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Abstra ct. Zassenhaug17] constructed a decomposition for any el-

emert in the orthogonal group of a non-degeneratequadratic space
over a eld of characteristic not 2 and usedit to provide an alter-

native description of the spinor norm. This decomposition played a
certral role in the study of question of the length of an elemern in

the commutator subgroup of the orthogonal group with respect to

the generating set of all elemenary commutators of hyperplane re-
°ections. SeeHahn [6]. The current article developsthe fundamenal

properties of the Zassenhauslecomposition, e.g., those of uniqueness
and conjugacy and appliesthem to sharpen and expand the analysis
of [6].

2000 Mathematics Subject Classi cation: 20G15,20G25, 20F05.

1. Intr oduction. We begin with a discussionof the length question just
mertioned. For the momert, considerany group G along with a set of gen-
erators A (not cortaining the identity elemen of G) that satises Ai 1 = A.
Of all the factorizations of an elemen %2 G asa product of elemeris from A
chooseonethat involvesthe smallestnumber of factors. This smallestnumber
is de ned to be the length *(3) of 3. One very basic question - necessarilyin
the context of speci ¢ examples- is this: are there parameters attached to 3%
from which (%) can be read o®?

A number of theorems have responded to this question. For G a Weyl group
- or more generally a Coxeter group - and A an appropriate set of hyperplane
re°ections, seeHumphreys [7]. Refer to Dyer [3] for a recert result in this

1The author wishesto thank the algebraists of Louisiana State Univ ersity for their splendid
organization of Quadratic Forms 2001 and their warm hospitalit y throughout the conference.

Document a Mathema tica C¢Quadra tic Forms LSU 2001 ¢165{181



166 Alexander Hahn

context. For G aclassicalgroup and A a set of canonicalelemeris coming from
the underlying geometry, seeHahn-O'Meara [5] for a comprehensie treatment
of the theorems of Dieudonn$, Wall, and others. For G a classicalgroup and
A a set of generators coming from a single conjugacy class of elemerns, see
Ellers-Malzan [2] and Knéppel [10]. In a related direction, interesting codes
have been constructed starting with G = SL,(Z) and carefully selectedA.
SeeMargulis [12, 13] and Roserthal-Vontobel [16] for details. The connection
with the length problem is provided by the assaiated Cayley graph and its
diameter.

set of transpositions. Let k(%) be the the number of cyclesof %including the
trivial cycles. Then "(3) = nj Kk(%3:

The fact that “(3) - ni k(33 follows from the decomposition of ¥into its
disjoint cycles. The other inequality is a consequencef the fact that k(%) =
k(%3 8 1 for any transposition ¢. A similar (but more complicated) argumert
provides

set of three cycles,or equivalertly, the set of elemeriary commutators of trans-
positions. This time, let k(%3 be the number of cyclesof odd cardinality again
including the trivial cycles. Then n k(%) isevenand (%) = %(n i K(%9):

We now turn to the orthogonal group and begin by recalling someof the basics.
For the details, se€g[5], especially Sections5.2A, 5.2B, Chapter 6 (all specialized
to the orthogonal casea = 0) and Section 8.2A.

Let V be a non-zero, non-degenerate,nj dimensional quadratic space with
symmetric bilinear form B over a "eld F with char(F) 6 2. Denote B(X; x)
by Q(x) and 3Q(x) by q(x). Ched that B(x;y) = q(x +y)i a(x)i o(y):
Two vectors x and y are orthogonal if B(x;y) = 0: A non-zero vector X in
V that is orthogonal to itself is isotropic and it is anisotropic otherwise. A
non-degenerateplane that contains isotropic vectorsis a hypertolic plane and
an orthogonal sum of hyperbolic planesis a hypertolic space. If U and W are
orthogonal subspaceghat intersect trivially , then U © W is denotedU ? W.
The orthogonal complement of a subspaceU of V is denotedby U?, and the
radical of U is de ned by Rad U = U\ U?. If W is a complemen of Rad U
in U, then W is non-degenerateand U = Rad U ? W is a radical splitting of
U. Any two such complemerts of Rad U are isometric.

Let O, (V) bethe orthogonal group of V. For %2 O (V), let S be the subspace
S = (%j 1y)V of V. This S is the space of % Intuitiv ely, this is where the
"action" of %is. In particular, there is no action on the orthogonal complemen
S? of S; the fact is that S” = fx 2 V j ¥%x) = xg: Clearly, %= 1y if and
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Zassenhaus Decomposition for the Orthogonal Group 167

only if S = 0: It turns out that dim S is even if and only if %2 O} (V), the
subgroup of O, (V) consisting of the elemerts of determinant 1. If = 2 O, (V)
commutes with % then S = S. We will "transfer" properties of S to % For
example, ¥%is non-degeneate, degeneate, or totally degeneate, if S is non-
degenerate, degenerate,or totally degeneratethat is, if the radical RadS of S
is, respectively, zero, non-zero,or S. In the sameway, ¥is anisotropic if S is
anisotropic.

