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Abstra ct. This paper is intended to give a survey in the algebraic
theory of quadratic forms over elds of characteristic two. The rela-
tionship betweendi®ererial forms and quadratics and bilinear forms
over suc "elds discovered by Kato is usedto reducedsomeproblems
on quadratics forms to concrete questions about di®erertial forms,
which in generalare easierto handle.
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1 Intr oduction.

In his historical accourt on the algebraic theory of quadratic forms (s [Sch ]),
Sdharlau remarks that “elds of characteristic two have remainedthe pariahs of
the theory. Nevertheless,as he also mentions right beforethe above remark (s.
loc. cit.), someaspects of the theory over these elds are more interesting and
richer, becauseof the interplay of symmetric bilinear and quadratic forms, as
well as both separableand purely inseparablequadratic extensionshave to be
considered. The purposeof this brief survey article is to shav how theseaspects
work, and how some questions related to Milnor's conjecture for “elds with
26 0, can be answeredin a more elemenary way in the caseof characteristic
two.

Lpartially supported by Fondecyt 1000392 and Programa Formas Cuadraticas, Univ ersi-
dad de Talca.
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50 Ricardo Baeza

We will focus our attention on the W (F)-module structure of Wy(F), where
W (F) is the Witt-ring of a ‘eld F with 2= 0 and Wq(F) is the Witt-group

of quadratic forms over F (s. [Mi]2, [Sa] and section2). If | Y2 W (F) is the
maximal ideal of W (F), then we have the graded Witt-ring

M
ghW(F)= I"=""
n=0

and the graded gr; W (F)- module

M
or Wy(F) = | "Wq(F)=1"* Wq(F):
n=0

The structure of this module is explained in sections3 and 4. Section 3 deals
with the relationship established by Kato between di®erernial forms over F
and symmetric bilinear and quadratic forms. If kq(F) denotesMilnor's graded
k-ring of F, we introducein section 4 a graded k. (F)-module, de ned by gen-
erators and relations, which describesthe graded gr; W (F)-module gr; Wq(F).
In section 5 we examine the behaviour of this module under certain "eld ex-
tensions, particularly function "eld extensionsof quadrics de ned by P ster-
forms. As an application of these results we mention, how Knebusd's degree
conjecture for "elds with 2 = 0 follows from them. The results of section 5,
(c.f. (5.10), (5.11), (5.14), (5.16)), cited from [Ar-Ba] 3 and [Ar-Ba]4 have not
been published yet, but these manuscripts can be found at the sener "Lin-
ear Algebraic Groups and Related Structures" http://www.mathematik.uni-
bielefeld.de/LAG/.

2 Basic definitions.

Let F bea eld of characteristic two. A symmetric bilinear formb: VEV j! F
de ned on an n-dimensional F -vector spaceV is non-singular if b(x; y) = 0 for
all x 2 V impliesy = 0. (V;b) is anisotropic if b(x;x) 6 0 for all x 6 0,
and in this caseit is easyto seethat (V;b) admits an orthogonal basis (s.
[Mi], for example). If a 2 F* = F nfOg we will denote by < a > the one
dimensional form axy, and by < a;;¢¢¢;a, > (a 2 F°) the orthogonal sum
< @ >7? ¢¢¢? < a, > A nonsingular quadratic formonV isamapq:V j! F
sudh that q(,x ) = , 2q(x) and by(x;y) = g(x + y) i d(x)i q(y) is a symmetric
non singular bilinear form on V. Sinceby(x; X) = 0, n must be even. The most
simple non singular quadratic forms over F are the forms ax? + xy + by? with
a;b2 F (ie. q:Fe©OFf j! F;, qe=a; qf)=Db; bylef)=Iy(f;e)=
1), which we will denoteby [a;b]. Any non singular quadratic form over F is of
the form [a;; ] ? ¢¢¢? [anm;bn]. Scalinga quadratic form g by a2 F® means
(ag)(x) = aq(x). This extendsto an operation of bilinear forms on quadratic
forms by < a;;¢tta, > @ = a;q ? ¢¢? a,qg Besidesthe dimension, the
most simple invariant of a symmetric bilinear form b =< a;; ¢¢¢a, > is its
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Quadra tic Forms in Chara cteristic Two 51

discriminant d(b) = a; ¢¢¢a, 2 Fo=F |f g= [a;bn] ? ¢¢? [ay;bn] is a
quadratic form the analogue of the discriminant is its Arf-invariant A(q) =
aib, + ¢¢¢+ a,b, 2 F=}F , where}F = fa?j ana2 Fg.

