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Abstra ct. We consider G-equivariant semilinear parabolic equa-
tions where G is a nite-dimensional possibly non-compactsymmetry
group. We treat periodic forcing of relative equilibria and resonart
periodic forcing of relativ e periodic orbits aswell as Hopf bifurcation
from relative equilibria to relative periodic orbits using Lyapunov-
Schmidt reduction. Our main interest are drift phenomenacausedby
resonance.In comparisonto a certer manifold approach Lyapunov-
Sdimidt reduction is technically easier. We discussimpacts of our
results on spiral wave dynamics.
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1 Intr oduction

1.1 Spiral wave dynamics

Relative equilibria and relative periodic solutions are ubiquitous in systems
with continuoussymmetry. Examplesof relativ e equilibria and relativ e periodic
solutions are spiral waves. Spiral waveshave beenobsenedin various chemical
and biological systems,for example in the Belousos-Zhabotinsky reaction [5],
[26], [35], and in catalysis on platinum surfaces[16].

The spiral tip of arigidly rotating spiral wave moveson a circle. In mathemat-
ical terms rigidly rotating spiral wavesare rotating waves. Rotating wavesare
stationary in a corotating frame and therefore examplesof relativ e equilibria.
Meandering spiral wavesare modulated rotating waves,i.e., they are periodic in
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Figure 1: Meandering spiral wave in the Belousos Zhabotinsky reaction, from
Steinbock et al. [27], with kind permission of Nature. The tip trajectory is
overlaid with a white curve.

a corotating frame. In this casethe spiral tip performs a quasiperiodic motion,
which is called meandering, seeFig. 1.

Meandering spiral waves are generatedby external periodic forcing of rigidly
rotating spiral waves[16]. Let ! o be the frequency of the external forcing
and let o be its amplitude. If the periodic forcing is resonan, i.e., if the
rotation frequency! ., of the rigidly rotating wave at ¢ = O is a multiple
of the external frequency ! ¢« of the system then a curve of drifting spiral
wavesin the (! ext; ext)-plane is obsened which separatesmodulated rotating
wave states with inward petals and outward petals, cf. [16]. This phenomenon
is called resonancedrift. Drifting spiral waves, seeFig. 2, are modulated

Figure 2: Drifting Spiral Wavesin the CO-Oxidation on Pt(110), courtesy of
[16]. The crossis always at the sameposition. Sowe seethat the spiral wave
drifts away from the cross.
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travelling waves,i.e., they are periodic in a comoving frame. Both, meandering
and drifting spiral wavesare examplesof relative periodic orbits.

In experimerts also meanderingspiral waveshave beenforced periodically [35].
Hereinvariant 3-tori are found and frequencylocking betweenthe period of the
relative periodic orbits and the period of the external forcing occurs. Further-
more for certain external periods modulated travelling waves are generated.
Experimertalists call this phenomenongeneralizedresonancedrift [35].

Figure 3: Phasediagram for the spiral wave dynamics depending on the param-
eters a, b; courtesy of Barkley [4]. Shown are regions containing N: no spiral
waves, RW: stable rigidly rotating waves, MRW: modulated rotating waves,
MTW: modulated travelling waves (dashed curve). Spiral tip paths illustrate
statesat 6 points. Small portions of spiral wavesare shown for the two rotating
wave cases.

Meandering spiral waves can also emanate from rigidly rotating spiral waves
by a spontaneous bifurcation in autonomous systems, see[26], [32]. Barkley
found in numerical simulations [3], seeFig. 3, that this transition is a Hopf
bifurcation in the corotating frame. Hopf-bifurcation in autonomous systems
leads to analogousdrifting phenomenaas periodic forcing of rigidly rotating

waves.

The media in which spiral waves occur can be modelled by reaction-di usion

systemsof the form

@
@
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i=1;:::;M,arediusion coecients, 2 RPisaparameter,and the functions
fi, i = 1;:::; M, are reaction-terms which are autonomous or time-periodic.
Barkley [4] wasthe rst to notice the importance of the Euclidean symmetry
for spiral wave dynamics. The Euclidean group E(2) = O(2) n R? of rotations,
translations and re ections on the plane acts on the functions u(x), x 2 R?,
via

( (ra)W(X) = u(R *(x a)); where R2 0(2);a2 R% (1.2)

System (1.1) is equivariant with respect to the symmetry group E(2).

In this article we want to study the transition from rigidly rotating to mean-
dering spiral waves on the in nitely extended plane R?. More generally the
aim of the paper is to understand the transition from relativ e equilibria to rel-
ative periodic orbits in equivariant systems. Furthermore we want to explain
the drift and resonancee ects which we just described for general symmetry
groups. We will discussimplications of our results on spiral wave dynamics in
the plane and on the sphere(for simulations of spiral waveson the spheresee
[36]). Further we want to apply our results to the ewolution of scroll-wavesin
three-dimensionalexcitable media. Scroll waveshave beenstudied numerically
for examplein [15], [18].

1.2 Related litera ture

In the thesis[33] the rst results on bifurcations from rotating wavesin systems
with a non-compact, non-commutative symmetry group have been obtained.
This paper is basedon the dissertation [33]; but whereasin [33] we restricted
attention to the symmetry group E(2) and applications in spiral wave dynamics
in this article we treat arbitrary symmetry groups. As in [33] we study the
transition from relative equilibria to relative periodic orbits using Lyapunov-
Sdchmidt reduction.

Shortly after [33]was nished a whole bunch of paperson spiral wave dynamics
and non-compact symmetry groups appeared:

Golubitsky et al. [10] useda formal certer-bundle construction to derive ordi-
nary di erential equations describing bifurcations near “-armed planar spiral
wavesof autonomousreaction-di usion systemsand derived new conditions for
drifting. In [1] the drift of relative equilibria and periodic orbits along their
group orbit is analyzedfor generalnon-compactgroups. Fiedler et al. [7] clar-
i ed the structure of the autonomousordinary di erential equationsnear rela-
tive equilibria with compactisotropy for generalnon-compactgroups and gave
conditions for drifting. In [21], [22] we preseried a certer-manifold reduction
near relative equilibria and derived rigorously the ordinary di erential equa-
tions on the certer-manifold which were already guessedin [4] and formally
derived in [10]. In [23] we extended these results to relative periodic orbits.
In [8] normal forms near relative equilibria of non-compact group actions are
computed. In [34] bifurcations from relative periodic orbits are treated.
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Sdcheel[24], [25] proved the existenceof rotating wavesin unbounded domains.
The thesis [33] was inspired by work of Renardy on bifurcations from rotating
waves[19]. Renardy alsostudied bifurcations from rotating wavesof semilinear
di erential equationsusing Lyapunov-Schmidt reduction and applied his results
to the Laserequations[20Q]. But his results for partial di erential equationsare
restricted to compact symmetry groups.

1.3 Lyapuno v-Schmidt-reduction versus center-manif old theor y

To analyze bifurcations there are mainly two reduction methods: certer-
manifold reduction and Lyapunov-Schmidt reduction. Both have advantages
and disadvantages. Here we will use Lyapunov-Schmidt reduction as tool for
the analysis of bifurcations; for a cernter-manifold approach see[21], [22]. The
advantage of Lyapunov-Schmidt reduction versuscerter-manifold theory is that
we obtain C! -paths of relativ e periodic orbits if the nonlinearity in (1.1) is C!
whereaswe only obtain a CX-smooth certer-manifold, k < 1 . Besidesthis we
do not needthe assumptionsthat the group action is isometric and that the
group orbit of the relative equilibrium is an embeddedmanifold which are nec-
essaryfor the cernter-manifold reduction. Finally the proofs are simpler since
they do not rely upon the highly developed invariant manifold machinery. On
the other hand the Lyapunov-Schmidt method is limited to relative equilibria
and relative periodic orbits { we cannot handle more complicated dynamics.
But for our purposesthis is su cien t.

1.4 Organization of the paper

The paper is organizedas follows.

First, in subsectionsl.5and 1.6 we study the functional-analytic framework of

spiral wave dynamics and show some of the di culties arising in the mathe-

matical treatment of spiral waves. In subsection1.7 we de ne an appropriate

abstract setting which coversthe reaction-di usion system(1.1) modelling spi-

ral wave dynamics. In this abstract setting we henceforthwork. In section2 we

study periodic forcing of relative equilibria and relativ e periodic orbits. First, in

subsection2.1 we consider periodic forcing of relative equilibria and resonance
drift. In subsection2.3 we study the scaling of the drift velocity. As exam-
ple we consider periodic forcing of rotating wavesin E(2)-equivariant systems
which lead to modulated rotating wavesor, in the resonancecase,to modulated

travelling waves. This explains the experiments described in subsection1.1. In

subsection2.4 we considerresonart periodic forcing of relative periodic orbits

and discussconditions for generalizedresonancedrift. The results apply to pe-
riodic forcing of meanderingspiral wavesasinvestigatedexperimertally by [35],

seealso subsection1.1. In section 3 we discussHopf bifurcation from relative
equilibria, resonancesscaling of drift velocity and e ects of spatial isotropy of

the relative equilibrium. As an example we study the Hopf bifurcation from

multi-armed spiral waves. Section4 is dewvoted to the proof of the main results.
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1.5 Functional-anal  ytic framew ork

To describe spiral wave dynamics we considerreaction-di usion systemsof the
form (1.1) on a domain R3 to R, where is a C! -manifold without
boundary, for example R?, the unit sphereS? in R® or R? itself. The reaction-

The domain isinvariant under somesubgroup G of the Euclidean group E(3)
of motions in three-dimensional spaceconsisting of rotations, re ections and
translations. The group E(3) = O(3) n R? acts on the functions u(x), x 2 R3,
via (1.2), i.e.,

( (ra)W(X) = u(R *(x a)); where R2 0(3);a2 R%

System (1.1) is equivariant with respect to the group G. If G = E(2) is the
Euclidean group of motions in the plane we write (; a) for (R ;a) where R
is a rotation with angle and a2 R2.
We consider(1.1) in the spaceof bounded uniformly continuousfunctions X =
BCunit ( ;RM) or in the spaceX = L?( ;RM).
In X = BCynf We get a time-evolution ¢, of (L.1)onY = X;if X = L? we
obtain a time-evolution onY = X , > 1=2 without any growth conditions
onf providedthat f (O;t; )=Oforallt, and ;> 0,i=1::;;M.If ;=0
for somei we still obtain a semi ow on X = H? provided that f (0;t; ) O.
Note that the group action is not smooth on the whole function spaceX . If the
domainis = R? and we chooseX = BCyn (R%;RM) then the E(2)-action
is even not strongly continuous becauseon the function u(x1;x2) = cosx; the
rotation acts discortinuously: For large radius r the term j( (. gyu)(x) u(x)j
can becomeequal to 2 even for arbitrarily small . We encourter the same
problemif = RS3. Sincewewant to havea strongly contin uousgroup action on
our basespaceX we considerthe reaction-di usion system(1.1) on a subspace
of BCynit Which is invariant under the semi ow and where the group acts in a
strongly cortin uous way:
We de ne B Cgy (RN ;RM) asthe subspaceof B Cy,i (RN ;RM) onwhich E(N)
acts cortinuously, N = 2;3. The Laplacian is sectorial on X = BCy,; and
on L2, see[13. We will now show that the Laplacian is also sectorial on
X = BCguq (RV;RM): let Y be any Banach spacewith a group G acting on it
by a (not necessarilystrongly continuous) represertation ¢, g2 G. Let Yy be
the subspaceof Y on which G acts strongly continuously. If A is sectorialon Y
andA 4= (A forall g2 G thenA issectorialin Yo: from ge A = e At ;we
deducethat (e A'); o is a C°-semigroupfrom Yy to Yp; furthermore e Ay is
complexdi erentiable in t fory 2 Y, t > 0, with derivative Ae Aty 2 Y. Since
gAe At = Ae A, and therefore Ae A'Yy Yo we concludethat (e A'); o
is an analytic semigroupon Yp. Since ( A) lu2Ygforu2yY, 2C,
Z spec, (A), the spectrum of A on Yq is cortained in the spectrum of A
on Y. Especially the Laplacian is sectorial on BCgy, and its spectrum is
contained in the spectrum of the Laplacian de ned on B Cypjs .
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We also get a time-evolution of (1.1) in BCgy (RN;RM) becausewe have
g tto(U) = t,( gu) and therefore ¢, mapsYp into itself.

Now we have a C°-group action on X = BCgy, but if = R?;R® the semi-
o w doesnot smoothen the group-action even if all di usion coe cients ; are
positive. We demonstratethis for = R? and for the heat equation where the
nonlinearity f is zero.

We will shaw that on R? the operator @@ is not bounded w.r.t. the Laplacian

and to the semiow (e '); o:

Remark 1.1 The operator @Q is not bounded relatively to the Laplacian  or
relatively to the semiow e !, t 0, on BCunt (R%;R) and B Cgyq (R?;R).

Pr oof. The functions w-p (x) := J-(bjxj)e' #9*) whereb 0andJ: isthe “-th
Besselfunction of the rst kind are elemers of B Cgye (R R) B Cunit (R%;R)
and they are eigenfunctionsof the Laplacian  and of the angle derivative @@:

@w;b =i Wy, W = BPwep:

@

Sincei’(1 + ) ! and i'e Yt are not bounded for arbitrary b 2 R, * 2

No, we conclude that @@ is not bounded relatively to on BCgy (R?;R),
B Cunit (R%;R) and that @@e U is not a bounded operator on B Cg.q (R?;R),

BCunit (R%R) fort 0. .

Remark 1.2 Also on L?(R?;R) the angle-derivative @@ is not bounde rela-
tivelyto ore t, t O.

Pr oof. By direct computation we seethat F(@@u) = @@F(u). Here F (u)
denotesthe Fourier transform of u. From this formula and from F( u)(x) =

j Xj2F (u)(x) we deduce that @@ is not bounded with respect to . Fur-
thermore the operator @@ is not bounded relatively to e ' in L?(R?;R) since

(F(&e 'u)(x) = e X*t(F (u))(x) is not de ned for all u 2 L2(R%;R). m
Therefore we cannot simply changecoordinates into a corotating frame to deal
with the meanderingtransition.

