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Abstra ct. By atheorem of Elman and Lam, "elds over which qua-
dratic forms are classi ed by the classicalinvariants dimension, signed
discriminant, Cli®ord invariant and signaturesare exactly those "elds
F for which the third power | 3F of the fundamertal ideal | F in the
Witt ring WF is torsion free. We study the possiblevalues of the u-
invariant (resp. the Hassenumber ) of such “elds, i.e. the supremum
of the dimensionsof anisotropic torsion (resp. anisotropic totally in-
de nite) forms, and we relate these invariants to the symbol length
., l.e. the smallestinteger n sud that the classof eat product of
guaternion algebrasin the Brauer group of the "eld can be repre-
serted by the classof a product of - n quaternion algebras. The
nonreal casehas beentreated before by B. Kahn. Here, we treat the
real casewhich turns out to be considerably more involved.

1991 Mathematics Subject Classi cation: 11E04, 11E10, 11E81,
12D15
Keywords and Phrases: quadratic form, inde nite quadratic form,
torsion quadratic form, real "eld, u-invariant, Hassenumber, symbol
length

1. Intr oduction

Let F be a eld of characteristic 6 2. An important topic in the algebraic
theory of quadratic forms over F is the determination of the suprenmum of
the dimensionsof certain types of anisotropic quadratic forms over F. For a
generalsurvey on this problem, see@]. In the presen article, we focuson the
u-invariant and the Hassenumber & of F, where u(F) (resp. #(F)) is de ned
as the suprenum of the dimensionsof anisotropic forms which are torsion in
the Witt ring of F (resp. totally inde nite, i.e. inde nite with respect to eath
ordering on F). By P ster's local-global principle, torsion forms are exactly
those forms which have signature O with respect to ead ordering, they are in
particular totally inde nite (or t.i. for short). Hence,u(F) - &(F). In the
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184 D. W. Hoffmann

absenceof orderings, i.e. for nonreal elds, every form is a torsion form and the
two de nitions coincidewith what wasoriginally called the u-invariant, namely
the supremum of the dimensionsof anisotropic forms over F.

We will relate these two invariants to another one, the so-called symiol
length , , which is de ned to be the smallestn (if such an n exists) suc that
any tensor product of quaternion algebrasover F is Brauer-equivalent to a
tensor product of - n quaternion algebras. , (F) - 1 is equivalernt to saying
that the classesof quaternion algebrasform a subgroup of the Brauer group
Br(F). In this case,the "eld is called linked. It should be remarked that by
Merkurjev's theorem [@], the classesof products of quaternion algebrasare
exactly the elemeris in Br,(F), i.e. the elemerts of exponert - 2in the Brauer
group Br(F).

Perhapsthe rst result relating the u-invariant and the Hassenumber to
the symbol length is due to EIman and Lam [ELZ], [E] who determined the
valuesof u and u for linked "elds. Their result readsas follows.

Theorem 1.1 LetF be alinked eld. Then u(F) = &(F) 2 f0;1;2;4;8g. In
particular, I#F = 0. Furthermore, for 1- n - 3, u(F) = &(F) - 2" 1 i®
INF = 0.

In the wake of Merkurjev's construction of "elds with u = 2n for any positive
integer n ([M2])) which is basedon his index reduction results and its conse-
quences(seeLemma@(iii)) and on a simple fact concerningAlbert forms (see
Lemma@(i)), it hasbeennoted by Kahn that for nonreal elds, a lower bound
for u can easily be givenin terms of . More precisely Kahn [E\I Th. 2] shows
the following.

Theorem 1.2. Let F be a nonreal eld. Then
O ,F=0i®uU(F) 2
@iy If ,(F), 1thenu(F), 2, (F)+ 2
@iy f ,(F), 1and!13F =0, thenu(F) = 2, (F) + 2

(In Kahn's original statemert, it wasimplicitly assumedthat , (F), 1, and
only parts (i) and (iii) were stated.)

The aim of the preseri paper is to generalizethis result to real "elds, in
particular to real "elds with 13F = 0. Sincethe quaternion algebra(j 1;i 1)r
will always be a division algebraover any givenreal "eld F, we will always have
. (F), 1. By Elman and Lam's theorem Ewe know for real F that , (F) =1
impliesu(F) = «(F) 2 f0; 2; 4;,8g and that in this caseu(F) = w(F) 2 f0;2; 4g
i® 1 3F = 0. Thus, we are mainly interested in the caseF real and , (F), 2.

Now “elds with 13F = 0 are also interesting from a di®erert point of view
asby another theorem of EIman and Lam [ theseare exactly the "elds over
which quadratic forms can be classi ed by the classicalinvariants dimension,
signeddiscriminant, Cli®ord invariant, and signatures.

Our “rst main result is the analoguefor real "elds of Kahn's theorem above,
but now in terms of the Hassenumber.
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Theorem 1.3 LetF beareal eld with , = [ (F), 2. Then the following
holds.

) w(F), 2, +2

(i) FISF=0andw(F)< 1 ,thenw(F)= 2 + 2

The situation for the u-invariant seemsto be more complicated. We could
prove an analogue of Kahn's theorem only under invoking rather restrictive
additional hypotheseson the spaceof orderings X ¢ of the "eld. Recallthat the
reducedstability index st(F) of areal F canbe de ned asfollows: st(F) = 0if
F is uniquely ordered; otherwise, st(F) is the smallestintegers , 0 sud that
for ead basic clopen set H (a;; ¢¢¢; a,) ¥2 X¢ thereexistbh 2 F*, 1- i - s,
sud that H(ag; ¢¢¢;a) = H(by; ¢¢¢; bs). st(F) - 1 is equivalert to F being
SAP (cf. [KS, Kap. 3, x 7, Satz 3]).

Theorem 1.4. LetF beareal eld with , = (F), 2
@) If st(F)- 1lthenu(F), 2,.
(i) If 18F = 0andst(F)- 2 thenu(F) - 2, + 2.

Theseresults will be shownn in the next section.

In m], Merkurjev constructed to each n , 1 "elds with u(F) = 2n and
I3F = 0. It has beenshown by Hornix [Hoi, Th. 3.5] and Lam [[2] that for
eath n , 3 there exist real elds F, F% such that u(F) = «(F) = 2n and
u(F9+ 2= &(F% = 2n. Note that in [L7], it wasin addition shawn that there
exist such “elds which are uniquely ordered, but nothing was said about | 3F,
whereasin [Hoff] it was shown that one can construct such "elds with 13 = 0,
but there were no statemerts made on the spaceof orderings of such "elds.

