NONLINEAR HARMONIC MEASURES ON TREES
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ABsTRACT. We show that nonlinear harmonic measures on trees lack many desirable prop-
erties of set functions encountered in classical analysis. Let F’ be an averaging operator on
R and wr be the F-harmonic measure on a k-regular forward branching tree. Unless F is
the usual average, wg is not a Choquet capacity; union of sets of wgr measure zero can have
positive wg measure when F' is permutation invariant; and there exist sets of full wg measure
having “small” dimension. Let A be a monotone operator on R®, then A-harmonic func-
tions on trees need not obey the strong maximum principle unless the ratio of the ellipticity
constants is close to 1.

We show that nonlinear harmonic measures on trees lack many desirable properties of
set functions encountered in classical analysis.

Let T be a directed tree with regular s-branching; in this paper we continue earlier
work on p-harmonic functions on trees in [CFPR] and [KW]. We treat the p-Laplacian as a
special case of a nonlinear averaging operator F' : R* — R! studied by Alvarez, Rodriguez
and Yakubovich in [ARY]. Then the F-potential theory on T is the discrete version of
the nonlinear potential theory in the Euclidean space structured on the nonlinear Euler
equation of the variational integral [ F(z, Vu)dr with F(z,h) ~ |h|P; see [GLM] and

Each averaging operator F' leads to a harmonic measure on the boundary 0T of the tree.
Except when F' is the usual average, there exists a number d(k, F') strictly less than the
dimension of 9T, so that every compact set on 9T of dimension < d(k, F') must have zero
F-harmonic measure, and there exist sets of dimension < d(x, F') having full F-harmonic
measure. If we could show that every Borel set on 0T of dimension < d(k, F') has zero F-
harmonic measure, then the statement “the dimension of F-harmonic measure is d(x, F)”
would follow; here dimension of F-harmonic measure is defined to be the infimum of the
dimensions of those Borel sets on 07 having full F-harmonic measure. When F' is the
p-Laplacian operator, d(k, F) is introduced in [KW] and used to study the sizes of Fatou
sets and sets of finite radial variations for bounded p-harmonic functions on trees. Here
again d(k, F') is the critical dimension of Fatou sets for bounded F-harmonic functions.

* Partially supported by a grant from the Ministerio de Educacion, Spain. Part of this research was
started when the second author was visiting the University of Illinois in February 2002. He wishes to thank
the Department of Mathematics for hospitality.

** Partially supported by the National Science Foundation DMS-0070312.

Typeset by ApS-TEX



We also prove that when F' is permutation invariant and is not the usual average, there
exist, two sets on OT, of zero F-harmonic measure, whose union has positive F-harmonic
measure. This answers a question raised by Martio on trees ([ARY], [M]). Our work is
motivated by [ARY], in which it is proved that for certain F’s, there exist congruent sets
B, B, ..., B, of arbitrarily small positive F-harmonic measure, whose union is 97. Our
construction starts from the root of the tree and theirs starts from the boundary.

We also show that whenever F' is not the usual average, F-harmonic measure is not
a Choquet capacity, and consequently it is not left continuous on increasing sequences of
sets.

While these results show that F-harmonic measure lacks many desirable properties of set
functions in the linear theory, many problems remain: some concern inner approximation
of Borel sets by compact sets, others are about the behavior of monotone sequences A,

such that |J A4,, = 0T
1

In another direction, we study the analogue of the quasilinear elliptic equation
div(AVu) = 0 ([HKM]) on trees. We examine the notion of A-harmonic functions on
trees, when A is a monotone operator on R”. We find that A-harmonic functions do not
always satisfy the strong maximum principle; this shows that some caution is necessary
in arguing from elliptic operators in the Euclidean space to potential theory on trees.
When an A-operator is close to the p-Laplacian, the strong maximum principle holds and
a Fatou type theorem is valid; our sufficient condition is sharp when p = 2. We also show
that the critical dimension d(k, A) for the A-operator approaches the critical dimension
d(k,p) for the p-Laplacian uniformly as the ellipticity constants of A approach that of the
p-Laplacian.

Finally, we comment on the meanings of 1-Laplacian and oco-Laplacian on trees.

Our operators on trees may be considered as simple analogues of the p-Laplacian
div(|Vu[P72Vu), 1 < p < oo, on the unit disk D. Martio ([HKM], [M]) asked whether the
p-harmonic measure on the unit circle 9D is subadditive, or whether the union of two null
sets must be null when p # 2; for work in this direction, see [AM], [GLM]. The Fatou set
F(u) of a function u in D is the set on D where the radial limits exist. The classical the-
orem of Fatou from 1906 states that F(u) has length 27 for bounded harmonic functions.
When p # 2, the Fatou set F(u) of a bounded p-harmonic function « can have length zero;
examples are given by Wolff ([W]) for 2 < p < oo and by Lewis ([L]) for 1 < p < 2. It is
known that dim F(u) > §(p) > 0, see ([MW], [FGMS]). The best value of §(p) is unknown
when p # 2, in particular whether §(p) is equal to 1.

1. Preliminaries.

Let k > 1 be a natural number and 7" a directed tree with regular x-branching. That
is, T' consists of the empty set ¢ and all finite sequences (vy,vs,...,v,) of lengths
r=1,2,3,..., whose coordinates are chosen from {1,2,3,...,xk}. The elements in T are
called vertices. Each vertex v has s successors, obtained by adding another coordinate.
These are abbreviated by (v, 1), (v,2),..., (v, k) and have length one more than the length
of v.

A branch b of T' is an infinite sequence (b1, ba, . ..) with coordinates in {1,2,...,x}. And
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b can be regarded as an infinite sequence of vertices (b1), (b1,b2),..., (b1,b2,...,bp)yc .,
each followed by its immediate successor. The set of all branches forms the boundary 0T
of the tree.

A metric on T'U 0T is defined as follows. The distance between two sequences (finite
or infinite) b = (b1, ba,...) and b’ = (b}, b}, ...) is s~V when N is the first index n such
that by, # b;,; but when b = (by,b,...,byx) and b’ = (b1, b2,...,bn, by ;... ), the distance
is V. Hausdorff measure and Hausdorff dimension are defined using this metric. The
tree T and the boundary 9T then have diameter one, and 07T has Hausdorff dimension
one.