1.6 Represent ations of E(N)

The function spacesY = BCgu (RV;R);L?(RV;R), N = 2;3, do not cortain
nite-dimensional subspacesvhich are E(N )-invariant and in which the E(N )-
action is non-trivial. Again we will demonstrate this in the case = R?,
G = E(2):

Lemma 1.3 Let the action of E(2) on the sppoes X = BCgy (R%R), X =
L2(R?;R) be given by (1.2). Then the function spaces B Cgyq, L2 do not con-
tain nite-dimensional E(2)-invariant subsgoes with nontrivial E(2)-action.

Document a Mathema tica 5 (2000) 227{274



234 Cla udia Wulff

In Greenleaf[12] ageneraltheory on the action of top ologicalgroupson function
spacesis developed.
If we allow polynomial growth in our function spacethen the polynomials of
degree | are nite-dimensional represernations of E(2).
Proof of Lemma 1.3. Let V; = span(ei;:::;€) be a j-dimensional repre-
sertation of E(2) in BCynyt or L2. Then the translations act as a C°-group
of isometries on V; sincethey act in such a way Bn B Cunit , L2. Since 'V, is
nite-dimensional, we know that (o:(a;:a,)& = 1= (€ 3" 232); ¢ where
1= @TC‘Z)lej , 2= @%jvj are (j; j )-matrices. Since (g.,) is anisometry we con-
clude that Respec( ;1) = Respec( 2) = Oandthat ;; , donot contain Jordan
blocks. After simultaneous diagonalization of ;, , (note that [ 1; 2] = 0)
we seethat the eigenfunctionsof 1, » are of the form €, b;x 2 R?. These
functions are not elemers of X = L?(R?;R). Sothe proof is nished for the
function spaceL?. If we chooseb= 0 we obtain an E(2)-invariant subspaceof
X = BCunif (R?;R) which consistsof all constart functions. The E(2)-action
on this spaceis trivial. The action of the rotation is not continuous on the
functions €, b 6 0, with respect to the norm k Kkgc,, (re:r)- Therefore
the functions € do not spana nite-dimensional E(2)-invariant subspaceof
B Ceua (R?;R) for b6 0. .
Of course, the same considerations apply for x 2 R, G = E(3) instead of
x 2 R?, G = E(2).
Especially for an E(2)-invariant steady state the eigenspacdo ead eigervalue
is E(2)-invariant and therefore in nite-dimensional. This makesthe study of
bifurcations from E(2)-invariant equilibria for an abstract equivariant parabolic
equation very dicult. We will not attack this problem and rather study bi-
furcations from relativ e equilibria where these di culties do not occur. Bifur-
cations from homogeneoussteady states of reaction di usion equations have
beenstudied by Sdceel[24], [25] using spatial dynamics.

1.7 Abstra ct Setting

In this paper we study semilinear parabolic equations

d_u = Au+ f(u;!ext; ) (1.3)
dt

on some Banach space X which are equivariant under a m-dimensional Lie
group G which may be non-compact. We assumethat A is sectorial (for a
de nition see[13)) andthat f is CX-smooth fromY R RPto X. Herek 2 N
ork=1, 2RPandY =X for0 < 1.

By [13] there exists a time-evolution ,(; ) of (1.3)onY, and +t,(u; )is
CK-smooth inu, fort toandinu, ,t,tofort> tg. We assumethat the
group G actson Y by the linear strongly cortinuousrepresernation 42 L(Y),
g2 G and that (1.3) is G-equivariant, i.e.,

802G JA=A g f(qut )= 4 (ut )
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This impliesthat ¢ wt,(; )= tt,( ¢g; )foralg2G.

Assumethat f in (1.3) is time-independert. Then a group orbit Gu is calleda
relative equilibrium of (1.3) if (U )= exp( nu for some 2 alg(G). Here
alg(G) denotesthe Lie algebraof G. Sometimeswe denoteu itself asrelative
equilibrium.

A point u lies on a relative periodic orbit

O =f g4 to(u)jg2G;t2Rg

if 7.0u)= gu forsomeT > 0,g 2 G. In this casewe supposethat
f(u;! extt; ) is independert of time or time-periodic with frequency! ox =
2 j=T ,j 2 N. Sometimeswe sloppily denote u itself as relative periodic
orbit. Wecall T the relative period of the relative periodic orbit.

The aim of this article is to study transitions from relativ e equilibria to relative
periodic orbits of (1.3).

2 Periodicall y for ced G-equiv ariant systems

This section deals with the e ects of periodic forcing on relative equilibria
and relative periodic orbits. In particular, we will investigate drift phenom-
ena causedby resonart periodic forcing. We will apply our results to spiral
wave dynamics. This helps to understand the experiments mentioned in the
intro duction. Proofs of the main theoremsare postponedto section 4.
In this sectionwe assumethat the nonlinearity f of (1.3) is of the form

fut )= (UN+ eafec(U!ext; )

Here fexc(U; ; ) is 2 -periodic in ; !¢ is the frequency of the periodic
forcing, Text = |2—t is its period, ey IS its amplitude and we decompose

= (ext;™), Where o 2 R, » 2 RP 1. Sowe considerthe periodically
forced di eren tial equation

du _

G- Aut (U M)+ extfext (U ext; ): (2.1)
A typical example of the abstract semilinear di erential equation (2.1) is a
periodically forced reaction-di usion systemon the domain RN,N = 2;3,
cf. (1.1):
@‘Ii - f’\ CA f a1 . [ .
6 = 0 Ut i(U, )+ ext ext;i(U,- extl; ), =1 M: (2-2)

2.1 Periodic forcing of rela tive equilibria

This subsection deals with e ects of periodic forcing on relative equilibria.
First we state two general theorems, then we study examplesin spiral wave
dynamics.
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Consider system (2.1) without periodic forcing, i.e., at ¢ = 0. Assume
that u is a relative equilibrium of the unforced system for the parameter
A= N = 0. Thenu satises

t(U): ot U

for some 2 alg(G). Since () is equivariant and CK-smooth in t fort > 0
we concludethat € u is Ck-smooth in't for all t 2 R.
We will write u for c‘,’—t o Ujt=o . Furthermore denote by

d
Adg =99 "= (gexp(t)g 1) _ 2 alg(G)

the adjoint action of G on alg(G) and by
K=fg2Gj gu =ug

the isotropy group of u . We assumethat K is compact. Let G° denote
the identity componert of G. We have 2 alg(N(K)) where N (K) is the
normalizer of the isotropy group K of u becauseforg2 K, t 2 R,

g expt )U = g t(u) = gu): t(u) = exp(t U

and therefore gexp(t ) 2 exp(t )K. Similarly the pull-back element g of a
relative periodic orbit u = 1 Toe :0(U ) liesin the normalizer of the isotropy
K of u . Actually for a relative equilibrium the drift velocity liesin the Lie
algebraof the certralizer Z (K ) of K , which follows from the formula N (K )° =
K9Z(K)O, see[9].

Since by periodic forcing isotropy is not changed we assumewithout loss of
generality in the whole sectionthat K = fidg. Otherwise we changethe space
Y to the xed point spaceFix(K) = fg2 G; 4u = u g of K and the
symmetry group G to N (K)=K.

Let u be a relative equilibrium, i.e., Au +f(u)= u,andlet

L = A+D.u)

be the linearization at the relative equilibrium in the comoving frame. Assume
that 4u isC!in g2 G. We compute that for 2 alg(G)

Lu = (A+D,fu) )Hu
= Au +Duf'\(u)u u
= ( A+fu)) u (2.3)
= )u
= [; Ju= ad u:

Here[; ] denotesthe commutator, ad ( ) = [ ; ] and we usedthat gf’\(u) =

f’\(gu) and therefore Duf’\(u ) = f’\(u). From (2.3) we seethat L maps
Ty Gu = alg(G)u into itself.
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Example 2.1 Let u be a rotating wave of the unforced system (2.1), e.ga
rigidly rotating spiral wave of the reaction-di usion system(2.2) on = R?
at o = 0. Then the symmetry group is G = E(2). We write g= (; a) 2
SO(2)n R? = SE(2). Let ; denote the generator of the rotation and »; 3
denote the generatorsof the translation. Then =1, ; where! , is the
rotation frequency of the spiral, and we compute

L u =0; L(2+i3)u :!rot[2+i3; 1]U :i!rot(2+i3)U:

Therefore the linearization L of the rotating wave in the rotating frame has
always eigervalueson the imaginary axis.

For a relative periodic orbit u = b oo(u ) with gu Clin gwe get

o'D 1 ou)u = (Adyt )u; 2alg(G):

If u is arelative equilibrium then the linearization of the time-T-map in the
comoving frame  is given by

eLT: ng T(u)

whereg = e’ .

For the groups relevant in applications (compact and Euclidean groups) the
eigenvaluesof the linear maps[ ; ], 2 alg(G), on alg(G) are purely imaginary
and similarly the spectrum of the maps Adg, g 2 G, on alg(G) lies on the unit
circle. We will restrict our attention to thesegroupsin this article. Sowe make
the overall hypothesis

Overall Hypothesis The spectra of the linear mapsAdg, g 2 G, are subsets
of the unit circlef 2 C;j j= 1g.

Therefore in the caseof continuous symmetry where alg(G) is nontrivial the
linearization L at a relative equilibrium always has eigervalues on the imag-
inary axis and similarly the linearization ng 1t(u ) of a relative periodic
orbit u = 1 1 (u) of (2.1) has always certer-eigenvalueson the unit circle.
If u is arelative equilibrium x someT > 0. In the caseof a relative periodic
orbit take T = T . We needthe following assumption on the spectrum:

Hypothesis (S) The setf 2 C; jj 1gis a spectral set for the spectrum
spec(B ) of the operator

B = 4'D t(u)2L(Y) (2.4)

(called center-unstablespectral set) with assaiated spectral projection P 2 L(Y)
and the correspnding generlized eigensace E¢, := R(P) (the center-unstable
eigenspce) is nite-dimensional.

We will show in Section 4 below that Hypothesis (S) implies that 4u is CX
ing. Let Gu =f 4u; g2 Gg denotethe group orbit at u . Frequertly we
employ the following notion:
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Definition 2.2 We say that a relative periodic orbit or a relative equilibrium
u of (2.1) is non-critical if gu is C!in g and if the operator B from (2.4)
satis es Hypothesis (S) and if the center-eigenspace

Ec= Ty Gu + span(@ (U )jt=0)

only consists of eigenvetors which are forced by G-symmetry or time-shift sym-
metry (in the case of relative periodic orbits of autonomoussystems).

Denote the dual spaceof Y by Y?, let m = dim(G) and assumethat g4u is
Clin g. Choosel; 2 Y?,i = 1;:::;m, suc that the equationsl;(u u) =0,
i = 1;::::m, dene asectionS, = u + § transverseto the group orbit
Gu of the relative equilibrium at u . If u is non-critical we can choosethe
functionals |; asleft certer-eigervectorsof L .

The following theorem essetially statesthat external periodic forcing leadsto
a transition from relative equilibria to relative periodic orbits.

Theorem 2.3 Letu = . (u) bearelative equilibrium of the unforced
system(2.1), i.e., for the parameter = 0. Compute B = e« asin (2.4)
and assumethat u satis es assumption(S). Then gu is CK in g.

If the genenlized eigenspce of B  to the eigenvaluel lies in alg(G)u then for
each small amplitude ¢y of the periodic forcing, each frequency! ext ! ot
of the forcing and each small » there is exactly one relative periodic orbit u =
u(! ext; ), of (2.1) satisfying

1

Uzg

Tea:0(U; ) and u2S; (2.5)
for someg = g(! ext; ). Furthermore gu(! ext; ) is CXing2G, ! e and
9 ext; )iS CKin (lex; )andu(l ex;0)=u , g(! ext;0)=g .

Often we need not use the full symmetry G of (3.1) to prove Theorem 2.3.
If L doesnot have eigervaluesij! ., j 2 Z, forced by symmetry then the
symmetry group is discrete and we neednot take it into accourt to prove the
theorem. If [; ] has eigervaluesin i! ., Z, then the corresponding (gener-
alized) eigervectors form a Lie-subalgebraof alg(G) as can be seenfrom the
Jacobi-idertit y.

We call the Lie group generatedby the generalizedeigervectorsof [; ] to the
spectral seti! .,;Z the minimal symmetry group for the forcing frequency! .,
that we consider.

2.2 Resonance drift

Now we deal with the e ects of resonart periodic forcing. We needthe following
notion:

Definiton 2.4 Letg2 G. If g" = exp( n) for some 2 alg(G) with Adg =
andn 2 N then we call averagevelocity of g.
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There may be many averagevelocities for ead group elemen g; for exampleif
G = SO(2)thenforg = thesetf = +j2 jj 2 Zgconsistsof average
velocities for g . If u= 1 1.0(u) is a relative periodic orbit of (2.1) and

is an averagevelocity of g then we call =T averagevelocity of the relative
periodic orbit.

Definition 2.5 If exp() is not locally surjective near 2 alg(G) then there
are elementsg 2 G closeto exp( ) which have(if any) only averagevelcities
which are far away from . We call this phenomenonresonancedrift .

Similarly, let u beanon-critical relativeequilibrium of the unperturb ed system
(2.1) which travels with velocity . If the period of the external forcing Ty,
is such that exp() is not locally surjectivenear = T, then it may happen
that relative periodic orbits of (2.1) which are generatedby external periodic
forcing, seeTheorem 2.3, drift with an averagevelocity completely di erent to
the drift velocity  of the relative equilibrium at o« = 0. We also call this
e ect resonane drift .

