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The product of closed forms is closed again. The analogous statemert for
harmonic forms, howevwer, fails. A priori, there is no reasonwhy the product
of harmonic forms should be harmonic again. This phenomenonwas recertly
studied by Merkulov [E]. He showsthat it leadsto a natural A; -structure on a
KAhler manifold. In the context of mirror symmetry Polishchuk made useof (a
twisted version of) this A; -structure on elliptic curvesto con'rm Kontsevich's
homological version of mirror symmetry in this case[E].

In the presen paper we show that this failure of harmonicity in fact happens
quite frequertly. It usually is related to certain geometric properties of the
manifold and to the existenceof rational curvesin particular. In fact, we are
only interestedin the product of harmonic (1; 1)-forms, asthis is the geometric
relevant case. We wish to emphasizethat the interplay between harmonicity
and geometry is by far not completely understood. The results of this paper
just seemto indicate that there is in fact a relationship. As the failure of
harmonicity is related to the shape of the “non-linear KAhler cone' (cf. E
E), the results of this paper can roughly be phrased by saying that the ge-
ometry of the manifold forcesthe non-linear KAhler cone to be curved. For
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228 Daniel Huybrechts

a deeper understanding of the situation one will have to study the shape of
the non-linear KAhler coneor, equivalertly, the non-harmonicity of products of
harmonic forms.

Let us brie®y indicate the main results for the special caseof compact Ricci-°at
KAhler manifolds. For a KAhler class! 2 H?(X;R) on such a manifold there
exists a unique Ricci->at KAhler form  represeiting it. Let HY(~) denote
the spaceof (1; 1)-forms harmonic with respect to +. Of course,for a di®erert
KAhler class! ©and the represeiting Ricci-°at KAhler form ~°this spacemight
be di®eren.

The main technical result (Prop. P-3) says that H(*) is independert of !

if and only if the top exterior power of any harmonic form ® 2 HY(k) is
again harmonic. This can be usedto interpret the failure of harmonicity of
the top exterior power geometrically. Proposition @assertsthat there always
exist harmonic (1; 1)-forms with non-harmonic top exterior power, whenewer
the KAhler cone (or ample cone) doesnot form a gonnectedcomponert of the
(integral) coneof all classes® 2 H1(X;R) with , &N > 0.

Note that there are many instanceswhere the KAhler coneis strictly smaller.
E.g. this is the casefor any Calabi-Yau manifold that is birational to a non-
isomorphic Calabi-Yau manifold (Prop. EI)

In SectionE we apply the result for K3 surfaces. One nds that on any K3
surfacescortaining a rational curve there exists a harmonic (1; 1)-form ® suc
that ® is not harmonic. This can be extended to arbitrary K3 surfacesby
using the existenceof rational curveson nearby K3 surfaces.

1 Prep ara tions

Let X be a compact KAhler manifold. Then Kx % HY(X;R) denotes
the KAhler cone, i.e. the open set of all KAhler classeson X. For a class
® 2 HY1(X;R) we usually denote by ® 2 AL1(X)r a closedreal (1;1)-form
represening ®. Let us recall the Calabi-Yau theorem [E].

Theorem 1.1 | LetX bean N-dimensional compact KAhler manifold with a
givenvolumeform vol 2 ANN (X )r. For any KAhler class! 2 Ky there exists
a unique KAhler form + 2 AL1(X)g representing! , suchthat =N = c¢vol,
with ¢ 2 R.

Since =N is harmonic with respect to ~, this can be equivalertly expressedby
saying that any KAhler class! can uniquely be represeried by a KAhler form
& with respect to which the given golume form is harmonic. Note that the
constart ¢ can be computedasc=, ! N =vol(X).

Definiton 1.2 | For a given volume form vol 2 ANN (X)r we let Ky %
ALL(X)gr be the set of KAhler forms ~ with resgect to which vol is harmonic.

