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Abstract Weconstructquasiconformalmappingsin Euclideanspacesby integra-
tion of adiscontinuouskernelagainstdoublingmeasureswith suitabledecay. The
differentialsof mappingsthat arisein this way satisfy an isotropic form of the
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doublingmeasurethat is not absolutelycontinuouswith respectto theLebesgue
measure.
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1 Intr oduction

GivenanonatomicpositiveRadonmeasureµ on
�

, defineanincreasingfunction
fµ
�
x ��� x

0 dµ
�
z� , so that f �µ � µ in the senseof distributions.It is well-known

that µ is doubling if andonly if fµ is quasisymmetric.We extendthis relation
betweendoublingmeasuresandquasisymmetricmappingsto higherdimensions.
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Observe that

fµ
�
x ��� 1

2 � x 	 z

x 	 z


�� z

z

 dµ

�
z��


For anonatomicRadonmeasureµ on
� n, n � 1, wedefine fµ :

� n � � n by

fµ
�
x ��� 1

2 � n

x 	 z

x 	 z


�� z

z

 dµ

�
z��
 (1.1)

where

 � 
 is now interpretedas the Euclideannorm. When n � 2 the integrand

in (1.1) is notcompactlysupportedwith respectto z. Theintegral (1.1)converges
providedthatµ satisfiesthedecaycondition

�
z
� �

1



z

�� 1dµ

�
z��� ∞ 
 (1.2)

For 0 � γ � n, let �
γ µ
�
x ��� � n



x 	 z


 γ � ndµ
�
z�

betheRieszpotentialof µ of orderγ . Condition(1.2)is equivalentto

�
n � 1µ being

finite almosteverywhere.Hereandin thesequelthewords“almosteverywhere”
or “a.e.” refer to the Lebesguemeasure.A positive Radonmeasureµ on

� n is
calleddoublingif thereis a constantC � 1 suchthatµ

�
2B ��� Cµ

�
B � for any ball

B � � n. Here2B standsfor the ball that hasthe samecenterasB andtwice its
radius.

Theorem 1.1 Let µ bea doublingmeasure on
� n that satisfiesthedecaycondi-

tion (1.2). Themappingfµ definedby(1.1) is η-quasisymmetricwith η depending
only on thedoublingconstantof µ . Furthermore, fµ is δ -monotoneand for a.e.
x � � n

1
12C3

�
n � 1µ

�
x ����� D fµ

�
x ����� π

�
n � 1µ

�
x �� (1.3)

whereC is thedoublingconstantof µ .

Theorem1.1 expandsthe classof weightsthat areknown to be comparableto
Jacobiansof quasiconformalmappings.The quasiconformalJacobianproblem
posedby David andSemmesin [9] asksfor acharacterizationof all suchweights
(seealso[4,6,7,16,18]). Theauthorsof [6] point out thatsucha characterization
would give agoodideaof whichmetricspacesarebi-Lipschitzequivalentto

� n.
A mappingf :

� n � � n is calledmonotoneif ! F � x ��	 F
�
y �" x 	 y #�� 0 for all

x y � � n, where ! �  � # is theinnerproduct[2,27]. In otherwords,F is monotoneif
theangleformedby thevectorsF

�
x ��	 F

�
y � andx 	 y is at mostπ $ 2. A stronger

versionof this condition,introducedby Sobolevskii in [19], requirestheangleto
beboundedby a constantlessthanπ $ 2.

Definition 1.2 Let δ � � 0 1% . A mappingF from a convex domainΩ � � n into� n is calledδ -monotoneif for all x y � Ω

! F � x ��	 F
�
y �� x 	 y#�� δ



F
�
x ��	 F

�
y � 
�
 x 	 y


 
 (1.4)



Doublingmeasures,monotonicity, andquasiconformality 3

Let Ω be a domainin
� n . An injective mapping f : Ω � � n is calledη-quasi-

symmetricif thereis ahomeomorphismη : & 0 ∞ � � & 0 ∞ � suchthat

f
�
x ��	 f

�
z� 



f
�
y ��	 f

�
z� 
 � η



x 	 z




y 	 z


  z � Ω  x y � Ω ')( z*+
 (1.5)

In the casen � 2, f is calledK-quasiconformalif f � W1 , n
loc

�
Ω ;
� n � andthe op-

eratornormof thederivative D f satisfies� D f
�
x �-� n � K detD f

�
x � , a.e.in Ω for

someK � 1.
Every sense-preservingquasisymmetricmapping f :

� n � � n , n � 2, is qua-
siconformalandviceversa([12, Ch.10], [24, p. 98]). Thefollowing resultrelates
δ -monotoneandquasisymmetricmappings.

Theorem 1.3 [14, Theorem 4] Supposethat n � 2 and f : Ω � � n is a non-
constantδ -monotonemapping. If B is a closedball such that 2B � Ω , then f is
η-quasisymmetricon B with η dependingonlyon δ .

Quasiconformalityis known to berelatedto thedoublingconditionin several
ways[5,17,20]. For example,if f :

� n � � n is quasiconformal,then � D f � n is a
doublingweight,andmoreover an A∞ weight [10]. Consequently, � D f � is dou-
bling aswell. Sinceδ -monotonicityis astrongerpropertythanquasiconformality,
onecanexpectthatthedifferentialof aδ -monotonemappingsexhibitsa stronger
doublingbehavior. Our Theorem1.5 confirmsthis. Beforestatingit, we observe
thata Radonmeasureµ is doublingif andonly if thereexistsa constantA such
that

A
� 1 � µ

�
Q1 �

µ
�
Q2 � � A

for any congruentcubesQ1 andQ2 with nonemptyintersection.Recall that two
subsetsof

� n arecalledcongruentif thereis anisometryof
� n thatmapsoneof

themontotheother.

Definition 1.4 A Radonmeasureµ on
� n is isotropic doublingif thereis a con-

stantA � 1 suchthat

A
� 1 � µ

�
R1 �

µ
�
R2 � � A (1.6)

wheneverR1 andR2 arecongruentrectangularboxeswith nonemptyintersection.

Theorem 1.5 Let f :
� n � � n be a nonconstantδ -monotonemapping, n � 2.

Thentheweight � D f � is isotropicdoubling.

Therequirement(1.6) for all boxesregardlessof their orientationandaspect
ratio imposesa very strongcondition on the measurewhen n � 2. In particu-
lar, in any cubethe projectionof an isotropicdoublingmeasureto any

�
n 	 1� -

dimensionalfaceof thecubeis comparableto the
�
n 	 1 � -dimensionalLebesgue

measure. n � 1 (Lemma3.1).

Theorem 1.6 For everyn � 2 thereexistsan isotropicdoublingmeasure µ on
� n

that is purelysingularwith respectto . n.
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Theorem 1.7 For everyn � 2 thereexistsan isotropicdoublingmeasure µ on
� n

anda bi-Lipschitz mappingf :
� n � � n such that thepushforward measure f#µ

is not isotropicdoubling.

