
Document a Ma th. 227

Transitions fr om Rela tive Equilibria

to Rela tive Periodic Orbits

Cla udia Wulff

Received: June 1, 1998

Revised: February 8, 2000

Communicated by Bernold Fiedler

Abstra ct. We consider G-equivariant semilinear parabolic equa-
tions whereG is a �nite-dimensional possibly non-compactsymmetry
group. We treat periodic forcing of relative equilibria and resonant
periodic forcing of relative periodic orbits as well as Hopf bifurcation
from relative equilibria to relative periodic orbits using Lyapunov-
Schmidt reduction. Our main interest are drift phenomenacausedby
resonance. In comparison to a center manifold approach Lyapunov-
Schmidt reduction is technically easier. We discuss impacts of our
results on spiral wave dynamics.
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1 Intr oduction

1.1 Spiral wave dynamics

Relative equilibria and relative periodic solutions are ubiquitous in systems
with continuoussymmetry. Examplesof relativeequilibria and relativeperiodic
solutions are spiral waves. Spiral waveshave beenobserved in various chemical
and biological systems,for example in the Belousov-Zhabotinsky reaction [5],
[26], [35], and in catalysis on platinum surfaces[16].
The spiral tip of a rigidly rotating spiral wave moveson a circle. In mathemat-
ical terms rigidly rotating spiral wavesare rotating waves. Rotating wavesare
stationary in a corotating frame and therefore examplesof relative equilibria.
Meanderingspiral wavesaremodulated rotating waves,i.e., they areperiodic in
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Figure 1: Meandering spiral wave in the Belousov Zhabotinsky reaction, from
Steinbock et al. [27], with kind permission of Nature. The tip tra jectory is
overlaid with a white curve.

a corotating frame. In this casethe spiral tip performs a quasiperiodic motion,
which is called meandering,seeFig. 1.
Meandering spiral waves are generatedby external periodic forcing of rigidly
rotating spiral waves [16]. Let ! ext be the frequency of the external forcing
and let � ext be its amplitude. If the periodic forcing is resonant, i.e., if the
rotation frequency ! �

rot of the rigidly rotating wave at � ext = 0 is a multiple
of the external frequency ! ext of the system then a curve of drifting spiral
wavesin the (! ext ; � ext )-plane is observed which separatesmodulated rotating
wave states with inward petals and outward petals, cf. [16]. This phenomenon
is called resonancedrift. Drifting spiral waves, see Fig. 2, are modulated

Figure 2: Drifting Spiral Waves in the CO-Oxidation on Pt(110), courtesy of
[16]. The crossis always at the sameposition. So we seethat the spiral wave
drifts away from the cross.
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travelling waves,i.e., they are periodic in a comoving frame. Both, meandering
and drifting spiral wavesare examplesof relative periodic orbits.
In experiments alsomeanderingspiral waveshave beenforcedperiodically [35].
Here invariant 3-tori are found and frequencylocking betweenthe period of the
relative periodic orbits and the period of the external forcing occurs. Further-
more for certain external periods modulated travelling waves are generated.
Experimentalists call this phenomenongeneralizedresonancedrift [35].
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Figure 3: Phasediagram for the spiral wavedynamicsdepending on the param-
eters a, b; courtesy of Barkley [4]. Shown are regions containing N: no spiral
waves, RW: stable rigidly rotating waves, MRW: modulated rotating waves,
MTW: modulated travelling waves(dashed curve). Spiral tip paths illustrate
statesat 6 points. Small portions of spiral wavesare shown for the two rotating
wave cases.

Meandering spiral waves can also emanate from rigidly rotating spiral waves
by a spontaneous bifurcation in autonomous systems,see[26], [32]. Barkley
found in numerical simulations [3], seeFig. 3, that this transition is a Hopf
bifurcation in the corotating frame. Hopf-bifurcation in autonomous systems
leads to analogousdrifting phenomenaas periodic forcing of rigidly rotating
waves.
The media in which spiral waves occur can be modelled by reaction-di�usion
systemsof the form

@ui

@t
= � i � ui + f i (u; t; � ); i = 1; : : : ; M : (1.1)
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Here u = (u1; : : : ; uM ) is a vector of concentrations of chemical species, the
functions ui , i = 1; : : : ; M , map the plane R2 to R, the constants � i � 0,
i = 1; : : : ; M , aredi�usion coe�cien ts, � 2 Rp is a parameter, and the functions
f i , i = 1; : : : ; M , are reaction-terms which are autonomous or time-periodic.
Barkley [4] was the �rst to notice the importance of the Euclidean symmetry
for spiral wave dynamics. The Euclidean group E(2) = O(2) n R2 of rotations,
translations and re
ections on the plane acts on the functions u(x), x 2 R2,
via

(� (R;a ) u)(x) = u(R� 1(x � a)) ; where R 2 O(2); a 2 R2: (1.2)

System (1.1) is equivariant with respect to the symmetry group E(2).
In this article we want to study the transition from rigidly rotating to mean-
dering spiral waves on the in�nitely extended plane R2. More generally the
aim of the paper is to understand the transition from relative equilibria to rel-
ative periodic orbits in equivariant systems. Furthermore we want to explain
the drift and resonancee�ects which we just described for general symmetry
groups. We will discussimplications of our results on spiral wave dynamics in
the plane and on the sphere(for simulations of spiral waveson the spheresee
[36]). Further we want to apply our results to the evolution of scroll-wavesin
three-dimensionalexcitable media. Scroll waveshave beenstudied numerically
for example in [15], [18].

1.2 Rela ted litera ture

In the thesis [33] the �rst results on bifurcations from rotating wavesin systems
with a non-compact, non-commutativ e symmetry group have been obtained.
This paper is basedon the dissertation [33]; but whereasin [33] we restricted
attention to the symmetry group E(2) and applications in spiral wavedynamics
in this article we treat arbitrary symmetry groups. As in [33] we study the
transition from relative equilibria to relative periodic orbits using Lyapunov-
Schmidt reduction.
Shortly after [33] was�nished a whole bunch of paperson spiral wavedynamics
and non-compact symmetry groups appeared:
Golubitsky et al. [10] useda formal center-bundle construction to derive ordi-
nary di�eren tial equations describing bifurcations near `-armed planar spiral
wavesof autonomousreaction-di�usion systemsand derived new conditions for
drifting. In [1] the drift of relative equilibria and periodic orbits along their
group orbit is analyzed for generalnon-compact groups. Fiedler et al. [7] clar-
i�ed the structure of the autonomousordinary di�eren tial equationsnear rela-
tiv e equilibria with compact isotropy for generalnon-compactgroupsand gave
conditions for drifting. In [21], [22] we presented a center-manifold reduction
near relative equilibria and derived rigorously the ordinary di�eren tial equa-
tions on the center-manifold which were already guessedin [4] and formally
derived in [10]. In [23] we extended these results to relative periodic orbits.
In [8] normal forms near relative equilibria of non-compact group actions are
computed. In [34] bifurcations from relative periodic orbits are treated.
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Scheel [24], [25] proved the existenceof rotating wavesin unbounded domains.
The thesis [33] was inspired by work of Renardy on bifurcations from rotating
waves[19]. Renardy alsostudied bifurcations from rotating wavesof semilinear
di�eren tial equationsusingLyapunov-Schmidt reduction and applied his results
to the Laserequations[20]. But his results for partial di�eren tial equationsare
restricted to compact symmetry groups.

1.3 Lyapuno v-Schmidt-reduction versus center-manif old theor y

To analyze bifurcations there are mainly two reduction methods: center-
manifold reduction and Lyapunov-Schmidt reduction. Both have advantages
and disadvantages. Here we will use Lyapunov-Schmidt reduction as tool for
the analysis of bifurcations; for a center-manifold approach see[21], [22]. The
advantageof Lyapunov-Schmidt reduction versuscenter-manifold theory is that
we obtain C1 -paths of relative periodic orbits if the nonlinearity in (1.1) is C1

whereaswe only obtain a Ck -smooth center-manifold, k < 1 . Besidesthis we
do not need the assumptions that the group action is isometric and that the
group orbit of the relative equilibrium is an embeddedmanifold which are nec-
essaryfor the center-manifold reduction. Finally the proofs are simpler since
they do not rely upon the highly developed invariant manifold machinery. On
the other hand the Lyapunov-Schmidt method is limited to relative equilibria
and relative periodic orbits { we cannot handle more complicated dynamics.
But for our purposesthis is su�cien t.

1.4 Or ganiza tion of the paper

The paper is organizedas follows.
First, in subsections1.5 and 1.6 we study the functional-analytic framework of
spiral wave dynamics and show someof the di�culties arising in the mathe-
matical treatment of spiral waves. In subsection1.7 we de�ne an appropriate
abstract setting which covers the reaction-di�usion system(1.1) modelling spi-
ral wave dynamics. In this abstract setting we henceforthwork. In section2 we
study periodic forcing of relativeequilibria and relativeperiodic orbits. First, in
subsection2.1 we considerperiodic forcing of relative equilibria and resonance
drift. In subsection 2.3 we study the scaling of the drift velocity. As exam-
ple we considerperiodic forcing of rotating wavesin E(2)-equivariant systems
which lead to modulated rotating wavesor, in the resonancecase,to modulated
travelling waves. This explains the experiments described in subsection1.1. In
subsection2.4 we consider resonant periodic forcing of relative periodic orbits
and discussconditions for generalizedresonancedrift. The results apply to pe-
riodic forcing of meanderingspiral wavesasinvestigatedexperimentally by [35],
seealso subsection1.1. In section 3 we discussHopf bifurcation from relative
equilibria, resonances,scaling of drift velocity and e�ects of spatial isotropy of
the relative equilibrium. As an example we study the Hopf bifurcation from
multi-armed spiral waves. Section4 is devoted to the proof of the main results.
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1.5 Functional-anal ytic framew ork

To describe spiral wave dynamics we considerreaction-di�usion systemsof the
form (1.1) on a domain 
 � R3 to R, where 
 is a C1 -manifold without
boundary, for exampleR2, the unit sphereS2 in R3 or R3 itself. The reaction-
terms f i , i = 1; : : : ; M , are assumedto be Ck -smooth functions where k 2 N.
The domain 
 is invariant under somesubgroupG of the Euclidean group E(3)
of motions in three-dimensional spaceconsisting of rotations, re
ections and
translations. The group E(3) = O(3) n R3 acts on the functions u(x), x 2 R3,
via (1.2), i.e.,

(� (R;a ) u)(x) = u(R� 1(x � a)) ; where R 2 O(3); a 2 R3:

System (1.1) is equivariant with respect to the group G. If G = E(2) is the
Euclidean group of motions in the plane we write (�; a) for (R � ; a) where R�

is a rotation with angle � and a 2 R2.
We consider(1.1) in the spaceof boundeduniformly continuousfunctions X =
B Cunif (
 ; RM ) or in the spaceX = L 2(
 ; RM ).
In X = B Cunif we get a time-evolution � t;t 0 of (1.1) on Y = X ; if X = L 2 we
obtain a time-evolution on Y = X � , � > 1=2 without any growth conditions
on f provided that f (0; t; � ) = 0 for all t, � and � i > 0, i = 1; : : : ; M . If � i = 0
for somei we still obtain a semi
ow on X = H 2 provided that f (0; t; � ) � 0.
Note that the group action is not smooth on the whole function spaceX . If the
domain is 
 = R2 and we chooseX = B Cunif (R2; RM ) then the E(2)-action
is even not strongly continuous becauseon the function u(x1; x2) = cosx1 the
rotation acts discontinuously: For large radius r the term j(� ( �; 0) u)(x) � u(x)j
can becomeequal to 2 even for arbitrarily small � . We encounter the same
problem if 
 = R3. Sincewewant to havea strongly continuousgroup action on
our basespaceX we considerthe reaction-di�usion system(1.1) on a subspace
of B Cunif which is invariant under the semi
ow and where the group acts in a
strongly continuous way:
We de�ne B CEucl (RN ; RM ) asthe subspaceof B Cunif (RN ; RM ) on which E(N )
acts continuously, N = 2; 3. The Laplacian is sectorial on X = B Cunif and
on L 2, see [13]. We will now show that the Laplacian is also sectorial on
X = B CEucl (RN ; RM ): let Y be any Banach spacewith a group G acting on it
by a (not necessarilystrongly continuous) representation � g, g 2 G. Let Y0 be
the subspaceof Y on which G acts strongly continuously. If A is sectorial on Y
and A� g = � gA for all g 2 G then A is sectorial in Y0: from � ge� At = e� At � g we
deducethat (e� At )t � 0 is a C0-semigroup from Y0 to Y0; furthermore e� At y is
complex di�eren tiable in t for y 2 Y , t > 0, with derivative Ae� At y 2 Y . Since
� gAe� At = Ae� At � g and therefore Ae� At Y0 � Y0 we conclude that (e� At )t � 0

is an analytic semigroup on Y0. Since (� � A) � 1u 2 Y0 for u 2 Y0, � 2 C,
� =2 specY (A), the spectrum of A on Y0 is contained in the spectrum of A
on Y. Especially the Laplacian is sectorial on B CEucl , and its spectrum is
contained in the spectrum of the Laplacian de�ned on B Cunif .
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We also get a time-evolution of (1.1) in B CEucl (RN ; RM ) becausewe have
� g � t;t 0 (u) = � t;t 0 (� gu) and therefore � t;t 0 maps Y0 into itself.
Now we have a C0-group action on X = B CEucl , but if 
 = R2; R3 the semi-

o w doesnot smoothen the group-action even if all di�usion coe�cien ts � i are
positive. We demonstrate this for 
 = R2 and for the heat equation where the
nonlinearity f is zero.
We will show that on R2 the operator @

@� is not bounded w.r.t. the Laplacian
� and to the semi
ow (e� t )t � 0:

Remark 1.1 The operator @
@� is not bounded relatively to the Laplacian � or

relatively to the semi
ow e� t , t � 0, on B Cunif (R2; R) and B CEucl (R2; R).

Pr oof. The functions w`;b (x) := J` (bjxj)ei ` arg (x ) whereb � 0 and J` is the `-th
Besselfunction of the �rst kind are elements of B CEucl (R2; R) � B Cunif (R2; R)
and they are eigenfunctionsof the Laplacian � and of the angle derivative @

@� :

@
@�

w`;b = i`w `;b ; � w`;b = � b2w`;b :

Since i`(1 + b2)� 1 and i`e� b2 t are not bounded for arbitrary b 2 R, ` 2
N0, we conclude that @

@� is not bounded relatively to � on B CEucl (R2; R),

B Cunif (R2; R) and that @
@� e� t is not a bounded operator on B CEucl (R2; R),

B Cunif (R2; R) for t � 0.

Remark 1.2 Also on L 2(R2; R) the angle-derivative @
@� is not bounded rela-

tively to � or e� t , t � 0.

Pr oof. By direct computation we seethat F ( @
@� u) = @

@� F (u). Here F (u)
denotesthe Fourier transform of u. From this formula and from F (� u)(x) =
�j xj2F (u)(x) we deduce that @

@� is not bounded with respect to �. Fur-

thermore the operator @
@� is not bounded relatively to e� t in L 2(R2; R) since

(F ( @
@� e� t u))( x) = @

@� e�j x j 2 t (F (u))( x) is not de�ned for all u 2 L 2(R2; R).
Therefore we cannot simply changecoordinates into a corotating frame to deal
with the meanderingtransition.

