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ABSTRACT. The Sierpinski gasket and other self-similar subsets of R?,
d > 2, can be mapped by quasiconformal self-maps of R? onto sets of
Hausdorff dimension arbitrarily close to one. In R? we construct ex-
plicit mappings. In R?, d > 3, the results follow from general theorems
on the equivalence of invariant sets for iterated function systems under
quasisymmetric maps and global quasiconformal maps. More specifi-
cally, we present geometric conditions ensuring that (i) isomorphic sys-
tems have quasisymmetrically equivalent invariant sets, and (ii) one-
parameter isotopies of systems have invariant sets which are equivalent
under global quasiconformal maps.
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1. INTRODUCTION

The distortion of Hausdorff dimension by quasiconformal mappings has
been a subject of interest within geometric function theory for some time.
Gehring and Viisald [9] established K-dependent bounds for the distortion
of the Hausdorff dimension of a fixed subset of R by a K-quasiconformal
self-map of R?. The spectacular results of Astala [2] provide sharp bounds in
the planar case. In recent years dilatation-independent bounds for Hausdorff
dimension distortion have been considered. Bishop [4] showed that for sets
of positive dimension there is never an obstruction to raising dimension
by quasiconformal maps. On the other hand, examples of Tyson [25] and
Bishop-Tyson [6] (also [10, §15]) show that the corresponding statement for
lowering dimension can fail. For each a € [1,d], there exists a compact set
E C R? for which dim F(E) > dimE = « for every quasiconformal map
F : RY - R? Here and henceforth we denote by “dim” the Hausdorff
dimension. In fact, these examples have the stronger property that the
dimension cannot be reduced by any quasisymmetric map to another metric
space. Recall that a homeomorphism F' between metric spaces (X,d) and
(Y,d') is said to be quasisymmetric if there exists a homeomorphism 7 of
[0, 00) onto itself so that

LY dw,y) <td(z,2) = d(F(z),F(y)) <nt)d (F(z), F(2))

for all z,y,z € X. See Tukia—Viisild [24]. Every quasiconformal map F' :
R* — R4, d > 2, is quasisymmetric and the restriction of a quasisymmetric
map to a subset is again quasisymmetric.

For a fixed metric space X, the conformal dimension C dim X of X is the
infimum of the Hausdorff dimensions of all metric spaces quasisymmetrically
equivalent to X:

CdimX = inf{dimY : 3F : X — Y quasisymmetric}.

This concept was introduced by Pansu [22]. For further information regard-
ing conformal dimension, see Tyson [25], [26], Bishop-Tyson [5], [6], Balogh
[3], Keith-Laakso [13], and the recent work of Bonk and Kleiner [8], [7].
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For a fixed set E C R? we define the quasiconformal dimension QC dim E
to be the infimum of the Hausdorff dimensions of all images of E under
quasiconformal self-maps of R%:

QCdim E = inf{dim F(E): F:R¢ — R? quasiconformal}.
By the above remarks,
CdimFE < 9CdimFE < dimFE
for every E; and for each o € [1,d] there exists £ C R? with CdimE =
OCdimE =dim FE = a.

In this paper we show that the quasiconformal dimension is one for a

class of self-similar subsets of Euclidean spaces. Our starting example is the

Sierpinski gasket SG (Figure 1), which can be characterized as the unique
nonempty compact set K in R? satisfying K = fo(K)U f1(K)U fo(K), where

(12)  fole) = bz + 3, File) = bz + 5, fole) = bz + e 2l
The Hausdorff dimension of SG is iggg = 1.5849 ... We prove the following
Theorem 1.3. 9Cdim SG = 1.

FIGURE 1. The Sierpinski gasket SG

Laakso [16] has earlier shown that Cdim SG = 1. The strict inequality
QC dim SG < dim SG was previously established by Meyer [20], Laakso [16]
and Tyson, independently.'

In the plane, we also prove the corresponding theorem for the polygas-
kets PG(N) C R? (see Figure 2) which are generated by regular N-sided
polygons.

Theorem 1.4. For each N >3, N #0 (mod 4), QCdim PG(N) = 1.

In higher dimensions, an analogous result holds for the d-dimensional
Sierpinski gaskets SG¢ C R?.

Theorem 1.5. For each d > 3, QC dim SG? = 1.

In each of these three theorems, we (i) construct self-similar sets of Haus-
dorff dimension arbitrarily close to one, (ii) build quasisymmetric maps from
the given set onto these new sets, and (iii) extend the quasisymmetric map to
a global quasiconformal map. Steps two and three rely on general theorems

Hn June 2003, Laakso indicated to us an alternate proof for Theorem 1.3.
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FIGURE 2. Polygaskets PG(N) for N =5,6,7,8

on the quasisymmetric equivalence (Theorem 1.7) and global quasiconfor-
mal equivalence (Theorem 1.9) of invariant sets for iterated function systems.
These results will be stated momentarily. The application of the general qua-
siconformal extension theorem to the case of the higher-dimensional gaskets
is very complicated, and the construction of the self-similar sets in step (i)
in the case of the polygaskets is also very involved. These results are given
in sections 6 and 7, respectively.

Before stating our general results, we recall that an iterated function sys-
tem (IFS) is a family of strictly contractive similarities F = {f1,..., far} of
a Buclidean space R?. The invariant set K = K (F) is the unique nonempty
compact set which is invariant under the action of F. Certain geometric
conditions serve to limit the geometric complexity of invariant sets. First
is the open set condition (OSC), introduced by Moran [21] and rediscovered
by Hutchinson [11], which postulates the existence of a bounded nonempty
open set O in R? such that the images of O under the maps in F are disjoint
proper subsets of O. By limiting the size of the overlap sets f;(K) N f;(K),
1 # 7, the open set condition allows for the explicit computation of dim K
as the unique positive solution s to the equation

M
(L.6) Sa =1,
=1

where )\; denotes the contraction ratio associated with f; € F. Next is the
notion of post-critical finiteness (PCF), introduced by Kigami [14]. Post-
critically finite systems are essentially characterized by the requirement that
the critical set J;; fi(K) N f;(K) and its full backward image under F is
finite. For the precise definition, see section 3.

Our results hold for gasket type iterated function systems, a class which
we introduce in Definition 3.19. The term ‘gasket type’ is motivated by
the strong geometric similarities between the invariant sets of such systems
and that of the classical Sierpinski gasket. Gasket type systems are post-
critically finite and satisfy the open set condition.
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The precise statements of Theorems 1.7 and 1.9 use the language of sym-
bolic dynamics, which we now review. The dynamical attributes of an it-
erated function system F = {f1,..., fm} are encoded via its symbolic rep-
resentation as a quotient of the sequence space ¥ = A>®, A = {1,...,M}.
Indeed, there exists a continuous mapping 7 from > onto the invariant set
K = K(F). Moreover, 7x descends to a homeomorphism between 3/ L and
K (F), where the quotient space ¥/ Z is defined by the equivalence relation
w % w' if and only if mr(w) = mr(w').

Each iterated function system F contains certain distinguished elements
which comprise the boundary of F. See section 3 for the precise defini-
tion. An iterated function system is called boundary congruent if all of the
boundary share a common contraction ratio and have no rotation.

Following Kigami [15], we say that two iterated function systems F =
{fi,--,fm} and G = {g1,...,9m} are isomorphic if, up to a reordering of

the indices, the equivalence relations X Z and ¥ £ coincide. In this case the
canonically defined map 7g o 7r;_-1 is a well-defined homeomorphism between
the invariant sets. We now state our theorem on quasisymmetric equivalence
of invariant sets.

Theorem 1.7. Let F and G be iterated function systems, each of which is
boundary congruent and of gasket type. If F and G are isomorphic, then
F=rngon;' : K(F) — K(G) is quasisymmetric.

Corollary 1.8. Let F be a boundary congruent, gasket type system with
invariant set K. Then

Cdim(K) < infdim K(G),

where the infimum is taken over all boundary congruent, gasket type systems
G isomorphic to F.

Our next result concerns the global quasiconformal equivalence of invari-
ant sets. Here we require a stronger assumption about the manner in which
the two systems are related.

Theorem 1.9. Let F and G be iterated function systems, each of which is
boundary congruent and of gasket type. If F and G are equivalent through
a nondegenerate isotopy of boundary congruent, gasket type systems, then
F=mngon;" : K(F) — K(G) admits a quasiconformal extension to R?.2

Corollary 1.10. Let F be a boundary congruent, gasket type iterated func-
tion system with invariant set K. Then

QC dim(K) < infdim K (G),

2Note that in the case of a complex isotopy {F*}iep of holomorphically varying IFS’s
in the plane, the conclusion of Theorem 1.9 is guaranteed by Slodkowski’s extension [23]
of the celebrated A-lemma of Mané, Sad and Sullivan [17]. Theorem 1.9 can be viewed as
a version of the A-lemma for real isotopies in any dimension, in the setting of self-similar
invariant sets.
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where the infimum is taken over all boundary congruent, gasket type iterated
function systems G equivalent to F through some nondegenerate isotopy of
such systems.

Two systems F and G are said to be equivalent through an isotopy of iter-
ated function systems if there exists a continuously varying one-parameter
family of systems F' = {ff,..., f¢;}o<i<1, so that F = FO, G = F', and
Ft and F!" are isomorphic for any 0 < ¢ < ¢ < 1. Nondegeneracy of the
isotopy means that the dimension of the affine subspace spanned by the in-
variant set K (F') is constant in ¢. For the topology on the space of iterated
function systems which we use, see Remark 3.6.

It would be interesting to know when two isomorphic systems can be
joined by such an isotopy. For further discussion, see Remark 3.40.

The boundary congruence condition is essential; both Theorems 1.7 and
1.9 fail in its absence. See Example 4.5.

The definition of gasket-type systems (Definition 3.19) includes IFS’s with
totally disconnected invariant sets. A theorem of MacManus [18] states that
every uniformly disconnected subset of R? is equivalent with the Cantor
ternary set via a quasiconformal map of R?. The notion of uniform dis-
connectedness is a quantitative and scale-invariant strengthening of total
disconnectedness. In the setting of self-similar invariant sets, total discon-
nectedness automatically improves to uniform disconnectedness. It is well-
known that the Cantor ternary set has quasiconformal dimension equal to
zero; consequently, every totally disconnected self-similar invariant set in
R? has quasiconformal dimension equal to zero. Corollary 1.10 includes this
earlier result as a special case.

The restriction N # 0 (mod 4) in Theorem 1.4 is imposed because the
IFS for PG(N) is not post-critically finite when N =0 (mod 4) (cf. the case
N = 8 in Figure 2). In the absence of post-critical finiteness, it is difficult
to construct quasisymmetric deformations of invariant sets. The Sierpinski
carpet SC (Figure 3) is another example of an invariant set for a non-PCF
iterated function system. Note that C dim SC > 1+4log2/log3 > 1 since SC
contains the product of [0, 1] with the Cantor ternary set, and such product
spaces are known to be minimal for conformal dimension [25]. Keith and
Laakso [13] have shown that C dim SC' < dim SC = log 8/log 3. The exact
value of C dim SC' is unknown, and it is not known whether QC dim SG and
dim SC' are equal.

This paper is organized as follows. In section 2 we prove that the global
quasiconformal dimension of the Sierpinski gasket is one. Section 3 contains
preliminary definitions and basic notation. The intrinsic quasisymmetry
of the canonical homeomorphism on invariant sets (Theorem 1.7) and the
quasiconformal extensions to the ambient spaces (Theorem 1.9) are proved
in sections 4 and 5, respectively. Two theorems of Viisila from [27], which
provide sufficient conditions for extending a quasisymmetric map to a global
quasiconformal map, play a crucial role in the proof of Theorem 1.9.
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FI1GURE 3. The Sierpinski carpet SC

Finally, in sections 6 and 7 we prove Theorems 1.5 and 1.4. The construc-
tions of the deformed iterated function systems for the polygasket and the
d-dimensional gasket are quite intricate, involving many technical combina-
torial/geometric estimates.

2. THE SIERPINSKI GASKET

Fix a natural number n € N. Instead of the contractions Fy = { fo, f1, fo}
in (1.2), we view the Sierpinski gasket as the invariant set for the following
iterated function system consisting of 6n + 3 planar contractive similarities:
(2.1)

F= (D i =0,L,2) Uf™ o fr: gk =0,1,2,j #km=1,...,n}.

Here f(P) denotes the p-fold composition of f. Figure 4(c) shows the images
and w? = e

2mi/3 4mi/3

of the triangle Ty with vertices 1, w = e under the

mappings in F in the case n = 2.

Ty %Y 99 9.9
w? WO ¥

FIGURE 4. (a) SG; (b) the defining triangles from Fy for
SG; (c) the defining triangles from F (n = 2) for SG.

We define a deformation G of F which generates an invariant set SG,,. F
and G are isomorphic and the homeomorphism from SG to SG,, is quasisym-
metric and can easily be extended to a quasiconformal map of R?. Finally,
limy, oo dim SG,, = 1. Taken together, these results prove Theorem 1.3.