We define a probability measure A on 9T through the mapping g(b) = > x~" (b, — 1)
1

onto [0,1]. The A\-measure of a set E is the Lebesgue measure of g(F); this is the infinite
product of uniform distributions on each factor {1, 2, ..., k}. X is sometimes called Lebesgue
measure.

Let F : R — R! be a continuous function. We call F' an averaging operator if it satisfies
the following:

(i) F(0,0,...,0)=0and F(1,1,...,1) = 1;

(ii) F(txy,tre,... tx,) =tF (11, 22,...,2,) for t € RY;

(iii) F(t+z,t+x0,...,t +13,) =t + F(x1,79,...,3,) for t € RL;
(iv) F(z1,22,...,20x) < max{xi,T2,...,2.} if not all z;’s are equal;
(v) F is nondecreasing with respect to each variable.

The definition is adopted from [ARY].

Property (iv) is the strong maximum principle, which implies that if F'(z1, z2,...,z,) =
0, unless all x;’s are zero, there must be a sign change among the entries. Property (v) is
the monotonicity property which gives the comparison principle for the Dirichlet problem
needed in developing potential theory.

It follows from (i) ~ (iv) that

(vi) Fl—z,1—29,...,1—z,)=1—F(x1,T2,...,%);
and

(vii) there is a number b > 0 such that whenever F(z1,x2,...,2,) > 0 and maxx; < 1,
then minz; > —b.

To verify (vii), let S be the set in R* defined by maxz; < 0 and minz; = —1. Then by
(ii) and (iv), F'(z1, 22,...,%,) < 0 on S. By continuity, there is an € > 0 so that F' < 0 on
the set {(z1,z2,...,2,) : maxz; < € and minz; = —1}. Hence we can choose b = 1/e.
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Property (vii) is used in the proof of Theorem 1, more precisely, in proving (iii) in
Lemma 1. When the strong maximum principle is replaced by

(iv) F(z1,29,...,2x) < max{zi, To,..., Tk},

then Lemma 1 (iii) fails and the proof of Theorem 1 will be considerably more tedious.
In certain theorems, we require, in addition, F' to be permutation invariant:

(viii) F(x1,22,...,7x) = F(Tr(1), Tr(2)s - - - » Tr(x)) fOr each permutation 7 of {1,2,...x}.

From now on, we assume F' is an averaging operator not necessarily permutation in-
variant, unless otherwise mentioned. We let

and use X = (z1,x2,...,2,) to denote vectors in R*.

Remark. If F is differentiable at 0, thenF(X) = X A;z; for some A; € [0,1] with
¥\; = 1; if F is also permutation invariant then F(X) = 1Xz; is the usual average. To
see this, let A\; = 32-F(0), and X # 0. Then ¢tF(X) = F(tX) = SAjtz; + o(t) as t — 0.
This implies that F(X) = S\;z;.

We call X € R® an F-harmonic vector (or F-superharmonic vector) if F(X) = 0 (or
F(X) <0).
Given a function w on T', the gradient of u at a vertex v is

Vu(v) = (u(v, 1) — u(v), u(v,2) — u(v),...,u(v, k) —u(v)).

We say u is an F'-harmonic function on tree T, if Vu(v) is F-harmonic at each vertex v,
i.e.
F(u(v,1),u(v,2),...,u(v,k)) =u(v) YveT.

F-superharmonicity is defined analogously.
For £ C 0T, let E¢ = OT\FE,

U = {u : F — superharmonic on T so that liminfu(v) > xg(b) Vb€ 0T}

v—b

the upper class of F, and
wr(v, B) = inf{u(v) : w € U}

the F-harmonic measure function for E; and call wg(¢, E) the F'-harmonic measure of F,
in short wg(F). Theorem 3 below shows that wp is not an outer measure unless F' is the
usual average.
Following the arguments in [HKM] for the continuous case, we have
4



() 0<ws(,F)<lonT,
(i) wp(F) <wp(G) when E C G;

(iii) if F is compact, then lin% wr(v, E) =0 for b € E¢;
v—>

(iv) wp(-, F) is F-harmonic on T}

(v) if E and G are disjoint compact sets on 0T and wp(E) = wp(G) = 0, then
wF(E U G) = 0;

(vi) if E is compact, then wp(E) + wr(E°) = 1.
(vii) if By D EyD--- 2 E; D ... are compact sets then limwr(E;) = wr(NE;).

Examples. 1) For 1 < p < oo, the p-Laplacian A, of a vector X in R" is
Z T |xj |p—27
J

and X is said to be p-harmonic (or p-superharmonic) if A, X =0 (or < 0). The operator
p(X) =t from R® to R! defined implicitly by

Ay(X —t1) =X(zj — t)|x; —t[72=0

K
is an averaging operator; and A, (X —t1) = 0 if and only if ) | |z; —«|P attains its minimum
1

at x = t. Thus p-harmonic functions and Fj-harmonic functions are the same, and they
are the discrete analogues of the solutions to div(Vu|Vu|[P=2) = 0. We use w,, to denote
the p-harmonic measure.

2) The discrete analogue to the quasilinear elliptic equation divA(Vu) = 0, which con-
tains p-Laplacian as a special case, gives rise to another host of averaging operators, see
Section 5.

2. The Critical Dimension d(x, F).

Given a vector X = (z1,Z2,...,Z,), we identify it with a random variable, again called
X, with probability P(X = z;) = k! for 1 < j < k. When X contains both positive and
negative entries, with £ denoting expectation,

B(X) = min{€(e¥) : t € R}
is less than 1 and is attained at some ¢(X), with ¢(X) > 0 if ¥z; < 0 and #(X) < 0 if

Sz; > 0 ([KW)).
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Let .
m(k, F) =min{» _e™ : F(X) = 0}

and observe that the minimum is attained. In fact, x; < logx as soon as the sum is less
than . It follows from property (vi) of the averaging operators that minaz; > —blogk.
The minimum is attained by continuity.
Define
d(k, F) =logm(k, F)/logk.

Then 0 < d(k, F) < 1 unless F' is the usual average, in which case d(k, F') = 1, see Lemma
3 below.
The Fatou set F(u) of a function u is the set of branches b = (b1,bs,...) on which

lim wu(by,be,...,by,) exists and is finite, and BV (u) is the set of branches b on which u
n— 00

has finite variation X|u(bq,ba, ..., bpt1) —u(b1, b2, ..., b,)|. Recall that F), is the averaging
operator associated with the p-Laplacian, and let m(k,p) = d(k, Fp), d(k,p) = d(k, F}).
It is proved in [KW] that

min dimF(u) = mindim BV (u) = d(k, p)

p HP

with H,, being the set of bounded p-harmonic functions on 7'. The same argument gives
the following.

