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Abstract We construciguasiconformamappingsn Euclidearspacedy integra-

tion of adiscontinuougkernelagainstdoublingmeasuresvith suitabledecay The

differentialsof mappingsthat arisein this way satisfy an isotropic form of the

doubling condition. We prove that this isotropic doubling conditionis satisfied
by the distancdunctionsof certainfractal sets.Finally, we constructanisotropic

doublingmeasurdhatis not absolutelycontinuouswith respecto the Lebesgue
measure.
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1 Intr oduction

Givenanonatomigpositve Radonmeasuregu on R, defineanincreasingunction
fu(x) = Jo du(2), sothat f;, = u in the senseof distributions. It is well-known
that i is doublingif andonly if f, is quasisymmetricWe extendthis relation
betweendoublingmeasureandquasisymmetrienappinggo higherdimensions.
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Obsenre that

=3 [ { g+ i | u@.

For anonatomicRadonmeasureu onR", n > 1, we definef, : R" — R" by

Fa(x) = % Rn{ X=2 , 2 }du(z). (1.1)

x=7 |7

where || is now interpretedas the Euclideannorm. Whenn > 2 the integrand
in (1.1)is notcompactlysupportedwvith respecto z. Theintegral (1.1) cornverges
providedthat u satisfiegshe decaycondition

I/‘Z‘>1\z|_1du(z) < o, (1.2)

ForO<y<n,let
A9 = [ =2 "du(2

betheRieszpotentialof i of ordery. Condition(1.2)is equivalentto .#,_1 1t being
finite almosteverywhere Hereandin the sequelthe words“almost everywhere”
or “a.e’ referto the LebesguaneasureA positve Radonmeasureu on R" is
calleddoublingif thereis a constantC > 1 suchthatp(2B) < Cu(B) for ary ball
B C R". Here 2B standsfor the ball that hasthe samecenteras B andtwice its
radius.

Theorem 1.1 Let u bea doublingmeasue on R" that satisfieshe decaycondi-
tion (1.2). Themappingf, definedoy (1.1)is n-quasisymmetriwith n depending
only on the doublingconstantof u. Furthermoe, f, is d-monotoneand for a.e
xeR"
L
12C3
wheee C is thedoublingconstantof u.

Fn-1p(X) < [IDFu (] < A1 (x), (1.3)

Theoreml.1 expandsthe classof weightsthat are knowvn to be comparablgo
Jacobianf quasiconformamappings.The quasiconformallacobianproblem
posedby David andSemmesn [9] asksfor a characterizationf all suchweights
(seealso[4,6,7,16,18]). Theauthorsof [6] point outthatsucha characterization
would give agoodideaof which metric spacesrebi-Lipschitzequivalentto R".

A mappingf: R" — R" is calledmonotonef (F(x) — F(y),x—y) > 0 for all
x,y € R", where(-,-) istheinnerproduct[2,27]. In otherwords,F is monotonef
the angleformedby the vectorsF (x) — F(y) andx—y is atmostr/2. A stronger
versionof this condition,introducedby Soboleskii in [19], requiresthe angleto
beboundedvy a constantessthan /2.

Definition 1.2 Let é € (0,1]. A mappingF from a corvex domainQ C R" into
R" is calledd-monotonef for all x,y € Q

(F(X) —F(y),x—Yy) > 8|F(x) —F(y)|[x—Y]. (1.4)
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Let Q beadomainin R". An injective mappingf : Q — R" is called n-quasi-
symmetricif thereis ahomeomorphismn : [0,) — [0, ) suchthat

10— f@] _ (Ix—2
|f(Y)—f(Z)|§n(|y—z|>’ ze Q, x,ye Q\{z}. (1.5)

In the casen > 2, f is calledK-quasiconformalf f V\/kl)’C”(Q;]R”) andthe op-
eratornorm of the derivative Df satisfies||Df(x)||" < KdetDf(x), a.e.in Q for
someK > 1.

Every sense-preservinguasisymmetriecnappingf: R" — R", n > 2, is qua-
siconformalandvice versa([12, Ch. 10], [24, p. 98]). Thefollowing resultrelates
d-monotoneandquasisymmetricnappings.

Theorem 1.3 [14, Theoem4] Supposahatn > 2 and f: Q — R" is a non-
constantd-monotonemapping If B is a closedball sut that2B ¢ Q, thenf is
n-quasisymmetrion B with n dependingnlyon d.

Quasiconformalitys known to berelatedto the doublingconditionin several
ways|[5,17,20]. For example,if f: R" — R" is quasiconformalthen||Df||" is a
doublingweight, and morewer an A, weight[10]. Consequently||Df|| is dou-
bling aswell. Sinced-monotonicityis a strongempropertythanquasiconformality
onecanexpectthatthe differentialof a -monotonemappingsexhibits a stronger
doublingbehaior. Our Theoreml.5 confirmsthis. Before statingit, we obsere
thata Radonmeasureu is doublingif andonly if thereexistsa constantA such
that

S1 o HQ) A
T H(Q2) T
for any congruenttubesQi; andQ, with honemptyintersectionRecallthat two

subsetof R" arecalledcongruentf thereis anisometryof R" thatmapsone of
themontotheother

Definition 1.4 A Radonmeasureu onR" is isotropic doublingif thereis a con-
stantA > 1 suchthat

1 MRy
Als g EA (1.6)

wheneer R; andR; arecongruentectangulaboxeswith nonemptyintersection.

Theorem1.5 Let f : R" — R" be a nonconstantd-monotonemapping n > 2.
Thentheweight||D f|| is isotropic doubling

Therequiremen(1.6) for all boxesregardlessof their orientationandaspect
ratio imposesa very strong condition on the measurewvhenn > 2. In particu-
lar, in any cubethe projectionof an isotropic doublingmeasurego ary (n— 1)-
dimensionafaceof the cubeis comparableo the (n— 1)-dimensionalLebesgue
measureZ™ 1 (Lemma3.1).