For the reader's corvenience,we will give a proof of theseresults by Hornix
resp. Lam in section 3. Our constructions are slightly di®erert from those
given by Hornix and Lam but, just astheirs, rely heavily on Merkurjev's index
reduction results as stated in Lemma .3 In our constructions, we will also
combine the properties of F having | 2F = 0 and of F being uniquely ordered
in the casetr< 1 .

In fact, we will put theseresults into a larger context where we classify all
realizable valuesfor the invariants , , u and u (and their interdependences)for
real “elds with 13F = 0 which are SAP. Sincethe valuesof u and u for “elds
(real or not) with , - 1 are covered by Elman and Lam's theorem m (note
that these elds are always SAP sincefor them u will be nite, [@, Theorem
2.5]), and sincethe caseof nonreal "elds is treated in Kahn's Theorem[L.3, we
will only considerthe caseof real SAP “elds with I3F = Oand , (F), 2.

Theorem 15 LetM = f(n;2n;2n+ 2); (n;2n + 22n+ 2); n , 29[
f(n;2n;1); (n;2n+ 2,1 );n, 2g[ f(1;1;1)aq.
() Let F be a real SAP eld suchthat ,(F) , 2 and I3F = 0. Then
((F)u(F)F) 2 M.
(i) Let(,; u;) 2 M. Then there exists a real SAP “eld F with I?F = 0
and (, (F);u(F);e(F)) = (,; u;&). In the casewherw< 1 or, =1,
there exist such "elds which are uniquely ordered.
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As a consequencewe obtain
Cor ollar y 1.6. LetF beareal "eld with I3F = 0. Then
(u(F);w(F)) 2f(2n;2n); n, Og[ f(2n;1); n, Og[ f(2n;2n+ 2); n, 2g:

All pairs of valueson the right hand side can be realized as pairs (u(F); &(F))
for suitablereal F.

As far as notation, terminology and basic results from the algebraic theory
of quadratic formsis concerned we refer to the booksby Lam [L1]] and Scharlau
B]. In particular, ' 2 A (resp. ' » {5) denotesisometry (resp. equivalencein
the Witt ring) of the forms' and A.  F2 denotesall nonzerosumsof squares
in F. The signeddiscriminant (resp. Cli®ord invariant) of a form ' will be
denoted by ds' (resp. c(' )), and we write ' 5, for the anisotropic part of ' .
An n-fold P ster form is a form of type hl;j a;i - ¢¢¢- hl;j a,i, a 2 F°, and
we write Hnay; ¢¢¢; a,ii for short. The set of forms isometric (resp. similar) to
n-fold P ster forms will be denotedby P,F (resp. GP,F). I"F is the torsion
part of I"F, the n-th power of the fundamertal ideal | F of classesof even-
dimensionalformsin the Witt ring WF of the "eld F. The spaceof orderingsof
areal eld F will be denotedby X . General referencesfor the SAP property
and the reducedstability index are the book by Knebusc and Scheiderer@],
and the articles [Ff], [ELP]l, [EP]. Another property in this cortext is the so-
called ED property (e®etive diagonalization). It is known that ED implies
SAP (but not converselyin general), and that “elds with "nite & have the ED
property. Cf. [PW]] for more details on ED.

2. Fields with torsion-free 13

Definition 2.1, (i) Let A beacertral simple algebraover F (CSA/ F) such
that its Brauer class[A] is in Bry(F). The symtol length t(A) of A is
de ned as

N
t(A) = minfnj9 quaternion algebrasQ;=F, 1- i - n,s.t. [A]=] ir‘:l Qilg :
(i) The symiwl length, (F) of the "eld F is de ned as
. (F) = supft(A)jA CSA/F, [A] 2 Bry(F)g:

(i) Let' beaform over F. Let A be a CSA/F sudc that c(' ) = [A] 2
Br,(F), where ¢(' ) denotesthe Cli®ord invariant of ' . Then t(" ) =
t(A).

The following lemma compiles some well known results and some special
casesof Merkurjev's index reduction theorem which we will usein this and the
following section. We refer to [M32), [[T] for details (seealso[[1, Sect.3, Ch. V]
for basic results on Cli®ord invariants and how to compute them).

Lemma 2.2 (i) LetQ; = (a;bB),1- i - n, bequaterniRp algebas over F
with ass@iated norm forms Hg;;ii 2 PoF. Let A = i”:1 Qi (over F).
Then there existr; 2 F*, 1- i - n, aqglaform q2 1%F, dimg= 2n+ 2

suchthat ¢(q) = [A] 2 BroF and g » i“:l rite; ; bii in WF. (We will
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call sucha form gq an Albert form assaiated with A.) Furthermore, if
t(A) = n (in particular if A is a division algebr), then every Albert form
assaiated with A is anisotropic.

(i) If qis aform over F with either dimg= 2n+ 2andq2 | °F, or dimq=
2n+ 1, ordimg= 2n and ds g6 1, then thgre exist quaternion algebas
Qi = (a;B),1- i- n,suchthat for A = i”:l Q; we havec(qg) = [A],
and there exists an Albert form ' assaiated with A suchthat q%' .

(i) If A asin (i) is a division algebm and if A is a form over F of one of
the following types:
(@ dimA, 2n+ 3,
(b) dmA=2n+2anddsA6 1,
(c) dmA=2n+2 dsA=1andc(A) 6 [A]2 Br,F,
(d) A2 13F,
then A stays a division algeba over F (A).

The next result will be used in the proofs of Theorem [L.4(ii) and of
Lemma R.4(ii), which in turn will be usedin the proof of Theorem [L.3(ii).

Lemma 2.3. Letn , 1 andsupmsethat I F = 0. Let' be aform over F
of dimension > 2". Supmsethat either

2 21{F, or

2 ' isti. andF is ED.

If there exists¥22 GP,F suchthat %2%2"' , then' is isotropic.

Proof. Write ' 2 1? A. By assumption,dimA | 1. After scaling, we may
assumethat %22 P,F. Note that sgn %22 f0;2"g for all P 2 Xg. Let
Y=FfP 2 Xgjsgn(¥=2"g.

If %is torsion, i.e. if Y is empty, then for any x represenied by A we have
that %- Mijxii 2 Pysa F\ WiF % I F = 0. Thus, the Pster neighbor
%? hxi is isotropic. Hence,' is isotropic asit contains ¥%2? hxi assubform.

So assumethat Y 6 ;. First, supposethat ' 2 I'"F. Then we have
sgno A= j 2" forall P 2 Y and hencedimA , 2". Now hi;1i- ' 2 I"'F =
0, hencehL;1i - %» jh1;1li - A in WF. By ~-decompsition (cf. [ELT]
p. 289]), we can write A 2 ° ? ¥with hl;1i - ° » 0 (in particular, ° 2 W,F),
dim %= dim %= 2" and hl; 1i - 22 jh 1;1i - % Comparing signatures,we see
that sgn, ¥2= | sgns %2 f0;2"g. Now let x 2 F* be any elemert represerted
by % The above shownsthat x <p Ofor all P 2 Y. For all other P 2 X, %is
inde nite. This yields that ¥? hxi is t.i. and a P ster neighbor of ¥> Hj xii
which is therefore torsion. We concludeas beforethat ' is isotropic.

