proposition collects some results on
Bousfield localization for Boot, as we shall need here.

Proposition 3.1. (i) For every specialization closed subset V ⊂ Spec Z (i.e.,
when V is either a subset of primes or the whole spectrum) there exists in
Boot a distinguished triangle

(4) ΓV A //A //LV A //ΣΓV A

such that ΓV A ∈ BootV and LV A ∈ Boot⊥V . It is functorial in A ∈ Boot
and unique up to unique isomorphism of (functorial) triangles, and it can
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be obtained by tensoring the special case

(5) ΓV C //C //LV C //ΣΓV C

with the object A.

(ii) BootV = ΓV (Boot) = KerLV and Boot⊥V = LV (Boot) = KerΓV .

(iii) If V1 ⊆ V2 are two specialization closed subsets, then

(6) ΓV1ΓV2 ' ΓV1 and LV2LV1 ' LV2

via the unique morphisms induced from those in (4).

(iv) We have the following descriptions:

BootV = 〈cone(s) | s ∈ ΠV 〉(7)

Boot⊥V = {A ∈ Boot | s · idA is invertible ∀s ∈ ΠV }(8)

where ΠV = {pr1
1 · · · p

rk

k | pi ∈ V, ri ≥ 0, k ≥ 0} is the multiplicative subset
of Z generated by all p ∈ V , and cone(s) is the cone of s ∈ ΠV ⊆ KK(C,C).

(v) For every C ∈ Bootc, the map A→ LV A induces an isomorphism

(ΠV )−1KK(C,A) ' KK(C,LV A).

Proof. The case V = Spec Z is trivial, because it suffices to define ΓV = idBoot and
LV = 0. The case V = ∅ is dually trivial, if one sets ΓV = 0 and LV = id. It is
then straightforward to verify all the claims in the proposition. From now on, we
accordingly assume that V is a set of prime numbers.

Note that, for s ∈ ΠV , the group K∗ cone(s) = Z/s[0] is torsion and has only p-
primary torsion for primes in V . Therefore, as one sees easily, its minimal injective
resolution contains only copies of I(p)[0] for p ∈ V . Thus cone(s) ∈ BootV for each
s ∈ ΠV , by definition. Also, κ(p) = cone(p). Thus we have inclusions 〈κ(p) | p ∈
V 〉 ⊆ 〈cone(s) | s ∈ ΠV 〉 ⊆ BootV which must be equalities by Cor. 2.25.

As we already mentioned, Boot is a compactlyℵ1 generated tensor triangulated
category. In such a category, we may use the localization theory developed in
[7, §2.4]. We obtain the distinguished triangle of part (i) and (ii) by applying
[7, Thm. 2.33]2 for the multiplicative system S := ΠV ⊆ Z = EndBoot(C). Indeed,
the category LS of loc. cit. is the localizing ⊗-ideal generated by the objects
cone(s), s ∈ S, but this coincides with 〈cone(s) | s ∈ S〉 = BootV (Lemma 3.10).
Part (iv) and (v) are then part of the cited theorem. Finally, part (iii) follows from
[7, Cor. 2.8] since V1 ⊆ V2 implies BootV1 ⊆ BootV2 . �

Example 3.2. For a p ∈ Spec Z, consider the specialization closed V = {q | q 6⊂ p}
consisting of all the prime numbers except for a single p, or all primes (if p = 0).
We shall write Γ(p) := ΓV and L(p) := LV , suggestive of the fact that K∗(L(p)A) '
(K∗A)(p) realizes localization at p (by Prop. 3.1 (v)).

Definition 3.3. As in [2], we can now define the exact functors

Γp := Γ{p}L(p)

for each p ∈ Spec Z.

Remark 3.4. It is easy to prove, using Prop. 3.1 (i) and (iii), that we would get iso-
morphic functors by setting Γp = ΓV LW or Γp = LWΓV for any two specialization
closed sets V,W such that V ∩ (Spec Z rW ) = {p}.