By the Calabi-Yau theorem the natural projection Kx ! Ky is bijective. The
KAhler coneK is an open subsetof H11(X; R), whereasKy is in generalnot
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cortained as an open subsetin a linear subspaceof AL (X) (cf. E). Thus it
might be appropriate tg call Kx the non-linear KAhler cone.

Let =2 Ky andc= ! N=vol(X). The tangernt spaceof Kx at ~ can be
computed as follows. Firstly, we may write Kx = Ry £ K}, where K =
f 2 Kyxj~N = c¢volg. Secondly the in nitesimal deformations of ~ in the
direction of K§, are of the form ~+ "v, where v is a closedreal (1; 1)-form and
such that (~+ "¥N = =N The latter condition gives~N + N"KNi 1y = KN
i.e. v is primitiv e. As any closed primitiv e (1; 1)-form is harmonic, this shaws
that the tangent spaceof K§ at ~ is the spaceH (! )ryprim Of real -primitiv e
k-harmonic (1;1)-forms. Thirdly , the R, -direction corresponds to the scaling
of + and this tangernt direction is therefore canonically identied with Rk.
Altogether, oneobtains that T.Ky = HY(k)g is the spaceof real ~-harmonic
(1; 1)-forms. In particular, Ky is a smooth connectedsubmanifold of A1 (X )g.
To make this approad rigorous, one rst completesAt1(X) in the Lﬁ—topology,
wherek > N. The Sobolev embedding theorem then shaws that L2(= 5%)g !
L2(eR™) givenby ®7! @ is a well-de ned cortin uous multi-linear map and
hence di®erertiable. Then, Ky is contained as an open subsetin the "bre
over vol. It inherits the di®erertiable structure and the above calculation then
shaws that it is smooth. Also note that the projection from the closedL 2 forms
onto cohomologyis di®ereriable. Hence,Kx ! Ky is a di®ereriable map.
Moreover, again due to the description of the tangent space,this map is in fact
a di®eomorphism.In particular, the bijection Ky ! Ky vyields a di®erertiable
map Kx ! AZ(X) (in the L2-topology). This fact is usedin R.2.

Definiton 1.3 | Let X be a compact KAhler manifold with a given volume
form. Then one asswiatesto a given KAhler class! 2 Ky the space HPA(!) :=
HPA(~) of (p;q)-forms that are harmonic with respect to the unique + 2 Ky
representing! .

Note that two di®erert KAhler forms ~; and -, represering the sameKAhler
class! ; = ! , always have di®erer spacesof harmonic (1; 1)-forms. Indeed,
and ~, are ~;-harmonic respectively +,-harmonic. Sinceany class,in particular
11 =15, isrepreserted by a unique harmonic form and ~; 6 *,, this yields
HY1(;) 8 HY1(k,). But one might ask whether H%1(~;) and HY1(*,) can
be equal for two KAhler forms ~1;~, not represeriing the same class, e.g.
k1 k5 2 Ky . It is quite interesting to obsene that the dependenceof H 11 (&)
on the KAhler class! is related to the problem discussedin the introduction.
This is explainedin the next section.

2 How “harmonic' depends on the Kéhler form

As before, we considera compact KAhler manifold X with a xed volume form
and we let Ky be the assaiated non-linear KAhler cone. Let us begin with
the following fact which relates the shape of Kx to the dependenceof HL(!)
on!.
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Pr oposition 2.1 | The subsmoe HY1(1) %2 ALVL(X) is independent of ! if
and only if Kx spans an R-linear subspce of dimension ht1(X).

Proof. Let HY1(1) % AY1(X) be independert of ! 2 Kx. Since for any
I 2 Kx the unique ~ 2 Kx represeting it is ~-harmonic, the assumption
immediately yields Kx %2 HV(! )g for any ! 2 Kx .