One can write [a;b] =< a > [1;ab] if a 6 0, sothat in general one usually
writes a quadratic form qasqgq =< a; > [L;bn] ? ¢¢?< a, > [L; k], and
henceits Arf-invariant is A(q) = by + ¢¢¢+ by, 2 F=}F (s. [A], [Bals, [Sa]). For
guadratic forms (V; ) we have also the Cli®ord - algebra C(q), which de nes

m
an elemen w(q) 2 Br(F) = Brauer group of F. If g = ’i < a > [Lb],
then w(q) = n; (ai;b] 2 Br(F), where (a; b] denotesthe quaternion algebra
FOFe©OFf OFef with e =a;f?2+f =b;ef +fe=e:
A symmetric bilinear form (V;b) is called metabolic if V contains a subspace
W u V with W = W? (dm W = % dim V). Two bilinear forms by; b, are
Witt-equiv alert if by ? my 2 b, ? m,, wheremy; m, are metabolic. The set
of classesW (F) of symmetric non singular bilinear forms is a ring, additiv ely
generatedby the classes< a >; a2 F” with relations < a> + < b> =
<a+b>+ < aba+b> ifa+h6 0, <a>+<a>= 0 and
<a>¢<b>=<ab>. Wedenoteby I %2 W(F) the maximal ideal of
even dimensional forms (s. [Mi],, [Sa]for basic facts on W(F)). A quadratic
form (V;q) is hyperbolic if V contains a totally isotropic subspacewW %2V with
dim W = 1 dim V. The form [0;0] = H is the hyperbolic plane and every
hyperbolic spaceis of the form H ? ::: ? H. The forms qi; ¢ are Witt-
equivalent if @ ? rE H2 ¢ ? s€ H (r;s, 0) and we denote by W(F)
the Witt-group of suc classes.The action de ned above of bilinear forms on
quadratic forms inducesa W (F )-module structure on Wq(F).
I is additively generated by the 1-fold P ster forms < 1;a >, a 2 F7,
sothat for all n , 1; I is generatedby the n-fold bilinear P ster forms
o a3 0tt;a, A = < l;a; > - ¢¢ < 1;a, >. Theseidealsde ne submadules
IE ¢Wqy(F) of Wy(F), which are additively generatedby the n-fold quadratic
Pster forms ¢ ap;¢ta,;aj] = ¢ a;;¢¢ta, A - [L;a]; & 2 F*; a2 F (s.
[Ba]y, [Sa]for details on these forms).
Thus we have now two Ttrations

W(F) T If %12 %0¢6¢% 12 ¢te

Wq(F) T 1 Wq(F) % 12Wq(F) % 60¢% | "Wq(F) %4 ¢6¢

and we will be mainly concerned with the quotients IE:IE+l and
I "Wq(F)=I"*2 W,(F) which we denote by T and I"W4(F) respectively.

One easily cheks that dim : I_F0 i1 z=2z; d:Te i1 Fo°=F*
and A : 10Wy(F) i1 F=JF. The main result of [Sa] states that
w: IWq(F) i1 Br(F), = 2-torsion part of Br(F). The surjectivity of

w is a consequencef well-known results on p-algebrasfor p= 2 (s. [Al]), and
the injectivit y is shown in [Sa] by an elemenary induction argumert (notice
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52 Ricardo Baeza

that the isomorphism| W (F) " Br(F), is the analogueof Merkurjev's result
12=I2 " Br(F), for "elds with 26 0).
The higher groups I_Fn and I "Wq(F) will be studied in the next section.