Theorems1.1, 1.5, 1.6, and1.7 areproved in sections2, 3, 5 and6, respec-
tively. We alsoprove that the distancefunctionsof certainfractal subsetsof

� n

give rise to isotropic doubling weights(Proposition3.6). By virtue of this re-
sult, the setsconstructedby Semmes[18] andLaakso[16] provide examplesof
isotropicdoublingweightsthatarenot comparableto � D f � for any δ -monotone,
or evenquasiconformal,mappingf :

� n � � n.

2 Doubling measuresand monotonemappings

The balls, cubes,and rectangularboxes consideredin this paperare assumed
closed.A nonnegative locally integrablefunction on

� n is called a weight. A
weight is doublingif the measurew

�
x � d. n � x � is doubling,where . n is the n-

dimensionalLebesguemeasure.Throughoutthepaperwe only considerpositive
nonzeromeasures.

In this sectionwe study the mapping fµ definedby (1.1). In particular, we
proveTheorem1.1andits moregeneralversion,Theorem2.1.Giventhreedistinct
pointsx y z � � n , let l

�
x y z�/� 


x 	 y

 � 
 x 	 z


 � 
 y 	 z


denotetheperimeterof

thetrianglexyz. Also let zxybetheanglebetweenthevectorsy 	 x andz 	 x, and
define

τ
�
x y z� :� π 	 max( zxy zyx*+


Theorem 2.1 Let Ω � � n be a convex domain,n � 2. Let µ be a nonatomic
Radonmeasure on

� n that satisfies(1.2). Supposethat there existsκ 0 0 such
that

lim inf
y1 x � n

τ2 � x y z� dµ
�
z�

l
�
x y z� � n

τ
�
x y z� dµ

�
z�

l
�
x y z� � κ (2.1)

for all x � Ω . Thenfµ is δ -monotonein Ω with δ � κ $ � 2π2 � .
Theproof is precededby anelementarylemma.

Lemma 2.2 Fix z � � n anddefinegz
�
x �2� � x 	 z�"$ 
 x 	 z



for x � � n '3( z* . For any

distinctpointsx y � � n ')( z* wehave

2


x 	 y



π l
�
x y z� τ

�
x y z��� 
 gz

�
x ��	 gz

�
y � 
 � 4



x 	 y



l
�
x y z� τ

�
x y z� (2.2)

and

2


x 	 y


 2
π2l

�
x y z� τ

�
x y z� 2 �4! gz

�
x ��	 gz

�
y �� x 	 y#�� 4



x 	 y


 2
l
�
x y z� τ

�
x y z� 2 
 (2.3)
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Proof Firstweprove (2.2). By thesinetheorem

sinxzy

x 	 y


 � sinzyx� sinzxy

x 	 z


 � 
 y 	 z

 
 (2.4)

Expressthesumof sinesasa product:

sinzyx� sinzxy� 2cos
xzy
2

cos
zyx	 zxy

2

 (2.5)

Combining(2.4), (2.5), andtheidentity sinxzy� 2sin 5xzy
2 cos 5xzy

2 , weobtain

sin 5xzy
2


x 	 y

 � cos 5zyx� 5zxy

2

x 	 z


 � 
 y 	 z

 
 (2.6)

Thedefinitionof gz implies



gz
�
x ��	 gz

�
y � 
 � 2sin

xzy
2
 

which togetherwith (2.6)yield



gz
�
x ��	 gz

�
y � 
 � 2



x 	 y




x 	 z


 � 
 y 	 z

 cos

zyx	 zxy
2


 (2.7)

By thetriangleinequality

1
2

l
�
x y z�6� 
 x 	 z


 � 
 y 	 z

 � l

�
x y z��
 (2.8)

Therefore(2.2)will follow from (2.7)onceweprove that

1
π

τ
�
x y z��� cos

zyx	 zxy
2

� τ
�
x y z��
 (2.9)

Let α � max( zxy zyx* . We have

cos
zyx	 zxy

2
� cos

α
2
� sin

π 	 α
2

� 2
π

π 	 α
2

� 1
π

τ
�
x y z�" 

which proves the first inequality in (2.9). The secondinequality is trivial when
α � π $ 2, becausethenτ

�
x y z�7� π 	 α 0 1. If α 0 π $ 2, then

cos
zyx	 zxy

2
� cos

α 	 � π 	 α �
2

� sin
�
π 	 α ��� π 	 α � τ

�
x y z�"


This proves(2.9)and (2.2).
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Theproof of (2.3) involvesthe identity cosα � cosβ � 2cosα 8 β
2 cosα � β

2 as
follows:

! gz
�
x ��	 gz

�
y �" x 	 y#�� ! z 	 x y 	 x#


x 	 z

 � ! z 	 y x 	 y#


y 	 z



� �
coszxy� cosxyz� 
 x 	 y



� 2sin

xzy
2

cos
zxy	 xyz

2



x 	 y



� 


gz
�
x ��	 gz

�
y � 
�
 x 	 y



cos

zxy	 xyz
2



Applying (2.7)weobtain

! gz
�
x ��	 gz

�
y �� x 	 y#�� 2



x 	 y


 2

x 	 z


 � 
 y 	 z

 cos2

zyx	 zxy
2


 (2.10)

This togetherwith (2.8)and(2.9) imply (2.3). 9:
Proof of Theorem2.1 Since

fµ
�
x ��	 fµ

�
y ��� 1

2 � n

�
gz
�
x ��	 gz

�
y �;� dµ

�
z�� 

Lemma2.2 impliesthefollowing inequalities.



fµ
�
x ��	 fµ

�
y � 
 � 2



x 	 y


 � n

τ
�
x y z�

l
�
x y z� dµ

�
z� ; (2.11)

1
π2



x 	 y


 2 � n

τ
�
x y z� 2

l
�
x y z� dµ

�
z�3�4! fµ

�
x ��	 fµ

�
y �" x 	 y#

� 2


x 	 y


 2 � n

τ
�
x y z� 2

l
�
x y z� dµ

�
z��


(2.12)

Choosea numberκ � sothat0 � κ � � κ. Combining(2.11), (2.12), and(2.1), we
concludethatfor everyx � Ω thereexistsε

�
x ��0 0 suchthat

! fµ
�
x ��	 fµ

�
y �" x 	 y#�� κ �

2π2



fµ
�
x ��	 fµ

�
y � 
�
 x 	 y



(2.13)

whenever


x 	 y


 � ε
�
x � . Next, let x andy beany distinctpointsin Ω . Theline seg-

ment & x y% is coveredbyopenballsB
�
z ε � z�"$ 2 � , z �<& x y% . Chooseafinite subcover

with centerszj � y � t j
�
x 	 y � , 0 � t0 � t1 � �=�=� � tN � 1. Then

! fµ
�
x ��	 fµ

�
y �� x 	 y#>� N

∑
j ? 1
! fµ
�
zj ��	 fµ

�
zj � 1 �" x 	 y #

� κ �
2π2

N

∑
j ? 1



fµ
�
zj ��	 fµ

�
zj � 1 � 
�
 x 	 y




� κ �
2π2



fµ
�
x ��	 fµ

�
y � 
�
 x 	 y


 

Letting κ � � κ completestheproof. 9:
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Proof of Theorem1.1 Let C be suchthat µ
�
2B ��� Cµ

�
B � for any ball B � � n.

