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Abstract. Let X be the variety of Borel subgroups of a simple and strongly
inner linear algebraic group G over a field k. We prove that the torsion part
of the second quotient of Grothendieck’s γ-filtration on X is a cyclic group of
order dividing the Dynkin index of G.

As a byproduct of the proof we obtain an explicit cycle θ which generates
this cyclic group; we provide an upper bound for the torsion of the Chow group

of codimension-3 cycles on X; and we relate the cycle θ with the Rost invariant
and the torsion of the respective generalized Rost motives.

Grothendieck’s celebrated γ-filtration of the ring K0(X) gives a way to estimate
the Chow group CH∗(X) of algebraic cycles on X modulo rational equivalence
when X is a smooth projective variety over a field k. Namely, by the Riemann-
Roch theorem without denominators [6, §15.3] the i-th Chern class provides a
well-defined group homomorphism

ci : γ
i/i+1(X) → CHi(X), i ≥ 0

from the i-th quotient of the γ-filtration to the Chow group of codimension-i cycles
on X . Observe that for i = 0 this map is the identity and for i = 1 it is an
isomorphism identifying CH1(X) with the Picard group of X . In the present paper
we study these maps in the cases i = 2, 3 and X is a generically split projective
homogeneous variety under a strongly inner simple linear algebraic group G.

Our core result bounds the torsion subgroup of γ2/3(B) and γ3/4(B) for the
variety of Borel subgroups B of G (Theorem 3.1). For instance, we show that
Torsγ2/3(B) is cyclic of order dividing the Dynkin index of G and exhibit a gener-
ator θ for it (Def. 3.2). Using this, we bound the torsion in CH3 for generically split
X (see §5) and provide explicit generators of torsion subgroups of CH2 of certain
generalized Rost motives.

We give various applications to the Rost invariant, see §4. For instance, the main
result of the paper implies that the map c2 : Tors γ2/3(B) → TorsCH2(B) can be
viewed as a substitute of the key mapQ(V ) → H3(k,Q/Z(2)) in the definition of the
Rost invariant [8, pp. 126, 127]. Indeed, a theorem of Peyre-Merkurjev [18] shows
that TorsCH2(B) can be identified with the kernel of the map H3(k,Q/Z(2)) →
H3(k(B),Q/Z(2)). Furthermore, the order of the image of the generator θ in
TorsCH2(B) equals to the order of the Rost invariant of G (see Prop. 4.1).

1. Preliminaries

We now provide several facts and observations concerning Chow groups, charac-
teristic maps, invariants, Dynkin indices and filtrations on K0 for varieties of Borel
subgroups of split simple linear algebraic groups.
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1.1. Two filtrations on K0. All facts provided here can be found in [11, §2]
and [6, §15]. Let X be a smooth projective variety over a field k. Consider the
γ-filtration on K0(X). It is given by the subgroups

γi(X) = 〈cK0

n1
(b1) · · · c

K0

nm
(bm) | n1 + · · · + nm ≥ i and b1, . . . , bm ∈ K0(X)〉,

where cK0

n denote the n-th Chern class with values in K0. For example, for the

class of a line bundle we have cK0

1 ([L]) = 1− [L∗]. Let γi/i+1(X) = γi(X)/γi+1(X)
denote the respective quotient. Consider the topological filtration on K0(X) given
by the subgroups

τ i(X) = 〈[OV ] | V →֒ X and codim V ≥ i〉,

where [OV ] is the class of the structure sheaf of a closed subvariety V . Let
τ i/i+1(X) = τ i(X)/τ i+1(X) denote the corresponding quotient.

There is an obvious surjection pr : CHi(X) ։ τ i/i+1(X) from the Chow group of
codimension i cycles given by V 7→ [OV ]. By the Riemann-Roch Theorem without
denominators the i-th Chern class induces the map in the opposite direction

ci : τ
i/i+1(X) → CHi(X)

and the composite ci ◦ pr is the multiplication by (−1)i−1(i − 1)! which is an iso-
morphism for i ≤ 2 [6, Ex.15.3.6]. For example, by the very definition we have

ci(

i
∏

j=1

cK0

1 ([Lj ])) = (−1)i−1(i− 1)!

i
∏

j=1

cCH
1 (Lj),

where Lj is a line bundle. Observe also that ci becomes an isomorphism after
tensoring with Q.