3 Differential forms and its rela tionship to quadra tic and bilin-
ear forms

The basic referencefor what follows is Kato's fundamertal paper [Ka];. Let
- L be the F-vector spacegenerated(over F) by the symbols da, a 2 F, with
the relatlons d(ab) = bda+ adh In par\)cular d(F?) = 0, and hencethe map

d: Fi! -1isF2inear. Let - "-1 bethe F- spaceof n-di®erertial

forms over F. The mapd: F j ! -1 extendsto d: il -2 for all

n, 1byd(xdx;” ¢¢¢N dx,) = dx” dxg ” ¢¢¢N dx,. Rer@ll that a 2-basisof F

isasetfa;i21g%F sud that the elemens fa' = |, a'; "= (";i2

1); " 2f0;1gand almostall "; = 0g form a F2-basisof F. If fa;;ay;:::gis

a 2-basisof F, then the forms da“ ANron daa 1. i1< ¢¢<i, form
In

a F-basisof - . Fixing sud a 2- baS|s we de ne

FRP=f oo, g " 006 I e 2 F
i1< ¢odi , a fn

which depends on the choice of the 2-basis. Then in [Ca] it is shown that
the spacez = ker(d : -} ! - E*l) has a direct-sum decomposition
=[pPodpt

One now de nes a homomorphism

(3.1) c:zpi! -p
by
X d da, X da. da
C( C|21¢¢,¢‘ &1 A ceen " +d) = G, cd, a-'l A OGN a-‘n
T1< 0641 % l i1< ¢64i o &, in

C obviously doesnot depend on the choice of the 2-basisand inducesan iso-
morphism C : ZP2=d 2i ' {1 -1 of abelian groups.

We will call C the Cartier-operator. Let us de ne now the homomorphism
}=C' ! i 1:-2 ! -p=c 1 which is glven on generatorshby } (xXm A
¢oen o) = (x2I X) P A C0eN an mod d-

One can de ne a 2- baS|sdependert homomorph|sm} g1 -P asfollows.
Fix a 2-basisB = faj;ay; ¢¢¢g of F. Then we set
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A !
X da; da;
} Ciy oo, — LA goen ?”
i1< Cedi , i1 in
X da
= (oo, i C|1¢¢v¢n) F1 A ggon a—”-
ip<¢edi |1 In
X da da:
If for I' = Ci, coig é“ A oeen —%" we set
1< ¢eei &, in
X d da:
! 2 = C|21¢¢m1 a'l AN X% a4n .
i1< C04i , 8, in
then 1 =105 1,

Obviously if we changethe 2-basis, the image of ! 2 - 2 under the new } -
operator di®ersfrom }} by an exact form. We will usethis type of operator
in section 5.

Let °(n) = Ker(}) and H"*1 (F) = Coker(}), sothat 0! ©°g(n)! -P Y
- p=d i L1 HP*1(F) ! O0is exact. An obvious characterization of °¢ (n) is
the following

(3.2) Lemma. °g(n)=fl 2-2nd! =0;C(!)=1!g

In [Ka]; it is shawvn that °f (n) is additiv ely generatedby the pure logarithmic
di®erenials "11 A geen X— , Which is a direct consequencef lemma 2 in [Ka].,.
Since we will refer frequertly to this lemma, we will state it explicitly. Let
B = fa; i 2 1gbea 2-basisof F and endav | with a totally ordering. For
any j 2 | setF; resp. F.; for the sub’eld of F generatedover F2 by the
eIemerﬁ,ai with i < j resp. i - j. Endow with the lexicographic ordering
the set | of functions ® : f 1, g ! with &) < ®&(j) wheneweri < j.
phen fda®(1) A ogeen da®(n)'® 2 ,gisaF- basis of - ¢ and for any ® 2

n Set- fg resp. - g for the subspaceof - ¢ generatedby the elemerts
da-) ~ ¢t~ da-(,) with ~ - ®resp. ~ < ®. Then Kato's lemma 2 in [Ka]>
asserts

P
(3.3) Lemma. Lety 2 F; ®2 and ! = 220@ A ggen Pem) 5 0 pg

n do ) a(n)
suchthat
(yzi y)!®2'2;<® + d- Ei !
Then thereexistv 2 - g._o anda 2 Fg;y; 1- i- n, with
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ylo= v+ ?ww dan .

1 an

It is clear that the last remark above follows immediately from this result,
which we will quote as Kato's lemmain what follows.

One of the main results of [Ka]; is the fact that there exist two natural isomor-
phisms

(34) & :°%(n) ! Tg
(85  TRiHML(F) i! ITWg(F)
given on generatorsby
u 1
dxy n A dxn A
axy N = XK, A
G o S = eI,
u 1
= xPn g P - S G ]
X1 Xn

Thus ® and = translate many questions on bilinear and quadratic forms to
corresponding problems in di®erertial forms, which sometimes are easierto
handle, in particular if oneis able to choosea suitable 2-basisof the "eld F.
Neverthelessthe use of the isomorphism ® can be sometimes ditcult, since
in order to compute ®&! ) one must ‘rst write ! 2 °(n) as a sum of pure
logarithmic di®erertial forms.