To define G we replace the geometrically decreasing sequence of triangles

f](m) o fr(Ty), m = 1,...,n, with a row of equally sized triangles. The
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deformation can be viewed as a discrete analog of the conformal map z —
log z. Explicitly, consider the family of planar contraction mappings

G={9;:7=0,1,2 U{hjkm:45,k=0,1,2,5 #k,m=1,...,n},

where

1 n+1 .
2.2 ; = J
2.2 9i() = — 52+,
1 o . 1 m+1 .
2.3 hijkm(2) = ————e*™/6(5 — 7)) + wh + w’
and €g; = €10 = €99 = 1, €19 = €91 = €pa = —1. See Figure 5 for the case

n = 2.

©

/ @

k (b)

FIGURE 5. (a) SGo; (b) the defining triangles from G for SGs.

(d)

According to a result from the following section (Proposition 3.37), in
order to show that F and G are isomorphic it suffices to verify that the ver-
tices of the triangles ¢;(70), hjrm (To) are identified according to the same

rule whereby the vertices of the triangles f](n+1)(T0), f](m) o fx(Tp) are iden-
tified. That is, we must verify that

(2) hjpn(@)) = ("),

(b) gk, m—l—l(wk) = h]km(w])a I1<m<n-—1,

() ]km( )_h]lm( )71§m§na
(d) hjr1(w*) = hji (W),

for all j,k,l = 0,1,2, 7 # k, 7 # I. (An example of an intersection of
each of these types is indicated in Figure 5(b).) We leave to the reader
the straightforward verification of (a)-(d). Observe that the scaling factors
A= —5and pu = (n+§)\/§ in (2.2) and (2.3) were chosen precisely to make

n+2
(d) an identity; the relevant fact is that

e]km/G + eek]m/fi _ 2COS n \/_ _ 2

By Theorem 1.7 there is a canonically defined qua51symmetric homeomor-
phism F,, : SG — SG,,. It is easy to see what this homeomorphism must
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be. First, there is a natural identification between the vertices of f](nﬂ)(To)

or f;m) o fr(To) and g;(To) or hjrm(To), respectively. Iterating gives an
identification between corresponding vertices of triangles at each level of the
construction. This correspondence extends by density to a homeomorphism
between SG and SG,,. This is the canonical homeomorphism F,.

Since the components of C \ SG are quasidiscs, the quasisymmetric map
F,, extend to a quasiconformal map in each component by Ahlfors’ Extension
Theorem [1]. By [28, Theorem 3.3], the extended map is quasiconformal on
all of R?.

To complete the proof of Theorem 1.3, we will estimate the Hausdorff
dimensions of the deformed gaskets SG,,. Since G satisfies the open set con-
dition, the dimension of SG,, is the unique positive solution to the equation

1
3 n 4 on(—=)" =1
" )
Then (nf:% > 1 whence s, < l(l)(;g(;g:%) — 1lasn — oo.

Remark 2.4. The linear interpolation F! = {g}f., hzkm}ogtgl defined by

g5 =tg; + (1= )",

hoem = thikm + (1 — 1) f 0 f](m),
is a nondegenerate isotopy between F and G. Thus the existence of the

quasiconformal extension would also follow from Theorem 1.9. However,
the above argument via Ahlfors’ Extension Theorem [1] is simpler.

(2.5)

3. DEFINITIONS AND NOTATION

3.1 Basic notation. In sections 3-5 we always work in a fixed Euclidean
space R, For 1 < p < d we view RP as a subset of R? via the embedding
(1,...,2p) = (z1,...,2p,0,...,0). For a subset A of RP, or more gen-
erally of a p-dimensional affine subspace of R?, we use |A[, to denote the
p-dimensional Lebesgue measure of A. We abbreviate |A| = |A|4 and we
denote the measure of the unit ball in R? by Q.

We denote the d x d identity matrix by I;. For a d X d matrix A we denote
by ||A|| := sup{|Av| : v € R?,|v| < 1} the operator norm.

We say that a map f : R? — R? is a similarity if there exists A > 0 so that
the identity |f(z) — f(y)| = M|z — y| holds for all z,y € R%. It is well-known
that any such map can be written in the form

(3.2) flz)=f0)+ XA -z
for some matrix A in the orthogonal group O(d).
A similarity is called strict if A < 1. Each strict similarity f : R? — R?

has a unique fixed point a = (I; — AA)~! - f(0), and can be written in the
form

(3.3) f(z) =a+ MA(z — a).
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Conversely, each triple (a,\, A) witha € R?, 0 < A < 1, and A € O(d) gives
rise to a strict similarity f of R? via (3.3). The space SS(R?) of all strict
similarities of R? is thus finite-dimensional. The topology on SS(R?) is the
canonical topology arising from the representations of elements in the form
(3.3). Observe that this topology is metrizable, for example, it is generated
by the metric

(34) D(fag):|a’_a,|+|>‘_>‘,|+||A_A,||’ f,gESS(Rd),

where f = (I; —AA)a+ XA and g = (Iy — X A')a’ + X A’. The resulting
topology on SS(R?) coincides with the topology of local uniform conver-
gence. Observe, however, that SS(R?) is not a complete metric space.

3.5 Iterated function systems. We review the basic theory of iterated
function systems as developed in Hutchinson [11]. For a modern treatment,
see Kigami [15, Chapter 1]. Our notation is consistent with [15].

An iterated function system (IFS) consists of a finite collection F =
{f1,..., far} of strict similarities of the Euclidean space R?. Associated
to each iterated function system F there is a unique nonempty compact set
K = K(F) ¢ R? which is invariant under the transformations fi,..., fu,
ie.,

M
K=|JFK;, K =/f(K).
i=1

This follows from the completeness of the space of all compact subsets of R?
equipped with the Hausdorff metric, see [19, 4.13] or [15, Theorem 1.1.4].

Remark 3.6. For fixed M, the space ZFS(RY, M) of all iterated function
systems F = {fi,...,fu} in R? is naturally identified with the quotient
SS(RHYM /Sy, where Sy denotes the symmetric group of permutations of
M letters. Via this identification, the topology on SS(R?) described above
induces a topology on ZFS(RY, M), which is generated by the metric

(3.7) D(F,G) = min max D(fi,g.,),  F.G € IFS(RL, M).
LESN k=1
In the remainder of this section we fix an iterated function system F in
ZFS(RY, M) with invariant set K and denote by (aj, \;, 4;) the data from
(3.3) associated with an element f; € F, j = 1,...,M. To avoid some
trivial cases we assume that M > 2 and a; # as so that diam K > 0.

3.8 Symbolic dynamics. Let A be an alphabet consisting of the letters
1,...,M and let W,, = A™, m > 1 (resp. ¥ = AY), denote the space of
words of length m (resp. words of infinite length) with letters drawn from
A. We denote elements of these spaces by concatenation of letters, i.e., we
write w = wjwz -+ - Wy, € Wy, or w = wywy -+ - € X, where w; € A. We set
W = Up>1 Wi, to be the set of all words of finite length. For a fixed letter
i € A we denote by 7 the infinite word 47 - - .
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We denote by o the shift map on X:

Fix an IFS F as above. For each finite word w = wy ---w,, let f, =
fw, 0 0 fu,, and Ay = Ay, -+ Ay,,. For an arbitrary set S C Rd, let
Sw = fw(S). If S is a nonempty compact set with f;(S) C S for all i € A,
then
(3.9) lim max diam S, =0

m—00 weWp,

and
K= U Sw
m>0weWnp,
If w =wiws--- is an infinite word, then Sy, := Ny, Swy--w,, 1S nOnempty; by

(3.9) Sy, contains precisely one point.

We counsider on the space X the product topology induced by the discrete
topology on A and we define a map # = nr : ¥ — K by setting 7(w)
equal to the unique point in K,,. Then 7 is a continuous surjection between
compact sets [15, Theorem 1.2.3]. Observe that

(310) ’/T(UJ) = lim fwl"'wm ((I,‘()), w=wiwy--- € E,
m—00

where z; is an arbitrarily chosen point in R%.

Proposition 3.11. 7(w) = n(w') for w # w' € ¥ if and only if 7(o*w) =
m(ofw'), where s = s(w,w') :== min{m : w,, # w,,} — 1.

This is Proposition 1.2.5 in [15]. Observe that s = s(w,w') if and only if
w; = wj for 1 <4 < s and wyyy # w), . Moreover, m(c’w) = w(c*w') €
Ui;ﬁj K;NKj.

3.12 Uniform perfectness. For future reference we record the fol-
lowing connectedness-type property of invariant sets. A metric space X is
c-uniformly perfect, ¢ > 0, if for every x € X and every 0 < r < diam X the
annulus B(z,r) \ B(z,cr) is nonempty. For example, every connected space
is 1/2-uniformly perfect.

In connection with the following proposition, recall our standing assump-
tions that M > 2 and diam K > 0.

Proposition 3.13. The invariant set K is %)\mm—um’formly perfect, where
)\min = min{Al, ce ,)\M}

Proof. Let 2z € K and r > 0 and choose 7 € ¥, 7(7) = 2. Let w = wy - - wp,
be the shortest subword of 7 for which K,, C B(z,r). If w is the empty
word, then K C B(z,r). In this case we may choose a point y € K with
|z —y| > %7“ and the result follows. If w is not the empty word, then

diam K, > Apin diam Ky, ..p,,, 1 2 AminT-

Again, there exists y € K, with |z—y| > %)\minr. The proof is complete. [
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3.14 Post-critical finiteness and the open set condition. Following
Hutchinson [11], we say that an IFS F = {fi,..., far} satisfies the open set
condition (OSC) if there exists a (nonempty) bounded open set O such that
O; C O for all j and O; N Oy, = 0 for all j # k, where O; = f;(O). Recall
that for an TFS which satisfies the open set condition, the dimension of the
invariant set can be computed using (1.6). See, e.g., Theorem 9.3 in [19] or
Theorem 1.5.7 in [15].

For an IFS F, let

C .= UZ;,g]KZ N Kj
denote the critical set for the images K; = f;(K), and let

(3.15) P=J f,'(CO)NK

weW
denote the post-critical set. The symbolic preimages of these sets are the
critical symbols 7~ 1(C) and the post-critical symbols

(3.16) = '(P)= | o™ (="' (C))

m>1

which are defined as subsets of the sequence space %.2 (For the equality of
the expressions in (3.16), see [15, Proposition 1.3.5].) An IFS is said to be
post-critically finite (PCF) if it has finitely many post-critical symbols.
On some occasions we will refer to the post-critical set as the boundary
of F. We denote the set of maps f € F whose fixed point lies in P by 0F.
The following result is a special case of Lemma 1.3.14 in [15].

Proposition 3.17. Let F be post-critically finite and let f; € F with fized
point a;. Then m (a;) = {i}.

The prototypical PCF system satisfying the open set condition is the
standard IFS F = {fo, f1, fo} in (1.2) defining the Sierpinski gasket SG.
See Figure 4(a). Here the critical and post-critical sets are C' = {d,e, f}
and P = {a,b,c}. Observe that the interior of the initial triangle Ty with
vertices at a, b and ¢ verifies the open set condition.

Note that in this example the post-critical set P coincides with the set
of fixed points of the maps in F and also with the vertices of Ty. These
identifications need not hold in general. The concept of a gasket type IFS,
which we introduce next, axiomatizes certain relations among these three
sets.

3.18 Gasket-type systems. Let F be an IFS with invariant set K.
Let Fix(F) = {a1,...,an} denote the set of fixed points of the maps in F.
Denote by II the convex hull of K. As usual, let IT,, = f,,(II) for w € W.

30ur definition of post-critical finiteness agrees with that of [15], however, some of our
terminology differs. In particular, in [15] the terms critical and post-critical set refer to
the sets 77 (C) and 7~ (P).
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Definition 3.19. We say that F is a system of gasket type if the following
conditions hold:
(i) II is a polyhedron,

(ii) each vertex of II is in Fix(F).

(iii) for all 4,7 € A, i # j, K;N K; =1I; N1I;, and when this intersection
is nonempty, it contains exactly one point which is a common vertex
of Hz' and Hj,

(iv) for v € C the set Sy := U, o™n~(v) contains at most two words.

Condition (iii) implies that the post-critical set P is contained in the set
of vertices V(II) of the polyhedron II. Thus

P C V(II) C Fix(F)

for gasket type systems. Both inclusions may be strict. Observe that we do
not require that the post-critical set be nonempty; in particular, we allow
the possibility that a gasket type IFS is totally disconnected.

Gasket type systems are post-critically finite. Indeed, 7= (P) = Uyec'S,
has cardinality at most M (M — 1). In fact, condition (iv) is equivalent with
the following:

(iv’) F is post-critically finite and II; NII; N II; = () whenever 4,5,k € A,
i F g, 1 #Fk jFk.
Lemma 3.20. Let F be a gasket-type IFS. If v € K; N K; with © # j, then
Sy = {k,1} and v = fi(ar) = fj(ar), where ag,a; denote the fized points of
T, f1, respectively.

