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1. Introduction. A holomorphic function defined in the unit disk A = {z: |z| <
1} belongs to the MacLane class A if each point ¢ of a dense subset of A is the
endpoint of a curve v, (with v¢ \ ¢ C A) such that f(z) tends to a limit (perhaps
o0) as z — ( on .. The classical Fatou theorem ensures that f € A when f is
bounded. G. R. MacLane introduced A in [5], where he proved that f € A if there
is a set E dense in 0A with

(L.1) /0 (1 —r)log™ |f(re'?)|dr < oo (6 € E).

For example, if f is the modular function and M (r) = max|;|—, | f(2)| its maximum

modulus, then

1
log M (r) < log 1 +0(1),

—r
so that (1.1) applies. An ample discussion of A4 is in [4, Chapter 10].
MacLane’s theorem concerns only local growth of f along certain rays, and is

compatible with arbitrarily large growth. We show here that it is precise.

Theorem 1.2. Let I C OA be an arc, and let {¢,(r); n € Z} be a sequence of

non-negative continuous functions with
1
(1.3) / (1 =7)pn(r)dr = o0 (n €7Z).
0
Let E = {6, } be dense in I. Then there exists a holomophic function f with

(14) log | f(re')| < ¢n(r) (rn <r <1, neZ),

The second author was supported by N. S. F.
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having no asymptotic paths terminating at points of I.

Theorem 1.2 improves earlier work [2] which produced a subharmonic function
u ¢ A whose growth along the rays {re;0 € E} satisfies (1.4). Our argument fol-
lows the general outline of [2], but exploits the approximation methods of R. Yul-
mukhametov [7] which transforms a subharmonic function u to one of the form
v(z) =log|f(z)|, where f is holomorphic, with good control of error. The method
is based on approximating the Riesz mass 4 = Awu by a measure v consisting of
point masses. Yulmukhametov’s insight to place these masses where certain first

moments are zero (cf. (4.1) below) is decisive.

It is more natural to work in the unit square @ = (0,1] x [0,1]. Our function
f will be holomorphic in @° and continuous on (), and we analyze the behavior
of f as z approaches 0Q N {Nz = 0}. Let E = {Y,;n € Z} be dense in (0, 1).
Corresponding to (1.3), suppose a family ® = {¢,(x)} of nonnegative continuous

functions on (0, 1] is given, with

(1.5) /Ox(bn(a:) dr =00  (¢n € ®).

(Condition (1.5) is the analogue of (1.3) when A is replaced by @.) We then produce
systems of curves Iy and vy whose Hausdorff distances to 0Q N {z = 0} tend to
zero as N — oo such that

(L6) inf || oo, sup|f(:) =0(1) (N = o0),

N

such that for some positive sequence {z,},

(1.7 log|f(z +iYy)| < ¢n(x) 0<2<mzp,nelZt).

MacLane showed that (1.6) is equivalent to f having no asymptotic curves which
terminate at points of Iy = {(0,y); 0 < y < 1} C 9Q. We sketch the proof. It
is obvious that (1.6) prevents asymptotic curves which terminate at any point of
Iy. On the other hand, if f has no asymptotic curves which terminate at points
of Iy, then ([5, Theorem 1]) there must be sequence of level-sets (Koebe arcs)
{|f] = A} which coverge to Iy. These play the role of the v} in (1.6), and if there

is no corresponding sequence Iy as in (1.6), then it is easy to see that f must be
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bounded in some subregion {(x,y);0 < z < e,y € I}, where I; is some subarc of
Iy. Fatou’s theorem then produces a set of asymptotic curves (lines) in @) which

terminate at a dense set of points of I.

Another well-known fact concerning A was obtained by R. Hornblower: if
1
/ log™ log™ M(r) dr < oo,
then f € A. All efforts to show this condition sharp require supplementary hy-

potheses (see [4]); to identify the sharp growth condition of M (r) to guarantee that

f € A remains open.

This paper has its genesis at the conference in honor of Matts Essén in Uppsala,
1997. We thank the Mathematics Department of Uppsala University, and Prof.

Essén for his enthusiasm.

2. Notation and Lemmas.

The methods of this section are standard. A rectangle @ is called an n-square
(near-square) if its sides are parallel to the coordinate axes, with ratio of sides are
in the inverval (0.9, 1.1). Write 0Q = Q*UQ*UQ*UQ" using obvious abbreviations

for top, bottom, left and right.

