p-HARMONIC MEASURE IS NOT SUBADDITIVE
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Dedicated to the memory of Tom Wolff.
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ABSTRACT. When 1 < p < oo and p # 2 the p-harmonic mea-
sure on the boundary of the half plane Ri is not subadditive. In
fact, there are finitely many sets Ey, Es,...,E, on R, of p-harmonic
measure zero, such that £y U E>, U ...U E, = R.

1. INTRODUCTION

We consider the p-harmonic measure associated to the operator
L,(u) = div (|Vu|'?Vu),

the p-Laplacian of a function u, for 1 < p < co. A p-harmonic function
in a domain Q@ C R"(n > 2) is a weak solution of L,u = 0; that is,
u € W,oP(Q) and

/ (|VulP~2Vu, V) dov = 0
Q

whenever ¢ € C3°(€2). Weak solutions of L,(u) = 0 are indeed in the
class C1® ([DB], [L1] .) A lower semicontinuous v : Q — R U {oo} is

loc |t
p-superharmonic provided that v # oo, and for each open D C D C 2
and each u continuous on D and p-harmonic in D, the inequality v > u
on 0D implies v > u in D.
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Let E be a subset of 0€2. Consider the class C(E, §2) of nonnegative

p-superharmonic functions v in €2 such that
o S
Jiminf v(X) 2 xz(C)
for all ¢ € 99). The p-harmonic measure of the set E relative to the
domain (2 is the function w,(., £, Q) whose value at any X € Q is given
by
wp(X, E,Q) =inf{v(X) : v e C(E,Q)}

We often omit the variable X and the domain © and write w,(E, 2) or
just w,(E). The function w,(E, Q) is p-harmonic in (2, satisfies

0 <wy(£,Q) <1,

and w,(E, ) has boundary values 1 at all regular points interior to
E and boundary values 0 at all regular points interior to 092 \ E. For
these and additional potential theoretic properties of the p-Laplacian
see the book [HKM].

When p = 2 harmonic functions have the mean value property. Sup-
pose € is a Dirichlet regular domain, then ws(X, -, {2) is a probability
measure on 02 and the integral

F(Q) dwn(X, €, 92)
a0

gives the solution to the Dirichlet problem for a given boundary data
function f.

When p # 2, due to the nonlinearity of the p-Laplacian, p-harmonic
functions need not satisfy the mean value property and the sum of two
p-harmonic functions need not be p-harmonic. Consequently w, (X, -, 2)
is not additive on 0€), hence not a measure.

Very little is known about measure theoretic properties of p-harmonic
measure when p # 2. Assume that €2 is Dirichlet regular. Then for all
compact subsets E of the boundary 02 we have

(1.1) wp(E, Q) + w,(0Q\E, Q) = 1;

and if £ and F are both compact, disjoint, and w,(E, Q) = w,(F, Q) =
0 then

(1.2) wy(EUF,Q) = 0.

These results can be found in [GLM] and also in [HKM].

Some conditions on the smallness of a compact set F' in terms of
Hausdorff dimension or capacity that imply w,(E U F,Q) = w,(E, )
can be found in [AM], [K] and [BBS].
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Martio asked in [M1] whether p-harmonic measure defines an outer
measure on the zero level; i.e., whether (1.2) remains true when E and
F" are allowed to intersect and to be noncompact.

In this note we answer Martio’s question negatively by showing that
wy is not subadditive on null sets when p # 2. We build up an example
when ) = ]Ri is the upper half-space and 02 = R. We may consider
the point at infinity as a part of the boundary but it is not difficult to
see that w,({oo},R%) = 0. Points in R will be denoted by (z,y) or
X interchangeably.

Theorem 1. Let 1 < p < oo and p # 2. Then there exist finitely many
sets By, Es, ..., E,. on R such that

wy(Ep,R2) =0 and U Er=R

k=1
Furthermore, the sets Ey verify |R\ Ex| =0

Here |.| stands for Lebesgue measure on the real line.

Corollary 1.1. There exist A and B C R such that
wp(A,R2) = w,(B,R3) =0 and wy(AUB,RY) > 0.
Thus w,(-,RY) is not subadditive on null sets.