Giventwo distinctpointsx y � � n andr 0 0, choosea pointw � � n sothatx 	 w
is orthogonalto x 	 y and



x 	 w


 � r $ 2. It is easyto seethatτ
�
x y z�@� π $ 3 for all

z � B
�
w r $ 4� . SinceB

�
x r ��� B

�
w 3r $ 2�/� 8B

�
w r $ 4 � , it followsthatµ

�
B
�
x r �=���

C3µ
�
B
�
w r $ 4 �;� . Usingthis togetherwith theinequality


x 	 z

 � 
 x 	 y


 � l
�
x y z��� 2

�"

x 	 z


 � 
 x 	 y

 �" 

weobtain

� n

dµ
�
z�

l
�
x y z� � � n

dµ
�
z�


x 	 z

 � 
 x 	 y


 � ∞

0

µ
�
B
�
x r �;� dr�

r � 
 x 	 y

 � 2 (2.14)

and

� n

τ
�
x y z� 2

l
�
x y z� dµ

�
z��� π2

6C3

∞

0

µ
�
B
�
x r �;� dr�

r � 
 x 	 y

 � 2 
 (2.15)

Therefore,µ satisfiesastrongerconditionthan(2.1), namely

� n

τ2 � x y z�
l
�
x y z� dµ

�
z�3� c � n

dµ
�
z�

l
�
x y z� (2.16)

for any distinctpointsx y � � n. Herec � π2 $ � 6C3 � . By Theorem2.1themapping
fµ is δ -monotone,andthereforeη-quasisymmetric.Hereη dependsonly on δ ,
which in turn dependsonly onC.

It remainsto prove (1.3). Sincel
�
x y z��� 2



x 	 z



, inequality(2.11)implies

lim sup
y1 x



fµ
�
x ��	 fµ

�
y � 



x 	 y

 � π

�
n � 1µ

�
x �" x � Ω 
 (2.17)

Inequalities(2.12)and(2.16)yield

lim inf
y1 x



fµ
�
x ��	 fµ

�
y � 



x 	 y

 � 1

6C3 lim inf
y1 x � n

dµ
�
z�

l
�
x y z� 


For any ε 0 0 thelimit

lim
y1 x

1
l
�
x y z� � 1

2


x 	 z



is uniformwith respectto z � � n ' B

�
x ε � . Therefore,

lim inf
y1 x � n

dµ
�
z�

l
�
x y z� � � nA B B x , ε C

dµ
�
z�

2


x 	 z



Letting ε � 0 yields

lim inf
y1 x



fµ
�
x ��	 fµ

�
y � 



x 	 y

 � 1

12C3

�
n � 1µ

�
x �� x � Ω  (2.18)

becauseµ hasno atoms.Combiningtheestimates(2.17)and(2.18), weconclude
that(1.3)holdswhenever fµ is differentiableatx. 9:
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Remark2.3 Condition(2.1)is closeto beingbestpossiblefor theδ -monotonicity
of fµ in Theorem2.1in view of (2.2), (2.3), and(2.12). Theproofof Theorem1.1
shows thatcondition(2.16)is sufficient for thevalidity of (1.3).

Sincetheassumption(2.1) in Theorem2.1 is hardto verify directly, we state
a simpler condition that implies it. Given a line L in

� n anda point x � L, let
Sα
�
x L � bethedouble-sidedconeof openingangleα � � 0 π $ 2 � with vertex x and

axis L. Formally, z � Sα
�
x L � if andonly if the acuteanglebetweenthe vector

z 	 x andtheline L is at mostα. We alsointroducea notationfor sphericalshells
A
�
x r  R�>��( z: r � 
 z 	 x


 � R* .
Proposition2.4 Let µ bea nonatomicRadonmeasureon

� n . Supposethat there
exist constantsα � � 0 π $ 2� , C 0 0, andM � 1 such that for anyline L � � n , any
x � L andanyr 0 0 wehave

µ
�
A
�
x r  2r �=�6� Cµ

�
A
�
x M � 1r  2Mr ��' Sα

�
x L �;�"
 (2.19)

Thenthemeasure µ satisfies(2.16)andconsequently(2.1).

Proof Without lossof generalitywemayassumethatM � 2m for someintegerm.
Giveny � � n 'D( x* , let L betheline throughx andy. Inequality(2.19)implies

� n

dµ
�
z�

l
�
x y z� � C1 � nA Sα B x , LC

dµ
�
z�

l
�
x y z� (2.20)

whereC1 dependsonly onC andM. Indeed,

� n

dµ
�
z�

l
�
x y z� � ∑

k E-F A B x , 2k , 2kG 1C
dµ
�
z�

l
�
x y z� � ∑

k E-F
µ
�
A
�
x 2k  2k8 1 �;�

2k � 
 x 	 y



� C ∑
k EHF

µ
�
A
�
x M � 12k  M2k8 1 ��' Sα

�
x L �;�

2k � 
 x 	 y



� C1 � nA Sα B x , LC
dµ
�
z�

l
�
x y z�  

which proves(2.20). Sinceτ
�
x y z�D� α for all z $� Sα

�
x L � , estimate(2.20) im-

plies(2.16). 9:
Any doubling measuresatisfies(2.19), becausethe set A

�
x r  2r ��' Sα

�
x L �

containsa ball of radiuscomparableto r. The following resultshows that (2.19)
is satisfiedby somenon-doublingmeasuresaswell.

Proposition2.5 Letν bea doublingmeasureon
� n , n � 2. Definea measureµ by

settingµ
�
E �I� ν

�
E ' B

�
0 1 �;� . Thenµ satisfiestheassumptionsof Proposition2.4.

Proof Fix x � � n andr 0 0. If A
�
x r  2r �/� B

�
0 1� , then(2.19)holds.Supposethat

thereis a point y � A
�
x r  2r ��' B

�
0 1 � . Let y� � y � 4ry$ 
 y 
 . Note thatB

�
y�  2r ��J

B
�
0 1���LK and2r � 


y� 	 x

 � 6r. For every line L throughx thereis a point

z � B
�
y�  r � suchthat dist

�
z L �M� r. It follows that B

�
z r $ 2 �/J Sα

�
x L �6�LK for

sufficiently smallabsoluteconstantα. Therefore,

B
�
z r $ 2 ��� A

�
x r $ 4 8r ��' Sα

�
x L �"
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Furthermore,µ
�
B
�
z r $ 2 �;�I� ν

�
B
�
z r $ 2 �;� becauseB

�
z r $ 2 �/� B

�
y�  2r � . Usingthe

doublingpropertyof ν weobtain

ν
�
B
�
z r $ 2�=��� C� ν � B � x 2r �;��� µ

�
A
�
x r  2r �=�

whereC� dependson thedoublingconstantof ν. 9:
Example2.6 Themeasureµ definedby theweight

w
�
x ��� 


x

 p  


x

 0 1 

0 

x

 � 1 

satisfiestheassumptionsof Theorem2.1 whenever 	 n � p � 1 	 n. However, µ
is nota doublingmeasure.

