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1 Introduction

The purpose of this note is to prove a variant of Gersten’s conjecture. Let us recall that the
Gersten’s conjecture from [Ger73].

Conjecture 1.1 (Gersten’s conjecture). For any commutative regular local ring A and natural
numbers n, p, the canonical inclusion Mp+1

A ↪→Mp
A induces the zero map on K-groups

πn
p : Kn(Mp+1

A ) → Kn(Mp
A) ,

where Mi
A is the category of finitely generated A-modules M with

CodimSpec A SuppM = i.

The previous works in [HM09], we turn out that Gersten’s conjecture is equivalent to its
local version. To state local Gersten’s conjecture, we start from recalling the notation from
[HM09], [MS10]. In this paper, let us fix a commutative regular local ring A of Krull dimension
d. For any ideal of A generated by a regular sequence I, we denote the category of finitely
generated A-modules M whose support are in V (I) and whose projective dimension is less
than p by MI

A(p). If ht I = p, we write WtI
A := MI

A. Gersten’s conjecture is equivalent to
the following local Gersten’s conjecture for every I. (See [MS10].) Let I be a height p ideal
generated by regular sequence.

Conjecture 1.2 (Local Gersten’s conjecture for I). The inclusion functor WtI
A ↪→Mp−1

A in-
duces zero maps

Kn(WtI
A) → Kn(Mp−1

A )

for any non-negative integer n.

In this paper, we prove that the following assertion.

Theorem 1.3. If I is generated by a part of a regular system of parameter f1, . . . , fp, then the
canonical inclusion functor

WtI
A ↪→MJ

A(p)

induces the zero maps
Kn(WtI

A) → Kn(MJ
A(p)).

for any non-negative integer. Here I an J are ideals generated by f1, . . . , fp and f1, . . . , fp−1

respectively.

Since the maximal ideal of A is generated by a regular system of parameter, we have the
following corollary.
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Corollary 1.4. The canonical inclusion Md
A ↪→Md−1

A induces zero maps

Kn(Md
A) → Kn(Md−1

A )

for any non-negative integer n.

Conventions. For an essentially small Waldhausen category (C, w), we write its K-space by
K(C; w). If w is the class of all isomorphisms, then we omit w in the notation. A topological
space means a compactly generated topological space and their fiber product is considered
in the category of compactly generated topological spaces Top. A pointed space means a
pointed topological space with non-degenerate base point. We denote the category of pointed
topological spaces by Top∗.

2 Reduced pure weight modules

In the section, we will introducing a notion of reduceness of pure weight modules.

Definition 2.1 (Reduced (pure weight) modules). Let I be an ideal in A generated by an
regular sequences f1, · · · , fq. An A-module M in MI

A(p) is said to be reduced if
√

IM = 0.
We denote the full subcategory of reduced modules in MI

A(p) by MI
red,A(p). Since obviously

MI
red,A(p) is closed under taking finite direct sum and admissible sub and quotient objects in

MI
A(p), applying Lemma 3.2.7 in [Moc08], we learn that MI

red,A(p) can be considered as an
exact category in the natural way.
We put MI

red,A := MI
red,A(∞) and WtI

red,A := MI
red,A(p). A module in WtI

red,A is said to be
a reduced pure weight modules supported on V (I).

Remark 2.2. The notion of reduceness above is slightly different from that in [Moc08, 3.2.2].
Two notion is coincided if I is reduced.

Example 2.3. Suppose A is a regular local ring and let I be an ideal in A generated by a part
of regular system of parameter f1, . . . , fp. Then we have the equality P(A/I) = WtI

red,A.

Proof. First notice that I is prime, a fortiori, reduced. For any M in WtI
red,A, let us consider

projective dimension of M as an A/fp-module. Since A/fp is regular, ProjdimA/fp
M < ∞.

Now we have the equality

ProjdimA/fp
M + depthA/fp

M = dim A/fp.

Since fpM = 0, we have depthA/fp
M = depthA M , we get the equality

ProjdimA/fp
M = (dimA − 1) − depthA M = ProjdimA M − 1 (1)

and therefore M is in Wt(f1,...,fp−1)

red,A/fp
. Then by induction, we shall assume p = 0. In this case,

the assertion is trivial.