Proof. Suppose that v € K; N K;. Then f{l(v),fjfl(v) € P C Fix(F) and

v = fiar) = fj(a) for some fi, f; € OF. Then v = n(ik) = n(51) and

k1€ S,. O

Examples 3.21. Set w = ¢>™/3. For j = 1,...,6 let fj(z) = %aj + %z,
where a1 = 1, as = (1 +w)/2, a3 = (1 +w?)/2, a4 = w, a5 = —1/2 and
ag = w?. Also let fo(z) = tw?(z — 1) and fa(z) = tw(z — 1). Finally, let
fl (2) = % + %z

(1) The IFS F = {f1, fo, f3, f4, f5, f¢} is a post-critically finite system
which fails to satisfy the second assertion in condition (iv’).

(2) The gasket type IFS F = {f1, fo, f3, f1, f6} shows that the case “S,
is a singleton” in condition (iv) of Definition 3.19 can occur.

(3) The IFS F = {f1, f1, f5, f¢} shows that in general elements of the
critical set need not be vertices of every polyhedron in which they
lie. Thus the last phrase in condition (iii) is not a consequence of
the remaining parts of the definition.

Proposition 3.22. Gasket type systems satisfy the open set condition.

Proof. If the topological dimension p of II is equal to d, we choose O to
be the interior of II. If p < d we write R? = A @ A+ as the direct sum
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of the p-dimensional affine subspace A which spans II and its orthogonal
complement A+, with origin chosen so that A x {0} coincides with A. Then
we may choose O = O' x B4P(0,1) C R?, where O denotes the interior of
IT in the subspace topology on A. O

Remark 3.23. Note also that II, C II, if and only if v is formed by
adding additional letters after w; in this case we call II,, a descendant or a
subpolyhedron of I1,,. By the generation of a descendant II, of II,, we mean
the number of additional letters in v, i.e., the length of v minus the length
of w. The children of 11, _are its first generation descendants. If II, is a
child of II,,, we denote by II, = II,, the parent of Il,. When II, and Il are
two distinct descendants of I1,,, then either (i) IT, NII,» = () or (ii) [T, NIL,
contains exactly one point, or (iii) II, C II,» or II,» C II,. When II, and II,,
are two distinct children of II,,, then either (i) or (ii) must be true. We call
two subpolyhedra adjacent if they intersect in exactly one point. Observe
that condition (ii) of Definition 3.19 implies that each vertex of II,, can be
a vertex of at most one child II,;.

3.24 Geometric data associated with a gasket type system. Let
F={f1,..., fu} be a gasket type system. Let
Amin := min{q,..., Apm},
(3.25) i th I
Amax = max{Ai,..., Ay},

be the minimal and mazimal scaling ratios associated with the elements of
F. Next, let
min{dist(II;, IT;) : II; NII; = 0,7, € A}
diam IT
be the minimal relative distance between non-adjacent children and let

(3.27)  O:=min{Zzvy:z €Il y € II;,I;NII; = {v} # 0,7,j € A}

be the minimal angle between adjacent children. If all of the children II; are

disjoint, the minimum in (3.27) is over the empty set; in this case we set

6 = m so that sin(#/2) = 1. (See, e.g., Lemmas 3.29-3.32 and (5.2).)
Finally, let

(3.26) § =

Smin (H)

2 ‘= Amin * . 3
(3.28) & A diam IT

where
Smin(IT) := min{|v — w| : v, w distinct vertices of IT}.

Observe that all five of these quantities are positive and Apax < 1; 0 > 0
follows from the fact that the sets II; are convex polyhedra which meet only
at vertices. Moreover, as functions of the IFS F, the quantities in (3.25)—
(3.28) are functions of either the contraction ratios A; or the vertices of
I1, and thus are continuous with respect to the topology on TZFS(R?, M)
described in Remark 3.6.

In the following three lemmas we fix a subpolyhedron IT,, = f,,(I).
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Lemma 3.29. Let I1,; and IL,; be two adjacent children of 1L, which in-
tersect at v. If x € I; and y € I, then

|z —y| < |z —v|+ |y —v|] <ecsc(0/2)|z -yl

Proof. 1t follows from the definition of # and the self similarity that Zzvy >
6 > 0 for all z € II;; and y € II,,;. The stated inequalities then follow from
the Law of Cosines and the triangle inequality. O

Lemma 3.30. Let 11, I1,,; and 11,y be three distinct children of 11,,. Then
1

(3.31) min{J, 3" sin(#/2)} diamII,, < max{|z —y|, |z — z|} < diamIl,

for o € Iy, y € Iy, and z € I.

Proof. Suppose two of these children are not adjacent. Without loss of
generality let them be II,,; and II, ;. Then
|z —y| > dist(ILyi, ILy;) > 6 diamIL,,.
Suppose next that all three children are pairwise adjacent. We may assume
that |z — y| < 1 sin(0/2)smin(Iy;). Let {v} = II,; NI, and {v'} = Iy N
Ik, and note from condition (iv’) in Definition 3.19 that v # v’. By the
previous lemma,
csc(0/2)|z — z| > |z —o'| > Jv =V | — |z — v
> Smin(wi) — esc(6/2)[z — y|
1 1
> §5min(Hwi) > 3" diam IT,,.
O

Lemma 3.32. Let v be a vertex of 1L, and let 1L,; and 1l,; be distinct
children of 1L, so that v is a vertex of 11,;. Then

(3.33) min{J, ksin(#/2)} diam IT,, < dist(v, [T,;) < diamII,,.

Observe that under the hypotheses of Lemma 3.32, v is not a vertex of
I1,;. See Remark 3.23.

Proof. Let € IL,. If II,; and IL,; are not adjacent, then |z — v| >
d diamII,,. Suppose that IT,; and II,,; are adjacent, with IT,; NII,; = {v1}.
As discussed above, v; # v. By Lemma 3.29,

|z —v| > sin(0/2)|v — v1| > sin(0/2)smin(llyj) > wsin(6/2) diam IL,,.
0

3.34 Boundary congruence. Let F be a gasket type system. We say
that F is boundary congruent if all of the similarities in F share a common
contraction ratio and have trivial rotation matrix. In other words, there
exists 0 < Ap < 1 so that each f € OF satisfies f(z) = a + Ag(z — a) for
some a € P.
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Remark 3.35. One could generalize the definition of boundary congruence
by requiring that all of the maps in OF share a common contraction ratio
Ap and a common rotation matrix Ay € O(d) (not necessarily the identity
matrix), i.e., that each f € 9F satisfy f(z) = a + \gAs(z — a) for some
a € P. However, it can be shown that this a priori weaker requirement is in
fact equivalent with the stated condition. (Here the standing assumptions
that M > 2 and Fix(F) contains at least two elements are needed.)

The boundary congruence property is essential for proving quasisymme-
try of the canonical homeomorphism F' between isomorphic invariant sets.
Without it, the relative distances |z —v|/|y —v| and |F(z) — F(v)|/|F (y) —
F(v)| will be incommensurable at a point v in the critical set of F. See
Example 4.5.

3.36 Isomorphic systems. Fix M > 1 and denote by Sj; the sym-
metric group on M letters. Each permutation ¢ € Sjs induces a bijection of
Y ={1,...,M}* by the formula wiws -+ — Ly, ly, - --. We use the same
notation ¢ for this bijection of X.

Let F,G € ZFS(RY, M). Following Kigami [15, Definition 1.3.2], we say
that F and G are isomorphic if the map F :=mgo o 7r}1 is a well-defined
homeomorphism between K (F) and K(G). In other words, there exists a
permutation ¢ € Sys so that mgow(w) = mgor(w') whenever w, w' € X satisfy
Tr(w) = mr(w').

To simplify matters, we assume henceforth that for isomorphic systems
F and G, the elements of G are ordered so that ¢ is the identity. Then the
canonical homeomorphism from K (F) to K(G) is

-1
F=mgomg.

Proposition 3.37 gives an effective way to verify that two gasket type
systems are isomorphic.

Proposition 3.37. Let F and G be two gasket type iterated function sys-
tems. For each i =1,..., M, denote the fized point of f; by a; and the fixed
point of g; by a,. Then the following are equivalent:
(i) F and G are isomorphic,
(ii) for each v € C, if v = fi(ay) = fj(a;) for some i # j (as in Lemma
3.20), then g;(a}) = g;(a;).

Proof. First assume that F and G are isomorphic, and let v = f;(ax) =
fi(a;) € C. Then mx(ik) = v = mx(jl) whence ng(ik) = ng(jl) and g;(a}) =
gj(a;). Thus (i) implies (ii).

To see why the converse holds, suppose that w,w' € X, w # w' and
mr(w) = wr(w'). By Proposition 3.11, v := mx(c’w) = nr(c’w') € C,
where s = s(w,w’). By Lemma 3.20, S, = {k,l} and v = fi(ax) = fi(a)
for some i # j and k and I. Thus 7—'(v) = {ik,jl} D {o°w,c%w'}. Since
o'w # o*w' we may assume without loss of generality that o%w = ik and
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o’w' = jl. By the hypothesis ng(c*w) = ng(o*w') and so mg(w) = mg(w')
as required. O

3.38 Isotopies of iterated function systems. Now assume that F*! =
{fl,... ft}, 0 <t < 1, is a one-parameter family of iterated function
systems in R? which vary continuously in ¢, that is, the map t — F! is
continuous with respect to the topology on the space ZFS(R?, M) discussed
in Remark 3.6. We say that {F'} is an isotopy if F " and F!" are isomorphic
whenever 0 < ¢’ < t” < 1. We call such an isotopy nondegenerate if the
dimension of the affine subspace A; of R? spanned by the invariant set K (F*)
is constant in £. We denote this common dimension by p.

Remark 3.39. Nondegeneracy of the isotopy ensures that the invariant sets
K(F') are “uniformly thick” in dimension p. For a precise statement along
these lines, see Remark 5.5.

A typical example of a degenerate isotopy is the planar family F! =

{4 f3, £3: $1}, where fl(z) = S5z, f(2) = 35t + O/, pi(z) = S5t +
M(z — 1), and fi(z) = 1+ 3tt(z — 1). ThlS isotopy interpolates
between FY, whose invariant set is the unit line segment [0,1], and F*,
whose invariant set is the classical von Koch snowflake.

On the other hand, every isotopy of gasket type systems for which the
polyhedron II? is identical for all ¢, is nondegenerate. This covers, for exam-
ple, the isotopies in Remark 2.4 and section 6.

Remark 3.40. It is not immediately clear when two isomorphic systems
can be joined by a nondegenerate isotopy. In the planar case, linear isotopies
(asin (2.5)) always generate similarities provided all of the contraction maps
involved are orientation-preserving, i.e. analytic. However, it is not easy to
determine whether the intermediate IFS’s are all isomorphic to the original
system and whether the isotopy is nondegenerate.

In higher dimensions linear isotopies do not give similarity maps for
0 < t < 1. This stems from the fact that the Cauchy-Riemann system
defining conformality in higher dimensions is nonlinear (see [12, (1.22)]). As
before, if all of the maps in question have coherent orientations, nonlinear
isotopies of similarity maps can be found. But again the questions of de-
termining when the intermediate systems are all isomorphic, and when the
isotopy is nondegenerate are formidable. In the case of the d-dimensional
gaskets (section 6), we will construct explicit nondegenerate isotopies. See
Proposition 6.16.

4. QUASISYMMETRIC MAPS BETWEEN INVARIANT SETS

In this section we prove Theorem 1.7, which asserts that the canonical
homeomorphism F' = ng ow}l between the invariant sets of two isomorphic,
boundary congruent, gasket type systems F and G, is quasisymmetric.
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For brevity, we write K = K(F) and K’ = K(G). In general, we will
put a prime over a quantity that has been defined for F to denote the
corresponding quantity for G. For example, {)\9} will denote the contraction
ratios for the maps in G and )\’3 will denote the contraction ratio associated
with the similarities whose fixed points lie in 0G. Let IT and IT’ be the convex
hulls of K and K’, respectively. Without loss of generality we may assume
that diamII = diamIT’' = 1.

The proof of Theorem 1.7 relies on a number of geometric lemmas (Lem-
mas 4.1-4.3) which describe the metric distortion induced by the canonical
homeomorphism. The setting for these lemmas is the following. We fix
a word w € W and let Q = II,, = f,(IT) and Q" = ¢, (IT"). We denote
by d = diam@Q = Ay and d' = diam @' = )\),, and by Q, = f,(II) and
Q. = gu-(I') for a word 7 € W.

In the statements of the lemmas, we write A < B (resp. A = B, resp.
A~ B)if A < CB (resp. A > B/C, resp. A/C < B < CA) for some
constant C' < oo which may depend on F and G, but does not depend on
the length of the word w.

Lemma 4.1. Let z,y € Q. If |x —y| = d, then |F(z) — F(y)| ~ d'.

Lemma 4.2. Let x € QQ and let v be the common vertex of two children of
Q. If |z — v| = \kd for some k € N, then |F(z) — F(v)| ~ (\,)kd'.

Lemma 4.3. Let Q; and Q, be adjacent subpolyhedra in Q, not necessarily
in the same generation. If z € Q, and y € Q, with |z — y| ~ )\gd for some
k €N, then |F(z) — F(y)| ~ (\y)*d'.