Remark2.7 For any γ � � n 	 1 n � andevery Radonmeasureµ theRieszpoten-
tial

�
γ µ is comparableto � D f � for somequasiconformalmapping f :

� n � � n,
provided that

�
γ µ
�
x �ONP ∞ [15, Lemma4.1]. By the compositionformula for

Riesz potentials[21, p. 118] we have

�
γ µ � C

�
n � 1

�
γ � n8 1µ for somecon-

stantC � C
�
n γ � . Since

�
γ � n8 1µ is a doublingmeasure,andevenanA1-weight,

Lemma4.1 in [15] alsofollows from Theorem1.1.

Remark2.8 In [7] Bonk, Heinonen,andSaksmanusedquasiconformalflows to
give anotherclassof weightsthat arecomparableto quasiconformalJacobians.
Theseareweightsof theform

w
�
x �7� exp 	 � n

log


x 	 z



dµ
�
z�  (2.21)

whereµ is a signedRadonmeasureof sufficiently small total variation.Neither
of the classesof weightsin Theorem1.1 andequation(2.21) is containedin the
otherone.

It is possiblethat therelationbetweenRieszpotentialsandJacobiansof qua-
siconformalmappingscanbeextendedbeyondtheresultspresentedhere.

Question2.9 Let n � 2, 0 � γ � n, and let µ be a Radonmeasureon
� n such

that

�
γ µ NP ∞. Doesthereexist a quasiconformalmappingf :

� n � � n suchthat
C
� 1

�
γ µ � detD f � C

�
γ µ a.e.for someconstantC?

By Gehring’s theorem[10, Theorem1] every quasiconformalmapping f on� n satisfies� D f ��� Lp
loc for somep 0 n. ThisandTheorem1.1immediatelyimply

thefollowing result.

Corollary 2.10 If µ is a doublingmeasure on
� n, n � 2, thentheRieszpotential

�
n � 1µ is eitherinfinite at everypointor is in Lp

loc

� � n � for somep 0 n.

Corollary2.10is probablyknown, althoughwecouldnotfind a reference.
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3 Isotropic doubling measures

In this sectionweprove Theorem1.5andgive severalexamplesof isotropicdou-
bling measures.It is clearthatany weightw � L∞ � � n � suchthatessinf x E � nw

�
x ��0

0 is isotropicdoubling.

Lemma 3.1 Supposethata measure µ satisfies(1.6), andn � 2. Then:

(i) For anycongruentrectangularboxesR1  R2 � � n

A
� m � µ

�
R1 �

µ
�
R2 � � Am where m � dist

�
R1  R2 �

diam
�
R1 � � 1
 (3.1)

(ii) Let Q � � n bea cube, and let F bea faceof R. Thepushforward π#µ �Q of

µ �Q undertheorthogonalprojectionπ : Q � F is comparableto . n � 1�
F with

constantsthatdependonlyon n andA.

Proof (i) Thereexist congruentboxesS0  =
;
=
" Sm suchthatS0 � R1, Sm � R2, and
Si J Si � 1 N�QK for i � 1 =
=
;
= m. Repeatedapplicationof (1.6)yields(3.1).

(ii) Let l bethelengthof theedgesof Q. Let Q1 andQ2 becongruent
�
n 	 1� -

dimensionalcubescontainedin F . TheboxesRi � π
� 1 � Qi � havediameterat least

l andthedistancebetweenthemis at mostdiamF �4R n 	 1l . By (3.1)wehave

A
� m � π#µ

�
Q1 �

π#µ
�
Q2 � � Am  wherem � R n 	 1 � 1


Thestatementfollowsby lettingdiam
�
Qi � � 0. 9:

Lemma3.1 implies that any isotropicdoubling measureon
� n vanisheson

setsof
�
n 	 1� -dimensionalmeasurezero.Thefollowing lemmais themainstep

in ourproof of Theorem1.5.

Lemma 3.2 Let f :
� n � � n beanonconstantδ -monotonemapping, n � 2. There

existsC 0 1 such that for anyrectangularboxR � � n

C
� 1diam

�
f
�
R�;�

diam
�
R� � 1. n

�
R� R

� D f
�
x �-� d . n � x ��� C

diam
�
f
�
R�=�

diam
�
R� 
 (3.2)

HereC dependsonlyon δ andn.

Proof Without lossof generalitywemayassumethat

R �Q( x : S i 0 � xi � ai *I where a1 � a2 � �=�=� � an 

Weusee1  =
=
;
= en to denotethestandardbasisvectorsin

� n . Let π
�
x1  x2  =
;
=
" xn �2��

0 x2  =
;
=
= xn � be the orthogonalprojectiononto the linear spanof e2  ;
=
;
= en. Fix
z � π

�
R� for now. Since f is quasisymmetric,it follows that


f
�
z � a1e1 ��	 f

�
z� 
 � cdiam f

�
R�

wherec dependsonly on δ andn. On theotherhand,Definition 1.2 implies that
theimageof theline segmentπ

� 1 � z�IJ Runder f is arectifiablecurveof lengthat
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mostδ
� 1 
 f � z � a1e1 ��	 f

�
z� 
 , which is in turn boundedby δ

� 1diam f
�
R� . There-

fore,

cdiam f
�
R��� a1

0
� D f

�
z � te1 �-� dt � δ

� 1diam f
�
R��
 (3.3)

Integrating(3.3)overz � π
�
R� , weobtain

cdiam f
�
R� n

∏
i ? 2

ai �
R
� D f

�
x �-� d. n � x ��� δ

� 1diam f
�
R� n

∏
i ? 2

ai 

Dividing thelatterinequalityby . n � R� , wearriveat (3.2). 9:
Proof of Theorem1.5 By virtue of Lemma3.2 it sufficesto prove that the ratio
diam f

�
R1 �"$ diam f

�
R2 � is uniformly boundedfor any congruentboxesR1 andR2

with R1 J R2 N�LK . Let d � diamR1 andpick a point y � R1 J R2. Thereexists
z � R2 suchthat



y 	 z


 � d $ 2. For any x � R1 wehave

f
�
x ��	 f

�
y � 



f
�
z��	 f

�
y � 
 � η



x 	 y




z 	 y


 � η
�
2�" 

whereη is themodulusof quasisymmetryof f . Therefore,

diam f
�
R1 ��� 2η

�
2� 
 f � z��	 f

�
y � 
 � 2η

�
2 � diam f

�
R2 �

asrequired. 9:
Theorem1.5 providesa large family of isotropicdoublingweights.Indeed,

for any setE � � n of Hausdorff dimensiondimE � 1 onecanfind aδ -monotone
mappingf :

� n � � n suchthat � D f � hasessentiallimit 0 ateverypointof E (see
Theorem5.6[15] andTheorem17 [14]).

Let T and U denotethe setsof arbitrarily orientedcubes(resp.rectangular
boxes) of diameterat most 1. To a Radonmeasureµ on

� n we associatetwo
maximalfunctionsVXW

µ
�
x �7� sup( µ � Q �"$-. n � Q � : x � Q �YTZ* ;V\[

µ
�
x �7� sup( µ � R�"$-. n � R� : x � R �]U^*+


Obviously

V W
µ
�
x ���

V [
µ
�
x � for all x � � n.