The following assertion is proved in [Moc08].

Proposition 2.4 (Dévissage theorem). Let I be an ideal in A generated by a regular sequences
f1, · · · , fp. Then the canonical inclusion induces a homotopy equivalence

K(WtI
red,A) ∼→K(WtI

A).
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Therefore, to prove the main theorem we only check that P(A/I) ↪→MJ
A(p) induces zero

maps on their K-groups where I is generated by a part of regular system of parameter f1, . . .
and J is an ideal generated by f1, . . . , fp−1.

3 Lax algebraic K-theory and lax group representations

In this section, we review the notion of lax algebraic K-theory and lax group representations
from [Moc07].

Definition 3.1 (Lax functors, Deformations). Let I, X be small categories.

(1) A lax functor x : I → X consists of two maps which assign to each object i ∈ I an object
xi ∈ X , to each morphism a : i → j in I an morphism xa : xi → xj in X , respectively. These
data are required to satisfy that for any object i ∈ I, xidi = idxi .

(2) A (lax)deformation f : x ⇒ y, between lax functors x, y : I → X consists of a map which
assign to each object i ∈ I a morphism fi : xi → yi in X .

(3) In the notation above, f is called strict if each morphism a : i → j in I, fjxa = yafi.

(4) For any deformations x
f⇒ y

g⇒ z, between lax functors x, y, z : I → X , we can define

their composition x
gf⇒ z by (gf)i = gifi for any i in I. Let LAX (I,X ) (resp. LAX (I,X )s)

be the category whose objects are lax functors from I to X and morphisms are deforma-
tions (resp. strict deformations). HOM(I,X ) (resp. HOM(I,X )s) is a full subcategory
of LAX (I,X ) (resp. LAX (I,X )s) whose objects are just functors. Finally we will put
Lax(I,X ) := ObLAX (I,X ).

For a small category X , its nerve N X is a simplicial set, defined by [n] 7→ hom([n],X ).
We also define its lax nerve N lax X by [n] 7→ Lax([n],X ). Obviously there is a natural map
N X → N lax X .

Definition 3.2. For any small Waldhausen category (C, w), we put

Klax(C;w) := Ω|N laxwS• C |.

Here S• means S-construction in [Wal85], |?| is the geometric realization functor and Ω is the
loop space functor.

Obviously we have the natural map K(C; w) → Klax(C;w). For any category with cofibra-
tions C, the following theorem plays important role in the proof of the main theorem. We
shortly write Klax(C; isom) by Klax(C).

Theorem 3.3. (c.f. [Moc07, 5.13].) Let C be a category with cofibrations. Then the canonical
map induced from the identity functor

K(C) → Klax(C)

has a left inverse functor up to homotopy.

Next we review the notion of lax group representations.
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Notations 3.4. Let G be a group and X be a small category with cofibrations. As usual we
will sometimes consider G as the category whose object set is only one element. We will denote
the “category” G by G. Then one can easily prove that LAX (G,X )s (resp. HOM(G,X )s) is a
category with cofibrations where a morphism f : x → y in LAX (G,X )s (resp. HOM(G,X )s)
is a cofibration if and only if forgetting the action of G, it is a cofibration in X . We call an
object in LAX (G,X )s a lax group representation in X . We write the Grothendieck groups of
Lax(G,X )s and HOM(G,X )s by Rlax

0 (G,X ) and R0(G,X ) respectively. We also define the
reduced Grothendieck groups by

R̃?
0(G,X ) := Ker(R?

0(G,X ) → R?
0(pt,X ))

where ? = ∅ or lax.

4 Universality of K-theory for semi-simple exact cate-
gories

In this section, we review the (lax) Sherman map and the universal property of K-theory
for semi-simple exact categories from [She82], [She92] and [Moc07]. First we keep the nota-
tions in algebraic topology. For pointed spaces X and Y , the set of free homotopy classes
of free maps from X to Y will be denoted [X,Y ](= π0(HomTop(X, Y ))), while [X,Y ]∗(=
π0(HomTop∗(X, Y ))) will denote the set of pointed homotopy classes of pointed maps. For
a pointed space X, X0 will denote the path-component containing the basepoint. Now let us
recall the (lax) Sherman map. For any pointed connected CW complex X and small exact
category E , we have maps

Sh?(X, E) : R?
0(π1(X), E) → [X, K?(E)],

S̃h
?
(X, E) : R̃?