Finally, supposethat ' ist.i. andthat F is ED. Since%is positive de nite
at all orderingsP 2 Y, andsince' 2 %? Aist.i., ED implies that A represers
anx 2 F? such that x <p Ofor all P 2 Y. Then %2? hxi ist.i. and a P ster
neighbor contained in ' , and we conclude as beforethat ' is isotropic. O

For later purposes,we now state someuseful facts on u and w of real "elds
with 13F = 0.
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Lemma 2.4. Let F be a "eld with I F = 0. Then the following holds.

(i) If 2< u(F) < 1, then there exists an anisotropic form ' 2 |?F such
that dim' = u(F).

(i) If o(F) < 1, then u(F) is even. Furthermore, if 2< w(F) < 1, then
there existsan anisotropic t.i. form' 2 12F suchthat dim' = w(F) and
sgns (') 2 f0;4g for all P 2 Xk.

Proof. (i) See[EL1], Prop. 1.4].

(i) See[ELP|, Th. H] for a proof that «(F) is evenif it is nite. Now suppose
is anisotropic, t.i. and dim' = w(F) , 4. Sincew(F) is nite, F hasED
and one easily seesthat ' corntains a 3-dimensionalt.i. subform ¢% Then ¢°
is a P"ster neighbor of someanisotropic torsion ¢ 2 P,F. Thus, if &(F) = 4,
this ¢ is the desiredform. Sowe may assumethat &(F) , 6.

SinceF is SAP, wemay scale' sothat sgn, ' , Oforall P 2 Xg. Consider
the clopensetY = fP 2 Xgjsgn ' , 50. SinceF is SAP, there existsa 3-fold
P ster form %sud that sgn, %= 8 for all P 2 Y and sgn, %= 0 otherwise.
Consider' 1 = x(* ? | Y9an, Wherex 2 F" is chosensothat sgn. ' 1, O for
all P 2 Xg. By construction, 0 - sgn, ' 1 - maxf4;jsgn. ' i 8jg < dim'.
If dim' ;> dim', then' ; would be an anisotropic t.i. form of dimension ,
t(F )+ 2, clearly a cortradiction. If dim' ; < dim' ,then' and¥%would contain
acommon5-dimensionalsubform which, beinga P ster neighbor, would in turn
contain a subform 22 GP,F. SinceF isED asw(F) < 1, Lemma@then
implies that ' is isotropic, a contradiction. It follows that dim' ; = dim' .
By repeating this construction, we get a sequenceof anisotropic t.i. forms

"o=" '1;¢¢¢;" [ such that fori, 1wehavedim';=dim',0- sgn'; -
maxf4;jsgns " i; 17 8jgand0- sgn, ' - 4forall P2 Xg.
Hence, we may assumethat ' is anisotropic t.i., dim' = w(F) and O -

sgn' - 4forall P2 Xg. Letd=dg' and considerA = (" ? hlL;j di)an.
Note that A 2 | 2F and thereforesgns A~ 0mod 4. Since0 - sgn, ' - 4and
sgrs Ml di 2 10;82g for all P 2 X, it follows readily that sgre A 2 0; 4g.
We alsohave that dm' ; 2. dimA . dim' + 2.

If dmA = dim' + 2,then A 2 ' ? hl;; di would be an anisotropic t.i.
form of dimensiont(F) + 2, clearly a cortradiction.

If dimA = dim' j 2,then' 2 A ? hd;j 1li. Since sgn, '&P 0 for all
P 2 X and becauseof ED, we have that A represerts somea2 F?2. Then
A ? i aAis atorsion form in | °F and thus hyperbolic. But A ? j aA cortains
the subform A ? hj 1i which by dimension court must be isotropic. Hence'
is isotropic, a cortradiction. ThusdimA = dim' = w(F) and A is the desired
form. O

Remark 2.5. (i) If u(F) = 1, then there exist anisotropic torsion formsin | 2F
of arbitrarily large dimension. Indeed,let’ 2 W;F be anisotropic of dimension
., 2n+ 2. Letd= ds' and considerA = (" ? hl;j di)a,. Then one readily
cheks that dimA | 2n and A2 I2F.
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(i) If ®(F) = 1 , then there exist anisotropic t.i. formsin | ?F of arbitrarily
large dimension. Indeed, let * be any anisotropic t.i. form of dimension4n + 3
foranyn, 1(such' existsby [ELP|, Th. A]). Letd besuchthat ' ? hdi 2 | °F.
Let A= (" ? hdi)a,. Then A2 12F anddimA 2 f4n + 2;4n + 4g. If dimA =
4n+ 4then A2 ? hdi isti. If dmA = 4n+ 2, then sgr, A~ 0mod 4 for
all P 2 Xg asA 2 | 2F, and thereforejsgn, Aj - 4n < 4n+ 2= dim A for all
P 2 Xg. Again, A is t.i..

Let us now turn to the proof of part (ii) of Theorem Ewhere we assume
that 13F = Oandst(F) - 2. In @ Kap. 3, x 7, Korollar], one nds di®eren
characterizations of F having reducedstability index - s for an integers, 1.
The one we are interested in is the following : st(F) - s is equivalent to
(1Y F)red = 2(15F);eq, i.e. for ead form ' 2 I1S*1F there exists a form
A 2 ISF such that sgn ' = sgrp (l;1i - A) forall P 2 Xg. If IS*TF = 0,
then st(F) - s is therefore equivalert to | S*1 F = 2ISF. By [Ki], Prop. 1], we
thus get

Lemma 2.6. Let s, 1 be an integer and let F be a real "eld with If+l F=0.
Then the following are equivalent :

(i) st(F)- s

(i) I15**F P 21 5F;

@iy IS**FC D=0

Now | s+ F(p i 1) = Oimplies I §** F = 0, [Ki, Prop. 1], and in vie\e‘ of this
lemma, we may replacethe hypotheses 3F = Oplusst(F) - 2by I3F( j 1) =
0. We then get the following result which holds for any eld (not just for real
“elds) and which implies the secondpart of Theorem E

Theorem 2.7. Suppsethat | 3F(IO i 1)= 0. Then
W(F) - minf4, (F(" T D) + 2.2, (F) + 29

Proof. First, we prove that u(F) - 2, (F) + 2. If the level s(F) of F is nite,
i.e. F is nonreal, then this follows from Kahn'sptheorem L2

So assumethat F is a real eld with 13F (" j 1) = 0. We will show that
if * 2 12F with t(") = t, then dim' > 2t + 2 implies that ' is isotropic.
This then implies readily u(F) - 2, (F) + 2. Indeed, this follows from the
fact that there always exists an anisotropic form in 1 2F of dimension u(F) if
u(F) is nite (Lemma E(i)), resp. of arbitrarily large dimension if u(F) is
innite (Remark R.§()), and th%fact that in the caseof areal F with | 3F = 0,
st(F) - 2is equivalent to 13F (" j 1) = 0 by LemmaP.g.