Due to [31, Theorem 2.14.2] we know that the map (D exp( ))exp( ) :
alg(G) ! alg(G) is givenas

Dexp( Nexp( ) = 1, LW

n=0 (n+1)! (ad )n
(ad ) Yexp( ad ) id)

wheread () = [ ; ]. Henceexp() is not locally surjective at i ad

has eigervaluesin 2 iZ nf0g. Consequetly, for resonancedrift to occur it is
necessanthat the periodic forcing is resonan, i.e., that the linearization L of
the relative equilibrium in the comoving frame has a symmetry eigervalue in
il oxt Z Nf0g. Otherwise exp() would be surjective near T,,, and the relative
periodic orbits u( ) generated by periodic forcing would drift with velocity
() :

As we mertioned in the introduction even a transition from compact to non-
compact drift may take place. We will deal with this in the following example:

(2.6)

Example 2.6 Consider Example 2.1 again: Let the symmetry group be G =
E(2), write g= (; a) 2 SO(2)n R? = SE(2)andlet u beanon-critical rotating
waveu = (o t(u) of the unforced system(2.1), ie. for ex = O. For
example u could be a rigidly rotating spiral wave of the reaction-di usion
system (2.2) on = R?. By Theorem 2.3 for ead small forcing amplitude
ext 0 and ead forcing frequency ! ¢ there is a relative periodic orbit
U(' ext; ext) U .
If ! ! 2 Z then the forcing is non-resonarn and the relative periodic

rot = ext
orbits U( ext;! ext) With ! oy ! oxt are modulated rotating waves of (2.1)
(called meanderingspiral wavesin the example (2.2)).
If ! ot='ext = ] 2 Z then we seefrom (2.6) that Dexp(2 =!,) hasrank

defect2. Wetalk of aj : 1-resonance.In this casemodulated travelling waves
(called drifting spiral wavesof (2.2)) are generatedasthe following proposition
shows:
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Pr oposition 2.7 If a rotating wave of an E(2)-equivariant system (2.1) is
subjest to j : 1-resonantperiodic forcing then there is a CX-smaoth path u( ext),
a( ext), !ext( ext), Of modulated traveling wavessatisfying

2 = exl( ext )(u( EXt)) = (O;a( ext ))u( eXt)
suchthat u(0) = u , a(0) = 0, ! ext(0) = ! o

Pr oof . By Theorem 2.3 we get a surface u(! ext; ext) Of relative periodic

orbits satisfying (2.5) where g(! ext; ext) = ( (! ext; ext);@(! ext; ext)). TO
obtain modulated travelling waveswe needto solve the equation

("ext; ext)=0 mod 2 :

We have @,,, (!ext: ext)i(! ex: ox )=(! .0 8 0. This can be seenas follows:
Let ; be the generator of the rotation, and ,, 3 be the generatorsof the
translation. Computing the derivative w.rt. ! o of (2.5) in (! ext; ext) =
(! ext 0) we get
Zle U+ (D 1, 00U) D@ U(! exi0)
= (@ext (| eXt;O) 1 + @ext al(' eXt;O) 2 + @ext a'2(| eXt;O) 3)u :

(2.7)
Here we usedthat
2 2!
Q.. 2, U)= —S@ (U )= =, = e RUE

f e ()2 T T T ()2
If we choosethe [; in (2.5) asleft certer-eigervectorsof L then

(D 71,,.:0U) D@, U(!ex;0) =0 i=123
Applying the functionals |;, i = 1;2;3, onto (2.7) we conclude that

@ext (' eXt;O) = 2! rot =(| ext)2 6 O

Hence we can apply the implicit function theorem to get a smooth path
ext (! ext) parametrizing modulated travelling waves. n

A transition from rotating wavesto modulated travelling waves has been ob-
sened in experiments [16] in the caseof 1: 1-resonanceand 2 : 1-resonance.
Ashwin and Melbourne [2] talk of drift bifurcation of relative equilibria if a
rotating wave of an E(2)-equivariant system becomesa travelling wave in the
limit !, ! 0. Sotheir drift bifurcation and our resonancedrift are related.
But in our casethe resonancedrift is enforcedby periodic forcing.

Example 2.8 Considerthe reaction-di usion system (2.2) on the sphere =
S?. Then the symmetry group is G = O(3). We will shav that awaveu rotat-
ing around the x3-axis starts meandering around somevector in the (x1;x>)-
plane if it is subject to resonart periodic forcing.
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Let ; denotethe generatorsof the rotatiq5| around the unit vectorse; 2 R3,i =
1;2;3, and write g 2 SO(3) asg = exp( ?:1 i) Letu = op o t(u)
be a non-critical wave of the unforced system (2.2), «x = O, rotating around
the xi-axis,i.e., =1, 1. Asin (2.3) we compute

L(2+i3)u :i!rot(2+i3)U:

If we switch on resonart periodic forcing with ! ., = ! ,,;=j, ] 2 Z, then there
is a smooth path u( ext), ! ext( ext) Of wavesmeanderingaround somevector
in the (X2; x3)-plane:

Text ( ext);O(u( eXt)) = exp( 2( ext) 2+ 3( ext) 3)u( eXt)

where 2(0) = 0; 3(0) = 0, ! ext(0) = ! g5, U(0) = u . This can be seenasin
Example 2.6.
For numerical simulations of rotating waveson the sphereS? see[36].

In the last two examplesof resonart forcing the relativ e equilibria were always
rotating waves. But also for nonperiodic relative equilibria resonancedrift
occCurs:

Example 2.9 Considerthe reaction-di usion system(2.2) in three space =
R3. Then the symmetry group is the Euclidean group E(3).

Let u be a twisted scroll ring of the unforced system (2.2). Sud a wave
consistsof a circular lament in the (X2;x3)-plane along which vertical spiral
waves are located and an additional in nitely extended vertical lament [18].
It is a relative equilibrium which translates along its vertical lament and
simultaneously rotates around it.

Becauseof the vertical lament only translations a 2 R® and rotations around
the xz-axis act continuously on u in the spaceBC,i . Sothe e ective sym-
metry group is in this caseG = E(2) R. cf. [23]. We write g = (; a) for
the elemerns of E(2) R where is the rotation angle around the x;-axis and
a2 R® is atranslation vector.

The time-evolution of the twisted scroll ring is givenby (U ) = ep( yu

where = (! oV €1).

If the twisted scroll ring is forced periodically with frequency! ey it will typi-
cally start meanderingin the (x2; X3)-plane:

Text ;O(U( ext)) = (( ext):a( ext ))U( ext); a( ext) = V( ext)Textel:

But by resonart periodic forcing, i.e., if ! ,; =! o« 2 Z, we can achieve that the
scroll ring drifts away in another direction than the x;-axis as the following
proposition shows:

Pr oposition 2.10 If the twisted scroll ring of (2.2) is noncritical and forced
periodically suchthat !, =!,, 2 Z then there is a CX-smooth path u( ext),
I ext ( ext) Of relative periodic orbits satisfying

2 =lext (et );O(U( EXt)) = O;a( ext)) U( EXt); a( eXl) 2 R3:
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The direction of the drift a( ex ) of the periodically forced twisted scroll rings
in the above proposition will typically not point in x;-direction. The proof of
the proposition is similar asthe proof of Proposition 2.7.

Note again that to the isotropy K of the relative equilibria not all kinds of
noncompact drift are possible. As mertioned before the drifts g(! ex; ) of
the emanating relative periodic orbits have to lie in N (K). Remenber that
we have chosen G = N(K)=K in the whole section. In a secondstep we
have to interpret our results on periodic forcing for the original group G. In
a system with E(2)-symmetry for instance we seethat a rotating wave with
spatial symmetry K can not start drifting under the in uence of the periodic
forcing if K contains a non-trivial rotation (; 0). In this caseN (K) = SO(2),
see[7]. Similarly if G = E(2) and K only consistsof one re ection then the
relative equilibrium u can not rotate. Henceit is a travelling wave in general.
A relative equilibrium in an E(2)-equivariant system with K Dn, n > 1,
even hasto be stationary.

We can generalize Propositions 2.7, 2.10 as follows: Let g = ¢( ), 2 R",
i J 1, beasmooth n-dimensional hyper-surfacein G suc that g(0) = g =
exp(Tey ). Letf i ji = 1;:::mg, m = dim(G), denote a basis of alg(G).
Write

ding (G)
o )=exp(( )Ng; )= T0) 0 (2.8)
i=1

7(0) = 0,i = 1;:::;m, and assumethat (@, 7(0))ij =1;:;n IS @n invertible

(n; n)-matrix
(@, 7(0)ij =150 2 GL(N); (2.9)

and that

@50)=0 for i=n+1;:::;m: (2.10)
Let U () =  exp( t© moMy ) Ij(u (™)) be relative equilibria of (2.1) at
et = Osuchthat u (0) = u, 2 ;0= andu (") 2 S. Then

the following holds:

Pr oposition 2.11 Let the assumptionsof Theorem 2.3 jold. Then there is
a Ck-smaoth hyper-surface (! ext( ext; ); ( ext; )) of relative periodic orbits
U( ext; ) in the (! ex; )-parameter-smee with 2 R, d=p (m n) and
j j small, satisfying

2 = ext (ext s );O(u( ext ; ); ( ext ; )) = g ( ext; ))U( ext s )

and
U ext; )2S; u(0;0)=u; (0;0)=0;

provided that the (m  n; p)-matrix
(@ ext ;")TEXI i (0))i= n+l;:;m

has full rank.
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Pr oof . We solve the equation
o ) "9 ew; )= id

by the implicit function theorem. "
In the examples 2.6, 2.8, 2.9 above the hyper-surfaceg = ¢ ) consists of
elemerns with averagedrift velocity far away from the drift velocity  of the
relative equilibrium.

2.3 Scaling of drift velocity

In this section we study the scaling of drifts induced by a harmonic periodic
forcing where the forcing term in (2.1) is of the form

fext (U;! exct; ) = FU) coq! extt; ): (2.12)

Sud a forcing term is usually usedin experiments [16], [35]. Further let =
ext 2 R.

We rst state a generalproposition, then we apply this result to someexamples

in spiral wave dynamics explaining scalinglaws which were obsened in experi-

mernts or simulations. In the end we give a mathematical de nition of the spiral

tip. The motion of the spiral tip is measuredin experiments to visualize the

drift [5].

We assumethat the unforced system(2.1) hasa non-critical relativ e equilibrium

Pr oposition 2.12 Assume that the periodic forcing term in (2.1) is of the
form (2.11). Fix a forcing frequency ! ;. Let U( ext), 9( ext) be relative
periodic orbits for ¢ 0. Write

g( ext) = eTeX( ( eX()eTeX( ; ( ext) = i( ext) i
i=1

Assume that the geometric multiplicity of the eigenvalueO of the linear map
[; ]onalg(G) equalsits algebmic multiplicity. Then

@, i(0=0if [i; ]=0

his is alsotrue if fqy is not a harmonic periodic forcing, but the mean value
02 fext (U; t)dt of feyx is zer.
Now assumethat the periodic forcing is resonantsothat the linear map[; ]Jon
alg(G) haseigenvalues i! 5 with eigenvetors ;1 i, suchthat! 5=l =j 2
Z. Assumethat the algebaic and the geometric multiplicity of the eigenvalue
il g of [; ]areequal. Then

@, i(0)=0 for i=12if j>1
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If u is arotating wave then e"e¢ = id for someTey . Therefore the (m; m)-
matrix [; ] is semisimpleand has eigervalues i! 5 with ! 5=l =] 2 Z
and the above proposition can be applied, seeExample 2.13 below.

Proof of Proposition 2.12. We write a prime for @,, in the following
calculation. We choosethe functionals |; in (2.5) de ning the sectiontransversal
to the group orbit again as left certer-eigervectorsof L . Di eren tiating (2.5)
with respectto oy in exx = O gives

P
iril Text |0(O) iu = (eTeX‘ - 1)U0(0) . (2.12)
*oexp( Tex )@ T, (U )] =0
where
Z 2 =l ext
exp( Text )@ext Text (U 1 )J =0 = eL @ = en t)fm(u )COS(! eXtt)dt:
0

Let P be the spectral projection of L to the eigervalue 0. Since algebraic
and geometric multiplicit y of the eigervalue 0 of [ ; ] are equal by assumption
and the relative equilibrium u is noncritical we concludethat PL = 0 and
therefore Z, .

ext

PeL 2 =!ext t)f’"(u )('_:OqI extt)dt =0
0

Applying P onto (2.12) we therefore get
Z 2 =l

- ext

Text iO(O)P iu = Pe- @ e t)fN(U )COi! extt)dt =0
i=1 0

This provesthat %0) = 0if [ ;; ]= 0, and we seethat we get the sameresult
if only the time averageof f ¢ (u; t; 0) is zero.

Now let Q be the spectral projection to the eigervalue i! o, ! g=l oy = .
Applying Q onto (2.12) we get, similarly as above,

Z 2 =l ey

Text 0)Q ju = Qe- @ et Uiy )coq! ext)dt:
i=1 0

As above we concludethat %0) = Ofori= 1;2if j > 1. "

Example 2.13 Again let G = E(2) and let u be a non-critical rotating wave
of the unforced system(2.1), e.g.a rigidly rotating spiral wave of the reaction-
diusion system(2.2) on the plane = R?. Assumethat the periodic forcing
isresonart ! ., = j! 4, ] 2 Z. Then accordingto Example 2.6 there is a path
U( ext), @l ext)s 'ext( ext) Of modulated travelling waves(drifting spiral waves
of the reaction-di usion system(2.2)) in the parameter-plane(! ext; ext) 2 RZ.
Assumethat the periodic forcing is harmonic. By Proposition 2.12 the drift
velocity v( ext) = % of the modulated travelling wavessatis es v%(0) = 0
if jjj> 1.
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Drift velocities which only grow with the square 2, of the amplitude of the
external periodic forcing are rather small and apparently dicult to nd in
experiments. That is why in experiments [35] mainly the 1:1-resonancds ob-

sened; however in [16] alsoa 2 : 1-resonancecould be detected experimentally .