An elemen %2 O, (V) is an involution if ¥ = 1. It is easyto seethat ¥%is
an involution if and only if 3/18 = j 1s: In particular, involutions have the form
%= i 1ls ? 1g- and are non-degenerate.Let v be an anisotropic vector and
de ne ¢, in Oy (V) by

w(X) = xi B(x;v)qv)itv forall x2V:

Ched that the spaceof ¢, is Fv and that ¢, By = 1ry. So¢y is aninvolution.
Theseinvolutions are the hyperplane re°ections or symmetries

Theorem 1. (Cartan-Scherk-Dieudonn§) Let G be the group O, (V) and let
A be the set of hyperplane re°ections. If 3is not totally degenerate,then
(¥ = dim S. If %is totally degeneratethen “(%) = dim S + 2.

Theorem 1 in combination with Examples1 and 2 calls attention to the length
problemin the situation where G is the commutator subgroup- (V) of O, (V)
and A the set of elemeniary commutators of symmetries. It seemssurprising
that this questiondid not receiwe scrutiny until recertly. John Hsia rst called
attention to it in the caseof a non-dyadic local eld and it was solved in this
context in Hahn [6]. The answer is not simply a modi cation of the conclusion
of Theorem 1, asa comparisonof Examples 1 and 2 might suggest. We will see
that, unlike Theorem 1, it dependscritically on the arithmetic of the "eld F.

2. The Zassenhaus Decomposition.  An elemen %in O, (V) is unipotent
if its minimal polynomial has the form (X j 1)™ for some positive integer
m. A non-trivial unipotent elemen is degenerateand can, therefore, exist
only if V is isotropic. The elemens with minimal polynomial (X j 1)? are
precisely the non-trivial totally degenerateelemens. A degenerateelemen ¥
with dim S = 2 is an Eichler transformation. Let S be a degenerateplane and
put S= Fu? Fvwithu2 RadSandv2S. Dene §,, 2 O,(V) by

§uv(X)=x+B(x;v)ui B(x;u)vi g(v)B(x;u)u forall x2V:
Then § . is an Eichler transformation and all Eichler transformations have
this form. A totally degenerateEichler transformation hasminimal polynomial

(X i 1)? and onethat is not totally degeneratehasminimal polynomial (X j 1)3.
In particular, all Eichler transformations are unipotent.
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168 Alexander Hahn

Let %be any elemernt in O, (V). Consider the subspace
X =fx2V (% 1y) x=0 somejg

of V.. This unique largest spaceon which ¥acts asa unipotent transformation
turns out to be non-degenerate.Let R = X ?. Then R is non-degenerateand
X = R”. Notice that ¥R? = R”. SO¥R = R and hence¥%= %_, ? %_: Put
=%, ? lr and¥e= 1g» ? % : Then

Ya=1 C¥%2

with 1 unipotent and ¥2non-degeneratewith spaceR. This is the Zassenhaus
decomposition or splitting of % Note that * and Y2commute.

To dewelop the essetial properties of the Zassenhaussplitting, we need the
Wall form. Let %22 O,(V): De ne

(;)n:SES|i! F

by the equation (3% | X;¥% i ¥)»= B(¥ | x;y) forall ¥ i xand % i y
in S: This is the Wall form on S. It is non-degenerateand bilinear, but it
is almost never symmetric. In fact, ( ; )3 is symmetric if and only if %is an
involution, and in this case,(s;s%% = i 3B (s;s?) for all s;s°%in S. Also, (; )
is alternating if and only if %is totally degenerate.

The spaceS is now equipped with both the Wall form ( ; )s, and the restriction

of B: When the focusis on ( ; )s, then S is denotedby Sy, Similarly, the space
S; of %4 in Oy (V) is written Sy, when ( ; )3, is under consideration, and
analogously for ¥». The spacesof orthogonal transformations 1; %2 %4 and
so on, will be denoted by U; R; U%R? and so on, with appropriate subscripts
when the focusis on the Wall form.

The key facts are these. Let S; be a non-degeneratesubspaceof Sy, Then
there is a unique % 2 O (V) - the transformation belongingto S; - suct
that Sy, = S;. Let S, be the right complemen of S; in Sy, Then S; is
non-degenerate. If ¥, is the transformation belongingto S,, then %= 33%:
Conversely if %= %% with S$4\ S, = 0, then Sy, = Sy, ? Sy,. This means
that the Wall forms of both Sy, and Sy, are obtained by restricting the Wall

form (; )i, and that (s1;S2)s, = Ofor all s; 2 S; and s, 2 S, (but it is not
required that (s;;s;)s = 0). For example,if %= 1 is the Zassenhausplitting

of ¥ then because! and Y2commute,

S%: U. ? R1/2: Rl/zf) U: :

Another important fact assertsthat elemens %and % in O, (V) are conjugate
in Op (V) if and only if the spacesSs, and Sy, are isometric.