1.6 Represent ations of E(N )

The function spacesY = B CEucl (RN ; R); L 2(RN ; R), N = 2; 3, do not contain
�nite-dimensional subspaceswhich are E(N )-invariant and in which the E(N )-
action is non-trivial. Again we will demonstrate this in the case 
 = R2,
G = E(2):

Lemma 1.3 Let the action of E(2) on the spaces X = B CEucl (R2; R), X =
L 2(R2; R) be given by (1.2). Then the function spaces B CEucl , L 2 do not con-
tain �nite-dimensional E(2)-invariant subspaces with nontrivial E(2)-action.
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In Greenleaf[12] a generaltheory on the action of topologicalgroupson function
spacesis developed.
If we allow polynomial growth in our function spacethen the polynomials of
degree� j are �nite-dimensional representations of E(2).
Pr oof of Lemma 1.3. Let Vj = span(e1; : : : ; ej ) be a j -dimensional repre-
sentation of E(2) in B Cunif or L 2. Then the translations act as a C0-group
of isometries on Vj since they act in such a way on B Cunif , L 2. Since Vj is
�nite-dimensional, we know that � (0 ;(a1 ;a 2 )) ei =

P j
i =1 (e� 1 a1 + � 2 a2 ) ij ej where

� 1 = @
@x 1

jVj , � 2 = @
@x 2

jVj are (j; j )-matrices. Since� (0 ;a ) is an isometry we con-
clude that Respec(� 1) = Respec(� 2) = 0 and that � 1; � 2 do not contain Jordan
blocks. After simultaneous diagonalization of � 1, � 2 (note that [� 1; � 2] = 0)
we seethat the eigenfunctionsof � 1, � 2 are of the form eibx , b;x 2 R2. These
functions are not elements of X = L 2(R2; R). So the proof is �nished for the
function spaceL 2. If we chooseb = 0 we obtain an E(2)-invariant subspaceof
X = B Cunif (R2; R) which consistsof all constant functions. The E(2)-action
on this spaceis trivial. The action of the rotation is not continuous on the
functions eibx , b 6= 0, with respect to the norm k � kB Cunif (R2 ;R) . Therefore
the functions eibx do not span a �nite-dimensional E(2)-invariant subspaceof
B CEucl (R2; R) for b 6= 0.
Of course, the same considerations apply for x 2 R3, G = E(3) instead of
x 2 R2, G = E(2).
Especially for an E(2)-invariant steady state the eigenspaceto each eigenvalue
is E(2)-invariant and therefore in�nite-dimensional. This makes the study of
bifurcations from E(2)-invariant equilibria for an abstract equivariant parabolic
equation very di�cult. We will not attack this problem and rather study bi-
furcations from relative equilibria where thesedi�culties do not occur. Bifur-
cations from homogeneoussteady states of reaction di�usion equations have
beenstudied by Scheel [24], [25] using spatial dynamics.

1.7 Abstra ct Setting

In this paper we study semilinear parabolic equations

du
dt

= � Au + f (u; ! ext t; � ) (1.3)

on some Banach spaceX which are equivariant under a m-dimensional Lie
group G which may be non-compact. We assumethat A is sectorial (for a
de�nition see[13]) and that f is Ck -smooth from Y � R � Rp to X . Here k 2 N
or k = 1 , � 2 Rp and Y = X � for 0 � � < 1.
By [13] there exists a time-evolution � t;t 0 (�; � ) of (1.3) on Y, and � t;t 0 (u; � ) is
Ck -smooth in u, � for t � t0 and in u, � , t, t0 for t > t0. We assumethat the
group G acts on Y by the linear strongly continuousrepresentation � g 2 L(Y ),
g 2 G and that (1.3) is G-equivariant, i.e.,

8 g 2 G � gA = A� g; f (� gu; t; � ) = � gf (u; t; � )
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This implies that � g � t;t 0 (�; � ) = � t;t 0 (� g �; � ) for all g 2 G.
Assumethat f in (1.3) is time-independent. Then a group orbit Gu� is called a
relative equilibrium of (1.3) if � t (u� ) = � exp( � � t ) u� for some� � 2 alg(G). Here
alg(G) denotesthe Lie algebra of G. Sometimeswe denote u� itself as relative
equilibrium.
A point u� lies on a relative periodic orbit

O� = f � g� t; 0(u� ) j g 2 G; t 2 Rg

if � T � ;0(u� ) = � g� u� for someT � > 0, g� 2 G. In this casewe supposethat
f (u; ! ext t; � ) is independent of time or time-periodic with frequency ! ext =
2� j =T� , j 2 N. Sometimeswe sloppily denote u� itself as relative periodic
orbit. We call T � the relative period of the relative periodic orbit.
The aim of this article is to study transitions from relative equilibria to relative
periodic orbits of (1.3).

2 Periodicall y f or ced G-equiv ariant systems

This section deals with the e�ects of periodic forcing on relative equilibria
and relative periodic orbits. In particular, we will investigate drift phenom-
ena causedby resonant periodic forcing. We will apply our results to spiral
wave dynamics. This helps to understand the experiments mentioned in the
intro duction. Proofs of the main theoremsare postponed to section 4.
In this section we assumethat the nonlinearity f of (1.3) is of the form

f (u; t; � ) = f̂ (u; �̂ ) + � ext f ext (u; ! ext t; � ):

Here f ext (u; � ; � ) is 2� -periodic in � ; ! ext is the frequency of the periodic
forcing, Text = 2�

! ext
is its period, � ext is its amplitude and we decompose

� = (� ext ; �̂ ), where � ext 2 R, �̂ 2 Rp� 1. So we consider the periodically
forced di�eren tial equation

du
dt

= � Au + f̂ (u; �̂ ) + � ext f ext (u; ! ext t; � ): (2.1)

A typical example of the abstract semilinear di�eren tial equation (2.1) is a
periodically forced reaction-di�usion systemon the domain 
 � RN , N = 2; 3,
cf. (1.1):

@ui

@t
= � i � ui + f̂ i (u; �̂ ) + � ext f ext ;i (u; ! ext t; � ); i = 1; : : : ; M : (2.2)

2.1 Periodic f or cing of rela tive equilibria

This subsection deals with e�ects of periodic forcing on relative equilibria.
First we state two general theorems, then we study examples in spiral wave
dynamics.

Document a Ma thema tica 5 (2000) 227{274



236 Cla udia Wulff

Consider system (2.1) without periodic forcing, i.e., at � ext = 0. Assume
that u� is a relative equilibrium of the unforced system for the parameter
�̂ = �̂ � = 0. Then u� satis�es

� t (u� ) = � et� � u�

for some� � 2 alg(G). Since � t (�) is equivariant and Ck -smooth in t for t > 0
we concludethat et� �

u� is Ck -smooth in t for all t 2 R.
We will write � u for d

dt � et� ujt =0 . Furthermore denote by

Adg � := g� g� 1 =
d
dt

(gexp(� t)g� 1)
�
�
�
t =0

2 alg(G)

the adjoint action of G on alg(G) and by

K = f g 2 G j � gu� = u� g

the isotropy group of u� . We assumethat K is compact. Let G0 denote
the identit y component of G. We have � � 2 alg(N (K )) where N (K ) is the
normalizer of the isotropy group K of u� becausefor g 2 K , t 2 R,

� g� exp( t� � ) u
� = � g� t (u� ) = � t (� gu� ) = � t (u� ) = � exp( t� � ) u

�

and therefore gexp(t� � ) 2 exp(t� � )K . Similarly the pull-back element g� of a
relative periodic orbit u� = � � 1

g� � Text ;0(u� ) lies in the normalizer of the isotropy
K of u� . Actually for a relative equilibrium the drift velocity � � lies in the Lie
algebraof the centralizer Z (K ) of K , which follows from the formula N (K )0 =
K 0Z (K )0, see[9].
Since by periodic forcing isotropy is not changed we assumewithout loss of
generality in the whole section that K = f idg. Otherwise we changethe space
Y to the �xed point spaceFix( K ) = f g 2 G; � gu� = u� g of K and the
symmetry group G to N (K )=K .
Let u� be a relative equilibrium, i.e., � Au � + f̂ (u� ) = � � u� , and let

L � = � A + Du f̂ (u� ) � � �

be the linearization at the relative equilibrium in the comoving frame. Assume
that � gu� is C1 in g 2 G. We compute that for � 2 alg(G)

L � � u� = (� A + Du f̂ (u� ) � � � )� u�

= � � Au � + Du f̂ (u� )� u� � � � � u�

= � (� A + f̂ (u� )) � � � � u�

= (� � � � � � � )u�

= [� ; � � ]u� = � ad� � u� :

(2.3)

Here [�; �] denotesthe commutator, ad� � (� ) = [� � ; � ] and we usedthat gf̂ (u) =
f̂ (gu) and therefore Du f̂ (u� )� = � f̂ (u). From (2.3) we see that L � maps
Tu � Gu� = alg(G)u� into itself.
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Example 2.1 Let u� be a rotating wave of the unforced system (2.1), e.g a
rigidly rotating spiral wave of the reaction-di�usion system (2.2) on 
 = R2

at � ext = 0. Then the symmetry group is G = E(2). We write g = (�; a) 2
SO(2) n R2 = SE(2). Let � 1 denote the generator of the rotation and � 2; � 3

denote the generatorsof the translation. Then � � = ! �
rot � 1 where ! �

rot is the
rotation frequencyof the spiral, and we compute

L � � 1u� = 0; L � (� 2 + i� 3)u� = ! �
rot [� 2 + i� 3; � 1]u� = i! �

rot (� 2 + i� 3)u� :

Therefore the linearization L � of the rotating wave in the rotating frame has
always eigenvalueson the imaginary axis.

For a relative periodic orbit u� = � � 1
g� � T � ;0(u� ) with � gu� C1 in g we get

� � 1
g� D� T � ;0(u� )� u� = (Ad � 1

g� � )u� ; � 2 alg(G):

If u� is a relative equilibrium then the linearization of the time-T-map in the
comoving frame � � is given by

eL � T = � � 1
g� D� T (u� )

where g� = eT � �
.

For the groups relevant in applications (compact and Euclidean groups) the
eigenvaluesof the linear maps[� ; �], � 2 alg(G), on alg(G) are purely imaginary
and similarly the spectrum of the maps Adg, g 2 G, on alg(G) lies on the unit
circle. We will restrict our attention to thesegroupsin this article. Sowe make
the overall hypothesis

Overall Hypothesis The spectra of the linear mapsAdg, g 2 G, are subsets
of the unit circle f � 2 C; j� j = 1g.

Therefore in the caseof continuous symmetry where alg(G) is nontrivial the
linearization L � at a relative equilibrium always has eigenvalueson the imag-
inary axis and similarly the linearization � � 1

g� D� T (u� ) of a relative periodic
orbit u� = � � 1

g� � T (u� ) of (2.1) has always center-eigenvalueson the unit circle.
If u� is a relative equilibrium �x someT > 0. In the caseof a relative periodic
orbit take T = T � . We needthe following assumption on the spectrum:

Hypothesis (S) The set f � 2 C; j� j � 1g is a spectral set for the spectrum
spec(B � ) of the operator

B � := � � 1
g� D� T (u� ) 2 L (Y ) (2.4)

(called center-unstablespectral set) with associated spectral projection P 2 L(Y )
and the corresponding generalized eigenspace Ecu := R(P) (the center-unstable
eigenspace) is �nite-dimensional.

We will show in Section 4 below that Hypothesis (S) implies that � gu� is Ck

in g. Let Gu� = f � gu� ; g 2 Gg denote the group orbit at u� . Frequently we
employ the following notion:

Document a Ma thema tica 5 (2000) 227{274



238 Cla udia Wulff

Definition 2.2 We say that a relative periodic orbit or a relative equilibrium
u� of (2.1) is non-critical if � gu� is C1 in g and if the operator B � from (2.4)
satis�es Hypothesis (S) and if the center-eigenspace

Ec = Tu � Gu� + span(@t � t (u� )jt =0 )

only consistsof eigenvectors which are forced by G-symmetry or time-shift sym-
metry (in the caseof relative periodic orbits of autonomoussystems).

Denote the dual spaceof Y by Y ?, let m = dim(G) and assumethat � gu� is
C1 in g. Choosel i 2 Y ?, i = 1; : : : ; m, such that the equations l i (u � u� ) = 0,
, i = 1; : : : ; m, de�ne a section Sl = u� + Ŝl transverse to the group orbit
Gu� of the relative equilibrium at u� . If u� is non-critical we can choosethe
functionals l i as left center-eigenvectors of L � .
The following theorem essentially states that external periodic forcing leadsto
a transition from relative equilibria to relative periodic orbits.

Theorem 2.3 Let u� = � e� t� � � t (u� ) be a relative equilibrium of the unforced
system(2.1), i.e., for the parameter � = 0. Compute B � = eT �

ext L �
as in (2.4)

and assumethat u� satis�es assumption (S). Then � gu� is Ck in g.
If the generalized eigenspace of B � to the eigenvalue1 lies in alg(G)u� then for
each small amplitude � ext of the periodic forcing, each frequency ! ext � ! �

ext
of the forcing and each small �̂ there is exactly one relative periodic orbit u =
u(! ext ; � ), of (2.1) satisfying

u = � � 1
g � Text ;0(u; � ) and u 2 Sl ; (2.5)

for someg = g(! ext ; � ). Furthermore � gu(! ext ; � ) is Ck in g 2 G, ! ext and � ,
g(! ext ; � ) is Ck in (! ext ; � ) and u(! ext ; 0) = u� , g(! ext ; 0) = g� .

Often we need not use the full symmetry G of (3.1) to prove Theorem 2.3.
If L � does not have eigenvalues ij ! �

ext , j 2 Z, forced by symmetry then the
symmetry group is discrete and we neednot take it into account to prove the
theorem. If [�; � � ] has eigenvalues in i! �

ext Z, then the corresponding (gener-
alized) eigenvectors form a Lie-subalgebraof alg(G) as can be seenfrom the
Jacobi-identit y.
We call the Lie group generatedby the generalizedeigenvectorsof [�; � � ] to the
spectral set i! �

ext Z the minimal symmetry group for the forcing frequency ! �
ext

that we consider.

2.2 Resonance drift

Now wedealwith the e�ects of resonant periodic forcing. Weneedthe following
notion:

Definition 2.4 Let g 2 G. If gn = exp(� n) for some� 2 alg(G) with Adg � =
� and n 2 N then we call � averagevelocity of g.
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There may be many averagevelocities for each group element g; for exampleif
G = SO(2) then for g� = � � the set f � � = � � + j 2� j j 2 Zg consistsof average
velocities for g� . If u = � � 1

g � T ;0(u) is a relative periodic orbit of (2.1) and
� is an averagevelocity of g then we call � =T averagevelocity of the relative
periodic orbit.

Definition 2.5 If exp(�) is not locally surjective near � � 2 alg(G) then there
are elementsg 2 G closeto exp(� � ) which have(if any) only averagevelocities
� which are far away from � � . We call this phenomenonresonancedrift .