For a function u defined on a closed rectangle @, let du/0n be the inward normal
on 9Q; i.e. —Ou/dy~ on Qt, u/dy™ on Q°, Ou/dx™ on Q' and —Ou/Bx~ on Q".
This distinction is important, since our subharmonic function u will be constructed

as () is exhaused by a sequence of closed n-squares.

If @ is an n-square and z € @, then p(z) is the distance from z to the nearest

vertex of ().

Write A = B provided that A/B is bounded above and below by positive con-
stants, and A < B when A/B is bounded above by a positive constant. These will
usually be absolute constants in the context of our normalizations, but should a

constant C' depend on a parameter a, we write C(a).

Lemma 2.1. Let U be positive harmonic in the first quadrant Q with boundary

values 0 except on the segment {(x,0) : 0 < e <z < < 1}. Then

5
Ul(z,x) Eafz/ U(t,0)tdt for = > §/3.
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2 maps the first quadrant onto the upper half

Proof. The transformation w = z
plane where we may use the Poisson integral. On taking account of boundary

values, we have

(2.2) Uz, y) = 4/6 %y U, 0) tdt
’ Ty = 7 /. (a:2 _yz —t2)2 +4a:2y2 ’ ’

which yields the Lemma.

Lemma 2.3. Let Q@ = [0,a] x [0,b] be an n-square and v a positive harmonic
function on Q° with boundary values zero except on Q* N {0 < e < x < 0}, where

(0<d<a/3). Then

5
v(z) =v(z,y) 2z - y)a*4/ v(t,0) tdt

on [0,a/2] x [b/2,b]. In addition, with p(z) the distance from z to the nearest vertex

of @,
ov

4
() = p(z)cf‘l/e o(t,0)tdt (= € DQ\ [0,a/2] x [0,b/2]).

Proof. Let Q be as in Lemma 2.1 and let U; be harmonic in 2 with U; = v on
0Q NI, U; =0 on the rest of 9N*. Let zg = (a/2,a/2) be the ‘center’ of ). By
the maximum principle, v(zq) < Ui(zg). On the other hand,

Ui(zg) < v(zg) + max{Ui(2);z € Q" UQ"}.
Now the Poisson formula (2.2) and the hypothesis 36 < a yield that
3 T t
Ui(2) < (Ui(2q) (2 €Q7UQY,
and so

s
v(zg) = Ui(zq) = a_2/ v(t,0) tdt (ze@").

We now apply the Harnack and boundary Harnack principles ([1], [3, Ch. 4]) to the
positive harmonic functions v(z) and z(b — y)a* fj v(t,0) tdt (whose values at zg
are comparable), and deduce both assertions of the Lemma when z € 0Q N[0, a/2] x
[b/2,b]. The same argument, now comparing v and (a — x)(b — y)a™* fj v(t, 0) tdt,
yields the second inequality for z € 0Q \ ([0,a/2] x [0,b/2]).

This lemma will be used in a slightly different formulation:
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Corollary 2.4. Let Q = [0,a] x [0,b] be an n-square and v a positive harmonic
function on Q° with boundary value zero except on Q' N{0<e<z <} (0<6<
a/3). Then

5
(2.5) v(z) =v(z,y) = a:ya*‘l/ v(t,b) tdt
on [0,a/2] x [0,b/2], and (with 0/0n as defined at the beginning of this section),

ov g
(2.6) %(z) = p(z)a"‘/ v(t,b)tdt (z € 0Q \ [0,a/2] x [b/2,D]).

Lemma 2.7. Let QQ = [0,a] x [0,b] be an n-square and u be a function harmonic
in Q° having C? boundary values ¢. Then

du

| < K (@ l18lloo, [1D¢lloc, [|1D7l]oc) -

If in addition ¢ is constant in an e-neighborhood of (0,0) then

ou

a—n(z)

< Mlz| on 90QnN{|z| < 2a/3}
for some M which depends on €, a and the above data of ¢.
The Lemma follows from [6, p. 143] and the fact that zy is harmonic in Q.

Lemma 2.8. Let I be a connected set which is a line segment or the union of
two perpendicular line segments which meet at a common endpoint. Assume that
[I| < 1/10 and that p is a probability measure on I absolutely continuous with
respect to arc length. Let I* be the smallest rectangle which contains I and (; be

the point in I* such that
. —(r)d, =0.
(29) [ €= aute) =0
(1) If dist(z,I*) > a|I|, then
| / (log ]z — 1| — Tog |z — <) du(Q)] < Cla) |12 dist (=, 1)
(2) if dist(z,(r) > d|I], then

| / log |2 — Cr| —log |z — Cld(¢)| < C(6);
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(3) ifdu/ds < K|I|7" on I and (o € I, then

| (0g]z = Gl =toglz = (@) < 4K (=€)

Proof of (1). Let ¢ € I. We use the first-order Taylor expansion of log(z — ¢) about
(1, together with an elementary estimate of the remainder. It follows that for some

¢" € I* we have that

|/log|z il —log |z — Cl)du(c |/ log( — ¢) — log(z — (1)) dyu(<)|

|17

= 5|/}m((' — () du(Q)| < C(a)m-

Proof of (2). This is similar to that of (1); we use that |z — (7| > C(J)|I| in

estimating the last integral.