There is an embedding γi(X) ⊂ τ i(X) for all i. Moreover, γi(X) = τ i(X) for
i ≤ 2. Observe that γ1/2(X) = τ1/2(X) = CH1(X) is the Picard group and there
is an exact sequence

(1) 0 → τ3(X)/γ3(X) → Torsγ2/3(X)
c2−→ TorsCH2(X) → 0,

where we have written c2 for the composition γ2/3(X) → τ2/3(X)
c2−→ CH2(X).

1.2. Characteristic maps and invariants. Let Gs be a split simply connected
simple linear algebraic group of rank n over a field k. We fix a split maximal torus
T and a Borel subgroup B such that T ⊂ B ⊂ Gs. Let Bs denote the variety of
Borel subgroups of Gs and let T ∗ denote the group of characters of T . We fix a
basis of T ∗ given by the fundamental weights ω1, . . . , ωn.

Let S(T ∗) be the symmetric algebra of T ∗. Its elements are polynomials in the
fundamental weights ωi with coefficients in Z. Let Z[T ∗] be the integral group ring
of T ∗. Its elements are integral linear combinations

∑

i aie
λi , λi ∈ T ∗. Consider

the characteristic maps for CH and K0 (see [4, §8, 9] and [5, §1.5, 1.6])

c : S(T ∗) → CH(Bs) and c
′ : Z[T ∗] → K0(Bs)

given by

c : ωi 7→ cCH
1 (L(ωi)) and c

′ : eλ 7→ [L(λ)]

where L(λ) is the line bundle over Bs associated to the character λ.
There are obvious augmentation maps S(T ∗) → Z and aug : Z[T ∗] → Z given by

ωi 7→ 0 and eλ 7→ 1 respectively. The Weyl group acts naturally on T ∗, hence also
on S(T ∗) and Z[T ∗]. Consider the subrings of invariants S(T ∗)W and Z[T ∗]W . Let
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I (resp. I ′) be the ideal generated by the elements of S(T ∗)W (resp. Z[T ∗]W ) from
the kernel of the augmentation map. Then we have

ker c = I and ker c
′ = I ′.

Therefore we have embeddings

c : S(T ∗)/I →֒ CH(Bs) and c
′ : Z[T ∗]/I ′

≃
−→ K0(Bs),

where the second map is surjective since Gs is simply connected (see [19]).
By [4, §2 and Cor.2] the kernel I of c consists of elements g such that

m · g =
∑

i

gi · fi,

for m ∈ Z, fi the fundamental polynomial invariants, and gi ∈ S(T ∗).
There is a W -invariant quadratic form q on T ∗ ⊗Q that is uniquely determined

up to a scalar multiple [3, §VI.1.1–2]. We normalize q so that it takes the value 1
on every short coroot; as q is indivisible, it can be taken as the generator of I of
degree 2. To say it differently, each element of I of degree 2 (resp. 3) is a multiple
of q by an integer (resp. by a linear form).

The form q should be famillar. Its polar bilinear form bq amounts to the re-
striction of the “reduced Killing form” to the Cartan subalgebra of the Lie algebra
of Gs as described in [10, §5]. In the case where the roots are all one length, an
explicit formula for bq is well known: its Gram matrix is the Cartan matrix of the
root system.

1.3. The γ-filtration on the variety of Borel subgroups. Consider the γ-
filtration on the variety Bs of Borel subgroups of Gs. Let γm denote the subgroup
of Z[T ∗] generated by products of at least m elements of the form (1−e−ωi), where
ωi is a fundamental weight. Then the isomorphism c

′ induces an isomorphism

γm/m+1(Bs) ≃ γm/(γm+1 + I ′) for each i.

For example γ1/2(X) ≃ γ1/(γ2 + I ′) is a free abelian group with a basis given by
the classes of the elements

(1 − e−ωi) ∈ γ1, i = 1, . . . , n.

Indeed, cK0

1 ([L(ωi)]) = 1 − [L(−ωi)], the map c1 : γ1/2(Bs) → CH1(Bs) is an
isomorphism and the elements c1(L(ωi)) for i = 1, . . . , n form a basis of the Picard
group CH1(Bs).

Since K0(Bs) is generated by classes of line bundles (see [19]), so is γi(Bs).
Therefore, we have

γi(Bs) = 〈cK0

1 ([L1]) · · · c
K0

1 ([Lm]) | m ≥ i and Lj is a line bundle over Bs〉.

