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In [H] M. Hochster has assigned a canonical element 4 € HZ (syz"(K)) with
each n-deminsional local ring (A, m, K) (i.e., commutative noetherian local ring A
with a unique maximal ideal m and K = A/m) and has conjectured n4 # 0 for
every such A. In elementary terms this conjecture means the following [H]:

For every free resolution F'
— A% 5 A% 5 5 A 5 K0

of K and for every system of parameters xy,--- ,x, of A, if ¢ is any map of com-
plexes Ko(z; A) — F which lifts the quotient surjection A/(z1,...,z,) — K, then
¢n : Kn(X;A) — A®~ is non-zero.

Hochster has shown that the above conjecture (henceforth C.E.C.) is equivalent
to the direct summand conjecture ([H]). Moreover his work together with the work
done by this author [D1] establishes the fact that the C.E.C. is equivalent to the
improved new intersection conjecture. For several other implications (and equiva-
lences) of the C.E.C. the reader is referred to [H] and [D1]. The equicharacteristic
case of the conjecture was proved by Hochster in [H] and some special cases were

established in [D1] and [D2].
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2 S. P. DUTTA
The central idea of this paper is to a great degree a follow-up of the idea evolved
in [D1]. Hence, for convenience of the reader, in section 1, we put forth some of the
main results of [D1] and a theorem of Schenzel which will be used in the sequel.
In section 2, we prove our main two theorems. Without any loss of generality

we can assume A is a complete normal domain.

Theorem 1 (2.5). Let J; = anng H%"*(A), and let I = J1J>---J,. Choose any

x € mI. Then A/xA satisfies the C.E.C.

Theorem 1 shows that even in the mixed characteristic for every positive integer
n, there are plenty of local rings of dimension n satisfying the C.E.C. Moreover it

also made me raise the following question whose answer I still do not know:

Question. Given a local ring (A, m, k), can we find a finite injective map f :

A — B, B is a local ring such that B ~ S/yS where S is local, y # 0 and

y€ [] annH!(S)? When A is Cohen-Macaulay on the punctured spectrum,
i<dim S

the question really boils down to whether S is also the same?

Theorem 2 (2.6). Let z, € I, I as in Theorem 1. Write B = A[[X]]/(X?).
Then for any system of parameters T1,...,Tn_1, Tn in A, ¢, b, ... 2t _| =t +z
satisfies the C.E.C. in B (here x denotes the image of X in B) for every positive

integer t.

Recall that in order to prove the C.E.C. it is enough to choose one system of
parameters Z1,...,T, and show that z},..., z! satisfies the conjecture for every
positive integer .

Up until this time, I was getting several results using induction on dim A. Now
I am getting direct proofs (without using any induction). The most notable is the

following result:
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Theorem 3 (3.2). Write S; to denote the ith syzygy of K in a minimal free reso-

lution of K. Then 6; : Ext'(K,S;) — H: (S;) is non-zero, for 0 < i < dim A.

Recall that the conjecture asserts 6,, is non-zero, when n = dim A.

We will use the above notations throughout the rest of the paper.

SECTION 1

We put forward several results from [D1] and a theorem of Shenzel which will

be used in section 2 and section 3. For their proofs we refer to [D1], [D2] and [Sc].

1.1 Proposition. Let Fy :— A% — A%-1 — ... — A% — ( be a free complex of
finitely generated modules with Ho(Fe) = M. Let N C M be a submodule of M.
Then we can construct a free complex Lo :— A% — Adi-1 — ... 5 Ado 5 (O with
Hy(L,) = N and a map ¢ : Le — Fo such that the mapping cone of ¢ is a free
resolution of M/N. Moreover, in this case H;(Ls) ~ H;(F,) for i > 0. When F,

is minimal, $o is L,.

For a proof see [D1].
1.2. Let z1,...,%, be a system of parameters (henceforth s.o.p.) of A: Write
K.(z; A) to denote the corresponding Koszul complex, {d;} to denote the boundary
maps, H; to denote H;(z; A) and G; = cokerds. Denote the truncated Koszul

complex of Ko(z; A)

by K.(z;A). Note Hi C G1 and Ho(K.) = G1. Then by the above proposition
we have a free complex L, with Ho(L,) = Hy and a map @, : L, — K such that

the mapping cone of ¢, is a free resolution of £A (here zA stands for the ideal

(Tpy .-y zp) in A).
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Theorem. {z,,...,x,} satisfies the C.E.C. & Im ¢,, # A.

