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ABSTRACT. Let F be a totally real number eld. We de ne global
L-padckets for GSp(2) over F which should correspond to the elliptic tem-
pered admissible homomorphismsfrom the conjectural Langlands group
of F' to the L-group of GSp(2) which are reducible, or irreducible and
induced from a totally real quadratic extensionof F'. We prove that the
elemers of these global L-padkets occur in the spaceof cusp forms on
GSp(2) over F' aspredicted by Arth ur's conjecture. This canbe regarded
as the GSp(2) analogue of the dihedral case of the Langlands-Tunnell
theorem. To obtain these results we prove a nonvanishing theorem for
global theta lifts from the similitude group of a generalfour dimensional
quadratic spaceover F' to GSp(2) over F.
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INTRODUCTION

Let F be a number "eld with adelesA and Weil group W g, and let ¢ : W —
GL(n,C) be an irreducible cortinuous represetation. There is a unique real
number ¢ such that the twist of ¢ by the canonical norm function on W g
raisedto the ¢-th power hasboundedimage, soassumep(W r) is bounded;if ¢
factors through Gal(F/F) this is automatic. For all placesv of F, let w, be the
tempered irreducible admissible represenation of GL(n, F,) corresponding to
the restriction ¢, under the local Langlands corresppndence;then conjecturally
®, T, 1S an irreducible unitary cuspidal automorphic represetation (hereafter,
cuspidal automorphic represertation) of GL(n, A). This conjectureis known in

This work was partially supported by a NSA Young Investigators Grant.

Document a Mathema tica 6 (2001) 247{314



248 BROOKS ROBERTS

somecases.For example,if n = 2 and the image of ¢ in PGL(2, C) is not the
icosahedralgroup As, then the Langlands-Tunnell theorem assertsr is cuspidal
automorphic.

Inspired by this, one can ask for a complete parameterization of the tempered
cuspidal automorphic represenations of GL(») and of other groups ([Ko], Sec-
tion 12;[LL]). Sincethere aretemperedcuspidalautomorphic represertations of
GL(2, Ag) which do not correspond to any ¢ : Wq — GL(2, C), the Weil group
is inadequate. Conjecturally, there exists a locally compact group L , called
the Langlands group of F', which is an extension of W z by a compact group
and is formally similar to the Weil group; locally, if v is an in nite place of F,
then Lr, = Wg, and if v is "nite, then Ly, = Wpg, x SU(2,R). Moreover, the
tempered cuspidal automorphic represenations of GL(n, A) should bein bijec-
tion with the n dimensionalirreducible cortin uous complex represenations of
L » with boundedimage. For other connectedreductive linear algebraic groups
G over F' the conjecture is more intricate, and involves L-padkets attached to
appropriate L-parametersL » — “G. In this paper we prove results about local
and global theta lifts which yield parameterizations of sometempered cuspidal
automorphic represenations of GSp(2, A) in agreemen with this conjecture.
To motivate the results we recall the conjecture, taking into accourt simpli -
cations for GSp(2). Assumel ¢ exists. Then for GSp(2) one considerselliptic

tempered admissible homomorphismsfrom Ly to ©“ GSp(2) = G@) X Wp.
Concretely, since GSp(2) is split and one can x an isomorphism betweenthe

dual group Ggrﬁ) and GSp(2, C), such homomorphismsamourt to corntinu-
ous homomorphismsy : Lp — GSp(2, C) sud that ¢(z) is semi-simplefor all
x € Lp and ¢(L ¢) is bounded and not cortained in the Levi subgroup of a
proper parabolic subgroup of GSp(2, C). SincelL ¢ should be an extension of
W a basic exampleis a cortin uous homomorphism Gal(F/F) — GSp(2, C)
which is irreducible as a four dimensional complex represettation. Fix sucd
ap:Lr — GSp(2C). The conjecture rst assertsthat for each place v
of F' one can assaiate to the restriction ¢, : Ly, — GSp(2,C) a nite set
1( ¢y) of irreducible admissiblerepresenations of GSp(2, F,), the L-packet of
wy. These padkets should have a number of properties [B], but minimally we
require that |( ,) consistsof tempered represettations, and if v is nite and
o, is unrami ed, then }( ¢,) consists of a single represenation unrami ed
with respect to GSp(2, O r, ) with Satake parameter ¢, (Frob,) where Frob,, is
a Frobeniuselemern at v; also,the commoncertral character of the elemeris of
'( p,) should correspond to Ao ¢, where A : GSp(2, C) — C£ is the similitude
guasi-character. De ne

I( @) = {II = ®,II, € I agmiss (GSP(2, A)) : II,, € |( ) for all v}
= @ui( @)

Arth ur's conjecture ([LL], [Ko], [Al], [A2]) now assertsthat if IT € |( ¢) then
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11 occurswith multiplicit y

) = 1 X I
m( )_ WSZS(LP)<& >

in the spaceof cuspforms on GSp(2, A) with certral character Aoy. Here, S(p)
is the connectedcomponert group mo(S()/CE), where S(y) is the certralizer
of the image of ¢, and (-,-) : S(¢) x |( ¢) — C is de ned by
Y
<Sa H> = <Sv7Hv>v7

v

where s, is the image of s under the natural map S(¢) — S(v,) and II =
®yIT,; the (-, ), 1 S(py) x I( y) — C should be functions sudc that (-, I7,), is
the character of a nite dimensional complex represertation of S(,) which is
identically 1 if I, is unrami ed.

By looking at caseswe can be more speci c. Elliptic tempered admissible
homomorphisms ¢ : Lr — GSp(2,C) can be divided into three types: (a)
those which are irreducible and induced as a represeration; (B) those which
are reducible as a represeration; and (c) those which are irreducible and
primitiv e as a represenation, i.e., not induced. Our result is motivated by
what the conjecture predicts for ¢ of the rst two types.

Suppose ¢ is of type (A). Then one can show that ¢ is equivalert to (7, p)
for somen and p, where o(n, p) = Indt; p, E is a quadratic extension of F,
p:Lg — GL(2,C) is an irreducible corntinuous represenation with bounded
image sud that p is not Galois invariant but detp is, andn : L — C£ extends
det p; the symplectic form on ¢(7, p) (regardedas p @ p) is (v1 @ v2, v B vY) =
n(h) (v, v?) + (v2,09) where (-,-) is any xed nondegeneratesymplectic form
on C? (up to multiplication by nonzero scalarsthere is only one) and h is a
represettativ e for the nontrivial cosetof L\ Lz. Evidently,

Aow(n,p)=mn, S(e(n,p) =1

The conjecturethus predicts that every elemen I7 of |( ) = |( (n, p)) should
be cuspidalautomorphic with m(IT) = 1;that is, |( ¢) shouldbe a stable global
L-padket.

Type (B) parameters,however, will in generalgive unstable L-padets. Suppose
¢ is of type (B). Then ¢ = ¢(p1,p2), where p(p1,p2) = p1 @ p2, p1,p2 :
Lr — GL(2,C) are inequivalert irreducible continuous represetations with
boundedimageand the samedeterminant, and the symplectic form on ¢ (p1, p2)
is (v1 @ vz, ®V9) = (v1,09) + (v2,1Y). We seethat

B

a-[z 0

: £
0 +a.I ta€eC*}

Ao p(p1, p2) = detpy = detpy, S, = {

Thus,
S(p(p1, p2)) & Z>.
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250 BROOKS ROBERTS

Let s € S(¢(p1, p2)) be nontrivial. If IT € |( ¢) = I( ¢(p1, p2)), the conjecture
predicts

1 Y
m(H) = é(l + <S’U7H’U>’U)'
Now for eadh v, S(¢,) = 1 or Z,; and if S(p,) = Z>, then s, is a nontrivial
elemen of S(¢,). Thus, if M is the number of times S(¢,) = Z, and II,
inducesthe nontrivial character of S(y,), then

m(I) = S0+ (-1)).

By the conjecture, I is cuspidal automorphic if and only if M is even; if so,
m(IT) = 1. The conjecture thus provides exact predictions for ¢ of types (A)
and (B).

But aspreciseasthey are, thesepredictions concernconjectural objects. Glob-
ally, the hypothetical Langlands group underlies Arth ur's conjecture; locally,
the existenceof L-padketsis required. There are at leasttwo approadcesto the
avoiding L » and testing the conjecture. One natural alternativ e is to consider
only L-parametersthat factor through the Weil group or the Galois group. An-
other approach is to move matters, when possible,ertirely to the automorphic
side of the picture and render Arth ur's conjecture into a statemert involving
only automorphic data. Basechangeand automorphic induction for GL(n) are
important examplesof such a shift. There is also a translation for parameters
of type (A) and (B). The reasonis that for ¢ of type (A), n corresppondsto a
Hedke character y of AZ by Abelian class eld theory and p should correspond
to a non-Galois invariant tempered cuspidal automorphic represertation 7 of
GL(2, Ag) whosecertral character factors through NE via x; for ¢ of type (B),
p1 and p, should correspond to a pair of inequivalent tempered cuspidal auto-
morphic represernations 7, and m» of GL(2, A) with the samecertral character
x. Our “rst main result provesthe automorphic version of Arth ur's conjecture
for ¢ of types(a) and (B).

To explain this automorphic analogue,supposewe are given, without reference
to the global Langlands group, (A) a quadratic extension E of F' and a non-
Galois invariant tempered cuspidal automorphic represettation 7 of GL(2, Ag)
whosecertral character factors through N% via a character y, or (B) a pair
of inequivalent tempered cuspidal automorphic represenations r; and 7 of
GL(2,A) with common certral character x. Then we have a corresponding
conjectural p or p; and p,, a corresponding ¢ of type (a) or (B), and using ¢,
the statemert of Arth ur's conjecture. Howewer, ¢ can be avoided ertirely in
arriving at a formulation of Arth ur's conjecture starting from (A) or (B). This
is due to two obsenations: rst, the local L-parameters¢y, are de ned via the
local Langlands correspondencefor GL(2) independert of the existenceof ¢;
and second,the predictions of Arth ur's conjecture for parameters of type (A)
and (B) only involve local data.

To be specic, let v beaplaceof I, E, = F, ®r E, and let 7, be the irre-
ducible admissiblerepresetation ®,,,7,, of GL(2, £,), where w runs over the
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placesof E lying over v (in case(B), E, = F, x F,, and 7, = 71, ® 72,).
Then, as mertioned and using no conjecture, we can assiate to y, and 7, a
canonical local L-parameter o(x,,7) : Ly, — GSp(2,C). The automorphic
versionof Arth ur's conjecture now presumesthat we can further assaiate to .,
and 7, a local L-packet, satisfying certain basic requiremerts connectedwith
»(xv,Tv), and in the unstable case(B) a local pairing. This we do in Section
8: if FOis a local "eld of characteristic zero, E° is a quadratic extension of
FOor E°= FOx FC and 7% is an in nite dimensional irreducible admissible
represenation of GL(2, E9 with certral character factoring through Nf:g via
a quasi-tharacter x° (if F°is nonarchimedean of even residual characteristic
we do also assumer? is tempered; if F°is archimedeanwe assumeF° = R
and E°= R x R), then we de ne a nite set!( %79 of irreducible admissi-
ble represertations of GSp(2, 9. We show that this local L-padket has the
desired essetial properties: the common certral character of the elemerts of
I( X% 79 is x° the character corresponding to A o (X% 79; if 70 is tempered,
then o(x% 7% and the elemers of |( x% 79 are tempered; and if 70 is unitary
and E°%F% and 70 are unramied, then }( x° 79 is a singleton whose Satake
parameter is p(x% 79 (Frobpo) (if E°= FO%x F° then we say that E°/ FCis un-
rami ed). We alsoshow [I( x% 79| = 1 or 2 and [S(x(x% 79)| = |I( x° 79| at
least if FCis not of even residual characteristic and E°is a "eld. Additionally ,
when E°= FOx FOwe dene a function (-,-)ro : S(o(x% 1Y) x I( X% 79 — C,
and shaw that for all 17 € }( x° 79, (-, IT) ro is a character of S(p(x% 79), and
if [S(e(x%79)| = [I( x%7%| = 2 then both characters of S(x(x% 79) arise in
this way. The following theorem is now the automorphic version of Arth ur's
conjecture for parametersof type (a) and (B).

8.6 THEOREM. Let F' be a totally real number "eld and let £ be a totally
real quadmtic extensionof F or £ = F x F. Let v be a non-Galois invari-
ant tempered cuspidal automorphic representation of GL(2, Ag) whosecentral
character factors through the norm N? via a Hecke character y of A®. Thus,
if E= F'xF,thent isapair 7p, » of inequivalent tempered cuspidal automor-
phic representationsof GL(2, A) sharing the same central character x. De ne
the glotal L-packet:

(X, 7) = {II = @11, € 1T admiss (GSP(2, A)) : II,, € \( xo,7,) for all v}
= Quil Xvs T0)-

(1) If E is a eld, then every elementof |( x,7) occurs with multiplicity
one in the space of cusp forms on GSp(2, A) with central character .

(2) SupmpseFE = F x F. Let Il €}( x,7), and let T7 be the set of places
v such that S(p(xv, 7)) = Z2 and (-, II,), is the nontrivial character
of S(¢(xv, 7). If |Tr| is even,then IT occurs with multiplicity onein
the space of cusp forms on GSp(2, A) with central character xy. Con-
versely,if IT occursin the space of cuspforms on GSp(2, A) with central
character x, then |T;| is even.
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We hope this result will be of someuseto investigators of rank four motives,
four dimensional symplectic Galois represerations, Siegel modular forms or
varieties of degreetwo, or Abelian surfaces.One way to think of this theorem
is as an analogue for GSp(2) of the dihedral caseof the Langlands-Tunnell
theorem. Of course,someapplications might require more information about
the local L-padkets of Theorem 8.6. For example, we still needto prove the
soledependenceof the |( ., 7,) on the p(x., 7)), i.e., if ¥(xw, 7o) = (X, 79),
then I( xu, 7o) = 1( X%, 79). Also, detailed knowledgeabout the local L-padkets
at the rami ed placesand at in nit y would be useful. We will return to these
local concernsin a later work. The intended emphasisof this paper is, asmuch
as possible,global.

As remarked, the proof of Theorem 8.6 usestheta lifts. Locally, y and 7 giveir-
reducible admissiblerepresenations of GO(X, F,,) for various four dimensional
guadratic spacesX over F,; theta lifts of these de ne the local L-padkets.
Globally, x and 7 induce cuspidal automorphic represenations of GO(X, A)
for various four dimensional quadratic spacesX over F. The automorphicity
assertedin Theorem 8.6 is a consequenceof our second main result, which
givesa fairly complete characterization of global theta lifts from GO(X, A) to
GSp(2,A) for four dimensional quadratic spacesX over F. In particular, it
shows that the nonvanishing of the global theta lift to GSp(2, A) of a tempered
cuspidal automorphic represertation of GO(X, A) is equivalent to the nonvan-
ishing of all the involved local theta lifts; in turn, theselocal nonvanishingsare
equivalent to conditions involving distinguished represertations.

8.3 THEOREM. Let F' be a totally real number eld, and let X be a four dimen-
sional quadmtic space over F. Let d € F£ /F£?2 be the discriminant of X(F),
and assumethat the discriminant algeba F of X (F) is totally real, i.e., either
d=1ord%# 1and E = F(V/d) is totally real. Let o = ®,0, be a tempered
cuspidal automorphic representation of GO(X, A) with central character w,,.
Let V. be the unique realization of ¢ in the space of cusp forms on GO(X, A)
of central character w, (Section 7). Then the following are equivalent:
(1) The glotal theta lift £ ,(V,) of V,, to GSp(2, A) is nonzer.
(2) For all places v of F, o, occurs in the theta correspndene with
GSp(2, F).
(3) For all placesv of F', o, is not of the form «i for somedistinguished
m, € Irr (GSO(X, F,)) (Section 3).
Let o lie over the cuspidalautomorphic representation of GSO( X, A) (Section
7), and let s € O(X, F') be the element of determinant —1 from Lemma 6.1.
If s-m 2 7 and one of (1), (2) or (3) holds, then £,(V,) # 0, £2(V,) is
an irr educible unitary cuspidal automorphic representation of GSp(2, A) with
central character w,, and

£2(Vz7) = ®1}02(O—E) = ®v62(01;)_a
wher 60,(c0,) is the local theta lift of o,. For all v, 0,(c,) is tempered.
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In this theoremwe make no assumptionsabout Howe duality at the even places:
we prove a version of Howe duality for the caseat hand in Section 1.

As mertioned, in the proof of Theorem 8.6 we use Theorem 8.3 to show that
those elemerns of a global L-padcket which should occur in the spaceof cusp
forms really do. Theorem 8.6 also assertsthat such elemers occur with mul-
tiplicit y one, and in the caseof an unstable global L-padket, if IT is a cuspidal
automorphic elemen, then |Ty7| is even. To prove these two remaining claims
the key step is to show that if 7 is an elemen of a global L-packet and V' is
a subspaceof the spaceof cusp forms on GSp(2, A) with V 2’ [I, then V' has
a nonzerotheta lift to GO(X, A) for somefour dimensional quadratic spaceX
with discX = d, where E = F(y/d) with d = 1if E = F x F. This step is
a consequencef a theorem of Kudla, Rallis and Soudry, which implies that if
11, is a cuspidal automorphic represetiation of Sp(2 A), V1 is a realization of
I1; in the spaceof cusp forms, and sometwisted standard partial L-function
L%(s, 111, x) hasapoleat s = 1, then V3 hasa nonzerotheta lift to O(X, A) for
somefour dimensional quadratic spaceX with (-,discX)r = x. Using this key
result, multiplicit y one follows from the Rallis multiplicit y presenation princi-
ple and multiplicit y onefor GO(X, A) for four dimensional quadratic spacesX;
our understanding of the involved local theta lifts and especially the relevant
theta dichotomy also plays an important role. The proof of the evennessof
|T7| also usesthe key step, local theory, and nally the fact that a quaternion
algebraover F' must be rami ed at an even number of places.

Theorems 8.3 and 8.6 depend on many previous works. Locally, we use the
papers [R1], [R2] and [R3] which dealt with the local nonarchimedean theta
correspondencefor similitudes, the nonarchimedeantheta correspondencebe-
tweenGO(X, F') and GSp(2, F) for dimr X = 4, and temperedrepresertations
and the nonarchimedeantheta correspondence,respectively. Globally, the crit-
ical nonvanishing results for theta lifts of this paper depend on the main result
of [R4]. In turn, the essetial idea of [R4] is basedon an ingeniousinsight of
[BSP]; [R4] alsousessomestrong results and ideasfrom [KR1] and [KR2]. The
multiplicit y one part of Theorem 8.6 usesone of the main results of [KRS],
along with the multiplicit y presenation principle of [Ra]. We usenonvanishing
results for L-functions at s = 1 from [Sh]to satisfy the hypothesisof Corollary
1.2 of [R4]. Various results and ideasfrom [HST] are usedin this paper. We
would also like to mention as inspiration the papers of H. Yoshida [Y1] and
[Y2] which “rst looked at theta lifts of automorphic forms on GSO(X, Ag) for
dimg X = 4to GSp(2 Ag). Using results from [HPS], the paper [V] also de-
“ned local discrete series L-padkets for GSp(2) using theta lifts in the caseof
odd residual characteristic.

This paper is organizedasfollows. In Section1 we considerthe local theta cor-
respondencefor similitudes. The rst main goal of this sectionis to extend the
results of [R1] to the even residual characteristic and real cases.This requires
that we prove a version of Howe duality in the even residual characteristic
case: we do this for tempered represerations when the underlying quadratic
and symplectic bilinear spaceshave the samedimension. The secondmain goal
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is to prove a caseof S.S.Kudla's theta dichotomy conjecture, which is required
for a complete theta lifting theory for similitudes for the relevant case. In
Section 2 we review the basic theory of four dimensional quadratic spacesand
their similitude groups. In particular, we de ne the four dimensional quadratic
spacesXp q of discriminant d over a eld F not of characteristic two; here,
D is a quaternion algebraover F and d € F£ /F£2, Up to similitude, every
four dimensional quadratic spaceover F' is of the form X 4. The character-
ization of what irreducible represertations of GO(X, F), dimgr X = 4, occur
in the theta correspondencewith GSp(2, F) when F is a local "eld is given
in Section 3. The casewhen F' is nonarchimedean of odd residual character-
istic was worked out in [R2] and the remaining casesare similar, but require
additional argumert. In Section 4 we de ne the local L-parameters and L-
padkets of Theorem 8.6; in fact, the L-parametersand L-packets are ass@iated
to irreducible admissible represetations of GSO(Xwm,, 5,4, F) where Xu,, ,.q
is the four dimensional quadratic spacefrom Section 2 over the local "eld F.
The information is summarizedin three tables which appear in the Appendix.
Section 5 reviews the theory of global theta lifts for similitudes. Sections6
and 7 explain the transition from cuspidal automorphic represenations of a
quaternion algebra over a quadratic extensionto those of similitude groups of
four dimensional quadratic spaces. Finally, in Section 8 we prove the main
theorems.