4 Milnor 's K-theor v.

For any "eld F Milnor de ned in [Mi]; its K -groups K, (F) in a purely al-
gebraic manner as follows (s. also P ster's survey [Pf] for more details).
Let Ki(F) be the multiplicativ e group of F written additively, i.e. | :
F® P  Ky(F); I(ab = I(a) + I(b) for a;b 2 F°. SetKy(F) = Z and
Kn(F) = Ki(F) "=l, (n, 2),wherel, is the subgroupof K(F) " gen-
erated by elemerts of the form I(a;) - ¢¢¢- I(a,) with a + & = 1 for some
i 6 j. Denote by I(x;) ¢¢¢l(x,) the imageof I(x1) - ¢¢¢ [(x,). Thusthe main
de ning relation of thesegroupsis [(a)l(1j a) = 0in K,(F) for a6 0;1.

Let kn(F) = K, (F)=2K,(F) and form the commutativ e ring ka(F) = ko(F) ©
ki(F) © ¢e¢ with ko(F) = Z=2Z; ki(F) P F°=F". Milnor denes epimor-
phismss, :kn(F)! Iz by
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sn(l(ay) ¢6tl(an)) = ¢ ap; 6Ca, A

and conjecturesthat they are isomorphismsfor all n. If 2=0 in F, then there
are also natural homomorphisms(s. [Ka]1)

dlog: kn(F)i! ©°g(n)

givenby  dlog(l(a;) 66t (a,)) = ? A Geen ‘;ﬁ.
1

n
A consequenceof Kato's lemma is that dlog is an epimorphism. In [Ka]; it
is shown that dlog is an isomorphism, which combined with the isomorphism
(3.3) givesus the following main result of [Ka],
(4.1) Theorem (Kato) For any eld F with 2=0 there is a commutative
diagram of isomorphisms

kn(F)  dlag o (n)

The dening relation I(a)l(aj 1) = 0 (a6 0; 1) of the groupsk,(F) corre-
spondsin the case2 6 0 to the basicfact that the quaternion algebra(a;1j a)
splits. Here (x;y) denotesthe quaternion algebra F © Fe© Ff © Fef; € =
x; f2=y,ef = fe

But if 2=0 we do not have such interpretation and the groupsk, (F) are suitable
only to describe symmetric bilinear forms and for quadratic forms, we need
another universal object, which we introduce now. Thus in order to obtain
groupswhich are appropriate to describe the quotients | "Wg(F) by generators
and relations one is led to alter Milnor's de nition of k, taking into accourt
the basicrelations of quaternion algebrasover a "eld with 2=0. This hasbeen
donein [Ar-Ba];. Let a2 F®; b2 F. The quaternion algebra (a;h] is the
algebraF © Fe©OFf ©Fef with €= a; f2+ f = bandef + fe= e. It holds
(ax?;b+ y + y?] 2 (a;b, and (a; b splits if and only if

a2 De([1;b]) = fx2+ xy + by’=x;y 2 Fg, and a6 0. Thus the bilinear map

A:F"=F" £ F=}F ! Br(F);; A&b = (ab

satis es A(&; b) = 0i®a 2 De([1;b)). The universal symbol for A can be
constructed as follows. Let ki (F) = Fo=fF>; hi(F) = F=}F and set

Document a Mathema tica ¢Quadra tic Forms LSU 2001 ¢49{63



56 Ricardo Baeza

ki(F) - hi(F)
<l(a)- t(b) a2 Dg[Lb; a6 0>

h2(F) =

(here t(b) is the imageof bin hy(F) = F=}F).
Thus one obtains a natural homomorphism
Ae i ha(F)i! Br(F):
which is in fact an isomorphism (s. [Ar-Ba]1,[Sa]). On the other hand we also
have a bilinear map
ki(F) £ ha(F)i! H?(F)
givenby (I(a);t(b)) i! b%a, which induce a natural homomorphism
dlog: ho(F)i! H2(F):
This homomorphism is also an isomorphism (s. loc. cit), sothat the group

h2(F); H2(F); Br(F)z2; 1Wq(F) are all isomorphic and we have a commuta-
tiv e diagram of isomorphisms

ho(F) A  BiF),
2

2 2
(4.2) dlogg 3!
y ?

