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Abstra ct. We examine some of the basic prop erties satis�ed by Blo ch's cycle
complexes for quasi-pro jectiv e varieties over a �eld, and extend some of them
to the cycle complex of a scheme of �nite type over a regular dimension one
base. We also give an extension to the simplicial spectra in the niveau tower
of the cosimplicial scheme � �

X . As applications, we show that the Atiy ah-
Hirzebruc h spectral sequencefrom motivic cohomology to K -theory admits a
multiplicativ e structure, has Adams operations, and maps to a similar spectral
sequencefrom �etale cohomology to �etale K -theory .

0. Intr oduction

In [36], wehavedescribedan extensionof the cyclecomplexeszq(X ; � ) of Bloch to
schemesX of �nite type over a regular one-dimensionalbaseB . We alsoconsidered
the niveau tower

: : : G(q� 1) (X ; � ) ! G(q) (X ; � ) ! : : : ! G(d) (X ; � ) � G(X ); dim X � d;

whereG(q) (X ; � ) is the simplicial spectrum p 7! G(q) (X ; p), and G(q) (X ; p), roughly
speaking, is de�ned by taking the G-theory spectra of X � � p with support in
closed subsetsW of dimension � p + q such that W \ (X � F ) has dimension
� p + r for each face F �= � r of � p (see x1 below for a precise de�nition). By
extending the localization techniques developed by Bloch in [5], we have shown
that, for B = SpecA, A a semi-local PID, the complexeszq(X ; � ), as well as the
simplicial spectra G(q) (X ; � ), satisfy a localization property with respect to closed
subschemesof X . De�ning the motivic Borel-Moore homology of X as the shifted
homology

H B.M.
p (X ; Z(q)) := Hp� 2q(zq(X ; � )) ;

this gives the motivic Borel-Moore homology the formal properties of classical
Borel-Moore homology. Additionally , combining the localization properties of the
simplicial spectra G(q) (X ; � ) with a fundamental reinterpretation of the Bloch-
Lichtenbaum spectral sequence[6] given by Friedlander-Suslin [15] allows one to
extend the spectral sequenceof Bloch and Lichtenbaum to a spectral sequence
from motivic Borel-Moore homology of X to the G-theory of X , for X a schemeof
�nite type over SpecA. For a generalone-dimensionalregular baseB , shea�fying
theseconstructions over B givessimilar results (see(1.4) below).
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In this paper, we consider the other important properties of Bloch's cycle com-
plexes,as establishedin [4], [5], [33, Chap. I I, x3.5] and [57]: homotopy, functori-
alit y, products and the comparison with the �etale sheaf � 
 q

n , and show how these
extend to the generalizedcomplexeszq(X ; � ), and the simplicial spectra G(q) (X ; � ).
We are not entirely successfulin extending the theory of cycle complexesover a
�eld to a one-dimensionalbase;there is a mixed characteristic versionof the classi-
cal Chow's moving lemma which is missing at present. This causessometechnical
annoyance in the mixed characteristic case, but substantial portions of the the-
ory still go through, at least for schemessmooth over the base B . In caseB is
Spec of a �eld, the entire theory of the cycle complexesextends to the simpli-
cial spectra G(q) (X ; � ), giving the homotopy property, contravariant functorialit y
for smooth X , products and an associated �etale theory. In terms of the extended
Bloch-Lichtenbaum spectral sequence,this givesus the homotopy property, a prod-
uct structure, functorialit y for smooth schemesand a comparison with a spectral
sequencefrom �etale cohomology to �etale K -theory. Much of this theory extends
to the caseof a one-dimensionalbase,but there are somerestrictions in the func-
torialit y and product structure. In any case, we are able to directly relate the
Beilinson-Lichtenbaum conjectures for mod n motivic cohomologyto the Quillen-
Lichtenbaum conjectures for mod n algebraic K -theory. This gives a somewhat
di�eren t proof of someof the results of Kahn found in [29].

We alsode�ne functorial � -operations on the homotopy groupsof the G(q) (X ; � )
(for X regular), which give Adams operations for the extendedBloch-Lichtenbaum
spectral sequence.This implies the rational degenerationof this spectral sequence,
giving an isomorphism of rational G-theory with rational motivic Borel-Moore ho-
mology; for regular X , this gives an isomorphism of the weight-graded piecesof
K -theory with motivic cohomologyafter inverting small primes. We have have a
similar comparisonof the �ltration on K � (X ) induced by the spectal sequence(1.8)
and the 
 -�ltration, generalizing the Grothendieck comparison of the topological
�ltration and the 
 -�ltration on K 0.

A di�eren t construction of a tower giving an interesting �ltration on K -theory
has beengiven by Grayson [24], building on ideasof Goodwillie and Lichtenbaum.
In a seriesof papers, Walker ([66], [67], [68] and [69]) has studied Grayson's con-
struction, and has been able to relate the weight one portion of Grayson's tower
to motivic cohomology. He has also shown that the �ltration on K -theory given
by Grayson's tower agreeswith the 
 -�ltration, up to torsion. We do not investi-
gate the relation of the niveau tower with the constructions of Graysonand Walker
in this paper, but it seemsreasonableto suppose that the two constructions are
equivalent.

An outline of the paper is as follows: x1 is an extended intro duction, in which
we recall the basic de�nitions of the cycle complexeszq(X ; � ), the simplicial spec-
tra G(q) (X ; � ), various version of the extended Bloch-Lichtenbaum spectral se-
quence (see (1.3), (1.4), (1.7) and (1.8)), as well as giving a brief discussion of
equi-dimension cycles. In x2 we prove the homotopy property for zq(X ; � ) and
G(q) (X ; � ), and in x3 we brie
y recall the well-known connection of localization
and the Mayer-Vietoris property; we also check the compatibilit y of the spectral
sequenceswith localization.

In x4 we discussa K -theoretic version K (q) (X ; � ) of the simplicial spectrum
G(q) (X ; � ), and state the fundamental \mo ving lemma" (Theorem 4.9) for the
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spectra K (q) (X ; � ). In x5 we show how Theorem 4.9 givesthe contravariant func-
torialit y for morphisms of smooth B -schemes,and in x6 we prove Theorem 4.9; x7
is a recapitulation of the results of x5 and x6 in the equi-dimensionalsetting. We
give the construction of products in x8.

In x9 we construct � -operations for the spectra K (q) (X ; � ), and discuss the
Adams operations on the extended Bloch-Lichtenbaum spectral sequence(1.8) for
regular schemes.In x10 we usethe constructions of Friedlander-Suslin [15] to show
that the 
 -�ltration on K � (X ) is �ner than the �ltration F �

AH K � (X ) induced by
the spectral sequence(1.8), if the base B is semi-local. We make some explicit
computations of motivic Borel-Moore homology and motivic cohomology in x11,
and use the degenerationof (1.8) and (1.4) to compare motivic cohomologywith
K -theory (for regular schemes)and motivic Borel-Moore homology with G-theory
(seeTheorem 11.7 and Theorem 11.8). This extends the results of [4]/[5 ], [30] and
[31] to schemesof �nite type over a regular one-dimensionalbase. In addition, this
shows that the coniveau tower (4.3) gives the \Adams weight �ltration" on the
spectrum K (X ), for X regular and essentially of �nite type over a regular one-
dimensional base. In Theorem 11.7we show as well that the �ltrations F �

AH K � (X )
and F �


 K � (X ) agreeup to groups of explicit �nite exponent, in casethe base is
semi-local.

We discussthe associated �etale theory in x12, giving a version of (1.8) for mod
n �etale K -theory (see(12.13), (12.15) and Theorem 12.10). Using the comparison
of the mod n version of (1.8) with the �etale spectral sequence(12.13), we give a
number of applications in x13. We give a new proof (Corollary 13.1) of Thomason's
theorem [61] comparing Bott-lo calized algebraic K -theory with �etale K -theory. In
Corollary 13.3, we show that the Beilinson-Lichtenbaum conjectures for motivic
cohomology implies the Quillen-Lichtenbaum conjectures for algebraic K -theory;
we add in the reduction steps of [59] and [22] to reduce the Quillen-Lichtenbaum
conjecturesto the Bloch-Kato conjectures. This showsthat Voevodsky's veri�cation
of the Milnor Conjecture [64] yields the sharp version of the 2-primary part of the
Quillen-Lichtenbaum conjectures,at least for schemesessentially of �nite type over
a one-dimensionalregular base; as an example, we recover the results of Rognes-
Weibel [49] relating the 2-adic algebraic K -theory and �etale K -theory of rings of
S-integersin a totally imaginary number �eld.

We make somecomputations in various arithmetic settings in x14, including the
2-primary motivic cohomologyof �nite �elds, and rings of S-integers in a number
�eld. The multiplicativit y of the Bloch-Lichtenbaum spectral sequence,asdescribed
in x8, �lls in a gap in somearguments of B. Kahn [28] computing the 2-localized
K -theory of rings of S-integersin a number �eld (the computation was made by a
di�eren t method in [48]); weconcludex14with a versionof Kahn's argument. In x15
we give someextensionsof the results Pedrini-Weibel [43] on motivic cohomology
and K -theory of smooth surfacesover an algebraically closed�eld. The �nal section
x16 givesa discussionof someextensionsof the results of Kahn [28] on the map of
Milnor K -theory to Quillen K -theory.

This paper was written during an extended visit at the University of Essen; I
would like to thank the Mathematics Department there for providing a stimulating
and supportiv e environment and the DFG for �nancial support; discussionswith
Philipp e Elbaz-Vincent and Stefan M•uller-Stach were especially helpful. A brief
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visit to the I.H.E.S. and University of Paris, VI I, enabledme to pro�t from discus-
sions with Eric Friedlander, Ofer Gabber, Bruno Kahn, Fabien Morel and Andrei
Suslin.

1. Basic concepts

We recall Bloch's de�nition of the higher Chow groups [4]. Fix a base �eld k.
Let � N

k denote the standard \algebraic N -simplex"

� N
k := Speck[t0; : : : ; tN ]=

X

i

t i � 1;

let X be a quasi-projective schemeover k, and let � �
X be the cosimplicial scheme

N 7! X � k � N
k :

A face of � N
X is a subschemede�ned by equationsof the form t i 1 = : : : = t i r = 0.

Let X (p;q) be the set of dimension q + p irreducible closedsubschemesW of � p
X

such that W intersects each dimension r face F in dimension � q + r . We have
Bloch's simplicial group

p 7! zq(X ; p);

with zq(X ; p) the subgroup of the dimension q + p cycles on X � � p generated
by X (p;q) , and the associated complex zq(X ; � ). The higher Chow groups of X are
de�ned by

CHq(X ; p) := Hp(zq(X ; � )) :

If X is equi-dimensionalover k, we may label thesecomplexesby codimension,and
de�ne

CHq(X ; p) := Hp(zq(X ; � )) ;

wherezq(X ; p) = zd� p(X ; p) if X has dimensiond over k. We extend the de�nition
of zq(X ; � ) to arbitrary smooth X by taking the direct sum of the zq(X i ; � ) over
the irreducible components X i of X .

These groups compute the motivic Borel-Moore homology of X and, for X
smooth over k, the motivic cohomologyof X by

Theorem 1.1. We have the natural isomorphism

H B.M.
p (X ; Z(q)) �= CHq(X ; p � 2q);

where H B.M.
� is the motivic Borel-Moore homology. Suppose X is smooth over k.

There is a natural isomorphism

H p(X ; Z(q)) �= CHq(X ; 2q � p):

Here the motivic cohomologyis that de�ned in characteristic zero by either by
the construction of [63], [25] or [33], or in characteristic > 0 by [25] or [33].

The complexeszq(X ; � ) are covariantly functorial for proper maps, and con-
travariantly functorial (with the appropriate shift in q) for 
at equi-dimensional
maps. In particular, we may shea�fy zq(X ; � ) for either the Zariski or the �etale
topology; we let Z q(X ; � ) be the Zariski shea��cation of zq(X ; � ), and Z �et

q (X ; � )
the �etale shea��cation. We de�ne Z q(X ; � ) and Z q

�et (X ; � ) similarly.
Here is a list of the important properties of the cycle complexes for quasi-

projective schemesover k:
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(1.1)

1. Homotopy. Let p : A1 � X ! X be the projection. Then the map

p� : zq(X ; � ) ! zq+1 (A1 � X ; � )

is a quasi-isomorphism.
2. Localization. Let i : Z ! X be the inclusion of a closed subscheme, with

complement j : U ! X . Then the exact sequence

0 ! zq(Z; � )
i �� ! zq(X ; � )

j �

� ! zq(U; � )

is a distinguished triangle, i.e., the map i � inducesa quasi-isomorphism

zq(Z; � ) ! cone(j � )[� 1]:

3. Mayer-Vietoris. Let X = U [ V be a Zariski open cover. Then the Mayer-
Vietoris sequence

zq(X ; � )
( j �

U ;j �
V )

� � � � � ! zq(U; � ) � zq(V; � )
j V �

U \ V � j U �
U \ V� � � � � � � � ! zq(U \ V; � )

is a distinguished triangle.
4. Functorialit y. Suppose that X is smooth over k, and let f : Y ! X be

a morphism of quasi-projective k-schemes. For each p, let zq(X ; p)f be the
subgroupof zq(X ; p) generatedby thosecodimensionq W � X � � p such that
W intersects X � F properly for each face F of � p, and each component of
(f � id) � 1(W ) hascodimensionq on Y � � p and intersectsY � F properly, for
each face F of � p. The zq(X ; p)f form a subcomplex zq(X ; � )f of zq(X ; � ).
Then, in case X is a�ne, the inclusion zq(X ; � )f ! zq(X ; � ) is a quasi-
isomorphism. Using the Mayer-Vietoris property, this givesrise to functorial
pull-back morphisms

f � : zq(X ; � ) ! zq(Y; � )

in the derived category, for each k-morphism f : Y ! X , with X smooth over
k.

5. Products The operation of taking products of cyclesextends to give natural
external products

� X ;Y : zq(X ; � ) 
 zq0
(Y; � ) ! zq+ q0

(X � k Y; � ):

Taking X = Y and pulling back by the diagonal gives the cup product map
(in the derived category)

[ X : zq(X ; � ) 
 zq0
(X ; � ) ! zq+ q0

(X ; � ):

6. Let n beprime to the characteristic of k. There is a natural quasi-isomorphism
Z q

�et (X ; � )=n ! � 
 q
n , where � n is the �etale sheaf(on X ) of nth roots of unit y.

Remarks 1.2. (1) The Mayer-Vietoris property (1.1)(3) follows from localization
(1.1)(2). Indeed, the localization property implies excision, i.e., the natural map

cone(j �
U : zq(X ; � ) ! zq(U; � )) ! cone(j V �

U \ V : zq(V; � ) ! zq(U \ V; � ))

is a quasi-isomorphism,since both conesare quasi-isomorphic to zq(W; � )[1], with
W = X n U = V n U \ V .
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(2) The functorialit y (1.1)(4) for a map f : Y ! X , with X smooth over k
(but not necessarily a�ne) is accomplished as follows: Let pX : X ! Speck
be the projection. It follows from Mayer-Vietoris (1.1)(3) that the natural map
zq(X ; � ) ! RpX � Z q(X ; � ) is a quasi-isomorphism. From (1.1)(4), the natural map
Z q(X ; � )f ! Z (X ; � ) is a quasi-isomorphism,where Z q(X ; � )f is the complex of
sheavesassociated to the complex of presheaves

U 7! zq(U; � )f j f � 1 ( U )
:

We let f � : zq(X ; � ) ! zq(Y; � ) be the composition (in D � (Ab ))

zq(X ; � ) �= RpX � Z q(X ; � ) �= RpX � Z q(X ; � )f
f �

� ! RpY � Z q(Y; � ) �= zq(Y; � ):

(3) The functorialit y for a�ne X , as stated in (1.1)(4), is a consequenceof the
following \mo ving lemma", which is a versionof the classicalChow's moving lemma:

Prop osition 1.3 (Chow's moving lemma for zq(X ; � )) . Let X be smooth over a
�eld k, and let C be a �nite collection of irr educible locally closed subsetsof X ,
with C containing each irr educible component of X . Let zq

C(X ; p) be the subgroup
of zq(X ; p) generated by irr educible W � X � � p such that, for each C 2 C,
each face F of � p, and each irr educible component W 0 of W \ (C � � p), we have
codimC � F (W 0) � q. Let zq

C(X ; � ) be the subcomplex of zq(X ; � ) formed by the
zq

C(X ; p), and suppose that X is a�ne. Then the inclusion zq
C(X ; � ) ! zq(X ; � ) is

a quasi-isomorphism.

For a proof of this result, we refer the reader to [33, Chap. I I, x3.5].

(4) The list of properties (1.1) shows that the pair

(� p;q H B.M.
p (� ; Z(q)) ; � p;q H p(� ; Z(q))

satisfy the Bloch-Ogus axioms for a twisted dualit y theory [7].

1.4. Cycle complexes in mixed characteristic. In [36], we have extended the
localization property (1.1)(2) to the caseof a �nite type schemeX over a regular
noetherian scheme B of dimension one. Before describing this, we �rst recall the
de�nition of the cycle complexesin this setting. For p : X ! B an irreducible
B -schemeof �nite type, the dimension of X is de�ned as follows: Let � 2 B be the
image of the genericpoint of X , X � the �b er of X over � . If � is a closedpoint of
B , then X is a schemeover the residue�eld k(� ), and we set dim X := dimk( � ) X .
If � is not a closedpoint of B , we set dim X := dimk( � ) X � + 1. If X ! B is proper,
then dim X is the Krull dimension of X , but in generaldim X is only greater than
or equal to the Krull dimension.

We let � n = SpecB (OB [t0; : : : ; tn ]=
P

i t i � 1), giving the cosimplicial B -scheme
� � . We have for each B -schemeX the cosimplicial scheme� �

X := X � B � � , and
for each (p;q) the set X (p;q) of irreducible closed subsetsC of � p

X of dimension
p + q, such that, for each faceF of � p of dimension r over B , we have

dim(C \ X � F ) � r + q:

If U is an open subschemeof X , we let UX
(p;q) be the subset of U(p;q) consisting of

those irreducible closedsubsetswhoseclosure in � p
X are in X (p;q) .

The complexeszq(X ; � ) are covariant for proper morphisms, and contravariant
for 
at equi-dimensionalmorphisms (if f : Y ! X is 
at of relative dimension d,
we have f � : zq(X ; � ) ! zq+ d(Y; � )). In particular, we have the complex of sheaves
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p� zq(X ; � ), associated to the presheaf V 7! zq(p� 1(V ); � ). These complexesof
sheaveshave the samefunctorialit y as the complexeszq(� ; � ).

Here is our extensionof Bloch's localization result:

Theorem 1.5 ([36], Theorem 0.6). Let i : Z ! X be a closed subschemeof a
�nite-typ e B -schemeX , j : U ! X the complement. Then the (exact) sequence of
sheaveson B

0 ! (p � i ) � zq(Z; � )
i �� ! p� zq(X ; � )

j �

� ! (p � j ) � zq(U; � )

is a distinguished triangle. If B is semi-local, then zq(U; � )=j � zq(X ; � ) is acyclic,
hence the exact sequence of complexes

0 ! zq(Z; � )
i �� ! zq(X ; � )

j �

� ! zq(U; � )

is a distinguished triangle.

If we set CHq(X ; p) := H � p(BZar ; p� zq(X ; � )) =: H B.M.
p� 2q(X ; Z(q)), then Theo-

rem 1.5givesa long exact localization sequencefor the higher Chow groups/motivic
Borel-Moore homology. We also have the identit y

H � p
Zar (B ; p� zq(X ; � )) = Hp(zq(X ; � ))

for B semi-local.

1.6. The G-theory spectral sequence. We havealsogiven in [36] a globalization
of the Bloch-Lichtenbaum spectral sequence[6]

E p;q
2 = H p(F; Z(� q=2)) =) K � p� q(F );

F a �eld, to a spectral sequence(of homological type) for X ! B of �nite type, B
as above a regular one-dimensionalnoetherian scheme,

E 2
p;q (X ) = H B.M.

p (X ; Z(� q=2)) =) Gp+ q(X ):

We recall the rough outline of the construction of this spectral sequence.
Let X be a �nite-t ype B -scheme. We have the exact category M X of coherent

sheaveson X , and the corresponding K -theory spectrum G(X ) := K (M X ).
Let U be an open subschemeof X � � p. We have the full subcategoryM U (@� p)

of M U with objects the coherent sheaves F such that TorO U
q (F ; OU \ (X � F ) ) = 0

for all facesF of � p and all q > 0. We write M X (p) for M X � � p (@� p) and let
G(X ; p) denote the K -theory spectrum K (M X (p)).

Let X (p; � q) be the set of irreducible closed subsetsW of X � � p such that,
for each face F of � p (including F = � p), and each irreducible component W 0 of
W \ (X � F ), we have

dim(W 0) � q + dimB (F ):

For a closedsubsetW of X � � p, we have the spectrum with supports GW (X ; p),
de�ned as the homotopy �b er of the map of spectra

j � : K (M X (p)) ! K (M U (@� p)) ;

where U is the complement X � � p n W and j : U ! X � � p is the inclusion. We
let G(q) (X ; p) denote the direct limit of the GW (X ; p), asW runs over �nite unions
of irreducible closedsubsetsC 2 X (p; � q) .

The assignment p 7! M X (p) extends to a simplicial exact category M X (� );
we let G(X ; � ) := K (M X (� )) the corresponding simplicial spectrum. Similarly,
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the assignments p 7! G(q) (X ; p) extends to a simplicial spectrum G(q) (X ; � ). The
augmentation � �

X ! X inducesa weak equivalenceG(X ) ! G(X ; � ).
We let dim X denote the maximum of dim X i over the irreducible components

X i of X . We note that G(q) (X ; p) = G(X ; p) for all q � dim X . The evident maps

G(q� 1) (X ; p) ! G(q) (X ; p) !

give the tower of simplicial spectra

: : : ! G(q� 1) (X ; � ) ! G(q) (X ; � ) ! : : : ! G(dim X ) (X ; � ) = G(X ; � ):(1.2)

We let G(q=q� 1) (X ; � ) denote the homotopy co�b er of the map G(q� 1) (X ; � ) !
G(q) (X ; � ) The tower (1.2) thus gives rise to a spectral sequence(of homological
type)

E 1
p;q = � p+ q(G(p=p� 1) (X ; � )) =) Gp+ q(X ):(1.3)

One can also shea�fy the tower (1.3), working in the stable homotopy category
of sheavesof simplicial spectra on BZar . For a such a sheafG, we have the homo-
topy groups � N (B ; G) (also denoted H � N (B ; G)); for a sheafof Eilenberg-Maclane
spectra, � N (B ; G) agreeswith the Zariski hypercohomologyH � N (B ; G� ), whereG�

is the complex of sheaves of abelian groups corresponding to G via the Dold-Kan
correspondence. For a B -scheme f : X ! B , shea�fying the tower (1.3) over B
and taking the associated spectral sequencegivesus the spectral sequence

E 1
p;q (X ) = � p+ q(B ; f � G(p=p� 1) (X ; � )) =) Gp+ q(X ):(1.4)

Taking the cycle-classof a coherent sheafde�nes the map

clq : G(q=q� 1) (X ; � ) ! zq(X ; � ):(1.5)

In caseX = SpecF for a �eld F , Friedlander and Suslin [15, Theorem 3.3] have
shown that this map is a weak equivalence.

The arguments used to prove Theorem 1.5 can be modi�ed to show that the
simplicial spectra G(q) (X ; � ) satisfy a similar localization property: Supposethat
B = SpecA, A a semi-local principal ideal ring, and let i : Z ! X is a closed
subschemeof X with complement j : U ! X . Then the sequence

G(q) (Z; � )
i �� ! G(q) (X ; � )

j �

� ! G(q) (U; � )(1.6)

is a homotopy �b er sequence[36, Corollary 7.10]. Using this localization property
together with the Friedlander-Suslin theorem, we show in [36, Corollary 7.6] that
the cycle map clq a weak equivalence,which identi�es the E 1-terms in (1.4) as

E 1
p;q = CHp(X ; p + q) = H B.M.

q� p (X ; Z(p)) :

After reindexing (1.4) to give an E 2-spectral sequence,we arriveat the homological
spectral sequenceof Atiy ah-Hirzebruch type

E 2
p;q = H B.M.

p (X ; Z(� q=2)) =) Gp+ q(X ):(1.7)

In caseX is regular, the natural map G� (X ) ! K � (X ) is an isomorphism. If
X is irreducible, dim X = d, we de�ne H p(X ; Z(q)) := CHd� q(X ; 2d � 2q � p)
and extend this de�nition to arbitrary regular X by taking the direct sum over
the irreducible components. The sequence(1.7) then becomesthe cohomological
sequence

E p;q
2 = H p(X ; Z(� q=2)) =) K � p� q(X ):(1.8)
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The above constructions give similar spectral sequenceswith �nite coe�cien ts
as well. For instance, de�ne the complex zq(X ; � )=n as the cone of multiplication
by n, � n : zq(X ; � ) ! zq(X ; � ), and set

H B.M.
p (X ; Z=n(q)) := H2q� p(B ; pX � zq(X ; � )=n):

Replacing the homotopy groups � s(� ) throughout with the homotopy groups with
coe�cien ts mod n, � s(� ; Z=n), givesthe spectral sequence

E 2
p;q = H B.M.

p (X ; Z=n(� q=2)) =) Gp+ q(X ; Z=n):(1.9)

The other spectral sequencesdiscussedabove have their mod n counterparts as
well.

1.7. Equi-dimensional cycles. The main purpose of this paper is to establish
the fundamental properties of the spectral sequences(1.7) and (1.8), as well as the
mod n versions. Along the way, we will need to examine someextensionsof the
properties (1.1) to mixed characteristic. Unfortunately , at present we are only able
to prove a limited functorialit y and product structure in this setting. We conclude
this intro duction with a statement of a conjecture which, if valid, would give the
cyclecomplexeszq(X ; � ) the necessaryfunctorialit y and product structure in mixed
characteristic. We give a quick outline of the theory of equi-dimensionalcycles, in
the caseof baseschemeof dimensionat most one; for details and the generaltheory,
we refer the reader to [58] and to [33, I, Appendix A].

Let B be a regular irreducible scheme of dimension at most one. For an ir-
reducible B -scheme p : X ! B of �nite type is equi-dimenisonal over B if p is
dominant. If this is the case,we set

dimB X := dimk( � ) X � ;

where X � is the �b er of X over the generic point � of B . If X is not necessarily
irreducible, we say that X is equi-dimensionalover B of dimension d if each irre-
ducible component X i of X is equi-dimensional over B and dimB X i = d for all
i .

If B is regular of dimension at most one, but not necessarily irreducible, we
call p : X ! B equi-dimensional over B of dimension d if the restriction of p
to X i := p� 1(B i ) ! B i is equi-dimenisonal of dimension d for each irreducible
component B i of B , or is empty.

For X ! B of �nite type,we let (X=B )(p;q) bethe setof irreducible closedsubsets
W � X � � p such that, for each faceF of � p, and each irreducible component W 0

of W \ (X � F ), W 0 is equi-dimensionalover B , and

dimB W 0 = dimB F + q:(1.10)

We let (X=B )(p; � q) be de�ned similarly, wherewe replacethe condition (1.10) with

dimB W 0 � dimB F + q:

Let zq(X=B ; p) be the free abelian group on (X=B )(p;q) , forming the simplicial
abelian group zq(X ; � ) and the associated complex zq(X ; � ). Similarly, we let
G(q) (X=B ; p) be the limit of the spectra GW (X ; p), whereW runs over �nite unions
of elements of (X=B )(p; � q) , giving the simplicial spectrum G(q) (X=B ; � ).

If X ! B is equi-dimensionalof dimensiond, we let zq(X=B ; � ) = zd� q(X=B ; � )
and G(q) (X=B ; � ) = G(d� q) (X=B ; � ); more generally, if X is a disjoint union of
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equi-dimensionalX i ! B , we set

zq(X=B ; � ) := � i zq(X i =B; � ); G(q) (X=B ; � ) :=
Y

i

G(q) (X i =B; � ):

Set

CHq(X=B ; p) := Hp(zq(X=B ; � )) ; CHq(X=B ; p) := Hp(zq(X=B ; � )) :

In caseeach point of B is closed,we have zq(X=B ; � ) = zq(X ; � ), and in case
each component of B has dimension one, zq(X=B ; � ) is a simplicial subgroup of
zq+1 (X ; � ). If zq(X=B ; � ) is de�ned, then so is zq(X ; � ), and zq(X=B ; � ) is a
simplicial subgroup of zq(X ; � ). The analogousstatements hold for G(q) (X=B ; � )
and G(q) (X=B ; � ).

The simplicial group zq(X=B ; � ) is covariantly functorial for proper maps, and
contravariantly functorial for 
at equi-dimenisional maps (with the appropriate
shift in q). When de�ned, the simplicial group zq(X=B ; � ) is covariantly functorial
for proper maps(with the appropriate shift in q), and contravariantly functorial for

at maps. Similarly for G(q) (X=B ; � ) and G(q) (X=B ; � ).

We let Zq(X=B ; p) denote the shea��cation of the Zariski presheafon X , U 7!
zq(U=B; p), giving the simplicial abelian sheaf Z q(X=B ; � ) and the associated
complex of sheaves Z q(X=B ; � ). We similarly have the simplicial abelian sheaf
Z q(X=B ; � ) and the complex of sheavesZ q(X=B ; � ) in caseeach connectedcom-
ponent of X is equi-dimensionalover B .

Wemay alsoshea�fy the simplicial spectra G(q) (X ; � ), G(q) (X ; � ), G(q) (X=B ; � )
and G(q) (X=B ; � ) over X , forming the sheaves of simplicial spectra G(q) (X ; � ),
G(q) (X ; � ), G(q) (X=B ; � ) and G(q) (X=B ; � ).

We can now state our main conjecture on the equi-dimensionalcycle complexes
and spectra.

Conjecture 1.8. Supposethat X ! B is a regular B -scheme of �nite type. Then
the natural maps

Z q(X=B ; � ) ! Z q(X ; � ); G(q) (X=B ; � ) ! G(q) (X ; � )

are (stalk-wise) weak equivalenceson X .

Remark 1.9. Conjecture 1.8 is trivially true in caseB has pure dimension zero. If
B has dimension one over a �eld k, then Conjecture 1.8 for the cycle complexes
Z q is a consequenceof Proposition 1.3. Indeed, choose a point x 2 X , replace
X with an a�ne neighborhood of x, and take C to be the collection of the ir-
reducible components of the �b ers of X containing x; this shows that the stalks
Z q(X=B ; � )x � Z q(X ; � )x are quasi-isomorphic. In caseX is smooth over B , this
is pointed out in [33, Chap. I I, Lemma 3.6.4]; the sameproof works for X smooth
over k. In caseX is only assumedto be regular, the standard tric k of replacing k
with a perfect sub�eld k0 and making a limit argument reducesus to the caseof
X smooth over k. Thus, the conjecture for the cycle complexesis open only in the
mixed characteristic case.

Using the extensionTheorem4.9of Proposition 1.3provedbelow, the sameargu-
ment provesConjecture 1.8 for the simplicial spectra G(q) , hencethe full conjecture
is valid in the geometric case.
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2. Homotopy

Let X ! B be a B -scheme of �nite type, with B = SpecA, A a semi-local
principal ideal ring. In this section, we discuss the homotopy property for the
simplicial spectra G(q) (X ; � ) and zq(X ; � ), i.e., that the pull-back maps

p� : G(q) (X ; � ) ! G(q+1) (X � A1; � )

p� : zq(X ; � ) ! zq+1 (X � A1; � )

are weak equivalences. In caseX is regular, this gives the homotopy property
for the simplicial spectrum K (q) (X ; � ) (see x4.4 below). We state and prove a
somewhatmore general result.

Theorem 2.1. Let B = SpecA, where A is a semi-local principal ideal ring, and
let X ! B be a B -schemeof �nite type. Let p : E ! X be a 
at morphism of �nite
type, such that, for each x 2 X , the �b er p� 1(x) is isomorphic to An

k(x ) . Then the
pull-back maps

p� : G(q) (X ; � ) ! G(q+ n ) (E ; � )

p� : zq(X ; � ) ! zq+ n (E ; � )

are weak equivalences.

Proof. If we truncate the tower (1.2) at G(q) (X ; � ), we get the spectral sequence
(of homological type)

E 1
a;b(X ; q) = � a+ b(G(a=a � 1) (X ; � )) =) � a+ b(G(q) (X ; � )) :

The 
at map p : E ! X givesthe map of towers

p� : G( �� q) (X ; � ) ! G( �� q+ n ) (E ; � );

and hencethe map of spectral sequences

p� : E (X ; q) ! E (E ; q + n):

The map on the E 1-terms is just the pull-back

p� : zq(X ; � ) ! zq+ n (E ; � ):(2.1)

Thus, it su�ces to show that the pull-back map (2.1) is a weak equivalence, i.e.,
that

p� : zq(X ; � ) ! zq+ n (E ; � ):(2.2)

is a quasi-isomorphism.
Using Theorem 1.5, the standard limit processgivesrise to the Quillen spectral

sequenceon X

E 1
a;b(X ; q) = � x 2 X ( a ) Ha+ b(zq(Speck(a); � )) =) H a+ b(zq(X ; � )) ;

and similarly for E . The map p givesthe map of spectral sequences

p� : E (X ; q) ! E (E ; q + n);

soweneedonly show that p� inducesan isomorphismon the E 1-terms. This reduces
us to the caseX = Speck, k a �eld, which is proved in [4, Theorem 2.1].
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3. Localiza tion and Ma yer-Vietoris

Let B = SpecA, with A a semi-local PID. We have already mentioned the
fundamental localization property for the simplicial spectra G(q) (� ; � ), namely,
that the sequence(1.6) is a homotopy �b er sequence.In this section, we list some
immediate consequencesof this sequence.

3.1. Ma yer-Vietoris. Supposewe have a �nite type B -schemeX and open sub-
schemesj U : U ! X , j V : V ! X with X = U [ V . Let j U

U \ V : U \ V ! U,
j V

U \ V : U \ V ! V be the inclusions. Since X n U = V n U \ V , the localization
sequence(1.6), together with the Quezlcoatl lemma implies that the sequence

G(q) (X ; � )
( j �

U ;j �
V )

� � � � � ! G(q) (U; � ) � G(q) (V; � )
j U �

U \ V � j V �
U \ V� � � � � � � � ! G(q) (U \ V; � )(3.1)

is a homotopy �b er sequence.This givesa long exact Mayer-Vietoris sequenceon
homotopy groups.

3.2. �Cech complex. We havethe category� n
0 of non-empty subsetsof f 1; : : : ; ng,

with maps the inclusions. Let U = f U1; : : : ; Un g be an open cover of a �nite type
B -schemeX ; U determinesa functor

U� : (� n
0 )op ! SchX

by sendingI � f 1; : : : ; ng to UI := \ i 2 I Ui . We let j I : UI ! X be the inclusion.
Applying the functor G(q) (� ; � ) givesus the functor

G(q) (U� ; � ) : � n
0 ! Sp �

I 7! G(q) (UI ; � ):

We set

G(q) (U; � ) := holim
� n

0

G(q) (U� ; � );

the maps j �
I give the natural map of simplicial spectra

j �
U : G(q) (X ; � ) ! G(q) (U; � ):

It follows from the Mayer-Vietoris property of x3.1 that j �
U is a weak equiva-

lence. If X is a disjoint union of equi-dimensionalschemes,we may make a similar
construction with K (q) replacing G(q) , giving us the simplicial spectrum K (q) (U; � )
and the map of simplicial spectra

j �
U : K (q) (X ; � ) ! K (q) (U; � ):

We will seein Lemma 4.5 that, if X is regular, the natural map K (q) (� ; � ) !
G(q) (� ; � ) is a weak equivalence,so the map j �

U for the K -theory spectra is a weak
equivalenceas well.