I would like to thank N. Nygaard for suggestingthis line of researt), and S.S.
Kudla, S.Rallis and J. Arth ur for their interest and encouragemen

NotaTIiON. Let F' bea eld not of characteristic two. A quadratic spaceover
Fis a nite dimensionalvector spaceX over I' equipped with a nondegenerate
symmetric bilinear form (-,-). Let X be a quadratic spaceover F'. In this and
the next two paragraphs,alsodenotethe F' points of X by X; the samecorven-
tion holds when we are consideringquadratic spacessolely over a local "eld, as
in Sections1, 3 and 4. The discriminant discX € Ff /F£2 of X is (—1)" det X
where dim X = 2k or 2k + 1. If (X9 (-,-)9 is another quadratic spaceover F
then a similitude from X to XCisan F linear mapt : X — X%such that for some
A€ FE | (to,tz% = Mx,29 for 2,2° € X; X is uniquely determined, and we
write A(t) = \. The group GO(X, F)) is the setof h € GL ¢(X) which are simil-
itudes from X to X. The group O(X, F) is the kernel of A : GO(X, F) — F£,
and SO( X, F)) is the subgroup of h € O(X, F) with deth = 1. Assumedim X
is even. Then GSO(X, F) is the kernel of sign : GO(X, F) — {£1} de ned
by h — det(h)/\(h)9™m X/2; SO(X,F) = GSO(X,F) N O(X,F). Let n bea
positive integer. Then GSp(n, F)) is the group of g € GL(2n, F) sud that for

some\ € F£ . :
o 1,° 0 1
t ] —_ n
9 _1, 0 97N 1, 0’
A is uniquely determined, and we write A\(h) = A. The group Sp(n, F) is the
kernel of X : GSp(n, F) — Ff. Mg » = My »(F) is the quaternion algebra of
2 x 2 matrices over I’ with canonicalinvolution x.
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Suppose F' is a nonarchimedean "eld of characteristic zero with integers O r,
prime ideal pr = 7pOp C Op, Hilbert symbol (-, ) 7, and valuation |-| = |- |r
such that if p is an additive Haar measureon F', then p(zA) = |x|u(A) for
x € Fand A C F. Let G be a group of td-type, asin [C]. Then Irr (G) is
the set of equivalenceclassesof smooth admissibleirreducible represertations
of G. If m € Irr(G), then n— € Irr (G) is the cortragredient of = and w, is
the certral character of 7. The trivial represertation of Gis1 = 14. If H
is a closednormal subgroup of G, = € Irr (H) and g € G, then g -« € Irr (H)
has the samespaceas 7 and action de ned by (g - 7)(h) = w(g' *hg). If G
is the F-points of a connectedreductive algebraic group de ned over F, then
m € Irr (G) is tempered(squareintegrable) if and only if w is unitary and every
matrix coexcient of « liesin L?*¢(G/Z(G)) for all ¢ > 0 (lies in L?(G/Z)).
Let X be a quadratic spaceover F'. The quadratic character yx : F£ — {+1}
asseiated to X is (-, discX)r. Wesay o € Irr (O(X, F)) (o € Irr (GO(X, F))
is tempered if all the irreducible componerts of o|so(x,r) (o]cso( x,7))) are
tempered. A self-dual lattice L in X is a free Or submodule of rank dim X
suh that L = {z € X : (x,y) € Op forall y € L}. Dran is the division
quaternion algebra over F' with canonical involution «. If E/F is a quadratic
extensionthe quadratic character of F£ assaiated to E/F is WE/F-
Suppose F' = R. Let |-| = |- |g be the usual absolute value on R, and let
(-,-)r be the Hilbert symbol of R. If X is quadratic spaceover R, then the
quadratic character yx : R€ — {41} assaiated to X is (-,disc X)g. Let G be
a real reductive group asin [Wal]. Let K be a maximal compact subgroup of
G, and let g be the Lie algebraG. Let Irr (G) be the set of equivalenceclasses
of irreducible (g, K) modules. The trivial (g, K) module will be denoted by
1= 1¢. If K7 is a closednormal subgroup of K, 7 is a (g, K1) module and
s € K, then s - 7 is the (g, K1) module with the samespaceas = and action
dened by (s - m)(k) = 7(s' tks) for k € K; and (s - 7)(X) = w(Ad(s)X)
for X € g. When G satises G° = °(G°) ([Wal], p. 48-9) the concepts of
tempered and square integrable (g, ) modules are de ned in [Wal], 5.5.1;
this includes G = Sp(n,R), O(p,q,R) and SO(p, ¢,R) for p and ¢ not both
1. When G° = °(G"°), then = € Irr (G) is tempered (square integrable) if and
only if 7 is equivalent to the underlying (g, K) module of an irreducible unitary
represettation | of G sud that g +— (I( g)v,w) liesin L?* ¢(G) for all v,w € 7
and e > 0 (liesin L?(G) for all v,w € 7). When G = GSp(n,R), GO(p, ¢, R) or
GSO(p, ¢, R) with p and g not both 1, then we say that = € Irr (G) is tempered
(square integrable) if 7 is equivalent to the underlying (g, K) module of an
irreducible unitary represenation | of G suc that g — (|( g)v,w) lies in
L?(RE\G) for all v,w € 7 and ¢ > 0 (lies in L?(RE\G) for all v,w € 7);
this is equivalent to the irreducible constituents of =|, x,) being tempered
(square integrable), where g; is the Lie algebraand K; C K is the maximal
compact subgroup of Sp(n, R), O(p, ¢, R) or SO(p, ¢, R), respectively. D is
the division quaternion algebraover R with canonicalinvolution x.
Suppose F' is a number "eld with adelesA and nite adelesAy; set F; =
F ®g R. The Hilbert symbol of F'is (-,-)r. If X is quadratic spaceover F,
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then the quadratic Hedke character yx : Af /FE — {+1} ass@iated to X is
(-,disc X (F)) r. Let G be a reductive linear algebraic group de ned over F,
let g be the Lie algebraof G(F; ), and let K be a maximal compact subgroup
of G(F1 ). Then Irr agmiss (G(A)) is the set of equivalenceclassesof irreducible
admissible G(A ) x (g, K) modules. If 7 € IIT agmiss (G(A)) then the certral
character of 7 isw, and 7 = ®,7, is temperedif r, is temperedfor all placesw
of F. A cuspidal automorphic represertation of G(A) is a m € Irr agmiss (G(A))
which is isomorphic to an irreducible submadule of the G(A f) x (g, K) module
of cuspidal automorphic forms on G(A) of certral character w,; such a 7 is
unitary.

1. THE LOCAL THETA CORRESPONDENCE FOR SIMILITUDES

In this sectionwe recall and prove results about the local theta corresppndence
for similitudes. The paper [R1] dealt with the nonarchimedean odd residual
characteristic case. Here we do the even residual characteristic and real cases
and prove a very special, but adequate, caseof S.S.Kudla's theta dichotomy

conjecture. We also show that the theta corresppndencefor similitudes is in-

dependen of the additive character, compatible with corntragredients, and re-

spects unrami ed represertations.

Fix the following notation. Let F be a local "eld of characteristic zero, with

F = Rif Fisarchimedean. Let n beapositiveinteger,and let X bea quadratic

spaceof nonzeroeven dimensionm over F. To simplify notation, denotethe F’

points of X by X. Let d = discX. Fix a nontrivial unitary character ¢ of F.

The Weil represetiation w = wy = w, = wx,, 0f Sp(n, F) x O(X, F) de ned

with respect to 1) is the unitary represenation on L?(X™) given by

w(L, h)p(x) = p(h! *2),

B

w000 Dp() = vx(deta)| deta™ %p(ra),
1 1
W5 o D) = 9 b, 1) e(a),
o O3 D) = 120,

Here, & is the Fourier transform de ned by
z

Py = e a% da®

with dz such that B(z) = ¢(—z) for ¢ € L2(X") and z € X", and ~ is
a certain fourth root of unity depending only on the anisotropic componert
of X, nand . If h € O(X,F), a € GL(n,F), b € M,(F) with b = b and
r=(21,...,1,),2°= (29,...,20) € X", wewrite i Yz = (hi lxq,... hil2,),
za = (z1,...,2,)(ai;), (z,29 = ((xi,x?)), bx = b'(x1,...,x,). Also, yx isthe
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quadratic character of F£ de ned by xx(t) = (t,d)r ; xx dependsonly on the
anisotropic componert of X.

Suppose F' is nonarchimedean. We will work with smooth represenations of
groups of td-type such as Sp(n, F') and O(X, F'). We thus considerthe restric-
tion of w to a smaller subspace. Let S(X™) be the spaceof locally constan,
compactly supported functions on X™. Then w presenes $(X™). By w we
will usually mean w acting on §(X"); context will give the meaning. Let
R,.(O(X, F)) be the set of elemers of Irr (O(X, F)) which are nonzero quo-
tients of w, and de ne Rx(Sp(n, F)) similarly.

Suppose F' = R. In the analogy to the last case,we will work with Harish-
Chandra modules of real reductive groups. This requires de nitions. Fix
K; = Sp(n,R) N O(2n,R) as a maximal compact subgroup of Sp(n,R). The
Lie algebra of Sp(n,R) is g1 = sp(n,R). Let X have signature (p,q). We
parameterize the maximal compact subgroupsof O(X,R) as follows. Let X*
and X7 be positive and negative de nite subspacesof X, respectively, such
that X = X* | X' . Then the maximal compact subgroup J; = J1(X*,X1)
assaiated to (X*, X1 ) is the setof £ € O(X,R) suc that £&(X*) = X* and
E(X1)= X'. Of course,J; = O(X* ,R) x O(X' ,R) = O(p,R) x O(q, R). Fix
onesuch J; = Ji(X*, X1 ). The Lie algebraof O(X,R) is h; = o(X,R). Let
$(X™) = 84(X™) be the subspaceof L?(X™) of functions

(o) expl 3 eltr (o ") — tr(al Lt ).

Here,p: X™ — C is a polynomial function on X™, and (z*,z*) and (' ,z! )
are the n x n matrices with (i, j)-th ertries (7 , 2} ) and («} , %) respectively,
wherez; = zj + zi, with 27 € X* andzl € X' for1<i<n;ceRf is
such that (t) = exp(ict) for t € R. Then §(X™) isa (g1 x hy, K3 x J1) module
under the action of w. By w we will usually meanthe (g; x hy, K1 x J;) module
8(X™). Let R,(O(X,R)) be the set of irreducible (g, /1) modules which are
nonzero quotients of w, and de ne Rx(Sp(n,R)) similarly. For uniformity,
write Homsp(”,p)g o( X,F) (w,7r X O’) for Hom(glg b1, K1E Jl)(w,w X O’).

We have the following foundational result on the theta correspondence for
isometries.

1.1 THEOREM ([H], [W1]). SupmseF is real or nonarchimedean of odd resid-
ual characteristic. The set

{(m,0) € Rx(Sp(n, F)) x Ry, (O(X, F)) : HoMgp(, rye o x, ) (w, ™ ® o) 7 O}
is the graph of a bijection between R x (Sp(n, F')) and R,(O(X, F)), and
dimc Homsy(, pye o(x, 7y (W, m® 0) < 1
for m € Rx(Sp(n, F)) and o € R,(0O(X, F)).

When F' is nonarchimedean of even residual characteristic partial results are
known. For us the following unconditional result sutces. If F' is nonar-
chimedeanand o € Irr (O(X, F)) we s& that o is TEMPERED if all the ir-
reducible constituents of o|so(x,r) are tempered.
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1.2 THEOREM. Supmse F' is nonarchimedean of even residual characteristic
and m = 2n. Let Rx(Sp(n, F))temp and R,(O(X, F))emp be the subsetsof
R, (O(X, F)) and Rx(Sp(n, F)) of tempered elements, resgectively. Then the
statement of Theorem 1.1 holds with Rx(Sp(n, F))temp and R, (O(X, F))temp
replacing the sets R x (Sp(n, F)) and R,,(O(X, F)), respectively.

Proof. Let o € R,(O(X, F))temp - By 2) @), p. 69 of [MVW], there exists 7 €
Rx(Sp(n, F)) suc that the homomorphismspaceof Theorem 1.1is nonzero;w
istemperedby (1) of Theorem4.2 of [R3], and is unique by Theorem 4.4 of [R3].
To prove the map from R, (O(X, F))temp t0 Rx(Sp(n, F))temp IS injective and
the homomorphismspacehasdimensionat most one, let = € Irr (Sp(n, F)) temp -
By putting together the proofs of Proposition 11.3.1 of [Ra] and Theorem 4.4
of [R3] one can show that there is a C linear injection

D2 0(x.7) HoMsp(n, ke o(x,7) (W, ™ @ 0)
o unitary

— HomSp(n,F)E Sp(n,F) (S(Sp(nv F)) , T & 7T_)a

where 8(Sp(n, F)) is the spaceof locally constart compactly supported func-
tions on Sp(n, F') and the action of Sp(n, F) x Sp(n, ') on 8(Sp(n, F)) is de ned
by ((g,99 - d)(z) = &(g' *z¢%). The last spaceis one dimensional as

T @ = 8EPOLEN/ N o oy (5(5p(n. ) - ), KO

U a C vector space

seethe lemma on p. 59 of [MVW]. This provesthe claims about injectivit y
and dimension. For surjectivity, let 7 € Rx(Sp(n, F))emp . As above, there
exists 0 € R,(0O(X, F)) such that the homomorphism spaceis nonzero. An
argumert asin the proof of (1) of Theorem 4.2 of [R3] shows that o must be
tempered. Seealso[Mu]. O

It is worth noting the following from the proof of Theorem 1.2: Let m = 2n,
7 € Irr (Sp(n, F)) and o € Irr (O(X, F)). If Homgy(p, rye o x,7) (W, m ® 0) 7 O,
then 7 is temperedif and only if o is tempered.

When F' is nonarchimedean of odd residual characteristic or F' = R, then the
bijection from Theorem 1.1 and its inverseare denoted by

0: JQX(Sp(n,F)) = CRn(O(Xy F))7 0: fR”(O(X, F)) = “RX(Sp(nvF))'

if F' is nonarchimedean of even residual characteristic we use the samenota-
tion for the bijections between R x (Sp(n, F))temp and R, (O(X, F))emp from
Theorem 1.2.

Next we recall and prove a special caseof a conjecture of S.S.Kudla on the theta
correspondencefor isometries. This conjecture has important implications for
the theta correspondencefor similitudes.
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1.3 THETA DICHOTOMY CONJECTURE (S.S. KubLA). Assume F' is nonar-
chimedean. Let m be a positive eveninteger, let d € F£ /F£2, and let n be a
positive integer suchthat m < 2n. There exist at most two quadmatic spacesY
and Y° over F of dimension m and discriminant d; assumeboth exist. Then
Ry (Sp(n, F)) N Ryo(Sp(n, F)) = 0.

We can prove the conjecture when m is small in comparisonto 2n:

1.4 LEMMA. Suppsethat the notation is asin Conjecture 1.3, and assumethe
two quadmtic spaces Y and Y° exist. If m < n + 2, then the theta dichotomy
conjecture holds for m and n.

Proof. Let Z be the quadratic spaceover F' of dimension 2m with four di-

mensional anisotropic componert. To prove the theta dichotomy conjecture
for m and n it suxces to shav that 1gp,) ¢ Rz(Sp(n, F)). This reduction

is well known, but we recall the proof for the corvenienceof the reader. As-
sume 1gpn) ¢ Rz(Sp(n, F)), and supposer € Ry (Sp(n, F)) N Ryo(Sp(n, F)).

To get a contradiction, let go € GSp(n, F') be sud that A\(go) = —1. By the
“rst theorem on p. 91 of [MVW], go - ¥ & mn—. Thus, there is a nonzero
Sp(n, F) x Sp(n, F) map from wy,, ® go - wyo, t0 m @ 7—. By Lemma 1.6
below, go - wyo, & w; yo,, where —Y? has the same spaceas Y° and form

multiplied by —1. Also, (wy,n ®w; yon)le sp(n,F) = Wy? YOnlsp(n,r). Clearly,

Y 1L -Y%2 Z. Since Homsp(mF) ((ﬂ' ® 7T—)‘¢ Sp(n,F)> 1Sp(n,F)) Z 0, there now
is anonzeroSp(n, ) map from wz,, 10 1gy(p, F), I.€., Lsp(n,r) € Rz(Sp(n, F)).

We now show 1gp,) & Rz(Sp(n, F)) for m < n+ 2. Let i be the Witt index
of Z,i.e.,i= m— 2, and write V; = Z to indicate that Z is the orthogonal
direct sum of the four dimensional anisotropic quadratic spaceover F' with 1

hyperbolic planes. We must show 1gp(,y) ¢ Ry: (Sp(n, F)) for 0 < i < n; we do
this by induction on n. The casen = 1 follows from Lemma 7.3 of [R2] (see
its proof, which is residual characteristic independert). Let n > 1, and assume
the claim for n — 1. Let i < n, and assumelgy, r) € Ry (Sp(n, F)). To
‘nd a cortradiction we reducedimensionsusing Jacquet functors and Kudla's

“Ttration  of the Jacquetmodule of the Weil represeniation. We usethe notation

of [R3]: write w;, = wy ». Sincelgy,, ry € Ry (Sp(n, F)), by 2) a) of the
Theorem on p. 69 of [MVW], there exists o € Irr (O(V;, F)) and a nonzero
Sp(n, F) x O(V;, F) map

Win — 1Sp(n7F) ®o.

Let N? be the unipotent radical of the standard maximal parabolic of Sp(n, F)
with Levi factor isomorphicto GL(1, F') x Sp(n — 1, F'). Applying the normal-
ized Jacquet functor with respect to N?, which is exact, we obtain a nonzero
GL(1, F) x Sp(n — 1, F) x O(V;, F) map

Ryo(win) — Ryo(lspny) @ 0 = |-/ " @ Lsp(nj 1,7) ® 0.

Suppose rst 7 = 0, sothat V; is four dimensional and anisotropic. By Kudla's
computation of the Jacquet functors of wg ,, (see[R3] for a statemert in
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our notation), RN?(WO,n)‘Sp(m 1,F) =g wo,nj l|Sp(ni 1,F)- Thus, ]-Sp(ni 1,F) €
Ry (Sp(n — 1, F)). Sincei = 0 < n — 1, by the induction hypothesisthis is a
cortradiction.
Supposei > 0. By Kudla's “Ttration (two step, in this case)of R yo(w;,») either
there exists a nonzeroGL(1, F') x Sp(n — 1, F) x O(V;, F) map

‘ : |dim vi/2im QWwini1— | ) ‘i "® lspni 1,7) ® 0,
or there exists a nonzeroGL(1, F) x GL(1, F') x Sp(n — 1, F') x O(V;; 1, F') map

6801 @wii 11— || " @ Lspini 1.7) @ Riv, (0);

here, ¢ and &9 are quasi-characters of GL(1,F) and oy is a represen-
tation of GL(1,F) x GL(1,F) whose precise de nitions we will not need,
| - | ™ is regarded as a quasi-caracter of GL(1, F'), N; is the unipotent rad-
ical of the standard parabolic of O(V;, F) with Levi factor isomorphic to
GL(L,F) x O(V;; 1, F), and Ry, () = Ry, (0-)-. The Tst caseis ruled out
since| - |4m Vi/2i n = | . |i » Sincethe secondcasemust therefore hold, we get
HoMsp(n; 1,7y (Wi 1,5 15 Lsp(ni 1,7)) 7 O, 1.8, Isp(ni 1,7) € Ry, , (SP(n—1, F)).
This contradicts the induction hypothesissincei —1<n —1. O

The real analogueof the theta dichotomy conjectureis known. The assumption
of the evennessof p and ¢ in the following lemmais a consequencef the same
assumptionsin [M].

1.5 LEMMA. Supmse F' = R. Let m be a positive eveninteger and let n be a
positive integer suchthat m < 2n. Then the setsRy (Sp(n,R)) asY runs over
the isometry classesquadmatic spacesover R of dimension m and signature of
the form (p, ¢) with p and ¢ evenare mutually disjoint.

Proof. We argue as in the second paragraph of the proof of Lemma 1.8 of
[AB]. SupposeY and Y° are quadratic spacesof dimension m with signa-
tures (p, ¢) and (p° ¢% with p,q,p° and ¢° even. Assumer € Ry (Sp(n,R)) N
Ryo(Sp(n, R)). We must shov that ¥ = YO ie, p = p®and ¢ = ¢° We
have Homg, x,)(wy,n,m) 7 0 and Homg, x,)(wyo,,m) # 0; asin the proof
of Lemma 1.4 this implies Hom,, x,)(wzn, (T ® 7)|e¢( g1,x,)) 7 0, where
Z =Y 1L -Y% and —Y?° is the quadratic space with same space as Y°
but with form multiplied by —1; Z has signature (p + ¢%p°+ ¢). Hence,
1spnr) € Rz(Sp(n,R)). We now use [M] to complete the proof. The rep-
resenation 1sp, r) hasonly one K;-type, namely the trivial represenation
of K1. As 1gp,r) € Rz(Sp(n,R)), the trivial represenation of K; appears
in the joint harmonics H(K1,0(p + ¢°, R) x O(p°+ ¢,R)) for this theta cor-
respondence(seel.l and the secondparagraph of 1.1 of [M]). By Corollaire
1.4 of [M], which computes the represenations of K; occurring in the joint
harmonics, p+ ¢°= p°+ ¢; sincep+ ¢ = p°+ ¢°, wehavep = pandq¢= ¢> O

We now recall the extended Weil represertation which will be usedto de ne
the theta correspondencefor similitudes; see[R1] for references.De ne

R= Rx = R,= Rx,={(g9,h) € GSp(n, F) x GO(X, F) : AM(g) = AMh)}.
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The Weil represenation w of Sp(n, F) x O(X,F) on L?(X™) extends to a
unitary represenation of R via

w(g, K = AR T w(gr, (g ohl Yy,

where )

s
0 € Sp(n, F).

_ 1
g1=4g 0 )\(g)

Evidently, the group of elements (¢,t) = (¢-1,¢-1) for t € F% is cortained in the
certer of R, and we have w(t,t)o = xx(t)"¢ for ¢ € L?>(X™) and t € F£. If
Fis nonarchimedean, then the extended Weil represenation presenes8(X™);
when F' is nonarchimedean, by w we shall often meanw acting on $(X™).
Suppose F' = R; then w extendedto R also presenes§(X™), but only at the
level of Harish-Chandra modules. We needde nitions. As a standard maximal
compact subgroup K of GSp(n,R) take the group generatedby K; and the
order two elemen 0"

l

ko= o 3

The Lie algebrag = gsp(n,R) of GSp(n,R) is the direct sum of its certer R
and g; = sp(n,R). If p # ¢, then any maximal compact subgroup of GO(X, R)
is a maximal compact subgroup of O(X,R), and we let J denote the sub-
group J; from above. Supposep = ¢. Then every maximal compact subgroup
of GO(X,R) contains a unique maximal compact subgroup of O(X,R) as a
subgroup of index two, and any maximal compact subgroup of O(X, R) is con-
tained in a uniqgue maximal compact subgroup of GO(X,R) as a subgroup of
index two. As a maximal compact subgroup for GO(X,R) we take the maxi-
mal compact subgroup J = J(X*, X ) containing J; = Ji(X*,X1). To get
a cosetrepresetativ e jo for the nontrivial cosetof Jy in J, let i : X* — Xi
be an isomorphismof R vector spacessuch that (i(z*),i(z*)) = —(z*,2") for
z¥ € X* andusing X = X* 1 X' set

.0 gite
Jo = .

i 0

The Lie algebrah = go(n,R) of GO(X, R) is the direct sum of its certer R and
hy = o(n,R). The group R is a real reductive group containing (Sp(n,R) x
O(X,R)){(t,t) : t € RE } asan open subgroup of index oneif p # ¢, and index
two if p = ¢. As a maximal compact subgroup L of R wetake L = K; x Jp if
pZ q; if p= ¢, then we take L to be generatedby K; x J; and (ko, jo). The
Lie algebrar of R is the set of pairs (z,y) € g x h such that z = 2+ z; and
y= z+ y for somez € R, x; € g1 and y; € hy. The space$(X™") is evidertly
closed under the action of w restricted to L and r. The (g; x hy, K3 x Jp)
module §(X™) thus extendsto an (r, L) module, which we will also denote by
w.
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Before discussingthe theta correspondencefor similitudes it will be useful to
describe the relationship betweenthe extendedWeil represenations for similar
quadratic spaces,and what happensto the extended Weil represetation when
the additiv e character is changed. For A\ € F£ and g € GSp(n, F) write

si 1

B

g[)‘] =

10 10

ox?%0 2
1.6 LEMMA. Let X°another quadmatic space over F, and supmset : X — X°
is a similitude with similitude factor \. Let w° be the Weil representation of

Rxo,, on L?(X%). Then

w(g, h)(¢Pot) = [wAg™M, tht! O] ot

for (g,h) € Rx., and @€ L2(X™).

Proof. By the formulas for the Weil represeniation the statemert holds for
g € Sp(n, F) and h = 1, up to a factor a(g) in the fourth roots of unity p4.
The function « : Sp(n, F') — u4 is a character. The only normal subgroups of
Sp(n, F) are {+1} and Sp(n, F); o must betrivial. It is now easyto ched that
the formula holds for all (¢,h) € R. O

In the next result the dependenceof w on ) is indicated by a subscript. Its
proof is similar to that of Lemma 1.6.

1.7 LEMMA. Let ° be another nontrivial unitary character of F. Let a € F*£
be suchthat ¥%t) = v(at) for t € F. Then there is an isomorphism

(wyo, LA(X™) = (( 1) - wy, LA(X™)

10
0 ¢
of representationsof R, wher ¢ = « if F' is nonarchimedean and ¢ = sign(a)
if F = R. If F is nonarchimedean, the isomorphism is the iden;ity map; if
F = R, the isomorphism sends¢° to ¢, wher p(z) = ©X Jaf 195). This
isomorphism maps 8,0(X™) onto 8, (X™) (the subscriptsy) and +° are relevant

when F' = R).

With this preparation, we recall the theta correspndencefor similitudes from
[R1]. In analogyto the caseof isometries,we askwhendoesHomg(w, 7®0) # 0
for 7 € Irr (GSp(n, F)) and o € Irr (GO(X, F)) de ne the graph of a bijec-
tion between appropriate subsetsof Irr (GSp(n, F)) and Irr (GO(X, F))? In
considering this, two initial obsenations come to mind. First, R only in-
volves GSp(n, F)*, the subgroup of GSp(n, F) (of at most index two) of
g € GSp(n, F)* with A(g) € MGO(X,F)); thus, at rst it might be bet-
ter to look at represetations of GSp(n, F)* instead of GSp(n, F). Sec-
ond, there should be a closerelationship between Homg(w, 7 ® o) # 0 and
Homsp (. rye o( x, 7y (w, m1 ® 01) # 0 for 71 and oy irreducible constituents of
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T|sp(n, /) @Nd olo(x r), respectively. The basic result that builds on these
remarks is Lemma 4.2 of [R1]. It assertsthat if = € Irr(GSp(n,F)*),
o € Irr (GO(X, F)) and Homp(w, 7 ® o) # 0, then

_ _ .0 0
Tlsp(n,p) = M-T1 @ -~ Dm- Ty, Olox,p)=m 01D~ Bm oy

with §(m;) = o; for 1 < i < M and m = 1if and only if m®= 1. Here
the m; € Irr (Sp(n, F)) and o; € Irr (O(X, F)) are mutually nonisomorphic.
Actually, [R1] considersthe nonarchimedeancaseof odd residual characteristic,
but the same proof works if F' has even residual characteristic, dim X = 2n
and 7 and o are tempered, sothat Theorem 1.2 applies, or if F' = R; in this
casem = m®= 1, as[GSp(n,R)* : RE Sp(n,R)],[GO(X,R) : RE O(X,R)] < 2
(seeTable 1 in the appendix for data on GSp(n,R)* ). With this in place, [R1]
shows that the condition Homg(w, ™ ® o) Z 0 de nes the graph of a bijection
between Rx (GSp(n, F)*) and R,(GO(X, F)), where Rx(GSp(n, F)*) is the
setof 7 € Irr (GSp(n, F)") sud that 7|sp,, ) is multiplicit y free and has an
irreducible constituent in Rx (Sp(n, F)) and R,,(GO(X, F)) is similarly de ned
(again, this also holds if F' has even residual characteristic or F' = R).