Similarly, let u� bea non-critical relativeequilibrium of the unperturb edsystem
(2.1) which travels with velocity � � . If the period of the external forcing T �

ext
is such that exp(�) is not locally surjective near � = � � T �

ext then it may happen
that relative periodic orbits of (2.1) which are generatedby external periodic
forcing, seeTheorem 2.3, drift with an averagevelocity completely di�eren t to
the drift velocity � � of the relative equilibrium at � ext = 0. We also call this
e�ect resonance drift .
Due to [31, Theorem 2.14.2] we know that the map (D exp(� � ))exp(� � � ) :
alg(G) ! alg(G) is given as

(D exp(� � ))exp(� � � ) =
P 1

n =0
( � 1) n

(n +1)! (ad� � )n

= (� ad� � )� 1(exp(� ad� � ) � id)
(2.6)

where ad� � (� ) = [� � ; � ]. Hence exp(�) is not locally surjective at � � i� ad� �

has eigenvalues in 2� iZ n f 0g. Consequently , for resonancedrift to occur it is
necessarythat the periodic forcing is resonant, i.e., that the linearization L � of
the relative equilibrium in the comoving frame has a symmetry eigenvalue in
i! �

ext Z n f 0g. Otherwise exp(�) would be surjective near T �
ext �

� and the relative
periodic orbits u(� ) generated by periodic forcing would drift with velocity
� (� ) � � � .
As we mentioned in the intro duction even a transition from compact to non-
compact drift may take place. We will deal with this in the following example:

Example 2.6 Consider Example 2.1 again: Let the symmetry group be G =
E(2), write g = (�; a) 2 SO(2)n R2 = SE(2) and let u� bea non-critical rotating
wave u� = � ( � ! �

rot t; 0) � t (u� ) of the unforced system (2.1), ie. for � ext = 0. For
example u� could be a rigidly rotating spiral wave of the reaction-di�usion
system (2.2) on 
 = R2. By Theorem 2.3 for each small forcing amplitude
� ext � 0 and each forcing frequency ! ext there is a relative periodic orbit
u(! ext ; � ext ) � u� .
If ! �

rot =! �
ext =2 Z then the forcing is non-resonant and the relative periodic

orbits u(� ext ; ! ext ) with ! ext � ! �
ext are modulated rotating waves of (2.1)

(called meanderingspiral wavesin the example (2.2)).
If ! �

rot =! �
ext = j 2 Z then we seefrom (2.6) that D exp(2� � � =! �

ext ) has rank
defect 2. We talk of a j : 1-resonance.In this casemodulated travelling waves
(called drifting spiral wavesof (2.2)) are generatedas the following proposition
shows:
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Pr oposition 2.7 If a rotating wave of an E(2)-equivariant system (2.1) is
subject to j : 1-resonantperiodic forcing then there is a Ck -smooth path u(� ext ),
a(� ext ), ! ext (� ext ), of modulated travelling wavessatisfying

� 2� =! ext ( � ext ) (u(� ext )) = � (0 ;a ( � ext )) u(� ext )

such that u(0) = u� , a(0) = 0, ! ext (0) = ! �
ext .

Pr oof . By Theorem 2.3 we get a surface u(! ext ; � ext ) of relative periodic
orbits satisfying (2.5) where g(! ext ; � ext ) = (� (! ext ; � ext ); a(! ext ; � ext )). To
obtain modulated travelling waveswe needto solve the equation

� (! ext ; � ext ) = 0 mod 2� :

We have @! ext � (! ext ; � ext )j( ! ext ;� ext )=( ! �
ext ;0) 6= 0. This can be seenas follows:

Let � 1 be the generator of the rotation, and � 2, � 3 be the generators of the
translation. Computing the derivative w.r.t. ! ext of (2.5) in (! ext ; � ext ) =
(! �

ext ; 0) we get

� 2� ! �
rot

( ! �
ext )2 � 1u� + (D� T �

ext ;0(u� ) � 1)@! ext u(! �
ext ; 0)

= (@! ext � (! �
ext ; 0)� 1 + @! ext a1(! �

ext ; 0)� 2 + @! ext a2(! �
ext ; 0)� 3)u� :

(2.7)
Here we usedthat

@! ext � 2� =! �
ext

(u� ) = �
2�

(! �
ext )2 @t � t (u� )t =2 � =! �

ext
= �

2� ! �
rot

(! �
ext )2 � 1u� :

If we choosethe l i in (2.5) as left center-eigenvectors of L � then

l i ((D� T �
ext ;0(u� ) � 1)@! ext u(! �

ext ; 0)) = 0; i = 1; 2; 3:

Applying the functionals l i , i = 1; 2; 3, onto (2.7) we concludethat

@! ext � (! �
ext ; 0) = � 2� ! �

rot =(! �
ext )

2 6= 0:

Hence we can apply the implicit function theorem to get a smooth path
� ext (! ext ) parametrizing modulated travelling waves.

A transition from rotating waves to modulated travelling waveshas been ob-
served in experiments [16] in the caseof 1 : 1-resonanceand 2 : 1-resonance.
Ashwin and Melbourne [2] talk of drift bifurcation of relative equilibria if a
rotating wave of an E(2)-equivariant system becomesa travelling wave in the
limit ! rot ! 0. So their drift bifurcation and our resonancedrift are related.
But in our casethe resonancedrift is enforcedby periodic forcing.

Example 2.8 Consider the reaction-di�usion system (2.2) on the sphere
 =
S2. Then the symmetry group is G = O(3). We will show that a waveu� rotat-
ing around the x3-axis starts meandering around somevector in the (x1; x2)-
plane if it is subject to resonant periodic forcing.
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Let � i denotethe generatorsof the rotation around the unit vectorsei 2 R3, i =
1; 2; 3, and write g 2 SO(3) as g = exp(

P 3
i =1 � i � i ). Let u� = � exp( � � � t ) � t (u� )

be a non-critical wave of the unforced system (2.2), � ext = 0, rotating around
the x1-axis, i.e., � � = ! �

rot � 1. As in (2.3) we compute

L � (� 2 + i� 3)u� = i! �
rot (� 2 + i� 3)u� :

If we switch on resonant periodic forcing with ! �
ext = ! �

rot =j , j 2 Z, then there
is a smooth path u(� ext ), ! ext (� ext ) of wavesmeanderingaround somevector
in the (x2; x3)-plane:

� Text ( � ext ) ;0(u(� ext )) = � exp( � 2 ( � ext ) � 2 + � 3 ( � ext ) � 3 ) u(� ext )

where � 2(0) = 0; � 3(0) = 0, ! ext (0) = ! �
ext , u(0) = u� . This can be seenas in

Example 2.6.
For numerical simulations of rotating waveson the sphereS2 see[36].

In the last two examplesof resonant forcing the relative equilibria were always
rotating waves. But also for nonperiodic relative equilibria resonancedrift
occurs:

Example 2.9 Consider the reaction-di�usion system(2.2) in three space
 =
R3. Then the symmetry group is the Euclidean group E(3).
Let u� be a twisted scroll ring of the unforced system (2.2). Such a wave
consistsof a circular �lamen t in the (x2; x3)-plane along which vertical spiral
wavesare located and an additional in�nitely extended vertical �lamen t [18].
It is a relative equilibrium which translates along its vertical �lamen t and
simultaneously rotates around it.
Becauseof the vertical �lamen t only translations a 2 R3 and rotations around
the x3-axis act continuously on u� in the spaceB Cunif . So the e�ectiv e sym-
metry group is in this caseG = E(2) � R. cf. [23]. We write g = (�; a) for
the elements of E(2) � R where � is the rotation angle around the x1-axis and
a 2 R3 is a translation vector.
The time-evolution of the twisted scroll ring is given by � t (u� ) = � exp( � � t ) u�

where � � = (! �
rot ; v� e1).

If the twisted scroll ring is forced periodically with frequency ! ext it will typi-
cally start meandering in the (x2; x3)-plane:

� Text ;0(u(� ext )) = � ( � ( � ext ) ;a ( � ext )) u(� ext ); a(� ext ) = v(� ext )Text e1:

But by resonant periodic forcing, i.e., if ! �
rot =! �

ext 2 Z, we can achieve that the
scroll ring drifts away in another direction than the x1-axis as the following
proposition shows:

Pr oposition 2.10 If the twisted scroll ring of (2.2) is noncritic al and forced
periodically such that ! �

rot =! �
ext 2 Z then there is a Ck -smooth path u(� ext ),

! ext (� ext ) of relative periodic orbits satisfying

� 2� =! ext ( � ext ) ;0(u(� ext )) = � (0 ;a ( � ext )) u(� ext ); a(� ext ) 2 R3:
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The direction of the drift a(� ext ) of the periodically forced twisted scroll rings
in the above proposition will typically not point in x1-direction. The proof of
the proposition is similar as the proof of Proposition 2.7.

Note again that to the isotropy K of the relative equilibria not all kinds of
noncompact drift are possible. As mentioned before the drifts g(! ext ; � ) of
the emanating relative periodic orbits have to lie in N (K ). Remember that
we have chosen G = N (K )=K in the whole section. In a second step we
have to interpret our results on periodic forcing for the original group G. In
a system with E(2)-symmetry for instance we seethat a rotating wave with
spatial symmetry K can not start drifting under the in
uence of the periodic
forcing if K contains a non-trivial rotation (�; 0). In this caseN (K ) = SO(2),
see[7]. Similarly if G = E(2) and K only consistsof one re
ection then the
relative equilibrium u� can not rotate. Henceit is a travelling wave in general.
A relative equilibrium in an E(2)-equivariant system with K � D n , n > 1,
even has to be stationary.
We can generalizePropositions 2.7, 2.10 as follows: Let g = ~g(� ), � 2 Rn ,
j� j � 1, be a smooth n-dimensional hyper-surfacein G such that g(0) = g� =
exp(T �

ext �
� ). Let f � i ji = 1; : : : mg, m = dim(G), denote a basis of alg(G).

Write

~g(� ) = exp(~� (� ))g� ; ~� (� ) =
dim (G)X

i =1

~� i (� )� i ; (2.8)

~� i (0) = 0, i = 1; : : : ; m, and assumethat (@� j
~� i (0)) i;j =1 ;:::;n is an invertible

(n; n)-matrix
(@� j

~� i (0)) i;j =1 ;:::;n 2 GL(n); (2.9)

and that
@�

~� i (0) = 0 for i = n + 1; : : : ; m: (2.10)

Let u� (�̂ ) = � exp( � t
P m

i =1 � �
i ( �̂ ) � i ) � t (u� (�̂ )) be relative equilibria of (2.1) at

� ext = 0 such that u� (0) = u� ,
P m

i =1 � �
i (0)� i = � � and u� (�̂ ) 2 Sl . Then

the following holds:

Pr oposition 2.11 Let the assumptions of Theorem 2.3 jold. Then there is
a Ck -smooth hyper-surface (! ext (� ext ; � ); � (� ext ; � )) of relative periodic orbits
u(� ext ; � ) in the (! ext ; � )-parameter-space with � 2 Rd, d = p � (m � n) and
j� j small, satisfying

� 2� =! ext ( � ext ;� ) ;0(u(� ext ; � ); � (� ext ; � )) = � ~g( � ( � ext ;� )) u(� ext ; � )

and
u(� ext ; � ) 2 Sl ; u(0; 0) = u� ; � (0; 0) = 0;

provided that the (m � n; p)-matrix

(@( ! ext ; �̂ ) Text � �
i (0)) i = n +1 ;::: ;m

has ful l rank.
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Pr oof . We solve the equation

~g(� ) � 1g(! ext ; � ) = id

by the implicit function theorem.
In the examples 2.6, 2.8, 2.9 above the hyper-surface g = ~g(� ) consists of
elements with averagedrift velocity far away from the drift velocity � � of the
relative equilibrium.

2.3 Scaling of drift velocity

In this section we study the scaling of drifts induced by a harmonic periodic
forcing where the forcing term in (2.1) is of the form

f ext (u; ! ext t; � ) = ~f (u) cos(! ext t; � ): (2.11)

Such a forcing term is usually used in experiments [16], [35]. Further let � =
� ext 2 R.
We �rst state a generalproposition, then we apply this result to someexamples
in spiral wave dynamics explaining scaling laws which wereobserved in experi-
ments or simulations. In the end we give a mathematical de�nition of the spiral
tip. The motion of the spiral tip is measuredin experiments to visualize the
drift [5].
Weassumethat the unforcedsystem(2.1) hasa non-critical relativeequilibrium
u� and denote again by f � 1; � 2; : : : ; � m g a basisof alg(G).

Pr oposition 2.12 Assume that the periodic forcing term in (2.1) is of the
form (2.11). Fix a forcing frequency ! �

ext . Let u(� ext ), g(� ext ) be relative
periodic orbits for � ext � 0. Write

g(� ext ) = eText � ( � ext ) eText � �

; � (� ext ) =
mX

i =1

� i (� ext )� i :

Assume that the geometric multiplicity of the eigenvalue0 of the linear map
[�; � � ] on alg(G) equals its algebraic multiplicity. Then

@� ext � i (0) = 0 if [� i ; � � ] = 0:

This is also true if f ext is not a harmonic periodic forcing, but the mean valueR2�
0 f ext (u; t)dt of f ext is zero.

Now assumethat the periodic forcing is resonantso that the linear map [�; � � ] on
alg(G) haseigenvalues� i! �

G with eigenvectors � 1 � i� 2 suchthat ! �
G=! �

ext = j 2
Z . Assume that the algebraic and the geometric multiplicity of the eigenvalue
� i! �

G of [�; � � ] are equal. Then

@� ext � i (0) = 0 for i = 1; 2 if j > 1:
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If u� is a rotating wave then eText � �
= id for someText . Therefore the (m; m)-

matrix [�; � � ] is semisimpleand has eigenvalues � i! �
G with ! �

G =! �
ext = j 2 Z

and the above proposition can be applied, seeExample 2.13 below.

Pr oof of Pr oposition 2.12. We write a prime for @� ext in the following
calculation. Wechoosethe functionals l i in (2.5) de�ning the sectiontransversal
to the group orbit again as left center-eigenvectors of L � . Di�eren tiating (2.5)
with respect to � ext in � ext = 0 gives

P m
i =1 T �

ext �
0
i (0)� i u� = (eText L �

� 1)u0(0)
+ � exp( � Text � � )@� � T �

ext
(u� ; � )j � =0

(2.12)

where

� exp( � � � Text )@� ext � Text (u� ; � )j � =0 =
Z 2� =! ext

0
eL � (2 � =! ext � t ) ~f (u� ) cos(! ext t)dt:

Let P be the spectral projection of L � to the eigenvalue 0. Since algebraic
and geometricmultiplicit y of the eigenvalue 0 of [� � ; �] are equal by assumption
and the relative equilibrium u� is noncritical we conclude that PL � = 0 and
therefore Z 2� =! ext

0
PeL � (2 � =! ext � t ) ~f (u� ) cos(! ext t)dt = 0:

Applying P onto (2.12) we therefore get

mX

i =1

T �
ext �

0
i (0)P� i u� =

Z 2� =! ext

0
PeL � (2 � =! ext � t ) ~f (u� ) cos(! ext t)dt = 0:

This provesthat � 0
i (0) = 0 if [� i ; � � ] = 0, and we seethat we get the sameresult

if only the time averageof f ext (u; t; 0) is zero.
Now let Q be the spectral projection to the eigenvalue i! �

G , ! �
G=! �

ext = j .
Applying Q onto (2.12) we get, similarly as above,

mX

i =1

T �
ext �

0
i (0)Q� i u� =

Z 2� =! ext

0
QeL � (2 � =! ext � t ) ~f (u� ) cos(! ext t)dt:

As above we concludethat � 0
i (0) = 0 for i = 1; 2 if j > 1.