Theorem 1.6 For everyn > 2 there existsanisotropic doublingmeasue ¢ onRR"
thatis purely singularwith respecto .#".
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Theorem 1.7 For everyn > 2 there existsanisotropic doublingmeasue ¢ onRR"
anda bi-Lipscitz mappingf : R" — R" sudc that the pushforwad measue fxu
is notisotropic doubling

Theoremsl.1,1.5,1.6,and 1.7 areproved in sections2, 3, 5 and6, respec-
tively. We alsoprove that the distancefunctionsof certainfractal subsetof R"
give rise to isotropic doubling weights (Proposition3.6). By virtue of this re-
sult, the setsconstructedby Semmeg18] andLaakso[16] provide examplesof
isotropicdoublingweightsthatarenot comparabléo || D f || for any -monotone,
or evenquasiconformalmappingf : R" — R".

2 Doubling measuresand monotonemappings

The balls, cubes,and rectangularboxes consideredn this paperare assumed
closed.A nonng@ative locally integrablefunction on R" is called a weight A
weightis doublingif the measuren(x)d.Z"(x) is doubling, where " is the n-
dimensional.ebesguemeasureThroughoutthe paperwe only considerpositive
nonzeromeasures.

In this sectionwe study the mapping f,, definedby (1.1). In particulay we
prove Theoreml.landits moregeneralersion,Theoren®.1.Giventhreedistinct
pointsx,y,z€ R, letl(x,y,z) = [x—Y| + |X— Z| + |y — | denotethe perimeterof
thetrianglexyz Also let ZXybethe anglebetweerthevectorsy — x andz— x, and
define

1(X,Y,2) := T— maxX{ ZXy, ZyX.

Theorem2.1 Let Q C R" be a corvex domain,n > 2. Let u be a nonatomic
Radonmeasue on R" that satisfies(1.2). Supposehat there existsk > 0 such

that

for all x € Q. Thenf, is 8-monotonen Q with & = k /(212).

Theproofis precededy anelementanfemma.

Lemma 2.2 Fix z€ R" anddefineg,(x) = (x—2)/|x—z| for x € R"\ {z}. For any
distinctpointsx,y € R" \ {z} wehave

2/x—y| 4x—y|
EnlAEA < - < 2 N i
T[I (X, y7 Z) T(X7 y7 Z) — |gZ(X) gZ(y)| — | (X7 y, Z) T(X7 y7 Z) (2 2)
and
2x—y[? 4x—y?

5555;5N&%@2§<mww—wWLX—wg (xy,2%  (2.3)

l(xy,2)
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Proof Firstwe prove (2.2). By the sinetheorem

sinXzy  sinZyx+ sinzxy

= . 2.4
=y =7+ ly—z @4
Expresghe sumof sinesasa product:
SiNZyx+ sinZxy= 2cos7ycos yx2 ny (2.5)
Combining(2.4), (2.5), andtheidentity sinxzy= 25|nxzycosXZy we obtain
SlnXZy COSZy)FZXy
. (2.6)
x—=yl ~ x—Z+]y—7
Thedefinitionof g, implies
. X2
160~ (y)] = 2sin"2>.
whichtogethemwith (2.6)yield
16:00 — 6aly) | = — I cosPPX B @)
WS Wy 4% 2 |
By thetriangleinequality
1
EI(X,y,Z)S|X—Z|+|y—Z|S|(X,y,Z). (28)
Therefore(2.2) will follow from (2.7) oncewe prove that
7—1_[ T(x,y,2) < cosZyX; 2 - (XY, 2). (2.9)

Let a = max{ZXy,zyx}. We have

Zyx— ZXy a . nm-a_2n
S > cos— =sin > =
2 2 T

— 1

2 7__[T(X7y7 Z)v

which provesthe first inequalityin (2.9). The secondinequalityis trivial when
a < 1/2,because¢hent(x,y,z) = m—a > 1. If o > /2, then

cosZyX; 2Y < o2~ (g_ @) _ sin(m—a) < m—a = 1(x,Y,2).

Thisproves(2.9)and (2.2).
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The proof of (2.3) involvesthe identity cosa + cos3 = 2cos"—+5 cos—B as

follows:

<Z_X7y_x> <Z—y,X—y>
x—2 ly—2

= (COSzZXy+ cosXy2)|X— Y|

= Zsin%zycos%xyﬁx— yl

(92(X) = Gz(y), X—y) =

ZXy— Xyz

=[02(X) — gz(y)[x—y|cos
Applying (2.7) we obtain

_ 2x—yP? Zyx— 2%y
<&&f*&@%xfW——v41%Hy7dco§ > (2.10)

Thistogethemwith (2.8)and(2.9)imply (2.3). O

Proof of Theoem2.1 Since

fu(X) — fu(y) 2/ (Gz(X y))du(z),
Lemmaz2.2impliesthefollowing inequalities.

T(X,Y,2)
= 1(X,Y,2)

[Tu(X) — fu(y)] < 2[x—y| du(2); (2.11)

2
Sy [ YD ) < (1,00  fu)x-)

n 1(xy,2)
T(x,Y,2)
< 2|x— 2/ du(z).
S 2V Tkyz) WH@
Choosea numberk’ sothat0 < kK’ < k. Combining(2.11) (2.12) and(2.1), we
concludethatfor everyx € Q thereexistse(x) > 0 suchthat

/

(509 = )X =) = 551100 = fu)x =] 2.13)

wheneer|x—y| < £(x). Next, letx andy beary distinctpointsin Q. Theline seg-
ment[x,y] is coveredby openballsB(z &(2)/2), z€ [x,y]. Choosafinite subcwer
with centerszj =y +tj(x—y),0=tg <ty <--- <ty =1.Then

(2.12)

N
(10 = a9 X=) = 3 (Ful@) = Tu@-1). X—)
J:
/N
> g2 2, /fu()~ fu(z-0lx-]
> S0~ k-1