Finally, whenGSp(n, F)* is properin GSp(n, F), [R1] shovsHomg(w, 7®0c) #
0 de nes the graph of a bijection between suitable subsetsof Irr (GSp(n, F))
and Irr (GO( X, F)) provided m < 2n and the relevant caseof Conjecture 1.3
holds. The ideais that if [GSp(n, F) : GSp(n, F)*] = 2, then X hasa certain
companion nonisometric quadratic spaceX°with the samedimensionand dis-
criminant (this determines X°if I is nonarchimedean;if I’ = R, then X?is the
quadratic spaceof signature (¢, p)). When it holds and m < 2n, Conjecture 1.3
implies that together the two theta corresppndencesbetweenGSp(n, F)* and
GO(X, F) and betweenGSp(n, F)* and GO(XC F) give onetheta correspon-
dencebetween GSp(n, F') and GO(X, F) (which is the sameas that between
GSp(n, F) and GO(X? F), using GO(X, F) = GO(X? F)). Since[R1] explains
this in somewhatdi®erert language,we recall the argumert in the proof of the
summary theorem below.

For the statement of the theorem we need some notation. If F' is nonar-
chimedean, de'ne R,(GO(X,F)) and Rx(GSp(n,F)*) as above, and let
Rx(GSp(n, F)) be the set of 7 € Irr (GSp(n, F)) sud that someirreducible
constituent of m|ggp(,,F)+ IS cortained in Rx(GSp(n, F)*). If F = R, let
Rn(GO(X,R)) be the set of 0 € Irr (GO(X,R)) sudh that o|o(xr) hasan
irreducible constituent in R, (O(X,R)), and let Rx(GSp(n,R)) be the set
of m € Irr (GSp(n,R)) sud that 7|gp,,r) has an irreducible constituent in
Rx(Sp(n,R)). Here olo(x,r) and 7|gpn,r) Mean o, s,y and g, k), re-
spectively. If o € Irr (GO(X, F)) and F' is nonarchimedean we sa that o is
TEMPERED if all the irreducible constituents of o|gso(x,r) are tempered; evi-
dertly, o is temperedif and only if the irreducible constituents of o|o(x r) are
tempered and o has unitary certral character, and this happensif and only
if the irreducible constituents of o|so(x,7) are tempered and o has unitary
certral character.
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1.8 THEOREM. Supmse rst F is real or nonarchimedean of odd residual char-
acteristic. Then

{(m,0) € Rx(GSp(n, F)) x R,(GO(X, F)) : Homg(w, 7 ® o) # 0}
is the graph of a bijection between R x(GSp(n, F)) and R,,(GO(X, F)), and
dimc Homg(w, 1 ®0) <1

for 7 € Rx(GSp(n, F)) and ¢ € R, (GO(X, F)), in the following cases:

(1) F is nonarchimedean and d = 1,

(2) F is nonarchimedean, d # 1, and m < n + 2,

3) F=Randp= g

(4 F=R, p¥ q, pandq areeven,and p+ ¢q < 2n.
Now assume F' is nonarchimedean of even residual characteristic and m =
2n. As in Theorem 1.2, let the subscript temp denote the subset of tem-
pered elements. Then the alove statement holds with R x (GSp(n, F))emp and
Rn(GO(X, F))temp In place of Rx(GSp(n, F)) and R,(GO(X, F)), respc-
tively, in the following cases:

(5) d=1and m = 2n;

6) dZlandm=2n=n+ 2= 4.

Proof. (1). Sinced = 1, GSp(n, F)* = GSp(n, F), and the statemert follows
from Theorem 4.4 of [R1].

(2). This is dealt with in [R1], but we shall brie®y recall the argumert for the
purposesof explanation. In this casewe have [GSp(n, F) : GSp(n, F)*] = 2.
Let g € GSp(n, F) be a represenativ e for the nontrivial cosetof GSp(n, F)*
in GSp(n,F). As mentioned above, by Theorem 4.4 of [R1] the condi-
tion Homg(w,7°® o) # 0 denes a bijection between Rx(GSp(n, F)*) and
R,.(GO(X, F)), and dimc Homg(w,7°® o) < 1 for 7° € Rx(GSp(n, F)*)
and ¢ € R,(GO(X,F)). To prove the theorem in this case, we rst
claim that if 7% € Rx(GSp(n, F)*) and ¢ € R,(GO(X, F)) are suc that
Homp(w,7%® o) # 0, then ¢ - 7° 2 7% (so that = = IndgggEZ:§;+ 70 is irre-
ducible), and Homgz(w, 7 ® o) & Homg(w, 7°® o); also, if 7 € Rx(GSp(n, F))
then 7|gsp(n, )+ has two irreducible componerts. Let X0 be the other qua-
dratic spaceof dimension m and discriminant d nonisometric to X. We may
assumethat X?is obtained from X by multiplying the form on X by \(g); then
GO(X° F) = GO(X, F) and Rxo,, = R= Rx,,. Let w®= wxo; by Lemma 1.6,
g-w 2w’ Now sinceHomz(w, 7°® o) # 0 we have Homg(g-w, g - m°®0) 7 0,
and so Homp(w® g - °® 0) # 0. This givesg - 7% € Rxo(GSp(n, F)*). If now
7192 g. 70 then Rx(Sp(n, F)) N Rxo(Sp(n, F)) 7 0 (seeLemma 4.2 of [R1]),
cortradicting Lemma 1.4. Thus, g - 7° 2 7% Composing with the projection
7 — mlgivesamap Homg(w, 7®0) — Hompg(w, 7%0); by argumerts similar to
thosejust given, this map is a C linear isomorphism. Let = € Rx(GSp(n, F)),
and supposeT|gsp(n,r)+ = w°is irreducible. Then 7° € Rx(GSp(n, F)*), and
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sog - 7% 7% a corntradiction. This completesthe proof of our claim. Using
the claim, it is straightforward to prove the theorem in this casevia analogous
arguments.

(3) and (4). The argumerts are similar to the nonarchimedeancasein [R1]. In

fact, they are easiersincethe indices of the various relevant subgroupsare at

most two. Thus, the analoguesof the lemmasabout induction and restriction

from [GK] usedin [R1] take on a simple form. For the convenienceof the reader
wishing to look closely at the argumerts we preser a table of data (SeeTable
1 in the Appendix). The p = ¢ and p ¥ ¢ casesshould be regarded as being
analogousto the d = 1 and d # 1 nonarchimedean cases,respectively. In the
table K* is a maximal compact subgroup of GSp(n, R)™ .

(5) and (6). The argumerts are similar to those for (1) and (2) aswe have the
inputs Theorem 1.2 and Lemma 1.4. The proofs of section 4 of [R1] are made
in an abstracted context and thus residual characteristic independen; these
argumerts also go through with the restriction to tempered represenations.

The argumerts in (2) for the case[GSp(n, F) : GSp(n, F)*] = 2 alsowork with

the restriction to temperedrepresenations. The readerwishing to go through

the details should note the remark after Theorem 1.2. O

The proof of Theorem 1.8 only used Lemmas 1.4 and 1.5 when F' is nonar-
chimedeanand d # 1 and F' = R and p ¥ ¢, respectively. However, Lemmas
1.4and 1.5 have important applications when F' is nonarchimedeanand d = 1,
and F = R and p = ¢: seeLemma 8.4 and the proof of Proposition 4.1.
Wenotethat if 7 € Irr (GSp(n, F)), o € Irr (GO(X, F)) and Homg(w, 7®c) Z 0
then x% = wrw, Where w, and w, are the certral characters of = and o,
respectively. Here, if F' = R then the certral character of = € Irr (GSp(n, R))
is de ned by w.(e*) = exp(n(z)) for z € R C g, and w,(—1) = w(—1), where
—1€ K; w, is de ned similarly.

The theta corresppndencefor similitudes from Theorem 1.8 is independert of
the choice of character 1.

1.9 ProposITION. Let 4° be another nontrivial unitary character of F, and
let wyo be the Weil representation of R on 8,0(X™) correspnding to ¢° (the
subscript 4% in §40(X™) is relevantwhen F = R). Let o € Irr (GO( X, F))) and
m € Irr (GSp(n, F)). Then Homg(wy, ™ ® o) Z 0 if and only if Hompg(wye, 7 ®
o) #Z 0.

Proof. This follows from Lemma1.7. O

Assumewe are in oneof the casesof Theorem 1.8. Wethen denotethe bijection
betweenR x (GSp(n, F)) and R,(GO(X, F)) by 0:

0 : Rx(GSp(n, F)) = R, (GO(X, F)),
0 : R, (GO(X, F)) = Rx(GSp(n, F)).

If 7 € Rx(GSp(n,F)) and o € R,(GO(X, F)) then Homg(w, 7 ® o) Z O if
and only if 8(7) = o and 0(c¢) = ; if F' has even residual characteristic we
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useRx (GSp(n, F))temp and R,,(GO(X, F))temp - If 0 € R,,(GO(X, F)) we say
that ¢ OCCURS IN THE THETA CORRESPONDENCE WITH GSp(n, F); similarly,

if 7 € Rx(GSp(n, F)) we sagy that = occursin the theta correspondencewith

GO(X, F). The above de nition of # is not quite compatible with the global
de nition; a contragredient must be introduced. If 7 is a cuspidal automorphic
represenation of GSp(X, A), the global theta lift £( 7) is nonzeroand cuspidal,
and Theorem 1.8 appliesat every place,then 7 € Rx(GSp(n, F)) for all places
v of F, and £( 1) = ®,0(7;) (SeeSection5). However, we have the following
proposition. It guaranteesthat if o, = 0(7ny) then 6(o5) = .

1.10 PROPOSITION. Let © € Irr (GSp(n, F)) and o € Irr (GO(X, F)) be uni-
tary. Then Homg(w, 7 ®0) # 0if and only if Homg(w, - ® 0-) # 0. Suppse
one of (1){(6) of Theorem 1.8 holds. Then © € Rx(GSp(n, F)) if and only
if 7 € Rx(GSp(n,F)) and if 7 € Rx(GSp(n, F)), then 8(x) = 6(xn)-.
Similarly, o € R,(GO(X, F)) if and only if o- € R,(GO(X,F)), and if
o € R, (GO(X, F)) then 8(c-) = 0(0)-. (If F has even residual character-
istic, repla@ Rx(GSp(n, F)) and R,(GO(X, F)) by Rx(GSp(n, F))wemp and
Rn(GO(X, F))emp , respectively, in thesestatements.)

Proof. Sincer and o are unitary, there exist C antilinear isomorphismszr = -
and ¢ = o- intertwining the actions of GSp(n, F)) and GO(X, F), respectively.
It followsthat thereis a C antilinear isomorphismr®o 2~ m- ®o- intertwining
the action of GSp(n, F') xGO(X, F). Let @ bethe represeration of R on §(X™)
de ned by @W(r)p = w(r)p for r € R and ¢ € §(X™). Lett:w — 7® o be
a nonzero R map; then sending ¢ to #(®) givesa nonzeroC antilinear R map
w — m™ ® o. Composing, we get a nonzeroR map @ — 7 ® o-. On the other
hand, there is an R isomorphism

1 0"
0 -1

w2 ( ;1) - w.
This implies that there is a nonzero R map w — n- ® o-. The remaining
claims of the proposition follow. O

Finally, using [H], we consider how the theta correspondencefor similitudes
treats unrami ed represettations. This requires somede nitions. Assume F
is nonarchimedean, and let H be the hyperbolic plane over F. Then X = H L
--- L H 1L X, where Xy is an anisotropic quadratic spaceover F' of dimension
0,2 or 4. In particular, if dimg Xg = 2,then d # 1 and Xy & (E,(SN?), for a
quadratic extension E/F, where é = 1 or is a represerativ e for the nontrivial

cosetof F£ /NE(E®). We say that X is UNRAMIFIED if either dim Xy = 0
ordim Xy = 2, E/F isunramied and 6 = 1. If X is unrami ed, then there
exists a lattice L ¢ X which is self-dual, and if L°is any other self-dual lattice
in X, then there exists h € SO(X, F) suc that h(L) = L° If dimp Xo = 0 or
dimgr Xo = 2 and E/F is unrami ed, we de ne a maximal compact subgroup
J of GO(X, F) in the following way. First, if X is unrami ed, we let J be the
stabilizer in GO(X, F) of a xed self-dual lattice L, i.e., J is the setof k €
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GO(X, F) such that k(L) = L. Next assumedim g X = 2, E//F is unrami ed
but § # 1. Then there exists a similitude % from X to the unrami"ed quadratic
space of the same dimension and discriminant with anisotropic componert
(E,N%); we let J be the set of k € GO(X, F) of the form hi k% were k0 is
in the maximal compact subgroup of GO(X?, F') we have already de ned. The
de nition of J dependson choices,but any two subgroupsde ned by di®ereri
choicesare conjugate. Let K = GSp(n, O r).

1.11 ProposITION. Supmse F' is nonarchimedean of odd residual charac-
teristic and X is suchthat J is dened. Let ¢ € R,(GO(X,F)) and 7 €
Rx(GSp(n, F)) and assumeHomg(w, ™ ® o) Z 0. Then =« is unrami ed with
respect to K if and only if o is unrami ed with respect to J.

Proof. By Proposition 1.9 we may assumey(Opg) = 1 but 1/)(7r‘F10F) Z 1; by
Lemma 1.6 we may assumeX is unrami ed. We have K = O%K; U koO% K
and J = O%.J; U j,0% 1, where K1 = K N Sp(n, F), J1 = JnNO(X,F),
A(ko) = A(jo) = u, and p is arepresenativ efor the nontrivial cosetof O%./O%2.
For someirreducible componert roofw\GSp(n,Fﬁ, we have Homp(w, 7%0) # 0.
As K C GSp(n, F)*, it will sutce to show that o is unrami ed with respect
to J if and only if 7°is unrami'ed with respectto K. By the proof of Lemma
4.2 of [R1] we can write

770|Sp(n7F) =m®- Oy, Olox,p) = 01D Doy

where the «; € Irr (Sp(n, F)) and the o; € Irr (O(X, F)) are mutually noniso-
morphic and o; = 6(x;). Let V; and W, be the spacesof x; and o;, respectively.
Assume o is unrami ed with respectto J. Let w; € o be nonzeroand xed
by J. Sincec|o(x,r) hasexactly oneirreducible constituent unrami ed with
respect to J;, we may assume,sa, wy € Wi. Evidently, o(jo)W1 = Wi. By
(b) of Theorem 7.1 of [H], w1 = 6(o1) is unrami ed with respect to K;. Let
vy € V1 be nonzeroand xed by K;. We will shav that v; is in fact xed by
K, ie., m(ko)vy = vi. As msp(, ) has exactly one irreducible constituent
unrami ed with respect to K; we have 7%ko)Vs = Vi. Since VlK1 is one
dimensional, 7%ko)v; = evy for somee € {+1}. We must show ¢ = 1. Let
T :w — m®0c beanonzeroR map, and let p : 7°® o — m ® o1 be projection.
Let 71 = poT :w — m ® oy; this is a nonzeroSp(n, F) x O(X, F) map. Let
¢ € w besud that T1(y) = v1 ® wi; we may assumey is xed by K; x Ji.
By the top of p. 107 of [MVW], there exists a locally constart compactly
supported K bi-invariant function f : Sp(n, F) — C suc that
z

p= f(@)w(g, D)o dg;
Sp(n,F)

here pg € w is a certain elemen xed by K; x J;. One can ched that ¢ is
also xed by (ko, jo). We have T1(w(ko, jo)¢) = €(v1 ® wy). However,
Z

w(ko, jo)y = fk *gko)w(g, 1)o dg.
Sp(n,F)
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Let g € Sp(n, F). Weclaim f(kb *gko) = f(g). Write g = kak®with k, k%€ K
and a a diagonal matrix. Sincewe may assume
10

k(): 0 L )

we have ki) *gko = ki *kkoaki *k%o; hence, f(ki *gko) = f(a) = f(g). Thus,
w(ko, jo) = . This implies v1 ® w1 = T1(p) = €(v1 ® wy), sothat e = 1.
The implication in the other direction hasa similar argumernt. O

2. FOUR DIMENSIONAL QUADRATIC SPACES

In this section we recall badkground on four dimensional quadratic spacesX
over a base eld F and their similitude groups. We begin by characterizing the
special similitude group GSO(X, F) of X via its even Cli®ord algebra. We also
obtain canonical cosetrepresenativ esfor the nontrivial cosetof GSO(X, F)) in
GO(X, F); these correspnd to quaternion algebrasover F' contained in the
even Cli®ord algebra over F', which in turn are in bijection with Galois ac-
tions on the even Cli®ord algebra. This leadsto the concept of a quadratic
quaternion algebraover F', an abstraction of the even Cli®ord algebra of a four
dimensional quadratic space.We construct examplesof four dimensional qua-
dratic spacesrom a given quadratic quaternion algebraover F' and quaternion
algebrasover F' contained in the quadratic quaternion algebra, or equivalertly,
Galois actions on the quadratic quaternion algebra. We prove that any four
dimensional quadratic spaceover F' is, up to similitude, one of these exam-
ples. We also describe the relationship betweenthe examplesthat arise from
a given quadratic quaternion algebra. To closethe section, we consider four
dimensionalquadratic spacesover local and number “elds. The material in this
sectionis essetially well known. As somebasicreferencesve use[E], [Sch] and
[Kn].

To begin, let F be a eld not of characteristic two, and let (X, (-,-)) be a four
dimensional quadratic spaceover F. For simplicity denote the F' points of X
by X. Setd = discX. Let x1, x5, 23,24 be an orthogonal basisfor X. Let C
be the Cli®ord algebraof X, let B = B(X) bethe even Cli®ord algebraof X in
C, let F = E(X) bethe center of B, and let C; = C1(X) bethe subspaceof C
of odd elements. Then C, B, E and C; are 16, 8, 2 and 8 dimensional over F,
respectively. The F' algebra E is called the DISCRIMINANT ALGEBRA of X and
is REDUCED, i.e., has no nonzeronilp otent elemens. Hence, E is either a "eld
or is isomorphicto F' x F; these happenwhend # 1 and d = 1, respectively.
Let Gal(E/F) = {1,a}. Let N and T£ be the norm and trace from E to F
dened by NE(2) = za(z) and TE(z) = z + a(z), respectively. Let x be the
involution of C' which takesa product of the z; to the product of the samex;
in the reverseorder. Clearly, « presenesB and C;. If z € B, then z € E if
and only if 2 = z. For x € C, de ne N(z) = z°x. Then N(z) € E for z € B.
We may regard X as contained in C;. Evidently, X is the set of z € C; such
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that 2° = z. For z € X, (z,z) = N(z). Also, for z € E and = € C; we have
zz = af2)x.

To further describe the structure of B and F, suppose B is an arbitrary F
algebra with certer £ and involution x which is the identity on E. Then
we sa that B iS @ QUADRATIC QUATERNION ALGEBRA OVER F' if F is two
dimensional over F' and reduced, and there exists a quaternion algebra D over
F cortained in B such that the natural map F®r D — B givenby z@x — zzx
is an isomorphism of E algebrasand * inducesthe canonical involution on D.
Let B be a quadratic quaternion algebraover F' with certer £ and involution
x. Wedenethenorm N: B — F andtrace T : B — E by N(z) = z2° = 2°z
and T(z) = z + z° respectively. We also de ne a symmetric E-bilinear form
(,) : Bx B — E by (z,y) = T(zy")/2. This form is nondegenerate,i.e.,
if x € B is nonzero, there exists y € B suc that (x,y) # 0. The de nition

of a quadratic quaternion algebra B includes a particular quaternion algebra
over F'in B, but the next straightforward result shows that all the quaternion
algebrasover F' in B have equal status.

2.1 PROPOSITION. Let B be a quadmtic quaternion algeba over F' with center
FE and involution *. Let D be any quaternion algeba over F' in B. The natural
map F®r D — B is an isomorphismof E algebas, and x inducesthe canonical
involution on D.

Given a quadratic quaternion algebra B as above, in general there may be
in nitely many nonisomorphic quaternion algebras D over F' in B. However,
if £ F x F,then B2 D x D, and any quaternion algebraover F' in B is
isomorphicto D.

2.2 ProposITION. Let X be a four dimensional quadmtic space over X. The
F algeba B(X) is a quadmatic quaternion algeba over F.

We characterize GSO(X, F). Write B = B(X). De ne aleft action of F£ x Bt
onCy by p(t,g)x = ti tgzg®. This action presenesX, and acomputation showvs
that if € X and (t,g) € FE x B%, then N(p(t,g)z) = ti 2NJ‘,E(N(g(])) N(z);
thus, p(t,g) € GO(X, F), with similitude factor ti 2NE(N(g)). In fact, if
(t,g9) € FE x B, then p(t,g) € GSO(X, F). For the following seefor ex-
ampleV (4.6.1) of [Kn], p. 273.

2.3 THEOREM. Let X be a four dimensional quadmatic space over X, and write
B = B(X) and E = E(X). Dene an inclusion of £ into Ft x Bf by
a — (N%(a),a). Then the following sequene is exact:

1— Ef - Ff x B® 2 GSO(X,F) — 1.
This theorem determines GSO(X, F). We also needto understand GO(X, F),
and we now explain how to describe certain canonical cosetrepresenativ esfor
the nontrivial cosetof GSO(X, F) in GO(X, F). These cosetrepresettativ es

will correspond to choicesof quaternion algebrasover F' in B. The following
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lemma is the key structural result for the construction of the cosetrepresen-
tativ es. It is an elaboration of a generalresult about Cli®ord algebrasof even
dimensional quadratic spaces(Chapter 9, Theorem 2.10 of [Sch], p. 332).

2.4 LEMMA. Let X be a four dimensional quadmtic space over X, and write
B = B(X) and E = E(X). Let D be a quaternion algeba over F' contained
in B. Let D° be the F algeba of elementsof C' which commute with all the
elementsof D. Then D°is a quaternion algeba over I’ and X N D°is one
dimensional and spanned by an anisotropic vector y, sothat D°= E+ Ey. The
map 2°® = — 2% determines an isomorphism D°®r D 2 C of F algebas.
Conversely,if y € X is an anisotropic vector, then the set D of elementsof B
commuting with y is a quaternion algeba over F' in B.

The maps from the previous lemma are evidertly inversesof eat other; that
is, there is a bijection

Quaternion algebrasover F' in B «<— Anisotropic linesin X.

For the description of the nontrivial coset represettatives of GSO(X, F) in
GO(X, F) we also needthe following. Suppose B is any quadratic quaternion
algebraover F with cernter E with Gal(E/F) = {1,a}. Then a GALOIS ACTION
ON B is an F-automorphisma : B — B sud that ¢? = 1and a(zz) = a(z)a(z)
for 2 € E and z € B. If a is a Galois action on B, then the "xed points of a are
a quaternion algebra over F' contained in B; corversely if D is a quaternion
algebraover F' contained in B, anda : B — Bisde ned by a(z®zx) = a(z)®z,
then a is a Galois action on B. Thesetwo maps are inversesof ead other, and
establish a bijection:

Quaternion algebrasover F' in B «—— Galois actions on B.
Direct computation givesthe following:

2.5 PROPOSITION. Let X be a four dimensional quadrmatic space over X, and
write B = B(X) and EF = E(X). Let D be a quaternion algeba over F'
contained in B, and let D° be as in Lemma 2.4. Let # be the involution of
C obtained via the isomorphism D°® D = C from the tensor product of the
canonical involutions on D% and D. Then X# = X; dene s: X — X by
s(r) = —2*. Then s € O(X,F), s> = 1, and dets = —1. Moreover, the
following diagram commutes:

1 E* FE xBE 2, GSOX, F) —— 1
3 3 5
ay 1£ ay conj. by sy

1 E£ FE xBE 2, GSO(X,F) —— 1

Here, a is the Galois action on B determined by D.