Proof of Lemma 4.1. Let z,y € @ with |z — y| > cd, for some positive
constant ¢ depending only on F. Let n be the smallest index such that z
and y are contained in nonadjacent nth generation subpolyhedra (); and Q)

respectively. Then the parents C/Q\T and @, are either adjacent or identical.
It follows that |z — y| < diam Q; + diam @, < 2A\%.1d, and so \;! > %c.

max max
Since F and G are isomorphic, ;. and @), are nonadjacent. This implies

that |F(z) — F(y)| > 6A™>1d' = d'. The reverse inequality |F(z)— F(y)| < d
is trivial. 0

Proof of Lemma 4.2. Let x € @, let v be the common vertex of two children
of ), and assume that A’g/cd <lz—wv| < cklgd for some k € N. Let @,
T € Wy, be the smallest descendant of () which contains z and v. Then

min{d, ksin(0/2)} diam Q, < |z — v| < diam Q)

by Lemma 3.32. The boundary congruence assumption implies that diam @,
A5d, whence |k —n| ~ 1.
Since F and G are isomorphic, @’ is the smallest descendant of Q" which
contains F'(x) and F(v). Applying Lemma 3.32 again yields
/

min{d’, e(TI")\! sin(%)}diam Q. < |F(z) — F(v)| < diam Q.

min



18 JEREMY T. TYSON AND JANG-MEI WU

As before, diam Q). = (A\})"d and |k — n| ~ 1. The proof is complete. O

Proof of Lemma 4.3. Let (); and @, be two adjacent subpolyhedra of ()
with common vertex v, and let z € Q; and y € Q,, satisfy |z —y| ~ A’gd.
By Lemma 3.29, |z — v| + |y — v| =~ |z — y| =~ Aid. Assume as we may
that |y — v| < |z — v| = Akd. By Lemma 4.2, |F(y) — F(v)| = (\))kd' ~
|F'(z) — F(v)|. Applying Lemma 3.29 again yields |F(z) — F(y)| ~ |F(z) —
F()| + |F(y) — F(v)| =~ (\))*d" as desired. O

Proof of Theorem 1.7. To prove that F' is quasisymmetric, it suffices to show
that there exists a constant C so that

1 _|z—y 1 _|F(z) - F(y)|
4.4 K, =< <2= < —== (.
G orel =T G Fw - ) |
Indeed, assume that F' satisfies (4.4) and assume that z,y,z € K satisfy
|z — y| < |z — 2|. If in addition |z — 2| < |z — y| then (4.4) immediately
yields

Flo)- Pl _

|F'(z) = F(2)]
so assume that |z —y| < ]z — z|. Then |y — 2| > |z — 2| and |y — 2| <
ly — |+ |z — 2| < 2|z —z| so

Fx) - F)| _ . | |Fy) - F(2)]
Fa)—F()| = TP —Fe) <!

by (4.4). Thus we have shown that F is weakly quasisymmetric. Since
K and K' are doubling and uniformly perfect (see Proposition 3.13), F' is
necessarily quasisymmetric. See [10, Theorem 10.19].

Let z,y,z € K with |z — 2| < |z — y| < 2|z — 2| and assume that @
is the smallest subpolyhedron of II which contains z, y and z. Let Q; be
a child of @ containing z. (If z is in the critical set C' then choose either
of the children containing z.) Then all possible locations of z, y and z are
covered by the following four cases (and the variation of (4) in which y and
z are switched):

(1) at least one of y and z is contained in a child of ) which is disjoint
from Q);;
2) y € Q; and z € Qi for two different children @Q;, Qr of @ each of
J J
which is adjacent to Q;;
3) y and z are elements of the same child @); of @) which is adjacent to
( ) Yy j 3|
Qi;
(4) yis an element of a child @) of @ which is adjacent to Q; and z € Q;.

|F(z)—F(y)]|

m is bounded

In each of these cases, we will show that the ratio
away from zero and infinity.

Case (1) is the simplest. If, say, y is contained in a child disjoint from
Q;, then |z — z| > 1|z — y| > $dd. Consequently |F(z) — F(y)| ~ d’ and
|F(z) — F(z)| ~ d by Lemma 4.1.
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For case (2), Lemma 3.30 yields max{|z — y|, |z — 2|} »= d. Then this case
can be completed as in case (1).

In cases (3) and (4) z and y are in different subpolyhedra and all three
points are in Q; U Q;. Let @Q; N Q; = {v}. Choose integers k, [ and m so
that |z — v ~ Aid, |y —v| ~ ALd and |z — v| ~ AZ'd. Then Lemma 4.2
(applied to Q = Q; and @ = Q;) implies that |F(z) — F(v)| ~ (\,)*d',
|F(y) — F(v)| = (N,)!d" and |F(z) — F(v)| ~ (\;)™d'. We divide these
two cases into further subcases (i), (ii) and (iii) according to which of the
quantities |x — v, |y — v| or |z — v| is the largest.

Case (i): Assume first that |z — v| is the largest. Since |z —v| + |y — v| ~
|z — y| by Lemma 3.29, we have |z — y| ~ |z — v| ~ Afa. By Lemma 4.3,
|F(z) = F(y)| = (Xp)*d'.

By assumption, |z — 2| ~ |z — y| ~ \Ed as well. In case (3) (z and z are
in different subpolyhedra @; and Q;) we apply Lemma 4.3, while in case
(4) (z and z are in the same subpolyhedron ;) we apply Lemma 4.1 on
the smallest subpolyhedron of @); containing v,  and z. In either case we
conclude that |F(z) — F(2)| ~ (\,)*d" as desired.

Case (ii): The case when |y — v| is largest is handled by interchanging x
and y in case (i).

Case (iii): Finally, we consider the case when |z — v| is the largest. In
case (4) we use Lemma 3.29 as before to conclude that |z —y| = A\5'd. Thus
|z —z| + |z — y| > AJ'd and since both terms on the left hand side are
comparable, each in turn is > AJ'd. Since all of the distances |z —y|, |z — 2|
and |y — z| are bounded above by this same quantity we conclude that

|z —y| ~ |z — 2| ~ |y — 2| ~ |z — v] ~ \jd.

We now apply Lemma 4.3 and Lemma 4.1 to the smallest subpolyhedron
containing v, £ and z as above to conclude that

|F(z) = F(2)| ~|F(y) — F(2)| ~ (\5)"d"

Finally, in case (3) we use Lemma 3.29 again to conclude that |z —xz| > \j'd,
whence |y — x| > AJ'd by the hypothesis. Applying Lemma 4.3 twice yields
the same conclusion

|F(z) = F(2)| = |[F(y) = F(2)| = (Xp)"d"

All cases have now been covered and the proof of Theorem 1.7 is complete.
O

Example 4.5. The assumption of boundary congruence in Theorem 1.7 is
necessary. To see this, consider the IFS’s F = {f1, fo} and G = {g1,92}
on the real line, where fi(z) = /2, fo(z) = /2 +1/2 and g1(z) = z/3,
g2(x) = /3 4+ 2/3. The invariant set for both of these IFS’s is the unit line
segment [0, 1], and the induced canonical homeomorphism F' = 7g o w;l is
not quasisymmetric.
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5. GLOBAL QUASICONFORMAL EXTENSIONS

In this section we study the question: when does the canonical homeo-
morphism between the invariant sets of two isomorphic IFS’s F and G admit
a global quasiconformal extension? The main result, Theorem 1.9, provides
the existence of such an extension when F and G are boundary congruent
gasket type systems which are joined by a nondegenerate isotopy of such
systems.

Viisild’s theory of s-quasisymmetric maps and extension theorems [27]
is crucial in our proof of Theorem 1.9. A map f: X — Y between metric
spaces is said to be s-quasisymmetric, s > 0, if it is n-quasisymmetric for
some increasing homeomorphism 7 satisfying n(t) < ¢t + s for 0 < ¢t <
1/s. The notion of s-quasisymmetry provides a quantitative measure for the
degree of “closeness” of a quasisymmetric map to the space of similarities.

The following theorem asserts that the canonical homeomorphism is s-
quasisymmetric for some small s, provided the original systems are suffi-
ciently close in the natural topology described in Remark 3.6.

Theorem 5.1. Let d > 1 and M > 2. There exists a continuous function
€: TFS(R?, M) — (0,1) so that the following statement holds:

Let F and G be iterated function systems, each of which is boundary
congruent and of gasket type. Assume that F and G are isomorphic and
D(F,G) < €(F). Then the canonical homeomorphism F = mg o 7"
K(F) = K(G) is s-quasisymmetric with s — 0 as D(F,G) — 0.

Here D denotes the metric on ZFS(R?, M) defined in (3.7).
We may choose

(5.2) e(F) ok sin?(0/2)A8 . (1 — Amax)®,

1
5000000
where Amin, Amax, 9, 6, and x are the values defined in (3.25)—(3.28) for F.
Observe that €(F) is a continuous function of F.

Theorem 5.3 (Viisilid). Let A be a p-dimensional affine subspace of R?
and let A be a compact, thick subset of A. There exists so > 0 such that if
0 < s < 89, then each s-quasisymmetric map F : A — F(A) C R¢ admits
an si-quasisymmetric extension F:R: 5 RY,

This is Theorem 6.2 of [27]. Here, for a p-dimensional affine subspace
A C R?, we say that a set A C A is thick in A if there exist constants ry > 0
and B > 0 such that for any a € A and any 0 < r < r¢, there is a simplex
A C A whose vertices lie in AN B(a,r) and which has p-volume |A|, > prP.
See [27, §6.1].

Lemma 5.4. Let K be the invariant set for an iterated function system F
in R?, and assume that diam K > 0. Then K is thick in A, where A denotes
the affine subspace of R spanned by K.
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Proof. Without loss of generality we may assume that diam K = 1. Fix a
specific simplex A with vertices in K and p-volume |A[, > 0. We will show
that K is thick in A with parameters ro =1 and 8 = AL |A],.

Fix £ € K and 0 < r < 1. By the proof of Proposition 3.13, there exists
w € W with K, C B(x,r) and diam K,, > A\pinr. The simplex A, = f,,(A)
has vertices in K,, and p-volume |A|,(diam K,)?. Then |Ay|, > BrP as
desired. O

Remark 5.5. When {F'} is a nondegenerate isotopy of isomorphic systems,
there exist simplices Ay C Ay with vertices in K (F") and info<;<1 |A¢]p > 0.
To see this, observe that p+1 < M (since A; is contained in the span of the
M fixed points of the maps in F) and for each ¢,

t t
(5.6) 0 ---Hili}i}CA |co(ag,s---,ai,, )lp >0,

where co denotes convex hull. For each fixed set {i,...,ip41} C A, the p-
volume of co(a ,..., aﬁpﬂ) is a continuous function of ¢. Since the maximum

of finitely many continuous functions is again continuous, the expression
in (5.6) is continuous in ¢ € [0,1], and thus has a positive lower bound
independent of .

In this case, the proof of Lemma 5.4 shows the following stronger state-
ment: when {F'} is a nondegenerate isotopy of isomorphic systems, the
invariant sets K (F!) are all thick, with parameters ry and 3 independent of
t. Therefore the value of sg in Theorem 5.3 can be chosen independent of ¢,
when the theorem is applied to A = F!, 0 < ¢ < 1.

Assuming temporarily the validity of Theorem 5.1, we now give the proof
of Theorem 1.9.

Proof of Theorem 1.9. Let {F'}o<t<1 be a nondegenerate isotopy of bound-
ary congruent, gasket type IFS’s JToi_ning F=F"tog=7F"

Since the maps ¢t — F* from [0,1] to ZFS(R?, M) and F ~ €(F) from
TFS(RY, M) to (0,00) are continuous, €y := inf; e(F*) > 0. For each € < ¢,
choose N = N(e) so that D(F¢, F°) < eforall0 < a < b < 1 with

1
: b—a < —.
(5.7) a<

(Later in the proof we will fix a particular choice of €, but until then the
proof is valid for all € < €y.) We abbreviate K(t) = K(F'). By Theorem
5.1, for any a and b satisfying (5.7) the map F,; : K(a) — K(b) is s(e)-
quasisymmetric with s(e) — 0 as € = 0.

Combining Theorem 5.3 with Lemma 5.4 and Remark 5.5, we conclude
that each of the maps F,p : K(a) - K(b) C R? extends to an si(e)-

quasisymmetric map F,; : R — R, Moreover, s1(€) — 0 as € — 0.

We are now in a position to fix the parameter e. Choose 0 < € < ¢y so
that s(e) < so (the value from Theorem 5.3) and s;(e) < 1. Now the index
N = N(e) is also fixed.
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To complete the proof of Theorem 1.9, apply the previous discussion to
each of the maps F;_1)/n /v : K((j —1)/N) = K(j/N), j=1,...,N, to
deduce the existence of s (¢)-quasisymmetric extensions of these maps to R¢.
As before, denote these extensions by F(j_/l)\/;, j/N- Every s-quasisymmetric
self-map of R?, s S/I_,\E (1 + s)-quasiconformal. Hence the composition

F = PT);//N oo Fy_1yn,is (1+ 51(€))N-quasiconformal. This completes
the proof. O

Remark 5.8. The proof shows that the extension F is 1+o0(1)-quasiconformal
when D(F,G) — 0. Indeed, note that when D(F,G) < €, then N =1 and
the extension is 1 + s (€)-quasiconformal.