Let λ =
∑

i aiωi be a presentation of a character λ in terms of the fundamental
weights. Then L(λ) = ⊗iL(ωi)

⊗ai . Since for any two line bundles L1 and L2 we
have

cK0

1 ([L1 ⊗ L2]) = cK0

1 ([L1]) + cK0

1 ([L2]) − cK0

1 ([L1])c
K0

1 ([L2])

applying this formula recursively we can express any element of γi/i+1(Bs) as a
linear combination of the products of the first Chern classes of the bundles L(ωi),
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i = 1 . . . n. For instance, any element of γ2/3(Bs) can be written as a class of
n

∑

i=1

n
∑

j=1

aij(1 − e−ωi)(1 − e−ωj ) ∈ γ2 mod γ3 + I ′, where aij ∈ Z.

1.4. The Dynkin index. Let N denote the map Z[T ∗]W → Z defined by fixing a
long root α and setting

N
(

∑

i
aie

λi

)

:=
1

2

∑

i
ai〈λi, α

∨〉
2
.

This does not depend on the choice of α and takes values in Z (and not merely in
1
2Z), cf. [7, §1] or Lemma 2.5 below. The number N(χ) is called the Dynkin index

of χ. Note that for m ∈ Z, we have N(m) = N(me0) = 0, so N(χ) only depends
on the image of χ in the kernel of the augmentation map.

In case Gs has two root lengths, it is natural to wonder what one would find if
one used a short root, say, δ in the definition of N instead of the long root α. We
claim that

(2)
1

2

∑

ai〈λi, α
∨〉

2
= q(δ∨)

[

1

2

∑

ai〈λi, α
∨〉

2
]

,

where q is the form introduced in 1.2. In other words, one obtains something that
differs by a factor of q(δ∨). (We will use this observation later.) To prove it, define

quadratic forms nα and nδ on T ∗ via nα(λ) =
∑

w∈W 〈wλ, α∨〉2 and similarly for δ∨.

For example, nδ(α) = q(δ∨)2nα(δ). But nα is a W -invariant quadratic form on T ∗,
hence it is a scalar factor of the canonical one; in particular, nα(α) = q(δ∨)nα(δ).
As nδ and nα are scalar multiples of each other, we conclude that nδ = q(δ∨)nα,
proving the claim.

The Dynkin index N(Gs) is defined to be the gcd of N(χ) as χ varies over
the characters of finite-dimensional representations of Gs. The number N(Gs) is
calculated in [8], [12], or [13]:

type of Gs A or C Bn (n ≥ 3), Dn (n ≥ 4), G2 F4 or E6 E7 E8

N(Gs) 1 2 6 12 60

If G is a simple and strongly inner group, then we define the Dynkin index N(G)
of G to be the Dynkin index N(Gs) of the split simply connected group of the same
Killing-Cartan type. (For the purposes of this paper, it is irrelevant whether G is
simply connected, adjoint, or something in between.)

2. Dynkin indices and representations

Let Gs denote a split simply connected simple linear algebraic group of rank n
over a field k. We fix a pinning for Gs and in particular a split maximal torus T and
fundamental weights ω1, . . . , ωn. As Gs is simply connected, T∗ (= Hom(Gm, T ))
and T ∗ are canonically identified with the coroot and weight lattices respectively.

2.1. Definition. Put Z[T ∗] := Z[eω1 , . . . , eωn ], the integral group ring, and S(T ∗) :=
Z[ω1, . . . , ωn], the symmetric algebra of T ∗. We define a ring homomorphism

φm : Z[T ∗]/γm+1 → S(T ∗)/(Sm+1(T ∗)), m ≥ 2,

via φm

(

e
Pn

i=1
aiωi

)

=

n
∏

i=1

(1 − ωi)
−ai .
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In particular, φm(eωi) = 1+ωi + · · ·+ωm
i and φm(e−ωi) = 1−ωi. (Note that Z[T ∗]

can be viewed as Laurent polynomials in the variables ω1, . . . , ωn, and from this
perspective it is clear that the formula for φ gives a well-defined ring homomorphism
on Z[T ∗] and φm(γm+1) is zero in S(T ∗)/(Sm+1(T ∗)).)

The homomorphism φm is an isomorphism. To see this, define a homomorphism
S(T ∗) → Z[T ∗]/γm+1 via ψm(ωi) = 1 − e−ωi for all i; it induces a homomorphism
S(T ∗)/(Sm+1(T ∗)) → Z[T ∗]/γm+1 that we also denote by ψm. As the compositions
φmψm and ψmφm are both the identity on generators, the claim is proved.

The goal of this section is to give a formula for φ2 on I ′.