Example 2.13 Again let G = E(2) and let u� be a non-critical rotating wave
of the unforced system(2.1), e.g.a rigidly rotating spiral wave of the reaction-
di�usion system (2.2) on the plane 
 = R2. Assumethat the periodic forcing
is resonant ! �

rot = j ! �
ext , j 2 Z. Then according to Example 2.6 there is a path

u(� ext ), a(� ext ), ! ext (� ext ) of modulated travelling waves(drifting spiral waves
of the reaction-di�usion system(2.2)) in the parameter-plane(! ext ; � ext ) 2 R2.
Assume that the periodic forcing is harmonic. By Proposition 2.12 the drift
velocity v(� ext ) = a( � ext )

Text
of the modulated travelling wavessatis�es v0(0) = 0

if jj j > 1.
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Drift velocities which only grow with the square � 2
ext of the amplitude of the

external periodic forcing are rather small and apparently di�cult to �nd in
experiments. That is why in experiments [35] mainly the 1:1-resonanceis ob-
served; however in [16] also a 2 : 1-resonancecould be detectedexperimentally .

Example 2.14 Let G = SO(3) and let u� be a non-critical wave of the un-
forced system(2.1) rotating around the x1-axis with speed! �

rot , for instance,a
rigidly rotating spiral wave in the reaction-di�usion system(2.2) on the sphere,
seeExample 2.8; if the periodic forcing is resonant ! �

rot = j ! �
ext , j 2 Z then

according to Example 2.8 there is a path u(� ext ), � (� ext ), ! ext (� ext ) of mod-
ulated rotating waves meandering around some vector in the (x2; x3)-plane.
By Proposition 2.12their drift velocity ! rot (� ext ) = � (� ext )=Text (� ext ) satis�es
! 0

rot (0) = 0 if j > 1.

Example 2.15 We again consider a twisted scroll ring, seeExample 2.9. In
this casethe symmetry group is G = E(2) � R and the drift velocity of the
scroll ring is given by � � = (! �

rot ; v� e1). Denote by u(� ext ), g(� ext ) the relative
periodic orbits generated by periodic forcing of the twisted scroll with �xed
forcing frequency ! ext . We write g(� ext ) = (� (� ext ); a(� ext )) where a(� ext ) 2
R3, a(0) = a� e1 = Text v� e1, ! rot (� ext ) = � (� ext )=Text , ! rot (0) = ! �

rot . By
Proposition 2.12 we have

j! rot (� ext ) � ! �
rot j = O(� 2

ext ); ja1(� ext ) � a� j = O(� 2
ext );

but in general jai (� ext )j = O(� ext ), i = 2; 3. This is also observed in numerical
simulations, see[15].

Now we de�ne the tip position x tip (u) for u 2 Y. It is not clear at all how
to de�ne the spiral tip exactly. Experimentalists often determine the tip of a
spiral wave in two dimensionsvisually as point with maximal curvature at the
end of the spiral [5], but there are also other more or lessprecisede�nitions
around [14].
From a symmetry point of view the position x tip (u) 2 R2 of the spiral tip in
the caseG = E(2) is a function of the spiral wave solution u into R2 and has
the following property.

Definition 2.16 The tip position x tip (�) is a C1-smooth G-equivariant func-
tion which maps an open set of Y into a G-manifold M .

For example in the caseG = E(2) we choose� (�; a) = a, � (G) = R2 and G
acts on � (G) by the natural a�ne representation [8]; in the caseG = SO(3)
we choose � (G) = S2; each g 2 SO(3) can be represented by a vector � 2
so(3) = R3 such that g = exp(� ) is a rotation around the unit vector �= j� j by
the rotation angle j� j; we set � (exp(� )) = �= j� j.
In experiments the drift phenomenawe talked about are detectedby following
the spiral tip x tip (u). For the spiral tip x tip (u(! ext ; � ext )) the same scaling
phenomenahold as for the drifts g(! ext ; � ext ).
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2.4 Resonant periodic f or cing of rela tive periodic orbits

Now we consider resonant periodic forcing of relative periodic orbits. We still
assumethat the isotropy K of the relative periodic orbit is trivial, otherwise
we chooseG = N (K )=K , Y = Fix( K ) as before.
Experiments on periodic forcing of meanderingspiral waveshave beencarried
out e.g. by M•uller and Zykov [35]. Here invariant 3-tori were found and fre-
quencylocking betweenthe period of the relativeperiodic orbits and the period
of the external forcing was observed. Furthermore for certain periods of the
external forcing modulated travelling waves were found in experiments. This
phenomenonis called "generalized resonancedrift" [35].
We will only considerfrequencylocked relative periodic solutions generatedby
external periodic forcing. Let againText = 2�

! ext
denotethe period of the forcing,

let � ext denote its amplitude and let T � be the period of the relative periodic
orbit for � = 0. Assumethat u� is a non-critical relativeperiodic orbit in � = 0,
that is, u� satis�es � T � (u� ) = � g� u� , for some T � > 0, B � = � � 1

g� D� T � (u� )
satis�es Hypothesis(S) and the center-eigenspaceonly consistsof eigenvectors
forced by G-symmetry or time-shift symmetry:

Ec = alg(G)u� � span(@t � t (u� )jt =0 ):

Furthermore supposethat

Tnew = j Text = `T � where gcd(j; `) = 1:

Let P� be the spectral projection corresponding to the center spectral set of
� � 1

g� D� 1(� � (u� )). The condition P� (u � � � (u� )) = 0 de�nes a section S�

transversal to the relative periodic orbit in � � (u� ).

Pr oposition 2.17 Under the above conditions there is a Ck -smooth hyper-
surface u(� ; � ) of ` : j -frequency-locked relative periodic solutions with � 2 Rp,
� 2 [0; T � ], satisfying

� 2� j
! ext ( � ;� ) ;0(u(� ; � )) = � g( � ;� ) u(� ; � ); u(� ; � ) 2 S� ; (2.13)

and u(� ; 0) = � � (u� ), g(� ; 0) = (g� )` .

This proposition is proved similarly as Theorem 2.3. We refer to section 4 for
a proof.
Assumefor a moment that G is compact. Due to periodic forcing it may happen
that a discrete rotating wave, i.e., a relative periodic orbit u� for which g� lies
in a discrete Cartan subgroup Zn , starts drifting. If gcd(n; `) > 1, then (g� )`

may lie in a Cartan subgroup Zn= gcd(n;` ) � T N , N > 0 and ` : j -frequency
locked relative periodic orbits nearby starts drifting.
An example is the group G = O(2) where g� is a re
ection. If ` = 2 then
modulated rotating waveswith relativeperiod Tnew � 2T � aregeneratedby the
resonant periodic forcing of the discrete rotating wave u� . Such a phenomenon
can not occur in the caseof relative equilibria.
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Another phenomenonthat may occur in the caseof periodic forcing is resonance
drift as we saw in the precedingsections. Let � � be a drift velocity of g� . By
resonancedrift we mean that there are group elements g closeto (g� )` with all
averagedrift velocities � far away from the drift velocity � � of g� . We �rst give
an example. Then we state a generalproposition.

Example 2.18 We consider periodic forcing of meandering spiral waves. In
this casethe symmetry group is G = E(2), and

u� = � ( � � � ;0) � T � (u� )

is a modulated rotating wave. Assumethat

`� � = 0 mod 2� ; ` 6= 0;

and that �̂ 2 R (p = 2). If @̂� � � (0) 6= 0 then there is an ` : j -frequency locked
modulated travelling wave u(� ; � ext ) to the parameter � = (� ext ; �̂ (� ; � ext )),
! ext (� ; � ext ) such that u(� ; 0) = u� . Here � � (�̂ ) is the rotation angle for the
modulated rotating wave u� (�̂ ) = � ( � � � ( �̂ ) ;0) � T � ( �̂ ) (u� (�̂ )) for the autonomous
system (� ext = 0) with parameter �̂ . This explains the "generalized drift
resonance"of locked solutions reported by [35].

Let g = ~g(� ) as in section2.1 be a hyper-surfaceof dimensionn in G such that
g(0) = (g� )` and that (2.8), (2.9), (2.10) hold. The hyper-surfaceg = ~g(� )
may for exampleconsist of the group elements with averagevelocities far away
from the drift velocity � � of g� .
Let u� (�̂ ) = � � 1

exp(
P m

i =1 � �
i ( �̂ )T � ( �̂ ) � i )g� � T � ( �̂ ) (u� (�̂ )), P0(u� (�̂ ) � u� ) = 0, be

relative periodic orbits of the unforced system (2.1) where � ext = 0 such that
u� (0) = u� , T � (0) = T � , � i (0) = 0, i = 1; : : : ; m. Similarly as in Proposition
2.11 we �nd:

Pr oposition 2.19 Under the above assumptionsthere is a Ck -smooth hyper-
surface of ` : j -frequencylocked relative periodic orbits near u � satisfying

� j 2 �
! ext ( � ;� ext ;� ) ;0(u(� ; � ext ; � ); � (� ; � ext ; � )) = � ~g( � ( � ;� ext ;� )) u(� ; � ext ; � );

and u(� ; � ext ; � ) 2 S� , where � 2 Rd, d = p � 1 � (n � dim(G)) , j� j small,
provided that the (n � dim(G); p � 1)-matrix

(@̂� � �
i (0)) i = n +1 ;:::; dim (G)

has ful l rank.

Now we study the scaling behaviour of the drift velocities in the caseof har-
monic periodic forcing (2.11) which is usually used in experiments [35]. Let
� = � ext 2 R.
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Pr oposition 2.20 Let the periodic forcing be harmonic as in (2.11). Fix a
frequency! ext of the periodic forcing and write the pull-back elementsg(� ; � ext )
of the ` : j -frequencylocked periodic orbits, see Proposition 2.17, as

g(� ; � ext ) = exp(
mX

i =1

j Text (� ; � ext )� i (� ; � ext )� i )(g� )` :

If ` > 1 and if the geometric multiplicity of the eigenvalue1 of Adg� equals its
algebraic multiplicity then we have:

@� ext � i (0) = 0 for all i with Adg� � i = � i :

Moreover the Arnold tongueswhere the frequencylocking occurs grow as j� ext j2

if ` > 1.

Note that if (g� )` = id as in Example 2.18 the matrix Adg� is semisimpleso
that Proposition 2.20 can be applied.
Again a cautious note: in the caseG = E(2) the meandering spiral wave can
not start drifting unboundedly if its spatial symmetry group K contains a
nontrivial rotation. In general by periodic forcing the isotropy group of the
relative periodic orbit is not changed. So the group element g(� ; � ) satisfying
� j Text ( � ;� ) (u(� ; � )) = � g( � ;� ) u(� ; � ) is in N (K ) where K is the isotropy of u�

for properly chosenu(� ; � ). Note that we choseG = N (K )=K in the whole
section.
Pr oof of Pr oposition 2.20. Let W (t; 0) = D� t (u� ) denote the solution
of the variation equation along � t (u� ) and let W (t; s) := W (t; 0)(W (s;0)) � 1,
that is, W (t; s) = D� t � s(� s(u� )). We have

@� ext � Tnew (u� ; 0) =
Z `T �

0
W (`T � ; s) ~f (� s(u� )) cos(

2� j s
`T � )ds

=
Z T �

0
(: : :)ds + : : : +

Z `T �

( ` � 1)T �
(: : :)ds

= Re

 

C
Z T �

0
W (T � ; s) ~f (� s(u� ))e

2� i j s
`T � ds

!

where

C = � `
g�

` � 1X

i =0

(� � 1
g� W (T � ; 0))` � i � 1e2� i j i=` � � 1

g� :

Here we usedthat

W (t + iT � ; s + iT � ) = D� t � s(� s+ iT � (u� )) = D� t � s(� i
g� � s(u� ))

= � i
g� W (t; s)� � i

g�
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and that

W (`T � ; iT � ) = D� ( ` � i )T � (� iT (u� )) = � i
g� D� ( ` � i )T � (u� )� � i

g�

= � `
g� � i � `

g� D� ( ` � i )T � (u� )� � i
g�

= � `
g� (� � 1

g� W (T � ; 0))` � i � � i
g� ;

and that therefore for s 2 [0; T � )

W (`T � ; s + iT � ) ~f (� iT � + s(u� ))
= W (`T � ; (i + 1)T � )W (iT � + T � ; iT � + s)� i

g�
~f (� s(u� ))

= � `
g� (B � )` � i � 1� � 1

g� W (T � ; s) ~f (� s(u� )) ;

where B � := � � 1
g� W (T � ; 0).

Let P be the spectral projection of B � to the eigenvalue 1. We have

P� � `
g� @� ext � Tnew (u� ; 0) = Re

 

cP� � 1
g�

Z T �

0
W (T � ; s) ~f (� s(u� ))e

2� i j s
`T � ds

!

(2.14)
where c =

P ` � 1
i =0 e2� i j i=` . So P@� ext � Tnew (u� ; 0) = 0 if ` > 1.

Di�eren tiating (2.13) in the solution (u; g; ! ext )( � ) with respect to � ext in � = 0
yields with g(� ; � ext )(g� )� ` = exp(

P m
i =1 j Text (� ; � ext )� i (� ; � ext )� i )

0 = ((B � )` � 1)@� ext u(� ; � ext )j � ;� ext =0 � `T �
mX

i =1

@� ext � i (0)� i u�

�
2� j @� ext ! ext (0)

! 2
ext (0)

@t � t (u� )jt =0 + � � `
g� @� ext � Tnew ;0(u� ; � )j � =0 :

Applying the projection P to the eigenvalue 1 of B � we seethat @� i
@� ext

(0) = 0

for all i with Adg� � i = � i and that @! ext
@� ext

(0) = 0 provided that ` > 1.

3 Hopf bifur cation fr om rela tive equilibria

In this section we study transitions from relative equlibria to relative periodic
orbits in autonomous systems causedby Hopf bifurcation. For experiments
on Hopf bifurcation from rotating waves{ the meandering transition { in the
Belousov-Zhabotinsky reaction see [26], [32], [27]. First we state a general
theorem for Hopf bifurcation from relative equilibria. The proof of the Hopf
theorem can be found in Subsection 4.6. In Subsection 3.2 we explain the
drift phenomenacausedby resonancewhich were observed in experiments. In
Subsection3.3 we discussequivariant Hopf bifurcation.
In the whole sectionwe assumethat the nonlinearity f in (1.3) is autonomous.
So we consider the di�eren tial equation

du
dt

= � Au + f (u; � ): (3.1)
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In the applications we have in mind (3.1) is an autonomousreaction-di�usion
system

@ui

@t
= � i � ui + f i (u; � ); i = 1; : : : ; M ; (3.2)

cf. (1.1).

3.1 The theorem on Hopf bifur cation

Let u� be a relative equilibrium of (3.1) for � = 0 satisfying Hypothesis (S).
We will show in Section4 below that Hypothesis(S) implies that � gu� is Ck in
g. In this subsectionwe assumethat the isotropy K of the relative equilibrium
is trivial K = f idg or we exchangeG by N (K ), Y by Fix( K ). We assumethat
� i are eigenvaluesof the linearization L � = � A � � � + Df (u� ) in the comoving
frame which arenot only causedby symmetry, i.e., if Q is the spectral projection
of L � to the i then there is somew 2 QY with w =2 alg(G)u� . Furthermore
assumethat

ni 2 spec(L � ); n 2 Z =) QY � span(w; �w) � alg(G)u� :

Let u� (� ) be the Ck -smooth path of relative equilibria with

� t (u� (� )) = � exp( t� � ( � )) u� (� ); l i (u� (� ) � u� ) = 0; i = 1; : : : ; m; u(0) = u� :

Note that wecanobtain the path of relativeequilibria u� (� ) nearu� by applying
Theorem 2.3 with non-resonant period Text . As before the functionals l i , i =
1; : : : ; m, determine a section Sl = u� + Ŝl transversal to the group orbit of
the relative equilibrium u� . We choosethe functionals l i such that l i (w) = 0,
i = 1; : : : ; m (e.g. by using the spectral projection of L � to the symmetry
eigenvaluesto construct the functionals l i .).