To concludethis discussionof the Wall form, we note that the map

o o

£:0/(V) j! F=F?
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Zassenhaus Decomposition for the Orthogonal Group 169

dened by £( %) = (disc Ss,)F 2, where disc Sy, is the discriminant of the space
Sy, provides one of the (equivalent) de nitions of the spinor norm. Its kernel
is denoted by OZ(V). All unipotent elemeris are in OZ(V). It is clear that

0%(V) 1 - n(V) and it is a standard fact that if V is isotropic, then O%(V) =

- n(V): A formula useful for computations is

E(%) = £(¥) = det (% 1v), discR;

where %is the non-degeneratecomponernt of the Zassenhausdecomposition of

¥and discR 2 F=F?2 is the discriminant of the spaceR relative to the form
B.

Pr oposition 1. Let %= 1% be the Zassenhaussplitting of an elemen %2
On(V). ThensS=U ? R, and

i) ¥aisin - (V) if and only if both * and *2arein - (V).

i) An elemert in O, (V) commutes with %if and only if it commutes with
both * and %

Pr oof: Recall that O,(V) has non-trivial unipotent elemers only if V is
isotropic. Soany non-trivial unipotent elemert of O, (V) isin O2(V) = - ,(V):
This implies (i). As to (ii), obsene that if © 2 O, (V) comnmutes with ¥ then
" stabilizesX = R?. So” =~ ?7 R and it follows that ©~ commutes with
botht and%2 QED.

lr>

We next considerthe question of the uniquenessof the Zassenhaussplitting. It
is not ditcult to construct situations of the following sort: a non-degenerate
elemen ¥ and a non-trivial unipotent elemen 1y with Ug p1 S sud that 1
commutes with % and the spaceof % = ti'3%is S. In sudc a situation,
Ya= 1y %= 1 oY% are two di®erert ways of writing ¥asa commuting product of
a unipotent elemert and a non-degenerateelemen. We will seethat sud situ-
ations are in essenceahe only obstruction to the uniquenessof the Zassenhaus
splitting.

Let %= 1% be the Zassenhaussplitting of 32 O (V). Supposethat %= 1 %4
is any factorization of % with * © unipotent, ¥# non-degenerate,and suc that
10 and ¥4 commute.

Denote by W the orthogonal complemen W = RY of the spaceR? of 4. By
an application of Proposition 1 (i), the elemers 1; 1 % %;and ¥4 all commute
with ead other. In particular, ¥ commutes with 4. So ¥R° = R? and hence
W = W. Therefore, %= 3741W ? 3/‘1R0' The fact that 1/9|W = 1y, tells us

that % = 10|W. So %is unipotent on W and henceW p R?. Therefore,
R= W? ¢ R. Let T be the orthogonal complemert of R in R% BecauseR®
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170 Alexander Hahn

and R are both non-degenerateR°= T ? R with T non-degenerate.Because

R? is the largest spaceon which %is unipotent, T is the largest spaceon which

Y450 1 Unipotent. So
Vo= (p ? WA 7 4,)

is the Zassenhaussplitting of %3_,. Notice that 1y ? %2 = %, and hencethat
11 ? 1g =1 . Since? 0and 4 commute with with both 2 and % it follows
that 1 %and 1/5 stabilize the spacesR® R, and therefore T. So

= %= OO0

Therefore, 1/9h is a product of two commuting unipotent transformations. So
1/9|T is unipotent. If T whereto be non-zero,then ¥2would "x a non-zerovector
in T. But this is impossible, because’? is non-degeneratewith spaceR® So
T = 0. HenceR°= R and W = R”. This meansthat 1%, = %, =1,
and hencethat 1°= 1 2 19 . Because!®, ¢¥8 = ¥ = %, it follows
that A= 1z. 2?2 (* 0|R)i l(l/’fR)' Therefore the obstruction to the uniquenessof
the Zassenhaussplitting is as described earlier.

Notice that U°\ R%= U°\ R = 0 if and only if 10|R = 1g. In this case,
10=1 gand A= ¥ If R is anisotropic, then O, (R) hasno non-trivial unipotent
elemers, and this condition is met. The following uniquenesscriterion is a
special caseof our discussion.

Pr oposition 2. (Uniqueness) Let % = % be the Zassenhaussplitting of
%2 On(V). Supposethat %= t %4 where ! °is unipotent, ¥ non-degenerate,
and S= U°? RC Then

10=1 and A= ¥

Pr oposition 3. (Conjugacy) Let %2 and ¥ be elemers in O, (V) and let
Y= s and ¥ = ;Y% be their Zassenhaussplittings. Then %, is conjugate to
%if and only if *; is conjugateto ! and %; is conjugate to Y2

Pr oof: If 3 is conjugate to ¥then by an application of Proposition 2,1 is
conjugateto ! and ¥4 is conjugate to ¥2 As to the corverse,obsene rst that
Sy,= U ? Ry,= Ry,? U: and similarly for Sy, . If 14 is conjugateto * and
Y4 is conjugate to %; then U. | is isometric to U. and Ry, is isometric to R,
Therefore Sy, is isometric to Sy, and hence¥, is conjugateto %2  QED.