When F is a local "eld we shall deal with represettations of GSO(X, F) dis-
tinguished with respect to subgroupsSO(Y, F), whereY is a three dimensional
subspaceof X. The above dewelopmer leadsto a compatible characterization
of such subgroups. For the exactnessof the “rst sequencen the next result see
for example [Kn], p. 264.
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2.6 PROPOSITION. Let X be a four dimensional quadratic space over X, and
write B = B(X) and E = E(X). Lety € X be anisotropic, andsetY = (F-y)?
in X. Let D be the quaternion algeba over F' in B correspnding to y. For
g€ DE andz €Y, dene p(g)x = gzg' 1. Then p(g) € SO, F) for g € D%,
the sqquen@

1—Ff - D 2SO, F)—1

is exact, there is a commutative diagram

1 FE Dt £ sogc F) —— 1
2 2
? ? ?
y y y

1 E* FE xBf —2 ., GSO(X,F) —— 1

whete the inclusion of Df in F£ x BE is givenby g — (N(g), g), and SO(Y, F)
is included in GSO(X, F) by regarding SO(Y, F') as the stabilizer of y in
GSO(X, F'). Moreover, the elements from Proposition 2.5 correspnding to D
is suchthat s(y) = y and s is multiplication by —1 on Y, sothat s|y € O(Y, F),
with dets|y = —1.

It will be important to have some explicitly constructed four dimensional
quadratic spaces,and we now reverse matters and construct such examples
from a given quadratic quaternion algebra over F' equipped with a Galois ac-
tion. Let B be a quadratic quaternion algebra over F' with certer E with

Gal(E/F) = {1,a}, involution %, and let « : B — B be a Galois action on
B. Let D bethe quaternion algebraover F' in B corresponding to q, i.e., the
“xed points of a. We let X, be the set of v € B suc that a(z) = z". Then
X, is a four dimensional vector spaceover F', and equipped with the symmet-
ric bilinear form induced by the norm of B, X, is a quadratic spaceover F.
De ne an explicit action of F£ x Bt on X, by p.(t,g)x = ti gza(g)®. Then
pa(t,9) € GSO(X,, F) for (t,g) € F£ x Bf. The relationship between the
previous characterization of GSO(X,, F') and the homomorphism p,, is given
by the following proposition.

2.7 PROPOSITION. Let B be a quadmtic quaternion algeba over F' with center
E with Gal(E/F) = {1, a}, involution *, and let a : B — B be a Galois action
on B. Then the sqquen@

1— Ef — Ff x B® 22, GSO(X,, F) — 1,

is exact, where the inclusion of Ef is dened by = — (N£(z), z). There exists
a unique F' algebm isomorphism B(X,) = B sending E(X,) onto E so that
the diagram
1 —— B(X,)Ef —— Ff x B(X,)f —2— GSO(X%7 F)—1
3 3 3
Y %y idy
1—— Ef — FExBf 2, GSOX,,F)—1
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commutes. The map de ned by z — a(x) = z° maps X, onto X,, and is the
elements € O(X,, F) from Proposition 2.5 asseiated to the quaternion algeba
over F' in B(X,) correspnding to a.

Explicit quadratic quaternion algebrasequipped with Galois actions may con-
structed asfollows. Let F be a two dimensional reduced F' algebra, sothat E
is either a quadratic extensionof F, or E 2 F' x F. Let Gal(E/F) = {1, a},
and let D be a quaternion algebra over F' with canonical involution . Set
Bp g = E®r D, endon Bp g with the involution de ned by (:®@z)" = z®z°,
anddenea= a(D,E):Bp g — Bp g by a(z®z) = afz) ® z. Clearly Bp g
is a quadratic quaternion algebra over F, and « is a Galois action on Bp g;
we will write Xp p = X,. To be even more concrete, let d € FE /FE2. |f
d# 1,let B4 = F(Vd); ifd=1,let E;= F x F. Wewrite Bp 4= Bp g, and
Xp,d= Xp,g,. Evidently discXp 4 = d. Assumefurther d = 1. Then there is
acanonicalisomorphismD x D 2 Bp 1 of F algebras. With respectto this iso-
morphism, a is given by a(z, 2% = (2 z), and x is given by (x, 29" = (2", 2*).
Thus, Xp 1 is the set of pairs (z,2") for € D, which can be identied with
D. With respect to theseidenti cations, p.(t,(g,¢9))x = ti tgzg® for t € FE,
reD,andg,g¢%c DE.

Beforeturning to speci ¢ “elds we addresstwo natural questions. First, if X is
an arbitrary four dimensional quadratic spaceover F', when can X be related
to an Xp g?

2.8 PROPOSITION. Let X be a four dimensional quadmtic space over F' and
write B = B(X) and F = E(X). There exists a quaternion algeba D over F
in B and a similitude T': X — Xp g sothat

1 E; FE 3)<B£ -, GsogX,F) — 1
2 ? 2
idy oy y Teri !

1 EE FE x B, , 255 GSO(Xpg, F) — 1

commutes, and the elements € O(X, F') correspnding to D from Proposition
2.5 is mapped to the elementof O(Xp g, F) de ned by z — a(z) = z°, wher
a= a(D,E). If X representsl, then we may further chooseT to be an isom-
etry. Conversely, if X is isometric to Xp g for some D, then X represents
1

Given a quadratic quaternion algebraover F', what is the relationship between
the X, for di®erert Galois actions a on the quadratic quaternion algebra? The
main ingredient for the following is the Skolem-Noether theorem.

2.9 PROPOSITION. Let B be a quadmtic quaternion algeba over F' with center
E, let Gal(E/F) = {1,a}, and let a and a° be Galois actions on B. There
exists u € Bf, uniquely determined up to multiplication by elementsof E%,
suchthat a¥z) = ui a(x)u for z € B. We have ua(u) = ua%u) € FE. Let
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p = ua(u) = ua¥u). Then u can be chosenso that N(u) = p; chaosesucha u.
The map T : X, — X, given by T(z) = zu is a well-de ned similitude with
similitude factor A(T) = p. The diagram

1— bjf - F% 3)<B£ —f GSO(X,, F) —— 1
?

? ? :
idy idy yTert !
1— Ff —  FE x Bt 2, GSO(Xpo, F) —— 1
commutes.

To closethis section we consider choicesof F. Suppose F' is nonarchimedean
of characteristic zero. Let d € F£ /FE2. Up to isometry, there are two four
dimensionalquadratic spacesof discriminant d; theseare distinguished by their
Hasseinvariant. Both spacesrepreser 1. One spaceis isometric to X, , 4,
where M,z » = Mg »(F) is the quaternion algebraof 2 x 2 matrices over F'; the
other is isometric to Xp,, 4, Where Dy is the division quaternion algebra
over F. Thesespaceshave Hasseinvariant ¢(d) and —e(d), respectively, where
e(d) = (-1, —d)p. If d = 1, then Xy, , 1 iS isometric to Moz »(F) equipped
with the determinant, and Xp__ 1 is isometric to Dm equipped with the
norm; seethe remarks before Proposition 2.8. Supposed 7 1. Then Xy, ,.q
and Xp_, 4 areboth isotropic. Also, Bwu,, ,.¢ and Bp_, . 4 are both isomorphic
to My 2(Ey). Explicitly , let 0 be a represenativ e for the nontrivial coset of
F& /NES(ES). Then we can take

ram

e fé
a(f)  ofe)

The Galois actions a = a(M o 2, E;) and a°= a(Dyam , Eq) on Mg 2(Ey) corre-
sponding to Moz 2(F) and Dy are given by

Dram = { e, f € Eq} C Moga(Ey).

e fy_ ale) a(f)’ o ¢ f\_  ah) dalg)’
@D a5 )= ag) ey A9y WI)T anss ale)

respectively, and Xw,, ,.« and Xp_ 4 are the set of elemerns in Myz 2(Eq)

ram;

e fJVd’ f  —ée’
gvd a(e) and e g

respectively, for e € E; and f,g € F. The elemen « from Proposition 2.9 can

be takento be . 5
0

Vd 10 -

Evidently, if the residual characteristic of F' is odd and F;/F' is unrami ed,

then Xy, ,.c isunramied but Xp_ 4 is not. The quadratic spacesXm.,; ,.q

and Xp_ 4 have isomorphic similitude groups, and from the point of view

ram
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of the theta correspondencefor similitudes, they are grouped together. The
two quadratic spaceswith discriminant 1, however, do not have isomorphic
similitude groups and and are distinct from the point of view of the theta
correspondencefor similitudes. Seethe remarks before Theorem 1.8 and the
proof of Theorem 1.8.

Suppose F = R. Let d € RE/RE2, If d = 1, then up to isometry there
are three four dimensional quadratic spacesof discriminant 1, with signatures
(4,0), (2,2) or (0,4). The quadratic spacewith signature (4,0) is Xp._, . 1; the
rami ed quaternion algebra D,y over R is the Hamilton quaternion algebra.
The quadratic spacewith signature (2,2) is Xwu,, ,,1 Where Moz 2 = Mg 2(R).

Finally, the quadratic spacewith signature (0, 4) is not of the form Xp ;. How-
ever, as predicted by Proposition 2.8, there is an intertwining similitude with

the spaceXp,,_ 1: the quadratic spacewith signature (0,4) canbe takento be
XD,.m,1 With form multiplied by —1. Then the intertwining similitude is just

the identity function. If d = —1, then up to isometry there are two quadrat-
ics spacesof discriminant —1, with signatures (1, 3) or (3,1). The quadratic
spacewith signature (3,1) is Xwm.,, ,,; 1, While the quadratic spacewith signa-
ture (1,3) is Xp,,,.; 1. From the point of view of the theta correspondencefor
similitudes, the spaceswith signature (4, 0) and (0, 4) are grouped together, the
spaceswith signature (3,1) and (1, 3) are grouped together, and the spaceof
signature (2, 2) is not grouped with another four dimensional quadratic space.
When F' = R there are further exact sequencesLet X be a four dimensional
quadratic spaceover R, with even Cli®ord algebra B; let E be the center
of B. Weregard FF = R,FE and B as the Lie algebrasof £ = Rf E*f

and Bf, respectively. We take the Lie algebra gso X,R) of GSO(X,R) to
be the subalgebraof h € Endg X for which there exists a A € R such that

(hz, 29 + (2, ha® = M=, 29 for z,2°€ X; then \ = tr(h)/2. De ne an action
of Rx Bon X by p(r,h)x = —rz+ hx+ xh", and an inclusion of F into R x B
by b — (T £(b),b). By Theorem 2.3,

(2.2) 0—-E—RxB%gsqX,R) —0

is an exact sequenceof Lie algebras. Any two maximal compact subgroups
of GSO(X,R) are conjugate. Let Jp, be a maximal compact subgroup of
GSO(X,R). Then there exists a unique maximal compact subgroup Kp of
Bf sud that p({£1} x Kg) = Jo. The normalizer of .Jo is R Jy, and Jy is
contained in a unique maximal compact subgroup of GO(X,R). There is an
exact sequence

(2.3) 1-KpnEf - {£1} x K & Jp — 1.

Supposethat y € X is anisotropic and Y and D are asin Proposition 2.6. We
take the Lie algebraof so(Y, R) of SO(Y, R) to be the subalgebraof h € Endgr Y
such that (hz, 2% + (z, ha® = 0for 2,20 Y. Weregard D asthe Lie algebra
of Df , and de ne an action of D on X by p(h)x = hz — xh. By Proposition
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2.6 there is an exact sequence
0—-R—D—-soY,R) —0,

and a commutativ e diagram

0 R D —— soY,R) —— 0
2 2 2
? ? ?
y y y

0 E Rx B —*— gsdX,R) —— 0

where D is included in R x B via h — (T (h),h) and so(Y,R) is included in
gsa X, R) by setting the elemeris of so(Y, R) to be0on R-y. Any two maximal
compact subgroupsof SO(Y,R) are conjugate. Let Jy be a maximal compact
subgroup of SO(Y, R). Then there exists a unique maximal compact subgroup
Kp of D sud that Jy = p(Kp), and Jy is contained in a unique maximal
compact subgroup Jo = p({£1} x Kg) of GSO(X,R). Also, Kp C Kpg, the
diagram

1 — {:I’:)l} —_— IgD Jg/ 1
? 2 2
y y y

1 —— KpnNEf —— {1} xKp —2— ]y 1

commutes, and the elemen s € O(X,R) from Proposition 2.6 normalizes Jy
and Jp. Conversely if Jo = p({x1} x Kpg) is a maximal compact subgroup of
GSO( X, R) there exists an anisotropic y € X and a maximal compactsubgroup
Jy = p(Kp) C SO(Y,R) sud that Jy C Jp; in particular, the unique maximal
compact subgroup of GSO(X, R) which contains Jy is generatedby J, and s.

Finally, suppose F' is a number eld with adelesA, X is a four dimensional
quadratic spaceover F', B is the even Cli®ord algebraof X, and E is the certer
of B. Using Theorem 2.3 one can shaw that the sequence

1— AL — A% x BF(4) £ GSO(X,A) — 1

is exact; we identify E* (A) and A%. Similarly, if B is a quadratic quaternion
algebraover F with certer E, and « is a Galois action on B, then the sequence

1— AL — AF x BF(A) 2% GSO(X,,A) — 1

is exact. In addition, we have the following useful obsenation. SupposeD and
DP are quaternion algebrasover F, and E is a two dimensional reducedalgebra
over F. Let Sp g be the set of placesv of F' sudh that D, is rami ed and v
splitsin E;if E= F x F, we will say that every place of F splits in E. De ne
Spo, g similarly. Evidently, if Sp g = Spo g, then Bp g 2 Bpo g as E algebras.
Thus, if Sp,g = Spo g, then by Proposition 2.9 there exists an intertwining
similitude from Xp g to Xpo g.
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3. LOCAL THETA LIFTS FOR dmX = 2n= 4

In this sectionwe describe what irreducible represenations of GO(X, F) occur
in the theta correspondencewith GSp(2, F) for X a four dimensional quadratic
spaceover alocal eld F. This is neededto de ne local L-padetsfor GSp(2, F')

in the next section. The description below involves distinguished represetta-

tions, and was given in [R2] when F is a local "eld of characteristic zero with

odd residual characteristic; we also do the even residual characteristic and real
cases.

Fix the following notation. Let F be a local eld of characteristic zero, with

F = R if F is archimedean. Let X be a four dimensional quadratic space
over F; write X for the F' points of X. Let d = discX. As in Section 2,
let B be the even Cli®ord algebra of X, and let E be the certer of B. Let
s € O(X, F) be an elemen asin Proposition 2.5, sothat s> = 1, dets = —1,
and s is a represetativ e for the nontrivial cosetof GSO(X, F) in GO(X, F).

Supposethat FF = R. Fix a maximal compact subgroup Kz of Bf, and
let Jo = p({£1} x Kp), a maximal compact subgroup of GSO(X,R). As
explained in the perultimate paragraph of Section 2, we may assumethat s
normalizes Jy, so that the subgroup J generatedby Jp and s is a maximal
compact subgroup of GO(X,R). As usual, by Irr (B) we mean the set of
equivalenceclassesf irreducible (B, Kg) modules, where B is regardedas the
Lie algebraof B . If 7 € Irr (B%), the certral character w, : Ef — C® of 7 is
dened by w,(e?) = exp(r(z)) for z € E C B = Lie(B), and w,(e) = 7(¢) for
ec EE N Kp.

Using the exact sequencesof Section 2, we can describe represertations of
GSO(X, F) in terms of represertations of Bf. Let Irr ;(F* x Bf) be the set
of pairs (x,7), where 7 € Irr (B) is such that w, is Galois invariant, and y
is a quasi-tharacter of F£ such that w, = y o Nﬁ. The exact sequencegrom
Theorem 2.3, (2.2) and (2.3) give a bijection

Irr (F& x BE) 25 1r (GSO(X, F)), (x,7) +— 7(x,T).

If F is nonarchimedean, =(, ) has the same spaceas 7, and is de ned by
7(x, T)(p(t, 9)) = x(t)! 17(g). SupposeF = R, and let (x,7) € Irr ;(RE x BE).
Sincew, is Galois invariant, it follows that there exists a unique R linear map
I, : R — C suc that 7(z) = I.(TZ(2)) for = € E C Lie(Bf). We have
x(e®) = expl.(z) for z € R. Then n(x,7) has the same spaceas r, and
7(x,7) is dened by 7(x,7)(p(e, k) = x(e)i 1r(k) for p(e, k) € Jo, and by
w(x, T)(p(r, h)) = =1.(r) + 7(h) for p(r,h) € gsd X, R). The certral character
of w(x, 1) is x.

In addition, if X is of the form X, for some Galois action a on a quadratic
quaternion algebra B (see Section 2), then it may be cornveniert to write
m = w(x, ) with respect to the rst exact sequencerom Proposition 2.7. By
Proposition 2.7, the di®erencebetweenusing the exact sequencesrom Propo-
sition 2.7 and Theorem 2.3 is inessettial.
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We describe represenations of GO(X, F) via represenations of GSO(X, F)).
Let 7 € Irr (GSO(X, F)). If the induced represenation of = to GSO(X, F)) is
irreducible, we say that 7 is REGULAR, and write «* for the induced repre-
sertation. Here,if F' = R, Indggéi{)’g,)?) m is the (go( X, R), J) = (gsd X, R), J)
module with spacer @ 7 and action

7t (B)(w @ w% = 7(k)w ® n(sks)uw’ ke Jo, 7 (s)(wdw® = v’ w,
and Lie algebraaction
o (X)(w @ w? = 7(X)w e m(Ad (s) X)uw®, X € gsoX,R).

If 7 is not regular, we say that = is INVARIANT. If 7 isinvariant, then s- 7 2 7
and 7 extendsto exactly two represenations of GO(X, F); if F = R, by s -«
we mean the (gsq( X, R), Jp) module with samespaceas = and action de ned
by (s-m)(k)w = m(sks)w for k € Jp and w € 7w and (s-7)(X)w = 7w(Ad( s) X)w
for X € gsa X,R) and w € w. Before we can describe what represenations of
GO(X, F) occur in the theta corresppndencewith GSp(2, F') we must be able
to adequately tell apart the two extensionsof an invariant represenation to
GO(X, F). To do sowe usedistinguished represenations.

Let 7w € Irr (GSO(X, F)) beinvariant. We say that 7 iS DISTINGUISHED if there
exists an anisotropic vector y € X sud that Homggy,py(7,1) 7 0, and if
d # 1, then Y is isotropic. Here,Y = (F -y)?, asin Proposition 2.6, and 1
is the trivial represetiation of SO(Y, F), i.e., the represettation with spaceC
and trivial action. In the caseF' = R more commerts are required. Let y € X
be anisotropic, and let Y = (F -y)? . Let Jy be a maximal compact subgroup
of SO(Y,R). Then as mentioned in Section 2, Jy is cortained in a unique
maximal compact subgroup J$ of GSO(X,R). Since.J§ is conjugate to .Jo, we
may regard the (gso( X, R), .Jo) module  asa (gsa X, R), J§) module, and by
restriction, as an (so(Y, R), Jy) module. Then we say that = is distinguished
if for somey, HomM(so(v Ry, s, )(7,1) Z O, and if d ¥ 1, then Y is isotropic. It
is easyto verify that the nonvanishing of this homomorphism spacedoes not
depend on the choice of maximal compact subgroup of SO(Y,R) or elemen
of GSO(X,R) usedto conjugate J§ into .Jo (use that the normalizer of .Jy is
RE Jo). Also, 7 is distinguished with respect to all anisotropic y if and only if
it is distinguished with respect to one anisotropic y. If F' is nonarchimedean,
then this was pointed out in [R2]; if F' = R it follows by a similar argumert.

3.1 ProposITION. If F'= R assumed = 1. Let 7 € Irr (GSO(X, F)). Assume
7 is invariant. Then for all anisotropic y € X suchthat Y = (F-)? is
isotropic if d 7 1, dimc Homgg(y, ) (7, 1) < 1.

Proof. This was proven in Proposition 4.1 of [R2] if F' is nonarchimedean.
Suppose F' = R. Since the homomorphism spacesfor di®erent anisotropic
y are all isomorphic, it suzxces to show this for one y. As d = 1, we have
B 2 D x D for somequaternion algebra D over R. Identify B with D x D, and
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let y € X be an anisotropic vector suc that the line R - y correspondsto ¢ D,
where ¢ D consistsof the (x,z) € B with = € D (seeSection2). Let Kp bea
maximal compact subgroup of D¥ ; then ¢ K is a maximal compact subgroup
of ¢ Df, ¢ Kp C Kp x Kp, and Jy = p(Kp) C p({£1} x Kp x Kp). Write
7= w(x,7), With 7 & 71 ® 72, 71,72 € Irr(D¥), w,, = w,, = x. Sincenr is
invariant, 7 & 7. We have Homgg(yr)(m,1) & HOMg p ¢ kp)(T,x © N) &
Hom p¢ k) (71 ® 71, 1). This spaceis one dimensional. []

As we shall seein the theorem below, we can now tell the two extensionsof in-
variant represeftations apart to an extent suxcient for our purposes.Suppose
m € Irr (GSO(X, F)) is distinguished with respect to an anisotropic y € X,
with d = 1if FF = R. Since dimc Homggy (7, 1) = 1 by Proposition
3.1, it follows that for exactly one extension #* of = to GO(X, F) we have
Homgy,m (7", 1) # 0. Denote the other extensionof = to GO(X, F) by =i .
The de nitions of #* and ' do not depend on the choice of y.

Before characterizing R,(GO( X, F)) we require require two more results.

3.2 LEMMA. Let FF = R; assumed = 1. Then Homgp(x gr)(w,m) 7 O for
m1 € Irr (SO( X, R)).

Proof. If the signature of X is (2, 2), this follows from (3.6.10) of [P]. If the
signature of X is (4,0) or (0, 4) this follows by (6.12) of [KV]. O

3.3 ProposITION. The elementsof Irr (GO(X, F)) have multiplicity free re-
strictions to O(X, F).

Proof. If F' = R then the restriction of any elemen of Irr (GO(X,R)) is mul-
tiplicit y free as [GO(X,R) : RE O(X,R)] < 2. If d = 1 and F is nonar-
chimedean then this is Lemma 7.2 of [HPS]. The cased ¥ 1 and F' nonar-
chimedean remains. If F' is of odd residual characteristic then [GO(X, F) :
FE O(X,F)] = [NE(E®) : F£2] = 2 sothe proposition follows from Lemma
2.1 of [GK]. We now give an argumert for both the even and odd residual
characteristic cases. There are two four dimensional quadratic spacesover F
of discriminant d. By Proposition 2.9 there is a similitude betweenthem; thus,
it suxces to prove the result for one of them. We take X = Xy,, , 4. Us-
ing Proposition 3.2 of [R2] it is easyto verify that the nite dimensional,i.e.,
one or two dimensional, elemers of Irr (GO(X, F)) have multiplicit y free re-
strictions to O(X, F'). To complete the proof it will sutce to show that for

in nite dimensionalr € Irr (GSO(X, F)), the represenation ¢ = Ind ggé(XXF}) 7r
(which may be reducible) has a multiplicit y free restriction to O(X, F). Let
m € Irr (GSO(X, F)) and using the rst exact sequencefrom Proposition 2.7
write ™ = w(x,7) where 7 € Irr (GL(2, E)) and y is a quasi-daracter of F£
sudh that xoN% = w,; hereand below E = E,;. We make take s to be given by
s(x) = a(zx), where q is the usual Galois action on Mg »(F) asgivenin (2.1).