For a proof see [D1].
1.3. We consider the Koszul complex K(z1,...,Z,-1;A) which we abbreviate
as Ke(z,,_1;A). Write H = (0 : z,)A/(21,...,Zn—1). By proposition (1.1) we

construct a free complex P, and map e : Po = Ko(2,,_1; A) such that (i) Ho(P.) =

H, (i) ¢; : Hy(P)) — H;(Ko(z, ;;A)) is an isomorphism for i > 0; for i = 0, it is

the natural injection.
Theorem. {z1,...,2,} satisfies C.E.C. & Im1),, 1 # A.

For a proof see [D2].

1.4. Let z1,...,z, be a s.0.p. of A.

We consider the following quotients (zt,...,z¢_;) : ot/(«},... ,2t_) for i =
1,2,...,n and ¢ > 1. We define r,(A) to be the intersection of the annihilators
of all these modules for ¢ = 1,...,n and t > 1. Let J; denote the annihilator of
Hn=i(A), and let I = JyJo---J., where n —r = depth A. The theorem below is

due to P. Schenzel.

Theorem. With the notations as above. We have the following conclusions
(a) I Cry(A), and

(b) Tz(A)t g Jl M J2 n---N JT fo,r. t — ([n72])

For a proof see [Sc].

SECTION 2

We assume, without any loss of generality that A is a complet local normal
demain of dimension n(> 2), depth A = n —r, r > 0. The notations are the same

as in section 1.
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Since A is normal, Ap is Cohen-Macaulay for every prime ideal P of height < 2

and this in turn implies ht .J; > 3. Hence ht I > 3.

(2.1) Lemma. Let z1,...,2, be a s.0.p. such that x, € I. Then we have the

following exact sequences

(1) 0— Hi(ml,...,xn_l) — H,'(.’El,...,.’ﬂn) — Hi_l(arl,...,a:n_l) -0

for alli > 1 and

(2) 0— Hi(x1,...,2pn-1) = Hi(z1,...,25) = 0:2p)A/2,,_; =0

for i =1. (We drop A from the notation H;(z1,...,2; A) and z,,_, denotes the
ideal (z1,...,2n—1)A).

Proof. By Theorem (1.4) z,, kills all H;(z1,...,z¢) for i > 1 and ¢t < n. Hence we
get the above result from the following exact sequence:

Hi(.CL'l, - ,.CL'",]_)
JUnH@'(IL'l, .. ,Ili'n_l)

0— %Hj(wl,...,wn)_)(O:mn)ijl(ml,...,mnfl)_)0

for i > 1.
Corollary. If z, € I, then £(Hij(z1,...,Zn_1)) < 00 fori> 1.

(2.2) Proposition. Let F,, V, be two complezes of finitely generated free modules
and let ¢o 1 Fo = Vo[d —n + 2] (shift of Ve byd—n+2,d > n —2) be a map.
Assume Ho(F,) # 0, L(H;(F,)) < oo for i > 0 and Vgy; = 0 for i > 0. then
Im¢,_2 Cm-Vjy.

Proof. We have the following commutative diagram:

dn— dn— d
Fn—l 1> n—2 2> n—3 —>--° — F = Fo —0

| [ P P

0 = Va = Vi = 2 Viipys = Vienge —
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Let e1,...,e; be a basis of F,, 5. If Im¢,, o ¢ mVy, we can assume without any
loss of generality ¢,—2(e1) is a part of a basis of V3. Then we can make a linear
change of coordinates in F,, 5 so that ¢, 2(e1)-th component of ¢, 2(e;) in G4 is
0. This implies that d, 1(F,_1) C free submodule generated by es, ..., e;. Hence

in coker d*

o, €] is killed by some power of the maximal ideal.

Let us consider the complex
0—-F >F' —>...>F ,—F ,—0
[Fi' = Hom 4 (Fi, A)]

We denote it by L, , writing L; = F* , ,. Then £(H;(L.)) < oo for ¢ > 0 and
M = Hy(L,) has a minimal generator killed by a power of m.