3. Applica tion to the Length Pr oblem. Our study of the length problem
for the group - (V) and its set of generators

A = fééwévéwlév @and ¢, non-commnuting hyperplanere®ections in O, (V)g
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Zassenhaus Decomposition for the Orthogonal Group 171
will expand on the results of Hahn [6].

Let 342 - (V) be arbitrary. Note that the typical elemen ¢y éwévéw inN A is
equalto ¢ éy, (v) = évévo Where Fv 6 Fvland Q(v) = Q(v9: Conversely any
sudh product is an elemen in A. It is a direct consequenceof this fact and
Theorem 1, that

NEZ %dim S

We will therefore de ne 342 - (V) to be short if “(3) = %dim S and long if
(% > 1dim S.

Our goalis the sameasthat of Theorem 1, namely the complete description of
the long elemers of - (V) and the determination of their lengths.

Let %in - (V) beaninvolution. By an application of the Wall form, %4is short
if and only if S = W; ? ¢¢¢? Wy with dim W; = 2 and disc W; = 1. Totally
degenerateelemens are in - (V). It follows from Theorem 1 that they are
long. We now focus on the elemerts in - (V) that are neither involutions nor
totally degenerate.

Theorem 2. Let %2 - (V) belong with %neither totally degeneratenor an
involution. Let %= 1% be the Zassenhaussplitting of % Then

i) The spaceof? satisesU = RadU ? T with T anisotropic. The elemen
! is a product of %(dim U) commuting Eichler transformations, exactly
dim T of which are not totally degenerate.In particular, (* | 1y)3= O

i) The elemen Yis long and its spaceR is anisotropic.
iii) (Splicing Condition) The spaceT ? R is anisotropic.

Finally, if V is isotropic, then “(3) = %dim S+ 1

Pr oof: In view of Hahn [6] and in particular Proposition 15, only the existence
of the factorization in (i) requires proof. By the same proposition, we know
that (* | 1y)U p RadU: If T = 0, then ! is totally degenerate. By Hahn-
O'Meara [5], * is a product of %(dim U) totally degeneratecommuting Eichler
transformations. So we may assumethat T 6 0. Let w; 2 T be non-zero.
If ‘wq, = wy, then wy is in the xed spaceU? of 1. But this implies that
w; 2 U\ U? = Rad U, a corntradiction. Sow 4 wj is a non-zerovector in
Rad U. Put 'w; = u; + wy with u; 2 Rad U. Note that * (Fu; ? Fw;) =
Fu; ? Fw; and (because! is unipotent) that the restriction of * to this
plane has determinant 1. Let ® = B(wi;wi)' 1 and consider the Eichler
transformation §,,.e,w,- Ched that §,,.@,w,(U1) = u; and 8, .e,w, (W1) =
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172 Alexander Hahn

w; + u;. Obsene that 1§ 1g . = Lru2Fw,)- By 8.2.160f [5],

‘(F uy? Fwy)
1 commutes with §}lg ,, . Put '3 = §itg , 1. By generalfacts, Uy p
(Fup ? Fwy) + U p U. Becausel; xes w; while 1 does not, the xed
space U/ of 1 strictly cortains the xed spaceU? of t. It follows that
dimU; = dim U 2. Because® = 8,,®,w, ¢*1, U n (Fuis ? Fwy) + Us.
By dimensions,U = (Fu; ? Fw;) © U;. Since 8,,.0,w, COmmutes with *,
it commmutes with 1;. Therefore, U = (Fu; ? Fw;) ? U;. Note that
Rad U = Fu; ? Rad U;. Put U; = Rad U; ? T;. Because

U= (Ful ? Rad Ul) ? (FWl ? Tl)

is a radical splitting of U we know that Fw; ? T, is isometric to T and hence
that T, is anisotropic. The elemer 1 ; is unipotent becauseit is a product of
two commuting unipotent elemens. An induction completesthe proof. QED.

Remark: By dimension considerations, the spacesof the Eichler transfor-
mations in Theorem 2 (i) are planeswith trivial intersection. Becausethese
Eichler transformations commute, these planes are orthogonal. Obsene also
that %dim U, dim T, and hencethat dim Rad U, dim T.

The next two results will show that the limitations that Theorem 2 imposes
on the componerts ! and %20f the Zassenhaussplitting of a long elemen %sare
considerable.

Let p(X) = axXk + ¢¢¢+ a;X + ag be a polynomial in F[X]. We call p(X)

identical.

Theorem 3. Let 32 - (V) belong. Then the prime decomposition of the
minimal polynomial of ¥has the form

(X'i 1)™pi(X) ¢eep (X)
where0 - m - 3andthe p;(X) aredistinct, monic, symmetric, and irreducible.

Pr oof: If %is aninvolution or totally degenerate this is clear. Soassumethat
Theorem 2 appliesto % Considerl/sz. BecauseR is anisotropic, any non-zero
subspaceW of R is non-degenerate.lt followsthat R = Wy ? ¢¢¢? W; where
ead W, is invariant under ¥2 but V‘fvv has no non-trivial invariant subspaces.
By applying the results of Huppert, é.g., Satz 2.4 of [8] and Satz 4.1 of [9],
(also seethe referencesto Cikunov in Milnor [14]), we seethat the minimal
polynomial of %Mi is symmetric and irreducible.  QED.