Now let ' 2 I2F with t(") = t and dim' > 2t + 2. We will prove by
induction on t that ' is isotropic. If t = Othen' 2 IF = Oand"' isin
fact hyperbolic. If t = 1 then there exists (an anisotropic) ¢ 2 PoF sud that
c(' ) = c(¢). By Merkurjev's theorem,' ~ ¢ mod I 3F. Sincesgns ¢ 2 f0;4g
and 0= sgn-' ~ sgn ¢ mod 8 for all P 2 X, we seethat ¢ 2 W;F, hence
"~ ¢modI3F and thus' » ¢ 2 WF aslIZF = 0. Hencedim' > dim"' ,, =
dim¢ = 4and' is isotropic.
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Lett, 2. By Lemma@(i), there exists an anisotropic (2t + 2)-dimensional
form ¢ 2 1%F such that |~ ¢modI%F. Let d 2 F” such that ¢ Py, is
isotropic. Let ¢02 I2F(p d) such that (¢ Pglan 2 ¢% Then dim¢® - 2t
Hence,t(¢9 - ti 1. (In fact, onecanreadily shav that dim g,ozrgt andt(¢9 =
ti 1, but wewon't needthis here.) Also, ' ¢ P5 ~ ¢®mod I3F (" d). By [EL3,
Th. 3]and [EL4, Cor. 4.6], we havethat | 3F (" d) = 0and | 3F ( a)(pi_l) = 0.
By induction hypothesis, we have dim(' ¢ Pg)an -+ 2(ti 1)+ 2= 2t. Now
dim' , 2t+ 4, hencethere exist a;b2 F” such that ha;bi - hl;j di 2" (cf.
[LZ, Ch. VII, Lemma3.1]). Now ha;bi - hi;i di 2 GP,F, and by Lemmap.3
' is isotropic. p__

Let us now show that u(F) - 4, (F(pi_l)) + 2. This is trivially true for
s(F) = 1 asin this casewehave F = F(" j 1) Igﬂalready ulF) - 2, (F)+ 2.

Sosupposethat s(F) , 2. Weput L = F(" j 1) and we may assumethat
., =.,(L)< 1. SinceldF = 0, we have h1; 1il 2F = 0. Hence,ann(h; 1i) \
I2F = ann(hL; i)\ 12F = I2F. Consider the Sdharlau transfer s, : WL !
WF inducedby the F-linearmapL ! F denedby17! 0Oand j 17! 1. Note
that for any form Y2over L there existsa form %over F such that dim %- 2dim %
and s.(¥) » %in WF.

By [AEJ, Prop. 1.24], we have sa(12L) = ann(hl;1i) \ 12F and thus
sa(1?L) = I2F. Now let A be any form in I2L. By Lemma R.4(), there
exists a form ~ 2 1%L such that dim” - 2, + 2 and ¢(A) = ¢(") 2 Br,L.
After scaling, we may assumethat ~ 2 hli ? "% In particular, there ex-
ists a form ° 2 3L such that = » A+ ° in WL. Now su(°) 2 ISF = 0.
Hence sa(A) = So(’) = sa(Mli) + sa("9) » ¥for someform ¥ over F with
dim%- 2dim’%. 4, + 2.

Now let ' 2 I2F. Sincesa(l%L) = 12F, the above shaws that ' » 1 in
WF for someform * over F with dim* - 4, + 2. Hence,if ' is anisotropic
we necessarilyhave dim* - 4, + 2.

Supposeu(F) = 1 . Then there exists some anisotropic form ¢, 2 WF
with dim¢ , 4, + 6 and dim ¢ even. Let d = dg ¢. Then one easily seesthat
¢ ? h;jdi 2 12F, and its anisotropic part must therefore be of dimension
- 4, + 2, acontradiction to ¢ being anisotropic and dim¢,, 4, + 6.

Henceu(F) < 1 . Then Lemma E(i) and the above imply that u(F) -
4, + 2. d

Remark 2.8. Let F be such that s(F) , 2 and let L F(IO i1). Dene

uqF) = supfdim' j' anisotropic form=F and hl;1i - ' = 02 WFg. It was
shovn in [P], Ch. 8, Th. 2,12]that u%F) - 2u(L) i 2. Now if I3F = 0, then
one readily veri es that u(F) = uYF) (seealso ﬂ Ch. 8, Prop. 2.6]). Hence,
this would imply that u(F) - 2u(L) i 2. Note, howewer, that | 3L need not
be zero and that therefore u(L) > 2, (L) + 2 might very well be possible(cf.
Theorem E) in which caseour bound u(F) - 4, (L) + 2 would be better.
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Cor ollar y 2.9. (Seealso [P, Ch. 8, Th. 2,12],[ELL] Th. 4.11].) LetF bea
“eld with s(F) , 2andletL = F( j 1). Letn 2 f1,2;3g. Then u(L) - 2n
impliesu(F) - 4nj 2. Furthermore, if u(L) = 1thenF is real and pythagoran

(i.e. u(F) = 0).

Proof. If u(L) - 2n,1- n - 3,then 3L = 0 and thus I3F = 0 (cf. [Kr]
Prop. 1]). Theorem[L.2yields , (L) - nj 1. Henceu(F) - 4,(L)+2- 4nj 2.
The secondpart is left to the reader. O

To prove Theorems[L.3 and [L.4(i), we will needthe following lemma.

Lemma 2.10 Letn, 1 and supmsethat F is SAP.

() Let% 2 P,F, 1- i- r. Then there exigisa form ' 2 1"F such that
sgn, ' 2f0;2"gfor all P2 Xg, and' = [, Yamod " F.

@iy If IMF =0, andif' 2 I"F suchthat sgn, ' 2 f0;2"g for all P 2 X,
then' 2',? ' gwith' ;2 WF anddim' (2 f0;2"g.

@iy 1f 1M*F = 0, then the form ' in part (i) can be chosenso as to have
dimension- r2" i 2r + 2.

