THE MORPHIC ABEL-JACOBI MAP
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ABSTRACT. The morphic Abel-Jacobi map is the analogue of the classical
Abel-Jacobi map one obtains by using Lawson and morphic (co)homology
in place of the usual singular (co)homology. It thus gives a map from the
group of r-cycles on a complex variety that are algebraically equivalent to zero
to a certain “Jacobian” built from the Lawson homology groups viewed as
inductive limits of mixed Hodge structures.

In this paper, we define the morphic Abel-Jacobi map, establish its founda-
tional properties, and then apply these results to the study of algebraic cycles.
In particular, we show the classical Abel-Jacobi map (when restricted to cy-
cles algebraically equivalent to zero) factors through the morphic version, and
show that the morphic version detects cycles that cannot be detected by its
classical counterpart — that is, we give examples of cycles in the kernel of the
classical Abel-Jacobi map that are not in the kernel of the morphic one. We
also investigate the behavior of the morphic Abel-Jacobi map on the torsion
subgroup of the Chow group of cycles algebraically equivalent to zero modulo
rational equivalence.
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The classical Abel-Jacobi map provides an important tool for investigating the
structure of the group of algebraic r-cycles on a smooth, projective complex variety
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X. It is a continuous homomorphism of abelian groups,

®, : ZT(X)hOmNO 4 jr(X)7
from the space Z,(X)hom~o of r-cycles on X that are homologically equivalent to
zero (i.e., whose classes in the singular homology group H;irng(X ) vanish) to the
r-th intermediate Griffiths Jacobian 7.(X) of X. The latter is the complex torus
given as the dual of the (r+1)-stage of the Hodge filtration on H;;gl (X, C) modulo
“periods”:

sing

() = (FHBZE (X,0) H (X, D),

where F'* is the Hodge filtration and “periods” are those elements of (FT“H (X, (C))

sing
coming from classes in H;i“fl (X,Z) under the map sending a closed integral chain
¢ to the functional
n /c, for n € FTH HHY (X, 0).
7

The original definition of the Abel-Jacobi map was given by Griffiths, in terms of
integration: Suppose v is an r-cycle that is homologically equivalent to zero. Then
there is a (2r 4+ 1)-dimensional integral chain ¢ with 9(c) = v and we define

.(y) = (77 - /n) mod periods.

(See [23, §12] for more details.)

The aim of this paper is to define and study the “morphic Abel-Jacobi map”,
& which is the analogue of the classical Abel-Jacobi map that one obtains by
replacing the singular homology and cohomology groups of a complex variety with
the Lawson homology groups L, H,,(—) and morphic cohomology groups L' H™ ().
(See Section 2 for the definitions of these groups.) Just as the Lawson and morphic
(co)homology groups provide refinements of their singular counter-parts, so too does
the morphic Abel-Jacobi map refine the classical one. In particular, we show that
the classical Abel-Jacobi map (when restricted to cycles algebraically equivalent to
zero) factors as

Z(X)atgeo — T (X) = To(X),
where Z,(X)aig~o denotes the space of r-cycles on X that are algebraically equiv-
alent to zero and J™°'(X) is the r-th “morphic Jacobian”. The latter is defined
analogously to J-(X), using Lawson homology in place of singular cohomology.
Just as is the case for the classical Abel-Jacobi map, the morphic version annihi-
lates cycles rationally equivalent to zero. Moreover, the morphic Abel-Jacobi map
is surjective, and we thus have a commutative triangle

mor

(11) CHT(X)algNO T_>>ijor(X)

ey

\77‘(X)7

in which the top arrow is surjective. Here, CH,(X)ag~o0 is the Chow group of
r-cycles on X that are algebraically equivalent to zero modulo rational equivalence.

To define the morphic Abel-Jacobi map, we rely on the general technique of
Jannsen [21] for construction of Abel-Jacobi-type maps in a variety of settings.
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The input to Jannsen’s technique is a homology/cohomology theory for varieties
equipped with suitable extra structure. His technique can be used to define the
classical Abel-Jacobi map — in this case, the extra structure on the singular
(co)homology groups is that of mixed Hodge structures, as provided by Deligne
[8, 9]. To define the morphic Abel-Jacobi map, this extra structure stems from
a result of Friedlander-Mazur [19] (later generalized by Lima-Filho [26]) that the
Lawson homology groups are filtered inductive limits of mixed Hodge structures.

Using the factorization (1.1) and other properties of the morphic Abel-Jacobi
map, we deduce several properties about the structure of cycles algebraically equiv-
alent to zero on a variety X. In particular, we show that there are examples of
cycles on a smooth, projective variety that vanish under the Abel-Jacobi map but
not under the morphic Abel-Jacobi map. This is accomplished by constructing
examples of varieties X for which the vertical map in (1.1) is not injective.

Thus, the morphic Abel-Jacobi map detects cycles that cannot be detected by
its classical counterpart. In fact, we provide two types of such examples. Those of
the first type arise by building on examples constructed by Friedlander [15] showing
that various stages of the so-called s-filtration are non-trivial, and examples of the
second type arise from examples of Schoen [34] showing that there can be an infinite
amount of [-torsion in the kernel of the Abel-Jacobi map.

We also analyze the behavior of the morphic Abel-Jacobi map on torsion sub-
groups. The examples due to Schoen mentioned above show that the classical
Abel-Jacobi map does not always induce an injection from (C'H,(X )aig~o0)tor (the
torsion subgroup of CH,(X)aig~o) to Jr(X)tor, as was once conjectured. (Soulé
and Voisin [36] also have constructed such counter-examples.) It is an intriguing
question whether the morphic Abel-Jacobi map induces an isomorphism of the form

Vé=-
(I);norh:or : (CHT(X)algNO)tor;jynmor(X)tor-

The map &7 |, is always onto, and we describe its kernel explicitly in Theorem
8.4. Conceivably, the kernel is trivial for any smooth, projective variety, so that
P04 is an isomorphism for all such varieties (see Corollary 8.8). In this paper,
we show that for any smooth, projective variety belonging to the class C defined
in [17] (which includes all curves, all toric varieties, all cellular varieties, and all
varieties built from these via localization, blowing up, or forming vector bundles),
the kernel of ®°"|¢,, vanishes — see Example 8.9. We also prove, in Theorem
8.11, that ®2°F|,, is an isomorphism for any complex projective variety that can
be defined over a number field, provided one assumes a common conjecture (namely,
Conjecture 8.10) pertaining to the image of the higher Chow groups in Borel-Moore
homology.

As mentioned, it was once conjectured that the classical Abel-Jacobi map is in-
jective on torsion. The recent counter-examples of this conjecture also cast doubt
on the related conjecture that the classical Abel-Jacobi map is universal among
all “regular” maps from Z,(X)aig~o to abelian varieties. (See Conjecture 7.2 for a
careful formulation.) The morphic Abel-Jacobi map suggests two ways of produc-
ing counter-examples to this conjecture. First, as we prove in Corollary 5.9, the
properties of the morphic Abel-Jacobi map imply that the classical Abel-Jacobi
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map factors as

(1.2) CH(X)agro — T (Nop1 Hy, 1 (X, Z(r)))

.

jr(X)a

where N, refers to the subgroup of classes supported in dimension r + 1 and the
upper-right group is the “Jacobian” of the mixed Hodge structure N, 1 H35"%, (X, Z(r)).
A counter-example to the universality of the classical Abel-Jacobi map would arise
if the the vertical map in (1.2) fails to be injective, and it is conceivable that this
map is not injective for certain varieties constructed by Kollar [2] — see Remark
5.10. Secondly, the fact that the vertical arrow in (1.1) can have a kernel suggests
another possible source for counter-examples to the universality of the Abel-Jacobi
map. Namely, such counter-examples would arise if the kernel of 7™°"(X) — J.(X)
were to admit a finite dimensional quotient, in an appropriate sense — see Theorem
7.4. Constructing an actual counter-example in either of these two ways, however,
remains elusive.

The morphic Abel-Jacobi map bears an interesting relationship with the con-
jectural Bloch-Beilinson filtration F§ g of the rational Chow groups CH,. (X )g of a
smooth, projective variety X. The first step in this filtration is FyzCHq(X)g =
CH,(X)g,hom~0, and it is believed that the kernel of the classical Abel-Jacobi map
®,. ought to provide the second step:

F35CH,(X)g = ker(2, ® Q).

The results mentioned above show that the inclusion ker(®™°" @ Q) C ker(®, ®
Q) NCH (X)g,alg~0 can be strict — in fact, the quotient can have uncountable
rank by Corollary 6.3. Moreover, in Theorem 10.1 we show that, assuming some
common conjectures, there is a containment of the form

ng;‘(X)—TCHT(X)Q C ker(q);nor ® Q)

Finally, the classical Abel-Jacobi map admits a nice interpretation in terms of
Deligne cohomology (more precisely, absolute Hodge cohomology), and at the end
of this paper, we speculate how the morphic Abel-Jacobi map might admit a similar
interpretation in terms of “absolute morphic cohomology”. This cohomology theory
remains conjectural, although we do sketch a possible construction of it.

We now describe the organization of this paper. Section 2 recalls various basic
definitions, such as that of Lawson homology and morphic cohomology. In Section 3
we formalize what we mean by an inductive limit of mixed Hodge structures (IMHS,
for short) and establish a few basic properties. Section 4 defines the IMHS for
Lawson homology and establishes various functorial properties for this structure.
These results are obtained by building on and modifying results of Friedlander-
Mazur [19] and Lima-Filho [26]. In Section 5 we define the morphic Abel-Jacobi
map and establish is foundational properties.

Starting with Section 6, we apply the morphic Abel-Jacobi map to the study
of algebraic cycles. In this section we establish the examples mentioned above of
cycles that vanish under the classical Abel-Jacobi map but not under the morphic
one. In Section 7 we indicate how the morphic Abel-Jacobi map might lead to the
construction of a counter-example to the conjectured universality of the classical
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Abel-Jacobi map. Section 8 contains a description of the behavior of the morphic
Abel-Jacobi map on the subgroup of torsion cycles, as discussed above.

Section 9 relates the morphic Abel-Jacobi map to a certain conjecture of Beilin-
son [3] that is a generalization of the classical Hodge conjecture. This conjecture of
Beilinson is now known to be false, by examples constructed by Jannsen [21, 9.11];
we show how Jannsen’s technique and the properties of the morphic Abel-Jacobi
map lead to an even more dramatic failure of the conjecture. Section 10 discusses
connections with the hypothetical Bloch-Beilinson filtration on algebraic cycles. In
Section 11 we speculate about the existence of and properties enjoyed by “absolute
morphic cohomology”.

The author wishes to thank Eric Friedlander and Christian Haesemeyer for nu-
merous discussions about the ideas contained in this paper. In addition, he thanks
Jean-Louis Colliot-Thelene, James Lewis, Paulo Lima-Filho, Andreas Rosenschon,
and Burt Totaro for helpful suggestions.

2. BASICS OF LAWSON HOMOLOGY

All varieties in this paper are assumed to be quasi-projective complex vari-
eties. For such a variety U and abelian group A, we write Hg (U, A) (resp.
Hsme(U, A)) for the singular cohomology (resp. homology) group with A coeffi-
cients of the associated space X*" of complex points equipped with the “analytic”
(or “strong”) topology. Let HEM(U, A) denote the Borel-Moore homology of U"
with A coefficients. When A = Z, we omit it from the notations. Recall that
HBM(X, A) = H:"8(X, A), if U is projective, and HEM(U, A) = H"g(X,Y; A),
if U is an open subvariety of a projective variety X with closed complement
Y=X-U.

For a variety U, let Z.(U) denote the group of r-cycles on U (i.e., the free
abelian group on dimension r closed, integral subvarieties) and write CH,(U) for
the Chow group of r-cycles on U (i.e., the quotient of Z,.(U) by the subgroup of
cycles rationally equivalent to zero). An r-cycle v on U is algebraically equivalent
to zero if there exists a smooth, connected curve C, closed points ¢g,¢1 € C, and
an (r + 1)-cycle § on U x C meeting U X {cp, 1} properly so that

v =15(8) —i1(),
where ¢ is pullback along the closed immersion U (E))U x C. Let Z,(U)aig~o be the
subgroup of r-cycles that are algebraically equivalent to zero and write CH, (U )aig~0
for its image in CH,.(U). Equivalently, we have

CH,(U)agno = Y im (CHTH (U x C)"’—‘?CHT(U)).
C,co,c1
For a projective variety X, let C,.(X) denote the Chow variety parameterizing
dimension r, degree e (with respect to some chosen embedding X C P™) effective
cycles on X. Define C,.(X) = [[,5(Cr,e(X) and observe that C,(X) is an abelian
monoid object in the category of ind-varieties, where the monoid pairing comes
from the collection of morphisms

CT,E(X) X Crer (X) = Croeter (X)

given by addition of effective cycles. The closed points of C.(X) form the free
abelian monoid of effective cycles on X, and the group completion of this monoid is
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Z,(X). Since C-(X) is an ind-variety, the set of closed points comes equipped with
the analytic topology, and we also write C,.(X) for this topological abelian monoid.
Define
Z,(X) = Co(X)F = (C(X) x C(X))/ACH(X)).

the naive group completion of the topological abelian monoid C,.(X), so that Z,.(X)
is a topological abelian group whose underlying group is Z,.(X). If U is merely
quasi-projective, we define the topological abelian group Z,.(U) by choosing a pro-
jective closure U C X with closed complement Y, and then setting

Z,(U) = Z,(X)/ Z,(Y).

It is not hard to see that the topology on Z,.(U) is independent of the choice of
projective closure [25].

Definition 2.1. The Lawson homology groups of a complex variety U are
L.H,(U) = 7p2.2-(U).

According to [25, §4], the naive group completion of C,.(X) for a projective variety
X coincides with its homotopy theoretic group completion, defined as QB(C, (X)),
where B denotes the bar construction. That is, we have natural isomorphisms

L, H,(X) = 7y 2r41B(Cr(X)).
For U C X DY as above, we also have
L,H,(U) 2 mp_2p41 cone(B(Cr(Y)) = B(C,(X))).

These isomorphisms will be important in section 4 for realizing the Lawson homol-
ogy groups as inductive limits of mixed Hodge structures,

Two special cases of the Lawson homology groups are important to keep in mind.
First, taking 7 = 0, the Dold-Thom Theorem [10] gives the isomorphism

LoH,(X) = HBM(X).

Thus, the Lawson homology groups represent a generalization of the usual Borel-
Moore homology groups. Second, if one takes n = 2r (so that mp-groups are used
in the definition), then it is not hard to show

L.H5.(X) = CH,(X)/CH(X)alg~o,

the groups of r cycles modulo algebraic equivalence. When X is projective, this
formula follows from the observation that two points in C,(X) lie in the same
connected component if and only if there exists a curve C' joining them if and only
if the effective cycles the points represent are part of a family of cycles over C.

For varieties U and Y with U smooth, define Z,.(U,Y) to be the group of cycles
consisting of formal sums of closed, integral subvarieties of U x Y each of which
is equidimensional of relative dimension r over a connected component of U. (We
refer the reader to [38], in which Z,.(U,Y) is written 24, (Y x U/U)(U), for more
details on this construction.) If U is smooth and connected and Y is projective,
then by [12, 1.4] we have a natural isomorphism of the form

+
Z.(U,Y) = (H Hom(U, CT,G(Y))) ,

where the superscript + denotes group completion of an abelian monoid. We will
have occasion to consider cycle groups Z,.(U,Y) where U is a possibly singular
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variety and Y is projective. In this situation (and if U is connected), we take
the above formula to be the definition of Z,.(U,Y). (If U is not connected, set
Z.(U,Y) = @, Z-(U;,Y) where Uy,...,Up, are the connected components of U.)
Note that this definition is not the same definition for the group of equidimensional
cycles found elsewhere, for example in [38].