2.2. Proposition. If Gs is simple, then for χ ∈ Z[T ∗]W , we have:

φ2(χ) = aug(χ) +N(χ) · q ∈
(

S(T ∗)/(S3(T ∗))
)W

,

where q is the invariant form introduced in §1.2.

We give some preliminary material before the proof.

2.3. Example (SL2). In case Gs = SL2, write ω for the unique fundamental weight.
For n > 0, we have:

φ2(e
nω + e−nω) = (1 + ω + ω2)n + (1 − ω)n = 2 + n2ω2,

which verifies Prop. 2.2 for this group.

2.4. Example (SL2 × SL2). In case Gs = SL2 × SL2 there are two fundamental
weights ω1, ω2 and the Weyl group W is the Klein four-group; it acts by flipping
the signs of ω1 and ω2. The definition of φ2 above makes sense here even though
Gs is not simple. We find:

φ2(Wea1ω1+a2ω2) = 4 + 2
[

a2
1ω

2
1 + a2

2ω
2
2

]

.

One final observation about Weyl group actions. We write Wλ for the W -orbit
of λ ∈ T ∗.

2.5. Lemma. For every root α and weight λ ∈ T ∗, the map Wλ → Z defined by
π 7→ 〈π, α∨〉 hits x and −x the same number of times, for every x ∈ Z. If α, β are
orthogonal roots, then for every weight λ ∈ T ∗, the map Wλ → Z × Z defined by
π 7→ (〈π, α∨〉, 〈π, β∨〉) hits (x, y), (−x, y), (x,−y), and (−x,−y) the same number
of times, for every x, y ∈ Z.

Proof. We prove the second claim. The reflections sα, sβ generate a copy V of the
Klein four-group in W . Fix a decomposition of W into V -cosets: W =

⋃

V wi.
Obviously, if we define (x, y) via

(x, y) := (〈wiλ, α
∨〉, 〈wiλ, β

∨〉) = (
〈

λ,w−1
i α∨

〉

,
〈

λ,w−1
i β∨

〉

),

then replacing wi with vwi for each v ∈ V produces the elements (x, y), (−x, y),
(x,−y), and (−x,−y). Therefore, the mapW 7→ Z×Z via w 7→ (〈wλ, α∨〉, 〈wλ, β∨〉)
produces these four elements the same number of times, for each x, y ∈ Z, and the
claim follows. �

Proof of Prop. 2.2. We may assume that χ =
∑

eλj where λ1, . . . , λr is the Weyl
orbit of some λ ∈ T ∗. Put λj =

∑n
i=1 aijωi, so φ(χ) =

∑r
j=1

∏n
i=1(1 − ωi)

−aij .

Obviously, the degree 0 component of φ(χ) is r = aug(χ).
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The degree 1 component of φ(χ) is
∑

j

∑

i aijωi =
∑

i

(

∑

j aij

)

ωi. Here the

claim is that
∑

j aij = 0 for each i. The aij ’s are the images of Wλ in Z under

the map λj 7→ 〈λj , α
∨
i 〉 where αi denotes the simple root corresponding to the

fundamental weight ωi, hence the claim follows from Lemma 2.5.
The crux is to check the claim on the degree 2 component q1 of φ(χ); it is an

integer-valued quadratic form on the coroot lattice T∗ and we check that it equals
q2 := N(χ)q. We write out for ℓ = 1, 2:

(3) qℓ(
∑

diα
∨
i ) =

∑

i
d2

i qℓ(α
∨
i ) +

∑

i<j
didjbqℓ

(α∨
i , α

∨
j ),

where bqℓ
is the polar bilinear form of qℓ. We will check that the value of this

expression is the same for ℓ = 1, 2.
First suppose that δ∨ :=

∑

diα
∨
i is a coroot and every di is 0 or 1. Then it

defines a homomorphism η : SL2 → Gs so that, roughly speaking, the simple coroot
α∨ of SL2 (viewed as a map Gm → T1 := η−1(T )) satisfies η(α∨) = δ∨. We check
that the diagram

(4)

Z[T ∗]
φ2

−−−−→ S(T ∗)/(S3(T ∗))

η∗





y





y
η∗

Z[T ∗
1 ]

φ2

−−−−→ S(T ∗)/(S3(T ∗
1 ))

commutes. Since ωj(δ
∨) = dj , we have η∗(ωj) = djω for ω the fundamental weight

of SL2 dual to α∨. We find:

η∗φ(e
P

cjωj ) =
∏

j
(1 − djω)−cj = (1 − ω)−

P

cjdj ,

because the dj are all 0 or 1. As this is φ(e(
P

djcj)ω) = φη∗(e
P

cjωj ), we have
confirmed the commutativity of (4).

