K-THEOR Y AND MOTIVIC COHOMOLOGY OF SCHEMES

MAR C LEVINE

Abstra ct. We examine some of the basic prop erties satis ed by Bloch's cycle
complexes for quasi-pro jectiv e varieties over a eld, and extend some of them
to the cycle complex of a scheme of nite type over a regular dimension one
base. We also give an extension to the simplicial spectra in the niveau tower
of the cosimplicial scheme , . As applications, we show that the Atiy ah-
Hirzebruc h spectral sequencefrom motivic cohomology to K -theory admits a
multiplicativ e structure, has Adams operations, and maps to a similar spectral
sequencefrom etale cohomology to etale K -theory.

0. Intr oduction

In [36], we have described an extensionof the cycle complexeszq(X; ) of Bloch to
schemesX of nite type over aregular one-dimensionalbaseB. We alsoconsidered
the niveautower

G (X5 ) G(X; ) it Ggy(X; ) G(X);, dimX  d;

whereG g (X; ) isthe simplicial spectrum p 7! G(q) (X; p), and G(q) (X; p), roughly
speaking, is de ned by taking the G-theory spectra of X P with support in
closed subsetsW of dimension p+ q such that W\ (X F) has dimension

p+r for each faceF = ' of P (seexl below for a precise de nition). By
extending the localization techniques developed by Bloch in [5], we have shovn
that, for B = SpecA, A a semi-local PID, the complexeszy(X; ), aswell as the
simplicial spectra G(q)(X; ), satisfy a localization property with respect to closed
subshiemesof X . De ning the motivic Borel-Moore homology of X asthe shifted
homology

HEM (X5 Z(0) = Hp 2q(zg(X; ));

this gives the motivic Borel-Moore homology the formal properties of classical
Borel-Moore homology. Additionally , combining the localization properties of the

simplicial spectra G (X; ) with a fundamertal reinterpretation of the Bloch-

Lichtenbaum spectral sequence[6] given by Friedlander-Suslin [15] allows one to

extend the spectral sequenceof Bloch and Lichtenbaum to a spectral sequence
from motivic Borel-Moore homology of X to the G-theory of X, for X a schemeof

nite type over SpecA. For a generalone-dimensionalregular baseB, shea fying

these constructions over B givessimilar results (see(1.4) below).

1991 Mathematics Subject Classi ¢ ation. Primary 19E20; Secondary 19D45, 19E08, 14C25.

Key words and phrases. algebraic cycles, cycle complexes, motiv es, motivic cohomology,
Atiy ah-Hirzebruc h spectral sequence,K -theory.

Research supported in part by the National Science Foundation and the Deutsche
Forschungsgemeinsdatft.

1



2 MAR C LEVINE

In this paper, we considerthe other important properties of Bloch's cycle com-
plexes,as establishedin [4], [5], [33, Chap. I, x3.5] and [57]: homotopy, functori-
ality, products and the comparisonwith the etale sheaf 9, and show how these
extend to the generalizedcomplexeszq(X; ), andthe simplicial spectra Gq) (X; ).
We are not ertirely successfulin extending the theory of cycle complexesover a
eld to a one-dimensionalbase;there is a mixed characteristic version of the classi-
cal Chow's moving lemma which is missing at present. This causessometechnical
annoyance in the mixed characteristic case, but substartial portions of the the-
ory still go through, at least for schemessmooth over the baseB. In caseB is
Spec of a eld, the entire theory of the cycle complexesextends to the simpli-
cial spectra G (X; ), giving the homotopy property, contravariant functorialit y
for smooth X, products and an assaiated etale theory. In terms of the extended
Bloch-Lichtenbaum spectral sequencethis givesus the homotopy property, a prod-
uct structure, functorialit y for smooth schemesand a comparisonwith a spectral
sequencefrom etale cohomologyto etale K -theory. Much of this theory extends
to the caseof a one-dimensionalbase,but there are somerestrictions in the func-
torialit y and product structure. In any case,we are able to directly relate the
Beilinson-Lichtenbaum conjecturesfor mod n motivic cohomologyto the Quillen-
Lichtenbaum conjectures for mod n algebraic K -theory. This gives a somewhat
di erent proof of someof the results of Kahn found in [29].

We alsode ne functorial -operations on the homotopy groupsof the G (X; )
(for X regular), which give Adams operations for the extendedBloch-Lichtenbaum
spectral sequence.This implies the rational degenerationof this spectral sequence,
giving an isomorphism of rational G-theory with rational motivic Borel-Moore ho-
mology; for regular X, this gives an isomorphism of the weight-graded pieces of
K -theory with motivic cohomology after inverting small primes. We have have a
similar comparisonof the ltration on K (X) induced by the spectal sequence1.8)
and the - Itration, generalizingthe Grothendiedk comparison of the topological
Itration and the - ltration on Ky.

A dierent construction of a tower giving an interesting Itration on K -theory
has beengiven by Grayson [24], building on ideasof Goodwillie and Lichtenbaum.
In a seriesof papers, Walker ([66], [67], [68] and [69]) has studied Grayson's con-
struction, and has been able to relate the weight one portion of Grayson's tower
to motivic cohomology He has also shawn that the ltration on K -theory given
by Grayson's tower agreeswith the - Itration, up to torsion. We do not investi-
gate the relation of the niveautower with the constructions of Graysonand Walker
in this paper, but it seemsreasonableto supposethat the two constructions are
equivalent.

An outline of the paper is as follows: x1 is an extended introduction, in which
we recall the basic de nitions of the cycle complexeszq(X; ), the simplicial spec-
tra G (X; ), various version of the extended Bloch-Lichtenbaum spectral se-
qguence (see (1.3), (1.4), (1.7) and (1.8)), as well as giving a brief discussion of
equi-dimension cycles. In x2 we prove the homotopy property for z4(X; ) and
G(g(X; ), and in x3 we briey recall the well-known connection of localization
and the Mayer-Vietoris property; we also ched the compatibility of the spectral
sequencewvith localization.

In x4 we discussa K -theoretic version K (9(X; ) of the simplicial spectrum
G(g(X; ), and state the fundamertal \moving lemma" (Theorem 4.9) for the
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spectra K (D(X; ). In x5 we show how Theorem 4.9 givesthe cortravariant func-
torialit y for morphisms of smooth B-schemes,and in x6 we prove Theorem 4.9; x7
is a recapitulation of the results of x5 and x6 in the equi-dimensional setting. We
give the construction of products in x8.

In x9 we construct -operations for the spectra K (9(X; ), and discussthe
Adams operations on the extended Bloch-Lichtenbaum spectral sequence(1.8) for
regular schemes.In x10 we usethe constructions of Friedlander-Suslin [15] to show
that the -lItration on K (X) is ner than the ltration F,, K (X) induced by
the spectral sequence(1.8), if the baseB is semi-local. We make some explicit
computations of motivic Borel-Moore homology and motivic cohomologyin x11,
and usethe degenerationof (1.8) and (1.4) to compare motivic cohomology with
K -theory (for regular schemes)and motivic Borel-Moore homology with G-theory
(seeTheorem 11.7 and Theorem 11.8). This extendsthe results of [4]/[5], [30] and
[3]] to schemesof nite type over a regular one-dimensionalbase. In addition, this
shows that the coniveau tower (4.3) givesthe \Adams weight Itration” on the
spectrum K (X), for X regular and essetially of nite type over a regular one-
dimensional base. In Theorem 11.7 we show aswell that the Itrations F,, K (X)
and F K (X) agreeup to groups of explicit nite exponert, in casethe baseis
semi-local.

We discussthe assciated etale theory in x12, giving a version of (1.8) for mod
n etale K -theory (see(12.13), (12.15) and Theorem 12.10). Using the comparison
of the mod n version of (1.8) with the etale spectral sequence(12.13), we give a
number of applications in x13. We give a new proof (Corollary 13.1) of Thomason's
theorem [61] comparing Bott-lo calized algebraic K -theory with etale K -theory. In
Corollary 13.3, we shaw that the Beilinson-Lichtenbaum conjectures for motivic
cohomology implies the Quillen-Lichtenbaum conjecturesfor algebraic K -theory;
we add in the reduction stepsof [59] and [22] to reduce the Quillen-Lichtenbaum
conjecturesto the Bloch-Kato conjectures. This showsthat Voevodsky's veri cation
of the Milnor Conjecture [64] yields the sharp version of the 2-primary part of the
Quillen-Lichtenbaum conjectures, at least for shemesessetially of nite type over
a one-dimensionalregular base;as an example, we recover the results of Rognes-
Weibel [49] relating the 2-adic algebraic K -theory and etale K -theory of rings of
S-integersin a totally imaginary number eld.

We make somecomputations in various arithmetic settings in x14, including the
2-primary motivic cohomologyof nite elds, and rings of S-integersin a number
eld. The multiplicativit y of the Bloch-Lichtenbaum spectral sequenceasdescribed
in x8, lls in a gap in someargumerts of B. Kahn [28] computing the 2-localized
K -theory of rings of S-integersin a number eld (the computation was made by a
di erent method in [48]); we concludex14 with aversionof Kahn's argumert. In x15
we give someextensionsof the results Pedrini-Weibel [43] on motivic cohomology
and K -theory of smooth surfacesover an algebraically closed eld. The nal section
x16 givesa discussionof someextensionsof the results of Kahn [28] on the map of
Milnor K -theory to Quillen K -theory.

This paper was written during an extended visit at the University of Essen;l
would like to thank the Mathematics Department there for providing a stimulating
and supportiv e ervironment and the DFG for nancial support; discussionswith
Philipp e Elbaz-Vincent and Stefan Meuller-Stach were especially helpful. A brief
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visit to the I.LH.E.S. and University of Paris, VI, enabledmeto prot from discus-
sionswith Eric Friedlander, Ofer Gabber, Bruno Kahn, Fabien Morel and Andrei
Suslin.

1. Basic concepts

We recall Bloch's de nition of the higher Chow groups [4]. Fix a base eld k.

Let Y denotethe standard \algebraic N -simplex"
X

N = Speck[to;:::;tn]= ot L
i

let X be a quasi-projective schemeover k, and let , be the cosimplicial scheme
N7IX N

A face of Q is a subshiemede ned by equationsof the form tj, = :::=t;, = 0.
Let X (p,q) be the set of dimension g+ p irreducible closedsubshiemesW of §
such that W intersects eadh dimensionr face F in dimension q+ r. We have
Bloch's simplicial group

p 7! zq(X;p);

with z4(X;p) the subgroup of the dimension g+ p cycleson X P generated
by X (pq), and the assaiated complex zq(X; ). The higher Chow groups of X are
de ned by

CHq(X;p) == Hp(zq(X; )):

If X is equi-dimensionalover k, we may label thesecomplexesby codimension, and
de ne

CHY(X;p) := Hp(z9(X; ));

wherez9(X;p) = zg p(X;p) if X hasdimensiond over k. We extend the de nition
of z9(X; ) to arbitrary smooth X by taking the direct sum of the z9(X;; ) over
the irreducible componerns X; of X.

These groups compute the motivic Borel-Moore homology of X and, for X
smooth over k, the motivic cohomologyof X by

Theorem 1.1. We havethe natural isomorphism
He™ (X;Z(q)) = CHq(X;p  20);

where HBM s the motivic Borel-Moore homolagy. Supmse X is smaoth over k.
There is a natural isomorphism

HP(X;Z(q) = CHYX;2q p):

Here the motivic cohomologyis that de ned in characteristic zero by either by
the construction of [63], [25] or [33], or in characteristic > 0 by [25] or [33].

The complexeszq(X; ) are covariantly functorial for proper maps, and con-
travariantly functorial (with the appropriate shift in g) for at equi-dimensional
maps. In particular, we may sheafy zy(X; ) for either the Zariski or the etale
topology; we let Zq(X; ) be the Zariski shea cation of zq(X; ), and Z§'(X; )
the etale shea cation. Wede ne Z9(X; ) and th(X; ) similarly.

Here is a list of the important properties of the cycle complexesfor quasi-
projective schemesover k:
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(1.2)
1. Homotopy. Let p: Al X | X bethe projection. Then the map
P 1zg(X; )! Zq+1(Al X;)

is a quasi-isomorphism.
2. Localization. Leti : Z ! X be the inclusion of a closed subsdheme, with
complemen j : U! X. Then the exact sequence

0 zg(Z; ) ' zg(X; ) zq(U; )
is a distinguished triangle, i.e., the map i inducesa quasi-isomorphism

2o(Z; ) congj ) 1}

3. Mayer-Vietoris. Let X = U[ V be a Zariski open cover. Then the Mayer-
Vietoris sequence

zy(X; ) zg(U; ) zq(Vs ) Pz ;)

is a distinguished triangle.

4. Functoriality. Supposethat X is smooth over k, andlet f : Y ! X be
a morphism of quasi-projective k-schemes. For ead p, let z9(X;p); be the
subgroupof z9(X; p) generatedby thosecodimensiongW X P such that
W intersectsX F properly for each faceF of P, and each componert of
(f id) (W) hascodimensiongonY P andintersectsY F properly, for
eat faceF of P. The z4(X;p)s form a subcomplex z4(X; )i of z4(X; ).
Then, in caseX is ane, the inclusion z4(X; )r ! z4(X; ) is a quasi-
isomorphism. Using the Mayer-Vietoris property, this givesrise to functorial
pull-back morphisms

foozX; )t zZ90Y; )

in the derived category, for eac k-morphismf : Y ! X, with X smooth over
k.

5. Products The operation of taking products of cyclesextendsto give natural
external products

xiv 120G ) 26 2 oY)

Taking X = Y and pulling back by the diagonal givesthe cup product map
(in the derived category)

[x :29X; ) 29°(X; )1 2% 9(X; ):

6. Let n beprime to the characteristic of k. Thereis a natural quasi-isomorphism
th(X; )=n! 9 where , isthe etale sheaf(on X) of nth roots of unity.

Remarks 1.2. (1) The Mayer-Vietoris property (1.1)(3) follows from localization
(1.1)(2). Indeed, the localization property implies excision,i.e., the natural map

condjy :zq(X; ) zg(U; )) ! condj MEY tzZq(V; ) U\ VL)

is a quasi-isomorphism,since both conesare quasi-isomorphicto zq(W; )[1], with
W=XnU=VnU\ V.
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(2) The functoriality (1.1)(4) for amap f : Y I X, with X smooth over k
(but not necessarilyane) is accomplishedas follows: Let px : X ! Speck
be the projection. It follows from Mayer-Vietoris (1.1)(3) that the natural map
z9%X; )! Rpx Z9%X; ) is aquasi-isomorphism. From (1.1)(4), the natural map
Z9X; ) ' Z(X; ) is a quasi-isomorphism,where Z9(X; ); is the complex of
sheavesassaiated to the complex of presheaes

U 7! z%U; )

it )’

Welet f :z9(X; )! z9(Y; ) bethe composition (in D (Ab))
Z%X; )= Rpx Z%X; )= Rpx Z%X; ) ' Rpy Z%(Y; )= 2%(Y; ):

(3) The functoriality for ane X, as stated in (1.1)(4), is a consequenceof the
following \mo ving lemma", which is a versionof the classicalChow's moving lemma:

Prop osition 1.3 (Chow's moving lemma for z9(X; )). Let X be smamth over a
eld k, and let C be a nite collection of irr educible locally closal subsetsof X,
with C containing each irr educible component of X . Let zg(x ;p) be the sulgroup
of z9(X;p) geneated by irr educible W X P such that, for each C 2 C
eachface F of P, and each irr educible component W° of W\ (C P), we have
codimc (W9 g Let z(X; ) be the sulzomplex of z4(X; ) formed by the
z3(X;p), and supmsethat X is ane. Then the inclusion z3(X; ) ! z9(X; )is
a quasi-isomorphism.

For a proof of this result, we refer the readerto [33, Chap. I, x3.5].
(4) The list of properties (1.1) shows that the pair

( paHE™ (5Z(D); paHP( 5Z(a))
satisfy the Bloch-Ogus axioms for a twisted duality theory [7].

1.4. Cycle complexes in mixed characteristic. In [36], we have extendedthe
localization property (1.1)(2) to the caseof a nite type schemeX over a regular
noetherian scheme B of dimension one. Before describing this, we rst recall the
de nition of the cycle complexesin this setting. For p: X ! B an irreducible
B-schemeof nite type, the dimension of X is de ned asfollows: Let 2 B bethe
image of the genericpoint of X, X the b erof X over . If isa closedpoint of
B, then X is a schemeover the residue eld k( ), and we setdim X := dim; ) X.
If isnot aclosedpoint of B, wesetdim X := dim,( )X +1.I1f X! B isproper,
then dim X is the Krull dimensionof X, but in generaldim X is only greater than
or equal to the Krull dimension.

Welet " = Specg(Oglto;:::;tn]= ;ti 1), giving the cosimplicial B-scheme

. We have for eadh B-scheme X the cosimplicial shheme , = X g , and
for eadh (p;q) the set X (p,q) Of irreducible closed subsetsC of § of dimension
p+ g, sud that, for each faceF of P of dimensionr over B, we have

dm(C\ X F) r+aq

If U is an open subshemeof X, we let Ué;q) be the subsetof U,q) consisting of
those irreducible closedsubsetswhoseclosurein  § arein X p.q.

The complexeszq(X; ) are covariant for proper morphisms, and cortravariant
for at equi-dimensionalmorphisms (if f : Y ! X is at of relative dimensiond,

we havef :zg(X; )! Zzg+a(Y; )). In particular, we have the complex of sheaves
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p zq(X; ), assciated to the presheafV 7! zq(p 1(V); ). These complexesof
sheaveshave the samefunctorialit y asthe complexeszq( ; ).
Here is our extension of Bloch's localization result:

Theorem 1.5 ([36], Theorem 0.6). Leti : Z ! X be a closal subschemeof a
nite-typ e B-schemeX, j : U! X the complement. Then the (exact) sequene of
sheaveson B

Ol (p 1) zg(Zi ) ! Pz ) " (P ]) za(Us )
is a distinguishel triangle. If B is semi-local, then zq(U; )=j z4(X; ) is acyclic,
henc the exact sequene@ of complexes

0! z4(Z; ) i zq(X; ) I zq(U; )
is a distinguishe triangle.

If we set CHq(X;p) := H P(Bzar;p zq(X; )) =0 HJF%,(X;Z(d)), then Theo-
rem 1.5 givesa long exact localization sequencdor the higher Chow groups/motivic
Borel-Moore homology. We also have the identit y

H, 5 (Bip zg(X; ) = Hp(zg(X; )
for B semi-local.

1.6. The G-theory spectral sequence. We havealsogivenin [36] a globalization
of the Bloch-Lichtenbaum spectral sequencd6]

EFY=HP(F;Z( g=2))=) K , q(F);

F a eld, to a spectral sequencgof homologicaltype) for X | B of nite type,B
as above a regular one-dimensionalnoetherian scheme,

Efq(X) = HZ™ (X:Z( 072)) =) Gpeq(X):

We recall the rough outline of the construction of this spectral sequence.

Let X bea nite-t ype B-scheme. We have the exact category M x of coheren
sheavreson X, and the corresponding K -theory spectrum G(X) := K (M x).

Let U be an open substhemeof X P. We havethe full subcategoryM (@ P)
of M y with objects the coherent shearesF sud that TorqOU (F:Ouix r) =0
for all facesF of P andall g> 0. We write M x (p) for M x s (@ P) and let
G(X; p) denote the K -theory spectrum K (M x (p)).

Let X(p, g be the set of irreducible closed subsetsW of X P such that,
for eacth faceF of P (including F = P), and ead irreducible componert W?° of
W\ (X F), wehave

dim(W% g+ dimg (F):

For a closedsubsetW of X P, we have the spectrum with supports Gy (X; p),
de ned asthe homotopy b er of the map of spectra

j tKMx(@)! KMu(@ P);

where U is the complemern X PaW andj :U! X P is the inclusion. We
let G(q) (X; p) denotethe direct limit of the Gw (X;p), asW runs over nite unions
of irreducible closedsubsetsC 2 X . -

The assignmen p 7! M x (p) extendsto a simplicial exact category M x ( );
we let G(X; ) := K(M x( )) the corresponding simplicial spectrum. Similarly,
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the assignmerts p 7! G (X; p) extendsto a simplicial spectrum G (X; ). The
augmertation , ! X inducesa weak equivalenceG(X)! G(X; ).

We let dim X denote the maximum of dim X; over the irreducible componerts
Xi of X. We note that G(q(X;p) = G(X;p) for all g dim X. The evidert maps

Gq n(X;p! G(X;p)!
give the tower of simplicial spectra
(L.2) il G X5 )P G(X; )P il Gaim x)(X5 ) = G(X; )

We let Gg=q 1)(X; ) denotethe homotopy co b er of the map G4 1)(X; )!
G(g(X; ) The tower (1.2) thus givesrise to a spectral sequence(of homological

type)
(1.3) Epg= p+a(Gp=p (X )) =) Gpsq(X):

One can also shea fy the tower (1.3), working in the stable homotopy category
of sheaves of simplicial spectra on Bz,-. For a such a sheafG, we have the homo-
topy groups n (B;G) (also denotedH N (B;G)); for a sheafof Eilenberg-Maclane
spectra, n (B; G) agreeswith the Zariski hypercohomologyH N (B;G ), whereG
is the complex of sheares of abelian groups corresponding to G via the Dold-Kan
correspondence. For a B-schemef : X | B, sheafying the tower (1.3) over B
and taking the assaiated spectral sequencegivesus the spectral sequence

(1.4) Epq(X) = pra(Bif Gpep n(X; ) =) Gpeq(X):
Taking the cycle-classof a coherert sheafde nes the map
(1.5) Clg:Gg=q n(X; ) zg(X; ):

In caseX = SpecF for a eld F, Friedlander and Suslin [15, Theorem 3.3] have
shaown that this map is a weak equivalence.

The argumerts used to prove Theorem 1.5 can be modi ed to show that the
simplicial spectra G(q (X; ) satisfy a similar localization property: Supposethat
B = SpecA, A a semi-local principal ideal ring, andleti : Z ! X is a closed
subshiemeof X with complemert j :U! X. Then the sequence

(1.6) G(Z )1 G ) G )

is a homotopy b er sequencg36, Corollary 7.10]. Using this localization property
together with the Friedlander-Suslin theorem, we show in [36, Corollary 7.6] that
the cycle map cly a weak equivalence,which identi es the E!-termsin (1.4) as

El, = CHp(X;p+ 0) = HEM (X;Z(p)):

After reindexing (1.4) to give an E2-spectral sequenceyve arriv e at the homological
spectral sequenceof Atiy ah-Hirzebruch type

(1.7) Efq = Ho™ (X;Z( 672)) =) Gpsq(X):

In caseX is regular, the natural map G (X) ! K (X) is an isomorphism. If
X is irreducible, dimX = d, we dene HP(X;Z(q)) := CHq o(X;2d 29 p)
and extend this de nition to arbitrary regular X by taking the direct sum over

the irreducible componerts. The sequence(1.7) then becomesthe cohomological
sequence

(1.8) ES9= HP(X:Z( 2)) =) K p o(X):
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The above constructions give similar spectral sequenceswith nite coe cien ts
aswell. For instance, de ne the complex z4(X; )=n asthe cone of multiplication
by n, n:zg(X; )! zy(X; ), and set

HZM (X;Z=n(q)) := H* P(B;px z4(X; )=n):

Replacing the homotopy groups s( ) throughout with the homotopy groups with
coe cien ts mod n, s( ;Z=n), givesthe spectral sequence

(1.9) Elq = Ho™M (X:Z=n( @=2)) =) Gp+q(X;Z=n):

The other spectral sequencedliscussedabove have their mod n counterparts as
well.

1.7. Equi-dimensional cycles. The main purpose of this paper is to establish
the fundamental properties of the spectral sequenceg1.7) and (1.8), aswell asthe
mod n versions. Along the way, we will needto examine some extensionsof the
properties (1.1) to mixed characteristic. Unfortunately, at presert we are only able
to prove a limited functorialit y and product structure in this setting. We conclude
this introduction with a statemert of a conjecture which, if valid, would give the
cyclecomplexesz9(X; ) the necessanyfunctorialit y and product structure in mixed
characteristic. We give a quick outline of the theory of equi-dimensionalcycles,in
the caseof baseschemeof dimensionat most one;for details and the generaltheory,
we refer the readerto [58] and to [33, I, Appendix A].

Let B be a regular irreducible scheme of dimension at most one. For an ir-
reducible B-schemep : X ! B of nite type is equi-dimenisonal over B if p is
dominant. If this is the case,we set

dimg X = dimk( )X ;

where X isthe b er of X over the genericpoint of B. If X is not necessarily
irreducible, we say that X is equi-dimensionalover B of dimensiond if ead irre-
ducible componert X; of X is equi-dimensionalover B and dimg X; = d for all
i.

If B is regular of dimension at most one, but not necessarilyirreducible, we
call p: X ! B equi-dimensional over B of dimension d if the restriction of p
to X; := p }(B;) ! B; is equi-dimenisonal of dimension d for ead irreducible
componert B; of B, or is empty.

ForX ! B of nite type,welet (X=B),.q) bethe setofirreducible closedsubsets
W X P such that, for each faceF of P, and ead irreducible componert W?°
of W\ (X F), WCis equi-dimensionalover B, and

(1.10) dimg W= dimg F + q:
Welet (X=B ), o bede ned similarly, wherewe replacethe condition (1.10) with
dimg W° dimg F + q:

Let zy(X=B ; p) be the free abelian group on (X=B).q), forming the simplicial
abelian group zy4(X; ) and the assaiated complex zq4(X; ). Similarly, we let
G(q)(X=B ; p) bethe limit of the spectra Gy (X ; p), whereW runs over nite unions
of elemerts of (X=B ), ¢, giving the simplicial spectrum G (X=B; ).

If X ! B isequi-dimensionalof dimensiond, welet z4%(X=B; )= zg 4(X=B; )
and G (X=B; ) = G ¢(X=B; ); more generally, if X is a disjoint union of
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equi-dimensionalX; ! B, we set

Y
z9(X=B; ):= iz%X;=B; ); G@(X=B; ):= GO(X;=B; ):

Set
CHq(X=B;p) := Hp(zq(X=B; )); CHY(X=B;p) := Hp(z%(X=B; )):

In caseead point of B is closed,we have z4(X=B; ) = z4(X; ), andin case
eat componert of B has dimension one, z;(X=B; ) is a simplicial subgroup of
Zg+1 (X; ). If z9(X=B; ) is dened, then sois z9(X; ), and z9(X=B; ) is a
simplicial subgroup of z4(X; ). The analogousstatemerts hold for G4 (X=B; )
and G(Q(X=B; ).

The simplicial group z4(X=B; ) is covariantly functorial for proper maps, and
cortravariantly functorial for at equi-dimenisional maps (with the appropriate
shift in ). When de ned, the simplicial group z9(X=B; ) is covariantly functorial
for proper maps (with the appropriate shift in g), and contravariantly functorial for
at maps. Similarly for G (X=B; ) and G(¥(X=B; ).

We let Z4(X=B ;p) denote the shea cation of the Zariski presheafon X, U 7!
zq(U=B;p), giving the simplicial abelian sheaf Z4(X=B; ) and the assiated
complex of sheaves Z4(X=B; ). We similarly have the simplicial abelian sheaf
Z9(X=B; ) and the complex of sheasesZ%(X=B; ) in caseead connectedcom-
ponert of X is equi-dimensionalover B.

We may alsoshea fy the simplicial spectraGq) (X; ), G(@(X; ), G(g(X=B; )
and G(@(X=B; ) over X, forming the sheaes of simplicial spectra Go (X5 ),
GO(X; ), Gg(X=B; )and G9(X=B; ).

We can now state our main conjecture on the equi-dimensionalcycle complexes
and spectra.

Conjecture 1.8. Supposethat X ! B is a regular B-scheme of nite type. Then
the natural maps

Z9X=B; )! Z%X; ); GOX=B; )! GUX; )
are (stalk-wise) weak equivalenceson X .

Remark 1.9. Conjecture 1.8 is trivially true in caseB has pure dimension zero. If
B has dimension one over a eld k, then Conjecture 1.8 for the cycle complexes
Z Y% is a consequenceof Proposition 1.3. Indeed, choosea point x 2 X, replace
X with an ane neighborhood of x, and take C to be the collection of the ir-
reducible componerts of the b ers of X containing x; this shows that the stalks
Z9X=B; )x Z%X; )x are quasi-isomorphic. In caseX is smooth over B, this
is pointed out in [33, Chap. Il, Lemma 3.6.4]; the sameproof works for X smooth
over k. In caseX is only assumedto be regular, the standard trick of replacing k
with a perfect sub eld ko and making a limit argumert reducesus to the caseof
X smooth over k. Thus, the conjecture for the cycle complexesis open only in the
mixed characteristic case.

Using the extensionTheorem 4.9 of Proposition 1.3 proved below, the sameargu-
ment provesConjecture 1.8 for the simplicial spectra G(¥, hencethe full conjecture
is valid in the geometric case.
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2. Homotopy

Let X | B be a B-scheme of nite type, with B = SpecA, A a semi-local
principal ideal ring. In this section, we discussthe homotopy property for the
simplicial spectra G (X; ) and z4(X; ), i.e., that the pull-back maps

P :G(X; )! G (X AL )
P 1zg(X; ) Zgu (X AL )

are weak equivalences. In case X is regular, this gives the homotopy property
for the simplicial spectrum K (9 (X; ) (seex4.4 below). We state and prove a
somewhatmore generalresult.

Theorem 2.1. Let B = SpecA, wher A is a semi-lccal principal ideal ring, and
let X ! B beaB-schemeof nite type. Letp: E! X bea at morphism of nite
type, suchthat, for each x 2 X, the ber p 1(x) is isomorphic to AE(X). Then the
pull-back maps

P :G(X; )! Gg+n(E; )
P 1zo(X; )! Zgen(E; )
are weak equivalenes.

Proof. If we truncate the tower (1.2) at G (X; ), we get the spectral sequence
(of homologicaltype)

Exp(X:D = aen(Gaza (X5 ) =) ars(Gig(X; )):
The at mapp:E! X givesthe map of towers
P G (X5 )! G qny(E; )
and hencethe map of spectral sequences
p iE(X;q! E(E;q+ n):
The map on the E!-terms is just the pull-back
(2.1) p 1zg(X; ) zgen(E; ):

Thus, it suces to show that the pull-back map (2.1) is a weak equivalence,i.e.,
that

(2.2) p 1zg(X; ) zgen(E; ):

is a quasi-isomorphism.
Using Theorem 1.5, the standard limit processgivesrise to the Quillen spectral
sequenceon X

Eap(X30) = x2x, Harn(Zq(Speck(a@); )) =) Ha+b(zg(X; ));
and similarly for E. The map p givesthe map of spectral sequences
p tE(X;a)! E(E;gq+n);

sowe needonly show that p inducesan isomorphismon the E *-terms. This reduces
us to the caseX = Speck, k a eld, which is provedin [4, Theorem 2.1]. O
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3. Localiza tion and Mayer-Vietoris

Let B = SpecA, with A a semi-local PID. We have already mertioned the
fundamertal localization property for the simplicial spectra Gg( ; ), namely,
that the sequencg1.6) is a homotopy b er sequence.ln this section, we list some
immediate consequencesf this sequence.