Theorem A. Let F' be an averaging operator and Hr be the set of bounded F'-harmonic
functions on T. Then

mindim F(u) = mindim BV (u) = d(k, F).
HF Hr
Remark. The monotonicity of the averaging operators is not used in the proof. Thus
Theorem A is valid for the class of operators satisfying (i) ~ (iv) only.

Theorem A suggests that dimwp = d(k, F') might be true.

Theorem 1. Let F' be an averaging operator. Suppose that E is a compact set on 0T with
dim F < d(k, F) then wp(F) = 0.

The entropy of a probability measure p on {1,2,...,x} is H(p) = —Xpu;log pj, where

pi = n({7})-

Lemma 1. Let F(zq,xo,...,x,;) = 0. Then there is a probability measurev on{1,2,..., K}
such that
(i) Swjz; =0,

(i) H(v) > logm(s, F),

(iii) minv; > ¢(k, F) > 0.



Proof. We follow the proof in [KW]. If ¥z; = 0, choose v; = % for all 5. We may assume
then ¥z; < 0 and recall that +Xe® attains a minimum B(X) at some 7 > 0. Then
kB(X) > m(k,F) and Xx;e™ = 0. Define v; = ™% /k((X), and observe that Yv; =1,
Yvjr; =0 and H(v) = logkB(X) > logm(k, F'). To prove (iii), note that 7z; < logx for
all j; then by property (vi) of averaging operators, minrz; > —blog . This gives (iii).

In the following, we let S,. be the class of subsets of branches of the tree, defined by the
first r coordinates. This is a finite field whose atoms are called cylinders of rank r. Now
S, contains k" cylinders C, of Lebesgue measure =" each and the same diameter. The
cylinder Cy is OT'.

Proof of Theorem 1. Let u(v) = wp(v, E), then 0 < u < 1 on T. Since E is compact,
lin})u(v) = 0 for all b € OT\E. We now apply Lemma 1 to the gradient of u at each
v—

vertex v, to find a probability measure g on 0T so that u is a martingale with respect
to p. The process resembles the linearization of a solution of a nonlinear operator in the
continuous situation, see [CFPR] and [KW]. To define p, let u(Cp) = 1 and assume p
has been defined on all cylinders of rank < r. Let C,. be a cylinder of rank r represented
by (b1,b2,...,b.) The gradient (z1,...,x,) of u at the vertex v = (by,...,b,) forms a
F-harmonic vector. Let v be the probability measure on {1,2,..., k} associated with the
present (z1,Ta,...,%,) as in Lemma 1, and define g on the x cylinders C.y of rank 7+ 1
contained in C, by p(Cyr41) = vju(Cy) if Cr41 is represented by (b, ba, ..., by, j). We have
defined g on all cylinders of rank r + 1, and then on 9T by c-additivity.

Properties (ii) and (iii) in Lemma 1 yield that u(Ciri1) > c¢(k, F)u(C,) whenever
Cr41 C Cp, and H(u|Cy) > logm(k, F). Then by a theorem on entropy and the dimension
associated with a measure, known as early as Besicovitch and Eggleston and stated in the
form used here in [KW], the measure p is zero on any subset of 0T of dimension less than
logm(k, F')/ log k.

Note from (i) of Lemma 1, u is a bounded martingale with respect to p, and therefore
by the martingale convergence theorem, li_r)r%) u(v) = u*(b) exists p — a.e. on 0T and

v

u() = /a - 0)dut) = / u* (b)dju(b) = 0.

E

This proves that E has zero F-harmonic measure and thus the theorem.
We need another expression for the quantity m(x, F') in the next section.
Lemma 2. Let F' be an averaging operator, not equal to the usual average. Then there

exists Y = (y1,Y2,.--,Yx) so that F(Y) =1, [[y; > 1 andy; >0 for all 1 < j < k.

Proof. Since F' is not the usual average, there is some vector X = (z1,...,z,) such that
F(X) =0 but ¥z; > 0. Now we can take Y =1+ tX for some small positive ¢.

Let
m*(k, F) = inf{1;n<i(1;1§]y§ tF(Y)=1landy; >0 V1<j <&k},
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and

* % _ . t . _ . ) -
m (n,F)—lnf{ItnglglEyj.F(Y)—l,Hy3>1andy]>0 V1 <j <k}

Lemma 3. m(k, F) = m*(k, F) = m**(k, F). The minimum m(k, F') is attained. When
F is not the usual average, m*(k, F') and m**(k, F') are not attained by vectors defining
them, and 0 < m(k, F) < k; when F is the usual average, m(k, F) = k.

Proof. First suppose F(X) =0. Then F(1+tX)=1and 1+txy,1+txe,...,1+tx, >0
for small t < 0. Since lim %(1+ tz;)'/t = Se®, then m*(k, F) < m(x, F).

t—0—

Conversely, suppose y1,42,...,Yx > 0 and F(y1,92,...,yx) = 1. Hence logy; <y,; — 1
and F(y, — 1,yo — 1,...,9. — 1) = 0. Thus m(k, F) < Seti—1) < Ey;- for t < 0. This
proves m(k, F') < m*(k, F), and m(k, F) = m*(s, F).

Suppose F is the usual average, then simple calculation gives m(k, F') = k. Otherwise,
there exists an F-harmonic vector (z1,x2,...,2,) with ¥z; < 0. Choosing ¢ > 0 and
sufficiently small, we have m(x,F) < Ye'®i < k. We proved earlier that m(x, F) is
attained and therefore strictly positive. Thus 0 < m(k, F) < k.

K
Suppose [[y; <1 and ¢t < 0. By the arithmetic-geometric mean inequality, we have
1

m_lZy;f > exp(k~'Xtlogy;) > 1.

Since 0 < m(k, F) < k, m*(k, F) = m**(k, F).

Because m(k, F') < k, we only need to consider t < 0 and Y # 1 in the second paragraph
of the proof. Since log is strictly concave, m(k, F)) < Ey;-. This shows that m*(k, F') and
m**(k, F') are not attained, and completes the proof of Lemma 3.