Put φ2 for the composition of φ2 with the projection onto the degree 2 component
S

2, so q1 = φ2(χ). Then q1(δ
∨) = (η∗φ2(χ))(α∨) obviously, which is (φ2η∗(χ))(δ∨)

by commutativity of (4). We have η∗(χ) =
∑

j e
P

i
aijω and by Lemma 2.5, the

multiset of the j integers
∑

i aijdi is symmetric under multiplication by −1, hence
by Example 2.3 we find:

q1(δ
∨) =

1

2

(

∑

j

(

∑

i
aijdi

)2
)

=
1

2

∑

j
〈λj , δ

∨〉
2
.

By (2) this equals q(δ∨)N(χ) = q2(δ
∨).

Returning to equation (3), this shows that the term qℓ(α
∨
i ) does not depend on

ℓ. Similarly, if α∨
i and α∨

j are not orthogonal coroots, then α∨
i and α∨

j are adjacent

in the Dynkin diagram and α∨
i +α∨

j is a coroot [3, VI.1.6, Cor. 3b]. The preceding
two paragraphs show that the value of

bqℓ
(α∨

i , α
∨
j ) = qℓ(α

∨
i + α∨

j ) − qℓ(α
∨
i ) − qℓ(α

∨
j )

does not depend on ℓ.
It remains to consider bqℓ

(α∨
i , α

∨
j ) where α∨

i and α∨
j are orthogonal (relative to

the polar form of q – it follows that they are orthogonal relative to bq2
. We use α∨

i

and α∨
j to define a homomorphism τ : SL2 × SL2 → Gs and – as we did for SL2

above – we fix a torus T2 = T1×T1 ⊂ SL2×SL2 such that τ(T2) = im(α∨
i ×α

∨
j ) ⊂ T .

Arguing using a commutative diagram analogous to (4), it suffices to check that the
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simple roots of SL2 × SL2 are orthogonal relative to τq1 = φ2τ(χ), which follows
from Example 2.4 and Lemma 2.5. �

In view of §1.4 Prop. 2.2 gives:

2.6. Corollary. φ2(I
′) = Z ·N(Gs) · q. �

3. Torsion in the γ-filtration

Let B denote the variety of Borel subgroups of a strongly inner simple linear
algebraic group G over k. Recall that G is strongly inner if the simply connected
cover of G is isomorphic to Gs twisted by a cocycle in H1

ét(k,Gs), where Gs denotes
the simply connected split group of the same Killing-Cartan type as G. Observe
that the variety B is always defined over k by [2, Prop. 8.4]; it is a twisted form of
the variety of Borel subgroups Bs of Gs, i.e., B and Bs become isomorphic over
the algebraic closure of k.

In the present section we provide an upper bounds on the torsion parts of the
second and the third quotients of the γ-filtration on the variety B. The main result
is the following

3.1. Theorem. Let B be the variety of Borel subgroups of a strongly inner simple
linear algebraic group G over a field k. Then

(i) Tors γ2/3(B) is a cyclic group of order dividing the Dynkin index N(G); it
is generated by the element θ from Def. 3.2.

(ii) 2 Torsγ3/4(B) is a quotient of (Z/N(G))⊕(rank G).

Statement (i) makes use of the following definition.

3.2. Definition. Write the form q from subsection 1.2 (relative to the split group
Gs) as q =

∑

i≤j cijωiωj ∈ S(T ∗). We call the element

θ :=
∑

i≤j

cij(1 − e−ωi)(1 − e−ωj ) ∈ Z[T ∗]

the special cycle. Its image in Z[T ∗]/γm+1 is ψm(q) for all m ≥ 2.

Proof of Theorem 3.1. By the result of Panin [16, Thm. 2.2.(2)] since G is strongly
inner, the restriction map is an isomorphism on K0 of B, i.e.,

res: K0(B)
≃
−→ K0(Bs)

here we identified K0(Bs) with the respective group taken over the algebraic closure
of k. Since the γ-filtration is defined in terms of Chern classes and the latter
commute with restrictions, it induces an isomorphism between the γ-quotients, i.e.,

res : γi/i+1(B)
≃
−→ γi/i+1(Bs).

Therefore, we may reduce to the split case G = Gs. Let T , T ∗, etc., be as in
subsection 1.2.