Conversely if Kx spansan R-linear subspaceof dimension h%1(X), then this
subspacecoincideswith the tangernt spaceof Kx at every point + 2 Ky . But
the latter was identied with HY(! )r. Hence, the linear subspaceequals
HL1(1)g for any ! 2 Kx and HYY(1), therefore, doesnot dependon! . 2

Remark 2.2 | The assertion might be rephrased from a slightly di®eren
point of view as follows. Use the di®ereriiable map Kx ! A2%(X). The
proposition then just says that this map is linear if and only if the Gaussmap
is constart. It might be instructiv e to rephrasesomeof the results later on in
this spirit, e.g. Proposition @

The next proposition states that the “global' changeof HY(!) for | 2 Ky is
determined by the “harmonic' behavior with respect to a single! 2 Ky .

Pr oposition 2.3 | Let X be a compact KAhler manifold of dimension N
with a "xed KAhler form +~, and volume form ) =N!. Then the following
statementsare equivalent:

i) The linear subspmoe HY(! )gr 2 AYL(X )R doesnot dependon ! 2 Ky .

i) Forall ®2 HY(!¢) onehas® 2 HNN (1),

Proof. Let us assumei). By the previous proposition the lifted KAhler cone
Ky spansthe C-linear subspaceH (! o). SinceKy is openin HY(! ¢)r and
all ® 2 Ky satisfy the C-linear equation

VA Z
o' =( &= 1y (1)

X X
which is an algebraic condition, in fact all ® 2 HY(! o) satisfy (ﬂ). Hence, for

all ®2 HY1(! o) the top exterior power ® is harmonic, i.e. i) holds true.

Let us now assumeii) . If ® 2 HY1(1 (), sudh that its cohomologyclass! := []
is a KAhler class,let ~ 2 Ky denotethe distinguished KAhler form represeiting
. If ®itself is strictly positive de nite, then the unicity of ~ and i) imply ® =
~. Thus, the intersection of the closedsubsetH (! o)g with the open coneof
strictly positive de nite real (1; 1)-forms is corntained in Ky . This intersection
is non-empty, asit contains kq. SinceKy is a closedconnectedsubsetof this
open coneof the samedimensionasH %1(! ¢)g this yields Kx Y2 HLY(! o)r. By
Prop. -3 one concludesthat H(! ) doesnot dependon! 2 Ky . 2
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3 The positive cone

The next proposition is a ‘rst step towards a geometric understanding of the
failure of harmonicity of & for a harmonic form ®. To state it we recall the
following notation.

Definition 3.1 | For a compact KAhler manifold X the poﬂtive cone G %2
H1(X;R) is the connected component of f®2 H(X;R) j , @ > 0g that
contains the KAhler cone.

Note that by de nition Kyx % G . Also note that the positive cone G¢ might
not be corvex. However, for hyperkéhler manifolds also G¢ is convex, as it
coincides with the cone de ned by the Beauville-Bogomolos quadratic form
(seeSect.B).

Pr oposition 3.2 | If X is a compact KAhler manifold such that Ky is
strictly smaller than G , then for any KAhler form * there existsa ~-harmonic
(1; 1)-form ® suchthat @ is not ~-harmonic.

Proof. Assumethat there existsa KAhler form ~ such that for all ® 2 HY1 ()
also ®\ is ~p-harmonic. We endowv X with the volume form =) =N!. By
Prop. P.3 the lifted KAhler cone Ky is cortained in HY1(o). Since Kx is
strictly smaller than G there exists a sequencel ; 2 Ky corverging towards
a! 2 G nKy. As Ky is cortained in the nite-dimensional spaceH (o)
the lifted KAhler forms &~ 2 Ky will corverge towards a form (!) and just
only a current =2 HY1(~) nKyx . As alimit of strictly positive de nite forms
~ is still semi-positive de nite. Moreover, + is strictly positive de nite at
x 2 X if gnd only if =N doesnot vanish at x. By assumption ~N = ¢ ¢ky
with c=  IN=" 1§ Since! 2 G, the scalarfactor c is strictly positive.
Hence, N is everywhere non-trivial. Thus - is strictly positive denite. This
yields the cortradiction. 2

The interesting thing here is that the proposition in particular can be used
to determine the positivity of a classwith positive top exterior power just by
studying the spaceof harmonic forms with respect to a single given, often very
special KAhler form:

Cor ollar y 3.3 | Let X be a compact KAhler manifold with a given KAhler
form k. If for all ~p-harmonic (1;1)-forms ® the top exterior power @\ is
also ~g-harmonic, then any class! 2 G is a KAhler class. 2

Here is another version of the samecorollary in a more algebraic spirit.