Example 2.14 Let G = SO(3) and let u be a non-critical wave of the un-
forced system(2.1) rotating around the x;-axis with speed! ., , for instance, a
rigidly rotating spiral wavein the reaction-di usion system(2.2) on the sphere,
seeExample 2.8; if the periodic forcing is resonant ! ,, = j! ., ] 2 Z then
accordingto Example 2.8 there is a path u( ext), ( ext), ! ext( ext) Of mod-
ulated rotating waves meandering around some vector in the (X2;X3)-plane.
By Proposition 2.12their drift velocity ! ot ( ext) = ( ext)=Text( ext) Satis es
19.(0)=0ifj > 1.

Example 2.15 We again consider a twisted scroll ring, seeExample 2.9. In
this casethe symmetry group is G = E(2) R and the drift velocity of the
scrollring is givenby = (! ;v e1). Denoteby u( ext), 9( ext) the relative
periodic orbits generatedby periodic forcing of the twisted scroll with xed
forcing frequency! ox;. We write g( ext) = ( ( ext);@( ext)) Wherea( ex) 2
R3, a0) = ae;r = TexV er, ot ext) = ( ext)=Texts 't (0) = ! o By
Proposition 2.12 we have

iTrot (ext)  'roti = O 34); ja1( ex) @j= O( 24);

but in generalja( ext)j = O( ext), | = 2;3. This is also obsenedin numerical
simulations, see[15].

Now we de ne the tip position g, (u) for u 2 Y. It is not clear at all how
to de ne the spiral tip exactly. Experimentalists often determine the tip of a
spiral wave in two dimensionsvisually as point with maximal curvature at the
end of the spiral [5], but there are also other more or less precise de nitions
around [14].

From a symmetry point of view the position xp (u) 2 R? of the spiral tip in
the caseG = E(2) is a function of the spiral wave solution u into R? and has
the following property.

Definition ~ 2.16 The tip position X¢p () is a C-smooth G-equivariant func-
tion which mapsan open setof Y into a G-manifold M .

For example in the caseG = E(2) we choose (; a) = a, (G) = R?>and G
actson (G) by the natural ane represeration [8]; in the caseG = SO(3)
we choose (G) = S?; ead g 2 SO(3) can be represerted by a vector 2
so(3) = R® sudh that g = exp( ) is a rotation around the unit vector =j j by
the rotation anglej j; weset (exp( )) = =j j.

In experiments the drift phenomenawe talked about are detected by following
the spiral tip Xgp (u). For the spiral tip Xip (U(! ext; ext)) the samescaling
phenomenahold asfor the drifts g(! ext; ext)-
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2.4 Resonant periodic forcing of rela tive periodic orbits

Now we considerresonarnt periodic forcing of relative periodic orbits. We still
assumethat the isotropy K of the relative periodic orbit is trivial, otherwise
we chooseG = N (K)=K, Y = Fix(K) as before.

Experiments on periodic forcing of meandering spiral waveshave been carried
out e.g. by Meuller and Zykov [35]. Here invariant 3-tori were found and fre-
quencylocking betweenthe period of the relativ e periodic orbits and the period
of the external forcing was obsened. Furthermore for certain periods of the
external forcing modulated travelling waveswere found in experiments. This
phenomenonis called "generalized resonancedrift” [35].

We will only considerfrequencylocked relative periodic solutions generatedby
external periodic forcing. Let again Teyx; = ,2: denotethe period of the forcing,
let <x denoteits amplitude and let T be the period of the relative periodic
orbit for = 0. Assumethat u is anon-critical relative periodic orbit in = 0,
that is, u satises 1 (u)= g4 u, forsomeT > 0,B = ng T (U)
satis es Hypothesis(S) and the certer-eigenspaceonly consistsof eigervectors
forced by G-symmetry or time-shift symmetry:

Ec = alg(Gu  span(@ (u )jt=0):
Furthermore supposethat
Thew = JTex = T where ged(j; ) = 1

Let P be the spectral projection corresponding to the certer spectral set of
ng 1( (u)). The condition P (u (u)) = 0 denes a section S
transversalto the relative periodic orbit in  (u ).

Pr oposition 2.17 Under the alove conditions there is a CX-smaoth hyper-
surface u( ; ) of * :j-frequency-lecked relative periodic solutions with 2 RP,
2 [0; T ], satisfying

%;O(u( s D= gyuCs ) ou(; )28, (2.13)

andu( ;0)=  (u),g(;0)=(g) .

This proposition is proved similarly as Theorem 2.3. We refer to section 4 for
a proof.

Assumefor amomert that G is compact. Due to periodic forcing it may happen
that a discrete rotating wave, i.e., a relative periodic orbit u for which g lies
in a discrete Cartan subgroup Z,, starts drifting. If gcd(n; ) > 1, then (g )
may lie in a Cartan subgroup Z,-gcd(n:' ) TN, N > 0and " : j-frequency
locked relativ e periodic orbits nearby starts drifting.

An example is the group G = O(2) whereg is areection. If © = 2 then
modulated rotating waveswith relativeperiod Thew 2T aregeneratedby the
resonart periodic forcing of the discreterotating waveu . Sud a phenomenon
can not occur in the caseof relativ e equilibria.
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Another phenomenonthat may occur in the caseof periodic forcing is resonance
drift aswe saw in the precedingsections. Let  be a drift velocity of g . By

resonancedrift we meanthat there are group elemeris g closeto (g ) with all

averagedrift velocities far away from the drift velocity —ofg . We rst give
an example. Then we state a generalproposition.

Example 2.18 We consider periodic forcing of meandering spiral waves. In
this casethe symmetry group is G = E(2), and

us= (¢ o 1)
is a modulated rotating wave. Assumethat
=0mod2 ; 60

andthat "2 R(p=2). If @ (0) 6 0then thereis an " :j-frequencylocked
modulated travelling wave u( ; ex) to the parameter = ( ext;( ; ext)):
Pext( ; ext) such that u( ;0) = u . Here (*) is the rotation angle for the
modulated rotating waveu (") = (  (s.0 T (n(Uu (*)) for the autonomous
system ( o = 0) with parameter . This explains the "generalized drift
resonance"of locked solutions reported by [35].

Let g= ¢( ) asin section2.1be a hyper-surfaceof dimensionn in G such that
g(0) = (g ) and that (2.8), (2.9), (2.10) hold. The hyper-surfaceg = &( )
may for example consistof the group elemers with averagevelocities far away
from the drift velocity of g .

Let u (") = 0Pn (T (y g T (U () Po(u () u) =0, be
relative periodic orbits of the unforced system (2.1) where ¢4 = 0 such that
u@=u,T@©O=T, {(0)=0,i=1;:::;m. Similarly asin Proposition
2.11we nd:

Pr oposition 2.19 Under the atove assumptionsthere is a CX-smaoth hyper-
surface of * : j -frequencylocked relative periodic orbits near u satisfying

#:)?O(u(; ext; )i (5 exti D)= g (5 oews DUCS exts )

Vext (7 ext

andu( ; ex; )2 S,whee 2RY, d=p 1 (n dim(G)), j j small,
providad that the (n  dim(G);p 1)-matrix

(@ i (O))i: n+1 ;:; dim (G)
has full rank.
Now we study the scaling behaviour of the drift velocities in the caseof har-

monic periodic forcing (2.11) which is usually usedin experiments [35). Let
= et 2 R
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Pr oposition 2.20 Let the periodic forcing be harmonic asin (2.11). Fix a
frequency! o4 Of the periodic forcing and write the pull-back elementsg( ; ext)
of the ™ : j -frequencylocked periodic orbits, see Proposition 2.17, as

xn .
a( 5 ext) = eXp({ JText (7 ext) i( 5 ext) i)(Q):

i=1

If *> 1and if the geometric multiplicity of the eigenvaluel of Ady egualsits
algebaic multiplicity then we have:

@ex‘ |(0) = 0 for all i with Adg Pi= il

Moreover the Arnold tongueswhere the frequencylocking occurs grow asj ex:j?
if ~> 1

Note that if (g ) = id asin Example 2.18 the matrix Adg is semisimple so
that Proposition 2.20 can be applied.
Again a cautious note: in the caseG = E(2) the meandering spiral wave can
not start drifting unboundedly if its spatial symmetry group K contains a
nontrivial rotation. In generalby periodic forcing the isotropy group of the
relative periodic orbit is not changed. Sothe group elemer g( ; ) satisfying
iTee (:)UC 5 ) = g Hyu(; )isin N(K) whereK is the isotropy of u
for properly chosenu( ; ). Note that we choseG = N (K)=K in the whole
section.
Pr oof of Proposition 2.20. Let W(t;0) = D (u ) denote the solution
of the variation equation along ((u ) and let W(t; s) := W(t; 0)(W(s;0)) 1,
that is, W(t;s) = D ¢ s( s(u)). Wehave

Z7 2js
@.. To (U30) = W(T 59 o(u) cos )ds
0
ZT Z‘T
= G:)ds+ i+ (:::)ds
0 QI ONE |
ZT '
2 _ijs
= Re C W(T ;9)f( s(u)eT ds
0
where
¥ 1
- 1 . i1 iji=" 1.
C= 4, (g'W(T;0) '™
i=0
Here we usedthat
W(t+iT ;s+iT ) = D ¢ s( s+ir (U)) =D S(ig s(u))

= s W(s) 4

Document a Mathema tica 5 (2000) 227{274



Transitions fr om Rela tive Equilibria  to ... 249

and that
W(CT i) = D¢ pr(m@)= gD ¢ pr (u) 4
= 4 g D ¢oar @)y
= o ('W(T;0) ' gh

and that thereforefor s2 [0; T )
W(CT ;s+i0T )fC it +s(u))
= W(T ;(i+ DT )W(GT + T ;iT +5) § f{ s(u))
= g (B) "W 9 s(u));

whereB = 'W(T ;0).
Let P be the spectral projection of B to the eigervalue 1. We have
Z. !
N 2 ijs
Py @, T (u;0)=Re cP ! i W(T ;9)f( s(u))eT ds
(2.14)
Poy .
wherec= ;€ 7 . SoP@,, T, (u;0)=0if" > 1.

Di eren tiating (2.13)in the solutio'a,(u;g;! ext)( ) with respectto e in =0
yields with g( ; ext)(g) = exp( iril jTeXt( ; ext) i( , ext) i)

. xXn
0 = (B) 1D@,uU(; ext)i; =0 T @, i(0) iu
i=1
2 J @ext ! ext (0)
1 & (0)

Applying the projection P to the eigervalue 1 of B we seethat @@—i(O)
for all i with Adg ; = i and that 9=(0) = 0 provided that ~ > 1. .

@ t(u )jt=0 + g‘@ext Thew ;O(U ; )J =0 -

1
o

3 Hopf bifur cation fr om rela tive equilibria

In this section we study transitions from relative equlibria to relative periodic
orbits in autonomous systems causedby Hopf bifurcation. For experimerts
on Hopf bifurcation from rotating waves{ the meanderingtransition { in the
Belousos-Zhabotinsky reaction see[26], [32], [27]. First we state a general
theorem for Hopf bifurcation from relative equilibria. The proof of the Hopf
theorem can be found in Subsection4.6. In Subsection 3.2 we explain the
drift phenomenacausedby resonancewhich were obsened in experiments. In
Subsection3.3 we discussequivariant Hopf bifurcation.

In the whole sectionwe assumethat the nonlinearity f in (1.3) is autonomous.
Sowe considerthe di erential equation

du

G- Autf( ) (3.1)
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In the applications we have in mind (3.1) is an autonomousreaction-di usion
system
%: iU+ fi(u ), = LM (3.2)

cf. (1.2).

3.1 The theorem on Hopf bifur cation

Let u be a relative equilibrium of (3.1) for = 0 satisfying Hypothesis (S).
We will show in Section4 below that Hypothesis(S) implies that qu is CX in
g. In this subsectionwe assumethat the isotropy K of the relativ e equilibrium
is trivial K = fidg or we exchangeG by N (K ), Y by Fix(K). We assumethat

i are eigervaluesof the linearizaton L = A + Df (u ) in the comoving
frame which are not only causedby symmetry, i.e., if Q is the spectral projection
of L to the i then there is somew 2 QY with w 2 alg(G)u . Furthermore
assumethat

ni2speclL );n22Z =) QY span(w;w) alg(G)u :
Let u ( ) bethe CX-smooth path of relative equilibria with
tU ()= epe (pu () Ku () uv)=0 i=1L:::;m; u@)=u:

Note that we canobtain the path of relative equilibria u ( ) nearu by applying
Theorem 2.3 with non-resonan period Tey. As beforethe functionals I, i =
1;::::m, determine a section'S; = u + & transversal to the group orbit of
the relative equilibrium u . We choosethe functionals I; sudc that I;(w) = 0,
i = 1;:::;m (e.g. by using the spectral projection of L to the symmetry
eigenvaluesto construct the functionals I;.).

Lemma 3.1 Under the above assumptionsthere is a C¥ -path ( ) of eigen-
valuesof the linearization

L()= A+DiQu () ()
suchthat (0) = i.

This lemmawill be proved in section 4.6 below.

We write = ( 1; 2) where ;1 2 Rand , 2 RP 1. If the transversality
condition
@ (0)
Re 60 3.3
@, (3.3)

holds then we can assumew.l.o.g. that ; = 0 parametrizesthe relative equi-
libria u () which are Hopf points.
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Theorem 3.2 Under the alove assumptionsthere are relative periodic orbits
u(s; 2), s 2 Ry smal, of relative period T(s; 2) near u to the parameter
1(s) satisfying

Ts)(U(s; 2):( 1(8); 2)) = g HU(S) 2) (3.4)

andu(0)=u, (0)=0,90)=¢€ ,T() =2 provida that the transver-
sality condition (3.3) is satised. For each small s a circle u;(s1;s2; 2),
S; = scos , sp=ssin , 2][0;2 ], of the relative periodic orbit to the param-
eter s lies in the section S; with corresmnding pull-back elementg(s1;s2; 2),
and we x the phaseby setting u(s; 2) = u(s;0; 2), a(s; 2) = a(s;0; 2),
suchthat @Qu(0) = Re w. The functions u;(s1;S2; 2), 1(S; 2), 9(s1;S2; 2),
T(s; 2)areCX Yins;;s;2Rand 22 RP 1 and (s; 2) andT(s; 2) only
depend on s = K(s1;s2)k and  ».