Corollary 1.2. Let 1 < p < 0o and p # 2. Then w,(X,-,R%) is not
a Choquet capacity for each X € Q. In fact there exists an increasing
sequence of sets By C By C--- C B; C--- CR so that

lim w,(B;) < wp( U Bj>.
j—00
j=1

To prove Corollary 1.1, choose ky = min{k: w,(E;UE,U... Ey) > 0}
and let A = E1 UE2 U. --Eko—h B = Eko‘

Corollary (1.2) follows from Theorem 1 as in the tree case done in
[KLW]. The definition of Choquet capacity can be found in [HKM].

Both the Theorem and its corollaries can be extended to R’} (n > 3)
by adding n — 2 dummy variables.

Until recently, there has been no ground for conjecturing the an-
swer to Martio’s and some other questions about p-harmonic measures.
A sequence of papers [CFPR|, [KW], [ARY] and [KLW], is devoted
to studying p-harmonic measure and Fatou theorem for bounded p-
harmonic functions in an overly simplified model — forward directed
regular k-branching trees. On such trees, Theorem 1 is proved and for
each fixed p the exact value of the minimum of Hausdorff dimension of
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Fatou sets over all bounded p-harmonic functions is given in [KW] and
[KLW]J.

In [KLW] the construction of the sets in Theorem 1 for trees starts
with a basic p-harmonic function w that does not satisfy the mean
value property, follows with a Riesz product and then a stopping time
argument. It is really quite simple. In Ri we follow the same proce-
dures. The basic p-harmonic function is infinitely more complicated
and is provided by remarkable examples of Wolff for 2 < p < oo, and
of Lewis for 1 < p < 2 ([Wol], [Wo2] and [L2]). On a tree there
is a perfect independence among branches and the Riesz product in-
cludes all generations; in R? we obtain an approximate independence
by introducing large gaps in the Riesz product. Finally, instead of a
stopping time argument, we use an ingenious lemma of Wolff [Wol] on
gap series of p-harmonic functions, to estimate the p-harmonic function
whose boundary values are given by an infinite product.

2. PRELIMINARIES

In this section we recall several properties of p-harmonic functions
which are needed in the proofs.

If u(X) is p-harmonic and ¢ € R, then c+u(X), cu(X) and u(cX) are
p-harmonic. If u is a nonnegative p-harmonic function in 2 and B is a
ball such that 2B C €, then supu < C’i%fu for some C'=C(n,p) >0

B
(Harnack inequality). A nonconstant p-harmonic function in a domain
cannot attain its supremum or infimum (Strong Maximum Principle).
If a sequence of p-harmonic functions converges uniformly then the
limit is also p-harmonic.
We list now some basic properties of p-harmonic measure.
(1) If w,(X, E,Q) =0 at some X € 2 then w,(Y, E,Q) = 0 for any
other Y € ) by Harnack inequality.
(2) If B4y C Ey C 09 then wy(Ey, Q) < w,(Es, Q) (monotonicity).
(3) If Q C Qy and £ C 0y N 08y then wy(E, Q) < wy(E, Q)
(Carleman’s principle).
(4) If By D Ey D,...,2 E; O ... are closed sets on 05, then

wp([) B, Q) = lim w,(E))

Jj—00
7=1

(upper semicontinuity on closed sets).

See chapter 11 in [HKM] for these properties.
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We follow [Wol] and set W#* be the class of all functions f : R2 — R
which are A-periodic in the = variable (f(z+\,y) = f(x,y)) and satisfy

1= | 1V £z, )P dzdy < oo
[0,M) % (0,00)

where the gradient is taken in the sense of distributions. If f € Wrl*
then the function f has a well-defined trace on R; and among the
functions ¢ such that ¢ — f € WP has trace 0 on R, there is a unique
g, denoted by f, which minimizes |9][pja- The function f is the unique
p-harmonic function in R% with boundary values f on R. Moreover,
there exists € € R so that

A W
[flz,y) =&l <2 A fllo

for some v = v(p) > 0, [Wol]. Extend then f to R by its boundary
values. The comparison principle holds in this setting: let f, g € W»*
satisfy f < ¢ in the Sobolev sense on R, then f < § in R? ([Mal,
[Wol]).