Cor ollar y 3.4 | LetX be a compact KAhler manifold with a given KAhler
form g, suchthat for every ~y-harmonic (1;1)-form ® the top exterior power
@V is also ~g-harmonic. Then, a line bundle L on X is ample if and only if
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We conclude this section with a few examples, where the assumption of the
corollary is met a priori . In the later sectionswe will discussexampleswhere
Kx is strictly smaller than G¢ and where Prop. @ can be usedto conclude
the “failure' of harmonicity.

Examples 3.5 | i) If X is acomplex tor us and! is a °at KAhler form,
then harmonic forms are constart forms and their products are again constart,
henceharmonic. In particular, onerecoversthe fact that on a torus the KAhler
coneand the positive cone coincide.

ii) If for two KAhler manifolds (X ;) and (X % ~9 with by(X) ¢by (X9 = 0 the
top exterior power of any harmonic (1;1)-forms on X or on X ° is again har-
monic, then the sameholds for the product (X £ X % ~£ +9. The additional
assumption on the Betti-n umbers is necessaryas the product of two curves of
gerus at leasttwo shows. Indeed,any ' 2 H%9(X), for a curve X , is harmonic,
but' A" isnot. Hence,®="' £ "+ 1 £ " isaharmonic (1;1)-formon X £ X°
with non-harmonic @?.

i) Let X be a KAhler manifold and X ! X°a smooth finite quotient
Consider the non-linear KA&hler cone on X with respect to the pull-back of a
volume form on X% Then HYY(1) with ! 2 Ky doesnot dependon! if and
only if the sameholds true for X °.

iv) For hermitian symmetric spaces of compacttype it is known that the
space of harmonic forms equals the spaceof forms invariant under the real
form. As the latter spaceis invariant under products, the KAhler cone of an
irreducible hermitian symmetric spacecoincideswith the positive cone.

4 K3 surf aces

As indicated earlier the behavior of the KAhler coneis closely related to the
geometry of the manifold. We shall study this in more detail for K3 surfaces.
The next proposition follows directly from the well-known description of the
KAhler coneof a K3 surface.

Pr oposition 4.1 | Let X be a K3 surface containing a smaoth rational
curve. Then for any KAhler form + there existsan ~-harmonic form (1; 1)-form
® suchthat ® is not harmonic.

Proof. If X contains a smooth rational curve, then Ky is strictly smaller than
G« and we apply Prop. @ Indeed, a smooth rational curve C %2 X determines
a (j 2)-class[C], whoseperpendicular hyperplane [C]? cuts G into two parts
and Kx is contained in the part that is positive on C. 2

If the harmonicity of the top exterior powers fails for a K&hler manifold with
a given KAhler form (X ;&) then it should do so for any small deformation of
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(X; ). For a Ricci-°at KAhler structure on a K3 surfacethe argumert can be
reversedand one can use the existenceof rational curveson arbitrarily near
deformationsto prove the assertionin the above proposition on any K3 surface
with respect to a Ricci-°at KAhler form.

Corollar y 4.2 | LetX bean arbitrary K3 surface. If ~ is any hyperkéhler
form on X, then there exists an ~-harmonic (1; 1)-form ® suchthat ®? is not
~-harmonic.

Proof. Let HO(X;- %) = C% Then

H2(k) HY1(~) © H20(k) © HO2(k)

HL1(k) © C%O C¥

As the spaceof harmonic forms only depends on the underlying hyperkéhler
metric g, the space HY1(~) © C%© C¥% contains HY1(ky 1 py+ k) for all

(a;b;c) 2 S?. Here, 1;J; and K are the three complex structures assaiated
with the hyperkéhler metric g (cf. Sect.E).