3.1. Mayer-Vietoris. Supposewe have a nite type B-schemeX and open sub-
schemesjy 1 U! X,jy : V! X with X = U[ V. Letjj,y :U\ V! U,
jyiv 1U\ VIV bethe inclusions. SinceX nU = V nU\ V, the localization
sequencg1.6), together with the Quezlcoatl lemma implies that the sequence

(uiiv) iv M
(31) G(q) (X ; ) v G(q)(U; ) G(q) (V, ) vrveuty G(q) (U \ Vv, )
is a homotopy b er sequence.This givesa long exact Mayer-Vietoris sequenceon

homotopy groups.

3.2. Cech complex. Wehavethe category § of non-empty subsetsoffl;:::;ng,
with maps the inclusions. Let U = fUy;::: ;U,g be an open cover of a nite type
B-scheme X ; U determinesa functor

U :( D)1 Schy

by sendingl f1;:::;ngto U =\ U. Weletj, :U ! X bethe inclusion.
Applying the functor G ( ; ) givesus the functor

G(U; ): ! Sp
| 7! G(q)(U|; ):
We set

G(q)(U; ) = holr!m G(q)(U ; );
0

the mapsj, givethe natural map of simplicial spectra

JuiGEX; ) G(U; )

It follows from the Mayer-Vietoris property of x3.1 that j, is a weak equiva-
lence. If X is a disjoint union of equi-dimensionalschemes,we may make a similar
construction with K (9 replacing Gq), giving us the simplicial spectrum K (¥(U; )
and the map of simplicial spectra

jutK@OX; )1 K@OWU; )

We will seein Lemma 4.5 that, if X is regular, the natural map K (@( ; )1
G ( ; )isaweakequivalence,sothe mapj,, for the K -theory spectra is a weak
equivalenceas well.

3.3. Compatibilit y of localization with the spectral sequences. Let f
X ! B bea nite typeB-scheme,i : Z! X aclosedsubstieme,andj : U! X
the complemen. Take integersr g, giving the commutativ e diagram of weak
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homotopy b er sequences

Giy(Z; ) —IGH(X; ) ——IGyy(U; )

G @ ) 16X ) —ICU; )
and the weak equivalences

Gy(X; )=G(Z; ) Gry(U; ); Gg(X; )=G(q(Z; ) GgU; );

(Gry(X; )=G()(Z; ) isthe homotopy co b er). This givesus the homotopy com-
mutativ e diagram

f Guy(X; )=f Gy (Z; ) ———If Gi\(U; )
;)
f Gg(X; )=f G(Z; )J—/f Gny(U; ):

Similarly, we have the homotopy commutativ e diagram with the horizontal maps
weak equivalences

f Gg(X; )=f G(Z: ) ——f GU; )
(clq(Z);clq (X)) clq(U)

fzq(X; )=f z(Z; )jilzq(U; ):

This givesthe following

Prop osition 3.4. Let B be a regular schemeof Krul | dimension 1, X a nite
type B-scheme,i : Z ! X a closa subschemawith complementj : U! X. Then:

1. The boundary map @in the localization sequene
S HEM OGZ@) b REM (Uiz(a) T HEY (Z:2() !

inducesmaps @ 29:EP 29(U)! EP Y 29(Z)forallr 2.
2. The diagram

. 24
ep 24(u) — JEp + #(2)
df: 2q d? 1, 2q
Erp+r; 2q r+l (U)@+r; = r+1/Erp+r 1, 2q r+l (Z)

commutes.
Both (1) and (2) hold for the mod n sequenes as well.



14 MAR C LEVINE

4. K -theor y and G-theor y

The main moving lemmas for the cycle complexesz9(X; ), X a variety over a
eld k, are rst found in the article [4]. Unfortunately, there are seeral gapsin
the proofs, sowe will recall theseresults, together with someof the missing details,
as well as giving the required extensionsto schemesover a one-dimensionregular
bases. At the sametime, we will prove the analogousresults for the simplicial
spectrum G(® (X ; ) and the related K -theory simplicial spectrum K (9 (X: ) (see
x4.4 below).

The technique we use is to apply the program of Bloch for the contravariant
functorialit y of the cycle complexeszd(X; ) to the simplicial spectra G(®(X; ).
One rst provesan\easy" moving lemma, in caseX admits atransitiv e group action
by a group-stchemesudc asA", and then usethe classicaltechnique of the projecting
coneto prove a moving lemma for smooth a ne (or projective) X . We will adapt
the various geometric results proved in [33, Chap. |1, x3.5] to this purpose.

In this sectionthe base-sbemeB will be a regular one-dimensionscheme.

4.1. Cosimplicial closed subsets. We begin with a useful de nition.

Denition 4.2. Let Y be an N -truncated cosimplicial scheme,0 N 1, and
let W, Y, beaclosedsubset,for eadip, 0 p N. Wecall W a cosimplicial
closel subsetof Y if, for each morphismg: [p]! [g]in , wehave

Wp = Y (9) l(Wq):

Clearly the intersection of a family of cosimplicial closedsubsetsis a cosimplicial
closedsubset. Thus, if Y is an N -truncated cosimplicial scheme,and we are given
closedsubsetsW, Y, there is a unique minimal cosimplicial closedsubsetW of
Y cortaining all the W,; we call W the cosimplicial closedsubsetgeneratedby the
collection f W,g.

Lemma 4.3. LetY be an N -truncated cosimplicial scheme,0 N < 1, and for
each p, let P, be a subsetof the set of irr educible closel subsetsof Y,. Supmse
that, for eachg : [p]! [d in , p;g N, and each C 2 P,, each irr educible
component of Y(g) 1(C) isin Pq. LetfW, Yp; p=0;:::;Ng bea collection of
closal subsetssuchthat each W, is a nite union of elementsof P,. Let W be the
cosimplicial closel subsetof Y geneated by the f W,g. Then W, is a nite union
of elementsof Pp,.

Proof. Clearly W, is the union of the Y(g) (Wg), asg: [p]! [d] runs over all
mapsin  with g N. Sincethis set of mapsis nite, the assumptionon the sets
Py and Wy implies the result. O

4.4. K -theory spectral sequence. Let X be a nite-t ype B-scheme such that
ead irreducible component hasof dimensiond (we call such and X equi-dimensional
of dimension d). We set X (P := X .4 ), i.e., we index by codimension rather
than dimension. We extend the de nition of X (P9 to disjoint unions of equi-
dimensional B-schemesX by taking the disjoint union over the connected com-
ponerts of X. The group z9(X;p) is then the free abelian group on X (P9 We
similarly dene X 9 := Xp: d g in caseead connectedcomponert of X is
equi-dimensional, and extend to disjoint unions of equi-dimensional B -schemesas
above.
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For a sthemeY, let Py bethe exact category of locally free coheren sheareson
Y. Welet K (X;p) be the K -theory spectrum K (Px »), andfor W X Pa
closedsubset, we let KW (X ;p) denote the homotopy b er of the restriction map
i K((Px »)! K(Py), wherej:uU! X P is the complemert of W.

Let X beadisjoint union of equi-dimensionalB -schemes. Taking the limit of the
KW (X;p) asW runs over nite unions of elemeris of X (P 9 de nes the spectrum
K (@ (X; p); the assignmen p 7! K (¥ (X; p) clearly extendsto a simplicial spectrum
K@(X; ).

We de ne the simplicial spectrum G(¥(X; )tobeGy ¢(X; )incasedimX =
d; taking products over the connectedcomponerts of X de nes G(@(X; ) for X

a disjoint union of equi-dimensional B-schemes. The natural inclusionP ! M
de nes the map of simplicial spectra
(4.1) K@x:; )1 6Ox; ):

If W is a cosimplicial closedsubsetof Y, the complemens Uy, := Y, n W, form
an N -truncated cosimplicial subshiemeU = Y nW of Y. In particular, the K -
theory spectra with supports, K Wr (Y,), form an N -truncated simplicial spectrum
KW (Y). Similarly, for W a cosimplicial closedsubsetof the N -truncation X N

of X , we may form the N -truncated simplicial G-theory spectrum Gy (X; )n,
giving the natural map
(4.2) KW(X; In! Gw(X; )n

Lemma 4.5. If X is regular, the maps (4.1) and (4.2) are term-wise weak equiv-
alences.

Proof. Each regular Y of nite typeover B admits an ample family of line bundles.
Thus, ead coherent sheafon Y admits a nite resolution by locally free coheren
sheaves. It follows from Quillen's resolution theorem [45, x4, Corollary 1] that the
inclusion Py ! M y inducesa weak equivalenceK (Py) ! K (M y), whencethe
lemma. O

We have the \coniv eautower"
(4.3) b KOO (x; ) K@ ) ot KO ) K(X);
with the augmertation K (X) ! K© (X: ) being a weak equivalencefor X regu-
lar. The maps (4.1) for various g induce the map of towers

(4.4)
t— k@ (x; ) —Jk@(x; ) —— IO yo—K(X)

— g (x: )y —Je@ax; ) —— IO (x; ) o—G(X)

Let K (@=9*1) (X ; ) denotethe co b er of the map K (D (X; )1 K(@(X; ), and
de ne G(@D) (X; ) similarly.
The two towers give us the spectral sequencegfor X regular)

(4.5) ELy(K) = prg(KCPT P (X; ) =) Kpeg(X)
(4.6) ELg(G) = peqg(GL P* PV (X; )) =) Gpeg(X):
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Prop osition 4.6. Supmsethat X is regular. Then the maps (4.1) induce an iso-
morphism of spectral sequenesE(K) ! E(G).

Proof. Clearly the maps (4.1) induce a map of spectral sequencesBy Lemma 4.5,
this map is an isomorphism on the E!-terms, hence an isomorphism of spectral
sequences. [l

4.7. Formulation of the moving lemma. Let X be B-scheme of nite type.
An irreducible subset C of X has pure codimension d if dimX; dimC = d for
ead irreducible componert X; of X containing C. Let C be a nite collection of
irreducible locally closedsubsetsof X suc that each C 2 C has pure codimension
in X. Welet X, be the subsetof X ,q) dened by the following condition:
Let W 2 X (pq) IS in X, if, for ead C 2 C, ead irreducible componert W° of
W\ (C P)isin Cq qp), whered = codimy C.

Similarly, we let X(%; 9 be the subsetof X, ¢ consistingof thoseW sud that
for each C 2 C, ead irreducible componert W% of W\ (C P)Yisin Cp. g ay»
d = codimy C.

We let z5(X; p) be the subgroup of z4(X ; p) generatedby X(%;q), giving the sim-
plicial subgroung(x; ) of zg(X; ). Similarly, we have the spectrum G(Cq) (X5 p),
de ned asthe limit of the spectra Gy (X;p), asW runs over nite unions of ele-

ments of X(Cp; ) and the simplicial spectrum G?q) (X; ), with the natural map

4.7 Gy (X )1 Gg(X; )

If X is a union of equi-dimension B -schemes,we may label using codimension
rather than dimension, giving the subsetX ¥ of X ("9, and the subsetX 9 of
X (P19 n this case,we de ne the simplicial subgroupzd(X; ) of z9(X; ), and
the simplicial spectrum G (X; ) using X P and X * 9 instead of X &g and
X(%; - We similarly de ne the spectrum Kéq)(X;p) as the limit of the spectra
KW (X;p), asW runs over nite unions of elemerts of X ® @ The K (X;p)

form a simplicial spectrum Ké‘”(x; ), and we have the natural maps of simplicial
spectra

(4.8) K@x; )yr k@Ox; )

Conjecture 4.8. Supposethat X is aregular ane B-schemeof nite type. Then
the map (4.8) is a weak equivalencefor all g.

We can now state our main moving results:

Theorem 4.9. Supmsethat X is smmth and ane over B, and that eachC 2 C
dominates an irr educible component of B. Then the maps (4.7) and (4.8) are a
weak equivalen@s for all g. Similarly, the map

z3X; ) Z%X; )
is a weak equivalene for all g.

Before proceedingto the proof of Theorem 4.9, we describe the consequencefor
the spectral sequencg1.8).
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5. Functoriality

As in [36, Remark 7.5], we may assumethat the various pull-back operations
on categoriesof coherert sheaves are strictly functorial, rather than just pseudo-
functorial.

5.1. Pull-bac k maps. We note that the spectral sequence(1.8) is the spectral
sequenceg4.6), together with the identi cation of the El-term asHp. q(z P(X; ))
via the weak equivalence(1.5), and reindexing. Thus, via Proposition 4.6, we have
the identi cation of (1.8) with the spectral sequence(4.5), plus the appropriate
reindexing, and the identi cation of the El-term. Thus, in order to make the
spectral sequencg1.8) functorial, it su ces to de ne functorial pull-back maps (in
the stable homotopy category) for the simplicial spectra K (9 (X; ).

We will in fact needa somewhatmore preciseresult. For ead B-schemeX, let
C(X) be the category whoseobjects are the nite setsof locally closedsubsetsof
X, with morphismsbeinginclusions. Let Sp bethe category of simplicial spectra.
We have the functor

K@(X; ):0X)®P! Sp

de ned by sendingC2 C(X) to KP(x; ), with K@ (x; )1 KOX; ) the
evident map assaiated to an inclusion C  C% Sincethe category C(X )P is clearly
a small Itering category, we may consider K @ (X; ) asalimit object of Sp .

We rst show how to extend X 7! K (q)(X; ) to a functor from smooth B-schemes
to limit objects in Sp , at least for the subcategory of closed embeddings. We
get a more straightforward functoriality for the subcategory of equi-dimensional
morphisms. We then use Mayer-Vietoris and Theorem 4.9 to descendthis to the
desired functor from smooth B-schemesto the homotopy category of simplicial
spectra.

Suppose rst of all we havea morphismf : Y ! X, andlet W be a closedsubset
of X P. Themapf id:Y P11 X P thus inducesthe map of spectra

(5.1) (f id) KW (X:p !t KT TWvip);

and this pull-back is functorial in f .
Next, supposeX is equi-dimensionalover B, and Y equi-dimensionalover X . Let
Cbein C(X), andlet f Cbe the set of irreducible componerts the subsetsf 1(C),

C2C Foreah W 2 X 9 ead irreducible componert of (f  id) (W) is in
YL @ sothe pull-back maps (5.1) induce the map of simplicial spectra

(5.2) fokP ) K%y )

The mapsf arefunctorial for equi-dimensionmapsof equi-dimensionalB -schemes.

Leti:Y ! X be aclosedembedding, with X and Y smooth over B, and let C
bein C(Y). Welet iCbhethe setofi(C), C2 G, andi C:= iC[ fi(Y)g. As above,
we have the map

(5.3) kG ) KO )
We use the notation from x3.2. Let U = fUy;:::;U,g be an open cover of a
nite type B-scheme X, giving the open subshiemej, : U | X for ead non-

empty | f1;:::;ng. For Ca nite setof locally closedsubsetsof X , we have the
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pull-back G := j, 1(0) to U, giving us the simplicial spectrum Kg‘)(u; ), and
the functor

KOWU; ): 51 sp

I VKW ):

We set

K&(W; )= holimK P ; );

0

the mapsj, give the natural map of simplicial spectra

juc: K@, )1 k&

Supposethat X is smooth over B, that eath U; 2 U is ane, and that eadh
C 2 Cis equi-dimensionalover B. By Theorem 4.9, the map

KOW; ) " KOW; )

is a weak equivalencefor each |  f1;:::;ng, hencethe natural map of simplicial
spectra

KEWU; ) £ KOW; )
is a weak equivalence. The results of x3.2 for the simplicial spectra G(@( ; ),
together with Lemma 4.5, implies that the map
ju i K@OX; ) KOU; )
is a weak equivalence. In particular, supposewe have another open cover V of X,
and two re nement maps 1; 2:V! U, inducing the maps
K@ ) K@y )

Since ; jy, = jy, wehave

1= 2
in the homotopy category.

Leti:Y ! X beaclosedembeddingof smooth B-schemes.Choosea nite a ne
opencover U of X, inducing the ane opencoverVofY,V = fi 1(U);U 2 Ug. Let
C=fi(Y)g. Then, foreadh | f1;:::;ng, we have the natural map of simplicial
spectra

iKW ) KON )
inducing the map of simplicial spectra
iy KOW; )y kK@y; )
We de ne the map
i K@ )1 K@ey; )
in the homotopy category asthe composition
KOX; )P K@OW; ) 9 KO ) P k@O; ) W0 k@, )

The readerwill easilyverify that i is independert of the choice of a ne open cover
u.
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Lemma 5.2. Let
z 1y
f1
w ——Ix

fa

be a commutative diagram of smaoth B-schemes,with i;i, closel embeddings, and
f1;f2 equi-dimensional. Theni; f, = f; i, in the stable homotopy category
(assuming Theorem 4.9).

Proof. We may assumethat X;Y;Z and W are irreducible. Since f; is equi-
dimensional,f ; is dominant, hencei,(W) is the closureofi,(f 1(Z)) in X . Similarly,
i1(2) is equi-dimensionalover i (W).

Let UX be an ane open cover of X, and let UY be an ane open cover of
Y which renes f, }(UX); we x arenement map y : UY | f,Y(UX). Let
vZ =i, }(UY) and let VW = i,%(U*); the map vy inducesthe re nement 7 :
vZiof HvW.

Let CX = fiy(Z)gand C' = fiy(W)g. Sincef,:Y ! X andf,:ig(Z)! (W)
are equi-dimenisonal, we have the maps

vi fa iKW ) KW )
vi fa tKEOUX; )1 K@Y, )
Similarly, the map f, induces
2 fy t K@Y )1 K@VE; )
This givesus the commutativ e diagram of simplicial spectra
KOUS ) —SIkous; ) ke, )
v fa P f,
KO )~k @y ke ),

from which we see

(5.4) fo=Guw) ' o v f Cxl Jux:
Similarly, we have
(5.5) fr="(>vz) RPN 1 Jyw:

The inclusionsi, : W ! X,i1:Z ! Y induce the maps of simplicial spectra
i KU ) kK@Y )
g KW ) K@E; )
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yielding the commutativ e diagram
@y VX ] w.
Kex (U5 ) K@W; )

v fa , f1

KW ) Ik )
This plus (5.4) and (5.5) completesthe proof. O
Denition 5.3. Letf : Y ! X be a of smooth B-schemes. Factor f as the
composition

(id :f!)

Y Y g X ¥ x:

and set
(5.6) f o= (d;f) p,:

Lemma 5.4. Let X, Y and Z be smmoth B-schemes.

1. Supmsef : Y ! X is an equi-dimensional morphism. Then the two de ni-
tions (5.2) and (5.6) of f agree.

2. Supwsef : Y ! X is aclosel emiedding. Then the two de nitions (5.3) and
(5.6) of f agree.

3.Letz® vyl x be B-morphisms. Then(f g) =g f .
Proof. (1) follows from Lemma 5.2 by factoring the composition

(id ;f!)

Y Y gX ¥ x

asidx f. (2) follows similarly using the factorization f idy .

The functoriality (3) in casef and g are equi-dimensionalfollows from (1) and
the functorialit y of pull-back for the K -theory spectra. To prove (3) for the com-
position of two closed embeddings, take C = ff (g(Z));f (Y)g, C° = fg(Z)g and
C®= ff(g(Z))g, and let U be an ane open cover of X, inducing the ane open
coverV:=f 1(U)ofY andW = g (V) of Z. Clearly the map f inducesthe map

fou KW ) KV )
giving the commutativ e diagram
1:C;U
KO ) —Ik@w: )
c;c00 Oy

KRB ) g KOw; )

Since c.co is a weak equivalence (Theorem 4.9), this provesthe functoriality for
closedembeddings.



K-THEOR Y AND MOTIVIC COHOMOLOGY OF SCHEMES 21

To prove functoriality in general,factor f g as

(id:;f p2)
Z sY Bxpily Bxp_zlx

From Lemma 5.2 and the functorialit y we have shown so far, we have the factor-
ization ofg f as

K )P k@ s sx; ) 9% @z )
We have the commutativ e diagram
id ;f
z %r% s X
o (p1:g p1ipan !
(id;g;f Q) nnnP]
Z sY 8X—5—IX

P2

Applying the functorialit y for closedembeddingsand Lemma 5.2 gives

(id;g:f @) pg=(id;f 9 (p1;g P1ipP2) B3
= (id;f g p, idy
=(f 9):

6. Moving lemmas

This completesthe construction of the functorial pull-back maps for the tower
of simplicial spectra K (9(X; ), and for the spectral sequenceg1.8). We now turn
to the proof of Theorem 4.9.

6.1. Triangulations and homotopies. We recall the standard construction of
simplicial homotopies of maps of simplicial spaces.

We have the ordered sets[p] := fO< :::;< pg. We give the product [p] [d]
the product partial order

(a;b) (@) $ a aandb b’

Let N denote the full subcategory of the category , with objects the ordered

sets[p, 0 p N. For afunctor F : N-op | S (an N-truncated simplicial
space), we have the geometric realization jFjy 2 S.
Let F;G : N+l op | S pe functors, giving the geometric realizations jF jy

and jGjy. Supposewe have for ead order-preservingmap h : [p] ! [d [1],
0 g N,0 p N+ 1,amorphism

H(h) : G([d) ! F([p])
such that, for each order-preservingg:[q]! [r], f :[s]! [p], we have
H(h f)=F() H(h); H((g id) h)=H(h) G(9):
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Then, restricting to those h with imagein [q] 0 (resp. [ 1), and with p= q,
we have the maps of N -truncated simplicial spaces

Ho;H.1:G! F;

and the map in S
H:jGin 1! jFin;
with
Hjigj o= jHoj; Hjgj 1= jHij:
Indeed,jGjn | isthe geometricrealization of the N + 1-truncated simplicial space
a
(G 1)(p) = G([a)= ;
g:[p]' [d] [1]

where is the equivalencerelation (G(g)(x);h) (x;(g id) h), with the evident
map on morphisms. Our assertionfollows directly from this.

We have the standard triangulation of P 4, given as follows: Let vP be the
vertext; = 0,j 6 i of P. Letg= (t1;92) :[n]! [p] [d] bean order-preserving
map. We have the ane linear map T(g) : "! P 4 with T(g)(v/*% =
Vo) Vo)

Let :B%! B beaB-steme, :Al,! GgoaB%morphism, andg: [p]!
[1] [g] an order-preservingmap. We denote the composition

Xgo PO TH xge 1 o G 1
F'x 1 aPpx
by T(; g). Similarly, we have the composition
Xgo P PP xge P Fx p

which we denoteby (1;p).

Lemma 6.2. LetN bea(genemlized) integer0 N 1 . LetY beaB-schemeof
nite type, andlet W W be subsetsof t }.5H (Y & X)(py,), forming cosimplicial
closel subsetsof Y g X N+1 - Supmsethat, for each C 2 W, and each order-

preservingg : [p] ! [q] [1], each irr educible component of [id  T(; g)] *(C) is
in WO for all p;q N + 1. Then

1. The mapsid (1; p) de ne the map of N -truncated simplicial spaces
id (1 )] :Gw(Y BX; I)n! Gwo(Y B Xpo, In:
2. The mapsT(; g) give a homotopy of the compositions

CRNCE)

Gw(Y 8 X; )n Gwo(Y B Xgo; In! Gw(Y B Xgo )N

Gwo(Y B X; In! Gw(Y BX; N d (@; )]!

with the respective base-extensions
Gw(Y B X; In! Gw(Y B X0y )N
:GWo(Y B X; )N ! GWo(Y B Xgo; )N:

The sameholds with the simplicial sppees Gwo( ; ), Gw( ; ) replaed with the
simplicial akelian groupszwo( ; ), zw( ; ).

Gwo(Y B XBo; )N
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Proof. Let f :jGw (Y 8 X; Inj ! jGwo(Y B Xgo; )nj bethe map con-
structed from the mapsid T(; g), following the homotopy construction of x6.1.
One seesdirectly that the maps

IGw(Y &X: Ini 0! jGwoe(Y & Xgo, )N

. . f . .
JIGw(Y B X; Inj 171 jGwo(Y B Xpo; )NJ

are and[id (1;p)] ,which provesthe lemmafor the pair Gwo( ; ), Gw( ; ).
The proof for zwo( ; ), zw( ; ) isthe same. O

We will take G to be the additive group A", and to be the linear map ,
wherex : B®! A" is a B-morphism, and (1) = x. We take X = A", with G
acting on X by translation.

Let x1;:::; X, beindependert variables. Welet A(x1;::: ;Xn) bethe localization
of the Qplynomial ring A[xy;:::;Xn] with respect to the multiplicativ ely closedset
off = | & x! sudh that the ideal in A generatedby the coe cien ts a, is the unit
ideal. The inclusion A'! A(x1;:::;Xn) is a faithfully at extensionof semi-local
PID's. We let B(x) = Spec(A(X1;:::;Xn), and let x : B(x) ! A" the morphism
with x :A[Xz;:::5%xn]! A(X1;:::;Xn) the canonical map.

Beforewe state the basicmoving lemmafor group actions, we intro duceonemore
bit of notation. Let Cbea nite subsetof locally closedsubsetsof X, lete:C! N
be a function, and let Y be a B-scheme of nite type. Welet Y X(%;q)(e)

(resp. Y g X(Cp; q)(e)) be the subsetof (Y & X)) (resp. (Y 8 X)p: )
consisting of those W sud that, for each C 2 C, ead irreducible componenrt of
(Y gC PN Wisin (Y B C)p g codimy c+ec) - Givenafunctione:C! N,
welete 1:C! N bethe function (e 1)(C) = max(e(C) 1;0).

We often label with codimension rather than dimensionin caseX is a disjoint
union of equi-dimensional B-schemes, giving the subset X " (e) of X ("), with

X P9 () = X&a (@) in cased= dimX.
Lemma 6.3. Let C be a nite setof locally closal subsetsof X := A", suchthat

each C 2 C dominatesB, let Y be a B-schemeof nite type, andlete: C! N he
a function. Supmsethat e satis es the following condition:

(6.1)

Let C;C%be in C. Supmsethat C\ C° has an irr educible component Co which
contains a generic point of the bers C, and C? for someclosel point b of B. Then

&(C) = &(C9.

LetW bein (Y 5 X)f, (€, andlet = :B(x)! A". Then:
1. Each irr educible component of [id (L;p)] *(W) isin (B(x) 8 Y 8
X)E
(p; @)’

2. For each order-preservingg : [r]! [p] [1], each irr educible component of
id T(; gl (W)isin (B(X) sY &X)E. (9.

The analogousresult holdsfor W 2 Y g X(%;q)(e).

Proof. Wegivethe proofforW 2'Y gX{,. (€); the prooffor W 2 Y gXC  (€)
is similar.
In caseA is a eld, this follows directly from [4, Lemma 2.2]. In general, let
be the generic point of B. Sincethe inclusioni : ! Bis at, i (W) isin
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( 8Y BX)@p o Fromthe caseof a eld, it followsthat (1) and (2) are valid
with  replacing B, and C replacing C, where C is the set of generic b ers C ,
C2Cande:C ! Nisthe mape(C )= ¢C).
We note that ead prime of A(x) is the extensionof a prime from A. Sinceeah
C 2 Cis equi-dimensionalover B, to complete the proof it suces to show that,
for each closedpoint :b! B of B,
(@) Each irreducible componert of (  id) *([id (L;p)] Y(wW)) isin (b(x) B
Y o8 x)(crt;: q)’
(b) For eadch order-preservingg : [r]! [p] [1], eadh irreducible componert of
(x id) *(id T(;g) W) isin (b(x) &Y & X)G, (@)
Here  : b(x) ! B(x) is the inclusion induced by , G, is the set of irreducible
componerts of the bersCy,, C2 C,ande: G ! N isthe map de ned by setting
e(CY = ¢(C) if CYis an irreducible componert of Cy,, for C 2 C. By (6.1), this is
well-de ned.
We proceedto verify (a) and (b). Sincedimension can only go down with inter-
section, ead irreducible componert of ( id) *(W)isin(b gY & X)(Cg; q)(e),
so (a) and (b) follows from the caseof a eld. O

We let G?q) (Y B X; )(e)bethelimit ofthe spectraGw (Y g X; ), asW runs
over nite unionsof elemerts of (Y BX)?p; 9 (e). More generally, supposewe have,
in addition to C, nite setsC(b) of locally closedsubsetsof X, for eat non-generic

point bof B, and functions e(b) : C(b) ! N. Welet (Y 3 X)?Ff;q))(e( ) (resp. Y B

X oy (e( ) bethe union of (Y g X)G,,(€) and the (Y & X)¢o0) (b)) (resp.

(Y 8X)5. (@ andthe (Y & X)) (e(h), andlet GG (Y & X; )(e( ) be
the limit of the spectra Gw (Y g X; ), asW runs over nite unions of elemens

of (Y s X)ﬁf;)q)(e( )). We de ne the subcomplex zg( )(Y B X; )(e()) of

zq(Y s X; ) similarly, using (Y & X)) (e( ).

Prop osition 6.4. Let Che a nite set of locally closal subsetsof X := A", such
that each C 2 C dominates B, and let e : C! N be a function satisfying the
condition (6.1) of Lemma 6.3. For each non-generic point b of B, let C(b) be a
nite set of locally closel subsetsof X, and let e(b) : C(b) ! N be a function. Let
Y be a B-schemeof nite type. Then, for eachq 0, the maps

GE(Y e Xi Ne( D! Gl &X; ) zd ,(X: Ne()! zlY &X; )
are weak equivalenes.

Proof. Wegivethe prooffor G (Y g X; ); the prooffor zy(Y gX; )issimilar.
Let [G(q)=Gﬁ§) )(e( NI(Y g X) bethe co b er of the map of simplicial spectra

G%)(Y B X )Ne( )! G(Y 8X; )

It suces to show that [G(q)=Gﬁ§) )(e( NI(X g Y) is weakly equivalert to a point.
We rst note that the map

(62)  [G=Cry (e MY &X)! [Gg=Cry (e N(B(X) &X &Y)

is injective on homotopy groups. Indeed, the schemeB (x) is a Itered inverselimit
of open subshiemesU of A}, with U faithfully at and of nite typeoverB. Thus,
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sincethe G-theory spectra transform Itered inverselimits to Itered direct limits,
it suces to show that the map

(63)  [G=Cry (&l DY &X)! [G=C, (e( MU s X 8Y)

is injective on homotopy groupsfor ead such U. For such aU, there exist nite etale
B-sthemesB; ! B,B,! B, ofrelatively prime degreesover B, and B -morphisms
Bi ! U (see[36, Lemma 6.1]). Since the simplicial spectra G4 (Y 8 X; ),

G(Cé))(Y 8 X; )(e( )) are covariantly functorial for nite morphisms, and since

that composition of pull-back and push-forward for a nite morphism B°! B of
degreed is multiplication by d, it follows that the map (6.3) is injective.

Thus, we needonly show that (6.2) is zero on homotopy groups. This follows
directly from Lemma 6.2 and Lemma 6.3. O

6.5. The pro jecting cone. Leti: X ! A" be a closedsubstemeof A", giving
the closureX  P". Let P} 1= P"nA". For ead linear subspaceL P} !, we
have the corresponding linear projection

LA AT
with m the codimensionof L in P} . If L\ X = ;, then the restriction of | to
L:X X TAT

is nite, necessarilydominant if X is equi-dimensionalover B with m = dimg X.
If this is the case,the maps

L:X id : X P AmM P
are also nite and dominant for ead p.