3.3. Compatibilit y of lo calization with the spectral sequences. Let f :
X ! B be a �nite type B -scheme, i : Z ! X a closedsubscheme,and j : U ! X
the complement. Take integers r � q, giving the commutativ e diagram of weak



K -THEOR Y AND MOTIVIC COHOMOLOGY OF SCHEMES 13

homotopy �b er sequences

G( r ) (Z; � ) //i �

��
�

G( r ) (X ; � ) //j �

��
�

G( r ) (U; � )

��



G(q) (Z; � ) //
i �

G(q) (X ; � ) //
j �

G(q) (U; � )

and the weak equivalences

G( r ) (X ; � )=G( r ) (Z; � )
j �

� ! G( r ) (U; � ); G(q) (X ; � )=G(q) (Z; � )
j �

� ! G(q) (U; � );

(G( r ) (X ; � )=G( r ) (Z; � ) is the homotopy co�b er). This givesus the homotopy com-
mutativ e diagram

f � G( r ) (X ; � )=f � G( r ) (Z; � ) //j �

��
( �;� )

f � G( r ) (U; � )

��



f � G(q) (X ; � )=f � G(q) (Z; � ) //
j �

f � G( r ) (U; � ):

Similarly, we have the homotopy commutativ e diagram with the horizontal maps
weak equivalences

f � G(q) (X ; � )=f � G(q) (Z; � ) //j �

��
(cl q (Z ) ;clq (X ))

f � G(q) (U; � )

��
cl q (U )

f � zq(X ; � )=f � zq(Z; � ) //
j �

zq(U; � ):

This givesthe following

Prop osition 3.4. Let B be a regular schemeof Krul l dimension � 1, X a �nite
type B -scheme,i : Z ! X a closed subschemewith complement j : U ! X . Then:

1. The boundary map @in the localization sequence

: : : ! H B.M.
p (X ; Z(q))

j �

� ! H B.M.
p (U;Z(q)) @�! H B.M.

p� 1 (Z; Z(q)) ! : : :

induces maps @p;� 2q
r : E p;� 2q

r (U) ! E p� 1;� 2q
r (Z ) for all r � 2.

2. The diagram

E p;� 2q
r (U) //@p; � 2q

r

��
dp; � 2q

r

E p� 1;� 2q
r (Z )

��
dp � 1 ; � 2q

r

E p+ r ;� 2q� r +1
r (U) //

@p + r ; � 2q � r +1
r

E p+ r � 1;� 2q� r +1
r (Z )

commutes.

Both (1) and (2) hold for the mod n sequences as well.
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4. K -theor y and G-theor y

The main moving lemmas for the cycle complexeszq(X ; � ), X a variety over a
�eld k, are �rst found in the article [4]. Unfortunately , there are several gaps in
the proofs, sowe will recall theseresults, together with someof the missingdetails,
as well as giving the required extensionsto schemesover a one-dimensionregular
bases. At the same time, we will prove the analogousresults for the simplicial
spectrum G(q) (X ; � ) and the related K -theory simplicial spectrum K (q) (X ; � ) (see
x4.4 below).

The technique we use is to apply the program of Bloch for the contravariant
functorialit y of the cycle complexeszq(X ; � ) to the simplicial spectra G(q) (X ; � ).
One�rst provesan \easy" moving lemma, in caseX admits a transitiv egroup action
by a group-schemesuch asAn , and then usethe classicaltechnique of the projecting
coneto prove a moving lemma for smooth a�ne (or projective) X . We will adapt
the various geometric results proved in [33, Chap. I I, x3.5] to this purpose.

In this section the base-schemeB will be a regular one-dimensionscheme.

4.1. Cosimplicial closed subsets. We begin with a useful de�nition.

De�nition 4.2. Let Y be an N -truncated cosimplicial scheme,0 � N � 1 , and
let Wp � Yp be a closedsubset, for each p, 0 � p � N . We call W a cosimplicial
closed subsetof Y if, for each morphism g : [p] ! [q] in �, we have

Wp = Y (g) � 1(Wq):

Clearly the intersection of a family of cosimplicial closedsubsetsis a cosimplicial
closedsubset. Thus, if Y is an N -truncated cosimplicial scheme,and we are given
closedsubsetsWp � Yp, there is a unique minimal cosimplicial closedsubset �W of
Y containing all the Wp; we call �W the cosimplicial closedsubsetgeneratedby the
collection f Wpg.

Lemma 4.3. Let Y be an N -truncated cosimplicial scheme,0 � N < 1 , and for
each p, let Pp be a subsetof the set of irr educible closed subsetsof Yp. Suppose
that, for each g : [p] ! [q] in � , p;q � N , and each C 2 Pp, each irr educible
component of Y(g) � 1(C) is in Pq. Let f Wp � Yp; p = 0; : : : ; N g be a collection of
closed subsetssuch that each Wp is a �nite union of elementsof Pp. Let �W be the
cosimplicial closed subsetof Y generated by the f Wpg. Then �Wp is a �nite union
of elementsof Pp.

Proof. Clearly �Wp is the union of the Y (g) � 1(Wq), as g : [p] ! [q] runs over all
maps in � with q � N . Sincethis set of maps is �nite, the assumption on the sets
Pq and Wq implies the result.

4.4. K -theory spectral sequence. Let X be a �nite-t ype B -scheme such that
each irreducible component hasof dimensiond (wecall such and X equi-dimensional
of dimension d). We set X (p;q) := X (p;d � q) , i.e., we index by codimension rather
than dimension. We extend the de�nition of X (p;q) to disjoint unions of equi-
dimensional B -schemesX by taking the disjoint union over the connected com-
ponents of X . The group zq(X ; p) is then the free abelian group on X (p;q) . We
similarly de�ne X (p; � q) := X (p; � d� q) in caseeach connected component of X is
equi-dimensional,and extend to disjoint unions of equi-dimensionalB -schemesas
above.
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For a schemeY , let PY be the exact category of locally free coherent sheaveson
Y. We let K (X ; p) be the K -theory spectrum K (PX � � p ), and for W � X � � p a
closedsubset, we let K W (X ; p) denote the homotopy �b er of the restriction map
j � : K (PX � � p ) ! K (PU ), where j : U ! X � � p is the complement of W .

Let X be a disjoint union of equi-dimensionalB -schemes.Taking the limit of the
K W (X ; p) asW runs over �nite unions of elements of X (p; � q) de�nes the spectrum
K (q) (X ; p); the assignment p 7! K (q) (X ; p) clearly extendsto a simplicial spectrum
K (q) (X ; � ).

Wede�ne the simplicial spectrum G(q) (X ; � ) to beG(d� q) (X ; � ) in casedim X =
d; taking products over the connectedcomponents of X de�nes G(q) (X ; � ) for X
a disjoint union of equi-dimensionalB -schemes. The natural inclusion P � ! M �

de�nes the map of simplicial spectra

K (q) (X ; � ) ! G(q) (X ; � ):(4.1)

If W is a cosimplicial closedsubset of Y , the complements Up := Yp n Wp form
an N -truncated cosimplicial subscheme U := Y n W of Y . In particular, the K -
theory spectra with supports, K W p (Yp), form an N -truncated simplicial spectrum
K W (Y ). Similarly, for W a cosimplicial closedsubsetof the N -truncation X � � �

N
of X � � � , wemay form the N -truncated simplicial G-theory spectrum GW (X ; � )N ,
giving the natural map

K W (X ; � )N ! GW (X ; � )N(4.2)

Lemma 4.5. If X is regular, the maps (4.1) and (4.2) are term-wise weak equiv-
alences.

Proof. Each regular Y of �nite type over B admits an ample family of line bundles.
Thus, each coherent sheafon Y admits a �nite resolution by locally free coherent
sheaves. It follows from Quillen's resolution theorem [45, x4, Corollary 1] that the
inclusion PY ! M Y induces a weak equivalenceK (PY ) ! K (M Y ), whencethe
lemma.

We have the \coniv eau tower"

: : : ! K (q+1) (X ; � ) ! K (q) (X ; � ) ! : : : ! K (0) (X ; � )
� X � � K (X );(4.3)

with the augmentation K (X ) ��! K (0) (X ; � ) being a weak equivalencefor X regu-
lar. The maps (4.1) for various q induce the map of towers

: : : //K (q+1) (X ; � ) //

��

K (q) (X ; � ) //

��

: : : //K (0) (X ; � )

��

K (X )oo

��
: : : //G(q+1) (X ; � ) //G(q) (X ; � ) //: : : //G(0) (X ; � ) G(X )oo

(4.4)

Let K (q=q+1) (X ; � ) denotethe co�b er of the map K (q+1) (X ; � ) ! K (q) (X ; � ), and
de�ne G(q=q+1) (X ; � ) similarly.

The two towers give us the spectral sequences(for X regular)

E 1
p;q (K ) = � p+ q(K ( � p=� p+1) (X ; � )) =) K p+ q(X )(4.5)

E 1
p;q (G) = � p+ q(G( � p=� p+1) (X ; � )) =) Gp+ q(X ):(4.6)
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Prop osition 4.6. Supposethat X is regular. Then the maps (4.1) induce an iso-
morphism of spectral sequences E(K ) ! E(G).

Proof. Clearly the maps (4.1) induce a map of spectral sequences.By Lemma 4.5,
this map is an isomorphism on the E 1-terms, hence an isomorphism of spectral
sequences.

4.7. Form ulation of the moving lemma. Let X be B -scheme of �nite type.
An irreducible subset C of X has pure codimension d if dim X i � dim C = d for
each irreducible component X i of X containing C. Let C be a �nite collection of
irreducible locally closedsubsetsof X such that each C 2 C has pure codimension
in X . We let X C

(p;q) be the subset of X (p;q) de�ned by the following condition:
Let W 2 X (p;q) is in X C

(p;q) if, for each C 2 C, each irreducible component W 0 of
W \ (C � � p) is in C(q� d;p ) , where d = codimX C.

Similarly, we let X C
(p;� q) be the subsetof X (p; � q) consistingof thoseW such that

for each C 2 C, each irreducible component W 0 of W \ (C � � p) is in C(p; � q� d) ,
d = codimX C.

We let zC
q (X ; p) be the subgroup of zq(X ; p) generatedby X C

(p;q) , giving the sim-

plicial subgroup zC
q (X ; � ) of zq(X ; � ). Similarly, we have the spectrum GC

(q) (X ; p),
de�ned as the limit of the spectra GW (X ; p), as W runs over �nite unions of ele-
ments of X C

(p;� q) , and the simplicial spectrum GC
(q) (X ; � ), with the natural map

GC
(q) (X ; � ) ! G(q) (X ; � )(4.7)

If X is a union of equi-dimension B -schemes,we may label using codimension
rather than dimension,giving the subsetX (p;q)

C of X (p;q) , and the subsetX (p; � q)
C of

X (p; � q) . In this case,we de�ne the simplicial subgroup zq
C(X ; � ) of zq(X ; � ), and

the simplicial spectrum G(q)
C (X ; � ) using X (p;q)

C and X (p; � q)
C instead of X C

(p;q) and

X C
(p;� q) . We similarly de�ne the spectrum K (q)

C (X ; p) as the limit of the spectra

K W (X ; p), as W runs over �nite unions of elements of X (p; � q)
C . The K (q)

C (X ; p)
form a simplicial spectrum K (q)

C (X ; � ), and we have the natural maps of simplicial
spectra

K (q)
C (X ; � ) ! K (q) (X ; � ):(4.8)

Conjecture 4.8. Supposethat X is a regular a�ne B -schemeof �nite type. Then
the map (4.8) is a weak equivalencefor all q.

We can now state our main moving results:

Theorem 4.9. Supposethat X is smooth and a�ne over B , and that each C 2 C
dominates an irr educible component of B . Then the maps (4.7) and (4.8) are a
weak equivalences for all q. Similarly, the map

zq
C(X ; � ) ! zq(X ; � ):

is a weak equivalence for all q.

Before proceedingto the proof of Theorem 4.9, we describe the consequencesfor
the spectral sequence(1.8).
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5. Functoriality

As in [36, Remark 7.5], we may assumethat the various pull-back operations
on categoriesof coherent sheaves are strictly functorial, rather than just pseudo-
functorial.

5.1. Pull-bac k maps. We note that the spectral sequence(1.8) is the spectral
sequence(4.6), together with the identi�cation of the E 1-term as Hp+ q(z� p(X ; � ))
via the weak equivalence(1.5), and reindexing. Thus, via Proposition 4.6, we have
the identi�cation of (1.8) with the spectral sequence(4.5), plus the appropriate
reindexing, and the identi�cation of the E 1-term. Thus, in order to make the
spectral sequence(1.8) functorial, it su�ces to de�ne functorial pull-back maps (in
the stable homotopy category) for the simplicial spectra K (q) (X ; � ).

We will in fact needa somewhatmore preciseresult. For each B -schemeX , let
C(X ) be the category whoseobjects are the �nite sets of locally closedsubsetsof
X , with morphismsbeing inclusions. Let Sp � be the categoryof simplicial spectra.
We have the functor

K (q)
� (X ; � ) : C(X )op ! Sp �

de�ned by sending C 2 C(X ) to K (q)
C (X ; � ), with K (q)

C0 (X ; � ) ! K (q)
C (X ; � ) the

evident map associated to an inclusion C � C0. Sincethe category C(X )op is clearly
a small �ltering category, we may consider K (q)

� (X ; � ) as a limit object of Sp � .
We �rst show how to extend X 7! K (q)

� (X ; � ) to a functor from smooth B -schemes
to limit objects in Sp � , at least for the subcategory of closed embeddings. We
get a more straightforward functorialit y for the subcategory of equi-dimensional
morphisms. We then use Mayer-Vietoris and Theorem 4.9 to descendthis to the
desired functor from smooth B -schemes to the homotopy category of simplicial
spectra.

Suppose�rst of all we havea morphism f : Y ! X , and let W be a closedsubset
of X � � p. The map f � id : Y � � p ! X � � p thus inducesthe map of spectra

(f � id) � : K W (X ; p) ! K f � 1 (W ) (Y; p);(5.1)

and this pull-back is functorial in f .
Next, supposeX is equi-dimensionalover B , and Y equi-dimensionalover X . Let

C be in C(X ), and let f � C be the set of irreducible components the subsetsf � 1(C),
C 2 C. For each W 2 X (p; � q)

C , each irreducible component of (f � id) � 1(W ) is in
Y (p; � q)

f � C , so the pull-back maps (5.1) induce the map of simplicial spectra

f � : K (q)
C (X ; � ) ! K (q)

f � C(Y; � ):(5.2)

The mapsf � are functorial for equi-dimensionmapsof equi-dimensionalB -schemes.
Let i : Y ! X be a closedembedding, with X and Y smooth over B , and let C

be in C(Y). We let iC be the set of i (C), C 2 CY and i � C:= iC[ f i (Y )g. As above,
we have the map

i � : K (q)
i � C(X ; � ) ! K (q)

C (Y; � ):(5.3)

We use the notation from x3.2. Let U = f U1; : : : ; Un g be an open cover of a
�nite type B -scheme X , giving the open subscheme j I : UI ! X for each non-
empty I � f 1; : : : ; ng. For C a �nite set of locally closedsubsetsof X , we have the
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pull-back CI := j � 1
I (C) to UI , giving us the simplicial spectrum K (q)

CI
(UI ; � ), and

the functor

K (q)
C�

(U� ; � ) : � n
0 ! Sp �

I 7! K (q)
CI

(UI ; � ):

We set

K (q)
C (U; � ) := holim

� n
0

K (q)
C�

(U� ; � );

the maps j �
I give the natural map of simplicial spectra

j �
U;C : K (q)

C (X ; � ) ! K (q)
C (U; � ):

Suppose that X is smooth over B , that each Ui 2 U is a�ne, and that each
C 2 C is equi-dimensionalover B . By Theorem 4.9, the map

K (q)
CI

(UI ; � )
� I� ! K (q) (UI ; � )

is a weak equivalencefor each I � f 1; : : : ; ng, hencethe natural map of simplicial
spectra

K (q)
C (U; � )

� C� ! K (q) (U; � )

is a weak equivalence. The results of x3.2 for the simplicial spectra G(q) (� ; � ),
together with Lemma 4.5, implies that the map

j �
U : K (q) (X ; � ) ! K (q) (U; � )

is a weak equivalence. In particular, supposewe have another open cover V of X ,
and two re�nement maps � 1; � 2 : V ! U, inducing the maps

� �
i : K (q) (U; � ) ! K (q) (V; � ):

Since� �
i � j �

U = j �
V , we have

� �
1 = � �

2

in the homotopy category.
Let i : Y ! X bea closedembeddingof smooth B -schemes.Choosea �nite a�ne

opencover U of X , inducing the a�ne opencover V of Y , V = f i � 1(U); U 2 Ug. Let
C = f i (Y )g. Then, for each I � f 1; : : : ; ng, we have the natural map of simplicial
spectra

i �
I : K (q)

CI
(UI ; � ) ! K (q) (VI ; � );

inducing the map of simplicial spectra

i �
U : K (q)

C (U; � ) ! K (q) (V; � ):

We de�ne the map

i � : K (q) (X ; � ) ! K (q) (Y; � )

in the homotopy category as the composition

K (q) (X ; � )
j �

U� ! K (q) (U; � )
� � 1

C� � ! K (q)
C (U; � )

i �
U� ! K (q) (V; � )

( j �
V ) � 1

� � � � ! K (q) (Y; � ):

The readerwill easily verify that i � is independent of the choiceof a�ne open cover
U.
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Lemma 5.2. Let

Z //i 1

��
f 1

Y

��
f 2

W //
i 2

X

be a commutative diagram of smooth B -schemes,with i 1; i 2 closed embeddings, and
f 1; f 2 equi-dimensional. Then i �

1 � f �
2 = f �

1 � i �
2 in the stable homotopy category

(assuming Theorem 4.9).

Proof. We may assumethat X ; Y; Z and W are irreducible. Since f 1 is equi-
dimensional, f 1 is dominant, hencei 2(W ) is the closureof i 2(f 1(Z )) in X . Similarly,
i 1(Z ) is equi-dimensionalover i 2(W ).

Let UX be an a�ne open cover of X , and let UY be an a�ne open cover of
Y which re�nes f � 1

2 (UX ); we �x a re�nement map � Y : UY ! f � 1
2 (UX ). Let

VZ = i � 1
1 (UY ) and let VW = i � 1

2 (UX ); the map � Y induces the re�nement � Z :
VZ ! f � 1

1 (VW ).
Let CX = f i 1(Z )g and CY = f i 2(W )g. Sincef 2 : Y ! X and f 2 : i 1(Z ) ! i 2(W )

are equi-dimenisonal,we have the maps

� �
Y I � f �

2I : K (q)
CX

I
(UX

I ; � ) ! K (q)
CY

I
(UY

I ; � );

� �
Y I � f �

2I : K (q) (UX
I ; � ) ! K (q) (UY

I ; � ):

Similarly, the map f 1 induces

� �
Z I � f �

1I : K (q) (VW
I ; � ) ! K (q) (VZ

I ; � ):

This givesus the commutativ e diagram of simplicial spectra

K (q)
CX (UX ; � ) //� CX

��
� �

Y � f �
2 �

K (q) (UX ; � )

��
� �

Y � f �
2 �

K (q) (X ; � )oo
j �

U X

��
f �

2

K (q)
CY (UY ; � ) //� CY

K (q) (UY ; � ) K (q) (Y; � );oo
j �

U Y

from which we see

f �
2 = (j �

UY )� 1 � �CY � � �
Y � f �

2� � � � 1
CX � j �

UX :(5.4)

Similarly, we have

f �
1 = (j �

V Z )� 1 � � �
Z � f �

1� � � j �
V W :(5.5)

The inclusions i 2 : W ! X , i 1 : Z ! Y induce the maps of simplicial spectra

i �
UX : K (q)

CX (UX ; � ) ! K (q) (VW ; � )

i �
UY : K (q)

CY (UY ; � ) ! K (q) (VZ ; � );
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yielding the commutativ e diagram

K (q)
CX (UX ; � ) //

i �
U X

��
� �

Y � f �
2 �

K (q) (VW ; � )

��
� �

Z � f �
1 �

K (q)
CY (UY ; � ) //

i �
U Y

K (q) (VZ ; � ):

This plus (5.4) and (5.5) completesthe proof.

De�nition 5.3. Let f : Y ! X be a of smooth B -schemes. Factor f as the
composition

Y
(id ;f )

� � � ! Y � B X
p2� ! X ;

and set

f � := (id; f ) � � p�
2:(5.6)

Lemma 5.4. Let X , Y and Z be smooth B -schemes.

1. Suppose f : Y ! X is an equi-dimensional morphism. Then the two de�ni-
tions (5.2) and (5.6) of f � agree.

2. Supposef : Y ! X is a closed embedding. Then the two de�nitions (5.3) and
(5.6) of f � agree.

3. Let Z
g

�! Y
f

�! X be B -morphisms. Then (f � g) � = g� � f � .

Proof. (1) follows from Lemma 5.2 by factoring the composition

Y
(id ;f )

� � � ! Y � B X
p2� ! X

as idX � f . (2) follows similarly using the factorization f � idY .
The functorialit y (3) in casef and g are equi-dimensionalfollows from (1) and

the functorialit y of pull-back for the K -theory spectra. To prove (3) for the com-
position of two closed embeddings, take C = f f (g(Z )) ; f (Y )g, C0 = f g(Z )g and
C00 = f f (g(Z ))g, and let U be an a�ne open cover of X , inducing the a�ne open
cover V := f � 1(U) of Y and W = g� 1(V) of Z . Clearly the map f inducesthe map

f �
C;U : K (q)

C (U; � ) ! K (q)
C0 (V; � );

giving the commutativ e diagram

K (q)
C (U; � ) //

f �
C; U

��
� C; C00

K (q)
C0 (V; � )

��
g�

V

K (q)
C00 (U; � ) //

(g� f ) �
U

K (q) (W; � )

Since �C;C00 is a weak equivalence(Theorem 4.9), this proves the functorialit y for
closedembeddings.
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To prove functorialit y in general, factor f � g as

Z

��
(id ;g)

Z � B Y //p2

��
(id ;f � p2 )

Y

��
(id ;f )

Z � B Y � B X //p23
Y � B X //p2

X

From Lemma 5.2 and the functorialit y we have shown so far, we have the factor-
ization of g� � f � as

K (X ; � )
p�

3� ! K (Z � B � B X ; � )
(id ;g;f � g) �

� � � � � � � ! K (Z; � ):

We have the commutativ e diagram

Z //(id ;f � g)

��
(id ;g;f � g)

Z � B X

��
p2

ww

(p1 ;g� p1 ;p2 )

nnnnnnnnnnn

Z � B Y � B X //
p3

X

Applying the functorialit y for closedembeddingsand Lemma 5.2 gives

(id; g; f � g) � p�
3 = (id; f � g) � � (p1; g � p1; p2)� � p�

3

= (id; f � g) � � p�
2 � id �

X

= (f � g) � :

6. Mo ving lemmas

This completesthe construction of the functorial pull-back maps for the tower
of simplicial spectra K (q) (X ; � ), and for the spectral sequence(1.8). We now turn
to the proof of Theorem 4.9.

6.1. Triangulations and homotopies. We recall the standard construction of
simplicial homotopiesof maps of simplicial spaces.

We have the ordered sets [p] := f 0 < : : : ; < pg. We give the product [p] � [q]
the product partial order

(a; b) � (a0; b0) $ a � a0 and b � b0:

Let � � N denote the full subcategory of the category �, with objects the ordered
sets [p], 0 � p � N . For a functor F : � � N op ! S (an N -truncated simplicial
space), we have the geometric realization jF jN 2 S.

Let F; G : � � N +1 op ! S be functors, giving the geometric realizations jF jN
and jGjN . Suppose we have for each order-preserving map h : [p] ! [q] � [1],
0 � q � N , 0 � p � N + 1, a morphism

H (h) : G([q]) ! F ([p])

such that, for each order-preservingg : [q] ! [r ], f : [s] ! [p], we have

H (h � f ) = F (f ) � H (h); H ((g � id) � h) = H (h) � G(g):
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Then, restricting to those h with image in [q] � 0 (resp. [q] � 1), and with p = q,
we have the maps of N -truncated simplicial spaces

H0; H1 : G ! F;

and the map in S

H : jGjN � I ! jF jN ;

with

H jj G j� 0 = jH0j; H jj G j� 1 = jH1 j:

Indeed, jGjN � I is the geometricrealization of the N + 1-truncated simplicial space

(G � I )([p]) =
a

g:[p]! [q]� [1]

G([q])= � ;

where � is the equivalencerelation (G(g)(x); h) � (x; (g � id) � h), with the evident
map on morphisms. Our assertion follows directly from this.

We have the standard triangulation of � p � � q, given as follows: Let vp
i be the

vertex t j = 0, j 6= i of � p. Let g = (g1; g2) : [n] ! [p] � [q] be an order-preserving
map. We have the a�ne linear map T(g) : � n ! � p � � q with T(g)(vp+ q

i ) =
vp

g1 ( i ) � vq
g2 ( i ) .

Let � : B 0 ! B be a B -scheme,  : A1
B 0 ! GB 0 a B 0-morphism, and g : [p] !

[1] � [q] an order-preservingmap. We denote the composition

X B 0 � � p id � T (g)
� � � � � !! X B 0 � � 1 � � q ( �; id ) � id

� � � � � � ! X B 0 � � 1 � � q

� � id
� � � ! X � � 1 � � q p13� � ! X � � q

by T(�; g). Similarly, we have the composition

X B 0 � � p � (1) � id
� � � � � ! X B 0 � � p � � id� � � ! X � � p

which we denote by � (1; p).

Lemma 6.2. Let N be a (generalized) integer 0 � N � 1 . Let Y be a B -schemeof
�nite type, and let W 0 � W be subsetsof t N +1

p=0 (Y � B X )(p;qp ) , forming cosimplicial
closed subsetsof Y � B X � � �

N +1 . Supposethat, for each C 2 W , and each order-
preserving g : [p] ! [q] � [1], each irr educible component of [id � T (�; g)] � 1(C) is
in W 0, for all p;q � N + 1. Then

1. The maps id � � (1; p) de�ne the map of N -truncated simplicial spaces

[id � � (1; � )] � : GW (Y � B X ; � )N ! GW 0(Y � B X B 0; � )N :

2. The maps T(�; g) give a homotopy of the compositions

GW (Y � B X ; � )N
[id � � (1 ;� )] �

� � � � � � � � ! GW 0(Y � B X B 0; � )N ! GW (Y � B X B 0; � )N

GW 0(Y � B X ; � )N ! GW (Y � B X ; � )N
[id � � (1 ;� )] �

� � � � � � � � ! GW 0(Y � B X B 0; � )N

with the respective base-extensions

� � : GW (Y � B X ; � )N ! GW (Y � B X B 0; � )N ;

� � : GW 0(Y � B X ; � )N ! GW 0(Y � B X B 0; � )N :

The sameholds with the simplicial spaces GW 0(� ; � ), GW (� ; � ) replaced with the
simplicial abelian groups zW 0(� ; � ), zW (� ; � ).
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Proof. Let f : jGW (Y � B X ; � )N j � I ! jGW 0(Y � B X B 0; � )N j be the map con-
structed from the maps id � T (�; g), following the homotopy construction of x6.1.
One seesdirectly that the maps

jGW (Y � B X ; � )N j � 0
f

�! jGW 0(Y � B X B 0; � )N j

jGW (Y � B X ; � )N j � 1
f

�! jGW 0(Y � B X B 0; � )N j

are � � and [id� � (1; p)] � , which provesthe lemmafor the pair GW 0(� ; � ), GW (� ; � ).
The proof for zW 0(� ; � ), zW (� ; � ) is the same.

We will take G to be the additiv e group An , and  to be the linear map  x ,
where x : B 0 ! An is a B -morphism, and  x (1) = x. We take X = An , with G
acting on X by translation.

Let x1; : : : ; xn be independent variables. Welet A(x1; : : : ; xn ) be the localization
of the polynomial ring A[x1; : : : ; xn ] with respect to the multiplicativ ely closedset
of f =

P
I aI x I such that the ideal in A generatedby the coe�cien ts aI is the unit

ideal. The inclusion A ! A(x1; : : : ; xn ) is a faithfully 
at extension of semi-local
PID's. We let B (x) = Spec(A(x1; : : : ; xn ), and let x : B (x) ! An the morphism
with x � : A[x1; : : : ; xn ] ! A(x1; : : : ; xn ) the canonical map.

Beforewestate the basicmoving lemmafor group actions, we intro duceonemore
bit of notation. Let C be a �nite subsetof locally closedsubsetsof X , let e : C ! N
be a function, and let Y be a B -scheme of �nite type. We let Y � B X C

(p;q) (e)

(resp. Y � B X C
(p;� q) (e)) be the subset of (Y � B X )(p;q) (resp. (Y � B X )(p; � q) )

consisting of those W such that, for each C 2 C, each irreducible component of
(Y � B C � � p) \ W is in (Y � B C)(p; � q� codim X C + e(C )) . Given a function e : C ! N,
we let e � 1 : C ! N be the function (e � 1)(C) = max(e(C) � 1; 0).

We often label with codimension rather than dimension in caseX is a disjoint
union of equi-dimensional B -schemes,giving the subset X (p;q)

C (e) of X (p;q) , with
X (p;q)

C (e) = X C
(p;d � q) (e) in cased = dim X .

Lemma 6.3. Let C be a �nite set of locally closed subsetsof X := An , such that
each C 2 C dominates B , let Y be a B -schemeof �nite type, and let e : C ! N be
a function. Suppose that e satis�es the following condition:

(6.1)

Let C; C0 be in C. Suppose that C \ C0 has an irr educible component C0 which
contains a generic point of the �b ers Cb and C0

b for someclosed point b of B . Then
e(C) = e(C0).

Let W be in (Y � B X )C
(p;� q) (e), and let  :=  x : B (x) ! An . Then:

1. Each irr educible component of [id � � (1; p)] � 1(W ) is in (B (x) � B Y � B

X )C
(p;� q) ,

2. For each order-preserving g : [r ] ! [p] � [1], each irr educible component of
[id � T (�; g)] � 1(W ) is in (B (x) � B Y � B X )C

(r ;� q) (e).

The analogousresult holds for W 2 Y � B X C
(p;q) (e).

Proof. Wegive the proof for W 2 Y � B X C
(p;� q) (e); the proof for W 2 Y � B X C

(p;q) (e)
is similar.

In caseA is a �eld, this follows directly from [4, Lemma 2.2]. In general, let
� be the generic point of B . Since the inclusion i : � ! B is 
at, i � 1(W ) is in
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(� � B Y � B X )(p; � q) . From the caseof a �eld, it follows that (1) and (2) are valid
with � replacing B , and C� replacing C, where C� is the set of generic �b ers C� ,
C 2 C, and e : C� ! N is the map e(C� ) = e(C).

We note that each prime of A(x) is the extensionof a prime from A. Sinceeach
C 2 C is equi-dimensionalover B , to complete the proof it su�ces to show that,
for each closedpoint � : b ! B of B ,

(a) Each irreducible component of (� x � id) � 1([id � � (1; p)] � 1(W )) is in (b(x) � B

Y � B X )Cb
(p; � q) ,

(b) For each order-preserving g : [r ] ! [p] � [1], each irreducible component of
(�x � id) � 1([id � T (�; g) � 1](W )) is in (b(x) � B Y � B X )C

(r ;� q) (e).

Here �x : b(x) ! B (x) is the inclusion induced by �, Cb is the set of irreducible
components of the �b ers Cb, C 2 C, and e : Cb ! N is the map de�ned by setting
e(C0) = e(C) if C0 is an irreducible component of Cb, for C 2 C. By (6.1), this is
well-de�ned.

We proceedto verify (a) and (b). Sincedimension can only go down with inter-
section, each irreducible component of (� � id) � 1(W ) is in (b� B Y � B X )Cb

(p; � q) (e),
so (a) and (b) follows from the caseof a �eld.

We let GC
(q) (Y � B X ; � )(e) be the limit of the spectra GW (Y � B X ; � ), asW runs

over �nite unionsof elements of (Y � B X )C
(p;� q) (e). More generally, supposewehave,

in addition to C, �nite setsC(b) of locally closedsubsetsof X b for each non-generic
point b of B , and functions e(b) : C(b) ! N. We let (Y � B X )C(� )

(p;q) (e(� )) (resp. Y � B

X C(� )
(p; � q) (e(� ))) be the union of (Y � B X )C

(p;q) (e) and the (Y � B X )bC(b)
(p;q) (e(b)) (resp.

(Y � B X )C
(p;� q) (e) and the (Y � B X )bC(b)

(p; � q) (e(b))), and let GC(� )
(q) (Y � B X ; � )(e(� )) be

the limit of the spectra GW (Y � B X ; � ), as W runs over �nite unions of elements
of (Y � B X )C(� )

(p; � q) (e(� )). We de�ne the subcomplex zC(� )
q (Y � B X ; � )(e(� )) of

zq(Y � B X ; � ) similarly, using (Y � B X )C(� )
(p;q) (e(� )).

Prop osition 6.4. Let C be a �nite set of locally closed subsetsof X := An , such
that each C 2 C dominates B , and let e : C ! N be a function satisfying the
condition (6.1) of Lemma 6.3. For each non-generic point b of B , let C(b) be a
�nite set of locally closed subsetsof X b, and let e(b) : C(b) ! N be a function. Let
Y be a B -schemeof �nite type. Then, for each q � 0, the maps

GC(� )
(q) (Y � B X ; � )(e(� )) ! G(q) (Y � B X ; � ); zq

C( � ) (X ; � )(e(� )) ! zq(Y � B X ; � )

are weak equivalences.

Proof. Wegive the proof for G(q) (Y � B X ; � ); the proof for zq(Y � B X ; � ) is similar.

Let [G(q) =GC(� )
(q) (e(� ))]( Y � B X ) be the co�b er of the map of simplicial spectra

GC(� )
(q) (Y � B X ; � )(e(� )) ! G(q) (Y � B X ; � ):

It su�ces to show that [G(q) =GC(� )
(q) (e(� ))]( X � B Y ) is weakly equivalent to a point.

We �rst note that the map

[G(q) =GC(� )
(q) (e(� ))]( Y � B X ) ! [G(q) =GC(� )

(q) (e(� ))]( B (x) � B X � B Y )(6.2)

is injective on homotopy groups. Indeed, the schemeB (x) is a �ltered inverselimit
of open subschemesU of An

B , with U faithfully 
at and of �nite type over B . Thus,



K -THEOR Y AND MOTIVIC COHOMOLOGY OF SCHEMES 25

sincethe G-theory spectra transform �ltered inverselimits to �ltered direct limits,
it su�ces to show that the map

[G(q) =GC(� )
(q) (e(� ))]( Y � B X ) ! [G(q) =GC(� )

(q) (e(� ))]( U � B X � B Y )(6.3)

is injectiveon homotopy groupsfor each such U. For such a U, there exist �nite �etale
B -schemesB1 ! B , B2 ! B , of relatively prime degreesover B , and B -morphisms
B i ! U (see [36, Lemma 6.1]). Since the simplicial spectra G(q) (Y � B X ; � ),

GC(� )
(q) (Y � B X ; � )(e(� )) are covariantly functorial for �nite morphisms, and since

that composition of pull-back and push-forward for a �nite morphism B 0 ! B of
degreed is multiplication by d, it follows that the map (6.3) is injective.

Thus, we need only show that (6.2) is zero on homotopy groups. This follows
directly from Lemma 6.2 and Lemma 6.3.

6.5. The pro jecting cone. Let i : X ! An be a closedsubschemeof An , giving
the closure �X � Pn . Let Pn � 1

1 = Pn n An . For each linear subspaceL � Pn � 1
1 , we

have the corresponding linear projection

� L : An ! Am ;

with m the codimension of L in Pn � 1
1 . If L \ �X = ; , then the restriction of � L to

� L;X : X ! Am

is �nite, necessarilydominant if X is equi-dimensionalover B with m = dimB X .
If this is the case,the maps

� L;X � id : X � � p ! Am � � p

are also �nite and dominant for each p.
For the remainder of this section, we assumethat X is equi-dimensionalover B .

We let UX be the open subscheme of the Grassmannian of codimension dimB X
linear subspacesL of Pn � 1

1 with L \ �X = ; , so � L;X is �nite and dominant for
all L 2 UX ; we will always take L 2 UX unlessspeci�c mention to the contrary is
made.

Let W be a closedsubset of X � � p. We let CL (W ) � An � � p be the closed
subset(� L � id) � 1(� L;X � id)( W ).

Lemma 6.6. Suppose that each irr educible component of W is in X (p;q) . Then
each irr educible component of CL (W ) is in (An )(p;q)

f X g .

Proof. Since � L;X : X ! Am is �nite, it follows that each irreducible component
of (� L;X � id)( W ) is in (Am )(p;q) . Since � L : An ! Am is equi-dimensional,each
irreducible component of CL (W ) = (� L � id) � 1(( � L;X � id)(W )) is in (An )(p;q) .
Similarly, each irreducible component of (� L;X � id) � 1(( � L;X � id)( W )) is in X (p;q) ;
since

CL (W ) \ (X � � p) = (� L;X � id) � 1(( � L;X � id)( W )) ;

it follows that CL (W ) is in (An )(p;q)
f X g .