Proof. (i) Weuseinduction onr. If r = 1then' = ¥ will do. S@supposer ,
2. By induction hypothesis, there exists a form A such that A~ [1,*% mod
I"™1F and sgrp A 2 f0;2"g for all P 2 Xg. Let ~ = A ? | %. Since
sgns % 2 f0;2"g, we have sgn. * 2 f0;82"g. SinceF is SAP, there exists
an x2 F? such that ' = x" hassgn. ' 2 f0;2"g for all P 2 X¢. Clearly,
' Yamod " F,

(i) Supposenow that I"**F = 0. Consider the clopensetY = fP 2
Xejsgrnp' = 2'gin Xg. If Y is empty then ' 2 W, and there is nothing
to shov. SosupposeY 6 ;. Let %2 P,F be suc that sgn, %= 2" if
P 2 Y, and sgr, %= 0 otherwise. Sudh ¥exists as F is SAP. It follows that
hi;1i - '~ hi;1i - %mod I F (both formsarein 1" F and have the same
signatures). Now I F = 0 and thus h1;1i - * » hl;1i - % (Note that
hl; 1i - %is anisotropic becausesgns hl; 1i - %= dimhi;1i - %= 2"*1 for
all P 2 Y 8 ;.) Comparing dimensionsand using —-decomposition (cf. [,
p. 289]),weseethat ' 2 ' ? ' gwith ' { 2 WiF and dim' g = dim %= 2",

(i) Weusea similar induction argumert asin (i), but we assumein addition
that the form A there is of dimension- (rj 1)2"j 2(rj 1)+ 2. By (ii), we can
write A2 A, ? Ay with dimAg 2 f0;2"g, A, 2 W,F, and dim Ay = 2" only if
there existssomeP 2 X with sgry A = 27, Lety 2 D(Ap) if dim Aq = 2", and
let y 2 D(A) otherwise. One readily cheds that sgn, yA = sgn, A 2 f0;2"g
and that yA 2 ni ? A% Let now % 2 Hhli ? ¥ andlet ' = A®? ; ¥4,
Note that dim' °- r2"j 2r + 2. As in the proof of (i), sgn, ' °2 f0;§2"g,
and after scaling, we obtain the form ' vgth sgn.' 2 f0;2"gforall P 2 X¢,
dim' =dm' % r2"j 2r+2,and' ~  [_, Y% modI|"*1F. O

Proof of Theorem E (i) If F isnot SAP, then &(F) = 1 and there is nothing
to shaov. Sosupposethat F is SAP. Let A= Q.- ¢¢¢- Q; 2 Br,F, wherethe
Qj arequaternion algebrassuc that t(A) = t, 2, and considerthe norm forms
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Y4 2 PoF assaiated with Qip By Lemma i), there exists an anisotropic
form' 2 12F suchthat * = |, % mod I3F andsgn, ' 2 f0;4g. Note that
c(") = [A]. If dim"' - 2t then, by Lemma@(ii), c(' ) could be represened
by a product of fewer than t quaternion algebras,a corntradiction to t(A) = t.
Hencedim' , 2t+ 2. Note that ' ist.i. providedt K 2.

If ,(F)=1,thenforanyt 6 1thereexistsanA 2 Br,F with t(A) =t,
and the above shavs that &(F) = 1 . If , (F) < 1 , then chooseA as above
sud that t(A) = , (F). The above shawvsthat w(F), 2 (F)+ 2.

(i) By Lemma @(ii), we may assumethat there exists an anisotropic t.i.
form ' 2 12F with dim' = w(F) and sgn,' 2 f0;4g for all P 2 Xg. Let
t(")=t- , andletc(') = Q1|5 ¢ee- Q¢ 2 BroF. With % the norm forms
ass@iated with Q;, weget' ~ ., % mod I 3F.

By Lemma R.1((ii), there exists a form A 2 I12F, dimA - 2t + 2 sudh
that sgns A 2 f0;4g for all P 2 X¢ and such that ' ~ A mod I 3F. Since
sgre '~ sgne A mod 8, this readily yields' ? j A2 13F = 0. The anisotropy
of' then showsthat &(F) = dim*' - 2t+ 2. 2 (F)+ 2, which together with
() yieldse(F) = 2, (F) + 2. O

Proof of Theorem B(i). Let A = Q- ¢¢¢- Q¢ 2 BryF, wherethe Q; are
quaternion algebrassud that t(A) = t , 2. Asin part (i) of the proof of
Theorem B there exists an anisotropic form ' 2 | 2F sud that c(* ) = [A],
sgns ' 2 f0;4g, dim' | 2t + 2.

Now let %42 P,F be such that sgn,' = sgrns Yfor all P 2 Xg. (Such
Ysexists as F is SAP and sgn. ' 2 f0;4g.) ConsiderA = (' ? | Yan. By
construction, A2 I2F anddimA | dim' j 4= 2tj 2. Supposethat dimA =
dim' j 4. Then' 2 A ? Yand we have A; %2 12F, ¢(' ) = c(A)c(¥). By
dimension count and Lemma E(ii), we have t(A) - ti 2, t(¥) - 1, and
therefore t(" ) = t(A) = t - t(A) + t(¥9 - ti 1, a cortradiction. Hence,
dimA, dim' j 2= 2t.

If ,(F)=1,thenforanyt k6 1thereexistsanA 2 Br,F with t(A) =t,
and the above shavsthat u(F) = 1 .

If ,(F) < 1, then chooseA as above suc that t(A) = , (F). The above
then shaws that u(F) , 2, (F). O

Since elds with nite o are always SAP, the following is an immediate
consequencef Theorems|L.3, [L.4

Cor ollar y 2.11 Let F be areal "eld with I’)F = 0 and &(F) < 1 . Then
w(F)=2 (F)+ 22 fu(F),u(F) + 2g.

Example 2.12 The condition in Theorem Q(i) that F be SAP seemsto be
quite restrictive. However, we will certainly need somesort of additional as-
sumption on F besidesl 3F = 0 to get the lower bound u(F) , 2, (F). To see
what can go wrong when one drops the assumption that F is SAP, consider
the following example. Let F = R((t1)) ¢¢¢((t,)) be the iterated power series
“eld in n variables over the reals. Then, by Springer's theorem, u(F) = 0. In
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particlar, 13F = 0. For n , 2, F is not SAP as for example hi;ty;ty; titoi
is not weakly isotropic. Howewer, one can show that , (F) = [n=2]+ 1. The
value t(A) = [n=2] + 1 can be realized, for example, by the multiquaternion
division algebra A = (i 1;j 1)- (t1;t2) - ¢¢¢(tm; 1;tm) Wherem = [n=2] (i.e.
n 2 f2m; 2m + 1g).