Pr oposition 4. Let i bethe Witt index of V. Let %2 - (V) be a unipotent
elemen with minimal polynomial (X j 1)™.
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Zassenhaus Decomposition for the Orthogonal Group 173

i) If V is hyperbolic, thenm - 2ij 1.
i) If V is not hyperbolic, then m - 2i + 1.

In either case,there exist unipotent elemers suc that equality holds.

Pr oof: The inequalities follow by induction on i. The casei = 0 is the
anisotropic case,wherewe already know that 1y is the only unipotent elemen.
Soassumethat i , 1. Now refer to case(2) of the proof of Theorem 2.4 of
[4] and in particular to the unipotent element ¢ = ¥% 2 - 5, 2(X). Let k be
the degreeof the minimal polynomial of ¢. Notice that V = Z ? X with Z
a hyperbolic plane. Sothe Witt index of X isij 1. Applying the induction
hypothesis to ¢, provides the inequality k - 2(ij 1)j 1= 2ij 3if X is
hyperbolicand k - 2(ij 1)+ 1= 2ij 1if not. It follows from the way %.and
¢ arerelated that m - k + 2. This completesthe proof of the inequalities.
The construction of the required elemers also follows inductively. If V is a
hyperbolic plane, then 1y is the only unipotent elemern and it satis es the
equality trivially . Note next that a hyperbolic spaceof Witt index i cortains a
non-degeneratespaceof Witt index i j 1 that is not hyperbolic. This implies
that it sutcesto carry out the construction of the required unipotent elemern
in case(ii). Sosupposethat V is not hyperbolic with Witt index i. To get the
induction o®the ground, takei = 1. Let %= § ., be anon-degenerateEichler
transformation. Then m = 3 = 2i + 1 asrequired. It is also easyto chedk
that (% 1v)2V = Fu. BecauseV is spannedby isotropic vectors, there is an
isotropic vector w in V sud that (3% 1y)?w = u. Becausei = 1, it follows
that B (34%i 1v)?w;w) = B(u;w) 6 0.

Supposethat i ;, 2andletV = H ? W with H a hyperbolic plane. Note
that W is not hyperbolic and that it has Witt index i j 1. For the induction
hypothesis, assumethat ¢, is a unipotent elemer in - 5, 2(W) and that the
minimal polynomial of ¢ is (X j 1)k with k = 2(ij 1)+ 1= 2i | 1. Assume
further that (¢i 1w)X *W is aline spannedby (¢ 1w )" 'w with w isotropic
and B(¢(¢ i 1% 'w;w) 6 0. Put H = Fu®© Fv with u and v isotropic and
B (u;v) = 1: To complete the proof, we will show that %= 8§, ¢(1y ? ¢) isa
unipotent elemert in - ,(V) that satis es all the properties of ¢, with k + 2 in
placeof k. >From the de ning equation of § ,.,,, weseethat ¥uj u= 0;%j v =
w, and that

YK X=¢Xij x+B(¢ex;w)u forall x 2 W
This formula and an induction shows that
(i W)x=(¢i Ww)x+B((ei Iw)i *x;w)u forall x2 W andj , 1:
We claim that % has minimal polynomial (X | 1)k*?, that (3%j 1v)**V is

spannedby (¥ 1y)**'v, andthat B (3% 1v)*'v;v) 6 0: To seethis, obsene
Trst that (3% 1y)<*lx = O for all x 2 W. Because(%j 1v)u = 0, it follows
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that (3 1v)**'V is spannedby (3 1v)***v. Recallthat (34 1v)v = w.
Therefore,

(i 1)<ty (i 1v)<w
(¢i Iw)w+B(e(ei 1w)X 'wyw)u

B(e(éi 1w)" *w;w)ué 0:

Because¥u = u, we seethat (3%j 1v)X*?v = 0 and hencethat % has min-
imal polynomial (X j 1)*2. Finally, B(3%4%i 1v)*Yv;v) = B(B(c(¢ i

1w )X w;w)u;v) = B(e(ei 1w )X *w;w)B(u;v) 6 0: The proof is complete.
QED.

The elemens of Theorem 2 can be constructed as follows: Start with a long
anisotropic %in - ,(V). Choosea subspaceU = Rad U ? T in R? sud that
T ? Risanisotropicand dim Rad U ;| dim T. Split U into an orthogonal sum
of degenerateplanes. For eat plane choosean Eichler transformation that has
the plane asits space.Let ! bethe product of theseEichler transformations and
set¥= 1%%: This - by its uniqguenessproperty - is the Zassenhauslecomposition
of % Therefore, the description of the long elemerts of - (V) hasbeenreduced
to the following two problems:

A. Classify all long anisotropic elemens “zin - (V) and compute their
lengths in the caseof an anisotropic V.

B. Determine which of the elemers in Theorem 2 are actually long.

Notice that the conjugates of a long elemen in - (V) are long elemeris
of - h(V). If the long elemen is anisotropic, then the conjugates are also
anisotropic. Thus, the problem of classifying long elemerts calls for the classi-
“cation of their conjugacy classes.