After replacing UX with a smaller open subschemeif necessary, we may assume
that UX is an open subschemeof somea�ne spaceAr over B , faithfully 
at over
B . Let x := (x1; : : : ; xr ), giving us the semi-local PID A(x), and the B -scheme
B (x) := SpecA(x), with the canonical morphism x : B (x) ! UX . We let L x be
the corresponding linear subspace.
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Lemma 6.7. Let i : X ! An be a closed subschemeof An , C a �nite set of
irr educible locally closed subsetsof X such that each C 2 C dominates B , and
e : C ! N a function satisfying the condition (6.1) of Lemma6.3. Supposethat X is
smooth over B . Let W be cosimplicial closed subsetof X � � �

N suchthat each Wp is
a a �nite union of elementsof X (p;q)

C (e), and let L = L x . Let f : X � � � ! Am � � �

denotethe map � L;X � id, and let RL � X be the rami�c ation locus of � L;X . Then

1. Each irr educiblecomponent of f � 1
p (f p(Wp)) di�er ent from the irr educiblecom-

ponents of WpB (x ) is in X (p;q)
B (x )C(e � 1).

2. Each irr educible component of WpB (x ) \ (RL � � p) is in X (p;q+1)
B (x )C (e).

3. Suppose that B = SpecK , K a �eld, and that X is absolutely irr educible
over K . Let Z be an e�ective codimension q cycle on X supported in W0.
Let Z 0 = � �

L;X (� L;X � (Z )) � Z . Then Z 0 is e�ective, and each irr educible

component of Z 0 is in X (0 ;q)
C (e � 1).

Proof. From Lemma 6.6, CL (W ) is in An
B (x ) f X g, hence (i � id) � 1(CL (W )) is in

X (p;q)
B (x ) .
If A is a �eld, the result is the classicalChow's moving lemma, as adapted in

[33, Chap. I I, x3.5]. The result for A a semi-local PID follows from the caseof
�elds by the sameargument as used in the proof of Lemma 6.3.

We call a closed subset Z of X � � p induced if Z = X � Z 0 for some closed
subset Z 0 of � p. Note that, if Z � X � � p is induced, then (� L;X � id)( Z ) is an
induced closedsubsetof Am � � p, and Z = (� L;X � id) � 1(( � L;X � id)( Z )).

Lemma 6.8. Supposethat A is a �eld K , and that X is absolutelyirr educible over
K . Let W be a closed subschemeof X � � p of pure codimension q, and let Z � W
be the maximal induced closed subsetwhich is a union of irr educible components of
W . Then

� L;X � id : WB (x ) n ZB (x ) ! (� L;X � id)( WB (x ) ) n (� L;X � id)( ZB (x ) )

is birational.

Proof. SinceX is absolutely irreducible, each irreducible component of an induced
closedsubsetof X � � p is induced, henceZ is the union of the induced irreducible
components of W . If Z 0 � Am � � p is induced, then clearly (� L;X � id) � 1(Z 0) is
induced, hence, if W 0 is an irreducible component of W , then (� L;X � id)( W 0) is
induced if and only if W 0 is induced. In particular if W 0 is an irreducible component
of W which is not induced, then (� L;X � id)( W 0) is not contained in (� L;X � id)( Z ).
Thus, we may assumethat Z = ; .

Let W1 6= W2 be irreducible components of W . Suppose (� L;X � id)( W ) �
(� L;X � id)(W 0). Sincethe projection � L;X is �nite, and each component of W has
the samedimension, it follows that (� L;X � id)( W 0) = (� L;X � id)( W 0).

Let W0 � X be the closureof the imageof W under the projection X � � p ! X .
We proceed by induction on the maximum d of the dimension of an irreducible
component of W0, starting with W0 = ; . Supposewe know our result for d � 1.
Let W 0 � W be the union of the irreducible components of W whoseprojections
to X have dimension at most d � 1, and let W 00 be the union of the remaining
components.
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Supposea component W 00
1 of W 00maps to an irreducible component of (� L;X �

id)( W 0). Then the projection of (� L;X � id)( W 00
1 ) on Am is a subsetof an irreducible

component of

pAm (( � L;X � id)( W 0)) = (� L;X � id)(pX (W 0)) ;

which is impossible,sincepAm (( � L;X � id)( W 00
1 )) has dimension d, while the com-

ponents of (� L;X � id)( pX (W 0)) have dimension < d.
Similarly, no component W 0

1 of W 0 can map via � L;X � id surjectively onto an
irreducible component of (� L;X � id)( W 00). Thus, we may assumethat W = W 00.

We �rst consider the casep = 0. Let C be a pure dimension d proper closed
subset of X , let C1; : : : ; Cr be the irreducible components of C, and let Z be
the cycle

P r
i =1 Ci . By the classicalChow's moving lemma (or Lemma 6.7(3) for

C = f C1; : : : ; Cr g, Z =
P

i Ci ), the cycle � �
L;X (� L;X � (Z )) � Z is e�ectiv e, and has

no component in common with C. In particular, each component of � L;X � (Z ) has
multiplicit y one, hencethe irreducible cycles� L;X � (Ci ) each have multiplicit y one,
and are pair-wise distinct. Since the multiplicit y of � L;X � (Ci ) is the degreeof the
�eld extensionK (x)(Ci )=K (x)( � L;X (Ci )), this implies that the map C ! � L;X (C)
is K (x)-birational, as desired.

The casep = 0 immediately implies the general case,in casethe image subset
W0 is a proper subset of X . Thus, we have only to consider the case in which
each component of W dominates X . Fix a �K point z. Suppose that, for all �K
points y in an open subset of X , the �b er Wy � y � � p = � p of W over y
has an irreducible component Z in common with the �b er Wz . Then clearly W �K
contains Z � � p, from which it follows that W contains an induced component,
namely, the union of the conjugates of Z � � p over K . Since we have assumed
that this is not the case, it follows that, for all pairs (z; y) in an open subset U
of X � X , the �b ers Wz and Wy have no components in common. In particular,
let � be a generic point of Am over K , such that � remains a generic point over
K (x). If z and y are distinct points in � � 1

L;X (� ), then (z; y) is a K (x)-generic
point of X � X , henceWz and Wy have no common components. Since the �b er
of (� L;X � id)( W ) over � is the union of the �b ers Wy , over y 2 � � 1

L;X (� ), it

follows that the map W� � 1
L;X ( � ) ! (� L;X � id)( W ) � is K (x; � )-birational (using the

reduced scheme structures). Thus WK (x ) ! (� L;X � id)(W ) is generically one
to one. Since, by Lemma 6.7(2), WK (x ) is generically �etale over (� L;X � id)(W ),
W ! (� L;X � id)( W ) is thus K (x)-birational, completing the proof.

6.9. Excision in K -theory. Let f : Y ! Z be a �nite map of regular schemes,
W a closedsubsetof Y . Supposethat W is a connectedcomponent of f � 1(f (W )).
We de�ne the map

f � : K f (W ) (Z ) ! K W (Y )

as follows: Let j : U ! Y be an open neighborhood of W in Y such that W =
U \ f � 1(f (W )). Set f � equal to the composition

K f (W ) (Z )
f �

� ! K f � 1 ( f (W )) (Y )
j �

� ! K W (U)
( j � ) � 1

� � � � ! K W (Y );

the last j � being the isomorphismK W (Y ) ! K W (U). This extendswithout essen-
tial modi�cation to a map f : Y ! Z of N -truncated cosimplicial schemes,with a
cosimplicial closedsubset W of Y such that the map on p-simplices f p : Yp ! Zp

is �nite, and Wp is a connectedcomponent of f � 1
p (f p(Wp)) for each p.
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Lemma 6.10. Let f : Y ! Z be a morphism of N -truncated cosimplicial schemes,
and let W; R � Y be cosimplicial closed subsets,such that Wp � Yp has pure
codimension q for each p. Let W 0

p be the closure of f � 1
p (f p(Wp)) n Wp. Suppose

that, for each p,

(i) The map on p-simplices f p : Yp ! Zp is a �nite surjective map of irr educible
smooth B -schemesof �nite type.

(ii) f pjW p : Wp ! f p(Wp) is birational.
(iii) Rp contains the rami�c ation locus of f p : Yp ! Zp.
(iv) For each g : [p] ! [r ] in � , the diagram

Yr
//f q

��
Y (g)

Z r

��
Z (g)

Yp //
f p

Zp

(6.4)

is cartesian.

Then

1. The W 0
p form a cosimplicial closed subsetW 0 of Y , with f � 1(f (W )) = W [ W 0.

2. Let WR = W \ R. The composition

K W (Y )
f � � f �� � � � ! K W [ W 0

(Y ) ! K W n(W 0[ W R ) (Y n (W 0 [ WR ))(6.5)

is equal to the restriction map K W (Y ) ! K W n(W 0[ W R ) (Y n (W 0 [ WR )) (in
the homotopy category).

Proof. The assertion (1) follows easily from the fact that the maps f p are �nite
surjective, and that the diagram (6.4) is cartesian. Similarly, it follows that the
image f (R) is a cosimplicial closedsubsetof Z .

For (2), we �rst show that f � 1(f (WR )) \ W is contained in (W 0[ WR ) \ W . For
this, we may assumethat f : Y ! Z is a map of schemes.Take x 2 f � 1(f (R)) \ W ,
and choosey 2 WR with f (y) = f (x). If x is in WR , we are done,sowe may assume
that f is unrami�ed in a neighborhood of x. The assertion is local over Z for the
�etale topology, so we may assumethat Y = Y0 t Z , with f 0 : Y0 ! Z a �nite
surjective map of regular schemes,f = f 0 t id and x 2 Z . We write W = W0 t Wx ,
with x 2 Wx � Z , y 2 W0 � Y0, and similarly write W 0 = W 0

0 t W 0
x . By our

assumptions(i) and (ii), and the assumption that W haspure codimensionq on Y,
it follows that Wx and f 0(W0) have no irreducible components in common. From
this, we seethat W 0

x = f 0(W0), whenceour claim.
We may factor the composition (6.5) through the restriction map

K W (Y ) ! K W nf � 1 ( f (W R )) \ W (Y n f � 1(f (WR )) \ W ):

From Quillen's localization theorem [45, x7, Proposition 3.1], we have the excision
weak equivalences

K W nf � 1 ( f (W R )) \ W (Y n f � 1(f (WR )) \ W ) � K W nf � 1 ( f (W R )) (Y n f � 1(f (WR )))

K W n(W 0[ W R ) (Y n (W 0 [ WR )) � K W n(W 0[ f � 1 ( f (W R ))) (Y n (W 0 [ f � 1(f (WR )))) ;

so we may remove f (WR ) from Z and f � 1(f (WR )) from Y, i.e., we may assume
that WR = ; .
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Let W 00= W 0 \ W . Clearly W 00 is a cosimplicial closedsubsetof Y . We claim
that

(a) W 00contains no genericpoint of W .
(b) f � 1(f (W 00)) \ (W n W 00) = ; .
(c) The map f : W n W 00! f (W ) n f (W 00) is an isomorphism.

To seethis, we may assumethat f : Y ! Z is a map of schemes.We note that the
assertions(a)-(c) are are local over Z for the �etale topology. Thus we may assume
that Y = Y0 t t m

i =1 Z , with f 0 : Y0 ! Z a �nite surjective map of regular schemes,
f = f 0 t t m

i =1 id, and, sinceWR = ; , we may assumethat W \ Y0 = ; . W is thus a
disjoint union of closedsubsetsWi � Z ; sincef : W ! f (W ) is birational, and W
has pure codimension q on Y , the subsetsWi and Wj have no common irreducible
components for i 6= j . If we write W 0 as a disjoint union, W 0 = W 0

0 t t m
i =1 W 0

i ,
then clearly W 0

i = [ j 6= i Wj for i = 1; : : : ; m, and similarly Wi nW 00
i = Wi n[ j 6= i Wj .

Sincef (W ) = [ i Wi , the assertions(a)-(c) are now obvious.
Let W � = f � 1(f (W 00)). Clearly W � is contained in W 0. We may factor the

composition (6.5) through the map

K W nW 00
(Y n W � )

f � � f �� � � � ! K (W [ W 0)nW �
(Y n W � ) ! K W nW 0

(Y n W 0):

Thus, we may removef (W 00) from Z and W � from Y, and assumethat W 0\ W = ; .
It therefore su�ces to show that the maps

f � : K f (W ) (Z ) ! K W (Y ); f � : K W (Y ) ! K f (W ) (Z )

are inverseisomorphisms.
From (c), the map f : W ! f (W ) is an isomorphism. SinceY and Z are regular,

we may replaceK -theory with G-theory. We have the homotopy equivalences

G(W )
i W �� � ! GW (Y ); G(f (W ))

i f ( W ) �
� � � � ! Gf (W ) (Z ):

Let F be a coherent sheafon f (Wp). Sincef p is �etale, the natural map

f �
p (i f (W p ) � (F )) ! i W p � (f �

jW p
(F ))

is an isomorphism on a (Zariski) neighborhood of Wp in Yp. This natural isomor-
phism givesa homotopy betweenthe maps f � � i f (W ) � and i W � � f �

jW of G(f (W ))
to GW (Y ), i.e., the diagram

G(W ) //i W � GW (Y )

G(f (W )) //
i f ( W ) �

OO
f �

j W

Gf (W ) (Z )

OO
f �

is homotopy commutativ e. By functorialit y of �nite push-forward, the diagram

G(W ) //i W �

��
f j W �

GW (Y )

��
f �

G(f (W )) //
i f ( W ) �

Gf (W ) (Z )

is homotopy commutativ e as well. Since f jW is an isomorphism, the maps f jW �

and f �
jW are inverseisomorphisms,hencef � and f � are inverseisomorphisms.
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Lemma 6.11. Let f : Y ! Z be a morphism of N -truncated cosimplicial schemes,
and let W; W � ; R � Y be cosimplicial closed subsetswith W � � f � 1(f (W � ). Sup-
posethat, for each p,

1. The map on p-simplices f p : Yp ! Zp is a �nite surjective map of irr educible
smooth B -schemesof �nite type.

2. Yp n Rp ! Zp is �etale.
3. f pjW p : Wp n W �

p ! f p(Wp) n f p(W �
p ) is birational for each p.

4. For each g : [p] ! [q] in � , the diagram (6.4) is cartesian.

Let W 0
p be the closure of f � 1

p (f p(Wp)) n Wp, and let WR = W \ R. Let

� : K W [ W �

(Y )=K W �

(Y ) ! K W [ W � [ W 0

(Y )=K W �

(Y );

�0 : K W [ W � [ W 0
(Y )=K W �

(Y ) ! K W [ W � [ W 0
(Y )=K W � [ W 0[ W R (Y )

be the evident maps. Then the W 0
p form a cosimplicial closed subsetW 0 of Y , with

f � 1(f (W )) = W [ W 0, and the composition

K W [ W �
(Y )=K W �

(Y )
� � f � � f �� � � � � ! K W [ W � [ W 0

(Y )=K W �
(Y )

� 0

�! K W [ W � [ W 0
(Y )=K W � [ W 0[ W R (Y )

is the zero map (in the homotopy category).

Proof. The �rst assertion follows from Lemma 6.10(1). By Quillen's localization
theorem [45, x7, Proposition 3.1], the restriction maps

K W [ W �
(Y )=K W �

(Y ) ! K W nW �
(Y n W � );

K W [ W � [ W 0
(Y )=K W �

(Y )=K W �
(Y ) ! K (W [ W 0)nW �

(Y n W � )

K W [ W � [ W 0

(Y )=K W � [ W 0[ W R (Y ) ! K W n(W � [ W 0[ W R ) (Y n (W � [ W 0 [ WR ))

are weak equivalences.Thus, we may remove f (W � ) from Z and W � from Y, i.e.,
it su�ces to prove the result with W � = ; .

We must therefore show that the composition

K W (Y )
� � f � � f �� � � � � ! K W [ W 0

(Y ) � 0

�! K W n(W 0[ W R ) (Y n (W 0 [ WR ))(6.6)

is the zero map in the homotopy category. As � 0 � � is just the restriction map
K W (Y ) ! K W nW 0

(Y n (W 0 [ WR )), this follows from Lemma 6.10.

6.12. Pro of of Theorem 4.9. We can now completethe proof of Theorem 4.9; we
usethe elegant method of Hanamura [25, x1]. We give the proof for the K -theory
spectra; the proof for the simplicial abelian groups zq(X ; � ) is similar (but easier)
and is left to the reader. It su�ces to consider the caseof irreducible X .

Fix an integer N � 0. We have the co�b er K (q) (X ; � )N =K (q)
C (X ; � )N of the

map of N -truncated simplicial spectra K (q)
C (X ; � )N ! K (q) (X ; � )N ; it su�ces to

show that � n (K (q) (X ; � )N =K (q)
C (X ; � )N ) = 0 for all n < N , and all N � 0.

Let e � 0 be an integer, which we consideras the constant map e : C ! N with
value e. Let K (q)

C (X ; p)(e) be the limit of the K -theory spectra K Z
C (X ; p), with Z a

�nite union of W 2 X (p;q)
C (e). This givesus the simplicial spectrum K (q)

C (X ; � )(e)

and the N -truncated simplicial spectrum K (q)
C (X ; � )(e)N .
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Since X is a�ne, each element of X (p; � q) is contained in an element of X (p;q) .
Thus, the K -theory spectrum K (q) (X ; p) can also be de�ned as the direct limit of
the spectra K W (X ; � ), with W a �nite union of elements of X (p;q) .

For p � N , each W in X (p;q) is in X (p;q)
C (dimB X + N + 1), hence

K (q) (X ; � )N = K (q)
C (X ; � )(dim B X + N + 1)N :

Thus, it su�ces to show that

� n (K (q)
C (X ; � )(e)N =K (q)

C (X ; � )(e � 1)N ) = 0(6.7)

for all n < N , all e with 1 � e � dimB X + N + 1, and all N � 0.
Let X (p;q)

C�n (e) be the subset of X (p;q)
C (e) consisting of those W which map to a

non-genericpoint of B . Clearly

X (p;q)
C�n (e) = [ bX (p;q� 1)

bCb
;(6.8)

where each union is over the non-genericpoints of B .
Let K (q)

C�n (X ; � )(e � 1) be the limit of the simplicial spectra K W (X ; � ), where

W runs over �nite unions of elements of X (p;q)
C�n (e) [ X (p;q)

C (e� 1). Supposewe have
shown, for all semi-local regular B , and all smooth a�ne X ! B , that

� n (K (q)
C (X ; � )(e)N =K (q)

C�n (X ; � )(e � 1)N ) = 0(6.9)

for all n < N , all e with 1 � e � dimB X + N + 1, and all N � 0. SinceX (p;q)
C�n (e) is

empty if B = SpecK , K a �eld, this su�ces to prove our main result in this case.
In general, this reducesus to showing that

� n (K (q)
C�n (X ; � )(e � 1)N =K (q)

C (X ; � )(e � 1)N ) = 0

for all n < N , all e with 1 � e � dimB X + N + 1, and all N � 0.
Let W be in X (p;q)

C (e � 1), and let b be a non-generic point of B . Since the
elements of C are equi-dimensionalover B , and sinceX b is a�ne, each irreducible
component of the �b er Wb is a subset of someelement of X (p;q� 1)

bCb
(e � 1). Using

Quillen's localization theorem, (6.8), and this fact, wearriveat the weakequivalence

K (q)
C�n (X ; � )(e � 1)N =K (q)

C (X ; � )(e � 1)N

�
Y

b

K (q� 1)
Cb

(X b; � )(e)N =K (q� 1)
Cb

(X b; � )(e � 1)N :

Thus, in order to prove the identit y (6.7) for all n < N , all e with 1 � e �
dimB X + N + 1, and all N � 0, it su�ces to prove (6.9) (in the casesdescribed
above). We note that (6.9) depends only on the scheme X , not the choice of the
baseschemeB , so we may replaceB with the integral closureof B in the function
�eld of X . Thus, we may assumethat the generic �b er of X over B is absolutely
irreducible.

Extend e to the map e : iC[ f X g ! N by e(iC ) = e(C), e(X ) = 0. As in the
proof of Proposition 6.4, the map

(6.10) K (q)
C (X ; � )(e)N =K (q)

C�n (X ; � )(e � 1)N

� �

� ! K (q)
C (X B (x ) ; � )(e)N =K (q)

C�n (X B (x ) ; � )(e � 1)N

is injective on homotopy groups.
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By Lemma 6.6 and Lemma 6.7, we have the well-de�ned maps of N -truncated
simplicial spectra

(6.11) K (q)
C (X ; � )(e)N

� �
L � � L;X �

� � � � � � ! K (q)
i C[f X g(An

B (x ) ; � )(e)N

i �

� ! K (q)
C (X B (x ) ; � )(e)N ;

and similarly with e replacedby e � 1 and C replacedwith C�n. The composition
is just � �

L;X � � L;X � .
By Proposition 6.4, the co�b er

K (q)
i C[f X g(An

B (x ) ; � )(e)=K (q)
i C�n [f X g(An

B (x ) ; � )(e � 1)

is weakly equivalent to a point, hence,using the factorization of � �
L;X � � L;X � given

in (6.11), we seethat

(6.12) K (q)
C (X ; � )(e)N =K (q)

C�n (X ; � )(e � 1)N

� �
L;X � � L;X �

� � � � � � � � ! K (q)
C (X B (x ) ; � )(e)N =K (q)

C�n (X B (x ) ; � )(e � 1)N

inducesthe zero map on homotopy groups � n , n < N .

Lemma 6.13. The map

(6.13) K (q)
C (X ; � )(e)N =K (q)

C�n (X ; � )(e � 1)N

� � � � �
L;X � � L;X �

� � � � � � � � � � ! K (q)
C (X B (x ) ; � )(e)N =K (q)

C�n (X B (x ) ; � )(e � 1)N

induces the zero map on homotopy groups.

Proof. Let W be a �nite union of elements of X (p;q) (e), for 0 � p � N , and let
W�n be the union of the components of W which map to the non-genericpoints of
B . We assumethat W and W�n form a cosimplicial closedsubsetsof (X � � � )N .
We write f p : X � � p ! Am � � p for the map � L;X � id. Let W 0

p be the union of
the irreducible components of f � 1

p (f p(Wp)) which are not in Wp; by Lemma 6.11,
the W 0

p form a cosimplicial closed subset W 0 of X � � �
N . By Lemma 6.7, each

irreducible component of W 0
p is in X (p;q)

B (x )C(e � 1).
Let R � X be the rami�cation locusof � L;X , soR � � p is the rami�cation locus

of � L;X � id. We let WR denote the cosimplicial closedsubsetW \ (R � � �
N ). By

Lemma 6.7, each irreducible component of WRp is in X (p;q+1)
B (x )C (e). SinceX is a�ne,

a su�cien tly general collection of complete intersections containing WR forms a
cosimplicial closedsubset W1, such that each irreducible component of W1p is in
X (p;q)

B (x )C(e� 1). Let W 00� W1 [ W 0 be a cosimplicial closedsubsetof X � � �
N such

that each component of W 00is in X (p;q)
B (x )C�n (e � 1).

For each p, let Zp � Wp be the maximal induced closedsubsetof Wp which is a
union of irreducible components of Wp. Write each Zp = X � Z 0

p. Let Z 00 be the
closureof the Z 0

p with respect to the morphisms in � � N ; Z 00 is then a cosimplicial
closedsubsetof � �

N containing all the Z 0
p, and with Z 00

p a union of elements of B (p;q)

for all p. It is evident that X � Z 00
p is a union of elements of X (p;q)

C for all p.

Let W � be a union of elements of X (p;q)
C�n (e� 1) which forms a cosimplicial closed

subsetof X � � �
N . We assumethat W �

p � X � Z 00
p [ W�n p for all p. Let W �� be a

cosimplicial closedsubsetof X B (x ) � � �
N which is a union of element of X (p;q)

C (e)
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By Lemma 6.11 and Lemma 6.8, the composition

K W [ W �
(X ; � )N =K W �

(X ; � )N

� � � f � � f �� � � � � � ! K W [ W � [ W 0
(X B (x ) ; � )N =K W �

(X B (x ) ; � )N

! K W [ W � [ W 0

(X B (x ) ; � )N =K W � [ W 0[ W R (X B (x ) ; � )N

induceszero on homotopy groups. Thus, the map

(6.14) K W [ W �
(X ; � )N =K W �

(X ; � )N
� � � f � � f �� � � � � � !

K W [ W � [ W 00[ W ��

(X B (x ) ; � )N =K W 00[ W �

(X B (x ) ; � )N :

induceszero on homotopy groups.
Taking limits over W , W 00, W � and W �� in (6.14) gives the map (6.13), from

which it follows that the map (6.13) induceszero on homotopy groups.

Since both (6.12) and (6.13) induce zero on homotopy groups � n , n < N , the
map (6.10) induces zero on homotopy groups � n , n < N . Since we have al-
ready seenthat the map (6.10) is injective on homotopy groups, it follows that
� n (K (q)

C (X ; � )(e)N =K (q)
C�n (X ; � )(e� 1)N ) = 0 for n < N . This completesthe proof

of Theorem 4.9.

7. Equi-dimensional cycles

The results of x6, suitably modi�ed, easily carry over to the setting of equi-
dimension cycles. We state the main results, and describe the necessarymodi�ca-
tions in the proofs.

7.1. The simplicial spectrum G(q) (X=B ; � ). Let X ! B be a �nite type B -
scheme. From x1.7, wehavethe simplicial spectrum G(q) (X=B ; � ), and, if each con-
nectedcomponent of X is equi-dimensional,the simplicial spectrum G(q) (X=B ; � ).

Let C be a �nite set of locally closedsubsetsof X , such that each C 2 Chaspure
codimension on X . We let (X=B )C

(p;� q) be the subsetof (X=B )(p; � q) consisting of
those W such that, for each b 2 B , each irreducible component of the �b er Wb is
in (X b=b)Cb

(p; � q) . We de�ne the subset (X=B )C
(p;q) of (X=B )(p;q) similarly. Also for

a B -schemeY, we let (Y � B X=B )C
(p;q) (e) be the subset of (Y � B X=B )(p;q) (e) of

those W such that each irreducible component of Wb is in (Y � B X b=b)Cb
(p;q) (e), for

each b 2 B .
Taking the limit of the GW (Y � B X ; p) as W runs over �nite unions of elements

of (Y � B X=B )C
(p;� q) givesus the spectrum GC

(q) (Y � B X=B ; p) and the simplicial
spectrum GC

(q) (Y � B X=B ; � ). Wesimilarly havethe K -theory spectrum K C
(q) (Y � B

X=B ; � ) and the simplicial abelian group zC
q (Y � B X=B ; � ).

We have the following analog of Theorem 4.9:

Theorem 7.2. Let X ! B be a smooth a�ne B -schemeof �nite type, and let C
be a �nite set of irr educible locally closed subsetsof X . Then the natural maps

GC
(q) (X=B ; � ) ! G(q) (X=B ; � ); K C

(q) (X=B ; � ) ! K (q) (X=B ; � );

zC
q (X=B ; � ) ! zq(X=B ; � )

are weak equivalences.
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Note that we no longer have the condition that all C 2 C dominate B .
The proof of Theorem 7.2 is similar to that of Theorem 4.9; we proceed to

describe the necessarymodi�cations.
We may assumethat B is irreducible.
Sincethe de�nition of the sets(Y � B X=B )C

(p;q) (e) is �b er-wise, the equi-dimen-
sional analogsof Lemma 6.3, Lemma 6.6, and Lemma 6.7, with Can arbitrary �nite
collection of locally closedsubsetsof X , follow directly from these results in case
B = SpecK , K a �eld.

Choosefor each non-genericpoint bof B , a �nite set of locally closedsubsetsC(b)
of the �b er X b, and let e(b) : C(b) ! N be a function. Let (Y � B X=B )C(� )

(p;q) (e(� )) be

the union of (Y � B X=B )C
(p;q) (e) with the sets(Y � B X b=b)C(b)

(p;q) (e(b)), ba non-generic

point of B , and let GC(� )
(q) (Y � B X=B ; � )(e(� )) be the limit of the GW (Y � B X=B ; � ),

as W runs over �nite unions of elements of (Y � B X=B )C(� )
(p;q) (e(� )). Making the

evident replacements, the proof of the equi-dimensionalanalog of Proposition 6.4
follows from the equi-dimensionalanalogsof Lemma 6.3 and Lemma 6.6, using the
sameargument as Proposition 6.4.

As in the proof of Theorem 4.9, it su�ces to show that

� n (K (q)
C (X=B ; � )(e)N =K (q)

C (X=B ; � )(e � 1)N ) = 0(7.1)

for all n < N , where e : C ! N is the constant map with value e.
For each non-genericpoint b of B , let C(b) = Cb, and let e(b) : C(b) ! N be the

function e(b)(C0) = e + 1.
SinceX is a�ne, each C0 2 (X b=b)(p;q)

C(b) (e(b) � 1) is an irreducible component of

Cb, for someC 2 (X=B )(p;q)
C(b) (e), so we have the natural maps of simplicial spectra

K (q)
C (X=B ; � )(e � 1) ! K (q)

C( � ) (X=B ; � )(e(� ) � 1) ! K (q)
C (X=B ; � )(e):

By Quillen's localization theorem, the co�b er

K (q)
C( � ) (X=B ; � )(e(� ) � 1)N =K (q)

C (X=B ; � )(e � 1)N

is weakly equivalent to the product over the non-genericpoints bof B of the co�b ers

K (q)
C(b) (X b; � )(e(b) � 1)N =K (q)

C(b) (X b; � )(e(b) � 2)N :

This in turn has � n = 0 for n < N by (6.7) for B = b, so we needonly show that

� n (K (q)
C (X=B ; � )(e)N =K (q)

C( � ) (X=B ; � )(e(� ) � 1)N ) = 0

for all n < N . This follows from the argument of Lemma 6.13 and the discussion
after Lemma 6.13, completing the proof of Theorem 7.2.

7.3. Equi-dimensional functorialit y. The construction of pull-back maps for
G(q) (X=B ; � ), for X a�ne and smooth over B , is now quite easy. Let f : Y ! X
be a morphism, with X a�ne and smooth over B , and Y of �nite type over B .
Supposethat Y is irreducible. As is well-known, there is a �nite strati�cation of X
by irreducible locally closedsubsetsC such that, f � 1(C) ! C is equi-dimensional.
Let Cf be the set of theseC; if Y is not irreducible, let Cf be the union of the Cf i ,
where f i : Yi ! X is the restriction of f to the irreducible component Yi of Y .
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Then, for each W 2 (X=B )(p;q)
Cf

, each irreducible component of (f � id) � 1(W ) is in

Y (p;q) . Thus, the maps

(f � id) � : K (q)
Cf

(X=B ; p) ! K (q) (Y; p)

are well-de�ned, and give the map of simplicial spectra

f � : K (q)
Cf

(X=B ; � ) ! K (q) (Y; � ):

Using Theorem 7.2, we have the well-de�ned map

f � : K (q) (X=B ; � ) ! K (q) (Y; � )

in the homotopy category.
Supposethat Y is equi-dimensionalover B , and let Y�n be the disjoint union of

the closed �b ers of Y . Let Y 0 := Y t Y�n , and let f 0 : Y 0 ! X be the induced
map. If W is in X (p;q)

Cf 0
, then each irreducible component W 0 of (f � id) � 1(W ) is

in Y (p;q) , and each irreducible component of W 0 \ (Yb � � p) is in Y (p;q)
b , for each

closedpoint b of B . Thus W 0 is in (Y=B)(p;q) . Let Cf =B = Cf 0, giving the map of
simplicial spectra

f � : K (q)
Cf =B

(X=B ; � ) ! K (q) (Y=B; � );

and the well-de�ned map

f � : K (q) (X=B ; � ) ! K (q) (Y=B; � )

in the homotopy category.
Supposethat Y is a�ne and smooth over B , and that g : Z ! Y is a B -morphism

of �nite type. Let Y 0 be the disjoint union of Y with the elements of Cg, the closed
�b ers of Y and the closed�b ers of each C 2 Cg, and let f 0 : Y 0 ! X be the map
induced by f . Let Cf =B ;g denotethe set Cf 0. Then, for each W 2 (X=B )(p;q)

Cf =B ;g
, each

irreducible component of (f � id) � 1(W ) is in (Y=B)(p;q)
Cg

. This givesus the identit y

(g � f ) � = f � � g�

in the homotopy category, with

f � : K (q) (X=B ; � ) ! K (q) (Y=B; � ); g� : K (q) (Y=B; � ) ! K (q) (Z; � )

the maps de�ned above. If Z is smooth and a�ne over B , we make a similar
construction, replacing Cg with Cg=B , giving the set Cf =B :g=B . This givesthe func-
torialit y for the maps

f � : K (q) (X=B ; � ) ! K (q) (Y=B; � ); g� : K (q) (Y=B; � ) ! K (q) (Z=B; � ):

This makes the assignment X 7! K (q) (X=B ; � ) a contravariant functor from
the category of smooth a�ne B -schemesto the homotopy category of simplicial
spectra.

Remark 7.4. We have concentrated on the a�ne case, since, for the case of B
a union of closed points, this su�ces to give a general functorialit y, using the
Mayer-Vietoris property for the spectra G(q) (X ; � ). The analog of Theorem 4.9
and Theorem 7.2 for X smooth and projective over B is proved exactly the same
way, replacingAn with Pn , and usingthe transitiv eaction of the group of elementary
matrices on Pn instead of the translation action of An on An to prove the analog
of Proposition 6.4.
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If Conjecture 1.8weretrue, the Mayer-Vietoris property for the G(q) (X ; � ) would
imply the samefor the spectra G(q) (X=B ; � ) which would then lead to a full func-
torialit y for X smooth over B , or even smooth over its image.

8. Pr oducts

Bloch intro duced external products on the complexeszq(X ; � ) in [4, x5]; we use
a variant of his technique to de�ne external products for the complexeszq(X ; � )
and the simplicial spectra G(q) (X ; � ). For smooth X , pull-back by the diagonal
givesus products for the zq(X ; � ) and the G(q) (X ; � ), which in turn give a product
structure to the spectral sequence(1.8).

Actually , in the caseof a basescheme of mixed characteristic, Conjecture 1.8
comesinto play here, sincethe external products can only be de�ned for a product
of a cycle with an equi-dimensional cycle. Even with this restriction, someusecan
be made of the product structure, even in mixed characteristic.

8.1. The bi-simplicial spectra G(q) (X ; � ; � ). Let X be �nite type B -schemes.
For each p and p0, let X (p;p 0;q) be the set of irreducible closedsubsetsW of X �
� p � � p0

such that, for each pair of facesF � � p, F 0 � � p0
, each component W 0

of W \ (X � F � F 0) satis�es

dim(W 0) = dimB F + dimB F 0+ q:

For U � � p � � p0
, we let M U (@� p � � p0

) be the exact category of coherent
sheaveson U with vanishing higher Tor's with respect to the subschemesU \ (X �
F � F 0), F � � p and F 0 � � p0

faces.For U = X � � p � � p0
, we write M X (p;p0)

for M U (@� p � � p0
). and let G(X ; p;p0) be the K -theory spectrum K (M X (p;p0)).

For W � X � � p � � p0
, we de�ne the spectrum with support GW (X ; p;p0) as the

homotopy �b er of the restriction map

K (M X (p;p0)) ! K (M U (@� p � � p0

)) ;

where U is the complement of W .
Taking the limit of the GW (X ; p;p0), whereW runs over �nite unions of elements

of X (p;p 0;q) de�nes the spectrum G(q) (X ; p;p0). These clearly form a bisimplicial
spectrum G(q) (X ; � ; � ).

8.2. A moving lemma. Recall the maps

T(g) : � n ! � p � � q

de�ned in x6.1. We let GT (X ; � ; � ) be the bi-simplicial spectrum de�ned as
G(X ; � ; � ), where we use the categories of coherent sheaves on X � � p � � q

which are Tor-independent with respect to all the subschemesX � T(g)(F ), F a
face of � n , in addition to the subschemesX � F � F 0. We de�ne the spectrum
with support GT

W (X ; p;p0) similarly.
We let X T

(p;p 0;q) be the subset of X (p;p 0;q) consisting of those W which intersect

X � T(g)(F ) properly, for all facesF of � n , and let GT
(q) (X ; p;p0) be the limit of the

GT
W (X ; p;p0), as W runs over all �nite unions of elements of X T

(p;p 0;q) . This gives

us the bi-simiplicial spectrum GT
(q) (X ; � ; � ), and the natural map

� : GT
(q) (X ; � ; � ) ! G(q) (X ; � ; � ):
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Lemma 8.3. For each p, the map

� : GT
(q) (X ; p; � ) ! G(q) (X ; p; � ):

is a weak equivalence.