Letting k" — k completeshe proof. O
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Proof of Theoem 1.1 Let C be suchthat u(2B) < Cu(B) for ary ball B C R".
Giventwo distinctpointsx,y € R" andr > 0, choosea pointw € R" sothatx —w
isorthogonatox—yand|x—w| =r /2.t is easyto seethatt(x,y,z) > r7/3 for all
ze B(w,r/4). SinceB(x,r) C B(w,3r/2) C 8B(w,r/4), it followsthatu (B(x,r)) <
C3u(B(w,r/4)). Usingthis togethemwith theinequality

X—2+ [x—y| <1(xy,2) <2(|x—2| +[x—Y]),

we obtain
/ du(2) s/ du(2) :/ u(B(X,r))d; (2.14)
' 1(X,Y,2) = Jrn [X=2Z|+[x=Y] Jo (r+[x=Yl])
and ) 2
T(x.Y,2) /°° H(B(x,r))dr
du(z) > — — 2.15
fo Ty 0= 5 Jy 1y 219
Therefore u satisfiesa strongerconditionthan(2.1), namely
T(x.y.2) du(2)
Y2 4112 > ¢ / 2.16
o Ty @ = L Ty (210

for ary distinctpointsx,y € R". Herec = 1 /(6C®). By Theoren?.1themapping
fu is 8-monotone andthereforen-quasisymmetricHere n dependsonly on 9,
whichin turn depend®nly onC.

It remainsto prove (1.3). Sincel (x,y,2) > 2|x— z|, inequality(2.11)implies

[ fu(X) = fu(y)l

lim sup <P 1U(X), Xe Q. (2.17)
y—x X—Y|
Inequalitieg(2.12)and(2.16)yield
Ry 1 du(2)
liminf —————~ > ——liminf .
y=X |X_y| - &3 y=x JR" |(X, Y, Z)
For ary € > 0 thelimit
1

li =
VxI(xy.2)  2x—1

is uniformwith respecto z € R" \ B(x, ). Therefore,

liminf du(2) > / )
y—X JRn |(X, Y, Z) JRMB(x.€) 2|X_ Z|

Letting € — Ovyields

iming 10— fu)l 1
>
TR oy T

o 1H(X), XEQ, (2.18)

becausq: hasno atoms.Combiningthe estimate42.17)and(2.18), we conclude
that(1.3) holdswhenever f, is differentiableatx. a0
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Remark2.3 Condition(2.1)is closeto beingbestpossiblefor the d-monotonicity
of f,, in Theoren?.1in view of (2.2), (2.3), and(2.12) Theproofof Theoreml.1
shawvs thatcondition(2.16)is sufficient for the validity of (1.3).

Sincetheassumptior(2.1) in Theorem2.1is hardto verify directly, we state
a simpler conditionthatimpliesit. Givenaline L in R" anda pointx € L, let
Sy (%, L) bethedouble-sidedoneof openinganglea € (0, 11/2) with vertex x and
axisL. Formally, z € S;(x,L) if andonly if the acuteanglebetweenthe vector
z—x andtheline L is atmosta. We alsointroducea notationfor sphericakhells
Ax,rR) ={z: r <|z—x <R}.

Proposition2.4 Let u bea nonatomicRadonmeasue on R". Supposé¢hatthere
existconstantsx € (0,71/2), C > 0, andM > 1 sudh thatfor anyline L C R", any
x € L andanyr > O wehave

H(A(X.T,2r)) < CH(A(X,.M~1r,2Mr) \ S (x,L)). (2.19)
Thenthemeasue u satisfieg2.16)and consequently2.1).

Proof Withoutlossof generalitywe mayassumehatM = 2™ for someintegerm.
Giveny € R"\ {x}, letL betheline throughx andy. Inequality(2.19)implies

/ du(2) <c / du(2) (2.20)
RN I (X7 Y, Z) RM\Sy (x,L) I (X7 Y, Z)
whereC,; depend®nly onC andM. Indeed,

/ / o 5 HARX22)
ro I ( xy, Z %, 2K 2k 1) xy, ) ng 2+ |x—y|
<Cy HAXM™ 122:7 2N\ S (xL))
KEZ +|X_y|

) / du(2)
RN\& (kL) (X Y:2)’

which proves(2.20) Sincet(x,y,z) > a for all z¢ S;(x,L), estimate(2.20)im-
plies(2.16) a0

Any doubling measuresatisfies(2.19) becausehe set A(x,r,2r) \ Sy (x,L)
containsa ball of radiuscomparabléo r. The following resultshowvs that (2.19)
is satisfiedoy somenon-doublingmeasureaswell.

Proposition2.5 Letv beadoublingmeasueonR", n> 2. Defineameasue u by
settingu(E) = v(E\ B(0,1)). Thenyu satisfiesheassumptionsf Proposition2.4.

Proof Fix x e R" andr > 0.1f A(x,r,2r) C B(0,1), then(2.19)holds.Suppos¢hat
thereis apointy € A(x,r,2r)\ B(0,1). Lety =y+4ry/|y|. NotethatB(y',2r) N
B(0,1) = @ and2r < |y —x| < 6r. For every line L throughx thereis a point
ze B(y,r) suchthatdist(z,L) > r. It follows that B(zr/2) N Sy (x,L) = @ for
sufficiently smallabsoluteconstantxr. Therefore,

B(zr/2) C A(Xr/4,8r)\ Su(x.L).
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Furthermorep (B(zr/2)) = v(B(zr/2)) becaus®(zr/2) C B(y,2r). Usingthe
doublingpropertyof v we obtain

V(B(z.r/2)) > C'V(B(X,2r)) > H(A(X.T,2r))
whereC’ depend®nthedoublingconstanbf v. O

Example2.6 Themeasureu definedby theweight

X|P, x> 1,
W<X>—{|o| X

, X<

satisfieghe assumption®f Theorem2.1 whenever —n < p < 1— n. However, u
is notadoublingmeasure.

Remark2.7 For ary y € (n—1,n) andevery Radonmeasureu the Rieszpoten-
tial #,u is comparabléo || Df|| for somequasiconformamappingf: R" — R",
provided that .#,u(x) # o [15, Lemma4.1]. By the compositionformula for
Riesz potentials[21, p. 118] we have 4 u = C#_1.#,_n, 1 for somecon-
stantC = C(n, y). Since.#,_n, 11 is adoublingmeasureandevenanA;-weight,
Lemmad4.1lin [15] alsofollows from Theoreml.1.