H2(F) L TWy(F)

Let now
hn(F) = ke(F) " Y- hy(F)=R,

whereR is the subgroup generatedby the elemerts I(a;) - ¢¢¢ I(an; 1)- t(b)
such that either a; + a.; = 1 for somei or a 2 Dg[1;b. We denote by
[(az) ¢¢¢l(an; 1)t(b) in hy(F) the imageof I(a;) - ¢¢¢- [(an; 1) - t(b).

The natural product k;(F) £ hs(F) ! h,+s(F) inducesa ks(F)-module struc-
ture on hg(F) = h1(F) © hy(F) © ¢¢¢. There are natural epimorphisms

Sntha(F)i! 1M IWq(F)

dlog: ha(F)i! H"(F)
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given by

sn(l(a1) ¢l (an; 1)t(b) = ¢ a1;¢Ctay; 1;bj]

dan; 1

dlog(l(ag) 6¢¢ (an; 1)t(h) = b33 A geen
ag ani 1

In [Ar-Ba]; it is shown that dlog is an isomorphism, and combining it with
Kato's isomorphism™ g, we concludealsothat s, is an isomorphism. Thus we
have (s. [Ar-Ba]1 and [Ka],)

(4.3) Theorem. For all n there is a commutative diagram of isomorphisms

hn (F) [ni IWF (n)

i
A A
dlog & . F

H"(F)

Remark. The groupsk,(F) and h, (F) arerelated through Galois cohomology
If Fg is a separableclosure of F and G = Gal(Fs=F) then ky(Fs) is a Gg -
module and it holds (s. [Ar-Ba]1)

HO(Gk;kn(Fs)) 2 kn(F)

HY(Gr;kn(Fs)) 2 hnsi (F)
(s. [AT]).

5 Behaviour of quadra tic and bilinear forms under field exten-
sions.

A natural question is the behaviour of the groups- !; °¢(n); H"* (F) resp
I_Fn; I "Wq(F) under "eld extensions. Sincethe isomorphisms®; ¢ (s. (3.4)
and (3.5)) are functorial, we only needto studry the behaviour of the groups
°t(n); H"*(F), to get information about 1. and I"Wy(F) (but, as men-
tioned before, care must be taken with the use of ®). If L=F is a eld
extension, we denote by - [_. the kernel Ker(- £ ! -[), and similarly we

deme ° ¢ (n); H"™! (L=F); T,% and I"W(L=F). By the remark above
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® :°.¢ (N)” T2 and ¢ :H"1(L=F) " T"W,(L=F). The easiestgroup
to handleis - |_. becausea suitable choice (if possible!) of a 2-basisof F and
L givesquickly the answer. Since

(5.1) °lr (N) = (N)\ - [¢

one also gets information about ° ¢ (n) knowing - _- . Let us now review
what we know about thesekernelsfor some eld extensions.

(i) Purel y Transcendent al extensions . If L = F(X); X any set of
variablesover F, and B is a 2-basisof F, then B[ fX gis a 2-basisof F(X). In
particular - 2 ! - ';(X) is injective and - E(X)z,: = 0. Hence®g (x)=r (n) = 0.
Using Kato's lemma (3.3) one can alsoshonv H"* (F (X )=F) = 0 (s. [Ar-Ba]3)

(i) Quadra tic extensions . Let L = F(p b); b2 FnF2 be a purely insepa-
rable quadratic extensionof F. Chgpsea 2-basisB = flhy;4 2 | g with b= b,
someig 2 |. Thenfh:i 21 figg; bgisa2-basisof F(' b) andit is easyto
ched that

ni 1na

i db

(5.2) SN -

Hence®p Py (n) = fI A @=1 2 -1 1 A g2 2o (n)g It follows from
(5.11) below that

(53) °kfPpe(m=FfL d—bb—! 2-Ritand} 2al- PP+

d- 22+ - i 2A dag
(s. section 3 for the de nition of }! ):

The corresponding result for " is now (s. (5.12) below for a more general
statemert)
_ X .
(5.4) F e = o t< x>
x2F2(b)®

Let us now examinethe kernel H"* (F (p b)=F).
We have (s.[Ar-Ba]3)