2Note however that we have switched to the more suggestive notation of [2].
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3.1. Computation of Γp. As it turns out, the objects ΓpC, and therefore the
functors Γp = ΓpC ⊗ −, are old acquaintances. Namely, if p = 0 then Γ{p} = id
and L(0) has the effect of inverting all n ∈ Z r {0}, that is K∗L(0)A ' Q ⊗K∗A.
It follows that Γ0 is simply the functor κ(0)⊗−.

For p 6= 0, we have Γp
def.= Γ{p}L(p) ' Γ{p}L∅ = Γ{p}, by Remark 3.4. The

distinguished triangle (5) for V = {p} provides us with the following exact sequence:

K0Γ{p}C // Z inc // Z[ 1p ]

		

0

II

0oo K1Γ{p}Coo

It follows that K∗ΓpC = K∗Γ{p}C ' (Z[ 1p ]/Z)[1] and therefore ΓpC = Σι(p). Thus:

(9) Γ0C ' ι(0) and ΓpC ' Σι(p) (p 6= 0).

Let us express this in terms of localizing subcategories:

Proposition 3.5. Γp(Boot) = 〈κ(p)〉 for every p ∈ Spec Z.

Proof. We have 〈κ(p)〉 = 〈ι(p)〉 = 〈ΓpC〉 by Lemma 2.23 and (9). Moreover,
Γp(Boot) = ΓpC⊗Boot by Prop. 3.1 (i) and the latter is 〈ΓpC〉 by Lemma 3.10. �

We now draw some consequences of our computation. In particular the following
lemma, with its crucial application in Proposition 3.8, is the main reason why we
introduced the objects Γp and Bousfield localization at all, in the present note.

Lemma 3.6. Let A ∈ Boot. If ΓqA = 0 for all q 6∈ S, then A ∈ 〈κ(p) | p ∈ S〉.

Proof. (Cf. [13, Lemma 2.10].) Let V denote the set of all specialization closed
subsets V ⊆ Spec Z such that ΓV A ∈ 〈κ(p) | p ∈ S〉 =: L. Note that V is non-
empty (∅ ∈ V) and is closed under taking increasing unions (we defer this until
Lemma 3.7). Hence by Zorn’s lemma V contains a maximal element, say W .

We claim that W = Spec Z, which would imply A = ΓWA ∈ L, as wished.
If this were not the case there would be a prime number q ∈ Spec Z rW with

(10) ΓqA ' ΓW∪{q}LWA

(Rem. 3.4). Now, either q 6∈ S and thus ΓqA = 0 (by hypothesis); or else q ∈ S
and so κ(q) ∈ L, which implies ΓqA ∈ 〈κ(q)〉 ⊆ L by Proposition 3.5. In either
case, we would have ΓqA ∈ L. Thus ΓW∪{q}LWA ∈ L, by (10). Therefore, in the
exact triangle ΓW∪{q}ΓWA → ΓW∪{q}A → ΓW∪{q}LWA → Σ(· · · ) (obtained by
applying the exact functor ΓW∪{q} to an instance of (4)) the third object belongs
to L, and so does the first one (by (6) and ΓWA ∈ L). Therefore ΓW∪{q}A ∈ L, in
contradiction with the maximality of W . �

Lemma 3.7. Let L ⊆ Boot be localizing, and let V =
⋃

i Vi be an increasing union
of specialization closed subsets of Spec Z. If ΓVi

A ∈ L for all i, then ΓV A ∈ L.

Proof. Since V is countable, we may assume that the sequence V0 ⊆ · · · ⊆ Vi ⊆
Vi+1 ⊆ · · · is countable. By Prop. 3.1 (i) and (iii), there are canonical morphisms
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ΓVi
A = ΓVi

ΓVi+1A→ ΓVi+1A and ΓVi
A = ΓVi

ΓV A→ ΓV A fitting into a commuta-
tive diagram

· · · // ΓVi
A //

��

ΓVi+1A //

��

· · · hocolimi ΓVi
A

��

· · · ΓV A

��

ΓV A

��

· · · ΓV A

��

· · · // LVi
ΓV A //

��

LVi+1ΓV A //

��

hocolimi LVi
ΓV A =: Ã

��

· · · // Σ(· · · ) // Σ(· · · ) // · · · Σ(· · · )

where each column is a distinguished triangle, the right-most one obtained by taking
homotopy colimits. Since V =