To prove Theorem 5.1 we will make use of the following result which gives
a sufficient condition for a function to be s-quasisymmmetric.

Theorem 5.9 (Vaisila). Let X C RP be c-uniformly perfect and let 0 <
s < et Let f: X — f(X) CR? be a map such that for every bounded
A C X there is a similarity embedding h : RP — RY with scale factor X\,
for which ||h — f|[geo(a) < 2¢Ap diam A. Then f is s-quasisymmetric, where
s=s(2) =0 as » — 0.

This theorem is due to Viisdld. In [27, Theorem 3.9] it is proved for
connected sets X. The extension to uniformly perfect sets requires only
minor modifications; we include this extension here to show the dependence
of the constants.

Proof of Theorem 5.9. Following the proof from [27], we deduce that f is
injective and satisfies ¢ < ¢ + 4(1 + t)? for any a,b,z € X, where t' =
(@) = F@I/If() — f@)| and t = Ja - o|/|b - o] It < 5/ then
t' < t + 952 Hence if f is quasisymmetric, then it is s-quasisymmetric
with s = 5(s) = max{s'/*, 9:'/?}.

To show that f is quasisymmetric, it suffices to verify the conditions in
Theorem 3.10 of [24]. Set h = 2/c and H = 4/c. Since X is c-uniformly
perfect, it is (%c, %)—homogeneously dense. If t < 2/c then t < s /* and
<t + 92 < 4fe. Tt < /4 then ' < ¢/4+ (c*/36)(1 + ¢/4)? < ¢/2.
The quasisymmetry of f follows. O

The following technical proposition plays a key role in the proof of Theo-
rem 5.1. For ease of exposition, we have deferred the proof of this proposition
to the end of this section.

Proposition 5.10. Let F and G be iterated function systems, each of which
is boundary congruent and of gasket type. Assume that F and G are iso-
morphic and D(F,G) < %min{)\mm,l — Amaz}, where Apin = Apin(F)
and Amaz = Amaz(F). Assume also that dlam K = 1 and 0 € K, where
K = K(F). Leti,j,k,l € A satisfy nr(ik) = m£(jl). Letn € N be arbitrary
and set T=1k---kKEandn=j3]---1.

~—— —~—

n n
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Then
|1id = ®@|| o0 (1)) < CD(F,G),
where @:gn*logTOf;IOfn and
500
Amin(1 = Amaz)®”

Corollary 5.12. With hypotheses as in Proposition 5.10, if D(F,G) <
€(F), then

(5.11) C=

. 1 . 9 7
(5.13) |[id —@|[ oo (1)) < mémsm (0/2) A in-

Let F and G be isomorphic iterated function systems with D(F,G) <
€(F). For future reference we record the estimates

1
(5-14) Amax(g) < 6(]:) + Amax < 5(1 + Amax)
and
1
(515) Amin(Q) > >\min - E(f) > §>\min

which follow from the inequalities €(F) < Amin and €(F) < (1 — Amax)-

Proof of Theorem 5.1. Let € : ZFS(RY, M) — (0,00) be the function given
in (5.2). Let F ={f1,...,fm} and G = {g1,...,9n} be isomorphic IFS’s
as in the statement of the theorem. By Proposition 3.13, K = K(F) is
c-uniformly perfect with ¢ = %)\min. Since the theorem is invariant under
similarity mappings of R?, we may assume that diamK = 1 and 0 € K.
The conclusion will follow after we verify the assumptions of Theorem 5.9
for the canonical homeomorphism F : K — K(G) C R? with
L4 L
(5.16) n = 1440 = 2304)‘min'

Let A be a subset of K.
Case 1 (A= K): Since K C B(0,1) and D(F,G) < €(F),

(5.17) max |fi = gill <) < 3e(F).

We will verify the hypothesis of Theorem 5.9 with h equal to the identity. Let
z € K and choose w = wywy - -+ € ¥ with 7x(w) = z. Then 7g(w) = F(z)
and

|z — F(z)| = [mr(w) — mg(w)]
:nlgnoo|fwl Ofw2 - Of’lUm($0) ~ Guw; ©Guwy © " ngm($0)|
by (3.10). By the triangle inequality and (5.17),
2~ F@)] < 36(F) + Agyy . [fuy 0 -0 Juy, (20) ~ Gu - © g (a0)].
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Iterating yields

|z — F(z)] <3e(F)(L+ Ag,,, + Aguy Agu, +77)
3 6
< " < -
- 1 — Amax(g) 6(7) - 1 — )\maXE(]:) =

by the choice of €(F) in (5.2) and (5.14).

Thus the hypothesis in Theorem 5.9 is verified in this case.
Case 2 (A = K, for some w € W): The canonical homeomorphism F' :
K(F) — K(G) verifies the identity

F|Kw:ngFOfu71.

By the previous case, ||id —F|| e« (g) < sdiam K. Choose h = gy o f, .
The proof of this case is then finished by the calculation

||h - F||L00(Kw) = )\ngid—FHLoo(K) < Agw%diamK = %>\h diamKw.

Case 3 (general A): Let IT,, be the smallest subpolyhedron of I containing
A. If A meets three distinct children of IT,, then

1
(5.18) diam A > min{4, 3" sin(6/2)} diam IT,,
by Lemma 3.30. Also if A meets two nonadjacent children of II,, then

diam A > ¢ diam IT,, and so again (5.18) holds. Choosing h = g, o f,,* as in
the previous case and applying that case, we conclude

I = Fllwny < = Flliegiy < 15— () dinm K,
< 0 . L e(F)Ap diam A
T 1= Xnax  3K6sin(6/2)
< x )\ diam A

by the choice of €(F).

The final (and most difficult) case occurs when A is contained entirely
within two adjacent children II,,; and IL,; of II,,. As before, let IL,,; NIL,; =
{v}. We consider the smallest pair of subpolyhedra II,; and Il,, of I,
satisfying the following conditions:

(1) IT,7 is contained in IT,,; and II,, is contained in II,;,
(11) 7 NIy = {1)},
(iii) A C I, Uy, and
(iv) 7 and n have equal length.

The boundary congruence of F implies that

(5.19) Amin diam I,y < diam T, <

diam II,,.
min
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Also, a combination of Lemmas 3.29 and 3.32 and the choice of II,,, and
Iy, reveal that
diam A > sin(0/2) min{4, x sin(0/2) } min{diam II,,,, diam IL,, }
5.20
(5.20) > 8k sin?(0/2) Ain diam I1,,,-

by (5.19).
We claim that the similarity b = gy, o f,+ verifies the condition in The-
orem 5.9. For the part of A which lies within II,,, this is immediate:

1A = Fllpeo(anmt,,) < [Ih = Fllre (k)

< Le(]—"))\h diam IT,,,
1- >\max
(5.21) p .
< . F)Ap, diam A
~ 1 — Apax 6/§sin2(0/2))\min6( JAn diam
< x\p diam A

by (5.20). For the part of A which lies within II,,;, we proceed in two steps.
Let h1 = gup o fu_ﬂ}. We will show that

1 .
(522) ||h1 - F||L°°(A0Hwn) S §%>\h diam A
and

1 .
(523) ||h1 — h||L°°(AﬂHwn) S §%>\h dlamA.

The proof of (5.22) is similar to that of (5.21); we use
diam A > ik sin2(9/2))\min diam IT,,,,
in place of (5.20) as well as the estimate

>\;U>\;,>\w>\'r _ A;)\z < >\max )\max(g) < 2
AwAg A AL )\j)\; = Amin Amin(9) )‘r2nin
which follows from (5.15).

To complete the proof it suffices to verify (5.23). In fact we will prove
that

A, =

1
(5.24) ||h1 — h||L°°(Hw7,) < 5% - 0K sin2(9/2)>\min . >\h diam Hwn;

observe that (5.24) and (5.20) together imply (5.23). Using the definitions
of h and h; we reduce (5.24) to the statement

_ _ 1 . Ap diam IT,,
(5.25) |lgy o f, L g of; 1||L00(H") < 5%-5/<asm2(9/2))\min . )\7,"

By the choice of II,,; and II,, we have

T=1k---k and n=ygl---1

n n
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for some n € N. Setting & = 97;1 o gr o f- o f, as in Proposition 5.10, we
see that (5.25) in turn is equivalent to
1 Ap diam I1
(5.26) 11id = [ oo 1) < = 5¢ - 85 502(6/2) Ay - o100
2 N

Observe that

Apdiam T, M, )
- > >\m1n>\m1n > >‘m1n
)\;U)\% W )\’ - (9) 2

Thus it suffices to verify the inequality

1
|[id =@|| oo (mry < e ok sin?(0/2)\3

(5.27) 1

= méﬁsm (0/2)AT ;..
By the choice of s in (5.16), (5.27) follows from (5.13) which was the con-
clusion of Corollary 5.12. The proof of Theorem 5.1 is complete. |

To conclude this section we give the proof of Proposition 5.10.

Assume that the maps in G are ordered so that D(F,G) = max;ca D(fi, gi)-
Recall that D(f,g) = [A\=N|+|a—d'|+||A—A'||, where f = (I —AA)a+ A
and g = (I — XN A")a' + N A’. The proof of the proposition consists in estimart-
ing |z ®(2)], for z € K, by a series of terms involving the data A;, a;, A; and
M., al, AL To this end we first collect several lemmas providing estimates for
terms of this form. In all of these lemmas, we assume the hypotheses of
Proposition 5.10.

To ease notation we write D = D(F,G).

In our first lemma, we estimate the operator norm of B; — B., where
B: := I;— \A; and B. := I; — X_ A and 7 is as in the hypotheses of
Proposition 5.10.

Lemma 5.28. ||B; — B.|| < D.

1— )\maz
Proof. Since \; = \;\§, A; = A;, etc. (recall that boundary mappings have
trivial rotation matrix Ag), we find
|Br — Byl = [|\Ar = X AT
S (n + 2) maX{AmaXa max( )}n
1 - )\ma.x
by repeated applications of the triangle inequality. Here we used the ele-
mentary estimate 2(n 4+ 1)z" <1/(1—-2z),n>1,0<z < 1. O

D

< 2(n +1)(

Remark 5.29. In a similar manner, we can prove ||B,, — By, || <
for any w € W, where B, = I; — A\ Aq, etc.

1— )\ma.x

Since @ is a similarity, ® = ®(0) + \p A for some A\p > 0 and Agp € O(d).
Our next lemma estimates the operator norm of Bg := I; — A\¢p Ae.
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Lemma 5.30. ||Bs|| < 2 D.

mn
Proof. Since the contraction ratio and rotation matrix for a composition
of similarities are the product of the corresponding quantities for the com-
posands,

5.31 Ap = () I, = 92
(' ) ‘I>_(77) TAT AN T Ny
¥ 1
and
(5.32) Ap = (A)) - AL AT Ay = (A1 AL AT A

Here we have used the boundary congruence to observe that the contribu-
tions to Ag from the boundary similarities fx, f;, gk, g7 vanish. Observe that
)\k:Al:AaandA%:A;:Ag.

From (5.31) and (5.32) we estimate

7 —1
Ag < (1+L;¥|> <1—7|Aj;jAj|>
<(1—|— D >(1— D >_1<1—|— 4 D < 3.
- >\min >\min - >\min -
and

11a — Asll = |47 - A7" = AL ATY| < |45 — Al + || A — 4j|| < 2D.

Combining these inequalities gives

10

[[Bal| < [Ae — 1] + Xa|[1g — As|| < ;) D.

min

O
Next, we estimate |v — v'|, where v = f;(a;) = fj(a;) and v' = g;(a},) =
g5(ay)-
Lemma 5.33. |[v — /| < 7D.

Proof. This is an easy consequence of the representations v = B;a; + \;A;ax
and v' = Bla} + A Aja), where B; := I; — \jA; and B] := I; — XAl O

For our final lemma, we estimate the distance between the fixed points
ar and a for f; and g,.

, 36
Lemma 5.34. |a, —d.| < (1—Xmaz)®

Proof. The fixed point for f; = f; o f,g") is
ar = B’T_1 : (BZCLZ + (BT - Bl)ak)
Thus
jar —al| < 1B Bua — (B~ Blal| + B (B, — Byyax— (B1)™ (B, — Bl |.
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In the first term, we use the triangle inequality together with the estimates
[|1Bill <2, ||Bl| <2, ||B; — Bj|| < 2D to deduce

|B- ' Bia; — (B;) "' Bjai| < 2-||B;' = (B) M| + [I(B7) 1] - 4D.