If X and Y are projective, we topologize the group of cycles Z.(X,Y) by us-
ing that [[, Hom(X,C,.(Y)) has the structure of an ind-variety, and thus we can
equip it with the analytic topology. Define Z,.(Y, X) (for X connected) to be the
topological abelian group obtained by naive group completion from the topological
abelian monoid [[, Hom(X,C, .(Y)).

Definition 2.2. The morphic cohomology groups of a smooth, projective variety
X are given by

Lth(X) = T2%—m (Z()(X, ]P)t)/ZO(X, ]Pt_l)) ,
where Zo(X,P!~!) is a closed subgroup of Zy(X,P!) via the closed immersion
Pt=1 C P! sending [zg : -~ : T4_1] to [To : -+ : T4—1 : O]

We refer the reader to [13] for the definition of the morphic cohomology groups
for varieties that are not smooth and projective.

If p: U — V is a projective morphism of varieties, then pushforward of cycles
induces a continuous homomorphism

pi : Z.(U) = Z.(V).
The induced map on homotopy groups defines the pushforward map for Lawson
homology:

p«: L H,(U) = L.H,(V).

Similarly, if f : U — V is flat of relative dimension e, pullback of cycles determines
a continuous homomorphism

fF:2.(V) = Z...(0)
and hence a pullback map

f* i LHpy(V) = LyyeHpyo.(V)

for Lawson homology. For morphic cohomology, there are pullback maps along
arbitrary morphisms.

If Y is a closed subscheme of X and U = X — Y, then we have the localization
long exact sequence for Lawson homology:

- = L, Hy(Y)—> L, Hy(X) > LHy(U) > Ly Hpp 1 (Y) > -+
If U is smooth of pure dimension d, we have a Poincaré duality isomorphism
L, H,(U) = L*""H>7"(U).

Morphic cohomology forms a bigraded ring L* H*(X) under a cup product opera-
tion, and Lawson homology L.H,.(X) is a L* H*(X)-module under a cap product
operation:
—N—:L'H™(X)® Ly Hy(X) = Lyt Hp—m (X).
Together, morphic and Lawson (co)homology form a twisted duality theory in the
sense of Bloch-Ogus. See [14] for details.
The s-map in Lawson homology, defined in [19, 16], is a map of the form

$: Ly Hp(X) = Ly_1 Hp(X)
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and it admits a geometric description (at least for X projective) in terms of Lef-
schetz pencils. The s-map can equivalently be defined via cap product with the
s element, which is defined to be a generator of L' H(pt) = Hg  (pt) = Z. The
composition of

Ler(X)_S)erle(X)i) T _S>L0Hm(X) = Hr}?zM(X)

gives a map from Lawson homology to Borel-Moore homology. For X smooth and
projective, the corresponding map from morphic cohomology to singular cohomol-
ogy that arises from Poincaré duality,

L'H™(X) = H,o(X),

may also be defined by viewing Zy (X, P*)/Zo(X, P! 1) as a subspace of Maps(X, Zo(P!)/Zo (Pt 1))
and using that Z,(P?)/Zo (P! 1) is a K(Z, 2t) space. The s-maps and the maps from
Lawson homology to Borel-Moore homology are natural with respect to pushfor-
wards along projective maps and pullbacks along flat maps, and they commute with
the boundary maps in localization long exact sequences.

There are also natural maps from Bloch’s higher Chow groups [5] to the Lawson
homology groups,

CH,.(X,n) = L.Hs,1n(X),
and the composition
CH,(X,n) = LyHopin(X) = HPY,(X)

is the usual map from Bloch’s groups to Borel-Moore homology. For X smooth,
Poincaré duality gives maps of the form

HY(X,Z(t)) » L'"H™(X) —» HZ (X),

sing
where H 4 denotes motivic cohomology. Such maps exist even if X is singular.
Given projective varieties X and Y and a cycle T € Z.(X,Y) (i.e., an equidi-
mensional correspondence) we have an induced map

Ty:L,Hy(X) = Ly eHpyi2.(Y),

defined as follows: If T is effective, it is given by a morphism X — C.(Y") and hence
determines a map

Cr(X) = Cr(Ce(Y))

of topological abelian monoids. Composing with the “trace map”
Cr(Ce(Y)) = Crpe(Y)
of [18, 7.1], we obtain the map
Cr(X) = Crpe(Y)

of topological abelian monoids. Applying 7,2, to the induced map on naive group
completions gives the map I'x. If T is not effective, I, is defined as the difference of

the maps induced by its positive and negative parts. When X and Y are smooth,

the cycle I' determines a class in L'H?*(X xY) 2 CHY(X xY)/CH'(X XY )ajgno
(where t = dim(Y') —e), and the map T, defined here coincides with the map given

by cap product with this class.

Since it provides much intuition about the nature of Lawson and morphic (co)homology

and since we will refer to it at various points below, we conclude this section with

a discussion of Suslin’s Conjecture.



THE MORPHIC ABEL-JACOBI MAP 9

Conjecture 2.3 (Suslin’s Conjecture, Form I). Let # : CW — Var/C be the
morphism of sites, from the category of topological spaces having the homotopy type
of CW complezxes to the category of quasi-projective complex varieties, that sends
a variety U to its associated analytic space U*™. For any smooth, quasi-projective
variety U and abelian group A, there is a natural isomorphism

L'H™(U, A) = Hy,, (U, tr='Rm, A),

where Hz,, denotes Zariski hypercohomology, R, A is the total right derived push-
forward along 7 of the constant sheaf A on CW, and tr<! denotes good truncation
in cohomological degree t.

Note the close analogy between Suslin’s Conjecture and the Beilinson-Lichtenbaum
conjecture, which asserts that the motivic cohomology groups with finite coefficients
are given by the formula

H}y((U, Z/n(#)) = Hyor (U, tr<'Re. u2").

In fact, using a theorem of Suslin-Voevodsky [37, 9.1], which implies that morphic
and motivic cohomology coincide with finite coefficients, one sees that Suslin’s
Conjecture is a generalization of the Beilinson-Lichtenbaum Conjecture (see [17]).
Voevodsky [41] has proven the Beilinson-Lichtenbaum Conjecture when n is a power
of 2, and the general case is expected to follow from recent work of Rost and
Voevodsky.

By Bloch-Ogus [6], Suslin’s Conjecture says that the morphic cohomology groups
are the Dj-terms of the Leray spectral sequence for singular cohomology:

Bf* = HY,, (U M) = HEU)

sing sing

where HZ, ~ denote the Zariski sheafification of U ~ H{  (U). Moreover, one

expects that the s map ought to coincide with the usual map on Ds-terms in this
spectral sequence.

It is easy to show (see [17]) that Suslin’s Conjecture for morphic cohomology is
equivalent to the following conjecture for Lawson homology. This version has the
advantage that it can be studied and verified on a case-by-case basis.

Conjecture 2.4 (Suslin’s Conjecture, Form II). For any abelian group A and
quasi-projective variety Y of dimension d, the map

L H,(Y,A) —» HEM(y, A)
is an isomorphism for n > d+ s and a monomorphism forn =d+ s — 1.
From the validity of this conjecture, one deduces that the image of
LsH,(Y,A) — HM(Y, A)
is N,,_sHBM(Y, A) for all Y, n, and s. Here, N, denotes the niveau filtration:

NHBM(Y,A) = > im (HPM(V, A) » HBV(Y, A))

vcy
dim(V )<k

Since we will need it later, we now state and prove an (easy) special case of Suslin’s
Conjecture.
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Proposition 2.5. For a projective variety Y and abelian group A, the image of
L.H,(Y,A) —» HS™(Y, A)
is contained in N, . HE™ (Y, A). When n = 2r + 1, we have a surjection
L. H,(Y,A) » Ny  Hy™, (Y, A).
For any quasi-projective variety V, if dim(V) < r + 1, then the map

Ly Hapi1 (V, AN, HEM, (V, A) = HEM, (V, A)
is an isomorphism.

Proof. The first assertion is given by [11, 4.3]. The surjectivity of L, Har41(Y, A) —
NT+1H§i,,'f1 (Y, A) follows by naturality for pushforwards from the final assertion.

If U is a smooth variety of dimension at most r+1, then the map L, Ho,11 (U, A) —
HBM(U, A) is isomorphic, via Poincaré duality, to the map

L'HYU,A) - HL (U, A),

Slng
which is seen to be an isomorphism by using [18, 9.3] and the Five Lemma. For
an arbitrary variety V' with dim(V) < r + 1, let V; C V be the singular locus and
set U =V — V. Since U is smooth, the map L, Har41(U, A) = HPEY (U, A) is an
isomorphism. Since dim(V;) < r, we have L, Ha,41(V;, A) =0 = H?Tl\_/f_l (Vs, A) and
L.H.(Vs, A) = Z.(Vs) ® A = HEM(V;, A). The result now follows by naturality
for localization sequences and the Five Lemma. a

3. INDUCTIVE LIMITS OF MIXED HODGE STRUCTURES

A mixed Hodge structure, MHS for short, consists of a finitely generated abelian
group H together with a increasing “weight” filtration W, on the finite dimensional
Q vector space Hg := H ®z Q,

-+ C Wp(Hg) C Wypya(Hg) C ---,
and a decreasing “Hodge” filtration F'® on the finite dimensional C-vector space
H¢ := H ®;C,

---D F9(H¢) D F‘JH(HC) DRI
The filtrations are assumed to be complete in the sense that U,F'(Hc) = Hc,
NgHI(Hc) =0, U, W, (Hg) = Hg, and N,W,(Hg) = 0. Since H is finitely gener-
ated, these conditions imply that both filtrations are finite. Let FQ(HC) denote the

complex conjugate of F9(H¢) with respect to the real structure Hr C Hc. Finally,
the data are assumed to satisfy

GrY (Hc) = FIGrY (He) @ Fn_qHGrZV(HC), for all n,q,

where Grl¥ (He) = Grl¥ (Ho)c = (Wn(Hg)/Wy—1(Hg))e and F*, F* are the in-
duced filtrations on these subquotients. Defining

P — FPGTZ‘_’HZ (Hc) N FQGTZZ_II(HC)’

this last condition is equivalent to the more familiar property that

GrY (He) = @ HP for all n.

ptg=n
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The Hodge type of H refers to those pairs of integers (p,q) such that HP? £ 0. A
MHS H is pure of weight n if Wy,_1(Hg) = Wy, (Hg) unless m = n (equivalently,
if those (p, q) with HP? # 0 satisfy p + ¢ = n).

A morphism of MHS’s f : H — H' is a homomorphism of abelian groups f such
that the induced maps fq : Ho — Hg and fc : Hc — Hg preserve the filtrations.
We will also let MHS refer to the category of all mixed Hodge structures.

The primary example of MHS’s are given by the singular cohomology groups
of complex varieties, as established by Deligne [8, 9]. We use the isomorphism
H:in8(X, Q) = Homg (HiLg (X, Q),Q), to define the weight filtration on Hsing(X, Q)
and similarly for the Hodge filtration on H5"8(X C), so that H5"8(X) is a MHS.
More generally, Deligne shows that the singular cohomology of a pair of varieties
(X,Y), with Y closed in in X, is a MHS. In particular, cohomology with compact
supports, defined by Hf(U) = Hg,,(X,Y) for a projective closure X of U with
complement Y, is a MHS, and the isomorphism HEM(U, Q) = Homg(H(U,Q))
makes Borel-Moore homology into a MHS. If X is smooth and projective, then
H"8(X) is a pure MHS of weight —n.

For any integer m, let Z(n) denote the pure MHS whose underlying abelian
group is Z, having pure weight —2n and Hodge type (—n,—n). There is an evi-
dent notion of tensor product of MHS’s and we define H(n) = H ® Z(n). Equiv-
alently, the MHS H(n) is obtained from H by shifting the indexing of the fil-
trations: Wy, (H(n)g) = Wiyon(Hg) and FP(H(n)c) = FPt"(Hc). We define
H3P8(X, Z(m)) = Hy"8(X)(—m) and HE, (X,Z(m)) = H}, (X)(m), and simi-
larly for Borel-Moore homology and cohomology with compact support.

The category MHS is an abelian category. Moreover, the functors H — W, (Hg),
H — Gr)Y(Hg), H — FP(Hc), and H — Grh.(Hc) (where the first two take
values in category of Q-MHS’s and the latter two in the category of complex vector
spaces) are exact [8, 2.3.5]. Of particular importance to us will be the Ext groups
Extyns(Z(0), H). For n = 0, we have

[(H) = Homyws(Z(0), H) = H 0 Wo(Hg) N FO(Hc).

That is, I'(H) is the subset of H consisting of those elements that map to both
Wo(Hg) C Hg and F°(H¢) C Hc. In particular, observe that Hy,r C I'(H) for any
MHS H. The group Extys(Z(0), H), which we will write as J(H), is described
in Proposition 3.1 below; the groups Extyyg vanish for n > 2 [3, 1.10].

The Lawson homology groups are, in general, not finitely generated, and thus
cannot be enriched to MHS’s. Rather, as established by Friedlander-Mazur [19]
and Lima-Filho [26], they are filtered inductive limits of MHS’s. (We will review
their constructions in the next section.) Define an IMHS (inductive limit of mixed
Hodge structures) to be a countable inductive limit of mixed Hodge structures
with bounded filtration lengths. That is, an IMHS is system of MHS’s {H,,a € I}
indexed by a filtered category I with countably many objects, such that there exist
integers M < N so that Wy ((Ha)g) = 0, Wn((Ha)o) = (Ha)o, FN((Ha)g) =0,
and FM((H,)q) = (Ha)c for all @ € I. (This condition on the filtration lengths is
fulfilled by the Lawson homology groups, as we shall see, and allows for the general
results of Deligne [8, 9] concerning filtered objects to hold.) A morphism of IMHS
is morphism of filtered systems of MHS’s, and we write IMHS also for the category
of all IMHS’s.
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Given an IMHS {H,,a € I}, define the abelian group H := li_nga H,, and define
filtrations W,,(Hg) = lim Wn((Ha)g) and F9(Hg) = lim Fi((Hy)c). Since Wy,
and FY are exact functors on MHS, the triple (H, W,, F'*) satisfies all the axioms
listed above for a MHS except, of course, that H need not be finitely generated.
Note that the image of the canonical map H, — H, with the induced filtrations,
coincides with H, /(ker(H, — Hg)) for some a@ — # in I, and thus this image is a
MHS. We see, then, that an IMHS is equivalent to a triple (H, W,, F'*), where H
is a countable abelian group, W,(Hg) and F*(Hc) are finite, complete filtrations
satisfying

GrlY (He) = @pignH"
where
HP = FPGrlV (He) nFUGrl, (He),
and such that every finitely generated subgroup of H is contained in a finitely
generated subgroup H' so that (H', W.|Hé, F*|g.) is a MHS.