3. F-Harmonic Measure — Dimension and Null Sets.

When F' is not the arithmetic mean, we show in Theorem 2 that there exists a set of
dimension at most d(k, F'), having full wp measure; and in Theorem 3 that the union of
two sets of zero wr measure can have positive wg measure.

If we were able to prove Theorem 1 for all Borel sets on 0T, then from Theorem 2,

dimension of wr = d(k, F),

here dimension of wg is inf{dim E : E Borel on 0T, wp(E) = 1}. The problem is nontrivial,
in view of Theorem 5.

Proposition 1. Let F' be an averaging operator not equal to the usual average, and Y
be a vector in R* satisfying F(Y) =1, [[y; > 1 andy; > 0V1 < j < k. Let X =
(logy1,logysa, ..., logys), then there exists a set E C 0T so that wp(E) =0,

wr(E°) =1 and dim(E°) < 1+ log B(X)/ log k.

Proof. Define an F-harmonic function u on T as follows: let u(¢) = 1; suppose u has
been defined at a vertex v, define u at its immediate successors (v, 1), (v,2),..., (v, k) by
8



y1u(v), you(v),. .., yeu(v) respectively. It is clear that w is positive F-harmonic. And
suppose that v = (v1,v2,...,v,) with v; € {1,2,..., K}, then

u(v) = H Yo, -

Let m and n be positive integers, define
n
E(m,n)={b: H Yo, > m},
7=1

E, = U E(m,n),
n>1

and -
E = ﬂ E,,.
m=1

It is clear that E,, decreases as m increases, and FE is exactly the set of b along which w is
unbounded.

oo
To calculate dim E€, we note that E¢ = |J Ef, and ES, C E(m,n)¢ for every n > 1.

m=1
We shall calculate dim E;,. Denote by X also the random variable defined by probability
P(X = logy;) = + for 1 < j < k; then the expectation £(eX) = £(Y") attains its
minimum 3(X) at ¢(X) < 0.
Let S,, be the sum X; + X5 + --- + X, of independent identically distributed random
variables with the same law as X. Then the Lebesgue measure

AE(m,n)%) = P(S, <logm) = P(e!X)5n > mH0) <m~t ) (g(H0%))" = m=H 0 g(X)",

Therefore E(m,n)¢ is contained in B(X)*m~*¥) k" many balls of diameter x~™.

this we see that

From

dimEy;, <1+logf(X)/logr Vm > 1.

Therefore
dim E¢ <1+ log 8(X)/ log &,

where

o tlogy, _ t
B(X) —rnthe 08 Ys —mtanyj.
j j

We now prove wr(E) = 0. For each m > 1, define u,,, an F-harmonic function by
stopping time argument. Let u,,(¢) = u(¢) = 1, and suppose u,, has been defined at
a certain vertex v. If w,(v) < m, then let u,,(v,75)) = u((v,j)) for 1 < j < k; if
Um (v) > m, then wu,, stops and takes the value w,,(v) at all successors (v,j) of v. It is
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clear that u,, is positive F-harmonic, and that lin}) U (v) > m for b € E,,. Tt follows that
v—

wr(F) <wp(Fy) < “’"TM’) = L for each m > 1. Therefore wp(E) = 0.

Recall, from property (vi) stated after the definition of F-harmonic functions, that for
compact sets S, wp(S) + wpr(S€) = 1. Since the identity is unknown for general sets, we
need to show wr(E¢) = 1. Note that F¢ = [J Ey;, and that 1 — %= <1 on T with boundary

values lin% 1— “’"T(”) < 0 on E,,. It follows from the definition of F'-harmonic measure and
v

the monotonicity property of F' that wp(E€) > wp(ES,) > 1 — "mTw) =1 — -L. This says
that wp(E°) = 1.
This completes the proof of Proposition 1.

Theorem 2. Let F' be an averaging operator on R¥. Then there exists a set E on 0T
such that wp(E) =0, wp(E€) =1 and dim E¢ < d(k, F).

The fact that m(k, F') is not attained by 1;n<161 Yyk for any vector Y satisfying F(Y) =

1, [Ty; > 1and y; > 0 forall1 < j < &, Eomplicates the proof of the theorem. For
otherwise, we could have used an extremal Y in Proposition 1 and achieved the dimension
d(k, F).

Proof. Assume that F'is not the usual average; otherwise take £¢ = 0T

Let X be an F-harmonic vector such that Xe® = m(k, F)), then Yz; < 0. Let ¢(n) =
(logt log™ n)~! when n > e and 1(n) = 1 otherwise. Let Y(") = (ygn), yén) . .y,&”)) be a
sequence of vectors defined by

b = 1=z

provided that n is so large that y](-n) > % for all j; and let Y™ = 1 otherwise. Then
F(Y®™) =1.

Define now a positive F-harmonic function u on T by the multiplicative process in
Proposition 1 with respect to the varying sequence {Y(™}. That is u(¢) = 1, after u(v)
has been defined at a vertex v = (v, va,...,vy), let u(v,j) = yj(.nﬂ)u(v) for 1 < j < k.

So, for v = (v1,v2,...,vy),
n

u(v) = [T = (r)z,).

r=1

Let n(n) = ¢ (n)~1, so n(n) = loglogn for n > e®. We want to estimate the average
M,, of u(v —1(") over all vertices of length n. For n large and vn < r < n, we have
1 <4¢(r)n(n) <1+ 2¢(n). For these r’s we have a formula for the expected value

E(1— w(r)X)_"(”) — g(e—n(n) log(1—¢(r)X)) — g(e(1+0(1/»(n)))X) — ,i—lm(,i,p) +0(xp(n)).

Here X is the random variable defined by P(X = z;) = k™. For 1 < r < /n, we use

yj(.r) =1—¢(r)z; > 3.
10



Writing v = log m(k, F') — log k, and applying the product formula for u, we can sum-
marize

Jn—1

M, = E(u(vy,va,. .., ’un)_"(”)) = 8( H (1—¢(T)X)_"(")>E<ﬁ(l—w(r)X)_”(”)> — pYnto(n)
1 vn
Let .
By ={b:u(bi,bs,...,b) = [[(1 = ¢(r)as,) > n},
r=1
and
FE = limsup E,,.

Note from the estimate in the last paragraph, the Lebesgue measure
AE) < Myn™™ = exp(yn + o(n));

therefore Ef is contained in at most k™ exp(yn + o(n)) many balls of diameter =™ each.
Since F¢ = liminf ES,dim B¢ < 14 v/logk = d(k, F).