The following lemma of Wolff ([Wol]) is a substitute for a “local
comparison principle” (unknown for p # 2) for p-harmonic functions.
It is not difficult to prove (2.1) below for y < Av~" and (2.3) below for
y > 1. However, much deeper analysis is needed to obtain (2.1) and
(2.3) below on two opposite sides of y = Av~® for some 0 < a < 1. We
shall need the full force of Wolft’s lemma.

Wolff’s Lemma ([Wol]). Let 1 < p < co. Define a =1 —2/p if
p>2anda=1—p/2 ifp<2. Lete>0and0 < M < oco. Then
there are small A = A(p,e, M) > 0 and large vy = vo(p,e, M) < 00 so
that the following are true:
If v > vy is an integer, f, g, q € Lip1(R) are periodic with periods
1,1, vt respectively, and
maX(HfHOO? ||ch>o> HqHOOv ||fHLip17 Hg”LiPM V_1||qHLi;D1) < M,

then for (x,y) € R3 we have

21)  laf +9)(z.y) — (Q(z,y)f(@) + g(@)] <e if y<A™
If, in addition to the above, hatq(z,y) — 0 as y — oo, then

(2.2) (af +9)(x, Av™) — g(x)| <

—_—

(2.3) ((af +9)(z,y) = g(x,y)| <e if y>Av ™
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The key to [Wol] and [L2] is the existence of a basic function ® which
shows the failure of the mean value property for periodic p-harmonic
functions in the class WPA(R2) when p # 2. The mean of ®(z,0) on
0, 1] equals the limit of ® at co when p = 2.

Theorem A. (Wolff and Lewis [Wol], [L2]) For 1 < p < oo and

p # 2 there exists a Lipschitz function ®: RZ — R such that L,® =0,
& has period 1 in the x variable ®(z + 1,y) = ®(z,y),

/ VO Pdrdy < +oo,
[0,1) % (0,00)

1
/ O(z,0)dr >0, but P(r,y) —0 as y— oo.
0

Note that in R\ {0}(n > 2), the p-harmonic function |X|v=1 if
p # n , or log|X| if p = n, fails to have the mean value property on
spheres when p # 2.

3. PROOFS

Proof of Theorem 1: Fix p # 2, 1 < p < oo. Let ® be the basic
function of Wolff and Lewis. Note that ®(x,0) must take both posi-
tive and negative values by the comparison principle. Replacing ® by
c¢® (¢ > 0 small constant), if necessary, we may assume

1
3.1 Pl < =
(3.1) 1@l < 5

and
1
/ log(1 + B(z, 0))dz > 0.
0

Fix a positive integer « such that

K

Zak >0 and ﬁ(l—i—ak) > 1,
k=1

k=1
where
k—1 k
2 = mi () : —
(3.2) ag Hlll’l{ (x,0) xe{ - ,J}
Let

L= H(I)HLZ'IJU
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and fix A > 1 and an integer ny > 5 so that

(3.3) 1< A<JJ+an
k=1
and
. : L
(3.4) 37" < min {1 + max{a} — A, —} :
K

For convenience we write f(z) for f(z,0) and w,(E) for w,(E,R?%) from
now on.

We shall choose inductively an increasing sequence of positive powers
of the integer x

<<y <...

and shall define for each k € [1, k] two sequences of functions on R

(3.5) (m@=@@+ﬁl§,ﬁm=1+ﬁm

and
36 ) =0 (ne+ ) o) = £ @0+ )

After these are defined, we observe from (3.2), (3.3) and the period-
icity of ®(x) that

(3.7) f[ff(x) = ﬁ f[ (1 + @(yi:v + %)) > A" for all .

i=1 k=1

Next, it follows from (3.1) that for j > 1

1
(33) ¥l < 3.
. . 3\’
(3.9) 277 < fj < (5) )
(3.10) g} || i, < Lwj,
and
(3.11) 1 i, < L2/

We then define for each k € [1, k] a set
Ep,={zeR: ka(x) > A7 for infinitely many j's}
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Observe that (3.7) implies

To finish the proof we need to establish
wp(Er) =0 and |R\ Ey|=0

for each k.