We refer the reader to [20] for general properties of ind-categories associated to

abelian categories. In particular, we use that

Extivmus(Z(0), H) = h_n§ Extyrys (Z(0), Ha)

where H, ranges over all finitely generate sub-IMHS’s of H (i.e., over all sub-IMHS
that are actually MHS’s).
In general, for a IMHS H, we write

F(H) = HomIMHs(Z(O),H)
and
J(H) = Extiys(Z(0), H).
Since T'(H) =lim T(H,), we have I'(H) = H N Wo(Hg) N FO(Hg).

Proposition 3.1 (cf. [7, 21]). For o IMHS H, we have

~ Wo(Hc) i
TH) = 55 @) + P (o)

that is, J(H) is the quotient of the complex vector space Wo(Hc)/FOWo(Hc) by
the action of Wo(H) = ker(H — Hg /Wy (Hg))-
In particular, if Wo(Hg) = Hg, then we have an ezact sequence

0— T'(H)— H— Hc/F°(He) = J(H) =0
and the torsion subgroup of J(H) is
J(H)tor =2 (H/T(H)) @ Q/Z = coker (T(H) 2z Q/Z — H @z Q/Z) .
If H is pure of weight —1, then

Hfl,O @ H72,1 @®---
J(H) = -

~ H®R/Z

and
L7(1_[)tor = H®Q/Z

If H is pure of weight —1 and finitely generated (i.e., actually a MHS), then J(H)
is a complex torus.
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Proof. For a MHS H, Jannsen [21], building on results of Carlson [7], establishes

the formula
Wo(Hc)

~ Wo(H) + FOWo(He)’
If Wo(Hg) = Hg, then we clearly have an exact sequence

J(H)

Hc
0—>F(H)—>H—>W—>j(H)—>O,

and the formula for 7 (H )i, follows from the long exact sequence for Tor, (—, Q/Z).
If H is a MHS of pure of weight —1, then Wy(H¢) = He = @p HP—P~1 gnd
so Hc/F°(Hc) = H'° @ H=>! @ ---. Since Hp—?~1 = H=P~LP we have
H¢/F°(Hc) = Hy as abelian groups.

The corresponding formulas for IMHS’s follow by taking filtered inductive limits,
using that Wy and F° are exact functors. O

For example, letting H = H;irnfl (X,Z(r)) for a projective variety X, we obtain
Jr(X) := J(H) = He/(H + F°(He)),
the r-th intermediate Griffiths Jacobian of X. (This definition coincides with that
given in the introduction up to natural isomorphism.) If X is smooth, then H is pure
of weight —1 so that 7,.(X) is a complex torus isomorphic to Hs ¢, (X, R)/Hy -2, (X, Z).

2r+1 2r+1
Letting r = dim(X) — 1 and applying Poincaré duality, we have

Taim(x)—1(X) =2 HY (X, R)/HE, (X, Z) = Pic®(X),

sing sing
recovering the classical Picard variety of X.
Since Extiyys = 0 for n > 2, associated to a short exact sequence

0—-H -H—-H"—>0
of IMHS’s, we have the six-term exact sequence
0-T(H"Y)—>T(H)>T(H")>JH')—> TH)—> TH")—>0

of abelian groups. In particular, J(—) is a right exact functor from IMHS to
abelian groups. In fact, if we topologize J(H) by declaring Wy (Hc) — J(H) to
be a quotient map of topological spaces, where Wy (Hc) is topologized by viewing
it as a filtered colimit of finite dimensional subspaces, then J(—) takes IMHS’s to
topological abelian groups and it takes surjections of IMHS’s to quotients in the
category of topological abelian groups.

Abel-Jacobi maps, both the classical versions and the morphic ones we discuss in
this paper, are obtained from the boundary map I'(H") — J(H') in the above six-
term exact sequence coming from certain types of short exact sequences of IMHS’s

[21, 9.2]. Since we will need it later, we show that the restriction of this boundary
map to torsion subgroups admits an alternative description.

Lemma 3.2. Suppose
(3.3) 0O-H -H—->H"-0

is a short exact sequence of IMHS’s such that Wo(Hg) = Hg, Wo(Hq) = Hg, and
Wo(Hg) = Hg. Then the restriction of the boundary map coming from the long
ezact sequence for ExtTyus(Z(0), =) to torsion subgroups,

F(H”)tor - j(Hl)tor = (HI/F(HI)) ® @/Z,
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coincides with the composition of
L(H")tor — Hypp = H'® Q/Z - (H'/T(H')) ® Q/Z,

where the second map comes from the long exact sequence for Tor,(—,Q/Z) applied
to (8.3) regarded as a short exact sequence of abelian groups.

Proof. Observe that we have a diagram of abelian groups with exact rows
(3.4) 0 H' H H" 0

| | l

0 —— Hg/F°(Hg) — Hc/F°(He) — Hg/FO(Hg) —=0,

and that the kernels of the vertical maps are I'(H'), I'(H), and I'(H") and the
cokernels of these maps are J(H'), J(H), and J(H"). Examining the proof of
Proposition 3.1 found in [7, 21], we see that the map

D(H") — J(H') = He/(H' + F°(H))

coming from the six-term exact sequence given by the Snake Lemma applied to
(3.4) coincides with the boundary map coming from the six-term exact sequence
for Extiyps(Z(0), —). A diagram chase shows that restriction of the map coming
from the Snake Lemma to torsion subgroups is also given by the boundary map in
the long exact sequence for Tor,(—Q/Z). O

4. IMHS’S FOrR LAWSON HOMOLOGY

The cornerstone of this paper is the observation due to Friedlander-Mazur [19]
that the Lawson homology groups of a projective variety X are IMHS’s. The basic
idea is that the Lawson groups of X are subgroups of the homology groups of
Z,.(X), and, since Z,.(X) is given by group completing C,(X), we have

H"8(Z2,(X),2) = HI™(C(X), Z) © aive ¢, (x),2) Ho " (20(X), 2).

Because C,.(X) is an infinite disjoint union of projective varieties, H:™8(C,(X), Z)
is a countably infinite direct sum of MHS’s. The tensor construction amounts to
inverting all the endomorphisms of H;"8(C.(X),Z) induced by multiplication by
classes of 7o(C,(X)) (which is a countable group) using the monoid product for
Cr(X). These endomorphisms are morphisms of IMHS and hence HS"8(Z,.(X)) is
an IMHS. Finally, the injection

T (Z,:(X)) — HE8(Z,(X))

is given rationally, in positive degrees, by the kernel of a morphism of IMHS’s, and
hence 7,(Z,(X)) = L,Ha,4,(X) is a sub-IMHS of H;i“g(Zr(X)) for ¢ > 1. For
g = 0, one declares LyH>,(X) to have the trivial Hodge structure — i.e., pure of
weight 0 and Hodge type (0,0), so that I'(LyH24(X)) = LyHo4(X).

Lima-Filho [26] has extended the ideas of Friedlander-Mazur to endow the Law-
son homology groups of quasi-projective varieties with IMHS’s. We follow his ap-
proach in our proof of the following theorem.

Theorem 4.1 (cf. [19, 26]). The Lawson homology groups of complex varieties
may be endowed with IMHS’s such that the following properties hold.
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(1) If X is projective, then
Ly Hp(X) — =" (Zr(X),Z(0))

n—2r
is am injective morphism of IMHS’s, where the IMHS for the target is de-
scribed above.

(2) The maps in Lawson homology given by pushforward along a projective mor-
phism and pullback along a flat morphism are morphisms of IMHS’s. More-
over, the boundary map in the long exact localization sequence for Lawson
homology associated to an open embedding U C X with closed complement
Y =X — U is a morphism of IMHS's.

(3) For a quasi-projective variety U, the natural isomorphism LoH,(U) =
HBM(U) coming from the Dold-Thom theorem is an isomorphism of MHS’s.

(4) For a quasi-projective variety U, the s map

s: L.H,(U) = L,_1H,(U)(-1)
is a morphism of IMHS’s. That is, the s-map induces maps
S Wm(Lan(U; Q)) — Wm+2(Lr—1Hn(U; Q))
and
s: FP(L,H,(U,C) = FP*Y(L,_1H,(U,QC)).
(5) For projective varieties X and W and an equidimensional correspondence
e Z.(X,W), the induced map
T.:L Hy(X) > LyyeHpy2.(W)

is a morphism of IMHS’s. More generally, if Y C X and T C W are
closed subschemes, with open complements U and V', such that the image
of Z.(Y) under Ty is contained in Z.(T), then the commutative “infinite
ladder” of homotopy groups associated to the commutative diagram

Z(Y) —— Z.4(T)

| |

Z(X) — Zope(W)

! !

Zr (U) L) Zr+e (V)

of topological abelian groups (whose columns are fibration sequences) con-
sists of morphisms of IMHS'’s.

Remark 4.2. Parts (3) and (4) of the Theorem show that the maps from the Lawson
homology groups to the Borel-Moore homology groups are morphism of IMHS’s of
the form
L, H,(U) = HM(U,Z(r)).

Take U = X to be smooth and projective (so that, in particular, HEM (X, Z(r)) =
H$"8(X,7Z(r))). Then, for any r and n, the target of this map is a pure MHS of
weight 2r —n and the non-trivial Hodge numbers (p, q) satisfy r —n < p,q < r. By
part (1) of the Theorem, the non-trivial weights of the source satisfy 2r—n < w <0
and the non-trivial Hodge numbers (p, q) satisfy 2r —n < p,q < 0. The properties
of this map of IMHS’s will be of central importance in the remainder of this paper.
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The proof of the Theorem occupies the rest of this section. We begin with a
construction of the IMHS for L, H, (U) for a general quasi-projective variety U.

The basic object we deal with is a countably infinite disjoint union of complex
varieties M equipped with a base point and a commutative, associative, unital
pairing M x M — M given by a morphism of ind-varieties. That is, M is an abelian
monoid object in the category of ind-varieties whose connected components are
actually varieties. We also require that the associated topological abelian monoid
M*™ obtained by taking associated analytic spaces of complex points, is good in the
sense of Quillen [19] — i.e., the canonical map (M)t — QB(M®") is a homotopy
equivalence, where (—)* denotes naive group completion and B(—) denotes the bar
construction. (In what follows, we typically drop the superscript an and let the
context determine whether M denotes an ind-variety or its associated topological
space.) The property of goodness holds for all the examples we consider by the
results of [25]. Let M denote the category consisting of such abelian monoids.
A morphism M — M' in M is a morphism of abelian monoid objects in the
category of ind-varieties. More generally, we consider simplicial objects in M. For
such a simplicial object M, = (n — M,), it follows from [19, Q2] that the map
M} — QB(M) is a homotopy equivalence. We often assume M, is connected or
at least group-like, meaning that the abelian monoid mo(M,) is actually a group.

A simplicial object M, in M is a filtered limit of sub-objects each of which is
actually a simplicial variety. To see this, given any integer m and any V C M,
consisting of a union of finitely many connected components of M,,, define V,, C M,
to be the smallest union of connected components of M,, that contains the image
of V,, under each of the finitely many maps M,, — M,, coming from the simplicial
structure. Then one may readily verify that n — V,, is a simplicial variety and that
M, is the union of such sub-simplicial objects.

For a simplicial ind-variety V,, let

H™8(Vs, Z)

denote the singular homology groups of |V2"|, the geometric realization of the
simplicial space d — V™. By the work of Deligne [8, 9], the groups H:"8(V,,Z)
are MHS’s in a natural way — that is, the functor from simplicial varieties to
graded abelian groups given by taking homology of the geometric realization of the
associated simplicial space factors through the category of graded MHS’s. It follows
that the homology groups of a simplicial object M, in M are IMHS’s in a natural
way. (To see that the associated filtrations are finite, note that Hy,(M,) depends
only on Hy(n — Hy(M,)), for finitely many p,q, and Hy(My) is a direct sum of
homology groups of the form Hy (V') with V a variety. Finally, the Hodge type (3, j)
of H,(V) is bounded by —¢g < 4,5 <0.)

We now explain how the homotopy groups m«(M,) of a group-like simplicial
object in M inherit IMHS’s from those of H, ¢(M,). First observe that if M, is
any group-like simplicial topological abelian monoid, the Hurewicz map

mq(Mo) — H™8(M,)

admits a canonical splitting. To see this, upon taking singular simplicial sets, it
suffices to prove this result for a group-like simplicial (discrete) abelian monoid X,.
Let X denote the simplicial abelian group obtained by group completing in each
degree, and recall that the canonical maps X — QB(X,) is a weak equivalence
by [19, Q1]. Since X, is group-like, the map X, — QB(X,) and hence the map
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X, — X are also weak equivalences. We therefore may assume X, is a simplicial
abelian group. Then the splitting of

mq(Xa) = HS™8(X,) = my(ZX,)
is given by the splitting of the map of simplicial sets
Xe — Z(X,)

defined by taking sums in X, in the evident manner.
For M, a group-like simplicial object in M, let

6 : HS™8(M,) — HS™8(M,)

denote the idempotent endomorphism associated to the splitting of m.(M,) —
H;"™8(M,) we have constructed.

Lemma 4.3. For M, a connected simplicial object in M, the endomorphism 8 is
a morphism of IMHS’s, so that wy(M,) is a summand of H™9(M,) in the abelian
category IMHS.

Proof. The assertion amounts to showing § preserves the two filtrations and thus
it suffices to establish the result after tensoring with Q. Let &5 : M, — M, denote
the squaring map (i.e., the composition of M, »— M}? — M, of the diagonal map
and the monoid pairing) and write ®2 also for the induced morphism on rational
homology groups:
@y - HY"5(M,, Q) — HI™(M,, Q).

Note that ®, is a morphism of Q-IMHS’s, since both the diagonal map and the
product pairing are morphisms of inductive limits of simplicial varieties.

By the Milnor-Moore Theorem [28], HE™8(M,, Q) is isomorphic as a Hopf algebra
to So(m« (M., Q)), where Sg(V') denotes the symmetric algebra of a graded vector
space V. The multiplication and comultiplication making Sq(V') into a Hopf algebra
are induced by the addition map V & V — V and diagonal map V — V @ V,
respectively. From this we see that ®» acts as multiplication by 2" on the summand
Sg(me(M,,Q)). In particular, ®, is diagonalizable and Hy™®(M,,Q) decomposes
completely as a direct sum of eigenspaces.

We claim that the map 6 is the endomorphism associated to the summand
(Mo, Q) C H:™8(M,,Q) given by viewing m.(M,,Q) as the eigenspace of ®,
of eigenvalue 2. This will suffice to prove the lemma, for if H C H¥"8(M,, Q) is
any finite dimensional sub-Q-IMHS, then |y coincides with

(@2—4)0(4)2—8)0(@2—16)0"'0(<I)2—2N)0(<I)2—1)
15,2 -2)

which is a morphism of Q-MHS’s, for N > 0.
To establish our claim, it suffices to prove that 6 is the zero map on

Sg(me(M,), Q) C Hy™8(M,,Q)
for n # 1. This holds since the composition
Wi(MOaQ)(X’Qﬂ'j (M-a(@) — Hsing(Mn@) ®Q Hjs'ing(M"Q) - Hisrjg(M' x M., )
- st-l:yg(Mh Q) > Titj (M.J Q)
is the zero map, for all i,j > 0, since M, is a commutative H-space. O

?
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If X is a projective variety, then B(C,.(X)) is a connected simplicial object in
M, where B(—) denotes the bar construction. The goodness condition is verified
in [25], so that QB(C,(X))) is homotopy equivalent to Z,(X). Thus

LyHn(X) = Tn_2g41(B(Cr(X))

is a summand of Hfjfgq 4+1(B(C(X)) in the category of IMHS’s, and this endows
L,H,(X) with the structure of an IMHS. In a moment, we will show this structure
coincides with that given by Friedlander-Mazur.