Note that u is unbounded at each branch in F; unlike Proposition 1, the set E here does
not contain all branches b along which u is unbounded. However arguing as in Proposition
1, we can show that wp(E) = 0 and wp(E°) = 1. This proves Theorem 2.

Theorem 3. Let F' be a permutation invariant averaging operator, not equal to the
usual average. Then there exist congruent sets Ei,FEs,..., E, with UE; = 0T such
that wp(E;) = 0 for 1 < j < k. And there exist sets A and B on 0T such that
wr(A) =wp(B) =0, however wp(AU B) > 0.

Proof. Let 7 be the permutation of 1,2,3,...,k defined by 71 = 2,72 = 3,...,7k = 1.
Then for each state j, the images j, 74, 72j, 7715 are just the » states in a different
order. The powers of 7 operate on the vertices of T" in the obvious way, and also on
OT. Sets A and B in 0T are congruent if B = 79A for some ¢ =0,1,2,...,x — 1. Clearly
congruent sets have the same F-harmonic measure. Let E be the set defined in Proposition
1. Then we claim that EUTE UT?EU---UTF1E = 9T. After that the first assertion
in the theorem follows. Now let go = min{q : F —w(FUTEUT?EU---UTIE) > 0},

A=FEUTEU... 7% 'F and B = 1% F, and thus the second assertion follows.

To verify the claim, let Y be the vector in Proposition 1, § = [[y; > 1, and u be the
function in the proof of Proposition 1. Note from the definition of u that for a vertex v of

length n,
u(v)u(rv)u(r?) .. u(t" " tv) = o™,

Hence there is some ¢ = 0,1, ..., % — 1 such that u(7%) > 6™/*. Taking an infinite branch
b = (by,bs,...), we apply this to each segment (by, bo,...,b,) obtaining a number ¢(b, n)
in {0,1,2,...,k — 1} so that

w(r1O™ (by, by, ... by)) > 6",
11



For each b, one of the numbers ¢ in {0,1,2,...,x — 1} occurs infinitely often in {q(b,n) :
n > 1}. For that number ¢, u is unbounded on 77b and therefore b € 7%~7F. This proves
the claim and thus the theorem.

Our next theorem says that there exists £ C 0T of wy(E) = 0 and w,(E€) =1 for all
numbers p in an interval. When x = 2, p-harmonic functions are 2-harmonic; hence we
assume & > 3.

Theorem 4. Given py > 2, there exists E C 0T with dim E¢ < 1 so that wy(E) =0 and
wp(E°) =1 for all p > po; given 1 < py < 2, there exists E C 0T with dim E° < 1 so that
wp(E) =0 and w,(E°) =1 forall 1 < p < po.

Proof. Fix po # 2, 1 < py < o0; let a = F),(1,0,...,0), ie.
(1—a)Po~t — (k—1)aP~ ! = 0.

Note that % <a< % when pp > 2, and 0 < a < % when py < 2. Follow the proof of
Lemma 2; let y1 =14+ (1 —a)t, y; =1 —at(2 <j <k)and Y = (y1,92,...,¥s) With ¢
fixed (¢ < 0 when py > 2 and ¢t > 0 when py < 2) so that F,,,(Y) =1, [[y; > 1and y; >0
for 1 < j <xk.

Simple calculations show that Y — 1 is p-superharmonic for p > py when py > 2, and
p-superharmonic for 1 < p < pg when p < 2.

Assume for now that pg > 2. Follow the construction of £ and v in Proposition 1 with
F = F,, and the vector Y chosen above. Then w is po-harmonic and is p-superharmonic
for all p > py. Since F-harmonic measure is defined to be the infimum of an upper class of
F-superharmonic functions, the proof in Proposition 1 shows wy,(E) = 0 and w,(E¢) =1
for all p > py.

The case py < 2 is similar.

4. Choquet Capacity.

Theorem 5. Suppose F' is a permutation invariant averaging operator on R, not equal to
the usual average. Then there exists an increasing sequence of sets By C By C --- C B; C
-+ COT so that limwp(Bj) < wp(UBj). In other words, wr is not a Choquet capacity.

A Choquet capacity C on a metric space €2 is a set function defined on all subsets of
into [0, co] with the following properties:

(i) C is monotone: C(A) < C(B) when A C B;

(ii) C is right continuous on compact sets: if A; D Ay D --- D A; D ... are compact
sets then imC(A;) = C(NA4;);
12



(iii) C is left continuous on arbitrary sets: if By C By C --- C B; C ... are arbitrary
sets then lim C(B;) = C(UB;).

The Capacitability Theorem of Choquet ([C], [D]) asserts that when 2 is a complete
separable metric space then all Borel subsets F of 2 are capacitable:

C(E) =sup{C(A) : A compact, A C E}.

Proof of Theorem 5. Assume C is a Choquet capacity on a complete separable metric space
Q. Later, we let Q =0T and C = wp.

Let M be another complete separable metric space and v a continuous function of M

into 2. Then the set function C*(S) def C(¢(9)) is easily seen to be a Choquet capacity

on M.

Let A, B be Borel sets in , then A and B\ A are continuous images ¢1(N), ¢2(N) of
the space N' = N¥, the set of sequences of positive integers; ([K, p. 446]). The discrete
union N7 UN3 of two copies of N is homeomorphic to A and we can map N; UN5 into €2
by a continuous ¢ (induced by 1, and 13) so that (A7) = A and ¢¥(N3) = B\A.

Let M = N7 UN5; when L is compact in M then L N AN; and L N N5 are both compact.
Applying the capacitability theorem to C* on M, we see that

C(AUB) = C(b(M)) = C*(M)
= sup{C*(L1 U Ly) : Ly, Ly compact and L; C N7, Ly C N>}
< sup{C(G1 UG3) : G1,G2 compact and Gy C A and Gy C B\ A}.

Suppose that wg is a Choquet capacity, and let Q = 9T, C = wg, A and B be the
sets in Theorem 3 chosen with wp(A4) = wp(B) = 0 but wp(A U B) > 0. Note that
wr(G1) = wr(G3) = 0 for compact G; C A and Gy C B\A, thus wrp(G; UG2) = 0
by property (v) of F-harmonic measures stated in Section 1. The inequalities in the last
paragraph would show that wg(A U B) = 0. The contradiction says that wg can not be a
Choquet capacity. Since the first two properties of Choquet capacity hold for wg, property
(iii) must fail for wp. This completes the proof of Theorem 5.