Proof of (3). Denote the left side of the inequality by h(z). Since h — 0 as z — oo,
it suffices to consider z € I. I is either an interval or composed of two perpendicular
intervals which meet at a point p such that I\ {p} has two components. In the
first case, we may suppose that I = [—a,b], (o = 0 and z =z > 0. Then, on taking

account of positivity, we have that

2z

h(z) < /OI (logz —log(z —t)) du(t) + / (logz —log(t — x)) du(t)

xr
2z

K T
gm [/ (logz —log(z — t)) dt + / (logz — log(t — x)) dt]
0 T
§£2x <2K.
1]
When [ consists of two orthogonal segments we apply this estimate to each of the

pieces.

3. Construction.

In our construction, @ = (0,1] x [0,1] = UQ} and the {Q} are n-squares
with mutually disjoint interiors; u is continuous and subharmonic in all of °, and
harmonic in each 5. Then the Riesz measure p of u is supported on U@ N Q°

and will have the form

Au dzdy = g—:;dm + g—;;dy on Q°N (UBQL),
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where

Ou _ Ou  Ou

on Ozt Oz~
on vertical line segments, and

ou_ou _ou

onp Oyt Oy

on horizontal line segments. At a point z common to an arc o of 0Q U 0Q);,
0/0n is the sum of the corresponding two inward normals 9/0n, which have been
considered in Lemmas 2.3 and 2.7 and Corollary 2.4. Thus, d/0n measures the

jump of the normal derivative across the two sides of o.

The {Qr} and {uy} shall be constructed in order, each @) belonging to some
stage N € [1,00). At stage N, the {Qr} (k(N) < k < k(N +1)—1) are constructed
Ex;_l)_le is the rectangle {a(N) < z < a(N —
1),0 < y < 1} with URy = @ for a sequence a(N) | 0 to be determined. The

from bottom up, Thus Ry = Uﬁ

assignment of boundary values on the {Qr} C Ry will depend on the family ® of
(1.5), the values on Uj<;@; and a number Ay, which is produced once Ry_1 has

been determined; the {Ay} rapidly tend to infinity.

For the first stage, let @1 =[1/10,1] x [0,1], Ry = Q1 and u; =0 on Q. Thus
we may take a(0) = 1,a(1) = 1/10, and let A; =0, and A, = 1.

Suppose u has been constructed through stage N — 1, and that Ay has been
chosen. Thus we have constructed n-squares Qg, k < k(N) — 1, and assigned
boundary values on each Q; inside each @y, w is the Poisson integral of its boundary
values. We now choose a set Y(N) = {yx; k(N) < k < k(N +1) -2} C E
and, slightly abusing notation, set ypn)—1 = 0 and ypny1)-1 = 1, so that for
E(N) <k<kIN+1)-1

(3.1a) 99 < (yr, — yrk-1)/a(N — 1) < 1.01,
(3.1b) Y(N) > Y(N —1),

and

(3.1¢) yr < yp when k < k' andyy, yi € Y[N].
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This may be arranged so that
(3.1d) UNJ(N) = E;

for example, given the {y;}(j < k, k(N) =1 < j < k(N + 1) — 2) we take y, = Y7,
where Y, € E: if (3.1a) has a solution with y; = y, for some s < k(N — 1) — 1, let
Y: = yi; otherwise take £ the least index compatible with (3.1a) with Y, ¢ U;j<ry;.
We will have Qr = [a(N), a(N — 1)] X [yr—1, Y]

The precise value of a(N) cannot be fixed until boundary conditions for the last
Q. in stage N are finalized. For the time being, assume that a(N)/a(N — 1) is a
small but positive number (see the discussion concerning (3.4)) so that the {Q}
are n-squares. Note from (3.1a) that no matter how small a(N) > 0 is taken, each
Q1 € Ry will be an n-square. In extending u to the n-squares of stage N, we often

ignore dependence on N of the various constants.