Theorem 3.2 is proved in section4.6 below. The Hopf bifurcation from relative
equilibria to relative periodic orbits is called relative Hopf bifurcation because
it is a Hopf bifurcation in the spaceof group orbits. Formally we can de ne a
semiow () on$ in acomaving frame by

()= gty ru () ) u() (3.5)

where g(u) is such that li( (fu u) = 0,i= L:m, ie.  Lu2S.
Under the above assumptions () undergoesa usual Hopf bifurcation with two
simple Hopf eigenvalues i and without any resonances.To seethis note that
the linearization €' of {(u) in the Hopf point u = 0is givenby C = P|L P,

Pralg(G)u = 0. Choosingli, i = 1;:::;m, sud that I;i( gy) is C! in g for
y 2 Y (which is possibleas we will seein Lemma 4.3 below) we seethat the
semiow ¢(u) is strongly cortinuous on Y. But it is only smooth in u if
the group action is smooth on ((u), t > 0, u 2 Y, which is not the casein
applications as we saw in the introduction, cf. subsection1.5.

Often we neednot usethe full symmetry G of (3.1) to prove the Hopf theorem.
The situation is analogousto the caseof periodic forcing of relative equilibria,
seesection2.1: If L doesnot have eigervaluesij, j 2 Z, forced by symmetry
then = 0 and we have an ordinary Hopf bifurcation from an equilibrium. If
[ ; ] haseigervaluesin iZ, then the corresponding (generalized) eigervectors
form a Lie subalgebra of alg(G). We call the group generated by this Lie
subalgebrathe minimal symmetry group for the Hopf bifurcation.

Example 3.3 Consider again the reaction-di usion system (3.2) on the do-
main = R2?. Then the symmetry group is G = E(2). Let u be a rigidly
rotating spiral wave (u )= ( _ oU of the reaction-di usion system(3.2).
The meanderingtransition mentioned in the intro duction correspondsto a rel-
ative Hopf bifurcation from the rotating wave u .
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3.2 Resonance drift and scaling of drift velocity

In this section we deal with resonart Hopf bifurcation. Again we assumethat
the isotropy K of the relative equilibrium u istrivial, K = fidg or we chooseY
asFix(K), G asN (K)=K. In the next subsectionwe will deal with equivariant
Hopf bifurcation where K 6 fidg. Let the assumptionsof Theorem 3.2 hold,
let againu be a Hopf point with Hopf eigervalues i, let again 2 RP and

let u () berelative equilibria satisfyinglij(u ( ) u)=0,i=1;:::;m, and
X
tU ()= epc (puC) ()= i ()
i=1
with u (0) = u, (0)= . Hereweagaindenoteby f ;; i = 1;:::;mga

basisof the Lie algebraalg(G) of G. We have
L ou=[; Ju; & u=Adep 2 ju=06""01)u; 2alg@G):

If exp() is not locally surjectivenear2  then there may be relative periodic
orbits bifurcating from the relative equilibrium with all averagedrift velocities
completely di erent from the drift velocity of the relative equilibrium at the
Hopf bifurcation. We talk of resonancedrift asintroducedin subsection2.2.

For resonancedrift to occur it is necessarythat the Hopf bifurcation is reso-
nant which meansthat the linearization L of the relative equilibrium in the
comoving frame has a symmetry eigervalue in iZ nf0g. In group-theoretical
terms, the linear map [; ] haseigenvaluesin iZ nf Og. Otherwise exp() would
be surjectivenear2  and the relative periodic orbits u(s) generatedby Hopf

bifurcation would drift with velocity (s) , cf. subsection2.2.
Let g = ¢( ) be an n-dimensional hyper-surfacein G, 2 RJ,j j 1sud
that g(0) =g = e 2 . Write g( ) = exp("( ))g where ~= ile(G) HEORr

i(0) = 0,i = 1;:::;dim(G), and assumethat (2.9) and (2.10) hold. As in
section 2.2 the hyper-surfaceg = ¢( ) may consist of elemeris with average
drift velocity far away from the drift velocity of the relative equilibrium.
Againlet = ( 1; 2)with 2R, ,2RP 1

Pr oposition 3.4 Let the assumptionsof Theorem 3.2 and the alove assump-
tions hold and let K = fidg. If @—@1 Re (0) 6 0 and if the matrix

@2(Im_ (()))J =0 Ji=n+1;:m (3.6)

has full rank then there are relative periodic orbits with average drift inside
the hypersurface g = ¢ ), more precisely: there are CX 1-smooth functions
ues; ), T(s; ), (s; ), (s; ) suchthat

T )(US ) = g (s pulss )
Here 2RY,d=p 1 (dm(G) n), (0)=0, u@©)=u.
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Pr oof . By Theorem 3.2 there are relative periodic orbits u(s; 2), g(s; 2),
T(s; 2) bifurcating from u ( )j ,=o.
We want to solve the equation g ) 'g(s; ) = id by the implicit function

theorem. SinceT (0; ») = lszz) we have
. 2 0 2) .
0; 2=l = 2 — i)l 2=
@,9(0; 2)j ,=0 @ e><|o(i:l m © 1) ) 2=0
xXn
= 2( @0 m@, (0 )g:
i=1

We needthat @. ,)&( ) '9(S; 2)(s:: ,)= :0:0) hasfull rank. Therefore the
matrix
f@, i (0) i 0@, Im (0)Gi=n+1;::;dim ()

hasto be invertible, that is, we needthat

f@z(lm (()))J =0 Oi=n+1 ;iin,dim (G)

has full rank. ]
Now we study the scalingbehaviour of the drift velocities. Let 2 R and write
the pull-back elemerts g(s) of the bifurcating relative periodic orbits u(s) as

ding (G)
g(s) = exp(T(s) (s))g; ()= i(s) i 3.7
i=1
Remark 3.5 Let[;; ]= 0. Then dd—s i(0)=0. In aj :1-resonane
[1+i2 [=0j(a+i2) j2N;
Wehave% i(0=0,i=12 "= 1:::;min(; k) 1
Pr oof . Dieren tiating
gé) Ts(U(s); (s)) u(s)=0
w.r.t. sin s= 0 gives
X
2 d0) ju + (€ 1)Rew=0:
i=1
Applying the spectral projection Py of L to the eigervalue O gives
xn
Po  0)iu =0:
i=1
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If [i; ]=0thenPyju = ju,so X0)= 0. Wehave

T(s)(Ui(S1582); (S)) = g (s1:52)UI(S1;S2) (3.8)

wheres; = scos , s; = ssin, 2 [0;2 ]. By Theorem 3.2 ui(s1;s2) and
gi(s1;sy) are CX l-smooth in s1;sy. We write gi(s1;S,) asin (3.7):

dig (G)
gi(s1;s2) = exp(T(s) i(s1;82))9 5 1(S1:82) = L (S1582) it
i=1

Sinceui(s1;82) 2 G t(s)=2 (u(s); (8)) there are C* I-functions §( ;s) 2 G,
"( :s) 2 alg(G) such that §( ;0) = id, "( ;0)= 0,

N N )(n N
g( ;s)=exp((;9); (;5)= i(:9)

i=1
and
Ur(S1;82) = g( :s) exp( T(s)=2 ) T(s)=2 (U(S); (9)): (3.9)
From (3.4), (3.8), (3.9) we concludethat
T(s T(s

0(s1:52) = 0019 exp( 2 )g(s) ep(—5 2 ol i9) -
Hence

gl () (s1382) = g ( 38) exp(T (s) Adexp( e (s)e Adg ().
We can choose G minimal sudh that Adg = id on alg(G). Therefore we

concludethat for ead i

i (S1582) 1= Adayp o) exp( 5 ) 109) 1

Sinceexp( )( 1+ i 2)=exp(ij ) 1+ i 2) weseethat
[1(S1582) 1+ 1 ;2(S1582) 2= (1+ sM(s)) exp(ij )( 1(s) 1+ 2(s) 2)

where M (s) 2 Mat(2) is a CX 2 smooth function. Therefore since ; (s1;s2),

i = 1;2, is CK l-smooth in s;, s, we conclude that ddT i(0 =0, " =

O;::;min(j; k) 1,i=1;2. "

Example 3.6 Again let G = E(2) and let u be a rotating wave ¢(u) =
(o tou of(3.1), e.g. arigidly rotating spiral wave of (3.2). Assumethat the
parameter spaceis two-dimensional, 2 R?, asin Fig. 3, and that parameters
are chosensud that the rotating wavesu ( ) which are Hopf points lie on the
line 1 = 0in parameter space.Note that i! ,, areeigervaluesof [; ] with
eigernvectors , i 3, cf. Example 2.1. Choosingthe hypersurfaceg = ¢( ) in
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Proposition 3.4 as the subgroup of translations we now understand Fig. 3: If
the rotation frequency!  is resonart to the Hopf frequency! ;¢ = 1,1 o =

j! Hopf 2 Z and the resonances crossedwith nonzerospeed@z(%)j =0 6
*rot

0 (which is generically satis ed) then there is a path (s) in parameter space
R? of modulated travelling waves (drifting spiral waves)

T(5(U(S); (8)) = (0ja(s) U(S):

From Remark 3.5 we seethat the drift velocity v(s) = ja(s)j=T(s) generically
scaleslikej j1 =2, see[4], [8].

3.3 Equiv ariant rela tive Hopf bifur cation

In this subsectionwe study relative Hopf bifurcation in the caseof a compact
isotropy K 6 fidg of the relative equilibrium u . We considerthe casewhen
the spatial isotropy K of the relative equilibrium is broken. If the bifurcating
solutions are relative periodic solutions and not relative equilibria we talk of
equivariant or symmetry-breaking relative Hopf bifurcation.

Assumethat the linearization L at the relative equilibrium u hasan eigen-
value i with a generalizedeigervector w 2 alg(G)u , i.e., the eigervalue i of
L is not (only) causedby symmetry. The generalizedeigenspaceo the Hopf
eigervalues i is K -invariant and may be forced by K -equivariance of L to
have higher dimensionthan two evenif i arenot eigervaluesof[; ]. see[11]].
Let again S, = u + & denotea sectiontransversalto the group orbit Gu at u

Since K is compact we can choose P, to be K -equivariant and P;Y = § to
be K -invariant: for example chooseP = Ps + Q where Ps is the projection
onto the stable eigenspaceof L and Q is an orthogonal projection from the
nite-dimensional certer-unstable eigenspaceE., to (alg(G)u )?. Since
commutes with the elemens of K the operator L = A+ Df (u) is K-
equivariant and therefore E, is invariant and Ps is K -equivariant. If we choose
the scalar-product on E, to be K -invariant then alsoQ is K -equivariant. De-
ne C = P/LP,. Denote the eigenspaceof C to the eigervalues i by V. In the
generic casewhen i is a simple eigervalue of C the matricese- , 2 [0;2 ],
de ne an St-actionon V.

We consider the subgroupsH of K S! with two-dimensional xed point
spaces. They are called axial subgroups[11]. Let :K S'! K bethe
projection of K S! onto its rst componernt. For eat axial subgroupH there
isahomomorphism :K ! S!= R=Zsudthat H=1f(h; ( h)jh2 (H)g,
see[11], [7]. There are two cases,( K) = St or ( K) = Z-. Let Ky denote
the kernelof . Then the following lemma holds:

Lemma 3.7 Let the assumptionsof Theorem 3.2 and the alove assumptions
hold. If ( K) = S? then there is a symmetry breaking transition from relative
equilibria to relative equilibria.
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If ( K)= Z then a symmetry breaking relative Hopf bifurcation takes place:
Leth = 1(1=") 2 K. There is a path of relative periodic solutions u(s)
which emanatesfrom the relative equilibrium u by equivariant relative Hopf
bifurcation and satis es

T9=(U(S) = gen U(s); T(O)=2;u()=u;g0)=¢& ~:
The isotropy of the bifurcating solutions is K = ker() in both cases.

The proof is a small modi cation of the proof of Theorem 3.2 and can be found
in subsection4.6, seealso[7]. Again the pull-back elemern g(s)h of the relative
periodic orbit u(s) hasto lie in N (Kpi). In the following discussionassume
that G = N (K pit ) =K .

In the caseof symmetry breaking Hopf bifurcation the averagevelocity of the
bifurcating relative periodic orbits is often far away from the drift velocity of
the relative equilibrium, aswe seefrom the following example.

Example 3.8 (Seealso [7], [10])) Again let G = E(2) and let u be a ro-
tating wave (u) = (o _ tou with isotropy K = Z-, for example a
rigidly rotating spiral wave of (3.2) with ~ identical arms. Consider a rep-
reseration of K on the critical eigenspaceV = span:(w;w) which is faith-
ful, i.e., 1(1=") = 2 n=", ged(;n) = 1. If the rotating wave is a Hopf
point then under the usual transversality condition and in the non-resonarn
casea Hopf bifurcation to modulated rotating waves takes place. The av-
eragerotation frequency! (o (S) of the bifurcating modulated rotating waves
isgivenas! ot (s) = (h + (8)=T(s)="). Note that h = 2 n=" and that
g(s) = ( (s);a(s)) satises g(0) = (! ,,:2 =;0). Hencewe get

Mot (8= 0)= (2 n="+ 142 =)=52 =)= n+1 g

But in physical spacethe bifurcating modulated rotating wavesin Example
3.8 still seemto drift in a similar direction asthe rotating wave u . So what
is a useful de nition of resonancedrift in the caseof symmetry-breaking Hopf
bifurcation? We rst cortinue our example:

Example 3.9 (Example 3.8 corntinued) We recall the condition for noncom-
pact drift of relative periodic orbits nearby the Hopf point in Example 3.8,
seealso [7], [10]. Sinceg(s) 2 N (Kpit) we can only get noncompact drift if
K pif K is trivial. Sowe consideragain, as above, a faithful represernation
of K on the critical eigenspaceV = span.(w;w), where  (1=") = 2 n=",
gcd(; n) = 1. Resonancedrift occursif ! ., =j° n,j 2 Z, sincefor noncom-
pactdrift (0)=2!,,=+2 n==0mod2 hasto be satis ed. Sincei!
is in the spectrum of [; ] with eigervectors ;1 + i , we seefrom Remark 3.5
that the drift velocity v(s) = ja(s)j=T(s) generically grows asj jii = M=2.