0(π1(X), E) → [X, (K?(E))0]∗

which are functorial for both variable and where ? = ∅ or lax. The following diagram is
commutative for any X and E .

R0(π1(X), E)
Sh(X,E) //

��

[X, K(E)]

��
Rlax

0 (π1(X), E)
Shlax(X,E)

// [X, Klax(E)].

For reduced version, we also have the similar commutative diagram. Now we will state the
universal property of algebraic K-theory associated with semi simple exact categories. Let F
denote the category of finite pointed connected CW-complexes. Consider the functors F and
G from F to the category of commutative monoids, a natural transformation t : F → G is said
to be universal if for any connected H-space Z and any natural transformation F → [−, Z]∗,
the following diagram can be uniquely completed:

F
t //

""FF
FF

FF
FF

F G

���
�
�

[−, Z]∗
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Theorem 4.1 ([She92], See also [Hil81]). If E is a semi-simple exact category, that is, all short
exact sequences in E split, then the natural transformation

S̃h(?, E)0 : R̃0(π1(?), E) → [?, (K(E))0]∗

is universal.

5 Proof of the main theorem

In this section, we will prove the main theorem by utilizing the results in previous sections. Let
I be an ideal generated by a regular system of parameters f1, . . . , fp and J an ideal generated
by f1, . . . , fp−1. By dévissage theorem 2.4 and usual resolution theorem in [Qui73], inclusion
functors

P(A/I) = WtI
A,red ↪→WtI

A,

P(A/J) = WtJ
A,red ↪→WtJ

A ↪→MJ
A(p)

induces homotopy equivalences between their K-spaces. In particular K(Mj
A(p)) ∼→K(P(A/J))

has a natural H-space structure. (See for example [Gra76].) Therefore by using universal
property of K-theory of semi-simple exact categories 4.1, we shall only prove that for any finite
pointed CW complex X, the composition

R̃0(π1(X),P(A/I)) → [X, K(MJ
A(p))]

is 0. Now let us consider the diagram below

R̃0(π1(X),P(A/I)) //

Sh

��

R̃0(π1(X),MJ
A(p)) //

Sh

��

R̃lax
0 (π1(X),MJ

A(p))

Shlax

��
[X, (K(P(A/I)))0]∗ // [X, (K(MJ

A(p)))0]∗ I
// [X, (Klax(MJ

A(p)))0]∗ .

where I is injective by 3.3. Therefore we just check that the composition

R̃0(π1(X),P(A/I)) → R̃0(π1(X),MJ
A(p)) → R̃lax

0 (π1(X),MJ
A(p)).

is 0 and this is done as follows. Let G be a group and (x, ρx) be a representation in HOM(G,P(A/I))s.
Assume rank of x as a A/I-module is m. Then there is a short exact sequence

0 → (A/J)⊕m fp→ (A/J)⊕m p→ x → 0. (2)

For each g ∈ G, we have a lifting of ρx(g), that is, an A-module homomorphism ρ̃(g) :
(A/J)⊕m → (A/J)⊕m such that ρ̃(g) mod I = ρx(g). By Nakayama’s lemma, we learn ρ̃(g)
is an isomorphism of A-modules. Obviously assignment ρ̃ : G → Aut((A/J)⊕m) defines a lax
representation ((A/J)⊕m

, ρ̃) in LAX (G,MJ
A(p))s and we have a short exact sequence

((A/J)⊕m
, ρ̃)

fp→ ((A/J)⊕m
, ρ̃)

p→ (x, ρx) (3)

in LAX (G,MJ
A(p))s. So we have an identity

[(x, ρx)] = [((A/J)⊕m
, ρ̃)] − [((A/J)⊕m

, ρ̃)] = 0

in Rlax
0 (G,MJ

A(p)). Hence we get the result.
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