We start by discussing the choice of {v;} and two other sequences
{r;} and {t;}; we always assume {v;} are positive powers of x, and
{r;} and {t;} are negative powers of x.

Set 19 = tp = 1 and vy = 1. After {vy,va,..., v}, {ro,71,...,7j_1}
and {tg,t1,...,tj_1} are chosen, the functions

{d,d,.... 4}
and
{0, I}

are then defined by (3.5) and (3.6) for each k € [1, k]. We then choose
r; > 0 so that

(3.12) r; < min{t;_y, (Ly6/tH) 1}
and that
(3.13) !?}(w,y) — @) <37 i 0<y <y

for all k € [1, &].
Let f =g = fF,q =4q},, M = Lv;27 and e = 377! in Wolff’s
lemma; then v;;; and ¢; can be chosen from (2.1) and (2.3) so that

(314) Vj_+11 < tj <7

(3.15)  [ffa(wy) = fi@) (1 + (e, y) <3770 i 0<y <t

and

(3.16) (e y) = [yl <377 if y >t
for all k£ € [1,k]. The fact that 0 < o < 1 in Wolff’s lemma is needed

here to insure that we can always find a ¢; such that 1/]-111 <t; <rj.

We also need the fact that q/f:l(x,y) — 0 as y — oo to obtain (3.16).
This ends the induction procedure.



p-HARMONIC MEASURE 9

For each k € [1, k] the sequence { fF} converges to a p-harmonic func-

tion f* on Ri uniformly on compact subsets. Since {¢;} is decreasing,
it follows from (3.16) that

(3.17) |fR(x,y) = fRe,y)| <377 if y>t;
for all N > j and k € [1, k]; and from (3.15) and (3.17) that

—~ 1 s .
(3.18) fr(z,y) > éf]k(:v) —37 it i <y<t

for all N > j+ 1 and k € [1,k]. To see (3.18), observe that, since
y > ti11, we get by (3.17),

|f]l€f(x7 y) - f]k+1($, y>| < 37]'71'
On the other hand, since y < ¢;, by (3.15) and (3.1) we have

- 1

f]kJrl(:U?y) > §f]k(37) - 3771

We are now ready to prove w,(E)) = 0 for all k € [1,k]. In view of
the Harnack inequality it is enough to prove w,(Xo, By, R3) = 0 for a
fixed point X, € R?. We take X, = (0,1). We fix k£ and from now
on, we omit k in the subscripts and superscripts of Ej, qf and ff. Let
G ={z: f;(z) > A7}, so that we have

E=Ué

n=1j=n
00

By monotonicity we get w,(E) < wp< U
]:

j=n

Gj) Therefore it suffices to

prove that for some C' > 0,

(3.19) Wy (Xo, U Gj) < CA™ forall n > ng.

Jj=n

In fact it is enough to show that for some C' > 0,

N
(3.20) Wp (XO, U Gj> <CA™ forall N >n>ng

j=n

Let us see how (3.20) implies (3.19). Observe that R\ Uj\f:n Gj,
N > n is a decreasing sequence of closed sets on R. Since the charac-
teristic function of an open set is bounded and lower semicontinous, it
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is resolutive so that

o (Cp) 1, (R\g@) |

(See (9.31) and (11.4) of [HKM].) By the upper semicontinuity of
p-harmonic measure on closed sets, we can let N go to oo to get

N 9]
lim w, (U Gj> =1-w, (R\ U Gj) :
J=n j=n

Therefore we conclude

N 00
J&I_I)n Wp (U GJ> = Wp (U G]> .
j=n j=n

We need to establish (3.20). Define for each j > ng a set
H; = U {I: k-adic closed interval of length ¢;, max fi(x) > N — 3_j_1}
z€

and let
Tj = Hj x [O’tj]'
Observe that from the definition of H; we have
(3.21) fi(z) < AV —=377"1 on H;\ }OIj
where ]E—)[ ; is the relative interior of H;. Hence, it follows that
G; C G Ql%jg Hj.
Note from (3.8),(3.9), (3.10), (3.11), (3.12), and (3.14) that we have
(3.22) \fi(z) — fi(2)| < Lv;27t; < 377671 if |z — 2| <t
Therefore the inequality
(3.23) min f; > A — 377271
holds. Finally, from (3.13) and (3.14) we deduce
(3.24) j/;(x,y) >AN —-37 on T
We pause for a remark. If the statement