Remark2.8 In [7] Bonk, Heinonen,and Saksmarusedquasiconformaflows to
give anotherclassof weightsthat are comparableo quasiconformalacobians.
Theseareweightsof the form

w(X) = EXp{_/]Rn log|x— 7| du(z)}, (2.21)

whereu is a signedRadonmeasurenf sufficiently smalltotal variation.Neither
of the classef weightsin Theoreml.1 andequation(2.21)is containedn the
otherone.

It is possiblethattherelationbetweerRieszpotentialsand Jacobian®f qua-
siconformalmappingscanbe extendedobeyondtheresultspresentedhere.

Question2.9 Letn > 2,0 < y < n, andlet 4 be a Radonmeasureon R" such
that.#,u # «. Doesthereexist a quasiconformainappingf : R" — R" suchthat

C*lﬂyu < detDf <C.#,u a.e.for someconstanC?

By Gehrings theorem[10, Theoreml] every quasiconformamappingf on
R" satisfieg|Df|| € L for somep > n. ThisandTheorent. Limmediatelyimply
thefollowing result.

Corollary 2.10 If u is adoublingmeasue onR", n > 2, thenthe Rieszpotential

Fn_1U is eitherinfinite at everypointor is in Lf(’)C(IR”) for somep > n.

Corollary2.10is probablyknown, althoughwe could notfind areference.
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3 Isotropic doubling measures

In this sectionwe prove Theoreml.5 andgive severalexamplesof isotropicdou-
bling measuredt is clearthatary weightw € L*(R") suchthatessnf ycpnw(X) >
O isisotropicdoubling.

Lemma 3.1 Supposé¢hata measue u satisfieq1.6), andn > 2. Then:
(i) For anycongruentrectangularboxesR;, R, ¢ R"

-m U(Rl)

" H(Ry)

(i) LetQC R" beacube andlet F bea faceof R. Thepushforwad 7z g of
Hq undertheorthogonalprojectionr: Q — F is compaableto .,2”|’;*1 with
constantghatdependnlyonnandA.

dist(Ry, Rp)
diam(Ry)

<A™  wheem= { —‘ +1 (3.1)

Proof (i) Thereexist congruenboxesS, ..., Sy suchthatS = Ry, Sp =Ry, and
SNS 1 #@fori=1...,m Repeatecdpplicationof (1.6)yields(3.1).

(i) Letl bethelengthof theedgesf Q. Let Q; andQ, becongruent{n— 1)-
dimensionatubescontainedn F. TheboxesR, = m%(Q;) have diameterat least
| andthedistancebetweerthemis at mostdiamF < y/n—1l. By (3.1) we have

AM< THH(Q1) <A™  wherem= [\/n — ll +1
THU(Q2)

The statemenfollows by letting diam(Q;) — O. O

Lemma3.1 implies that ary isotropic doubling measureon R" vanisheson
setsof (n— 1)-dimensionameasurezero. The following lemmais the main step
in our proof of Theorem1..5.

Lemma3.2 Let f : R" — R" beanonconstanf-monotonanappingn > 2. Thee
existsC > 1 sud thatfor anyrectangularboxR C R"

_,diam(f(R)) 1 n diam(f(R))
dam® < 7R /R”Df(x)”dg ) =C=gamR)

(3.2)

Here C depend®nlyon é andn.
Proof Withoutlossof generalitywe mayassumehat
R={x:Vio<x <&}, whereagg>ay>--->a,.

Weuseey, ..., e, todenotehestandardasisvectorsin R". Let 1(x1, X2, ..., Xq) =
(0,%2,...,%,) bethe orthogonalprojectiononto the linear spanof ey, ..., ey. Fix
ze< n(R) for now. Sincef is quasisymmetridit follows that

|f(z+a1e1) — f(z)| > cdiamf(R)

wherec dependnly on  andn. On the otherhand,Definition 1.2 impliesthat
theimageof theline sggmentrr(z) "R underf is arectifiablecurve of lengthat
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mostd 1| f(z+aer) — f(2)], whichis in turn boundeddy 6~*diamf (R). There-
fore,

a:
cdiamf (R) < / "D (z+tey) | dt < & ‘diamf(R). (3.3)
0

Integrating(3.3) over z € m(R), we obtain
n n
cdiamf (R[] < /HDf(x)Hdz”(x) < &5 ‘diamf(R) 1
i= R i=

Dividing the latterinequalityby .#"(R), we arrive at (3.2). O

Proof of Theoem1.5 By virtue of Lemma3.2 it sufiicesto prove thatthe ratio
diamf(Ry)/diamf(Ry) is uniformly boundedor ary congruenboxesR; andR;
with Ri N Ry # @. Let d = diamRy and pick a pointy € Ry N Rp. Thereexists
z€ Ry suchthat|y—z| > d/2. For ary x € Ry we have

1fO) — fy)l X—y]
=t <7 (i) <1

wheren is the modulusof quasisymmetrpf f. Therefore,
diamf (Ry) <2n(2)|f(z) — f(y)| < 2n(2)diamf(Ry)

asrequired. O

Theoreml.5 provides a large family of isotropic doubling weights.Indeed,
for arny setE C R" of Hausdorf dimensiondimE < 1 onecanfind a d-monotone
mappingf: R" — R" suchthat||Df|| hasessentialimit O ateverypointof E (see
Theorem5.6[15] andTheoreml7[14]).

Let 2 andZ denotethe setsof arbitrarily orientedcubes(resp.rectangular
boxes) of diameterat most1. To a Radonmeasurey on R" we associatewo
maximalfunctions

M p(x) = sup(H(Q)/L"(Q): xE Q€ 2};
M7 (x) =suplu(R)/£"(R): xe Re #Z}.