As for the upper bound for u(F) for a "eld with I3F = 0, we proved in
Theorem@that u(F) - 2, (F) + 2 under the assumption that st(F) - 2.
We beliewve that this additional assumptionis in fact super°uous, but we were
unable to get this upper bound without it.

Conjecture 2.13 Let F bereal with 13F = 0. Then u(F) - 2, (F) + 2.

In support of this conjecture, we can prove that it holds for small values of

. (F).

Pr oposition 2.14 LetF bereal with ISF = 0. If | = [ (F) - 4thenu(F) -
2, + 2.

Proof. We will show that if ' is an anisotropic form in 12F with 1. t(') =
t- 4,thendim' - 2t+ 2 andthusdim' = 2t+ 2 by Lemma B(ii), which
by Lemma E(i) immediately yields the desiredresult. (Note that t(" ) = O
impliesthat ' 2 I2F = 0,i.e. ' is hyperbolic.)

Solet' 2 I2F and supposethat 1 - t(') =t - 4anddim' , 2t+ 4.
By LemmaP.2(i), there exists a form A 2 |2F with dimA = 2t + 2 sud that
"~ AmodI3F. Now h;1i - ' 2 I8F = Oand ht;1i - (" ? i A) 2 I*F,
hencehl;1i - A2 1*F. We havedimhl;1i - A= 4t+ 4. 20. By the Arason-
P ster Hauptsatz and [ﬂ Main Theorem], there exists ¥22 GP4F such that
hl;1i - A » %in WF. After scaling, we may assumethat %22 P4F. SinceYsis
divisible by hi;1i, there exists %2 P3F sud that %2 hi;1i - % Comparing
signatures, we seethat sgr, A = sgrp %for all P 2 Xg. Thus,' ? | A? %2
IF = 0. Thus,in WF we get' ? %» A. Now dim(" ? %), 2t+ 12 and
dimA = 2t + 2, henceiw (' ? %, 5. Therefore,' contains a 5-dimensional
P ster neighbor of % Since 5-dimensional P ster neighbors always contain a
subformin GP,F, we have that there exists ¢, 2 GP,F such that ¢ %' . Thus,
' is isotropic by Lemmap.3 O

3. Constr uction of fields with prescribed invariants

We will now focus on the realizability of giventriples (,; u;d) for nonlinked
SAP-"elds with 13 = 0. Let us restate the corresponding theorem from the
introduction, whoseproof will take up most of the remainder of this section.

Theorem 3.1 LetM = f(n;2n;2n+ 2); (n;2n+ 2;2n+ 2); n , 29]
f(n;2n;1); (m2n+ 2,1 );n, 29[ f(1:;1:1)g.

(i) Let F be a real SAP "eld such that , (F)
((FuF)uwF) 2 M.

2 and ISF = 0. Then

B
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(i) Let(,; u;) 2 M. Then there exists a real SAP “eld F with I?F = 0
and (, (F);u(F);e(F)) = (,; u;&). In the casewheruw< 1 or, =1,
there exist such "elds which are uniquely ordered.

Proof. (i) This follows immediately from TheoremsfL.3 [L.4.

(i) We x onceand for all areal "eld Fo. Our constructions will be divided
into three cases. Finite , and nite &, nite , andin nite &, and in nite |,

B 5

[Thecase2- , <1 andt<1 |

Put n = , + 1. We haveto construct elds F, FOwith (, (F);u(F);&(F)) =
(ni 1;2n;2n) and (, (FY;u(F%;&(F9) = (ni L;2nj 22n).

Let F1 = Fo(xy1;Xx2;¢¢¢;yy;Yy,; ¢¢¢) be the rational function "eld in anin -
nite number of variables x;; y; over Fo. Considerthe multiquaternion algebras
An = (1+ x3y1)- ¢¢- (1+ x ynll)andBn—Aml (iLid,n, 2
which are division algebras(cf. [@ ngmmaZ(lv)]) Let A, bea2n- dlmensmnal
Albert form of A, such that A, » i1 qflnl+ xI 13Yi; 10l in WF for suit-
able ¢ 2 F7, and let A0 be a 2n-dimensional AIb ert form of Bn such that
AO » i 1 i + cAn 1 for suitable ¢ 2 F;. Sincesgre Hl + lel,y., 1ii=0
and sgre i 1§ lii = 4 for eah P 2 Xg,, we have sgns A, = 0 and
sgns Aﬁ = 4forall P 2 Xg,. Now x any ordering P; 2 X, .

Supposethat L isa eld suc that (An)L (resp. (Bn)L) is adivision algebra
and suc that P, extendsto anorderingP 2 X . Considerthe following classes
of forms over L :

G(L) = f®j®form/L, dm®= 2n+ 1, ®inde nite at Pg
G(L) = fe®j®form/L, ®2 I3L, sgn ®= Og
G(L) = f®®form/L, dm®= 2n, sgn- ®= 0g

We construct an innite tower of “elds F; %2 F, % ¢t¢ and F; = FP % FJ%
¢¢¢ as follows. Supposewe have constructed F; (resp. F9, i , 1 sud that
(An)r, (resp. (Bn)rp) are division algebrasand such that P; extendsto an
ordering P; 2 X, (resp. X2).

Let Fis1 (resp. F%;) be the compositum of all function “elds F;(®) (resp.
FA®) where®2 G(Fi) [ G(Fi) (resp. G(F) [ G(F) [ G(F?). B

Sincean ordering P of a eld L extendsto an ordering of the function eld
L(®) of a form ® over L if and only if ® is inde nite at P, we seethat there
existsan ordering on Fi.; (resp. F%, ) extending the ordering P; sincewe only
take function "elds of forms in the G, and all theseforms are inde nite at P;
(cf. [ELW], Th. 3.5 and Rem. 3.6]). We will x suc an ordering and call it
Pi.1 . Note that no other ordering on F; (resp. F9 will extend to Fi.; (resp.
FS.). Indeed,let Q be any ordering on Fi; (resp. FS,) andlet b2 F (resp.
F%) besud that b<p, 0andb>q 0. Then 2n£ hli ? i isin G and de nite
at Q, which shows that Q will not extend.

Next, we shaw that A, (resp. B,,) stays a division algebraover F;.; (resp.
FS.). f ®2 G(L)[ G(L) and A, (resp. By) is division over L, then it follows
immediately from Lemma E(iii), parts (a) and (d) that A, (resp. B,) stays
division over L(®). In particular, this shows that (Anp)g,,, will be division.
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To show that B, stays a division algebra over F, , it remainsto shav that
if P, extendsto an ordering P on L and B, is division over L, then B, stays
a division algebra over L(®) for ® 2 G(L). If ds® 6 1, this follows from
Lemma R.&(iii), part (b). If dg®= 1, then ® 2 1°L, and by Lemma R.iii),
part (c) it suxces to shaw that c(®) 6 [(Bn)L] in BroL. Supposec(®) =
[(Bn)L]. Since c((A)L) = [(Bn)L], we have by Merkurjev's theorem that

" (A%, mod I3L and hence0 = sgn, ®  sgn (A%, ~ 4 mod 8, clearly a
contradiction.