Lemma 3.1 Under the above assumptionsthere is a Ck � 1-path � (� ) of eigen-
valuesof the linearization

L � (� ) = � A + Df (u� (� )) � � � (� )

such that � (0) = i.

This lemma will be proved in section 4.6 below.
We write � = (� 1; � 2) where � 1 2 R and � 2 2 Rp� 1. If the transversality
condition

Re
@� (0)
@� 1

6= 0 (3.3)

holds then we can assumew.l.o.g. that � 1 = 0 parametrizes the relative equi-
libria u� (� ) which are Hopf points.
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Theorem 3.2 Under the above assumptionsthere are relative periodic orbits
u(s; � 2), s 2 R+

0 small, of relative period T(s; � 2) near u� to the parameter
� 1(s) satisfying

� T (s) (u(s; � 2); (� 1(s); � 2)) = � g(s;� 2 ) u(s; � 2) (3.4)

and u(0) = u� , � (0) = 0, g(0) = e2� � �
, T (0) = 2� provided that the transver-

sality condition (3.3) is satis�ed. For each small s a circle u l (s1; s2; � 2),
s1 = scos� , s2 = ssin� , � 2 [0; 2� ], of the relative periodic orbit to the param-
eter s lies in the section Sl with corresponding pull-back elementgl (s1; s2; � 2),
and we �x the phaseby setting u(s; � 2) = ul (s; 0; � 2), g(s; � 2) = gl (s; 0; � 2),
such that @su(0) = Re w. The functions ul (s1; s2; � 2), � 1(s; � 2), gl (s1; s2; � 2),
T (s; � 2) are Ck � 1 in s1; s2 2 R and � 2 2 Rp� 1, and � 1(s; � 2) and T(s; � 2) only
depend on s = k(s1; s2)k and � 2.

Theorem 3.2 is proved in section4.6 below. The Hopf bifurcation from relative
equilibria to relative periodic orbits is called relative Hopf bifurcation because
it is a Hopf bifurcation in the spaceof group orbits. Formally we can de�ne a
semi
ow 	 t (�) on Ŝl in a comoving frame by

	 t (u; � ) = � � 1
g(� t (u;� )) � t (u + u� (� ); � ) � u� (� ) (3.5)

where g(u) is such that l i (� � 1
g(u) u � u� ) = 0, i = 1; : : : ; m, ie. � � 1

g(u) u 2 Sl .
Under the aboveassumptions	 t (�) undergoesa usualHopf bifurcation with two
simple Hopf eigenvalues� i and without any resonances.To seethis note that
the linearization e~L t of 	 t (u) in the Hopf point u = 0 is given by ~L = Pl L � Pl

where Pl is the projection onto the spacel i (u) = 0, i = 1; : : : ; m such that
Pl alg(G)u� = 0. Choosing l i , i = 1; : : : ; m, such that l i (� gy) is C1 in g for
y 2 Y (which is possibleas we will seein Lemma 4.3 below) we seethat the
semi
ow 	 t (u) is strongly continuous on Y . But it is only smooth in u if
the group action is smooth on � t (u), t > 0, u 2 Y, which is not the casein
applications as we saw in the intro duction, cf. subsection1.5.
Often we neednot usethe full symmetry G of (3.1) to prove the Hopf theorem.
The situation is analogousto the caseof periodic forcing of relative equilibria,
seesection 2.1: If L � doesnot have eigenvalues ij , j 2 Z, forced by symmetry
then � � = 0 and we have an ordinary Hopf bifurcation from an equilibrium. If
[� � ; �] has eigenvalues in iZ, then the corresponding (generalized)eigenvectors
form a Lie subalgebra of alg(G). We call the group generated by this Lie
subalgebrathe minimal symmetry group for the Hopf bifurcation.

Example 3.3 Consider again the reaction-di�usion system (3.2) on the do-
main 
 = R2. Then the symmetry group is G = E(2). Let u� be a rigidly
rotating spiral wave � t (u� ) = � ( ! �

rot t; 0) u� of the reaction-di�usion system(3.2).
The meanderingtransition mentioned in the intro duction correspondsto a rel-
ative Hopf bifurcation from the rotating wave u� .
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3.2 Resonance drift and scaling of drift velocity

In this section we deal with resonant Hopf bifurcation. Again we assumethat
the isotropy K of the relativeequilibrium u� is trivial, K = f idg or we chooseY
asFix( K ), G asN (K )=K . In the next subsectionwe will deal with equivariant
Hopf bifurcation where K 6= f idg. Let the assumptionsof Theorem 3.2 hold,
let again u� be a Hopf point with Hopf eigenvalues � i, let again � 2 Rp and
let u� (� ) be relative equilibria satisfying l i (u� (� ) � u� ) = 0, i = 1; : : : ; m, and

� t (u� (� )) = � exp( � � ( � ) t ) u
� (� ); � � (� ) =

mX

i =1

� �
i (� )� i ;

with u� (0) = u� , � � (0) = � � . Here we again denote by f � i ; i = 1; : : : ; mg a
basisof the Lie algebra alg(G) of G. We have

L � � u� = [� ; � � ]u� ; e2� L �

� u� = Adexp( � 2� � � ) � u� = (e2� [� ;� � ] � )u� ; � 2 alg(G):

If exp(�) is not locally surjective near 2� � � then there may be relative periodic
orbits bifurcating from the relative equilibrium with all averagedrift velocities
completely di�eren t from the drift velocity � � of the relative equilibrium at the
Hopf bifurcation. We talk of resonancedrift as intro duced in subsection2.2.
For resonancedrift to occur it is necessarythat the Hopf bifurcation is reso-
nant which meansthat the linearization L � of the relative equilibrium in the
comoving frame has a symmetry eigenvalue in iZ n f 0g. In group-theoretical
terms, the linear map [�; � � ] haseigenvaluesin iZ nf 0g. Otherwise exp(�) would
be surjective near 2� � � and the relative periodic orbits u(s) generatedby Hopf
bifurcation would drift with velocity � (s) � � � , cf. subsection2.2.
Let g = ~g(� ) be an n-dimensional hyper-surfacein G, � 2 Rn , j� j � 1 such
that ~g(0) = g� = e� � 2� . Write ~g(� ) = exp(~� (� ))g� where ~� =

P dim (G)
i =1

~� i (� )� i ,
� i (0) = 0, i = 1; : : : ; dim(G), and assumethat (2.9) and (2.10) hold. As in
section 2.2 the hyper-surfaceg = ~g(� ) may consist of elements with average
drift velocity far away from the drift velocity � � of the relative equilibrium.
Again let � = (� 1; � 2) with � 1 2 R, � 2 2 Rp� 1.

Pr oposition 3.4 Let the assumptionsof Theorem 3.2 and the above assump-
tions hold and let K = f idg. If @

@� 1
Re� (0) 6= 0 and if the matrix

@� 2 (
Im � (� )
� �

i (� )
)j � =0 gi = n +1 ;::: ;m (3.6)

has ful l rank then there are relative periodic orbits with average drift inside
the hypersurface g = ~g(� ), more precisely: there are Ck � 1-smooth functions
u(s; � ), T (s; � ), � (s; � ), � (s; � ) such that

� T (s;� ) (u(s; � )) = � ~g( � (s;� )) u(s; � ):

Here � 2 Rd, d = p � 1 � (dim(G) � n), � (0) = 0, u(0) = u� .
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Pr oof . By Theorem 3.2 there are relative periodic orbits u(s; � 2), g(s; � 2),
T (s; � 2) bifurcating from u� (� )j � 1 =0 .
We want to solve the equation ~g(� ) � 1g(s; � 2) = id by the implicit function
theorem. SinceT(0; � 2) = 2�

Im � (0 ;� 2 ) we have

@� 2 g(0; � 2)j � 2 =0 = @� 2 exp(
mX

i =1

2� � �
i (0; � 2)

Im � (0; � 2)
� i )j � 2 =0

= 2� (
mX

i =1

@� 2 � �
i (0)� i � Im @� 2 � (0)� � )g� :

We need that @( �;� 2 ) ~g(� ) � 1g(s; � 2)(s;�;� 2 )=(0 ;0;0) has full rank. Therefore the
matrix

f @� 2 � �
i (0) � � �

i (0)@� 2 Im � (0)gi = n +1 ;::: ;dim (G)

has to be invertible, that is, we needthat

f @� 2 (
Im � (� )
� �

i (� )
)j � =0 gi = n +1 ;::: ;dim (G)

has full rank.
Now we study the scalingbehaviour of the drift velocities. Let � 2 R and write
the pull-back elements g(s) of the bifurcating relative periodic orbits u(s) as

g(s) = exp(T(s)� (s))g� ; � (s) =
dim (G)X

i =1

� i (s)� i : (3.7)

Remark 3.5 Let [� i ; � � ] = 0. Then d
ds � i (0) = 0. In a j : 1-resonance

[� 1 + i� 2; � � ] = ij (� 1 + i� 2); j 2 N;

we have d `

ds` � i (0) = 0, i = 1; 2, ` = 1; : : : ; min(j; k) � 1.

Pr oof . Di�eren tiating

� � 1
g(s) � T (s) (u(s); � (s)) � u(s) = 0

w.r.t. s in s = 0 gives

� 2�
mX

i =1

� 0
i (0)� i u� + (e2� L �

� 1) Rew = 0:

Applying the spectral projection P0 of L � to the eigenvalue 0 gives

P0

mX

i =1

� 0
i (0)� i u� = 0:
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If [� i ; � � ] = 0 then P0� i u� = � i u� , so � 0
i (0) = 0. We have

� T (s) (ul (s1; s2); � (s)) = � gl (s1 ;s2 ) ul (s1; s2) (3.8)

where s1 = scos� , s2 = ssin� , � 2 [0; 2� ]. By Theorem 3.2 ul (s1; s2) and
gl (s1; s2) are Ck � 1-smooth in s1; s2. We write gl (s1; s2) as in (3.7):

gl (s1; s2) = exp(T(s)� l (s1; s2))g� ; � l (s1; s2) =
dim (G)X

i =1

� l;i (s1; s2)� i :

Sinceul (s1; s2) 2 G� � T (s)=2� (u(s); � (s)) there are Ck � 1-functions ĝ(� ; s) 2 G,
�̂ (� ; s) 2 alg(G) such that ĝ(� ; 0) = id, �̂ (� ; 0) = 0,

ĝ(� ; s) = exp(�̂ (� ; s)) ; �̂ (� ; s) =
mX

i =1

�̂ i (� ; s)� i

and
ul (s1; s2) = � ĝ( � ;s) exp( � � � � T (s)=2� ) � � T (s)=2� (u(s); � (s)) : (3.9)

From (3.4), (3.8), (3.9) we concludethat

gl (s1; s2) = ĝ(� ; s) exp(�
� T (s)

2�
� � )g(s) exp(

� T (s)
2�

� � )ĝ(� ; s) � 1:

Hence

eT (s) � (s1 ;s2 ) = e�̂ ( � ;s) exp(T(s) Adexp( � � T ( s )
2 � � � ) � (s))e� Ad g � �̂ ( � ;s) :

We can choose G minimal such that Adg� = id on alg(G). Therefore we
concludethat for each i

� l;i (s1; s2)� i = Adexp( �̂ ( � ;s)) exp( � T ( s )
2 � � � ) � i (s)� i :

Sinceexp(� � � )( � 1 + i� 2) = exp(ij � )( � 1 + i� 2) we seethat

� l; 1(s1; s2)� 1 + i� l; 2(s1; s2)� 2 = (1 + sM (s)) exp(ij � )( � 1(s)� 1 + i� 2(s)� 2)

where M (s) 2 Mat(2) is a Ck � 2 smooth function. Therefore since � l;i (s1; s2),
i = 1; 2, is Ck � 1-smooth in s1, s2 we conclude that d `

ds` � i (0) = 0, ` =
0; : : : ; min(j; k) � 1, i = 1; 2.

Example 3.6 Again let G = E(2) and let u� be a rotating wave � t (u� ) =
� ( ! �

rot t; 0) u� of (3.1), e.g. a rigidly rotating spiral wave of (3.2). Assumethat the
parameter spaceis two-dimensional, � 2 R2, as in Fig. 3, and that parameters
are chosensuch that the rotating wavesu� (� ) which are Hopf points lie on the
line � 1 = 0 in parameter space.Note that � i! �

rot are eigenvaluesof [�; � � ] with
eigenvectors � 2 � i� 3, cf. Example 2.1. Choosing the hypersurfaceg = ~g(� ) in
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Proposition 3.4 as the subgroup of translations we now understand Fig. 3: If
the rotation frequency! �

rot is resonant to the Hopf frequency! �
Hopf = 1, ! �

rot =

j ! �
Hopf 2 Z and the resonanceis crossedwith nonzerospeed@� 2 ( Im � ( � )

! �
rot ( � ) )j � =0 6=

0 (which is generically satis�ed) then there is a path � (s) in parameter space
R2 of modulated travelling waves(drifting spiral waves)

� T (s) (u(s); � (s)) = � (0 ;a (s)) u(s):

From Remark 3.5 we seethat the drift velocity v(s) = ja(s)j=T(s) generically
scaleslike j� j j =2, see[4], [8].

3.3 Equiv ariant rela tive Hopf bifur cation

In this subsectionwe study relative Hopf bifurcation in the caseof a compact
isotropy K 6= f idg of the relative equilibrium u� . We consider the casewhen
the spatial isotropy K of the relative equilibrium is broken. If the bifurcating
solutions are relative periodic solutions and not relative equilibria we talk of
equivariant or symmetry-breaking relative Hopf bifurcation.
Assumethat the linearization L � at the relative equilibrium u� has an eigen-
value i with a generalizedeigenvector w =2 alg(G)u� , i.e., the eigenvalue i of
L � is not (only) causedby symmetry. The generalizedeigenspaceto the Hopf
eigenvalues � i is K -invariant and may be forced by K -equivariance of L � to
have higher dimensionthan two even if � i are not eigenvaluesof [�; � � ]. see[11].
Let again Sl = u� + Ŝl denotea sectiontransversalto the group orbit Gu� at u�

de�ned by functionals l i , i = 1; : : : ; mK wheremK = dim(G=K ) and denoteby
Pl the projection from Y to the subspaceŜl = f y; l i (y) = 0; i = 1; : : : ; mK g.
Since K is compact we can choosePl to be K -equivariant and Pl Y = Ŝl to
be K -invariant: for example choose P = Ps + Q where Ps is the projection
onto the stable eigenspaceof L � and Q is an orthogonal projection from the
�nite-dimensional center-unstable eigenspaceEcu to (alg(G)u� )? . Since � �

commutes with the elements of K the operator L � = � A + Df (u� ) � � � is K -
equivariant and thereforeEcu is invariant and Ps is K -equivariant. If we choose
the scalar-product on Ecu to be K -invariant then also Q is K -equivariant. De-
�ne ~L = Pl LP l . Denote the eigenspaceof ~L to the eigenvalues� i by V . In the
generic casewhen i is a simple eigenvalue of ~L the matrices e~L � , � 2 [0; 2� ],
de�ne an S1-action on V .
We consider the subgroups H of K � S1 with two-dimensional �xed point
spaces. They are called axial subgroups [11]. Let � : K � S1 ! K be the
projection of K � S1 onto its �rst component. For each axial subgroupH there
is a homomorphism� : K ! S1 = R=Z such that H = f (h; �( h)) j h 2 � (H )g,
see[11], [7]. There are two cases,�( K ) = S1 or �( K ) = Z ` . Let K bif denote
the kernel of �. Then the following lemma holds:

Lemma 3.7 Let the assumptions of Theorem 3.2 and the above assumptions
hold. If �( K ) = S1 then there is a symmetry breaking transition from relative
equilibria to relative equilibria.
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If �( K ) = Z ` then a symmetry breaking relative Hopf bifurcation takes place:
Let h� = � � 1(1=`) 2 K . There is a path of relative periodic solutions u(s)
which emanatesfrom the relative equilibrium u� by equivariant relative Hopf
bifurcation and satis�es

� T (s)=` (u(s)) = � g(s)h � u(s); T (0) = 2� ; u(0) = u� ; g(0) = e2� � � =` :

The isotropy of the bifurcating solutions is K bif = ker(�) in both cases.