There is a commutative diagram

(5) γm/m+1(Bs)
cm

// CHm(Bs)

γm/γm+1

c
′

OO
OO

(−1)m−1(m−1)!·φm
// S

m(T ∗)/(Sm+1(T ∗))

c

OO
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First take m = 2 and suppose that x ∈ γ2/3 maps to a torsion element in
γ2/3(Bs). As CH2(Bs) has trivial torsion, the commutativity of (5) shows that
φ2(x) is in the kernel I of c. Writing x =

∑

i,j aij(1 − eωi)(1 − eωj) mod γ3, we

have φ2(x) =
∑

aijωiωj of degree 2 in I, hence φ2(x) = aq for some a ∈ Z. Then

modulo γ3, we have x ≡ ψ2φ2(x) ≡ aθ, so Tors γ2/3(Bs) is a cyclic group generated
by the class of the special cycle θ modulo γ3 + I ′.

By Corollary 2.6 there exists χ ∈ I ′ such that φ2(χ) = N(Gs) · q. Applying ψ2

we obtain that
0 ≡ χ ≡ N(Gs) · θ mod γ3 + I ′,

hence, the order of θ modulo γ3 + I ′ divides the Dynkin index N(Gs). This finishes
the proof of (i).

Now take m = 3 and suppose that x ∈ γ3/4 maps to a torsion element in
γ3/4(Bs). As CH3(Bs) has trivial torsion, diagram (5) shows that 2φ3(x) is in the
kernel I of c. As in the m = 2 case, 2φ3(x) has degree 3, so it is a multiple of
the quadratic form q by a linear factor, i.e., 2φ3(x) = q · f , where f =

∑n
i=1 aiωi.

Applying ψ3 we obtain that 2x = θ · f ′, where f ′ =
∑n

i=1 ai(1 − e−ωi). In other

words, the torsion part of 2γ3/4(Bs) is generated by the elements c
′(θ · (1− e−ωi))

for i = 1, . . . , n.
By Corollary 2.6 there exists χ ∈ I ′ such that φ3(χ · (1− e−ωi)) ≡ N(Gs) · q · ωi

mod (S4(T ∗)). Applying ψ3 we obtain that

0 ≡ χ · (1 − e−ωi) ≡ N(Gs) · θ · (1 − e−ωi) mod γ4 + I ′,

hence, the torsion part of 2γ3/4(Bs) is a product of n cyclic groups of orders dividing
the N(Gs). And the proof of (ii) is finished. �

3.3. Remark. Observe that in the proof we used the structure of the ideal of
invariants I in degrees 2 and 3. In principle it is possible to extend the proof to
higher degrees. In this case one has to care about torsion effects which appears for
invariants.

The next lemma can be used to extend the bounds obtained in Th. 3.1 to the
case of a semisimple group.

3.4. Lemma. Let G1, . . . , Gm be simple and strongly inner groups and write Bj

for the Borel variety of Gj . The Borel variety for
∏

Gj is
∏

Bj, and we have:

Tors γ2/3(
∏

Bj) ≃
⊕

Tors γ2/3(Bj),

and

Tors γ3/4(
∏

Bj) ≃
m

⊕

j=1

(

Tors γ3/4(Bj) ⊕ Tors γ2/3(Bj)
)

.

Proof. Apply the Künneth decomposition and the fact that γi/i+1(Bj) has no tor-
sion for i = 0 and 1. �

4. The Rost invariant and torsion in CH2

We now make a few remarks regarding torsion in CH2. Throughout this section
we suppose that G is a simple and strongly inner group and we write B for its
Borel variety.

Recall that the simply connected cover of G is isomorphic to a twist of the split
group Gs by some ξ ∈ H1(k,Gs). The Rost invariant r is a map H1(k,Gs) →
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H3(k,Q/Z(2)), and for our G, the element r(ξ) depends only on G and not on the
choice of ξ by [9, Lemma 2.1]; we write simply r(G) for this element.

Philippe Gille pointed out to us that pasting together two results in the literature
gives a description of TorsCH2(X) for some X .

4.1. Proposition. Let X be a projective homogeneous variety under G. If G is
split by k(X), then TorsCH2(X) is a cyclic group whose order is the same as the
order of r(G) in H3(k,Q/Z(2)); in particular its order divides N(G).