5. Ellipticity and the Strong Maximum Principle.

In this section, we study the analogue of the quasilinear elliptic equation divA(Vu) = 0
on tree T'.

Let 1 <p<oo,q= z%’ and 0 < a < 3. Let A : R* — R” be a continuous function
satisfying the following structural conditions:

(i) (AX,X) > of X7,

(i) [ AX]lq < BIXNE,
13



(iii)) (A X-AY, X-Y)>0 VX #Y,
(iv) AMX) = AP 24X VIeER;
A is an example of monotone operator.

Example. Let 1 < p < oo and AX = (w1]|z1|[P72, xa|22|P72, ..., 2x|74|P72). Then A
satisfies (i) ~ (iv) with a = 8 =1; and (AX, 1) is the p-Laplacian of X.
A vector X € R” is called an A-harmonic vector if

(AX,1) =0

Each monotone operator A defines an operator F4 from R* to R! with F4(X) = t provided
that
<A(X - tl)a 1> =0,

or X —11 is A-harmonic.

From (iii), we see that this equation has at most one solution. To prove that there
is a solution, we show that lim(A(X — ¢1),1) = Foo as t — Fo0; in fact A(X +t1) =
t[t[P72A(1 +¢t71X) and A is continuous while (A1,1) > 0.

The solution of (A(X —t1),1) = 0 is a quasiminimizer for the p-Dirichlet sum ) |x; —z|?

J
over all real x. To see this,

IX —1]2 < o™ (A(X —#1), X —#1) = o H(A(X —11), X —21) < §||X_t1||gg—1||x_x1||p

and thus
B

1% — ey < (Cp)x - a1,

It is easy to see that F4 has properties (i) ~ (iii) of the averaging operators.

F4 satisfies (iv), the strong maximum principle, if and only if every nonzero A-harmonic
vector changes sign. For each p € (1,00) and k > 1, there are A’s for which the strong
maximum principle fails, see the second remark below.

When the ratio a/f of the ellipticity constants is close to 1, the strong maximum
principle holds. Let

Y0.p) = (5= DI L+ (= )71V

Theorem 6. Under the assumption a/ > v(k,p), any nonzero A-harmonic vector changes
sign, and the strong maximum principle holds for Fy.

From Theorem A and the remark immediately after, we obtain the following.
14



Corollary. Suppose that o/ > 7v(k,p). Then

min dim F(u) = rﬁindim BV (u) =d(k,A),
A

Ha

where H 4 is the set of bounded A-harmonic functions on T'.

Remark. When p = 2, v(k,2) = (1 — 1)/2, and this is sharp for Theorem 6. To see
this, let e = (1,0,...,0), then e — %1 is its projection on the hyperplane (Y,;1) = 0 and
u = (1-1)7/2(e—11) has length 1. Let A be an orthogonal matrix A such that Ae” = u”
and (AX, X) > (e,u)|| X3 for all column vectors X € R*. Then (e,u) = (1 — 1)¥/2 and
the structural conditions are satisfied with p =¢=2,a = (1 — %)1/2 and § = 1. Since e
is A-harmonic and does not change sign, v(k, 2) is sharp for Theorem 6.

Remark. When p # 2, we do not have examples to show the sharpness of v(x,p).
However for each p # 2, 1 < p < oo, there exists A satisfying the structural conditions,
for which e = (1,0,...,0) is A-harmonic. To see this, let

co(k,p) = (kK — 1) TP+ (15— 1)771] 77

and let X = ((1—(k—1)€2)1/?, —ey, —€q, . .., —€0) (€0 = €0(p, K)), then || X ||, = 1 and X is p-
harmonic. Let P be the p-harmonic operator such that PY = (y1|y1[P™2, ya|y2 P72, - . ., Uk |ys|P72)
for all Y € R®, and B be an invertible matrix with Be?l = X7 and B17 = 17. Let

A = BTPB, then (Ae? | 1T) = (PBe®, B1T) = (PXT 1T) = 0, so e is A-harmonic.
Clearly A has properties (i) ~ (iv).

The following result controls the oscillation of A-harmonic vectors, from which Theorem
6 follows by taking C' = 0.

Proposition 2. Let X # 0 be A-harmonic and C > 0. Suppose that a/B > Ay(k,p) for
some X € [1,7v(k,p)"]. Then maxz; < C (or minz; > —C) implies that

1X1lp < C/pH (),

where
Y(t) =t +[1— (k — 1)tP]H/P,

The function 1 is increasing in [0, €o(k,p)],1(0) = 1 and ¢ (eo(k,p)) = v(k,p) L.
If X is p-harmonic, then from the a priori bound z; < C' it is easy to deduce that

lz;| < C(k — 1)ﬁ Proposition 2 can be considered as a generalization of this fact in the
A-harmonic setting. The proof of the proposition is based on the following.

15



Lemma 4. For0<e<1, let
Ble, k.p) = max{(X,Y) : | X[lp = [V ]}y = L.(Y;1) = 0,2, > = V1< <},
Then
v(k,p)(e+[1— (k= 1)eP]/P), if 0 < e < e,
1, if € <e<l.

¢(e, 5, p) = {

Remark. For 0 < e < ¢y(p, k), the maximum ¢(¢, &, p) is attained when
X=((1—-(k—1e")/P —¢,...,—e) and Y = (v, —y/(k —1),...,—v/(k — 1)),
(v = v(k,p)); and ¢(e,p, k) > v(p,k). When ¢ = 0, X = (1,0,...,0) does not change
sign and (X,Y) = v(p, k). Observe that (X,Y) = 1 when € = ¢y(k, p) Holder’s inequality
implies that ¢(e, k,p) = 1 when €p(k,p) <e < 1.