To extend the construction to all quasi-projective varieties, we will need the no-
tion of a cone of a morphism of simplicial objects, as defined in [9, 6.3]. Specifically,
if A is a category having finite coproducts and an object * that is both terminal and
initial and if u : Yo — X, is a morphism of simplicial objects in A, then cone 4(u)
is also a simplicial object in A with

cone(u), = X, I H Y; I .
i<n
If Y, = %, then cone4(u) = X. There are a canonical maps X, — coney(u) —
cone4 (Y — x). We will use the notion of a cone, in particular, when A = M, in
which case x = 0 and coproduct is direct sum, and when A = pss, the category of
pointed simplicial spaces, in which case x = pt and coproduct is wedge product. In
these cases, cone(Y — %) is the suspension of Y, and we get long exact sequences
in singular homology:
H™8(Y,) — H3"8(X,) — H;"®(cone(u)) — Hgij‘lg(Y.) -
In particular, the bar construction is a type of cone,
B(CT(X)) = ConeM(Cr(X) - 0)7

where C,.(X) and 0 are viewed as constant simplicial objects in M.
If U is a quasi-projective variety, we choose a projective closure U C X with
closed complement Y C X, and we define
B(Cr(X),Cr(Y)) = conepq(conep (Co(Y) = 0) = conepn (Cr(X) — 0))
= cone pq(conep (Cr(Y) — Cr(X)) = 0)
= B(conem(Cr(Y) — Co(X))).
(Clearly, B(Cr(X)) = B(C+(X),Cr(0)).) Then we have a homotopy equivalence
B(Cr(X),Cr(Y)) ~ B(C:(U))
of topological spaces so that
Ly Hn(U) = morgns1(B(Cr(X), Cr(Y)).

Since B(C-(X),C,(Y)) is a connected simplicial object in M, this isomorphism
makes L, H,(U) into an IMHS, and it coincides with the IMHS defined above when
U = X is projective.

If U ¢ X' is another projective closure with closed complement Y’ C X', we
claim the two induced IMHS’s for L, H, (U) coincide. To see this, note that we can
reduce to the case where there is a projective morphism p : X' — X inducing the
identity on U and mapping Y’ to Y. Then the maps p. : C,(X') — C.(X) and
ps : C(Y") = C.(Y) given by pushforward of cycles induce a map

P« : B(Cr(X"),Cr(Y")) = B(Cr(X),Cr (V)
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of simplicial objects in M. As with any map of connected simplicial objects in
M, the induced maps on homology groups are morphisms of IMHS’s and thus the
induced map on homotopy groups

Lan(U) = 7rnf2rB(Cr(Xl)7CT(YI))E)TFH*%B(CT(X):CT(Y)) = LTHn(U)

are too.

The first part of property (2) of the Theorem is established by a slight general-
ization of the preceding construction. Namely, suppose p : U — V is a projective
morphism. Then we can construct projective compactifications U C U and V C V
with closed complements Uy, and V., such that p extends to a morphism U — V
that sends Uy, to V. Then there is an induced map

p« : B(C;(U),C;(Uso)) = B(Cr(V),Cr(Veo))
of connected simplicial objects in M given by pushforward of cycles. The map
on homotopy groups coincides with the usual pushforward map p. : L.H,(U) —
L.H,(V) in Lawson homology, which is thus a morphism of IMHS’s.

Given a flat morphism 7 : U — V, we may assume that U and V are con-
nected, so that 7 is equidimensional, say of relative dimension e. We can construct
projective closures U C U and V C V, with closed complements Uy, and Vo,
such that 7 extends to a morphism 7 : U — V such that # 1(U) = V. By
the platification par eclatement Theorem [32], we can take blow-ups and proper
transforms, without affecting U, V, or 7, so that T becomes flat, also of relative
dimension e. The map 7* : Z,.(V) — Z,4.(U), which defines the flat pullback map
7 : LyHy(V) = Lyt eHpi2.(U) in Lawson homology, coincides up to homotopy
equivalence with the map

B(Cr (Uso), C(T) 25 B(Cr (Veo), Cr (V).

This map is a morphism of connected simplicial objects in M and hence defines
morphisms of IMHS’s upon taking homotopy groups.

To complete the proof of (2), it remains to show that the boundary map in the
long exact localization sequence is a morphism of IMHS’s. Replacing X with a
projective closure X and Y with X — U, and using naturality for pullbacks along
open immersions, we may assume without loss of generality that X is projective.
The long exact sequence for Lawson homology comes from the sequence

B(C,(Y)) = B(Cr(X)) = B(C(X),Cr(Y)) = BB(C,(Y))
which is a delooping of
Z,(Y) = 2.(X) = 2,(X)/2,(Y) = B(Z,(Y)).
In particular, the map L.H,(U) — L,H,_1(Y) is induced by a map of connected
simplicial objects in M and hence is a morphism of IMHS’s.

To see that property (1) holds (i.e., our definition coincides with that given by
Friedlander-Mazur), define

Y(Cr (X)) = conepss(Cr(X) — pt).

Here, the cone is taken in the category of pointed simplicial spaces, so that X(C,(X)) =
(d— Cr(X)V---VCr(X)), with d copies of C,.(X) in degree d. Regarding C,(X) V
-V Cr(X) as a subset of C.(X)*, we obtain a natural map

2(Cr (X)) = B(Cr (X))
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We also have a natural isomorphism
H"8(S(CH (X)) = Hy"8(C (X)),
coming from the long exact sequence in homology, and it is a morphism of IMHS’s
by [9, 8.3.9]. _ _
The induced map H:"®(C,(X)) — H,}¥(B(C-(X))), which is a morphism of
IMHS’s, factors as
H3™8(C(X)) = HI"8(2,(X)) = HAF(B(CH (X)),

where H™8(C,(X)) — H:™8(Z,(X)) is the map induced by group completion. As
explained at the beginning of this section, the groups H2"8(Z,.(X)) acquire IMHS’s
via this group completion, and it follows that the H"8(Z,.(X)) — H. ff:f (B(C.(X)))
is also a morphism of IMHS’s. Finally, the diagram

m(2.(X)) —=— HI"(Z.(X))

| 1

T (B(CH(X))) —S— HM(B(C,(X)))

commutes. The bottom arrow of this diagram gives our definition of the IMHS for
L,H,.(X) and the top arrow gives the Friedlander-Mazur definition.

We now turn to the proof of part (3) of Theorem 4.1. First, we recall the Dold-
Thom isomorphism [10]: Given a CW complex X and closed subcomplex Y, the
maps of simplicial abelian groups

Z Sing(X)/7Z Sing(Y') — Sing(SP(X))"/ Sing(SP(X))" — Sing(SP(X)*/SP(Y)")
are homotopy equivalences (cf. [37, 8.3]), so that
H;ing (X,Y) = my(Z Sing(X)/Z Sing(Y)) 2 7, (SP(X)* /SP(Y)™").

Here, we set SP(X) = [[,, SP"(X), a topological abelian monoid, and let SP(X)*
denote the topological abelian group obtained by naive group completion. We prove
that if X is a projective variety, Y is a closed subvariety, and U = X — Y, then the
Dold-Thom isomorphism

HPM(U) 2 HI™8(X,Y) 2w (SP(X)T/SP(Y)") = LoH,(U)
is an isomorphism of MHS’s. Recall that LoH,(U) acquires a MHS by identifying
it with
Te+1(B(SP(X), SP(Y))) = 7y (SP(X)*/SP(Y)").
Define
(X)) = conepys (X4 — #),

where X denotes X with a disjoint basepoint added. Then £(X) = (d — (XH?),)
and there is a canonical map

¥(X) = B(SP(X)).
More generally, if Y is a closed subcomplex of X, define

$(X,Y) = conepys (2(Y) = £(X)) = conepy,(coneyss (Y — X 1) — pt).
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As with the case Y = @) above, there is a canonical map $(X,Y) — B(SP(X),SP(Y)).
We may identify H5"8(X,Y) with HS™8(conepys,s (Y, — X)) (indeed, this isomor-
phism is how HZi“g(X ,Y) acquires a MHS — see [9, §8]), so that we have an
isomorphism
HSPS(S(X,Y)) = HE"(X,Y)

coming from the boundary map in a long exact sequence. We claim that the
composition of

H"8(X,Y) = Hy $(5(X,Y)) » Hoy$(B(SP(X), SP(Y))
(4.4) - m1(B(SP(X),SP(Y)) = m,(SP(X)*/SP(Y)1),

in which the surjection is the canonical splitting constructed above, coincides with
the Dold-Thom isomorphism. Indeed, it follows directly from the definitions that
the map

H 3 (E(X,Y)) = w1 (SP(X), SP(Y)))

is induced by the map of simplicial abelian groups
cone(cone(Z Sing(Y) — 0) — cone(Z Sing(X) — 0))
— cone(cone(Sing SP(Y) — 0) — cone(Sing SP(X) — 0)),

which is a suspension (coming from the bar construction) of the Dold-Thom map
cone(Z Sing(Y') — Z Sing(X)) — cone(Sing SP(Y) — Sing SP(X)).

If X is a projective variety and Y is a closed subvariety, then each morphism
in (4.4) is a morphism of MHS. Indeed, the MHS for H;™8(X,Y’) is, by definition,
given by

HZ"8(X,Y) = H™8(cone(Yy — X))

and so the first isomorphism of (4.4) is a isomorphism of MHS’s by [9, 8.3.9]. The
second map is clearly induced by a morphism of simplicial varieties and is thus
a morphism of MHS’s. The third map is the canonical splitting map, which is a
morphism of MHS’s by Lemma 4.3.

Property (4) is established by Lima-Filho [26], but he uses a different definition
for the IMHS’s for Lawson homology. His construction turns out to be equivalent
to ours, but rather than prove that, we reproduce in our context a version of his
proof that the s map is a morphism of IMHS’s.

Choose a projective closure X of U with closed complement Y. The s map in
Lawson homology comes from the pairing

LoHy(P') X LpHy(U) = LyHyppo(P' x U) = LpHpyo(A' x U)¢—L,_1H,(U),

in which the first map is induced by external product of cycles, the second by
pullback along an open immersion, and the third by flat pullback. Namely, one
fixes the element s € LoHs(P') = HE™(P!) = Z(1) to be a generator of the
underlying abelian group Z. To establish (4) it thus suffices to prove this pairing
is a pairing of IMHS’s.

We already known that flat pullback gives a morphism of IMHS’s, and so it
suffices to show that the external product pairing

LyHp(W) ® LyHo(U) = Loy Hyyn(V x U)
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is a morphism of IMHS’s for an arbitrary projective variety W. (In fact, the
hypothesis that W be projective is not necessary.) This pairing is induced by
the two morphisms of ind-varieties

Co(W) X C(T) = Copn(W X T),
where T'=Y or T = X, together with the external pairings
mi(B(Cs(W))) @ mj(B(Cr(T))) = it (B(Cs(W)) x B(Cr(T)))-
The latter pairing injects (in the category IMHS) into
H™(B(C,(W))) ® Hj"(B(C,(T)) = HF(B(Cs(W)) x B(C-(T))),

i+
which is a morphism of IMHS’s by [9, 8.2.10).

Finally, we establish property (5) by assuming, as we may, that X is connected,
and by considering each term comprising the cycle ' separately, so that we may
assume I is given by a single morphism X — C.q4(W). The map on Lawson
homology is then induced by the collection of morphisms of varieties

Cr,d’ (X) - Cr+e,d’+d(X)7

as described in Section 2, giving a morphism C,(X) — Cry.(W) in M. Our as-
sumption about Y and T gives a commutative square

Cr (Y) — G (T)

! !

CT(X) EE— CT(W)
in M. This square induces the commutative diagram of simplicial objects in M
B(C,(Y)) —— B(C:(X)) —— B(C(X),Cr(Y)) —— BB(C(Y))

! ! l !

B(C’I’(T)) EE— B(C’I‘(W)) EE— B(C’I‘(W)7C7‘(T)) EE— BB(CT(Y)),

and hence the induced commutative ladder obtained by taking homotopy groups
consists entirely of morphisms of IMHS’s.
We have now proved Theorem 4.1 in its entirety.

5. THE MORPHIC ABEL-JACOBI MAP

Jannsen [21] has established a technique for constructing Abel-Jacobi type maps
in a quite general setting. In particular, his technique applies to our situation,
leading to the definition of the morphic Abel-Jacobi map.

In detail, suppose X is a quasi-projective variety and fix an integer r > 0. For
each closed subvariety Y C X of dimension r with open complement U, localization
for Lawson homology gives the exact sequence

LTH2T+1(Y) — LTH27«+1(X) — LTH2T+1(U) — LTHQT(Y) — LTH2T(X)

of IMHS’s. Since L,Ha,41(Y) = 0, L,H5,(Y) is the free abelian group of integral
components of Y of dimension r, and L,H>,(X) = CH,(X)/CH,(X)aig~0, We
obtain the short exact sequence

(5.1) 0 — LyHop1(X) = LyHopy 1 (U) = ZY (X)aigno = 0,
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where ZY (X) denotes the group of r-cycles on X supported on ¥ and ZY (X)aig~o
denotes the subgroup of such cycles that are algebraically equivalent to zero on
X. This sequence is a short exact sequence of IMHS and ZY (X)aig~o has the
trivial Hodge structure. Thus the boundary map in the long exact sequence for
Ext{yus(Z(0), —) determines a map

2 (X)aigno = Bxtiyps (Z(0), LrHar1 (X)) = T (Ly Har41 (X))

Explicitly, an element in ZY (X)aig~0 coincides with a morphism Z(0) = ZY (X )aig~o0
of IMHS’s and pulling back (5.1) along this morphism give an extension of IMHS’s
of the form

0— L.Hs,1(X) = E — Z(0) = 0.

Definition 5.2. For a quasi-projective complex variety X and integer r > 0, define
the r-th morphic Jacobian to be

TRON(X) = T (Lr Har1(X)) = Extiyps(Z(0), LrHar 1 (X)),
and define the r-th morphic Abel-Jacobi map
DM : Z(X)atgno = TN (X)

to be the map induced from the maps ZY (X)aigno = Extiyps(Z(0), LrHari1(X))
above by taking the filtered colimit over all closed subschemes Y C X of dimension
r.

If X and W are projective varieties, an equidimensional correspondence I" €
Zs(X,W) induces a morphism of IMHS’s

Ty:LyHary (X) — LT+€H2(T+6)+1(W)7

by Theorem 4.1 (5). Since J(—) is a functor on the category of IMHS’s, we thus
obtain the map

Ly (X)) = TR0 (W).
Theorem 5.3. The morphic Abel-Jacobi mapping is functorial for equidimensional

correspondences between projective varieties. That is, if X and W are projective
varieties and T € Z (X, W), then the diagram

Zr (X) alg~0 — eror(X)
T, l r. l
Zr+e (W) alg~0 —_— rnl%r(W)
commutes.