Let V be the spaceof 7, i.e., the spaceof n. As a model for o useV & V with
(3.1) o(h)(v@vY = 7(h)v@(shs)r®, h € GSOX, F), o(s)(v®v? = v’w.
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We begin with some remarks about the restriction of = to subgroups. Let
Yg : E — C® be a nontrivial quasi-tharacter of E; we may assumey is
Gal(E/F) invariant. Let N be the subgroup of GSO(X, F') of elemeris

B

_ llx
n_pa(17 0 1)

for z € E. Sincethe spaceof Whittak er functionals on = with respectto ¢ is
onedimensional,it followsthat dim Homy (7, v g) = 1, where g is the charac-
ter of N de ned by vg(n) = ¥ g(x). This fact allows us to prove the following
statemerts just as in the proof of Theorem 4.3 of [R2]. Let Hy be a closed
normal subgroup of GSO(X, F) sud that F£ Hy is open, GSO(X, F)/F£ H,
is "nite and Abelian, and N C Hy. Then the restriction =g, is multiplicit y
free: g, = Vi@ - @ Vi, whereV;, 1 < i < M are mutually nonisomorphic
irreducible Hy subspaceof 7 (see[GK] for generalresults about restrictions),
and, say, dimc Homy (Vy, v g) = 1 and dimc Homy (V;, vg) = 0for 2 <i < M.
Supposeadditionally s -7 2 7, and let 4 be an extension of = to GO(X, F).
Then #(s)V1 = V1.

Now we show o|o(x,r) is multiplicit y free. Suppose rst there is no quasi-
character 3 of Ef suc that |z = 1l and S ®7 2 Toa. Let W be a
nonzeroirreducible O(X, F) subspaceof o. Then either there is an irreducible
SO(X, F) subspacel/ of (w, V) such that W = U@ U, or there is an irreducible
SO(X, F) subspaceU of (r,V) and i : U — U sud that 2 = 1, i(r(h)u) =
w(shs)i(u) for h € SOX,F) and W = {u @ i(u) : v € U}. We assertthe
secondcaseis impossible;supposeit holds. Then 7|so(x, ) and (s - m)|so( x,r)
sharean irreducible componert. Sincen|so(x,r) iS multiplicit y free by the last
paragraph, by Lemma 2.4 of [GK] there is a quasi-character v : GSO(X, F) —
CE trivial on F£ SO(X, F) such that s- 72 v® 7. Since

inc

1— FE SO(X, F) ™ GSO(X, F) 2 NE(EE)/FE2 - 1
is exact, v = no\ for somequasi-tharacter  : NE(Ef) — CE with 2 = 1. Let

T:(nod)®nm— s-m beaGSO(X, F) isomorphism. Then for g € GL(2, E)
andv eV,

T(n(Mpa(1,9)) - 7(pa(1, 9)v)) = w(spa(L, 9)s)T(v)
(n o NE)(det g)T(7(9)v) = 7(a(9)) T(0).

This implies (n o NE) ® T & 71 o a, cortradicting our assumption; note
(noNE)|pe = 1. Thus, W = U @ U. Let WO be another nonzeroirreducible
O(X, F) subspaceof ¢ and assumeW? = W as O(X, F) represenations; to
show olo(x,r) is multiplicit y free it will sutce to show W and WO are iden-
tical, i.e., W = W% write W°= 0% U° with U° an irreducible SO(X, F)
subspaceof (7, V). Considerthe composition U — W 2 W°— U°where the
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“rst map sendsu to u @ 0, the secondis our xed isomorphism W = W° and
the last map sendsu @ u°to «. This is an SO(X, F) map from (U, m|so(x,F))

to (UO,’]T‘SC)(XVF)). We claim it is nonzero; supposenot. Then the samecom-
position with the last map replaced by the map sendingu @ u° to u° gives a
nonzero SO(X, F) map from (U, w|so(x,r)) tO (U° (s - 7)|so(x,r)). However,

we just saw that 7|so(x, ) and (s-m)|so(x,r) have no commonirreducible con-
stituents. Thus, the rst composition is nonzero,and U and U° are isomorphic
irreducible subspace®f 7|so(x,r). Sincer|so(x,r) is multiplicit y free, U = Uo
andsoW = W°

Now supposethere is a quasi-daracter 3 of E£ suc that 8|z = 1and 3oT &

Toa. Let Hy bethe subgroup of SO(X, F) of p.(1,g) for g € SI(2, E), and let

H c O(X, F) be generatedby Hy and s. To prove olo(x,r) is multiplicit y free
it will sutce to prove o|y is multiplicit y free. For this, we replace o with a
more tractable represenation via twisting. Since 8|z = 1, there is a quasi-
character p of Ef such that 3(x) = p(x/a(z)) for z € EE . Letting 7%= p®7,

we have %0 a 2 7% Sincew, is Galois invariant, 32 = 1, which implies z? is
Galois invariant. Let v be a quasi-character of £ such that ;2 = voNZE, and

set x°= vy; then wyo = x%o NE. Set 7%= n(x%79. Sincer%0a = 7% we have
s w02 7% Let 0%= Indggé)(g’f}) 7%, and usethe samemodel for ¢%as above, so
the underlying spaceof ¢°is V@ V. Now o° may not be isomorphic to ¢, but

it is easyto seethat the identit y map betweenthe modelsfor o and ¢° givesan

isomorphismo|g 2 ¢95. We are reducedto shaving o9 is multiplicit y free.
As s- 102 70 we have 0% 79 @ 79, where 7§ and 7§ are the two extensionsof

70to GO(X, F). Sincethe restrictions 79|y, = 79|n, = 7|u, are multiplicit y

freeas N C Ho, it follows that 2|, and 79| are multiplicit y free. It will now

suzce to shaw 79| and 72|z do not sharean irreducible componert; suppose
they do. By Lemma 2.4 of [GK], ©)|g & m3|g. Let R : 79|y — 79|y be
an H isomorphism. As indicated above, there is an irreducible Hy subspace
Vi C V sud that 7d(s)Vq = #9(s)V1 = Vi, i.e., V4 is also an irreducible H

subspacefor 72|y and 73|y. Since 7d|y and 79|y are multiplicit y free, we
must have R(V1) = Vi. Applying Sdwur's lemmato R : Vi — Vi, with V3

regarded as an irreducible Hy represeration, there exists a nonzero scalar ¢

such that R(v) = cv for v € V3. This implies 79(s)v = 73(s)v for v € Vj.

However, 79(s)v = —n{(s)v for v € V, a contradiction. [

3.4 THEOREM. Let o € Irr (GO(X, F)). If F is nonarchimedean and d #
1, assumeo is in nite dimensional; if I = R, assumed = 1. Then o €
Ro(GO(X, F)) if and only if o is not of the form =i for some distinguished
m € Irr (GSO(X, F)).

Proof. Suppose rst F is nonarchimedean. Then this theorem was proven in
[R2] in the caseF hasodd residual characteristic. To verify the theorem if F’
has even residual characteristic we proceedas follows. We note rst that the
badkground results of [R2] are valid in any residual characteristic; that is, the
results of sections2, 3 and 4 hold, and Lemma 6.1, Corollary 6,2, Lemma 6.3
and Lemma 6.4 also hold with the sameproofs. We needto show that Lemmas

Document a Mathema tica 6 (2001) 247{314



GLOBAL L-PACKETS FOR GSp(2) AND THETA LIFTS 281

6.6 and 6.7 of [R2] also hold if F' has even residual characteristic. Consider
“rst the proof of Lemma 6.6. The “rst paragraph of the proof of Lemma 6.6 is
independert of the residual characteristic. In the secondparagraph, we useda
result from [T] proven only in the caseof odd residual characteristic; by [Sa],
this alsoholdsin the caseof evenresidual characteristic. The third paragraph of
the proof is alsovalid in evenresidual characteristic (in spite of the unnecessary
mertion there of odd residual characteristic). Next, we considerall remaining
paragraphsbut the last paragraph: these cover the cased = 1 and ¢ = —¢(1),
in the notation of [R2]. Letting D;am bethe rami ed quaternion algebra over
F, we are given 7, 7% ¢ Irr (D£,,) with w, = w,o, and we must show that there
exists a quadratic extension E' C Digm Of F' of such that Homgg(z) (7, 1) # O,
where SO(Z) is the subgroup {p(z,2%1 1) : z € E£} and 7 = 7(7,7%. Embed
DE. into DE,, x DE. via z — (x,2°1 1), and consider the restriction of
7®7°t0 Dy . Let 7® be an irreducible componert of (7 ® 79| ; then
w00 = 1. By Proposition 18 of [W2], there exists a quadratic extension F of F'
in Dram and a nonzerovector v € 79 sudh that 79x)v = v for € E£. This
implies that w(h)v = v for h € SO(Z), proving the required claim. The last
paragraph of the proof of Lemma 6.6 is also valid in the caseof even residual
characteristic, thus completing the veri cation of Lemma6.6in this case. Next,
we consider the proof of Lemma 6.7 of [R2]. To make the proof of Lemma
6.7 go through in the caseof even residual characteristic it sutces to showv
that if K is a quadratic extensionof F, 7 € Irr (GL(2, K)) is Galois invariant
with w, = xo N? and Homg, 2, 7)(7, x o det) = 0, then there exist quasi-
characters ¢ and ¢° of K£ extending y suc that e(7 ® ¢i *,1/2,9k) = x(—1)
and e(t®¢% *,1/2,¢k) = —x(—1). Toshaw the existenceof ¢, pick ¢ extending
x such that ( is very rami ed (this can be done); then by 3 of Lemma 14 of
[HST], e(7®¢ 1,1/2,9K) = x(—1). On the other hand, sinceHomg (> . p) (7, X0
det) = 0, by the equivalenceof 1 and 2 of Theorem 5.3 of [R2], there exists a
quasi-tharacter (°of K£ extending y such that ¢(7®¢% 1,1/2 ) = —x(-1).
(Note that the proof of the equivalenceof 1 and 2 of Theorem 5.3 of [R2] works
in any residual characteristic; the useof odd residual characteristic in the proof
of Lemma 5.2 is easily seento be unnecessary)

Now suppose ' = R and d = 1. Supposeoc € Ry(GO(X,R)). Then an
argumert asin Theorem 4.3 of [R2] shaws that o cannot be of the form =i
for some distinguished 7. Conversely suppose ¢ is not of the form =i for
some distinguished 7. Then o 2 7* for someregular = or distinguished .
Using Lemma 3.2, an argumert as in Theorem 4.4 of [R2] shows that ¢ €
R (GO(X,R)). O

4. DEFINITION OF THE LOCAL L-PACKETS AND PARAMETERS

Let I be alocal eld of characteristic zero, with F' = R if F' is archimedean.
Let d € F& /F£?2; assumed = 1if F' = R. Let Xy, , 4 bethe four dimensional
guadratic spaceover F' de ned after Proposition 2.7 and discussedafter Propo-
sition 2.9. We will parameterizelrr (GSO(Xw.,, ,.q4, F)) asexplained at the be-
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ginning of Section3. However, sincewe are dealing with the concretequadratic
spacesXw.,, ,.a We will usethe “rst exact sequencefrom Proposition 2.7; by
Proposition 2.7, the di®erenceis trivial. Welet s € O(Xw,, ,.4, F), dets = —1,
be de ned by s(z) = a(z), where a is the Galois action on Mg »(E;) de n-
ing Xw, ,.q; see(2.1). Using the results of the last section, we will assaiate
to every element [x] of (s)\ IrM(GSO( Xwm,, ,.4, F)) a padet |([ 7]) of elemens
of Irr (GSp(2, F)) and a GSp(2) L-parameter ¢([7]) : Lr — GSp(2,C) over
F, where L is the Langlands group of F' (i.e., W x SU(2,R) if F' is nonar-
chimedean and the Weil group W if F' = R). We expect that }([ «]) is the
L-padket assaiated to p([7]) under the conjectural Langlands correspondence.
Someevidenceis provided by Propositions 4.1, 4.2 and 4.3 below which give
some basic properties of the ([ «]) and ¢([7]). More work on this issuere-
mains to be done: for example, are the padkets |([ «]) disjoint, and if o([~])
and ¢([7Y) are equivalert, doesit follow that !([ #]) = ([ #9)? We will return
to this topic in a subsequeh work; the thrust of this paper is global results.
To de ne the L-padkets, we begin by noting that there is a surjective map

Irr (GO(XM 28 2,d> F)) - <5>\ Irr (GSO(XM 2£ 2,d> F))

which sendso to the componerts of o restricted to GSO(Xw,, ,.q4, F). We
will de ne the L-padket of elemeris of Irr (GSp(2, I)) assaiated to a point
of (s)\ Irr (GSO(Xwm  ,.4; F')) by consideringthe "b er over such a point, and
applying the results of Section 3. For 7 € GSO(Xwm,, ,,q4, F') denote the ele-
mert of (s)\ Irr (GSO(Xm,; ,.q4, F)) determined by = by [7] = {m,s-7}. Let
[7] € (H\IM(GSO( Xm 4 5.4, F)). We assumethat = is in nite dimensional; if
F' is nonarchimedean of even residual characteristic, we assumeadditionally
that 7 is tempered. Then how [r] givesrise to irreducible represetations of
GSp(2, F) is described in Tables2 and 3 of the Appendix. In the rst step,
using the results of Section 3, = givesrise to represenations of various orthog-
onal similitude groups. This is summarizedin the tables, but certain aspects
desene commert. If d #Z 1, then it may happen that = is invariant but not
distinguished. Then the two extensionsof = to GO(Xw ,, ,.4, F) are denoted by
m and . When d = 1, then = is either regular or invariant and distinguished;
in the rst caser inducesto give #*, and in the secondcaser extends to
give * and «! . Additionally, if d = 1 and « is essetially squareintegrable,
then 7 givesan elemen 7% € Irr (GSO(Xp,.,. 1, F)) via the Jacquet-Langlands
correspndence,and then analogouslyelemerts of Irr (GO(Xp,, . 1, F)). Here,
Dqam is the rami ed quaternion algebraover F', and 7 is ESSENTIALLY SQUARE
INTEGRABLE if and only if 7 = (a o \) ® n° for some quasi-character « :
FE — Cf and square integrable 7° € Irr (GSO(Xwm,; ,.1, F)). To apply the
Jacquet-Langlands correspondence,we write asin Section 3, = = w(x,7) for
T=m®mn €lr(GL2,F) x GL(2, F)); recall that the exact sequencefrom
Proposition 2.7 is in this case

1— Ff x F* - Ff X GL(2,F) x GL(2,F) — GSO(Xw,, ,.1, F) — 1.
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Wedene 7t = 7(y, ") € Ir (GSO(Xp,,, 1, F)), wherer?t isthe irreducible
represetation of DE, | x DE = corresponding to 7 under the Jacquet-Langlands
correspondence(w being essetially squareintegrable meansexactly r; and
are essetially squareintegrable); the exact sequencerom Proposition 2.7 for
this is

1— Ft x Ft - F® x DE xDE — GSO(Xp. 1,F)—1

Next, using Theorem 3.4, the thus constructed represerations of orthogonal

similitude groups give represenations of GSp(2, F') via theta correspondences;
note that ead theta correspondenceusedis coveredby Theorem 1.8. In Tables
2 and 3 of the Appendix we indicate the appropriate theta correspondences
with a subscript. We also indicate when represenations do not have theta

lifts. Finally, in the Table 4 of the Appendix the padkets of represenations

assaiated to [r] are de ned using the represettations constructed in Tables2

and 3 of the Appendix. Note the introduction of the contragredient.

The next proposition describesa few basic properties of the L-padkets |([ 7]).

4.1 PROPOSITION. Let m € Itrr (GSO(Xmy, 5,4, F)). Assumer is in nite di-
mensional; if F' is nonarchimedean of evenresidual characteristic, assumer is
tempered. Then

(1) The common central character of the elementsof |([ «]) IS w,.

(2) If d= 1then ||([ #])] = 1 unless is essentialy squae integrable; in
this case||([ #])| = 2. If d # 1, then |{([ 7])| = 1 unless~ is invariant
but not distinguished; in this case||([ =])|= 2.

(3) If = is tempered, then all the elementsof |([ «]) are tempered.

Proof. (1) This follows from the remark on certral characters after Theorem
1.8.

(2) Evidently, ||([ #])| = 1 exceptpossiblyif d = 1 and = is essetially square
integrable, or d # 1 and = is invariant but not distinguished. If d = 1 and = is
essetially squareintegrable, then ||([ #])| = 2 by Lemma 8.4 below. If d # 1
and 7 is invariant but not distinguished, then |}([ 7])| = 2 becausefu,, ,.q IS @
bijection.

(3) If F is nonarchimedean, this follows from (1) of Theorem 4.2 of [R3]. If
F = R, this follows from IV.3, p. 70and I11.2, p. 49 of [M]. O

Next, we assaiate to ead [7] € (s)\ Irr (GSO(Xwm,, ,.4, F)) an L-parameter
o(7]) : Lr — L GSp(2). Here Lr denotesthe LANGLANDS GROUP of F,
i.e., Lrp = WgrxSU2,R) if F is nonarchimedean,and Ly = Wpg if F is
archimedean ([Ko], Section12); W ¢ is the Weil group of F. As is well known,
the dual group G/Sp\(z) of GSp(2, F) ( “GSp(2)° in the notation of [B]) is
isomorphic to GSp(2,C), and we shall use such an isomorphism. But since
GSp(2,C) has a non-inner automorphism, we needto be speci ¢ (the same
issuearisesfor other groups, but for, say, GL(2) the choice is established). To
do so, we will specify an isomorphism from the basedroot datum of £ GSp(2)
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to the basedroot datum of GSp(2, C). As a maximal split torus in GSp(2, F)
we take the group T of elemeris t = t(a,b,c) = diag(a,b,ai *c,b 1c). The
group X* of characters of T is the free Abelian group with generatorsey, e,
and ez dened by ei(t) = a,ex(t) = b and e3(t) = c¢. The group X, of
cocharacters of T is the free Abelian group with generators f1, f and f3
de ned by fi(z) = t(x,1,1), f2(x) = t(1,z,1) and f3(z) = ¢(1,1,z2). The
roots of GSp(2, F) with respectto T are {a1 = e; — ez, a0 = 2e3 — €3, +
ap, 200+ ap, —an, —az, —(a1 + @2), —(2a1 + @) }. The coroots are {ag = 71 =
Ji—fa,07 = 2= fa,(u+ a2)- = i+ 202, 2an + a2)- = 1+ 2, (—au)- =
=1, (—a2)- = =72, (—(a1+ a2))- = —(11+272), (—(Rau+ a2))- = —(n1+72)}-
As simple roots we take ¢ ° = {a1,az}; then ¢ o = ¢ ™= = {vy1,72}. We have
similar notation for GSp(2, C), which we will indicate with the addition of a
prime. Let2 = (X" ,¢" X;,¢;); the dual of 2 is2- = (Xg, ¢4, X%, ¢7);
let 2%= (X® ¢® X0 ¢9). Then an isomorphisma - 2 2 % amourts to an
isomorphism f : Xo = X® of Abelian groups such that f(¢ ») = ¢ ® and the
matrix of f with respect to our basesis symmetric. One can ched that there
are exactly two such isomorphisms f, with matrices

3
1 1 -1

41 -1 05, ¢=0orl
-1 0 c

As is doneimplicitly in [HST], weshall x the isomorphismcorresponding to the
choicec = 1. Our xed isomorphism of b/agdroot data @ - 2 a 0 determines
a T conjugacy class of isomorphisms GSp(2) = GSp(2,C) ([Sp], Theorem
9.6.2); we x onesud isomorphismin the conjugacy class. Additionally , since
the action of Wz on GEFFZ) is trivial, © GSp(2) is the direct product G/Sﬁ) X
VV/F.\Th us, in considering L-parameterswe may just aswell look at mapsinto
GSp(2), which we identify with GSp(2, C) (always via our xed isomorphism).
We de ne a GSp(2) L-PARAMETER over F' to be a cortin uous homomorphism
¢ Lp — GSp(2,C) sud that ¢(z) is semisimplefor x € Wpg, and if F
is nonarchimedean then ¢|i¢ sy r) iS @ smooth represeration. Let ¢ be a
GSp(2) L-parameter over F. The SIMILITUDE QUASI-CHARACTER Of ¢ is the
quasi-character of L » given by X o ¢, where \ : GSp(2,C) — C£ is the usual
similitude homomorphism. If F' is nonarchimedean, we sa&y ¢ iS UNRAMIFIED
if o(SU(2,R)) = 1 and ¢ is trivial on the inertia subgroup of W . We say
that ¢ is TEMPERED if (L ) is bounded. If ©°: Lp — GSp(2, C) is another
GSp(2) L-parameterover F' wesay that ¢ and ¢ are EQUIVALENT if there exists
g € GSp(2,C) such that gp(z)gi * = oY) for all z € Lr. The CONNECTED
COMPONENT GROUP Of ¢ is the group S(p) = mo(S()/CE), where S(y) is the
group of g € GSp(2, C) such that gp(x) = ¢(x)g for all z € Lp.

The parameter o([7]) will be one of two kinds of examples of GSp(2) L-
parameters over F'. To de ne the rst kind of example, suppose E/F is a
guadratic extensionand let p : Ly — GL(2,C) be a GL(2) L-parameter over
E sud that detp is Galois invariant. Let n : L — C* be a quasi-character
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extending det p; there are two such quasi-daracters. Let V = C2, and regard p
as a represenation on V. De ne ¢(n,p) : Lr — GSp(W) by letting the space
and action of p(n, p) be W = Indt; p and de ning a nondegeneratesymplectic
form on W by

(v1 @ v2,0) ® 1) = n(y)(vy, V) + (v2,09).

Here, y is a xed represenativ e for the nontrivial cosetof L i in L -, we identify
the spaceof ¢(n, p) with V & V via the map f — f(1) @ f(y), and we have
"xed a nondegeneratesymplectic form on V' (note that up to multiplication

by elemens of C£, there is only one nondegeneratesymplectic form on a two
dimensionalcomplexvector space). Then (7, p) is a GSp(2) L-parameter over
F, and the similitude quasi-character of (7, p) is Aop(n, p) = 1. Supposenext
that p; : L — GL(2,C) and p, : L — GL(2,C) are GL(2) L-parametersover
F with detp; = detp,. Regard p; and p, astwo dimensional represenations
of Lr on V3 = C? and V, = C?, respectively, and x nondegeneratesymplectic
forms (-,-)1 and (-, -)» on the spacef p; and p,, respectively. De ne ¢(p1, p2) :
Lr — GSp(W) by letting the spaceand action of ¢(p1,p2) be W = p1 & p2
and de ning a nondegeneratesymplectic form on the spaceof p(p1, p2) by

(v1 @ 2,08 ® 0g) = (vr,09)1+ (v2,v3)2-

Then o(p1, p2) is a GSp(2) L-parameter over F, and the similitude quasi-
character of p(py1, p2) IS Ao p(p1, p2) = detps = det p,.

Now let [r7] € (s)\Irr(GSO(Xmy 5.4, F)). Write 7 = @(x,7), with 7 €
Irr (GL(2, E,)) and x a quasi-character of F£ sud that w, = y o N?’. Sup-
pose rst that d # 1. Let p : Lg, — GL(2,C) be the GL(2) L-parameter
over E, corresponding to 7, and let ) : Ly — C£ be the quasi-character of
Lz corresponding to x. Then n extends detp and the equivalence class of
©(n, p) dependsonly on [x] and not the choice of represertative . We set
o([7]) = ¢(n, p). Supposenext d = 1. Then GL(2, Ey) & GL(2, F) x GL(2, F).
Let 7 & 7 ® 7, with 7,7 € Irr (GL(2, F)) sudh that x = w,, = w,,. Let
p1,p2 - Lrp — GL(2,C) be the GL(2) L-parametersover F' corresponding to
p1 and py, respectively. Then detp; = detp, and the equivalence class of
©(p1, p2) dependsonly on [x] and not the choice of represenative 7. We set

e([7]) = ¢(p1, p2).
The following is an analogueof Proposition 4.1.

4.2 PROPOSITION. Let m € Irr (GSO(Xmy, 5,4, F)). Assumer is in nite di-
mensional; if F' is nonarchimedean of evenresidual characteristic, assumer is
tempered. Then

(1) The similitude quasi-chaacter of ¢([7]) correspndsto w,.