For the remainder of this section, we assumethat X is equi-dimensionalover B.
We let Ux be the open substeme of the Grassmannian of codimension dimg X
linear subspacesL of P} Twith L\ X = ;, so Lx IS nite and dominant for
all L 2 Uy ; we will always take L 2 Uy unlessspeci ¢ mertion to the cortrary is
made.

Let W be a closedsubsetof X P. Welet C. (W) A" P be the closed
subset( | id) ( Lx id)(W).

Lemma 6.6. Supmse that each irr educible component of W is in X (P@), Then

each irr educible component of C (W) is in (A”)ﬁr)’(;q;.

Proof. Since x : X ! A™ is nite, it follows that ead irreducible componernt
of ( Lx id)(W) isin (AM)(Pd, Since | : A" I A™ is equi-dimensional, ead
irreducible componert of C_ (W) = (o id) (( Lx id)(W)) isin (A",
Similarly, ead irreducible componert of ( 1.x  id) (( Lx id)(W)) isin X (P9);
since

CLOW)\ (X P)y=(ux  dd) H(( ux  id)(W));

it follows that CL (W) is in (A"){5%. -

After replacing Ux with a smaller open substiemeif necessarywe may assume
that Ux is an open subsdhieme of someane spaceA’ over B, faithfully at over
B. Let x := (X1;:::;X;), giving us the semi-local PID A(x), and the B-scheme
B(x) := SpecA(x), with the canonical morphism x : B(x) ! Ux. Welet Ly be
the corresponding linear subspace.
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Lemma 6.7. Leti : X I A" be a closal subschemeof A", C a nite set of
irr educible locally closed subsetsof X such that each C 2 C dominates B, and
e: C! N afunction satisfying the condition (6.1) of Lemma6.3. Suppsethat X is
smath over B. Let W be cosimplicial closel subsetof X n suchthat each W, is

aa nite union of elementsof X P (e), andlet L = Ly. Letf : X I Am
denotethemap _.x id, andletR. X betheramic ation locusof |.x . Then

1. Eachirr educiblecomponentof f L(f (W) di er ent from the irr educible com-

ponents of Wyg () is in Xép(;ggc(e 1).

2. Each irr educible component of Wz () \ (Re P) is in Xép(;g;é) (e).
3. Supwse that B = SpecK, K a eld, and that X is absolutelyirr educible
over K. Let Z be an e ective codimension g cycle on X supprted in Wy.

Let Z°= |, (ux (Z)) Z. Then ZCis eective, and each irr educible
component of Z%is in X &P (e 1).

Proof. From Lemma 6.6, C_ (W) is in Ag(x)fxg, hence(i id) (C_(W)) is in
X (Pia)

B(x)"

If A isa eld, the result is the classical Chow's moving lemma, as adapted in

[33, Chap. Il, x3.5]. The result for A a semi-local PID follows from the caseof
elds by the sameargumert asusedin the proof of Lemma 6.3. O

We call a closedsubsetZ of X P induced if Z = X  Z9for someclosed
subsetZ®of P. Notethat, if Z X Pisinduced, then ( .x id)(Z) is an
induced closedsubsetof A™ PrandZ = (Lx id) (( ux id)(2)).

Lemma 6.8. Supmsethat A isa eld K, and that X is absolutelyirr educible over
K. Let W be a closa subschemeof X P of pure codimensionq, andletZ W
be the maximal induced closeal subsetwhich is a union of irr educible components of
W. Then

Lx  d:WepynZepy! (ux  id)(Wey)n( ux  id)(Zsx)
is birational.

Proof. SinceX is absolutely irreducible, ead irreducible componert of an induced
closedsubsetof X P is induced, henceZ is the union of the induced irreducible
componerts of W. If z0 AM P is induced, then clearly ( .x id) (29 is
induced, hence,if W° is an irreducible componert of W, then ( ..x  id)(W9 is
inducedif and only if W is induced. In particular if WPis an irreducible componert
of W which is not induced, then ( _.x  id)(W9 is not contained in ( x id)(Z).
Thus, we may assumethat Z = ;.

Let W; 6 W, be irreducible componerts of W. Suppose ( L.x id)(W)
(Lx id)(W9. Sincethe projection Lx is nite, and each componert of W has
the samedimension, it followsthat ( .x (W9 = ( Lx id)(W9.

Let Wo X bethe closureof the image of W under the projection X P1oX.
We proceed by induction on the maximum d of the dimension of an irreducible
componert of Wy, starting with Wy = ;. Supposewe know our result for d 1.
Let W® W be the union of the irreducible componerts of W whose projections
to X have dimensionat most d 1, and let W% be the union of the remaining
componerts.
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Supposea componert WL of W®mapsto an irreducible componert of ( .x
id)(W9. Then the projection of ( Lx  id)(WJ on A™ is a subsetof an irreducible
componert of

Pan (( Lx  id)(W9) = (ux  id)(px (WI);
which is impossible,sincepan (( 1Lx  id)(WD) has dimension d, while the com-
ponerts of ( Lx  id)(px (W9) have dimension< d.

Similarly, no componert W of W°can map via .x id surjectively onto an
irreducible componert of ( .x  id)(W®. Thus, we may assumethat W = W

We rst considerthe casep = 0. Let C be a pure dimension d proper closed
subset ofﬁ,(, let Cyq;:::;C; be the irreducible componerts of C, and let Z be
the cycle i':l Ci. By ,t_-he classical Chow's moving lemma (or Lemma 6.7(3) for
C=1Cy;::1;C9, 2= ;G thecycle .« (Lx (Z£)) Ziseective,andhas
no componert in commonwith C. In particular, each componert of |.x (Z) has
multiplicit y one, hencethe irreducible cycles | x (Ci) ead have multiplicit y one,
and are pair-wise distinct. Sincethe multiplicit y of .x (C;) is the degreeof the
eld extensionK (x)(Ci)=K(x)( L:x (Ci)), this implies that the mapC! | x (C)
is K (x)-birational, asdesired.

The casep = 0 immediately implies the generalcase,in casethe image subset
W,y is a proper subset of X. Thus, we have only to consider the casein which
ead componert of W dominates X. Fix a K point z. Supposethat, for all K
points y in an open subset of X, the b er Wy y P = P of W overy
has an irreducible componert Z in common with the b er W,. Then clearly Wy
cortains Z P, from which it follows that W contains an induced componert,
namely, the union of the conjugates of Z P over K. Since we have assumed
that this is not the case,it follows that, for all pairs (z;y) in an open subsetU
of X X, the bersW, and Wy have no componerts in common. In particular,
let be a generic point of A™ over K, such that remains a generic point over
K(x). If z and y are distinct points in % (), then (z;y) is a K (x)-generic
point of X X, henceW, and Wy have no common componerts. Sincethe b er
of ( Lx id)(W) over is the union of the bersW,, overy 2 L;)l( (), it
follows that the map W LIy P (Lx  id) (W) isK(x; )-birational (using the
reduced scheme structurés). Thus Wi () ' ( Lx id)(W) is generically one

to one. Since,by Lemma 6.7(2), W (x) is generically etale over ( ;x  id)(W),
W ! (Lx id)(W) isthus K (x)-birational, completing the proof. O

6.9. Excision in K-theory. Letf :Y ! Z bea nite map of regular schemes,
W a closedsubsetof Y. Supposethat W is a connectedcomponert of f 1(f (W)).
We de ne the map
f o KIWiz)yr kKW(y)
asfollows: Let j : U ! Y be an open neighborhood of W in Y such that W =
U\ f (f (W)). Setf equalto the composition
KIW(z) 't k! Wy bWy 900 KW (),

the lastj beingthe isomorphismK W (Y)! KW (U). This extendswithout essen-
tial modi cation to amapf :Y ! Z of N-truncated cosimplicial schemes,with a
cosimplicial closedsubsetW of Y sudch that the map on p-simplicesf, : Y, ! Z,
is nite, and Wj is a connectedcomponert of f , L(fp(Wp)) for ead p.
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Lemma 6.10. Letf :Y ! Z beamorphism of N -truncated cosimplicial schemes,
and let W;R Y be cosimplicial close&l subsets,such that W, Y, has pure
codimension g for each p. Let Wr? be the closure of f L(fp(Wp)) NW,. Supmse
that, for each p,

(i) The map on p-simplicesf, : Y, ! Z, is a nite surjective map of irr educible

smamth B-schemesof nite type.

(i) fpjw, *Wp ! fp(Wp) is birational.

(i) R, contains the rami c ation locusof f, : Y, ! Zp.

(iv) For eachg:[p]! [r]in , the diagram

(6.4) Y, 4 Iz,
Y (9) Z(9)
Yo T/ Zp
is cartesian.
Then

1. The W form a cosimplicial closel subsetw °of Y, with f  *(f (W)) = W[ W°.
2. Let Wg = W\ R. The composition

f

(6.5) KWey) T kWIW yy 1 g WaWITWe) (y (WO Wg))

is equal to the restriction map KW (Y) ! KWW IWr)(y n(WO[ WgR)) (in
the homotopy category).

Proof. The assertion (1) follows easily from the fact that the maps f, are nite
surjective, and that the diagram (6.4) is cartesian. Similarly, it follows that the
imagef (R) is a cosimplicial closedsubsetof Z.

For (2), we rst shaw that f *(f (WR))\ W is contained in (W°[ Wgr)\ W. For
this, we may assumethat f : Y ! Z isamap of schemes.Takex 2 f (f (R))\ W,
and choosey 2 Wr with f (y) = f (x). If x isin Wgr, we are done, sowe may assume
that f is unrami ed in a neighborhood of x. The assertionis local over Z for the
etale topology, so we may assumethat Y = Yot Z, with fg : Yo ! Z a nite
surjective map of regular schemes,f = fot id andx 2 Z. Wewrite W = Wpt Wy,
with x 2 Wy Z,y 2 Wp Yo, and similarly write W°= Wt W0. By our
assumptions(i) and (i), and the assumptionthat W haspure codimensiongqon,
it follows that Wy and fo(Wg) have no irreducible componerts in common. From
this, we seethat W0 = f(Wo), whenceour claim.

We may factor the composition (6.5) through the restriction map

KWY)r kRWar SEMWRDYW ey pf o 1(F (WR)) \ W):

From Quillen's localization theorem [45, x7, Proposition 3.1], we have the excision
weak equivalences

KWt SEWRNW (v nf o 3(F (Wr))\ W) KW TEWRD (v nf o 3( (WR)))
KWW (Y n (WL Wa)) K WROVLE SO (v (WOL £ 4(F (WR)))):

sowe may remove f (Wg) from Z and f 1(f (WRr)) from Y, i.e., we may assume
that Wr = ;.
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Let W= WO\ W. Clearly W%is a cosimplicial closedsubsetof Y. We claim
that
(@) W%contains no genericpoint of W.
(b) f H(F W)\ (WnW =,
(c) Themapf : W nW® f(W)nf (W% is an isomorphism.
To seethis, we may assumethat f : Y | Z is a map of schemes. We note that the
assertions(a)-(c) are are local over Z for the etale topology. Thus we may assume
that Y = Yot t{2, Z, with fo:Yp! Z a nite surjective map of regular schemes,
f =fot t{2 id, and, sinceWr = ;, we may assumethat W\ Yo = ;. W isthusa
disjoint union of closedsubsetsW; Z; sincef : W ! f (W) is birational, and W
has pure codimensionq on Y, the subsetsW; and W; have no commonirreducible
componerts for i 6 j. If we write W as a disjoint union, W% = Wt t M,
then clearly W= [ jiW; fori = 1;:::;m, and similarly W; nW,®= W; n[ j&;W;.
Sincef (W) = [ {W;, the assertions(a)-(c) are now obvious.
Let W = f Y(f(W?%). Clearly W is contained in W° We may factor the
composition (6.5) through the map

KW”WOO(YnW ) f f! K (W[ WOnw (Y nW ) ! KW“WO(Y nWO):

Thus, we may removef (W% from Z and W from Y, and assumethat WA W = ;.
It therefore su ces to show that the maps

fookIWIzYyr KW(Y); f oKWY (Y)! KFW)(z)

are inverseisomorphisms.
From (c), themapf : W ! f (W) isanisomorphism. SinceY and Z areregular,
we may replaceK -theory with G-theory. We have the homotopy equivalences

GW) ™ G (Y); G(f (W) "™} Gy w)(2):
Let F be a coherert sheafon f (W,). Sincef is etale, the natural map
folitewy,y (F)! iw, (Fjw,(F))

is an isomorphism on a (Zariski) neighborhood of W, in Y,. This natural isomor-
phism givesa homotopy betweenthe mapsf  i;w) andiw fjW of G(f (W))
to Gw (Y), i.e., the diagram

G(Y) ——/Gwg)
. f ‘

G(f (W)) Wef w)(Z)

is homotopy commutativ e. By functorialit y of nite push-forward, the diagram

G(W) —™ Gy (Y)

fjW ‘ f

G(f (W)) W/Gf w)(Z)

is homotopy commutativ e as well. Sincef;y is an isomorphism, the maps f
and fjW are inverseisomorphisms,hencef andf are inverseisomorphisms. O
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Lemma 6.11. Letf :Y ! Z beamorphism of N -truncated cosimplicial schemes,
and let W; W ;R Y be cosimplicial closal subsetswith W f 1(f(W ). Sup-
posethat, for each p,

1. The map on p-simplicesf, : Y, ! Z, is a nite surjective map of irr educible

smath B-schemesof nite type.

2. YpnRp ! Z, is etale.

3. fpiw, tWpnW, I f,(Wp) nfp(W,) is birational for each p.

4. For eachg:[p]! [q in , the diagram (6.4) is cartesian.
Let W be the closure of f, *(f,(Wp)) nW,, and let Wg = W\ R. Let

CKWIW (yy=kW (Y) 1 KWIW TWy)=kW (v);
0.k W[W [WO(Y):KW (Y)! KWW [WO(Y):KW [ WO Wg (Y)

be the evident maps. Then the Wr? form a cosimplicial closel subsetW° of Y, with
f X(f(W))=W][ WS and the composition

fof

KWIW (v)=kW (Y) IKWIW TWOy)=kW (v)

!° KWIW [WO(Y):KW [ WO W (Y)
is the zer map (in the homotopy category).

Proof. The rst assertionfollows from Lemma 6.10(1). By Quillen's localization
theorem [45, x7, Proposition 3.1], the restriction maps

KWIW (y)y=kW (Y)! KW™W (Y nW );
KWIW IWy)=k W (v)=KW (Y)! KWIWIW (y )
KWIW [WO(Y):KW [ W Wg (Y)! K Wn(w [W WR)(Yn(W [ W°[ Wr))

are weak equivalences.Thus, we may remove f (W ) from Z and W from Y, i.e,,
it suces to provethe result with W = ;.
We must therefore shaw that the composition

fof

(6.6) KW (Y) LKWIW S y) 1 KWW We) vy 1 (WO Wg))

is the zero map ir(1) the homotopy category. As © s just the restriction map
KW(Y)! KW™W5y n(WO[ Wg)), this follows from Lemma 6.10. O

6.12. Pro of of Theorem 4.9. We cannow completethe proof of Theorem 4.9; we
usethe elegart method of Hanamura [25, x1]. We give the proof for the K -theory
spectra; the proof for the simplicial abelian groupsz9(X; ) is similar (but easier)
and is left to the reader. It su ces to considerthe caseof irreducible X .

Fix an integer N 0. We have the cober K@ (X; )y=KP(X; )y of the
map of N -truncated simplicial spectra K P (X; )y I K®@(X; )y; it suces to
show that (K@ (X; )n=K@(X; )y)=O0foralln< N,andal N 0.

Let e 0 be an integer, which we considerasthe constat mape: C! N with
valuee. Let Kéq) (X;p)(€e) bethe limit of the K -theory spectra K Z (X ; p), with Z a
nite union of W 2 X ¥ (e). This givesus the simplicial spectrum K & (X; )(e)
and the N -truncated simplicial spectrum Kéq) (X; e -
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Since X is ane, ead elemen of X (P 9 s contained in an elemeri of X (P9),
Thus, the K -theory spectrum K (9 (X ; p) can also be de ned asthe direct limit of
the spectra KW (X; ), with W a nite union of elemeris of X (P9

Forp N,eadh W in X ®® isin X "% (dimg X + N + 1), hence
K@OX; v = KP(X; )(dimg X + N + 1)y
Thus, it suces to show that
6.7) n(KEXG Nn=KP(X; )e n)=0

foraln< N,allewithl1 e dimgX+ N+ 1, andallN O.

Let X P (e) be the subsetof X ¥ (e) consisting of those W which map to a
non-genericpoint of B. Clearly

(6.8) XED(e) = [ X2 Y;
where ead union is over the non-genericpoints of B.
Let Kéq% (X; )e 1) bethe limit of the simplicial spectra KW (X; ), where

W runs over nite unions of elemerts of X %% (e) [ X PV (e 1). Supposewe have
shown, for all semi-local regular B, and all smooth ane X ! B, that

(6.9) a(KE G )ON=KED (X; e 1n)=0

foralln< N,allewith 1 e dimgX+N+1,andall N 0. SinceXx ¥ (e) is
empty if B = SpecK, K a eld, this suces to prove our main result in this case.
In general, this reducesus to showing that

dKE (X e Du=KOX; e 1n)=0

foraln< N,allewith 1 e dimgX+ N+ 1,andal N O.

Let W bein X{P(e 1), and let b be a non-generic point of B. Since the
elemerts of C are equi-dimensionalover B, and since X, is a ne, ead irreducible
componert of the b er Wy is a subsetof someelemen of Xé&q 1)(e 1). Using
Quillen's localization theorem, (6.8), and this fact, we arriv e at the weakequivalence

KO e n=kP(X; )e

K Vb N@n=Kg P (Xoi e D:
b

Thus, in order to prove the identity (6.7) for all n < N, all e with 1 e
dimg X + N+ 1,andall N 0O, it suces to prove (6.9) (in the casesdescribed
above). We note that (6.9) dependsonly on the scheme X, not the choice of the
baseschemeB, sowe may replaceB with the integral closureof B in the function
eld of X. Thus, we may assumethat the generic b er of X over B is absolutely
irreducible.

Extend eto the mape:iC[ fXg! N by e(iC) = ¢C), &X) = 0. Asin the
proof of Proposition 6.4, the map

6.10) K& (X; Nen=kKE (X; YNe

L KEXer NONTKED Xego: Ne D
is injective on homotopy groups.
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By Lemma 6.6 and Lemma 6.7, we have the well-de ned maps of N -truncated
simplicial spectra

6.11) KOX; Yen - K,C[fxg(AB(X). (e

1 KEXeor NON;
and similarly with e replacedby e 1 and Creplacedwith Cn. The composition
is just | .« LX -

By Proposition 6.4, the cober

—k (@ .
KlC[f xg(AB o M@K 1k xg(AB s (e 1)
is weakly equivalent to a point, hence,using the factorization of ., Lx given
in (6.11), we seethat

(6.12) KE(X; YOn=KD (X; e D
YT KE Ko NONKED (Xe i e Dy
inducesthe zero map on homotopy groups ,, n < N.

Lemma 6.13. The map
(6.13) KEP(X: )n=KD (X; e D

T K X NONTKED (Xeps e Dn
induces the zer map on homotopy groups.

Proof. Let W be a nite union of elemeris of X (P9 (e), for 0 p N, and let
W, be the union of the componerts of W which map to the non-genericpoints of
B. We assumethat W and W, form a cosimplicial closedsubsetsof (X IN -
We write fp : X P AM P for the map |.x id. Let Wr()) be the union of
the irreducible componerts of f 1(fp(Wp)) which are not in W,; by Lemma 6.11,
the Wr? form a cosimplicial closed subset W° of X N+ By Lemma 6.7, each
ireducible componert of W is in Xép(;ggc(e 1).

Let R X bethe ramication locusof _.x , SoOR P is the rami cation locus
of Lx id. Welet Wr denotethe cosimplicial closedsubsetW \ (R n)- By
Lemma 6.7, eadh irreducible componert of Wg, is in Xép(;g;é) (e). SinceX isane,
a sucien tly general collection of complete intersections containing Wgr forms a
cosimplicial closedsubsetW;, sudh that ead irreducible componert of Wy, is in

X(p(g;c(e 1). Let W% W, [ W?be a cosimplicial closedsubsetof X N Sud

that each componert of W%is in Xép(g;Cn (e 1).

For eadh p, let Z, W, be the maximal induced closedsubsetof W, which is a
union of irreducible componerts of W,. Write ead Z, = X  ZJ. Let Z® be the
closureof the ZJ with respect to the morphismsin ~ N; Z@is then a cosimplicial
closedsubsetof | cortaining all the ZJ, and with Z°a union of elemers of B (P®)

for all p. It is evidert that X  Z2°is a union of elemerts of X &9 for all p.

Let W be a union of elemers of Xépr;q)(e 1) which forms a cosimplicial closed
subsetof X n - We assumethat W, X ZSD[ W, forallp. Let W bea

cosimplicial closedsubsetof X g (x) n Which is a union of elemern of X((:p;q)(e)
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By Lemma 6.11 and Lemma 6.8, the composition
KWEW O =™ (X5 )
fof 0
KWIW ITW X g IN=KY X N
KWW WX g g =KW TR (X )
induceszero on homotopy groups. Thus, the map

6.14) KWIW (X; Jy=kW (X; ) "

o] [o0]
KWW Twow X IN=KW TV (Xgxyr In:

induces zero on homotopy groups.
Taking limits over W, W% W and W in (6.14) givesthe map (6.13), from
which it follows that the map (6.13) induces zero on homotopy groups. O

Since both (6.12) and (6.13) induce zero on homotopy groups ., h < N, the
map (6.10) induces zero on homotopy groups n,, n < N. Since we have al-
ready seenthat the map (6.10) is injective on homotopy groups, it follows that

n(KEOX; )en=K? (X; )e 1)y)= 0forn< N. This completesthe proof
of Theorem 4.9.

7. Equi-dimensional cycles

The results of x6, suitably modi ed, easily carry over to the setting of equi-
dimension cycles. We state the main results, and describe the necessarymodi ca-
tions in the proofs.

7.1. The simplicial spectrum G (X=B; ). Let X | B be a nite type B-
scheme. From x1.7, we have the simplicial spectrum G (X=B; ), and, if each con-
nected componert of X is equi-dimensional,the simplicial spectrum G(@ (X=B; ).

Let Cbea nite setoflocally closedsubsetsof X , such that eac C 2 Chaspure
codimensionon X . We let (X= B)C 9 be the subsetof (X=B ). ¢ consisting of
those W sucdh that, for each b2 B ‘eadh irreducible componert of the b er Wy is
in (Xp= t)(p; 0 We de ne the subset(X= B)(p;q) of (X=B)p.q) Similarly. Also for
aB-schemeY, welet (Y g X=B)?p;q)(e) be the subsetof (Y g X=B)p,q)(€) of
those W sud that ead irreducible componert of Wy isin (Y g Xb:lj(cg;q)(e), for
eahh b2 B.

Taking the limit of the Gw (Y g X;p) asW runs over nite unions of elemeris
of (Y g X= B)(p 9 givesus the spectrum G¢ )(Y g X=B;p) and the simplicial
spectrum G(q) (Y gX=B; ). Wesimilarly havethe K -theory spectrum K(q) (Y B
X=B; ) and the simplicial abelian group zg(Y B X=B; ).

We have the following analog of Theorem 4.9:

Theorem 7.2. Let X ! B be asmmth ane B-schemeof nite type, and let C
be a nite setof irr educible locally closeal subsetsof X . Then the natural maps

Gip(X=B; )! G(X=B; ); KG(X=B; )! K(X=B; );
z3(X=B; )! zq(X=B; )

are weak equivalenes.
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Note that we no longer have the condition that all C 2 C dominate B.

The proof of Theorem 7.2 is similar to that of Theorem 4.9; we proceed to
describe the necessarymodi cations.

We may assumethat B is irreducible.

Sincethe de nition of the sets(Y g X=B )E:p;q)(e) is b er-wise,the equi-dimen-
sional analogsof Lemma 6.3, Lemma 6.6, and Lemma 6.7, with Can arbitrary nite
collection of locally closedsubsetsof X, follow directly from theseresults in case
B = SpecK, K a eld.

Choosefor ead non-genericpoint bof B, a nite setof locally closedsubsetsC(b)

of the b er Xy, andlet e(b) : (b) ! N beafunction. Let (Y 5 X=B)g..)(e( ) be

the union of (Y g X=B){;, ) (€) with the sets(Y g X b=@(cé;t2) (e(b)), banon-generic
&

(q))(Y g X=B; )(e( )) bethe limit ofthe Gy (Y g X=B; ),

as W runs over nite unions of elemens of (Y 3 X=B)ﬁf;q))(e( )). Making the
evident replacemerts, the proof of the equi-dimensional analog of Proposition 6.4
follows from the equi-dimensionalanalogsof Lemma 6.3 and Lemma 6.6, using the
sameargumert as Proposition 6.4.

As in the proof of Theorem 4.9, it su ces to show that

point of B, and let G

(7.2) n(KEP(X=B; Yen=KI(X=B; )e 1n)=0

forall n < N, wheree: C! N is the constart map with value e.

For each non-genericpoint b of B, let C(b) = G,, and let e(b) : C(b) ! N be the
function e(b)(CY = e+ 1.

SinceX isane, eah C°2 (X b:ljgz;g))(e(b) 1) is an irreducible componert of

Cyp, for someC 2 (X=B )(C‘?t?)) (e), sowe have the natural maps of simplicial spectra
KP(X=B; )e 1)! K (X=B; )e() 1! K (X=B; )(e):
By Quillen's localization theorem, the co b er

K x=B; )e() Dn=KE(X=B; e Du

is weakly equivalert to the product over the non-genericpoints bof B of the co b ers
KXo Jed  Dn=KEh (Xo; )(e(®  2n:
This in turn has , = 0for n < N by (6.7) for B = b, sowe needonly show that
n(KEP(X=B; )en=KT,(X=B; )e() 1n)=0

for all n < N. This follows from the argumert of Lemma 6.13 and the discussion
after Lemma 6.13, completing the proof of Theorem 7.2.

7.3. Equi-dimensional  functorialit y. The construction of pull-back maps for
G(g(X=B; ), for X ane and smooth over B, is now quite easy Let f : Y ! X
be a morphism, with X ane and smooth over B, and Y of nite type over B.
Supposethat Y isirreducible. As is well-known, there is a nite strati cation of X
by irreducible locally closedsubsetsC sudch that, f *(C)! C is equi-dimensional.
Let G bethe setof theseC; if Y is not irreducible, let G be the union of the G,
wheref; : Y; ! X is the restriction of f to the irreducible componert Y; of Y.
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Then, for each W 2 (X=B)(C’f’;q), ead irreducible componert of (f  id) (W) isin
Y (P9) | Thus, the maps
(f id) K X=B;p! KO(Y;p)
are well-de ned, and give the map of simplicial spectra
foKP(x=B; ) KO; ):
Using Theorem 7.2, we have the well-de ned map
f i K@X=B; )! KO@; )

in the homotopy category.
Supposethat Y is equi-dimensionalover B, and let Y, be the disjoint union of
the closed bersof Y. Let YO:= Yt Y,,andlet f%: YOI X be the induced

map. If W is in Xg’;oq), then ead irreducible componert W2 of (f  id) (W) is

in Y ("9, and ead irreducible componert of WO\ (Y,  P)isin Y P for each
closedpoint bof B. Thus WCis in (Y=B)(P9, Let G_g = Go, giving the map of
simplicial spectra

f K (X=B; )! KO(Y=B; )
and the well-de ned map
f K@OX=B; )!I K@y=B; )

in the homotopy category.

Supposethat Y isane andsmooth overB, andthat g: Z ! Y isaB-morphism
of nite type. Let Y ?be the disjoint union of Y with the elemeris of G, the closed
b ersof Y and the closed b ersof eah C 2 G;, and let f%: YOI X be the map

inducedby f . Let G —g .4 denotethe setGo. Then, for eah W 2 (X=B )(Cﬁ’;i) . eah
imeducible componert of (f id) (W) isin (Y=B)&?. This givesus the identity

(g f) =f g
in the homotopy category, with
f :K@OX=B; )! K@=B; ); g :K@(y=B; )! K@Z; )

the maps de ned above. If Z is smooth and ane over B, we make a similar
construction, replacing Gy with Gy-g, giving the set G _g .4-g . This givesthe func-
torialit y for the maps

f K@OX=B; )! K@y=B; ); g :K@=B; )!I K@z=B; ):

This makes the assignmen X 7! K(@(X=B; ) a cortravariant functor from
the category of smooth ane B-schemesto the homotopy category of simplicial
spectra.

Remark 7.4. We have concertrated on the ane case, since, for the caseof B
a union of closed points, this suces to give a general functoriality, using the
Mayer-Vietoris property for the spectra G4 (X; ). The analog of Theorem 4.9
and Theorem 7.2 for X smooth and projective over B is proved exactly the same
way, replacing A" with P", and usingthe transitiv e action of the group of elemeriary
matrices on P" instead of the translation action of A" on A" to prove the analog
of Proposition 6.4.
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If Conjecture 1.8weretrue, the Mayer-Vietoris property for the G4 (X; ) would
imply the samefor the spectra G (X=B; ) which would then lead to a full func-
torialit y for X smooth over B, or even smooth over its image.

8. Pr oducts

Bloch introduced external products on the complexesz9(X; ) in [4, X5]; we use
a variant of his technique to de ne external products for the complexesz?(X; )
and the simplicial spectra G(®(X; ). For smooth X, pull-back by the diagonal
givesus products for the z4(X; ) and the G(9(X; ), which in turn give a product
structure to the spectral sequencg1.8).

Actually, in the caseof a base scheme of mixed characteristic, Conjecture 1.8
comesinto play here, sincethe external products can only be de ned for a product
of a cycle with an equi-dimensional cycle. Even with this restriction, someusecan
be made of the product structure, evenin mixed characteristic.

8.1. The bi-simplicial spectra G5 (X; ; ). Let X be nite type B-schemes.
For each p and p° let X ppoq) be the set of irreducible closedsubsetsW of X

P P’ such that, for ead pair of facesF P, FO P’ eah componert W°
of W\ (X F FO9 satises

dim(W9 = dimg F + dimg F°+

For U P P’ we let M v(@?P pO) be the exact category of coheren
sheavreson U with vanishing higher Tor's with respect to the subshiemesU\ (X
F F9F Pand F® P’ faces.For U = X P P’ we write M x (p;p?)
forMy(@P  *). andlet G(X;p;p? be the K -theory spectrum K (M x (p; p%).
Forw X p P’ we de ne the spectrum with support Gw (X ; p;p% asthe
homotopy b er of the restriction map

KMx(@:p)) ! KMu@P? *));

where U is the complemen of W.

Taking the limit of the Gw (X ; p;p%, whereW runs over nite unions of elemeris
of X (ppog) de nes the spectrum Gq (X; p;p9). These clearly form a bisimplicial
spectrum G (X; ; ).