(5.5) H“*l(F(p p=F)=-2i1n %’

The proof of this fact is again based on Kato's lemma and runs brie°y as
follows. Take B = fby = b; bp; ¢¢¢g a 2-basisof F Ig,one can assumew.l.0.g.
that B is enumerable or even nite), sothat B%= f Dby; by; ¢ttg is a 2-basis
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of F(pB). 2 H (F(pB):F) means! 2 -" and! = Ju + dv with
u?z2 - ';(pl_)); v 2 - ’;‘&B). Order B% such that b > h;i 2:3¢¢¢: Since
- B La % g H'™L(F( b)=F) wegnay assumethat db doesnot appear in the
2-basisexpansionof! andlet® 2, | bethe leadingindex of! (notice &(i) > 1
for all i = 1;¢¢¢n), andlet 2 | be the leading index of u. Using Kato's

lemma one may assume - ®, and we obtain

dbs

Jue+!e) dv mod - g(p B<o

dbe dow) A geen dPo(n)
(here b, Means - ¢ee - )

with v 2 - Ei(plB). Sincehg(y < bfor all i, we conclude comparing coetcients
that the leading coexcient of dv is in F, sothat ue is de ned over F. Thusv

may be taken alsoin - ' 1. Since- C o = F ta g we concludein - !
dhe dbe . db
lo— ~ }(Up)— + dv mod - Do +-0itA 2
® I }( ®) I: F; <® F b

Inserting this relation in ! , we canlower the highestindex in ! . This concludes
the proof of the claim.
The corresponding kernel for 1 "W is now

(5.6) |an(F(ID D=F) = ¢ bA I"i IW,(F)

For quadratic separableextensionsof F the corresponding kernels are much
easierto compute. Let L = F(z); z?+z = b (b2 }F) be a quadratic
separable extension of F. Since we can alter b by elemerns of }F , we can
assumeb 2 F2. Thusz 2 L? and we seethat any 2-basisof F remains a 2-
basisof L. In particular - ' = - ©z¢- . Thus- [_r = Oandalso® - = 0.
The computation of H"*1 (L=F) is in this casealso very easy We claim

(5.7) H"1 (L=F) = b%% (n)
For the proof, take ™2 H"1 (F) with ! = }u +dv; u2-; v2- " *andset
U= U+ ZUp V= vy +2zvp with uj 2 -2 v 2 - 1 Inserting in the above

equation it follows Ju ; = dv, 2 d- 21 %, and this meansu, 2 °¢ (n). Moreover
| = bug] +Ju 1+ dvyin- . But uz 2 °¢(n) implies u[22] " up( mod d- i
and sinceb2 F?2, it follows! ~ bu, mod (}- 2 +d- i 1Y), ie 1 = bw. This
proves(5.7). The corresponding result for quadratic forms is

(5.8) MWq(L=F) = 17 ¢[L;b]

(i) Function fields of Pfister forms. Let us x an anisotropic bilin-
ear n-fold P’ster-form A =¢ a;;¢t¢;a, A. This meansthat fa;;¢¢¢; a,g
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are part of 2-basisof F. Let L_= F(A) be the function “eld of the quagric
fA(x;x) = 0g. ThusL = F(X)(' T), whereX = fX:; 1 2S,gandT = ,

n 1
aX? o a = | g @) for all * 2 S, where S, denotesthe set of maps

1:f1;¢¢¢;ng! fO;1g whith somel (i) =1
In [Ar-Ba]; it is shavn that

(5.9) - =0 if m<n
L=F
(5.10) cmommina B B e
a1 an

In particular ° - (m) = 0if m < n. The casem , n hasbeenconsideredin
[Ar-Ba]4 and the result is:

P
(5.11) g (m)=fl A darngeen Qo= 210N 2 A [- PPN
P

_minil,
d- ¢ o

_ Ei nilna da.g
If m = n, this result looks nicer, namely

d d
o Lr (n) = fas A goer SN =22 a2 F2(ay; 60tan)°g
3.1 an

where F¥(ay; 6¢¢; a,)% % F?(ay; ¢¢¢a, ) is the subgroup consisting in the ele-
merts ., , CPa,' ¢ttay; " = ("1;¢6¢",) 2 f0;1g":