(2) If d = 1then [S ()| = 1 unlesst is a essentialy squae integrable;
in this case S(p([7])) = Z2. If d # 1 and F' is not nonarchimedean of
evenresidual characteristic, then [S(¢([7]))| = 1 unlessw is invariant
but not distinguished; in this case S(¢([7])) = Zo.

(3) If 7 is tempered, then o([«]) is tempered.
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Proof. (1). This follows from the de nitions and above remarks.

(2) This follows by a caseby caseanalysis following Tables 2 and 3 of the
Appendix. We note in particular that by Theorem 5.3 of [R2] if d # 1, then
m = 7(x, 7) is distinguished if and only if 7 is Galois invariant and 7 is the base
changeof a 7o € Irr (GL(2, F)) such that w,, = wg,/rX-

(3) Assumer is tempered. Then p and 7 in the cased ¥ 1, and p; and p;
in the cased = 1, have bounded image. This implies that ¢([7]) has bounded
image. O

4.3 PROPOSITION. SuppseF is nonarchimedean, E;/F is unrami ed (if d = 1
by convention E,;/F is unrami ed) and = = w(x, 7) € Irr (GSO(Xm 4 5.4, F)) IS
in nite dimensional with x and = unrami ed. If the residual characteristic of
F' is even, assumeadditionally = is tempered. Then

(1) o([x]) is unrami ed, |}([ #])| = 1, and if the residual characteristic of
Fis odd, then the single element IT of |([ «]) is unrami ed with respect
to GSp(2,0F).

(2) ([HST]) Let {([ #]) = {II}. If = and II are unitary (e.g., as in
glokal applications, or = tempered), then IT is unrami ed with respect to
GSp(2,0F) and ¢([x]) and II correspnd to the same conjugacy class
in GSp(2,C).

Proof. (1) Supposed = 1. Evidently, ¢([x]) is unrami ed. Write 7 = m(x, 7).
As mertioned in Section 3 and the beginning of this section, instead of using
the exact sequenceof Theorem 2.3, let us use the more corveniert sequence
of Proposition 2.7, and let s be the represettativ e for the nontrivial coset of
GSO(XMy 5,1, F) in GO(Xmy ,.1, F) from Proposition 2.7. Also, make the
identi cation of X, ,1 With M2z 2(F) equipped with the determinant as re-
marked before Proposition 2.8. Then s is given by s(x) = 2z, with * the
canonicalinvolution of matrices,and 7 = 71 ® 1, with 71,7 € Irr (GL(2, F)) and
Wy = ws, = x. The lattice Moz 2(OFp) C X, ,,1 is self-dual, and the maximal
compact subgroups Jo and J of GSO(Xw,, ,,1, ) and GO(Xw.,, , 1, F) which
are the stabilizers of M,z 2(O ) are pa(O% x GL(2,0F) x GL(2,0F)) and the
subgroup generatedby pa(O% x GL(2,0F) x GL(2,0F)) and s, respectively.
Sincer is not essetially squareintegrable, |([ #]) = {II = Om,. ,1(7")-} so
that ||([ #])| = 1. By Proposition 1.11to show IT is unrami ed it will sutce to

show 7* is unrami'ed. Supposer; % 1». Then 7+ = Indggé)(()’f}) m. Using the
model for 7* asin (3.1), we seethat if v is an unrami ed vector with respect
to Jp, then v ® v is an unrami ed vector for 7. Supposer; & 7, so that
7 is distinguished and 7* is the extensionto GO(Xw,, , 1, F) of = de ned in
Section 3. Let 7 = 71. It will sutce to showvw 7% = 7(x,7 ® 7)* is unrami-
ed. DeneT:m—w7by T(v®w) = w®v. Tosha 7% is unramied it
sutcesto shav T'= 7* (s). Let Y = (F -y)?, wherey € Xu,, ,1 iS the 2 x 2
identity matrix. Then SO(Y, F), identied as usual with the stabilizer of y
in GSO(Xwm, ,.1, F), is the group of p,(1,9,¢% 1) for g € GL(2, F). To show
T = 7" (s) it will suxce to show T'n(shs) = w(h)T for h € GSO(Xm,; 5.1, F),
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T2 = 1,and LoT = L for any nonzeroelemen L of Homso(y, ) (m, 1). The rst

two statemerts follow from sp,(t, g, ¢%s = pa(t, g% g) for g,¢° € GL(2, F). Let
V bethe spaceof 7. Fix a GL(2, F) isomorphismR : (wi *®@7,V) — (7-,V-).
Let S=1@R:V®V — V®V-. We have a nonzeroGL(2, F') invariant
linear form V ® V- — 1 givenby v ® f — f(v). The composition of this
with S givesus L € Homgo(y,py(m,1). Now Lo T = €L for somee = £1.
We must shav € = 1. Let v € V be nonzeroand xed by GL(2,0r). Then
Lv®v) = L(T(v®v) = eL(lvewv). ToseeL(v®wv) # 0 and hencee = 1,
let V = Cvp®W beaGL(2,0r) decomposition, and de ne f € V- by letting

f be zeroon W and setting f(v) = 1. Then 7 (k)f = f for k € GL(2,0p).
Evidently, S(v®v) = ¢(v® f) for somec € CE sothat L(v®v) = cf(v) = ¢ # 0.
Now supposed Z 1. Again, it is clear that o([«]) is unramied. Write
m = w(x,7) again using Proposition 2.7. We will also use the notation af-
ter Proposition 2.9 regarding X, ,.4. The represerativ e s for the nontrivial

coset of GSO(Xwm o 5.4, F) IN GO(Xm,; 5.0, F) IS given by s(z) = 27 = a(z).
The lattice X, ,.a N Mag 2(Og,) is self dual, and the maximal compact sub-
groups Jo and J of GSO(Xwm,; 5.4, F) and GO(Xwm,, ,,q4, F) which are the sta-
bilizers of Xw,, ,.a N M2g2(Og,) are pa(Of; x GL(2,0g,)) and the subgroup
generatedby pa(O% x GL(2,0g,)) and s, respectively. Since is unrami ed,

T Ind(,iL(2 ’E")(ul ® p2), where B is the usual Borel subgroup of GL(2, FE,)
and p; and p, are unrami ed and Galois invariant sothat 7 is Galois invariant.
This implies s - 7 2 7. In the proof of Theorem 5.3 of [R2] it was shawn that
 is distinguished and that L € Homgo(y, (7, 1) is given by

Z

L(f) = fgb tg)x(detg)i *dg
TnGL(Q ,F)

where T and go are asin [R2]; here Y = (F -y)”, where y is the 2 x 2
identity matrix in Xwm,, ,,¢ and SO(Y, F) is the group of p,(detg,g) for g €
GL(2,F). By denition, we have |([ 7]) = {II = Owu,.,q(7")-}, so that
([ 7])| = 1. Again, by Proposition 1.11to show that II is unrami ed with
respectto GSp(2, O ) when has F' hasodd residual characteristic it will suxce
to show that 7" is unrami ed. We proceedas in the cased = 1. De ne
T:7m—xby T(f) = foa. Asin the d = 1 case,it will sutce to show
LoT= L. For f em,

fla(gh *9)) x(detg)' * dg
STNGLE2 ,F)

(LoT)())
- FCg Y abtax(detg) tdg
TnGLE2 k)

p1(—1) f(gh*g)x(detg)t tdg
TnGL (2,F)

pa(=1)L(f).

Sincep(—1) = 1,wehave Lo T = L, asdesired.
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(2) This follows from Lemmas 10 and 11 of [HST] after one reconcilesthe
de nitions. ([HST] for example uses Whittak er models instead of distin-
guished represenations to de ne extensionsto GO(Xwm.,, ,.4, F).) Lemma 1.6
and Proposition 2.9 are also useful for the comparisonto [HST]. The reader
should be aware that in Lemma 7 of [HST] the Langlands parameter should
be diag(xs(v), x1(v)xa(v), x1(v)x2(v)x3(v), x2(v) x3(v)), and in Lemma 10 of
[HST] the L-parameter should be diag(\/c, —v/a, v, —v/B). O

5. GLOBAL THETA LIFTS FOR SIMILITUDES

In this section we review some foundational results on global theta lifts for
similitudes ([HK], [HST]). We usethe following de nitions. Let F be a totally
real number “eld with ring of integers O, and let X be a even dimensional
guadratic spacede ned over F of positive dimension. For ead in"nite placewv
of ' "'x maximal compact subgroupsJ ,, and J, of O(X, F,) and GO(X, F,),
andlet hy , and h, bethe Lie algebrasof O(X, F,) and GO(X, F,), respectively,
asin Sectionl. Let J;1 and J; be the products of J; , and J,, respectively,
over the in"nite placesof F', and let hy ; and h; bethe direct sumsof the hy ,,
and h,, respectively, over the innite placesof v. Let n be a positive integer.
For eadh in nite placev of F let K, , and K, be the usual maximal compact
subgroupsof Sp(n, F,) and GSp(n, F,), and let g, ,, and g,, be the Lie algebras
of Sp(n, F,,) and GSp(n, F,), respectively, asin Sectionl. Dene K;1 , K ,
011 and g1 asin the caseof O(X) and GO(X). For v a place of F', de ne
R(F,) C GSp(n, F,) x GO(X, F,) asin Section1l. Let R(F) and R(A) be
the set of pairs (g,h) in GSp(n, F') x GO(X, F) and GSp(n,A) x GO(X, A),
respectively, such that A(g) = A(h). For v anin nite placeof F, let L, be the
maximal compact subgroup of R(F,) asde ned in Section1, and let r, be Lie
algebraof R(F,). Let L; andr; bede ned analogouslyto the last two cases.
To de ne global theta lifts we needa global version of the Weil represenation.
Fix a nontrivial unitary character ¢ of A/F. For v a place of F, let w, be
the Weil represenation of R(F,) on L?(X(F,)") dened with respect to 1,
asin Section 1. Again, if v is a place of F' then §(X(F,)") C L?(X(F,)")
is an R(F,) module if v is "nite and an (r,, L,) module if v is in"nite. Let
x1,...,T, be avector spacebasisfor X(F) over F. Let (g,h) € R(A). Then
for almost all "nite v, w,(g., h,) Xxes the characteristic function of O,z + - -
-+ O,x,,. Let ®,8(X(F,)") bethe algebraicrestricted direct product over all
the placesof F' of the complex vector spacesS(X(F,)™) with respect to the
characteristic function of O,z1 + - - -+ O,z,, for v nite. We will denote the
restricted algebraicdirect product ®,S(X(F,)™) by S(X(A)™); then §(X(A)™)
is an R(Af) x (r, ,L1 ) module, where R(Ay) has the obvious meaning. Let
v € 8(X(A)™) and (g, h) € R(A); assumgy = ®,¢,. The function w(g, h)e :
X(A)" — C given by (w(g,h)p)(z) = = (wo(gv, ho)ps)(2,) is well de ned
(note that for in nite v, w,(gs, hv)ps is @ smooth function though it may not
bein $(X(F,)"), sothat it can be evaluated at a point). Using the universal
property of the algebraic restricted direct product, this de nition extends to
all p € 8(X(A)"): if (g,h) € R(A) and ¢ € §(X(A)™), then w(g, h)p may be
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regardedasa function on X(A)™. In particular, the elemers of S(X(A)™) may
be regarded as functions on X (A)™.

Global theta lifts are now de ned as follows. For ¢ € §(X(A)™) and (g,h) €
R(A), set X

0(g, h; ) = w(g, h)p(x).
2 X(F)"

This seriescorvergesabsolutely and is left R(F') invariant. Fix aright O(X, A)
invariant quotient measureon O(X, F)\ O(X,A). Let f be a cusp form on
GO(X,A) of certral character y and ¢ € $(X(A)™). Let GSp(n,A)* be the
subgroupof g € GSp(n, A) such that A(g) € M(GO(X, A)). For g € GSp(n, A)*
de ne 7

0n(f,0)(g) = 0(g, hah; o) f(hah) dhy,

O(X,F)nO(X,A)

where h € GO(X,A) is any elemen sud that (g,h) € R(A). This inte-
gral convergesabsolutely, does not depend on the choice of h, and the func-
tion 6,(f,») on GSp(n,A)* is left GSp(n, F)* invariant. Moreover, 0,,(f, ©)
extends uniquely to a GSp(n, F) left invariant function on GSp(n,A) with
support in GSp(n, F) GSp(n,A)*. This extended function, also denoted by
0.(f, ), is an automorphic form on GSp(n, A) of certral character xx’% =
x(-, discX(F)%. If Visa GO(X,Ay) x (h1 ,J1 ) subspaceof the spaceof
cusp forms on GO(X, A) of certral character y, then we denote by £ ,(V)
the GSp(n,Ay) x (g1 , K1 ) subspaceof the spaceof automorphic forms on
GSp(n, A) of certral character xx% generatedby all the 6,(f,¢) for f € V
and ¢ € 8(X(A)™). Similarly, x aright Sp(n, A) invariant quotient measure
on Sp(n, F)\ Sp(n, A), let F' be a cusp form on GSp(n, A) of certral character
x%and ¢ € $(X(A)"). For h € GO(X,A) de ne

z

Ox(F,)(h) = 0(919, h; ) F(g19) dg
Sp(n,F)n Sp(n,A)

where g € GSp(n,A) is any elemen sud that (g,h) € R(A). Again, this
integral convergesabsolutely, does not depend on the choice of g, and the
function 0x(F, ) is an automorphic form on GO(X, A) of certral character
X% If WisaGSp(n,As) x (g1 , K1 ) subspaceof the spaceof cuspforms on
GSp(n, A) of certral character x°, then we denoteby £ x (W) the GO(X, A ) x
(h1 ,J1 ) subspaceof the spaceof automorphic forms on GO(X, A) of certral
character % consisting of the §x(F,p) for F € W and ¢ € §(X(A)").
We shall also occasionally considerglobal theta lifts of O(X,Af) x(hy1 ,J1.1)
subspace®f the spaceof cuspforms on O(X, A) and of Sp(n, A ) (91,1 , K11 )
subspacesof the spaceof cusp forms on Sp(n,A). These have the obvious
analogousde nitions.

We will needto know how £ ,,(V) and £ x (W) behave if X is changedby a
similitude. Let X° be another quadratic spaceover F, and supposethere is a
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similitude t : X(F) — X9 F) with similitude factor \. Then for eah place v
of F, there is an isomorphism

GO(X, F,) 2 GO(X’, F\,)

sendingh to thti *. For eadh innite v, let J7,, and J? be the maximal compact
subgroupsof O(XC F,) and GO(XC F,) which are the imagesunder the above
isomorphismof .J; , and .J,,, respectively. If v isin nite, then ¢ alsodetermines
an isomorphism

go(X, ) = go(X°, F,)

given by h — thti 1. Via thesetwo isomorphismsand de nitions, for eac v we
obtain a bijection

Irr (GO(X, F,)) = Irr (GO(X®, F,)),
and thus a bijection
IF admiss (GO(X, A)) = IIT agmiss (GO(X°, A)).

If f is an automorphic form on GO(X, A), then ¢tf : GO(X% A) — C dened
by (tf)(h) = f(ti *ht) is an automorphic form on GO(X° A). Under this
map, cusp forms are mapped to cusp forms. Let the right O(X©% A) invari-
ant quotient measureon O(X°, F)\ O(X° A) be obtained from the xed right
O(X, A) invariant quotient measureon O(X, F')\ O(X, A) via the isomorphism
h— thti 1.

5.1 LEMMA. Let V be a GO(X,Ay) x (hy ,J1 ) subspce of the space of cusp
forms on GO(X,A) of central character x, and let W be a GSp(n,Ay) x
(01 , K1 ) subspce of the space of cuspforms on GSp(n, A) of central character
X% Then £ ,(V) = £,(tV) and t£ x(W) = £ xo(W). Moreover, £,(V) and
£ x (W) do not depend on the choice of nontrivial unitary character ¢ of A/F.

Proof. To show £ ,(V) C £ ,(tV) it will suxce to show that if f € V and
© = ®upy, then 0:X(f,¢) € £,(tV); here and below the superscript X will
indicate the dependenceon X. By Lemma 1.6, if (g,h) € Rx »(A) then

6 (9, hi9) = 0 (gN, thii oo ti ).

Let ¢ = gog1 € GSp(n,F)GSp(n,A)* with go € GSp(n,F) and ¢; €
GSp(n,A)* . A computation shaws that

0X(f,0)(9) = 0X(f, &) (gn) = 06X °(tf, ot TY(gY).

Write : s
- o 1 0

91 =49 0 ‘)\|111
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Here |\|; is the elemert of AZ which is 1 at the Tnite placesand |)|, at the
innite place v. Then ¢° € GSp(n,A)*. Let h° € GO(X,A) be sud that
AhO) = \(¢Y. We have

0 ) 0 : -1 0o °

00 (0t (o) = 6700 DG g i)
z : '

= 0¥ Oil 7h1h0p Al et Y
O(X° F)nO(XO,A) 0 |)\|1

(P ar® DL Yy dn
p——
XC TN oxo(tf, 0900,

where Y D
= AR XA (ot )@ (pr o ALt 1),

v inf.

Then ¢%¢ §(XYA)™), and

pP— 0
0X(£.0)9) = xC I D0 (¢, (90
p ——i . il il 0
=x( P g Sf o signy, N0,

Here, sign(\)1 is the elemen of A% which is 1 at the "nite placesand at the
in"nite placew is the signof A in F,. If g ¢ GSp(n, F) GSp(n, A)*, then also
si 17 1 0 51

0 signy,  GSP(F) GSp(n. A)".

g' 10
0 A f
sothat both sidesof the last equality are by de nition zero,and henceequal.

Since
1

' s
1 0 €K, .

0 sign(A\);

it now follows that 6:X(f, ) € £.,.(tV), sothat £,(V) C £,(tV). Similarly,
£,.(tV) C £,(V). The proof of t£ x (W) = £ xo(W) and the independenceof
¢ are analogous. [J

The next two results are due to Rallis [Ra] in the caseof isometries. The “rst
describeswhen a theta lift is cuspidal. The secondresult givesthe structure of
a theta lift of a spaceof cusp forms in the casethe theta lift is cuspidal. The
proofs are similar to or usethe proofsin [Ra]. Section1 is also a basic input
for the proof of Proposition 5.3.
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5.2 PROPOSITION (RALLIS). Letn > 1 be an integer. Let f be a cuspform on
GO(X,A). Supmsethat 0,(f,¢) = 0for all 0< k <n—1and p € §(X(A)F).
Then 6,,(f, p) is cuspidal (though possibly zero) for all ¢ € S(X(A)™).

Here, 6o(f, ») = O is takento mean
z

(5.1) 0= f(h1h) dhy
O(X,F)nO(X,A)

for all h € GO(X, A).

An analogousresult holds for lifts from GSp(n) to GO(X). In this case, x

an even dimensional quadratic spaceX over F' such that X (F) is anisotropic.
For an integer k > 0, let X}, be the orthogonal direct sum of X with k copies
of the hyperbolic plane over F. Let f be a cuspform on GSp(n,A). Let [ >0
be aninteger. If [ = 0 and dim X = 0O, sothat X; = 0O, then 0x, (f, ) is not
dened; if I = 0 and dim X > O sothat X; = X, then 0, (f,¢) is cuspidal
for all p € 8(X;(A)™) sincethe cuspidal condition is vacuous. Supposel > 1.
Supposebx, (f,¢) = 0forall 0 < k <i—1and ¢ € 8(X,(A)"™); then Ox, (f, )
is cuspidal (though possibly zero) for all ¢ € 8§(X;(A)™). Here,if dmX = 0
and k£ = 0 then the condition éx, (f,) = 0 is takento be empty.

5.3 PROPOSITION (RALLIS; MULTIPLICITY PRESERVATION). Let2n = dim X.
Let V be a GO(X, Ay) x (hy ,J1 ) nonzeo subspce of the space of cusp forms
on GO(X, A) of central character x. Assumethat for each place v of F', X(F},)
satis es one of the conditions of (1)-(6) of Theorem 1.8. Assumethat

V=Wno- - oV,

where each V;, 1 <i < M, is a GO(X,Ay) x (hy ,J1 ) subspee of V, and all
the V; are isomorphic to a single nonzem irr educible GO(X,Af) x (hy ,J1 )
representation 0. Let 0 & ®,0,, assumeo,|o(x,F) iS multiplicity free for
all v, and o, is tempered for v | 2. Supmsethat £,(V) is contained in the
space of cusp forms on GSp(n,A) (necessarily of central character xx% =
x(-,discX(F))"), and that for any irr educible nonzewo GO(X,Ay) x (hy ,J1)
subspce U of V we have£ ,,(U) # 0. Then o, € R,(GO(X, F,)) for all v,

and each £ ,(V;), 1 < i < M, is isomorphic to | = ®,0(c3). An analogous
result holdsif the rolesof GSp(n) and GO(X) are interchange.

6. TEMPERED CUSPIDAL AUTOMORPHIC REPRESENTATIONS OF B(A)® AND
GSO(X, A)

Let F be atotally real number "eld, and let X be a four dimensional quadratic
spaceover F. As in Section2, let B be the even Cli®ord algebra of X (F), and
let F be the certer of B. Let d = discX(F). In this section we describe the
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relationship betweentempered cuspidal automorphic represetations of B (A)
and GSO(X, A). From Section 2, we have exact sequences

1— Ef — Ft x BE(F) £ GSO(X,F) — 1

and
1— AE - A® x BE(A) & GSO(X,A) — 1.

6.1 LEMMA. There exist s € O(X, F), and for each innite v, a maximal
compact sulgroup Jo, of GSO(X, F,), such that dets = -1, s> = 1, and
sdows = Jo,, for all innite wv.

Proof. Let y € X(F) be anisotropic, and let Y C X be the three dimensional
quadratic spaceover F sudh that Y(F) = (F-y)?. Let s € O(X, F) be de ned
with respect to y asin Propositions 2.5 and 2.6. Then dets = —1 and s? = 1.
For ead in nite v, choosea maximal compact subgroup Jy,, of SO(Y, F,), and
let Jo . be the unique maximal compact subgroup of GSO(X, F,,) containing
Jy,, mentioned in the perultimate paragraph of Section2. Then s normalizes
Jy,, and Jo, for ead in nite v. O

For the remainder of this paper we "x the following choicesof compact sub-
groups. Let s and the maximal compact subgroups.Jo , of GSO(X, F,) be as
in Lemma 6.1. For ead in nite placewv of F, let K, be the unique maximal
compact subgroup of B (F,) such that p({£1} x Kp,) = Jo,. Let Jo1 be
the product of the Jp , over the in nite placeswv of F', and let h; be the direct
sum of the h, = gsd X, F},) = go(X, F,) over the innite placesv of F. Let
Kp1 bethe product of the K, overthe in nite placesv of F and let B; be
the direct sum over the innite placesv of the Lie algebra B(F,) of Bf (F,).
We consider B (Ay) x (By ,Kp1 ) and GSO(X,Ay) x (hy ,Jo1 ) modules.

We will usethe following facts about the tempered cuspidal automorphic rep-
resenations of B (A). Let Irr gﬁ,";g (Bf (A)) be the set of tempered cuspidal
automorphic represenations 7 of BE (A). It is well known that B (A) has
the multiplicit y one property, i.e., the elemers of Irr tceu”s‘rﬁ’ (B (A)) of a xed
certral character occur with multiplicit y one in the spaceof cusp forms on
BE (A) of that certral character. If 7 € Irr G (B(A)®), then the unique
spaceof cusp forms on BE (A) isomorphic to 7 will be denoted by V. Also,
BE (A) has the strong multiplicit y one property: if 7,7% € Irr Gib (B (A))
share the same certral character and 7, 2 T,S for all but nitely many v,
then 7 2 79 sothat V, = V.. In addition, the Jacquet-Langlands corre-
spondencegives an injection of Irr ¢ob (B (A)) into Irr GiIP (GL(2, Ag)). This
map is constructed as follows. Suppose E' is a "eld. Since B has center E,
we may regard B as an algebra over E, and by Section 2, B is a quater-
nion algebra over E. There is a canonical isomorphism B (A) 2 B (Ag),
and thus a bijection Irr (iT® (BE (4)) = It P (BE (Ag)). Composing with

temp temp

the Jacquet-Langlandsmap from Irr ;¢ (BE (Ag)) to Irr cusp (GL(2,AR)), we
get an injection Irr (5P (BE (4)) < Irr b (GL(2, Ag)) which we also call the
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Jacquet-Langlandscorrespondence,and denoteby 7+ 7L If E 2 F x F, we
get a similar injection, with GL(2, Ag) takento be GL(2,A) x GL(2, A).