The proof is a small modi�cation of the proof of Theorem 3.2 and can be found
in subsection4.6, seealso[7]. Again the pull-back element g(s)h� of the relative
periodic orbit u(s) has to lie in N (K bif ). In the following discussionassume
that G = N (K bif )=Kbif .
In the caseof symmetry breaking Hopf bifurcation the averagevelocity of the
bifurcating relative periodic orbits is often far away from the drift velocity of
the relative equilibrium, as we seefrom the following example.

Example 3.8 (See also [7], [10]) Again let G = E(2) and let u� be a ro-
tating wave � t (u� ) = � ( ! �

rot t; 0) u� with isotropy K = Z ` , for example a
rigidly rotating spiral wave of (3.2) with ` identical arms. Consider a rep-
resentation of K on the critical eigenspaceV = spanC(w; �w) which is faith-
ful, i.e., � � 1(1=`) = 2� n=`, gcd(̀ ; n) = 1. If the rotating wave is a Hopf
point then under the usual transversality condition and in the non-resonant
case a Hopf bifurcation to modulated rotating waves takes place. The av-
eragerotation frequency ! rot (s) of the bifurcating modulated rotating waves
is given as ! rot (s) = (h� + � (s))=(T(s)=`). Note that h� = 2� n=` and that
g(s) = (� (s); a(s)) satis�es g(0) = (! �

rot 2� =`; 0). Hencewe get

! rot (s = 0) = (2� n=` + ! �
rot 2� =`)=(2� =`) = n + ! �

rot :

But in physical spacethe bifurcating modulated rotating waves in Example
3.8 still seemto drift in a similar direction as the rotating wave u� . So what
is a useful de�nition of resonancedrift in the caseof symmetry-breaking Hopf
bifurcation? We �rst continue our example:

Example 3.9 (Example 3.8 continued) We recall the condition for noncom-
pact drift of relative periodic orbits nearby the Hopf point in Example 3.8,
seealso [7], [10]. Since g(s) 2 N (K bif ) we can only get noncompact drift if
K bif � K is trivial. So we consider again, as above, a faithful representation
of K on the critical eigenspaceV = spanC(w; �w), where � � 1(1=`) = 2� n=`,
gcd(̀ ; n) = 1. Resonancedrift occurs if ! �

rot = j ` � n, j 2 Z, sincefor noncom-
pact drift � (0) = 2� ! �

rot =` + 2� n=` = 0 mod 2� has to be satis�ed. Sincei! �
rot

is in the spectrum of [�; � � ] with eigenvectors � 1 + i� 2 we seefrom Remark 3.5
that the drift velocity v(s) = ja(s)j=T(s) generically grows as j� j j j ` � n j=2.

In the caseof noncompactdrift in the above examplewe clearly want to speak
of resonancedrift. Sincewe do not want to careabout the (small) e�ects of the
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broken spatial Z ` symmetry of the bifurcating relative periodic orbits in the
comoving system (3.5) we only talk of resonancewhenever the drift (g(s)h � )`

of the relative periodic orbits after time T(s) is not of the form exp(2� � ) with
� � � � . Note that a necessarycondition for resonancedrift is that exp(�) is
not locally surjective at � = 2� � � , but sinceg(s) and h� neednot commute (in
contrast to h� and � � ) this condition is not su�cien t: in Example 3.6 wherethe
isotropy is trivial the condition for unbounded drift is ! �

rot 2 Z, in the caseof
Z ` -isotropy the condition for noncompactdrift is more restrictiv e, seeExample
3.9.

4 Pr oof of the main theorems

This section is devoted to the proof of the theorems on periodic forcing and
Hopf bifurcation which we presented in Sections2 and 3. First, in subsections
4.1 { 4.4 we present a generalmethod how to continue relative periodic orbits
that satisfy the spectral hypothesis (S). In subsection4.5 we prove Theorem
2.3 on periodic forcing. In subsection4.6 below we usethe developed methods
to prove the Hopf theorem 3.2 by useof Lyapunov-Schmidt reduction.

4.1 The method of pr oof

Assume that we are given a relative periodic orbit u� = � � 1
g� � 2� =! �

ext ;0(u� )
of (2.1) that satis�es the spectral hypothesis (S). We want to continue this
relative periodic orbit wrt. the parameters � and ! ext , i.e., we want to solve
the equation F = 0 where F is given by

F (u; g; ! ext ; � ) =
�

� � 1
g � Text ;0(u; ! ext ; � ) � u

l i (u � u� ); i = 1; : : : ; m

�
: (4.1)

We consider(4.1) for u in the �xed point spaceFix( K ) whereK is the isotropy
of the relative periodic orbit. W.l.o.g. we assumethat Y = Fix( K ) and
G = N (K ) is the normalizer of K . The functionals l i , i = 1; : : : ; m, de�ne a
section transversal to the group orbit Gu� at u� . We will show in Lemma 4.5
below that hypothesis(S) implies that � gu� is C1 in g so that it makessenseto
talk about a transversesection to Gu� . We can not solve (4.1) by the ordinary
implicit function theorem becausein generalF (u; g; ! ext ; � ) is only continuous
in g. This comesfrom the fact that the G-action is only strongly continuous
and the Lie algebraelements � 2 alg(G) act in generalasunboundedoperators
on Y. Furthermore, the time-evolution does not smoothen the group action,
that is, � g� Text ;0(u) is not di�eren tiable in g in general. This is due to the
fact that the operators � 2 alg(G) are not assumedto be bounded w.r.t. A (in
the caseof the reaction-di�usion system (1.1) the operator @

@� is not bounded

w.r.t. �, seeProposition 1.2). Therefore the operator @F
@u (u; g; ! ext ; � ) is in

general not continuous in g with respect to the norm k � kL (Y ) . We overcome
thesedi�culties as follows:
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We will solve the �xed point equation

y = �( y; q; g; ! ext ; � ) = (1 � P̂ )� � 1
g � Text ;0(y + q; ! ext ; � ); (4.2)

y 2 (1 � P̂ )Y , q 2 P̂Y , by Banach's contraction mapping theorem. Here P̂ is
a projector which is near the projection P onto the center-unstable eigenspace
Ecu of B � = � � 1

g� D� Text ;0(u� ) in the L (Y )-norm. Furthermore wewill show that
the solution y(q; g; ! ext ; � ) of this �xed point equation depends smoothly on
the parameters(q; g; ! ext ; � ) and that the G-action on the solutions is smooth.
Then we solve the reducedequation Fred = 0

Fred (q; g; ! ext ; � ) =
�

P̂ � � 1
g � Text ;0(y(q; g; ! ext ; � ) + q; ! ext ; � ) � q

l i (y(q; g; ! ext ; � ) + q � u� ) = 0; i = 1; : : : ; m

�

(4.3)
by the implicit function theorem. In this way we can solve (4.1).

4.2 The scale of Bana ch spaces f Yj gj =0 ;::: ;k

For j > 1, de�ne inductiv ely

Yj := f u 2 Yj � 1; � u 2 Yj � 1 for any � 2 alg(G)g; Y0 = Y; (4.4)

equipped with the graph norm j � jYj given by

jujYj = jujYj � 1 + sup
� 2 alg (G) ;j � j=1

j� ujYj � 1 :

Let Y ? be the dual spaceto Y and de�ne

Z ?
0 := f y? 2 Y ?; � ?

gy? is C0 in gg;

where � ?
g denotesthe adjoint operator of � g in Y ?. For j > 1, we de�ne the

spacesZ ?
j with norm j � jZ ?

j
for the adjoint group action as in (4.4) with Y0

replacedby Z ?
0 .

In the following we will often use that P� g and � gP are continuous in g with
respect to the norm k � kL (Y ) . For the secondoperator this is clear since � g

is strongly continuous in g and PY is �nite-dimensional. The operator P� g is
continuous in g with respect to the norm k � kL (Y ) i� � ?

gP? is continuous with
respect to the norm k � kL (Y ? ) where P ? is the spectral projection in Y ? onto
the left center-unstable eigenspaceof L � .

Lemma 4.1 P ? maps Y ? into Z ?
0 .

If the group G acts strongly continuously on the dual space,for examplein the
caseG = E(2) acting on Y = L 2(R2; RM ), then Lemma 4.1 is automatically
satis�ed. Therefore we will skip the proof which is elementary, but technical
and can be found in [23, Lemmata 5.1,5.2].
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Remark 4.2 If we replace the assumptionof a C0-action of G by the assump-
tion that � gu� is continuous in g and the group action is weakly continuous
then the theorems in sections 2, 3 stil l hold.

This is due to the fact that PY � Y0 is still satis�ed, see[23, Lemmata 5.1,5.2]
and we can therefore restrict the problem onto Y0.
Since � � t;t 0 (u) = D� t;t 0 (u)� u we seethat � t;t 0 maps Y1 into Y1. Inductiv ely
we seethat the time-evolution � t;t 0 maps each Yj , j � k, into itself. Further
� t;t 0 is Ck � j -smooth from Yj into Yj .
Now we needthe following lemma:

Lemma 4.3 Y1 is dense in Y0 and Z ?
1 is dense in Z ?

0 . Moreover, G acts as
C0-group on Yj , Z ?

j .

The proof can be found in [23, Lemma 4.1]. If dim(G) = 1 this is usual
semigrouptheory. From this lemma we can deduce

Lemma 4.4 There is a projector P̂ near P such that � gP̂ and P̂ � g are Ck in
g.

This was shown in [23, Lemma 5.3]. The idea is the following: let ei , i =
1; : : : ; dim(PY) be a basis of PY , and e?

i , i = 1; : : : ; dim(PY ), be a basis for
P?Y . Then by the foregoing lemma we can �nd êi 2 Yk , ê?

i 2 Z ?
k which are

near ei rsp. e?
i in the Y -norm rsp. Y ?-norm. From these vectors êi , ê?

i we
"build" the projection P̂ .

4.3 Regularity of the rela tive periodic orbit

Now we need the following main lemma which will inductiv ely yield Ck -
regularity of Gu� and � gP, P� g:

Lemma 4.5 If Hypothesis (S) is satis�ed then u� 2 Y1.

Pr oof . For a proof involving exponential dichotomies see[23]. Here we will
give a more elementary proof.
In a �rst step we de�ne a formal expressionfor � u� , � 2 algG, and in a second
step we will show that � u� exists and indeed equalsthis expression.
Let P̂ be a projector near P such that � gP̂ and P̂ � g are C1 in g in the operator
norm on Y and denote� = � Text ;0. Sinceu� = � � 1

g� �( u� ) and � � � 1
g = � � 1

g Adg �
we have

� u� = � � 1
g� (Ad g� � )�( u� ) = � � 1

g� D�( u� )(Ad g� � )u� = B � (Ad g� � )u�

where B � = � � 1
g� D�( u� ) and so we formally get

z(� ) = Bsz(Ad g� � ) + � (� ): (4.5)

Document a Ma thema tica 5 (2000) 227{274



260 Cla udia Wulff

Here

z(� ) := (1 � P̂ )� u� ; Bs := (1 � P̂ )B � ; � (� ) = BsP̂ (Ad g� � )u� :

Note that z(� ) and � (� ) are linear in � . Since P̂ is near P and since the
spectral radius of (1 � P)B � is smaller than one also the spectral radius of B s

is smaller than one. Let f � i ; i = 1; : : : ; mg be a basisof alg(G). By our overall
hypothesis the operator Adg� : alg(G) ! alg(G) has spectrum on the unit
circle. Let (Ad g� ) ij be the matrix associated to the operator Adg� with respect
to the basis f � i ; i = 1; : : : ; mg of alg(G). We can de�ne Adg� as operator in
Y m = Y � : : : � Y by setting

Adg� (z1; : : : ; zm ) := (s1; : : : ; sm ); si =
mX

j =1

(Ad g� ) ij zj ; zi 2 Y; i = 1; : : : ; m:

Also the operator Bs can be extendedto an operator on Y m by de�ning

Bs(z1; : : : ; zm ) := (Bsz1; : : : ; Bszm ); zi 2 Y; i = 1; : : : ; m:

Hencethe operator BsAdg� = Adg� Bs on Y m has also spectral radius smaller
than one. Changing � = � Text ;0 to � `T ext ;0 and accordingly B � to (B � )` and
g� to (g� )` with ` large enoughwe can achieve that kB skkAdg� k < 1. W.l.o.g.
we assumethat ` = 1. We rewrite (4.5) as

(1 � BsAdg� )z = � ; z = (z1; : : : ; zm ); � = (� 1; : : : ; � m ) (4.6)

where � i = � (� i ), i = 1; : : : ; m, are well-de�ned since P̂ � g is C1 in g in the
operator norm. The system of equations (4.6) can be solved uniquely for zi =
z(� i ), i = 1; : : : ; m. Sowe haveprovedthat � i u� = zi + P̂� i u� formally exists for
all � i , i = 1; : : : ; m, and henceby linear combination we get for each � 2 alg(G)
a formal expressionz(� ) + P̂ � u� which we know equals� u� if u� 2 Y1.
To show that the formal expressionz(� ) is indeed (1 � P̂ )� u� we argue as
follows. Let z(� ; t) = 1

t (1 � P̂ )( � exp( � t ) u� � u� ). We have

z(� ; t) = 1
t (1 � P̂ )( � exp( � t ) �

� 1
g� �( u� ) � � � 1

g� �( u� ))
= Bs(t)z(Ad g� � ; t) + � (� ; t)

(4.7)

where
Bs(t) := (1 � P̂ )� � 1

g� D�( u� + �( t)( � exp(Ad g � � t ) u
� � u� ))

with 0 � �( t) � 1 and

� (� ; t) =
1
t
Bs(t)P̂ (� exp(Ad g � � t ) u

� � u� ):

Here we applied the mean value theorem. Let � z (� ; t) = z(� ; t) � z(� ). Then

� z (� ; t) = Bs(t)� z (Ad g� � ; t) + � � (� ; t) (4.8)
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where
� � (� ; t) = (Bs(t) � Bs)z(� ) + � (� ; t) � � (� )

convergesto zero as t ! 0. Let

� z(t) = sup
k� k� 1;j � j� t

� z (� ; � ); � � (t) = sup
k� k� 1;j � j� t

� � (� ; � ):

Here k� k = (
P m

i =1 � 2
i )1=2 for � =

P m
i =1 � i � i is a norm on algG. We de�ne Bs(t)

like Bs as operator from Y m into Y m . Since Bs(t) is continuous in t in the
L (Y )-norm and kBskk Adg� k < 1 we get kBs(t)kkAdg� k = c < 1 for t small
enough.
From (4.8) we get

� z (t) � c�z (kAdg� kt) + � � (t) (4.9)

with � � (t) ! 0 as t ! 0. Here we usedthat

z(Ad g� � ; t) = z(
1

kAdg� k
Adg� � ; kAdg� kt)kAdg� k;

z(Ad g� � ) = z(
1

kAdg� k
Adg� � )kAdg� k

and that therefore

� z (Ad g� � ; t) = � z (
1

kAdg� k
Adg� � ; kAdg� kt)kAdg� k

and consequently

sup
k� k� 1

� z (Ad g� � ; t) � kAdg� k sup
k� k� 1

� z (� ; kAdg� kt):

From (4.9) we concludethat

� z (t) � c` � z (k Adg� k` t) +
` � 1X

i =0

ci � � (k Adg� ki t);

and hencethat

� z (t=k Adg� k` ) �
1 � c`

1 � c
� � (t) + c` � z (t):

Choosing t small enoughand ` large enoughwe seethat � z (t) ! 0 as t ! 0.