Proof. Fix a subvariety Y C X of dimension at most r. Then the image of the
subgroup Z,.(Y) C Z.(X) under 'y : Z.(X) — Z,4.(W) is contained in Z,.(T)
for some subvariety T C W of dimension at most r+e. Thus we have a commutative
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diagram

ZU) — = Zne(V)
where U = X — Y,V =W — T, and the map on the bottom is defined by the
identities Z.(U) = Z2.(X)/Z.(Y) and Z,.(V) = Z,(W)/Z,.(T).
Taking homotopy groups for this diagram gives a commutative ladder of IMHS’s,

and upon taking limits over pairs Y, T with T'.(Z.(Y)) C Z.(T'), we arrive at the
commutative diagram of IMHS’s

0 — LyrHopq1(X) limy LrHopp1(X —Y) Zr(X)algng ——— O
v ! Ir.
0 ——— LyjeHaryoe41 (W) ———— limgp Log e Hopqoe 1 (W = T) ———— Zrg e (W)agag —— 0.

The result is now evident by the functorality of the long exact sequence for Ext{yys(Z(0), —).
O

Recall that the r-th intermediate Griffiths Jacobian of a projective variety X is
Tn(X) = T (H37 (X, (),
and it is the target of the (classical) Abel-Jacobi map:
b, Z (X)) hom~o = Tr(X).

If one repeats the above construction of the morphic Abel-Jacobi map ®7°" us-
ing instead the groups HEM(—,7Z), the singular Borel-Moore homology groups of
complex varieties viewed as taking values in MHS’s, then one obtains the classical
Abel-Jacobi map @, (cf. [7], [21, 9.2]). Recall (see Remark 4.2) that the natural
map L,H,(U) - HEM(U,Z(r)) is a morphisms of IMHS’s, and, in particular, we
have an induced map J™°"(U) — J,.(U).

Proposition 5.4. For any quasi-projective variety X, the diagram

mor

Zp(X alg~0 — jrmor(X)

.

ZT(X)hO’ITLNO — JT(X)

commutes.

Proof. This follows immediately from Jannsen’s construction, using that we have a
commutative diagram

i ———> LpHp(Y) —————> Ly Hp(X) —————> Ly Hp(U) ————> Ly Hpy 1 (Y) ——> - -+

| ! | l

- —— HEM(v,2(r)) —— HEM(X,2(r)) —— HEM(U,2(r)) —— HM (Y, Z(r)) —— -

of IMHS’s, for any closed subscheme Y C X with open complement U. O
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Example 5.5. The morphic Abel-Jacobi map coincides with its classical counter-
part for zero cycles and codimension one cycles. This is conjecturally true also for
codimension two cycles.

In detail, since LoH,(X) = HBM(X,Z(0)) as MHS’s for all quasi-projective
varieties U, we have

Ol = Py

When X is smooth and projective, the map ®F°" = ®¢ coincides under Poincare
duality with the Albanese map X — Alb(X) = J(Hf{fl;l(, Z(d)) where d = dim(X).
See [23, 12.11(3)] for a description of this map in terms of integrals.

Likewise, if U is a variety of dimension at most d and we take r = d — 1, then
Proposition 2.5 gives the isomorphism

Li—1Hzq 1(U) & Ny_ap1 Hi (U, Z(d - 1)).

(Recall Ny HBM denotes the subgroup of HEM consisting of classes supported in
dimension k.) From this, we deduce ®7T = ®4_1 on a variety X of dimension d.
If X is smooth and projective, then using Poincare duality, we have

TR (X) = Ja1(X) = J(HN(X,Z(1)) = Pic®(X),
and the map
g 1 = D77 ZHX) g1gn0 — Pic?(X)
sends a codimension one cycle algebraically (equivalently, homologically) equivalent

to zero to the corresponding point on the Picard variety of X.
A special case of Suslin’s Conjecture 2.4 predicts that the onto map

Li—2Hsq_3(X) - Ng_1 HiM (X, Z(d— 2))

is actually an isomorphism, for any quasi-projective variety X of dimension d. The
validity of this formula would give that ®7°5 and ®4_o coincide on Zg_2(X)qig~0,
for all such X.

We see, therefore, that the cases of most interest for the morphic Abel-Jacobi
map concern dimension r cycles where 0 <r < d — 2.

Example 5.6. In particular, if we take X = C to be a possibly singular projective
curve and r = 0, then the morphic Abel-Jacobi map

5" 2 Z0(C)atgo = Jo""(C)
coincides up to isomorphism with the classical Albanese map
Z0(C) deg=0 — Jo(C) = Alb(C).

If C is smooth, then Alb(C) = Pic®(C), the Jacobian variety of C, and this map
is the canonical one identifying the Jacobian variety as degree 0 zero cycles on C
modulo linear equivalence. More generally, if C — C is the normalization of a
singular curve C, then Jo(C) is a quotient of Pic®(C) by a free abelian subgroup.
The map ®F°" = @¢ is uniquely determined by the existence of the commutative
square of continuous surjections

20(C) deg=o —= Pic®(C)

| |

Z0(C) geg=0 — Jo(C).
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Using the facts above, we derive numerous good properties of the morphic Abel-
Jacobi map. For a smooth, projective variety X, the image of Z.(X)aig~o under
the classical Abel-Jacobi map is known (cf. [23, §12], [24]) to be a abelian variety
(not merely a complex torus) and is called the Lieberman Jacobian, written

jra(X) = (I)T(Zr(X)algNO)-

Theorem 5.7. Let X be a (possibly singular) projective variety.

(1)

(4)

Give Z,(X)ag~0 the structure of a topological abelian group by identifying
it with the connected component of the identity in Z.(X). The morphic
Abel-Jacobi map

" Zr(X) atgno = J,"7(X)

is a surjective, continuous homomorphism of topological abelian groups.
Here, J™°"(X) is topologized by viewing it as a quotient of the complex
vector space L.Hor11(X)c, which itself is topologized as a direct limit of its
finite dimensional subspaces.

The morphic Abel-Jacobi map factors through cycles modulo linear equiva-
lence — i.e., there is a commutative diagram of the form

Zy (X) alg~0 ——> CH, (X) alg~0
‘I’Tr"\x i
ijOT(X).

We will also write ®*°" for the vertical map in this diagram.
We have a commutative diagram of continuous, surjective homomorphisms
of topological abelian groups

and a commutative diagram of abelian groups

@mer
CHT (X) alg~0 —— k77:'7“”"()()

i

T°(X)
CHT(X)homNO ?T jr(X)

The morphic Abel-Jacobi map on CH.(—)gg~0 is functorial for all corre-
spondences y € CHgim(v)4r(Y x X), for smooth, projective varieties X and
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Y and integers r > 0 — i.e., the diagram

CH.(Y) alg~0 — > ijU'r(Y)

CHr+t (X) alg~0 —— r"—fz—gr(X)
commutes, for all r.

Proof. To prove (1), we use that the topology on Z,.(X)g is “generated by curves”.
That is, letting C range over all projective curves and I' over all equidimensional
correspondences I' € Z,.(C, X), we define

0: @D 20(C) = Z,(X).
c,r

to be the map that on the summand indexed by C,T" sends ¢ € Z,(C) to [«(c) €
Z,(X). Then both 8 and the restriction of § to @ Z7(C)o are quotient maps in the
category of topological abelian groups. To see this, recall that Z,(C) and Z,.(X)
are topologized as quotients of the abelian monoids [, ., Co,e(C) x Co,e'(C) and
]_[e,e, Cre(X) xCp e (X) and that 8 is induced by the collection of morphisms of the
form

CO,e(C) X CO,e’ (C) - Cr,e-i-f(X) X Cr,e’-i—f’ (X)

induced from pairs of algebraic morphisms C' — C, (X), C' = C, p(X). It follows
that 6 is continuous, closed, and surjective. To see that 8 induces a surjection from
P Z0(C)o onto Z,.(X)o as well, note that an element in the target has the form
7y — Zy for a pair of effective cycles Z;, Z; lying in the same connected component
of C,(X) for some e. Thus there is a curve C, closed points cg,c; € C, and
a morphism C — C,¢(X) such that ¢; € C maps to Z;, for i = 1,2, so that
0(61 - Cz) = Z1 - Zz.
Likewise, the IMHS L, H2,11(X) is generated by curves in the sense that

(5.8) P H"#(C, 2.(0)) = €D LoHi(C) — Ly Hapy1(X)
co,r or

is surjective. To see this, recall that we have

L Hp1(X) = m1(2,(X)) = Hy"8(2,(X)) = lim Hy"8(C,. (X)),

By the Lefschetz Theorem of Andreotti-Frankel [1], the map HY"8(C) — H?"8(C, (X))
is surjective for some (possibly singular) curve C C C(X), and the inclusion C —
Cr.o(X) determines a correspondence. This shows that the image of H{™8(C,. (X)) —
L,.H,41(X) is contained in the image of (5.8), which establishes the claim.

Since J(—) is a left-exact functor, the induced map

P H(C) » T (X)
cor
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is a quotient map of topological abelian groups. Since the morphic Abel-Jacobi map
is natural for equidimensional correspondences, we have a commutative square

D Z0(Clo . D Jo(C)
c,r c,r

i :

Zp(X)o ——= T (X).

We know the vertical arrows are quotients maps of topological abelian groups, and
the top arrow is surjective by Example 5.6. It follows that the bottom arrow is also
a continuous surjection.

To prove (2), we need to show &1 (y) = 0if v € Z,.(X) is rationally equivalent
to 0. For such a vy, writing v = v —~~ for effective cycles vT,v~, we have that v+
can be joined to v~ by a sequence of “elementary” linear equivalences — i.e., whose
given by morphisms from P! to C,.(X). In other words, v will lie in the image of
Ty : Zo(PY)og — Z.(X)o for some correspondence I' € Z,(P!,X). The result now
follows from Theorem 5.3 since Jg"°"(P') = Jo(P') = 0.

Result (3) follows from Proposition 5.4 and part (2).

Every cycle class in CHgjm(y)+r(Y % X) is linearly equivalent to an equidimen-
sional correspondence [39, 3.2], and thus part (4) follows from Theorem 5.3 and
part (2). O

For a projective variety X, we have from Proposition 2.5 that the image of the

morphism of IMHS’s
LrH2r+1 (X) - Hglrrfl (X7 Z(T))

is Nr+1H;i;f1 (X,Z(r)). Recall that for any abelian group A, the group Ny HS"8( X, A)
consists of those classes supported on subschemes of dimension k. Note that we
have N, H:"8(X,Q) = NpH:"8(X,Q) ®z Q Since H"8(X,Z) is finitely gener-
ated, we have that N, H:"8(X,Z) is the kernel of HS"8(X 7) - HEM(X - Y, Z)
for a suitable closed subvariety Y. It follows that NpH:"8(X,Z) is a sub-MHS of
H$"8(X 7). Define NyH"8(X,Z(r)) = N,.H"8(X,Z(0)) ® Z(r), a sub-MHS of
H3"8(X, Z(r)).

We obtain, in particular, a factorization

TP (X) = T (Npyr Hyp8) (X, Z(r))) > TH(X)

of the canonical map. In light of Theorem 5.7, we thus obtain the following new
result about the classical Abel-Jacobi map.

Corollary 5.9. For a projective variety X, the restriction of the classical Abel-
Jacobi map to cycles algebraically equivalent to zero factors as

CHo(X)atgmo = T (Np1 Hy W (X, Z(r))) = TFH(X).
If X is, in addition, smooth, we have an exract sequence
Hyr 1 (X,2(7)) tor = (Har41 (X, Z(r)) [Ny Hap 1 (X, Z(7)) ) tor —
J (Npw1 Hy 2 (X, 2(r))) = TH(X) = 0.

Proof. The exact sequence comes from the long exact sequence for Exty;5(Z(0), —),
using the fact that
F(H) = HOHIMHS (Z (0), H) = Htor
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for a MHS H of pure weight —1. d

Remark 5.10. If X is smooth and projective, the surjection

T (Nps1 H3E (X, Z(r))) - T2 (X)
is, in fact, a morphism of abelian varieties. This follows from Lemma 7.3 in Sec-
tion 7 below. As discussed in that section, the Corollary thus indicates a possible

counter-example to the conjectured universality of the classical Abel-Jacobi map
on CH,(X)ag~o. Namely, if the map

Hop 1 (X, Z(1))tor = (Hor41(X, Z(r)) /Nr41Hor 41 (X, Z(7)) ) tor

fails to be surjective for some smooth, projective variety X, then such universality
fails. We know of no such examples, but see Section 7 for further discussion.

6. USING THE MORPHIC ABEL-JACOBI MAP TO DETECT CYCLES

Recall that a cycle is “Abel-Jacobi equivalent” to zero if it is homologically equiv-
alent to zero and lies in the kernel of the classical Abel-Jacobi map (equivalently,
if it lies in the kernel of the Deligne cycle class map). Theorem 5.7 suggests that
we can find cycles that are algebraically equivalent to zero, Abel-Jacobi equivalent
to zero, and yet not “morphic Abel-Jacobi” equivalent to zero, meaning not in the
kernel of ®"°". Indeed, such cycles will exist precisely when the map

TPN(X) - THX)
has a non-trivial kernel. In this section we give examples of varieties X and inte-
gers r for which this holds by building upon examples constructed by Friedlander.

Additional examples, arising from the work of C. Schoen [34], where the above map
has a non-trivial kernel will be discussed in Section 8.

Theorem 6.1 (Friedlander). [15, 4.5] Fiz an integer r > 1. Suppose W is a
smooth complete intersection in projective space, dim(W) = 2r + 2, and the image
of CHpya(W)g — H;iﬁ_gz(W, Q) has rank at least 2. Let Y be a sufficiently general
member of a Lefschetz pencil of codimension one complete intersections in W of
sufficiently large degree. Then there exists an r-cycle v on'Y such that

~ € ker (L,,H2T(Y)S—T>L0HQT(Y) =~ H;j,"g(y))
but
r—1
v ¢ ker (LTHQT(Y)S—>L1HQT(Y)> ®Q

That is, there is a v € L,.H».(Y) that is homologically equivalent to 0 but that
remains non-zero, even modulo torsion, in the penultimate stage of the sequence of
maps

L Ho (V)5 L, 1Hop (V)25 -5 Ly Hop (V)5 Lo Ho, (V) = HyM(Y).

We construct the examples we seek by building on those of Friedlander’s Theo-
rem:

Theorem 6.2. Pick an integer v > 2 and a variety Y, smooth of dimension 2r+1,
as in Friedlander’s Theorem 6.1. Let X =Y x C where C is a smooth, projective
curve of genus at least one. Then the kernel of

TN (X) = J(X)
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contains the quotient of a non-zero complex vector space by a countable subgroup
— in particular, it contains uncountable many non-torsion elements.
Proof. Recall that

Griff .(Y) = ker(L,H.(Y) = LoH>.(Y)),
is the Griffiths group of r-cycles homologically equivalent to 0 modulo algebraic
equivalence, and note Griff,(Y)g # 0. Exterior product gives a map

X : GI‘lffT(Y) ® LoH; (C) — L.Hop 41 (X)
and the composition of this map with L, Hs,1(X) — H;i:fl (X) is zero, since it
coincides with the composition of

Griff(Y) ® LoH1(C) — Hy"8(Y) ® Hy"8(C) — Hy®, (X).
On the other hand, the basic formulas satisfied by cup and cap product imply

that the composition of

X®ms

LT‘HQ’I"(Y)®LOH1 (C) ® Ll.[{1 (C) — LTHQT+1(X) ® LlHl (X)

(1)

i)-[/7'71-[:[27'()() — erler(Y)

coincides with the composition of
Ly Hs, (Y)®LoH1 (C) ® L' HY (C)=5 L, Ha (Y) ® L'H' (C) ® L'H'(C)
USOT Hap(Y) @ L2H?(C) S5 L Ha (V) ® LYHO (pt) -5 Ly 1 Ha ().