Recall that Ay is known when we arrive at stage N. Of course, u is defined

already on

wa= |J Q= | Q=Ryva[{z=aN -1}

QrCRN QjCRN-1

The construction for stage N will ensure that

(3.2a) u(z) > —An (z € Rn)
as well as
(3.2b) u(z) = —An (z € yv = RnN{z =a(N)}).

The key problem is to choose choose boundary values on Q% U Q% to achieve two

conditions. the first is that u be subharmonic in @; the second is that

on a continuum I'y C R$; such that as N — oo, 'y — 0Q N {z = 0} with respect
to Hausdorff topology, in a manner that (3.2b) and (3.3) transfer appropriately to

the analytic function f such that log|f| approximates u. The geometry of @}, (in
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particular the final choice of Q%) will depend on certain positive numbers {ay},

these chosen in succession such that
(3.4) 0 <9apy1 <ap <a(N-1)/9 (E(N) <k <Ek(N+1)-2).

At the end of the construction in stage N, we define a(N) = ayn41)—1, and
conditions (3.5) will ensure that (3.2) and (3.3) hold. For this reason, we will
require that

u(z) = —An (2 € 0Qk,a(N) < Rz < 2ay,)
(35) w(z) = —An_1 (2 € 0Qk, a(N — 1)/2 < Rz < a(N — 1)),
so that (3.2b) follows at once. This, together with (3.2), ensures that the esti-
mates of Corollary 2.4 and Lemmas 2.7 and 2.8 may be applied to each Q) C Ry

independent of the ultimate choice of a(V).

We start the construction in stage N by taking u(x,0) to be a C? function on

[a(N),a(N — 1)] subject to (3.2a), with
(3.6a) u(z,0) =5AN (a(N—-1)/4<z<a(N-1)/3),

u(@,0) = —Ax  (a(N) <z < 2a(N = 1)/9)
(3.6b)
=-Ay-1 (a(N-1)/2<z<a(N-1)).
From this point on, the procedure used to define u on each @}, C Ry is the same:

w is known on 9Q; \ Q% and on all n-squares Q;, j < k, subject to the final choice
k J

of a(N).

Note that, independent of the specific choice of ay, there is a point (tx—1,yr—1) €

Qz and ng—1 > 0 such that
u(t,yr—1) > 4AN (|t = th—1] < Me—1)-

When k = k() this is the content of (3.6a), and for k(N)+1 <k < k(N +1)—1
it will follow from our assignment of u on Q% _; in (3.8d) and (3.12), together with
the fact that Q% = Q! ,. Recall the first inequality of (3.5); by decreasing nx_1
if necessary, we may assume that tx_; — nx—1 > 2ax—1 and that, independent of
values assigned to u on @, we have in addition that

(3.7) u(z,y) > 3AN (Jz —tho1] < mi—1,0 <y —yr—1 < Mp—1).
9



To determine aj, (consistent with (3.4)) and w on QY requires several steps,
culminating in (3.12) and (3.13). Recall that yx = Y1) for some n(k) € Z. We
will define u(z,yx) = ¢*(x) where ¢* is C?, subject to

(3.8a) ok (z) = { —An on a(N) <z < 2a,

—An_1 on a(N—-1)/2<z<a(N-1)

(consistent with (3.5)), as well as

(3.8b) —AN < ¢ (2) < dpy (@) —An—1 (2ax < @ < 3ay),
(3.8¢) —Ay_1 < ¢F(z) < (k) (T) — AN—1 (Bar <z <a(N—-1)/2),
and finally
a(N—-1)/3
(3.8d) /ﬂ (x — ay) " () dx > Ly,
3ak

where Ly, is chosen below in (3.12) and (3.13). Note from the essential condition
(1.5) as well as (3.8¢c) that Ly may be made as large as desired, on choosing a
appropriately small. When k& = k(N + 1) — 1, so that @ is the top n-square of
Ry, we may choose ¢* consistent with (3.8) such that the integral in (3.8d) is as
large as desired, since the hypotheses of Theorem 1.2 impose no restriction on the

behavior of u on {y = 1}. We then define u on Q% by
(3.9) u(w,y) = 65 @) (a(N) <o <a(N —1)).

Recall (3.7) and decrease ay, if necessary so that there exist (¢, yx) € Q% and n, > 0
with w(tg,yr) > 4AnN, and

(3.10a) u(z) > 3AN (z € Dy),
where
Dy =D, U D!
(3.10b) =z —tr 1| <m-1,0<y—yr1 <M1}

Ul — te| <k, 0 <y —y <}

Conditions (1.5) and (3.8b) and the reasoning which gave (3.7) show this is possible.