Assume @ is g-harmonic for all ® 2 HY1(~). Since¥%= ~; + ik¢ (up to a
scalar factor) and sincethe product of a harmonic form with the KAhler form

is again harmonic, also ¥#4is harmonic. This implies that ® is harmonic for
all ® 2 H%(&), as % = 3% = ®%4= ®%= 0 for ® 2 HY(k). Thus, @ is
g-harmonic for all ® 2 HYY (k4 43+ ) and all (a;b;c) 2 S2. On the other
hand, it is well-known that for a non-empty (dense)subsetof S? the K3 surface
(X;al + bJ + cK) contains a smooth rational curve. Indeed, if e 2 H?(X;Z)

is any (j 2)-class,then the subsetof the moduli spaceof marked K3 surfaces
for which e is of type (1;1) is a hyperplane section. This hyperplane section,
necessarily cuts the complete curve given by the baseP! = S? of the twistor
family. Hence, on one of the K3 surfaces(X;al + bJ + cK) the classe is a
(i 2)-classof type (1;1) and, thus, X contains a smooth rational curve. This

yields a cortradiction to Prop. E 2

Remark 4.3 | What are the bad harmonic (1;1)-forms? Certainly -2 is
harmonic and for any harmonic form ® also ~® is harmonic. So, if there is
any bad harmonic (1; 1)-form there must be also onethat is ~-primitiv e. Most
likely, it is even true that the square of any primitiv e harmonic form is not
harmonic. The proof of it should closely follow the argumerts in the proof
of Proposition @ but there is a slight subtlety concerningthe existence of
suzciently many (j 2)-classesthat | do not know how to handle. We sketch
the rough idea:

Assumethere exists a ~-harmonic ~-primitiv e real (1;1)-form ® sud that ®?
is +-harmonic. As an ~-harmonic ~-primitiv e (1; 1)-form, the form ® is also of
type (1; 1) with respect to any complexstructure , = al + bJ+ cK induced by
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the hyperkéhler metric corresponding to ~ (seeProp. 7.5 [E]). Moreover, ® is
also primitiv e with respect to all K&hler forms + .

Assumethat there existsa complexstructure , 2 S2, suchthat G \ R[®]OR!

is not contained in Ky . This condition canbe easilyrephrasedin terms of (j 2)-
classesand thus becomesa questionon the lattice 3U©2(j Eg). It looksrather
harmless,but for the time being | do not know a complete proof of it. Under
this assumption, we may even assumethat in fact , = I. Since®? is harmonic,
in fact 2 is harmonic for all ~ 2 R®O© R~ %2 HL(!). Going bac to the proof
of Prop. E we seethat the secondpart of it can be adapted to this situation
and shows that Ai 1(Kx \ R[] © R! ) %2 R®© R+, where A : Kx | Kx.
The spaceAi 1(Kyx \ R[®©R! ) is the spaceof the distinguished KAhler forms
whoseclassesare linear combinations of [®] and ! . Therefore, all these forms
are harmonic and linear combinations of ® and + themseles. To conclude,we
imitate the proof of Prop. @ and choose a sequence! ; 2 Kx \ R[®] © R!

converging towards ! 2 G¢ nKx . The corresponding sequence~ 2 Ky is
cortained in R®© R+ and corvergestowards a form =% As in the proof of
Prop. B.2 this leadsto a cortradiction.

5 Hyperk &hler manif olds

We will try to improve upon Proposition @ in the caseof hyperkéhler mani-
folds. In particular, we will replacethe questionwhether the top exterior power
@\ of an harmonic form ® is harmonic by the corresponding question for the
square of ® The motivation for doing so stems from the general philosophy
that hyperkahler manifolds should be treated in almost complete analogy to
K3 surfaces,whereby the top intersection pairing should be replaced by the
Beauville-Bogomolos form [H], which is the higher dimensional analogueof the
intersection pairing on a K3 surface.