The map L*H'(C) ® L' H'(C)—L?>H?(C) is onto and the map =, : L2H>(C) —
L'HO(pt) = 7Z is an isomorphism, since C is a smooth projective curve of genus at
least one. Moreover, the map

LT’H2T'(Y) = LTH2T(Y) ® LlHo(pt)i)erlH%'(Y)

is the s-map. In Friedlander’s example, there are elements of Griff,.(Y) C L, Hs.(Y)
that are not in the kernel of the s-map (even tensor Q).
It follows that the image of

Griff.(Y,Q) ® LoH1(C,Q) — L. Har41(X, Q)
is a non-zero Q-IMHS of pure weight —1 that maps to zero in H;i;fl (X,Q(r))-
Letting
K = ker (L, Hapy1(X) - H3 (X, Z(r)))
we have that K is a IMHS having weights —1 < w < 0and W_; (Kg) # 0. Applying
the long exact sequence for Extfy;5(Z(0), —) to the short exact sequence of IMHS’s
0— K — L, Hopy1(X) = Noyr H3M8 (X, Z(r)) = 0
gives the exact sequence
Nyt Hy"8 (X Jtor = T(K) = T (X) = T (Ned H3E (X, Z(r))) = 0.

Here, T'(Ny 11 H5"8 (X, 2(r))) = Nop1H5 8 (X)ior since NpyiHy"F (X, Z(r)) is
pure of weight —1. '

Since the map 7" (X) - J,*(X) factors through J (N, 1 Hy 8, (X, Z(r))), we
have that J(K)/(N,,_i_lH;iTrfE1 (X)tor) injects into the kernel of J™°%(X) — J2(X).
Finally, Proposition 3.1 shows that J(K) is the quotient of a non-trivial complex
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vector space (namely, K¢/F°(Kc), which is non-zero since W_1(Kg) # 0) by a
countable group (namely, the image of K), and thus J (K)/ (N1 H5, 8 (X )tor) is
also the quotient of a non-zero complex vector space by a countable subgroup. O

Corollary 6.3. ForY andr as in the Theorem, there exist uncountably many non-
torsion elements in CH,(Y) that are algebraically equivalent to 0, lie in the kernel
of the Abel-Jacobi map, but do not lie in the kernel of the morphic Abel-Jacobi map.
That is,

ker(®,) N CH,(X) qig~0/ ker(2,7°7)

has uncountable rank.

7. ON UNIVERSALITY

Definition 7.1. For a a smooth, projective complex variety X and an abelian
variety A (resp., a complex torus A), a function

f H CH»,-(X)algNO - A(C)

is regular (resp., analytic) if given any smooth, connected, projective variety T' of
dimension d, base point ¢ty € T', and correspondence I' € CH, 1 4(T x X), the map

T(CQ)" 25 O Ho (T aigm0—2C Hy (X )argno—— A(C)
is induced by a morphism of varieties (resp., is holomorphic).

Conjecture 7.2 (Universality of Abel-Jacobi map). (cf. [23]) For a smooth, pro-
jective complex variety X, the classical Abel-Jacobi map
@, : CHp(X) atgno — T (X)

is universal among regular functions. That is, given an abelian variety A and a
regular function
f : CHT(X)algNO — A7

the diagram

I (X)

s
//
\ }/ f

can be completed to a commutative diagram by some (necessarily unique) morphism
of abelian varieties f.

In this section, we indicate two possible ways in which the morphic Abel-Jacobi
map might lead to a counter example of the above conjecture. The first way has
already been mentioned — namely, as shown in Corollary 5.9, the morphic Abel-
Jacobi map implies the existence of a factorization

CH(X)aigno = T (Nr1n Hy "8y (X, Z(r)) - THX).

Now, the map J (N1 Ha®, (X,Z(r))) = J2(X) will have a kernel if and only if
there is a non-torsion class « € Ha,.1(X,Z) such that some non-zero multiple of «
belongs to N,41Har11(X,Z), but « itself does not belong to N,.y1Hsp1(X,Z). In
other words, the Universality Conjecture will fail for X provided such an «a exists.

We do not know of any examples of such elements, but Kolldr [2] (see also
[36, §2]) has constructed a smooth, projective three-fold Y and a non-torsion class
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b € HS™8(Y,Z) such that b is not algebraic (i.e., b ¢ Ny HS"8(Y'), Z)) but some non-
zero multiple of bis algebraic. In other words, Kollar provides a non-torsion counter-
example to the “integral Hodge conjecture”. (The original counter-examples to this
conjecture were torsion.) Now, letting C be a smooth, projective curve of positive
genus, setting X =Y x C, and choosing ¢ € Hi(C,Z) to be a generator, we can
form the external product

a=bxce H"(X,Z).

Then a is non-zero, a non-zero multiple of a belongs to No H3"8(X), and yet there
is no readily apparent reason why a should belong to NoH. ;i“g (X).

Concerning the second kind of potential counter-example of Universality, we
recall the commutative diagram

mor
q)'r

ZT(X)algNO — j;nor(X)

e

I (X)

and the examples of Theorem 6.2 which show J™°"(X) —» J7(X) can have a
kernel. This does not immediately lead to a counter-example, because the group
L,.H,,1(X) may well fail to be finitely generated or of pure weight —1 and hence
Jmer(X) = J(LyHypy1(X)) is typically not be an abelian variety. The Universality
conjecture does, however, imply a very strong condition on the IMHS given as the
kernel of L, Hy,1(X) — H5"8, (X, Z(r)), as we now show.

Lemma 7.3. Let X be a smooth, projective variety and suppose
LTH2r+1(X) —» H

is a quotient of IMHS’s such that H is finitely generated (i.e., is a MHS) and has
pure weight —1. Then J(H) admits the structure of an abelian variety so that the
composition of

mor
¢’!‘

CH,(X)ago— T, (X) - J(H)

is regqular.

Proof. According to [23, 12.23], it suffices to show that the onto map
m: CHyp(X)aigno = J(H)

is analytic, where J (H) acquires the structure of a complex torus via the surjection
H¢/F°(Hg) - He/(H + F°(Hg)) = J(H). Let T and T be as in Definition 7.1.
Since the morphic Abel-Jacobi map is natural for correspondences the composition
of
r.
T — CHo(T)algN()—)CHT(X)a]gNO - j(H),

whose holomorphicity we seek to establish, coincides with the composition of

T = CHo(T)aigeo o T (T) L5 T8 (X) —» T (H).

Note that J""(T) = Jo(T), ®5°" = Py, and the map T — Jo(T) coincides
with the classical Albanese map by [23, 12.11(3)], and thus is holomorphic. The
composition of

TahoN(T) =5 T8 (X)) = T (H)
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is holomorphic since it is induced from the composition of
LoH\(T) 5L, Hap i1 (X) » H
which is a morphism of MHS’s. O

Theorem 7.4. If, for a smooth, projective variety X, the IMHS
Ky Hapq1 (X) == ker(Ly Hary1 (X) = H;Tfl (X, Z(r))

admits a quotient IMHS that is finitely generated (i.e., is a MHS), non-torsion, and
of pure weight —1, then the Universality of the Abel-Jacobi map fails for X.

Proof. The existence of such a quotient K, Ho,y1(X) — H" implies that the sur-
jective morphisms of IMHS’s

Ly Horg1(X) > N H3 ' (X, Z(r)
factors as
Ly Hypy1(X) » H - Ny Hy P (X Z(r))
for some MHS H such that H — Nr+1H;i;f1 (X,Z(r)) has kernel H"”. Then
Nyt Hy 51 (X, Z(r) or = T (H") = T (H) = T (N1 Hy 1 (X, Z(r)) = 0

is exact and J(H") — J(H) is not the zero map since J(H") is uncountable. The
result now follows from the Lemma. O

8. ON TORSION CYCLES

In this section, we describe the restriction of the morphic Abel-Jacobi map to
torsion subgroups,

7 gor : (CHp(X)atgno)tor = T (X)sor-

In particular, we show this map is surjective and give an explicit description of its
kernel. In some simple cases, we prove unconditionally that this map is, in fact, an
isomorphism. We show it is an isomorphism for projective varieties definable over
a number field, assuming a common conjecture. We also show in this section how
the examples due to Schoen [34] of varieties X for which the group CH,(X)aig~o0
contains an infinite amount of /-torsion lead to additional examples where the map
J-(X)™r — 7.(X) has a non-trivial kernel.
Recall that there is a natural map

(8.1) CH,(X,1) = Ly Hapir (X).

The description of the kernel of ®™°7|,, depends on the image of this map, which
is not well understood. Theorem 8.4 below characterizes the morphic Abel-Jacobi
map on torsion subgroups in terms of the image of (8.1), using the following lemma.

Lemma 8.2. For a quasi-projective variety U, the image of
CHT(U, 1) e LTHQTJ,_I(U)
is contained in T'(LyHopy1(U)).
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Proof. Every class in CH,.(U, 1) is supported on a closed subscheme of dimension
at most 7 + 1. By naturality, it thus suffices to assume dim(U) < r + 1. In this
case, we have that the map

LTH2T+1 (U) - Hg-hf—l (Ua Z (’f‘))

is an isomorphism of IMHS’s by Proposition 2.5 and Remark 4.2, and thus it suffices
to prove that the natural map

CHT(U’ 1) — H’E’}E{d—l(Ua Z(T‘))
lands in T(H3, (U, Z(r))). (In fact, this holds in all degrees.)

It suffices to prove this upon tensoring with Q. Let U »— V be a closed embedding
with V smooth of dimension d. Then the map in question is isomorphic to

Hiu(V, Q) = Hing v (V, Q(F)),

where n = 2d — 2r — 1 and t = d — r and the subscripts U denote cohomology with
supports. The image of this map is contained in

T(Hg,e v (V,Q(t))) = T(HY, (U,Q(r)))
by [21, §8). O

Remark 8.3. We presume that assertion of Lemma 8.2 holds in all degrees — i.e.,
the image of
CHT’ (U, TL) - LTH2r+n(U)

is contained in I'(L, Hay4.,,(U)), for all 7,n > 0. We know of a proof of this statement
when U is projective, but omit it since it is not needed for the rest of this paper.
(But see the discussion in Section 11.)

For a quasi-projective variety V', define
Ly Horir(V)pq i= im (CHT(V, 1) — LTHQTH(V)).

(The subscript M stands for “motivic”.) By Lemma 8.2, L, Ho,1(V)aq is a sub-
IMHS of L.Hs,+1(V) having trivial Hodge structure, and hence the short exact
sequence of IMHS’s

0— LTH2T+1 (V)M — LTH2T+1 (V) — LTH2T+1 (V)/L’I‘H2’r'+1 (V)M =0
induces a short exact sequence of abelian groups
00— LTH2T+1 (V)M — F(LTH2T+1 (X)) — F(LTH2T+1 (V)/LTH27«+1(V)M) —0
and an isomorphism

Tr (V) = T Ly Horia(V)) = T (Ls Hora (V)L Hor 1 (V) ).

Theorem 8.4. Let X be a projective variety and r any integer. There is a natural
exact sequence

mor

T (L Hps1(X)/ Lo Harg1 (X)ad) @ Q/Z = (CHu(X) o) o =T (X )i = 0,
where

F(LTHQTH(V) L Hap i1 (V) M) = coker (CHT (X,1) - I‘(LTHQTH(X))).
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Proof. To simplify the notation, we set
H(V) =L, Hyrqq (V)/LTH2T+1 (V)Ma

for a quasi-projective variety V. We use a theorem of Suslin-Voevodsky [37, 9.1],
which implies that the natural map

CH,(V,n;Q/Z) - L,Horn(V,Q/Z)

is an isomorphism for all n and V. The Suslin-Voevodsky result, together with
the long exact sequences in Chow groups and Lawson homology obtained from
0—>Z—Q— Q/Z — 0, yields a short exact sequence

(85) 0— H(V) - H(V)@ - (CHT'(V)algNO)tOI‘ -0
and hence an isomorphism
H(V) ® Q/Z = (CHT(V)algNO)tor-

Let Y be a closed subvariety of X of dimension r. Using CH,(Y,1) = 0 =
LyHo1(Y), ZY(X) = CH,(Y) = L.H.(Y), and the localization sequences for
Chow groups and Lawson homology, one obtains the exact sequence of IMHS’s
(8.6) 0= H(X) > HX-Y)— CHY (X)ag~o = 0.

(Here CH)Y (X )aig~o denotes the subgroup of CH,.(X) of cycles supported on Y and
algebraically equivalent to 0 on X.) The boundary map in the associated six-term
exact sequence for Extiyus(Z(0), —) has the form

(8.7) CHY (X)aigno = J(H(X)) = T 7 (X).
Using that
0= LyHopy1(X) = LpHopi 1 (X =Y) = ZY (X)algno — 0

surjects onto (8.6), it follows directly from the definition of ®*°" that (8.7) is the
restriction of ®7°" to CHY (X)aigo C CHy(X)aigmo- Using now Lemma 3.2, we see
that the restriction of @M% to (CHY (X )aig~0)tor coincides with the composition of

(CHY (X)agno)ior = H(X) ® Q/Z — (H(X)/T(H(X))) & Q/Z = T (X)ior,
where the first map is the boundary map in the long exact sequence for Tor,(—, Q/Z)
applied to (8.6).

We now take inductive limits over all dimension r subvarieties Y of X. We
have lim  CH, (X —Y) =0, and hence, using (8.5), we see that lim,, H(X-Y)is
uniquely divisible. As a consequence, the boundary map li_n;Y(CHTY (X)alg~0)tor —

H(X)® Q/Z is an isomorphism.
We have shown that the restriction of ®1"°" to (CH,(X)aig~o0)tor factors as

(CH(X)atgmo)ior- H(X) ® Q/Z — (H(X)/T(H(X))) © Q/Z = T (X)sor,
and the Theorem follows. O

Corollary 8.8. If, for a given projective variety X and integer r, the cokernel of
the map

CH,(X,1) » I(L;Har+1(X))
is divisible modulo torsion — for example, if

CH,(X,1;Q) —» I'(L,H+1(X, Q)
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is onto — then the morphic Abel-Jacobi map induces an isomorphism on torsion
subgroups:

<I);norltor : (CHT(-X)algNO)tOT i>n77"(‘X)tor-

Example 8.9. Recall that L.H,1(X) has weights —1 < w < 0, and thus the
hypothesis of Corollary 8.8 is met if GrY (L,H2r11(X,Q)) = 0. This holds, for
example, if X is smooth and projective and the map

Ly Hor1 (X, Q) — Hi™, (X, Q(r))

is injective. Using the results of [17, §6], we see that we have an isomorphism

B o0+ (CHp(X)atgno) oy~ T (X) tor

tor
if X 1is smooth, projective, and belongs to the class C defined in op. cit. Moreover,

in this case, we have J™°"(X) = J.(X) and ®I*°" = ®,, so that the classical
Abel-Jacobi map induces an isomorphism

o, | tor : (CH,(X) alng)tor i>~.77-WwT(AX)tor

for such X.