The corresponding result for bilinear forms is

D , E
(512) 1M = K¢ X000, A=A2 T, " x1;00¢;%, 2 F2(ay; 6¢¢a, )"

The casem = n is particularly interesting, because

T\he = fo X000, A=x; 2 F?(a; ¢¢¢a,)°g
implies the following corollary

(5.13) Cor ollar y. Given xi; 60X, ;y; 660y, 2 F?2(ar;¢¢¢a,)”, then there
exist z1; ¢¢¢z, 2 F2?(ar; ¢¢¢a,)” suchthat

& X1; 008X, A + ¢ yp 08¢y, A ¢ z5;0¢¢z, A mod 12

This is a kind of relative n-linkage property of the sub elds F2?(ay; ¢¢¢; a,)
of F.
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Let us now turn our attention to H"*1. The main result of [Ar-Ba]3 is

(5.14) Theorem. If A=¢ ajp;¢¢ta, A is anisotropic over F, then

H*L(F (A)=F) = F 238 A ggen 90
a]_ an

The proof of this fact, although elemenary, is rather long. For = 2
H"*1 (F (A)=F) we get an equation! = }u + dv with u 2 - 2%) andv 2 - Ei(Al).

1

Writing F(A) = L(y); L = F(X:; 1 2 S,); y2=T = aX? a =
125,
a, Y ¢eta), (™, we choosea 2-basisB = fa;; i 2 Igof F cortaining a;; ¢¢¢a,,
sothat B[ fX:; * 2 S,g is a 2-basisof L and then we x a 2-basis
B = Bnfajg[ fX:; * 2 S,g[ fyg of F(A). We order the elemeris of
this basissudh that all X: > Bnfajgandy > X. for all * (i.e. y is maximal).
Using thesechoices,and Kato's lemma, oneseeghat u and v canbe chosenfree
of di®erertials of the form dX. or dy, and moreover that the scalar coetcients
of u and v do not contain y in the 2-basisexpansion. Thus u and v are de ned

over L = F(X:). But sinceH"** (F(A)=L) = - ' 1~ dT by (5.5),we have
(5.15) ' =} +dv+ , A dT

in- 7, with some, 2 - [ 1. Expanding with respectto the 2-basisB[ fX:; 1 2
Shg and comparing coexcients, one can show that u; v; , can be taken in
-0 - M and-}*'- M respectively, whereM = F(X?; 1 2 S,). This is the
start for long descem argumert which leadsto an equation! = }u o+ dvp +
bda ~ ¢¢¢” da, whith b2 F and ug;vo de ned over F

The corresponding result for quadratic forms is

(5.16) Theorem

I"Wo(F(A)=F) = f¢ a;;0¢;an;aj]=a2 Fg

As it is showvn in [Ar-Ba],, this result implies the following one. Let
p=¢ ag;0et;ay;aj] be now an anisotropic quadratic n-fold P ster form and
let F(p) be the function "eld of the quadric f p(x) = Og. Then

(5.17) Theorem
H"" (F(p)=F) = f0; pg

Remark. One may expect that (5.14) generalizesto the following assertion

HM L (F(A)=F) = - inn B agoen B0y
a an
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6 An applica tion:

genericsplitting of quadratic forms.

One can dewelop a generic splitting theory for non singular quadratic forms
over a eld with 2= 0in the sameway asit hasbeendone for the case26 0
in [Kn]1.2, becausein the case2 = 0 one has:

(i) the analogueof P ster's subform theorem (s. [Am], [Ba]sz and [Le])
(i) The analogueof Knebusd's norm theorem (s. [Bal,).

With thesetoolsonede nesa genericsplitting tower of a non singular quadratic
form g over F and obtains a leading form, which is similar to a P ster form.
The degreeof this form is called the degreeof g Now dene I(n) = f§ 2
Wq(F) =degq , ng. Then I(n) is a W(F)-submodule of Wy(F) and one
easily seesthat |"Wq(F) p 1(n). In [Ar-Ba]s it is shown that the equality
I (n) = 1"Wy(F) for all n (over a eld of any characteristic) is equivalent with
the statement of theorem (5.17) above for any n. Thus we have

(6.1) Theorem For any "eld F with 2= 0, it holds

1(n) = 1"W,(F)

Remark. The corresponding result for (5.17) over "elds with 2 8 0 hasbeen
announcedby Orlov-Vishik-V oevodsky (s. [Pf]).
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