8.2. A moving lemma. Recallthe maps
T(g): ™! P 4

dened in x6.1. We let GT(X; ; ) be the bi-simplicial spectrum de ned as
G(X; ; ), where we use the categoriesof coherert sheaves on X p q
which are Tor-independent with respect to all the subshiemesX T(g)(F), F a
faceof ", in addition to the subshiemesX F F% We de ne the spectrum
with support G, (X; p;p9 similarly.

We let X(Tp;po;q) be the subsetof X ,,04) consisting of those W which intersect

X T(g)(F) properly, for all facesF of ", and let G(Tq) (X; p;p% bethe limit of the

Gy (X;p;p%, asW runs over all nite unions of elemens of X [,....,,. This gives
us the bi-simiplicial spectrum G(Tq) (X; ; ), and the natural map

1GlpX; 5 ) G(X; ;)
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Lemma 8.3. For each p, the map
1Glp(Xip ) G(Xip )
is a weak equivalene.

Proof. Let W be a closedsubsetof X P P By Quillen's resolution theorem
[45, x4, Corollary 1], the natural map

Gy (X;p:p) ! Gw (X;p;p9)

is a weak equivalence(seethe proof of [36, Lemma 7.6] for details). Thus, if we let
Gy (X; 5 ) bethe spectrum gotten by taking the limit of the Gy, (p;p?), asW
runs over nite unions of elemerts of X .,0), it Suces to show that the natural
map

Glgy(Xip; )! Glgu(Xip; )

is a weak equivalence.

Fix aninjectivemapg:[n]! [p] [pY, let F beafaceof P, andlet F°bethe
projection of T(g)(F) to P Clearly F%is a face of P

We identify P with AP by using the barycentric coordinates (t1;::: ;tp), giving
us the action of G := AP on P by translation. Welet G acton P P’ via the
actionon P. ThenG T(g)(F)= P FO from which it follows that, if W is in
X (ppeq)» and g is the genericpoint of G, then g T(g)(F) isin (B(g) B X)(Tp;po;q).

The proof now follows by applying Lemma 6.2 and Lemma 6.3, asin the proof
of Proposition 6.4. O

For each p 0, we have the natural map of simplicial spectra
(8.1) p G(X; ) Gi(Xip;s )

gotten by composing the identity G (X; ) = G(p(X;0; ) with the canonical
degeneracymap G (X;0; )! Gp(X;p; ).

Lemma 8.4. For eachp 0O, the map (8.1) is a weak equivalene.

Proof. Let G, be the set of facesof P. The simplicial spectrum G (X;p; ) is

the sameasthe simplicial spectrum G(Cg) (X P; ), and the map (8.1) is just the
pull-back via the projection : X P11 Z. We have the commutativ e diagram

G . / .
CaoX 5 %) Cpgx ")

Gg(X; )
By Theorem 2.1, :Gip(X; )! Gi(X P, ) is a weak equivalence, and
by Proposition 6.4, the map : G(Cg;)(x Pr ) G(X P ) is a weak
equivalence. O
For a bi-simplicial space(or spectrum) T( ; ), let T( = ) denotethe asso-

ciated diagonal simplicial space(or spectrum) p 7! T(p;p).
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We consider G (X; ) as a bi-simplicial spectrum, with (p; p9-simplices the
spectrum Gg (Z;pY). The maps p G (X; ) G(X;p; ) givesthe map of
bi-simplicial spectra

: G(q)(X; ) ! G(q)(X; ; ):
Similarly, we have the map of simplicial spectra
:G(q)(X; )' G(q)(X; = ):

Foreadip, let ,: P! P P be the diagonal embedding. Since , = T(g)
forg:[p]! [p] [p] the diagonal map, we have the natural pull-back map

1Glp(X: = ) G(X; ):

Prop osition 8.5. Let X be a B-schemeof nite type. Then
1. The maps

1Glp(X: 1) Ge(X: 5 )
Glp(Xi = )! Ge(X: =)
are weak equivalenes.
2. Themap :G(X; )! G(X; ; )is awekequivalene.
3. Themap :G(X; )! G(X; = )isaweak equivalene.
4. Themap :G[,(X; = )! G(X; ) is aweak equivalene.

Proof. Let T( ; ) be a bi-simplicial space. It is a standard result (seee.g. [39))
that the diagonal maps|[p] ! [p] [p] induce a homeomorphismjT( = )j!
iT( ; )i, so, to prove (1), it suces to considerthe map of bi-simplicial spec-
tra. The result in this casefollows from Lemma 8.3 and the standard E* spectral
sequenceor a bi-simplicial spaceT( ; ):

Epg= o(T( =) pea(TC )
The secondassertionis proved similarly, using Lemma 8.4.

The assertion (3) follows from (2) and the homeomorphismjT( = )j =
iT( ; )j mentioned above. For (4), the map G (X5 ) Gp(X; =)
factors through by a similarly de ned map | : G(g(X; )! G(Tq)(x; = ).
Since t = id, (4) follows from (1) and (3). O

8.6. Pro ducts in K-theory. We recall Waldhausen'sconstruction [65] of prod-
ucts for the K -theory spectra.

Let E be an exact category. One may interate the Q-construction on E, forming
the k-category QX(E). The nerve of QX(E) is naturally a k-simplicial set. Wald-
hausenhas constructed a natural weak equivalenceN QX(E) ! N Q**1 (E).

An exactfunctor [ : E5 E! E; inducesthe map of a+ b-simplicial sets

[ INQ*E) NQ°E)! NQ*°(E):

Since0O M and N 0 are canonically isomorphic to the zero object of E;, we have
the natural homotopy equivalenceof the restriction of [ to Q3(E1)) 0_0 QYE)
to the 0-map. In fact, we may replacethe E with equivalent categorieshaving a
unique zero-ohect, in which casethe map [ uniquely factors through

(8.2) [ INQ*E)"NQYE)! NQ*°(E):
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In particular, the diagram
(8.3) KE) K(E)= QE)" QE)F 2Q%EB) K(E)
de nes a product map
(8.4) K(E) K (B) | K(E)

in the homotopy category of spaces.Doing the samefor the iterated Q-construction
givesthe product in the homotopy category of spectra.

8.7. External products in G-theory. Let X ! B,Y ! B be nite typeB-
schemes,with Y at over B, and admitting a B-ample family of line bundles. Let
M y-g bethe exact categoryof coherent sheavreson Y which are at overB, and let
G(Y=B) denote the K -theory spectrum K (M v-g). SinceY is at and nite type
over B, and admits an ample family of line bundles, eac coherert sheafonY admits
a nite resolution by shearesin M y-g. Thus, the natural map G(Y=B) ! G(Y)
is a weak equivalence,by Quillen's resolution theorem [45, x4, Corollary 1].
Sincethe tensor product

M X M Y=B! M X gY
is exact, the construction of products in x8.6 givesthe natural product
[ x:v=s : G(X)" G(Y=B)! G(X BY):

More generally, letf :Z! X,g:W ! Y bemorphismsof nite type B-schemes,
with W at over B, and admitting an ample family of line bundles. We have the
commutativ e diagrams

(8.5) 1G(X)~  1G6(Y=B) %/ 1g(z)n 1G(Y=B)

id™rg id™rg

1G(X)~  1G(W=B) Y/ 1g(z)~ lG(W=B)

(8.6) 26X 5 YY)D/ 26z &)
(d g ‘ (d g ‘
26(x s W) 26z 5 w)
The natural maps (8.2) give the map of diagram (8.5) to diagram (8.6).
Let Dy be the diagram (8.5), together with maps of the one-point space to
the three terms other than  'G(X)” 1G(Y). Dene D, to be the similar

construction for the diagram (8.6). Let Fib(f ), Fib(g) denotethe homotopy b ers
of f and g. We have the natural map

: Fib(f )~ Fib(g) ! holimDg:
Composing with the map
holimD;! holimD,

givesthe natural map
holim[ : Fib(f) " Fib(g) ! holim D:
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As an example,let C X, C° Y beclosedsubsets,j :U! X,i:V! Y
the respective complemens. The Mayer-Vietoris property for G-theory givesthe
natural weak equivalence

“Fib(  2G(X g Y)! 2G(U Y[ X V)! holimDs,:

The above construction thus givesthe natural map (in the homotopy category of
spectra)

.~ 0
(8.7) I35 0 Ge(X)™ Geo(Y=B)! 2Ge co(X g Y):

Taking 2 thus gives the gives the natural map (in the homotopy category of
spectra)

(8.8) e s 1Gc(X) " Geo(Y=B) I G co(X g Y):

Remark 8.8. The map (8.8) has a stronger functorialit y than that of a functor to
the homotopy category. In fact, the map (8.7) is de ned via a \zig-zag diagram"
in the category of bi-simplicial spectra, with the wrong-way morphisms being weak
equivalences. Each of the terms and morphisms in this diagram is functorial in
the tuple (X;C;Y;C9, sothe product (8.8) extendsto de ne products on the
appropriate homotopy limit or colimit, in casewe replace (X ;C) and (Y; C9 with
functors from somesmall categoryto pairs of schemesand closedsubsets. Similarly,
if X and Y are N -truncated cosimplicial shhemesof nite type (with ead Y, at
overB),0 N 1,andC X, C® Y arecosimplicial closedsubsets,we have
the natural product of simplicial spectra (we take the diagonal simplicial spectra
assaiated to the naturally occuring bi-simplicial spectra)

(8.9) . Ge(X) ™ Geo(Y=B)! Gc co(X s Y):

The assaiativity and commutativit y of the tensor product similarly implies that
the product (8.9) is assaiative and commutativ e, in the homotopy category of
simplicial spectra.

8.9. External products for Gy (X; ). Let X and Y be B-schemesof nite
type, with Y at overB. .
For W a closedsubset of X P, and WP a closed subset of Y P, we let

W  WPOdenotethe imageof W W?under the permutation isomorphism
0

xX P o Pyrx vy P

We note that, for ead C 2 X (p;r), C°2 (Y=B)p0:5), €ach irreducible componert of

C Clisin (X B Y)(ppor+s); this is an immediate consequencef the formula
dim Z%= dim z + dimg Z°

if z! B,Zz% B areirreducible nite type B-schemeswith Z° equi-dimensional
over B, and Z® s an irreducible componert of Z g Z°

The products (8.9) thus give us the natural map of bi-simplicial spectra (in the
homotopy category)

(8.10) Xy (G (Xs )M G (Y=B; )! Greg(X 8Y: ;5 )

Taking the map on the assaiated diagonal simplicial spectra givesthe map (in the
homotopy category)

(811) ;('S’Y :G(r)(X; )A G(s)(Y:B; )' G(Hs)(X B Y; = ):
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HereT( )~ S( ) is the simplicial spacep 7! T(p) * S(p).
We now apply Proposition 8.5. We have the diagram of weak equivalences

Gu+o(X 8Ys = ) Glig(X 8Y;, = ) ! Gureg(X 8Y: )
Composingthe product (8.11) with 1 givesthe natural external product map

(in the homotopy category of simplicial spectra)

(812) [;(;S;Y=B :G(r)(X; )A G(S)(Y:B; )l G(r+s)(x B Y, ):

Since ead irreducible componert of C C%isin (X & Y)ppor+s 1) if Cis
in X (pry and CYisin (Y=B)(pos 1y, Or if C isin Xpr ) and CYisin (Y=B)pos),
the sameconstruction givesthe natural external product map (in the homotopy
category of simplicial spectra)

(8.13)

[xves ~ " iGr=r n(X; )™ G=s (Y=B; )! Girszrss n(X 8Y: )i

compatible with (8.12) via the evidert maps.

Supposethat X and Y are at over B, and admit ample families of line bundles.
For C 2 (X=B)(pr) and C°2 (Y=B)os), ead irreducible componert of C ~ C°
isin (X B Y)ppor+s). We therefore have natural products (in the homotopy
category of simplicial spectra)

(8.14) ;(S:B Y=B - Gry(X=B; )" G(Y=B; )! Gr+5(X 8 Y=B; ):
and
(8.15)

r=r ts=s t

[ x=5 =
G(r:r t)(x:B; )" G(s:s t)(YzB; ) T G(r+s:r+s t)(x 8 Y=B; );
compatible with the products (8.12) and (8.13).

Prop osition 8.10. Let X and Y be nite type B-schemes,with Y at over B,
and admitting an ample family of line bundes. Then the product (8.12) induces a
product

[X;Y:B . a(G(r)(X; ) b(G(s)(YzB; ) ! a+b(G(r+s)(X B Y, )):
Similarly, the product (8.13) induces a product
a(Gu=r 9(X5 ) b(Gs=s 1(Y=B; ))

[ xv =
R arb(Gres=r+s n(X BY; )):

In caseX is at over B, and admits an ample family of line bundes, the products
(8.14) and (8.15) induce products

[x=8v=s : a(G)(X=B; ))  b(G(s)(Y=B; ))! arn(Gr+s(X 8 Y=B; )):
and
a(G(r=r t)(X:B; )) b(G(s=s t)(Y:B; ))
Lravsy arb(Gr+s=r+s (X 8 Y=B; )):

Theseproducts are graded-commutative and assaiative (in all caseswhere the triple
product is de ned).



42 MAR C LEVINE

Proof. We give the proof for the products on G(,); the proof for the products on
G(r=r 1) is exactly the same.

Let T( ) and S( ) be pointed simplicial spaces.We have the natural homeo-
morphism

JTC )™ S ))j=iTC )i~ jsC )i
Thus, the product (8.12) inducesa map (in the homotopy category of spectra)
[y=s 1IGH(X; )iNiG(Y=B; )i! jGur+e(X 8Y: )i

Taking the assaiated product on the homotopy groups givesthe desired product.
Let Z be a B-schemeof nite type, and let

2:GqZ = )! GuZ = ) 7:Gy@ = ) Gly@ =)
be the maps induced by the exdchange of factors Z P P11 Z p P,
Since :G[,(Z; = )! G(Z; = )intertwines z and 7, and T =,
we have
(8.16) o, = 1

Supposethat X is also at overB, andlettyx :Y g X ! X g Y bethe
exchange of factors. It follows from (8.16) and the commutativit y of the products
(8.9) that the diagram

iGury(X=B; )j” iGs)(Y=B; )i ——iG5)(Y=B; )" jG()(X=B; )j
[ ;(‘SIB ;Y =B [ ?’:B X =B

iGreg(X BY; )i fiGres(Y & X5 )i

Y X

is homotopy commutativ e, which givesthe graded-comnutativit y of the product

[ x:v.
The assaiativit y of the products

a(Gry (X5 ) b(G(s)(Y=B; )) (G (Z=B; ))
boarbre(Gresen(X 8 Y 825 )

a(Gr(X=B; )  u(G)(Y=B; )  (Gy(Z; )
! a+b+c(G(r+s+t)(X BY 8Z; ));
and
a(Gr(X=B; ))  u(G(Y=B; )  «(Gw)(Z=B; ))
P'oarbre(Gres+y(X BY B Z=B; )
follows similarly from the homotopy assaiativit y of the products (8.9). O
Remark 8.11 One has a similar construction of cup products
Giy(X; )" K(Y=B; )! Grig(X 8Y, )

etc., using the natural tensor products M x Py ! M x ,v. Similarly, we map
replace G-theory with K -theory throughout, giving cup products

Kiny(X; )N Ki(Y=B; )! Kgig(X 8Y; ),
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etc. These products are compatible with the G-theory products, with respect to
the natural transformation K ! G;if X,Y and X g Y areall regular, K ! G
inducesweak equivalenceson all the relevant spectra, sowe may useeither G-theory
or K -theory, asis corvenien.

8.12. Cup products. Supposethat X is smooth overB. Let x : X! X g X
be the diagonal embedding. We have the cup products
(8.17) G (Xs )N G(X=B; ) ! Grig(X; )
818) [x " ":Gr=r n(Xi )" Grsss n(X=B: )! G(rasras n(Xi )
de ned by composing the products (8.12) and (8.13) with

x “Gu+s(X B X5 ) Grag(Xs )

using the functorialit y provedin x5.

More generally, let p: Y ! B be a B-scheme of nite type, suc that each
connectedcomponert Y° of Y is smooth over p(Y9. Since X is smooth over B,
eah connectedcomponert Z of Y g X is smooth over p(p1(Z)) B, sothe
functorialit y discussedin x5 appliesto arbitrary B-morphismsh:T! Y g X.

Let f : Y I X be a B-morphism, giving us the closedembedding ; : Y !
Y g X. Wede ne the products

(819) ;;S:G(r)(Y; )A G(S)(X:B; )' G(r+s)(Y; )
(820) [ " ":iGuz un(Y; )N Gs=s n(X=B; )! Graszrss n(Y; )
by setting

S . : . r=r ts=s t ._ r=r ts=s t.
[} s L =0

fo- f Y;X=B"’ Y;X =B !
respectively.
If X isane, we havethe cup products
(821) ;(’S:B :G(r)(X:B; )A G(s) (X:B; ) ! G(r+s)(X:B; )
(8.22)

;(::rB re=s t:G‘(r:r t)(x:B; )" G(s:s t)(sz; )! G(r+s::r+s t)(sz; )

where we usethe equi-dimensionalanalog of  discussedin x7.3.

Prop osition 8.13. (1) Let X ! B be a smooth ane B-schemeof nite type.
The product (8.21) gives  a(G(,(X=B; )) the structure of a bi-graded ring,
graded-commutative in a, and natural in X . Similarly, the product (8.22) gives

a(G=b 1)(X=B; )) the natural structure of a bi-graded ring, graded-commut-
ative in a, and natural in X.

(2) LetX ! B beasmmthane B-schemeof nite type,p:Y ! B aB-scheme
of nite type,andf :Y ! X a morphism. Suppmse that each connected compo-
nent Y° of Y is smooth over its image p(Y? in B. Then the product (8.19) gives
a(Gy(Y; )) the structure of a bi-graded  4(G,) (X=B; ))-module, natural
in the triple (X;Y;f). Similarly, the product (8.20) make  a(Gp=p (Y; )) a
bi-graded  a(Gp=p 1)(X=B; ))-module, natural in (X;Y;f).
(3) Supmsethat each point of B is closeal, and that X is a smooth B-schemeof
nite type (not necessarily ane). Then

Gs)(X=B; )= G)(X; ); Gs=s y(X=B; )= Gs=s ty(X; );
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andthe products (8.17) and (8.18) make  a(G(p(X; )) and  a(Gp=p 1)(X; ))
bi-graded rings, graded-commutative in a, and natural in X.

Proof. The result follows from Proposition 8.10, together with the functorialit y of
pull-back, as discussedin x5 and x7.3. O

SupposeX is an equi-dimensionalB -schemeof nite type. The equi-dimensional
G-theory spectra G (X=B ) form the tower

(8.23)
G p(X=B; )P Gp(X=B; )! il GuEimg x)(X=B; ) G(X);

giving the spectral sequence
(8.24) Epg= p+q(Gp=p n(X=B; )) =) Gp:g(X):

We have the obvious natural map of the tower (8.23) to (1.2), giving the map of
the spectral sequencg1.3) to the spectral sequencg8.24). In caseead point of B
is closed, the spectra G (X=B; ) and G (X; ) are weakly equivalent, so the
spectral sequencegl.3) and (8.24) agree.

We collect our results in the following:

Theorem 8.14. (1) Let X be a smomth ane B-schemeof nite type. Then the
cup products (8.18) and (8.22) give a natural product structure to the spectral se-
guene (8.24).

(2) Let X be a smmth ane B-schemeof nite type,letp:Y ! B bea nite
type B-scheme,and let f : Y | X be a B-morphism. Supmse each connected
component Y of Y is smaoth over p(Y 9. Then the cup products (8.19) and (8.20)
makethe spectral sequene (1.3) (for Y) a natural module over the spectral sequene@
(8.24) (for X).

(3) Supmse each point of B is closal, and let X be a smooth B-schemeof nite
type (not necessarilya ne). Then the spectral seguen@s (1.3) and (8.24) agree, and
the cup products (8.17) and (8.18) give a natural product structure to the spectral
seguene (1.3).

Remarks 8.15. (1) If B is a generalone-dimensionalregular scheme(not necessarily
semi-local), p: X ! B asmooth B-scheme,the cup products (8.17)-(8.20) extend
to de ne cup products on the sheavesp G (X; ) described in x1.6 (one needs
to assumethat X is ane over B for the cup products on p G4 (X=B; ) to be
de ned). The results of Theorem 8.14 extend to gives product structures for the
spectral sequenceg1.4), and the shea ed version of (8.24).

(2) The E, spectral sequence(1.7) and the (shea ed) E, reindexed analog of
(8.24) have products as well; one merely reindexesto passfrom the E!-sequences
to the E, sequencesSimilarly, we get products for the E, spectral sequence(1.8)
and the E, reindexed analog of shea ed versionof (8.24). As in (1), we needto
assumethat X is ane over B in order to have products on the equi-dimensional
spectral sequence.

8.16. Pro ducts for cycle complexes. The results of the proceedingsectioncarry
over directly to give external products for the simplicial abelian groupszq(X=B; ),
cup products for z9(X=B; ) and a multiplication of z9(X=B; ) on z%X; ). We
give an explicit descroption of this product.
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Let z+s(X B8Y; ; ), z.<(X 8Y; ; ) bethe bisimplicial abelian groups
with
Z+s(X BY,; p;po) = Z[(X B Y)(ppor+s)l
Z;r+ s(x B Y;p;po) = Z[(X B Y)-(rp;po;r+s)]:
The external product
Kov=g ~Zr(X; )™ zs(Y=B; )! zus(X Y )
is given by the zig-zagdiagram

rs

z(X; )™ zs(Y=B; ) T oz (X sY; = ) ZL(X 8Y =)
D zvs(X BY; )

Herez.s(X 8Y; = )andzl, (X g Y; = ) arethe asseiated diagonal
simplicial abelian groups, is the inclusion, and is given by the pull-backs via
the diagonal maps

id XY P X Y P P

The proof of Proposition 8.5 shows that the map is a weak equivalence.

Since the product in Ko with supports is compatible with cycle intersection
products via the cycle classmap (this follows from Serre'sintersection multiplicit y
formula), the maps

Cly:Gg=q (X5 )1 zq(X; )i clg:Gg=q n(Y=B; )! zq(Y=B; )

respect the products.

8.17. Pro ducts for cycle complexes. Using the Dold-Kan correspondence,we
have products for the complexeszq(X; ), z4(Y=B; ) asswiated to the simplicial
abelian groups zq(X; ), zg(Y=B; ); thesetwo products thus give the sameresult
on the homotopy/homology under the Dold-Kan isomorphism. We proceedto make
the product on the complexesexplicit.

Let z+s(X g; = ) bethe complexassaiated to the simplicial abelian group
Zr+s(X g; = ). Explicitly, the external product
Woy=s “Zr (X5 ) zs(Y=B; ) ! zes(X B =)

is given by the formula

] X
Kye(W WO = sgng)lid T(m) T(e@)] W °wW9:
9=( 91;92)

To explain the formula: The sum is over all injective order-preservingmaps g =

(91;9) :[r+s]! [r] [s],and T(gy) : '*S! L T(g): s s are the
mapsde ned in x6.1. To de ne the sign sgn(g), wewill de ne a permutation (g) of
f1;:::;r+sg, andsetsgn(@) = sgn( (g)). Todene ,we rst identify f1;:::;rgt

f1;:::;sgwith f1;:::;r+ sgby sendingi 2 f1;:::;rgtoiandj 2 f1;:::;sgto
r +j. Dene a secondbijection of f1;:::;rgt f1;:::;sg with f1;:::;r + sg
by sendingi 2 f1;:::;r + sgto gi(i) 2 f1;:::;rgif gi(i 1) < gui(i), and to
o) 2 f1;:::;sgif go(i 1) < g2(i). The composition of thesetwo bijections gives
the permutation (g).



46 MAR C LEVINE

The product
(8.25) ;S;Y:B 1z (X5 ) zs(Y=B; )! z+s(X BY; )

is then given by the zig-zagdiagram

ris

z(X; ) zs(Y=B; ) T z.sX BY; =) zL, (X 8Y; =)
P zres(X B Y )

P P
In particular, supposewe have z =, niW; 2 z(X;p), z° = i M WjO 2
z5(Y=B; p°) such that eah Wi  °Wisin (X 8 Y){ 0,45 Then (5 _g(z 29
lands in the subcomplexz[, (X s Y; = ), giving the formula:

X
(8.26) z[xy= 2°=  sgn@(d T(9)) (P1aZ P2429)
g

with T(g): "*S! r S the map de ned in x6.1.
The formula (8.26) shaws that the cycle products (8.25) agreewith the products
de ned in [4, x5].

9. Lambd a opera tions

We give a construction of natural lambda operations on the K -theory version of
the tower (1.2), which endows the spectral sequence(1.3) with lambda operations
in caseX is regular.

9.1. Let S be the category of pointed simplicial sets. Let § be the category of
non-empty subsetsof f1;::: ; ng, with morphismsthe inclusions,and let 0 < 1>
be the category assaiated to the partially orderedset0< 1> |, i.e., thereis a
uniqgue morphism 0 ! 1, a unique morphism ! 1, and no other non-idertity
morphisms.

9.2. LetT: °P1! Sbeasimplicial space.We may restrict T to the subcategory

,‘ifj’ of  having the sameobjects, but with the morphisms [p] ! [q] being the
injective order-preserving maps, giving the functor TN : ﬁfj’ I S. Similarly,
we have the full subcategory ian of i, with objects[p], 0 p N, and the
restriction T\ : N1 Sof T". De ne the geometric realization jT™ j of T
as one de nes the geometric realizations jTj, i.e., the quotient of t ;T p mod
the relations (t; g(x)) (g(t);x) forxin g, tinToandg:[d! [plamapin .
Restricting to p;q N givesthe geometric realization jTy"j of Ty" .

We have the natural maps

T T T T
realizing jTj asa quotient of jT™j and jT,"" j asa quotient of jTyj.
Lemma 9.3. ThemapjTMj! jTjis a weak equivalene.

Proof. This follows from [51, Proposition A.1], noting that a simplicial space(i.e.,
a bisimplicial set) is always gaod in the senseof [5]]. O
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By Lemma 9.3, we have the formula
(9.) A (Ti) = lim o GTY )):
N

The advantage of replacing  with Ni js that N js a nite category, i.e.,
the nerve of the category N hasonly nitely many non-degeneratesimplices.

9.4. The construction of lambda-op erations. Let B bean ane sdeme,X :

I Schg be a cosimplicial B-scheme,and W a cosimplicial closedsubsetof X .
We let K ¥ (X) denote (iK"Y (X; )j. Wewill now apply the methods of [31] to
give a natural special K o(B) lambda algebra structure on K W (X).

Theorem 9.5. Let X : | Schg be a cosimplicial schemesuchthat each X ([p])
is of nite type over B and hasa B-ample family of line bundes, and let W be a
cosimplicial closeal subsetof X . Then the graded group pK“)’V (X) hasthe structure
of a special K ¢(B)-lambda algeba, natural in W and X .

Proof. By the identity (9.1), it suces to show that (KW (X; )\'j) has the
structure of a special K ¢(B)-lambda algebra, natural in W, X and N. The con-
struction of this special K o(B)-lambda algebra structure is essetially the same
asthe construction of the natural special K o(Y )-lambda algebra structure for the
relative K -groups with support KW (Y;D1;:::;Dy) given by [31, Corollary 5.6];
we give here a recapitulation of the argumert from [31], with the necessarymodi-
cations.

We note that, sinceead injectivemap g:[ql! [p]in is split, the induced
map g : X(q) ! X([p]) is a closed embedding. Thus, if U is an ane open
cover of X ([N]), taking the canonical re nement of the pull-back covers g *(U)
for all injective g : [q] ! [N], we have the ane cover U([q]) of X ([q]) for eath
g N. Similarly, taking an ane re nement V of the induced open cover j L),
wherej : X(IND) nW(N] ! X([N]) is the inclusion, and performing the same
construction, we have the ane open cover V([q]) of U([q]) := X ([q]) n W([q]),
functorial in [g], and with a natural re nement 4 : V([d)) ! |, L(U([q])). Using
the degeneracymapsin , we may replaceU with a ner ane cover, and assume
that the setof elemens in g 1(U), for g: [p]! [N] injective, is independert of the
choiceof g. Similarly for V. Thus (allowing someof the open setsto be repeatedor
empty if necessary)U([N]) and U([p]) have the samenumber of elemers for each
p N, and similarly for V([N]) and V([p]).

Suppose that U([N]) has n elemens U;;::: ;U,, and V([N]) has m elemers

Vi;:::; Vin. By repeating elemers of U([N]) and reordering, we may assumethat
n = m and that the re nement |\ includesV into le(Ui). Similarly, choose
for eah p an ordering of the n = m elemens UP;::: ;UP of U([p]), and use an
ordering on the n elemens V{;:::; VP of V([p]) sothat , is the inclusion of V;?
into j , 1(UP).

N

Sincethe category " is nite, oneeasily showsthat we may further re ne U
and V sothat the assignmens

p7t U(pl); p 7' V(p]

extendsto a functor from ian to open covers,i.e., for ead injectiveg: [p]! [d],

we have a choice of a permutation 4 of f1;:::;ng suc that U? X (g) l(Uqg(i))
andthat gn = g n, and similarly for V (with the same ).
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Forl fl1;:::;ng, | 6 ;,let
Ual) = \izi U
We have the functor
u: .M (51 Schg

inj

sending([q];1) to U([q]),;. If 3 |  f1;:::;ng are non-empty, we sendU([q]), to

U([dl); by the inclusion. If g:[q]! [p] is injective, sendU([d]); to U([p]) ,a) by

the map X (g). The inclusionsU([d]); ! X ([d]) de ne the natural transformation
.Ul X P1:

Similarly, we have the functor

v: N3P 1 Schg

inj
and the natural transformation
v V! (X nW) P1:

For eath g, we have the functor

KU([ad) : ¢! S
with K (U([d]))(I) the K -theory spaceof the open substiemeU([q]), . We have the
similar construction with V replacing U. This givesthe functors

KW: .M 81 Sp;kKW): N 51 sp;

inj inj

and the natural transformations
ulKX; v o pr! KU); v KX nW; In pr! K(V):

For a B-sthemeY, let Ko(Y=B) denotethe imageof Ko(B) in Ko(Y). If Wisa
nite opencoverof Y, welet Ko(Y; W=B) denotethe subgroupof K ¢(Y) consisting
of the classesof vector bundles E such that the restriction of E to eady W 2 W is
in Ko(W=B).

We have the plus-construction BGL™ (A([d]), ), where A([q]), is the ring of func-
tions on U([q]), . There is a natural weak equivalenceof BGL™* (A([q]);) with the
connectedcomponert of 0 in K (U([q])); -

Let

BGL™ (U([d])) Ko(U(ldD)=B): 5! S
be the functor | 7! BGL* (A([d]);) Ko(U([d]); =B), giving the functor
BGL* (U) Ko(U=B):  N°® 11 s

inj

We similarly have the functors

BGL™ (V([dl)) Ko(V([d)=B): g! S
and

BGL* (V) Ko(v=B): . N° n1 s

inj

The maps , de ne the natural transformation of functors
KU K(V); :BGL" (U) Ko(U=B)! BGL"(V) Ko(V=B):
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De ne the functors
KU;v): . N® 7 (0<1> )! S;

inj

(9.2)  BGL*(U;V) Ko(U;v=B): N°® 1 (©0<1> )! S

inj
by setting
K (U;V)(0) = K(U); K(U;V)(2) = K(V); K(U;V)() = ; K(U;V)(0<1)=

and K (U;V)( < 1) the inclusion of the base-mint; we de ne BGL" (U;V)
Ko(U; V=B) analogously
It follows from [31, Theorem 5.3] that the homotopy limit of K (U([d])) over
0 is, via yqq), weakly equivalent to K (X ([q])), and the homotopy limit of
BGL™ (U([d])) Ko(U([a])=B) over J is weakly equivalert to the union of the
connectedcomponerts of K (X ([q])) corresponding to the subgroup

Ko(X ([a]); U([aD)=B)  Ko(X ([d])):
We have the analogousfacts for the functors K (V([q])) and BGL™ (V([d])) Z, with
X ([d]) replacedby X ([a]) n W ([c]).