In the caseof noncompactdrift in the above examplewe clearly want to speak
of resonancedrift. Sincewe do not want to careabout the (small) e ects of the
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broken spatial Z- symmetry of the bifurcating relative periodic orbits in the
comoving system (3.5) we only talk of resonancewheneer the drift (g(s)h )’
of the relative periodic orbits after time T(s) is not of the form exp(2 ) with

. Note that a necessarycondition for resonancedrift is that exp() is
not locally surjectiveat = 2 , but sinceg(s) and h neednot commute (in
contrast to h and ) this condition is not su cien t: in Example 3.6 wherethe
isotropy is trivial the condition for unbounded drift is! , 2 Z, in the caseof
Z--isotropy the condition for noncompactdrift is more restrictiv e, seeExample
3.9.

4 Proof of the main theorems

This section is dewoted to the proof of the theorems on periodic forcing and
Hopf bifurcation which we preseried in Sections2 and 3. First, in subsections
4.1{ 4.4 we present a generalmethod how to continue relative periodic orbits
that satisfy the spectral hypothesis (S). In subsection4.5 we prove Theorem
2.3 on periodic forcing. In subsection4.6 below we usethe developed methods
to prove the Hopf theorem 3.2 by use of Lyapunov-Schmidt reduction.

4.1 The method of proof

Assume that we are given a relative periodic orbit u = L o 0(U)
of (2.1) that satis es the spectral hypothesis (S). We want to cortinue this
relative periodic orbit wrt. the parameters and! ¢, i.e., we want to solve
the equation F = 0 whereF is given by

1 o
cel ) = g Text oUilext; ) u |

FUgt e ) li(u u); i=2L::5m (4.1)

We consider(4.1) for u in the xed point spaceFix(K) whereK is the isotropy

of the relative periodic orbit. W.l.o.g. we assumethat Y = Fix(K) and

section transversalto the group orbit Gu at u . We will shav in Lemma 4.5
below that hypothesis(S) implies that gu is C! in g sothat it makessenseto
talk about a transversesectionto Gu . We can not solve (4.1) by the ordinary
implicit function theorem becausein generalF (u; g;! ext; ) is only corntinuous
in g. This comesfrom the fact that the G-action is only strongly cortinuous
and the Lie algebraelemens 2 alg(G) act in generalasunbounded operators
on Y. Furthermore, the time-evolution doesnot smoothen the group action,
that is, ¢ T..;0(U) is not dierentiable in g in general. This is due to the
fact that the operators 2 alg(G) are not assumedto be boundedw.r.t. A (in
the caseof the reaction-di usion system(1.1) the operator @@ is not bounded

w.r.t. , seeProposition 1.2). Therefore the operator %(u;g;! ext; ) IS in
generalnot corntinuous in g with respect to the norm k ki (v). We overcome
thesedi culties as follows:
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We will solvethe xed point equation
Y= (¥ia8 ex: )= @ P) g 10+ Gled: ); 4.2)

y2 (1 P)Y,q2PY, by Banach's contraction mapping theorem. Here P is
a projector which is near the projection P onto the certer-unstable eigenspace
Ecwof B = D Tee :0(U ) in the L(Y)-norm. Furthermore we will show that
the solution y(q; 0;! ext; ) Of this xed point equation depends smoothly on
the parameters(q; g;! ext; ) and that the G-action on the solutions is smooth.
Then we solve the reduced equation Feq = O

P g Tooo(G G e )+ Glexs ) @
F O | : - g ext y Yy - oexty ’ .eth
ed (GG et ) i(Y(a Gt ea; )+ g U)=0; i=1::5;m
by the implicit function theorem. In this way we can solve (4.1).

For j > 1, de ne inductively
Yy =fu2Y; 1; u2Y, ;forany 2alg(G)g; Yo=Y; (4.4)
equipped with the graph norm j jy, given by

jquj = jquj . T sup J quj 1
2alg(G);j j=1

Let Y? be the dual spaceto Y and de ne
Zg:=1y?2Y? Zy’isC%in gg;

where ; denotesthe adjoint operator of 4 in Y?. Forj > 1, we de ne the
spacest with norm j jzj? for the adjoint group action asin (4.4) with Yq
replacedby Z§.

In the following we will often usethat P 4 and ¢P are continuousin g with
respect to the norm k Kk (yvy. For the secondoperator this is clear since 4
is strongly continuousin g and PY is nite-dimensional. The operator P g is
continuousin g with respect to the norm k k. (vy i jP? is cortinuous with
respect to the norm k k_(y») where P? is the spectral projection in Y? onto

the left cernter-unstable eigenspaceof L .
Lemma 4.1 P? mapsY”? into Z;.

If the group G acts strongly contin uously on the dual space,for examplein the
caseG = E(2) acting on Y = L?(R?,RM), then Lemma 4.1 is automatically
satis ed. Therefore we will skip the proof which is elemenary, but technical
and can be found in [23, Lemmata 5.1,5.2].
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Remark 4.2 If wereplae the assumptionof a C%-action of G by the assump-
tion that 4u is continuous in g and the group action is weakly continuous
then the theoremsin sections 2, 3 still hold.

This is dueto the fact that PY  Yj is still satis ed, see[23, Lemmata 5.1,5.2]

and we can therefore restrict the problem onto Y.

Since  t1,(U) = D t1,(u) u weseethat +t, mapsY: into Yi. Inductively

we seethat the time-evolution ¢, mapsead Y;j, j k, into itself. Further
tto IS CX J-smooth from Y; into Y;.

Now we needthe following lemma:

Lemma 4.3 Y; is densein Yo, and Z] is densein Z(')-’. Moreover, G acts as
CO-grouponY;, Z7.

The proof can be found in [23, Lemma 4.1]. If dim(G) = 1 this is usual
semigrouptheory. From this lemma we can deduce

Lemma 4.4 There is a projector P near P suchthat 4P and P 4 are CX in
g

This was shown in [23, Lemma 5.3]. The idea is the following: let g, i =

P?Y. Then by the foregoinglemmawe can nd & 2 Yy, & 2 Z? which are
near g rsp. € in the Y-norm rsp. Y?-norm. From these vectors &, & we
"puild" the projection P.

4.3 Regularity of the rela tive periodic orbit

Now we need the following main lemma which will inductively yield Ck-
regularity of Gu and 4P, P g:

Lemma 4.5 If Hypothesis(S) is satised thenu 2 Y;.

Pr oof . For a proof involving exponertial dichotomies see[23]. Here we will

give a more elemenary proof.

In a rst stepwe de ne aformal expressionfor u, 2 algG, andin a second
step we will show that u exists and indeed equalsthis expression.

Let P be a projector near P such that 4P andP 4 are C!in gin the operator
normonY anddenote = 0. Sinceu =  *(u)and 1=  1Adg

g
we have

u = gl(Adg J(u)= ng(U)(Adg Ju =B (Adg )u
whereB = D ( u ) and sowe formally get
z( ) = Bsz(Adg )+ (): (4.5)
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Here
z():=@ P)u; Bs:=(1 P)B; ()=BsP(Ady )u:

Note that z( ) and () are linear in . Since P is near P and since the
spectral radius of (1 P)B is smaller than one alsothe spectral radius of Bs

hypothesis the operator Adg : alg(G) ! alg(G) has spectrum on the unit
circle. Let (Adg4 );j bethe matrix assaiated to the operator Adg with respect

to the basisf ;i = 1;:::;mg of alg(G). We can de ne Ady as operator in
Y™=Y ::: Y by setting

Xn .
Adg (z1;::5;Zm) = (S1;::5:Sm); Si = (Adg )iz, z2Y; i=1:::;m:

i=1
Also the operator Bs can be extendedto an operator on Y™ by de ning
Bs(z1;:::;zZm) = (Bsz1;:::;Bszm); z2Y; i=1;::;m:

Hencethe operator BsAdy = Adg Bs on Y™ has also spectral radius smaller
than one. Changing = 1, .0t0 -1, .0 andaccordinglyB to (B ) and
g to (g ) with ° large enoughwe can achieve that kBskkAdg k< 1. W.l.o.g.
we assumethat *~ = 1. We rewrite (4.5) as

(1 BsAdg)z= ; z=(z;:i5zZm); = (1005 m) (4.6)
where ; = (), i = 1;:::;m, are well-de ned since P g is Clin gin the
operator norm. The system of equations (4.6) can be solved uniquely for z; =
z( i), i=1;:::;m. Sowehaveprovedthat ju = z+ Piu formally existsfor
all j,i=1;:::;m, and henceby linear combination we get for eadh 2 alg(G)

a formal expressionz( ) + P u which we know equals u if u 2 Y.
To show that the formal expressionz( ) is indeed (1 P) u we argue as
follows. Let z( ;t) = (1 P)( exp( yU U ). We have

z( ;t) %(1 lﬂ)( exp( t) gl(u) gl(u)) 4.7)
Bs()z(Adg )+ (1) '

where
Bs():=(1 P) gD (u + () expag, nu U))

with 0 (t) 21and

1
(:t)= ?Bs(t)ﬁ( exp(ad, U U )
Here we applied the meanvalue theorem. Let ,( ;t) = z( ;t) z( ). Then
2( ;1) = Bs(t) 2(Adg )+ (1) (4.8)
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where
(;t)=(Bs(t) Bs)z( )+ () ()

corvergesto zeroast! 0. Let

)= sup () ()= sup ()

kk 1;)jt kk 1;)jt
P m = P m H
Herek k= ( 1, A¥2for = 1, i iisanormonalgG. Wede ne Bs(t)
like Bs as operator from Y™ into Y™. SinceBs(t) is continuousin t in the
L(Y)-norm and kBskkAdgy k < 1 we get kBs(t)kkAdg k = ¢ < 1 for t small
enough.

From (4.8) we get
2(t)  cz(kAdg kt) + (1) (4.9)

with  (t)! Oast! 0. Herewe usedthat

1
zZ(Adg ;t) Z(ngAdg ;kAdg kt)kAdg k;
1
z(Addg ) = Z(ngAdg YkAdg k
and that therefore
1
2(Adg ;t) = Z(ikAdg kAdg ykAdy kt)kAdg k

and consequetly

sup (Adg ;t) kAdg k sup .( ;kAdg kt):
k k 1 k k 1

From (4.9) we concludethat
\ Lo XE 4
2(t) ¢ z(kAdg kt)+ ¢ (kAdg K't);
i=0

and hencethat .
1 ¢

(t=kAdg k') (t)+c L(t):

Choosingt small enoughand ° large enoughwe seethat ,(t)! Oast! O.

4.4 Contra ctions on a scale of Banach spaces

We rst shov (Lemma 4.6) that  is a contraction in (1 P)Y for some
* 2 N. Afterwards, in Lemma 4.7, we show that we can apply the contraction

guaranteesthat the solution we obtained depends smoothly on parameters.
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Lemma 4.6 Let u be a relative periodic orbit of (1.3) to the parameters

(! exes ) full ling the spectral condition (S). Let P be a projection which is

L(Y)-near P. Let (g;!ext; ) benear (g ;!e:; ) andlet (y+ g be near

(y +q)intheY-normwithy ;y2 (1 P)Y,qq 2PY,q+y =u. Then
satis es

k%(y;q;g;!ext; )k c< 1

where ~ 2 N is su ciently large.

Pr oof of Lemma 4.6. Againlet B = ng Tee :0(U ). We have k(B (1
P)) k MC’,C< 1. Let 2 N be solarge that for g in a neighborhood Ug
ofid in G

k@ P) 4B )@ P)k k(I P)kMGCM <L

Here we used phat for g 2 Ug there is a uniform bound Mg of k gk. Then
(1 P)g¢(B )@ P)isauniform cortraction for g2 Us. We have

. Y1 _ Y1
Dy (= D( '= @ P)g'D; 1o0(d+ 2iz= 1y
i=0 i=0
Sincey is neary , qis nearq and gis nearg we know that '(y) y and
that
g Dy Te :0(Wlu=g+ 1 (y) g ' o B

in the operator norm. SinceP is near P in the k ki (y)-norm we concludethat

\ &
Dy (y) 1 P)g:i B (1 P)
i=0
in the norm on L(Y). Further we compute

( g lg B )2 = g 1Dy Text§o(u ) g g B gl glg Dy Text ;O(U )B
= g 2(g )Z(B )2:

Similarly we get \ \

(g1gB) g (9)(B):
Since 4P and P 4 are cortinuousin g in the operator norm we concludethat
Dy (y)isnear(l P) 4 (gy(B ) (1 P)forgnearg,yneary,h gnearq
in the operator norm. Hence %(y; 0;0;! ext; ) IS a contraction if we choose
(Y+ 0l ext; )near(y + ;9 ;! o; ) (herewemeasurey y,q q in
the Y -norm). ) "
Now we show that is a cortraction on the scale of Banach spaces
f(1 P)Yjg=0..x 1forsome’ = (k)2 N.
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Lemma 4.7 Let u be a relative periodic orbit of (1.3) to the parameters
(' ots ) full ling Hypothesis(S). If f is Ck-smaoth, k 2 N, then we have:

() u 2 Y.

@i BY Y. (B )’z Z7, and spec®;) specB ), j = Lk
1, wher B; is the operator B considered as map from Y; into itself.
Further, P 2 L(Y;Yk 1), P72 L(Y?%;Z] ).