Obviously .#2 u(x) < .#7 u(x) for all x € R",

Lemma 3.3 If u is anisotropic doublingmeasue on R", thenthere existsC > 1
sud that.#7 p(x) < C.#2 u(x) for all x € R".

Proof Fix x € R". GivenaboxR € #Z containingy, find acubeQ suchthatR c Q,
the edgesof R andQ areparallel,andthe edgesof Q have the samelengthasa
longestedgeof R. Althoughin generalQ ¢ 2, the diameterof Q cannotexceed
v/N. Lemma3.1(ii) impliesu(R)/-Z"(R) < Cu(Q)/£"(Q). Thedoublingprop-
erty of u andthedefinitionof .2 yield u(Q)/£"(Q) < C.#2(x). O

Lemma3.3and [21, p. 5] imply thatthemaximaloperator#¥ satisfieaveak
(1,1) andstrong(p, p) estimatesvhenrestrictedto the linear spanof isotropic
doublingweightswith the samedoublingconstantin [1, Theoreml.4] the oper
ator.#” wasprovedto beboundedn certainBesw spacesNeitherLemma3.3
nor Theoreml.4[1] imply eachothetr
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Example3.4 Theweightw(x) = |x|P, x € R", is isotropicdoublingif andonly if
p > —1. Sincetheisotropic doubling conditionis presered underadditionand
weak corvergenceof measuresfor ary Radonmeasureu on R" andary y €
(n—1,n) the Rieszpotential.#yu is isotropicdoublingunless.#u = o.

Proof Let i, bethemeasurex|Pd.£"(x), andlet

Ri={xeR":|x| <1;Vi>1|x|<e},
Ro={xeR":|xq—2/<1L;Vi>1|x—1 <e}.
If —n< p< —1,thenpp(Ry)/e"! — w ase — 0. Indeed,|x| < /Nx; wheneer

X1 > || for all i > 1. The latter holdsin particularwhenx € Ry andx; > €.
Therefore,

R -1
I-lprs_j.) > np/z/ xfdxl — o0, £—0.
& €

Sincepp(Ry) < 2"e"1, by Lemma3.1 (i) the measureup, is notisotropicdou-
bling in therange—n < p < —1. The sufiiciency partfollows from Theoreml.5.
Indeed,for p > —1 the mappingfy(x) = [x|Px is -monotoneby Proposition16
in [14]. By Theoreml.5 ||Df|| is anisotropicdoublingweight. Since||Dfp|| is a
p-homogeneouradially symmetricfunction,it coincideswith aconstantnultiple
of |x|P. O

Giventwo pointsa,b € R", let [a, b] denotethesggment{Aa+ (1—A)b: A €
[0,1]}. A setA C R" is uniformly linearly non-corvex (ULNC) if there exists
T > 0 suchthatthe following holds: To eachpair of distinctpointsa, b € A there
corresponds € [a,b] suchthatB(c, T|a— b|) N A= @. [25] Thefollowing lemma
containsanequialentdefinitionof ULNC sets.

Lemma 3.5 Suppos¢hatAC R" is ULNCwith aconstantt > 0. Lett’ =1/(2+
21). Thento ead pair of distinctpointsa, b € R" there corresponds € [a, b] suc
thatB(c,7'|la—b|) NA= 2.

Proof Without loss of generalitywe may assumehat |a— b| = 1. Supposehat
therearepointsa,b/ € A suchthat|a’ —a| < 7" and|b’ — b| < T’; otherwisewe
cansetc=aorc=h. Sincela — b'| > (1 27), thereexists ¢’ € [a,b] such
that B(c/, 7(1— 21')) is disjoint from A. Eachpoint of the segment[a’,b'] is at
distanceatmostt’ from apointof [a, b]. Thereforethereexistsc € [a, b] suchthat
|c—c/| < T'. Theclosedball with centerc andradius

T T T
1-2t)-T=t1(1- - _ — 7
ri-2r)-t T( 1+r> 212t 2+2t ¢

is disjointfrom A, asrequired. O

Proposition 3.6 LetA C R" beanonemptyJLNC set.Givenp > 0, definew(x) =
dist(x,A)P for x € R". Theweightw is isotropic doubling

Theproofis precededy alemma.
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Lemma 3.7 A continuousweightw € C(R") is isotropic doublingif and only if
there existsa constaniC sud that

1 1
/w(x0+tv)dtgc/ w(xo+tV) dt (3.4)
0 0

for all pointsxp € R" andall vectosv,V € R" suc that|v| = |V/| > 0. Moreover,
theconstantA in (1.6) depend®nlyonC in (3.4).

Proof If w is continuousand isotropic doubling, then (3.4) follows by apply-
ing (1.6) to two thin rectangulaboxescontainingthe segments{xp +tv: 0 <t <

1} and{xo+tV': 0 <t < 1}. Corversely supposehat(3.4) holds.Let R; andR;

be congruentboxeswith nonemptyintersectionLet d bethe lengthof alongest
edgeof R. If L; C Ry is asggmentof lengthd connectingwo oppositefacesof R;,

thenR; is containedn the closedy/n— 1d-neighborhoodf L; for eachi € 1,2.

Thisimpliesdist(L1, L) < 2y/n—1d. ForanintegerN > 2,/n— 1+ 2 wecanfind

asequenc®f sgmentdl, ..., Iy of equallengthsuchthatl; = Ly, Iy = Lo, and
li sharesanendpointwith |1 fori=1,...,N— 1. A repeatedpplicationof (3.4)
yields

/ w(x)ds< cN-? / w(x) ds.
L1 L2
Since'tuhe1 box R, is foliated by sggmentssuchasL;, inequality (1.6) holds with
A=CY O

Proof of Proposition3.6 If dist(xp,A) > 2|v|, then

1 1/p
dist(xo, A) < ( / W(xo+tv) dt) < 3dist(xo, A).
0

If dist(xg,A) < 2|v|, then

1 1/p
(/ W(Xo +1tv) dt) < 3v|.
0

UsingLemma3.5we obtainthereverseinequality
1/p

</:W(xo+tv) dt) >clv,

wherec > 0 depend®nly on 1 in the definition of a ULNC set.By Lemma3.7
theweightw is isotropicdoubling. a0