Thus, the homotopy limit of K (U;V)([q]) over § (0< 1> ) givesa space
which is naturally weakly equivalent to KW @ (X ([q])). The homotopy limit of
(BGL* (U;V)  Ko(U;V=B))([q]) similarly givesa spaceweakly equivalert to the
union of connected componerts of KW {4 (X ([q])) corresponding to the inverse
image of K o(X ([d]); U([q])=B) by the natural homomorphism

Ko M (x () ! Ko(X ([l)):

Thus, the direct limit of the spaces(BGL™ (U;V) K(U;V=B))([q]) over ane
covers (U; V) givesa spaceweakly equivalent to K W @9 (X ([q])).

Let | be a small category. A functor C : 1 ! S is called nite if C(i) hasonly
nitely many non-degeneratesimplicesfor eachi 2 |. The categoryof functors | !
S hasthe structure of a simplicial model category (see[31, Appendix A]), sowe may
speakofco brant, bran t, or bi bran t functors. Welet BGL™ (U;V) K(U;V=B)
be a bi bran t model of BGL™ (U;V) Ko(U;V=B).

Let | = ian op B (0< 1> ), andlet S' denotethe category of functors
I 1 S. For X;Y 2 S', we let [X;Y] be the set of homotopy classesof maps
X 1 Y. Welet S! bethe full subcategoryof nite X : 1! S. By [31, Theorem

4.5], the functor
[ ;BGL*(U;V) Ko(U;Vv=B) ]:S! | Sets

has the natural structure of a functor to special K o(B)-lambda algebras. In ad-
dition, by [31, Lemma 4.1] the bibran t object BGL* (U;V) Ko(U;V=B) is a
ltered direct limit of subfunctorsX :1! S ,with X 2S! .

Let FibX ([q]) be the homotopy limit of the functor

X (a): § (0<1>)! s;
and let ( X (U;V)) bethe geometric realization of the functor
Fbx : N1 s

Let (BGL " (U;V) Ko(U;V=B) ) bethe similar construction applied to the func-
tor BGL™ (U;V) K(U;V=B) . If we apply the K o(B)-lambda algebra structure
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on the functor [ ;BGL™ (U;V) Ko(U;V=B) ] to the inclusion maps
i :X ! BGL*(U;V) Ko(U;V=B) ;

we have maps 9(i ) : X ! BGL"(U;V) Ko(U;V=B) , satisfying the special
lambda ring identities, and compatible ,up to homotopy, with respect to the maps
in the directed systemf X g. Applying the functor ( ) givesan up to homotopy
compatible family of maps

(9 ):(X)! (BGL "(UV) Ko(U;V=B) ):
SinceBGL™ (U;V) K(U;V=B) is the direct limit of the X , this givesus maps

n((BGL " (U;V)  Ko(U;V=B)))
TR (BGL T (UV) Ko(U;V=B) ));
making ((BGL *(U;V) Ko(U;V=B) )) a special K o(B)-lambda algebra.
Using the naturalit y of the K o(B)-lambda algebrastructure on[ ;BGL™ (U;V)
Ko(U; V=B) ], we may passto the limit over the open covers(U; V); using the weak
equivalence of (BGL ™ (U;V)  Ko(U;V=B))([d]) with KW (X ([c])) described
above, this gives  (jKW (X)) the desired special K o(B)-lambda algebra struc-
ture. The naturality of the K o(B)-lambda algebra structure on[ ;BGL" (U;V)
Ko(U;V=B) ] gives us the desired naturality in W, X and N, completing the
proof. O

Remarks 9.6. (1) Let W® W be cosimplicial closed subsetsof a cosimplicial B -
schemeX ; we supposethat ead X ([q]) is of nite typeover B and admits an ample
family of line bundles. We have the homotopy b er sequence

KWoX) 1 KW (X)! KWW’ (X nw9;
inducing the long exact sequenceof homotopy groups
(9.3) o KOO KW )T K™ nw 9 T KWO(X) !

Then the lambda operations given by Theorem 9.5 are compatible with the maps
in this sequence.

Indeed, we have the natural homotopy equivalenceof K WO(X) with the iterated
homotopy b er K WO(X) over the diagram

K (X) IK (X nW)

K (X nW9 ——K ((X nW)nW9 = K (X nW):

The naturality of the lambda-ring structure on [ ;BGL™] with respect to change
of categoriesimplies that the lambda operations for K Wo(X) and K Wo(X) agree,
and that the lambda operations for KWO(X) are compatible with the long exact
sequenceof homotopy groups resulting from the above diagram. Sincethis is the
sameas the sequencg?9.3), our claim is veri ed.

(2) Supposethat B is a noetherian scheme (not necessarilya ne). By replacing
B with an ane opencaoverV := fVi;:::;Vq0, replacing the ane cover U with
ane coversU of X g Vi, i= 1;:::;m, replacingthe parameter category g with
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0 o', and making the evidernt modi cations to the construction given above,
we may remove the condition that B is ane from Theorem 9.5.

(3) Let f : X ! B be the structure morphism. Let V = fVi;:::;Vyng be an
open cover of B. Supposewe have, for eah |  f1;:::;mg, a cosimplicial closed
subsetW, of f 1(V}), sud that W, \ f (V;) W, for eah | J. Sending
I f1:::;mgto KW (f 1(V))j givesthe functor

KWV (F Yvpj: gtosc

Adding in the DI'-variable to the construction of -operations on (KW (X))
given above extends the special K o(B)-lambda algebra structure on (KW (X))
to a special K o(B)-lambda algebrastructure on  (holim » jKW (f 1(V))j).

Take the baseB to have Krull dimension 1, and let V; = Spec(Og ., ) for
points by; b, of B. Then the b er product V1 g V- is alocal scheme,from which it
follows that the homotopy group ,(B;f K(@(X; )) is the direct limit of the ho-
motopy groups n(holim p K@ (f 1(V); )y), wherewetakeV = fVi;:::;Vng
a nite Zariski opencoverand N n+ m+ 1. Thus, we have constructed a natural
special K o(B)-lambda algebra structure on ,(B;f K(@(X; )). The samecon-
struction givesa natural special K o(B)-lambda algebra structure on the homotopy
groups no(B;f K@ (X; )=f K@) (X; )), and, by (1), the -operationsare nat-
ural with respect to the mapsin the long exact homotopy sequenceassaiated to
the co b er sequence

fK(q+r)(x; ) ! fK(q)(X; ) ! fK(q)(X; )=f K(q+r)(x; ):

Theorem 9.7. Letf : X ! B be aregular B-schemeof nite type, B a regular
schemeof Krull dimension 1. Then the spectral sequene (1.8) admits Adams
operations  with the following properties:

1. The  are natural in the category of smaoth B-schemes.

2. The  are compatible with the Adamsoperations ¢ on K (X) given by [31,
Corollary 5.2].

3. On the ES'®-term HP(X;Z( ),  acts by multiplication by kd.

The analogous statementshold for the assaiated mod n spectral sequene.

Proof. We givethe proof for the integral sequencethe proof for the mod n sequence
is essetially the same.

It follows from Theorem 9.5 and Remark 9.6(3) that we have the structure of
aKo(B)-lambda algebraon (B;f K(@(X; )), natural in g, and, for X smooth
over B, natural in X. Also by Remark 9.6(3), we have the structure of a special
Ko(B)-lambda algebraon (B;f K(@(X; )=f K@ (X; )), and the resulting
lambda operations are compatible with the long exact sequence

it a(Bf KW (G )L (B K@O(X; )
bon(Bif KOG )=f K@D ) o a(Bif KD (X )

Sincethe Adams operationsin a special lambda ring are group homomorphisms,
this proves (1) and (2). For (3), it follows from [36, Corollary 7.6] that the cycle
classmap

clf:f K@(X: )=f KED (X: )1 f z9%X; )
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is a weak equivalence. The map cl9 factors through the sheafof simplicial abelian
groups
p7f o(K WD (X;p));

soit suces to take B semi-local, and to show that the Adams operation | acts
on the image of Kc()q:qﬂ) (X;p) in z9(X; p), and acts by multiplication by k9. For
this, it su ces to shaw that  acts on the image of Kéqzqﬂ) (X;p) in z9(X P,
and acts there by multiplication by k9.

Let Z be a regular B-schemeof nite type, let K (¥(Z) be the limit of KW (2),

asW runs over all codimensionsq closedsubsets,and let K (9=4*) (Z) denote the
co ber of

K@D (z)y1 K@(z):
It is well-known that the cycle classmap givesan isomorphism
cld: K (@) (z) 1 z9(Z):

By the Adams-Riemann-Rach theorem[16, Theorem6.3],the i act onK (9=9*1) (Z)
by multiplication by k9. Taking Z = X P, we have the natural map

KT oxp) 1 KT (x Py,
compatible with the , and the commutativ e diagram

K& (xip) — KD (x P
cl cld
29(X;p) ——/2%x Py
This completesthe proof of (3), and the theorem. O

10. Comparison of fil tra tions

Supposethat X is regular, and essetially of nite type over a one-dimensional
regular base. The spectral sequence(1.8) givesrise to the ltration F,, Kn(X)
of Kn(X), with F7, Kn(X) the imageof (K (@(X; )) in Kn(X). We have the
gamma ltration F K, (X), gotten from the structure of K, (X ) asaK o(X )-lambda
algebra. In this section, we give a comparisonof F,, K (X ) with F K, (X).

10.1. The Friedlander-Suslin theorem. Let F: ©°P ! S bea pointed simpli-
cial space. For xed n, we have the n-cube i, =[n] of injective maps|[ ]! [n]
in . Let F( ";@) be the iterated homotopy b er over ( iy =[n])°° of Fy :
( i =[nD°P 1 S,
f
[pl I [n] 7! F([p):
In [15], there is constructed a natural map
niF(C @) "jFg:
If F is N-connected,then , inducesan isomorphismon  form < N and a
surjection for m = N.

Let sk, F denotethe n-skeleton of F, and jsk, Fj the geometric realization. The
map , factors through the canonicalmap p, : "jsk,Fj ! "jFj via a natural
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map ,:F( ";@'! NiskaFj. In particular, if we have a map : sky+ F°!
sky+r F, then the diagram

(FX " @) — nvi(iFi) == n+i(Skn+riF])

i(F( ”:@))% n+i(iFJ)) == n+i(Skn+rjF])

commutes for all i < r.
The method of construction of -operations in x9.4 gives -operations for the

relative K -groupswith support K § (X "X @) (see[3]] for a detailed con-
struction). By the commert in the preceedingparagraph, the -operations on
K §P(X "X @) andon g.p(K@(X; ) are compatible via the map .

We needa slight improvemert of the bounds described above in the special case
of the simplicial spectrum K (D (X; ). Let K (X;p)[r] denote the rth delooping in
the spectrum K (X;p), i.e., K(X;p)[r]is BQ"Px », with Q"Px » the r-fold
Q-construction on the exact category Px » of locally free coherent sheaveson
X P. Taking the appropriate limit of homotopy b ers givesthe rth delooping
K (@ (X ; p)[r] for the spectrum K (@ (X; p).

Lemma 10.2. For eachn O, the map
(10.1) T KEPX mX @) W (KO )
induced by the map , is a surjective map of K o(X )-lambda algebas.

Proof. Wehavealready seenthat ~,, is compatible with the respective -operations,
soit suces to prove the surjectivity.
Welet " denotethe collection of facest; = 0,i = 0;:::;n 1of ", giving us
the relative K -theory spectra K (D( "; ") with deloopings K (¥ ( "; M[r].
Restriction to the facet,.; = 0 givesusthe homotopy b er sequence
KOX — "mhix @it kKO "xe
I K @(X X @)l
Using the simplicial degeneraciesit is easyto show that
(K@ Mhix o M=o
for i < r, giving the surjection
F(KEOX X @)rd! o (KOX "X @thIr):
The map is induced by a map of spaces
KOX — mx a@rr kK9x  "ix @™l
The map isin turn induced by the inclusion of categories
i =[N] ! i En+ 1]
given by composition with the injective map
bin]! [n+ 1]
o(i) =i
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The naturalit y of the maps , thusimplies that we have the commutativ e diagram

o(K (@ (X X @)
r(K(q)(x n-x @)[I’])g ; l(K(Q)(X ntlox o @+t )NrD

n n+1

ner (K@ (X5 )Iri) ner (K@ (X5 )Iri)

n (K@ (X5 i)

Sincethe spaceK (9 (X;p)[r]isr 1 connected,the map .1 is surjective, hence
the map (10.1) is surjective. O

10.3. Relativ e Kg. We now study the relative Ko group Ko(X X @)

and the group with support K(()q) (X X @). Webriey recall someof the
constructions usedin [30] to which we refer the reader for further details.

If we have a schemeY and a closedsubshiemeD, we may glue two copiesof Y
alongD, forming the doubleYt 5 Y. More generally, if we have n closedsubsthemes
Di;:::;Dn, we may iterate this procedure, forming the n-fold doublet ,Y=D ,
which is naturally a quotient of 2" copiesof Y. Indexing these copiesby the set
f0; 19", the gluing data is given by identifying Yi . :i; =0 i, With Y, ;.. 1921,
along D;. We have the closedsubstiemesD;, being the union of the componerts

.........

Y\ Dj:DjZ

The n double coverst ,Y=D ! t, 1Y=Dg; givea splitting to the natural
map

Kn(tnY=D ;D1;:::;Dn) ! Kn(thY=D ):
The collection of closedsubstiemesDq;::: ;D is called split if there are maps
Pi 'Y! D

splitting the inclusionsD; ! Y sudh that pjjp, pi = pijp, P foreadhi 6 j.
We recall the homotopy K -theory KH of Weibel [70], which we may apply in
the relativ e situation. There is a canonicaltransformation of functors K, ' KHp
foralm 0. If T isKp regularforall m p,then Ky (T)! KHR(T) is an
isomorphismforall0 m p.
We recall the following result:

Theorem 10.4 (Theorem 1.6 and Theorem 1.10,[30]). Suppsethat Y is smath
over a regular noetherian ring R, and D4;::: ;D, form a relative normal crossing
divisor on Y. Suppsefurther that there are elementsf ;;:::fy of R, geneating the
unit ideal suchthat the restriction of D1;::: ;D to Y nff; = Og is split for each
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i. Then the natural maps
Ko(t nY=D ;D31;:::;Dp) ! Ko(Y;Dy;:::;Dpn)
Ko(t nY=D ;D1;:::;Dp)! KHo(t nY=D ;D1;:::;Dp)
Ko(tnY=D )! KHo(t,Y=D)

As our primary example,takeY = X ""D =X @. Since@ is locally
split on the ane sceme ", we may apply Theorem 10.4in this case,or more
generally to any subsetof the D .

Lemma 10.5. Supmsethat X is smmth over a regular noetherian ring R. For
Y =X "D =X @, the canonical maps

Ko(X) q Ko(t n+41Y=D ); Ko(t n+1 Y=D ;Dg;:::;Dp) ! Ko(t h+1Y=D)
induce an isomorphism
Ko(t n+1 Y=D ) = Ko(X) Ko(t n+1 Y=D ;Dg;:::;Dpn):
If wemakeKo(X) Kot Y=D ;Do;:::;Dn) aring by
G YXGY) = (06 p xY + p xy9;
the alove isomorphism is an isomorphism of rings.

Proof. By the excisionproperty of K H -theory, restriction to Yo..: .0:i, =1 :0:::: :0 gives
the isomorphism

(10.2) KHn(Dr;Dy \ Do;:::;Dr\ Dy 1) = KHp(Y;Do;::: ;D 1)
forall mandall 0< r n. The homotopy property for K H -theory gives
KHn(Y;Do;:::;Dr 1)=0

for1 r n. Thus, the long exact sequences

il KHpm(th+1 Y=D ;Do;:::;Dr)! KHp(t ns1 Y=D ;Do;:::;Dr 1)

' KHn(Dr;Dr \ Dg;::: ;D\ Dy 1)!

give us
(10.3) KHm(t ne1 Y=D ;Do;:::;Dpn) = KHpn(t n+1 Y=D ;Do):

Now, t h+1 Y=D isthe doubleoft ,Y=D ; alongthe closedsubstiemeD given
asthe union of the subshiemesDgy Vi, i,

vialn e

th+1Y=D = (t nY=D 1)t D (t nY=D 1):

With respect to this description, Dg is the componert (t nY=D 3);. Thus, we
have the split exact sequence

0! KHm(tnt1Y=D ;Dg)! KHn(tns1Y=D)! KHp(tnaY=D 1)! O
Using (10.2) and (10.3) givesthe isomorphism
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Repeating the argumert with t , 41 Y=D ,r 1, replacingt n+1 Y=D gives
the isomorphisms

KHn(thnY=D 1)= KHpn(tnh 1Y=D »)

= KHm(Y):

This together with Theorem 10.4 completesthe proof of the rst assertion.
For the assertion on the product structure, it suces to show that yy®= 0 for
y;y¥°2 KHo(t n+1 Y=D ;Do;::: ;Dn). We have the isomorphisms

KHo(t n+1 Y=D ;Dp;:::;Dn) = Ko(X X @)= Ka(X);
compatible with the various products (induced by the structure as -rings). Since

the -ring product on K, (X) is zero[26], all products in K Hg(t h+1 Y=D ;D ) are
zero. O

The Ko(X) -algebrastructure on KHg(t n+1 Y=D ) and K Hg(t h+1 Y=D ;D )
de nes the respective - Itrations.

Prop osition 10.6. Supmsethat X is smath over a regular ring R, and let Y =
X "D =X @. Then

FIKo(t n+1 Y=D ) = FKo(t n+1 Y=D ;Dg;:::;Dn) FIKo(X):
Proof. Take x 2 F1Ko(t h+1 Y=D ), and write x = p Xg + X1, With Xo 2 Ko(X)

and x1 2 Ko(t n+1 Y=D ;Do;:::;Dp), via the splitting of Lemma 10.5. Then X is
in F1Ko(X), and we have

“=p “(xo)+ g P (x0) '(xa)
2 F*Ko(X) II_Zleo(t 2Y=D ;Dg;:::;Dn):
This, together with the product structure on K¢ given by Lemma 10.5, gives
FIKo(t n+1 Y=D ) F%%(t n+1 Y=D ;Do;:::;Dn) FIKo(X):
Sincethe other containment is obvious, the proposition is proved. O

Theorem 10.7. Suppsethat X is smmth over a regular semi-lacal ring R, and
let Y = X "D =X @. Then the image of K ?(Y;D ) in Ko(Y;D )
contains F9K (Y ;D )

Proof. . By the usual tricks with norms, we may assumethat all the residue elds
of R arein nite.
We have
Ko(t n+1 Y=D ) = I|,m Ko(H);
fitna YD ! H

wherethe limit is over mapsoft ,.; Y=D to smooth R-schemesH, or eefn over R-
schemeswhich are homogeneousspacesfor group schemesof the form ~;, GL, -r.
Thus

FIKo(t n+1Y=D ) = I|,m FIKo(H);
fitnsa Y=D ! H
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where the limit is over maps of t .1 X=D to R-schemeswhich are homogeneous
spacesfor group schemesof the form ™, GLp, -r.

Letf :t,+1Y=D ! H besud amorphism. In [30, proof of Theorem 2.3], we
have shown that, if T is a closedsubsetof codimension qof such anH, thereisa
T% H sudh that [O1] = [O10] in Ko(H), and sud that the projection of f [Oro]
to

KHo(t n+1 Y=D ;Dg;:::;Dn) = Ko(Y;D )
lands in the image of K(()q) (Y;D ) (actually, this is provedin [30] for R an in nite
eld, but the sameproof works for R semi-local with in nite residue elds). Since
F9Ko(H) is contained in the topological ltration thp Ko(H) by [16, Theorem 3.9

and Proposition 5.5], and since thp Ko(H) is generatedby the classes[Ot] with
codimT  q, the theorem follows. O

Corollary 10.8. Let X be a scheme,essentialy smaoth over a regular semi-local
PID. Then

FanKn(X)  FIKq(X)
for all n and q.

Proof. By Lemma 10.2, we have the commutativ e diagram of K o(X )-lambda alge-
bras, with surjective rows:

K(()Q)(X n.x @)~—”/F:\1HKn(X)

\

KoX  5X @) ——IKn(X)

|

FIKo(X  ™X @) —JFIK,(X)

[

By Theorem 10.7, the image of contains F 9K o(X n.X @), which proves
the corollary. O
11. Comput ations

In this section,B is aregular one-dimensionalscheme. If X ! B isaB-schemeof
nite type,wesay dim X  dif ead irreducible componert X °of X hasdimX  d.

Lemma 11.1. Letf : X ! B bea nite type B-scheme.Then CHqy(X;p) = O for
allp< 0.

Proof. In caseB is semi-local, we have CHq(X; p) = Hp(zq(X; )), which givesthe
result immediately, sincezq(X;p) = 0if p< 0.
Let Z bea nite setof closedpoints of B. We have the localization sequence

111 CHg(f X(Z);p)! CHq(X;p)! CH(f (B nz);p)
I CHq(f *(Z);p 1)!
Since
CHo(f “(Z)ip) = 222CHq(f *(2)ip);
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the map
CHq(X;p)! CH(f (B nZ);p)

is an isomorphismfor p< 0. Let be the genericpoint of B. Taking the limit over
Z, we have the isomorphism

CHq(X;p) ! CHg(X ;p)=0

for p < 0, completing the proof. O

Lemma 11.2. Letf : X ! B bea nite type B-schemewith dimX d. Then

1. CHq(X;p) = Ofor all g> d.

2. CHy4(X;p) = O for all p6 O.

3. CHy(X;0) = z4(X), the isomorphism induced by the inclusion of z4(X) =

z4(X;0) into zg(X; ).

4. CHq 1(X;p) = Ofor all p6 0;1.
Moreover, if X is regular and dimX = d, then CHyq 1(X;0) = Pic(X), and
CHyg 1(X;1) = ( X;04). The rst isomorphism is induced by the inclusion
Zq 1(X) = z4 1(X;0) into zg 1(X; ), and the seond by the map sendingu 2

( X;0y) to the graph of the rational map (1 7%5) : X ! L.
Proof. Let Xq;:::;X; bethe irreducible componerts of X having dimensiond. We
have

Z4(X;p)  Zp+g(X Py=0forq> d
29(X;p) = Zpra(X  P)=Z0;

with generatorsthe cyclesX; P. The di erentials in z4(X; ) alternate between
the identity and the zero map, which provesthe assertions(1)-(3) in caseB is
semi-local.

Let be the generic point of B. Taking the direct limit of the localization
sequences

CHq(f *(Z);p)! CHgq(X;p)! CHq(f (B nZz);p)!

for Z a nite union of closedpoints of B reduces(1)-(4) to the caseof B a single
point; this completesthe proof of (1)-(3). Usinglocalization on X and the vanishing
(1) we similarly reduce (4) to the caseof X = SpecF, F a eld, in which casewe
have
(
p=1

CH 1(F;p) = CH'(F;p) =
1(F;p) (F;p) 0 06 1

by [4, Theorem 6.1]. The isomorphism F | CH!(F;1) is induced by sending
ué 12 F tothe point (135 5%5) 2 .
If X is regular and irreducible of dimensiond, and Z X is a proper closed

subsetwith complemen U, we have the localization sequence

0= CHg 1(Z;1)! CHg 1(X;1)! CHg 1(U;1)! CHg 1(Z;0)
I CHg 1(X;0)! CHg 1(U;0)! 0
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Taking the limit over all Z (we cantake Z to be pure codimension one) givesthe
exact sequence

0! CHg 1(X;1)! CHg 1(k(X);1)=k(X) ! zg4 1(X)
I' CHg 1(X;0)! O
As in the caseof smooth quasi-projective varities over a eld, onecan ched directly
that (f)= div(f), giving the isomorphisms
CHg 1(X;1)= ( X;0x); CHg 1(X;0) = Pic(X):
O

Lemma 11.3. Letf : X ! B bea nite type B-scheme.Then CHqy(X;p) = O for
p+q<0.

Proof. Using localization as above, we reduceto the caseB = Speck, k a eld.
Sincezy(X; p) is a subgroup of zp+ (X P), the result in this caseis obvious. [

Prop osition 11.4. (1) Letf : X ! B bea nite type B-schemewith dimX d.
Then the terms Eé;q in the spectral sequen@ (1.4) are zemw in the following cases:

(i) p+ <0,

(i) p>d,

(i) p=dandq6 d,

(iv) p=d landq6 1 d;2 d,

(v) 2p+g< 0.
Also, E}. 4= z4(X). The terms EJ, in the spectral sequene (1.7) are zem in the
following cases:

(i) qodd.

(i) p+qg<0,

(i) q< 2d,

(iv) g= 2dandpé 2d,

(v) g= 2d+2andp62d 2;2d 1,

(Vi) 2p+q< 0,
(2) Supmsethat X is regular, dim X = d. The terms EY'? in the spectral sequene
(1.8) are zero in the following cases:

(i) qodd.

(i) p+q>0,

(i) g> 0,

(iv) g=0andp6 O,

(v) g= 2andp6 1;2,

(vi) 2p+ gq> 2dimX.
In addition, we have

E3®=2°(X); EZ %= Pic(X); Ey' 2= ( X;0x):

Proof. Since

Elq = CHp(X;p+ a); EZq = CH ¢(X;p+ @); E§? = CH 4(X; p q);
this follows from Lemma 11.1,Lemma 11.2 and Lemma 11.3. O
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Theorem 11.5. Letf : X ! B bearegular nite type B-schemewith dim X = d.
Then

(1) FRM KL (X) = F&* K (X) = 0.

(2 For n 2, F2,Kn(X) = F2K,(X) = Kn(X). In addition, FA, K1(X) =
FIK1(X) = Ka(X).

Proof. We rst prove(1). SinceFd* "1 K, (X) F&'""K,(X) by Corollary 10.8,
it su ces to verify the vanishing of F,f,f, "*1 K, (X). This follows from the vanishing
of EY 24 for p g> dimX (Proposition 11.4(2)(vi)), and the truncated version

OGZCER) 2 (KO )

ER = =
0 otherwise

of the spectral sequenceg1.8). This proves(1).

For (2), the identity F2K,(X) = K,(X) for n 2 is a theorem of Soule [53,
x5.2, Theorem 4(iv)]; the identity FK ;(X) = K(X) follows from the de nition
of FIK (X) asthe kernel of the augmertion K (X)! Ko(X)! HO9X;Z). The
corresponding identities for F,,, follow from the inclusion F K,(X) Fay Kn(X)
of Corollary 10.8. O

Let0 a g bk 2beintegers,and let

Y ) Y
ny(a;b) = k9 k'; n Ya;b) = ny(a; b);
ai b qr b
i6q

n 9a;b) = gedn, %a;b); n(a;b) = n b(a; b):
k 2

It is easyto ched that a prime | divides n(a;b) if andonly if | b a+ 1, so
inverting n(a;b) is the sameasinverting (b a+ 1).

Lemma 11.6. LetO a bbeintegers,andlet M beaZ-modulewith a collection
of commuting endomorphisms , k= 2;3;:::. Let

M@ =fm2Mj ((m)=kIm; k= 23:::g,a q b

(1) Supmsethat M hasa decreasing Itr ation F M, 0 suchthat
() k(FIM) F9M for all k and q.
(i) k= k%ongriMm.
(i) F*IM = 0.
(iv) F2M = FOM.
Then M Z[gagr]l = 5aM Zgapr D)@ and F'M Z[g—agr] =
q r(M Z[m])(‘” forr = a;:::;h.
(2) Supmwsethat M has two decreasing ltr ations F; M F, M, both satisfying
()-(iv). Then
n Ya;bF;M  FM

for all g.
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Proof. We rst prove (1); we write n] for njl(a;b), etc, and we may assumethat
M is aIreadyaZ[m]-module. ReplacingM with F"M reducesus to proving
the statemert for M. Choosean integerk 2, and considerthe operator

= LY « Kid

v I’IE a i b
i6q
onM  Z[L] Clearly &= ( §)? & sendsF®'M Z[l]to zero,and maps
M Z[;]into FOM  Z[:1], hencethe projector § de nes a map sf : gr'M
Z[z=]! F9M  Z[:-] whichis -equivariant for all I. It is easyto seethat sfj is
a splitting of the quotient map FOM  Z[=-]! griM  Z[--], hence

X = §00; 1( §00) = 19
g=a
forall x2 M Z[%] and all | = 2;3;:::. From this, we seethat
(11.1) M Z[ED@ = 5™ Z[E]); a q b

Forx2M Z[X;1], wehave

ne '
(O KO) = 19% (X)) = k9%
from which it follows that
g = §00):
From this and (11.1), weseethat (M Z[:-])¥ and (M Z[1])(9 have the same
imagein M Z[z=; &], namely (M Z[z; =)@,

ng’ N’ n

This compatibility of the subspace(M  Z[:-])(@ for dierent k implies that
M@ Z[E =M Z[ED@
for eak k. This implies that
M = g:aM(Q);
asdesired.
For (2), the map n { sendsF{"*M to zeroand mapsM into F§/M . The map
ngs, givesa quasi-splitting of F;M ! griM, i.e., the composition
apg "W Ea q
griM P F'M T griM
is njid. Assumeby induction that
(nkq+1)qu+1 F2q+1 :
and takex 2 FIM. Then nfx  (n? 9)(x) isin F{** M, hence
(n HF? Fh
and the induction goesthrough. Sincethis holds for all k 2, we have
n YabFM  FJM;

as desired. O
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We let Ng;; be the gcd of the integersk9(k" 1) k= 2;3;:::. It is easyto see
that Ng, divides [(r + 1)!]9; in particular, fors r + 1, gcd(Ng, ;s!) involvesonly
primes r + 1.

Theorem 11.7. Let X be a regular B-schemewith dim X = d. Then (with refer-
en to the spectral sequene (1.8)):

(1) For eachr 1, Ng,d5i%; = 0.

(2) EpP 29 = zp 29=BP 24 with zp 29 EY 29 having nite index NP9 in
EY 29 and BP' 29 keing a nite group of order N5, and with

dim Xyp+q 1 q(z
NP Ngr; N5 Ng rir:
r=1 r=1

For p = 2g, we have ZP' 20 = ES 29 In particular, EY 21 = EP' 2 after
inverting (q 1)!(dimX p+ ! (or inverting (g 1)!if p= 20).

(3) After inverting (dim X + n 1), the group K,(X) is a direct sum of the k¢
eigenspoes for | (for n  1):

Kn(X )[m] = 32”5 X+ (K (X )[m])(q);

splitting the Itr ation F,, K (X) induced by the spectral sequene (1.8). For n = 0,
the sameholds after inverting dim X!