4. Local Fields. The study of the arithmetic theory of quadratic forms
°ows classically via the progression

C; R; "nite "elds; local "elds, and global "elds

from the easysituations to the hard ones. The theory over local "elds makes
use of that over nite elds (via the residue class eld) and the theory over
global "elds - in characteristic zero these are the nite extensionsof Q - is
basedvia local/global principles on the theory over local "elds and C and R.

The bene't of hindsight, namely that the length problem that is being consid-
ered depends on the arithmetic of the "eld, suggeststhat its analysis should
proceed along the same path. Theorem 4 below is a routine application of
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Zassenhaus Decomposition for the Orthogonal Group 175

Theorem 1. SeeHahn [6] for the details. Obsere that it applies at onceto
C; R, and nite "elds.

Theorem 4. Supposethat cardF=F? . 2: Then the totally degenerateele-
mernts ¥arethe only long elemens in - ,(V), andfor these (3) = %dim S+ 1.

Let's turn next to the caseof a local eld. R* be the set of positive real
numbers. A local "eld is a eld F that hasa valuation

i i:Fi! R*[ fog

which satis es the strong triangle inequality and with respect to which jFj is
discrete and F is complete. Let

0=f®2F|j®  1g

be the valuation ring of F and p= f® 2 F j j& < 1g its unique maximal
ideal. As part of the de nition of local eld, the residue class eld o=p is
assumedto be nite. We continue the assumption that char F 6 2: Denote
by u=f" 2 ojj"j = 1g the group of invertible elemens of o. Becausethe
maximal ideal p is principal, p = o%for some¥42 0. Any suc Yis a prime
elemert in 0. Note that j%j is the largest value suc that j¥% < 1.

We refer to O'Meara [15] for the notation and the basic properties of local
“elds, their quadratic forms and orthogonal groups. Two important facts about
guadratic forms over local “elds are these: any non-degeneratequadratic space
of dimension v e or more is isotropic, and there is, up to isometry, a unique
anisotropic four dimensional quadratic space.

It will be necessaryto distinguish non-dyadic local "elds from dyadic local
“elds. The local "eld F is non-dyadic if 2 is invertible in o and dyadic if not.
So F is non-dyadic if j2j = 1 and dyadic if j2j < 1. If V is the unique 4-
dimensional anisotropic quadratic space,then - 4(V) hasindex two in O(V)
if F is non-dyadic, and - 4(V) = O3(V) if F is dyadic.

Consider a long element %2 - (V) that is neither totally degeneratenor
an involution and return to the properties of the Zassenhausdecomposition
Y= % provided by Theorem 2. The fact that %4s long implies that dim R |, 4.
Therefore,

4. dm R dim (T ? R) - 4:
SoT = 0, and ! is totally degenerate. In referenceto Theorem 3, it follows

that the bound on mis 0 - m - 2. Also, dm R = 4 and R is the unique
4-dimensional anisotropic spaceover F. What elsecan be said about %2
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Pr oposition 5. Let in - (V) be anisotropic with dim R = 4. Then 1/sz 2
OJ(R), and

i) If F is non-dyadic, then %is long if and only if n , 5 and l/sz 2 O(R) i
- 4(R) :

i) If F is dyadic, then Yis long if and only if %fR 2 OY(R) = - 4(R) is long:

This initial answerto QuestionA is provedin [6]. Supposethat F is non-dyadic.
Then Proposition 5 together with Theorem 2 tell usthat "(3) = %dim S+ 1for
any long elemert % Proposition 5 also provides a complete answer to Question
B. SeeTheorem 3 of [6]. It assertsthat the long elements in - (V) that are not
involutions and not totally degenerateare those of Theorem 2, namely they are
precisely the elemers with Zassenhausdlecomposition %= 1%, where! = 1y
or! istotally degenerateand Yssatis es (i) above. If F is dyadic, then Question
B is as yet not resolved. However, it is known that (%) = %dim S+ 1 for all
long elemeris %

Let V be the anisotropic 4-dimensionalspaceover F. In view of Proposition 5
we will analyzethe elemerts %in OJ(V) that satisfy

(@) %in O(V)i - 4(V) if F is non-dyadic, and
(b) %along elemert in OZ(V) = - 4(V) if F is dyadic.

Is there a criterion that pinpoints when an elemert in OJ(V) satis'es (a) or
(b) ? A theorem of Milnor [14] tells us where to look.