(3.25) E(x,y) >CN  on OTy\ [ij forall N >j > mng
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were true, then it would follow from the comparison principle applied
on the domain R? \ UY, T} and the convergence of {f;} that

N N
wp (XO, U Gj> <w, (XO, o7\ ﬁ[]) < CTIATfy(Xo) < C(Xo)A™
j=n j=n
This would give (3.20) and thus w,(E) = 0. Since (3.25) need not be
true on vertical edges in J7}, we need to modify the sets 7).
The connected components of T are mutually disjoint rectangles )
of height ¢; and of widths integer multiples of ¢;. This class of rectangles
is mapped to itself by the family of mappings (z,y) — (mu{l + z,y),
m € Z.
Suppose @ = [a,b] x [0,1,] is such a component. Then

(3.26) fi(a), f;(b) <A =377
by (3.21). There are two possibilities.

CasE I: 1%13?( fi <N
a,b

In this case define @* to be the empty set (), and note from (3.26)
and the definition of G; that

(327) Gj N [CL, b] = @
CASE 1II: r[ne}j(fj > M.

In this case let IJQ = [a,a + t;] and JjQ = [b —t;,b], and note from
(3.22), (3.23), and (3.26) that

N —377 < fi(x) <AV —=377"2 on IJQ U JJQ,
so that we have
(3.28) Gin(IPuJ?) =0

To modify ) in Case II, we need the following fact.

Fact. If I is a k-adic closed interval of length t, (¢ > ng) on which
fe(x) > A* —37% then I contains a k-adic closed subinterval of length
tey1 on which foy(z) > AL

To see this, we write fry1 = (1 4+ go11)fe and note that I contains
tever1 periods of go1. So from (3.2), the interval I has at least vy, 4
r-adic subintervals of length H_IV[_SI on which g, > max{ay}. Let I”
be any one of such subintervals and let I’ be any k-adic subinterval of
1" of length ty,1. Then

forr > (A" = 3791 + max{az}) > A" on [’
by (3.4).
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Therefore, we may choose two sequences of k-adic closed intervals:

Q Q Q
and

Q Q Q

Jj 2 Jj+1 2 ‘]j+22

such that [I°| = |J?| = t, and
(3.29) folz) > A =37 on IPUJ?
for all £ > j. Let
(3.30) a* =17 and b =()J2

=j =)

Clearly we have the inclusioin [a +¢;,b —t;] C [a*,b*] C [a,b]. Finally
replace ) by

Q" = [a", "] x [0, 1]
in Case II.

Set
T; = U{Q* : () acomponent of T}},

and

H; =T;n{y = 0}.
Then it follows from (3.27) and (3.28) that

G; CG; CH;C Hf CT; CTj.

CLAIM. fAN(:c,y) > A /3 on IT;\ };J* for all N > j.
To establish the claim, note first that 97T\ ]—il); C Ty}, so that (3.24)
implies '
- . Y 0
filx,y) >N —377 > 53 on oT;\ Hj .
Next assume N > j+1. On T; N{t;41 <y < ¢}, it follows from (3.18)
and (3.23) that

-~ 1 o1 P N
(@) > 5filx) =37 > (M =37271) =37 > —.

The portion V' = (9T;\ H;) N {0 <y < t;,1} consists of vertical line
segments only. Suppose (x,y) € V, then & = a* or b*, associated with
some component [a,b] x [0,t;] of T}, as defined in (3.30). If (x,y) €
V{te <y <t} for some l € [j + 1, N — 1], then

A

Fa(a,y) > %fz(fﬂ) -3t %(Af —-3H-37"> 0
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by (3.18) and (3.29). Finally, if (z,y) € VN {0 <y <ty}, then

_ Ny
Fu(a,y) > fu(e) =37V > AN = 37N 3N s o

by (3.13), (3.14) and (3.29). This proves the claim.