Now we consider the complex Ly = L, ® 4 A/pA where p = characteristic of
A/m. Write M = M/pM. Tt is clear then that ¢(H;(L.)) < oo for i > 0, and
Hy(L,) = M has a minimal generator killed by some power of the maximal idel
of A(= A/pA). But this contradicts the fact that the C.E.C. holds in A. Thus

Im ¢n—2 - de.

Corollary. (Notation from (1.2)) Any minimal free resolution Ty of G1 will con-

tain a copy of K, (z; A)(= A) as a component of Ty, 1.

Proof. We consider the complex K| (z; A)(1.2); and write it as K. Recall H;(K]) =
H;(K.) = Hiyq for i > 0 and Hy(K]) = G1. We construct a free complex Lo (as
in (1.1)) and a map ¢, : Le — K.[1] such that (i) Ho(Ls) = Ha, (ii) ¢; induces
an isomorphism between H;(L,) and H;(K.[1]) for i > 0 and ¢ is the natural
injection Hy < cokerds. Then, by the above proposition, Im ¢,,_» C mA. Hence
when we extract a minimal resolution Ty of G; from the mapping cone of ¢,, the

copy of K, (z; A)(= A) survives in T, as a component, of T}, 1.
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Let us denote the copy by K,,. We have the following theorem (with the above

notations).

Theorem. Let F, denote a minimal free resolution of Hy and let 1o : Fy — Ty lift
eh natural injection Hy — G1. Then z1,...,x, satisfirs the C.E. C. if and only if

the projection of Im 1,1 onto K,, is contained in mK,,.

Proof. The proof follows easily from Theorem (1.2) and the above corollary. We
note that Theorem (1.2) implies the fact that the C.E.C. holds for z1,...,z, if

and only if K,, = K,,(z; A)(= A) survives in a free minimal resolution of A/z.
2.3 We now state a result of Shamash and derive a corollary to fit our purpose.

Theorem (Shamash). Let (F,,d,) be a minimal free resultion of a finitely gen-
erated module M. Let © € m(anna M) be a non-zero element. Then there exists
a family of endomorphisms {cp}n> of (Fe,ds) (regarded as a differential graded
module) such that

(i) degree of ¢, =2n — 1, cg = do.

(i) cocr + c1co = T, Y Cicn—i = 0 forn > 2

(iii) Im¢,, C m™F,
and (iv) M has a minimal free resolution over A(= A/zA) given by (G, ds) where
G; = Adigd ..ol g... , and if v = (vk)k>0 € G then d;(v) =

> k>0 (EO<j<k ¢; (vk)) (“=7 denotes the image modulo z).

Corollary. (Notations as above) Write Fq = F, ® A. Then Ho(F,) = M,
H((F,) = M and H;(F,) = 0 for i > 1; Moreover 3 a map ae : (Ge,ds) —
(Fo,—ds)[1] such that o induces the identity map between Ho(Gs) and Hy(F,)

and Imay C mF,.
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We define a;((vg)) = > ¢k (vg). The assertion now follows from (i), (ii) and (iii)

above.

2.4 Proposition. Letzy,...,T, 1, T, be a s.0.p. for A. Suppose L(H;(x1,...,Tn_1)) <
oo for Yi > 1. Write H = (0 : z,)A/z, . Then A = K, _1(21,...,Zn-1;4)
survives in a minimal free resolution Lo of A/(x1,...,Zn—1). If x, is such that
T, € manny H, then Z1,...,Tp_1 satisfies the C.E.C. over A(= A/z,A). (Here

Z; denotes the image of x; in A).

Proof. By Proposition (1.1), we construct a minimal free complex of finitely gen-
erated modules and a map ¢s : Py — Ko(z, ;;A)[1] such that ¢; induces an
isomorphism between H;(P,) and H;y1(z,,_;;A) for i > 0. Actually we have the

following commutative diagram:

—P, 9y +P,_3 =+ =+ P — F =0

[ foms  fn e

n—1

00— A =A™ .o 540 a1 4 0

Since £(H;(x1,...,%n—1)) < oo for ¢ > 1, we have £(H;(P,)) < oo for ¢ > 0;
hence by proposition (2.2) we have Im ¢,_» C m. This implies that when we
extract a minimal free resolution Lo of A/z, ; from the mapping cone of ¢,
K,_1(z,_1;A)(= A) survives as a component of L,_;.