Proof of Lemma 4. Assume as we may that 0 < e < €y(k,p). Before going to the proof,
we need some preliminary computations. Suppose that X,Y € R", are normalized in
the sense that || X||, = [|Y||; = 1 and that (Y,1) = 0. Assume that yi,...,y, > 0 and

Yn+1s .- Y < 0, for some n,1 <n <k —1. Then
n n K K n
Dyl < O u) =0 ) < (k-0 D fylf= (k-1 1=y,
j=1 j=1 j=n+1 j=n+1 J=1

SO

Zy < (= 1)L+ (k= )]

and, analogously,
K

>yl < (5= D)L+ (s — 1)
j=n+1
SO

qu > [1+ (k- )7L,

Now, assume that z; > —e for all jyandlet J={j:n+1<j <k, —e<uz; <0}. Then

(X, Y) <Z$ay3+2|%llyy| < ( leglp Rl Zyy YU+ (Y )P =Yyt
j=1

JjEJ JjeJ

Now set
n n
a=) |l b= lal, c= Dy
7=1 J 7j=1

Observe that, if by = (k — 1)eP, ¢ = y(k,p)?, then a,b,c >0, a+b <1, 0 <b< b <
l—c; <c<e <1, and y(k,p)e+y(k,p)[1—(k—1)eP]t/P = (1—bl)l/pc}/q%-b}/p(l—cl)l/q.
The above considerations show that Lemma 4 is a consequence of the following.
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Lemma 5. Let f(a,b,c) = a'/Pc/T + b/P(1 — )Y/ and suppose that 0 < by <1 —¢; <
c1 < 1. Then

max{f(a,b,c):a,b,c>0,a+b<1,0<b<by, 1—-c; <c<c} = (l—bl)l/pci/q—kbi/p(l—cl)l/q.

Proof. Note that f is increasing in a and in b, therefore at the maximum, a + b = 1. Let
g(b,c) = (1 —b)Y/Pct/ T 4 pt/P(1 — )1,
and claim that
max{g(b,c):0<b<b,1—c1<c<e1}=(1- bl)l/pc}/q + bi/p(l — cl)l/q.

Fix ¢ € [1 — ¢, ¢1]; then g(b, ¢) is an increasing function of b over the interval [0,1 — ¢];
since by <1 —¢; <eg,
max{g(b,c) : 0 <b<c1}=g(by,c).

Again g(by, ¢) is an increasing function of ¢ over the interval [0,1 —b;] and ¢; < 1— by, we
conclude that
max{g(by,c): 1 —c1 <c<er} =g(by,cq).

This verifies the claim and the lemma.

Proof of Proposition 2. Assume that o/ = \y(k,p) with 1 < XA < y(k,p)~1. Let X
be a nonzero A-harmonic vector, X' = X/||X||, and ¥ = AX/||AX]||4, then X’ is also

A-harmonic and
XN, =Yl =1, (X",Y) > a/B.

Suppose now that maxz; < C and let € = C/|| X||,. We can assume that € < €y(k,p).
Then Lemma 4, applied to X’ and Y, gives

My (ko p) < (X,Y) < (s, p)e +v(m,p)[1 — (k= 1),
so e = C/|| X, > ¢~1(\) and Proposition 2 follows.

6. Ellipticity and the Critical Dimension.

Fix p,q and let A be a monotone operator on R* and «, 3 the constants in (i) and
(ii). Assume from now on that a/8 > ~(k,p); then F4 has properties (i) ~ (iv) of
the averaging operators, and m(x, A) dof m(k, Fa) = min{3e* : X is A-harmonic} and
d(k,A) = logm(k, A)/log k are attained.

We shall compare the critical dimension d(k, A) with the critical dimension d(x, p) when
the ratio a/f3 of the ellipticity constants is close to 1. The estimates obtained are not sharp
but are enough to show that if «/8 tends to 1, then d(k, A) tends to d(k,p) uniformly in
A.
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Theorem 7. Fizp, q and A as above, and assume that o/ = Ay(p, k) for some
A€ (L,y~Hp,K)]. Then

exp{—M(p,1—a/B)log s/~ (A)} < m(s, A)/m(s,p) < exp{M (p,1—cr/B)log r/eo(r,p)}

where

S1/P(pt/P 4 1), ifp>2and 0 <5< L,
M(p,d) = 51/2((%)1/%1), ifl<p<2and0<é< 2,
2, if 0 > min{z%, % .

Corollary. Under the assumptions above, d(k, A) — d(k,p) uniformly in A as a/B T 1.

To prove Theorem 7, we associate to any A-harmonic vector X a p-harmonic vector
Z (and conversely) in such a way that each z; is close to z; as soon as the ratio «/f is
close to 1; we look at the “near equality” case in the arithmetic-geometric inequality and
compare Ye% with e .
Suppose that 0 < x,z < 1. Then by the arithmetic-geometric inequality,
P 2P
T x>0
p q
with equality if and only if z = z. The following two lemmas give estimates on |z — z| and
x + z in the “near equality” situation.

Lemma 6. Let 0< <1 and

P 2P
M*(p,6) =max{|lr —2|: 0 <z, 2 <1, —+ = — 2P~ =4},
p q

Then
(5p)1/p7 when D2 27

(2%(1)1/27 when 1 < p < 2.

M*(p, ) S{

Lemma 7. Let 0 < <1 and

P 2P
M~ (p,§) =max{z+2:0<z,2<1, — 4+ = + 2271 =5}
p q

Then
M~ (p,5) < 6'/7(max{p'/?,¢'/P} +1).

Proof of Lemma 6. Case 1: p > 2. Suppose that z < x = z+ h. By differentiation on h, it
follows that % + % —(2+h)2P~1 > %D. If < 2z =z + h, then also by differentiation

P +h)® -1~ h? h?
Weget%+%—x($+h)p > = e, s0

A B e

p q p
18



Case 2: 1 < p < 2. Also by differentiation we get now that

P 2P p—1

(x — 2)?
which proves the lemma.

Proof of Lemma 7. If £ > z, then 2P < £2P~' < § and = < (0p)*/? so, z + 2 < (6)V/P(1 +
p'/P). Analogously, if z > x, we get = 4+ z < 6%/P(1 + ¢*/P) and therefore

M~ (p,6) < 6YP(max{p/?,q"/P} +1).

Lemma 8. Let X and Y be vectors in R® which satisfy || X||, = ||Y]l =1, (¥;1) =0
and (X,Y) > 1—4 for some § € [0,1]. Let Z € R be chosen so that y; = z;|z;|P~2 for
1 <j < k. Then max|z; — zj| < M(p,d), where M is the function in the statement of
Theorem 7.

Proof. Observe that Z is a p-harmonic vector and that
120, =1, 15 < Szl P2 < 1.