Lemma 3.3 If µ is an isotropic doublingmeasure on
� n , thenthere existsC � 1

such that

V [
µ
�
x ��� C

V W
µ
�
x � for all x � � n.

Proof Fix x � � n . GivenaboxR �_U containingx, find acubeQ suchthatR � Q,
the edgesof R andQ areparallel,andthe edgesof Q have the samelengthasa
longestedgeof R. Although in generalQ $�`T , thediameterof Q cannotexceedR n. Lemma3.1(ii) impliesµ

�
R�"$-. n � R��� Cµ

�
Q ��$H. n � Q� . Thedoublingprop-

erty of µ andthedefinitionof

V W
yield µ

�
Q ��$H. n � Q ��� C

V W �
x � . 9:

Lemma3.3and [21,p.5] imply thatthemaximaloperator

V [
satisfiesweak�

1 1� andstrong
�
p p� estimateswhenrestrictedto the linear spanof isotropic

doublingweightswith thesamedoublingconstant.In [1, Theorem1.4] theoper-
ator

V [
wasprovedto beboundedoncertainBesov spaces.NeitherLemma3.3

norTheorem1.4[1] imply eachother.
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Example3.4 Theweightw
�
x �/� 


x

 p, x � � n , is isotropicdoublingif andonly if

p 0Q	 1. Sincethe isotropicdoublingcondition is preserved underadditionand
weaka convergenceof measures,for any Radonmeasureµ on

� n andany γ ��
n 	 1 n� theRieszpotential

�
γ µ is isotropicdoublingunless

�
γ µ P ∞.

Proof Let µp bethemeasure


x

 pd. n � x � , andlet

R1 �b( x � � n :


x1

 � 1; S i 0 1



xi

 � ε *+ 

R2 �b( x � � n :


x1 	 2


 � 1; S i 0 1


xi 	 1


 � ε *+

If 	 n � p �4	 1, thenµp

�
R1 ��$ εn � 1 � ∞ asε � 0. Indeed,



x

 � R nx1 whenever

x1 � 

xi



for all i 0 1. The latter holds in particularwhen x � R1 and x1 � ε.
Therefore,

µp
�
R1 �

εn � 1 � npc 2 1

ε
xp

1dx1
� ∞  ε � 0


Sinceµp
�
R2 �)� 2nεn � 1, by Lemma3.1 (ii) themeasureµp is not isotropicdou-

bling in therange	 n � p �4	 1. Thesufficiency part follows from Theorem1.5.
Indeed,for p 0d	 1 themapping fp

�
x �@� 


x

 px is δ -monotoneby Proposition16

in [14]. By Theorem1.5 � D f � is an isotropicdoublingweight.Since � D fp � is a
p-homogeneousradiallysymmetricfunction,it coincideswith aconstantmultiple
of


x

 p. 9:

Giventwo pointsa b � � n, let & a b% denotethesegment ( λa � � 1 	 λ � b: λ �& 0 1%e* . A set A � � n is uniformly linearly non-convex (ULNC) if thereexists
τ 0 0 suchthat thefollowing holds:To eachpair of distinctpointsa b � A there
correspondsc �`& a b% suchthatB

�
c τ 
 a 	 b


 �>J A �QK . [25] Thefollowing lemma
containsanequivalentdefinitionof ULNC sets.

Lemma 3.5 SupposethatA � � n is ULNCwith a constantτ 0 0. Letτ � � τ $ � 2 �
2τ � . Thento each pair of distinctpointsa b � � n therecorrespondsc �Y& a b% such
thatB

�
c τ � 
 a 	 b


 ��J A �bK .

Proof Without lossof generalitywe may assumethat


a 	 b


 � 1. Supposethat
therearepointsa�  b� � A suchthat



a� 	 a


 � τ � and


b� 	 b


 � τ � ; otherwisewe
cansetc � a or c � b. Since



a� 	 b� 
 � �

1 	 2τ � � , thereexists c� �f& a�  b� % such
that B

�
c�  τ � 1 	 2τ � �=� is disjoint from A. Eachpoint of the segment & a�  b� % is at

distanceatmostτ � from apointof & a b% . Therefore,thereexistsc �g& a b% suchthat

c 	 c� 
 � τ � . Theclosedball with centerc andradius

τ
�
1 	 2τ � ��	 τ � � τ 1 	 τ

1 � τ
	 τ

2 � 2τ
� τ

2 � 2τ
� τ �

is disjoint from A, asrequired. 9:
Proposition3.6 LetA � � n bea nonemptyULNCset.Givenp 0 0, definew

�
x �2�

dist
�
x A � p for x � � n . Theweightw is isotropicdoubling.

Theproof is precededby a lemma.
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Lemma 3.7 A continuousweightw � C
� � n � is isotropic doublingif and only if

thereexistsa constantC such that
1

0
w
�
x0 � tv � dt � C

1

0
w
�
x0 � tv� � dt (3.4)

for all pointsx0 � � n andall vectorsv v� � � n such that


v

 � 


v� 
 0 0. Moreover,
theconstantA in (1.6)dependsonlyonC in (3.4).

Proof If w is continuousand isotropic doubling, then (3.4) follows by apply-
ing (1.6) to two thin rectangularboxescontainingthesegments( x0 � tv: 0 � t �
1* and ( x0 � tv� : 0 � t � 1* . Conversely, supposethat(3.4)holds.Let R1 andR2
becongruentboxeswith nonemptyintersection.Let d be the lengthof a longest
edgeof Ri . If Li � Ri is asegmentof lengthd connectingtwo oppositefacesof Ri ,
thenRi is containedin the closed R n 	 1d-neighborhoodof Li for eachi � 1 2.
Thisimpliesdist

�
L1  L2 �@� 2R n 	 1d. For anintegerN � 2R n 	 1 � 2 wecanfind

a sequenceof segmentsl1  =
=
;
; lN of equallengthsuchthat l1 � L1, lN � L2, and
l i sharesanendpointwith l i 8 1 for i � 1 ;
=
=
; N 	 1. A repeatedapplicationof (3.4)
yields

L1

w
�
x � ds � CN � 1

L2

w
�
x � ds


Sincethe box Ri is foliated by segmentssuchasLi , inequality(1.6) holdswith
A � CN � 1. 9:
Proof of Proposition3.6 If dist

�
x0  A ��� 2



v


, then

dist
�
x0  A ��� 1

0
w
�
x0 � tv � dt

1c p � 3dist
�
x0  A ��


If dist
�
x0  A ��� 2



v


, then

1

0
w
�
x0 � tv � dt

1c p � 3


v

 


UsingLemma3.5weobtainthereverseinequality

1

0
w
�
x0 � tv � dt

1c p � c


v

  

wherec 0 0 dependsonly on τ in thedefinition of a ULNC set.By Lemma3.7
theweightw is isotropicdoubling. 9:
Remark3.8 Theorem1.5 admits no converse,that is, there exist isotropically
doubling weights that are not comparableto � D f � for any δ -monotonemap-
ping f . This follows from the resultsof Semmes[18] and Laakso[16], who
constructedcompactULNC setsA � � n suchthat for somep 0 0 the weight
w
�
x � :� dist

�
x A � p is not comparableto � D f � for any quasiconformalmapping

f :
� n � � n. By Proposition3.6theweightw is isotropicdoubling.Theexample

of Semmesis a form of theAntoine’s necklace,andrequiresn � 3 (seetheproof
of Theorem1.10 in [18]). The exampleof Laaksois two-dimensional[16, The-
orem1.7]. The fact that the setsconsideredby SemmesandLaaksoareULNC
follows from Theorem3.3 in [25].
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Remark3.9 Buckley, Hansonand MacManusconsideredseveral strongerver-
sionsof thedoublingconditionin [8], but ourDefinition1.4doesnotappearto be
directly relatedto any of them.