Let F, be a minimal free resolution of H over A and let v, : Fy — L, be a lift
of the natural injection H — A/z,,_;.

Write A = A/z,A, Ly = Ly ®4 A, Fy = F, ®4 A and ¢, = 1, ® Id A. Note
that ¢, induces an isomosphism between Hy(F,) and Hy(L,)(= H) and H;(F,) =

H;(Ls) =0fori>2.

Let G4 denote a minimal resolution of H over A.
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We then have the following commutative diagram:

—+Gn1 =Gp2 =G 3 =--- =G — Go - H — 0
lan_1 lan_z lan—s th lao
— F, —F,  =F, 9 =--- —=F, LN o —Fy — H —0

— L, —Lp1 =Ly 2 = =Ly — L =Ly =-A4/(@1, + ,Tp_1) —0
where {a;} lifts the injection H < cokerds. Since z,, € manny H, by Corollary
(2.3), Ima; C mF;41Vi > 0. Write 6; = 9;,, o a; for i > 1. Since 6; induces
an isomorphism between H;(G,) and H;y1(Ls) for i > 0 and Im6,_; C mL,_1,
Kn_1(z, 1;A)(= A) survives in a minimal free resolution of A/(Z1,...,TFp_1).

Thus we are done by Theorem (2.2).

2.5 Theorem 1. Let A be a complete local normal domain of dimension n and
depth n —r, r > 0. Let J; = anng H* (A) and let I = JyJo---J.. Take any

non-zero element x € mI. Then AJ/xA satisfies the C.E.C..

Proof. Take any s.0.p. Ty, ...,ZTp—1 of A/zA and let z; denote a lift of T; for 1 < i <
n—1. Then x1,...,%,—1, ¢ is a s.0.p. for A. Since z € I, {(H;(x1,...,Tn-1;A4)) <
oo for Vi > 1. Write H = (0;z)A/z,,_;. Since z € mI and IH = 0 we have

x € manng H. Thus all the conditions of proposition (2.4) are satisfied and we are

done.

2.6 Theorem 2. Let A be as in Theorem 1. Let xy,...,2z, be a s.0.p. of A such
that ¢, € I. Then zt,...,a%_,, ot + z satisfies the C.E. C. over A[[X]]/X?A[[X]]

(here x denotes the image of X in A[[X]]/X?A[[X]]) for t > 1.

Proof. It will be clear from the proof that we can take ¢ = 1. By Lemma (2.1) we

know that £(H;(z1,...,2,-1)) < co. We write R = A[[X]]. Then zi,...,z, 1,
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z, + X, X form a s.o.p. for R. We have

Hi(xy,. .., 20 1)[[X]]

Hi(wl;---;wn—1,$n+X;R) = (xn"'X)Hz(xl;;xn—l)[X]]

A[[X
= Hz'(.'L'l,. ..,.’L‘n_l) ®a % = H,'(SL’l,. ..,:L'n_l);
n
moreover action of X on H;(z1,...,Tpn—1,Zn + X;R) is that of —z,. Hence

XHi(x1,...,Zpn-1,2n+X)=0for Vi > 1 and LH;(x1,...,Tn-1,Zn+ X; R)) < 0.
Write H = (0: X)R/(z1,.-.,Zn—1,2n+X). Then H = (0: 2,)A/(21,...,Zpn_1) =
(0: X?)R/(z1,...,Tn—1,Zn + X). Note that X? € mg anng H where mg denotes
the maximal ideal of R.

Thus all the requirements of Proposition (2.4) are satisfied and we are done.

Remark. Inorder to prove the C. E. C. for A, it is enough to prove that z1, ..., Tn—1, (Tn+
z)? satisfies the C.E.C. in R/X?R.

2.7 In this section I am going to describe two results which are not directly
linked to the main body of this paper, but it came up while working out the idea
involved.

Let z1,...,2n_1, 2%, be a s.o.p. of A such that z, € I.