Thus u is large in a relative Qg-neighborhood of (tx—1,yr—1) and (tx,yx)-
10



Now recall the bounds of Corollary 2.4 as well as (3.8d) and (3.9), and define
a(N-1)/3
(3.11) Ap = [a(N — 1)]*4/ (& — ag) " () dx,

Sak

so that Ay > [a(N — 1)]7*L;. We require four conditions on Ly, (or Ag):
Ly > kAn[a(N — D] min{(teme) ™, (tr—1me—1)"" )5
(3.12) Ly > 4%,
Ay > kn %,

as well as the final conditions (3.13) below. Inequality (3.3) (at least for large k)
will then follow from (2.5) and the first condition on Lj.

To describe the final restriction of Ly, let 8y = 95 U 8% be the ‘initial’ portion
of 8Qy, = O; = QF,0" = @} (since boundary are assigned a priori on the initial
portion of OQy; when @y, is the bottom of Ry, let 8y = Q7 so that 9} = @). We
need only check that Au > 0 on Uidg. Let @y be the n-square of stage N — 1 such
that Q% D @7, and define \; = supgr Ak (2), where Ax(z) = du/On(z) (= € )
is the inner normal derivative with respect to Q. Note that Ag(z) > 0 and is
continuous on 9. Next, let h(z) be any C? function such that h(z) = —Ay for
(a(N) <z <a(N-1)/4), h(x) = —An_1 on (a(N —1)/2,a(N —1)) and h increases
on [A(N —1)/4,a(N —1)/2]. Let wy, be the harmonic function in @ with wy = u
on 9Qy \ Q% and wr = h on Q%, and let vy, be harmonic in @y with v, = 0 on
0Q\ Q% and vy = ¢F — h on Q. Lemma 2.7 imples that if pj,(2) is the distance of

z € Q, to the nearest vertex of (Q, then

8wk
|a—n(2)| < Mppr(2) (2 € Op),
and when @}, is not the bottom n-square of Ry,

|8Uk:—1
on

()| < Mypr(z) (2 €8p),
where M is independent of the specific choices of a(N), a; and ¢*. Now
u(z) = wi(2) + vg(2) (z € Qp),

so that the jump of the normal derivatives along 0 is given by

ou, . { Ak (2) + Owy /On(z) + Ovg /On(z) on 0},

917 T\ Ous1/0n(2) + Owr On(z) + Do On(z) on AL,
11



(suitably interpreted when @y is the bottom n-square). Thus by taking Ay in
(3.11) sufficiently large (possible by decreasing ay), we may now record our final
conditions:

ou

(3.13) Ay > )\i + M,:,; a—n(z) = Appr(2) + A (2) (z € O).

That the first of these is possible is the content of (1.5) and (3.11), and the second
follows from (2.6) and (3.11).

To see that u is subharmonic in @ observe that (3.13) ensures that du/0n > 0

on each 0.

By minor changes in each ¢*, as k increases, we can arrange that

ou ou
3.14 Ok :/ —dx + —d
(3.14) 1(Ok) . 1 an™

always be a positive integer. (Recall that when @ is at the bottom of Ry, we take
Ok = Q7). Once all aj, and ¢* have been selected in stage N, fix a(N) = AR(N+1)—1
and define

(3.15) Any1 = 100a(N) 22U N5,

and begin the next stage.

Recall the components Dj, and Dj of Dy, from (3.10b). Let 3} be the convex
hull of (D},)t and (D})® C Qy, and B = 8, U Dy. It is clear that 3 is a continuum
which joins Q¢ to Q% within @, and (2.5) and the first condition of (3.12) ensure
that

(316) u Z 2AN on Bk

Thus if I'y = U];Ex;_l)_lﬂk, condition (3.3) holds. In addition, (3.2b) implies that

Hy = sup,,, u(z) = —oo (N — 00).
This completes the construction of stage V.

It is obvious from (3.8) and (3.9) that if y, = Y,,4) € E, then

(3.17) uw(z,y) < dpy(r) — ANt (Y=Y, €E, 0<z<a(N-1)).
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Thus the growth of w on the lines {x + iY,,;Y;,, € E} fulfills (1.7), and this, (3.1d),
(3.2b) and (3.16) imply that u ¢ A.

The remainder of the paper shows that u may be approximated by a subharmonic
function v(z) with v(z) = log |f(2)|, where f is holomorphic in @, so that f inherits
these properties .

4. The Approximation of Subharmonic Functions.

Divide each initial boundary 9 = Q% U Q} C 0Qy, into closed arcs {I} = Zj,
each of p-measure 1; this is possible from (3.14)). We denote the entire collection

UZy, by Z. If Qy has stage N, then for I C 0 we write s(I) = s(9;) = N.