From the claim we deduce that the function u(z,y) = 3A‘”fj\v(x, Y)
has values u(z,y) > 1 on

N N
oy n{y >0} = JOT7 \ H).
j=n j=n

We can now pass to a subset to conclude

N
u(z,y) >1 on 8( U TJ*) N{y > 0},
j=n
for N > n > ny.

Repeat now the argument after (3.25).The statement (3.20) follows
by applying the comparison principle to the functions v and w, (U;V:nG j)
on the domainR? \U_, T*. This completes the proof of w,(Ey, R?) = 0.

It remains to prove |R\ Ej| = 0 for all k € [1, k]. Define ¥ on [0, 1)

so that
(-1 ¢
K K

U(z) =log(l +a;) on { ) 1</¢<kg,

and extend W periodically to R so that ¥(z + 1) = ¥(zx) for all z.
Recall that a; = min {®(z) : z € [=1, £]}. Define for each k € [1,x] a
sequence of functions hY, bS5 h% ... so that

kE—1
h;“(:c) =v (ij—l— T) —m,

where m = & Z g(1+ ay).

Fix k in [1, /{] Note that hk is constant on each interval | =, j), 7
J J

an integer, and has average zero with respect to the Lebesgue measure
1 on each interval

1 —1 ?

RVj_1 ’ RVj_1 .

Here we have set v_; = x~!. Therefore the functions h¥ b5 hE ...

are orthogonal in L2. Since the sequence is uniformly bounded, it has
partial sums

h]f+h§+-~-+h§=0(j3/4) pw— a.e.
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Since

J J

k—1

logffz E ‘I’(VM‘I'T) :mj+§ hi (x)
=1 1

and 1 < A < e™, therefore for p-almost every = there exist an integer
j(x) > 0 so that

ff(x) > A forall j> j(x).
This says that |R! \ E;| = 0.

4. QUESTIONS AND COMMENTS

Many questions concerning p-harmonic measure and p-harmonic func-
tions remain unanswered.

4.1.  Are there compact sets A C R and B C R so that we have
wp(A,RY) = w,(B,RY) =0,

but w,(AU B,R%) > 07

4.2. Can the number « of sets in Theorem 1 be as small as 27

Based on a theorem of Baernstein [B], we conjecture that when p is
closed to 2 and p # 2, kK = 5 suffices. In the tree case, x must be and
can be any integer > 3 [KLW].

Theorem B. (Baernstein [B]) Let D be the unit disk in R?. For a
set S C ID let S* be the closed arc on 0D centered at 1 of length |S].
Suppose that E C 0D s the union of two disjoint closed arcs of equal
positive length, and that the two components of OD \ E have unequal
length, then there exist p1 and py (depending on E) with 1 < p; <2 <
P2 < 00 such that

(4.1) wy(0, E,D) > w,(0, E*, D)  for p1 <p<2
and
(4.2) wp(0, E,D) < w,(0, E*,D)  for 2<p<ps

If E C 0D 1is the union of two disjoint closed arcs of unequal positive
length for which the components of 0D\ E do have equal length, then
inequalities opposite to (4.1) and (4.2) are true.

According to Baernstein’s theorem, there exist 1 < p; < 2 < py < 00
so that for each p € (p1,2) U (2,p2), there is one set J among the four
{e” 20 € [0,F]},{e” : 0 € [0,F|U [T, ¥} {e” : 0 € [0,%]} and

{e?:0 €0, U[%, 2]}, which satisfies

(4.3) wy(0,J,D) < |J|/27.
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From this, a p-harmonic function UonD having Lipschitz continuous
boundary values U may be constructed so that ¥(0) = 0 and

5

(4.4) Z (! OHR/5)) > ¢ > 0 for every 6 € [0, 2n];
k=1

consequently,

1 2

— U(e?)dh > ¢ > 0.
2 Jo

On the other hand, using p-capacity estimates we can show that if
l<p< % and J is an arc of the unit circle then (4.3) holds provided
|J| < do(p). This implies that (4.4) holds for 1 < p < 3 with 5 replaced
by some k = K(p).