Tempered cuspidal automorphic represeations of GSO(X, A) and Bf (A) may
be related as in the local case. Let Irr f;r;‘gf (Af x B (A)) be the set of pairs
(x,7), wheret € Irr gfjgg (Bf (A)) and y is a Hedke character of A® sud that

w; = x o NE. Let Irrd (GSO(X, A)) denote the set of tempered cuspidal
automorphic represenations of GSO(X, A). The above exact sequencegive a
bijection

Irr Sob ¢ (AF % BE (A)) 2 I 5128 (GSO(X, A)).

cusp,f

If (x,7) € Irgen (AE x BE(A)), then 7(x,7) € I Gp (GSO(X, A)) corre-
sponding to (y,7) consistsof the spaceof functions F' : GSO(X,A) — C for
which there exists f € 7 sothat F(p(t,g)) = x(t)! 1f(g). The certral character
of m(x,7) is x. If d = 1, sothat E = F x F and Bf (A) = D (A) x Df (A)
(seeSection 2), then every element 7 € Irr TP (B (A)) is of the form 7, ® 7,
for somery, 7, € Irrigid (DE (A)), and the condition that w, factors through

NZ amourts t0 w,, = w,,. In this casew, factors uniquely through NZ via
X = wr, = w,. Also, when dealing with a four dimensional quadratic space
X, over I' de ned by a Galois action a on a given quadratic quaternion al-
gebra B over F' with certer E (Section 2), we will occasionally parameterize
Irr g (GSO(X,, A)) with respect to the explicit exact sequence

1— A% — AF x BE(4) 2% GSO(X,,A) — 1

derived from Proposition 2.7; by that proposition, the di®erencebetween the
two parameterizations is insigni cant.

Tempered cuspidal automorphic represertations of GSO(X, A) inherit similar
properties from those of Bf (A). The elemens of Irr gi,“gg (GSO(X, A)) have
the multiplicit y one property and the strong multiplicit y one property. |If
T € lrr tc‘fj”s‘g (GSO(X, A)) then the unique spaceof cusp forms on GSO(X, A)
isomorphic to = will be denoted by V.. If © € Ifr agmiss (GSO(X, A)), then we
denote by s - w the GSO(X,A¢) x (hy ,Jo,1 ) module with the samespaceas
m, but with twisted action (s - 7)(h) = w(shs) for h € GSO(X,A) x Jo1

and (s - m)(z) = w(Ad(s)z) for z € hy . Let 7 € Irr‘ci’;‘g (GSO(X, A)).
Then we denote by sV, the spaceof cusp forms sf on GSO(X,A) de ned
by (sf)(h) = f(shs) for h € GSO(X,A) and f € V.. The map f — sf from
V,: with the twisted action s- 7 to sV, with the usual action is an isomorphism;
by multiplicit y one, s -7 2 « if and only if sV, = V.

7. FrRoM GSO(X,A) To GO(X,A)

In this section F is a totally real number eld and X is a four dimensional
quadratic spaceover F. Let the notation be asin Section 6; following [HST],
we explain how cuspidal automorphic represenations of GO(X, A) are obtained
from those of GSO(X, A). For ead in' nite placev of F let Jy , bethe maximal
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compact subgroup of GSO(X, F,) de ned in Section 6, and let J, denote the
maximal compact subgroup of GO(X, F,)) generatedby .Jo, and s, where s is
asin Lemma6.1. Let J; be the product of the J, over the in nite placesof
F. We consider GO(X,Ay) x (hy ,J1 ) modules. Let Irr $t8 (GO(X,A)) be
the set of tempered cuspidal automorphic represertations of GO(X, A).

7.1 THEOREM ([HST]). The group GO(X, A) has the multiplicity one prop-
erty; if o € Irr ‘ggg (GO(X,A)), denote by V,, the unique space of cusp forms
isomorphic to . Let o € Irr ‘C%"S"S (GO(X,A)), and let V9 be the nonzen space
of cusp forms on GSO(X, A) obtainad by restricting the functions in V, to
GSO(X, A). Either V2 is irr educible as a GSO(X,A¢) x (hy ,Jo1 ) module,
or there exists 7 € Irr (itf (GSO(X, A)) suchthat s-7 2 7 and V2 = V, @ sV,
(internal direct sum). Thus, there is a map

Irr e (GO(X, A)) — (s)\ Irr Gigh (GSO(X, A)),

and if o — [x] = {m,s 7}, then

GO( X,F,
(7.1) 0y deS(g(X,Fi) T

for all v. The map o + [n] is surjective. If [] € (s)\ Ir (TF (GSO(X, A)) and
s-m % m, then the "ber over [] is the set of all o € IrT 3gmiss (GO(X, A)) such
that (7.1) holdsfor all placesv of F.

Proof. SeeSection1 of [HST]. O

8. PROOFS OF THE MAIN THEOREMS

Let F beatotally real number "eld. In this "nal sectionwe prove the main re-
sults Theorems 8.3 and 8.6 preseried in the Introduction. Besidesthe general
foundational work of Sections1, 2 and 5, the main ingredients for Theorem
8.3 are the local results of Section 3 and the general nonvanishing result for
global theta lifts from [R4]. Globally, the result from [R4] requiresthe nonva-
nishing of a certain L-function at s = 1; in the caseat hand, this L-function
turns out to be either a partial GL(2) x GL(2) L-function or a partial twisted
Asai L-function, so that the nonvanishing at s = 1 follows from [Sh]. To
prove Theorem 8.6 we actually rst prove a di®erert version, Theorem 8.5.
In this version, using Section 4, a global L-padket |([ «]) of tempered irre-
ducible admissible represerations of GSp(2, A) is assignedto every elemen
m of Irr goh (GSO(Xw; 5,0, 4)). When s - 7 2 7, Theorem 8.5 determines ex-
actly what elemers of |([ 7]) are cuspidal automorphic and shows that the
cuspidal automorphic elemens occur with multiplicit y one. In addition to an
understanding of the local situation, the main tool for showing cuspidality is
Theorem 8.3. For multiplicit y one, we usethe Rallis multiplicit y presenation
principle in the context of similitudes (Proposition 5.3), along with the non-
vanishing result for global theta lifts from Sp(2 A) from [KRS]. This result
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shows that if a twisted partial standard L-function of a cuspidal automorphic
represemation of Sp(2, A) hasa pole at s = 1, then it has a nonzerotheta lift

to the isometry group of a certain four dimensional quadratic space. Theorem
8.6 follows directly from Theorem 8.5.

We begin with a lemma which computes the standard partial L-function of
an O(X, A) componert of a cuspidal automorphic represettation of GO(X, A)

for a four dimensional quadratic space X over F. In the following lemma,
L,(s, ™", x1 1, Asai) is the v-th Euler factor of the Asai L-function of 77-

twisted by xi ! ([HLR], p. 64{5); and L,(s, 7" x 73-) is the v-th Euler
factor of the usual Rankin{Selberg GL(2) x GL(2) L-function of - and 73" -;
here,the superscript JL indicatesthe corresponding elemert under the Jacquet-
Langlands correspondence(Section 6). Also, under the assumptionthat X (F,)

is unrami ed (Section 1), when we say that an irreducible admissiblerepresen-
tation of GO(X, F,) (or of O(X, F,) and SO(X, F,)) is unrami ed we mean
with respect to the stabilizer in GO(X, F,,) ( or in O(X, F,) and SO(X, F),

respectively) of a self-dual lattice in X (F,).

8.1 LEMMA. Let X be a four dimensional quadratic space over F, let B be the
evenCli®ord algeba of X(F), and let E be the center of B. Letd = disc X (F).
Let o € Irgah (GO(X, A)), and assumethat o lies over [r = w(x,7)] (See
Sections 6 and 7). Let v be a nite place of F suchthat X(F,) and o, are
unrami ed. Let o1, be the unrami ed component of o,|o(x,r,). Then the

standard L-function of o4, is

Ly(s, 75, ¥ 1 Asai) if d# 1,

JL

L(s,014) =
( b ) L’U(SaTl

><7'2JL—) fd=land 72 1 ®m.

Proof. By de nition, L(s,o1,) (see Section 2 of [KR1]) is the standard L-
function of any irreducible unrami ed componert of o1 ,|so(x,r,)- It will thus
suzce to show that the standard L-function of any irreducible unrami ed com-
ponert of o,|so(x,r,) hasthe stated form; and since, is an irreducible com-
ponert of o,|gso( x,5,), it Will be enoughto shaw that the standard L-function
of any irreducible unrami ed componert of 7,[so(x,r,) Of (5-7)|so(x,r,) has
the above form (s is asin Lemma 6.1). Since over a local nonarchimedean
“eld a four dimensional quadratic spacerepreseits 1, by Proposition 2.8 there
exists a quaternion algebra D over F, contained in B(F,) and an isometry
T: X(F,) — Xp g, sud that

1 E£ FE x B8 (F,) —2— GSOX,F,) —— 1
; ; %
idy y yTeri *
1 EE FE x Bt . 050 GSO(Xp.g,, F)) — 1

commutes, where Bf (F,) = B£D7EV is the isomorphisminduced by the natural
isomorphism B(F),) = E, ®g, D of E, algebras;E, = E(F,) = F,®r E. Since
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X(F,) isunrami'ed, D isin particular split, i.e., there exists an isomorphism
D 25 Mgy o(F,) of quaternion algebras over F,. From this, we obtain an

»

isomorphism Bp g, 2 My o(E,) of E, algebrasand anisometry ¢ : Xp.E, —
X, sothat

17— ]%f — Ff XOB%)EV fe0E), GSO(Xp.r,, ) —— 1
2 ? ?
idy y Yeai

1— Ff —  FE xGLQ2,E,) —2—> GSO(X,F) ——1

commutes. Here, a is the Galois action on Mz »(E,) de ned by the formula
(2.1). Composing, we now have an isomorphismi : B(F,) 25 Myg 2(E,) of E,
algebrasand isometry r : X(F,) = X, such that

1 E; FE x B8 (F,) —f— GSO(X, F,) —— 1
5 3 3
idy o Yorei !
1 EE FE x GL(2,E,) —2— GSO(X,,F,) —— 1

commutes. Let 70 be the represenation of GSO(X,, F,) corresponding to .
By denition, (7,)% = 7, o4, and we have 70 = 7w(x,,(7,)"t). Since the
standard L-function of any unrami ed irreducible componert of 7, |so( x,x,) IS
the sameasthe standard L-function of any irreducible unrami'ed componert
of %|so(x, .r,), and the sameholds for (s - m,)|so(x.r,) and (s - 7°)|so(x..7)
it will now suzce to show that the the standard L-function of any irreducible
unrami-ed componert of 70|so(x, &) OF (s-70)|so(x,.r,) hasthe above form.
Assume rst d # 1 (i.e., E is a eld) and v stays prime in E; let w be the
place of E lying over v. Then E, = E,. Sincex? is unrami'ed, so are y,
and (%), = (r,)" € Irr(GLQ2,E,)). Let (r'%), = IndS" ") (11 ® pp),
where P is the usual upper triangular Borel subgroup of GL(2, F,,), induction
is normalized, p; and u, are unrami ed quasi-characters of Eﬁ,, and p1 ® pp
is de ned by

. .
(11 ® p2)( 8 o )= mla)pa(0).
The spaceX, wasexplicitly describedin Section2. With respectto the ordered
basis . . . )
0 vd° 10 Vd o0° 0 0’
0 001’ 0 —Vd' —(2/dvVd 0

the symmetric bilinear form on X, which is given by the determinant, hasthe
form

2000 0 1%
g0 1 0 0z
00 —d 0°
10 0 0
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The stabilizer in GSO(X,, F,) of the isotropic subspacespannedby the “rst
basisvector is a Borel subgroup P° of GSO(X,, F,), and P°= p,(Ff x P). In
particular, we have

s Ngf(a) * *
palt, o ~ V=4 0 b x5,
0 0 NEQ

with . .
_ aicy —axcd  (azer —azez)d
azC1 — a1C2 aicy — a202d

)

wherea = a3 + azv/d and ¢ = ¢1 + ¢V/d. Here,the middle block /1 corresponds
to multiplication by aa(c) on the two dimensional subspacespannedby the
two middle basisvectors, using the obvious identi cation of this subspacewith
FE,,. Recalling that y, o Nﬁy = u12, @ computation shows that

GSO( Xa ,Fy
70 = 7(xp, (7)) = INdSCK )

where induction is normalized, and on the typical elemen of P° ;. takesthe

value 2 3
a * *
w30 h o % 5)= (u2/x0)Aal Hpa(h),
0 0 X!

where again we identify the elemens of the middle block with E£ and a, \ €
FE . There is an SO(X,, F,)) isomorphism

0 > SO(Xa,Fy)
7T/U|SO(Xa,FV) - |ndp0\ SO(Xa,Fy) .U|P0\ SO(Xa,Fy)

given by restriction of functions. We have

2 3
a * ES
ey so(xa.r) (B0 ho % D)= (xu/p2)(a)
0 0 ot

since N?VW (h) = 1, sothat h € Of . By denition, the standard L-function of
any irreducible unrami ed componert of ngso(xavpv) is now

L(s, Xo/12) (s, 112/ X0)CF, (25) = det(l — x(7f, ) *Alrg, [9)1
= L'IJ(S’TJL7XI 17Asai)’

where
2 pi(mr,) 0 0 o 3
0 0 pi(mr,) 0
A= v .
1 0 p2(mE,) 0 0 5
0 0 0 p2(7rR,)
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For the last equality, seep. 64-650f [HLR]. Sinces - 0 = 7(xw, (77" ) 0 @),
a similar computation shaws that the standard L-function of any irreducible
unrami'ed componert of (s - 79)|so(x..x,) is also L, (s, 77", x 1, Asai).

Now supposeE is a eld and v splits in E. Then F, contains a squareroot of
d; X suc a squareroot v/d in F£. De ne an embedding of "elds i; : E < F,
by sendinga "xed squareroot of d in E to v/d, and de ne another embedding
i» . E — F, by sendingthe "xed squareroot of d in E to —/d. Wedenoteby w;
and w; the placesof E determined by i; and i, respectively. Then w; and w,
are the two placesof FE lying over v, and via i; and i, we take F,, to be the com-
pletions E,,, and E,,, of E at w; and w,, respectively. We alsohave anidenti -

cation of £, = F,®p E with E,,, x E,,, and hencewith F, x F,,. Usingthe iden-
ti cation E, & F, x F, we may |dent|fy Mg 2(EU) with Mg 2(Fv) X Mog Z(Fv)y
GL(2, E,) with GL(2, F,,) x GL(2, F,) and a with the Galois action de ned by
(x1,z2) — (x2,21). Further, asexplainedafter Proposition 2.7, we may identify
X, With Mog 2(F,) and p, with p,(t, (91, 92))x = ti tg12g5. Usingthe canonical
isomorphisms B(F,) & B(E,,) X B(Ey,) = D x D write 7, & 7, ® Ty, With
Twys Tw, € 1T (DE); then (7,)t & Tfu'-l ® 7’3,'; Let 7‘3)'-1 = Ind?,l'(2 ’FV)(ul ® 12)
and Tfu'; = Indf,L (Z’FV)(MQ ® ug), with the notation analogousto the previous
case.Note that x = uzup = pdu3. With respect to the ordered basis

01 10 0 0 00
00”00’ -20"0 2
the symmetric bilinear form on X, hasthe matrix
200 1 0°
20 00 1%
1 0 0 07"
0100
The stabilizer in GSO(X,, F,) of the isotropic °ag
0 1 0 1’ 10
Forgg ©fv g o * 1 g 0

is a Borel subgroup P% and P°= p,(Ff x P x P). We have
. . 2 aao * * *
NOFRRE S RIS A
0 0 0 a%
Using u1p2 = pdud, a computation shaws that

GSO(Xa, R
ﬂ_ge/lndpo ( a V)M
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with 2 3
a * * *
W@o o iy T By = N ) (@) ) (D).
0 0 0 Abi 1

Again there is an SO(X,, F,,) isomorphism

0 » SO(Xa,Fy)
Tylso(xa, /) — INdPo SO(Xa,Fy) plpy so(xa,F)

given by restriction of functions. We have

2 3
a * * *
0o
ulrasoce @ g o 1 o 5= (W m) @)/ a)(h).
00 0 ot

We now have that the standard L-function of any irreducible unrami ed com-
ponert of 79|so(x, r) IS

L(s, 13 /12) L(s, 2 /1) L(s, 13/ 12) L(s, o /1) = det(L — x(rg,)' *Almp, )i 1
= LU(S7TJL7XI 17Asai)7

where
2 ()7, ( 0())( | 0 0
- 0 H23)(TF, 0 0 i
a=8 0 ()75, o &
0 0 0 (p2p9)(7r,)

here we have used x, = uip2 = pdud. For the last equality, again seep.
64-650f [HLR]. Sinces - 0 = w(xo,Ta, @ Ta-), a similar computation shows
that the standard L-function of any irreducible unrami ed componert of (s -
) |so(x. .5, is also Ly (s, 774, x1 1, Asai).

The argumert in the cased = 1 is similar to the last caseand will be omit-
ted. O

To prove the nonvanishing part of the main result Theorem 8.3 we will usethe
following theorem, which follows from Corollary 1.2 of [R4]. In the following
L5(s,01) is the standard partial L-function of o1 (seeSection 2 of [KR1]).

8.2 THEOREM ([R4]). Let F be a totally real number "eld, and let X be a four
dimensional quadmatic space over F. Let d € F£ /F£? be the discriminant of
X(F), and assumethat the discriminant algeba E of X (F) is totally real, i.e.,
either d = 1 or d # 1 and E = F(\/d) is totally real. Let o; be a tempered
cuspidal automorphic representation of O(X, A) with o1 & ®,01,, and let V,,
be a realization of o1 in the space of cusp forms on O(X,A). Assume oy,
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occurs in the theta correspndence for O(X, F,) and Sp(2, F,) for all placesv.
If L5(s,o1) doesnot vanishat s = 1 then £ ,(V,,) # 0.

Proof. This follows from Corollary 1.2 of [R4] (seealso the following remark
below). Note that by the assumption on E, at ead in nite place v of F we
haved = 1in Ff /F£2 sothat the signature of X(F,) is (4,0),(2,2) or (0,4)
and the signature assumptionsfrom Corollary 1.2 of [R4] are satis ed. [

We take the opportunity hereto make a correction to [R4]. Namely, in Theo-
rem 1.1 of [R4] hypothesis (2) should be replacedwith the statemert: for all
placesw, o, is temperedand if o, rst occursin the theta correspondencewith
Sp(n® F,) with 2n° > dim X, then the rst occurrenceof o, is tempered; in
Corollary 1.2 of [R4] &, should also be assumedto be tempered for in nite
v; and nally in Lemma 2.1 of [R4] the assumption on & (in both the nonar-
chimedean and real cases)should be that o is tempered, and if o rst occurs
in the theta corresppndencewith Sp(n® F) with 2n° > dim X, then the Trst
occurrenceof ¢ is tempered. The correctionsthus alsointro duce temperedness
assumptionsat the in nite placesentirely analogousto thoseat the "nite places
(note that in the correctionsto Theorem 1.1 and Lemma 2.1 we have actually
weakenedthe nonarchimedeanassumption; this wasmertioned in [R4], but not
explicitly stated aspart of Theorem1.1and Lemma2.1). The omissionof these
temperednessassumptionsat in nit y was due to a misreading of [M], Corol-
laire IV.5 (ii). The only placewherethe result from [M] is usedin [R4]is in the
proof of Lemma 2.1 of [R4] whereit is assertedthat, in the terminology of that
lemma, Oy+1 (¢) = L(xx|- | ** @6, ---®@6; @ 7). The argumert for this is as
follows. Assumeo st occursin the theta corresppndencewith Sp(n° R) with
n® < dim X/2. Then o occursin the theta corresppndencewith Sp(dim X /2, R)
(Lemme 1.9, p. 14, [M]) and Ogim x/2(0) = 2 gim x/2(0) (Th&ommelV.3, p. 70,
[M]). Sinceo is tempered, by the de nition of 2 gy x/2(0) (111.2, p. 49, [M]),
Oaim x/2(0) = ® aim x/2(0) is also tempered. The Langlands data for 6.1 (o)
is obtained from the Langlands data of 04m x/2(c) by adjoining the quasi-
characters of RE - XX| . |sx (k+1) . aXX| . |sx (dim X/2)+2 aXX| . |sx (dim X/2)+1
(Corollaire IV.5 (i), p. 71, [M]). Since Ogim x/2(0) is tempered, this im-
plies 0 +1 (o) has the claimed form. Next, assumeo rst occurs in the
theta correspondence with Sp(n° R) with n° > dim X/2. Then 6,0(0) is
tempered by assumption. Again, the Langlands data of 6.+ (o) is obtained
from the Langlands data of 6,,0(¢) by adjoining the quasi-characters of R :
x| - [ ED x| |02 |- |3 (O (Corollaire IV.5 (i), p. 71,
[M]). Again, since 6,,0(c) is tempered, this implies 0,+1 (¢) has the claimed
form. This completesthe corrected argumert for the new statemert of Lemma
2.1 of [R4]. The corrected statemerts of Theorem 1.1 and Corollary 1.2 have
exactly the sameproofs asin [R4].

Proof of Theorem 8.3. (1) == (2). Suppose£ 2(V,) # 0. Suppose£ »(V,)
is contained in the spaceof cusp forms. Then by Proposition 5.3, (2) holds.
Suppose £ »(V,,) is not cortained in the spaceof cusp forms. Sinceo, is in-
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“nite dimensional for at least one v (5.1) holds. By Proposition 5.2, £ 1(V,)
is cortained in the spacecusp forms; also, £ 1(V,) is nonzero, for otherwise,
by Proposition 5.2, £ ,(V,) would be contained in the spaceof cusp forms. A
standard argumert as in the proof of Proposition 5.3 now shaws that for all
v, 0y € R1(GO(X, F,)). This implies (2) (Lemma 4.2 of [R1]; b), p. 67 of
[MVW]; Lemme 1.9 of [M]).

(2) <= (3). This is Theorem 3.4. Note that if discX(F,) # 1, then X(F,)
is isotropic, and so o, is in nite dimensional (as o, is tempered).

(2) == (1). Suppose(2) holds. Let o lie over [7] (Section 7). Restrict the
functions in V, to O(X,A) to obtain the spaceof functions V!. Then V! is
nonzero and contained in the spaceof cusp forms on O(X, A); let W be an
irreducible nonzeroO(X, A¢) x (hy,1 ,J1,1 ) componert of V1, and denote the
isomorphism classof W by o;. To shaov £,(V,) # 0 it will sutce to shov
£,(W) # 0 (for if 62(f,¢) # 0 for some f € W and ¢ € §(X(A)?), then
02(F,)lsp.a) = O2(f, ) # Ofor any F € V, with Flo(x a) = f). For this,
we will use Theorem 8.2. We needto seethat the hypothesesof Theorem
8.2 are satis ed. For all placesv of F, o1, is an irreducible constituent of
ovlo(x,r,)- Sinceo, is tempered for all v, o1, is tempered for all v. Also, it
is a basic consequencef (2) that o1, € R2(O(X, F,)) for all v (Lemma 4.2 of
[R1]; seethe discussionbefore Theorem 1.8). Finally, we needto seethat the
partial standard L-function L°(s, 1) of o1 doesnot vanish at s = 1. Writing
w = mw(x,7), by Lemma 8.1 we have

( L3(s, 7", x 1, Asai) if d# 1

L5(s,00) =
(s, 1) Lo(s, it xt-)ifd=1and 72 7 @ m.