Following [7], to each I € Z, we choose (; (cf. (2.9)) with

(4.1) / (2 = C1)dp(z) = 0

I

and let v be the Borel measure with unit mass at each (;.

For any Borel measure 7, we consider the potential

n(r,z) = / log |z — ¢|dr(C),

and now estimate
V(2) =7(v,2) — m(u,2) (z € Q).

Note that nothing is asserted about the individual terms 7 (v, z) and 7(u, 2).

Proposition 4.2. If Qi is of stage N and its closure is contained in (0,1) x (0,1),
then for all large N,

(1) V(Z) < AN_1/5 (Z € Qk)

In addition, there exists a system of curves {I'\}, with 'y C 'y and the Hausdorff
distance from Iy to 0Q N {x = 0} tending to zero, such that

(2) V() <An/5 (2 €Ty).

Granted the Proposition, note that v(z) = u(z)+ V' (2) is subharmonic in @), and

that its Laplacian consists of unit masses: Av = {d,}. Hence there is a function
13



f(z), analytic in @, with v(z) = log|f(z)|]. We have vy = {z = a(N)} N Q and
now let 75 be the portion of yx that is contained in the union of all Qy with
Qr C (0,1) x (0,1). Proposition 4.2(1) and (3.2b) imply that f is bounded (indeed,
tends to zero) on the {yj}. Assertion (2) of Proposition 4.2 and (3.3) show that
infr, [f| — oo, and thus (1.6) holds. Finally, (1.7) follows from conclusion (1)
of Proposition 4.2 and the conditions (3.8) and (3.9) for u. Thus Theorem 1.2
follows from this Proposition. The remainder of the paper is devoted to establish
Prosposition 4.2. (Note that with more care, the bound in assertion (2) can be

improved to Ax_1/5, but this refinement is not needed here.)

For I € T, let fk be I and its neighbors from 7, and I be I and its neighbors
from Z; for z € 8y, let Iy (z) consist of all J € T, such that J; contains z, and I(2)
consist of all J € 7 such that J contains z. Recall that all arcs are closed, and a
neighbor of I is an arc of measure 1, chosen as at the beginning of §4, that meets I.
To avoid excessive notations, we use Iy, I, I;(z) and I(z) to denote collections of
arcs or unions of arcs depending on the situation, and when considering a fixed Qy
we often ignore the subscript in our notations. Note that there are at most eight

arcs in any one of them.

Lemma 4.3. Let I € 7. If I contains a vertex of Qp, then

(4.4) @SN =T o
and otherwise

ou, . i1
(4.5) a—n(z) = Appr(2) = |1 on I.

Proof. We first consider (4.4), and note that it suffices to consider line segments
J C O which contain a corner of @ and have 1/2 < p(J) < 3. Let us assume J is a
segment of 9], which contains the bottom right corner of ). To simplify notation,
write J = [0, 7] for an appropriate 7; the remaining cases are left to the reader.
Note that A is associated to Q by (3.11), and (3.13) implies that [ At + Adt =1
and A < A2, Hence

A72§/ At+>\dt%1§/ At 4+ AYV2dt < A2+ A2
0 0

14



1%

thus 7 = |J| = A~'/2. Moreover, (3.13) shows that on J we have (du/dn)
At + X< AT+ AL/2 2 A\V/2,

Now we prove (4.5). Write I = [a, a + 7] where, by (4.4), 7 > A~'/?anda >
A='/2. Again, (Qu/dn) = At + ), and so, using (3.13),

At < g—z < At+ A2 < AL

But f;JrT Atdt =1, so that 7 < A~1/2; hence Aar = 1. This means that
[I| =712 (Aa)™t = (At)!

for any ¢ € I, since 7 2 (Aa)™! < a.

Corollary 4.6. Let I € Z},. Then |I] < A,:l/Q.

Proof. We have that |I| = A~'/2 when (4.4) applies, and |I| = 7 = (Aa) ! < A~1/2

otherwise, since o > A~!/2.

Remark. It now follows from Corollary 4.6 and the conditions (3.12) that the
p-measure of the interval [ty — nk, tr + Mi] X {yr} tends to infinity with k.

Note also that if z € 9 and I is an arc in Zj which is not contained in I;(z),

then
(4.7) dist (2, 1) 2 |I].
A simple calculation also gives

Lemma 4.8. For each Oy in stage N we have that

S P S A og Ay S a(N —1)%27%,
Iy

Proof. Identify 8} with the real interval [0, c], where ¢ = a(N — 1) — a(N), and
identify 2z € {Rz = a(N) + t} N 0% with ¢.