Let us begin by recalling some notations and basic facts. By a compact hy-
perkahler manifold X we understand a simply-connectedcompact K&hler mani-
fold, such that HO(X ;- 2) = C¥; where¥is an everywherenon-degenerateholo-
morphic two-form. A Ricci-°at KAhler form ~ turns out to be a hyperkéhler
form (cf. |E]), i.e. there exists a metric g and three complex structures |, J,
and K := 1J, sud that the corresponding KA&hler forms &4 + b+ are closed
for all (a;b;c) 2 S?, such that | is the complex structure de ning X, and such
that = k. One may renormalize % such that %= k; + i~¢ . In particular,

multiplying with ¥amapsharmonic forms to harmonic forms, for this holds true
for the KA&hler forms ~; and & .

The positive cone G¢ % HY(X;R) is a connected componert of f® 2
HLL(X;R) j ax (®) > Og, where gx is the Beauville-Bogomolas form (cf. []).

Pr oposition 5.1 | LetX bea 2n-dimensional compact hyperkdhler manifold
with a "xed hyperkéhler form ~; and the unique holomorphic two-form % Then,
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®(¥#)" 1 is harmonic for all ® 2 HY1(! o) if and only if the linear subs@oe
HL1(1) %2 ALY(X) doesnot dependon ! 2 Ky .

Proof. Assume that for all ® 2 HY(! () also ®(¥3)"i 1 is harmonic. If
® is in addition strictly positive de nite and ~ 2 Ky with [®] = !, then
@A (¥3)"i 1 = F2(33)" 1. We adapt Calabi's classicalargumert to deducethat
in this case®= ~: If ()" 1 = F2(33)"1 1, then (®j *)(®+ ~)(¥#)"i 1 = 0.
Since ® and ~ are strictly positive de nite, also (® + ) is strictly positive
denite. It can be shovn that also (® + ) (¥3)"i ! is strictly positive. As
[®] = ! = [H], the di®erence®j + canbewritten asdd® for somereal function
' . But by the maximum principle the equation (®&+ ~)(¥34"i 1dd®' = 0implies
" 7 const. Hence,®= k.

As in the proof of Proposition E this shows that the intersection of the
closedsubsetHY1(! o)g with the open cone of strictly positive de nite forms
in ALY(X)g is contained in Ky and one concludesthat Ky Y% HL1(! )g.
Hence,Kx spansa linear subspaceof the samedimension and, by Lemma E
this shows that HY(! ) is independert of | 2 Ky .

Conversely let HY1(!) be independert of | 2 Kyx. Then Ky % HY(!)g
for any | 2 Kyx. Therefore, ®(¥#)"1 1 = (334" with ¢ 2 R for ® in the
Zariski-denseopen subsetKy % HY(! )g. Hence,®*(¥#4"i ! is harmonic for
any ®2 HY(1) (cf. the proof of Prop. .3). 2

Similar to Proposition B.4 one has

Corollar y 5.2 | LetX bea 2n-dimensional compact hyperkéhler manifold.
If the positive cone Gy is strictly smaller than the KAhler cone, then for any
hyperkéhler form ko there exists a harmonic form ® 2 H%Y(p), such that
®?(¥#)"1 ! is not harmonic. 2

Of course, one expects that HY(!' ) doesin fact depend on ! , asit is the
casefor K3 surfaces. This would again follow from the existenceof rational

curvesin nearby hyperkahler manifolds in the twistor space. In fact, for the
two main seriesof examplesof higher dimensional hyperkahler manifolds, i.e.
Hilb ert schemesof points on K3 surfacesand generalizedKummer varieties,
this trivially holds true, since in these casesCy is strictly bigger that Ky

and so Corollary E applies. But already for global deformations of these
examplesthe situation is not clear. One might speculate that Hilb ert schemes
respectively Kummer varieties are densein their deformation spaces,so that

argumerts similar to thosein the proof of Corollary @ could be applied. But

an understanding of the global deformations of Hilb ert schemesrespectively
Kummer varieties seemsdixcult.