Remark3.8 Theorem1.5 admits no corverse,that is, there exist isotropically
doubling weights that are not comparableto ||Df|| for ary d-monotonemap-
ping f. This follows from the resultsof Semmeg18] and Laakso[16], who
constructeccompactULNC setsA c R" suchthat for somep > 0 the weight
w(x) := dist(x,A)P is not comparableo |Df|| for ary quasiconformamapping
f: R" — R". By Proposition3.6theweightw is isotropicdoubling. The example
of Semmess aform of the Antoine’s necklaceandrequiresn > 3 (seethe proof
of Theorem1.10in [18]). The exampleof Laaksois two-dimensiona[16, The-
orem1.7]. The fact that the setsconsiderechy Semmesand Laaksoare ULNC
follows from Theorem3.3in [25].
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Remark3.9 Buckley, Hansonand MacManusconsideredseveral strongerver-
sionsof the doublingconditionin [8], but our Definition 1.4 doesnotappeato be
directly relatedto ary of them.

4 The Monge-Ampere measures

The main purposeof this sectionis to point out a consequencef Theorem1.5
for corvex functionson R". Let u: R" — R be a corvex function,n > 1. The
subdiferential of u atapointz € R" is theset

ou(z)={peR": u(x) > u(z)+ (p,x—2) ¥x € R"}.

The corvexity of u implies du(z) # @ for all x € R". The functionu is differen-
tiableatze R" if andonly if du(z) is theone-pointset{Ju(z) }. Givenze R" and
p € odu(z), let

uzlp(x):u(x)_u(z)_<p7x_z>7 XG]RH'
Thesection[11, p. 45] of u with thecenterz€ R", directionp € du(z), andheight
t > Ois definedas

Su(z p,t) = {XER": ugp(x) <t}.
If uis Gateaudifferentiableatz thenwe write u, insteadof u; ;. The Monge-
Ampere measue associateavith u is definedby u,(E) = £"(du(E)) for every
Borel setE c R". Notethataddingan affine functionto u doesnot changey,. If

u € C?, thenyy, is absolutelycontinuouswith the densitydetD?u(x), whereD?u
is the Hessiammatrix of u.

Definition 4.1 [15] A corvex functionu: R" — R hasround sectionsif there
existsa constantr € (0,1) suchthatfor everyze R", p € du(z) andt >0

B(zTR) C Su(zp.t) C BzZR) (4.1)
for someR € (0, ).

Proposition4.2 If a corvex functionu: R” — R hasroundsectionsthen||D?u||
is anisotropic doublingweight.

Proof First, considerthe casen = 1. By Theorem3.1[15] andRemark3.3[15]
u is continuouslydifferentiableandOu: R — R is quasisymmetriclf | andJ are
adjacentntervals of equallength,thenp, (1) < n(1)uy(J), wheren is asin 1.5.
Thusy, is doubling,which in onedimensionis the sameasbeingisotropicdou-
bling.

Next, assumen > 2. By Theorem3.1[15] u is continuouslydifferentiable,
andthe gradientmappingdu: R" — R" is quasiconformalSincethe changeof
variablesformula appliesto quasiconformalmappings[26, Theorem33.3], we
have

Uy(E) = / detD?u(x)d.£"(x), E c R" measurable.
E

QuasiconformalitylsoimpliesthatdetD?u is comparabléo || D?u||" upto amul-
tiplicative constantBy Theorem14 [14] the gradient[u is a d-monotonemap-
ping, hencel|D?ul| is isotropicdoublingby Theoreml.5. O



Doublingmeasuresnonotonicity andquasiconformality 15

Remarkd4.3 Themappingf, definedby (1.1)is the gradientof the corvex func-
tion

Vu(x) i= /]Ri {|xz| L } du(2). 4.2)

|7
Indeedfor all x,z¢ R"
X—2z2 z X, Z
—+—€d<|x—z|—\z|+< . >),
x—2 |7 7

wherethesubgradienis takenwith respecto x. Therefore,f (x) € dv,(x) for all
x € R". Thecontinuityof f, impliesthatv, (x) is differentiableandCv,, = f.

If the gradientof a corvex functionis quasisymmetricthenit is d-monotone
by Lemmal3in [14]. This togetherwith Remarks2.3 and4.3 indicatethat con-
dition (2.1)is closeto beingbestpossiblefor the quasiconformalityof f,, in The-
orem2.1.

5 Singular isotropic doubling measures

It is well-known thatdoublingmeasuresn R" canbe supportedn setsof arbi-
trarily smallpositve Hausdorf measurd[3] and[22, p. 40]). Thisis not true for
isotropicdoublingmeasures dimensiong > 2 by Lemma3.1(ii). In thissection
we prove Theoreml.6, which shaws thatisotropicdoublingmeasuresanbe sin-
gularwith respecto .Z". We will usethefollowing notation:#A is the cardinality
of afinite setA, av b = max{a,b}, aAb=min{a,b}.

Proof of Theoem1.6 Letusintroducea sequencef vectors
WK = 40 (4K 42K 43K a0 e R k=1,2,....

For k > 1 define .
M) =1+ cog (x,W)), xeR".

and
m

Am(3) = [ 4.
k=1

We shall obtaina singularisotropicdoublingmeasureu asthe weak' limit of a
subsequencef {An(x)d£"(x): m> 1}. Theproofinvolvessereral steps.

Stepl. Existenceof u. For eachm the weight A, is 2r-periodicin all vari-
ables.Let Q= [, ni". Clearly [oA1(x)d£"(x) = (2m)". For m > 2 we obtain
Jo(Am—Am-1)d-£" = 0 by integratingin x, over theinterval [, 1] andusing
the orthogonalityof the trigonometricfamily. Therefore, [ Amd£" = (2m)" for
allm> 1. Choosea subsequencef Ay(x) d.£"(x) corvergingin theweak sense
to a (2m)-periodicmeasureu with 1(Q) = (2m)".