(4) Suppsethat B is semi-local. For n 1, we have

n 92;dimX + n)F, Kn(X) F9a(X) FiKa(X)
forallg 3;forn 2wehave

F&i Kn(X) = F?Kn(X) = Ka(X);
andfor n = 1,
FRn K1(X) = F2K1(X); Fau Ka(X) = FIK1(X) = Ky(X):

For n = 0, we have

n 9L dimX + n)FA, Ko(X) FIKo(X) FA, Ko(X)
forallq 1
(5) For n 1, we haveisomorphisms

CHq(X;n)[m] = (Kn(x)[m])(q):
For n = 0, we haveisomorphisms
CHIOO) g gr] = 9ram Ko gy s
and

CHIO) gzl = (Ko gmxa )@

Proof. By Theorem 9.7 we have

gtrpd - p; 29
k d2r+1 - k d2r+1
— 4P 2q
= d2r+1 k

agpa -
kid3 %
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i.e., kd(k"  1)dh, = 0, proving (1). (2) follows from (1) and Proposition 11.4(2),
noting that EY' 29= EP' 2 for q= 0;1.

For (3), the ltration F,, K, (X) on K,(X) admits Adams operations, with
acting on gra,, Kn(X) = E, "*29% 24 py k9id (Theorem 9.5). By Theorem 11.5, we
have (for n  2) gri, Kn(X) = 0for g< 2 and for g> dim X + n; Lemma 11.6(1)
givesthe desired splitting of K,(X) after inverting (dim X + n 1)l. Forn = 1,
we may split o the term Ezl; 2= ( X;04) by the determinant mapping, and
apply the sameargumert to F2,K1(X). For n = 0, we may split o the factor
Eg;o = HO9(X;Z) by the rank homomorphism, and usethe sameargumert to split
Fan Ko(X).

For (4), the theory of -rings tells usthat ¢ actsby kYid on griK,(X) (seee.g.
[1, Proposition 5.3]). From [53, x5.2, Theorem 4(iv)], we have the samesplittings
for grK, and gr°K o asdescribed above for gr,,, ; this with Lemma 11.6(2) proves
(4).

The assertion(5) follows from (2) and (3). O

Theorem 11.8. Let X be a nite type B-schemewhichis a closel subschemeof a
regular B -schemeof nite type (e.g., X quasi-pmojective over B). Then the spectral
sajuene (1.4) degeneates at E*, after tensoring with Q.

Proof. SupposeX is a closedsubshemeof a regular nite type B-schemef :Y !
B. We may supposeY is irreducible; let d = dimY. Let Y,"® be the subset of
Y (P9) consisting of those W which are subsetsof X Py P. We have the
evident identit y

_ v(pdimY q).
X(p:q) - Yx :

Let Gg(q) (Y; p) bethe limit of the spectra Gy (Y;p), asW runs over nite unions
of elemerts of Y,\"¥. The exact functor

(ix id) :Mx(@P!'! My(p

inducesthe natural map

ix (p):G@(X;ip) ! Gx" " P(Yip);
which, by [36, Proposition 7.7], is a weak equivalence,naturally in p. Thus, letting
UM™Y 9y, ) bethe simplicial spectrum p 7! GY™ ¥ 9 (Y; p), we havethe weak
equivalence

ix 1G(X; )! GIMY Dy
functorial with respectto qg.

Replacing G-theory with K -theory, we form the simplicial spectra K)((q)(Y; );
since Y is regular, Quillen's resolution theorem [45, x4, Corollary 1] tells us that
the evidert map

KO ) Gy )
is a weak equivalence. Thus, the spectral sequencg1.4) for X is isomorphicto the
spectral sequenceassaiated to the tower

ol FREV ) £ kP oy £ KO ) f oX):
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Let z; (Y;p) be the subgroup of z4(Y; p) consisting of those cyclessupported on
X Py P, forming the simplicial abelian group zj (Y; ). As above, we
have

zo(X; )=2zg" " Y )

and we have the weak equivalenceof the coberf K (y; )=f KD (v; ) with
the sheafof simplicial abelian groupsf z§ (Y; ) onB.

The special Ko(B)-lambda algebra structure given by Theorem 9.5, together
with Remark 9.6, gives Adams operations  for the spectral sequence

ELa(Yx) = prq(Bif Z0(Y; ) =) peg(Bif KL (Y )) = Gprg(X):

As in the proof of Theorem 9.7, we can compute the action of  on the E* terms
through the action of | on K™ Yy P+4) where the action is known to
be multiplication by kP by the Adams-Riemann-Rach theorem [16, Theorem 6.3].
Taking k = 2, we seethat the dierentials dP? on E;,(Yx) Q arezerofor all p,
g and r. This completesthe proof. O

Remark 11.9. Asin Theorem 11.7,if onehasa bound on the embedding dimension
of X, one gets more preciseinformation on the primes one needsto invert to force
the various di erentials in (1.4) to vanish.

Corollary 11.10. (1) Let X be a nite type B schemewhich is emkeddableas a
closel subschemeof a regular nite type B-scheme,and suppsedimX  d. Let
m d be an integer. Then the map

n(Bif Gmy(X; ) Q! a(Bif Gy(X; ) Q=6Gn(X) Q
induced by the tower (1.2) is injective for all n.
(2) LetY bearegular B-schemeof nite type, m 0 an integer. Then the inclusion
n(B:f GIM(Y; ) Q! Gn(Y) Q=Kn(Y) Q
identies (B;f GIM(Y; )) Q with thesulgroup ¢ mKn(Y)® of Ko(Y) Q,
where K, (Y)(® is the k9-eigensmoe of  on Kn(Y) Q.
(3) LetY beasin (2). The map
n(Bif GA(Y; )1 Ga(Y) = Kn(Y)

is injective for n = 0, split injective for n = 1, and an isomorphism for n 2.
Similarly, the map

n(Bif GA(Y; )1 Gn(Y) = Kn(Y)

is split injective for n = 0 and an isomorphism for n 1. The cokernels are as
follows:

1. m= 2, n= 0, coker= Pic(Y) z°).

2.m=2n=1, coker= (Y;0y).

3. m=1,n= 0, coker= zo(Y).
Proof. For (1), we may truncate the tower (1.2) to endat g = m, giving the spectral
sequence

ELOGM) = peg(Bif 2o(X; ) =) pea(Bif Key(X; ) p m;
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which is evidertly a sub-spectral sequenceof the spectral sequenceE (X ; d). Since,
by Theorem 11.8, the spectral sequenceE (X ;d) degeneratesat E* after tensoring
with Q, the sameholds for the truncated spectral sequenceE (X ; m), whence(1).

The proof of (2) is similar, using the spectral sequence(1.8) together with the
fact that  acts by kP on EX9 (Theorem 9.7).

For (3), rst take the casem = 2; we may assumethat Y is irreducible. We
use the spectral sequence(1.8), which we denote by E (Y), and the truncation
E (Y;2). The only E;, terms in the full spectral sequenceE (Y) which don't
appear in the truncation E (Y;2) are

EZ°(Y) = HO(Y;Z(0)); E' (Y) = HY(Y;Z(1)); EF *(Y) = H2(Y;Z(1)):
Sinced, mapsEPd to EP*"d *1 there arenodierentials in E  (Y) which involve
theseterms. ThusEP9(Y) = EPI(Y;2) for all (p;q) which occurin E  (Y;2), which
provesthe injectivit y, and identi es the imageof ,(B;f G@ (Y; ))in K,(Y) with
the subgroupF 2K (Y), whereF isthe Itration induced by the spectral sequence
E (Y). This alsoshowsthat ,(B;f G@(Y; ) ! Kn(Y) is an isomorphism for
n 2.

Similarly, the map ,(B;f GO (Y; )) ! K,(Y) is injective, and an isomor-
phism for n 1.

Sendingn 2 N to the free sheafOf de nes a splitting to the rank homomor-
phismKo(Y) ! Z, which givesthe splitting to the injection (B;f GO (Y; ))!
Ko(Y); this also givesthe splitting of K o(Y)=F?Ko(Y) asPic(Y) Z. Similarly,
sendinga unit u to the classin K 1(Y) given by the automorphism u of Oy gives
a splitting to the determinant mapping

Ki(Y) ! HO(Y;Ka(Y)) = HO(Y; Oy);
and givesthe splitting of the injection 1(B:f G@(Y; ) ! Kq(Y). O
11.11. Codimension one. We have already seenthat the codimension one case
is somewhatsimpler; we continue with this theme.

Lemma 11.12. Letf : X ! B be a B-schemeof nite type, with dimX = d.
Then the natural map

n(Ga n(X5; N!  n(B;f Gu »(X; )
is an isomorphism for all n. Similarly, the natural map

Hn(za o«(X; ) ! H "(Bif zg 1(X; )
is an isomorphism for all n.

Proof. We rst considerthe G-theory. It suces to shov that G4 1y(X; ) has
the localization property, i.e., for ead closedsubsetZ of X, the sequence

i j
(11.2) Gu y(Z; ) i Ga nX; ) P Gu ;)
is a homotopy b er sequencewhereU = X nZ. For this, notethat, if W U P
isin Uy, ¢ 1y, then the closure W of W in X Plisiin X(p; ¢ 1)- Indeed,
an irreducible subsetW of U Piisin Uy 4 1) if and only if W cortains no

subsdheme of the form U v, v a vertex of P. Since this property is clearly
inherited by W, our assertionis veri ed. It then follows from Quillen's localization
theorem [45, x7, Proposition 3.1] and [36, Proposition 7.7] that the sequence

G 1(Z:p) 7 G 1n(X;p) b Gu 1(U;p)
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is a homotopy b er sequencefor eac p. This implies that (11.2) is a homotopy
b er sequence.

The proof for the cycle complexesis similar: The discussionabove shaws that
the restriction X(,; ¢ 1y ! U ¢ 1) IS surjective, giving the exact sequence

0! z4 1H(Z;pP) i Z 1)(X;p) b zq y(Uip ! O
and the distinguished triangle

i j
2@ (Z: ) ' oz y(X; ) P oz y(U; )
O
Let X | B be asmooth B scheme. We consider the spectrum GO (X=B; ).

Let u & 1 be a global sectionof Oy, and let Z(u) X ! be the graph of the
rational map

( 1
1 uu 1
It is clearthat Z(u)\ (X (1;0)) = Z(u)\ (X (0;1)) = ;, hencethe sheafOz
determinesa point Oz, of G (X=B ; 1), with
0(Ozw)) = 1(Oz(w)) =
This givesus the canonical map
OZw (8% ) ! jGW(X=B; )j;

y:xroon

and a corresponding class[Oz )] in  1(G® (X=B; )).
Lemma 11.13. Let X ! B be a smooth B-scheme.
(1) Sendingu to [Oz )] de nes a group homomorphism
x 1 (X;05) 1 1(GM(X=B; ));
natural in X .
(2) The composition
(X;0x) ¥ 1(GP(X=B; )! 1(GW(X; ) = Ki(X)
is the canonical map ( X;O0y)! K1(X).
(3) Suppsedim X 1 andthat B is either ane, or quasi-piojective over a eld.
Then the composition
2G(X=B; ) ! 2AGCW(X; )! Ga(X) = Ka(X)
is surjective.

Proof. For (1), let u and v be units on X. Let I(u;v) X 2 subshiemede ned
by uvtg + uty + t; = 0. One cheds directly that

o MU v)) = Z(u); MU v) = Z(uv); L t(I(us V) = Z(v);

giving a homotopy of the composition O3, O3, with OZ . This proves(1).
For (2), the assertionis natural in X ! B, soit suces to take B = SpecZ,
X = SpecZ[u;u ). In this case,the map ( X;04)! Ki(X) is an isomorphism,

with inversethe determinant map K1(X)! ( X;Oy).
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Identifying ( *;(1;0);(0;1)) with (P*nf1g;0;1 )viathemap (1 t;t) 7! (t 1:
t), Z(u) is sert to the graph ( u) of the morphism (1:u) : X | P!, restricted to
Pl nflg. Let A= P!nflg. We have the resolution

0! 1'l Ox a! O(y! O
the map
(11.3) (uUXgo X1=Xg X31):0x a! |
is anisomorphism. On X 0Oand X 1 themap!| ! O is anisomorphism;on

X 1 this agreeswith the restriction of (11.3)andon X 0 the two isomorphisms
di er by the automorphism u. Tracing through the weak equivalenceK (X) !
G(X; ) gives(2).

For (3), sinceX is smooth over B, the assumptiondim X 1 implies that either
B is apoint, or that X ! B is etale. If the rst case,we have

GY(x=B: )= GW(X; )

and the result follows from Corollary 11.10and Lemma 11.12;in the second,we
may replaceB with X.

Let W bein B(P2, Then either W ! B is equi-dimensional,or W mapsto a
closedpoint bof B. In the secondcase,W is an elemert of P, Thus, if F is aface
of P, and W%is an irreducible componert of W\ (B F), then either W?is equi-
dimensionalover B, or W°is codimensiononeonb F for someclosedpoint b. Since
B is either ane or quasi-projective over a eld, W is cortained in aw 2 B(D,
Thus, the map G@ (B; )! GW®(B; ) factors through G® (B=B; ), hence,we
needonly show that »(G@ (B; )) ! K,(B) is surjective.

Let bethe genericpoint of B, andlet (”? bethe subsetof (P2 consisting of
those W whoseclosurein B Parein B(P2, Welet G@ ( g;p) be the limit of
the spectra Gw ( ;p), asW runs over nite unions of elemers of g“). Similarly,
for U B open, let Uép:z) be the subset of U(P2) consisting of those W whose
closurein B P arein B(P2 giving the spectrum G@ (Ug ; p).

Using Quillen's localization theorem [45, x7, Proposition 3.1], we have the ho-
motopy b er sequence

GY(b;p)! G@(B;p)! G@(Ug;p);
b2 B nU

Forming the simplicial spectrum G@ (Ug; ) in the evidert manner, we have the
long exact sequence

il penu 2(GW (b N 2A(GP(B; )
bGP (Ue; N b a(GY (b )
Taking the limit over U givesthe long exact sequence
(11.4) it b (GO (b; ) H(GP(B; )
oGP (g N b 1(GP(b; )t i
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where the sum is over the closedpoints of B. We have a similar sequenceor the
sheafson B

(11.5) i oGO (b; ) ! (Bid GP(B; ))
LGP nt b 1(GM(b; ))!

and the evidert map of (11.4) to(11.5).
We considerthe truncated version of (1.8)

ESY=HP(3Z( 2)=) 5 oGP (: Nia 4
The only term with p q= 2is H?(B;Z(2)), giving the isomorphism
2(GP( ;) = H?(B:Z(2)) = CH?(k; 2):
By [42] and [62], the map

1 vV u Y 1 u v u
(uv) = (3

u;(u (v 1);v 1) (1 v;(u (v 1);u 1

givesan isomorphism of K M (k) with CH?(k; 2), and the composition

)

KY(k() ! CH(;2)= oGP (; N! Ka)

is the usual isomorphism induced by cup product K;( ) Ki()! Ka().
Foru;v2 k() ,letss(u;v) B 2 be the closureof the graph of the rational
map

1 . V u . V . .
1 u(u 1)(v 1)'v 1)'B! i

andlets (u;v) B 2 pbe the closure of the graph of the rational map

(

(

1 . u V . u . .
1 v(u v 1'u 1)'8! E

One chedks that s, (u;v) and s (u;v) arein B?2 if u 6 v and div(u) and div(v)
have disjoint support in B.

Using the bilinearity of symbols fu;vg 2 KY (k( )) and the Steinberg relation,
oneshows (seee.g. the result of Tate [41, Lemma 13.7]) each elemert x 2 K M (k( ))
can be written asa sum of symbols,

X
X = fui;vig, ui;vi 2k() ;
i=1
such that div(u;) and div(v;) have disjoint support for eadh i = 1;:::;r. Since
fujug= fu; 1lgandf 1; 1g= ft; 1g f t; 1gforallt 2 k() , we may
assumethat u; 6 v; for all i. Thus, the map

2(GP(s; N AGH (5 ) = K (K())
is surjective. Using the map map of (11.4) to(11.5) described above, we seethat
2(GP(B; )  2(Bsid GP(B; )

is surjective. By Corollary 11.10(3), the map »(B;id G@ (B; )) ! K(B) is
surjective, which completesthe proof. O
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12. The etale theor y

We give an etale version of the spectral sequenceg1.4) and (1.8), and usethese
to relate the Beilinson-Lichtenbaum conjecturesfor mod n motivic cohomologywith
the Quillen-Lichtenbaum conjectures for mod n K -theory. This givesa dierent
proof of someof the results of [29].

12.1. The mod n sequence. Taking the spectral sequenceavith mod n coe cien ts
assaiated to (1.3) and (1.8) givesus the spectral sequences

(12.2) E;;q(x 7Z=n) = piq(Bif Gp=p 1)(X; );Z=n) =) Gp+q(X;Z=n)

and

(12.2) EP9(X;Z=n) = HP(X;Z=n( g=2))=) K , ¢(X;Z=n):

12.2. A rened Bott element. Fix anintegern, andlet , = € ™. The Bott

element , 2 Ky(Z[ ;1=n);Z=n) is a canonically de ned lifting of the elemen
[ n]12 nK1(Z[ n;1=n]) with respectto the surjection

Ko(Z[ n;1=n];Z=n) ! K1(Z[ n;1=n)):
If p: X ! SpecZ[ n;1=n]is a schemeover Z[ ,;1=n], multiplication by p , gives
the maps
nKp(X;Z=n) ! Kpsw (X;Z=n);

and the direct limit K (X;Z=n)[ ,!] (we needto assumethat 4jn if n is even to
get the multiplicativ e structure on K (X ;Z=n)).

Let By = SpecZ[ n;1=n]. By Lemma 11.13, there is a (hon-canonical) lifting
of ntoanelemen ! 2 L(G® (B,=B,; );Z=n). By Lemma 11.12and Corol-
lary 11.10,the map

1(GY (Bn; ))! Ka(Bn)

is an isomorphism, and we have the commutativ e diagram

Z[ n;1=n] Z[ n;1=n]

3 \
(GD (Bn; ) — 1(id GO (By; ) —IKu(Bn) |-
Il

cl clt det

Hi(z'(Bn; )) ——H(Bn;Z(1)) @—— H(Bn; Og, ):

Thus, the imagecl* & of & in HO(Bn;Z=n(1)) = nH(Bn;Z(1)) is n, where
we use to identify H(B,;Z(1)) with the units in Z[ ,;1=n].

12.3. The etale cycle class map. Supposethat B = Speck, k a eld which is
a Z[ n;1=n]-algebra, and that X is smooth over B. Let x : Xg ! Xgza bethe
changeof topology morphism. We have described in [22, x3] an natural map in the
derived category of sheareson Xz,

cly :z%2q )x=n! 4R x L
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Webrie y recallthe construction of cl§, , together with a description of the extension
of cl} to the caseof regular X, of nite type over B, with B a regular scheme of
dimension one.

Supposeat rst that k is a perfect eld of characteristic prime to n. Let W
be a closedsubsetof a smooth k-schemeY, suc that ead irreducible componert
of W has codimension g 0. Let z,(Y) be the subgroup of z%(Y) generated
by the codimension g componerts of W. The purity of etale cohomology gives
us a canonical isomorphism of the cohomology with support Hsgw (X5 n % with
z\‘}\, (Y)=n. We denote this isomorphism by

ol (Y) 2 (Y)=n! HZ, (X; ,9:

In addition, HE,, (X; ,9) = 0for p< 2q, and the isomorphismcly, (Y) is functo-
rial with respect to pull-back by morphismsf : Y°! Y sud that ead irreducible
componert of f (W) hascodimension ¢qonY?’

Let : Ye ! Yza be the changeof topology morphism. The remarks of the
previous paragraph give a natural isomorphism

cy (Y) iz (Y)=n[ 2! 4 (Y;R  ,9:

in the bounded derived category of abelian groups. If welet G.t(Y; ,%) denotethe
Godemert resolution of 9 on Yet, G*(Y; ,9) givesa functorial represenativ e for
R ,9%in the category of complexesof acyclic sheaveson Ye. Letting GY (Y; ,9)
be the kernel of

Gat(Y; n D! Gu(Y nW; 9)
we have the quasi-isomorphism
(12.3) ol (Y) 1r o (VGY (Y )1z (Y)=n[ 2q):

Let Gé?)(x; 2 9)(p) denote the direct limit of the complex of sheaves G (X

P, ,9), asW runs over nite unions of elemerts of X (P9 The quasi-isomorph-
isms (12.3) give the quasi-isomorphism
(12.4) cdPOX) 11 5 (X GPXG o, NP) ! 29X p)=nl 2d];
natural with respect to the mapsin the cosimplicial scheme X

Let g ( X;G(q)(x; n9( ) denote the total (cohomological) complex of the

et
double complex assaiated to the simplicial complex g ( X;Gé?) X5 AN ).
The maps (12.4) givesthe quasi-isomorphism

(12.5) Al X)L (XiGP(X: LGN Z%X29 )=

et

We let cl' @ (X ) denote the inverseof cI' ‘@ (X) ! in the derived category.
By the homotopy property of etale cohomology the augmertation

x5 OGGG M OGED (X L, 9()
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is a quasi-isomorphism. We have the composition in the derived category

(12.6) 2029 )=n @Y (G X .9

' et

LOGEP G D)

' et

L(OGED (X ()

' et
1

T(XG(Xs )
Let ZQ (p) bethe Zariski sheafon X assaiated to the presheafU 7! z9(U;2q p),
giving us the complex of sheavesZ{ ( ). The maps (12.6) give us the map
c:zg()=nt R 9
in the derived category. SinceZg ()= 4Zy ( ), we have the map
(12.7) cly :Z3()=n! R x %

in the derived category of Zariski sheaves.

In order to extend clj} to the caseof a regular B-scheme, with B a regular
schemeof dimension one, one applies the extension of the purity for smooth closed
embeddingsto the caseof a closedembedding of regular schemes,due to Gabber
[20]. The construction is then exactly as described above.

12.4. Inverting the Bott element. Suppose as above that B is a B,-scheme.
Then multiplication by , de nes an isomorphism of etale sheaves 9! 91,
Let ZJ ( )=n[ , '] denotethe direct limit of the system

z3()=n Pz (yny
where[ ,]is any elemern of z1(B=B; 2)=n represeining the imageof the re ned Bott

elemert P in Ho(z2(B=B; )=n) . Sincecl*([ ,]) is the classof , in H(B; n),
the map cl§, extendscanonically to

cy :z3()=n[ 11! R x %
Theorem 12.5. Let X be a regular B-schemeof nite type. Then the etale cycle
classmap

o} :Z3O)=n M R x L
is an isomorphism in the derived category of Zariski sheaveson X .

Proof. Supposewe know the result for B = Speck, k a eld.

It follows directly from the de nition of the cycle classmap (12.7) that, for i :
W ! X aclosedregular substhemeof codimensiond, with complemertj : U ! X,
the diagram

(12.8) 29 4W:2q  )=n——Jz9(X;2q  )=n——Jz9(U;2q )=n
cl® 9 2d] cld cld
Rw .99 Zd]iilR X nqj4/R TR

commutes (in the derived category). By the localization [36, Theorem 0.7] for
the cycle complexes,together with the purity result [20], the rows above de ne
distinguished triangles. If we then localize with respect to ,, the rows remain
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distinguished triangles. In particular, if W is a regular subschemeof a b er of X
over a closedpoint of B, the result for U implies the result for X .

Since, for ead closed point b of B, the b er X, hasa nite strati cation by
closedsubsetsX | sothat X{,nxl')+l is regular, taking a limit over diagrams (12.8),
with W a regular closedsubstiemeof someX, we reduceto proving the result for
the generic b er of X over B, which completesthe veri cation of the reduction to
the caseB = Speck.

It suces to provethe result for n a prime power. If n is odd, or if n is evenand
4jn, this is provedin [34, Theorem 1.1]. For n = 2, Voevodsky [64] has shown that

the Galois symbol
Ky (k)=21 H(k;Z=2(q)

is an isomorphism for all elds k and all @ 0. By [59 in characteristic zero, or
[22, Theorem 1.1]in arbitrary characteristic, this implies that the map

cl?: Zx ( ):2 ! qR X 2 4
is an isomorphismin the derived category. The result for the localized cycle class
map follows immediately from this. O

Corollary 12.6. Let X ! B be a regular B-scheme. Then the etale cycle map
cldy 1 Zg(g=n! 9 inducesan isomorphism

i [0 1:Zg(@=n] o118 4
in the derived category. If B = Speck, k a eld, or if n = 2 , then the etale cycle
classmap cld,y is already an isomorphismin the derived category.

Proof. In caseB = Speck, the statemert on cl,, is an immediate consequence
of the main theorem of [57] (if k has characteristic zero), or the extension of the
results of [57] to positive characteristic using the resolution of singularities results
of de Jong [18] (seee.g. [32] for somemore details on this extension).

In casen = 2 , the argumert of Theorem 12.5 givesthe isomorphism

Zy (g)=2 ! R x L%

Taking the assaiated etale sheavesgivesthe desiredisomorphism.
In general, the result follows from Theorem 12.5 by taking the assaiated etale
sheaves. O

Remark 12.7. If the Beilinson-Lichtenbaum conjecture holds, i.e., if

cl : Zx (g)=n"! R x 9
is an isomorphism for all regular B-schemesX , then clearly the etale cycle class
map cldy 1Zg(g=n! 9 is alsoan isomorphism.

12.8. The etale spectral sequence. Let X ! B be a nite type B-scheme.
Sincethe simplicial spectrum G (X; ) is contravariantly functorial for at maps
of relative dimension zero, G (X; ) extendsto a sheafof simplicial spectra for
the etale topology, G?}D( )x - We have aswell the etale simplicial shea/eszgt( )X s

G¥( )x and z%( )x corresponding to zq(X; ), G@(X; ) and z9(X; ). The

et
weak equivalences

G=q 1(X; ) ! zZg(X; ) G D(x; )1 z9X: )
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givesrise to weak equivalencesof etale sheaves
=q+1
(12.9) Ghheg p( W ! 25 )x: G ()x 1 2% )x;
where G(eé:q 1)( )x and Ggﬂ:q”) ( )x are the respective co b ers of the maps

Gy x ! G x. GE ()x b GR( )x.
Supposethat dimX  d. The tower

(12.10) il Gl (O x b G Ix !t it Gy )x o GH(X)
together with the weak equivalence(12.9) givesthe spectral sequence
(12.11) Eng = HP(Xet; Z8'( )x =n) =) GE\ o(X;Z=n);

where we write GF, (X ;Z=n) for p.q(Xet; G*(X);Z=n).

If X has pure dimension, we may rewrite (12.10) in terms of codimension:
(12.12) il G Ot G )kt i GO )x G(x)

If X is regular, we may further rewrite the spectral sequence(12.11) as the E,
spectral sequence
(12.13) ESX;Z=n)er = HP(Xet; 2o T2( )x =) =) K& (X;Z=n):
We may take the smash product of the tower (12.12) with the mod n Moore
space,giving the tower
(12.14)
it G (izen)c t GW( s zEn)x ! it GO z=n)x KX ;Z=n)
The assaiated E 1-spectral sequencss just the spectral sequence(12.11).
Supposethat n is odd, or, if n is even, that 4jn. Multiplication by acts
on the tower (12.14), giving the action of multiplication by D on the spec-
tral sequence(12.13). We note that multiplication by , givesan isomorphism
Ke(X;Z=n) | K¢g,,(X;Z=n); for the mod n K-groups of an algebraically
closed eld, this follows from Suslin's computation of the mod n K -theory of al-
gebraically closed elds [54], and the general casefollows from this using Gabber's
rigidit y theorem [19]. Thus we have the spectral sequence

(12.15)

ESIX;Z=al o 1= H P W(Xet; Zg ™2 )x=nl 1) =) K, (X;Z=n):
We have the evident map of the spectral sequenceg(12.2) to (12.13), and the map
of (12.13)to (12.15)

(1)
n

Remark 12.9. It follows from Suslin's computation of the mod n K -theory of al-
gebraically closed elds [54], together with the rigidit y results of Gillet-Thomason
[17] and Gabber [19] that there is a natural isomorphism of the groupsK & (X ; Z=n)
with the mod n etale K -groups of X as de ned by the etale K -theory of Dwyer-
Friedlander [12].

Theorem 12.10. Let X ! B be a regular B-schemeof nite type.

(1) Suppmsethat n is odd, or that 4jn. Then the E; term in (12.15) is given by
EYY = HR(X;Z=n( 0=2)).

(2) Suppmsethat n is odd, or that 4jn. If n is odd, we suppse in addition that
B = Speck, k a eld. Then the map of (12.13)to (12.15) is an isomorphism.
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(3) Supmsethat n = 2 . Then the E; term in (12.13) is given by
EN9=HE(X;Z=2 ( o=2)):

Proof. This follows from Corollary 12.6 O

Remark 12.11 We extend the de nition of motivic Borel-Moore homology, motivic

cohomology etc., to B-schemesessetially of nite type by taking the appropriate

Itered direct limit. All the results for B-schemesof nite type extend without

dicult y to sud limit schemes, using the compatibility of homology, homotopy
and the Q-construction with direct limits.

13. Quillen-Lichtenba  um conjectures

We give a few sample applications of the comparison of the spectral sequences
consideredabove. The rst is a new proof of Thomason'sresult [61] comparing the
Bott inverted algebraic K -theory with etale K -theory.

Corollary 13.1. Let X be a regular B-schemeof nite type. Supmsethat n is
odd, or 4jn, and that B is a B,-scheme. Then the natural map

K (X;Z=n)] ! K®(X;Z=n)
is an isomorphism.

Proof. If we localize the spectral sequencg12.2) with respect to multiplication by

M we have the spectral sequence

(13.1) EYY = HPOXZ=n( q=2))[ '1=) K p o(X;Z=n)[ ']
and the evidert map of (13.1) to (12.15). By Theorem 12.5, this is an isomorphism
on the E,-terms, which completesthe proof. O

For a local ring A, let dimg(A; n) be the maximal p sud that Hgt(A; 6o
forallg 0. Welet dime(X;n) bethe maximum of dime:(Ox .« ; n), asx runs over
the points of X.

Remark 13.2 Supposethat X is an irreducible regular schemeover a eld. Then
dime(X;n)  dime(k(X);n). Indeed, for x 2 X, it follows from Gersten's conjec-
ture that the map

Hgt(Ox % 0! Hgt(k(x ) n®
is injective, proving our claim

We show how the Beilinson-Lichtenbaum conjectures for motivic cohomology
imply a sharp version of the Quillen-Lichtenbaum conjecturesfor higher K -theory.

Corollary 13.3. Let X be aregular B-schemeof nite type. Supmsethat the map
cly :Z9( )x=n! gR x ,%is anisomorphismfor all g; let d = dime (X;n).