Proof. Let W be a closedsubsetof X � � p � � p0
. By Quillen's resolution theorem

[45, x4, Corollary 1], the natural map

GT
W (X ; p;p0) ! GW (X ; p;p0)

is a weak equivalence(seethe proof of [36, Lemma 7.6] for details). Thus, if we let
GT

(q)! (X ; � ; � ) be the spectrum gotten by taking the limit of the GT
W (p;p0), as W

runs over �nite unions of elements of X (p;p 0;q) , it su�ces to show that the natural
map

GT
(q) (X ; p; � ) ! GT

(q)! (X ; p; � )

is a weak equivalence.
Fix an injective map g : [n] ! [p] � [p0], let F be a faceof � p, and let F 0 be the

projection of T(g)(F ) to � p0
. Clearly F 0 is a faceof � p0

.
We identify � p with Ap by using the barycentric coordinates (t1; : : : ; tp), giving

us the action of G := Ap on � p by translation. We let G act on � p � � p0
via the

action on � p. Then G � T(g)(F ) = � p � F 0, from which it follows that, if W is in
X (p;p 0;q) , and g is the genericpoint of G, then g � T(g)(F ) is in (B (g) � B X )T

(p;p 0;q) .
The proof now follows by applying Lemma 6.2 and Lemma 6.3, as in the proof

of Proposition 6.4.

For each p � 0, we have the natural map of simplicial spectra

� �
p : G(q) (X ; � ) ! G(q) (X ; p; � );(8.1)

gotten by composing the identit y G(q) (X ; � ) = G(q) (X ; 0; � ) with the canonical
degeneracymap G(q) (X ; 0; � ) ! G(q) (X ; p; � ).

Lemma 8.4. For each p � 0, the map (8.1) is a weak equivalence.

Proof. Let Cp be the set of facesof � p. The simplicial spectrum G(q) (X ; p; � ) is

the sameas the simplicial spectrum GCp

(q) (X � � p; � ), and the map (8.1) is just the
pull-back via the projection � : X � � p ! Z . We have the commutativ e diagram

GCp

(q) (X � � p; � ) //� G(q) (X � � p; � )

G(q) (X ; � )

OO
� �

p

66

� �

llllllllllllll

By Theorem 2.1, � � : G(q) (X ; � ) ! G(q) (X � � p; � ) is a weak equivalence,and

by Proposition 6.4, the map � : GCp

(q) (X � � p; � ) ! G(q) (X � � p; � ) is a weak
equivalence.

For a bi-simplicial space(or spectrum) T(� ; � ), let T (� = � ) denote the asso-
ciated diagonal simplicial space(or spectrum) p 7! T(p;p).
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We consider G(q) (X ; � ) as a bi-simplicial spectrum, with (p;p0)-simplices the
spectrum G(q) (Z; p0). The maps � �

p : G(q) (X ; � ) ! G(q) (X ; p; � ) gives the map of
bi-simplicial spectra

� � : G(q) (X ; � ) ! G(q) (X ; � ; � ):

Similarly, we have the map of simplicial spectra

� � : G(q) (X ; � ) ! G(q) (X ; � = � ):

For each p, let � p : � p ! � p � � p be the diagonal embedding. Since� p = T(g)
for g : [p] ! [p] � [p] the diagonal map, we have the natural pull-back map

� � : GT
(q) (X ; � = � ) ! G(q) (X ; � ):

Prop osition 8.5. Let X be a B -schemeof �nite type. Then

1. The maps

� : GT
(q) (X ; � ; � ) ! G(q) (X ; � ; � );

� : GT
(q) (X ; � = � ) ! G(q) (X ; � = � )

are weak equivalences.
2. The map � � : G(q) (X ; � ) ! G(q) (X ; � ; � ) is a weak equivalence.
3. The map � � : G(q) (X ; � ) ! G(q) (X ; � = � ) is a weak equivalence.
4. The map � � : GT

(q) (X ; � = � ) ! G(q) (X ; � ) is a weak equivalence.

Proof. Let T(� ; � ) be a bi-simplicial space. It is a standard result (seee.g. [39])
that the diagonal maps [p] ! [p] � [p] induce a homeomorphism jT(� = � )j !
jT (� ; � )j, so, to prove (1), it su�ces to consider the map of bi-simplicial spec-
tra. The result in this casefollows from Lemma 8.3 and the standard E 1 spectral
sequencefor a bi-simplicial spaceT(� ; � ):

E 1
p;q = � q(T (p; � )) =) � p+ q(T (� ; � )) :

The secondassertion is proved similarly, using Lemma 8.4.
The assertion (3) follows from (2) and the homeomorphism jT(� = � )j �=

jT (� ; � )j mentioned above. For (4), the map � � : G(q) (X ; � ) ! G(q) (X ; � = � )
factors through � by a similarly de�ned map � �

T : G(q) (X ; � ) ! GT
(q) (X ; � = � ).

Since� � � � �
T = id, (4) follows from (1) and (3).

8.6. Pro ducts in K -theory. We recall Waldhausen'sconstruction [65] of prod-
ucts for the K -theory spectra.

Let E be an exact category. One may interate the Q-construction on E, forming
the k-category Qk (E). The nerve of Qk (E) is naturally a k-simplicial set. Wald-
hausenhas constructed a natural weak equivalenceN Qk (E) ! 
 N Qk+1 (E).

An exact functor [ : E1 
 E2 ! E3 inducesthe map of a + b-simplicial sets

[ : N Qa(E1) � N Qb(E2) ! N Qa+ b(E3):

Since0
 M and N 
 0 are canonically isomorphic to the zeroobject of E3, we have
the natural homotopy equivalenceof the restriction of [ to Qa(E1) � 0_ 0� Qb(E2)
to the 0-map. In fact, we may replace the Ei with equivalent categorieshaving a
unique zero-object, in which casethe map [ uniquely factors through

[ : N Qa(E1) ^ N Qb(E2) ! N Qa+ b(E3):(8.2)
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In particular, the diagram

K (E1) ^ K (E2) = 
 Q(E1) ^ 
 Q(E2) [�! 
 2Q2(E3)  K (E3)(8.3)

de�nes a product map

K (E1) ^ K (E2) [�! K (E3)(8.4)

in the homotopy categoryof spaces.Doing the samefor the iterated Q-construction
givesthe product in the homotopy category of spectra.

8.7. External pro ducts in G-theory. Let X ! B , Y ! B be �nite type B -
schemes,with Y 
at over B , and admitting a B -ample family of line bundles. Let
M Y=B be the exact categoryof coherent sheaveson Y which are 
at over B , and let
G(Y=B) denote the K -theory spectrum K (M Y=B ). SinceY is 
at and �nite type
over B , and admits an ample family of line bundles,each coherent sheafon Y admits
a �nite resolution by sheaves in M Y=B . Thus, the natural map G(Y=B) ! G(Y )
is a weak equivalence,by Quillen's resolution theorem [45, x4, Corollary 1].

Sincethe tensor product


 : M X 
 M Y=B ! M X � B Y

is exact, the construction of products in x8.6 givesthe natural product

[ X ;Y =B : G(X ) ^ G(Y=B) ! G(X � B Y ):

More generally, let f : Z ! X , g : W ! Y be morphisms of �nite type B -schemes,
with W 
at over B , and admitting an ample family of line bundles. We have the
commutativ e diagrams


 � 1G(X ) ^ 
 � 1G(Y=B) //f � ^ id

��
id ^ g�


 � 1G(Z ) ^ 
 � 1G(Y=B)

��
id ^ g�


 � 1G(X ) ^ 
 � 1G(W=B) //f � ^ id

 � 1G(Z ) ^ 
 � 1G(W=B)

(8.5)


 � 2G(X � B Y ) //( f � id ) �

��
(id � g) �


 � 2G(Z � B Y )

��
(id � g) �


 � 2G(X � B W ) //( f � id ) �


 � 2G(Z � B W )

(8.6)

The natural maps (8.2) give the map of diagram (8.5) to diagram (8.6).
Let D1 be the diagram (8.5), together with maps of the one-point space� to

the three terms other than 
 � 1G(X ) ^ 
 � 1G(Y ). De�ne D2 to be the similar
construction for the diagram (8.6). Let Fib( f ), Fib( g) denote the homotopy �b ers
of f and g. We have the natural map

� : Fib( f ) ^ Fib( g) ! holim
 

D1:

Composing � with the map

� : holim
 

D1 ! holim
 

D2

givesthe natural map

holim
 

[ : Fib( f ) ^ Fib( g) ! holim
 

D2:
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As an example, let C � X , C0 � Y be closedsubsets,j : U ! X , i : V ! Y
the respective complements. The Mayer-Vietoris property for G-theory gives the
natural weak equivalence

� : Fib(
 � 2G(X � B Y ) ! 
 � 2G(U � Y [ X � V)) ! holim
 

D2:

The above construction thus gives the natural map (in the homotopy category of
spectra)


 � 2[ C;C 0

X ;Y =B : 
 � 1GC (X ) ^ 
 � 1GC 0(Y=B) ! 
 � 2GC � C 0(X � B Y ):(8.7)

Taking 
 2 thus gives the gives the natural map (in the homotopy category of
spectra)

[ C;C 0

X ;Y =B : GC (X ) ^ GC 0(Y=B) ! GC � C 0(X � B Y ):(8.8)

Remark 8.8. The map (8.8) has a stronger functorialit y than that of a functor to
the homotopy category. In fact, the map (8.7) is de�ned via a \zig-zag diagram"
in the category of bi-simplicial spectra, with the wrong-way morphisms being weak
equivalences. Each of the terms and morphisms in this diagram is functorial in
the tuple (X ; C; Y; C0), so the product (8.8) extends to de�ne products on the
appropriate homotopy limit or colimit, in casewe replace(X ; C) and (Y; C0) with
functors from somesmall categoryto pairs of schemesand closedsubsets.Similarly,
if X and Y are N -truncated cosimplicial schemesof �nite type (with each Yp 
at
over B ), 0 � N � 1 , and C � X , C0 � Y are cosimplicial closedsubsets,we have
the natural product of simplicial spectra (we take the diagonal simplicial spectra
associated to the naturally occuring bi-simplicial spectra)

[ C;C 0

X ;Y : GC (X ) ^ � GC 0(Y=B) ! GC � C 0(X � B Y):(8.9)

The associativit y and commutativit y of the tensor product similarly implies that
the product (8.9) is associative and commutativ e, in the homotopy category of
simplicial spectra.

8.9. External pro ducts for G(q) (X ; � ). Let X and Y be B -schemesof �nite
type, with Y 
at over B .

For W a closedsubset of X � � p, and W 0 a closedsubset of Y � � p0
, we let

W � � W 0 denote the image of W � W 0 under the permutation isomorphism

(X � � p) � (Y � � p0

) ! X � Y � � p � � p0

:

We note that, for each C 2 X (p;r ) , C0 2 (Y=B)(p0;s) , each irreducible component of
C � � C0 is in (X � B Y )(p;p 0;r + s) ; this is an immediate consequenceof the formula

dim Z 00= dim Z + dimB Z 0

if Z ! B , Z 0 ! B are irreducible �nite type B -schemeswith Z 0 equi-dimensional
over B , and Z 00 is an irreducible component of Z � B Z 0.

The products (8.9) thus give us the natural map of bi-simplicial spectra (in the
homotopy category)

� r ;s
X ;Y : G( r ) (X ; � ) ^ G(s) (Y=B; � ) ! G( r + s) (X � B Y; � ; � ):(8.10)

Taking the map on the associated diagonal simplicial spectra givesthe map (in the
homotopy category)

� r ;s
X ;Y : G( r ) (X ; � ) ^ � G(s) (Y=B; � ) ! G( r + s) (X � B Y; � = � ):(8.11)
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Here T(� ) ^ � S(� ) is the simplicial spacep 7! T(p) ^ S(p).
We now apply Proposition 8.5. We have the diagram of weak equivalences

G( r + s) (X � B Y; � = � ) � � GT
(r + s) (X � B Y; � = � ) � �

� ! G( r + s) (X � B Y; � ):

Composing the product (8.11) with � � � � � 1 givesthe natural external product map
(in the homotopy category of simplicial spectra)

[ r ;s
X ;Y =B : G( r ) (X ; � ) ^ � G(s) (Y=B; � ) ! G( r + s) (X � B Y; � ):(8.12)

Since each irreducible component of C � � C0 is in (X � B Y )(p;p 0;r + s� t ) if C is
in X (p;r ) and C0 is in (Y=B)(p0;s � t ) , or if C is in X (p;r � t ) and C0 is in (Y=B)(p0;s) ,
the sameconstruction gives the natural external product map (in the homotopy
category of simplicial spectra)

[ r =r � t;s=s � t
X ;Y =B : G( r =r � t ) (X ; � ) ^ � G(s=s� t ) (Y=B; � ) ! G( r + s=r + s� t ) (X � B Y; � );

(8.13)

compatible with (8.12) via the evident maps.
Supposethat X and Y are 
at over B , and admit ample families of line bundles.

For C 2 (X=B )(p;r ) and C0 2 (Y=B)(p0;s) , each irreducible component of C � � C0

is in (X � B Y )(p;p 0;r + s) . We therefore have natural products (in the homotopy
category of simplicial spectra)

[ r ;s
X =B ;Y =B : G( r ) (X=B ; � ) ^ � G(s) (Y=B; � ) ! G( r + s) (X � B Y=B; � ):(8.14)

and

G( r =r � t ) (X=B ; � ) ^ � G(s=s� t ) (Y=B; � )
[ r =r � t;s=s � t

X =B ;Y =B
� � � � � � � � ! G( r + s=r + s� t ) (X � B Y=B; � );

(8.15)

compatible with the products (8.12) and (8.13).

Prop osition 8.10. Let X and Y be �nite type B -schemes,with Y 
at over B ,
and admitting an ample family of line bundles. Then the product (8.12) induces a
product

[ X ;Y =B : � a(G( r ) (X ; � )) 
 � b(G(s) (Y=B; � )) ! � a+ b(G( r + s) (X � B Y; � )) :

Similarly, the product (8.13) induces a product

� a(G( r =r � t ) (X ; � )) 
 � b(G(s=s� t ) (Y=B; � ))
[ X;Y =B

� � � � � ! � a+ b(G( r + s=r + s� t ) (X � B Y; � )) :

In caseX is 
at over B , and admits an ample family of line bundles, the products
(8.14) and (8.15) induce products

[ X =B ;Y =B : � a(G( r ) (X=B ; � )) 
 � b(G(s) (Y=B; � )) ! � a+ b(G( r + s) (X � B Y=B; � )) :

and

� a(G( r =r � t ) (X=B ; � )) 
 � b(G(s=s� t ) (Y=B; � ))
[ X =B ;Y =B

� � � � � � ! � a+ b(G( r + s=r + s� t ) (X � B Y=B; � )) :

Theseproductsare graded-commutative and associative (in all caseswhere the triple
product is de�ned).
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Proof. We give the proof for the products on G( r ) ; the proof for the products on
G( r =r � t ) is exactly the same.

Let T(� ) and S(� ) be pointed simplicial spaces.We have the natural homeo-
morphism

jT(� ) ^ � S(� )j �= jT (� )j ^ jS(� )j:

Thus, the product (8.12) inducesa map (in the homotopy category of spectra)

[ r ;s
X ;Y =B : jG( r ) (X ; � )j ^ jG(s) (Y=B; � )j ! jG( r + s) (X � B Y; � )j:

Taking the associated product on the homotopy groups givesthe desiredproduct.
Let Z be a B -schemeof �nite type, and let

� Z : G(q) (Z; � = � ) ! G(q) (Z; � = � ); � T
Z : GT

(q) (Z; � = � ) ! GT
(q) (Z; � = � )

be the maps induced by the exchange of factors Z � � p � � p ! Z � � p � � p.
Since� : GT

(q) (Z; � = � ) ! G(q) (Z; � = � ) intert wines � Z and � T
Z , and � T � � = � ,

we have

� � � � � 1 � � Z = � � � � � 1:(8.16)

Supposethat X is also 
at over B , and let tY;X : Y � B X ! X � B Y be the
exchangeof factors. It follows from (8.16) and the commutativit y of the products
(8.9) that the diagram

jG( r ) (X=B ; � )j ^ jG(s) (Y=B; � )j //�

��
[ r ;s

X =B ;Y =B

jG(s) (Y=B; � )j ^ jG( r ) (X=B ; � )j

��
[ s;r

Y =B ;X =B

jG( r + s) (X � B Y; � )j //
t �

Y ;X

jG( r + s) (Y � B X ; � )j

is homotopy commutativ e, which gives the graded-commutativit y of the product
[ X ;Y .

The associativit y of the products

� a(G( r ) (X ; � )) 
 � b(G(s) (Y=B; � )) 
 � c(G( t ) (Z=B; � ))

! � a+ b+ c(G( r + s+ t ) (X � B Y � B Z; � )) ;

� a(G( r ) (X=B ; � )) 
 � b(G(s) (Y=B; � )) 
 � c(G( t ) (Z; � ))

! � a+ b+ c(G( r + s+ t ) (X � B Y � B Z; � )) ;

and

� a(G( r ) (X=B ; � )) 
 � b(G(s) (Y=B; � )) 
 � c(G( t ) (Z=B; � ))

! � a+ b+ c(G( r + s+ t ) (X � B Y � B Z=B; � ))

follows similarly from the homotopy associativit y of the products (8.9).

Remark 8.11. One has a similar construction of cup products

G( r ) (X ; � ) ^ � K (s) (Y=B; � ) ! G( r + s) (X � B Y; � );

etc., using the natural tensor products M X 
 PY ! M X � B Y . Similarly, we map
replaceG-theory with K -theory throughout, giving cup products

K ( r ) (X ; � ) ^ � K (s) (Y=B; � ) ! K ( r + s) (X � B Y; � );
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etc. These products are compatible with the G-theory products, with respect to
the natural transformation K ! G; if X , Y and X � B Y are all regular, K ! G
inducesweakequivalenceson all the relevant spectra, sowemay useeither G-theory
or K -theory, as is convenient.

8.12. Cup pro ducts. Supposethat X is smooth over B . Let � X : X ! X � B X
be the diagonal embedding. We have the cup products

[ r ;s
X : G( r ) (X ; � ) ^ � G(s) (X=B ; � ) ! G( r + s) (X ; � )(8.17)

[ r =r � t;s=s � t
X : G( r =r � t ) (X ; � ) ^ � G(s=s� t ) (X=B ; � ) ! G( r + s=r + s� t ) (X ; � )(8.18)

de�ned by composing the products (8.12) and (8.13) with

� �
X : G( r + s) (X � B X ; � ) ! G( r + s) (X ; � );

using the functorialit y proved in x5.
More generally, let p : Y ! B be a B -scheme of �nite type, such that each

connectedcomponent Y 0 of Y is smooth over p(Y 0). Since X is smooth over B ,
each connected component Z of Y � B X is smooth over p(p1(Z )) � B , so the
functorialit y discussedin x5 applies to arbitrary B -morphisms h : T ! Y � B X .

Let f : Y ! X be a B -morphism, giving us the closed embedding � f : Y !
Y � B X . We de�ne the products

[ r ;s
f : G( r ) (Y; � ) ^ � G(s) (X=B ; � ) ! G( r + s) (Y; � )(8.19)

[ r =r � t;s=s � t
f : G( r =r � t ) (Y; � ) ^ � G(s=s� t ) (X=B ; � ) ! G( r + s=r + s� t ) (Y; � )(8.20)

by setting

[ r ;s
f := � �

f � [ r ;s
Y;X =B ; [ r =r � t;s=s � t

f := � �
f � [ r =r � t;s=s � t

Y;X =B ;

respectively.
If X is a�ne, we have the cup products

[ r ;s
X =B : G( r ) (X=B ; � ) ^ � G(s) (X=B ; � ) ! G( r + s) (X=B ; � )(8.21)

[ r =r � t;s=s � t
X =B : G( r =r � t ) (X=B ; � ) ^ � G(s=s� t ) (X=B ; � ) ! G( r + s=r + s� t ) (X=B ; � );

(8.22)

where we usethe equi-dimensionalanalog of � �
X discussedin x7.3.

Prop osition 8.13. (1) Let X ! B be a smooth a�ne B -schemeof �nite type.
The product (8.21) gives � � a(G(b) (X=B ; � )) the structure of a bi-graded ring,
graded-commutative in a, and natural in X . Similarly, the product (8.22) gives
� � a(G(b=b� t ) (X=B ; � )) the natural structure of a bi-graded ring, graded-commut-
ative in a, and natural in X .

(2) Let X ! B be a smooth a�ne B -schemeof �nite type, p : Y ! B a B -scheme
of �nite type, and f : Y ! X a morphism. Suppose that each connected compo-
nent Y 0 of Y is smooth over its image p(Y 0) in B . Then the product (8.19) gives
� � a(G(b) (Y; � )) the structure of a bi-graded � � a(G(b) (X=B ; � )) -module, natural
in the triple (X ; Y; f ). Similarly, the product (8.20) make � � a(G(b=b� t ) (Y; � )) a
bi-graded � � a(G(b=b� t ) (X=B ; � )) -module, natural in (X ; Y; f ).

(3) Suppose that each point of B is closed, and that X is a smooth B -schemeof
�nite type (not necessarily a�ne). Then

G(s) (X=B ; � ) = G(s) (X ; � ); G(s=s� t ) (X=B ; � ) = G(s=s� t ) (X ; � );
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and the products (8.17) and (8.18) make� � a (G(b) (X ; � )) and � � a(G(b=b� t ) (X ; � ))
bi-graded rings, graded-commutative in a, and natural in X .

Proof. The result follows from Proposition 8.10, together with the functorialit y of
pull-back, as discussedin x5 and x7.3.

SupposeX is an equi-dimensionalB -schemeof �nite type. The equi-dimensional
G-theory spectra G(q) (X=B � ) form the tower

: : : G(p� 1) (X=B ; � ) ! G(p) (X=B ; � ) ! : : : ! G(dim B X ) (X=B ; � ) � G(X );
(8.23)

giving the spectral sequence

E 1
p;q = � p+ q(G(p=p� 1) (X=B ; � )) =) Gp+ q(X ):(8.24)

We have the obvious natural map of the tower (8.23) to (1.2), giving the map of
the spectral sequence(1.3) to the spectral sequence(8.24). In caseeach point of B
is closed, the spectra G(q) (X=B ; � ) and G(q) (X ; � ) are weakly equivalent, so the
spectral sequences(1.3) and (8.24) agree.

We collect our results in the following:

Theorem 8.14. (1) Let X be a smooth a�ne B -schemeof �nite type. Then the
cup products (8.18) and (8.22) give a natural product structure to the spectral se-
quence (8.24).

(2) Let X be a smooth a�ne B -schemeof �nite type, let p : Y ! B be a �nite
type B -scheme, and let f : Y ! X be a B -morphism. Suppose each connected
component Y 0 of Y is smooth over p(Y 0). Then the cup products (8.19) and (8.20)
makethe spectral sequence (1.3) (for Y ) a natural module over the spectral sequence
(8.24) (for X ).

(3) Suppose each point of B is closed, and let X be a smooth B -schemeof �nite
type (not necessarilya�ne). Then the spectral sequences (1.3) and (8.24) agree, and
the cup products (8.17) and (8.18) give a natural product structure to the spectral
sequence (1.3).

Remarks 8.15. (1) If B is a generalone-dimensionalregular scheme(not necessarily
semi-local), p : X ! B a smooth B -scheme, the cup products (8.17)-(8.20) extend
to de�ne cup products on the sheaves p� G(q) (X ; � ) described in x1.6 (one needs
to assumethat X is a�ne over B for the cup products on p� G(q) (X=B ; � ) to be
de�ned). The results of Theorem 8.14 extend to gives product structures for the
spectral sequence(1.4), and the shea��ed version of (8.24).

(2) The E2 spectral sequence(1.7) and the (shea��ed) E2 reindexed analog of
(8.24) have products as well; one merely reindexesto passfrom the E 1-sequences
to the E2 sequences.Similarly, we get products for the E2 spectral sequence(1.8)
and the E2 reindexed analog of shea��ed version of (8.24). As in (1), we need to
assumethat X is a�ne over B in order to have products on the equi-dimensional
spectral sequence.

8.16. Pro ducts for cycle complexes. The resultsof the proceedingsectioncarry
over directly to give external products for the simplicial abelian groupszq(X=B ; � ),
cup products for zq(X=B ; � ) and a multiplication of zq(X=B ; � ) on zq(X ; � ). We
give an explicit descroption of this product.
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Let zr + s(X � B Y; � ; � ), zT
r + s(X � B Y; � ; � ) be the bisimplicial abelian groups

with

zr + s(X � B Y; p;p0) = Z[(X � B Y )(p;p 0;r + s) ];

zT
r + s(X � B Y; p;p0) = Z[(X � B Y )T

(p;p 0;r + s) ]:

The external product

[ r ;s
X :Y =B : zr (X ; � ) ^ � zs(Y=B; � ) ! zr + s(X � B Y; � )

is given by the zig-zagdiagram

zr (X ; � ) ^ � zs(Y=B; � )
� r ;s

X;Y =B
� � � � � ! zr + s(X � B Y; � = � ) � � zT

r + s(X � B Y; � = � )

� �

� ! zr + s(X � B Y; � ):

Here zr + s(X � B Y; � = � ) and zT
r + s(X � B Y; � = � ) are the associated diagonal

simplicial abelian groups, � is the inclusion, and � � is given by the pull-backs via
the diagonal maps

id � � : X � Y � � p ! X � Y � � p � � p:

The proof of Proposition 8.5 shows that the map � is a weak equivalence.
Since the product in K 0 with supports is compatible with cycle intersection

products via the cycle classmap (this follows from Serre'sintersection multiplicit y
formula), the maps

clq : G(q=q� 1) (X ; � ) ! zq(X ; � ); clq : G(q=q� 1) (Y=B; � ) ! zq(Y=B; � )

respect the products.

8.17. Pro ducts for cycle complexes. Using the Dold-Kan correspondence,we
have products for the complexeszq(X ; � ), zq(Y=B; � ) associated to the simplicial
abelian groups zq(X ; � ), zq(Y=B; � ); thesetwo products thus give the sameresult
on the homotopy/homology under the Dold-Kan isomorphism. We proceedto make
the product on the complexesexplicit.

Let zr + s(X � B ; � = � ) be the complex associated to the simplicial abelian group
zr + s(X � B ; � = � ). Explicitly , the external product

� r ;s
X ;Y =B : zr (X ; � ) 
 zs(Y=B; � ) ! zr + s(X � B ; � = � )

is given by the formula

� r ;s
X ;Y =B (W 
 W 0) :=

X

g=( g1 ;g2 )

sgn(g)[id � T (g1) � T (g2)]� (W � 0W 0):

To explain the formula: The sum is over all injective order-preserving maps g =
(g1; g2) : [r + s] ! [r ] � [s], and T(g1) : � r + s ! � r , T (g2) : � r + s ! � s are the
mapsde�ned in x6.1. To de�ne the sign sgn(g), we will de�ne a permutation � (g) of
f 1; : : : ; r + sg, and set sgn(g) = sgn(� (g)). To de�ne � , we �rst identify f 1; : : : ; r gt
f 1; : : : ; sg with f 1; : : : ; r + sg by sending i 2 f 1; : : : ; r g to i and j 2 f 1; : : : ; sg to
r + j . De�ne a second bijection of f 1; : : : ; r g t f 1; : : : ; sg with f 1; : : : ; r + sg
by sending i 2 f 1; : : : ; r + sg to g1(i ) 2 f 1; : : : ; r g if g1(i � 1) < g1(i ), and to
g2(i ) 2 f 1; : : : ; sg if g2(i � 1) < g2(i ). The composition of thesetwo bijections gives
the permutation � (g).
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The product

[ r ;s
X :Y =B : zr (X ; � ) 
 zs(Y=B; � ) ! zr + s(X � B Y; � )(8.25)

is then given by the zig-zagdiagram

zr (X ; � ) 
 zs(Y=B; � )
� r ;s

X;Y =B
� � � � � ! zr + s(X � B Y; � = � ) � � zT

r + s(X � B Y; � = � )

� �

� ! zr + s(X � B Y; � ):

In particular, suppose we have z =
P

i ni Wi 2 zr (X ; p), z0 =
P

j mj W 0
j 2

zs(Y=B; p0) such that each Wi � 0W 0
j is in (X � B Y)T

(p;p 0;r + s) . Then � r ;s
X ;Y =B (z 
 z0)

lands in the subcomplex zT
r + s(X � B Y; � = � ), giving the formula:

z [ X ;Y =B z0 =
X

g

sgn(g)(id � T (g)) � (p�
13z � p�

24z0)(8.26)

with T(g) : � r + s ! � r � � s the map de�ned in x6.1.
The formula (8.26) shows that the cycle products (8.25) agreewith the products

de�ned in [4, x5].

9. Lambd a opera tions

We give a construction of natural lambda operations on the K -theory version of
the tower (1.2), which endows the spectral sequence(1.3) with lambda operations
in caseX is regular.

9.1. Let S� be the category of pointed simplicial sets. Let � n
0 be the category of

non-empty subsetsof f 1; : : : ; ng, with morphisms the inclusions, and let 0 < 1 > �
be the category associated to the partially ordered set 0 < 1 > � , i.e., there is a
unique morphism 0 ! 1, a unique morphism � ! 1, and no other non-identit y
morphisms.

9.2. Let T : � op ! S be a simplicial space.We may restrict T to the subcategory
� op

inj of � having the same objects, but with the morphisms [p] ! [q] being the
injective order-preserving maps, giving the functor T inj : � op

inj ! S. Similarly,

we have the full subcategory � � N
inj of � inj with objects [p], 0 � p � N , and the

restriction T inj
N : � � N op

inj ! S of T inj . De�ne the geometric realization jT inj j of T inj

as one de�nes the geometric realizations jT j, i.e., the quotient of t pTp � � p mod
the relations (t; g(x)) � (g(t); x) for x in � q, t in Tp and g : [q] ! [p] a map in � inj .
Restricting to p;q � N givesthe geometric realization jT inj

N j of T inj
N .

We have the natural maps

jT inj j ! jT j; jT inj
N j ! jTN j

realizing jT j as a quotient of jT inj j and jT inj
N j as a quotient of jTN j.

Lemma 9.3. The map jT inj j ! jT j is a weak equivalence.

Proof. This follows from [51, Proposition A.1], noting that a simplicial space(i.e.,
a bisimplicial set) is always good in the senseof [51].
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By Lemma 9.3, we have the formula

� n (jT j) = lim
!
N

� n (jT inj
N j):(9.1)

The advantage of replacing � with � � N inj is that � � N inj is a �nite category, i.e.,
the nerve of the category � � N inj has only �nitely many non-degeneratesimplices.

9.4. The construction of lam bda-op erations. Let B be an a�ne scheme,X :
� ! SchB be a cosimplicial B -scheme,and W a cosimplicial closedsubset of X .
We let K W

p (X ) denote � p(jK W (X ; � )j. We will now apply the methods of [31] to
give a natural special K 0(B ) lambda algebra structure on K W

� (X ).

Theorem 9.5. Let X : � ! SchB be a cosimplicial schemesuch that each X ([p])
is of �nite type over B and has a B -ample family of line bundles, and let W be a
cosimplicial closed subsetof X . Then the graded group � pK W

p (X ) hasthe structure
of a special K 0(B )-lambda algebra, natural in W and X .

Proof. By the identit y (9.1), it su�ces to show that � � (jK W (X ; � ) inj
N j) has the

structure of a special K 0(B )-lambda algebra, natural in W , X and N . The con-
struction of this special K 0(B )-lambda algebra structure is essentially the same
as the construction of the natural special K 0(Y )-lambda algebra structure for the
relative K -groups with support K W

� (Y; D1; : : : ; Dn ) given by [31, Corollary 5.6];
we give here a recapitulation of the argument from [31], with the necessarymodi-
�cations.

We note that, since each injective map g : [q] ! [p] in � is split, the induced
map g : X ([q]) ! X ([p]) is a closed embedding. Thus, if U is an a�ne open
cover of X ([N ]), taking the canonical re�nement of the pull-back covers g� 1(U)
for all injective g : [q] ! [N ], we have the a�ne cover U([q]) of X ([q]) for each
q � N . Similarly, taking an a�ne re�nement V of the induced open cover j � 1

N (U),
where j : X ([N ]) n W ([N ]) ! X ([N ]) is the inclusion, and performing the same
construction, we have the a�ne open cover V([q]) of U([q]) := X ([q]) n W ([q]),
functorial in [q], and with a natural re�nement � q : V([q]) ! j � 1

q (U([q])). Using
the degeneracymaps in �, we may replaceU with a �ner a�ne cover, and assume
that the set of elements in g� 1(U), for g : [p] ! [N ] injective, is independent of the
choiceof g. Similarly for V. Thus (allowing someof the open setsto be repeatedor
empty if necessary)U([N ]) and U([p]) have the samenumber of elements for each
p � N , and similarly for V([N ]) and V([p]).

Suppose that U([N ]) has n elements U1; : : : ; Un , and V([N ]) has m elements
V1; : : : ; Vm . By repeating elements of U([N ]) and reordering, we may assumethat
n = m and that the re�nement � N includes Vi into j � 1

N (Ui ). Similarly, choose
for each p an ordering of the n = m elements Up

1 ; : : : ; Up
n of U([p]), and use an

ordering on the n elements V p
1 ; : : : ; V p

n of V([p]) so that � p is the inclusion of V p
i

into j � 1
p (Up

i ).
Sincethe category � � N

inj is �nite, one easily shows that we may further re�ne U
and V so that the assignments

p 7! U([p]); p 7! V([p])

extends to a functor from � � N
inj to open covers, i.e., for each injective g : [p] ! [q],

we have a choice of a permutation � g of f 1; : : : ; ng such that Up
i � X (g) � 1(Uq

� g ( i ) )
and that � gh = � g � h , and similarly for V (with the same� g).
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For I � f 1; : : : ; ng, I 6= ; , let

U([q])I = \ i 2 I Uq
i :

We have the functor

U : � � N
inj � (� n

0 )op ! SchB

sending([q]; I ) to U([q]) I . If J � I � f 1; : : : ; ng are non-empty, we sendU([q]) I to
U([q])J by the inclusion. If g : [q] ! [p] is injective, sendU([q]) I to U([p]) � g ( I ) by
the map X (g). The inclusions U([q]) I ! X ([q]) de�ne the natural transformation

� U : U ! X � p1:

Similarly, we have the functor

V : � � N
inj � (� n

0 )op ! SchB

and the natural transformation

� V : V ! (X n W ) � p1:

For each q, we have the functor

K (U([q])) : � n
0 ! S� ;

with K (U([q]))( I ) the K -theory spaceof the open subschemeU([q]) I . We have the
similar construction with V replacing U. This givesthe functors

K (U) : � � N
inj � � n

0 ! Sp; K (V) : � � N
inj � � n

0 ! Sp;

and the natural transformations

� U : K (X ; � )N � p1 ! K (U); � U : K (X n W; � )N � p1 ! K (V):

For a B -schemeY, let K 0(Y=B) denote the imageof K 0(B ) in K 0(Y ). If W is a
�nite open cover of Y , we let K 0(Y; W=B) denotethe subgroupof K 0(Y ) consisting
of the classesof vector bundles E such that the restriction of E to each W 2 W is
in K 0(W=B).

We have the plus-construction BGL + (A ([q])I ), whereA([q])I is the ring of func-
tions on U([q])I . There is a natural weak equivalenceof BGL + (A ([q])I ) with the
connectedcomponent of 0 in K (U([q])) I .

Let

BGL + (U([q])) � K 0(U([q])=B) : � n
0 ! S�

be the functor I 7! BGL + (A ([q])I ) � K 0(U([q])I =B), giving the functor

BGL + (U) � K 0(U=B) : � � N op
inj � � n

0 ! S� :

We similarly have the functors

BGL + (V([q])) � K 0(V([q])=B) : � n
0 ! S�

and

BGL + (V) � K 0(V=B) : � � N op
inj � � n

0 ! S� :

The maps � p de�ne the natural transformation of functors

� � : K (U) ! K (V); � � : BGL + (U) � K 0(U=B) ! BGL + (V) � K 0(V=B):
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De�ne the functors

K (U; V) : � � N op
inj � � n

0 � (0 < 1 > � ) ! S� ;

BGL + (U; V) � K 0(U; V=B) : � � N op
inj � � n

0 � (0 < 1 > � ) ! S�(9.2)

by setting

K (U; V)(0) = K (U); K (U; V)(1) = K (V); K (U; V)( � ) = � ; K (U; V)(0 < 1) = � � ;

and K (U; V)( � < 1) the inclusion of the base-point; we de�ne BGL + (U; V) �
K 0(U; V=B) analogously.