Step2. Lipsditz estimatesSincethe Euclideanormof wX satisfies

4n(k2+k) < |Wk| < 2_4n(k2+k)’ (5.1)
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Ak is a Lipschitz function with the constantly := 4n(¢+K)  Therefore, for ary
x,X' € R" we have

M(X) 1/2
300 > T2 L= 1— 2L x—X]. (5.2)

Multiplying (5.2)overk=1,...,myields

Am(xl)>|m|(1 Lilx—X]) > 1— 2/ x’|§L >1-3Lgx—X| (5.3)
> —2Ly|x=X]) > 1-2|x— k>1- - :
Am(X) Ly 1 "

providedthat3Lm|x— x| < 1. Thus
Am(X)
Am(X)

Step3. Singularityof p. Givenx € R™ andr > 0, let Q(x,r) denotethe cube
{y e R": Vi |x —vi| <r}. To prove that u is purely singulay it suficesto show
that

<(L-3Lmx=X])7L x=¥X|< L (5.4)

— — < .
1—3Lmx—X| < e

lim i(l)wfr*”u(Q(x, r))=0 fora.exeR" (5.5)
r—

Fora.ex € R" we have limm_.. Am(X) = 0 by [28, p. 209]. Fix suchapointx. For

m> 1 letrm = 4-"™1? 7 Notethatthe functionsy, k > m, are2rm-periodicin
eachvariable.Usingorthogonalityasin Stepl, we obtain

QX Tm)) = /Q ACLEAC

For everyy € Q(x, rm) we have
BLm|x— Y| < 3-4"MHM A2 L0 asm s o,

Therefore sup{Am(y): y € Q(X,rm)} — 0asm— oo. This proves(5.5).

It remainsto prove that Ay, satisfies(1.6) with a constantindependenbf m.
ConsiderasegmentL givenby theparametricequationx = xg+tv,0 <t < 1, of
lengthr = ||v|| > 0. SetK = max{k > 1: 4 < 1/r} or K =0if nosuchk exists.
Ourgoalis to shav that

KAm

/L/\mds?rk|'|1

where~ indicatesthat multiplicative constantsn the estimatedependonly onn.

n
Theestimatg5.6) implies(1.6) by Lemma3.7.
Step4. Low-frequencyterms.If K > 2, thenthetermsAg with 1< k<K -1
areessentiallyconstanbn L. Indeed,(5.1)implies

<1+ :—2LCOS(<X0,Wk>)> (5.6)

(v, WK)| < 20+ < 2. 47K (5.7)
Thisimpliesthatforall 0<t < landall 1<k <K - 1wehave

|Ak(Xo+1tv) — Ak(Xo)| < 47",
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hence
Ak(Xo+1v)

Ak(Xo)
Takingaproductoverk=1,...,K — 1yields

1-2.4"< <1+42.47"K,

K=1 A (X0 +tv)

1_2.4—nK K-1 S
( ) 1S

< (142-47KK=T (5.8)

Since
(1—2.4MK1> 7 _2(K-1)4"K>

NI =

and
(1+2.47HK)K71 < (172.47HK)17K < 2’

inequality(5.8) implies

mA(K-1)

%AAmdsgr le <1+%cos(<xo,wk))> oo
X /OlkmAI“_(“lKl) <1+J§'cos(<xo+tv,wk>)> dt < 2/L/\mds.

Theestimatg5.9) proves(5.6)in thecasem < K + 1.

Stepb5. High-frequencyterms.For the restof the proof we assumem > K +
2. Letv* = (|v1],|v2|,...,|vn|) bethe vectorwhosecomponentarethe absolute
valuesof the component®f v. Introducetwo setsof integersdependingon v:

G= {K+2§ k<m: |[(vw)] > %<V*,W‘>}:
B={K+2<k<m: k¢G}.

For everyk € G therestrictionof A to L is rapidly oscillating,because

n .
|<V,Wk>| Z 4nk2—1 Zi4lk|Vi‘ 2 4nk2+k—l‘v| 2 4nk2+k—14—n(K+1)2 Z 4nk_ (510)

Furthermorejf k € G andk > | > 1, thentherestrictionof A¢ to L hasperiodat
least4™ timessmallerthanthe periodof therestrictionof A;:

27|2

| (v k)| > 471 214'k\vi| > o171 214”'2“' Vil > 4 (W), (5.11)
i= i=

We have chosenthe vectorswX so that#B is boundedby a constantdepending
only onn, by Lemmabs.2belov. Hence

3

/\k(X) ~ /\k(X), xeR". (5.12)
k=K n kle-(ls



18 L.V. Kovalev, D. MaldonadoJ.-M. Wu

Obsenre that

|‘L <1+ %cos(<xO+tv,wk>)) =1+

ke

Z#A rLcoS(<Xo+tv wWh). (5.13)

ACG, A£@
Corvertingthetrigonometricproductinto a sum,we obtain
1
HCOS(<XO+tV W) = > ;cos< Z\i X0 +tv, vv"))
S

wherethe exterior sumis takenover all 2" choicesof the + signs.Using(5.11)
we find thatfor ary choiceof the signs

k)| > 2]

keA

wheremaxA is themaximalelementof A. Therefore,

< 3| <V7WmaxA>‘—l < 3. 4—nmaxA7

‘/01 r!\coS(<Xo+tv,vvk>)dt
ke

wherethe lastinequality follows from (5.10) For ary | € G thereexist at most
2-K-2 nonemptysubsetsA C G suchthatmaxA = |. Thuswe canestimatethe
righthandsideof (5.13)asfollows.