We first sum over all I with I C 2. If I or its neighbor in ), meets a corner
of Q, then (4.4) yields that |I|*> = |A|™!; otherwise, we have from (4.5) that

7] 2 min{(tA)~", ((c — )A)~'}.
15



Let >_" be the sum over those I with I C [0,2¢/3]. Recall from (3.8d) and (3.11)
that Ay > a(N —1) Ly Then it follows from (3.12), Lemma 4.3 and the estimate
A'log A < A3/* that

2¢c/3

S P aat +/ (At) "Lt

A-1/2
=~ A1+ A (loge+logA) S A tlogA < a(N —1)%27F,

The same estimate, with ¢A replaced by (¢ —t)A and the range of integration over
[c/3,c — A~1/?], shows that the sum over those I contained in the right portion of
d? also may be absorbed in this sum. We make the same estimates over the top

and bottom halves of 0}, to complete the proof.

Lemma 4.9. Let 2 € 0% and I} consist of all I € Ij, that meet 0} (i = r orb).
Then

|17
2 TG nr S

Ti\lk(2)

Proof. We consider the case when z is in J, the other case being similar, and set

o(z, 1) = |1]?/(dist (2, 1))>.

Identify 0}, = {a(N) + i(yx—1 +¢) : 0 < t < b} with the interval 0 < ¢ < b, and
z with some s € [0, b]. By symmetry we assume 0 < s < b/2 and estimate the sum

over those I’s that are closer to 0 than to b.

Consider an I € Z}\Ix(z) which is closer to 0 than to b. If I € I;(0), then by
(4.4), |I| = A~Y/? and |I|/dist (z,1) < 1; if I ¢ I(0) then |I| = (At)~! for any

t € I, and since dist (z,I) = |t — s|, we have

1
I | ——dt.
o(z,I) /IAt|t—s|2dt

Summing over I’s, we have

> oz <1 +/ 1
L ~ 7 At|t —s|?
i\ (2)

where J = [0,2b/3]\(1(0) U I1(s)). Recall that |I;;(0)| = A~/2 and consider two

possibilities.
16



First, suppose that I;(0) N I;(z) # @. Then |I,(z)] = A~'/2, |t — s| = t, and so

1 26/3
/]mdts/j\_lmrﬁthl;
One the other hand, suppose that I;(0) N I;(z) = @. Then s > A~Y2 |I(s)| =
(As)~! and there exist & = 8 = v = 1 so that J = [0,b]\([0,A"/2] U [s —
B(As)™!, s+ v(As)7']). We then calculate the integral [(At|t — s|?)~'dt over
JN[0,s/2], JN[s/2,3s/2] and JN[3s/2,2b/3] separately, and conclude that [, (At|t—
s2)1dt < 1.

This completes the proof.

5. Approximation on the grid.

In this section we prove (1) of Proposition 4.2. Since V is harmonic in each Q,
we need only check boundary values. Thus we consider a @, C Ry whose boundary
does not meet 0@, and recall that 0 is the initial portion of its boundary (for the

bottom Q) C Ry see the disscussion after (3.14)).

We will divide 7 = UZ; introduced at the beginning of §4 into four portions
{T':¢=1,2,3,4}, and let the restrictions of ; and v to each subset be y, and vy,

a convention to be used from now on.

Let @); be the n-square from stage N — 1 adjacent to Q. With 2z € Q, let
S(Z):QE-UQ;’-U{E)fn:E)fnﬂ@k #D,i=borr}.

Then S(z) contains at most two segments from stage N — 1, five from stage N
(three vertical and two horizontal) and three from stage N + 1 (two vertical and

one horizontal). We omit Q% (or Q;’) in the definition of S(z) when it lieson y =1
(or y =0).

Note that if the stage of @, (which we call s(Qx)) is less than N — 1 and 9 is
not in S(z), then

(5.1) dist (2,0.) > a(N —2)/2,
while if s(8%) > N and 9, is not in S(z), then

(5.2) dist (z,0%) > diam Q.
17



Write s(I) for the stage of I (i. e., the stage of the @; with I C ;). First,
let ZHz) ={I € Z:s(I) < N—-1,INS(z) = 2}, and Z%(z) = {I € T : s(I) >
N,INS(z) =2}

Using the obvious estimates of for the individual potentials and (3.15) and (5.1),

we have that

An —1
10

1 1) —
(5.3) |7(p1,2) — w(v1,2)| < 3log m’u(uf(N 1) 1ak) <

We now use Lemma 2.8(1), Lemma 4.8, (5.1) and (5.2) to control the sum over

72

e
<
|7 (12, 2) =7 (2, 2)| Z dlst (z I) + Z dist (z,1)?