Let W, (¢) = ®(e™?) for integers n > 1. It is not clear, and probably

false, whether W, (0) = 0. Therefore it is unclear how to adapt Wolff’s
lemma to disks. Unlike in the half plane, shortening the period of the
boundary function on 0D complicates the p-harmonic solution in D.

4.3. Given any Lipschitz function ¥ on 0D, let U be the p-harmonic
function in D with boundary values ¥, and let U, (¢) = W(e™f).

Suppose U(0) < 2L [*" W(e)df. We ask whether

27 Jo
— 1 [
U(0) <V,(0) < —/ T(e)dd for n>2;
2 Jo
and whether lim (I\Jn(O) might take the value \TI(O) or 5 OQW U (e?)do.

n—oo

4.4. Not much is known about the structure of the sets having p-
harmonic measure zero. Sets £ C R" of absolute p-harmonic measure
zero, w,(E N 052, Q) = 0 for all bounded domains €2, are exactly those
of p-capacity zero. There exist sets on R of Hausdorff dimension
n — 1 that have zero p-harmonic measure with respect to R’} when
p # 2. There are also sufficient conditions on sets F C 8R’fr in terms
of porosity, that imply w,(E,R"}) = 0. For these and more, see [HM],
[M2] and [W].

Further questions and discussions on p-harmonic measures can be
found in [B] and [HKM]

4.5. Given a function v in R, denote by F(u) the Fatou set

{:E c Rt liII(l] u(z,y) exists and it is finite } :
y*)
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Fatou’s Theorem states that R"~!\ F(u) has zero (n — 1)-dimensional
measure for any bounded 2-harmonic function v in R?}. When 1 <
p < oo and p # 2, the Hausdorft dimension of the Fatou set of any
bounded p-harmonic function in R’ is bounded below by a positive
number ¢(n, p) independent of the function [FGMS], [MW].

Deep and unexpected examples in [Wol], [Wo2] and [L2] show that
Fatou Theorem relative to the Lebesgue measure fails when p # 2.

Theorem C. (Wolff and Lewis [Wol], [L2]) For 1 < p < oo and
p # 2, there exists a bounded p-harmonic function u on ]Ri such that
the Fatou set F(u) has zero length, and there exists a bounded positive
p-harmonic function v on R% such that the set

{reR: %Iiir(l)supv(x,y) > 0}
has zero length.
Define the infimum of the dimensions of Fatou sets to be
dimz(p) = inf{dim F(u) : u bounded p-harmonic in R? },
and the dimension of the p-harmonic measure to be
dimw, = inf{dim £ : E CR', w,(E,R%) = 1}.

We ask what the values of dim#(p) and dim w, are, and conjecture that
dimw, = dimz(p) < 1 when p # 2.

The question and the conjecture are based on results in [KW]. In
the case of forward directed regular x-branching trees (x > 1) whose
boundary is normalized to have dimension 1, the infimum of the di-
mensions of Fatou sets dimz(k, p) is attained and is given by

logd e® }

dﬂnf(ﬁap)=:Iﬂﬂ1{'—jgé;j—'ijg:ﬂ%|$ﬂp22:0

furthermore 0 < dimz(k,p) < 1 except when p = 2 or Kk = 2, and in
the exceptional case dimg(k,p) = 1.

REFERENCES

[ARY] V. ALVAREZ, J.M. RODRIGUEZ, AND D.V. YAKUBOVICH, Estimates for
nonlinear harmonic “measures” on trees Michigan Math. J. 48 ( 2001),
47-64.

[AM] P. AVILES AND J. J. MANFREDI, On null sets of p-harmonic measure , in
Partial Differential Equations with minimal smoothness and applications,
Chicago, IL 1990, B. Dahlberg et al. eds., Springer Verlag, New York
(1992), 33-36.



[BBS]

[DB]

[CFPR]

[FGMS]

[Wol]
[Wo2]

p-HARMONIC MEASURE 17

A. BAERNSTEIN, Comparison of p-harmonic measures of subsets of the
unit circle, St. Petersburg Math. J. 9 (1998), 543-551.