4 The Monge-Ampère measures

The main purposeof this sectionis to point out a consequenceof Theorem1.5
for convex functionson

� n . Let u:
� n � �

be a convex function, n � 1. The
subdifferentialof u ata pointz � � n is theset

∂u
�
z���Q( p � � n : u

�
x �3� u

�
z� � ! p x 	 z#�S x � � n *I


Theconvexity of u implies∂u
�
z�hN�iK for all x � � n . The functionu is differen-

tiableatz � � n if andonly if ∂u
�
z� is theone-pointset ( ∇u

�
z�;* . Givenz � � n and

p � ∂u
�
z� , let

uz, p � x ��� u
�
x ��	 u

�
z��	j! p x 	 z#; x � � n 


Thesection[11, p.45] of u with thecenterz � � n, directionp � ∂u
�
z� , andheight

t 0 0 is definedas
Su
�
z p t ����( x � � n : uz, p � x �6� t *I


If u is Gâteauxdifferentiableatz, thenwewrite uz insteadof uz,∇u B zC . TheMonge-
Amp̀ere measure associatedwith u is definedby µu

�
E ����. n � ∂u

�
E �;� for every

Borel setE � � n . Notethataddinganaffine functionto u doesnot changeµu. If
u � C2, thenµu is absolutelycontinuouswith thedensitydetD2u

�
x � , whereD2u

is theHessianmatrixof u.

Definition 4.1 [15] A convex function u:
� n � �

hasroundsectionsif there
existsa constantτ � � 0 1 � suchthatfor everyz � � n , p � ∂u

�
z� andt 0 0

B
�
z τR��� Su

�
z p t ��� B

�
z R� (4.1)

for someR � � 0 ∞ � .
Proposition4.2 If a convex functionu:

� n � �
hasroundsections,then


�

D2u


�

is an isotropicdoublingweight.

Proof First, considerthecasen � 1. By Theorem3.1 [15] andRemark3.3 [15]
u is continuouslydifferentiableand∇u:

� � �
is quasisymmetric.If I andJ are

adjacentintervalsof equallength,thenµu
�
I �D� η

�
1� µu

�
J � , whereη is asin 1.5.

Thusµu is doubling,which in onedimensionis thesameasbeingisotropicdou-
bling.

Next, assumen � 2. By Theorem3.1 [15] u is continuouslydifferentiable,
andthegradientmapping∇u:

� n � � n is quasiconformal.Sincethe changeof
variablesformula appliesto quasiconformalmappings[26, Theorem33.3], we
have

µu
�
E �7�

E
detD2u

�
x � d . n � x �" E � � n measurable.

QuasiconformalityalsoimpliesthatdetD2u is comparableto � D2u � n upto amul-
tiplicative constant.By Theorem14 [14] the gradient∇u is a δ -monotonemap-
ping,hence� D2u � is isotropicdoublingby Theorem1.5. 9:



Doublingmeasures,monotonicity, andquasiconformality 15

Remark4.3 Themapping fµ definedby (1.1) is thegradientof theconvex func-
tion

vµ
�
x � :� � n



x 	 z


 	 
 z
 � ! x z#

z

 dµ

�
z��
 (4.2)

Indeed,for all x z � � n

x 	 z

x 	 z


 � z

z

 � ∂



x 	 z


 	 
 z
 � ! x z#

z

  

wherethesubgradientis takenwith respectto x. Therefore,fµ
�
x �6� ∂vµ

�
x � for all

x � � n . Thecontinuityof fµ impliesthatvµ
�
x � is differentiableand∇vµ � fµ .

If thegradientof a convex function is quasisymmetric,thenit is δ -monotone
by Lemma13 in [14]. This togetherwith Remarks2.3 and4.3 indicatethatcon-
dition (2.1) is closeto beingbestpossiblefor thequasiconformalityof fµ in The-
orem2.1.

5 Singular isotropic doubling measures

It is well-known thatdoublingmeasureson
� n canbesupportedon setsof arbi-

trarily smallpositive Hausdorff measure([3] and[22, p. 40]). This is not truefor
isotropicdoublingmeasuresin dimensionsn � 2 by Lemma3.1(ii) . In thissection
weprove Theorem1.6,which shows thatisotropicdoublingmeasurescanbesin-
gularwith respectto . n. Wewill usethefollowing notation:#A is thecardinality
of afinite setA, a k b � max( a b* , a l b � min( a b* .
Proof of Theorem1.6 Let usintroducea sequenceof vectors

wk :� 4nk2 �
4k  42k  43k  =
;
=
" 4nk ��� � n  k � 1 2 =
;
=
=


For k � 1 define

λk
�
x ��� 1 � 1

2
cos
� ! x wk #m�� x � � n 


and

Λm
�
x ��� m

∏
k? 1

λk
�
x �"


We shall obtaina singularisotropicdoublingmeasureµ asthe weaka limit of a
subsequenceof ( Λm

�
x � d. n � x � : m � 1* . Theproof involvesseveralsteps.

Step1. Existenceof µ . For eachm the weight Λm is 2π-periodic in all vari-
ables.Let Q �n&o	 π  π % n. Clearly QΛ1

�
x � d. n � x ��� �

2π � n. For m � 2 we obtain

Q

�
Λm 	 Λm� 1 � d. n � 0 by integratingin xn over the interval &o	 π  π % andusing

theorthogonalityof thetrigonometricfamily. Therefore, QΛmd. n � �
2π � n for

all m � 1. Chooseasubsequenceof Λm
�
x � d. n � x � converging in theweaka sense

to a
�
2π � -periodicmeasureµ with µ

�
Q ��� �

2π � n.
Step2. Lipschitzestimates.SincetheEuclideannormof wk satisfies

4n B k28 kC � 
 wk 
 � 2 � 4n B k28 kC  (5.1)



16 L.V. Kovalev, D. Maldonado,J.-M. Wu

λk is a Lipschitz function with the constantLk :� 4n B k2 8 kC . Therefore,for any
x x� � � n wehave

λk
�
x�p�

λk
�
x � � 1$ 2

1$ 2 � Lk


x 	 x� 
 � 1 	 2Lk



x 	 x� 
 
 (5.2)