4.4 Contra ctions on a scale of Bana ch spaces

We �rst show (Lemma 4.6) that � ` is a contraction in (1 � P̂ )Y for some
` 2 N. Afterwards, in Lemma 4.7, we show that we can apply the contraction
theorem on the Banach scalef (1 � P̂)Yj gj =0 ;::: ;k � 1. Finally Theorem 4.8 below
guaranteesthat the solution we obtained dependssmoothly on parameters.
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Lemma 4.6 Let u� be a relative periodic orbit of (1.3) to the parameters
(! �

ext ; � � ) ful�l ling the spectral condition (S). Let P̂ be a projection which is
L (Y )-near P. Let (g; ! ext ; � ) be near (g� ; ! �

ext ; � � ) and let (y + q) be near
(y� + q� ) in the Y -norm with y� ; y 2 (1 � P̂ )Y , q; q� 2 P̂Y , q� + y� = u� . Then
� satis�es

k
@� `

@y
(y; q; g; ! ext ; � )k � c < 1;

where ` 2 N is su�ciently large.

Pr oof of Lemma 4.6. Again let B � = � � 1
g� D� Text ;0(u� ). We have k(B � (1 �

P)) ` k � M C` , C < 1. Let ` 2 N be so large that for g in a neighborhood UG

of id in G

k(1 � P)� g(B � )` (1 � P)k � k(1 � P)kM GC` M < 1:

Here we used that for g 2 UG there is a uniform bound M G of k� gk. Then
(1 � P)� g(B � )` (1 � P) is a uniform contraction for g 2 UG . We have

Dy � ` (y) =
` � 1Y

i =0

D�(� i (y)) =
` � 1Y

i =0

(1 � P̂ )� � 1
g Dz � Text ;0(q + z)jz=� i (y ) :

Sincey is near y� , q is near q� and g is near g� we know that � i (y) � y� and
that

� � 1
g Du � Text ;0(u)ju= q+� i (y ) � � � 1

g � g� B �

in the operator norm. SinceP̂ is near P in the k � kL (Y ) -norm we concludethat

Dy � ` (y) �
` � 1Y

i =0

(1 � P)� g� 1 g� B � (1 � P)

in the norm on L(Y ). Further we compute

(� g� 1 g� B � )2 = � g� 1 Dy � Text ;0(u� )� g� 1 g� B � � � g� 1 � g� 1 g� Dy � Text ;0(u� )B �

= � g� 2 (g� )2 (B � )2:

Similarly we get
(� g� 1 g� B � )` � � g� ` (g� ) ` (B � )` :

Since� gP and P� g are continuous in g in the operator norm we concludethat
Dy � ` (y) is near (1 � P)� g� ` (g� ) ` (B � )` (1 � P) for g near g� , y near y� , q near q�

in the operator norm. Hence @� `

@y (y; q; g; ! ext ; � ) is a contraction if we choose
(y + q; g; ! ext ; � ) near (y� + q� ; g� ; ! �

ext ; � � ) (here we measurey � y� , q � q� in
the Y -norm).
Now we show that � ` is a contraction on the scale of Banach spaces
f (1 � P̂ )Yj gj =0 ;:::;k � 1 for some` = `(k) 2 N.
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Lemma 4.7 Let u� be a relative periodic orbit of (1.3) to the parameters
(! �

ext ; � � ) ful�l ling Hypothesis (S). If f is Ck -smooth, k 2 N, then we have:

(i) u� 2 Yk .

(ii) B � Yj � Yj , (B � )?Z ?
j � Z ?

j , and spec(B �
j ) � spec(B � ), j = 1; : : : ; k �

1, where B �
j is the operator B � considered as map from Yj into itself.

Further, P 2 L(Y; Yk � 1), P? 2 L(Y ?; Z ?
k � 1).

(iii) u� satis�es Hypothesis (S) on each Yj , 0 � j � k � 1.

(iv) Let P̂ be L (Y; Yk � 1)-near P. If ` = `(k) 2 N is largeenoughthen the func-
tion y ! � ` (y; q; g; ! ext ; � ) from (4.2) is a uniform contraction on each
Yj , 0 � j � k � 1, for y + q Yj -near u� and (g; ! ext ; � ) near (g� ; ! �

ext ; � � ).

(v) Let P̂ be as in (iv) and assumethat � gP̂ and P̂ � g are Ck -smooth in
the L (Y )-norm. Then there is a locally unique solution y(q; g; ! ext ; � ) 2
(1 � P̂ )Y of (4.2) which is continuous in (q; g; ! ext ; � ) with respect to the
norm k � kYk .

Part (i) of this lemma can also be found in [23].
Pr oof of Lemma 4.7. Supposethat u� 2 Yj for somej with j � 1, j < k.
Since � t;t 0 is a time-evolution on each Yj and G acts as C0-group on each Yj

w.r.t. the Yj -norm by Lemma 4.3 we know that B � 2 L(Yi ), i � j . We have

� (B � � � ) = (B � � � ) Adg� � + V (� );

with
V (� ) := @2

u � Text ;0(u� )(Ad g� � )u� 2 L(Yj � 1):

Let � 2 C n spec(B � ) lie in the resolvent set of B � . Then we get

Adg� � (B � � � ) � 1 = (B � � � ) � 1� � (B � � � ) � 1V (� )(B � � � ) � 1: (4.10)

Let B �
j be the operator B � consideredas element of L (Yj ). From (4.10) we

deducethat spec(B �
j ) � spec(B �

j � 1) � : : : � spec(B �
0 ). Let � be the spectral

set of the center-unstable eigenvaluesof B � . Then

P =
1

2� i

I

around �
(� � B � )� 1d�: (4.11)

From (4.11) we seethat P mapsYj into itself if u� 2 Yj . SinceYj is densein Y
by iterativ e application of Lemma 4.3 we can �nd wi 2 Yj , i = 1; : : : dim(PY),
such that Pwi , i = 1; : : : dim(PY), spanPY. HencePY � Yj . Since� u� 2 PY ,
� 2 alg(G), we infer u� 2 Yj +1 .
According to Lemma 4.5 we have u� 2 Y1 if k � 1. Hence by induction we
obtain

u� 2 Yk ; PY � Yk � 1:
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By computing the adjoints on both sidesof equation (4.10) we seethat B ?Z ?
j �

Z ?
j , 0 � j � k � 1. Analogously as above we obtain P ?Y ? � Z ?

k � 1. Using (i)
and (ii) we concludethat u� satis�es condition (S) on each Yj , j � k � 1.
To prove (iv) we apply Lemma 4.6 on each Yj , j � k � 1. Applying the
contraction principle on each Yj , j � k � 1, we obtain solutions yj (q; g; ! ext ; � )
of y = � ` (y) which are continuous in the parametersand locally unique in Yj

and therefore solutions of (4.2). Since Yj � Y for all j the solutions are the
samesolution y(q; g; ! ext ; � ). Since with y = y(q; g; ! ext ; � ) also � i (y), i 2 Z,
are solutions of y = � ` (y) and the solution is locally uniqute we know that
y(q; g; ! ext ; � ) is a solution of (4.2).
In the sameway as in Lemma 4.5 we can show that y = y(q; g; ! ext ; � ) 2 Yk :
From y = �( y) we formally get the identit y

z(� ) = Bsz(Ad g� � ) + � (� )

on Yk � 1 where z(� ) = (1 � P̂ )� y(q; g; ! ext ; � ), Bs = D�( q + y)(1 � P̂ ) and

� (� ) = � (1 � P̂ )� P̂ � � 1
g � Text ;0(y + q)

+(1 � P̂ )� � 1
g D� Text ;0(y + q)( P̂ Adg� � y + Adg� � q):

The operator � (� ) is well-de�ned for all y 2 Y and maps into Yk � 1 because
� gP̂ and P̂ � g are Ck -smooth in the L (Y )-norm. SinceBs has spectral radius
smaller than one this equation can be solved uniquely for z(� i ), i = 1; : : : ; m.
In the sameway asin the proof of Lemma 4.5 we can now show that the formal
derivative z(� ) + P̂ � y(q; g; ! ext ; � ) is indeed the derivative � y(q; g; ! ext ; � ). We
infer that y(q; g; ! ext ; � ) is continuous in its parameters in the norm of Yk .
In order to show that the solutions really depend Ck -smoothly on their param-
eters we will usea contraction mapping theorem on a scaleof Banach spaces.
This idea has frequently beenused in the literature, for example it is used to
prove the smoothnessof center manifolds (Vanderbauwhede & Van Gils [30],
Vanderbauwhede & Iooss [29]). Renardy [19] proved a generalized implicit
function theorem on a scaleof Banach spacesf Yj g0� j � k ; he required that the
derivative of the nonlinear equation to be solved evaluated at the starting solu-
tion dependscontinuously on the parameter with respect to the norm k�kL (Yj ) .
As in [30] we will assumethat the derivative is a contraction. Hard implicit
function theoremscan be found in Nirenberg [17]. We will employ the following
theorem which is stated in general form in [30] for k = 1.

Theorem 4.8 Let Y = Y0 � Y1 � : : : � Yk , k � 1, be a scale of Banach
spaces with norms k � kY j , j � k, and let Yj be continuously embedded in Yj � 1.
Let (u; � ) ! �( u; � ) be a nonlinear map from someopen set U � Y � Rp into
Y. Assumethe following:

(i) � maps Uj := (Yj � Rp) \ U into Yj and � is C` � j -smooth from U` to
Yj , j; ` 2 N0, k � ` � j � 0.
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(ii) (� ; u; w1; : : : ; wj ) ! @j + `

@u j @� ` �( u; � )(w1; : : : ; wj ) is continuous as map from
Ui � (Yi ) j into L ` (Rp; Yi � ` ), for i; j; ` 2 N0, ` � i � k, j + ` � k, where
L 0(Rp; Yi ) := Yi .

(iii) �( �; � ) is a uniform contraction as map from Uj into Yj , 0 � j � k � 1,
with contraction constant c < 1.

Then

a) there is a unique solution u(� ) 2 Yk � 1 to �( u; � ) = u and u(� ) is a
Ck � 1-function of � with respect to the norm k � kY .

b) If we require in addition

(iv) u(� ) is continuous in the norm k � kYk

then u(� ) is a Ck -function of � with respect to the norm k � kY .

Pr oof . We can apply Banach's �xed point theorem on each Yj , 0 � j � k � 1,
and since Yj � Y for 0 � j � k the solutions are all equal to u(� ). Under
assumptions (i){(iii) we can formally compute the �rst (k � 1) derivatives of
u(� ) consideredas lying in Y, if we assumehypotheses(i){(iv) then we can
even compute the formal k-th derivative of u(� ) consideredas lying in Y. It
remains to be shown that the formal derivatives are indeed the derivatives of
u(� ). For k = 1 the proof can be found in [30]. The rest is induction over
k. Since this theorem is the main technical tool of our results we present the
whole proof of the theorem.
1. Step. We �rst show that the solution u(� ) is a C1-function of � with respect
to the norm of Y. Assuming that u(� ) is C0 in � in the Y1-norm the formal
derivative � (� ) is given by the equation

� (� ) � (@u �)( u(� ); � )� (� ) = (@� �)( u; � )ju= u( � ) :

Since k(@u �)( u(� ); � )kL (Y ) � c < 1 this equation can be solved uniquely for
� (� ) 2 Y. Furthermore, due to our assumption, � (� ) 2 Y dependscontinuously
on � . We considera �xed � . In order to prove that � (� ) = @� u(� ) we have to
show that

ku(� + ~� ) � u(� ) � � (� )~� kY = o(~� ): (4.12)

Multiplying

u(� + ~� ) � u(� ) � � (� )~� = u(� + ~� ) � u(� )

� ~� (1 � (@u �)( u(� ); � )) � 1(@� �)( u; � )ju= u( � )

by (1 � (@u �)( u(� ); � )) we seethat (4.12) is equivalent to k� (~u; ~� )kY = o(~� )
where ~u = u(� + ~� ) � u(� ) and

� (~u; ~� ) = �( u(� + ~� ); � + ~� ) � �( u(� ); � ) � (@u �)( u(� ); � )~u � (@� �)( u(� ); � )~� :
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We can estimate

k� (~u; ~� )kY � k�( u(� + ~� ); � + ~� ) � �( u(� + ~� ); � ) � (@� �)( u(� ); � )~� kY

+ k�( u(� + ~� ); � ) � �( u(� ); � ) � (@u �)( u(� ); � )~ukY

= k(@� �)( u(� + ~� ); � )~� � (@� �)( u(� ); � )~� kY

+ o(k~ukY ) + o(~� )
� o(~� ) + o(k~ukY ):

(4.13)
Here we usedthat u(� ) is a C0-function of � with respect to the norm k � kY1 .
This follows from Banach's contraction mapping theorem applied onto Y1 or,
if k = 1, from the additional assumption (iv). It holds

� (~u; ~� ) = (1 � (@u �)( u(� ); � )) ~u � (@� �)( u(� ); � )~� :

Hence

k~ukY �
1

1 � c
(k(@� �)( u(� ); � )kY j~� j + k� (~u; ~� )kY ) �

1
1 � c

(~cj~� j + o(k~ukY )) :

Thus, we obtain k~ukY � ĉj~� j for j~� j small. From (4.13) we conclude that
k� (~u; ~� )kY = o(~� ). Henceu(� ) is a C1-function of � with respect to the norm
k � kY .
2. Step . To show that u(� ) is a C i -function of � , i > 1, we proceedby induc-
tion. If the theorem holds for k = (j � 1), j � 2, and � satis�es assumptions
(i) {(iii) of the theorem with k = j then by the contraction principle applied
on Yj � 1 the function u(� ) is continuous in � with respect to the norm k � kY j � 1 .
Henceby part b) of the theorem for k = (j � 1) we concludethat u(� ) is C j � 1-
smooth in � when consideredas lying in Y. This provespart a) of the theorem
for k = j . Now we come to part b). If � satis�es assumptions(i){(iv) of the
theorem for k = j then u(� ) is a C j � 1-function of � in the Y-norm and u(� )
is a C j � ` -function of � with respect to the norm k � kY ` , j � ` � 1. Therefore
we can apply part b) of the theorem with k = (j � 1) onto the di�eren tiated
equation

(1 � (@u �)( u(� ); � ))@� u(� ) = (@� �)( u; � )ju= u( � ) :

and conclude that @� u(� ) is a C j � 1-function of � and that u is a C j -function
of � with respect to the norm k � kY .