Actually, it would be more interesting to reversethe argumen: Assumethat

X is a hyperk#hler manifold, such that for any small deformation X ° of X the
KAhler cone Ky o equals Gco. | expect that this is equivalent to saying that

Document a Mathema tica 6 (2001) 227{239



236 Daniel Huybrechts

HY1(1) doesnot depend on! . If for someother reasonthan the existenceof
rational curvesasusedin the K3 surface casethis can be excluded, then one
could concludethat there always is a nearby deformation X ° for which Kx o is
strictly smallerthan G¢o. The latter implies the existenceof rational curveson
X O(cf. []). Along theselinesonecould try to attack the Kobayashi conjecture,
as the existenceof rational curveson nearby deformations would say that X
itself cannot be hyperbolic. Unfortunately, |1 cannot carry this through even
for K3 surface.

6 Various other examples

Here we collect a few exampleswhere algebraic geometry predicts the failure of
harmonicity of the top exterior power of harmonic (1; 1)-forms. In all examples
this is linked to the existenceof rational curves.

Varieties of general type. Let X be a non-minimal smooth variety of
generaltype. As | learned from Keiji Oguiso this immediately implies that
the KAhler coneis strictly smaller than the positive cone. His proof goes as
follows: By de nition the canonical divisor Ky is big and by the Kodaira
Lemma (cf. [Ij]) it can therefore be written asthe sumKyx = H + E of an
ampledivisor H and an e®ective divisor E (with rational coexcients). Consider
the segmem H; := H + tE with t 2 [0;1). If all H; were cortained in the
positive cone G , then Kx would be in the closure of G . If the KAhler cone
coincided with the positive cone Gy, then Kx would be nef, cortradicting the
hypothesis that X is not minimal. Hencety = supftjH; 2 G(g 2 (0;1).
If Hi, is not nef, then Kx is strictly smaller than G¢. Thus, it suxces to
shaw that Hy, is not nef. If Hy, were nef then all expressionsof the form
H{' ":H'i L:E would be non-negative. Then 0 = HY = HT Y(H + toE) =
H{' “H + toH{ ' “:E, so both summands must vanish. In particular, 0 =
Hi MH = HZH{ T 2+ toH:H{\ | 2:E. Again this yields the vanishing of both
terms and in particular 0 = H2:Ht':i 2. By induction we evertually obtain
0= HNil:H,, and, furthermore, 0= HNi ::H, = HN + toHNi L:E. But this
time HN > 0 yields the cortradiction. Therefore, for a non-minimal variety of
generaltypeonehasKyx 6 G¢ and hencethere exist harmonic (with respect to
any KAhler metric) (1;1)-forms with non-harmonic top exterior power. Note
that a non-minimal variety cortains rational curves. As the readerwill notice,
the above proof goesthrough on any manifold X that admits a big, but not nef
line bundle L (replacing the canonical divisor). Also in this casethe positive
coneand the KAhler conedi®er.

For a Calabi-Y au manif old X the following proposition shows that if X
admits a “special' KAhler form in the sensethat the top power of any harmonic
(1; 1)-form is harmonic, then X is a unique birational model.
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Propositon 6.1 | If ' : X j i ! XP9is a birational map between two
Calabi-Yau manifolds, then either ' can be extendel to an isomorphism or K
is strictly smaller than the positive cone G . In the latter case, there exists for
any KAhler form ~ a ~-harmonic (1;1)-form ® with & not harmonic.