Multiplying (5.2)overk � 1 ;
=
;
= myields

Λm
�
x�p�

Λm
�
x � �

m

∏
k? 1

�
1 	 2Lk



x 	 x� 
 ��� 1 	 2



x 	 x� 
 m

∑
k? 1

Lk � 1 	 3Lm


x 	 x� 
 (5.3)

providedthat3Lm


x 	 x� 
 � 1. Thus

1 	 3Lm


x 	 x� 
 � Λm

�
x� �

Λm
�
x � �

�
1 	 3Lm



x 	 x� 
 � � 1  


x 	 x� 
 � 1
3Lm


 (5.4)

Step3. Singularityof µ . Givenx � � n andr 0 0, let Q
�
x r � denotethecube( y � � n : S i



xi 	 yi


 � r * . To prove that µ is purelysingular, it sufficesto show
that

lim inf
r 1 0

r
� nµ

�
Q
�
x r �;��� 0 for a.e.x � � n 
 (5.5)

For a.e.x � � n wehave limm1 ∞ Λm
�
x �>� 0 by [28, p. 209].Fix suchapointx. For

m � 1 let rm � 4
� n B m8 1C 2π. Notethatthefunctionsλk, k 0 m, are2rm-periodicin

eachvariable.Usingorthogonalityasin Step1, weobtain

µ
�
Q
�
x rm �;���

Q B x , rmC Λm
�
x � d. n � x �"


For everyy � Q
�
x rm � wehave

3Lm


x 	 y


 � 3 � 4n B m28 mC R n4
� n B m8 1C 2π � 0 asm � ∞ 


Therefore,sup( Λm
�
y � : y � Q

�
x rm �;* � 0 asm � ∞. Thisproves(5.5).

It remainsto prove thatΛm satisfies(1.6) with a constantindependentof m.
ConsiderasegmentL givenby theparametricequationsx � x0 � tv, 0 � t � 1, of
lengthr �q� v �D0 0. SetK � max( k � 1: 4nk2 � 1$ r * or K � 0 if nosuchk exists.
Our goalis to show that

L
Λmds r

n
r

K s m

∏
k? 1

1 � 1
2

cos
� ! x0  wk #m� (5.6)

where r
n

indicatesthatmultiplicativeconstantsin theestimatedependonly on n.

Theestimate(5.6) implies(1.6)by Lemma3.7.
Step4. Low-frequencyterms.If K � 2, thenthe termsλk with 1 � k � K 	 1

areessentiallyconstanton L. Indeed,(5.1) implies
 ! v wk # 
 � 2r4n B k2 8 kC � 2 � 4� nK 
 (5.7)

This impliesthatfor all 0 � t � 1 andall 1 � k � K 	 1 wehave

λk
�
x0 � tv ��	 λk

�
x0 � 
 � 4

� nK  
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hence

1 	 2 � 4� nK � λk
�
x0 � tv �

λk
�
x0 � � 1 � 2 � 4� nK 


Takinga productoverk � 1 =
=
;
; K 	 1 yields

�
1 	 2 � 4� nK � K � 1 � K � 1

∏
k? 1

λk
�
x0 � tv �

λk
�
x0 � � � 1 � 2 � 4� nK � K � 1 
 (5.8)

Since �
1 	 2 � 4� nK � K � 1 � 1 	 2

�
K 	 1 � 4� nK � 1

2

and �
1 � 2 � 4� nK � K � 1 � � 1 	 2 � 4� nK � 1 � K � 2 

inequality(5.8) implies

1
2 L

Λmds � r
ms�B K � 1C

∏
k? 1

1 � 1
2

cos
� ! x0  wk #=�

t 1

0

m

∏
k? ms�B K � 1C 1 � 1

2
cos
� ! x0 � tv wk #m� dt � 2

L
Λmds


(5.9)

Theestimate(5.9)proves(5.6) in thecasem � K � 1.
Step5. High-frequencyterms.For the restof the proof we assumem � K �

2. Let v a�� �;

v1

  
 v2


  ;
=
;
; 
 vn

 � be the vectorwhosecomponentsarethe absolute

valuesof thecomponentsof v. Introducetwo setsof integersdependingon v:

G � K � 2 � k � m:

 ! v wk # 
 � 1

4
! va  wk # ;

B �Q( K � 2 � k � m: k $� G*3

For everyk � G therestrictionof λk to L is rapidlyoscillating,because


 ! v wk # 
 � 4nk2 � 1
n

∑
i ? 1

4ik 
 vi

 � 4nk28 k � 1 
 v
 � 4nk28 k � 14

� n B K 8 1C 2 � 4nk 
 (5.10)

Furthermore,if k � G andk 0 l � 1, thentherestrictionof λk to L hasperiodat
least4nk timessmallerthantheperiodof therestrictionof λl :


 ! v wk # 
 � 4nk2 � 1
n

∑
i ? 1

4ik 
 vi

 � 4n B k2 � l2C � 1

n

∑
i ? 1

4nl2 8 il 
 vi

 � 4nk 
 ! v wl # 
 
 (5.11)

We have chosenthe vectorswk so that #B is boundedby a constantdepending
only on n, by Lemma5.2below. Hence

m

∏
k? K

λk
�
x ��r

n ∏
k E G

λk
�
x �� x � � n 
 (5.12)
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Observe that

∏
k E G

1 � 1
2

cos
� ! x0 � tv wk #m� � 1 � ∑

A u G , A v?)w
1

2#A ∏
k E A

cos
� ! x0 � tv wk #m��
 (5.13)

Convertingthetrigonometricproductinto a sum,weobtain

∏
k E A

cos
� ! x0 � tv wk #m��� 1

2#A ∑x cos ∑
k E A

y ! x0 � tv wk #  
wheretheexterior sumis takenover all 2#A choicesof the

y
signs.Using(5.11),

wefind thatfor any choiceof thesigns

∑
k E A

y ! v wk # � 2
3


 ! v wmaxA # 
  
wheremaxA is themaximalelementof A. Therefore,

1

0
∏
k E A

cos
� ! x0 � tv wk #=� dt � 3


 ! v wmaxA # 
o� 1 � 3 � 4� nmaxA  
wherethe last inequality follows from (5.10). For any l � G thereexist at most
2l � K � 2 nonemptysubsetsA z G suchthatmaxA � l . Thuswe canestimatethe
righthandsideof (5.13)asfollows.

∑
A u G , A v?)w

1
2#A

1

0
∏
k E A

cos
� ! x0 � tv wk #=� dt � 3

m

∑
l ? K 8 2

4
� nl2l � K � 2

� 3
∞

∑
l ? K 8 2

4
� l � 4

� K � 1 � 1
4



(5.14)

Combining(5.13)and(5.14)yields

3
4
� 1

0
∏
k E G

1 � 1
2

cos
� ! x0 � tv wk #=� dt � 5

4
 

which togetherwith (5.9)and(5.12)imply

L
Λmds r

n
r

K

∏
k? 1

1 � 1
2

cos
� ! x0  wk #=� 
 (5.15)

This proves(5.6), andtherebythetheorem. 9:
Remark5.1 Theaboveconstructionis notsymmetricwith respectto thevariables
x1  ;
=
;
= xn. This featureof µ will beusedto prove Theorem1.7.But onecancon-
structa moresymmetricsingularmeasureν � ∑σ Tσ

# µ , whereTσ � x1  ;
=
=
; xn ����
xσ B 1C  ;
=
=
; xσ B nC � andthe summationis over all permutationsof n elements.The

isotropicdoublingconditionis obviously preservedunderadditionof measures.
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Now we prove Lemma5.2, which wasusedin Step5 of the proof of Theo-
rem1.6with parametersq � 4 andε � 3$ 4.