(i) u satis es Hypothesis(S) oneachY;, 0 j k 1

(iv) LetP be L(Y; Yk 1)-near P. If © = "(k) 2 N is largeenoughthen the func-
tion y ! (Y;0,0;! ext; ) from (4.2) is a uniform contraction on each
Yj,0 J k Llfory+qYj-nearu and(g;!ex; ) near (g ;!ea: )

(v) Let P be asin (iv) and assumethat 4P and P 4 are CX-smaoth in
the L(Y)-norm. Then there is a locally unique solution y(q; g;! ext; ) 2
(1 P)Y of (4.2) whichis continuous in (0, ;! ext; ) With respect to the
norm k Ky, .

Part (i) of this lemma can also be found in [23].

Pr oof of Lemma 4.7. Supposethat u 2 Y; for somej with j 1,j < k.
Since ¢, is atime-evolution on ead Y; and G acts as C%-group on each Y
w.r.t. the Yj-norm by Lemma 4.3 we know that B 2 L(Y;), i j. We have

(B )=(B  )Adg +V();

with
V()= @ 1eco(u)Adg Ju 2L(Y; o)
Let 2 CnspecB ) lie in the resolvent setof B . Then we get

Adg B ) '=(@® )*' (B )W()XB ) (410

Let B; be the operator B consideredas element of L(Yj). From (4.10) we
deducethat spec®;) spec®; ;) ::: specBy). Let be the spectral
set of the certer-unstable eigervaluesof B . Then

I
1

2 i around

P ( B) d: (4.11)
From (4.11) we seethat P mapsY; into itself if u 2 Y;. SinceY; is densein Y
by iterativ e application of Lemma4.3wecan nd w; 2 Y;,i = 1;:::dim(PY),
suchthat Pw;, i = 1;:::dim(PY), spanPY. HencePY Y. Since u 2 PY,
2 alg(G), weinferu 2 Yj41 .
According to Lemma 4.5 we haveu 2 Y; if k 1. Henceby induction we
obtain
u 2Ye,. PY Yy 1:
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By computing the adjoints on both sidesof equation (4.10) we seethat B ?Zj?
Z?,0 j k 1. Analogously as above we obtain P?Y?  Z? ;. Using (i)
and (i) we concludethat u satis es condition (S) onead Y;,j k 1.

To prove (iv) we apply Lemma 4.6 on ead Y;, ] k 1. Applying the
contraction principle onead Y;,j k 1, we obtain solutionsy; (q; ;! ext; )
of y = (y) which are corntinuous in the parametersand locally unique in Yi
and therefore solutions of (4.2). Since; Y for all j the solutions are the
samesolution y(q;g;! ext; ). Sincewith y = y(q;0;! ext; ) also '(y), i 2 Z,
are solutions of y = " (y) and the solution is locally uniqute we know that
y(Q; 0;! ext; ) is a solution of (4.2).

In the sameway asin Lemma 4.5 we can show that y = y(9;g;! ext; ) 2 Yk:
Fromy = ( y) we formally getthe identity

z( )= Bsz(Adg )+ ()
onYy 1 wherez( )= (1 P) y(g!ex; ). Bs=D( g+y)1 P)and

() = @ P)YP ! 0ly+q
+1  P) 4D 1 0(y+ A(PAdg y+Adg 0

The operator ( ) is well-de ned for all y 2 Y and maps into Yy 1 because
glﬁ and P g are CX-smooth in the L(Y)-norm. SinceBs has spectral radius

In the sameway asin the proof of Lemma 4.5 we can now show that the formal

derivativez( ) + P y(0;0;! ext; ) is indeedthe derivative y(q; ;! ext; ). We
infer that y(q; 0;! ext; ) iS continuousin its parametersin the norm of Y. =
In order to show that the solutions really depend C*-smoothly on their param-
eters we will usea contraction mapping theorem on a scaleof Banach spaces.
This idea has frequertly beenusedin the literature, for exampleit is usedto

prove the smoothnessof certer manifolds (Vanderbauwvhede & Van Gils [30],

Vanderbauvhede & looss[29)). Renardy [19] proved a generalizedimplicit

function theorem on a scaleof Banadh spacesf Yjgo ; «; he required that the
derivativ e of the nonlinear equation to be solved evaluated at the starting solu-
tion dependscontinuously on the parameter with respectto the norm k ki v, .
As in [30] we will assumethat the derivative is a contraction. Hard implicit

function theoremscan be found in Nirenberg[17]. We will employ the following
theorem which is stated in generalform in [30] for k = 1.

Theorem 4.8 LetY = Yo Y3 it Yx, k1, be a sale of Banach
spaceswith norms k ky,, j  k, andlet Y; be continuously embkedded in Y;j ;.
Let(u; )! ( u; ) beanonlinear map from someopensetU Y RP into
Y. Assumethe following:

() mapsU; == (Y; RP)\ Uinto Y; and is C J-smaooth from U- to
Yi, s 72No, kK ° j 0.
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(i) (;uwyiiwg)! @(ﬁ@ (u; )wg;::iz;w) is continuous as map from
U (Yi) into L (RP;Y; +), fori;j; "2 No, > i Kk, j+  k, wher

LO(Rp;Yi) =Y.

(i) ( ; ) is auniform contraction as map from U; into Y;, 0 j k 1,
with contraction constant c < 1.

Then

a) there is a unique solution u( ) 2 Yy 1to (u; )= uandu()isa
C* l-function of with respect to the norm k ky.

b) If we require in addition
(iv) u( ) is continuous in the norm k ky,

then u( ) is a CK-function of  with resgct to the norm k Ky .

Pr oof . We canapply Banadh's xed point theoremonead Y;,0 j k 1,
and sinceY; Y for 0 | k the solutions are all equalto u( ). Under
assumptions (i){(iii) we can formally compute the rst (k 1) derivatives of
u( ) consideredas lying in Y, if we assumehypotheses(i){(iv) then we can
even compute the formal k-th derivative of u( ) consideredaslying in Y. It
remains to be shown that the formal derivativesare indeed the derivatives of
u( ). For k = 1 the proof can be found in [30]. The rest is induction over
k. Sincethis theorem is the main technical tool of our results we presert the
whole proof of the theorem.

1. Step. We rst show that the solution u( ) is a Ct-function of with respect
to the norm of Y. Assumingthat u( ) is C° in in the Y;i-norm the formal
derivative () is given by the equation

() @)(u() ) ()=(@) U u=u():

Sincek(@ )( u( ); )kiryy €< 1 this equation can be solved uniquely for
() 2 Y. Furthermore, dueto our assumption, ( ) 2 Y dependscortinuously

on . We considera xed . In orderto provethat ( )= @u( ) we haveto
show that

ku( +~ u() ( )*ky = of~): (4.12)
Multiplying

uC +~ uC) ()~ = uC +~ u()
~1 (@) u( ) ) M@ u; Jiu=u( )

by 1 (@)( u(); )) we seethat (4.12) is equivalent to k (&; ~)ky = o(~)
wheresr=u( + ~ u( )and

()= (u( +~); +~ (u() ) @)(u() e (@) uC) )~
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We can estimate

k (& ~)ky k(u(C +-~); +~)  (u( +-~);) (@) u(); )~ky
+k(u(C +-); ) (uC) ) (@)(u(); )uky
= k(@) u( +~); )~ (@) u(); )ky
+ o(keky ) + o ~)
o(~) + o(keky):
(4.13)

Here we usedthat u( ) is a C°-function of with respect to the norm k Ky, .
This follows from Banach's cortraction mapping theorem applied onto Y; or,
if k = 1, from the additional assumption (iv). It holds

(5)=@Q @) u();, N (@) u( ), )~

Hence
1

(6 + ofkeky)):

Kok T—((@)( U( )i eyi+ K (8 k)

Thus, we obtain kuky ¢j~ for j~ small. From (4.13) we conclude that
k (& ~)ky = o(~). Henceu( ) is a Ct-function of with respect to the norm
k ky.
2. Step . To shaw that u( ) is a C'-function of , i > 1, we proceedby induc-
tion. If the theoremholdsfor k = (j 1),j 2,and satis es assumptions
@) {(iii) of the theorem with k = j then by the contraction principle applied
onY; 1 the function u( ) is cortinuousin  with respectto the norm k ky, ,.
Henceby part b) of the theoremfor k = (j 1) we concludethat u( )isCl ?-
smooth in  when consideredaslying in Y. This provespart a) of the theorem
for k = j. Now we cometo part b). If satis es assumptions(i){(iv) of the
theorem for k = j then u( ) isa C! *-function of in the Y-norm and u( )
isaCl -function of with respectto the normk ky.,j ° 1. Therefore
we can apply part b) of the theorem with k = (j 1) onto the di eren tiated
equation

@ @) u(); Nau( )= (@) u; Jju=u():

and concludethat @u( ) isa C! -function of and that u is a C! -function
of with respect to the norm k ky. "

45 Proof of the theorems on periodic for cing

We prove Theorem 2.3 by applying Theorem 4.8 onto (4.2) with =
(9;0;! ext; ) and with the hierarchy Y; of Banach spacesde ned by

Y, =@ P)Y;; Y, givenby (44); 0 j k:

As before P is a projection which is L(Y; Y, 1)-near the spectral projection P
onto the certer-unstable eigenspacend such that P g and gl‘3 are CX-smooth
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in g in the L(Y)-norm. We considerthe xed point equationy =  (y) with
> solarge that D ~ is a contraction on ead Yi, 0 ] k 1,k 2 N.
Becauseof Lemma 4.7 all assumptionsof Theorem 4.8 are satis ed. So there
is a locally unique solution y(g; ;! ext; ) 2 Yx of (y) = Y if (0,G;! ext; ) iS
near (q ;9 ;! eq; ) satisfyingy(q:9:'eq: )=y andy(qg! ex; )isa
CKk I -function of (0; g;! ext; ) With respect to the norm k Ky;, 0 |j k. As
in the proof of Lemma 4.7 we can arguethat y(q; 0;! ext; ) is alsoa solution of
(4.2) sincewith y = y(q;g;! ext; ) also '(y), i 2 Z, aresolutionsof (y) =y
and sincethe solution of y = (y) is locally unique.
The reduced equation (4.3) is Ck 1-smooth in its variablesif y(q; g;! ext; ) iS
consideredas lying in Yj. Solving the reduced equation by the ordinary im-
plicit function theorem we obtain relative periodic orbits 1_, .o(U(! ext; )) =
90 ex: YU ext; ) of (1.3) to the parameters ! o, with (! ext; ) near
("ot ). Here g(! ext; ) is Ck-smooth in (! ext; ) and u(! exr; ) depends
C* J-smoothly on (! ext; ) When consideredaslying in Y;.
Proposition 2.17 is proved along the samelines.

4.6 Proof of the resul ts on Hopf bifur cation by use of Lyapuno v-
Schmidt-reduction

In this sectionwe will prove Theorem 3.2 on Hopf bifurcation and Proposition
3.7 on equivariant Hopf bifurcation by Lyapunov-Schmidt-reduction. First we
will prove Lemma 3.1 on the eigervalue path ( ).

46.1 Proof of Lemma 3.1

Let P be the projection onto the certer-unstable eigenspaceof u . By Lemma
4.7 we have P 2 L(Y;Yx 1) and P? 2 L(Y?Z? ;) with the hierarchy of
Banadh spacesf Yjgo ; « de ned by (4.4).

Let u satisfy Hypothesis(S) andlet u ( ) 2 S;, small, be the CX-smooth
manifold of relative equilibria of (1.3) suc that u (0) = u (cf. Section 3.1).
We will show:

Lemma 4.9 If the alove assumptionshold then u ( ) satis es Hypothesis(S)
and the center-unstablespectral projection P of L can be continued to a spectral
projection P( ) of L () suchthat P( )is C* Yin in the space L(Y).

Proof. Let B( ) = ep( ()yD t(u (), ) be the linearization at the
relative equilibrium u ( ) in the comoving frame and chooset so large that
k(1 P)B( )k c< 1lforsmall .Let 2C,j j> c. DuetoLemmad4.7the
equation

y=1@ PYB()y w+(B() )a q2PY:w2Y ;

can be solved to get a solution y(q; ; ) for  small enough. By Theorem 4.8
the solution y(q; ; ) isCk 1 in in the norm k Ky, . Now we solve the
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equation
PB() y(ag; )+d=Pw
by the implicit function theorem. We concludethat (B( ) ) 'wisCk i 1

in in the spaceY;. Let denotethe certer-unstable spectral set of B (0) and
denote I
1 14 -
P()= 5~ ( B()) "d:
I around
SinceP 2 L(Y; Y« 1) we know that 4P ( )P is Ck l-smooth in (g; ) in the
spaceL (Y). SinceP? 2 L(Y?;Z/ ;) we canapply the sameargumerts on the
dual spacewhich yields that P?( )P? is C* ' in (g; ) in the spacelL(Y).
The operator P( ) is a linear combination of the operators P ?( )e’; iP( )e

quertly 4P( )andP( ) gareCk lin (g; ) in the spaceL(Y). "
Let () bethe semiow on & in a comoving frame

(U )= gty turu()) u()
whereu 2 § is Yi-near u , and g(u) is such that g(t)u 2 S, seealso (3.5).
Let D ((0;0) = €' and denote by P, the projection onto the space$ suc

that P, alg(G)u = 0. ThenC = PL P,.
Similarly denoteD (0; )= €t ThenC( )= P/( )L ( )P/( ) where

X0
P(C)y=y i( )y)iu ()

i=1

and ()2 Y? aresud that |;(y P () iu () =0,i=1L:m.
By the above Lemma4.9P;( )isCK 1in in the spacelL (Y) and the operator
C( )P( )isCK Yin in the spaceL(Y). Sothe simple eigervalue (0) = i
of C can be cortinued to a Ck ! smooth path of eigervalues () of C( ) with
Ck 1 smooth path of eigervectors w( ). Note that ( ) is an eigervalue of
L( ) aswell

4.6.2 Proof of Theorem 3.2

We will study the solutions of the equation

0=F(u;gT; ):= (4.14)
wherel; 2 Y? and the conditions Ij(u u )= 0,i = 1;:::;m, de ne a section
transverselyto the G-orbit of u . Later on, wewill needan additional condition
to take care of the time-shift symmetry of the relativ e periodic orbits which we
want to nd. The map F is smooth in u, , T for T > 0, but only cortinuous
in g. Further @F (u;g;T; ) is not continuousin g with respect to the norm
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k ki ¢v). Sowe can not usethe usual Lyapunov-Schmidt-reduction to solve
equation (4.14), but (4.14) ts into the setting which wetreated in the preceding
subsections,and we will usethe techniques developed in these subsectionsto
solve (4.14).