Result 1. We have, for ¢t > 1
(a) Hi(w1,---,Tp-1,8%) = Hi(z1, ..., Tn_1) ® Hi—1(z1,...,Tn_1) for i > 1
and (b) Hy(z1,...,25) ~ Hi(z1,...,5n-1) ® (0:2,)A/z,_;.
Proof. Let fo: Ke(z1,...,ZTn—1,2t;A) = Ke(z1,...,Tn_1,25"1) lift the map
FniAf(@1,...,2L) = A/(21,...,2L") given by

(1) =Ty

We know

filejy A= Nej) =xnej, Ao~ Nej,, Ji#En
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and
filejy N---Nep) =ejy A+ ANeg

This induces the following commutative diagram of exact sequences

Hi (1, yTn—1)

zt Hi(z1,...,€n—1) - Hj(.ﬁUl,--.,.ﬁE%) — (0 : xZ)Hi—l(xla--'axn—l) —0

lmn lﬁ lnatural injection

Hi(21yeeeTn—
0 —)m —>H,-(x1,...,xﬁb+1) —)(0:mifl)Hi,l(.’El,...,(En,l) —0

Since x, € I, the above commutative diagram gives rise to the following commu-

0 —

tative diagram:
0 —>Hi(x1,...,xn_1) — Hi(:cl,...,:ct) —)Hi_l(SL'l,...,.'L'n_l) —0

n

lo lf} lid
0 —)Hi(.'l,'l,...,.'l}nfl) —)Hi(.’L'l,...,.’L'z_{_l) —)Hz',l(.'l,'l,...,l'nfl) —0
This shows that id splits and hence when ¢t > 1 we have

Hi(zy,...,2t) ~ Hi(@1,. oy 20 1) © Hi_1(21,-- -, Tp_1)
for i <1.
For i = 1, note that H = (0 : zp,)A/(®1, ..., Zn—1) = (0: 22)A/(z1,...,2n)
0:23)A/) (@1, .. Tp_1) =---.

Then arguing as above we get Hy(z1,...,2}) ~ Hi(z1,...,2n—1) ® H.

Result 2. Let z1,...,2,_1,Z, be a s.o.p. for A and let z,, € I. We write J =
(z1,-.-,%n_1). Then HE (A) = Hi(A) for i <n—1and H% '(A) is isomorphic

to a submodule of H}'(A).

Proof. Let g : Ko(zt,...,2t; A) = Ko(2it, ..., 2tt1; A) be a natural lift of the
map 17, : A/ (k... xt) = AJ(«tTh . 2t given by 2175 - 2,(1) =
T1Ty®---0T,. (Recall g,(e;, A---Nej,) = ;25 - x5, _, €, N---Aey,). Then

ge induces the following commutative diagram
0 = Hi(«h,...,5t_ ) — Hit,...,zt) — H;((zt,...;2t_;) —0

ls ! !

0 —H(zt, .. 2t S H(20 .2ttt = Hioq (o8 ab) —o0.
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Taking the direct limit, we get
HIHA) ~ HYHA) for i>1

and

H'1(A)— H} Y(A4) for i=1.

SECTION 2

3.1 Discussion. Let — A% — Ati-1 — ... —» Ahr — Ao 5 A/m = K be
minimal free resolution of K over A. Let S; denote the ith syzygy of K in the

above resolution. We have the following exact sequences

08, > Al»-1 55, 1 =50, 08,1 > A28, ,-0,...

0—8; — A1 -8, 1 —0,---,058 -A4—K—0.

The above exact sequences give rise to the following commutative diagram:

K —Ext'(K,S)) —-Ext’(K,S) —--- =Ext" '(K,S, 1) =Ext"(K,S,)

IC [ = = Iz
H(K) = Hp($1) — Hj(S) —- = Hp'(Sno1) — HE(Sh)

(all the horizontal maps are connecting homomorphisms obtained from the short
exact sequences). The C.E. C. asserts that 6, (class Idg, in Ext"(k,S,)) = na is
non-zero. One can check that 74 is nothing but the image of 1 € K from the upper
left-hand corner in this long commutative diagram. We now prove the following

theorem:

3.2 Theorem. With the notations as above, 6;(1ds,) is non-zero in HE (S;) for
0<i<n-—1. (Ids, stands for the identity map on S;.)
Proof. If possible let §;(Ids,) be 0in H, (S;). Recall that H},(S;) = ling, Ext’(4/m!, S;).