Proof. We view ξ as a principal homogeneous Gs-variety. The kernel of the scalar
extension map H3(k,Q/Z(2)) → H3(k(ξ),Q/Z(2)) is the cyclic group generated
by r(G) by [8, p. 129]. For every extension L/k, ξ has an L-point if and only if G
is split, if and only if X has an L-point. Therefore, this kernel is the same as the
kernel of H3(k,Q/Z(2)) → H3(k(X),Q/Z(2)). A theorem of Peyre-Merkurjev [18]
shows that this kernel is isomorphic to TorsCH2(X). �

Obviously, one can take X = B in the proposition. Furthermore, the same proof
shows that the proposition still holds if one replaces “G is strongly inner” and “G
is split by k(X)” with “G has trivial Tits algebras” and “G becomes quasi-split
over k(X)”.

The proposition gives us a sufficient condition for the two filtrations on K0(B)
to coincide at depth 3:

4.2. Corollary. If r(G) has order N(G) (e.g., if ξ is a versal torsor), then the third
term of the γ-filtration coincides with the third term of the topological filtration on
B, i.e., γ3(B) = τ3(B), and Torsγ2/3(B) has order N(G).

Proof. Combine the proposition, Theorem 3.1(i), and the exactness of (1). �

The fact that r(ξ) has order N(G) if ξ is a versal torsor is [8, pp. 31, 133].
Using Prop. 4.1, one can view the the assignmentG 7→ TorsCH2(B) as a replace-

ment of the Rost invariant of G. Furthermore, the group TorsCH2(B) is generated
by the image of the special cycle θ ∈ Z[T ∗] which is defined in purely combinatorial
terms.

The next two examples show that the image of θ generates the torsion in CH2

for certain (generalized) Rost motives.

4.3. Example. Assume that the motive of B splits as a direct sum of twisted copies
of the Rost motive R2 corresponding to a 3-fold Pfister form. According to [17, §7]
this can happen for G of type Bn, Dn, G2, F4, or E6. Then we have

(TorsCH2(B)) ⊗ Z/2Z ≃ Ch2(R2),

where Ch denotes the Chow group with Z/2Z-coefficients and the image of the
special cycle θ generates (TorsCH2(B)) ⊗ Z/2Z and, hence, the group Ch(R2).

4.4. Example. Suppose G is an anisotropic group of type F4 over k that is split
by a cubic extension of k. (Such a group exists if and only if H3(k,Z/3Z(2)) is
not zero.) By [15, Rem. 4.5] and the main theorem of [17] the motive of the Borel
variety B splits as a direct sum of generalized Rost motives R3 corresponding to the
Rost-Serre invariant g3 (the mod-3 portion of the Rost invariant) of G. Therefore,
we have

(TorsCH2(B)) ⊗ Z/3Z ≃ Ch2(R3),

where Ch denotes the Chow group with Z/3Z-coefficients.
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By the recent results of Merkurjev-Suslin [14] and Yagita (unpublished) we have

Ch2(R3) ≃ Z/3Z. On the other hand, the image of the special cycle θ generates
(TorsCH2(B)) ⊗ Z/3Z and, hence, the group Ch2(R3).

4.5. Example (Zero-cycles of degree one). Consider a variety B of Borel subgroups
of a strongly inner simple group G. Let Bs be the respective variety for Gs. So
that B is a twisted form of Bs. Assume that the variety B has a zero-cycle of
degree one, i.e., there are finite extensions k1, . . . , kr of k such that each ki splits G
and the gcd of the dimensions [ki : k] is 1. (Note that if G is not of type E8, then
it follows that G is actually split, see [1]. One fantasizes that G must be split also
if it is of type E8, but this is not known.) Then by [17] the motive of B splits as
a direct sum of Tate motives, hence the torsion of CH2(B) has to be trivial. Since
the short exact sequence (1) is compatible with restrictions one obtains that θ is
rational and generates the cyclic group

τ3(B)/γ3(B) ≃ τ3(Bs)/γ
3(Bs) = 〈θ〉

of order N(G). For instance, if B is of type E8, then θ has order 60.

5. Torsion in CH3

Let X be a projective homogeneous G-variety such that G is split over k(X).
(“X is generically split.”) Thanks to Proposition 4.1, we may view TorsCH2(X)
as known, so we now investigate TorsCH3(X). We retain the meaning of G and B

from the previous section. Let n denote the rank of G and let r denote the rank of
the Picard group of X over an algebraic closure of k.

We remark that the results in this section only use the fact that TorsCH2(X)
is cyclic of order dividing N(G), which follows from our Theorem 3.1(i) and (1).
They do not need the finer result of Prop. 4.1, hence also do not need material from
[8] and [18].

For an abelian group A and a prime p, write Torsp A for the subgroup of A
consisting of elements of order a power of p.