It follows from [31, Theorem 5.3] that the homotopy limit of K (U([q])) over
� n

0 is, via � U([ q]) , weakly equivalent to K (X ([q])), and the homotopy limit of
BGL+ (U([q])) � K 0(U([q])=B) over � n

0 is weakly equivalent to the union of the
connectedcomponents of K (X ([q])) corresponding to the subgroup

K 0(X ([q]); U([q])=B) � K 0(X ([q])) :

We have the analogousfacts for the functors K (V([q])) and BGL + (V([q])) � Z, with
X ([q]) replacedby X ([q]) n W ([q]).

Thus, the homotopy limit of K (U; V)([q]) over � n
0 � (0 < 1 > � ) gives a space

which is naturally weakly equivalent to K W ([ q]) (X ([q])). The homotopy limit of
(BGL + (U; V) � K 0(U; V=B))([ q]) similarly gives a spaceweakly equivalent to the
union of connected components of K W ([ q]) (X ([q])) corresponding to the inverse
image of K 0(X ([q]); U([q])=B) by the natural homomorphism

K W ([ q])
0 (X ([q])) ! K 0(X ([q])) :

Thus, the direct limit of the spaces(BGL + (U; V) � K 0(U; V=B))([ q]) over a�ne
covers (U; V) givesa spaceweakly equivalent to K W ([ q]) (X ([q])).

Let I be a small category. A functor C : I ! S is called �nite if C(i ) has only
�nitely many non-degeneratesimplicesfor each i 2 I . The categoryof functors I !
S hasthe structure of a simplicial model category(see[31, Appendix A]), sowemay
speakof co�bran t, �bran t, or bi�bran t functors. We let BGL + (U; V)� K 0(U; V=B) �

be a bi�bran t model of BGL + (U; V) � K 0(U; V=B).
Let I = � � N op

inj � � n
0 � (0 < 1 > � ), and let SI denote the category of functors

I ! S. For X ; Y 2 SI , we let [X ; Y ] be the set of homotopy classesof maps
X ! Y . We let SI

�n be the full subcategory of �nite X : I ! S. By [31, Theorem
4.5], the functor

[� ; BGL+ (U; V) � K 0(U; V=B) � ] : SI
�n ! Sets

has the natural structure of a functor to special K 0(B )-lambda algebras. In ad-
dition, by [31, Lemma 4.1] the bi�bran t object BGL + (U; V) � K 0(U; V=B) � is a
�ltered direct limit of subfunctors X � : I ! S� , with X � 2 SI

�n .
Let FibX � ([q]) be the homotopy limit of the functor

X � ([q]) : � n
0 � (0 < 1 > � ) ! S� ;

and let �( X � (U; V)) be the geometric realization of the functor

FibX � : � � N
inj ! S:

Let �(BGL + (U; V) � K 0(U; V=B) � ) be the similar construction applied to the func-
tor BGL+ (U; V) � K 0(U; V=B) � . If we apply the K 0(B )-lambda algebra structure
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on the functor [� ; BGL + (U; V) � K 0(U; V=B) � ] to the inclusion maps

i � : X � ! BGL + (U; V) � K 0(U; V=B) � ;

we have maps � q(i � ) : X � ! BGL + (U; V) � K 0(U; V=B) � , satisfying the special
lambda ring identities, and compatible ,up to homotopy, with respect to the maps
in the directed system f X � g. Applying the functor �( � ) givesan up to homotopy
compatible family of maps

�( � q(i � )) : �( X � ) ! �(BGL + (U; V) � K 0(U; V=B) � ):

SinceBGL + (U; V) � K 0(U; V=B) � is the direct limit of the X � , this givesus maps

� n (�(BGL + (U; V) � K 0(U; V=B) � ))
� n (�( � q ( i � )))

� � � � � � � � � ! � n (�(BGL + (U; V) � K 0(U; V=B) � )) ;

making � � (�(BGL + (U; V) � K 0(U; V=B) � )) a special K 0(B )-lambda algebra.
Using the naturalit y of the K 0(B )-lambda algebrastructure on [� ; BGL + (U; V)�

K 0(U; V=B) � ], we may passto the limit over the open covers(U; V); using the weak
equivalence of (BGL + (U; V) � K 0(U; V=B))([ q]) with K W ([ q]) (X ([q])) described
above, this gives � � (jK W (X ) inj

N j) the desired special K 0(B )-lambda algebra struc-
ture. The naturalit y of the K 0(B )-lambda algebra structure on [� ; BGL + (U; V) �
K 0(U; V=B) � ] gives us the desired naturalit y in W , X and N , completing the
proof.

Remarks 9.6. (1) Let W 0 � W be cosimplicial closedsubsetsof a cosimplicial B -
schemeX ; we supposethat each X ([q]) is of �nite type over B and admits an ample
family of line bundles. We have the homotopy �b er sequence

K W 0

(X ) ! K W (X ) ! K W nW 0

(X n W 0);

inducing the long exact sequenceof homotopy groups

: : : ! K W 0

p (X ) ! K W
p (X ) ! K W nW 0

p (X n W 0) ! K W 0

p� 1(X ) ! : : :(9.3)

Then the lambda operations given by Theorem 9.5 are compatible with the maps
in this sequence.

Indeed, we have the natural homotopy equivalenceof K W 0
(X ) with the iterated

homotopy �b er K W 0
(X )� over the diagram

K (X ) //

��

K (X n W )

��
K (X n W 0) //K ((X n W ) n W 0) = K (X n W ):

The naturalit y of the lambda-ring structure on [� ; BGL + ] with respect to change
of categoriesimplies that the lambda operations for K W 0

� (X ) and K W 0

� (X )� agree,
and that the lambda operations for K W 0

� (X )� are compatible with the long exact
sequenceof homotopy groups resulting from the above diagram. Since this is the
sameas the sequence(9.3), our claim is veri�ed.

(2) Suppose that B is a noetherian scheme (not necessarilya�ne). By replacing
B with an a�ne open cover V := f V1; : : : ; Vm g, replacing the a�ne cover U with
a�ne coversUi of X � B Vi , i = 1; : : : ; m, replacing the parameter category � n

0 with
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� n
0 � � m

0 , and making the evident modi�cations to the construction given above,
we may remove the condition that B is a�ne from Theorem 9.5.

(3) Let f : X ! B be the structure morphism. Let V = f V1; : : : ; Vm g be an
open cover of B . Supposewe have, for each I � f 1; : : : ; mg, a cosimplicial closed
subset WI of f � 1(VI ), such that WI \ f � 1(VJ ) � WJ for each I � J . Sending
I � f 1; : : : ; mg to jK W I (f � 1(VI )) j givesthe functor

jK W � (f � 1(V� )) j : � m
0 ! S� :

Adding in the � m
0 -variable to the construction of � -operations on � � (K W (X ))

given above extends the special K 0(B )-lambda algebra structure on � � (K W (X ))
to a special K 0(B )-lambda algebra structure on � � (holim � m

0
jK W � (f � 1(V� )) j).

Take the base B to have Krull dimension � 1, and let Vi = Spec(OB ;bi ) for
points b1; b2 of B . Then the �b er product V1 � B V2 is a local scheme,from which it
follows that the homotopy group � n (B ; f � K (q) (X ; � )) is the direct limit of the ho-
motopy groups � n (holim � m

0
K (q) (f � 1(V� ); � )N ), where we take V = f V1; : : : ; Vm g

a �nite Zariski open cover and N � n + m + 1. Thus, we have constructed a natural
special K 0(B )-lambda algebra structure on � n (B ; f � K (q) (X ; � )). The samecon-
struction givesa natural special K 0(B )-lambda algebrastructure on the homotopy
groups� n (B ; f � K (q) (X ; � )=f � K (q+ r ) (X ; � )), and, by (1), the � -operations are nat-
ural with respect to the maps in the long exact homotopy sequenceassociated to
the co�b er sequence

f � K (q+ r ) (X ; � ) ! f � K (q) (X ; � ) ! f � K (q) (X ; � )=f � K (q+ r ) (X ; � ):

Theorem 9.7. Let f : X ! B be a regular B -schemeof �nite type, B a regular
schemeof Krul l dimension � 1. Then the spectral sequence (1.8) admits Adams
operations  k with the following properties:

1. The  k are natural in the category of smooth B -schemes.
2. The  k are compatible with the Adamsoperations  k on K � (X ) given by [31,

Corollary 5.2].
3. On the E p;2q

2 -term H p(X ; Z(� q)) ,  k acts by multiplication by kq.

The analogousstatementshold for the associated mod n spectral sequence.

Proof. We give the proof for the integral sequence;the proof for the mod n sequence
is essentially the same.

It follows from Theorem 9.5 and Remark 9.6(3) that we have the structure of
a K 0(B )-lambda algebra on � � (B ; f � K (q) (X ; � )), natural in q, and, for X smooth
over B , natural in X . Also by Remark 9.6(3), we have the structure of a special
K 0(B )-lambda algebra on � � (B ; f � K (q) (X ; � )=f � K (q+1) (X ; � )), and the resulting
lambda operations are compatible with the long exact sequence

: : : ! � n (B ; f � K (q+1) (X ; � )) ! � n (B ; f � K (q) (X ; � ))

! � n (B ; f � K (q) (X ; � )=f � K (q+1) (X ; � )) ! � n � 1(B ; f � K (q+1) (X ; � )) ! : : :

Sincethe Adams operations in a special lambda ring are group homomorphisms,
this proves (1) and (2). For (3), it follows from [36, Corollary 7.6] that the cycle
classmap

clq : f � K (q) (X ; � )=f � K (q+1) (X ; � ) ! f � zq(X ; � )
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is a weak equivalence. The map clq factors through the sheafof simplicial abelian
groups

p 7! f � � 0(K (q=q+1) (X ; p)) ;

so it su�ces to take B semi-local, and to show that the Adams operation  k acts
on the image of K (q=q+1)

0 (X ; p) in zq(X ; p), and acts by multiplication by kq. For
this, it su�ces to show that  k acts on the image of K (q=q+1)

0 (X ; p) in zq(X � � p),
and acts there by multiplication by kq.

Let Z be a regular B -schemeof �nite type, let K (q) (Z ) be the limit of K W (Z ),
as W runs over all codimensionsq closedsubsets,and let K (q=q+1) (Z ) denote the
co�b er of

K (q+1) (Z ) ! K (q) (Z ):

It is well-known that the cycle classmap givesan isomorphism

clq : K (q=q+1) (Z ) ! zq(Z ):

By the Adams-Riemann-Roch theorem[16, Theorem6.3], the  k act on K (q=q+1) (Z )
by multiplication by kq. Taking Z = X � � p, we have the natural map

K (q=q+1)
0 (X ; p) ! K (q=q+1)

0 (X � � p);

compatible with the  k , and the commutativ e diagram

K (q=q+1)
0 (X ; p) //

��
clq

K (q=q+1)
0 (X � � p)

��
cl q

zq(X ; p) //zq(X � � p):

This completesthe proof of (3), and the theorem.

10. Comparison of fil tra tions

Supposethat X is regular, and essentially of �nite type over a one-dimensional
regular base. The spectral sequence(1.8) gives rise to the �ltration F �

AH K n (X )
of K n (X ), with F q

AH K n (X ) the image of � n (K (q) (X ; � )) in K n (X ). We have the
gamma�ltration F �


 K n (X ), gotten from the structure of K n (X ) asa K 0(X )-lambda
algebra. In this section, we give a comparisonof F �

AH K n (X ) with F �

 K n (X ).

10.1. The Friedlander-Suslin theorem. Let F : � op ! S be a pointed simpli-
cial space. For �xed n, we have the n-cube � inj =[n] of injective maps [� ] ! [n]
in �. Let F (� n ; @n ) be the iterated homotopy �b er over (� inj =[n])op of Fn :
(� inj =[n])op ! S,

[p]
f

�! [n] 7! F ([p]):

In [15], there is constructed a natural map

� n : F (� n ; @n ) ! 
 n jF j:

If F is N -connected, then � n induces an isomorphism on � m for m < N and a
surjection for m = N .

Let skn F denote the n-skeleton of F , and jskn F j the geometric realization. The
map � n factors through the canonical map pn : 
 n jskn F j ! 
 n jF j via a natural
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map � n : F (� n ; @) ! 
 n jskn F j. In particular, if we have a map � : skn + r F 0 !
skn + r F , then the diagram

� i (F 0(� n ; @n )) //� n

��
� �

� n + i (jF j) � n + i (skn + r jF j)

��
� �

� i (F (� n ; @n )) //
� n

� n + i (jF j) � n + i (skn + r jF j)

commutes for all i < r .
The method of construction of � -operations in x9.4 gives � -operations for the

relative K -groups with support K (q)
p (X � � n ; X � @n ) (see[31] for a detailed con-

struction). By the comment in the preceeding paragraph, the � -operations on
K (q)

p (X � � n ; X � @n ) and on � n + p(K (q) (X ; � )) are compatible via the map � n .
We needa slight improvement of the bounds described above in the special case

of the simplicial spectrum K (q) (X ; � ). Let K (X ; p)[r ] denote the r th delooping in
the spectrum K (X ; p), i.e., K (X ; p)[r ] is B Qr PX � � p , with Qr PX � � p the r -fold
Q-construction on the exact category PX � � p of locally free coherent sheaves on
X � � p. Taking the appropriate limit of homotopy �b ers gives the r th delooping
K (q) (X ; p)[r ] for the spectrum K (q) (X ; p).

Lemma 10.2. For each n � 0, the map

~� n : K (q)
0 (X � � n ; X � @n ) ! � n (jK (q) (X ; � )j)(10.1)

induced by the map � n is a surjective map of K 0(X )-lambda algebras.

Proof. Wehavealready seenthat ~� n is compatible with the respective � -operations,
so it su�ces to prove the surjectivit y.

We let � n denote the collection of facest i = 0, i = 0; : : : ; n � 1 of � n , giving us
the relative K -theory spectra K (q) (� n ; � n ) with deloopings K (q) (� n ; � n )[r ].

Restriction to the face tn +1 = 0 givesus the homotopy �b er sequence

K (q) (X � � n +1 ; X � @n +1 )[r ] ! K (q) (X � � n +1 ; X � � n +1 )[r ]

! K (q) (X � � n ; X � @n )[r ]

Using the simplicial degeneracies,it is easyto show that

� i (K (q) (X � � n +1 ; X � � n +1 )[r ]) = 0

for i < r , giving the surjection

� : � r (K (q) (X � � n ; X � @n )[r ]) ! � r � 1(K (q) (X � � n +1 ; X � @n +1 )[r ]):

The map � is induced by a map of spaces

� : 
 K (q) (X � � n ; X � @n )[r ] ! K (q) (X � � n +1 ; X � @n +1 )[r ]:

The map � is in turn induced by the inclusion of categories

� inj =[n] ! � inj =[n + 1]

given by composition with the injective map

� n
0 : [n] ! [n + 1];

� n
0 (i ) = i:
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The naturalit y of the maps � n thus implies that we have the commutativ e diagram

� 0(K (q) (X � � n ; X � @n ))

� r (K (q) (X � � n ; X � @n )[r ])

��
� n

//�
� r � 1(K (q) (X � � n +1 ; X � @n +1 )[r ])

��
� n +1

� n + r (jK (q) (X ; � )[r ]j) � n + r (jK (q) (X ; � )[r ]j)

� n (jK (q) (X ; � )j)

Sincethe spaceK (q) (X ; p)[r ] is r � 1 connected,the map � n +1 is surjective, hence
the map (10.1) is surjective.

10.3. Relativ e K 0. We now study the relative K 0 group K 0(X � � n ; X � @n )
and the group with support K (q)

0 (X � � n ; X � @n ). We brie
y recall someof the
constructions used in [30] to which we refer the reader for further details.

If we have a schemeY and a closedsubschemeD, we may glue two copiesof Y
alongD, forming the doubleY t D Y . More generally, if wehaven closedsubschemes
D1; : : : ; Dn , we may iterate this procedure, forming the n-fold double t n Y=D� ,
which is naturally a quotient of 2n copiesof Y . Indexing these copiesby the set
f 0; 1gn , the gluing data is given by identifying Yi 1 ;::: ;i j =0 ;::: i n with Yi 1 ;::: ;i 0

j =1 ;::: i n

along D j . We have the closedsubschemesD j , being the union of the components
Yi 1 ;::: ;i n with i j = 1. We identify Y with the copy Y0;::: ;0, giving the identit y

Y \ D j = D j :

The n double covers t n Y=D� ! t n � 1Y=D�6= i give a splitting � to the natural
map

K n (t n Y=D� ; D1; : : : ; Dn ) ��! K n (t n Y=D� ):

The collection of closedsubschemesD 1; : : : ; Dn is called split if there are maps

pi : Y ! D i

splitting the inclusions D i ! Y such that pj jD i � pi = pi jD j � pj for each i 6= j .
We recall the homotopy K -theory K H � of Weibel [70], which we may apply in

the relative situation. There is a canonical transformation of functors K m ! K Hm

for all m � 0. If T is K m regular for all m � p, then K m (T ) ! K Hm (T ) is an
isomorphism for all 0 � m � p.

We recall the following result:

Theorem 10.4 (Theorem 1.6 and Theorem 1.10, [30]). Suppose that Y is smooth
over a regular noetherian ring R, and D 1; : : : ; Dn form a relative normal crossing
divisor on Y . Supposefurther that there are elementsf 1; : : : f k of R, generating the
unit ideal such that the restriction of D 1; : : : ; Dn to Y n f f i = 0g is split for each
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i . Then the natural maps

K 0(t n Y=D� ; D1; : : : ; Dn ) ! K 0(Y ; D1; : : : ; Dn )

K 0(t n Y=D� ; D1; : : : ; Dn ) ! K H0(t n Y=D� ; D1; : : : ; Dn )

K 0(t n Y=D� ) ! K H0(t n Y=D� )

(the �rst induced by the restriction to Y0;::: ;0) are isomorphisms.

As our primary example, take Y = X � � n , D � = X � @n . Since@n is locally
split on the a�ne scheme � n , we may apply Theorem 10.4 in this case,or more
generally to any subsetof the D � .

Lemma 10.5. Suppose that X is smooth over a regular noetherian ring R. For
Y = X � � n , D � = X � @n , the canonical maps

K 0(X )
p�

� ! K 0(t n +1 Y=D� ); K 0(t n +1 Y=D� ; D0; : : : ; Dn ) ��! K 0(t n +1 Y=D� )

induce an isomorphism

K 0(t n +1 Y=D� ) �= K 0(X ) � K 0(t n +1 Y=D� ; D0; : : : ; Dn ):

If we make K 0(X ) � K 0(t n +1 Y=D� ; D0; : : : ; Dn ) a ring by

(x; y)(x0; y0) = (xx; p� x0y + p� xy0);

the above isomorphism is an isomorphism of rings.

Proof. By the excisionproperty of K H -theory, restriction to Y0;::: ;0;i r =1 ;0;::: ;0 gives
the isomorphism

K Hm (Dr ; Dr \ D0; : : : ; Dr \ Dr � 1) �= K Hm (Y ; D0; : : : ; D r � 1)(10.2)

for all m and all 0 < r � n. The homotopy property for K H -theory gives

K Hm (Y ; D0; : : : ; D r � 1) = 0

for 1 � r � n. Thus, the long exact sequences

: : : ! K Hm (t n +1 Y=D� ; D0; : : : ; Dr ) ! K Hm (t n +1 Y=D� ; D0; : : : ; Dr � 1)

! K Hm (Dr ; Dr \ D0; : : : ; Dr \ Dr � 1) ! : : :

give us

K Hm (t n +1 Y=D� ; D0; : : : ; Dn ) �= K Hm (t n +1 Y=D� ; D0):(10.3)

Now, t n +1 Y=D� is the double of t n Y=D�� 1 along the closedsubschemeD given
as the union of the subschemesD 0 � Yi 1 ;::: ;i n :

t n +1 Y=D� = (t n Y=D�� 1) t D (t n Y=D�� 1):

With respect to this description, D0 is the component (t n Y=D�� 1)1. Thus, we
have the split exact sequence

0 ! K Hm (t n +1 Y=D� ; D0) ! K Hm (t n +1 Y=D� ) ! K Hm (t n Y=D�� 1) ! 0:

Using (10.2) and (10.3) givesthe isomorphism

K Hm (t n +1 Y=D� ) �= K Hm (t n +1 Y=D� ; D0; : : : ; Dn ) � K Hm (t n Y=D�� 1):
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Repeating the argument with t n � r +1 Y=D�� r , r � 1, replacing t n +1 Y=D� gives
the isomorphisms

K Hm (t n Y=D�� 1) �= K Hm (t n � 1Y=D�� 2)

...
�= K Hm (Y ):

This together with Theorem 10.4 completesthe proof of the �rst assertion.
For the assertion on the product structure, it su�ces to show that yy0 = 0 for

y; y0 2 K H0(t n +1 Y=D� ; D0; : : : ; Dn ). We have the isomorphisms

K H0(t n +1 Y=D� ; D0; : : : ; Dn ) �= K 0(X � � n ; X � @n ) �= K n (X );

compatible with the various products (induced by the structure as � -rings). Since
the � -ring product on K n (X ) is zero [26], all products in K H 0(t n +1 Y=D� ; D� ) are
zero.

The K 0(X ) � -algebra structure on K H 0(t n +1 Y=D� ) and K H0(t n +1 Y=D� ; D� )
de�nes the respective 
 -�ltrations.

Prop osition 10.6. Suppose that X is smooth over a regular ring R, and let Y =
X � � n , D � = X � @n . Then

F q

 K 0(t n +1 Y=D� ) = F q


 K 0(t n +1 Y=D� ; D0; : : : ; Dn ) � F q

 K 0(X ):

Proof. Take x 2 F 1

 K 0(t n +1 Y=D� ), and write x = p� x0 + x1, with x0 2 K 0(X )

and x1 2 K 0(t n +1 Y=D� ; D0; : : : ; Dn ), via the splitting of Lemma 10.5. Then x0 is
in F 1K 0(X ), and we have


 k (x) = p� 
 k (x0) +
kX

i =1

p� 
 k � i (x0)
 i (x1)

2 F k

 K 0(X ) � F k


 K 0(t n Y=D� ; D0; : : : ; Dn ):

This, together with the product structure on K 0 given by Lemma 10.5, gives

F q

 K 0(t n +1 Y=D� ) � F q


 K 0(t n +1 Y=D� ; D0; : : : ; Dn ) � F q

 K 0(X ):

Sincethe other containment is obvious, the proposition is proved.

Theorem 10.7. Suppose that X is smooth over a regular semi-local ring R, and
let Y = X � � n , D � = X � @n . Then the image of K (q)

0 (Y ; D � ) in K 0(Y ; D � )
contains F q


 K 0(Y ; D � )

Proof. . By the usual tric ks with norms, we may assumethat all the residue�elds
of R are in�nite.

We have

K 0(t n +1 Y=D� ) = lim
!

f :t n +1 Y=D � ! H

K 0(H );

wherethe limit is over mapsof t n +1 Y=D� to smooth R-schemesH , or even over R-
schemeswhich are homogeneousspacesfor group schemesof the form

Q
i GLn i =R .

Thus

F q

 K 0(t n +1 Y=D� ) = lim

!
f :t n +1 Y=D � ! H

F q

 K 0(H );
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where the limit is over maps of t n +1 Y=D� to R-schemeswhich are homogeneous
spacesfor group schemesof the form

Q
i GLn i =R .

Let f : t n +1 Y=D� ! H be such a morphism. In [30, proof of Theorem 2.3], we
have shown that, if T is a closedsubsetof codimension � q of such an H , there is a
T 0 � H such that [OT ] = [OT 0] in K 0(H ), and such that the projection of f � [OT 0]
to

K H0(t n +1 Y=D� ; D1; : : : ; Dn ) �= K 0(Y ; D � )

lands in the image of K (q)
0 (Y ; D � ) (actually, this is proved in [30] for R an in�nite

�eld, but the sameproof works for R semi-local with in�nite residue �elds). Since
F q


 K 0(H ) is contained in the topological �ltration F q
top K 0(H ) by [16, Theorem 3.9

and Proposition 5.5], and since F q
top K 0(H ) is generatedby the classes[OT ] with

codimT � q, the theorem follows.

Corollary 10.8. Let X be a scheme,essentially smooth over a regular semi-local
PID. Then

F q
AH K n (X ) � F q


 K n (X )

for all n and q.

Proof. By Lemma 10.2, we have the commutativ e diagram of K 0(X )-lambda alge-
bras, with surjective rows:

K (q)
0 (X � � n ; X � @n ) //

~� n

��
�

F q
AH K n (X )

��
\

K 0(X � � n ; X � @n ) //
~� n K n (X )

F q

 K 0(X � � n ; X � @n ) //

~� n

OO
[

F q

 K n (X )

OO
[

By Theorem 10.7, the image of � contains F q

 K 0(X � � n ; X � @n ), which proves

the corollary.

11. Comput ations

In this section,B is a regular one-dimensionalscheme. If X ! B is a B -schemeof
�nite type, we say dim X � d if each irreducible component X 0 of X hasdim X � d.

Lemma 11.1. Let f : X ! B be a �nite type B -scheme.Then CHq(X ; p) = 0 for
all p < 0.

Proof. In caseB is semi-local, we have CHq(X ; p) = Hp(zq(X ; � )), which givesthe
result immediately, sincezq(X ; p) = 0 if p < 0.

Let Z be a �nite set of closedpoints of B . We have the localization sequence

: : : ! CHq(f � 1(Z ); p) ! CHq(X ; p) ! CH(f � 1(B n Z ); p)

! CHq(f � 1(Z ); p � 1) ! : : :

Since

CHq(f � 1(Z ); p) = � z2 Z CHq(f � 1(z); p);
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the map

CHq(X ; p) ! CH(f � 1(B n Z ); p)

is an isomorphismfor p < 0. Let � be the genericpoint of B . Taking the limit over
Z , we have the isomorphism

CHq(X ; p) ! CHq(X � ; p) = 0

for p < 0, completing the proof.

Lemma 11.2. Let f : X ! B be a �nite type B -schemewith dim X � d. Then

1. CHq(X ; p) = 0 for all q > d.
2. CHd(X ; p) = 0 for all p 6= 0.
3. CHd(X ; 0) �= zd(X ), the isomorphism induced by the inclusion of zd(X ) =

zd(X ; 0) into zd(X ; � ).
4. CHd� 1(X ; p) = 0 for all p 6= 0; 1.

Moreover, if X is regular and dim X = d, then CHd� 1(X ; 0) �= Pic(X ), and
CHd� 1(X ; 1) �= �( X ; O�

X ). The �rst isomorphism is induced by the inclusion
zd� 1(X ) = zd� 1(X ; 0) into zd� 1(X ; � ), and the second by the map sending u 2
�( X ; O�

X ) to the graph of the rational map ( 1
1� u ; u

u� 1 ) : X ! � 1.

Proof. Let X 1; : : : ; X r be the irreducible components of X having dimensiond. We
have

zq(X ; p) � zp+ q(X � � p) = 0 for q > d

zd(X ; p) = zp+ d(X � � p) �= Zr ;

with generatorsthe cyclesX i � � p. The di�eren tials in zd(X ; � ) alternate between
the identit y and the zero map, which proves the assertions (1)-(3) in caseB is
semi-local.

Let � be the generic point of B . Taking the direct limit of the localization
sequences

CHq(f � 1(Z ); p) ! CHq(X ; p) ! CHq(f � 1(B n Z ); p) !

for Z a �nite union of closedpoints of B reduces(1)-(4) to the caseof B a single
point; this completesthe proof of (1)-(3). Using localization on X and the vanishing
(1) we similarly reduce(4) to the caseof X = SpecF , F a �eld, in which casewe
have

CH� 1(F; p) = CH1(F; p) =

(
F � p = 1
0 p 6= 1

by [4, Theorem 6.1]. The isomorphism F � ! CH1(F; 1) is induced by sending
u 6= 1 2 F � to the point ( 1

1� u ; u
u� 1 ) 2 � 1

F .
If X is regular and irreducible of dimension d, and Z � X is a proper closed

subsetwith complement U, we have the localization sequence

0 = CHd� 1(Z; 1) ! CHd� 1(X ; 1) ! CHd� 1(U;1) ! CHd� 1(Z; 0)

! CHd� 1(X ; 0) ! CHd� 1(U;0) ! 0
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Taking the limit over all Z (we can take Z to be pure codimension one) gives the
exact sequence

0 ! CHd� 1(X ; 1) ! CHd� 1(k(X ); 1) = k(X ) � ��! zd� 1(X )

! CHd� 1(X ; 0) ! 0

As in the caseof smooth quasi-projectivevarities over a �eld, onecan check directly
that � (f ) = � div( f ), giving the isomorphisms

CHd� 1(X ; 1) �= �( X ; O�
X ); CHd� 1(X ; 0) �= Pic(X ):

Lemma 11.3. Let f : X ! B be a �nite type B -scheme.Then CHq(X ; p) = 0 for
p + q < 0.

Proof. Using localization as above, we reduce to the caseB = Speck, k a �eld.
Sincezq(X ; p) is a subgroup of zp+ q(X � � p), the result in this caseis obvious.

Prop osition 11.4. (1) Let f : X ! B be a �nite type B -schemewith dim X � d.
Then the terms E 1

p;q in the spectral sequence (1.4) are zero in the following cases:

(i) p + q < 0,
(ii) p > d,
(iii) p = d and q 6= � d,
(iv) p = d � 1 and q 6= 1 � d;2 � d,
(v) 2p + q < 0.

Also, E 1
d; � d = zd(X ). The terms E 2

p;q in the spectral sequence (1.7) are zero in the
following cases:

(i) q odd.
(ii) p + q < 0,
(iii) q < � 2d,
(iv) q = � 2d and p 6= 2d,
(v) q = � 2d + 2 and p 6= 2d � 2; 2d � 1,
(vi) 2p + q < 0,

and E 2
2d; � 2d = zd(X ).

(2) Supposethat X is regular, dim X = d. The terms E p;q
2 in the spectral sequence

(1.8) are zero in the following cases:

(i) q odd.
(ii) p + q > 0,
(iii) q > 0,
(iv) q = 0 and p 6= 0,
(v) q = � 2 and p 6= 1; 2,
(vi) 2p + q > 2dim X .

In addition, we have

E 0;0
2 = z0(X ); E 2;� 2

2 = Pic(X ); E 1;� 2
2 = �( X ; O�

X ):

Proof. Since

E 1
p;q = CHp(X ; p + q); E 2

p;q = CH� q=2(X ; p + q); E p;q
2 = CH� q=2(X ; � p � q);

this follows from Lemma 11.1, Lemma 11.2 and Lemma 11.3.
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Theorem 11.5. Let f : X ! B be a regular �nite type B -schemewith dim X = d.
Then

(1) F d+ n +1
AH K n (X ) = F d+ n +1


 K n (X ) = 0.

(2) For n � 2, F 2
AH K n (X ) = F 2


 K n (X ) = K n (X ). In addition, F 1
AH K 1(X ) =

F 1

 K 1(X ) = K 1(X ).

Proof. We �rst prove(1). SinceF d+ n +1

 K n (X ) � F d+ n +1

AH K n (X ) by Corollary 10.8,
it su�ces to verify the vanishing of F d+ n +1

AH K n (X ). This follows from the vanishing
of E p;� 2q

2 for p � q > dim X (Proposition 11.4(2)(vi)), and the truncated version

E p;q
2 =

(
H p(X ; Z(� q=2)) � 2q � r
0 otherwise

=) � � p� q(K ( r ) (X ; � ))

of the spectral sequence(1.8). This proves(1).
For (2), the identit y F 2


 K n (X ) = K n (X ) for n � 2 is a theorem of Soul�e [53,
x5.2, Th�eor�em 4(iv)]; the identit y F 1


 K 1(X ) = K 1(X ) follows from the de�nition
of F 1


 K � (X ) as the kernel of the augmention K � (X ) ! K 0(X ) ! H 0(X ; Z). The
corresponding identities for F �

AH follow from the inclusion F �

 K n (X ) � F �

AH K n (X )
of Corollary 10.8.

Let 0 � a � q � b, k � 2 be integers,and let

nq
k (a; b) =

Y

a� i � b
i 6= q

kq � k i ; n� q
k (a; b) =

Y

q� r � b

nr
k (a; b);

n� q(a; b) = gcd
k � 2

n� q
k (a; b); n(a; b) = n � b(a; b):

It is easy to check that a prime l divides n(a; b) if and only if l � b � a + 1, so
inverting n(a; b) is the sameas inverting (b� a + 1)!.

Lemma 11.6. Let 0 � a � b be integers,and let M be a Z-module with a collection
of commuting endomorphisms k , k = 2; 3; : : : . Let

M (q) = f m 2 M j k (m) = kqm; k = 2; 3; : : : g; a � q � b:

(1) Supposethat M has a decreasing �ltr ation F � M , � � 0 such that

(i)  k (F qM ) � F qM for all k and q.
(ii)  k = � kq on grqM .
(iii) F b+1 M = 0.
(iv) F aM = F 0M .

Then M 
 Z[ 1
(b� a+1)! ] = � b

q= a(M 
 Z[ 1
(b� a+1)! ])(q) and F r M 
 Z[ 1

(b� a+1)! ] =

� q� r (M 
 Z[ 1
(b� a+1)! ])(q) for r = a; : : : ; b.

(2) Suppose that M has two decreasing �ltr ations F �
1 M � F �

2 M , both satisfying
(i)-(iv). Then

n� q(a; b)F q
2 M � F q

1 M

for all q.
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Proof. We �rst prove (1); we write nq
k for nq

k (a; b), etc, and we may assumethat
M is already a Z[ 1

(b� a+1)! ]-module. Replacing M with F r M reducesus to proving
the statement for M . Choosean integer k � 2, and consider the operator

� k
q :=

1
nq

k

Y

a� i � b
i 6= q

 k � k i id

on M 
 Z[ 1
n k

]. Clearly � k
q = (� k

q )2, � k
q sendsF q+1 M 
 Z[ 1

n k
] to zero, and maps

M 
 Z[ 1
n k

] into F qM 
 Z[ 1
n k

], hencethe projector � k
q de�nes a map sk

q : grqM 

Z[ 1

n k
] ! F qM 
 Z[ 1

n k
] which is  l -equivariant for all l . It is easyto seethat sk

q is
a splitting of the quotient map F qM 
 Z[ 1

n k
] ! grqM 
 Z[ 1

n k
], hence

x =
bX

q= a

� k
q (x);  l (� k

q (x)) = lqx

for all x 2 M 
 Z[ 1
n k

] and all l = 2; 3; : : : . From this, we seethat

(M 
 Z[ 1
n k

])(q) = sk
q (grqM 
 Z[ 1

n k
]); a � q � b:(11.1)

For x 2 M 
 Z[ 1
n k

; 1
n l

], we have

 l (� k
q (x)) = lqx;  k (� l

q(x)) = kqx;

from which it follows that

� l
q(x) = � k

q (x):

From this and (11.1), we seethat (M 
 Z[ 1
n k

])(q) and (M 
 Z[ 1
n l

])(q) have the same

image in M 
 Z[ 1
n k

; 1
n l

], namely (M 
 Z[ 1
n k

; 1
n l

])(q) .
This compatibilit y of the subspaces(M 
 Z[ 1

n k
])(q) for di�eren t k implies that

M (q) 
 Z[ 1
n k

] = (M 
 Z[ 1
n k

])(q)

for eack k. This implies that

M = � b
q= aM (q) ;

as desired.
For (2), the map nq

k � q
k sendsF q+1

1 M to zero and maps M into F q
2 M . The map

nq
k sq

k givesa quasi-splitting of F 1
q M ! grq

1M , i.e., the composition

grq
1M

n q
k sq

k� � � ! F q
1 M ! grq

1M

is nq
k id. Assumeby induction that

(n� q+1
k )F q+1

1 � F q+1
2 ;

and take x 2 F q
1 M . Then nq

k x � (nq
k � q

k )(x) is in F q+1
1 M , hence

(n� q
k )F q

1 � F q
2 ;

and the induction goesthrough. Sincethis holds for all k � 2, we have

n� q(a; b)F q
1 M � F q

2 M ;

as desired.
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We let Nq;r be the gcd of the integers kq(kr � 1) k = 2; 3; : : : . It is easyto see
that Nq;r divides [(r + 1)!]q; in particular, for s � r + 1, gcd(Nq;r ; s!) involvesonly
primes � r + 1.

Theorem 11.7. Let X be a regular B -schemewith dim X = d. Then (with refer-
ence to the spectral sequence (1.8)):

(1) For each r � 1, Nq;r dp;q
2r +1 = 0.

(2) E p;� 2q
1 = Z p;� 2q

1 =Bp;� 2q
1 with Z p� 2q

1 � E p;� 2q
2 having �nite index N p;q

1 in
E p;� 2q

2 , and B p;� 2q
1 being a �nite group of order N p;q

2 , and with

N p;q
1 j

dim X � p+ q� 1Y

r =1

Nq;r ; N p;q
2 j

q� 2Y

r =1

Nq� r ;r :

For p = 2q, we have Z p;� 2q
1 = E p;� 2q

2 . In particular, E p;� 2q
2 = E p;� 2q

1 after
inverting (q � 1)!(dim X � p + q)! (or inverting (q � 1)! if p = 2q).