Theorem 5. Let V be an n-dimensional, non-degeneratequadratic spaceover
alocal eld F. Let m(X) be a monic, irreducible polynomial in F[X] and let
degm(X) = k. Assumethat m(X) is neither X j 1 nor X + 1.

i) m(X) isthe minimal polynomial of an elemen of O, (V) if and only if k is
even and divides n, m(X ) is symmetric, and disc V = (m(1)m(j 1)) % F?2:

i) Given such a polynomial m(X) there is precisely one conjugacy class of
elemerts in O, (V) with minimal polynomial m(X):

Milnor's result no longer holds when m(X) is reducible. Any Eichler transfor-
mation that is not totally degeneratehas minimal polynomial (X j 1)% and
provides an example shawing that (i) no longer holds. The nontrivial totally
degenerateelemerts - all of which have minimal polynomial (X i 1)? - shaw
that (ii) fails. Let* and?*, betotally degenerateelemerts. Then* is conjugate
to 11 if and only if their respective spacesU and U; have the samedimension.
This follows from the conjugacy criterion given by the Wall form and the fact
U. and U:, are both alternating.
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Let %2 OJ(V) andlet m(X) beits minimal polynomial. Milnor's theorem sug-
geststhat it should be possibleto look at m(X ) and decidewhether ¥.satis es
condition (a) or (b) or not. In referenceto Theorem 3, we are interested in
preciseinformation about the product p;(X) ¢¢¢px (X ). In the discussionthat
follows, only the arithmetic aspects of the proofs will be provided.

Pr oposition 6. Let V be anisotropic with dim V = 4 and let %2 O$(V).
Then ¥satis es (a) or (b) if and only if ¥satis es the long criterion :

o

Q¥ i x)=i 2Q(x) forall x2V andsome 2 F:

Supposethat m(X) has a factor of the form X | a. So ¥x = ax for some
non-zerox in V. Becausex is anisotropic, a = 8 1. Since¥x = x violates the
long criterion, we must have ¥x = | x. Soa = j 1. Therefore, X + 1 is the
only possible monic linear factor of m(X). If (X + 1)? is a factor of m(X),
then j %is a non-trivial unipotent elemern on somesubspaceof V. But this is
impossible,becauseV is anisotropic.

1. Supposedegm(X) = 1: This implies that m(X) = X + 1 and hencethat
%= j 1y. BecausediscV = 1, 1y 2 OJ(V): Chek that %= j 1y

satis es the long criterion preciselywheni 12 F?2.

2. Supposedeg m(X) = 2. Obsene that m(X) must be irreducible. By
Theorem 5, m(X) = X2 cX + 1 for somec 2 F. Notice that ¢ 6
§2. Every line of V corntains a plane that is invariant under % Let

W be any such plane. By Theorem 5, discW = j (cj 2)(c+ 2)F2.
BecauseV is anisotropic, W is not a hyperbolic plane, and therefore,
(ci 2)(c+ 2) 2 F2. Again by Theorem 5, there is precisely one conjugacy
classof such elemerts ¥for a given c. A spinor norm computation shows
that £(%) = (cj 2)°F? = F2. Soany %with minimal polynomial of this
form is in O3(V): It turns out that ¥ satis es the long criterion if and

onlyif cj 22 F2.

3. Supposedeg m(X) = 3. By Theorem 5, m(X) is reducible. It follows
that m(X) = (X + 1)(X?j cX + 1) with X2 cX + 1 irreducible.
Again, c 6 8§82. Let py(X) = X + 1 and pa(X) = X?j ¢cX + 1. Put
U= p(¥V and W = p1(3)V. Obsere that U and W are planesthat
are invariant under % that V = U ? W, that 3/41U = i 1y, and that

3/‘1w has minimal polynomial X2 j cX + 1. As in the previous case,

discW = j (cj 2)(c+ 2)F2 and (cj 2)(c+ 2) 2 F2. By Theorem 63:20
of [15], there are two isometry classesof anisotropic planes of a given
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discriminant. An application of Theorem 5 implies that there are two
conjugacy classesof Y for a given c. By a spinor norm computauon

£(3% = i (cj 2)F2. So %2 OJ(V) if and only j (cj 2) 2 F2 and
i (c+ 2) 2 F2. The analysis of the long criterion for %2 O(V) will

follow shortly. We will seethat if it holds, then | 12 F2 andcj 22 4u2.
This implies in turn that c2 2u. If F is non-dyadic, the corverseis true.

Namely, 12 F? and cj 22 u? together imply the long criterion.

4. Supposedegm(X) = 4. In this case,either

m(X) = (X?j cX+ 1)(X?j dX + 1) with distinct irreducible factors,
or

m(X)= X%j cX3j dX?j cX + lisirreducible.

The “rst caseis very similar to case(3). The secondseemscomplicated
and is as yet not completely understood.

We now return to case(3) and to the analysis of the long criterion. Let U and
W denote the non-zeroelemens of U and W and let

C = Q(W)=Q(W):

The set C is closedunder multiplication by squaresand hence under taking
inverses.

Assumethat the long criterion holds. Applying it to U and W we get that

(i) i 1 and cj 2 arebothin F2:

Putj 1=i?andcj 2= s?andlett = j 2isi 1: Applying the long criterion to
the vectorsx = u+ w with u2 U andw 2 W, tells us that

1+ ot2

— 2 F? forall °2C:
1+

(ii)

Conversely the long criterion is equivalert to the combination of (i) and (ii).