We can nd a projector P which is near P in the norm of L(Y; Yk 1) and such
that glﬂ and P g are Ck-smooth in g in the norm of L(Y). Considerthe xed

point equation

y=(viggT; )=@1 P) ' t(y+q )

with y2 (1 P)Y, g2 PY, on the scaleof Banach spacesY;, 0 | k. This
xed point equation equals(4.2) from Section 4 with Ty replacedby T and

() autonomous. Sowe get a solution y(q; g; T; ) of the xed point equation
which is C¥ J-smooth in its parametersin the Y, -norm. Now we are ready to
solve the reducedequation Freq (q; 9; T; ) = 0 with Freq given by

1 + N T . e~ T
Frea (0 T; ) = E(u 9 u ;;(qi :y(lqu ) oa @t )
(4.15)
The map Feq is CK 1 -smooth in its variables when consideredas map from Yi
into Y;j. The rest of the proof is standard, see[6]:
Let w be the eigervector of L to the eigervaluei. Let hw?; i belongto the left
eigenspaceof L to the eigervalue i such that

Hm w?; Im wi

HRew?; Rewi =1
Hmw?:Rewi = 0

FRew?; Im wi (4.16)

is satised and hw?;algGu i = 0,i= 1:::m.
Let
1 Z2
(@G T )= o MRew”; i @ Y L (y@gT; )+q u () )dti

where  is the semiow in a comoving frame as de ned in (3.5). We rst
computeq= q(s;T; )andg= g(s;T; ) asfunctions of s, T and by solving

Frea hReW’;Freqi Rew Hmw?’;Fregi Imw = 0

and z,

Amw?: . et v (G gT; )+qg u () )dti=o0

The last condition xes the time-shift. Now we still have to solve the Ck-
function F : R3! R2, (s;T; )! F(s;T; ) givenby

Hmw?; Frea(a(s;T; );0(s;T; );T; )i

FET 2 Rew Frgla(siT: )ig(siT: )T )i

=0:
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Obviously F(0;T; ) =0, @, yF(0;2 ;0)= 0. Wede ne
1
Fis(siT; )= SF(ST ):

Since

1

lim =F(s;T; )= @F.s(0;T; )

st 0S
and @F (0;2 ;0) = OwehaveF.s (0;2 ;0) = 0. Furthermore @ F.s (0;T; )=
@@F(O;T; )and @Fs (0;T; )= @@F(O;T; ), since@r, yF(O;T; )= 0.
Lemma 4.10 Under the assumptionsof Theorem 3.2 the derivative

@r. yFis (0;2 ;0)

of Fis in (s;T; )= (0;2 ;0) hasfull rank.

Pr oof of Lemma 4.10. We have

hmw?; @r. y@ > (0;0)Rewi

@r, )Fis(0;2 ;0)= FRew?; @r. y@ 2 (0;0) Rewi (4.17)

We invoke the following lemma which is the adaption of a lemmain Crandall
& Rabinowitz [6] to our setting.

Lemma 4.11 Let assumptions(i){(iii) of Theorem 3.2 hold. Then

Rew’”; @@ 2 (0;0)Rewi
Hmw?; @@ » (0;0)Rewi

2 ReZ(0);

2 Im %(0); (4.18)

where hw?; i is the left eigenvetor of C to the eigenvaluei which satis es
(4.16).

We have
@@ » (0;0)Rew= Ce?2 Rew= Imw:

Using Lemma 4.11 and condition (iv) we concludethat @. yFis (0;2 ;0) has
full rank. "
Becauseof Lemma 4.10we can apply the ordinary implicit function theoremto
obtain solutionsu(s; 2) :=u ( (s; 2)+2z(s; 2),9(s; 2), T(S; 2), (s; 2)=
( 1(s; 2); 2) of (4.14) which are relative periodic orbits with 1i(z(s; 2)) =
0,i = 1;:::;m. Here (s; 2), o(s; 2), T(s; »2) are CX l-smooth in s; ».
Moreover, z(s; ») is CX -smooth in the k ky-norm and CK | l-smooth in
the k ky;-norm, 1 j k 1.

We have z( S; 2) = 1 2 (2(S; 2); (S5 2)). Since (s; 2), T(s; 2) do
not depend on the time-shh%t, they are evenin s.

The solutions u(s) = u ( (s)) + z(s), 9g(s), T(s), (s) of (4.14) which we
obtained above (for conveniencewe ignore the ,-dependenceof the solutions
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in the notation) depend C* -smoothly on the choseneigervector of C to the
eigervalue i. We can also considerz 2 Y, g, T;, | asCK l-smooth functions
of (s1 + isp)w wheres;; s, 2 R and w is the originally choseneigervector of C
to i. As before, z/(s1;sz) is Ck 1 l-smooth in the Yj-norm, 1 j < k. We
have z(s) = z(s;;0) and

Z,

g = Rew’ +ilmw?; €@ Ve (2(s); (s))dti:
0 2

Obviously (s) = ((s1;S2), T(s) = Ti(s1;S2) only depend on s = K(sz; S2)k,

z1(S1;52) = 15 (2(S); (s)); where s; = scos; sz = Ssin ;
2

and u(s1;82) = u ( (8)) + z(s1;2). ]

4.6.3 Equiv ariant Hopf bifur cation

In this subsectionwe prove Lemma 3.7, seealso section 3.3. If the isotropy
K of the relative equilibrium u is non-trivial it may happen that forced by
symmetry the eigenspaceof the K -equivariant matrix C to the Hopf eigervalue
i has dimension higher than 2. Then the assumptionsof Theorem 3.2 are not
satis ed any more.

transversalto the group orbit Gu in u such that & is K -invariant and that
P, is K -equivariant, seesubsection3.3. Here mx = dim(G=K).
If ( K)= Z then we solve the equation

1 .
F(ugT, )= |i((%h )u );TEU:' ]?;:::JmK 0 (4.19)

on Fix(Kp) whereT 2 =, g e~ , the group H is generatedby h 2 K
and K¢ = ker() is axial. By our assumptionsDF,(u e 2 =7, 0)jg, has
a two-dimensionalkernel and therefore (4.19) can be solved by the methods of
subsection4.6.2.

If ( K)= S!wesolve

1 .
FugT; )= ge9( D () u

|(U u ), i = 1;:::mK 0 (420)

on Fix(Kpi ). In this casethe axial group H is generatedby 2 alg(K) and
Kpif = ker(). WechooseT sudhthat ( , €7 1)ig, hasatwo-dimensional

kernel. This is possiblebecausethe number of certer eigervaluesof C is nite.
Then we can proceedas before. "

Document a Mathema tica 5 (2000) 227{274



272 Cla udia Wulff
References

[1] P. Ashwin and I. Melbourne. Noncompact drift for relative equilibria and
relative periodic orbits. Nonlinearity, 10:595{ 616, 1997.

[2] P. Ashwin, I. Melbourne and M. Nicol. Drift bifurcations of relative equi-
libria and transitions of spiral waves. Nonlinearity,, 12:741{755,1999.

[3] D. Barkley. Linear stability analysis of rotating spiral wavesin excitable
media. Phys. Rev. Lett., 68(13):2090{2093,1992.

[4] D. Barkley. Euclidean symmetry and the dynamicsof rotating spiral waves.
Phys. Rev. Lett., 72:164{167,1994.

[5] M. Braune and H. Engel. Compound rotation of spiral wavesin a light-
sensitive Belousor-Zhabotinsky medium. Chem. Phys. Lett., 204(3,4):257{
264,1993.

[6] M. Crandall and P. Rabinowitz. The Hopf bifurcation theoremin in nite
dimensions. Arch. Rat. Mech. Anal., 67:53{72,1977.

[7] B. Fiedler, B. Sandstede A. Scheel,and C. Wul . Bifurcation from relative
equilibria to non-compact group actions: Skew products, meanders,and
drifts. Doc. Math. J. DMV, 1:479{ 505, 1996.

[8] B. Fiedler, D. Turaev. Normal forms, resonances,and meandering tip
motions near relative equilibria of Euclidean group actions. Arch. Rat.
Mech. Anal., 145:129{ 159, 1998.

[9] M.J. Field, Local structure for equivariant dynamics, Singularity Theory
and its Applications, Part Il (M. Roberts and I. Stewart, eds.), Lecture
Notesin Math., vol. 1463, Springer, New York, 1991, pp. 142{166.

[10] M. Golubitsky, V. LeBlanc, and I. Melbourne. Meandering of the spiral
tip { an alternative approach. J. Nonl. Sc., 7:557{586,1997.

[11] M. Golubitsky, I. Stewart, and D. Schae er. Singularities and Groups
in Bifur cation Theory, Vol. I, Applied Mathematical Sciences,vol. 69,
Springer, Berlin, 1988.

[12] F. P. Greenleaf. Invariant Means on Topological Groups Number 16 in
Van Nostrand Mathematical Studies. American Book Comparny, U.S.A.,
1969.

[13] Dan Henry. Geometric Theory of Semilinear Paralolic Equations. Lecture

Notes in Mathematics. Springer Verlag, Berlin, Heidelberg, New York,
1981.

Document a Mathema tica 5 (2000) 227{274



Transitions fr om Rela tive Equilibria  to ... 273

[14] W. Jahnke, W.E. Skaggs,and A.T. Winfree. Chemical vortex dynamics
in the Belousors-Zhabotinskii reaction and in the two-variable Oregonator
model. J. Chem. Phys., 93:740{749,1989.

[15] R. M. Mantel and D. Barkley. Parametric forcing of scroll-wave patterns
in three-dimensionalexcitable media. Preprint, IMA, 1998.

[16] S. Nettesheim, A. von Oertzen, H.H. Rotermund, and G. Ertl. Reaction
di usion patterns in the catalytic CO-oxidation on Pt(110) { front prop-
agation and spiral waves. J. Chem. Phys, 98:9977{9985,1993.

[17] L. Nirenberg. Topics in Nonlinear Functional Analysis. Lecture Notes
Courant Inst. Math. Sci. New York University, 1974.

[18] A.V. Panlov and A. T. Winfree. Dynamical simulations of twisted scroll
rings in three dimensional excitable media. Physica D, 17:323{330,1985.

[19] M. Renardy. Bifurcation from rotating waves. Arch. Rat. Mech. Anal.,
79:49{84,1982.

[20] M. Renardy and H. Haken. Bifurcations of solutions of the Laserequations.
Physia D, 8:57{89, 1983.

[21] B. Sandstede,A. Scheel, and C. Wul. Center-manifold reduction for
spiral waves. C. R. Acad. Sc., Serie I, Math., 324:153{ 158,1997.

[22] B. Sandstede,A. Sdeel,and C. Wul. Dynamics of spiral waveson un-
bounded domains using certer-manifold reductions. J. Di. Eg., 141:122
{149, 1997.

[23] B. Sandstede A. Scheel,and C. Wul . Bifurcations and dynamics of spiral
waves. J. Nonlin. Sci., 9(4):439{478,1999.

[24] A. Scheel. Subcritical bifurcation to in nitely many rotating waves. J.
Math. Anal. Appl., 215:252{261,1997.

[25] A. Sdheel. Bifurcation to spiral wavesin reaction-di usion systems.SIAM
J. Math. Anal. , 29:1399{1418,1998.

[26] G.S. Skinner and H.L. Swinney Periodic to quasiperiodic transition of
chemical spiral rotation. Physica D, 48:1{16, 1991.

[27] O. Steinbock, S.C.Muller and V.S. Zykov. Control of spiral wave dynamics
in active media by periodic modulation of excitability. Nature, 366:322{
324,1993.

[28] A. Vanderbauvhede. Centre manifolds, normal forms and elemenary bi-
furcations. Dyn. Rep. 2:89{169, 1989.

[29] A. Vanderbauwvhede and G. looss. Centre manifold theory in in nite di-
mensions.Dyn. Rep., 1:125{163,1992.

Document a Mathema tica 5 (2000) 227{274



274 Cla udia Wulff

[30] A. Vanderbauvhede, S. A. van Gils. Center manifolds and contractions
on a scaleof Banach spaces.J. Funct. Anal., 72:209{ 224, 1987.

[31] V.S. Varadarajan. Lie groups, Lie algebmas and their representations
Prentice-Hall, 1974.

[32] A T. Winfree. Varieties of spiral wave behaviour: an experimentalist's
approad to the theory of excitable media. Chaos 1:303{334,1991.

[33] C. Wul. Theory of meandering and drifting spiral wavesin reaction-
di usion systems Dissertation, Berlin, 1996.

[34] C. Wul, J.S.W. Lamb, and I. Melbourne. Bifurcations from relative
periodic solutions. Erg. Th. Dyn. Syst, to appear.

[35] V. Zykov, O. Steinbock, and S.C. Muller. External forcing of spiral waves.
Chaos 4(3):509{518, 1994.

[36] V. S. Zykov and S. C. Muller. Spiral waves on circular and spherical
domains of excitable medium. Physica D, 97:322{ 332,1996.

Claudia Wul

Institut fur Mathematik |
Freie Universitat Berlin
Arnimallee 2-6
14195Berlin, Germany
wul @math.fu-b erlin.de

Document a Mathema tica 5 (2000) 227{274