4.5 Pr oof of the theorems on periodic f or cing

We prove Theorem 2.3 by applying Theorem 4.8 onto (4.2) with � =
(g; q; ! ext ; � ) and with the hierarchy Yj of Banach spacesde�ned by

Yj = (1 � P̂ )Yj ; Yj given by (4.4); 0 � j � k:

As before P̂ is a projection which is L (Y; Yk � 1)-near the spectral projection P
onto the center-unstable eigenspaceand such that P̂ � g and � gP̂ are Ck -smooth
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in g in the L (Y )-norm. We consider the �xed point equation y = � ` (y) with
` so large that D� ` is a contraction on each Yj , 0 � j � k � 1, k 2 N.
Becauseof Lemma 4.7 all assumptionsof Theorem 4.8 are satis�ed. So there
is a locally unique solution y(q; g; ! ext ; � ) 2 Yk of � ` (y) = y if (q; g; ! ext ; � ) is
near (q� ; g� ; ! �

ext ; � � ) satisfying y(q� ; g� ; ! �
ext ; � � ) = y� and y(q; g; ! ext ; � ) is a

Ck � j -function of (q; g; ! ext ; � ) with respect to the norm k � kYj , 0 � j � k. As
in the proof of Lemma 4.7 we can argue that y(q; g; ! ext ; � ) is alsoa solution of
(4.2) sincewith y = y(q; g; ! ext ; � ) also � i (y), i 2 Z, are solutions of � ` (y) = y
and sincethe solution of y = � ` (y) is locally unique.
The reducedequation (4.3) is Ck � j -smooth in its variables if y(q; g; ! ext ; � ) is
consideredas lying in Yj . Solving the reduced equation by the ordinary im-
plicit function theorem we obtain relative periodic orbits � Text ;0(u(! ext ; � )) =
� g( ! ext ;� ) u(! ext ; � ) of (1.3) to the parameters ! ext , � with (! ext ; � ) near
(! �

ext ; � � ). Here g(! ext ; � ) is Ck -smooth in (! ext ; � ) and u(! ext ; � ) depends
Ck � j -smoothly on (! ext ; � ) when consideredas lying in Yj .
Proposition 2.17 is proved along the samelines.

4.6 Pr oof of the resul ts on Hopf bifur cation by use of Lyapuno v-
Schmidt-reduction

In this section we will prove Theorem 3.2 on Hopf bifurcation and Proposition
3.7 on equivariant Hopf bifurcation by Lyapunov-Schmidt-reduction. First we
will prove Lemma 3.1 on the eigenvalue path � (� ).

4.6.1 Pr oof of Lemma 3.1

Let P be the projection onto the center-unstable eigenspaceof u� . By Lemma
4.7 we have P 2 L(Y; Yk � 1) and P ? 2 L(Y ?; Z ?

k � 1) with the hierarchy of
Banach spacesf Yj g0� j � k de�ned by (4.4).
Let u� satisfy Hypothesis (S) and let u� (� ) 2 Sl , � small, be the Ck -smooth
manifold of relative equilibria of (1.3) such that u� (0) = u� (cf. Section 3.1).
We will show:

Lemma 4.9 If the above assumptionshold then u� (� ) satis�es Hypothesis (S)
and the center-unstablespectral projection P of L � can be continued to a spectral
projection P(� ) of L � (� ) such that P(� ) is Ck � 1 in � in the space L(Y ).

Pr oof. Let B (� ) = � exp( � � � ( � ) t ) D� t (u� (� ); � ) be the linearization at the
relative equilibrium u� (� ) in the comoving frame and choose t so large that
k(1 � P)B (� )k � c < 1 for small � . Let � 2 C, j� j > c. Due to Lemma 4.7 the
equation

y =
1
�

(1 � P)(B (� )y � w + (B (� ) � � )q); q 2 PY; w 2 Yk � 1

can be solved to get a solution y(q; �; � ) for � small enough. By Theorem 4.8
the solution y(q; �; � ) is Ck � 1� j in � in the norm k � kYj . Now we solve the
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equation
P(B (� ) � � )(y(q; �; � ) + q) = Pw

by the implicit function theorem. We concludethat (B (� ) � � ) � 1w is Ck � j � 1

in � in the spaceYj . Let � denote the center-unstable spectral set of B (0) and
denote

P(� ) =
1

2� i

I

around �
(� � B (� )) � 1d�:

Since P 2 L(Y; Yk � 1) we know that � gP(� )P is Ck � 1-smooth in (g; � ) in the
spaceL(Y ). SinceP ? 2 L(Y ?; Z ?

k � 1) we can apply the samearguments on the
dual spacewhich yields that � ?

gP?(� )P ? is Ck � 1 in (g; � ) in the spaceL(Y ).
The operator P(� ) is a linear combination of the operators hP ?(� )e?

i ; �i P(� )ei

where f ei gi =1 ;::: ;m is a basisof PY and f e?
i gi =1 ;::: ;m is a basisof P ?Y . Conse-

quently � gP(� ) and P(� )� g are Ck � 1 in (g; � ) in the spaceL(Y ).

Let 	 t (�) be the semi
ow on Ŝl in a comoving frame

	 t (u; � ) = � � 1
g(� t (u;� )) � t (u + u� (� ); � ) � u� (� )

where u 2 Ŝl is Y1-near u� , and g(u) is such that � � 1
g(u) u 2 Sl , seealso (3.5).

Let D	 t (0; 0) = e~L t and denote by Pl the projection onto the spaceŜl such
that Pl alg(G)u� = 0. Then ~L = Pl L � Pl .
Similarly denote D	 t (0; � ) = e~L ( � ) t . Then ~L(� ) = Pl (� )L � (� )Pl (� ) where

Pl (� )y = y �
mX

i =1

� i (� )(y)� i u� (� )

and � i (� ) 2 Y ? are such that l i (y �
P m

i =1 � i (� )(y)� i u� (� )) = 0, i = 1; : : : ; m.
By the above Lemma 4.9 Pl (� ) is Ck � 1 in � in the spaceL(Y ) and the operator
~L (� )P(� ) is Ck � 1 in � in the spaceL(Y ). So the simple eigenvalue � (0) = i
of ~L can be continued to a Ck � 1 smooth path of eigenvalues� (� ) of ~L (� ) with
Ck � 1 smooth path of eigenvectors w(� ). Note that � (� ) is an eigenvalue of
L (� ) as well.

4.6.2 Pr oof of Theorem 3.2

We will study the solutions of the equation

0 = F (u; g; T; � ) :=
�

� � 1
g � T (u; � ) � u

l i (u � u� (� )) ; i = 1; : : : ; m

�
; (4.14)

where l i 2 Y ? and the conditions l i (u � u� ) = 0, i = 1; : : : ; m, de�ne a section
transverselyto the G-orbit of u� . Later on, wewill needan additional condition
to take careof the time-shift symmetry of the relative periodic orbits which we
want to �nd. The map F is smooth in u, � , T for T > 0, but only continuous
in g. Further @u F (u; g; T; � ) is not continuous in g with respect to the norm
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k � kL (Y ) . So we can not use the usual Lyapunov-Schmidt-reduction to solve
equation (4.14), but (4.14) �ts into the setting which wetreated in the preceding
subsections,and we will use the techniques developed in these subsectionsto
solve (4.14).
We can �nd a projector P̂ which is near P in the norm of L (Y; Yk � 1) and such
that � gP̂ and P̂ � g are Ck -smooth in g in the norm of L (Y ). Consider the �xed
point equation

y = �( y; q; g; T; � ) := (1 � P̂ )� � 1
g � T (y + q; � );

with y 2 (1 � P̂ )Y , q 2 P̂Y , on the scaleof Banach spacesYj , 0 � j � k. This
�xed point equation equals (4.2) from Section 4 with Text replaced by T and
� t (�) autonomous. Sowe get a solution y(q; g; T; � ) of the �xed point equation
which is Ck � j -smooth in its parameters in the Yj -norm. Now we are ready to
solve the reducedequation Fred (q; g; T; � ) = 0 with Fred given by

Fred (q; g; T; � ) =
�

P
�
� � 1

g � T (q + y(q; g; T; � ); � ) � q � y(q; g; T; � )
�

l i (u � u� ); i = 1; : : : ; m

�
:

(4.15)
The map Fred is Ck � j -smooth in its variableswhen consideredasmap from Yj

into Yj . The rest of the proof is standard, see[6]:
Let w be the eigenvector of ~L to the eigenvalue i. Let hw?; �i belong to the left
eigenspaceof L � to the eigenvalue i such that

hRew?; Rewi = hIm w?; Im wi = 1;
hRew?; Im wi = hIm w?; Rewi = 0

(4.16)

is satis�ed and hw?; algGu� i = 0, i = 1 : : : m.
Let

s(q; g; T; � ) :=
1

2�
hRew?;

Z 2�

0
e

~L (2 � � t ) 	 T t
2 �

(y(q; g; T; � ) + q � u� (� ); � )dti

where 	 t is the semi
ow in a comoving frame as de�ned in (3.5). We �rst
compute q = q(s;T; � ) and g = g(s;T; � ) as functions of s, T and � by solving

Fred � hRew?; Fred i Rew � hIm w?; Fred i Im w = 0:

and

hIm w?;
Z 2�

0
e

~L (2 � � t ) 	 T t
2 �

(y(q; g; T; � ) + q � u� (� ); � )dti = 0:

The last condition �xes the time-shift. Now we still have to solve the Ck -
function F̂ : R3 ! R2, (s;T; � ) ! F̂ (s;T; � ) given by

F̂ (s;T; � ) =
�

hIm w?; Fred (q(s;T; � ); g(s;T; � ); T; � )i
hRew?; Fred (q(s;T; � ); g(s;T; � ); T; � )i

�
= 0:
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Obviously F̂ (0; T; � ) = 0, @(s;T ;� ) F̂ (0; 2� ; 0) = 0. We de�ne

FLS (s;T; � ) :=
1
s

F̂ (s;T; � ):

Since
lim
s! 0

1
s

F̂ (s;T; � ) = @sFLS (0; T; � )

and @sF̂ (0; 2� ; 0) = 0 wehaveFLS (0; 2� ; 0) = 0. Furthermore @T FLS (0; T; � ) =
@T @sF̂ (0; T; � ) and @� FLS (0; T; � ) = @� @sF̂ (0; T; � ), since@(T ;� ) F̂ (0; T; � ) = 0.

Lemma 4.10 Under the assumptionsof Theorem 3.2 the derivative

@(T ;� ) FLS (0; 2� ; 0)

of FLS in (s;T; � ) = (0; 2� ; 0) has ful l rank.

Pr oof of Lemma 4.10. We have

@(T ;� ) FLS (0; 2� ; 0) =
�

hIm w?; @(T ;� ) @u 	 2� (0; 0) Rewi
hRew?; @(T ;� ) @u 	 2� (0; 0) Rewi

�
(4.17)

We invoke the following lemma which is the adaption of a lemma in Crandall
& Rabinowitz [6] to our setting.

Lemma 4.11 Let assumptions(i){(iii) of Theorem 3.2 hold. Then

hRew?; @� @u 	 2� (0; 0) Rewi = 2� Re @�
@� (0);

hIm w?; @� @u 	 2� (0; 0) Rewi = � 2� Im @�
@� (0);

(4.18)

where hw?; �i is the left eigenvector of ~L to the eigenvalue i which satis�es
(4.16).

We have
@T @u 	 2� (0; 0) Rew = ~Le

~L 2� Rew = Im w:

Using Lemma 4.11 and condition (iv) we concludethat @(T ;� ) FLS (0; 2� ; 0) has
full rank.
Becauseof Lemma 4.10we can apply the ordinary implicit function theorem to
obtain solutions u(s; � 2) := u� (� (s; � 2)) + z(s; � 2), g(s; � 2), T (s; � 2), � (s; � 2) =
(� 1(s; � 2); � 2) of (4.14) which are relative periodic orbits with l i (z(s; � 2)) =
0, i = 1; : : : ; m. Here � (s; � 2), g(s; � 2), T (s; � 2) are Ck � 1-smooth in s; � 2.
Moreover, z(s; � 2) is Ck � 1-smooth in the k � kY -norm and Ck � j � 1-smooth in
the k � kYj -norm, 1 � j � k � 1.
We have z(� s; � 2) = 	 T ( s;� 2 )

2
(z(s; � 2); � (s; � 2)). Since � (s; � 2), T (s; � 2) do

not depend on the time-shift, they are even in s.
The solutions u(s) = u� (� (s)) + z(s), g(s), T (s), � (s) of (4.14) which we
obtained above (for conveniencewe ignore the � 2-dependenceof the solutions
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in the notation) depend Ck � 1-smoothly on the choseneigenvector of ~L to the
eigenvalue i. We can also considerzl 2 Y , gl , Tl , � l as Ck � 1-smooth functions
of (s1 + is2)w where s1; s2 2 R and w is the originally choseneigenvector of ~L
to i. As before, zl (s1; s2) is Ck � j � 1-smooth in the Yj -norm, 1 � j < k. We
have z(s) = zl (s1; 0) and

ei � = hRew? + i Im w?;
Z 2�

0
e

~L (2 � � t ) 	 ( t + � ) T ( s )
2 �

(z(s); � (s))dti :

Obviously � (s) = � l (s1; s2), T (s) = Tl (s1; s2) only depend on s = k(s1; s2)k,

zl (s1; s2) := 	 � T ( s )
2 �

(z(s); � (s)) ; where s1 = scos� ; s2 = ssin� ;

and ul (s1; s2) = u� (� (s)) + zl (s1; s2).

4.6.3 Equiv ariant Hopf bifur cation

In this subsection we prove Lemma 3.7, seealso section 3.3. If the isotropy
K of the relative equilibrium u� is non-trivial it may happen that forced by
symmetry the eigenspaceof the K -equivariant matrix ~L to the Hopf eigenvalue
i has dimension higher than 2. Then the assumptionsof Theorem 3.2 are not
satis�ed any more.
We choosefunctionals l i , i = 1; : : : ; mK , which de�ne a section Sl = u� + Ŝl

transversal to the group orbit Gu� in u� such that Ŝl is K -invariant and that
Pl is K -equivariant, seesubsection3.3. Here mK = dim(G=K ).
If �( K ) = Z ` then we solve the equation

F (u; g; T; � ) =
�

� (gh� )� 1� T (u; � ) � u
l i (u � u� ); i = 1; : : : mK

�
= 0 (4.19)

on Fix( K bif ) where T � 2� =`, g � e
2�
` � �

, the group H is generatedby h� 2 K
and K bif = ker(�) is axial. By our assumptionsDFu (u� ; e

2�
` � �

; 2� =`; 0)jŜl
has

a two-dimensionalkernel and therefore (4.19) can be solved by the methods of
subsection4.6.2.
If �( K ) = S1 we solve

F (u; g; T; � ) =
�

� � 1
g exp( � � � T ) � T (u; � ) � u

l i (u � u� ); i = 1; : : : mK

�
= 0 (4.20)

on Fix( K bif ). In this casethe axial group H is generatedby � � 2 alg(K ) and
K bif = ker(�). WechooseT such that (� e� � � T e~L T � 1)jŜl

hasa two-dimensional

kernel. This is possiblebecausethe number of center eigenvaluesof ~L is �nite.
Then we can proceedas before.
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