The class C includes all curves, all linear varieties (for example, all toric vari-
eties), and all cellular varieties, and it is closed under localization, blow-ups, and
the formation of bundles, in the sense made precise in [17, 6.9].

To obtain more interesting examples of varieties satisfying the hypothesis of
Corollary 8.8, we need to assume a well-known conjecture:

Conjecture 8.10. (See, e.g., [21,5.20].) IfU is a smooth, quasi-projective complex
variety that can be defined over Q, then the canonical map

CH,(U,n;Q) — T(H;, Y, (U, Q(r))
s a surjection for all n,r.

Theorem 8.11. Let X be a projective complex variety that can be defined over a
number field. Assume Conjecture 8.10 holds when r = 0 and n = 2 for all smooth
U definable over Q. Then the morphic Abel-Jacobi map induces an isomorphism
on torsion subgroups:

q);nor|tor : (CHT(X)algNO)tOT i)\.77'()()tor-

Proof. Suppose X is definable over a number field k. By [21, 5.21], if Conjecture
8.10 holds (for a fixed r and n), then the same statement holds for any smooth U
definable over k (for the same r and n). Let S be a (possibly singular) complex
projective surface that can be defined over k and choose a closed embedding S —
P¥ | defined over k, with open complement U. Then one easily sees [21, 8.9] that
the surjectivity of C Ho (U, 2; Q) — T(HEM(U,Q(0))) (which we are assuming, since
U is definable over k) implies the surjectivity of

CHo(S,1;Q) — T(H;™(S,Q(0))).

We claim now that I'(L,Hazr11(X,Q)) is generated by classes coming via corre-
spondences v € CH,12(S x X) from classes in I'(LoH1(S,Q)) = T'(H;™8(S,Q(0))),
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where S ranges over all projective surface definable over k. This will prove the
Theorem, since the diagram

| |

LOHI (SJ Q) $ LTH27'+1 (XJ Q)

commutes.
To establish the claim, recall from Theorem 4.1 that L.Ha,1(X,Q) is isomor-
phic to the IMHS

HY"8(Z,.(X),Q) = HY™8(C,(X),Q) O pzing(c, (X),0) Hging(ZT(X)a Q),

where C.(X) = [[,Cre(X) is the Chow monoid of r-cycles on X. From this,
we see that T'(L,.Hs,y1(X,Q)) is generated by classes coming via the “universal
correspondence” from classes in I'(H; (Cr (X),Q(0))). Since X is definable over k,
s0 is Cr¢(X), for all e. The Andreotti-Frankel Theorem [1] shows that, for each e,
there is a surface S, C Cy,., so that the map

Hl (Sea Q)_%)Hl (Cr,e(X)a Q)
is an isomorphism. This shows that I'(L,H2,4+1(X,Q)) is generated by classes
coming via correspondence from classes in T(H>"8(S,, Q(0))).

In fact, we claim that the Andreotti-Frankel Theorem allows us to take S, to be
definable over k, and hence the result follows. Indeed, let Y be any projective variety
definable over k, say of dimension n. The Andreotti-Frankel Theorem amounts to
the assertion that a smooth, affine complex variety of dimension d has the homotopy
type of a d-dimensional CW complex Thus, if we take Y;,_; to a subvariety of Y
that is definable over k, that contains the singular locus of Y and all components
of Y having dimension less than two, and for which U =Y —Y,,_; is affine, then
we have HEM(U, Q) = HEM(U,Q) = 0 by Poincaré duality, so long as n > 2. Thus
H™8(Y,,_1,Q) = HI™8(Y,Q), for n > 2, and the claim is established by induction
onn > 2. O

At one time, it was conjectured that the classical Abel-Jacobi map itself ought
to induce an isomorphism on torsion subgroups:

(812) CDr|alg~0,t0r : (CHr (X)algNO)torE)jTa (X)tor;
for X smooth and projective. More generally, it was conjectured that the map
(813) @T|t01‘ : (CH’I‘(X)hOmNO)tOI‘ — jr(X)tor

ought to be injective.

The map (8.12) is always surjective. In codimension one (i.e., r = dim(X) — 1),
the injectivity of (8.12) and (8.13) are easily seen to hold; in codimension two
(r = dim(X) — 2), the injectivity of these maps is a consequence of the Merkurjev-
Suslin Theorem [27] (see [30, 10.3]); and for zero-cycles (r = 0), the injectivity of
these maps is a theorem of Roitman [33, 4]. The injectivity of (8.12), however, is
now known to fail in general. Schoen [34] has constructed examples of a smooth,
projective complex variety X of dimension d, definable over a field of transcendence
degree one over Q, for which CH, (X )aig~0 has infinite -torsion for all 0 < r < d—2
and some prime [. Since J.(X)tor = (Q/Z)" for some integer v, the Abel-Jacobi
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map cannot be injective on (CHp(X)aig~0)tor for such varieties. Soulé and Voisin
[36] have also shown that (8.12) can fail to be injective for four-folds with r = 1.
In earlier work, Totaro [40] constructed examples of a smooth, projective variety
X, definable over a number field, for which (8.13) fails to be injective. In light of
Theorem 8.11, it is interesting to note that there are no known examples of the
failure of the injectivity of (8.12) for varieties definable over number fields.

We now show how Schoen’s examples gives rise to additional examples of varieties
X for which 7" (X) - J*(X) has a kernel. We first recall the details of Schoen’s
construction:

Theorem 8.14 (Schoen [34]). Suppose k is an algebraically closed subfield of C,
W is a smooth, projective k-variety, E is an elliptic curve over C whose j-invariant
does not belong to k. Then for any integer r > 0, the map

CH,(W)® CHo(E)tor > CH.(W Xy E)
gwen by external product of cycles is injective.

Remark 8.15. Schoen’s theorem is actually more general that this — one may
replace k C C with any extension of algebraically closed fields, even those of positive
characteristic.

Schoen also proves [35] that for any algebraically closed field k of characteristic
zero, there exist a smooth, projective three-fold W (in fact, W can be taken to be
an abelian variety) such that CHy (W) ® Q4 /Z, has infinite corank for some prime
I. Taking k = Q and picking E to be an elliptic curve over C whose j-invariant
does not belong to k, then since CHo(E)ior = (Q/Z)? = @B,(Q /Z;)?, we see that
CH,.(W) ® CHy(E)to, has infinite [-torsion for some prime I.

Theorem 8.16. Suppose k, W, E are as in Theorem 8.14 and that CH.(W) ®
Qi /Z; has infinite corank for some prime l. Then the kernel of

ijor(W Xk E) — jr(W Xk E)

contains the quotient of a non-zero complex vector space by a countable subgroup. In
particular, there exists a complex abelian four-fold V', definable over an algebraically
closed field of transcendence degree one over Q, such that the kernel of

JT(VY) = (V)
s uncountable.

Proof. Observe that elements of CHg(E): are algebraically equivalent to 0 and
hence we have an isomorphism

CHo(E)tor = LoH1(E) ® Q/Z.

Moreover, the kernel of CH,.(W) — CH,.(W¢) — L,H,.(W¢) is divisible (since
CH,(W)/alg ~ 02 L,H,.(W¢)) and thus

CH’I‘(W) ® CHO(E)tor = LTH2T(W(C) 2y L0H1 (E) ® Q/Z

The image of the injection in Schoen’s Theorem is contained in (CH,(W¢ X¢
E)algwo)tor and there is a natural surjection

LTH2T+1 (W(C Xc E) ® Q/Z - (CHT(WC Xc E)algNO)tor;
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coming from (8.5) in the proof of Theorem 8.4. Moreover, the injection in Schoen’s
Theorem coincides with the composition of

CH’I'(W) & CHO(E)tOr = LTH2T(WC) [ LOHI(E) ® Q/Z
— LrH2r+1(WC Xc E) ® Q/Z - (CHT(WC Xc E)alg~0)t0r7

where the first map is induced by external product in Lawson homology, and thus
the map

LT'H27'(WC) ® LOHI (E) & Q/Z — L’I'H2T+1 (WC Xc E) ® Q/Z
is injective.
We claim that the map
Griff,(We)g ®q LoH1(E,Q) = LrHar1(We Xc E,Q)

is not the zero map. As in the proof of Theorem 6.2, this will suffice to complete
the proof. Note that CH,(W) ® Q/Z; = L,H>.(Wc) ® Qi /Z;. The hypotheses
imply that the map

Griff,(We) @ LoH1(E) ® Q /Z; — L, Ha.(We) ® LoH1(E) @ Q1 /Zy
is not the zero map, and hence that
Griﬂr(Wc) ® LoH; (E) ® QJ/ZI — LrH2r+1 (WC Xc E) ® Ql/Zl

is non-zero. O

Note that Schoen’s examples give torsion cycles that lie in the kernel of the
classical Abel-Jacobi map and are algebraically equivalent to zero. The previous
result shows that these torsion cycles entail the existence of non-torsion classes in

(ker(®,) N CH, (X )ago) / ker(®™°F).

9. RELATIONSHIP TO A CONJECTURE OF BEILINSON
Beilinson [3, Conjecture 6] once conjectured that the canonical map
(9-1) CH,(U,n — 2r)g — D(HM (U, Q(r))

is surjective for every smooth, quasi-projective variety U. (Beilinson’s formulation
involved rational K-theory and singular cohomology, but the one stated here is
equivalent.) When U = X is projective, then since T(HEM(X,Z(r)) = 0 unless
n = 2r, this assertion is equivalent to the classical Hodge conjecture.

The general conjecture, however, is now known to be false for arbitrary varieties
in the case n = 2r + 1, thanks to an argument of Jannsen [21, 9.11], which shows:
Given a smooth, projective variety X and integer r for which the rational Abel-
Jacobi map @, ® Q : CH, (X, Qnom~0 = Jr(X)g fails to be injective, the map

fails to be surjective for some open subvariety U of X. Failures of injectivity of
®, ® Q are common — for example, this map is not injective when r = 0 and X
is a smooth, projective surface with p,(X) > 0, as shown by Mumford [29]. (The
more restrictive conjecture that the map (9.1) is surjective for varieties definable
over a number field remains open.) Jannsen basic argument applies in our context
as well to establish the following related result.
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Theorem 9.2. The maps

CHT(UJ 1) - F(LTH2T+1 (U)) and F(LTH2T+1(V)) - F(Hg'%l(va Z(T)))
fail to be surjective, even upon tensoring with Q, for some smooth, quasi-projective
varieties U and V

Proof. We follow the approach of Jannsen in [21, §9].
Given a smooth, projective variety X and closed subscheme W of dimension r,
set U = X — W. We have a commutative diagram with exact rows

Hr (Ua 1) I ZTW (X)algNO - CH’I' (X)algNO
l H lq,:m
(L, Hapy1(U)) zy T (X)

(X)atg~o
| |

T(HEY, (U, Z(r)) —> Z (X)homo Tr(X)

where ZW (X )alg~o is the subgroup of Z,(X)ag~o consisting of classes supported
on W. The middle and bottom rows of this diagram are parts of the long exact
sequences for Extiygs(Z(0), —) coming from the short exact sequences of IMHS’s

(9.3) 0— LyHopy1(X) = LrHopi1 (U) = ZV (X)atgo — 0
and
(9.4) 0 — HyN (X, Z(r)) = HYN (U, Z(r)) = Z (X)hom~o — 0.

The commutativity of the upper-left square follows from the commutativity of

CH,(U,1) ——= CH, (W) ——= CH,(X)

| | |

LTH2T+1(U) - LrHZT(W) — L, Ho, (X)

(Recall that CH,. (W) = L, Ho,. (W) = ZW(X).) The upper-right square commutes
by definition of ®°". The bottom two squares commute since there is a map of
short exact sequences from (9.3) to (9.4).

Take X to be an example of a smooth, projective complex variety such that the
kernel of

TP(X) = T (X)
contains torsion-free elements, such as is provided by Theorem 6.2 or Theorem 8.16.
By the surjectivity of ®;"°7, there is a non-torsion class o in CH, (X )aig~0 such that
dMor(q) # 0 but ¥,.(a) = 0. The class a is supported on some closed subvariety
W of dimension r, so that a lifts to an element & € Z) (X) alg~0- An easy diagram
chase shows that
F(LTH2T'+1(V)) - F(Hg'l\—/ll—l(v7 Z(T)))

cannot be surjective (even modulo torsion, since « is non-torsion).

The other assertion follows in a similar manner, starting with a non-torsion
element a in the kernel of ®°" that is supported on W. Such elements can be
constructed using the general method given in [21, §10]. In fact, as mentioned
above, Mumford proved that the Abel-Jacobi map for » = 0 fails to be injective
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modulo torsion when X is a smooth, projective surface with py(X) > 0. This leads
to examples where

CHo(U,1) » T(HPM(U, Z(0))
fails to be onto. Since LoH;(X) = HEM(X,Z(0)), and ®F°F = &, our assertion is
an immediate consequence. But, using Jannsen’s construction, one gets examples
where

CH,(U,1) - T(L,Har+1(U))
fails to be surjective for r > 0 too. a

In contrast to Theorem 9.2, it is reasonable to expect CH,.(U,1) — T'(L, Ha, 1 (U))
to be onto, at least upon tensoring with Q, if either U is definable over a number
field or U is smooth and projective. Compare with Corollary 8.8 and Conjecture
8.10.

10. RELATIONSHIP WITH BLOCH-BEILINSON FILTRATION

Bloch and Beilinson have independently proposed a filtration on the rational
Chow groups of a smooth, projective complex variety X, which we will write as

CHI(X)g = FygCHY(X) D FygCH(X) D FAgCH/(X) D ---

(Here, the subscript Q denotes tensoring with Q, but we omit it in the notation

FY{ 5 CHI(X).) This filtration is conjectured to enjoy the following properties:

1) FLzCHI(X) = CH(X)g hom~o

2) F2,CHY(X) =ker(®' ® Q: CH(X)ghom~o = J*(X)g)

3) FLHCHI(X)=0

4) FICH/(X) - F*CHYX) C F***CHI*{(X)

5) The filtration F*CHJ(X) is natural for pushforward and pullback

6) The associated quotient group Grly s CHI(X) = F&,CHY(X)/FEH CHI (X)
depends only on the Grothendieck motive h?/~¢(X). (For this conjectural
property to make sense, one must assume Grothendieck’s standard con-
jecture C, that the Kunneth components of the class of the diagonal are
algebraic.)

P

We refer the reader to [22] for more details.

In this section we discuss the connection between the Bloch-Beilinson filtration
on the morphic Abel-Jacobi map. A motivating idea is to imagine that the kernel
of the morphic Abel-Jacobi map forms the second stage in a “morphic” filtration
of CHY(X),

CH’(X,Q) = F°,,CHY(X) D F}!

mor mor

CH’(X) D F?

mor

CHj(X) D,
where

FY,.CHY(X) = CH(X)gaig~0

mor
F2,.CHY(X) = ker(®},,, ® Q : CH? (X)g,hom~o = Thor (X)),

and such that analogues of some of the conjectural properties of the Bloch-Beilinson
filtration also hold. (Here, to conform with the notation of the Bloch-Beilinson fil-
tration, we use cohomological indexing: define ®7 . : CH’(X)aigmo = Jior(X) ==
J(L7H*~1(X)) to be the map obtained from ®M° by use of the identifications
CHY (X )aigo(X) = CHp(X)aigmo and LIH*71(X) 2 L, Hyp1(X), where r + j =
dim(X).)
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It is unclear what to expect, if anything, as the analogue of property (6), but
perhaps one should conjecture that the associated quotient group

Grl . CHY(X) := Fr .CHY(X)/Frt!CHI(X)

mor mor mor

depends only on the motive hz{g_t(X ) in the category of pure motives modulo
algebraic equivalence. (Note that it is conjectured by Murre [31] that the motive of
X modulo algebraic equivalence admits such a decomposition, but not necessarily
canonically.)