In a similar manner, we use the above estimates together with || B, —B;|| < 2,
||B;. — Bj|| <2 and Lemma 5.28 to control the second term:

B\ (B, — By — (BL)"'(BL — Bl)aj
< 1B, = B 1B: = Bil | + 1B I - (1B — Byl + 1| B — Bill + 11B; — Bi||D)
6
—D
1- Amax
Finally, we use Lemma 5.28 and (5.14) to get
18- = (B < 1B - 11B; = Bl - 1(B7) ]

<2-|IB; ' = (B I+ IIB) -

2 4
< D < D
- (1 - )\ma.x)Q(l - )\max(g)) o (1 - >\max)3
and . 5
B)7Y| < < :
1(B7)™ [ < (@) S T o
Combining these estimates gives the desired conclusion. 0

Remark 5.35. A similar proof shows that |a,, —al,| < CD for any w € W,
where a,, and a, denote the fixed points for f,, and gy, respectively and C
denotes a constant depending only on Amin and Amax. Since the collection
of fixed points for the maps f,,, w € W, is dense in K, it follows that

lmr = 7G|l Lo (s) < CD(F,G)
for any isomorphic, boundary congruent, gasket type IFS’s F and G.
Proof of Proposition 5.10. For any z € II = II(F), we have
(5.36) |2 = @(2)] < [®(0)] + |Ba(2)| < |2(0)] + || Bal|-

Since the second term was bounded in Lemma 5.30, it suffices to provide an
estimate for |®(0)|. To this end, we calculate

®(0) = (Id——A’ Hay, + ,A’ LIy =M Aal

A A
T )\T
X A LA ( d_)\_A Na, X)\ A YALAZH (I — M Ay)ay
:_)\_’AI 'B] (a5, —v') + )\’A, B! (a} — ")
Ag' 1—1 4! >\T 1—1 4!
X)\A ALATIB (a; —v) + X)\A ALA B, (a, —v)
)\l
+ (g — )\—,(A') LAY (v' — v) + Ba(v)
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Since v = fr(ax) = fy(a;) we see that a; — v = A\ A-(ar — ai), etc. Hence
AL AL
®(0) = —B/(ay, — a)) + X SLASTALBY (al — al) — )\—,A’ YAl B (ar — ag)
)\/
+ )\@A@Bn(an — al) (Id — )\—;FAI LA )(Q)I — 1)) + B@(’U)

Py
= —Bj(a, — ay +a; — ay) + XTA' YA BL(al — a; + ag — a},)

XTA’ YAL(BL — B;)(ar —ag) + (B, — B) — B,Bg) (a, — a;)

N
+Ta = Sp A A = 0) + Bo(v)
=I+IT+IIT+IV+V+VIL

Using the lemmas, we estimate

74
I <2(la, —al —a)|) < —————=D
| | — (|a'77 a”l]| + |a’l a’l|) —_ (1 _ Amax)3 b
2 296
I < —(la; —a.| +|ap — a)|) < D,
sy o m el =l < S
4
|[IT1] < Bl|| < D,

Ainin oo Amin(l - Amax)
22
[IV| <||B,; — Byl +2||Bs]| <

1 21
|V|S <]‘+ ! >|,Ul_v|§ D?
Amin i

and 0 o
VI <|1Bsll < 5D,

Thus

(5.37) 13(0)] < 2T p.

| o )\min(l - >\max)3
Using (5.37) and Lemma 5.30 in (5.36) completes the proof of Proposition
5.10. 0

6. HIGHER-DIMENSIONAL GASKETS

Fix an integer d > 2 and consider the IFS F, in R¢ defined by the d 4 1
conformal contractions

1 :
fj(x):pj+§($—pj), j=0,...,d,

where {py,...,pa} is a collection of points in R? satisfying |p; — p;| = 1 for
all 7 # j. Using a convenient abuse of notation, we will occasionally write
p; to denote the vector based at the origin with terminus p;.
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We denote the invariant set for Fy by SG? and call this the d-dimensional
Sierpinski gasket. Observe that

log(d + 1)

. d _
dim SG* = log 2

Furthermore, for each n € N, SG¢ is the invariant set for the IFS
(6.1)

F={f"Dj=0,. dyU{fi"ofi:jk=0,....dj#km=1...,n}

in ZFS(RY, M), M = (d + 1)(nd + 1).

In this section we prove Theorem 1.5 which states that the global qua-
siconformal dimension of SG? is equal to one for each d > 3. To prove
Theorem 1.5, we will construct, for each n, a system isomorphic to F (Propo-
sition 6.14) so that the invariant sets of the deformed IFS’s have Hausdorff
dimensions tending to one (Proposition 6.15). We then show that each de-
formed system can be joined to the corresponding undeformed system F by
a nondegenerate isotopy (Proposition 6.16). Theorem 1.5 then follows from
Corollary 1.10.

6.2 Geometry of the d-dimensional gasket. Denote by A the initial
simplex obtained as the closed convex hull of the points py, ..., pg. Without
loss of generality, we may assume that the centroid of Ay is the origin in
R?. Denote the distance from any vertex p; to the centroid by

(63) Oq ‘= |pj|,

denote the length of the altitude at p; (that is, the distance from p; to the
hyperplane H; C R? spanned by the points py, . .. s Dj—1,Dj+1,---,Pd) by

(6.4) aa = dist(p;, H;),

and denote the angle between the altitude at p; and any of the edges p;px
by 64.

Lemma 6.5. 04 = \/ﬁ, Gd = \/ %7 and
1

(6.6) cosbly=aq=—.
20,
In what follows we never use the exact formulas for o4 and ag but we do
use (6.6) repeatedly.

Proof. In the planar case we have o = 1/v/3, az = v/3/2 and 0y = /6.
Now let d > 3 be arbitrary. By considering the triangle with vertices at p;,
pi and the origin, we see that o4cosfy = 1.

On the other hand, considering the triangle with vertices at p;, pp and
the centroid of Ag N Hj, we see that cosfy; = a4 and 0371 + az = 1. The
conclusion follows by induction on d. O
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In the remainder of this section, we assume that the dimension d > 3 is
fixed and write 0 = g4, 0 = 0,4, etc.

For each j,k = 0,...,d, j # k, let Aj; be the plane spanned by the vectors
p; and py and let Ajp € O(d) be the rotation matrix that maps the vector
pr — p; onto the vector —‘z—j:' = —% and acts as the identity on Aﬁc. Thus
Ajj, rotates vectors in A, by angle 6.

In the deformed IFS (defined in the following subsection), the matri-
ces A, will occur as the rotation matrices associated with similarities Az,
(compare with (2.3)). To guarantee that the simplices A jxm (Ao) and Ay, (Ao)
intersect at precisely one vertex, we must verify the identities hjpm,(p) =

hjim(pr). These identities will follow from the next lemma.

Lemma 6.7. For each j,k,01=0,...,d, j#k, j#I, k#I,
2+ 30

m(pz —pk)-

(Ajp + Aj) (o1 — i) =

Proof. The matrices A, Aj; leave invariant the orthogonal complement of
the subspace A of R? spanned by the vectors pj, pr and p;. It thus suffices to
restrict our attention to this three-dimensional subspace, and it is convenient
to identify A with R® and choose coordinates in A so that p; = (0,0, 0),

(\/302—11 1)
pp=| =

2% 27 2%

and

b b g
20 2 20

<\/30—2—1 1 1)
= — :

or possibly with p, and p; reversed. (Note that |p;| = |px| = |m| = o and
lpj — pi| = |pj — pi| = [Pk — p1| = 1.) From the definition of A;; we have

Ajr(pr — pj) = —%,
| D i 1
(6.8) Ajk(—;]) = 2cos 0(—;]) —(pr —pj) =(1— E)Pj — Pk,

Ajr(pj X pr) = pj X Dk,

where p; X p;, denotes the cross product of p; and p; within the subspace A.
The vectors py — pj, —p;j/o and p; X p, span A (note that they are not an
orthonormal basis) and hence from the values in (6.8) we compute

(6.9) Ajr(pi—pr) =

140 —0? L 2430 o (pr-+p1)
o(1+20) 21+ 20 2(1 + 20) PRTPU:

The result follows by symmetry in £ and . O

) (p1—pr)+

6.10 Deformations of d-dimensional gaskets. We now describe the
deformed versions of the d-dimensional gasket SG? which will figure in the
proof of Theorem 1.5. Fix a natural number n € N. The deformed gasket
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SG® is the invariant set for a new IFS G € TFS(R?, M) with M = (d +
1)(nd + 1). Choose A and p so that

A 2430
po 1420
is the eigenvalue from Lemma 6.7 and
(6.11) o+ =
o

and define the IFS
G={gj:j =0y, d} U{hjrm : 5,k =0,...,d,j #k,m=1,...,n},

where

(6.12) gj(z) = Az + (1 = A)p;
and
(6.13) hikm(2) = pAje(x — p;) + Ap + (A +mp/o)p;

(Compare with (2.2) and (2.3) and recall that |p;| = 0.)

Observe that the contraction ratios p associated with the maps hjpy,
are constant. If we define R;',m = {hjkm(Do) : K =0,...,d,k # j} and
Aj = U, 1R, U{g;(Ao)}, then the deformed gasket SG? has the form of
a “starfish” with d + 1 arms Aj, ..., Aj. Each arm A’ consists of n blocks
R'; 1 of equal diameter and a cap g; (AO) of diameter >\ Each block R,

a 51mphc1al complex comprised of d simplices A, (Ag) of diameter p. The
dual graph for Ry,m is the complete graph on d vertices.*

Proposition 6.14. F and G are isomorphic.

Proof. In view of Proposition 3.37, it suffices to verify the identities

(a) ]kn(p]) = g;(Pr),
(b) ka+1( k) = thM(p])? I<m<n-—1,
( ) ]km(pl) = h]lm(pk) 1<m<mn,

(d) hjri(pr) = hiji(ps),
for all j,k,1 =0,...,d, j # k, j # [. These identities follow directly from
the definitions of g; and hjkyy,, the first identity in (6.8), and the eigenvalue
condition in Lemma 6.7. For example, to verify (c) we use the definition of
hjkm to compute

Rjkm (1) — hjum (pk) = pAje (o0 — pj) + Apk — pAji(pk — pj) — Api
= uAjr(p — pi) + pAj(p — pr) — Ao — k)
= 0.
The proofs of (a), (b) and (d) are similar. O
4By the dual graph for a simplicial complex K we mean the abstract graph I" whose
vertices are in one-to-one correspondence with the simplices in K with the following adja-

cency matrix: two vertices in I' are connected by an edge if and only if the corresponding
simplices in K meet at a vertex.
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Proposition 6.15. dim SG¢ — 1 as n — oo.

Proof. Since each of the sets SG¢ satisfies the open set condition, the di-
mension s5¢ of SG¢ is the unique positive number satisfying

(d+ 1)A*% + d(d + 1)np™ = 1.
Since p < A < 2/n it follows that

1< (d+1)2n(2)

3

log((d-+1)*n)
log(1/2)

Proposition 6.16. There exists a nondegenerate isotopy of isomorphic sys-
tems {ft}[)gtgl joining F = F° to G = F'.
Proof. Let A;k be the orthogonal matrix which is the identity on Aﬁc and
acts as a rotation on Aj; by angle t0. Thus {A; i} interpolates between the
identity matrix and Ajj.
For 0 <t <1, set
in(l —t)0 into
o M and t— s1‘n .
sin 6 sin 6

Lemma 6.17. A%, (px — p;) = o (px — pj) + pi(—E).
Proof. Fix j and k and let A = Aj;, and A = Aj,. Let v = py — pj and
w = —p;/o. Then Av lies in A, so A'v = aw + Pw for some «, 8 € R. By

definition, the angle between A'v and v is 0 and the angle between A'v and
w is (1 —¢)8. Thus

whence s¢ < —1asn — oo. g

costh = Alv-v = a + [ cosb

and

cos(1 —t)0 = A'v - w = acos @ + B
from which it follows that o = of and 8 = . O
Lemma 6.18. (A, + A)(p — py) = 820002y .

The proof is similar to that of Lemma 6.7, using the identities
Al (px — pj) = o (px — pj) + 5t(—%)
and ) )
Aly(=H) = (o' + 28" cos ) (=22) - (i — py)
in place of the first and second equations of (6.8). Observe that the eigen-

: : _ : 243
value in Lemma 6.18 is equal to 2 when ¢ = 0 and is equal to the value § +2§

when ¢ =1 (since 2cos 0 = 1/0).

We now define the deformed iterated function systems. Fix 0 <t < 1 and
define
(6.19)

Fr={g;:j=0,...,dyU{hly,, : j,k=0,....d,j £k,m=1,...,n},
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where

(6.20) 1(s) i= N+ (1= X)p,

and

(6.21) Bjom (%) 1= ' (1) Ao = pj) + X ()" "'

+(1+ Vt/ff = (A + vt a)(p") )y,
and the data X!, u!, v!, and p' > 1 are determined by the equations

pY 2 t0 2
(6.22) +_ 602 + 202 cos ,
put

402
(6.23) ptal =X (p" - 1),
(6.24) Wit = (ot — 1),
and
(6.25) X+ v o) ()" =1+ v o

The geometric intuition behind (6.20) and (6.21) is very simple. For 0 <
t<1let R; = {h]km( 0): k=0,...,d,k # j}. For fixed j and m, the
simplices in ij form a simplicial complex whose dual graph is the complete
graph on d vertices. These simplices are tilted from hgkm(Ag) according to
the rotation matrix At and by an angle £ relative to the axis @ Scaled in
order for Rt and R m-1 to intersect properly, the diameters p Lptyn=m of
the simplices in R]’ must decrease geometrically in m. The overall scaling
ratios A' and p! are chosen to make the entire picture fit precisely within
the original simplex Ay and to guarantee the required intersections among
the child simplices. This ensures that the IFS’s F! and F " are isomorphic
for t £ t'.
As before, to establish the proposition it suffices to verify the identities

(a) hlpn(pg) = gi(pr),
(b ]km-i—l(pk) —h§km(pj)a I1<m<n-1,
1)

)
() jkm( :hzlm( )1§m§n,
(d)

Jm(Plc) = h’k]l(p])
for all j,k,1=0,...,d, 5 #k, j#I.