(3) After inverting (dim X + n � 1)!, the group K n (X ) is a direct sum of the kq

eigenspaces for  k (for n � 1):

K n (X )[ 1
(dim X + n � 1)! ] = � dim X + n

q=0 (K n (X )[ 1
(dim X + n � 1)! ])(q) ;

splitting the �ltr ation F �
AH K n (X ) induced by the spectral sequence (1.8). For n = 0,

the sameholds after inverting dim X !

(4) Supposethat B is semi-local. For n � 1, we have

n� q(2; dim X + n)F q
AH K n (X ) � F q


 K n (X ) � F q
AH K n (X )

for all q � 3; for n � 2 we have

F 2
AH K n (X ) = F 2


 K n (X ) = K n (X );

and for n = 1,

F 2
AH K 1(X ) = F 2


 K 1(X ); F 1
AH K 1(X ) = F 1


 K 1(X ) = K 1(X ):

For n = 0, we have

n� q(1; dim X + n)F q
AH K 0(X ) � F q


 K 0(X ) � F q
AH K 0(X )

for all q � 1.

(5) For n � 1, we have isomorphisms

CHq(X ; n)[ 1
(dim X + n � 1)! ] �= (K n (X )[ 1

(dim X + n � 1)! ])(q) :

For n = 0, we have isomorphisms

CHq(X )[ 1
(q� 1)! ] �= grq

AH K 0(X )[ 1
(q� 1)! ];

and

CHq(X )[ 1
dim X ! ]

�= (K 0(X )[ 1
dim X ! ])

(q) :

Proof. By Theorem 9.7 we have

kq+ r dp;q
2r +1 =  k � dp;� 2q

2r +1

= dp;� 2q
2r +1 �  k

= kqdp;q
2r +1 ;



K -THEOR Y AND MOTIVIC COHOMOLOGY OF SCHEMES 63

i.e., kq(kr � 1)dp;q
2r +1 = 0, proving (1). (2) follows from (1) and Proposition 11.4(2),

noting that E p;� 2q
2 = E p;� 2q

1 for q = 0; 1.
For (3), the �ltration F �

AH K n (X ) on K n (X ) admits Adams operations, with  k

acting on grq
AH K n (X ) = E � n +2 q;� 2q

1 by kqid (Theorem 9.5). By Theorem 11.5, we
have (for n � 2) grq

AH K n (X ) = 0 for q < 2 and for q > dim X + n; Lemma 11.6(1)
gives the desired splitting of K n (X ) after inverting (dim X + n � 1)!. For n = 1,
we may split o� the term E 1;� 2

2 = �( X ; O�
X ) by the determinant mapping, and

apply the sameargument to F 2
AH K 1(X ). For n = 0, we may split o� the factor

E 0;0
2 = H 0(X ; Z) by the rank homomorphism, and usethe sameargument to split

F 1
AH K 0(X ).
For (4), the theory of � -rings tells us that  k acts by kqid on grq


 K n (X ) (seee.g.
[1, Proposition 5.3]). From [53, x5.2, Th�eor�em 4(iv)], we have the samesplittings
for gr1


 K 1 and gr0

 K 0 as described above for gr�

AH ; this with Lemma 11.6(2) proves
(4).

The assertion(5) follows from (2) and (3).

Theorem 11.8. Let X be a �nite type B -schemewhich is a closed subschemeof a
regular B -schemeof �nite type (e.g., X quasi-projective over B ). Then the spectral
sequence (1.4) degenerates at E 1, after tensoring with Q.

Proof. SupposeX is a closedsubschemeof a regular �nite type B -schemef : Y !
B . We may supposeY is irreducible; let d = dim Y . Let Y (p;q)

X be the subset of
Y (p;q) consisting of those W which are subsetsof X � � p � Y � � p. We have the
evident identit y

X (p;q) = Y (p;dim Y � q)
X :

Let G(q)
X (Y; p) be the limit of the spectra GW (Y; p), asW runs over �nite unions

of elements of Y (p;q)
X . The exact functor

(i X � id) � : M X (p) ! M Y (p)

inducesthe natural map

i X � (p) : G(q) (X ; p) ! G(dim Y � q)
X (Y; p);

which, by [36, Proposition 7.7], is a weak equivalence,naturally in p. Thus, letting
G(dim Y � q)

X (Y; � ) be the simplicial spectrum p 7! G(dim Y � q)
X (Y; p), wehavethe weak

equivalence

i X � : G(q) (X ; � ) ! G(dim Y � q)
X (Y; � );

functorial with respect to q.
Replacing G-theory with K -theory, we form the simplicial spectra K (q)

X (Y; � );
since Y is regular, Quillen's resolution theorem [45, x4, Corollary 1] tells us that
the evident map

K (q)
X (Y; � ) ! G(q)

X (Y; � )

is a weak equivalence. Thus, the spectral sequence(1.4) for X is isomorphic to the
spectral sequenceassociated to the tower

: : : ! f � K (p+1)
X (Y; � ) ! f � K (p)

X (Y; � ) ! : : : ! f � K (0)
X (Y; � ) � f � G(X ):
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Let zq
X (Y; p) be the subgroup of zq(Y; p) consisting of those cyclessupported on

X � � p � Y � � p, forming the simplicial abelian group zq
X (Y; � ). As above, we

have

zq(X ; � ) = zdim Y � q
X (Y; � );

and we have the weak equivalenceof the co�b er f � K (p)
X (Y; � )=f � K (p+1)

X (Y; � ) with
the sheafof simplicial abelian groups f � zp

X (Y; � ) on B .
The special K 0(B )-lambda algebra structure given by Theorem 9.5, together

with Remark 9.6, givesAdams operations  k for the spectral sequence

E 1
p;q (YX ) = � p+ q(B ; f � zp

X (Y; � )) =) � p+ q(B ; f � K (0)
X (Y; � )) �= Gp+ q(X ):

As in the proof of Theorem 9.7, we can compute the action of  k on the E 1 terms
through the action of  k on K (p=p� 1)

0 (Y � � p+ q), where the action is known to
be multiplication by kp by the Adams-Riemann-Roch theorem [16, Theorem 6.3].
Taking k = 2, we seethat the di�eren tials dp;q

r on E r
p;q (YX ) 
 Q are zero for all p,

q and r . This completesthe proof.

Remark 11.9. As in Theorem 11.7, if onehasa bound on the embedding dimension
of X , one gets more preciseinformation on the primes one needsto invert to force
the various di�eren tials in (1.4) to vanish.

Corollary 11.10. (1) Let X be a �nite type B schemewhich is embeddableas a
closed subschemeof a regular �nite type B -scheme,and suppose dim X � d. Let
m � d be an integer. Then the map

� n (B ; f � G(m ) (X ; � )) 
 Q ! � n (B ; f � G(d) (X ; � )) 
 Q �= Gn (X ) 
 Q

induced by the tower (1.2) is injective for all n.

(2) Let Y be a regular B -schemeof �nite type, m � 0 an integer. Then the inclusion

� n (B ; f � G(m ) (Y; � )) 
 Q ! Gn (Y ) 
 Q = K n (Y ) 
 Q

identi�es � n (B ; f � G(m ) (Y; � )) 
 Q with the subgroup � q� m K n (Y )(q) of K n (Y ) 
 Q,
where K n (Y )(q) is the kq-eigenspace of  k on K n (Y ) 
 Q.

(3) Let Y be as in (2). The map

� n (B ; f � G(2) (Y; � )) ! Gn (Y ) = K n (Y )

is injective for n = 0, split injective for n = 1, and an isomorphism for n � 2.
Similarly, the map

� n (B ; f � G(1) (Y; � )) ! Gn (Y ) = K n (Y )

is split injective for n = 0 and an isomorphism for n � 1. The cokernels are as
follows:

1. m = 2, n = 0, coker = Pic(Y ) � z0(Y ).
2. m = 2, n = 1, coker = �( Y; O�

Y ).
3. m = 1, n = 0, coker = z0(Y ).

Proof. For (1), we may truncate the tower (1.2) to end at q = m, giving the spectral
sequence

E 1
p;q (X ; m) = � p+ q(B ; f � zp(X ; � )) =) � p+ q(B ; f � K (m ) (X ; � )); p � m;
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which is evidently a sub-spectral sequenceof the spectral sequenceE(X ; d). Since,
by Theorem 11.8, the spectral sequenceE(X ; d) degeneratesat E 1 after tensoring
with Q, the sameholds for the truncated spectral sequenceE(X ; m), whence(1).

The proof of (2) is similar, using the spectral sequence(1.8) together with the
fact that  k acts by kp on E p;q

2 (Theorem 9.7).
For (3), �rst take the casem = 2; we may assumethat Y is irreducible. We

use the spectral sequence(1.8), which we denote by E �� (Y ), and the truncation
E �� (Y; 2). The only E2 terms in the full spectral sequenceE �� (Y ) which don't
appear in the truncation E �� (Y; 2) are

E 0;0
2 (Y ) = H 0(Y; Z(0)) ; E 1;� 2

2 (Y ) = H 1(Y; Z(1)) ; E 2;� 2
2 (Y ) = H 2(Y; Z(1)) :

Sincedr mapsE p;q
r to E p+ r ;q� r +1

r , there areno di�eren tials in E �� (Y ) which involve
theseterms. ThusE p;q

1 (Y ) = E p;q
1 (Y; 2) for all (p;q) which occur in E �� (Y; 2), which

provesthe injectivit y, and identi�es the imageof � n (B ; f � G(2) (Y; � )) in K n (Y ) with
the subgroupF 2K n (Y ), whereF � is the �ltration induced by the spectral sequence
E �� (Y ). This also shows that � n (B ; f � G(2) (Y; � )) ! K n (Y ) is an isomorphism for
n � 2.

Similarly, the map � n (B ; f � G(1) (Y; � )) ! K n (Y ) is injective, and an isomor-
phism for n � 1.

Sending n 2 N to the free sheaf On
Y de�nes a splitting to the rank homomor-

phism K 0(Y ) ! Z, which givesthe splitting to the injection � 0(B ; f � G(1) (Y; � )) !
K 0(Y ); this also gives the splitting of K 0(Y )=F2K 0(Y ) as Pic(Y ) � Z. Similarly,
sendinga unit u to the classin K 1(Y ) given by the automorphism � u of OY gives
a splitting to the determinant mapping

K 1(Y ) ! H 0(Y; K1(Y )) �= H 0(Y; O�
Y );

and givesthe splitting of the injection � 1(B ; f � G(2) (Y; � )) ! K 1(Y ).

11.11. Co dimension one. We have already seenthat the codimension one case
is somewhatsimpler; we continue with this theme.

Lemma 11.12. Let f : X ! B be a B -schemeof �nite type, with dim X = d.
Then the natural map

� n (G(d� 1) (X ; � )) ! � n (B ; f � G(d� 1) (X ; � ))

is an isomorphism for all n. Similarly, the natural map

Hn (zd� 1(X ; � )) ! H � n (B ; f � zd� 1(X ; � ))

is an isomorphism for all n.

Proof. We �rst consider the G-theory. It su�ces to show that G(d� 1) (X ; � ) has
the localization property, i.e., for each closedsubsetZ of X , the sequence

G(d� 1) (Z; � )
i Z �� � ! G(d� 1) (X ; � )

j �
U� ! G(d� 1) (U; � )(11.2)

is a homotopy �b er sequence,whereU = X nZ . For this, note that, if W � U � � p

is in U(p; � d� 1) , then the closure �W of W in X � � p is in X (p; � d� 1) . Indeed,
an irreducible subset W of U � � p is in U(p; � d� 1) if and only if W contains no
subscheme of the form U � v, v a vertex of � p. Since this property is clearly
inherited by �W , our assertionis veri�ed. It then follows from Quillen's localization
theorem [45, x7, Proposition 3.1] and [36, Proposition 7.7] that the sequence

G(d� 1) (Z; p)
i Z �� � ! G(d� 1) (X ; p)

j �
U� ! G(d� 1) (U;p)



66 MAR C LEVINE

is a homotopy �b er sequencefor each p. This implies that (11.2) is a homotopy
�b er sequence.

The proof for the cycle complexesis similar: The discussionabove shows that
the restriction X (p; � d� 1) ! U(p; � d� 1) is surjective, giving the exact sequence

0 ! z(d� 1) (Z; p)
i Z �� � ! z(d� 1) (X ; p)

j �
U� ! z(d� 1) (U;p) ! 0;

and the distinguished triangle

z(d� 1) (Z; � )
i Z �� � ! z(d� 1) (X ; � )

j �
U� ! z(d� 1) (U; � ):

Let X ! B be a smooth B scheme. We consider the spectrum G(1) (X=B ; � ).
Let u 6= 1 be a global section of O �

X , and let Z (u) � X � � 1 be the graph of the
rational map

(
1

1 � u
;

u
u � 1

) : X ! � 1:

It is clear that Z (u) \ (X � (1; 0)) = Z (u) \ (X � (0; 1)) = ; , hencethe sheafOZ (u)

determinesa point OZ (u) of G(1) (X=B ; 1), with

� �
0 (OZ (u) ) = � �

1 (OZ (u) ) = � :

This givesus the canonical map

O1
Z (u) : (S1; � ) ! jG(1) (X=B ; � )j;

and a corresponding class[OZ (u) ] in � 1(G(1) (X=B ; � )).

Lemma 11.13. Let X ! B be a smooth B -scheme.

(1) Sendingu to [OZ (u) ] de�nes a group homomorphism


 X : �( X ; O�
X ) ! � 1(G(1) (X=B ; � )) ;

natural in X .

(2) The composition

�( X ; O�
X )


 X� � ! � 1(G(1) (X=B ; � )) �! � 1(G(1) (X ; � )) �= K 1(X )

is the canonical map �( X ; O�
X ) ! K 1(X ).

(3) Supposedim X � 1 and that B is either a�ne, or quasi-projective over a �eld.
Then the composition

� 2(G(1) (X=B ; � )) ! � 2(G(1) (X ; � )) ! G2(X ) = K 2(X )

is surjective.

Proof. For (1), let u and v be units on X . Let l (u; v) � X � � 2 subschemede�ned
by uvt0 + ut1 + t2 = 0. One checks directly that

� � 1
0 (l (u; v)) = Z (u); � � 1

1 (l (u; v)) = Z (uv); � � 1
2 (l (u; v)) = Z (v);

giving a homotopy of the composition O1
Z (v) � O1

Z (u) with O1
Z (uv ) . This proves(1).

For (2), the assertion is natural in X ! B , so it su�ces to take B = SpecZ,
X = SpecZ[u; u� 1]. In this case,the map �( X ; O�

X ) ! K 1(X ) is an isomorphism,
with inversethe determinant map K 1(X ) ! �( X ; O�

X ).
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Identifying (� 1; (1; 0); (0; 1)) with (P1 nf 1g; 0; 1 ) via the map (1� t; t) 7! (t � 1 :
t), Z (u) is sent to the graph �( u) of the morphism (1 : u) : X ! P1, restricted to
P1 n f 1g. Let A = P1 n f 1g. We have the resolution

0 ! I ! OX � A ! O�( u ) ! 0;

the map

� (uX 0 � X 1=X0 � X 1) : OX � A ! I(11.3)

is an isomorphism. On X � 0 and X � 1 the map I ! O is an isomorphism; on
X � 1 this agreeswith the restriction of (11.3) and on X � 0 the two isomorphisms
di�er by the automorphism � u. Tracing through the weak equivalenceK (X ) !
G(X ; � ) gives(2).

For (3), sinceX is smooth over B , the assumptiondim X � 1 implies that either
B is a point, or that X ! B is �etale. If the �rst case,we have

G(1) (X=B ; � ) = G(1) (X ; � )

and the result follows from Corollary 11.10 and Lemma 11.12; in the second,we
may replaceB with X .

Let W be in B (p;2) . Then either W ! B is equi-dimensional,or W maps to a
closedpoint bof B . In the secondcase,W is an element of b(p;1) . Thus, if F is a face
of � p, and W 0 is an irreducible component of W \ (B � F ), then either W 0 is equi-
dimensionalover B , or W 0 is codimensiononeon b� F for someclosedpoint b. Since
B is either a�ne or quasi-projective over a �eld, W is contained in a W � 2 B (p;1) .
Thus, the map G(2) (B ; � ) ! G(1) (B ; � ) factors through G(1) (B =B; � ), hence,we
needonly show that � 2(G(2) (B ; � )) ! K 2(B ) is surjective.

Let � be the genericpoint of B , and let � (p;2)
B be the subsetof � (p;2) consistingof

those W whoseclosure in B � � p are in B (p;2) . We let G(2) (� B ; p) be the limit of
the spectra GW (� ; p), as W runs over �nite unions of elements of � (p;2)

B . Similarly,
for U � B open, let U (p;2)

B be the subset of U (p;2) consisting of those W whose
closure in B � � p are in B (p;2) , giving the spectrum G(2) (UB ; p).

Using Quillen's localization theorem [45, x7, Proposition 3.1], we have the ho-
motopy �b er sequence

Y

b2 B nU

G(1) (b;p) ! G(2) (B ; p) ! G(2) (UB ; p);

Forming the simplicial spectrum G(2) (UB ; � ) in the evident manner, we have the
long exact sequence

: : : ! � b2 B nU � 2(G(1) (b;� )) ! � 2(G(2) (B ; � ))

! � 2(G(2) (UB ; � )) ! � b� 1(G(1) (b;� )) ! : : : :

Taking the limit over U givesthe long exact sequence

(11.4) : : : ! � b� 2(G(1) (b;� )) ! � 2(G(2) (B ; � ))

! � 2(G(2) (� B ; � )) ! � b� 1(G(1) (b;� )) ! : : : ;
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where the sum is over the closedpoints of B . We have a similar sequencefor the
sheafson B

(11.5) : : : ! � b� 2(G(1) (b;� )) ! � 2(B ; id � G(2) (B ; � ))

! � 2(G(2) (� ; � )) ! � b� 1(G(1) (b;� )) ! : : :

and the evident map of (11.4) to(11.5).
We consider the truncated version of (1.8)

E p;q
2 = H p(� ; Z(� q=2)) =) � � p� q(G(2) (� ; � )); q � � 4:

The only term with � p � q = 2 is H 2(B ; Z(2)), giving the isomorphism

� 2(G(2) (� ; � )) �= H 2(B ; Z(2)) = CH2(k; 2):

By [42] and [62], the map

� (u; v) = (
1

1 � u
;

v � u
(u � 1)(v � 1)

;
v

v � 1
) � (

1
1 � v

;
u � v

(u � 1)(v � 1)
;

u
u � 1

)

givesan isomorphism of K M
2 (k) with CH2(k; 2), and the composition

K M
2 (k(� )) ��! CH2(� ; 2) �= � 2(G(1) (� ; � )) ! K 2(� )

is the usual isomorphism induced by cup product K 1(� ) 
 K 1(� ) ! K 2(� ).
For u; v 2 k(� ) � , let s+ (u; v) � B � � 2 be the closureof the graph of the rational

map

(
1

1 � u
;

v � u
(u � 1)(v � 1)

;
v

v � 1
) : B ! � 2;

and let s� (u; v) � B � � 2 be the closureof the graph of the rational map

(
1

1 � v
;

u � v
(u � 1)(v � 1)

;
u

u � 1
) : B ! � 2:

One checks that s+ (u; v) and s� (u; v) are in B (2 ;2) if u 6= v and div(u) and div( v)
have disjoint support in B .

Using the bilinearit y of symbols f u; vg 2 K M
2 (k(� )) and the Steinberg relation,

oneshows(seee.g. the result of Tate [41, Lemma 13.7]) each element x 2 K M
2 (k(� ))

can be written as a sum of symbols,

x =
rX

i =1

f ui ; vi g; ui ; vi 2 k(� ) � ;

such that div(ui ) and div( vi ) have disjoint support for each i = 1; : : : ; r . Since
f u; ug = f u; � 1g and f� 1; � 1g = f t; � 1g � f� t; � 1g for all t 2 k(� ) � , we may
assumethat ui 6= vi for all i . Thus, the map

� 2(G(2) (� B ; � )) ! � 2(G(2) (� ; � )) �= K M
2 (k(� ))

is surjective. Using the map map of (11.4) to(11.5) described above, we seethat

� 2(G(2) (B ; � )) ! � 2(B ; id � G(2) (B ; � ))

is surjective. By Corollary 11.10(3), the map � 2(B ; id � G(2) (B ; � )) ! K 2(B ) is
surjective, which completesthe proof.
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12. The �et ale theor y

We give an �etale version of the spectral sequences(1.4) and (1.8), and usethese
to relate the Beilinson-Lichtenbaum conjecturesfor mod n motivic cohomologywith
the Quillen-Lichtenbaum conjectures for mod n K -theory. This gives a di�eren t
proof of someof the results of [29].

12.1. The mo d n sequence. Taking the spectral sequencewith mod n coe�cien ts
associated to (1.3) and (1.8) givesus the spectral sequences

E 1
p;q (X ; Z=n) = � p+ q(B ; f � G(p=p� 1) (X ; � ); Z=n) =) Gp+ q(X ; Z=n)(12.1)

and

E p;q
2 (X ; Z=n) = H p(X ; Z=n(� q=2)) =) K � p� q(X ; Z=n):(12.2)

12.2. A re�ned Bott elemen t. Fix an integer n, and let � n = e2� i=n . The Bott
element � n 2 K 2(Z[� n ; 1=n]; Z=n) is a canonically de�ned lifting of the element
[� n ] 2 n K 1(Z[� n ; 1=n]) with respect to the surjection

K 2(Z[� n ; 1=n]; Z=n) ! n K 1(Z[� n ; 1=n]):

If p : X ! SpecZ[� n ; 1=n] is a schemeover Z[� n ; 1=n], multiplication by p� � n gives
the maps

� � n : K p(X ; Z=n) ! K p+2 (X ; Z=n);

and the direct limit K � (X ; Z=n)[� � 1
n ] (we need to assumethat 4jn if n is even to

get the multiplicativ e structure on K � (X ; Z=n)).
Let Bn = SpecZ[� n ; 1=n]. By Lemma 11.13, there is a (non-canonical) lifting

of � n to an element � (1)
n 2 � 2(G(1) (Bn =Bn ; � ); Z=n). By Lemma 11.12and Corol-

lary 11.10, the map

� 1(G(1) (Bn ; � )) ! K 1(Bn )

is an isomorphism, and we have the commutativ e diagram

Z[� n ; 1=n]�

��
Z ( � )

Z[� n ; 1=n]�

��

��

�=� 1(G(1) (Bn ; � )) //�

��
cl1

� 1(id � G(1) (Bn ; � )) //�

��
cl1

K 1(Bn )

��
det

H1(z1(Bn ; � )) //
�

�
H 1(Bn ; Z(1)) H 0(Bn ; O�

B n
):oo

�
�

Thus, the image cl1� (1)
n of � (1)

n in H 0(Bn ; Z=n(1)) �= n H 1(Bn ; Z(1)) is � n , where
we use� to identify H 1(Bn ; Z(1)) with the units in Z[� n ; 1=n].

12.3. The �etale cycle class map. Supposethat B = Speck, k a �eld which is
a Z[� n ; 1=n]-algebra, and that X is smooth over B . Let � X : X �et ! X Zar be the
changeof topology morphism. We have described in [22, x3] an natural map in the
derived category of sheaveson X Zar ,

clqX : zq(2q � � )X =n ! � � qR� X � � 
 q
n :
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Webrie
y recall the construction of clqX , together with a description of the extension
of clqX to the caseof regular X , of �nite type over B , with B a regular schemeof
dimension one.

Suppose at �rst that k is a perfect �eld of characteristic prime to n. Let W
be a closedsubsetof a smooth k-schemeY , such that each irreducible component
of W has codimension � q � 0. Let zq

W (Y ) be the subgroup of zq(Y ) generated
by the codimension q components of W . The purit y of �etale cohomology gives
us a canonical isomorphism of the cohomology with support H 2q

�et ;W (X ; � 
 q
n ) with

zq
W (Y )=n. We denote this isomorphism by

clqW (Y ) : zq
W (Y )=n ! H 2q

�et ;W (X ; � 
 q
n ):

In addition, H p
�et ;W (X ; � 
 q

n ) = 0 for p < 2q, and the isomorphism clqW (Y ) is functo-
rial with respect to pull-back by morphisms f : Y 0 ! Y such that each irreducible
component of f � 1(W ) has codimension � q on Y 0.

Let � : Y�et ! YZar be the change of topology morphism. The remarks of the
previous paragraph give a natural isomorphism

clqW (Y ) : zq
W (Y )=n[� 2q] ! � � 2q�( Y; R� � � 
 q

n ):

in the boundedderived category of abelian groups. If we let G�et (Y; � 
 q
n ) denote the

Godement resolution of � 
 q
n on Y�et , G�et (Y; � 
 q

n ) givesa functorial representativ e for
R� � � 
 q

n in the categoryof complexesof acyclic sheaveson Y�et . Letting GW
�et (Y; � 
 q

n )
be the kernel of

G�et (Y; � 
 q
n ) ! G�et (Y n W; � 
 q

n )

we have the quasi-isomorphism

clqW (Y ) � 1 : � � 2q�( Y; GW
�et (Y; � 
 q

n )) ! zq
W (Y )=n[� 2q]:(12.3)

Let G(q)
�et (X ; � 
 q

n )(p) denote the direct limit of the complex of sheavesGW
�et (X �

� p; � 
 q
n ), as W runs over �nite unions of elements of X (p;q) . The quasi-isomorph-

isms (12.3) give the quasi-isomorphism

cl(p;q) (X ) � 1 : � � 2q�( X ; G(q)
�et (X ; � 
 q

n )(p)) ! zq(X ; p)=n[� 2q];(12.4)

natural with respect to the maps in the cosimplicial schemeX � � � .
Let � � 2q�( X ; G(q)

�et (X ; � 
 q
n )( � )) denote the total (cohomological) complex of the

double complex associated to the simplicial complex � � 2q�( X ; G(q)
�et (X ; � 
 q

n )( � )).
The maps (12.4) givesthe quasi-isomorphism

cl( � ;q) (X ) � 1 : � � 2q�( X ; G(q)
�et (X ; � 
 q

n )( � )) ! zq(X ; 2q � � )=n;(12.5)

We let cl( � ;q) (X ) denote the inverseof cl( � ;q) (X ) � 1 in the derived category.
By the homotopy property of �etale cohomology, the augmentation

� X : �( X ; G�et (X ; � 
 q
n )) ! �( X ; G(0)

�et (X ; � 
 q
n )( � ))
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is a quasi-isomorphism. We have the composition in the derived category

zq(X ; 2q � � )=n
cl ( � ;q ) (X )

� � � � � � ! � � 2q�( X ; G(q)
�et (X ; � 
 q

n )( � ))(12.6)

! �( X ; G(q)
�et (X ; � 
 q

n )( � ))

! �( X ; G(0)
�et (X ; � 
 q

n )( � ))

� � 1
X� � ! �( X ; G�et (X ; � 
 q

n )) :

Let Z q
X (p) be the Zariski sheafon X associated to the presheafU 7! zq(U;2q� p),

giving us the complex of sheavesZ q
X (� ). The maps (12.6) give us the map

clq : Z q
X (� )=n ! R� � � 
 q

n

in the derived category. SinceZ q
X (� ) = � � qZ q

X (� ), we have the map

clqX : Z q
X (� )=n ! � � qR� X � � 
 q

n :(12.7)

in the derived category of Zariski sheaves.
In order to extend clqX to the caseof a regular B -scheme, with B a regular

schemeof dimension one, oneapplies the extensionof the purit y for smooth closed
embeddings to the caseof a closedembedding of regular schemes,due to Gabber
[20]. The construction is then exactly as described above.

12.4. In verting the Bott elemen t. Suppose as above that B is a B n -scheme.
Then multiplication by � n de�nes an isomorphism of �etale sheaves� 
 q

n ! � 
 q+1
n .

Let Z q
X (� )=n[� � 1

n ] denote the direct limit of the system

Z q
X (� )=n

[ X ([ � n ])
� � � � � ! Z q+1

X (� )=n ! : : : ;

where[� n ] is any element of z1(B =B; 2)=n representing the imageof the re�ned Bott
element � (1)

n in H2(z1(B =B; � )=n) . Sincecl1([� n ]) is the classof � n in H 0
�et (B ; � n ),

the map clqX extendscanonically to

clqX : Z q
X (� )=n[� � 1

n ] ! R� X � � 
 q
n :

Theorem 12.5. Let X be a regular B -schemeof �nite type. Then the �etale cycle
classmap

clqX : Z q
X (� )=n[� � 1

n ] ! R� X � � 
 q
n :

is an isomorphism in the derived category of Zariski sheaveson X .

Proof. Supposewe know the result for B = Speck, k a �eld.
It follows directly from the de�nition of the cycle classmap (12.7) that, for i :

W ! X a closedregular subschemeof codimensiond, with complement j : U ! X ,
the diagram

zq� d(W; 2q � � )=n //i �

��
clq� d [� 2d]

zq(X ; 2q � � )=n

��
clq

//j �

zq(U;2q � � )=n

��
clq

R� W � � 
 q� d
n [� 2d] //

i �
R� X � � 
 q

n
//j �

R� U � � 
 q
n

(12.8)

commutes (in the derived category). By the localization [36, Theorem 0.7] for
the cycle complexes, together with the purit y result [20], the rows above de�ne
distinguished triangles. If we then localize with respect to � n , the rows remain



72 MAR C LEVINE

distinguished triangles. In particular, if W is a regular subschemeof a �b er of X
over a closedpoint of B , the result for U implies the result for X .

Since, for each closed point b of B , the �b er X b has a �nite strati�cation by
closedsubsetsX i

b so that X i
b nX i +1

b is regular, taking a limit over diagrams (12.8),
with W a regular closedsubschemeof someX b, we reduceto proving the result for
the generic �b er of X over B , which completesthe veri�cation of the reduction to
the caseB = Speck.

It su�ces to prove the result for n a prime power. If n is odd, or if n is even and
4jn, this is proved in [34, Theorem 1.1]. For n = 2, Voevodsky [64] has shown that
the Galois symbol

K M
q (k)=2 ! H q

�et (k; Z=2(q))

is an isomorphism for all �elds k and all q � 0. By [59] in characteristic zero, or
[22, Theorem 1.1] in arbitrary characteristic, this implies that the map

clq : ZX (� )=2� ! � � qR� X � � 
 q
2�

is an isomorphism in the derived category. The result for the localized cycle class
map follows immediately from this.

Corollary 12.6. Let X ! B be a regular B -scheme. Then the �etale cycle map
clq�etX : Z �et

X (q)=n ! � 
 q
n induces an isomorphism

clq�etX [� � 1
n ] : Z �et

X (q)=n[� � 1
n ] ! � 
 q

n

in the derived category. If B = Speck, k a �eld, or if n = 2� , then the �etale cycle
classmap clq�etX is already an isomorphism in the derived category.

Proof. In caseB = Speck, the statement on clq�etX is an immediate consequence
of the main theorem of [57] (if k has characteristic zero), or the extension of the
results of [57] to positive characteristic using the resolution of singularities results
of de Jong [18] (seee.g. [32] for somemore details on this extension).

In casen = 2� , the argument of Theorem 12.5 givesthe isomorphism

ZX (q)=2� ! � � qR� X � � 
 q
2� :

Taking the associated �etale sheavesgivesthe desired isomorphism.
In general, the result follows from Theorem 12.5 by taking the associated �etale

sheaves.

Remark 12.7. If the Beilinson-Lichtenbaum conjecture holds, i.e., if

clqX : ZX (q)=n ! � � qR� X � � 
 q
n

is an isomorphism for all regular B -schemesX , then clearly the �etale cycle class
map clq�etX : Z �et

X (q)=n ! � 
 q
n is also an isomorphism.

12.8. The �etale spectral sequence. Let X ! B be a �nite type B -scheme.
Sincethe simplicial spectrum G(q) (X ; � ) is contravariantly functorial for 
at maps
of relative dimension zero, G(q) (X ; � ) extends to a sheaf of simplicial spectra for
the �etale topology, G�et

(q) (� )X . We have aswell the �etale simplicial sheavesz�et
q (� )X ,

G(q)
�et (� )X and zq

�et (� )X corresponding to zq(X ; � ), G(q) (X ; � ) and zq(X ; � ). The
weak equivalences

G(q=q� 1) (X ; � ) ! zq(X ; � ); G(q=q� 1) (X ; � ) ! zq(X ; � )
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givesrise to weak equivalencesof �etale sheaves

G�et
(q=q� 1) (� )X ! z�et

q (� )X ; G(q=q+1)
�et (� )X ! zq

�et (� )X ;(12.9)

where G�et
(q=q� 1) (� )X and G(q=q+1)

�et (� )X are the respective co�b ers of the maps

G�et
(q� 1) (� )X ! G�et

(q) (� )X , G(q+1)
�et (� )X ! G(q)

�et (� )X .
Supposethat dim X � d. The tower

: : : ! G�et
(q� 1) (� )X ! G�et

(q) (� )X ! : : : ! G�et
(d) (� )X � G�et (X )(12.10)

together with the weak equivalence(12.9) givesthe spectral sequence

E 1
p;q = Hp(X �et ; z�et

p (� )X =n) =) G�et
p+ q(X ; Z=n);(12.11)

where we write G�et
p+ q(X ; Z=n) for � p+ q(X �et ; G�et (X ); Z=n).

If X has pure dimension, we may rewrite (12.10) in terms of codimension:

: : : ! G(q+1)
�et (� )X ! G(q)

�et (� )X ! : : : ! G(0)
�et (� )X � G�et (X )(12.12)

If X is regular, we may further rewrite the spectral sequence(12.11) as the E2

spectral sequence

E p;q
2 (X ; Z=n)�et = Hp(X �et ; Z � q=2

�et (� )X =n) =) K �et
� p� q(X ; Z=n):(12.13)

We may take the smash product of the tower (12.12) with the mod n Moore
space,giving the tower

: : : ! G(q+1)
�et (� ; Z=n)X ! G(q)

�et (� ; Z=n)X ! : : : ! G(0)
�et (� ; Z=n)X � K �et (X ; Z=n)

(12.14)

The associated E 1-spectral sequenceis just the spectral sequence(12.11).
Suppose that n is odd, or, if n is even, that 4jn. Multiplication by � (1)

n acts
on the tower (12.14), giving the action of multiplication by � (1)

n on the spec-
tral sequence(12.13). We note that multiplication by � n gives an isomorphism
K �et

m (X ; Z=n) ! K �et
m +2 (X ; Z=n); for the mod n K -groups of an algebraically

closed�eld, this follows from Suslin's computation of the mod n K -theory of al-
gebraically closed�elds [54], and the generalcasefollows from this using Gabber's
rigidit y theorem [19]. Thus we have the spectral sequence

E p;q
2 (X ; Z=n)�et [� � 1

n ] = H � p� q(X �et ; Z � q=2
�et (� )X =n[� � 1

n ]) =) K �et
� p� q(X ; Z=n):

(12.15)

We have the evident map of the spectral sequence(12.2) to (12.13), and the map
of (12.13) to (12.15)

Remark 12.9. It follows from Suslin's computation of the mod n K -theory of al-
gebraically closed�elds [54], together with the rigidit y results of Gillet-Thomason
[17] and Gabber [19] that there is a natural isomorphismof the groupsK �et

m (X ; Z=n)
with the mod n �etale K -groups of X as de�ned by the �etale K -theory of Dwyer-
Friedlander [12].

Theorem 12.10. Let X ! B be a regular B -schemeof �nite type.

(1) Supppose that n is odd, or that 4jn. Then the E2 term in (12.15) is given by
E p;q

2 = H p
�et (X ; Z=n(� q=2)).

(2) Supppose that n is odd, or that 4jn. If n is odd, we suppose in addition that
B = Speck, k a �eld. Then the map of (12.13) to (12.15) is an isomorphism.
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(3) Supposethat n = 2� . Then the E2 term in (12.13) is given by

E p;q
2 = H p

�et (X ; Z=2� (� q=2)):

Proof. This follows from Corollary 12.6

Remark 12.11. We extend the de�nition of motivic Borel-Moore homology, motivic
cohomology, etc., to B -schemesessentially of �nite type by taking the appropriate
�ltered direct limit. All the results for B -schemesof �nite type extend without
di�cult y to such limit schemes, using the compatibilit y of homology, homotopy
and the Q-construction with direct limits.

13. Quillen-Lichtenba um conjectures

We give a few sample applications of the comparison of the spectral sequences
consideredabove. The �rst is a new proof of Thomason'sresult [61] comparing the
Bott inverted algebraic K -theory with �etale K -theory.