(1) The map
Km(X;Z=n)! KZ&(X;Z=n)
is an isomorphismfor allm d 1.
(2) Supmsethat H42™ (X ;Z=n(d+r 1))= Ofor allr 1. Then the map

Kg 2(X;Z=n)! K§',(X;Z=n)
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is injective, with cokernel isomorphic to the image of the natural map
HA(X;Z=n(d 1))! HZ, X;HY(Z=n(d 1)) :

Proof. We rst compare the mod n motivic cohomologywith mod n etale coho-
mology, using a comparison of the Bloch-Ogus spectral sequences

ES® = Hi, (X HOZ=n( 0=2))) =) H*°(X;Z=n( ¢=2))

ESr = Hixw G HR@ZEn( 0=2) =) HE°(X;Z=n( ¢=2));

where HP(Z=n( @=2)) is the Zariski sheafof motivic cohomologygroupson X , and
Hgt(Z=n( 0=2)) is the Zariski sheafof etale cohomologygroups.
By our assumptions,the cycle classmap inducesan isomorphism

H°(Z=n( ¢=2))! H&(Z=n( ¢=2))
forall b g=2. Supposethat gqiseven,q< 0,that b> ¢=2,andthat a;b;c 0.
Then
(@a+b) g d c=) ¢g2>a+d c
=) b> g2 a+d c+1 d c+ 1L
If we take ¢ = 1, we seethat b > d, hence Hgt(Z=n( g=2)) = 0. Thus, for
(a+ b g d 1,the cycleclassmap givesan isomorphism Eg;b ! Ege? Since

the di erential increasesa and decreases + b, this implies that the cycle classmap
givesan isomorphism

HP(X;Z=n( o¢=2))! HBE(X;Z=n( ¢=2))

forall p g d 1.
If wetakec= 2,the only casewith d b> ¢g=2isa=0,b=dand ¢g=2=
d 1. Arguing asabove, we seethat the cycle classmap givesan isomorphism

HP(X;Z=n( ¢=2))! HZ(X;Z=n( 0=2))

forall p g=d 2,exceptpossiblyfor g=2=d 1,p=d.
Looking at the Bloch-Ogusspectral sequenceconvergingto H & b(X:Z=n(d 1)),
we seethat

E5" = ES)
for all a, bwith a+ b d+ 1, exceptfor the cases(0;d), (1;d) and (0;d + 1), in
which caseswe have Es;b = 0. Thus, we have the exact sequence
01 HIX:;zan(d 1)) * 1 H&(XZand 1)1 HL (X H&@Z=nd 1))

with image of the last map the term Ef;det.
For c = 3, the only caseswith d b> ¢g=2isa=0,b=d 1, g2=d 2.
Analyzing the Bloch-Ogus spectral sequencess above, we have an isomorphism

HP(X;Z=n( ¢=2))! HZ(X;Z=n( 0=2))
forall p g=d 3, exceptpossiblyfor g=2=d 2,p=d 1, and we have
the exact sequence
01 HY X(X;z=n(d 2)) °" 1 HE Y(X:z=nd 2)
I H2% (X HE H(Z=n(d  2)))
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By Corollary 12.6, we have the isomorphism in the derived category of etale
sheareson X

Zg=n= ,%
We now considerthe spectral sequenceg12.2) and (12.13), corverging to alge-

braic and etale K -theory. From the computation above, and Theorem 12.10, the
map cl” 92 givesan isomorphism

(13.2) clP 92 ERYX;Z=n)! ENYX;Z=n)e

for all (p;q) with p (¢ dime(X;n) 1, and an injection for p g
dime:(X;n) 3. Thus, we have an isomorphism on EP@ terms for p q
dime(X;n) 1, proving (1).

The assumption H42"™*1 (X ;Z=n(d+ r 1)) = Ofor all r 1, together with
the fact that the E5' terms in the two spectral sequencesare isomorphic for all

p g=d 2exceptfor (p;q = (d; 2d 2) implies that (13.2) induces an
isomorphismon the imageof d”9 for allr 2andall p;qwith p q=d 2. This
implies that (13.2) inducesan injection onthe EP9-termsfor p q=d 3, andfor
all r, from which it follows that (13.2) inducesan isomorphism on the EP9-terms
for p g=d 2 p6 d Also, wehaveES 2! 2= E& 20 2 iy poth spectral
sequences.

Thus the map Kgq 2(X;Z=n) ! K§ ,(X;Z=n) is injective, with cokernel iso-
morphic to the cokernel of HY(X;Z=n(d 1)) ! H4(X;Z=n(d 1)). From our
comparisonof the Bloch-Ogus spectral sequencesorvergingto H94(X;Z=n(d 1))
and H3(X;Z=n(d 1)), we seethat this cokernel is isomorphic to the image of

HA(X;Z=n(d 1))! HOX;HYL(Z=n(d 1)), completing the proof. O

Corollary 13.4. Let X be a regular B-schemeof nite type. Supmse that the
Galois symtol K §' (F)=n! Hg (F;Z=n(q)) is an isomorphism for all elds F and
all g. Then the map

Km(X;Z=n)! KZ&(X;Z=n)

is an isomorphismfor all m  dime(X;n) 1. If H32™(X;Z=n(d+r 1))=0
for all r 1, then the map

Kg 2(X;Z=n)! K§' ,(X;Z=n)
is injective, with cokernel isomorphic to the image of the natural map
HA(X;Z=n(d 1))! H2, X;HY(Z=n(d 1)) :
Proof. The assumption on the Galois symbol implies asin the proof Theorem 12.5
that the cycle classmap
C|§< qu( )x=n! qR X nq
is an isomorphismfor all ¢ 0. The result is then a consequencef Corollary 13.3.
O

Finally, using Voewodsky's theorem [64], we give a partial computation of
mod 2 algebraicK -theory.

Corollary 13.5. Let X be aregular B-schemeof nite type, with B a schemeover
Z[1=2], and let d = dim¢(X;2). Then the map

Km(X;Z=2")1 K&(X;Z=2")
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is an isomorphismfor allm d 1, 1 1f HA2 (X ;Zz=2(d+r 1)) = Ofor
all r 1, then the map
Ka 2(X;Z=2)! K§ ,(X;2=2)
is injective, with cokernel isomorphic to the image of the natural map
H4(X;Z=2 (d 1)! HI, X;HY@Z=2d 1) :
Proof. This follows from Corollary 13.4 and Voevodsky's veri cation of the Milnor
conjecture [64]. O

Examples13.6. If dime(X;2) 2, Corollary 13.5 givesa complete description of
K (X;Z=2) in terms of etale K -theory and etale cohomology K(X;Z=2) =
th(x ;Z=2 ) for all p> 0, and we have the exact sequence

0! Ko(X;Z=2)! K&(X;Z=2)! HOX;HZ%(z=2 () ! o
If in addition H5 (X ;Z=2) = 0 for p > 2, the spectral sequence(12.2) (n = 2)
degeneratesat E,, giving the isomorphism
gr Kn(X;Z2=2)= ;- p qut(X;Z ( o=2))
for n > 0. For n = 0, we have
Ko(X;Z=2 )= HO(X;Z=2) kefHZ(X;Z=2 (1)) ! HO(X;HZ(Z=2 (1))

The condition dimei(X;2) 2 holds if X = SpecOs, where Os is the ring of
S-integersin a totally imaginary number eld, if X is a (possibly open) smooth
curve over a nite eld, if X = SpecF, F a eld of transcendencedegreeat most
oneover a nite eld, or alocal eld, orif X is a smooth surfaceover a separably
closed eld (all of characteristic di erent from 2). The caseof rings of S-integers
in a totally imaginary number eld recoversa result of Rognes-Weibel [49].

Remark 13.7. It is not at all clear what the spectral sequenceg12.13) or (12.15)
have to do with the Dwyer-Friedlander spectral sequencefrom mod n etale coho-
mology to mod n etale K -theory.

14. Arithmetic  applica tions

We gives somecomputations of the motivic cohomologyand K -theory of nite
elds, curvesover a nite eld, and rings of S-integersin a number eld.

14.1. Motivic cohomology of nite elds. We computethe 2-localized motivic
cohomologyof nite elds. Welet HP( ;Z (q)) denotethe functor of 2-localized
motivic cohomology

Lemma 14.2. Let F be a nite eld. Then HP(F;Q(q) is zem for all (p;q) 6
(0; 0).

Proof. From Quillen's computation of the K -theory of a nite eld [44], Ky(F) isa
nite group for all p> 0. Using the rational degenerationof the spectral sequence
(1.8) (Theorem 11.7), the result follows. O

Theorem 14.3. LetF bea nite eld having q elements.
(1) HP(F;Z(p)) = Ofor all p> 1. HY(F;Z(1)) = F .

(2) HP(F;Zip(n)) = 0forp 2

3) HY(F:Zp (n) = Z=(d" ).
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(4) For g 2, (2) and (3) hold with Z-coe cients.
Proof. (1) follows from the Suslin-Nestorenlo/T otaro isomorphism [42] [62]
HP(F;Z(p) = Ky' (F);

and the well-known vanishing of KB" (F) for p> 1. By Lemma 14.2, the groups
HP(F;Z @ (n)) = 0 are torsion for (p;n) & (0;0).
SupposecharF = 2. By [21, Theorem 1], HP(F;Z=2 (n)) = O for all p 6 n,
hence
HP(F;Z (n)) = HP(F; Z2)(N)tor = 0

for all p& n+ 1, proving (2) and (3) in this case(H"*! (F;Z(n)) = 0 by Proposi-
tion 11.4).

SupposecharF 6 2. By the Milnor conjecture [64] and [22, Theorem 1.1], the
cycle classmap HP(F;Z=2 (n)) ! HE(F;Z=2 (n)) is an isomorphismfor p  n.
Sincewe have the surjection

HP(F;Z=2 (n)) ! » HP* (F;Z¢)(n));
we have
HP(FiZ2)(n) = 0; p 2
Also, this givesus the isomorphism
HY(F;Zg () = HY(F;Zg (M) or = IMHO(F;Z2=2 () = Zy =(q"  1);

proving (3). Thus the inclusion
HY(F;iZg (n)=2 | H'(F;z=2 (n) =252 ;1 d)

is an isomorphism, henceH ?(F; Zpy(n)) = 0.
For (4), we repeat the above argument, using the Merkurjev-Suslin theorem [40]
instead of the Milnor conjecture. O

14.4. Motivic cohomology of number elds and number rings. We x a
number eld F, and a nite setof primes S containing all the in nite primes, and
all the primes over 2; we denote the ring of S-integersby Os.

Theorem 14.5. Let S be a (possiblyin nite) set of primes in a humber eld F,
containing all the in nite primes.

(1) Supmwsethat S is nite. Then HP(Os;Z(n)) is a nitely geneated Z,) -
module for all n and p. For n 2, HP(Os;Z(n)) is a nitely geneated alelian
group for all p.

(2) Supmsethat S is nite and contains the primes over 2. Then the cycle class
mapscl”" : HP(Os;Z=2 (n)) ! HE(Os;Z=2 (n)) induce isomorphisms

HP(Os;Z@ () z, Z2! H&(Os;Zo(n)); p
by passingto the inverse limit. The sameholds with 2 replaed with an odd prime
ifn 2

(3) HP(Os;Z»(n)) = O0forp 0,n6 0, andforp 3, p6 n mod2 p n.
The sameholdswith Z-coe cients forn 2. HP(Os;Z)(n)) = (Z=2)"* forp 3,
p nmod2 p n.
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(4) Supmsethat S is nite. Then HZ(OS;Z(z) (n)) is a nite group for all n, and
H?(0s;Z(n)) is a nite group for all n 2. In geneal, the same holds with
\torsion group" replacing\ nite group".

(5) Hl(OS;Z(z) (n)) hasZy-rankry forn 2 even,ry+rp for n 3 odd and, if
Sis nite, ri+ry 1+ jS,jfor n= 1. The torsion sulgroup of H 1(03;2(2) (n))
is isomorphic to HO(F; Q,=Z»(n)). The sameholdswith Z-coe cients for n 2.

Proof. The statemert (3)-(5) for nite S follow from (2) by the well-known compu-
tations of H’, (Os[1=1]; Z,(n)); the general casefollows by taking the direct limit.
We now considerthe 2-local portion of (1) and (2).

By Theorem 11.7, we have isomorphisms

HP(Os;Q(n)) = Kzn p(0s)™:
By Borel's theorem[8] (together with the results of [9]), K2, p(Os)q = Ofor peven,
p6& 2n, and Koy p(Os)™ = Ofor podd, p6& 1. SinceK o(Os)q = Ko(Os)g), this

givesH P(Os; Q(n)) = Ofor p even, exceptfor (p;n) = (0;0),andHP(Os;Q(n)) = 0
for p odd, exceptfor p= 1. Using [8] and [9] again, we have
8

2Q" fornewen;n 2
H1(0s;Q(n)) = JQutre for n odd ;n 6 1;
T Qnitrz WiSmi forn= 1

Thus, the Q-rank of H1(Os; Q(n)) agreeswith the Q,-rank of HL(Os; Q2(n)) for
aln 1.

By the Milnor conjecture [64], together with [59] and [22, Theorem 1.1], the cycle
classmap givesan isomorphisms

cB" tHP(k;Z=2 (n)) ! HPE(k;Z=2 (n))

for all elds k of characteristic dierent from 2, andallp n, n 0. Comparing

the localization sequencesor H and H,,, we seethat

cl" :HP(0s;Z=2 (n)) ! HEL(Os;Z=2 (n))
is an isomorphismfor all p n, n 0. In particular, HP(Os;Z=2 (n)) = 0 for
p < 0. Using the niteness of etale cohomologyfor regular Z-schemesof nite type
[11, Theoremede nitude], we seethat HP(Os;Z=2 (n)) is a nite group for all
p n.
SinceHP(Os;Q(n)) = 0for p 0, n> 0, the universal coe cien t sequence
0! HP Y0g;Z(n))=2 ! HP Y0s;Z=2 (n))! , HP(Os;Z(N))! O

shows that HP(Os;Z;)(n)) = 0for p 0. Similarly, sinceHgt l(OS;Zg(n)) is a
nite groupforp 1 2, the group HP(Os;Z (n)) is nite for p 3. Similarly,
sinceH % (Os;Z2(n)) = Ofor n > 0, the 2-primary torsion in H(Os; Z(n)) is nite,
henceHl(Os;Z(z) (n)) is nitely generatedover Z,) .

For the casep = 2, the group H2(Os;Z»(n)) is a nitely generatedZ,-module,
of rank equalto the Q,-rank of H. (Os;Q2(n)). This shaws that the Tate module
of the 2-primary torsion in H?(Os; Z(n)) is trivial, hencewe have a surjection

H*(0s;Z=2 (n)) ! HP(Os;Z) (N))wr
for large. Thus HP(Os;Z) (n)) = HP(Os;Z) (N))twor is nite.
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Sincethe HP(Os; Z(,) (n)) are nitely generatedZ ;) modules,they all have nite
torsion subgroups. Thus, the inclusions

H p(OS X Z(z) (n))=2 I H p(OS X Z=2 (n))
induce a sequenceof isomorphisms

HP(Os;Z (n)) Z; = limHP(Os; Zz) (n))=2

Z»

lim HP(Os;Z=2 (n))

lim HE (Os;Z=2 (n))

lim HE (Os; Z2(n));

proving (2).

The portion of (1) and (2) for weight n 2 is proved using the sameargumert as
above, wherewe replacethe useof the Milnor conjecture with the Merkurjev-Suslin
theorem [40Q]. O

Lemma 14.6. Let S be a (possibly in nite) set of primes in a number eld F
containing all the in nite primes.

(1) HP(Os;Z(n)) = 0for n< p, exeptfor n= 1, p= 2

(2) HP(Os; Z(p)) ! HP(F;Z(p)) isinjective for p = 1;2, anisomorphismfor p= 3,
and surjection for p> 3. HP(Os;Z» (p)) ! HP(F;Z) (p) is an isomorphism for
p 3

(3) HP(Os;Zp)(n)) ! HP(F;Z() (n)) is anisomorphismfor 3 p< n, aswel as
for 1= p<n. HYOs;Z(2) ! HY(F;Z(2)) is an isomorphism.
(4) For 3< n, we havethe short exactlocalization sequen@

0! H?%(Os;Zp(n)! H2(F;Zg() ! xesH'(K(X);Zg(n 1))! O
For n = 3, the similar localization sequen@ with Z-coe cients is exact.

Proof. Theseall follow from localization. We have the localization sequence

xes HP 2(k(x);Z(n  1))! HP(Os;Z(n))! HP(F;Z(n)
I xesHP M(k(x);Z(n 1))
which we may localize away from 2 if necessary
To prove (1), we needonly shaw, by Proposition 11.4,that H"*! (Os;Z(n)) = 0
forn 2. Forn> 2 wehaven 1 2 ,soH" l(k(x);Z(z) (n 1)) = 0 by
Theorem 14.3,and H"*! (F; Z(n)) = 0 by Proposition 11.4. For n = 2, we cortinue
the integral localization sequenceo the left, giving

H2(F;Z(2) 1€ xesH(k(X);Z@D) ! H*(0s;Z(2)) ! 0
The map @is the tame symbol
KY(F) ! xesk(X) ;
which is surjective by the theorem of Bass-Milnor-Serre [2]. This completesthe
proof of (1).
The proof of (2) is the same. We rst usethe integral versionof localization. The
injectivit y for p = 1; 2 follows from the vanishing of H2(k(x); Z(b)) forb 1,a O.
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The surjectivity for p 3 follows from the vanishing of H"(k(x);Z(n)) for n > 1.
The 2-local injectivit y for p > 3 follows from the vanishing of HP 2(k(x); Zyy(p
1)). The integral injectivit y for p= 3 follows from the casen = 3 of (4).

For (3), the casesp 4,p 2 follow asabove. For p= 3, we needto shaow that
the boundary map

H 2(F; Zpy(n)) ! x6s H l(k(x); Zpy(n 1))

is surjective; this also provesthe surjectivity in the 2-local part of (4). For this,
Soule [52, Theorem 1] has shown that the boundary map

Kom(F) 1© yexKom 1(k(X)

is surjective for all m 1. By Theorem 14.5(2), we have H2® 2M(F;Z, (b)) = 0
for b m, giving us the edgehomomorphism

am Kom (F) ! H2(F;Z) (m)):
SinceH?3(k(x);Z (m 1)) = Ofor a6 1, the edgehomomorphisms
om 10 xesKom 1(k(X) ! xesH(K(X);Z@(m 1))
are isomorphisms. This givesus the commutativ e diagram (seeProposition 3.4)
Kan 2(F)y —2— «exKan 3(k(X)) 2
2n 2 2n 3
H2(F;Z (n) — 1 esH Yk(x);Zg(n 1))

and the desired surjectivity.
If n= 3, the argumert works integrally, giving the surjectivity of

H2(F;Z () ! xemH'(K(X);Zg (n 1))

and proving the integral surjectivity in (4) for n = 3.

The vanishing of HO(k(x);Z(z) (n 1)) for n > 3 yields the injectivity in the
2-local portion of (4). The integral injectivit y for n = 3 follows from the vanishing
of HO(k(X); Z2) (2)). O

14.7. The K-theory of Os. We now apply Kahn's argumert [28] to compute the
K -theory of Os. We usethe 2-localized version

(14.1) ESY = HP(Os;Zp( 072)) =) K p 4(Os)e
of (1.8).
Lemma 14.8. The dier ential
dg * T HPP(0siZ (P 1)! HP(OsiZp (P)
is surjective for p= 5, and an isomorphismfor p 6.

Proof. For this, we usethe argumert of [28]: By [47], the cup product 1[ 1]
1] 1liszeroin K4(Z). By Lemma 14.6, the Suslin-Nestorenlo-Totaro theorem
[42], [62], and the Bass-Tate theorem [3], we have the identity (for p  3)

HP(Os;Z) () = HP(F;Zp (p) = Ky' (F) = (Z=2)";
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and the map F ! KB" (F), a7 fa; 1;:::; 1gis surjective. In particular, the
map

HP(F; Z(p) ! Kp(F)
is zerofor p 5. SinceKp(Os) ! Kp(F) isinjectivefor all p 2 by [52, Theorem
1], it follows that HP(Os;Z(p)) ! Ky(Os) is zerofor all p 5.

Thus, since H%(Os;Z» (n)) = O, the dierential d3 ° is surjective. Since
cup product with 1 2 F gives an isomorphism K} (F) ! K/, (F) for all
p 4, it follows that cup product with 12 H?(Os;Z(1)) givesan isomorphism
HP(Os;Z(p)) ! HP*(Os;Z(p+ 1)) for p 5. Using the multiplicativit y of
(14.1), it follows that dj 3 22 g surjective for all p 5, hence,by Lemma 14.6,
an isomorphismfor all p 6. O

Lemma 14.9. (1) The spectral sequene (14.1) degenemtes at E 4.
(2) The dier entials dj " are zer for n 6 3 mod 4.

(3) Forn p 2 mod 4, the dier ential di ?" are surjective for p = 2 and
isomorphismsfor p> 2. Forn p 0 mod 4 the di er entials d§ 2" are zero for
p 2

(4) For n 3 mod 4, the dier ential dj " is not zer if r; > 0.

Proof. Clearly (1) follows from (2) and (3). The assertion(2) follows from (3) (for
the dierential d3 2" 2).
We consider the evidernt map of the spectral sequence(14.1) to the mod 16
version. By Theorem 14.5,it su ces to verify (3) in the mod 16 sequence.
SinceHP(Os;Z=2 (n)) = 0 for all p< 0, we have the edgehomomorphism

Kan(Os;Z=2 ) ! H°(Os;Z=2 (n)) = HJ(Os; ,"):

and similarly with F replacing Os. In [28, proof of Lemma 4.3], it is shawn that
thereis alifting 2 Kg(Q;Z=16) of the generator 2 H°(Q;Z=16(4)) correspond-
ing to a primitiv e 16th root of one. Sincethe map

H? " (Os;Z=16(4+ 1)) ! H?" (F;Z=16(4+ r))
is an isomorphismfor all r 1 by Lemma 14.6, 2 H°(Z[1=2];Z=16(4)) lifts to

2 Kg(Z;Z=16), i.e., isaninnite cyclein (14.1).

Thus, lifts (non-uniquely) to an elemert @ in (K ¥ (Z;Z=16)). There is
thusanm 2 Z f0g suc that the imageof @ in (K@ (Z[1=m]; Z=16)) lifts to
anelemen &) in (K@ (Z[1=m]=Z; Z=16)).

Suppose for a while that S contains all the primes lying over m. Using the
multiplicativ e action of K ¥ (Z[1=m]=Z; Z=16) on the spectral sequence(14.1), we
have the action of cup product by on the mod 16 version of (14.1).

Suppose we have proved the mod 16 version of (3) for all n 4k, for some
integer k 2. Since multiplication by the generator of HS (F;Z=16(4)) gives an
isomorphism

HP(0s;Z=16(n)) ! HE(Os;Z=16(n+ 4));
multiplication by givesan isomorphism
HP(Os;Z=16(n)) ! HP(Os;Z=16(n + 4)):

Using the cup product by on the mod 16 version of (14.1), this givesus (3) for
all n  4(k + 1), except for the dierentials df *" with 4k 2 p 4k+ 1and
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4 n 4k+ 3,with n pewven. The cases(p;n) = (4k 2+i;4k+1i),0 i 3,
are handled by Lemma 14.8. The two remaining cases(p;n) = (4k 2;4k + 2) and
(p;n) = (4k 1;4k + 3) are handled by taking the cup product of the di eren tial
dd b 8 with the classof 12 H(Z(1)) and with 1[ 12 H2%(Z(2)). This
reducesus to proving (3) for n 8, which follows from Lemma 14.8.

This completesthe proof of (3) in caseS contains all the primes lying over
m. In general, let S° be S together with all the primes over m. We know from
Theorem 14.5that the maps

HP(Os;Z)(n) ! HP(Oso;Z(z) (N))

are injective for all (p;n) 6 (2;1), and are isomorphismsfor all p & 2. Thus, the
result for S?implies that for S, except possibly the surjectivity of the maps

dg; an . H2(OS;Z(2) () ! H5(Osiz(2) (n)) = (Zz=2)"*

forn 5 odd. To prove this surjectivity, the degenerationof the spectral sequence
(14.1) at E,4 givesthe exact sequenceof E3-terms

2, 2n

d .
H2(Os;Z@p(n) ° ! (Z=2)""! Koz 5(0s)e
and similarly for S% the map Os ! Oso givesthe commutativ e ladder

2, 2n
d3

H?(Os;Z ) () l(z=2)"* ——K2n 5(0s))

H?(Oso; Zz) () dz;—2n/(2=2)rl —Kan 5(0s0)z)
3

By [52, Theorem 1], the map is injective; thus, the surjectivity of the bottom
dg; 2n implies the surjectivity of the top one. This completesthe proof of (3).
We now verify (4). SinceH 1(Os;Z ) (n)) = HX(F; Z() (n)) andH*(Os; Z ) (n+
1)) = H4(F;Z(2) (n + 1)), we can replaceOs with F. The non-vanishing of
dy " HYF;Zp(n) ! HAF;Zg (n+ 1))

is proved in [28, Lemma 4.4], by passingto a real closureof F, and using computa-
tions of K2, 2(R) dueto Suslin and Jannsen. This completesthe proof of (4) and
the lemma. O

Theorem 14.10. LetS be a set(not necessarily nite) of primes of a number eld
F, containing all the in nite primes. Then we have exact sequenes

0! (Z=2)""! Kan 1(Os)@ ! HY(Os;Zz(n)! 0; n 2 mod 4
0! Ky 2(03)(2)! H2(OS;Z(2)(n))! (Z:2)r1! 0; n 0 mod 4;n 4

and, forn 3 mod 4

0! Kzn 1(0s)@ ! HY(Os;Zp (M) T (z=2
I Kan 2(0s)) ! H?(Os;Zp(n) ! O

The map d,, is non-zem if r; > 0.
Forn 1;2 mod 4, n 2, we havethe isomorphism

Kan 2(0s)@ ! H?(Os;Zp (n);
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andforn 0;1 mod 4, n 1, we havethe isomorphism
Kan 1(0s)@ ! H'(Os;Zp (n):
For n 2, all the alove holds with Z-coe cients.

Proof. It suces to prove the theorem for S nite; the general casefollows from
this by taking direct limits.

The map K1(Os) ! H!(Os;Z(1)) = Og is an isomorphism by the theorem of
Bass-Milnor-Serre. By localization, Theorem 14.3and Quillen's computation of the
K -theory of nite elds, the maps

Km(Os) ! Km(Os[1=2]); HP(Os;Zp (n)) ! HP(Os[1=2];Z() (n))

areisomorphismsfor m > 1,2n p> 1, sowe may assumethat S contains all the
primes over 2.
The maps

Kon 1(0s) ! HYOs;Zz); Kan 2(0s)@ ! H?(Os;Zp)

are the edgehomomorphismsfrom the spectral sequence(14.1); all the exact se-
guencesand isomorphismsin the statemert of the theorem are the complexesof
Es-terms in (14.1), together with the isomorphismsof Theorem 14.5:

H3(OS;Z(2) (n+ 1)) = (Z2=2)"'; n 2; (for the rst sequence),

H5(OS;Z(2) (n+ 1)) = (Z=2)'*; n 4; (for the secondsequence),

H4(OS;Z(2) (n+ 1)) = (Z=2)"; n 3; (for the third sequence).
The map dy, is the di erential dj’ *".

With this, the 2-local assertionsin the theorem follow directly from Lemma 14.9.
The nal assertionon the integral versionfor n 2 follows from the integral
information in x14.4, which givesthe integral degenerationof the spectral sequence
atall EXYwith p q 3. O

Remark 14.11 Supposethat the Bloch-Kato conjecturesare true for an odd prime
l, i.e., that the Galois symbol KM (F)=I'! HZA(F; | 9 is an isomorphism for all
g Oandall elds F of characteristic prime to |. Let S be aa nite set of primes
of a number eld F, containing all the in nite primes, and all the primes over I.
The argumerts of Theorem 14.5imply that HP(Os; Z(y(n)) is a nitely generated
Zy-module for all p and n, and that the map cI”? inducesan isomorphism

clP9 :HP(Os; Z(y(N) 2, Zi'! HE(Os;Zi(n))

for all n p. In addition, for n 1, HP(Os;Z(y(n)) = Ofor p 6 1;2. The
[-localized version of (1.8) thus degeneratesat E,, and the edge homomorphisms
give the isomorphisms

Kan 1(0s)qy ! H'Os;Zgy(n));  Kazn 2(0s)ay ! H?(Os;Zgy(n))

forn 1, for all S containing the in nite primes of F.
Similarly, for a nite eld F with g elemers, the argumerts of Theorem 14.3
imply that HP(F;Z(y(n)) = Ofor p6 1,n> 0,and H'(F;Z()(n)) = Zgy=(d" 1)
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14.12. Curv esover a nite eld. A simplerversionof the argumerts for number
rings, relying on Soule's niteness results [52], givesa computation of the 2-primary
K -theory and motivic cohomologyfor curvesover a nite eld.

Lemma 14.13. Let C be a smmth geometrically irr educible curve over a nite
eld F.

(1) H#(C; Z(1)) = Pic(C), HY(C;Z(1)) = ( C;0O¢), HO(C;Z(0)) = Z. Forn 1,
(r;n) & (0;0);(1;1);(2;1), H'(C; Z(n)) = 0.

(2) If C is projective, then H"(C;Z(n)) = Ofor r > n> 1 exeptfor (r;n) = (3;2),
and H3(C;Z(2)) = H(F;Z(1)) = F . If Cis ane, then H'(C;Z(n)) = O for
r>n>1

Proof. (1) follows from Proposition 11.4. For (2), it follows from Proposition 11.4
that H"(C;Z(n)) = Oforr n+ 2. We have the localization sequence
il Loco HM YF(X);Z(n 1)! H"™(C;Z(n)) ! H"(F(C);Z(n)) !
By Proposition 11.4and Theorem 14.3
H"(F(C);Z(n)) = 0; H'(F(X);Z(r)) forr 2
This proves(2) for n 3. For n = 2, the localization sequence
(14.2)
H2(F(C):Z(2) © o HIF(X):Z@) ! H¥CiZ()! H3(F(C):Z(2) = 0

identi es H3(C;Z(2)) with H%(C;K3). By [52, Lemme 1 and Proposition 3], there
is a 0-cycle on C of degreeone, and the composition

Ki(F) 1 Ku(©) 't Ki(C)
givesan isomorphismof K {(F) with H1(C;K3) K (C). This completesthe proof
of (2) for C projective.

Supposethat C is ane, and let C be the smooth projective closure of C.
Let x be a point of C nC. Then the norm map F(x) ! F is surjective. It
follows from the isomorphism H(C;K3) = F that iy mapsF(x) surjectively
to H1(C;K3). Comparing the localization sequenceg14.2) for C and C implies
that H3(C;Z(2)) = 0, completing the proof of (2). O
Theorem 14.14. Let C be a smooth geometrically irr educible curve of nite type
over a nite eld F of characteristic p.

(1) H'(C;Z) (n)) is a nite groupfor all (r;n) & (0;0); (1;1);(2;1). If C is projec-
tive Hl(C;Z(Z) (1)) is nite aswel. Forr 0, (r;n) 6 (0;0), H'(C;Z (n)) = 0.
(2) H'(C;Z(py(n)) = 0 for all (r;n) 6 (0;0);(1;1);(2;1). If C is projective,
H(C; Z(p) (1)) = 0 as well.