5.1. Lemma. The restriction of the m-th Chern class gives a surjection

Tors τm/m+1(X) ։ (m− 1)! TorsCHm(X)

and for each prime p not dividing (m− 1)!, cm is an isomorphism

Torsp τ
m/m+1(X)

≃
−→ Torsp CHm(X).

Proof. By Riemann-Roch (see subsection 1.1), the composition

CHm(X)
pr

// // τm/m+1(X)
cm

// CHm(X)

is multiplication by (−1)m−1(m− 1)!, hence cm(τm/m+1(X)) is (m− 1)! CHm(X).
For x ∈ TorsCHm(X), we have (m − 1)! · x = cm(pr(x)), where pr(x) is in
Tors τm/m+1(X). This proves the first claim, from which the second claim follows
immediately. �

5.2. Proposition. If τ3(B) = γ3(B), then Tors 4 CH3(B) is a quotient of (Z/N(G))⊕n.
In particular, the torsion part of CH3(B) can consist only of subgroups Z/2sZ for
s ≤ 4, Z/3Z, or Z/5Z.
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The hypothesis on the filtration may appear difficult to check, but our Corollary
4.2 gives a sufficient condition for it to hold.

Proof. By the hypothesis, the map γ3/4(B) → τ3/4(B) is surjective. Now combine
Lemma 5.1 and Theorem 3.1(ii). �

As an alternative to making a hypothesis on the filtrations, we may control the
torsion on CH3(X) based on information about the torsion in CH2(X) and the
motivic decomposition of X , as we now illustrate.

Fix a prime p. In the category of Chow motives with Z/pZ-coefficients, the
motive of X is a direct sum of shifts of an indecomposable motive R, see [17,
Th. 5.17], where R depends on G but not the choice of X (ibid., Th. 3.7). We write
Chm(R) for the m-th Chow group of R with Z/pZ coefficients.

5.3. Lemma. We have:

(i) (Torsp CH2(X)) ⊗ Z/pZ ≃ Ch2(R);

(ii) (Torsp CH3(X)) ⊗ Z/pZ ≃ (Ch2(R))⊕r ⊕ Ch3(R).

(iii) TorsCH3(B) ≃ (TorsCH2(X))⊕(n−r) ⊕ TorsCH3(X).

Proof. The expression of the motive of X from [17] gives:

(Torsp CHm(X)) ⊗ Z/pZ ≃ Ch
m

(R) ⊕ (Ch
m−1

(R))⊕r ⊕ (Ch
m−2

(R))⊕... ⊕ . . .

where Ch
m

(R) denotes the kernel of the restriction Chm(R) → Chm(R×k k̄) to the
algebraic closure k̄. By the formula for the generating function [17, Thm. 5.13(3)]

and table 4.13 in ibid., we have Ch
0
(R) = Ch

1
(R) = 0 and Ch

i
(R) = Chi(R) for

i = 2, 3. This implies claims (i) and (ii).
Claim (iii) is proved similarly, but using the integral motivic decomposition from

[17, Th. 3.7] with Y = B. �

5.4. Proposition. Fix an odd prime p. If Torsp CH2(X) 6= 0, then

(1) p = 3 or 5;

(2) Ch2(R) ≃ Z/pZ and Ch3(R) = 0.
(3) Torsp CH2(X) ≃ Z/pZ and Torsp CH3(X) ≃ (Z/pZ)⊕r.

Proof. By Prop. 4.1 (or [17, Th. 3.7]), CH2(X) and CH2(B) have the same p-
torsion. As TorsCH2(B) has order dividing N(G) by Theorem 3.1(i), the list of
Dynkin indexes in 1.4 gives that p = 3 or 5 and Torsp CH2(B) ≃ Z/pZ. Combining

this with Lemma 5.3(i), it only remains to prove the claims about Ch3(R) and
CH3(X).

Tensoring sequence (1) with Z/pZ, we find that

γ3(B) ⊗ Z/pZ = τ3(B) ⊗ Z/pZ.

Combining Lemma 5.1 and Theorem 3.1(ii) gives that Torsp CH3(B) is a product
of at most n copies of Z/pZ. By Lemma 5.3(ii) applied to X = B we obtain

(Torsp CH3(B)) ⊗ Z/pZ ≃ (Z/pZ)⊕n ⊕ Ch3(R).

Since the right hand side already contains n copies of Z/pZ, Torsp CH3(B) =

(Z/pZ)⊕n and Ch3(R) is zero. The second part of (3) now follows by Lemma
5.3(iii). �
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