Corollary 13.1. Let X be a regular B -schemeof �nite type. Suppose that n is
odd, or 4jn, and that B is a Bn -scheme.Then the natural map

K � (X ; Z=n)[� � 1
n ] ! K �et

� (X ; Z=n)

is an isomorphism.

Proof. If we localize the spectral sequence(12.2) with respect to multiplication by
� (1)

n , we have the spectral sequence

E p;q
2 = H p(X ; Z=n(� q=2))[� � 1

n ] =) K � p� q(X ; Z=n)[� � 1
n ](13.1)

and the evident map of (13.1) to (12.15). By Theorem 12.5, this is an isomorphism
on the E2-terms, which completesthe proof.

For a local ring A, let dim�et (A; n) be the maximal p such that H p
�et (A; � 
 q

n ) 6= 0
for all q � 0. We let dim�et (X ; n) be the maximum of dim�et (OX ;x ; n), asx runs over
the points of X .

Remark 13.2. Supposethat X is an irreducible regular schemeover a �eld. Then
dim�et (X ; n) � dim�et (k(X ); n). Indeed, for x 2 X , it follows from Gersten's conjec-
ture that the map

H p
�et (OX ;x ; � 
 q

n ) ! H p
�et (k(X ); � 
 q

n )

is injective, proving our claim

We show how the Beilinson-Lichtenbaum conjectures for motivic cohomology
imply a sharp version of the Quillen-Lichtenbaum conjecturesfor higher K -theory.

Corollary 13.3. Let X be a regular B -schemeof �nite type. Supposethat the map
clqX : Z q(� )X =n ! � � qR� X � � 
 q

n is an isomorphism for all q; let d = dim �et (X ; n).

(1) The map

K m (X ; Z=n) ! K �et
m (X ; Z=n)

is an isomorphism for all m � d � 1.

(2) Supposethat H d+2 r +1
�et (X ; Z=n(d + r � 1)) = 0 for all r � 1. Then the map

K d� 2(X ; Z=n) ! K �et
d� 2(X ; Z=n)
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is injective, with cokernel isomorphic to the image of the natural map

H d
�et (X ; Z=n(d � 1)) ! H 0

Zar

�
X ; H d

�et (Z=n(d � 1))
�
:

Proof. We �rst compare the mod n motivic cohomology with mod n �etale coho-
mology, using a comparisonof the Bloch-Ogus spectral sequences

E a;b
2 = H a

Zar (X ; H b(Z=n(� q=2))) =) H a+ b(X ; Z=n(� q=2))

E a;b
2�et = H a

Zar (X ; H b
�et (Z=n(� q=2))) =) H a+ b

�et (X ; Z=n(� q=2));

whereH b(Z=n(� q=2)) is the Zariski sheafof motivic cohomologygroupson X , and
H b

�et (Z=n(� q=2)) is the Zariski sheafof �etale cohomologygroups.
By our assumptions,the cycle classmap inducesan isomorphism

H b(Z=n(� q=2)) ! H b
�et (Z=n(� q=2))

for all b � � q=2. Supposethat q is even, q < 0, that b > � q=2, and that a; b;c � 0.
Then

� (a + b) � q � d � c =) � q=2 > a + d � c

=) b > � q=2 � a + d � c + 1 � d � c + 1:

If we take c = 1, we see that b > d, hence H b
�et (Z=n(� q=2)) = 0. Thus, for

� (a + b) � q � d � 1, the cycle classmap givesan isomorphism E a;b
2 ! E a;b

2�et . Since
the di�eren tial increasesa and decreasesa+ b, this implies that the cycle classmap
givesan isomorphism

H p(X ; Z=n(� q=2)) ! H p
�et (X ; Z=n(� q=2))

for all � p � q � d � 1.
If we take c = 2, the only casewith d � b > � q=2 is a = 0, b = d and � q=2 =

d � 1. Arguing as above, we seethat the cycle classmap givesan isomorphism

H p(X ; Z=n(� q=2)) ! H p
�et (X ; Z=n(� q=2))

for all � p � q = d � 2, except possibly for � q=2 = d � 1, p = d.
Looking at the Bloch-Ogusspectral sequenceconverging to H a+ b

�et (X ; Z=n(d� 1)),
we seethat

E a;b
2 = E a;b

2�et

for all a, b with a + b � d + 1, except for the cases(0; d), (1; d) and (0; d + 1), in
which caseswe have E a;b

2 = 0. Thus, we have the exact sequence

0 ! H d(X ; Z=n(d � 1))
cl d;d � 1

� � � � ! H d
�et (X ; Z=n(d � 1)) ! H 0

Zar (X ; H d
�et (Z=n(d � 1)))

with image of the last map the term E 0;d
1 �et .

For c = 3, the only caseswith d � b > � q=2 is a = 0, b = d � 1, � q=2 = d � 2.
Analyzing the Bloch-Ogus spectral sequencesas above, we have an isomorphism

H p(X ; Z=n(� q=2)) ! H p
�et (X ; Z=n(� q=2))

for all � p � q = d � 3, except possibly for � q=2 = d � 2, p = d � 1, and we have
the exact sequence

0 ! H d� 1(X ; Z=n(d � 2)) cld;d � 1

� � � � ! H d� 1
�et (X ; Z=n(d � 2))

! H 0
Zar (X ; H d� 1

�et (Z=n(d � 2)))
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By Corollary 12.6, we have the isomorphism in the derived category of �etale
sheaveson X

Z q
�et =n �= � 
 q

n :

We now consider the spectral sequences(12.2) and (12.13) , converging to alge-
braic and �etale K -theory. From the computation above, and Theorem 12.10, the
map clp;� q=2 givesan isomorphism

clp;� q=2 : E p;q
2 (X ; Z=n) ! E p;q

2 (X ; Z=n)�et(13.2)

for all (p;q) with � p � q � dim�et (X ; n) � 1, and an injection for � p � q �
dim�et (X ; n) � 3. Thus, we have an isomorphism on E p;q

1 terms for � p � q �
dim�et (X ; n) � 1, proving (1).

The assumption H d+2 r +1
�et (X ; Z=n(d + r � 1)) = 0 for all r � 1, together with

the fact that the E p;q
2 terms in the two spectral sequencesare isomorphic for all

� p � q = d � 2 except for (p;q) = (d; � 2d � 2) implies that (13.2) induces an
isomorphismon the imageof dp;q

r for all r � 2 and all p;q with � p� q = d� 2. This
implies that (13.2) inducesan injection on the E p;q

r -terms for � p� q = d� 3, and for
all r , from which it follows that (13.2) induces an isomorphism on the E p;q

r -terms
for � p � q = d � 2, p 6= d. Also, we have E d; � 2d� 2

2 = E d; � 2d� 2
1 in both spectral

sequences.
Thus the map K d� 2(X ; Z=n) ! K �et

d� 2(X ; Z=n) is injective, with cokernel iso-
morphic to the cokernel of H d(X ; Z=n(d � 1)) ! H d

�et (X ; Z=n(d � 1)). From our
comparisonof the Bloch-Ogusspectral sequencesconverging to H d(X ; Z=n(d � 1))
and H d

�et (X ; Z=n(d � 1)), we seethat this cokernel is isomorphic to the image of
H d

�et (X ; Z=n(d � 1)) ! H 0(X ; H d
�et (Z=n(d � 1)), completing the proof.

Corollary 13.4. Let X be a regular B -schemeof �nite type. Suppose that the
Galois symbol K M

q (F )=n ! H q
�et (F; Z=n(q)) is an isomorphism for all �elds F and

all q. Then the map

K m (X ; Z=n) ! K �et
m (X ; Z=n)

is an isomorphism for all m � dim�et (X ; n) � 1. If H d+2 r +1
�et (X ; Z=n(d+ r � 1)) = 0

for all r � 1, then the map

K d� 2(X ; Z=n) ! K �et
d� 2(X ; Z=n)

is injective, with cokernel isomorphic to the image of the natural map

H d
�et (X ; Z=n(d � 1)) ! H 0

Zar

�
X ; H d

�et (Z=n(d � 1))
�
:

Proof. The assumption on the Galois symbol implies as in the proof Theorem 12.5
that the cycle classmap

clqX : Z q(� )X =n ! � � qR� X � � 
 q
n

is an isomorphism for all q � 0. The result is then a consequenceof Corollary 13.3.

Finally, using Voevodsky's theorem [64], we give a partial computation of
mod 2� algebraic K -theory.

Corollary 13.5. Let X be a regular B -schemeof �nite type, with B a schemeover
Z[1=2], and let d = dim�et (X ; 2). Then the map

K m (X ; Z=2v ) ! K �et
m (X ; Z=2v )
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is an isomorphism for all m � d � 1, � � 1. If H d+2 r +1
�et (X ; Z=2(d+ r � 1)) = 0 for

all r � 1, then the map

K d� 2(X ; Z=2� ) ! K �et
d� 2(X ; Z=2� )

is injective, with cokernel isomorphic to the image of the natural map

H d
�et (X ; Z=2� (d � 1)) ! H 0

Zar

�
X ; H d

�et (Z=2� (d � 1))
�
:

Proof. This follows from Corollary 13.4 and Voevodsky's veri�cation of the Milnor
conjecture [64].

Examples 13.6. If dim�et (X ; 2) � 2, Corollary 13.5 gives a complete description of
K � (X ; Z=2� ) in terms of �etale K -theory and �etale cohomology. K p(X ; Z=2� ) =
K �et

p (X ; Z=2� ) for all p > 0, and we have the exact sequence

0 ! K 0(X ; Z=2� ) ! K �et
0 (X ; Z=2� ) ! H 0(X ; H 2

�et (Z=2� (1))) ! 0:

If in addition H p
�et (X ; Z=2) = 0 for p > 2, the spectral sequence(12.2) (n = 2� )

degeneratesat E2, giving the isomorphism

gr� K n (X ; Z=2� ) �= � n = � p� qH p
�et (X ; 2� (� q=2))

for n > 0. For n = 0, we have

K 0(X ; Z=2� ) �= H 0(X ; Z=2� ) � ker[H 2
�et (X ; Z=2� (1)) ! H 0(X ; H 2

�et (Z=2� (1)))]

The condition dim�et (X ; 2) � 2 holds if X = SpecOS , where OS is the ring of
S-integers in a totally imaginary number �eld, if X is a (possibly open) smooth
curve over a �nite �eld, if X = SpecF , F a �eld of transcendencedegreeat most
one over a �nite �eld, or a local �eld, or if X is a smooth surfaceover a separably
closed�eld (all of characteristic di�eren t from 2). The caseof rings of S-integers
in a totally imaginary number �eld recovers a result of Rognes-Weibel [49].

Remark 13.7. It is not at all clear what the spectral sequences(12.13) or (12.15)
have to do with the Dwyer-Friedlander spectral sequencefrom mod n �etale coho-
mology to mod n �etale K -theory.

14. Arithmetic applica tions

We givessomecomputations of the motivic cohomologyand K -theory of �nite
�elds, curvesover a �nite �eld, and rings of S-integers in a number �eld.

14.1. Motivic cohomology of �nite �elds. We compute the 2-localizedmotivic
cohomologyof �nite �elds. We let H p(� ; Z(2) (q)) denote the functor of 2-localized
motivic cohomology.

Lemma 14.2. Let F be a �nite �eld. Then H p(F; Q(q)) is zero for all (p;q) 6=
(0; 0).

Proof. From Quillen's computation of the K -theory of a �nite �eld [44], K p(F ) is a
�nite group for all p > 0. Using the rational degenerationof the spectral sequence
(1.8) (Theorem 11.7), the result follows.

Theorem 14.3. Let F be a �nite �eld having q elements.

(1) H p(F; Z(p)) = 0 for all p > 1. H 1(F; Z(1)) �= F � .
(2) H p(F; Z(2) (n)) = 0 for p � 2.

(3) H 1(F; Z(2) (n)) �= Z(2) =(qn � 1).
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(4) For q � 2, (2) and (3) hold with Z-coe�cients.

Proof. (1) follows from the Suslin-Nestorenko/T otaro isomorphism [42] [62]

H p(F; Z(p)) �= K M
p (F );

and the well-known vanishing of K M
p (F ) for p > 1. By Lemma 14.2, the groups

H p(F; Z(2) (n)) = 0 are torsion for (p;n) 6= (0; 0).
Suppose char F = 2. By [21, Theorem 1], H p(F; Z=2� (n)) = 0 for all p 6= n,

hence

H p(F; Z(2) (n)) = H p(F; Z(2) (n)) tor = 0

for all p 6= n + 1, proving (2) and (3) in this case(H n +1 (F; Z(n)) = 0 by Proposi-
tion 11.4).

Supposechar F 6= 2. By the Milnor conjecture [64] and [22, Theorem 1.1], the
cycle classmap H p(F; Z=2� (n)) ! H p

�et (F; Z=2� (n)) is an isomorphism for p � n.
Sincewe have the surjection

H p(F; Z=2� (n)) ! 2� H p+1 (F; Z(2) )(n)) ;

we have

H p+1 (F; Z( 2))(n)) = 0; p � 2:

Also, this givesus the isomorphism

H 1(F; Z(2) (n)) �= H 1(F; Z(2) (n)) tor
�= lim

!
�

H 0(F; Z=2� (n)) �= Z(2) =(qn � 1);

proving (3). Thus the inclusion

H 1(F; Z(2) (n))=2� ! H 1(F; Z=2� (n)) �= Z=(2� ; 1 � qn )

is an isomorphism, henceH 2(F; Z(2) (n)) = 0.
For (4), we repeat the above argument, using the Merkurjev-Suslin theorem [40]

instead of the Milnor conjecture.

14.4. Motivic cohomology of num ber �elds and num ber rings. We �x a
number �eld F , and a �nite set of primes S containing all the in�nite primes, and
all the primes over 2; we denote the ring of S-integersby OS .

Theorem 14.5. Let S be a (possibly in�nite) set of primes in a number �eld F ,
containing all the in�nite primes.

(1) Suppose that S is �nite. Then H p(OS ; Z(2) (n)) is a �nitely generated Z(2) -
module for all n and p. For n � 2, H p(OS ; Z(n)) is a �nitely generated abelian
group for all p.

(2) Suppose that S is �nite and contains the primes over 2. Then the cycle class
maps clp;n : H p(OS ; Z=2� (n)) ! H p

�et (OS ; Z=2� (n)) induce isomorphisms

H p(OS ; Z(2) (n)) 
 Z(2) Z2 ! H p
�et (OS ; Z2(n)); p � n;

by passing to the inverse limit. The sameholds with 2 replaced with an odd prime
if n � 2.

(3) H p(OS ; Z(2) (n)) = 0 for p � 0, n 6= 0, and for p � 3, p 6� n mod 2, p � n.
The sameholdswith Z-coe�cients for n � 2. H p(OS ; Z(2) (n)) = (Z=2)r 1 for p � 3,
p � n mod 2, p � n.
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(4) Suppose that S is �nite. Then H 2(OS ; Z(2) (n)) is a �nite group for all n, and
H 2(OS ; Z(n)) is a �nite group for all n � 2. In general, the same holds with
\torsion group" replacing \�nite group".

(5) H 1(OS ; Z(2) (n)) has Z(2) -rank r1 for n � 2 even, r 1 + r2 for n � 3 odd and, if
S is �nite, r1 + r2 � 1 + jS�n j for n = 1. The torsion subgroup of H 1(OS ; Z(2) (n))
is isomorphic to H 0(F; Q2=Z2(n)) . The sameholds with Z-coe�cients for n � 2.

Proof. The statement (3)-(5) for �nite S follow from (2) by the well-known compu-
tations of H p

�et (OS [1=l]; Z l (n)); the general casefollows by taking the direct limit.
We now consider the 2-local portion of (1) and (2).

By Theorem 11.7, we have isomorphisms

H p(OS ; Q(n)) �= K 2n � p(OS )(n ) :

By Borel's theorem[8] (together with the resultsof [9]), K 2n � p(OS )Q = 0 for p even,
p 6= 2n, and K 2n � p(OS )(n ) = 0 for p odd, p 6= 1. SinceK 0(OS )Q = K 0(OS )(0)

Q , this
givesH p(OS ; Q(n)) = 0 for p even,except for (p;n) = (0; 0), and H p(OS ; Q(n)) = 0
for p odd, except for p = 1. Using [8] and [9] again, we have

H 1(OS ; Q(n)) �=

8
><

>:

Qr 1 for n even ; n � 2
Qr 1 + r 2 for n odd ; n 6= 1;

Qr 1 + r 2 � 1+ jSfin j for n = 1:

Thus, the Q-rank of H 1(OS ; Q(n)) agreeswith the Q2-rank of H 1
�et (OS ; Q2(n)) for

all n � 1.
By the Milnor conjecture [64], together with [59] and [22, Theorem 1.1], the cycle

classmap givesan isomorphisms

clp;n
�et : H p(k; Z=2� (n)) ! H p

�et (k; Z=2� (n))

for all �elds k of characteristic di�eren t from 2, and all p � n, n � 0. Comparing
the localization sequencesfor H � and H �

�et , we seethat

clp;n
�et : H p(OS ; Z=2� (n)) ! H p

�et (OS ; Z=2� (n))

is an isomorphism for all p � n, n � 0. In particular, H p(OS ; Z=2� (n)) = 0 for
p < 0. Using the �niteness of �etale cohomologyfor regular Z-schemesof �nite type
[11, Th�eor�emede �nitude], we seethat H p(OS ; Z=2� (n)) is a �nite group for all
p � n.

SinceH p(OS ; Q(n)) = 0 for p � 0, n > 0, the universal coe�cien t sequence

0 ! H p� 1(OS ; Z(n))=2� ! H p� 1(OS ; Z=2� (n)) ! 2� H p(OS ; Z(n)) ! 0

shows that H p(OS ; Z(2) (n)) = 0 for p � 0. Similarly, since H p� 1
�et (OS ; Z2(n)) is a

�nite group for p � 1 � 2, the group H p(OS ; Z(2) (n)) is �nite for p � 3. Similarly,
sinceH 0

�et (OS ; Z2(n)) = 0 for n > 0, the 2-primary torsion in H 1(OS ; Z(n)) is �nite,
henceH 1(OS ; Z(2) (n)) is �nitely generatedover Z(2) .

For the casep = 2, the group H 1
�et (OS ; Z2(n)) is a �nitely generatedZ2-module,

of rank equal to the Q2-rank of H 1
�et (OS ; Q2(n)). This shows that the Tate module

of the 2-primary torsion in H 2(OS ; Z(n)) is trivial, hencewe have a surjection

H 1(OS ; Z=2� (n)) ! H p(OS ; Z(2) (n)) tor

for � large. Thus H p(OS ; Z(2) (n)) = H p(OS ; Z(2) (n)) tor is �nite.
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Sincethe H p(OS ; Z(2) (n)) are �nitely generatedZ(2) modules,they all have �nite
torsion subgroups. Thus, the inclusions

H p(OS ; Z(2) (n))=2� ! H p(OS ; Z=2� (n))

induce a sequenceof isomorphisms

H p(OS ; Z(2) (n)) 
 Z(2) Z2
�= lim

 
�

H p(OS ; Z(2) (n))=2�

�= lim
 
�

H p(OS ; Z=2� (n))

�= lim
 
�

H p
�et (OS ; Z=2� (n))

�= lim
 
�

H p
�et (OS ; Z2(n)) ;

proving (2).
The portion of (1) and (2) for weight n � 2 is provedusing the sameargument as

above, wherewe replacethe useof the Milnor conjecturewith the Merkurjev-Suslin
theorem [40].

Lemma 14.6. Let S be a (possibly in�nite) set of primes in a number �eld F
containing all the in�nite primes.

(1) H p(OS ; Z(n)) = 0 for n < p, except for n = 1, p = 2.
(2) H p(OS ; Z(p)) ! H p(F; Z(p)) is injective for p = 1; 2, an isomorphismfor p = 3,
and surjection for p > 3. H p(OS ; Z(2) (p)) ! H p(F; Z(2) (p)) is an isomorphism for
p � 3.
(3) H p(OS ; Z(2) (n)) ! H p(F; Z(2) (n)) is an isomorphism for 3 � p < n, as well as
for 1 = p < n. H 1(OS ; Z(2)) ! H 1(F; Z(2)) is an isomorphism.
(4) For 3 < n, we have the short exact localization sequence

0 ! H 2(OS ; Z(2) (n)) ! H 2(F; Z(2) (n)) ! � x 62SH 1(k(x); Z(2) (n � 1)) ! 0:

For n = 3, the similar localization sequence with Z-coe�cients is exact.

Proof. Theseall follow from localization. We have the localization sequence

� x 62S H p� 2(k(x); Z(n � 1)) ! H p(OS ; Z(n)) ! H p(F; Z(n))

! � x 62SH p� 1(k(x); Z(n � 1));

which we may localize away from 2 if necessary.
To prove (1), we needonly show, by Proposition 11.4, that H n +1 (OS ; Z(n)) = 0

for n � 2. For n > 2, we have n � 1 � 2, so H n � 1(k(x); Z(2) (n � 1)) = 0 by
Theorem 14.3,and H n +1 (F; Z(n)) = 0 by Proposition 11.4. For n = 2, we continue
the integral localization sequenceto the left, giving

H 2(F; Z(2)) @�! � x 62SH 1(k(x); Z(1)) ! H 3(OS ; Z(2)) ! 0

The map @is the tame symbol

K M
2 (F ) ! � x 62Sk(x) � ;

which is surjective by the theorem of Bass-Milnor-Serre [2]. This completes the
proof of (1).

The proof of (2) is the same. We �rst usethe integral versionof localization. The
injectivit y for p = 1; 2 follows from the vanishing of H a(k(x); Z(b)) for b � 1, a � 0.
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The surjectivit y for p � 3 follows from the vanishing of H n (k(x); Z(n)) for n > 1.
The 2-local injectivit y for p > 3 follows from the vanishing of H p� 2(k(x); Z(2) (p �
1)). The integral injectivit y for p = 3 follows from the casen = 3 of (4).

For (3), the casesp � 4, p � 2 follow as above. For p = 3, we needto show that
the boundary map

H 2(F; Z(2) (n)) ! � x 62SH 1(k(x); Z(2) (n � 1))

is surjective; this also proves the surjectivit y in the 2-local part of (4). For this,
Soul�e [52, Theorem 1] has shown that the boundary map

K 2m (F ) @�! � x 62SK 2m � 1(k(x))

is surjective for all m � 1. By Theorem 14.5(2), we have H 2b� 2m (F; Z(2) (b)) = 0
for b � m, giving us the edgehomomorphism

� 2m : K 2m (F ) ! H 2(F; Z(2) (m)) :

SinceH a(k(x); Z(2) (m � 1)) = 0 for a 6= 1, the edgehomomorphisms

� 2m � 1 : � x 62SK 2m � 1(k(x)) ! � x 62SH 1(k(x); Z(2) (m � 1)):

are isomorphisms. This givesus the commutativ e diagram (seeProposition 3.4)

K 2n � 2(F )(2) //@

��
� 2n � 2

� x 62SK 2n � 3(k(x)) (2)

��
� 2n � 3

H 2(F; Z(2) (n)) //� x 62SH 1(k(x); Z(2) (n � 1))

and the desiredsurjectivit y.
If n = 3, the argument works integrally, giving the surjectivit y of

H 2(F; Z(2) (n)) ! � x 62SH 1(k(x); Z(2) (n � 1))

and proving the integral surjectivit y in (4) for n = 3.
The vanishing of H 0(k(x); Z(2) (n � 1)) for n > 3 yields the injectivit y in the

2-local portion of (4). The integral injectivit y for n = 3 follows from the vanishing
of H 0(k(x); Z(2) (2)).

14.7. The K -theory of OS . We now apply Kahn's argument [28] to compute the
K -theory of OS . We usethe 2-localized version

E p;q
2 = H p(OS ; Z(2) (� q=2)) =) K � p� q(OS )(2)(14.1)

of (1.8).

Lemma 14.8. The di�er ential

dp� 3;� 2p+2
3 : H p+3 (OS ; Z(2) (p � 1)) ! H p(OS ; Z(2) (p))

is surjective for p = 5, and an isomorphism for p � 6.

Proof. For this, we use the argument of [28]: By [47], the cup product � 1 [ � 1 [
� 1 [ � 1 is zero in K 4(Z). By Lemma 14.6, the Suslin-Nestorenko-Totaro theorem
[42], [62], and the Bass-Tate theorem [3], we have the identit y (for p � 3)

H p(OS ; Z(2) (p)) = H p(F; Z(2) (p)) �= K M
p (F ) �= (Z=2)r 1 ;
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and the map F � ! K M
p (F ), a 7! f a; � 1; : : : ; � 1g is surjective. In particular, the

map

H p(F; Z(p)) ! K p(F )

is zero for p � 5. SinceK p(OS ) ! K p(F ) is injective for all p � 2 by [52, Theorem
1], it follows that H p(OS ; Z(p)) ! K p(OS ) is zero for all p � 5.

Thus, since H 0(OS ; Z(2) (n)) = 0, the di�eren tial d2;� 8
3 is surjective. Since

cup product with � 1 2 F � gives an isomorphism K M
p (F ) ! K M

p+1 (F ) for all
p � 4, it follows that cup product with � 1 2 H 1(OS ; Z(1)) givesan isomorphism
H p(OS ; Z(p)) ! H p+1 (OS ; Z(p + 1))) for p � 5. Using the multiplicativit y of
(14.1), it follows that dp� 3;� 2p+2

3 is surjective for all p � 5, hence,by Lemma 14.6,
an isomorphism for all p � 6.

Lemma 14.9. (1) The spectral sequence (14.1) degenerates at E4.

(2) The di�er entials d1;� 2n
3 are zero for n 6� 3 mod 4.

(3) For n � p � 2 mod 4, the di�er ential dp;� 2n
3 are surjective for p = 2 and

isomorphismsfor p > 2. For n � p � 0 mod 4 the di�er entials dp;� 2n
3 are zero for

p � 2.
(4) For n � 3 mod 4, the di�er ential d1;� 2n

3 is not zero if r 1 > 0.

Proof. Clearly (1) follows from (2) and (3). The assertion(2) follows from (3) (for
the di�eren tial d4;� 2n � 2

3 ).
We consider the evident map of the spectral sequence(14.1) to the mod 16

version. By Theorem 14.5, it su�ces to verify (3) in the mod 16 sequence.
SinceH p(OS ; Z=2� (n)) = 0 for all p < 0, we have the edgehomomorphism

K 2n (OS ; Z=2� ) ! H 0(OS ; Z=2� (n)) = H 0
�et (OS ; � 
 n

2� ):

and similarly with F replacing OS . In [28, proof of Lemma 4.3], it is shown that
there is a lifting � 2 K 8(Q; Z=16) of the generator �� 2 H 0(Q; Z=16(4)) correspond-
ing to a primitiv e 16th root of one. Sincethe map

H 2r +1 (OS ; Z=16(4+ r )) ! H 2r +1 (F; Z=16(4+ r ))

is an isomorphism for all r � 1 by Lemma 14.6, �� 2 H 0(Z[1=2]; Z=16(4)) lifts to
� 2 K 8(Z; Z=16), i.e., �� is an in�nite cycle in (14.1).

Thus, �� lifts (non-uniquely) to an element �� (4) in � 0(K (4) (Z; Z=16)). There is
thus an m 2 Z � f 0g such that the image of �� (4) in � 0(K (4) (Z[1=m]; Z=16)) lifts to
an element �� (4)

=Z in � 0(K (4) (Z[1=m]=Z; Z=16)).
Suppose for a while that S contains all the primes lying over m. Using the

multiplicativ e action of K (4) (Z[1=m]=Z; Z=16) on the spectral sequence(14.1), we
have the action of cup product by �� on the mod 16 version of (14.1).

Suppose we have proved the mod 16 version of (3) for all n � 4k, for some
integer k � 2. Since multiplication by the generator of H 0

�et (F; Z=16(4)) gives an
isomorphism

H p
�et (OS ; Z=16(n)) ! H p

�et (OS ; Z=16(n + 4));

multiplication by �� givesan isomorphism

H p(OS ; Z=16(n)) ! H p(OS ; Z=16(n + 4)):

Using the cup product by �� on the mod 16 version of (14.1), this givesus (3) for
all n � 4(k + 1), except for the di�eren tials dp;� 2n

3 with 4k � 2 � p � 4k + 1 and
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4k � n � 4k + 3, with n � p even. The cases(p;n) = (4k � 2+ i; 4k + i ), 0 � i � 3,
are handled by Lemma 14.8. The two remaining cases(p;n) = (4k � 2; 4k + 2) and
(p;n) = (4k � 1; 4k + 3) are handled by taking the cup product of the di�eren tial
dp� 1;� 8k

3 with the class of � 1 2 H 1(Z(1)) and with � 1 [ � 1 2 H 2(Z(2)). This
reducesus to proving (3) for n � 8, which follows from Lemma 14.8.

This completes the proof of (3) in caseS contains all the primes lying over
m. In general, let S0 be S together with all the primes over m. We know from
Theorem 14.5 that the maps

H p(OS ; Z(2) (n)) ! H p(OS0; Z(2) (n))

are injective for all (p;n) 6= (2; 1), and are isomorphismsfor all p 6= 2. Thus, the
result for S0 implies that for S, except possibly the surjectivit y of the maps

d2;� 2n
3 : H 2(OS ; Z(2) (n)) ! H 5(OS ; Z(2) (n)) �= (Z=2)r 1

for n � 5 odd. To prove this surjectivit y, the degenerationof the spectral sequence
(14.1) at E4 givesthe exact sequenceof E3-terms

H 2(OS ; Z(2) (n))
d2; � 2n

3� � � � ! (Z=2)r 1 ! K 2n � 5(OS )(2)

and similarly for S0; the map OS ! OS0 givesthe commutativ e ladder

H 2(OS ; Z(2) (n))

��
�

//d2; � 2n
3 (Z=2)r 1 //K 2n � 5(OS )(2)

��
�

H 2(OS0; Z(2) (n)) //
d2; � 2n

3

(Z=2)r 1 //K 2n � 5(OS0)(2)

By [52, Theorem 1], the map � is injective; thus, the surjectivit y of the bottom
d2;� 2n

3 implies the surjectivit y of the top one. This completesthe proof of (3).
We now verify (4). SinceH 1(OS ; Z(2) (n)) = H 1(F; Z(2) (n)) and H 4(OS ; Z(2) (n+

1)) = H 4(F; Z(2) (n + 1)), we can replaceOS with F . The non-vanishing of

d1;� 2n
3 : H 1(F; Z(2) (n)) ! H 4(F; Z(2) (n + 1))

is proved in [28, Lemma 4.4], by passingto a real closureof F , and using computa-
tions of K 2n � 2(R) due to Suslin and Jannsen. This completesthe proof of (4) and
the lemma.

Theorem 14.10. Let S be a set (not necessarily �nite) of primes of a number �eld
F , containing all the in�nite primes. Then we haveexact sequences

0 ! (Z=2)r 1 ! K 2n � 1(OS )(2) ! H 1(OS ; Z(2) (n)) ! 0; n � 2 mod 4;

0 ! K 2n � 2(OS )(2) ! H 2(OS ; Z(2) (n)) ! (Z=2)r 1 ! 0; n � 0 mod 4; n � 4

and, for n � 3 mod 4

0 ! K 2n � 1(OS )(2) ! H 1(OS ; Z(2) (n))
dn� ! (Z=2)r 1

! K 2n � 2(OS )(2) ! H 2(OS ; Z(2) (n)) ! 0:

The map dn is non-zero if r 1 > 0.
For n � 1; 2 mod 4, n � 2, we have the isomorphism

K 2n � 2(OS )(2) ! H 2(OS ; Z(2) (n)) ;
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and for n � 0; 1 mod 4, n � 1, we have the isomorphism

K 2n � 1(OS )(2) ! H 1(OS ; Z(2) (n)) :

For n � 2, all the above holds with Z-coe�cients.

Proof. It su�ces to prove the theorem for S �nite; the general casefollows from
this by taking direct limits.

The map K 1(OS ) ! H 1(OS ; Z(1)) �= O�
S is an isomorphism by the theorem of

Bass-Milnor-Serre. By localization, Theorem 14.3and Quillen's computation of the
K -theory of �nite �elds, the maps

K m (OS ) ! K m (OS [1=2]); H p(OS ; Z(2) (n)) ! H p(OS [1=2]; Z(2) (n))

are isomorphismsfor m > 1, 2n � p > 1, so we may assumethat S contains all the
primes over 2.

The maps

K 2n � 1(OS )(2) ! H 1(OS ; Z(2) ); K 2n � 2(OS )(2) ! H 2(OS ; Z(2) )

are the edgehomomorphisms from the spectral sequence(14.1); all the exact se-
quencesand isomorphisms in the statement of the theorem are the complexesof
E3-terms in (14.1), together with the isomorphismsof Theorem 14.5:

H 3(OS ; Z(2) (n + 1)) �= (Z=2)r 1 ; n � 2; (for the �rst sequence),

H 5(OS ; Z(2) (n + 1)) �= (Z=2)r 1 ; n � 4; (for the secondsequence),

H 4(OS ; Z(2) (n + 1)) �= (Z=2)r 1 ; n � 3; (for the third sequence).

The map dn is the di�eren tial d1;� 2n
3 .

With this, the 2-local assertionsin the theorem follow directly from Lemma 14.9.
The �nal assertion on the integral version for n � 2 follows from the integral

information in x14.4,which givesthe integral degenerationof the spectral sequence
at all E p;q

2 with � p � q � 3.

Remark 14.11. Supposethat the Bloch-Kato conjecturesare true for an odd prime
l , i.e., that the Galois symbol K M

n (F )=l ! H n
�et (F; � 
 q

l ) is an isomorphism for all
q � 0 and all �elds F of characteristic prime to l . Let S be a a �nite set of primes
of a number �eld F , containing all the in�nite primes, and all the primes over l .
The arguments of Theorem 14.5 imply that H p(OS ; Z( l ) (n)) is a �nitely generated
Z( l ) -module for all p and n, and that the map clp;q inducesan isomorphism

clp;q : H p(OS ; Z( l ) (n)) 
 Z( l ) Z l ! H p
�et (OS ; Z l (n))

for all n � p. In addition, for n � 1, H p(OS ; Z( l ) (n)) = 0 for p 6= 1; 2. The
l-localized version of (1.8) thus degeneratesat E2, and the edgehomomorphisms
give the isomorphisms

K 2n � 1(OS )( l ) ! H 1(OS ; Z( l ) (n)); K 2n � 2(OS )( l ) ! H 2(OS ; Z( l ) (n))

for n � 1, for all S containing the in�nite primes of F .
Similarly, for a �nite �eld F with q elements, the arguments of Theorem 14.3

imply that H p(F; Z( l ) (n)) = 0 for p 6= 1, n > 0, and H 1(F; Z( l ) (n)) �= Z( l ) =(qn � 1).
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14.12. Curv es over a �nite �eld. A simpler versionof the arguments for number
rings, relying on Soul�e's �niteness results [52], givesa computation of the 2-primary
K -theory and motivic cohomologyfor curvesover a �nite �eld.

Lemma 14.13. Let C be a smooth geometrically irr educible curve over a �nite
�eld F .

(1) H 2(C; Z(1)) = Pic(C), H 1(C; Z(1)) = �( C; O�
C ), H 0(C; Z(0)) = Z. For n � 1,

(r; n) 6= (0; 0); (1; 1); (2; 1), H r (C; Z(n)) = 0.
(2) If C is projective, then H r (C; Z(n)) = 0 for r > n > 1 except for (r; n) = (3; 2),
and H 3(C; Z(2)) �= H 1(F; Z(1)) �= F � . If C is a�ne, then H r (C; Z(n)) = 0 for
r > n > 1.

Proof. (1) follows from Proposition 11.4. For (2), it follows from Proposition 11.4
that H r (C; Z(n)) = 0 for r � n + 2. We have the localization sequence

: : : ! � x 2 C (1) H n � 1(F (x); Z(n � 1)) ! H n +1 (C; Z(n)) ! H n +1 (F (C); Z(n)) ! : : :

By Proposition 11.4 and Theorem 14.3

H n +1 (F (C); Z(n)) = 0; H r (F (x); Z(r )) for r � 2:

This proves(2) for n � 3. For n = 2, the localization sequence

H 2(F (C); Z(2)) @�! � x 2 C (1) H 1(F (x); Z(1)) ! H 3(C; Z(2)) ! H 3(F (C); Z(2)) = 0

(14.2)

identi�es H 3(C; Z(2)) with H 1(C; K3). By [52, Lemme 1 and Proposition 3], there
is a 0-cycle � on C of degreeone, and the composition

K 1(F )
p�

� ! K 1(C) �[�� � � ! K 1(C)

givesan isomorphismof K 1(F ) with H 1(C; K3) � K 1(C). This completesthe proof
of (2) for C projective.