Condition (a) follows directly from the definitions, while condition (b) fol-
lows from Lemma 6.17, (6.23) and (6.24). For condition (c) we use Lemmas
6.17 and 6.18 as well as (6.22). Finally, condition (d) follows from Lemma
6.17 and equations (6.23), (6.24) and (6.25). We leave the details to the
reader. 0

Remark 6.26. For fixed ¢ < 1 the quantities A\ / pt, pt and vt /put are inde-
pendent of n. From (6.25) it follows that A, ut, vt = O(p™™).

Now assume that n € N is fixed. It is straightforward to verify that the
IFS F° from (6.19) coincides with the IFS F from (6.1). To verify that the
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IFS F! converges to the IFS G as t — 1, we analyze the limiting behavior of
the equations (6.22)-(6.25). Set e = 1 — ¢. Beginning with (6.22) and using
(6.6) we find

DAY 0

— =—— O(€%).

utoop 2sinf° +0(<)

From (6.23) we find
202

0 p
t_q H 2 3
P14 et eanze TOE)

and from (6.24) we find
vt Asinf 1 1 Acosf
— = il (e O(e).
I A (2 T ) + 0

Dividing (6.25) through by p! and substituting the values for \/u?, p! and
vt /ut from above, we find after some work that

1 n - 2A 1
(6.27) E = <; + 7) + 0(6) = ; + O(e)

by (6.11). Hence u! = p+ O(e) and X! = X + O(e).

7. THE POLYGASKETS

Fix an integer N > 3 and consider the IFS Fj generated by the N con-
tractions f;(z) = w/ + A(N)(z — '), = 0,...,N — 1. Here w = ?™/N
denotes the principal Nth root of unity and

l—w sin(mw/N)

7.1 AN) = =
(7.1) (V) (1—-w?)(1+w'=7)  2sin(rq/N)cos(r(q —1)/N)’
where
N
(7.2) g=¢q(N):=1+ [Z] .
The polygasket PG(N) is the invariant set for Fy. By (1.6),
. log N
PG(N) = .
dim PG(N) Tog 1/

Denote by II the initial N-gon which is the closed convex hull of the
Nth roots of unity. The contraction ratio A(N) in (7.1) is chosen so that
neighboring polygons f;(II) and f;41(II) meet on the boundary but not in
their interiors.” Note that two polygons fi(I1), fi+1(II) meet at either a
single point or along a line segment, according to whether N # 0 (mod 4)
or N =0 (mod 4). (See also Lemma 7.11.) It follows that F{ satisfies the

5By convention, all arithmetic computations involving indices are taken mod V.
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open set condition for any N (choose O to be the interior of II), and is of
gasket type provided N # 0 (mod 4).°

For the remainder of this section, we fix an integer N > 5 with N # 0
(mod 4). We will prove Theorem 1.4 which asserts that the global quasi-
conformal dimension of PG(N) is equal to one. To simplify notation we
suppress the dependence on N, writing A = A(N), g = ¢(N), etc.

7.3 Sketch of the proof. Fix an integer n > 1 and consider PG(N) as
the invariant set for the following IFS in ZFS(R?, M), M = N(N —1)n+N:

—{f”+1 /=0,..,N -1}

U{fj ofk:j,k:(),...,N—l,j#k,mzl,...,n}.
See Figure 6 for the case N =9, n = 2.

(7.4)

2a

FIGURE 6. (a) PG(9); (b) the defining nonagons from Fy for
the nonagasket; (c) the defining nonagons from F (n = 2)
for the nonagasket

Set P := Uperf(II). The critical set Cy for F separates P into N “arms”

Aj = £ U U Ao fi@),  j=0,...,N -1

m=1 k=1,k#j
Equivalently, A; can be characterized as the union of those polygons f(II),
f € F, which are contained in the sector {re’’ : |§ — 27j/N| < n/N}.
Within a fixed arm A;, the two point sets {fj(m) (witd), f;m) (W=}, m =
2,...,n + 1, separate A; into n intermediate blocks

Bjm = Uf o fi(I0),

k=1,k#j

6When N = 0 (mod 4), two adjacent similarity pieces fj(PG(N)) and fj+1(PG(N))
intersect either along a line segment (if N = 4) or along a Cantor set (if N = 8,12,16,...).
PG(4) is a closed square. For PG(4k), k > 2, we do not know whether the dimension can
be reduced by a quasiconformal map of the plane. See Figure 2 for the case N = 8.
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m =1,...,n, and one terminal block

Bjni1 = [0 (1).

Observe that all of the N —1 polygons in a block Bj ,,, m = 1,...,n, have the
same size A+ diam IT and that these sizes form a geometrically decreasing
sequence. The polygon in the terminal block Bj 41 has the same size as
those in the final intermediate block B p.

Our goal is to construct a new gasket type IFS

G:={9;:7=0,...,N -1}
U{hjkm:5,k=0,...,. N=1,j#km=1,...,n}

which is isomorphic to F. The precise details of this construction are quite
complicated and will occupy the bulk of this section. In brief, the idea is to
replace the geometrically decreasing blocks B; ,, in each arm with blocks of
constant size. The overall shape of the resulting invariant set PG, (N) will
be essentially that of an N-armed starfish. See Figure 7 for a picture of one
of the deformed arms in the case N =9, n = 3.

In order to show that F and G are isomorphic, we will verify the condition
in Proposition 3.37. See Proposition 7.32. Theorem 1.7 then ensures that
the canonical homeomorphism F' : PG(N) — PG, (N) is quasisymmetric.
A computation (see Proposition 7.33) yields lim,,_,~ dim PG, (N) = 1.

It is likely that the deformed IFS’s may be joined to the original IFS by
isotopies, however, establishing this fact rigorously is technically difficult.
For this reason, we use the more well-developed theory of quasiconformal
maps in the plane to directly construct quasiconformal extensions of the
canonical homeomorphisms from PG(N) to PG, (N). See Proposition 7.34.

The remainder of this section is organized as follows. We first collect
some additional basic geometric observations regarding the structure of the
N-gasket which will be important in the proof. We then prove Theorem 1.4
by filling in the details in the above sketch.

7.5 Geometry of the polygasket. The critical set for PG(N) as
generated by Fy is given explicitly as

(7.6) Co = {fj(™) = fi1(w™"0) :j=1,...,N}.
For m > 0 let Cy, = UwEWmfw(CO)'

Lemma 7.7. Fach subpolygon Il,, w € W,,, meets Uw,ewmw,#w II, in
either two or three points. This intersection contains three points if and
only if m > 2 and IL,, has a vertex in CyU---U C,,_o. In this case 11, has
precisely one vertex v in CyU--- U Cp_o.

We leave the proof to the reader.
Within the polygon IT we distinguish a particular (directed) chord w9w—1.
Similarly, for each IT,,, w € W, we distinguish the chord f,(w?)fy,(w=?). In
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general, we say that a polygon II' has chord Ty if there is a similarity which
maps II' onto IT taking = to w? and y to w™ 9.

For three points a, b, ¢ in the plane, denote by Zabc € [0,27) the oriented
angle from ba to be. If 0 < Zabe < w let Zoabc = m — Zabe be the exterior
angle at the vertex b for the triangle with vertices a, b, c.

Set
Vs Vs
(7.8) T=5 -
(7.9) a:g—WMJ,
and
(7.10) ﬁ:%—gm.

Here v = Zw?10, while the quantities 2a and 23 give the angles between
adjacent N-gons (see Figure 6(b)). Note that a« + 8 = 20/N = ZL.zyz
is the exterior angle at the vertex of a regular N-gon, or equivalently, the
exterior angle at y for the triangle with vertices z,y, z, where Ty and yz are
the directed chords associated with a pair of adjacent children of IT (with
respect to the original TFS Fj).

In connection with the following lemma, recall our standing assumption
that N > 5, N #0 (mod 4).

Lemma 7.11. (i) N =1, 2 or 3 (mod 4) if and only if 2a < 27/N,
200 =27/N or 2a > 2w /N, respectively;
(ii) ;27 < min{2e,27/N} and I < 28;
(ili) 2% = 20 if N = 1 (mod 4) and 2% < 27/N if N
(mod 4).

2,3

Proof. These facts are easy computations using the definitions (7.8), (7.9),
(7.10) together with the definition of ¢ in (7.2). O

The equality in Lemma 7.11(iii) when N = 1 (mod 4) introduces addi-
tional complications into the construction of the deformed gaskets in this
case. See the remarks following Claim 7.24.

Lemma 7.12. Let I and II" be polygons with chords Ty and yz respectively,
where 0 < Lzxyz < w. If
2 2
max{0, FW —2a} < Lexyz < FW + 20,

then TI' N I1" = {y}.

In the context of this lemma it is important to note that we do not require
|z =yl =y — 2|
Proof. Let a and b be vertices of II' which are neighbors of y so that a,y,b

occur in clockwise order around the boundary of II'. Let ¢ and d be the
vertices of II” which are neighbors of y so that ¢,y,d occur in clockwise
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order. It suffices to prove that Zdya > 0 and Zbyc > 0. A computation
gives Zayzr = Zzyd = (2q — 1)7/N and Zaxyb = Zeyz = (N —2qg — 1)w/N.
Thus
Zdya = 21 — Layx — Lxyz — Lzyd
2(2¢g — 1 2
W—%—i—max{ﬂ,ﬁﬁ —2a} > 0.
Similarly
Zbyc = Lxyz — Lxyb — Leyz
2(N —2¢—-1)m 2«

— —28>0.
N N pz0

g

7.13 Notation and definitions. We restrict our attention to a single
arm of the polygasket; without loss of generality assume that it is Ag. For
m>0and k=0,...,N — 1 we set

= £ (1)
and
Xp = f§™ o fi(w ) = £ 0 frpa (WF17).
Thus the critical set Cy = {X,g :0 <k < N —1}. Furthermore, the blocks
within Ay are By, := By, = {II]' : 1 <k < N -1} and Bpg1 := Bojyr =
{g}, and X;* = TP NIIY . Figure 7 shows a single arm in the case N =9,
n = 3.

FIGURE 7. (a) One arm of the undeformed gasket PG(9),
showing the junction points X{, X§, X2, ...; (b) one arm
of the deformed hexagasket PG35(9), showing the junction
points X'g, X[}, X'g,

Within B,,, we define certain distinguished polygons. The right joint (resp.
left joint) is I (resp. II; ). The right side (resp. left side), consists of the
polygons II}* with 1 <k <g—1 (resp. N—q+1 <k <N — 1).” Finally, the
bridge consists of the polygons II}* with ¢+1 <k < N —q—1. Observe that
all of the polygons II}*, 1 < k < N — 1, fall into one of these five categories.

"The language here is from the viewpoint of an observer standing at the point z = 1.
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Note that the points w?, fo(w?) = X3, fé2) (w?) = X},...,1 are collinear,
as are the points w9, fo(w™7) = X%_,, féZ) (w™%) = X%_,,...,1. Note also
that the set Sg (resp. Sr) which is the union of all of the right joints and
right arms (resp. the left joints and left arms) is connected.

7.14 Initial attempt to construct PG,(N). A natural approach to
the construction of the deformed arm A} is the following:

1. Apply a similarity hy to Sg of the form
hi(z) = Xg +¢7(z — X7),

where + is defined in (7.8). Note that h; maps the line containing
X3, X}, ..., 1 to the line containing X§ = h1(XJ), h1(X3),...,h1(1)
which is parallel to the z-axis.

2. Apply a continuous map hg to hy(Sg), where hy is defined induc-
tively as follows: ho is the identity on hy(B; N Sg) and ho(z) =
ho(XTY) 4+ A"™(2 — ho(XY) for 2 € hi(B,, NSg), 2 < m <
n. Observe that each set hy(B,, N Sg) is a horizontal translate of
h2(B1 N Sg).

. Repeat parts 1 and 2 for S}.

4. Adjust the bridges within each block B, so that the vertices which
anchor the bridge to the left and right joints coincide with the new
positions of those vertices within hy(Sg).

5. Adjust the size of the last block Bjyi so that the vertices which
anchor it to the left and right sides of B,, are correct.

w

However, there is a small problem with this plan. The image of the first
block By is no longer contained within the sector {re? : || < 7/N} due to
the large rotation angle «y; thus the images of neighboring arms will overlap.
This complicates the construction. To correct this problem we use smaller
rotations (by angle /(¢ — 1)) of each of the ¢ — 1 polygons in the right side,
and similarly in the left side of the first block.