We assumethat (i) and (ii) hold and considerthe consequencefor the constart
c. Weshow rst that t 2 u. It follows from the discussionin paragraph 63.C of
O'Meara [15] that C contains a prime elemen % Therefore C cortains ¥ for
any odd i either positive or negative. Put t = ¥/ with +2 u. Taking ° = Y%
we get,

1+°t2 _ 1+ 21801
1+° 1+ Yy
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If Kk < O, then 2k + 1 < 0, and ’“Jili/f/:l = j¥?%*1 by the Principle of
Domination. Because2k + 1 is odd, the elemen above cannot be a square.
This cortradicts (ii). If k > 0, a similar cortradiction is obtained by taking

° = ¥4 1 Therefore,k = 0andt 2 u asrequired. Let " = j iti ' 2 u. Because

s= 2", weget
ci 2= 4"%

Therefore, cj 2 2 4u? as assertedearlier. Note that ¢ = 2(2'2+ 1). If F is
dyadic, then by domination, c 2 2u. This is alsotrue in the non-dyadic case. If
c2u, then c2 p. But this would imply by Hensel'sLemmathat X2 cX + 1
is reducible.

We now explore the corverse. Assumeboth | 12 F2 andcj 22 4u?. Does
%2 O3(V) with sud a c satisfy the long criterion, or equivalertly, conditions
(i) and (ii)? Condition (i) holds trivially , sothe focusis on (ii). Put cj 2= 4"2

with " 2 u. Sets= 2"andt=j 2isi 1 = j i"i 1. Notice that t 2 u. BecauseC
is closedunder taking inverses,(ii) is equivalent to 1+ %é 2 F2 for all ° in
C. Ched that t2j 1= j 4223 = gl*—zz = j %% : Sothe questionis this: Is it

the casethat

o

+
C*2 5 p2

(i) 1 m
forall ° 2 C?

The rst step toward the answer is the obsenation that fij1+ °jj° 2 Cgis
bounded below by j4j. For supposethat j1+ °j - j4% for some® 2 C. Then

1+ ° = 4®@Yfor some® 2 o. But this meansthat j ° = 1j 4@Y42 F? by the
Local Square Theorem. BecauseC is closedunder multiplication by squares,
i © 2 C. But this implies that the intersection Q(UW) \ Q(\N) is not empty.

This would meanthat V contains a plane of discriminant F2 = F2, i.e., a
hyperbolic plane. This is not possiblebecauseV is anisotropic. Now assume
that jc+ 2j < j4j°. Given the bound just established, I 720y f&i )] < j4j for all
° 2 C. Therefore by another application of the Local Square Theorem,

c+ 2 "
1i —— 2 F?
| 4||2(1+ o)

for all ° in C.

We concludethe discussionof the corverseby assumingthat F is non-dyadic.
In this case(iii) is satis ed for any c (such that cj 22 4u?). Becauseg4j = 1, we
already know that (iii) holdswhenc+2 2 p. Sincec+ 2 2 o, only the casec+ 2 2
u remains. Instead of (iii), we will verify the equivalent condition (ii). Recall
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from the beginning of the analysis of case(3) that discW = j (cj 2)(c+ 2)F?2
andj (c+2) 2 F2. SodiscW = j (c+ 2)F2 and, by an application of Example
63:150f [15],C = YuF 2. Let ° = ¥#®? 2 C with 2 uand®2 F be arbitrary .

If j® - 1,thenj°j < 1. Sol+ ° and 1+ t?° are both in F? by the Local
Square Theorem. Therefore (ii) holds. Supposej® > 1. Now j°j > 1 and the
Local SquareTheoremtells usthat 1+ °i 1 and 1+ ti 2°i 1 are both squares.
So 1117211 is a square. Therefore 1{:52 is a squareas well and (i) holds in
this casealso. The proof of the conversein the non-dyadic caseis complete.

The dyadic situation is much more delicate and is not completely settled.

5. Global Fields. Let F be a global eld, let V be a non-degenerate
guadratic spaceover F, and consider the group - (V). Not much is known

about the length question in this situation, but it is clear that local-global
considerations are relevant. Let p be a prime - Archimedean or not - and
consider the completion V,. The st indication is the theorem that tells us
that %2 - (V) if and only if % 2 - ,(Vp) for all p. Another is the fact
(analogousto what was obsened in the local case)that the analysis of the
anisotropic long elemerns in - (V) reducesto the 4-dimensional anisotropic
long elemens. This is true not only in the situation whereF is a function "eld

or a totally complex number "eld (in thesesituations there are no anisotropic
spacesof dimension 5 or more) but in general. More precisely if ¥is an
anisotropic long elemen, then

=1 1 CCQ! 3,

where all ! ; are elemeriary commutators of hyperplane re°ections, the space
S=W; ©¢eO W, ©S,, and % is long with dim S; = 4.
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