Lemma 5.2 Let
�
v1  =
=
;
; vn � bea nonzero vectorin

� n , where n � 2. Givenq 0 1
andε � � 0 1� , define

B
�
q ε ��� k �g{ :

n

∑
i ? 1

qikvi � 1 	 ε
1 � ε

n

∑
i ? 1

qik 
 vi

 


Then

#B
�
q ε ��� n

�
n 	 1� log

�=�
n 	 1�"$ ε �
logq


 (5.16)

Proof We claim that
B
�
q ε �3z

1 | i } j | n

Ai j  (5.17)

where

Ai j � k �g{ :
ε

n 	 1
� qik 
 vi



qjk


v j

 � n 	 1

ε

if v j N� 0 andAi j ��K otherwise.Indeed,supposethatk �g{`' 1 | i } j | nAi j . Let m
besuchthatqik 
 vi



is maximalwheni � m. Then

n

∑
i ? 1

qikvi � qmk
 vm

 	 ∑

i v? m

qik 
 vi

 � � 1 	 ε � qmk
 vm


  
while on theotherhand

n

∑
i ? 1

qik 
 vi

 � qmk
 vm


 � � n 	 1� ε
n 	 1

qmk
 vm

 � �

1 � ε � qmk
 vm

 


Thusk N� B
�
q ε � , whichproves(5.17). It remainsto estimatethecardinalityof the

setsAi j , 1 � i � j � n. We may assumethat v j N� 0, for otherwiseAi j is empty.
Since

Ai j � k �~{ : log
ε

n 	 1
� k

�
i 	 j � logq � log



vi




v j

 � log

n 	 1
ε

 
it follows that

#Ai j � 2log
�=�

n 	 1�"$ ε �

i 	 j



logq

� 2log
�=�

n 	 1�"$ ε �
logq

 
whichaftersummationyields(5.16). 9:
Question5.3 Is it truethatevery isotropicdoublingmeasureon

� n is absolutely
continuouswith respectto thes-dimensionalHausdorff measurefor all s � n?

Lemma3.1(ii) givesanaffirmativeanswerto Question5.3 in thecases � n 	 1.
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6 Bi-Lipschitz transformations

A mappingf :
� n � � n is calledbi-Lipschitzif thereexistsL � 1 suchthat

L
� 1 
 x 	 y


 � 
 f � x ��	 f
�
y � 
 � L



x 	 y



for all x y � � n. It is easyto seethatthedoublingconditionis invariantunderbi-
Lipschitz mappings.In contrast,Theorem1.7 assertsthat the isotropicdoubling
conditionis not bi-Lipschitz invariantin dimensionsn � 2. Its proof is preceded
by a definitionanda lemma.

Definition 6.1 An unboundedJordancurve Γ � � 2 is a chord-arc curveif there
is a constantC suchthat for any two pointsa b � Γ thepartof Γ boundedby a
andb haslengthatmostC



a 	 b



.

Givena setA � � n andε 0 0, wedefineNεA ��( x � � n : dist
�
x A ��� ε * .

Lemma 6.2 Supposethat µ is a Radonmeasure on
� n , n � 2 such that for every

bi-Lipschitzmappingf :
� n � � n thepushforward measure f#µ is isotropicdou-

bling. Thenfor any chord-arc curveΓ :
� � � 2 � � n and any boundedsubarc

Γ � � Γ wehave

0 � lim inf
ε 1 0

ε1 � nµ
�
NεΓ � �3� lim sup

ε 1 0
ε1� nµ

�
NεΓ � �6� ∞ 
 (6.1)

Proof Thereexists a bi-Lipschitz mappingg:
� 2 � � 2 that transformsΓ into

the real axis, see[23, p. 89] or [13, Proposition1.13]. Let f :
� n � � n be the

bi-Lipschitzextensionof g thatactstrivially ontheremaining
�
n 	 2 � coordinates.

Let L beabi-Lipschitzconstantof f . Notethat

Nε c L f
�
Γ � �3� f

�
NεΓ � ��� NLε f

�
Γ � �" 

and f
�
Γ ��� is a line segment.Lemma3.1(ii) impliesthatfor any line segmentI the

quantityε1 � nµ
�
Nε I � remainsboundedaway from 0 and∞ asε � 0. 9:

Proof of Theorem1.7 We usethenotationof Theorem1.6.Definea sequenceof
nonnegative functionson

�
asfollows: h0

�
t �>��	 t for all t � � ,

hk
�
t ��� min ( s � hk � 1

�
t � : λk

�
t  s 0 ;
=
;
" 0 ��� 3$ 2* for k � 1
 (6.2)

Notethatλk
�
t  s 0 =
;
=
� 0�/� 3$ 2 preciselywhencos

�
4nk28 k � t � 4ks�=��� 1. There-

fore, hk is a decreasingpiecewise affine function suchthat h�k � t ����	 4
� k at the

pointswherehk is continuous.Also,

0 � hk
�
t ��	 hk � 1

�
t ��� 2π4

� nk2 � 2k  t � � 
 (6.3)

Therefore,thelimit h � limk1 ∞ hk is a decreasingfunctionon
�

. Using(6.3)and
theLipschitzpropertyof λk, wefind thatfor any 1 � k � l wehave

λk
�
t  hl

�
t �" 0 ;
=
=
� 0 ��� λk

�
t  hk

�
t �" 0 ;
=
;
" 0 ��	 4nk28 2k � hl

�
t ��	 hk

�
t �;�

� 3
2
	 2π4nk28 2k

l

∑
j ? k8 1

4
� nj2 � 2 j � 3

2
	 4

� 2nk 
 (6.4)
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Therefore,Λk
�
t  h� t �" 0 ;
=
=
� 0 � � ∞ ask � ∞ uniformly in t � � . Let Γ be the

curveobtainedfrom thegraphof h by filling thegapsatthepointsof discontinuity
with vertical segments.Sinceh is a decreasingfunction,Γ is a chord-arccurve.
Let G�+� G J_( � x y � : 
 x
 � 1* .

In view of Lemma6.2 it remainsto prove that

lim sup
ε 1 0

ε
� 1µ

�
NεΓ � ��� ∞ (6.5)

Picka largepositive integerK andlet ε � 4
� nK2

. For any line segmentL of length
ε wehave

L
Λmds r

n
ε max

L
ΛK  m � K  (6.6)

by virtue of (5.6). For segmentsL at distancelessthanε from thegraphof h, the
righthandsideof (6.6) is large by the Lipschitz estimate(5.4) appliedto ΛK � 1.
LettingK � ∞ weobtain(6.5). 9:
Acknowledgements WethankRobertKaufmanandJeremyTysonfor helpful discussions.We
alsothanktherefereefor severalcommentsandcorrections.
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