Suppose for now that 0 < 4§ < min{%, %} and let J* = {j : zjz; > 0} and
J-={1,2,...,k}\JT. Suppose i € JT, then

|4 |P N |2 [P

1= <(X,Y) <) ol < JaillaP ™+ ) ( )

It gy 4
1—z;|P 1 — %)
< fallapt T LR
P q
SO
|zl |zl

+

— Jai||z: P71 < 0

p
and |z; — z;| < M™*(p,d). On the other hand, if ¢« € J~, then the same argument shows
that

P |zl
p

and that |z; — z;| = |z;| + |2:| < M~ (p,d). The lemma follows from the estimates of M+
and M~ in Lemmas 6 and 7.

+

+ |x¢||zi|p_1 <4

Proof of Theorem 7. Let X be a nonzero A-harmonic vector and set X’ = X/||X||, and
Y' = AX/||[AX || Choose Z' € R* so that y; = 2j|2;[P~2 for all j, and define Z = || X||,Z".
We apply Lemma 8 to X', Z’,6 =1 — «a/f to get

max |z} — 25| < M(p,1—a/B),
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SO
max |z — zj| < M(p, 1 —a/B)|| X||p;

consequently

exp{—M(p,1 - a/B)[[ X|lp} < Xe® /Ee® <exp{M(p,1 - a/B)||X|,}.

Suppose now that o/ = Ay(k,p) and that X is an extremal vector for m(x, A). Since
0 is also A-harmonic, we must have ¥e® <k and maxz; <log k. Apply Proposition 2 to
the extremal vector X, we obtain || X||, < log /¢~ ()). Therefore

exp{—M(p,1 — a/B)log /v~ (\)} < m(x, A)/m(x, p).

To reverse the argument, we need some topological properties of the mapping A. First
observe that by the monotonicity (iii), A is one to one; and by the homogeneity (iv), the
mapping

BX = AX/||AX]),

is also one to one from S, = {X : || X[, =1} to S; = {Y : ||Y]|; = 1}. As a consequence
of Borsuk’s Antipodal Theorem [Du, Chapter 16], this implies that B is also surjective,
and again from homogeneity, it follows that A is surjective too.
Now choose a p-harmonic vector Z, extremal for m(k,p) and define Y by letting

yi = zlzP2/|Z|p7! for 1 < j < k. Then [|[Y|l; = 1 and (¥,1) = 0. Choose X'
with ||X'||, = 1 such that BX’' =Y and set X = ||Z][,X'. Then Y = AX/||AX|,.
Apply Proposition 2 to the p-harmonic case (where @ = g = 1), we get || X||, = [|Z]|, <
log k/eo (K, p); therefore

m(k, A)/m(k,p) < exp{M(p,1 — a/B)logr/eo(r,p)}.
This completes the proof of Theorem 7.

7. 1-Laplacian and oo-Laplacian.
Suppose we consider 1-Laplacian A; as the limit of A, when p — 17, and define
F1(X) =t when
lim Z(m] —t)|zj — P2 = 0;

p—1+t

we note immediately that this definition leads to confusion even in the simple situations,
e.g. F1(1,2,3) and Fi(1,1,3).

Therefore we define F;(X) through minimizing 1-Dirichlet sums. Given a vector
X € R”, the possible values of the average F;(X) are the numbers z = ¢ that minimize

K
the sum Y |z; — z| over all z € R.
j=1

Suppose that ¢ is the unique minimizer, and let n*,n% n~ be the number of z,’s that
are greater than, equal to, or less than t respectively. Then, necessarily, n= + n? > n¥
20

0



and n* +n® > n~, or simply n® > |[nT — n7|; this is also a sufficient condition that ¢ be
the sole minimizer. In this case, define F;(X) = t.

If there is more than one minimizer, then the minimizers occupy an interval [a, b], whose
endpoints are among the x;’s. This occurs if and only if s is even and there are exactly 5
terms z; > b, & terms z; < a. We then define F;(X) = “TH’.

The operator F; has properties (i) ~ (iii) for the averaging operators. Since
Fi(x,0,0,...,0) =0 for any (z,0,...,0) € R* when £ > 3, F; lacks the strong maximum
principle.

We say X is a 1-harmonic vector if F1(X) = 0.

Proposition 3. Let m(x,1) = inf{Xe® : X is 1-harmonic} and d(k,1) = logm(k,1)/logk.
Then m(k,1) = [5] + 1 and d(k, 1) = log([§] 4+ 1)/ log k.

In finding the infimum, we make the negative coordinates tend to —oo; the infimum is
not attained when s > 3.

Proof. Let X be 1-harmonic. In the case that 0 is the sole minimizer, we saw that n™+n% >
n~. If  is even, then nT+n® > 14+£/2 and Xe® > 1+x/2. Choosing X with n® = 1+x/2,
n~ = —1+k/2 and n™ = 0, we see that the infimum in this special case is 1 + /2. Next
if x is odd, we have n*t +n° > (k +1)/2 and Xe% > (k + 1)/2; choosing vectors X with
n’=(k+1)/2, n= = (k—1)/2 and n* = 0, we see that the infimum is (x + 1)/2 in this
special case.

In the second case, there is a pair of z;’s equal to @ > 0 and —a < 0, and there are in
addition exactly (k—2)/2 positive z;’s. Since e®+e~* > 2, ¥e® > 2+ (k—2)/2 = 1+K/2.
And the infimum of Xe® in the second case is 1 + /2.

Remark. Alternative definitions of F;(X) in the case there is more than one minimizer,
will give different values of m(x,1) and d(x, 1).

As for the oo-Laplacian, first we regard A, as the limit of A, when p — oo, and define
F(X) =t provided that

- . . $p—2
Jim Z(xj t)|z; —t] 0.
J

This definition leads to problems when the number of coordinates equal to maxz; is not
the same as the number of coordinates equal to minx;.
Therefore we define Foo(X) = t if ¢ is the minimizer for max|z; — x| over all z. Tt is
7

easy to see that

1
Fo(X) = E(maxa:j + minz;).
Clearly Fi, has all properties (i) ~ (iv) for averaging operators. However F,, is not
strictly increasing with respect to each variable, because F'(1,-1,0,...,0) =
F(1,-1,-1,...,—1) = 0 when x > 3.

We say X is oco-harmonic if Fy (X') = 0. Simple calculations give the following.
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Proposition 4. Let m(k,00) = min{¥e” : X is co-harmonic} and d(k,c0) = logm(k,c0)/logk.
Then the minimum m(k, c0) is attained at (1 log(k — 1), —3 log(k —1),...,—1 log(k — 1))

with value 2v/k — 1; and d(k,00) = log(2v/k — 1)/ log k.
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