⋃
i Vi, for each p ∈ V there exists by (8) an ip such

that p is invertible on LVi
ΓV A = LVip

LVi
ΓV A for i ≥ ip. Hence, each p ∈ V

is invertible on Ã, and therefore Ã ∈ Boot⊥V , again by (8). But we also have
Ã ' ΓV (hocolimi LVi

A) ∈ BootV , therefore Ã = 0, therefore ΓV A ' hocolimi ΓVi
A.

Since ΓVi
A ∈ L for all i and L is localizing, it follows that ΓV A ∈ L as well. �

Proposition 3.8. Let S ⊆ Spec Z be any subset. If A ⊗ κ(p) = 0 for all p ∈
Spec Z r S, then A ∈ 〈κ(p) | p ∈ S〉.

Proof. Assume that A⊗ κ(p) = 0 for all p 6∈ S. Since κ(p) ∈ Γp(Boot) (Prop. 3.5),
we have κ(p) = ΓpC⊗κ(p) and therefore ΓpA⊗κ(p) = A⊗ΓpC⊗κ(p) ' A⊗κ(p) = 0
for all p 6∈ S. Since ΓpA ∈ 〈κ(p)〉 (Prop. 3.5) we see by Cor. 2.27 that ΓpA = 0 for
all p 6∈ S. We conclude with Lemma 3.6 that A ∈ 〈κ(p) | p ∈ S〉. �

Corollary 3.9. For each subset S ⊆ Spec Z, the localizing subcategory LS ⊆ Boot
of Theorem 1.1 coincides with 〈κ(p) | p ∈ S〉.

Proof. Since LS
def.=
⋂

q 6∈S Ker(−⊗κ(q)) is localizing and contains κ(p) for all p ∈ S
(Cor. 2.11), we have the first inclusion 〈κ(p) | p ∈ S〉 ⊆ LS . The reverse inclusion
LS ⊆ 〈κ(p) | p ∈ S〉 is just Prop. 3.8. �

3.2. Localizing subcategories of Boot. Let us prove the bijection of Theorem
1.1 for the localizing subcategories of Boot. Thus we have to show that both
compositions of the maps S 7→ LS and L 7→ Supp(L) in the theorem yield the
identity. For this we shall use the formula LS = 〈κ(p) | p ∈ S〉 ⊆ Boot of Cor. 3.9.
We shall also need the following general fact (that we have already used a couple
of times), applied to T = Boot:

Lemma 3.10. Let T be a triangulated category equipped with a tensor product ⊗
with unit object 1 and which is exact and preserves coproducts. If T = 〈1〉, then
every localizing subcategory L ⊆ T is a ⊗-ideal, i.e.: A⊗B ∈ L for all A ∈ L and
arbitrary B ∈ T .

Proof. Let L be a localizing subcategory of T . For any A ∈ L, it is immediately
checked that the subcategory LA := {B ∈ T | A ⊗ B ∈ L} is localizing and
contains 1. Hence T ⊆ LA for all A ∈ L, as claimed. �

Now note that the inclusion S ⊆ SuppLS follows immediately from the defini-
tions. On the other hand, if q ∈ Spec ZrS then Ker(−⊗κ(q)) is a localizing subcat-
egory of Boot containing κ(p) for all p ∈ S (Cor. 2.11), and therefore SuppLS ⊆ S
as well. Thus SuppLS = S.

For the other composition, let L ⊆ Boot be a localizing subcategory. If p ∈
SuppL, then by definition there is an A ∈ L such that A⊗ κ(p) 6= 0. Since L is a
⊗-ideal (Lemma 3.10), it contains the latter object, which by Cor. 2.13 is a nonzero
coproduct of copies of κ(p) and Σκ(p). Since L is also closed under retracts and
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suspensions, it contains κ(p). Hence LSuppL ⊆ L. Conversely, let A be any object
in L. Since, by definition, A⊗ κ(p) = 0 for all p ∈ Spec Z r SuppL, it follows from
Prop 3.8 that A ∈ LSuppL. Therefore L ⊆ LSuppL too.