1|t m
it co tv,wK))dt| <3 gnipl=K=2
ACG A+o 2% /0 kl;l\ (ot tuw)d < I:;+2
<6 - (5.14)
<3 alogr1cl
I=Kr2 4

Combining(5.13)and(5.14)yields

3. /OlkD; (1+%coS(<Xo+tv,w“>)) dt< 7.

whichtogethemwith (5.9)and(5.12)imply

K 1
/LAmds?;rl!j1 <1+Ecos(<x0,vvk>)). (5.15)
This proves(5.6), andtherebythetheorem. |

Remarks.1 Theabove constructioris notsymmetricwith respecto thevariables
X1,---,Xn. This featureof u will be usedto prove Theoreml.7.But onecancon-
structa moresymmetricsingularmeasure/ =35sT U, whereTO(xy,..., %) =
(X (1) - - ) andthe summationis over all permutationof n elementsThe
|sotrop|cdou Ilngcondmonls ohviously preseredunderadditionof measures.
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Now we prove Lemmab.2, which wasusedin Step5 of the proof of Theo-
rem 1.6 with parameterg) = 4 ande = 3/4.

Lemmab.2 Let(vy,...,vy) beanonzeo vectorin R", wheen > 2. Giveng > 1
ande € (0,1), define

n X 1*5 n X
B(g,e) =< ke Z: kvl < =5 g¥|vi| .
(g.€) { i;q | 1+£i;q | |}
Then
log((n—1)/¢)
#B(q,e) < n(n— DT' (5.16)
Proof We claimthat
Bae < | Aj (5.17)
1<i<j<n

where

£ _ q¥vi| - n—l}

A {ke n—1- gkyvj| = e

if vj # 0 andAjj = @ otherwiselndeed supposehatk € Z \ Uy <jj<, Aij. Letm
besuchthatg®|vi| is maximalwheni = m. Then

n
‘_Zqikvi
=

while on the otherhand

>l 3 el (L ) v
I=m

n
i €
i;CJI'k|Vi| <A™ |+ (N = 1) = 0™ V| = (1+ &)™ V.

Thusk # B(q, ), whichproves(5.17) It remaingo estimatehe cardinalityof the
setsAjj, 1 <i < j <n. We mayassumehatv; # 0O, for otherwiseA;j is empty
Since

Aj= {ke . |ogn%1 < k(i — j)Iogq+Iog% < IognTl},
it follows that
2log((n—1)/¢) _ 2log((n—1)/e)
li—ijllogg — logq
which aftersummatioryields (5.16) O

#Aj <

)

Questionb.3 Is it truethat every isotropicdoublingmeasuren R" is absolutely
continuouswith respecto thes-dimensionaHausdorf measurdor all s < n?

Lemma3.1(ii) givesanaffirmative answeito Questions.3in thecases<n—1.
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6 Bi-Lipschitz transformations

A mappingf : R" — R" is calledbi-Lipschitzif thereexistsL > 1 suchthat
L x—y < [f(x) — ()] < LIx—y]

for all x,y € R". It is easyto seethatthe doublingconditionis invariantunderbi-
LipschitzmappingsIn contrast,Theoreml.7 assertghat the isotropicdoubling
conditionis not bi-Lipschitzinvariantin dimensions > 2. Its proof is preceded
by adefinitionandalemma.

Definition 6.1 An unboundedlordancurve I" C R? is a chord-arc curveif there
is a constanC suchthatfor ary two pointsa,b € I" the partof I boundedby a
andb haslengthatmostCla— b].

GivenasetA C R" ande > 0, we defineN: A= {x € R": dist(x,A) < €}.

Lemma 6.2 Supposéhat i is a Radonmeasue onR", n > 2 sud thatfor every
bi-Lipscitz mappingf : R" — R" the pushforwad measue 4 is isotropic dou-
bling. Thenfor any chord-arc curvel” : R — R? ¢ R" and any boundedsubac
" cr wehave

0< lim igfelfnu(Ngl") < limsupel™ "u(Ngl) < oo, (6.1)
E—

e—0

Proof Thereexists a bi-Lipschitz mappingg: R?> — R? that transforms/” into

the real axis, see[23, p. 89] or [13, Proposition1.13]. Let f: R" — R" be the

bi-Lipschitzextensionof g thatactstrivially ontheremaining(n— 2) coordinates.
LetL beabi-Lipschitzconstanbf f. Notethat

Ns/Lf(rl) C f(Nsr/) C NLef(r/)a

andf(r’) isaline sggmentLemma3.1(ii) impliesthatfor ary line segmentl the
quantitye> " (Ngl) remainsboundedaway from 0 ande ase — 0. O

Proof of Theoem1.7 We usethe notationof Theoreml.6. Definea sequencef
nonngjative functionson R asfollows: hy(t) = —t forallt € R,

hg(t) =min{s> h_1(t): A(t,s,0,...,0)=3/2} fork> 1. (6.2)

NotethatA(t,s,0,...,0) = 3/2 preciselywhencog 4" +K(t + 4s)) = 1. There-
fore, hy is a decreasingiecewise affine function suchthat hj (t) = —4-K atthe
pointswherehy is continuousAlso,

0< hi(t) — g (t) < 2ma"-2 tc R (6.3)

)

Thereforethelimit h=limy_.., hy is a decreasindunctiononR. Using(6.3) and
the Lipschitzpropertyof Ay, we find thatfor ary 1 < k < | we have

Ak(t,h(1),0,...,0) > Ag(t,hg(t),0,...,0) — 4nk2+2k(h| (t) — hy(t))

|
> g_ oA+ 2 40720 g _ gk,

iR

(6.4)
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Therefore Ak(t,h(t),0,...,0) — o ask — co uniformly int € R. Let I bethe
cune obtainedrom thegraphof h by filling thegapsatthe pointsof discontinuity
with vertical segments.Sinceh is a decreasindgunction, I is a chord-arccurve.
LetG' =GNn{(x,y): |x <1}.

In view of Lemma6.2it remaingto prove that

lim supe 2 u(Nel') = oo (6.5)

£—0

Pick alargepositive integerK andlet € = 4"k For ary line sggmentL of length
& we have

//\mds? ngXAK’ m> K, (6.6)
L

by virtue of (5.6). For sggmentsL atdistancdessthane from thegraphof h, the
righthandside of (6.6) is large by the Lipschitz estimate(5.4) appliedto Ak 1.
Letting K — oo we obtain(6.5). ad
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