Suppose that C is a�ne, and let �C be the smooth projective closure of C.
Let x be a point of �C n C. Then the norm map F (x) � ! F � is surjective. It
follows from the isomorphism H 1( �C; K3) �= F � that i x � maps F (x) � surjectively
to H 1( �C; K3). Comparing the localization sequences(14.2) for C and �C implies
that H 3(C; Z(2)) = 0, completing the proof of (2).

Theorem 14.14. Let C be a smooth geometrically irr educible curve of �nite type
over a �nite �eld F of characteristic p.

(1) H r (C; Z(2) (n)) is a �nite group for all (r; n) 6= (0; 0); (1; 1); (2; 1). If C is projec-
tive H 1(C; Z(2) (1)) is �nite as well. For r � 0, (r; n) 6= (0; 0), H r (C; Z(2) (n)) = 0.

(2) H r (C; Z(p) (n)) = 0 for all (r; n) 6= (0; 0); (1; 1); (2; 1). If C is projective,
H 1(C; Z(p) (1)) = 0 as well.

(3) Suppose p 6= 2. Then H r (C; Z(2) (n)) �= H r � 1
�et (C; Q2=Z2(n)) for r � n, n > 1,

and also for (r; n) = (1; 1); (3; 2) if C is projective.
(4) For r > 0, H r (C; Z(n))[ 1

(n � 1)! ] is a �nite group for (r; n) 6= (0; 0); (1; 1); (2; 1).

For r � 0, (r; n) 6= (0; 0), H r (C; Z(n))[ 1
(n � r )! ] = 0.

Proof. Soul�e has shown [52, (2.3.4)] that, if C is projective, then K m (C) is a �nite
group for all m � 1. In general, it follows from the �niteness of K n (k), k a �nite
�eld, and localization, that K m (C) is a �nite group for all m � 2. (4) is thus a
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consequenceof Theorem 11.7. In consequence,the groups H r (C; Z(n)) are torsion
for all (r; n) 6= (0; 0); (1; 1); (2; 1).

By the Milnor conjecture [64] and [22, Theorem 1.1], the cycle classmap

H r (k; Z=2� (n)) ! H r
�et (k; Z=2� (n))

is an isomorphism for r � n, for all �elds k. Comparing the localization/Gysin
sequencesfor H � (� ; Z=2� (� )) and H �

�et (� ; Z=2� (� )), the cycle classmap gives iso-
morphisms

clr ;n : H r (C; Z=2� (n)) ! H r
�et (C; Z=2� (n))

for all r � n. For the remaining case(r; n) = (3; 2), the function �eld F (C) has
Galois cohomologicaldimension two, henceH 3

�et (F (C); Z=2� (n)) = 0. Thus, cl3;2 is
an isomorphism as well.

SinceH r (C; Z(2) (n)) is a torsion group, the universal coe�cien t sequence

0 ! H r � 1(C; Z(2) (n))=2� ! H r � 1(C; Z=2� (n)) ! 2� H r (C; Z(2) (n)) ! 0(14.3)

givesthe surjection

lim
!
�

H r � 1(C; Z=2� (n)) ! H r (C; Z(2) (n)) :

Combining this with the isomorphism clr � 1;n givesthe surjection

� r ;n : H r � 1
�et (C; Q2=Z2(n)) ! H r (C; Z(2) (n))

for r � n+ 1. As H r
�et (C; Z2(n)) is a �nitely generatedZ2-module, and haszerorank

for n > 1 (by the Weil conjectures [10]), it thus follows that H r � 1
�et (C; Q2=Z2(n))

is a �nite group for n > 1, and henceH r (C; Z(2) (n)) is a �nite group for n > 1,
r � n + 1. This, together with Lemma 14.13,proves(1).

For (3), the �niteness of H r (C; Z(2) (n)) implies

lim
!
�

H r (C; Z(2) (n))=2� = 0

for n > 1, r � n + 1. The sequence(14.3) thus givesthe isomorphism

H r (C; Z(2) (n)) �= lim
!
�

H r � 1(C; Z=2� (n)) :

This shows that the surjection � r ;n is an isomorphism, proving (3).
For (2), we have by [21, Theorem 8.4] the isomorphism

H r (C; Z=p(n)) �= H r � n
Zar (C; � n )

where � n is the subsheafof 
 n
C=F of logarithmic di�eren tial forms. Since C is a

curve over F , the sheaf � n is zero for n > 1; using the Bockstein sequencewe see
that

H r (C; Z=p� (n)) = 0

for n > 1 and for all r . By (1), the groups H r (C; Z(n)) are torsion for n > 1; since
the universal coe�cien t sequencegivesthe surjection

H r � 1(C; Z=p� (n)) ! p� H r (C; Z(n)) ;

weseethat H r (C; Z(p) (n)) = 0. As H 1(C; Z(1)) = F � if C is projective, this proves
(2).
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Theorem 14.15. Let C be a smooth curve over a �nite �eld. For n � 2, we have
natural isomorphisms

K 2n � 1(C)(2)
�= H 1(C; Z(2) (n)) �= H 0

�et (C; Q2=Z2(n))

K 2n � 2(C)(2)
�= H 2(C; Z(2) (n)) �= H 1

�et (C; Q2=Z2(n))

In addition,

K 1(C) �= H 1(C; Z(1)) � H 3(C; Z(2)); K 0(C) �= H 0(C; Z(0)) � H 2(C; Z(1)) :

Proof. Taking a direct limit, we may assumethat the �eld of constants F in C
is �nite, and that C is of �nite type over F . The assertionsfor K 2n � 1(C)(2) and
K 2n � 2(C)(2) , n � 2, follow from Theorem 14.14 and the 2-local version of the
spectral sequence(1.8). The assertionsfor K 1 and K 0 follow from Lemma 14.13
and the spectral sequence(1.8).

15. Surf aces

We compute the motivic cohomologyand K -theory of a surfaceover a separably
closed �eld k, up to uniquely divisible groups. This recovers and extends some
results of Pedrini-Weibel [43].

15.1. Motivic cohomology and �etale cohomology. Let X be a smooth variety
of dimensionat most two over a separablyclosed�eld k. The fundamental result is
the theorem of Suslin-Voevodsky [57] (extended to char p > 0 by using the results
of de Jong [18], as mentioned in the proof of Corollary 12.6) which shows that the
cycle classmap

clp;q
�et : H p(X ; Z=n(q)) ! H p

�et (X ; Z=n(q))

is an isomorphism for all q � dimk X and all n prime to char k.
Suppose�rst of all that X is of �nite type over k. Then, for all n prime to char k,

and all p and q, the cohomologygroups H p
�et (X ; Z=n(q)) are �nite. In addition, if

we de�ne H p
�et (X ; Z l (q)) as the inverselimit (l a prime not dividing char k):

H p
�et (X ; Z l (q)) := lim

 
�

H p
�et (X ; Z=l� (q)) ;

then H p(X ; Z l (q)) is a �nitely generatedZ l -module for all p and q. De�ning the
l-adic motivic cohomologysimilarly as

H p(X ; Z l (q)) := lim
 
�

H p(X ; Z=l� (q)) ;

we have the isomorphism

clp;q
�et : H p(X ; Z l (q)) ! H p

�et (X ; Z l (q))

and the map

clp;q
�et : H p(X ; Z(q)) ! H p

�et (X ; Z l (q)) :(15.1)

In general,we de�ne the map (15.1) by writing X as a localization of a smooth
k-scheme �X of �nite type, and taking the direct limit of the maps (15.1) over open
U � �X with U of �nite type over k and containing X .
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Lemma 15.2. The image of clp;q
�et in (15.1) is torsion, except possibly for

(p;q) = (0; 0); (1; 1); (2; 1); (2; 2); (3; 2); (4; 2):

In case X is proper over k, the image of clp;q
�et is torsion except for p = 2q �

2dimk X .

Proof. The general casefollows from the caseof X of �nite type over k by taking
a direct limit. We note that, in any case,H p

�et (X ; Z l (q)) = 0 for p > 2dimk X .
First supposethat X is proper over k. Let x be a classin H p(X ; Z(q)). Then

there is a regular ring R, �nitely generatedover Z, and a smooth and proper R-
scheme of �nite type X 0 such that X is gotten from X 0 by base-extensionwith
respect to some injective homomorphism R ! k, and x is extended from some
x0 2 H p(X 0; Z(q)). By localizing R further if necessary, we may assumethat x0

lifts to an x0=R 2 H p(X 0=R; Z(q)).
By smooth and proper base-change,we have isomorphisms

H p
�et (X ; Z l (q)) �= H p

�et (X 0 � R k(p); Z l (q))

for each point p of SpecR; by the functorialit y of the cycle-classmaps, the image
of x0=R in H p

�et (X ; Z l (q)) and H p
�et (X 0 � R k(p); Z l (q)) is compatible with the base-

changeisomorphism. Thus, we may assumethat k has positive characteristic, and
that R has a point p with k(p) a �nite �eld. Let G be the Galois group of k(p)sep

over k(p).
From the compatibilit y of the cycleclassmapswith base-change,we may assume

that k = k(p)sep, and that R = k(p). Using the commutativit y of the diagram

H p(X 0; Z(q))

��

//cl p;q
�et H p

�et (X 0; Z l (q))

��
H p(X ; Z(q)) //cl p;q

�et H p
�et (X ; Z l (q))

we are reduced to showing that the image of H p
�et (X 0; Z l (q)) in H p

�et (X ; Z l (q)) is
torsion.

For this, it su�ces to show that the G-invariants of H p
�et (X ; Ql (q)) vanish. This

is a consequenceof the Weil conjectures[10], sincethe eigenvaluesof Frobenius on
H p

�et (X ; Ql (q)) have absolute value jk(p)jp=2� q 6= 1.
We now considerthe caseof X of �nite type over k. SinceX hasdimension � 2,

there exists a smooth, proper �X over k containing X as an open subscheme [38].
By noetherian induction, we may assumethe result for all open X 0 � �X which
properly contain X , and all X 0 with dimk X 0 < dimk X . We may �nd an open
X 0 � �X properly containing X , such that the complement C := X 0n X is smooth
over k and has dimk C < dimk X . Let r = dimk X � dimk C, so r is either 1 or 2.

Since the cycle classmaps are compatible with localization, we have the com-
mutativ e diagram

H p(X 0; Z(q)) //

��
clp;q

�et

H p(X ; Z(q)) //@

��
clp;q

�et

H p� 2r +1 (C; Z(q � r ))

��
clp � 2r +1 ;q � r

�et

H p
�et (X

0; Z l (q)) //H p
�et (X ; Z l (q)) //@

H p� 2r +1
�et (C; Z l (q � r ))
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Suppose �rst that dimk X = 1. Then r = 1, and H p� 2r +1
�et (C; Z l (q � r )) = 0 for

(p;q) 6= (1; 1). Thus, the image of clp;q
�et is torsion for (p;q) 6= (0; 0); (1; 1); (2; 1),

proving the result in this case. If now dimk X = 2, the similar analysis shows that
image of clp;q

�et is torsion for

(p;q) 6= (0; 0); (1; 1); (2; 1); (2; 2); (3; 2); (4; 2);

completing the proof.

For a smooth k-variety of �nite type, let r p(X ) denote the Ql -rank of H p(X ; Ql )
(this is independent of the choice of l if dimk X � 2, using resolution of singulari-
ties). Similarly, letting

Fp(X ) :=
Y

l 6=c har k

H p(X ; Z l )tor ;

Fp is a �nite group for dimk X � 2. We let Q0=Z0 denote the direct sum over
l 6= char k of Ql =Z l .

Theorem 15.3. Let k be an algebraically closed �eld, X be a smooth k-variety with
dimk X � 2. Then for q > dimk X , and also for q = dimk X , p � 1, (p;q) 6= (1; 1):

(1) H p(X ; Z(q)) �= Vp;q (X ) � � l 6=c har k H p� 1
�et (X ; Ql =Z l (q)) , with Vp;q (X ) a Q-vector

space. If X is of �nite type over k, then

H p(X ; Z(q)) �= Vp;q (X ) � (Q0=Z0)r p � 1 (X ) � Fp(X );

with Vp;q (X ) a Q-vector space.
(2) Suppose that X is a�ne (not necessarily of �nite type over k), and let �X be
a smooth k-schemeof �nite type such that X is a localization of �X . Suppose that
PicX = 0. Then Fp(X ) = 0 for all p and r p(X ) = 0 for all p > 2. For p = 0; 1,
rp(X ) = rp( �X ).

(3) For p = 1; 2, the torsion in H p(X ; Z(p)) is � l 6=c har k H p� 1
�et (X ; Ql =Z l (p))

Proof. We note that (1) follows from the �nitely generatedcase. Also, (2) follows
from (1) and some computations of the �etale cohomology of X . Indeed, for X
a�ne, X is a localization of a smooth a�ne k-variety of �nite type, so it su�ces
to prove (2) for X of �nite type over k. In this case,we have H p

�et (X ; Z l (q)) = 0 for
p > dimk X , by the Lefschetz theorems. If �X is a smooth projective closure of X
with C := �X n X a normal crossingdivisor with irreducible components Ci , then
H p

�et (X ; Z l (q)) = H p
�et ( �X ; Z l (q)) for p = 0; 1, and we have an exact sequence

Pic( �X ) 
 Z l ! H 2
�et ( �X ; Z l (1)) ! H 2(X ; Z l (1)) ! � i H 1

�et (Ci ; Z l ):

For a smooth projective variety Y , it follows from the Kummer sequencethat
H 1

�et (Y; Z l (1)) is the Tate module of Pic(Y ), and the torsion in H 2
�et (Y; Z l (1)) is in

the image of Pic(Y ). Thus H 1
�et ( �X ; Z l (1)) and H 1

�et (Ci ; Z l ) are torsion-free, and
H p

�et (X ; Z l (q)) is torsion-free for all p � 0. This gives the desired information on
Fp(X ) and rp(X ).

We now prove (1) for X �nitely generated over k; in this case the groups
H p(X ; Z l (q)) are �nitely generatedZ l -modules for all l prime to the characteristic
of k.

We �rst take l = char k. We have the subsheaf� p � 
 p
X =k of logarithmic di�er-

entials. It follows from [21, Theorem 8.4] that we have isomorphisms

H p(X ; Z=l(q)) �= H p� q(X Zar ; � q)
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for all p;q � 0. In particular, we have H p(X ; Z=l(q)) = 0 for all q > dimk X ,
and for q = dimk X , p � 1. From the universal coe�cien t sequence,we seethat
H p(X ; Z(q)) is uniquely l -divisible for q > dimk X , and for q = dimk X , p � 1,
(p;q) 6= (1; 1).

We now consider the caseof l prime to char k. Take q � dimk X . Comparing
the universal coe�cien t sequencesfor l -adic �etale cohomologyand integral motivic
cohomologygivesthe commutativ e diagram with exact rows

0 //H p(X ; Z(q))=l� //

��
� p;q

H p(X ; Z=l� (q))

��
cl p;q

�et

//
l � H p+1 (X ; Z(q))

��
� p;q

//0

0 //H p
�et (X ; Z l (q))=l� //H p

�et (X ; Z=l� (q)) //
l � H p+1

�et (X ; Z(q)) //0

(15.2)

Sinceclp;q
�et is an isomorphismfor q � dimk X , � p;q is injective and � p;q is surjective.

Thus, the kernel of the map

clp;q
�et : H p(X ; Z(q)) ! H p

�et (X ; Z l (q))

is the maximal l -divisible subgroup of H p(X ; Z(q)).
By Lemma 15.2, the image of clp;q

�et is contained in the torsion subgroup of
H p

�et (X ; Z l (q)) for q > dimk X , and for q = dimk X , p � 1, (p;q) 6= (1; 1). The
surjectivit y of � p� 1;q implies that the image of clp;q

�et is the entire torsion subgroup.
With this information, it follows that taking the direct limit of (15.2) givesan iso-
morphism of the l-primary torsion in H p+1 (X ; Z(q)) with H p

�et (X ; Ql =Z l (q)). The
exact sequence

0 ! H p
�et (X ; Z l (q))=H p

�et (X ; Z l (q)) tor ! H p
�et (X ; Ql (q))

! H p
�et (X ; Ql =Z l (q)) ! H p+1

�et (X ; Z l (q)) tor

identi�es H p
�et (X ; Ql =Z l (q)) with (Ql =Z l )r p (X ) � Fp+1 , completing the proof of (1).

Taking p = q = 1; 2, the sameargument proves(3).

Corollary 15.4. Let k be an algebraically closed �eld, X be a smooth k-variety with
dimk X � 2. Then for n > dimk X , K n (X ) has a �nite �ltr ation with associated
graded isomorphic to

� 2q� p= n;q � 0[Vp;q (X ) � � l 6=c har k H p� 1
�et (X ; Ql =Z l (q))] :

If X is of �nite type over k, then

K n (X ) �= � 2q� p= n [Vp;q (X ) � (Q0=Z0)r p � 1 (X ) ] � Gn ;

where Gn is a �nite group having a �ltr ation with associated graded isomorphic toQ
2q� p= n;p;q � 0 Fp.

(2) Supposethat X is a�ne (not necessarily of �nite type over k), with Pic(X ) = 0.
Let �X be smooth k-schemeof �nite type such that X is a localization of �X . Then
for all q > dimk X , K n (X ) is divisible. If X is of �nite type over k, the groupsGn

in (1) are all zero.

Proof. We consider the spectral sequence(1.8)

E p;q
2 = H p(X ; Z(� q=2)) =) K � p� q(X ):
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By Theorem11.7,each di�eren tial is killed by some�nite integer. By Theorem15.3,
for each relevant (p;q), either E p;q

2 is divisible (p � 1), or E p+ r ;q� r +1
2 is torsion free

for all r � 3. Thus, the spectral sequencedegeneratesat E2, at least for that part
converging to K n (X ), n > dimk X . All the assertionsfollow from this, and the
computations of the relevant motivic cohomologygiven in Theorem 15.3.

16. The map of Milnor K -theor y to Quillen K -theor y

In [28, Theorem 3], Kahn shows that, for a �eld F of characteristic zero, the map
K M

3 (F ) ! K 3(F ) is injective, that the kernel of 3K M
4 (F ) ! 3K 4(F ) is 2-torsion,

and is equal to the kernel of of 3K M
4 (F0) ! 3K 4(F0), where F0 is the algebraic

closureof Q in F . In addition, if F0 is a �nite extension of Q (e.g. if F is �nitely
generatedover Q), then the kernel of 3K M

4 (F ) ! 3K 4(F ) is a �nite 2-torsion group
of 2-rank at most r 1(F0) and at least one if r 1(F0) > 0. In this section, we use
Kahn's method to prove various extensionsand re�nements of theseresults.

We recall the �ltration F n
AH K m (X ) on K m (X ) given by the spectral sequence

(1.8), i.e., F n
AH K m (X ) is the image of � m (K (n ) (X ; � )) in K m (X ).

Lemma 16.1 (cf. Theorem 3.1 of [28]). Let X be a regular schemewhich is es-
sentially of �nite type over a regular schemeB of Krul l dimension at most one.
Then

(1) H p(X ; Z(q)) is uniquely 2-divisible for p � 0.
(2) H p(X ; Z(q)) is uniquely divisible for p � 0, q � 2.
(3) For all n � m=2, the quotient K m (X )=Fn

AH K m (X ) is uniquely 2-divisible. If in
addition m � 4, K m (X )=Fn

AH K m (X ) is uniquely divisible.

Proof. It su�ces to prove (1) for X of �nite type over B , with B a Z-scheme
of �nite type. From [21, Theorem 8.4] and the localization property of motivic
cohomology, the map H p(X ; Z(q)) ! H p(X [1=2]; Z(q)) has uniquely 2-divisible
kernel and cokernel for p � 0. Thus, for (1), we may assumethat 2 is invertible on
X .

SinceX is a schemeof �nite type over Z, the groups H 1(X ; Z=2� (q)) are �nite
for all q ([11, Th�eor�emede �nitude]).

For (1), it follows from [64], [59] and [22], as in the proof of Theorem 14.5 that
the �etale cycle classesinduce the isomorphisms

H p(X ; Z=2� (q)) �= H p
�et (X ; Z=2� (q))

for p � q; taking p < 0, we get H p(X ; Z=2� (q)) = 0 for p < 0. The universal
coe�cien t sequence

0 ! H p(X ; Z=2� (q))=2� ! H p(X ; Z=2� (q)) ! 2� H p+1 (X ; Z=2� (q)) ! 0

thus givesthe unique 2-divisibilit y of H p(X ; Z(q)) for p < 0, and also the fact that
H 0(X ; Z(q)) is 2-torsion free.

Similarly, we have the injection

lim
 
�

H 0(X ; Z(q))=2� ! lim
 
�

H 0
�et (X ; Z=2� (q));

sinceX is of �nite type over Z, the right hand limit is zero,henceH 0(X ; Z(q))=2 =
0, completing the proof of (1).

The proof of (2) is similar. For q = 0; 1, we use the explicit computations of
H p(X ; Z(q)) given in x11.11,reducing us to the caseq = 2. We �x a prime l , and,
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using [21, Theorem 8.4], we may assumethat X is a schemeover Z[1=l]. We then
replace the use of the Milnor conjecture with the Merkurjev-Suslin theorem [40],
giving us the isomorphisms

H p(X ; Z=l� (q)) �= H p
�et (X ; Z=l� (q))

for p � q. The remainder of the proof is the same.
For (3), it follows from (1) and Theorem 11.7 that the di�eren tial dp;q

r in the
2-localization of (1.8) are all zero for p � 0, giving the isomorphism

(F q
AH K m (X )=Fq+1

AH K m (X ))Z(2)
�= H 2q� m (X ; Z(2) (q))

for q � m=2. Thus, for n � m=2, K m (X )=Fn
AH K m (X ) has a �nite �ltration whose

graded quotients are uniquely 2-divisible, whencethe �rst part of (3). The second
part follows from (2), noting that the relevant E2-terms are of the form H p(X ; Z(q))
with p � 0 and q � 2.

Let X ! B be as in the statement of Lemma 16.1; we suppose in addition
that X ! B is smooth. By Lemma 11.2 and Lemma 11.13, we have the natural
isomorphism

�( X ; O�
X ) �= H 1(X ; Z(1)) �= H 1(X=B ; Z(1));

letting AX = �( X ; OX ), the products de�ned in x8 give the map

(A �
X )
 p ! H p(X ; Z(p)) :

The construction of [42] shows that this descendsto

� p : K M
p (AX ) ! H p(X ; Z(p)) ;

and that � p is an isomorphism in caseX = SpecF , F a �eld.
We let H p(X ; Z(p))1 � H p(X ; Z(p)) denote the subgroup of in�nite cycles for

the spectral sequence(1.8), giving the natural homomorphism

�p : H p(X ; Z(p))1 ! K p(X )=Fp+1
AH K p(X ):

We let � p : K M
p (AX ) ! K p(X ) the map induced by the canonical map A �

X !
K 1(X ) together with the product on K � (X ).

Lemma 16.2. Supposethat X is smooth over B .

(1) The map � p has image in H p(X ; Z(p))1 .
(2) We have the commutative diagram

K M
p (AX ) //� p

��
� p

H p(X ; Z(p))1

��
� p

K p(X ) //K p(X )=Fp+1
AH K p(X )

Proof. For p = 1, this is Lemma 11.2 and Lemma 11.13. By de�nition, the maps
� p is multiplicativ e. The product structure in the spectral sequence(1.8) implies
that the product

H p� 1(X ; Z(p � 1)) 
 H 1(X=B ; Z(1)) ! H p(X ; Z(p))

restricts to a product

H p� 1(X ; Z(p � 1))1 
 H 1(X=B ; Z(1)) ! H p(X ; Z(p))1 ;
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and implies that the edgehomomorphisms�p are also multiplicativ e. This proves
(2).

Lemma 16.3. Let X = SpecA, with A a regular semi-local ring containing a �eld
k. Then for all p � 0:

(1) If k is in�nite, the map � p : K M
p (A) ! H p(X ; Z(p)) is surjective.

(2) H p(X ; Z(p)) = H p(X ; Z(p))1

(3) F p+1
AH K p(X ) = 0.

Proof. By the usual tric k of taking a direct limit, wemay assumethat A is the semi-
local ring of �nitely many points on a smooth k-scheme of �nite type. We then
have Gersten's conjecture for A: The map H p(A; Z(q)) ! H p(F; Z(q)) is injective
for all p and q, where F is the quotient �eld of A (seee.g. [4, Theorem 10.1] for
a proof). By Lemma 11.2, it follows that H a(A; Z(b)) = 0 for a > b; this implies
H 2b� p(A; Z(b)) = 0 for b � p+ 1, whence(3). The proof of (2) is similar, or we can
use(1) and Lemma 16.2 in casek is in�nite.

The assertion(1) is a theorem of Elbaz-Vincent and M•uller-Stach [13, Theorem
3.3].

We recall the integers Nq;r de�ned preceedingthe statement of Theorem 11.7.
Let

Np :=
[ p � 2

2 ]Y

r =1

Np� r ;r :

Theorem 16.4. Let X ! B be a regular B -scheme,essentially of �nite type over
B .

(1) Supposethat

H p� 2r � 1(X ; Z(p � r ))=Np;r = 0;
p � 1

2
� r � p � 3:(16.1)

Then the kernel of �p : H p(X ; Z(p))1 ! K p(X )=Fp+1 K p(X ) is kil led by Np.

(2) If X = SpecA, A a semi-local regular ring containing a �eld, the kernel of
�p : H p(X ; Z(p)) ! K p(X ) is kil led by gcd(Np; (p � 1)!). If F is a �eld, the kernel
of � p : K M

p (F ) ! K p(F ) is kil led by gcd(Np; (p � 1)!).

(3) For p � 3, the map �p : H p(X ; Z(p))1 ! K p(X )=Fp+1
AH K p(X ) is injective. The

kernel of �4 is 2-torsion.

Proof. By Lemma 16.1(2), H p(X ; Z(q))=n = 0 for all n if p � 0 and q � 2. Thus
our assumption (16.1) implies

H p� 2r � 1(X ; Z(p � r ))=Np;r = 0;
p � 1

2
� r:(16.2)

By Theorem 11.7, the image of dp� 2r � 1;� 2q+2 r
2r +1 is killed by Np;r . The identit y

(16.2) thus implies that the kernel of �p is killed by Np, proving (1).
For (2), using norms on H p(� ; Z(p)) and K p(X ), the usual tric k of taking in�nite

l -power extensionsof a �nite �eld for two di�eren t primes l reducesus to the casein
which A contains an in�nite �eld. The assertionsin (2) for A semi-local then follow
from the caseof a �eld, together with the surjectivit y of � p : K M

p (A) ! H p(A; Z(p))
[13, Theorem 3.3] and Gersten's conjecture for motivic cohomologyand K -theory
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([4, Theorem 10.1] and [45]). The caseof a �eld follows from (1), together with
Lemma 16.2, Lemma 16.3, the Suslin-Nestorenko-Totaro isomorphism

K M
p (F ) ! H p(F; Z(p)) ;

and Suslin's theorem [56] that the kernel of K M
p (F ) ! K p(F ) is (p � 1)!-torsion

(we may again assumethat F is in�nite).
For (3), the assumption (16.1) is vacuous, and N1 = N2 = N3 = 1, N4 = 2.

Thus (3) follows from (1).

We examine the kernel of �4 : H 4(X ; Z(4))1 ! K 4(X )=F5
AH K 4(X ) a bit more

closely. We need a reasonable�etale cohomology with Z l -coe�cien ts for schemes
which are a localization of a schemeof �nite type over Z[1=l]. If Y is of �nite type
over Z[1=l], de�ne

H p
cont (Y; Z l (q)) := lim

 
�

H p
�et (Y; � 
 q

l � ):

SinceH p
�et (Y; � 
 q

l � ) is �nite for all p and q [11, Th�eor�emede �nitude], the application
of the inverselimit is an exact functor, so the various exact sequences(e.g., Gysin,
Mayer-Vietoris) for �etale cohomologywith �nite coe�cien ts passto the limit. For
X a localization of a schemeY of �nite type over Z[1=l], de�ne

H p
cont (X ; Z l (q)) := lim

!
X � U � Y

H p
�et (U; � 
 q

l � );

with U an open subschemeof Y .
For Y regular and of �nite type over Z[1=l], the �etale cycle class maps clp;q

�et :
H p(Y; Z(q)) ! H p

�et (Y; � 
 q
l � ) passto the limit, giving the continous �etale cycle class

maps

clp;q
cont : H p(Y; Z(q)) ! H p

cont (Y; Z l (q)) :

Taking the direct limit extendsthe continous �etale cycle classmapsto localizations
of schemesof �nite type over Z[1=l].

If F is an algebraic extensionof Q, with ring of integersOF , de�ne the motivic
cohomologyof OF as the direct limit:

H p(OF ; Z(q)) := lim
!

k � F

H p(Ok ; Z(q)) ;

where k is a �nite extensionof Q with ring of integersOk . We similarly de�ne the
K -groups K p(O) as the direct limit of the K p(Ok ).

Theorem 16.5. Let X be an irr educible regular B -scheme, essentially of �nite
type over B . Let F0 be the algebraic closure of the prime �eld in k(X ), and O the
ring of integers in F0 (for char F0 > 0, set O = F0). Then

(1) The evident map

ker
�
H 4(O; Z(4)) ! K 4(O)

�
! ker

�
H 4(X ; Z(4))1 ! K 4(X )=F5

AH K 4(X )
�

is a surjection, and the map

ker
�
H 4(O; Z(4)) ! K 4(O)

�
! ker

�
K M

4 (F0) ! K 4(F0)
�

is an isomorphism.
(2) If char F0 > 0, then ker

�
K M

4 (F0) ! K 4(F0)
�

= 0.

(3) If char F0 = 0, and F0 is a �nite extensionof Q, then ker
�
K M

4 (F0) ! K 4(F0)
�

is (Z=2)r , with r � r1(F0), and r � 1 if r 1(F0) > 0.
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Proof. By taking the appropriate direct limit, we reduceto the caseof X of �nite
type over Z. We �rst prove (1)

The only relevant di�eren tial is

d1;� 6
3 : H 1(X ; Z(3)) ! H 4(X ; Z(4)) ;

which, as above, factors through H 1(X ; Z(3))=2. It thus su�ces to show that

H 1(O; Z(3))=2 ! H 1(X ; Z(3))=2

is an isomorphism.
If char X = 2, we have by [21, Theorem 8.4]

H 1(X ; Z=2(3)) = H � 2
Zar (X ; � 3) = 0:

SinceH 1(X ; Z(3))=2 is a subgroupof H 1(X ; Z=2(3)), H 1(X ; Z(3))=2 = 0. Similarly,
H 1(F0; Z(3))=2 = 0, which provesboth (1) and (2) for F0 of characteristic two.

We now consider the case of char F0 6= 2. If char F0 = 0, it follows from
Lemma 14.6(3) that the natural maps

H 1(O; Z(2) (3)) ! H 1(F0; Z(2) (3)) ; H 4(O; Z(2) (4)) ! H 4(F0; Z(2) (4))

are isomorphisms. Together with Lemma 16.2, this provesthat

H 1(O; Z(2) (3))=2 �= H 1(F0; Z(2) (3))=2(16.3)

ker(H 4(O; Z(4)) ! K 4(O)) �= ker(K M
4 (F0) ! K 4(F0)) :

Thus it su�ces to show that the maps

H 1(X ; Z(2) (3))=2 ! H 1(k(X ); Z(2) (3))=2;

H 1(F0; Z(2) (3))=2 ! H 1(k(X ); Z(2) (3))=2

are isomorphisms.
Comparing the Bockstein sequences

: : : ! H p(X ; Z(q)) � 2� � ! H p(X ; Z(q)) ! H p(X ; Z=2(q)) ! : : :

: : : ! H p
cont (X [ 1

2 ]; Z2(q)) � 2� � ! H p
cont (X [ 1

2 ]; Z2(q)) ! H p
�et (X [ 1

2 ]; Z=2(q)) ! : : : ;

givesthe commmutativ e diagram

0 //H p(X ; Z(q))=2

��
cl p;q

2

//H p(X ; Z=2(q)) //

��
clp;q

2H p+1 (X ; Z(q)) //

��
clp +1 ;q

2

0

0 // H p
cont (X [ 1

2 ]; Z2(q))=2 //H p
�et (X [ 1

2 ]; Z=2(q)) //
2H p+1

cont (X [ 1
2 ]; Z2(q)) //0

Using Voevodsky's theorem [64] together with localization, the middle vertical ar-
row above is an isomorphism for p � q, hence

clp;q
2 : H p(X ; Z(q))=2 ! H p

cont (X [ 1
2 ]; Z2(q))=2

is injective for all p � q. We have similar injections for k(X ) and F0.
Using the evident localization sequences,we get isomorphisms

H 1
�et (O[ 1

2 ]; Z2(3)) ! H 1
cont (F0; Z2(3))

H 1
cont (X [ 1

2 ]; Z2(3)) ! H 1
cont (k(X ); Z2(3)) ;
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hencethe maps

H 1(X ; Z(q))=2 ! H 1(k(X ); Z(q))=2;

H 1(O; Z(2) (3))=2 ! H 1(F0; Z(2) (3))=2

are injective. Using the isomorphism (16.3) reducesus to showing that the map
H 1(F0; Z(2) (3))=2 ! H 1(k(X ); Z(2) (3))=2. is an isomorphism. We �rst give the
proof in the characteristic zero case.

For a �eld F of characteristic di�eren t from two, we let H p
�et (F; Z2(q)) denote

the continuous Galois cohomology of F . We have the natural transformation of
functors from �elds to groups

H p
cont (� ; Z2(q)) ! H p

�et (� ; Z2(q)) ;

so the cycle classmaps for H p
cont (� ; Z2(q)) induce natural cycle classmaps

clp;q
�et : H p(� ; Z(q)) ! H p

�et (� ; Z2(q)) ;

compatible with the two Bockstein sequences. Using the same argument as for
H p

cont , we have the injections

H 1(F0; Z(3))=2 ! H 1
�et (F0; Z2(3))=2(16.4)

H 1(k(X ); Z(3))=2 ! H 1
�et (k(X ); Z2(3))=2

The groups H 0
�et (F; Z=2� (3)) are �nite for each �eld F ; from the exact sequence

(see[60, Proposition 2.2])

0 ! lim
 
�

1H 0
�et (F; Z=2� (3)) ! H 1

�et (F; Z2(3)) ! lim
 
�

H 1
�et (F; Z=2� (3)) ! 0;

we have the isomorphism

H 1
�et (F; Z2(3)) �= lim

 
�

H 1
�et (F; Z=2� (3)) :

On the other hand, we have the localization sequence

0 ! H 1
�et (O; Z=2� (3)) ! H 1

�et (F0; Z=2� (3)) ! � pH 0
�et (k(p); Z=2� (3)) ! : : :

The inverselimit applied to the H 0-term vanishes,giving the isomorphism

lim
 
�

H 1
�et (F0; Z=2� (3)) �= lim

 
�

H 1
�et (O; Z=2� (3)) = H 1

cont (O; Z2(3)) �= H 1
cont (F0; Z2(3)) :

Thus the natural map H 1
cont (F0; Z2(3)) ! H 1

�et (F0; Z2(3)) is an isomorphism, and
hencethe cycle classmap cl1;3

�et : H 1(F0; Z(3))=2 ! H 1
�et (F0; Z2(3))=2 is an isomor-

phism. This reducesus to showing that the map

H 1
�et (F0; Z2(3)) ! H 1

�et (k(X ); Z2(3))

is an isomorphism; this is a theorem of Suslin [55, Corollary 2.7].
The caseof positive characteristic is similar but easier: Since H 1

�et (F0; Z=2� (3))
is �nite for all � , we have the isomorphism H 1

cont (F0; Z=2� (3)) �= H 1
�et (F0; Z=2� (3)),

and the rest of the proof is the same. This completesthe proof of (1).
For (2), we have K M

4 (F0) = 0, so (2) follows from (1).
For (3), supposethat F0 is a �nite extensionof Q. Then K M

4 (F0) �= (Z=2)r 1 (F0 ) ,
which gives the upper bound on the kernel of K M

4 (F0). Suppose r1(F0) > 0.
Consider the exact sequencein the statement of Theorem 14.10for n = 3; the map
(Z=2)r 1 ! K 4(F0) in this sequenceis the edgehomomorphism

�4 : H 4(F0; Z(2) (4)) ! K 4(F0):
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As �4 is the canonical map � 4 : K M
4 (F0) ! K 4(F0) (Lemma 16.2(2)), hence

K M
4 (F0) ! K 4(F0) is not injective.
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