Proof. The argumerts are very similar to the one in the previous example.
Let HY(X;R) 2 HYY(X%R) be the natural isomorphism induced by the
birational map. Let ! °2 HL1(X;R) correspond to a KAhler classon X % By
[E] the class! © can be represertted by a closedpositive current. Furthermore,
the birational map' extendsto anisomorphismif andonly if ! 2 Ky . Assume
this is not the case. Then ! °62Kx . If 1 2 G one can apply Prop. @ and
we are done. If ! °62G, we may assumethat it is also not in the boundary of
G« , aswe can change! % slightly in the open coneKyxo. If ! is a small enough

KAhler classon X, then the di®erence®:= ! %j | canstill be represened by
a positive current. Let to := supftj!; ;== ! +t® 2 Gcg. Thento 2 (0;1). If
Kx = G then! t“;i ""iil® Ofor all i. Then the above induction argumert

goesthrough and we evertually get! Ni 1® = 0. Since® is a positive current,
this is only possiblefor ® = 0. HenceKyx 6 Gy . Note that for hyperkahler
manifolds one knows that Ky o % G . This simpli es the argumert. 2

Remark 6.2 | i) Again, a non-trivial birational corresppndence produces
rational curves. We thus have another instance, where the special geometry of
the variety is related to the non-harmonicity of products of harmonic forms.
ii) Most likely, ner information is encaded by Ricci-°at metrics. Those prob-
ably “feel' cortractible curvesin small deformations. So, as for hyperkéhler
manifolds | would expect that H%*(! ) dependson the Ricci-°at KAhler form
represening ! .

iy The argumerts of the proof of .3 can be applied to the caseof di®erert
birational minimal models (minimal models are not unique!). This shaws that
in the previous example the K&hler cone could be strictly smaller than the
positive cone,even when K x is nef or ample.

Blo w-ups. This exampleis very much in the spirit of the previoustwo. Let f :
X 1 Y beanon-trivial blow-up of a projective variety Y. Then Ky is strictly
smaller than G and, therefore, for any KAhler structure on X there exist
harmonic (1; 1)-forms with non-harmonic maximal exterior power. Indeed, if
L is an ample line bundle on Y then f °(L) is nef, but not ample, and it is
contained in the positive cone. Hence, f (L) 2 G¢ nKx . Note that also the
‘rst example could be proved along these lines. By ewking the cortraction
theorem one shaws that any non-minimal projective variety X admits a non-
trivial contraction to a projective variety Y. The above argumert then yields
that Kx and G¢ are di®erernt.
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7 Chern forms

Let X be a compact KAhler manifold with a Ricci-’at KAhler form &, If
F denotesthe curvature of the Levi-Cevita connection r , then the Bianchi
identity readsr F = 0. The KAhler-Einstein condition implies &, F = 0. The
last equation can be expressedby saying that F is ~-primitiv e. Analogously
to the fact that any closed primitiv e (1; 1)-form is in fact harmonic, one has
that for F with r F = 0 the primitivit y condition a.F = 0 is equivalert to
the harmonicity condition r & F = 0. As for untwisted harmonic (1; 1)-forms
one might ask for the harmonicity of the product F™. Slightly lessambitious,
one could ask whether the trace of this expression,an honestdi®ererial form,
is harmonic. This trace is, in fact, a scalar multiple of the Chern character
chn(X; k) 2 A™™ (X)Rr.

Question. | Let (X;+) beaRicci->at KAhler manifold. Are the Chern forms
chm (X; ) harmonic with respectto ~ ?

By what was said about K3 surfacewe shall expect a negative answer to this
question at least in this case:

Problem. | Let X be a K3 surfacewith a hyperkahler form ~. Let ¢, 2
A22(X) be the assaiated Chern form. Show that ¢, is not harmonic with
respectto + !

So, this should be seenin analogy to the fact that ® is not harmonic for
any primitiv e harmonic (1; 1)-form ®. Here, ® is replaced by the curvature F
and @ by trF2. It is likely that the non-harmonicity of ¢, can be shown by
standard methods in di®ereriial geometry, in particular by using the fact that
c; is essetially kFk ¢+2 (see[ﬁ]), but | do not know how to do this.
Furthermore, it is not clearto me what the relation betweenthe above question
and the onetreated in the previous sectionsis. | could imagine that the non-
harmonicity of chy, in fact implies the existenceof harmonic (1; 1)-forms with
non-harmonic top exterior power.
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