W|th the F; and tlgelr orderings P; co§structed for all i, we now put F =

, Fi (resp. F0= L F) and P = . Pi. P will then be the unique

ordermg on F (resp. FO) (seealso the proof of [E Th. 2]). It is also obvious
from our construction that I2F = 0 and that inde nite forms of dimension
2n+ 1 will beisotropic. The latter implies by [ELP], Th. A] that t&(F);t(F9) -
2n. Also, A, (resp. B,) will stay a division algebra over F (resp. F9).
the caseof F, this meansthat the form (A,)r will be a 2n-dimensionaltorsion
form which is anisotropic by Lemma@(i). Henceu(F) , 2n andthusu(F) =
t#(F) = 2n. In the caseof F° we have by a similar reasoningthat (A%)go. is a
2n-dimensional inde nite anisotropic form (recall that dim(A)ro = 2n, 6>
4= sgnp (A%)r0). Hencew(F9 = 2n. Howewer, by construction, torsion forms
of dimension 2n will be isotropic and thusu(F9% - 2nj 2. On the other hand,
Bn = An; 1- (i L 1) will stay a division algebraover F°and thus alsoA,; 1
Hence, just as before, we will now have the anisotropic (2n j 2)-dimensional
torsion form (An; 1) o, which shows that u(F% = 2n 2.

The fact that , (F) =, (F%) = nj 1 follows from Corollary

]Thecasez- <1 andu=1 ‘

B

With Fy as above, we let now F; = Fg(X1;X2; ¢CC;y;yo; ¢CC)((1)), but we
keepthe denitions of A,, By, A, A,? from above. Let L be any extension
of F1 such that all orderings of F; extend to L and such that A, (resp. B,)
is division over L. This time, we consider the following classesof quadratic
forms, wheren= , + 1, 3.

G(L) = f®j®form/L, dm®, 2n+ 2,

®2 ® ? ®, ® 2 WL, dim®, 2 f0;4gg
G(L) = f®j®= hL;1i - hL;x;y;i xyi, X;y 2 L"g
G(L) = fe®j®form/L, ®2 I3Lg
G(L) = f®j®form/L, dm®= 2n, ®2 W;Lg

Again, we construct innite towers of elds F; % F, % ¢¢¢ and F; = FY %
F2 15 ¢¢¢. Supposewe have constructed F; resp. F% i | 1. Then we let Fi;
(resp FS,) bethe compositum of all function “elds F;(®) (resp. F{®)) where
®2 Gu(F) [ G(F) [ G(F) (resp. Gi(FO) [G(FO] G(FY [ G(FO).

Wethen put F = ~._ Fi (resp. F%= ~._, F9. Note that sincewe only
take function "elds of t.i. forms, all ordermgsof F. extendto F, resp. F% In
particular, F, FOwill be real.
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Now a eld F is SAP if and only if all forms of type hl; a;b;j abi are
weakly isotropic, i.e. there exists an n such that the n-fold orthogonal sum
n £ hl;a;b;j ad is isotropic (cf. [F, Satz 3.1], [ELP] Th. C]). Thus, taking
function "elds of forms of type hi;1i - hi;x;y;i xyi assuresthat F (resp.
F9 is SAP. Taking function “elds of forms in 13 yields that I2F = 0 (resp.
I2F%= 0).

We now shaw that (B,)k is adivision algebrafor K = F, F% This then im-
pliesthat , (K), nj 1. Let L bean extensionof F; suc that all orderings of
F1 extend to L and supposewe have that (B,), is division. Then B, stays di-
vision over L(®) for ®2 G (L), j = 1, 3;4, by areasoningsimilar to above after
invoking Lemma E(iii). Also, B,, stays division over K = L(Hlnj 1;i x;j Vii)
for all x;y 2 L® by part (d) of Lemma@(iii). Now ®= hl;1i - hl;x;y;i Xyi
contains the P ster neighbor hi; 1i - hi;x;yi of lhj 1;i x; i yii, therefore ® be-
comesisotropic over K, henceK (®)=K is purely transcendenal and B, stays
division over K (®) = L(Ij 1;j x; i yii)(®) and therefore over L (®).

This showsthat (B,,)k is a division algebrafor K = F, F% Hence,, (K) ,
ni 1. By asimilar reasoning,(An)g is a division algebra.

Supposethat , (K), n. Then there existsC 2 Br,(K) sudc that t(C) = n.
Now K is SAP and I3K = 0. Hence,by Lemma R.4(i) and Lemma R.1iii),
there exists an anisotropic Alb ert form ® of dimension 2n + 2 assaiated with
C sucth that ®2 ® ? ®& with & 2 W;F and dim®, 2 f0;4g. But such an ®
is by construction isotropic (considerthe forms in G above!), a cortradiction.
Hence, (K) = nj 1. By Theorem B wegetu(K)2f2ni 2;2ng.

Now over F °, we have by construction that all torsion forms of dimension 2n
areisotropic (considerthe formsin G, above!). Thus,u(F% = 2nj 2= 2, (F9.

We already remarkedthat (A)r is adivision algebra. Hence,its assaiated
Albert form (A,)g is anisotropic and torsion. Therefore, u(F) , 2n and we
necessarilyhave u(F) = 2n.

It remainsto show that t{F) = {F9 = 1 . Let m be a positive integer and
lett, = mENL ? thl;j (1+ x2)i over Fy. Sincem£ hli and hL;j (1 + x2)i are
anisotropic over Fo(x1;Xz; ¢¢¢;yy;y2; ¢¢¢), it follows from Springer's theorem
E, Ch. VI, Prop. 1.9] that t,, is anisotropic. Furthermore, !, is ti. as
hL; i (1+ x3)i is a binary torsion form. Thus, if we can shaw that !, stays
anisotropic over F (resp. F9 for all m, then (F);&(F% , 2m + 2 for all m
andthust(F) = {(F9) = 1 .

We now construct a tower of "elds L, %2 L, ¥ ¢¢¢ such that L; will be the
power series eld in the variable t over someL?, L; = LY(t)), such that F; % L;
(resp. FP% L;), and (* )., anisotropic for all m | O and all i ; 1. This
then shaws that (* m)r, (resp. (* m)rp) is anisotropic for all m , 0,i, 1, and
therefore (* ) (resp. (* m)eo) will be anisotropic for all m , 0.