We now give the proof of Theorem 1.4 in detail. We will describe the
construction of the deformed blocks B], within the arm Ajf, block by block.
The other deformed arms A}, ..., A’y ;| are obtained from Aj, by rotation.

7.15 Block 1. In this block, we leave the right and left joints as well
as the bridge unchanged. Thus X ,1, q—1 < k <N — q, are unchanged.
Replace the remaining points X ,% by points X ,1 (and for convenience, denote
by X! =X ,% the unchanged points also) so that the exterior angles

S e1e or oy
(7.16) LeXp Xp X1 = N g1

forl1 <k<g—1land N—q <k < N—2, and that the distances |X;—X,1+1|
are equal for all 0 < k < N — 2. Replace each I} (for 1 < k < ¢—1 and
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N—-q+1 <k < N —1) by the regular N-gon ﬁ}; with directed chord
X ,iX ,1_1; and ~again denote by IT} = H,lc the unchanged polygons as well.
Let By ={II} : 1 <k < N —1}.
Claim 7.17. The only points of intersection of the polygons in By are
{Xpy=1;nIl},, k=1,...,N —2.
From (7.16) and Lemma 7.11(ii) it follows that
27

21
F—2a<ZXk+1Xka 1<F

and the claim follows from Lemma 7.12.
Claim 7.18. Fach polygon fI,lc, 1 <k <N —1, is contained in the sector
{re? ;10| < n/N} and
N—1 .
U 0 {re™™ N} = (X3, X3}
k=1
Let L be the ray {re/™/N : r > 0}. Calculations show that the angle @

from the chord X ;X' 1171 to L increases as k decreases from ¢ to 1. When
N = 2,3 (mod 4) the ¢;’s are all positive; when N =1 (mod 4) all of these
values except ¢, are positive and |p,| < ¢4—1. These facts show that

dist(X, L) > ,nax {dist(X,, L), dist(X4—1, L)}
=q—1,q
= dist(X,, L)
for k=0,...,9 — 2. From this, Claim 7.18 follows easily.

Claim 7.19. The chord X} X] has been rotated by an angle v, i.e., the angle
between X} X1 and X(}Xll s 7.

This angle of rotation is built up through the cumulative effect of ¢ — 1
rotations by angle v/(q — 1).

7.20 Blocks 2 to n — 1. Let hy be the similarity
(7.21) hi(z) = X} + Ae? (2 — XP),

where A > 1 is a constant to be determined later. Then X} = hy(X}),
h1(X2),...,hi(1) lie on a horizontal line. Apply hy to Sg\ By. (Recall that
Sk denotes the union of all of the right joints and right arms.) Then the
sets hl(SR NBp), m=2,...,n, are all similar to one another.

Let hy be a continuous map of hl(SR \ B1) which translates hl(SR NBy,)
horizontally and expands hi (Sg N By,) by a factor A2~™. More precisely, h2
is defined 1nduct1vely as follows: h2 is the identity on hl(Bg) and after h2
has been defined on hy(By,—1) (and hence defined at hy (X)),

ha(2) = hahy (X51) 4+ X27™ (2 — hohy (X5"1))
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for z € ﬁ1(8m~),~3 <m<n.
Let II}* = hoh (IT}"), 1 < k < ¢, be the new right side and right joint for

B, 2 <m <n. Observe that fI’,? has chord X,Z”)N(gil, where

(7.22) X[ = hohy (XT), 1<k<gq

Define the left joint and left side for B/, analogously. Note that )N(&, Xg, ey )N(SL
are collinear.

To complete the discussion for these blocks, we must describe what hap-
pens to the bridges.

Consider first the bridge in By. Using the formula in (7.22), we observe

that the angle between the vectors XIQV—q—lX]QV—q and Xg)”(g_l is equal to

27 plus the angle between XJQV_q_lX]QV_q and X§X§—1 due to the rotations

resulting from hs. Therefore points X',z, g+1< k< N—-qg—2,can be
chosen so that
(i) the distances |X,% - X,%_1| areequal forall¢g+1 <k <N —qg—1;
and_ o
(i) Z X2 XPXE =3 — 7 forg<k<N-g—1.
Now let fI%, qg+1< k<N —gq-—1, be the regular N-gon with directed

chord X?X7? ,. This defines the new bridge in Bj.
The new bridges in B/, for 3 < m < n are defined to be translates of the
bridge in B in the obvious manner.
We have now defined the deformed blocks B/, for all 2 < m < n. However,
the sides of B, will be modified later in order to fit in the terminal block
!
n+1-

!

m, not in the

Claim 7.23. For each m = 2...,n any two polygons in B
bridge, meet at most at one point.

This is clear from the construction.

Claim 7.24. For each m = 2...,n any two polygons in B),, not in the
sides, meet at most at one point.

If N = 2,3 (mod 4) this follows from the choice of the points X,’C", Lemma
7.11(ii) and Lemma 7.12, since
27 S om 27
N 200 <0 < L X XX < N
If N=1 (mod 4) we have
92 -
WW — 20 = L X XX

and the hypothesis in Lemma 7.12 fails; neighboring polygons in the bridge
share a side. Therefore we must make the exterior angles between neighbor-
ing chords in the bridge slightly larger than 2w — 2y/(N — 2¢q). This can be
accomplished by a small clockwise rotation of f[g about the point )N(&, and
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a small counterclockwise rotation of ﬁ?\f—q about the point )N(}V_l. Subse-

quently, we must make small adjustments to the points X ,% for 1 <k <gq
and N —q < k < N — 1. We require, and indeed it is possible, that (i)

X&Xg and )N(}V_IX]?V_I remain horizontal, (ii) the newly positioned chords

)N(,%ngl, 2<k<g—1lorN—q+2<k<N —1, for the sides have equal
length, and (iii) the modification of all chords involved can be as small as
future needs require. In view of (i)—(iii), it is again possible to choose the
subsequent blocks B/, 3 < m < n, as horizontal translates of Bj.

Claim 7.25. The right side of B} and the union of the right joints and right
sides of Bl,,, 2 < m < n, intersect precisely at the point X}.

This is due to the fact that the two segments X} X! and X}1 are each
rotated by the angle v in the process of forming B} and U}, _,B],.

Claim 7.26. For each 2 < m <n—1, B], and the union of the right joints
and right sides of By, , intersect precisely at Xg".

This is again obvious from the construction. The statements for the left
side are analogous.

The scaling factor A in (7.21) can be chosen so that the next three claims
are satisfied.

Claim 7.27. By is disjoint from the bridge of BS.

Claim 7.28. For each 2 < m < n —1, B!, is disjoint from the bridge of
B

Claim 7.29. The deformed arm is contained in the sector {reif 10| < 7/N}
and intersects the boundary of this sector only at the points X and XZO\LI.

7.30 Blocks n and n + 1. Finally, we describe the terminal block B;, ;.
In order to properly fit this block into the deformed arm Aj, it is necessary
to make some small modifications to the penultimate block 5},.

The joints and the bridge flz, q <k < N —gq, in Block n will remain
unchanged. In particular, the points X,?, qg—1 <k < N —gq, are unchanged.
For0<k<g—2and N-q+1<k SN—lreplaceX}g by new points,
again called X',?, so that (i) the distances |X',? - X}g_1| are equal for all
1<k<g-land N—g+1<k<N-1,and (i) Z X} XpXp | =5+
for0<k<g—land N—¢qg <k <N —1. (In the case N =1 (mod 4)
the angle in (ii) is slightly less than 27/N + /¢ due to the adjustments in
connection with Claim 7.24.) For 0 <k <g—land N—gq+1<k <N -1,
redefine fI};” to be the regular N-gon with chord X’,?X,?_l.

Now replace the block B!, defined earlier by the new collection

Bg::{ﬁZ:ISkSN—I}
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and set ~
B 41 = {Tlg}-
Claim 7.31. TI7 NII} = {X'} for0 < k < g—1 and N—q+1 < k < N—1.

Recall that indices are taken modulo N so I1% = II%.

Claim 7.31 follows from the definition of the points X',? together with
Lemma 7.11(iii) and Lemma 7.12.

Finally, let

0= Unmtl1B;n
and
A;- = {e?™/N ;2 € AL

The deformed IFS G = {g;} U {hjkm} is defined as follows. Rescale the
polygons fIZ’ so that the closed convex hull of UjA;- is again equal to the
original polygon II. Continue to denote the rescaled polygons by fIZ’ Let

go and hgg,,, map II onto flg and fI’,? respectively preserving the directed
chords. Then define g; and hjy, as

9j (Z) — eZm’j/NgO(efZM'j/Nz)
and - -
hjkm(2) = 20N b (672N 2,
Proposition 7.32. F and G are isomorphic.

This follows from Claims 7.17-7.31 and Proposition 3.37.
The invariant set for the deformed IFS G is denoted PGy, (N). To complete
the proof of Theorem 1.4 it suffices to show the following two results.

Proposition 7.33. dim PG, (N) < 1+ Cy/logn, where Cy < oo depends
only on N.

Proposition 7.34. For each n > 2 and N > 5, N # 0 (mod 4), the
canonical homeomorphism F : PG(N) — PG, (N) may be extended to a
quasiconformal map of R2.

Proof of Proposition 7.33. Let 5\’,? = diamﬁg’/ diamIl for 1 < k < N —1,
1<m<nork=0m=n.

Claim 7.35. The contraction ratios 5\’,? take on only five values when N =
2,3 (mod 4) and siz values when N =1 (mod 4).

In Block 1 there is one value associated with the joints and the bridge and
a second value associated with the sides. In Blocks 2 through n — 1 there is
one value associated with the bridge and a second value associated with the
joints, which is the same for the sides when N = 2,3 (mod 4) and a third
value associated with the sides when N =1 (mod 4). Finally, in Blocks n
and n + 1 the value associated with the joints and the bridge is the same as
that for Block n — 1, and there is an additional value associated with the
sides and with Block n + 1.
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Returning to the proof of Proposition 7.33, there exist constants 0 < C; <
1 < (9 < o0, depending on N but not on n, so that

(7.36) <A 2

for all relevant £ and m and all n > 0.

Since the deformed IFS G is of gasket type, it satisfies the open set con-
dition and hence dim PG, (N) =: s, is the unique positive solution to the
equation

N—-1 n
(7.37) NY S O+ (A =1.
k=1 m=1

Combining (7.36) and (7.37), we find

1 < N2nc2(Lys
n

which implies s, < 1+ 2log(C2N)/logn as desired. O

Next, we turn to the proof of Proposition 7.34. In what follows we work
in the extended complex plane C = C U {oo}. Let Uy be the component of
C\ PG(N) which contains the origin, and for each w € W, let U, be the
component of C\ PG(N) which contains the center of IT,,. Furthermore,
let Uy, be the unbounded component of C\ PG(N). Observe that all of the
domains Uy and U,,, w € W, are pairwise similar.

A topological circle I' C C is said to satisfy the Ahlfors three-point condi-
tion with constant a < oo if for each pair of points 2,2’ € I', one of the two
components of T' \ {z, 2’} has diameter at most a|z — 2/|.

Lemma 7.38. There ezists a constant a = a(N) < oo so that the bound-
ary of each of the complementary components of the N-gasket satisfies the
Ahlfors condition with constant a.

Proof. It suffices to verify that 0Uj; and 0U, satisfy the Ahlfors condition
with some constant a < co. For simplicity we only consider 0Up; the other
case is virtually identical.

Let § and 6 be the geometric data associated with the polygasket as in
(3.26) and (3.27).

For each w € W, II,, N QU is either empty or is a topological arc. Let
z,7' € OUy and let w be the longest word in W for which II,, 3 z,2'. Then
z € II,; and 2’ € II,,; for some i # j. There is a component vy of Uy \ {z, 2’}
contained in II,,. We break the proof into two cases:

Case (i): IL,; and IT,,; are disjoint. In this case |z —2| > dist(ILy;, IL;) >
ddiamIL,, > ¢ diam+y, and the Ahlfors condition holds with ¢ = 1/4.

Case (ii): II,; and II,; are adjacent. Let IT,,; NII,; = {¢}. Choose o, 7
such that z, ¢ € Iy, 2/, € Uy, |2—(]| = diam I, and |2’ —¢| = diam IT,,,.
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nce vy C I1,,, UIL,, we conclude that

diamy < diam I, + diam L, < |z — |+ 2" = | 2 |z — 7|

by Lemma 3.29. This completes the proof of Lemma 7.38. |

Proof of Theorem 7.34. Let F : PG(N) — PG, (N) be the canonical map.
By Proposition 7.32 and Theorem 1.7, F' is quasisymmetric. By Lemma 7.38
and a theorem of Ahlfors [1], each component of C\ PG(N) is a K-quasidisc
with K < oo depending on a(N) only. It follows from another theorem of
Ahlfors [1] that F can be extended to a function F, continuous on C and
Ki-quasiconformal on each component of C \ PG(N), with K; depending
only K and the quasisymmetry data of F' on PG(N). A theorem of Viisald

[28, Theorem 3.3] guarantees that F' is quasiconformal in C. O
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