Moreover, it seems reasonable to expect that Ft C Fp for all t, since it holds
for t < 2, so that we would have a diagram of inclusions

FJ(E);BCHj(X) (—)F]%BCHj(X) <—)F§BCHj(X) ~

Fr(r)lorCHj (X) <—)Fr}10rCHj (X) <—)FrglorCHj (X) ~ .
Note that Corollary 6.3 shows that the containment
F? CH!(X)CFL., ,CH (X)nFiyCH'(X)

mor mor
can be proper, so that Fy . cannot merely be obtained by intersecting F'gp with

. mor
CH’(X)g,alg~0-
Regardless of the existence of Y for t > 3, we can relate F2,, with the Bloch-

Beilinson filtration F 5 (provided the later exists), using a result of Jannsen.

Theorem 10.1. Assume the Bloch-Beilinson filtration exists and let X be a smooth,
projective complex variety. Assume also that Grothendieck’s standard conjecture B
holds for X. Then

F},CH’(X) C F?

mor

CH’(X) = ker(®,,, ® Q),

for all j > 2.
Proof. According [22, 6.4], we have

Fi,CHI(X) C <F§B>OCHJ‘(X)
where

(Fhp), CHI(X) =Y im(y : FhpCHo(T) = FhpCHI(X))
Tyy

with T ranging over all smooth, projective complex varieties and « ranging over
all correspondences in CH?(T x X). Since the morphic Abel-Jacobi map on zero
cycles coincides with the classical one, we have

FjpCHy(T) C FgpCHy(T) = Fo,CHo(T) N CHo(T)g,aigm0,
and the result follows from part (4) of Theorem 5.7. O

For example, recall from Theorem 8.16 that Schoen’s results provide examples
of a smooth, projective four-dimensional (abelian) variety X such that

1" (X)e — J'(X)a
has a non-trivial kernel — specifically, this kernel is 7 (K3 H%(X))gp where
K3H5(X) := ker(L*H®(X) = H?(X,Z(3))).
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In other words, we have
F! CH¥X)NF%,CH*(X)/F?

mor

CH3(X) = J(K*H?(X))q # 0.

or

In particular, we have inclusions
F},CH3}(X)C F2,,CH?*(X) C FAzCH*(X)NEL,.CH*(X) C FizCH?*(X),

so that GrigCH?(X) contains J(K3H5(X))g as a sub-quotient. Recall that
Gr3gCH?(X) is conjectured to depend only on the Grothendieck motive h*(X).
It would be interesting to formulate, at least conjecturally, a motivic description
of J(K2H?(X)), or possibly even K3H®(X) itself, that “explains” why it only de-
pends on h*(X). We note that Jannsen proves (assuming that the Bloch-Beilinson
filtration exists) that the quotient

FipCH*(X)/FgpCH?(X)NFoCH® (X) 22 (FpCH® (X)+Fpou CH? (X)) / Frooe CH® (X)

depends only on the motive h*(X)/N1h*(X), where N* refers to the filtration by
coniveau. Moreover,the quotient Gr% 5 CH?(X) should depend only on h*(X)/N2h*(X)
— in fact, one conjectures that

GriCH?(X) = Exth (1, h4(X)) = Ext) (1, hH(X)/N204(X)).

A possibly outlandish conjecture, then, is that we have

? .
J(K3H?(X))g = Exti (1, N'A*(X)/N2h*(X)).

We now describe a method of filtering F%,CHY(X)/F2,.CH(X) that arises
from the factorization
Ly Hp g1 (X) =Ly Hop 1 (X) (1) - =5 Lo Hapg1 (X) (1) 22 H38 (X, Z (1))
of the canonical map from Lawson homology to singular homology. Applying J(—)
to this sequence gives a sequence maps of topological abelian groups

TN (X)) =T (X) = T (X) = - = T0N(X) = T (X)),
where we define
Tri " (X) := T (Lr—iHar1(X) (1)) -

We thus have a diagram of continuous maps of topological abelian groups

mor

CH(X)algno — T (X)
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in which the oblique maps
(I)?,;)r : CHT(X)algNO - j:;or(X), 0<i<r,

are defined by composition. (Note that ®6" = ®*°" and ®’2" = ®,..) Taking ker-
nels of these maps therefore determines a filtration of ker(®,)/ ker(®™°r). Suslin’s
Conjecture 2.4 predicts, however, that some of the stages in this filtration are trivial
— namely, we expect that

-1 (X) = T (X) = - = J0(X) = T (X)),

for a projective variety X of dimension d. Moreover, Suslin’s conjecture also predicts
that the image of the injection LyHays 1(X) — Hy'%_(X) is Na 1 H% | (X),
and this leads to the expectation that

N ra(X) = T (Naoa Hy, 6 (X, Z(r)).

Finally, a consequence of the Beilinson-Lichtenbaum Conjecture is that H518(X)/N,_; H5"8(X)
is torsion free, for all n. In particular, we expect a short exact sequence of MHS’s
of pure weight —1

0 = Na—1 Hy (X, Z(r) = Hy'y (X, Z(r)) - Q = 0

so that I'(Q) = Qtor = 0, and hence J", _, should inject into J,(X).
Taking these expectations into account, we arrive at the filtration defined as
follows:

Definition 10.2. For a smooth, projective variety X of pure dimension d and an
integer r < d, define a descending filtration F'® of

FgpCHA(X)/Fpo:CH,(X)
by
FY =F%5CH,(X) = ker(®, : CH(X)aigno = Jr(X))
F' =ker(®79L,_5 : CHp(X)aigno = Tt 3(X))
F? =ker( ?,32—4 : CHp(X)aig~o — rI,ItliO—rr—4(X))

ﬁvdfr :F2

mor

CH,(X) = ker(™° : CH (X )aigno = J (X))

Theorem 6.2 gives examples where

F2 CH.(X)/FS T CHA(X) #0

mor mor

where r > 2 and d = 2r + 2.

We can enrich this filtration a bit, provided we assume Suslin’s Conjecture 2.4, a
special case of which predicts that, for a variety Y of dimension at most r, we have
L,_iH>41(Y) = 0 and L,_;H>,(Y) =2 HBM(Y) = Z.(Y). Using the long exact
sequences for Lawson homology, it would thus follow from Suslin’s Conjecture that
the procedure used to define ®,'°" and ®, also produces an Abel-Jacobi-type map

ker (ZT(X) N LTHQT(X)s—i>LT_,~H2r(X)> - JmOE(X),
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for each 0 < i < r. Moreover, it can be shown that these maps would enjoy many
of the same properties as do ®°" and ®,., and, in particular, they would kill cycles
rationally equivalent to zero and thus induce maps

M s CHp(X) ging = TP (X)
where we define
CH, (X )gino = ker (CHT(X) - LTHQT(X)LLT_iHZT(X)) .
Note that tif"g‘ = ®'°". Still assuming Suslin’s conjecture, we would also have

CH(X)gino = CHp(X)hom~o and @79 = &, for i > d —r — 1, and there would
be a commutative diagram

CH(X)aig~o Jrmer(X)
CH,(X)s~0 T (X)
CH,(X)s2~0 iy (X)

CHT(X !sd—r—2N0—> mo_rr_g(X)

CHT (X)homNO

T (X).

The left-hand column in this diagram gives the so-called s-filtration on the Grif-
fiths group, Griff,(X) = CH(X)hom~o/CHr(X)aig~o (cf. [19, 15]). By taking
kernels of the various compositions in the above diagram, we obtain, conjecturally,
a refinement of the s-filtration.

11. TOWARDS AN ABSOLUTE MORPHIC COHOMOLOGY

In this section we provide a description of what might be termed “absolute
morphic cohomology”. The properties and even the very definition of this theory
should be taken as conjectural, although we foresee no glaring obstacle in carrying
out the program suggested in this section. The rest of this paper has dealt with
Lawson homology — the reason we are switching to the dual theory of morphic
cohomology is merely to facilitate comparison with absolute Hodge cohomology
(i-e., Deligne cohomology). For smooth varieties, they are equivalent.

To explain what “absolute morphic cohomology” might mean, recall, first of all,
that (ordinary) morphic cohomology is defined, for a projective variety X, by

LIH™(X) = mag—n (Zo(X,P?)/ Zo(X,PI71)).
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(See Section 2 for details.) Moreover, the group Zo(X,P?) is given as the group
completion of a monoid object in the category of ind-varieties. Thus, although we
have not carried out the details yet, the construction of IMHS’s for Lawson homol-
ogy presented in this paper ought to carry over to endow the morphic cohomology
groups with IMHS’s, such that Lawson homology and morphic cohomology form
a Bloch-Ogus duality theory in the abelian category of IMHS’s. In particular, the
Poincare duality isomorphism LIH"™(X) = Lg_gH2q—»(X) should be an isomor-
phism of IMHS’s. Viewing morphic and Lawson (co)homology as taking values in
IMHS’s is analogous to the fact that singular (co)homology of complex varieties
forms a Bloch-Ogus duality theory in the abelian category of MHS’s.

Beilinson [3] had the insight that Deligne cohomology can be defined by first
endowing the complex that gives the singular cohomology of a variety U with the
structure of a so-called “mixed Hodge complex” (equivalently, an object in the de-
rived category of MHS’s) and then applying the hyper-Ext functor Extmus(Z(0), —).
Let D(U) denote the complex so formed — it satisfies the key property that

h*(D(U)) = H™(U, Z(0))
as MHS’s, where h™ denotes taking homology in the category MHS. We also define
D(U,t) =D(U) ® L(t) to get
h*(D(U)(2)) = Hng (U, Z(1)).-
Beilinson defines the “absolute Hodge cohomology” of X by the formula
HE (U, Z(t)) = Extyns (Z(0), D(U, 1))
(These groups give not exactly Deligne cohomology, but rather a truncated version

of it.) Since Extyyg vanishes for n > 2, there is a canonical exact sequence
0 — Extyps(Z(0), HR-NU, Z(t))) — HX(U, Z(t)) — Hompyps (Z(0), Hg, (U, Z(t))) = 0.

sing
Taking U = X smooth and projective and setting n = 2t gives the sequence
0— JHX) = HF(X,Z(t)) —» T(H*(X,Z(t))) — 0.

Note that T(H?(X,Z(t)) C H?'(X) is expected, according to the Hodge conjecture,
to be the group of cohomology classes associated codimension ¢ cycles on X.
There is a natural transformation of cohomology theories

Hj(X,Z(t)) - Hp (X, Z(t)
whose composition with
Hp (X, Z(t) » T(Hgg (X, Z(t)) C Hg, (X, Z(t))

sing sing
is the canonical map from motivic to singular cohomology. In particular, we have
the Deligne cycle class map
CH'(X) = Hij(X,Z(t)) » Hp (X, Z(t)),
and thus an induced map
@' : CHY (X)nom~o — JH(X),

which coincides with the classical (cohomological) Abel-Jacobi map.

We now describe the properties we expect for the conjectural “absolute morphic
cohomology”:

Absolute morphic cohomology H?(—,Z(t)) (the £ stands for “Lawson”) should
form part of a Bloch-Ogus duality theory, with absolute Lawson homology, H% (—, Z(r)),
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being the dual theory. The absolute morphic cohomology groups should fit into
short exact sequences of the form

0 — Extyms(Z(0), L' H™ 1) — H}(X,Z(t)) —» T(L'H™(X)) = 0.
Moreover, there should be natural maps
H3(X, Z(t)) » HE (X, Z(t)) - Hp (X, Z(t)),

and similar maps on homology groups, which form morphisms of Bloch-Ogus duality
theories. The compositions of these maps should give the usual maps from motivic
to Deligne (co)homology. Moreover, the composition of

HY(X,Z(t)) » H}X,Z(t)) - T(L'H"(X)) C L'H™(X)

should be the usual map from motivic cohomology to morphic cohomology. In
particular, that this suggests the map

HT(X,Z(t)) — L'H™(X)

lands in T(L*H™(X)) — see Lemma 8.2 and Remark 8.3.
Taking n = 2t gives the short exact sequence

0— Jb.(X) = H2(X,Z(t)) —» L'H*(X) - 0,

since L' H?*(X) is pure of weight 0 and Hodge type (0, 0), where we define 7!, .(X) :=
Extiyps(Z(0), LLH*~1(X)). From this we obtain a map CH!(X)aigno = Jihor(X),
which, using the identifications CH!(X) = CHy—(X) and J},.(X) =2 JP¥(X),
ought to coincide with the morphic Abel-Jacobi map. Since the morphic Abel-
Jacobi map is surjective, we are able to make the identification

HZ (X, Z(t)) = CH'(X)/ ker(@py)-

In particular, this suggests that the functor X — CH!(X)/ker(®! . .) is part of a
Bloch-Ogus duality theory, an assertion we have not attempted to verify directly.

Many of the groups H(X,Z(t)) for n # 2t would be, of course, rather myste-
rious. But, if we accept Suslin’s Conjecture for morphic cohomology (Conjecture
2.3), we deduce the conjectural isomorphism

HY(X,Z() = HB(X,Z(t)), forn<t.

To make the discussion of this section seem like more than a pipe-dream, we
now sketch a definition of absolute morphic cohomology for a projective variety X.
Actually, since it fits better with the notation and results of the rest of this paper,
we instead sketch a definition of the dual theory of absolute Lawson homology,
HE(X,Z(t)). The construction of absolute morphic cohomology should not be
much more complicated.

Recall that the Lawson homology of X is given by a summand, in the category
IMHS, of the homology of B(C,(X)). This summand is defined via an idempotent
endomorphism we called §. To define absolute Lawson homology, first observe
that, since B(C.(X)) is a filtered colimit of simplicial varieties, the construction
of Beilinson gives that the chain complex Z Sing, (B(C.(X))), which computes the
homology of B(C-(X)), can be endowed with the structure of a filtered limit of
mixed Hodge complexes. (Actually, Beilinson works in the derived category, and
so some care should be taken at this point.) The idempotent endomorphism 6
we constructed actually is defined on the level of chain complexes, and thus 6
likely defines an idempotent endomorphism of Z Sing, (B(C,.(X))) in the category of
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inductive limits of mixed Hodge complexes. Let £(X,t) denote the summand given
by the cokernel of this idempotent endomorphism — it is the Lawson homology
analogue of Beilinson’s complex D(X,t). The key property the complex £(X,t)
ought to possess is
ho(L(X,t)) = LiH,(X), for alln,
as IMHS’s.
Finally, granting the construction of £(X,t), we would define

H7 (X, Z(t)) := Extiyns(Z(0), £(X, 1)).
The desired short exact sequences
0 = Extiymg(Z(0), LiHn(X)) = Hy (X, Z(t)) = T(LHn (X)) = 0,

(the homological versions of those mentioned above) would arise immediately from
the isomorphism h,(£(X,t)) = L:H,(X) and the fact that Ext{yyg vanishes for
m > 2.
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