Hence for t >> 0, if a; denotes the directed map Ext‘(K,S;) — Ext!(4/m?,S;),
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then a4(Ids,) = 0; we fix one such t. Let — A™ — ATi-1 — ... — AT —
A — A/m! be a minimal free resolution of A/mf. We then have the following

commutative diagram

Ar B gren B2 g 4 A/mt 50
) Lo fo o Lo ]
At By qren Bl gt 54 S A/m =K 50

where {¢;} lifts the natural surjection A/m! — A/m = k. Write T; = syz¢(4/m!)
and S; = syz'(A/m). From (1) we get the following diagram

0 5T O At eon A 54 5 A/mb -0

b o s e |

0 =8 — Ali-t ... A4 54 5 A/m —0
here ¢~Sz = ¢,~|TZ-. Now a4 (Id S;) =0 = 3h: A"~ — S; such that hod = ¢~5, Hence
we can assume that ¢; = 0 and this imples that we can take ¢, to be the 0-maps
for s > iin (1). Write G;_; = coker 8 ,, Gi_1 = coker §* ,, H; 1 = Ext{ (K, A)
and H;—1 = Ext’y '(A/m’, A). Applying hom(—, A) to (1) we get the following
commutative diagram of short exact sequences

0 »Ext" Y(K,A) -Gi-1 — ImpB; —0

@ L kL

0— H;, -G 1 5 Imd —0
The above diagram implies that ¢~> factors through H;_,. Moreover we have
another commutative diagram:

0 A A ... AT G —0

3) | ia e le o

0 A A7 =0 AT Gl =0
We denote the free part of the bottom complex by G <G = ATi-1-; ry = 1). Now

by proposition (1.1) we can construct a minimal free complex of finitely generated
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modules Fy, = {A4%,d;} and a map v, : Fo = G, such that Hy(F,) = H;_4, %
induces the natural injection of H; | into G;_; and 1); induces an isomorphism
between H;(F,) and H;(G,) for j > 1, so that the mapping cone of 1, gives a free

resolution of Im d;.

Claim. Because of (2) and (3), Im); 1 = A.

Write Mciy, to denote the mapping cone of ¢®, and let 7, be the canonical
injection of Gy into Mct,. Since 5oy =0 ((2)) and Me, is a free resolution of
Im 67, ne - ¢4 is homotopically equivalent to 0. Let {h;} denote the corresponding
homotopy maps. Note that the map on the extreme left column of (3) is identity

on A, and we have the following commutative diagram:

0 A At
hz’—l ‘ ‘ hi,Q J‘ﬁlll
0 A AT

VAL

Wiy, —dic1) |

Fiy ADFiy —

Since ;1 = (Id 4,0) and the above diagram is commutative we are forced to

get Imp; 1 = A.

Now let us consider the following commutative diagram

d; di— -
F;, = F;4 —1> Fryo —--—> F — F —H_1 —0

e

0 = A = A - AT A G =0
Since Im1); 1 = A, we can choose a basis ey, ..., eq of F;_1 such that 1; 1(e1) =1
and 9;_1(e;) = 0 for i < j < d. This implies that (i) d;(F;) is contained in the free
submodule generated by es, ..., eq4, and (ii) image of e} in coker d} ; is killed by a

power of m. Since £(H;(F,)) < oo, by applying Hom(—, A) to the top row of (4)
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we get
&
(5) 0= Ff = Ff—--—=F,—F, —M=0

such that M (= cokerd; ;) has a minimal generator killed by a power of m and all
the homologies of this complex are of finite length. Since i —1 < n —2, by tensoring
(5) with A = A/pA (0 < p = characteristic of A/m), we arrive at a contradiction

(due to the fact that the C.E. C. holds in A, characteristic of A = p > 0).

Remark. As a corollary to proposition (1.1) one can derive the following theorem in
[S]: dim Tor (K, K) > (%), s = dimg m/m?. Actually the method of proposition
(1.1) and (1.2) show, in a very direct manner, that the Koszul complex on a minimal

set of generators of m imbeds into the minimal resolution of A/m.
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