(3) Supmsep 6 2. Then H'(C;Z; (n)) = H{, 1(C;Qs=Z5(n)) forr  n,n> 1,
and also for (r;n) = (1;1);(3;2) if C is projective.

(4) Forr > 0, Hr(C;Z(n))[ﬁ] is a nite group for (r;n) 6 (0;0);(1;1);(2;1).
Forr 0, (r;n) 6 (0;0), H'(C; Z(N)[ 72H7] = O.

Proof. Soule hasshown [52, (2.3.4)] that, if C is projective, then K, (C) is a nite

group for all m 1. In general,it follows from the niteness of K, (k), k a nite
eld, and localization, that K, (C) is a nite group for all m 2. (4) is thus a



86 MAR C LEVINE

consequencef Theorem 11.7. In consequencethe groupsH ' (C; Z(n)) are torsion
for all (r;n) 6 (0;0);(1;1);(2;1).
By the Milnor conjecture [64] and [22, Theorem 1.1], the cycle classmap
H"(k;Z=2 (n)) ! Hl(k;Z=2 (n))

is an isomorphism for r  n, for all elds k. Comparing the localization/Gysin
sequencedor H ( ;Z=2 ( )) and H,( ;Z=2 ( )), the cycle classmap givesiso-
morphisms

c"™ :H"(C;Z=2 (n)) ! HL(C;Z=2 (n))

for all r n. For the remaining case(r;n) = (3;2), the function eld F(C) has
Galois cohomologicaldimension two, henceH 2 (F (C); Z=2 (n)) = 0. Thus, cP?is
an isomorphism as well.

SinceH " (C;Z(,) (n)) is a torsion group, the universal coe cien t sequence

(14.3) 0! H" YC;Zg(n)=2 ! H" Y(C;z=2 (n))! 2 H'(C;Zp(n))! O
givesthe surjection
limH" Y(C;Z=2 (n)) ! H"(C;Z (n)):

Combining this with the isomorphismecl” 1"

"M HG H(CQa=Za(n) ! H(CiZp) (N))

forr n+1. AsH[,(C;Z>(n)) isa nitely generatedZ,-module, and haszerorank
for n > 1 (by the Weil conjectures[10]), it thus follows that H 1(C; Q2=Z2(n))
is a nite group for n > 1, and henceH'(C;Z» (n)) is a nite group for n > 1,
r n+ 1. This, together with Lemma 14.13, proves(1).

For (3), the niteness of H"(C; Z) (n)) implies

imH"(C;Z¢ (n))=2 =0

givesthe surjection

forn> 1,r n+ 1. The sequencg14.3) thus givesthe isomorphism
H'(C;Zg () = limH" *(C;Z=2 (n)):

This shaws that the surjection ™" is an isomorphism, proving (3).
For (2), we have by [21, Theorem 8.4] the isomorphism

H"(C;Z=p(n)) = H;,."(C; n)
where , is the subsheafof {_. of logarithmic dierential forms. SinceC is a

curve over F, the sheaf , is zerofor n > 1; using the Bockstein sequencewe see
that

H"(C;Z=p (n)) = 0

forn> 1 andfor all r. By (1), the groupsH'(C;Z(n)) are torsion for n > 1; since
the universal coe cien t sequencegivesthe surjection

H' H(C;z=p () ! p H'(C;Z(n));

weseethat H'(C; Zy(n)) = 0. AsH 1(C;Z(1)) = F if Cis projective, this proves
2). O
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Theorem 14.15. Let C be a smamth curve over a nite eld. For n 2, we have
natural isomorphisms

Kan 1(C)
Kan 2(C)

HY(C; Zg) (n)) = Ha(C: Q2=Z2(n))
H?(C; Zg) (n)) = Ha(C: Q2=Z2(n))

In addition,
K1(C) = HY(C;Z(1)) H3(C;Z(2)); Ko(C)=H®C;Z(0)) H*C;z(1)):

Proof. Taking a direct limit, we may assumethat the eld of constarts F in C
is nite, and that C is of nite type over F. The assertionsfor K2, 1(C)) and
Kan 2(C)z), n 2, follow from Theorem 14.14 and the 2-local version of the
spectral sequence(1.8). The assertionsfor K; and Ko follow from Lemma 14.13
and the spectral sequencg1.8). O

15. Surf aces

We compute the motivic cohomologyand K -theory of a surfaceover a separably
closed eld k, up to uniquely divisible groups. This recovers and extends some
results of Pedrini-Weibel [43)].

15.1. Motivic cohomology and etale cohomology. Let X beasmooth variety
of dimension at most two over a separablyclosed eld k. The fundamental result is
the theorem of Suslin-Voevodsky [57] (extended to charp > 0 by using the results
of de Jong [18], as mentioned in the proof of Corollary 12.6) which shows that the
cycle classmap

clB? T HP(X;Z=n(q)) ! HE(X;Z=n(q))

is an isomorphismfor all @ dimyg X and all n prime to chark.

Suppose rst of all that X is of nite typeoverk. Then, for all n prime to chark,
and all p and g, the cohomology groups Hgt(X;Z:n(q)) are nite. In addition, if
we de ne HE (X;Z(q)) asthe inverselimit (I a prime not dividing chark):

HE(X:Zi(q) = lim HE(X; 2= (9);
then HP(X;Z,(q)) is a nitely generatedZ,-module for all p and g. De ning the
[-adic motivic cohomologysimilarly as

HP(X;Z1(q) = lim HP(X;Z=1 (q);

we have the isomorphism

clB? T HP(XZi(@) ! HE(X;Zi(a)
and the map
(15.1) ol 1 HP(X:Z(q) ! H&(X:Zi(a):

In general,we de ne the map (15.1) by writing X asa localization of a smooth
k-schemeX of nite type, and taking the direct limit of the maps(15.1) over open
U X with U of nite type over k and cortaining X .
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Lemma 15.2. The image of cl% in (15.1) is torsion, exept possibly for
(P;9) = (0;0);(1;1);(2;1);(2:2);(3:2); (4, 2):

In case X is proper over k, the image of clgiq is torsion exept for p = 2q
2dimk X.

Proof. The general casefollows from the caseof X of nite type over k by taking
a direct limit. We note that, in any case,HE (X;Z(q) = 0 for p> 2dim X.

First supposethat X is proper over k. Let x be a classin HP(X;Z(q)). Then
there is a regular ring R, nitely generatedover Z, and a smooth and proper R-
scheme of nite type X, sud that X is gotten from X by base-extensionwith
respect to some injective homomorphism R !k, and x is extended from some
Xo 2 HP(Xo;Z(q)). By localizing R further if necessarywe may assumethat Xq
lifts to an xg=r 2 HP(Xo=R; Z(Qq)).

By smooth and proper base-tiange, we have isomorphisms

HE(X:Zi(d) = HR (X0 r k(p); Zi(0))

for eath point p of SpecR; by the functorialit y of the cycle-classmaps, the image
of Xo=r I HY(X;Z1(@)) and HE (X0 & k(p);Zi(q) is compatible with the base-
changeisomorphism. Thus, we may assumethat k has positive characteristic, and
that R hasa point p with k(p) a nite eld. Let G be the Galois group of k(p)sep
over k(p).

From the compatibilit y of the cycle classmapswith base-tiange,we may assume
that k = k(p)sep, and that R = k(p). Using the commutativit y of the diagram

HP(X 0 Z(a)) —*JHE (X 01 (@)

HP(X;Z(q)) &/HEI(X;ZM))

we are reduced to shawing that the image of Hgt(Xo;Z|(q)) in Hgt(X;Z|(q)) is
torsion.

For this, it suces to show that the G-invariants of H (X; Qi(q)) vanish. This
is a consequencef the Weil conjectures[10], sincethe eigenvaluesof Frobenius on
HZ2.(X;Qi(d) have absolute value jk(p)jP=2 9 6 1.

We now considerthe caseof X of nite typeoverk. SinceX hasdimension 2,
there exists a smooth, proper X over k cortaining X as an open substieme[38].
By noetherian induction, we may assumethe result for all open X° X which
properly cortain X, and all X ®with dimy X° < dim, X. We may nd an open
X9 X properly cortaining X, suc that the complemen C := X °nX is smooth
over k and hasdim, C < dimg X . Letr = dimg X dimg C, sor is either 1 or 2.

Since the cycle classmaps are compatible with localization, we have the com-
mutativ e diagram

HP(X % Z(q)) —HP(X;Z(q) —&—/HP 2+1(C;Z(q 1))

p:q p:q p 2r+lg r
clgs cle clg

HE(X%Zi(0)) —HE (X Zi(@) —2HP, Z*(C;zi(q 1))



K-THEOR Y AND MOTIVIC COHOMOLOGY OF SCHEMES 89

Suppose rst that dimg X = 1. Thenr = 1,and H2 ™ (C;Z/(q r)) = O for
(p;d) 8 (1;1). Thus, the image of clf? is torsion for (p;a) 6 (0;0);(1;1);(2;1),
proving the result in this case.If now dimy X = 2, the similar analysis shows that
image of cl®}? is torsion for

(P;0) 6 (0;0);(1;1);(2;1);(2:2);(3;2); (4, 2);
completing the proof. O

For a smooth k-variety of nite type, let rp,(X) denotethe Q,-rank of HP(X; Q)
(this is independert of the choice of | if dim, X 2, using resolution of singulari-
ties). Similarly, letting

Y
Fp(x) = Hp(X;ZI)tor;
16c har k

Fp is a nite group for dimy X 2. We let Q%Z° denote the direct sum over
| 6 chark of Q,=Z,.

Theorem 15.3. Letk be an algebrically closal eld, X be a smamth k-variety with
dimg X 2. Then for g> dimg X, and alsofor g= dimg X, p 1, (p;q) 6 (1;1):

(1) HP(X;Z(9) = Vpg(X)  1echarkHE (X5 Qi=Zi(), with Vp,q(X ) @ Q-vector
space. If X is of nite type over k, then

HP(X:Z(a) = Vp(X)  (Q=Z9™ =) Fp(X);
with V,.q(X) a Q-vector space.
(2) Supmsethat X is ane (not necessarily of nite type over k), and let X be
a smooth k-schemeof nite type suchthat X is a localization of X. Supmse that
PicX = 0. Then Fy(X) = Ofor all pand r,(X) = O for all p> 2. For p= 0;1,
rp(X) = rp(X).
(3) For p= 1,2, the torsion in HP(X;Z(p)) is iechar kHE “(X; Qi=Zi(p))

Proof. We note that (1) follows from the nitely generatedcase. Also, (2) follows
from (1) and some computations of the etale cohomology of X. Indeed, for X
ane, X is a localization of a smooth ane k-variety of nite type, soit suces
to prove (2) for X of nite type over k. In this case,we have Hgt(X;Z|(q)) = 0 for
p > dimg X, by the Lefschetz theorems. If X is a smooth projective closure of X
with C := X nX a normal crossingdivisor with irreducible componerts C;, then
HE(X;Z1(9) = HE(X;Zi(q) for p= 0;1, and we have an exact sequence
Pic(X) Zi! HZ(X;Zi(1)! H3X;Zi(1)! HL(Ci;2):

For a smooth projective variety Y, it follows from the Kummer sequencethat
HL(Y;Z(1)) is the Tate module of Pic(Y), and the torsion in HZ2(Y;Z (1)) is in
the image of Pic(Y). Thus HL(X;Z(1)) and HL(Ci;Z)) are torsion-free, and
Hgt(X;Z|(q)) is torsion-free for all p 0. This givesthe desired information on
Fp(X) and ry(X).

We now prove (1) for X nitely generated over k; in this casethe groups
HP(X;Z(q) are nitely generatedZ;-modulesfor all | prime to the characteristic
of k.

We rst takel = chark. We have the subsheaf , ;’(:k of logarithmic di er-
ertials. It follows from [21, Theorem 8.4] that we have isomorphisms

HP(X;Z=I(9) = H? (X zar; q)
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for all p;g 0. In particular, we have HP(X;Z=I(q)) = 0 for all g > dimg X,
and for g = dimg X, p 1. From the universal coe cien t sequencewe seethat
HP(X;Z(q) is uniquely I-divisible for g > dimy X, and for g = dimy X, p 1,
(p;0) & (1;1).

We now considerthe caseof | prime to chark. Takeq dimyg X. Comparing
the universal coe cien t sequencesor |-adic etale cohomologyand integral motivic
cohomologygivesthe commutativ e diagram with exact rows

(15.2)
00— HP(X;Z(g))=l —HP(X;Z=l (9) — HP*(X;Z(q)) —0

piq cl%9 piq
0—HE(X: Zy (@)=l ——THE(X;Z=1 (@) —, HE™ (X;2(9) —0

Sincecl’ is an isomorphismfor q  dimy X, pq isinjectiveand pq is surjective.
Thus, the kernel of the map

e T HP(X;Z(g) ! HE(X;Zi(0))

is the maximal I-divisible subgroup of HP(X; Z(q)).

By Lemma 15.2, the image of C|2éq is contained in the torsion subgroup of
HE(X;Z1(g) for g > dime X, and for g = dim¢ X, p 1, (p;q) 6 (1;1). The
surjectivity of 1.4 implies that the image of cl%, is the ertire torsion subgroup.
With this information, it follows that taking the direct limit of (15.2) givesan iso-
morphism of the |-primary torsion in HP*! (X;Z(qg)) with Hgt(X;Q|=Z|(q)). The
exact sequence

0! HE(X;ZI(@)=H&(X: Zi(@)wr | HE(X;Qi(9))
DHEGQ=Zi(@) b HE™ (G Zi (@) or
identies HE (X;Qi=Z(q)) with (Qi=z,)"»*)  Fy.1, completing the proof of (1).
Taking p= g = 1,2, the sameargumert proves(3). O

Corollary 15.4. Letk bean algebaically closal eld, X beasmamth k-variety with
dimy X 2. Then for n > dimg X, K,(X) hasa nite Itr ation with assaiated
graded isomorphic to

29 p=n;q O[Vp;q (X ) 18c har k Hé)t 1()( ) QI=ZI (q))]
If X is of nite type overk, then
Kn(X) = 2q p=nlVpa(X) (Q%Z9" V] Gp;
6here G, is a nite group having a ltr ation with assaiated graded isomorphic to
2q p=np;q O Fp'
(2) Supmsethat X isane (not necessarilyof nite type overk), with Pic(X) = 0.
Let X be smamth k-schemeof nite type suchthat X is a localization of X. Then

for all g> dimg X, K, (X) is divisible. If X is of nite type overk, the groupsG,
in (1) are all zem.

Proof. We considerthe spectral sequencg1.8)
ES = HP(X;Z( 72)) =) K p q(X):
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By Theorem11.7,ead di erential is killed by some nite integer. By Theorem15.3,
for each relevant (p;q), either E5 is divisible (p 1), or ES*"® "*! is torsion free
forall r 3. Thus, the spectral sequencedegeneratesat E,, at least for that part
convergingto K,(X), n > dimg X. All the assertionsfollow from this, and the
computations of the relevant motivic cohomologygivenin Theorem 15.3. O

16. The map of Milnor K-theor y to Quillen K-theor y

In [28, Theorem 3], Kahn showsthat, for a eld F of characteristic zero,the map
KM(F)! Ks(F) isinjective, that the kernel of 3K} (F) | 3K 4(F) is 2-torsion,
and is equal to the kernel of of 3K} (Fo) ! 3K 4(Fo), where Fq is the algebraic
closureof Q in F. In addition, if Fg is a nite extensionof Q (e.g. if F is nitely
generatedover Q), then the kernelof 3K ) (F) ! 3K 4(F) isa nite 2-torsion group
of 2-rank at most r1(Fg) and at least oneif ri(Fp) > 0. In this section, we use
Kahn's method to prove various extensionsand re nements of these results.

We recall the ltration F;, Km(X) on Ky (X) given by the spectral sequence
(1.8), i.e., Fi, Km(X) is the imageof (KM (X; ))in Ky (X).

Lemma 16.1 (cf. Theorem 3.1 of [28]). Let X be a regular schemewhich is es-
sentially of nite type over a regular schemeB of Krull dimension at most one.
Then

(1) HP(X;Z(q)) is uniquely 2-divisible for p 0.

(2) HP(X;Z(q)) is uniquely divisible for p 0, q 2

(3) For all n m=2, the quotient K , (X )=Fa, Km (X) is uniquely 2-divisible. If in
addition m 4, Ky (X)=Fi, Km (X) is uniquely divisible.

Proof. It suces to prove (1) for X of nite type over B, with B a Z-scheme
of nite type. From [21, Theorem 8.4] and the localization property of motivic
cohomology the map HP(X;Z(q) ! HP(X[1=2];Z(q) has uniquely 2-divisible
kernel and cokernelfor p 0. Thus, for (1), we may assumethat 2 is invertible on
X.

Since X is a schemeof nite type over Z, the groups H(X;Z=2 (qg)) are nite
for all g ([11, Theoremede nitude]).

For (1), it follows from [64], [59] and [22], asin the proof of Theorem 14.5 that
the etale cycle classesnduce the isomorphisms

HP(X;Z=2 (9) = HE(X;Z=2 (q))
coe cien t sequence
0! HP(X;Z=2 (g))=2 ! HP(X;Z=2 (9))! » HP1(X;Z=2(q))! O

thus givesthe unique 2-divisibilit y of HP(X; Z(q)) for p < 0, and alsothe fact that
HO(X;Z(q)) is 2-torsion free.
Similarly, we have the injection

lim HO(X;Z(q))=2 ! limH&(X;Z=2 (9));

sinceX is of nite type over Z, the right hand limit is zero, henceH °(X ; Z(q))=2 =
0, completing the proof of (1).

The proof of (2) is similar. For q = 0;1, we use the explicit computations of
HP(X;Z(q)) givenin x11.11,reducing us to the caseq= 2. We x a prime I, and,
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using [21, Theorem 8.4], we may assumethat X is a schemeover Z[1=I]. We then
replace the use of the Milnor conjecture with the Merkurjev-Suslin theorem [4Q],
giving us the isomorphisms

HP(X;Z=l (q)) = HE(X;Z=1 (g)

for p g. The remainder of the proof is the same.
For (3), it follows from (1) and Theorem 11.7 that the dierential d”9 in the
2-localization of (1.8) are all zerofor p 0, giving the isomorphism

(FA Km (X)=F3 Km (X))z, = H2 ™(X;Z 2 (9)

forq m=2. Thus,forn m=2, Ky (X)=Fi,; Km(X) hasa nite ltration whose
graded quotients are uniquely 2-divisible, whencethe rst part of (3). The second
part followsfrom (2), noting that the relevant E,-terms are of the form HP(X; Z(q))
with p Oandq 2. O

Let X ! B be asin the statement of Lemma 16.1; we supposein addition
that X ! B is smooth. By Lemma 11.2 and Lemma 11.13, we have the natural
isomorphism

( X;0x) = HY(X;Z(1)) = H(X=B;Z(1));
letting Ax = ( X;Ox), the products de ned in x8 give the map
(Ax) P HP(X;Z(p)):
The construction of [42] shows that this descendsto
p i Kp' (Ax) 1 HP(X:Z(p):;

and that | is an isomorphismin caseX = SpecF, F a eld.
We let HP(X;Z(p))1 HP(X;Z(p)) denotethe subgroup of in nite cyclesfor
the spectral sequencg1.8), giving the natural homomorphism

p tHPOGZ(P)1 | Kp(X)=FRi Kp(X):

We let , : KF',V' (Ax) ! Kp(X) the map induced by the canonical map Ay !
K 1(X) together with the product on K (X).

Lemma 16.2. Suppsethat X is smwth over B.
(1) The map , hasimagein HP(X;Z(p)): .
(2) We havethe commutative diagram

KM (Ax) —IHP(X; Z(p):
Kp(X) ——TK p(X)=F2 K p(X)

Proof. For p = 1, this is Lemma 11.2 and Lemma 11.13. By de nition, the maps
p is multiplicativ e. The product structure in the spectral sequence(1.8) implies
that the product

HP %(X;Z(p 1)) H'(X=B;Z(1)! HP(X;Z(p)
restricts to a product
HP Y(X;Z(p 1)1 HY(X=B;Z(1))! HP(X;Z()1 ;
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and implies that the edgehomomorphisms |, are also multiplicativ e. This proves
2). O

Lemma 16.3. Let X = SpecA, with A a regular semi-local ring containing a eld
k. Thenfor allp O:

(1) If k is innite, the map ,: KB" (A)! HP(X;Z(p)) is surjective.
(2) HP(X:;Z(p)) = HP(X;Z(p))1
(3) FRY Kp(X) = 0.

Proof. By the usualtrick of taking a direct limit, we may assumethat A is the semi-
local ring of nitely many points on a smooth k-schemeof nite type. We then
have Gersten's conjecture for A: The map HP(A; Z(q)) ! HP(F;Z(q)) is injective
for all p and q, where F is the quotient eld of A (seee.g. [4, Theorem 10.1] for
a proof). By Lemma 11.2,it follows that H2(A; Z(b)) = 0 for a > b; this implies
H20 P(A;Z(b)) = Oforb  p+ 1, whence(3). The proof of (2) is similar, or we can
use(1) and Lemma 16.2in casek is in nite.

The assertion(1) is a theorem of Elbaz-Vincent and Muller-Stach [13, Theorem
3.3 O

We recall the integers Ng, de ned preceedingthe statemert of Theorem 11.7.
Let
[§7]
Np = Np rr:
r=1
Theorem 16.4. Let X ! B be aregular B-scheme,essentialy of nite type over
B.

(1) Suppsethat

(16.1) HP 2 3(X;Z(p 1)=Nps = 0 pTl rop 3

Then the kernel of , : HP(X;Z(p))1 ! Kp(X)=FP*1 Ky(X) is killed by Ny.

(2) If X = SpecA, A a semi-lccal regular ring containing a eld, the kernel of
p - HP(X;Z(p) ! Kp(X) is killed by gcd(Np; (p - 1)!). If F is a eld, the kernel
of p: K";" (F)! Kp(F) is killed by gcd(Np; (p  1)1).

(3) Forp 3,themap ,:HP(X;Z(p)1 ! Kp(X)=F}§;1 Kp(X) is injective. The
kernel of 4 is 2-torsion.

Proof. By Lemma 16.1(2), HP(X;Z(q))=n= Oforallnif p Oandqg 2. Thus
our assumption (16.1) implies
(16.2) HP 20 4X:Z(p r)=Np = O; pTl r

By Theorem 11.7, the image of dj, 3 % 2%*2" is killed by Ny, . The identity
(16.2) thus implies that the kernel of |, is killed by Ny, proving (1).

For (2), usingnormson HP( ;Z(p)) and Kp(X), the usualtrick of taking in nite
[-power extensionsof a nite eld for two di erent primes| reducesusto the casein
which A contains anin nite eld. The assertionsin (2) for A semi-local then follow
from the caseof a eld, together with the surjectivity of , : KF’,V' (A)! HP(A; Z(p)
[13, Theorem 3.3] and Gersten's conjecture for motivic cohomologyand K -theory
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([4, Theorem 10.1] and [45]). The caseof a eld follows from (1), together with
Lemma 16.2,Lemma 16.3, the Suslin-Nestorenlo-Totaro isomorphism

Kp' (F) ! HP(FZ(p));

and Suslin's theorem [56] that the kernel of K},\" (F)! Ku(F)is(p 1)!-torsion
(we may again assumethat F is in nite).

For (3), the assumption (16.1) is vacuous,and N; = N, = N3 = 1, Ny = 2.
Thus (3) follows from (1). O

We examine the kernel of 4 : H*(X;Z(4))1 ! Ka(X)=FR, K4(X) a bit more
closely We need a reasonableetale cohomology with Z;-coe cien ts for schemes
which are a localization of a schemeof nite type over Z[1=l]. If Y is of nite type
over Z[1=l], de ne

HEne (Y: Zi(Q) = lim HE(Y; | 9):

SinceH5(Y; | 9) is nite for all pand q[11, Theoremede nitude], the application
of the inverselimit is an exact functor, sothe various exact sequencege.g., Gysin,
Mayer-Vietoris) for etale cohomologywith nite coe cien ts passto the limit. For
X alocalization of a schemeY of nite type over Z[1=l], de ne

Hon (X3 Zi(@) = lim  HE(U; | %)
X U 'Y

with U an open substemeof Y. _
For Y regular and of nite type over Z[1=I], the etale cycle class maps cl5? :

HP(Y;Z(q) ! HE(Y; | 9) passto the limit, giving the cortinous etale cycle class
maps

cleoh  HP(Y;Z(@) ! Honi (Y: Zi(Q)):
Taking the direct limit extendsthe cortinous etale cycle classmapsto localizations
of schemesof nite type over Z[1=l].

If F is an algebraic extensionof Q, with ring of integersOf, de ne the motivic
cohomologyof O asthe direct limit:

HP(Or;Z(q) = lim HP(Ok;Z(9));
K F

wherek is a nite extensionof Q with ring of integersOy. We similarly de ne the
K -groups K ,(O) asthe direct limit of the K ,(Ox).

Theorem 16.5. Let X be an irr educible regular B-scheme, essentialy of nite
type over B. Let Fg be the algebaic closure of the prime eld in k(X ), and O the
ring of integersin Fq (for charFg > 0, setO = Fp). Then

(1) The evident map
ker H4(0;Z(4)) ! K4(0) ! ker H4(X;Z(4)1 ! Ka(X)=FRyKa(X)
is a surjection, and the map
ker H4(0;Z(4)) ! K4(0) ! ker KM (Fo)! Ka(Fo)
is an isomorphism.
(2) If charFo > O, then ker K} (Fo) ! K4(Fo) = 0.

(3) If charFo = 0, and Fo is a nite extensionof Q, thenker KM (Fo) ! K 4(Fo)
is (Z=2)", withr  ri(Fg), andr 1if ry(Fo) > O.
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Proof. By taking the appropriate direct limit, we reduceto the caseof X of nite
type over Z. We rst prove (1)
The only relevant di erential is

dy CHUX;Z@) ! HAX:Z(@);
which, as above, factors through H*(X;Z(3))=2. It thus su ces to shaw that
H1(0;z(3)=2! H(X;z(3))=2

is an isomorphism.
If charX = 2, we have by [21, Theorem 8.4]

H1(X;Z=2(3)) = H,2(X; 3)= O

SinceH (X ; Z(3))=2is a subgroupof H 1(X ; Z=2(3)), H}(X; Z(3))=2 = 0. Similarly,
H(Fo; Z(3))=2 = 0, which provesboth (1) and (2) for Fo of characteristic two.

We now consider the caseof charFq 6 2. If charFg = 0, it follows from
Lemma 14.6(3) that the natural maps

HY(0;Zp () ! H'(Fo;Zp (3)); HY(O;Zp (4)) ! H*(Fo;Z) (4))
are isomorphisms. Togetherwith Lemma 16.2, this provesthat
(16.3) HY(0;Z (3)=2= H'(Fo; Z(» (3))=2
ker(H*(0;Z(4)) ! K4(0)) = ker(K}' (Fo) ! Ka(Fo)):
Thusit su ces to show that the maps
HY(X;Zp(3)=2! HYK(X);Zp (3)=2
HY(Fo;Zi (3))=2! H*(k(X);Z@ (3))=2

are isomorphisms.
Comparing the Bockstein sequences

Sl HP(X;Z(G) P OHP(X;Z(Q) ! HP(X;Z=2(q)) !
il HE L (X[RLZ2(@) ¥ HEn (XIELZa(d) | HE(X[3]Z=2(@) ! 0

givesthe commmutativ e diagram

2

0 —IHP(X; Z(q))=2 ——THP(X; Z=2(d) —>HP*L (X; Z(q)) —/0

pia ; p+l g
cl? clPi ol

0~ Hone (X 3] Z2(@) =2 —/HE (X [3]: Z=2(0) —2H &t (X [4]: Z2()) 0
Using Voevodsky's theorem [64] together with localization, the middle vertical ar-
row above is an isomorphismfor p g, hence

T HPOGZ(@)=2! Hon (X [3]; Z2(q)) =2

is injective for all p . We have similar injections for k(X) and Fy.
Using the evidert localization sequenceswe get isomorphisms

Ha&(O[31:Z2(3) | Hone (Fo; Z2(3))
Hant (X[31,Z2(3) | Hone (K(X); Z2(3));
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hencethe maps

HY(X;Z(@)=2! H(k(X);Z(d)=2;

HY0;Z (3)=2! H(Fo;Z)(3)=2
are injective. Using the isomorphism (16.3) reducesus to showing that the map
HY(Fo;Zp (3)=2! HK(X);Zp (3))=2. is an isomorphism. We rst give the
proof in the characteristic zero case.

For a eld F of characteristic dierent from two, we let Hgt(F;Zz(q)) denote

the continuous Galois cohomology of F. We have the natural transformation of
functors from elds to groups

Heont( 5Z2(a) ! HE( 5 Z2(q);
sothe cycle classmapsfor HY,.,( ;Z2(d)) induce natural cycle classmaps
cBT THP( ;Z(q) ! HE( 5Z2(0);
compatible with the two Bockstein sequences. Using the same argumert as for
HP ., we have the injections

(16.4) H(Fo;Z(3))=2! HZL(Fo;Z2(3))=2
HA(K(X);Z(3)=2!  Hgi(k(X);Z2(3))=2

The groups HS(F; Z=2 (3)) are nite for each eld F; from the exact sequence
(see[60, Proposition 2.2])

0! lim*H4(F;2z=2 (3))! HL(F;Z>®3))! lmHL(F;z=2 3))! O

we have the isomorphism
HL(F;Z2(3)) = imHL(F;Z=2 (3)):

On the other hand, we have the localization sequence
0! HL(0;Z=2 (3))! HL(F0;z=2 (3))! pHI(K(P);Z=2 (3))!
The inverselimit applied to the H °-term vanishes,giving the isomorphism
lim Hg (Fo;Z=2 (3)) = lim H&(0;Z=2 (3)) = Hon(0;Z2(3)) = Hgone (Fo; Z2(3)):

Thus the natural map HX, . (Fo; Z2(3)) ! HZL(Fo;Z2(3)) is an isomorphism, and
hencethe cycle classmap cl}® : H1(Fo; Z(3))=2! HZ (Fo;Z2(3))=2 is an isomor-
phism. This reducesus to shawing that the map

Ha(Foi Z2(3)) ! HA(K(X); Z2(3))

is an isomorphism; this is a theorem of Suslin [55, Corollary 2.7].

The caseof positive characteristic is similar but easier: Since H },(Fo; Z=2 (3))
is nite for all , we have the isomorphismH 2, (Fo; Z=2 (3)) = H&(Fo;Z=2 (3)),
and the rest of the proof is the same. This completesthe proof of (1).

For (2), we have K }! (Fo) = 0, so (2) follows from (1).

For (3), supposethat Fq is a nite extensionof Q. Then K }! (Fo) = (z=2)":(Fo),
which gives the upper bound on the kernel of K} (Fp). Supposeri(Fo) > 0.
Considerthe exact sequencdn the statemert of Theorem 14.10for n = 3; the map
(Z2=2)"1 I K4(Fo) in this sequenceas the edgehomomorphism

4 H*(Fo;Zp @) ! Ka(Fo):
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As 4 is the canonical map 4 : K} (Fo) ! Kg4(Fo) (Lemma 16.2(2)), hence
KM (Fo) ! Ka(Fo) is not injective. O
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