1612
(5.4) s(I) s(I)>N+1

<a(N-1)" 12> 27 a(N)2a(N)* ) 27k

We next confront the contribution from the arcs of S(z). Recall that S(z) consists
of at most ten segments J, and the endpoints of these segments form a set of at
most fourteen points: four as endpoints of segments from 0,, with s(9,) = N + 1,
six from from endpoints of 9y, s(9;) = N, and at most four from intervals from
stage N — 1 (this is an inefficient counting, as some points appear more than once).

Let P(z) be the set consisting of z and these endpoints. Let
T3(z) ={I € T :I C Jwith J from S(z) but I ¢ I(n) for anyn € P(z)},

and, finally, take 7%(z) = {I € I(n);n € P(z)}. Clearly T = UT/(z).

We study the contribution to V' which arises from Z3(z). If J is a segment in

S(z) that contains z, Lemma 4.9 shows that

(5.5) Z o(z,I) < 1.

I3(z)nJ

If J is a segment in S(z) that does not contain z, choose p € P(z) so that

(5.6) dist (z,w) > dist (p, w) (weI).
18



Then o(z,I) < o(p,I) for each I C J and again (5.5) holds. Hence by Lemma
2.8(1),
(5.7) m(vs,2) =g, 2)| S Y oz, 1) S 1.
T3(2)
Recall from Lemma 4.3 that du/0n < |I|=! for every I and that there are at

most 40 arcs in Z%(z) (again not a precise count). It then follows from Lemma

2.8(3) that
(5.8) m(va,z) — m(pa, z) < 1

Since m(v4,z) can be —oo, this estimate is only one-sided. Estimates (5.3)-(5.8)

and the maximum principle yield the first estimate of Proposition 4.2.

6. Interior approximation from below.

Two-sided estimates of of V' are needed to guarantee that log | f| remain large on
a suitable curve I'yy C I'y; recall from (3.16) that v > 2Ax on I'y. This requires

steps similar to those of the previous section, except we avoid (5.8).

Suppose that z =z +iy € Ty NQr = Pk, and that y, —y < y —yr—1 (the other
case can be treated similarly). Recall from (3.10b) that & = (g, yx) is in Q% N By.
Let Z5(2) = {I € Z,s(I) < N — 1}, I%(2) ={I € Z: s(I) > N,I ¢ Q4 },77(2) =
{I CQLINI(&) and Z8(2) = I(&;). Clearly T = Z°(2)UZ%(2)UT" (2) UT?(2). Note
that 'y lies in the left half of Ry; also (3.8) and (3.10) and the definition of 5, in
(3.16) show that dist(z, Q%) > ax > a(N).

Since dist (I'y, Ry—1) 2 a(N — 1), the choice (3.15) now yields (cf. (5.3)) that

An
10°

However, dist (z,8%) > diam@,, when 9} (# Q%) is of stage N, and dist (z,Q,) >
a(N) 2 diam @, for any Q,, with s(Q,) > N 4+ 1. Thus a calculation similar to
(5.4) shows that

m(vs,2) = (s, 2)| <

|7T(V672) - 7T(/'LEHZN SL

If I € Z7(2) then dist (z,1) > dist (&,1) and o(2,I) < 0(&,I); again by Lemma
2.8(1) and Lemma 4.9,

[w(vr,2) = w(pr, 2)] S 1.
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Finally, let {C,{} be the points on Q¢ N By such that V(C,z) =1 and I(C,z) C I(&,).
There are at most four such points for each k. According to (4.5), there exists

d € (0,1/10) so that the {B(C,Z, 5|I(C,]€)|)} are mutually disjoint.

Suppose now that z ¢ UB(C£,6|I(C£)|),j =1,2,3,4. Then by Lemma 2.8(2),

4
ww&a—nu%zns§jy/ loglz — ¢l| — loglz — Cldu(C)] < C(8) S 1.
1 I(¢i)

Since {An} 1 00, we deduce for large N that

v, 2) 7, 2) < 2

on
E(N+1)—1

v\ U {uk s B o)D)

k(N)
;From this we readily obtain arcs I';, C I'x joining y = yp(n) t0 ¥ = Yr(n41)—2 in
Ry so that property (2) of Proposition 4.2 holds. In view of (3.3), we have that

infpr, |f| 1 0o as N — oo, and the proof of Proposition 4.2 is complete.
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