Thus the maps in the theorem are mutually inverse.

3.3. Smashing subcategories of Boot. Let us check that the bijection of Thm. 1.1
restricts to smashing subcategories and specialization closed subsets.

Lemma 3.11. For L ∈ Loc(Boot) and p ∈ Spec Z, either κ(p) ∈ L or κ(p) ∈ L⊥.

Proof. By the classification just proved, we must have L = LS = 〈κ(q) | q ∈ S〉 for
some subset S ⊆ Spec Z. If κ(p) 6∈ L, then p 6∈ S. Thus Ext∗Z(Fq,Fp) = 0 for all
q ∈ S and therefore KK∗(κ(q), κ(p)) = 0 by the UCT. �

Lemma 3.12. If moreover L is smashing, then either ι(p) ∈ L or ι(p) ∈ L⊥.

Proof. We know from 2.23 that ι(p) ∈ 〈κ(p)〉. Since L is smashing both L and
its right orthogonal L⊥ are localizing, so the claim follows from the dichotomy of
Lemma 3.11. �

Lemma 3.13. If L ⊆ Boot is smashing and ι(0) ∈ L, then ι(p) ∈ L for all p.

Proof. There is a nonzero morphism ι(0) → ι(p) corresponding to the surjection
Q→ I(p), so ι(p) 6∈ L⊥. Therefore ι(p) ∈ L by Lemma 3.12. �

Lemma 3.14. Let L be a smashing subcategory of Boot. If 0 ∈ SuppL, then
L = Boot.

Proof. If 0 ∈ SuppL, then ι(0) ∈ L by the first part of Thm. 1.1. Since L is
smashing, by Lemma 3.13 it contains all ι(p)’s and so it must be the whole Boot
by Lemma 2.22. �

In other words, the latter lemma says that if L is smashing then SuppL is
specialization closed. On the other hand, if V ⊆ Spec Z is specialization closed
then LV is either LSpec Z = 〈C〉, or LV = 〈κ(p) | p ∈ S〉 for 0 6∈ S; in both cases,
it is generated by compact objects and therefore is smashing, as one can verify
immediately.

This concludes the proof of the main theorem.

4. The greater context

There are other similar classifications of localizing subcategories in the literature.
Most notably, in [13] A. Neeman classifies all localizing subcategories of the (full)
derived category D(R) of a commutative noetherian ring R in terms of subsets of
SpecR; in [3], Benson, Iyengar and Krause classify the localizing subcategories of
the (full) stable module category StMod(kG) – for G any finite group and k a field
whose characteristic divides the order of G – in terms of subsets of the projective
scheme Proj(H∗(G; k)).

These classifications and a few others all fit into the general abstract context
developed in [2,4], where one works with a compactly generated triangulated cate-
gory on which acts a noetherian graded commutative ring R. For us, R would be
the endomorphism ring Z ' EndBoot(C) of the tensor unit object C ∈ Boot, but
unfortunately the Bootstrap category is not compactly generated because it does
not have arbitrary small coproducts. This is not a trivial obstruction, since not all
triangular techniques employed in loc. cit. can be adapted to the more general (but
definitely weaker) setting of a “compactlyℵ1 generated category” [7, §2], into which
Boot fits. In particular, Brown representability for homological functors does not
hold in Boot (see [7, Ex. 2.11]), and this is used by Bensor-Iyenger-Krause at a few
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crucial steps, such as their very definition of the functors Γp. We don’t know how
much of their theory generalizes to the ℵ-relative situation.

Certainly however, the classification that we have just proved morally belongs
to the above-mentioned abstract context, if not factually. Indeed, our proof is an
adaptation of Neeman’s original proof for the easy special case of D(Z), as the
knowledgeable reader has surely noticed.
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