A. BJORN, J. BJORN, AND N. SHANMUGALINGAM, A problem of Baern-
stein on the equality of the p-harmonic measure of a set and its closure,
preprint 2004.

E. DIBENEDETTO, C'*%-local regularity of weak solutions of degener-
ate elliptic equations, Nonlinear Analysis, Theory, Methods and Appl. 7
(1983), 827-850.

A. CANTON, J. L. FERNANDEZ, D. PESTANA AND J. M. RODRIGUEZ,
On harmonic functions on trees, Potential Analysis 15 (2001), 1999-244.
E. FABES, N. GAROFALO, S. MARIN-MALAVE AND S. SALSA, Fatou
theorems for some nonlinear elliptic equations, Rev. Mat. Iberoamericana
4 (1988), 227-251.

S. GRANLUND, P. LINDQUIST AND O. MARTIO, F'-HARMONIC MEASURE
IN SPACE, Ann. Acad. Sci. Fenn. Math. 7 (1982), 233-247

J. HEINONEN AND O. MARTIO, Estimates for F-harmonic measures and
(Dksendal’s theorem for quasiconformal mappings, Indiana Univ. Math.
Jour. 36 (1987), 659-683.

J. HEINONEN, T. KILPELAINEN, AND O. MARTIO, Nonlinear potential
theory of degenerate elliptic equations, Clarendon Press, New York, 1993
R. KAUFMAN AND J.-M. Wu, Fatou theorem of p-harmonic functions
on trees, Ann. Probability 28 (2000), 1138-1148.

R. KaurMmaN, J. G. LLORENTE, AND J.-M. Wu, Nonlinear harmonic
measures on trees, Ann. Acad. Sci. Fenn. Math. 28 (2003), 279-302.

J. KURKI, Invariant sets for A-harmonic measure, Ann. Acad. Sci. Fenn.
Math. 20 (1995), 433-436.

J. L. LEwis, Regularity of the derivatives of solutions to certain elliptic
equations, Indiana Univ. Math. J. 32 (1983), 849-856.

J. L. LEwis, Note on a theorem of Wolff, Holomorphic Functions and
Moduli, Vol. 1, Berkeley, CA, 1986, D. Drasin et al., eds., Math. Sci. Res.
Inst. Publ., Vol. 10, Springer-Verlag, 1988, 93-100.

J. J. MANFREDI AND A. WEITSMAN, On the Fatou theorem for p-
harmonic functions, Comm. Partial Differential Equations 13 (1988),
651-658.

O. MARTIO, Potential theoretic aspects of nonlinear elliptic partial differ-
ential equations, Bericht Report 44, University of Jyvaskyla, Jyvaskyla,
1989.

O. MARTIO, Sets of zero elliptic harmonic measures, Ann. Acad. Sci.
Fenn. Math. 14 (1989), 47-55.

V. G. Maz’JA, On the continuity at a boundary point of solutions of
quasi-linear elliptic equations (English translation), Vestnik Leningrad
Univ. Math. 3(1976), 225-242. Original in Vestnik Leningrad. Univ. 25
(1970), 42-45 (in Russian.)

T. WoLFF, Gap series constructions for the p-Laplacian, Preprint, 1984.
T. WoLFF, Generalizations of Fatou’s theorem, Proceedings of the In-
ternational Congres of Mathematics, Berkeley, CA, 1986, Vol. 2, Amer.
Math. Soc., Providence, RI, 1987, 990-993.



18 LLORENTE, MANFREDI, AND WU

(W] J.-M. Wu, Null sets for doubling and dyadic doubling measures, Ann.
Acad. Sci. Fenn. Math. 18(1993), 77-91.

DEPARTMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELONA,
08193 BELLATERRA, SPAIN
E-mail address: jgllorente@mat.uab.es

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PITTSBURGH, PITTSBURGH,
PA 15260, USA
E-mail address: manfredi@pitt.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, 1409 WEST GREEN
STREET, URBANA, IL 61801, USA
FE-mail address: wu@math.uiuc.edu