Supposewe have constructed L; = LY(t)). Note that necessarilyL; is real
as(*m)L, is anisotropic for all m, 0. Let P; 2 X o be any ordering and M2
be the compositum over L? of the function “elds of all forms (de ned over L?)
in

ALY = f®j®indenite at P;, dim®, 3g:
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Let M; = MY(t).

Now let %22 G (Fi) (resp. Q(Fio)), 1- j - 4. By Springer's theorem,
Y%, 2 14 ? tYp with %, k = 1;2, de"ned over L. Wewill shaw that %4 2 CYL?)
for at leastonek 2 f1; 2g.

First, note that formsin G (Fi) (resp. G(F9), 1- j - 4, are of dimension
, 6(recallthat 2- , = nj 1). Thus,dim% , 3for at leastonek 2 f1;2g. If
Y, is isotropic, then over LP we have hl;j 1i ¥2% for at leastonek 2 f1;2g,
and sincehl; 1i 2 thl; 1i, we may \shift" the hyperbolic plane from one %
to the other if necessaryto obtain the desiredresult, namely that % 2 CL?)
for at leastonek 2 f 1, 2g.

Let us therefore assumethat Y%, is anisotropic.

Suppose¥22 Gy (Fi) (resp. Gi(F9). Then dim% 8, and we can write
B2 7 2 ¢ over Fy, with ¢ torsion and dim¢, , 4. Now ¢, 2 ¢ ? tép with
., k = 1,2, de'ned over L?. Since ¢ is torsion, we have that ¢; and ¢, are
torsion. Now ¢« ¥2 % over LY by Springer'stheoremas¥ ; is anisotropic, and a
simple dimensioncount shavsthat there existsat leastonek 2 f 1; 2g suc that
dim¢ , 2anddim¥% , 4, which implies that for this k we have % 2 CYLY).

Suppose %22 hL;1i - hL;x;y;i xyi 2 G(Fi) (resp G(F9). Then either
Y%, is already de ned over L?, in which caseit is a t.i. form of dimension 8
and thus in CYL?). Or there exist a;b2 L¥ such that %, 2 hL;1i - hi;ai ?
bthl; 1i - hl;j ai. then either hi; 1i - hl;ai isinde nite at P; and thusin C(LY),
or hl;1i - h;j ai isindenite at P; and thusin CYLY).

Finally, if ¥22 G (F;) (resp. %52 G (F9), | = 3;4, then Yis already torsion of
dimension, 6 (for j = 3 this follows from the Arason-P ster Hauptsatz), but
then ¥4 and % are torsion over L?, and sinceat least one of them is necessarily
of dimension, 4, the result follows.

Thus, eat Y22 G (Fi) (resp. G(Fi)), 1 - j - 4 hasthe property that
Y%, 2 ¥ ? t¥ with %, k = 1,2, dened over L? and %4 2 CYL?) for at
least one k. But then, (“&)wm ¢ is isotropic by construction, hencealso %, . In
particular, M;(*A=M; is a purely transcendenal extension.

Let usnow shaw that (* )¢ is anisotropic for all m. Let N; be the composi-
tum of the function “elds of all forms ®y, with ®2 G(F;) [ G(Fi) [ G(Fi).
By the above, N;=M; is purely transcenderial. Let B be a transcendence
basisso that N; = M;(B) = MX(t)(B). We now put L?,;, = MIB) and
Li+r = L%, (t) = MIB)((t). There are obvious inclusions Fi.; % N; =
MI)(B) MIB)((t) = Li+1 . SinceMCis obtained from L? by taking func-
tion "elds of forms inde nite at P;, we seethat P; extendsto an ordering on
M0 and thus clearly alsoto orderingson L?,; .

To show that (* )g is anisotropic, it thus suzces to show that if 1, is
anisotropic over L, then it stays anisotropic over Lj.; . Now m £ hli is clearly
anisotropic over the real eld L?,, . Also, hL;i (1 + x2)i, which is anisotropic
over LY by assumption, stays anisotropic over LY, asL?, is obtained by
taking function “elds of forms of of dimension, 3 over L? followed by a purely
transcenderial extension. By Springer's theorem, (* )L,,, = (M£ hli ?
thl;j (1L + x3)i)L,., is anisotropic.
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The proof for FO is the same as above except that we have to take N;
above to be the compositum of the function "elds of all forms ®y, with ® 2
G(FIL G(FIL G(FAL G(F.

|The case, = u=u=1 |

This can be done by the sametype of construction as above, but this time
we only considerfunction “elds of forms of the following types:

G(L)=f®j®= h.;1i ? h;x;y;i xyi, x;y 2 L°g
G(L) = fej®form/L, ®2 ILg
The "eld F we will obtain has, just asbefore,the property SAP and | 3F =
0. Furthermore, the algebra A, will stay a division algebra over F for all
n, 3. Hence, (F) = 1 andit follows immediately that u(F) = w(F) = 1.
(Note that for eadyn , 2 the form (A,)r will be an anisotropic 2n-dimensional
torsion form.) O

Now we can prove Corollary [L.§ from the intro duction, which we restate in
a more detailed version for the reader's cornvenience.

Cor ollar y 3.2. LetF beareal "eld with I?F = 0. Then
(u(F);u(F) 2 f(2n;2n);n, Og[ f(2n;1 );n, Og[ f(2n;2n+ 2);n, 29:

All pairs of valueson the right hand side can be realized as pairs (u(F); e(F))
for suitable real F with 13F = 0. Furthermore, there exist such F which are
SAP with the only exceptions being the pairs (0;1 ), (2;1 ).

Proof. Let us rst show that no other values are possible. By Lemma E
u and t are always even or in nite. If F in non-SAP, then #(F) = 1 . So
supposethat F is SAP. If u(F) - 2, then (F) - 2 by [ELP], TheoremsE,F],
and it follows readily that u(F) = w(F) 2 f0;29. Note that this also shavs
that (0;1 ), (2;1 ) cannot be realized by SAP-"elds. If F is linked, then by
Theorem 1.4, u(F) = w(F) 2 f0;2;4;8g. If, however F is non-linked, then
Theorem (@) shows that there can be no other pairs (u; &) than the ones
in the statemert of the corollary.

The pairs (u; &) = (0;0) (resp. (2;2)) can be realized by R (resp. the
rational function "eld in one variable over the reals, R(X)). Real global "elds
have (u; &) = (4;4). (u;a) = (0;1 ) isrealizedby R(X )((Y)), seealso Example
Examplesof “elds with (u; &) = (2;1 ) canbe found in [EP}, Cor. 5.2]. All
other combinations have beenrealizedin Theorem [[.3 (B.1) by SAP-"elds. O
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