Shawing the nonvanishing of L°(s, 1) at s = 1 is thus reducedto shawing the
nonvanishing of thesetwo typesof L-functions at s = 1. For the nonvanishing
of L%(s, % x 73--) at s = 1 seeTheorem 5.2 of [Sh]. The nonvanishing of
L5(s, ™", x1 1, Asai) at s = 1 alsofollows from [Sh]. For an explanation of this,
seep. 296{7 of [F]. Note that L5(s, 7%, xi 1, Asai) is of the form L5(s, 7% Asai):
there exists a Hedke character ¢ of AfE extending x, and for such a § we have
L%s, 7@ ¢ 1 Asai) = L5(s, 7%, x 1,Asai). By Theorem 8.2 we now have
£,(W)# 0,and so£,(V,) # 0.

Now supposethat one of (1), (2) or (3) holds, and s - 7 2 w. By what we have
already shown, £,(V,) # 0. We claim that £ »(V,) is contained in the spaceof
cuspforms. Supposenot. Then asin the proof of (1) == (2), £ 1(V,) is nonzero
and contained in the spaceof cuspforms, and in particular o, € R1(GO(X, F,))
for all v. By Theorem 7.4 of [R2] this implies s - 7, & =, at least for all
“nite v of odd residual characteristic. Howewer, by strong multiplicit y one for
GSO(X, A) (Section 6) and s - 7 2 7, we have s - 7, % 7, for in nitely many
v, a contradiction. Thus, £ (V) is contained in the spaceof cusp forms. By
Proposition 5.3, £ ,(V,) is a cuspidal automorphic represenation of GSp(2, A)
of certral character w, and £3(V,) = ®,62(03); by Proposition 1.10 this is
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also ®,02(0,)-. The proof that 6,(c,) is temperedfor all v is asin the proof
of (3) of Proposition 4.1. [

The next lemmawas usedin the proof of Proposition 4.1 to show that the two
elemerts of an L-packet de ned there are in fact distinct. It will alsobe used
in the proof of Theorem 8.5.

8.4 LEMMA. Letwv beaplac of F. Let Dayy be the division quaternion algeba
over F,, and de ne the four dimensional quadmtic spaces Xy, ,1 and Xp,, . 1
over F, asin Section 2. Then Rx,, . (GSp(2, F,)) NRx, ....(GSp(2, F)) =
0.

Proof. We will usethe notation of Section1. By Lemmas 1.4 and 1.5 it will
suzce to show that if

CRXMZE 21 (GSp(2, F,)) NRx, ram;l(GSp(27 Fy) 7 0

then
:RXMQE 9l (Sp(z, Fv)) N fRXD mm;l(sp(z, Fv)) 7/ 0.

Suppose I € Rx,, . ..(GSp(2, F})) N Rx, ...(GSP(2, Fy)). Since IT is con-
tained in Rx,, _,(GSp(2, F,)), by de nition II|sp2 k) is multiplicit y free;
let lspe,ry = Wi @---@® Wy with the Wi, 1 < i < M, mutually non-
isomorphic irreducible Sp(2, F,) subspacesof I1. Also by de nition, some
Wi, sy W, is in Ry, . .,(Sp(2, Fy)). We assertthat all the W; are con-
tained in Rx,, . ,.,(SP(2, F})). Let g € GSp(2 F,) be such that w(g)W1 = W;
(if F, 2 Rthen M = 1 or 2 and we may take ¢ = kg with ky asin Sec-
tion 1). SinceW; € Rx,,, ,.(Sp(2, F,)) there exists a nonzeroSp(2, F,) map
twxyy, 1 — Wi. Let h € GO(Xwm, ,1, Fy) be sudh that (g,h) € Rx,,, ,.,
(if F, = R wetakeh = jo sothat (g,h) € L). Considerthe composition

w(g,h)i * t m(g)
wXM2£ 21 E— WXMZE 511 - W]_ —_— WZ

This is a nonzero Sp(2, F) map. Thus, W; € Rx,, _,,(Sp(2, F,)). On the
other hand, since IT € Ry, .,(GSp(2, F,)) we have by de nition that some
irreducible componert of I1|sp2 7,y is contained in Rx, . (Sp(2, F,)). We
now have Rx,,, .., (Sp(2, F,)) NRx, ..., (Sp(2, F,)) 7 0 asdesired. O

We come now to the de nition and analysis of global L-padkets for GSp(2).
We begin by proving Theorem 8.5, a version of the main result Theorem
8.6. In this version, global L-padckets for GSp(2) are assaiated to elemens
of Irr &gk (GSO(Xw 5.0, A)); Theorem 8.6 will follow easily from Theorem 8.5.

As in Section2, let d € F£ /F£2, and let E = E; be F(\/d) if d # 1 and
E=FE;=FxFifd= 1 AssumeF is totally real, i.e., in the cased ¥ 1
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assumeF istotally real. Let 7 € It ({28 (GSO(Xw, 5.4 A)). The packet of irre-
ducible admissiblerepreserations of GSp(2, A) corresponding to [r] is de ned

to be
([ 7]) = {II = ®,I1, € IT agmiss (GSP(2, A)) : II, € ([ =,]) for all v}.

Here, |([ 7,]) is de ned in Section4. By Proposition 4.3, for almost all nonar-
chimedeanw, |([ m,]) consistsof a singlerepresernation unrami ed with respect
to GSp(2,0,). Thus,

([ D) = @uil m])-

Also, by (3) of Proposition 4.1, |([ 7,]) consistsof tempered represenations
for all v. If S is any nite set of placessud that for v ¢ S, v is nonar-
chimedeanand |([ w,]) consistsof a single represenation unrami ed with re-
spect to GSp(2,0,), then the cardinality of |([ «]) is:

Y X
N =Dl= B mDl=2Y, whereM = (Ji([ m])|—2).
v2 S v2 S

For IT = ®,II, € |([ 7)), let T be the set of placesv of F' such that v splits
in £ (asusual, if d = 1 sothat £ = F x F we sa& that ewery place of F
splits in E) and 11, is of the form 6p_ 1(m)"*)- (so necessarilyr, is square
integrable); seeSection 4.

8.5 THEOREM. Assume F is totally real, d € F£ /F£2 andlet E = E, be
F(Vd)if d# 1and F x F if d= 1. AssumeF is totally real, i.e., in the case
d 7 1 assumeF is totally real. Let w € Irr Gt (GSO(Xw, 5,0, A)) and assume
s-mXET.

(1) If d# 1, then all the elementsof |([ «]) occur with multiplicity one in
the space of cuspforms on GSp(2, A) with central character w.

(2) Assumed = 1. Let IT € |([ «]). If |Tr| is even,then IT occurs with
multiplicity one in the space of cusp forms on GSp(2, A) with central
character w,. Conversely, if IT occurs in the space of cusp forms on
GSp(2 A) then |T;| is even.

Proof. Let IT € |([ «]); if d = 1 assume|T;| is even. We begin by showing that
11 occursin the spaceof cusp forms on GSp(2, A) of certral character w,. To
prove this we will construct a four dimensional quadratic spaceX over F and
aoc € Irrm‘g (GO(X,A)) suc that o, € R(GO(X, F,)) and 0(o,)- = II,
for all v; we will then apply Theorem 8.3 to shaw IT is cuspidal automorphic.
To start, let us set up some de nitions involving =. As in Section 6, write
m = 7(x,7); howewver instead of the abstract exact sequenceof Theorem 2.3,
let us usethe concrete exact sequence

Pa(Mag 2iE )
=

1— AL — A% X GL(2,AR) GSO( XMy 5.0 A) — 1
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of Proposition 2.7; by this proposition there is no real distinction. Thus, 7 =
w(x, ), with 7 € Irr gzngg (GL(2,Ag)) and y a Hedke character of A% suc that
wr = X0 NP@. The X we will usewill be of the form Xp 4. Specically, let
D be any quaternion algebra over F' which is ramied at the placesin T},
and which is unrami'ed at any other of the placesof F which split in E; note
that if d = 1, we usethe evennessof |T;| for the existenceof D (again, our
convertion is that if d = 1sothat F = F x F then every place of F' is split in
E). Evidently, if d = 1, then D is uniquely determined, but if d # 1, then there
will beinnitely many choicesfor D. Nevertheless,if welet B = E®r D, then
B is uniquely determined (in the cased # 1, regardedas a quaternion algebra
over E, B is split at any placeof E lying over a nonsplit place of ), and Xp 4
is uniquely determined up to similitudes by Proposition 2.9. By Lemma 5.1,
it thus follows that our construction will realize IT as a cuspidal automorphic
represemation in exactly one way in spite of the ambiguity in the choice of D
whend # 1. To de ne the o mentioned above, note that again by Proposition
2.7 we have an exact sequence

1— AL — AP x BE(A) 2205 GSO(Xp 4, A) — 1.

By the de nition of Ty, 7 is in the image of the Jacquet-Langlandscorrespon-
dencefrom BE (A) discussedn Section6; let 7% € Irr Gib (BE (A)) correspond
to 7. Let 7%= m(x,r'); this is cortained in Irr §b (GSO(X p 4, A)). We claim

that for eadh place v there exists o, € R2(GO(Xp 4, F})) sud that

M IndGO( Xb V) 0

O GSO( Xp g ,Fy) Tw

and 6(o,)- = II,. This is clear from the de nition of |([ «,]) and D if v is not a
nonsplit placewith D(F,) rami ed; assumewearein this last case.Let w bethe
place of E' lying over v. By Proposition 2.9 and the consideration of examples
after this proposition, there exists an isomorphismi : B(F,) 2> Mg 2(E,,) of
E,, algebrasand a similitude T : Xp 4(£,) — Xmy 5,q(Fy) sudh that

1—— B, —— F} xBH(R) —— GSO(XpuF) —— 1
] ] 2
yid yid£ i Y Tert 1=

1— Efu - Ff X GL(ZaEw) - GSO(XMZE 2,d7F’U) — 1

commutes. By the de nition of ([ ,]), there exists#, € Irr (GO(Xwm 4 .45 Fv))
sudh that 7, — #,|gso( Xntyg gt +F) and 6(#,) = II;, i.e.,

Homp, (F) (Wxniy, ya (R L5 @ %) 7 0.
By Lemma 1.6, we obtain
Homg, | (k) (Wxo 4 (R): Iz ®00) 7 0,
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where o, = %, 0 j, sothat 6(c,) = II;. Sincer, o j — 0u|eso(xp4,F) and
T, 04 = 79 by the commutativit y of the diagram, we get 78 — o, |cso( x5 4 . F%)

asdesired. Now 7, is unrami ed for almost all nite v, and soby Proposition
1.110, is unrami ed for almost all nite v. We may form the restricted direct
product o = ®,0, € IIf agmiss (GO (X, A)). Sinces -7 % = we have s - 702 70
By Theorem 7.1it followsthat o € Irr §i5 (GO(X, A)), and o lies over [79. By
Theorem 8.3, £ ,(V,,) is cuspidaland £ ,(V,) 2 II.

Having shown that IT occursin the spaceof cuspforms on GSp(2, A) of certral

character w,, we will now show that the multiplicit y with which IT occurs is
one. Our strategy will be to usethe multiplicit y presenation principle of Rallis
(Proposition 5.3) alongwith the fact that for a four dimensionalquadratic space
X over F', GO(X, A) hasthe (weak) multiplicit y one property (Theorem 7.1).
Let W bethe GSp(2,Af) x (91 , K1 ) subspaceof cusp forms on GSp(2, A) of
central character w, generatedby the subspacessomorphicto I7. Let U be
an irreducible nonzeroGSp(2, Ay) x (91 , K1 ) subspaceof W. Then U = II.
To be in a position to apply Proposition 5.3 we must shawv that £ x, ., (U)
is nonzero and contained in the spaceof cusp forms on GO(X, A) of certral

character w,.

As a rst step, we will prove that £ x_,, (U) is nonzero and cuspidal for
some quaternion algebra D° over F. In the following argumert shawing that

£ X, 0, (U) is nonzeroand cuspidal for some D° we ask the reader to take note
that we only usethat IT € ([ «]); this will be germanein a subsequeh part

of the proof. We begin with a reduction to isometries. Restrict the func-
tions in U to Sp(2,A). This spaceof restricted functions is nonzeroand is an
Sp(2,Af) x (91,1 , K1,1 ) subspaceof the spaceof cuspforms on Sp(2, A); let U
beanonzeroSp(2, Ay) x(g1,1 , K11 ) irreducible subspaceof this space,and let
I1; be the isomorphism classof U;. As in the proof of (2) == (1) of Theorem
8.3,t0 shaw £ x_,, (U) # O for someDC it will suxce to show £ xp0, (U1) 7 0
for some D°. To prove this, we will use Theorem 7.1 of [KRS]. This appli-

cation requires an understanding the behavior of the partial twisted standard
L-function L5(s, II1, xx, 4) @t s = 1; we now compute this L-function. As
U £ 11, I, is anirreducible componert of I1,|sp», ) for all v. Let S bea -

nite setof placesof F such that for v ¢ S, v is nite, X, , «(F,) is unrami ed

(i.e., visodd and v is unrami ed in E,;) and y, and 7,, for w|v are unrami ed.

For v ¢ S, by Proposition 4.3 and its proof, |\{([ 7.])| = 1, II, is the single el-
emert of |([ ,]), 11, is unramied and IT, = O, ,.a(c%)- = Ow,, ,.a(c%),

with 0% = 7t € I (GO(Xwm, ,.a, F,)) unramied. Let v ¢ S; we assert

v v

that there exists an unramied componert o? , of o0o(xy,,, ,4./) Such that
I, = (o9 ,-). To seethis let, asin Section1, GSp(2, F,,)* be the subgroup
of g € GSp(VZ,FU) such that A(g) € NM(GO(Xp 4, F,)); again, GSp(2, F,)* has
index one or two in GSp(2, F,). Let II,|gsp2 ;)+ = I} @ -+ ® IIM, where
the 1} < Irr (GSp(2, F,)*) are mutually nonisomorphicand M = 1 or 2. We
have by construction

0
Homg, Mo pia (FV) (WXM2£ 2d (Fv)> I, ® 0y-) 7 0.
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This implies that for somei,
: 0
Hompg, | o (F) (W () 1y ® 07) 7 0.

By the proof of Proposition 1.11, IT! is unrami ed with respectto GSp(2,0,)
(which is contained in GSp(2, F,)"). As Il,|sp2,r,) has only one irreducible
componert unrami ed with respect to Sp(2,0,), namely I1; ,, it follows that
11, , is an irreducible componert of Hg\sp(zﬂ). By Lemma 4.2 of [R1], there
exists an irreducible componert ¢f , of ¢ such that

0
HOMsp2, 7, )6 O(Xanyg 5o 7o) (WXaayy pa (R) > 10 @ 07,=) 7 0.

By (b) of Theorem 7.1 of [H], agv is unrami ed. This proves our assertion.
By Section7 of [KR2] and Lemma 8.1 (or rather its proof), the twisted partial
standard L-function of II; now is

Y
L5(s, I, xxo.4) = CR(s)  L(s,0%,)
v2 S

B8 LO(s, X L Asa) if d 7 1

CR(s)Lo(s,mu x o) if d=1and 72 74 @ 7o,

where (7(s) is the partial zetafunction of F. We noted in the proof of Theorem
8.3 that L-functions of the type L%(s,7,x1 *,Asai) or L°(s,71 x 75) do not
vanish at s = 1; hence, LS(37H1,XXM) has a pole at s = 1 (in fact, by
Corollary 7.2.3 of [KR2] the pole must be simple).

Now we apply [KRS]. By Lemma 1.1 of [L], for some f € U;, f hasa nonzero
T-th Fourier coetcient with detT # 0. Here, T € My(F) is a symmetric
matrix. Dene a quadratic Hede character x of A® by xx,, = xrx, where
we also write T for the two dimensional quadratic spacede ned by T'. Since
L3(s, I, xrX) = L5(s,II1,xx,,) hasa pole at s = 1, by (i) and (i) of
Theorem 7.1 of [KRS], £ xo(U1) # 0, where X°= X, L X® with X® some
two dimensional quadratic spaceover F' suc that y xo = y. We have

XX0 = XXr P XX® = Xxr X = Xk XXoo = XXoa

which implies disc XY F) = discXp 4(F) = d. By Proposition 2.8 and Lemma
5.1, we now know that £ x_,, (U1) 7 O for somequaternion algebra D over F.
As mertioned, this implies £ x_,, (U) 7 0.

Next, we claim £ x_,,(U) is contained in the space of cusp forms on
GO(Xpo,q4,A) of certral character w,; supposenot. Then by the remark af-
ter Proposition 5.2 there exists a two dimensional quadratic space X, over
F sud that £ x,(U) is nonzeroand is cortained in the spaceof cusp forms
of certral character w, on GO(Xp,A). By a standard argumert as in the
proof of Proposition 5.3, for all but "nitely many placesv of F, Xo(F,) is
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unrami ed, II, is unrami ed with respect to GSp(2,O,), there exists a uni-
tary p, € Irr (GO(Xo, F,)) which is unrami"ed with respect to the stabilizer in
GO(Xy, F,) of a self-dual lattice and

Homg, (k) (wxo(r), 7 @ py) 7 0.

Let v be one such place. Let pg be an irreducible unrami ed componert of
pvlo(x,,7)- By Lemma 4.2 of [R1], there exists an irreducible componert 11
of HU |SD(2,F\/) such that

HOMsp(2, )£ o( x0, 1) (Wxo(R,)» o @ po) 7 0.

Now SO(Xy, F,,) is Abelian as dim X, = 2; since pg is unitary, pg is therefore
tempered. (Recall the de nition of atemperedrepresetation of O( Xy, F,) pre-
ceding Theorem 1.2). Also, it is not dixcult to show that pg € R1(O(Xo, F))
(in fact, the only elemen of Irr (O(Xo, F,)) not contained in R1(0O(Xo, F,)) is
sign). Applying now Theorem 4.4 of [R3], we concludethat Iy is not tem-
pered, cortradicting the temperednessof 17, (see(3) of Proposition 4.1). We
have shown £ x_,_ (U) # 0 is nonzeroand cuspidal for some D as promised,
the argumert used only that the cuspidal automorphic represetation I7 is
contained in |([ =]).

Now we will show that £ x, . (U) is nonzero and cortained in the space of
cusp forms of certral character w,. By Lemma 5.1, it will sutce to show that
there is a similitude between Xp 4(F) and X po 4(F). Let B%= E®pr D% We
assertthat B = B as F algebras. As in the last paragraph of Section 2, let
Sp,e bethe setof placesv of F' such that v splits in E and D(F,,) is rami ed,;
de ne Spop similarly. As obsened in Section 2, it will suxce to show that
Sp,r = Spog. Let v be a place of F' that splits in E. As v splitsin E,d= 1
in K} /FE2. By Proposition 5.3, since £ x_,, (U) is nonzero and cuspidal,
I, € Rx,o,(r)(GSP(2, F,)); by construction, II, € Rx, ,(r,)(GSP(2, Fy)).
By Lemma 8.4 we must have X po 4(F,) & Xp 4(F,). This implies DYF,) =
D(F,) sothat D isrami ed at v if and only if D%is ramied at v. This proves
Sp,e = Spog. SinceB & B° as E algebras, by Proposition 2.9 there exists a
similitude between Xp 4(F) and X po 4(F).

We now apply Proposition 5.3to concludethat the multiplicit y of I7 in W is the
sameasthe multiplicit y of £ x,, , (U) in the spaceof cuspforms on GO(Xp 4,A)
of certral character w,. By part of Theorem 7.1, this multiplicit y is one.

To complete the proof we still must show that if d = 1, IT € |([ «]) and IT
occursin the spaceof cusp forms on GSp(2, A), then |T;| is even. Let U be a
realization of I in the spaceof cuspforms on GSp(2, A) of certral character w,,.
An argumert just asabove (which just usedII € }([ «]) and nothing about the
parity of [T77[) shows that £ x_,,(U) is nonzeroand cuspidal for somequater-
nion algebra D° over F. We claim that T}; is exactly the set of placeswhere
DCis ramied; this will show that |Ty| is even. Let v € Tj7. Then by the de™-
nition of Ty, II, € Rx, ..,(GSp(2, F,)). On the other hand, sincef x_, , (U)
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is nonzeroand cuspidal, IT,, € Rx, 0(FV);I(FV)(GSp(Z, F,)) (Proposition 5.3). By
Lemma 8.4, Xp . 1(F,) & Xpog,)1(F), which implies DYF,) is rami ed.
Supposenext DY F,) is rami ed. Again, II, € Rx, 0(FV);l(FV)(GSp(Z,Fv)). By
Lemma 8.4 and the de nition of ([ 7,]), we must havev € T;. O

Finally, we prove Theorem 8.6. This result is essetially a restatemert of
Theorem 8.5, and will follow immediately from that theorem after we make
somede nitions.

First we make the de nitions mertioned precedingthe statemert of Theorem
8.6in the Introduction. Let F9be alocal "eld of characteristic zero,and let £°
be a quadratic extensionof FCor E°= FOx FO% if FCis archimedean,assume
F%= Rand E°= RxR. If E%isaeld, write E°= FY+/d); otherwise, let d = 1.
Let 7% ¢ Irr (GL(2, E9) bein nite dimensionaland assumethe certral character
of 70 factors through NZ; via 1 if 70 has even residual characteristic, assume
additionally that 7°is tempered. By Proposition 2.7 the following sequences
exact:

Pa (Mog oE 9)
== 7

1— E%® — F® x GL(2,EY GSO(XM; 5.0 F9 — 1.

Using this exact sequencegde ne 7%= 7(x% 79 € Irr (GSO(Xwm; .4, F9) asin
Section3. Dene (X% 79 = o([79) and !( x% 79 = ([ 79), where o([79) and
([ #9) are de ned asin Section4. If E°= F°x FC dene

(oyro S’ ) x I X% = C

as follows. If |S(e(x%7Y)| = [I( X% 79| = 1 set (-,-)po to be identically 1;
if 1S(e(xX% 79| = |I( X% 79| = 2 (see Propositions 4.1 and 4.2) then dene
(,0M e » (7% )-)po = Landlet {-,0p,, . 1(7® *)-)ro to bethe nontrivial char-
acter of S(p(x%79) = Z, (seeTable 4). The claims from the Introduction
concerningthesede nitions follow from Propositions 4.1, 4.2 and 4.3.

Next, let E, 7 and y be asin the statemert of Theorem8.6. If E isa eld, write
E = F(V/d); otherwise, let d = 1. By Proposition 2.7 the following sequences
exact:

Pa(Mog oiE )
—_—

1— AEE — AE X GL(Z;AE) GSO(XM2£ 27d7A) -1

Using this exact sequencede ne = = w(x,7) € Irr ‘C%”S‘S (GSO(Xm g »,a;A)) as
in Section 6.

Proof of Theorem 8.6. This follows from the de nitions involved and Theorem
85. O
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APPENDIX
P=q PZq
AMGO(X,R)) RE ]Réo
[GSp(n,R) : GSp(n,R)*] 1 2
+ Gsp(na R) = £
GSpin. B) RE (Sp(n,R) U Sp(n, R)kg) | P I
K* K=K U Klk‘o Ki
GO(X,R) RE (O(X,R) UO(X,R)jo) |O(X,R)RE
J J1 U J1jo J1
L (K1 x J1) U(K1 x J1)(ko,jo) | K1 x J1
TABLE 1
dsl
m regular: P at Oy o0 (=)

7 regular or

distinguished

7 distinguished: 7

! 9M2£ 2:d (7T+)

&
71 doesnot lift to GSp(2,F)
T ! OMgg 5 (1)
. . %
m invariant but
s
not distinguished
&
w2 b OMyg g (2)
TABLE 2
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d=1
m regular: T ! at o OMoe 2;1(7#)
7 not
essertially
square
integrable
ot Onogg 2:1(7T+)
%
7 invariant and
hence distinguished:
&
7' doesnot lift to GSp(2,F)
T ! at 1 OMog 2;1(7"+)
7 regular: #
It It 0D vap:1 (7 ET)
7 essertially
square
integrable
7T+ ! 0M2£ 2;1(7‘!‘+)
%
) . T i does not lift to GSp(2 ,F)
7 invariant and
h istinguished:
ence distinguished L I o ra,n;l(WJL+)
w4 doesnot lit to GSp(2,F)
TABLE 3
d (7] ()]
7 not essertially
1 ] fOMye 5:1(mT)-0
square integrable
7 essertially
1 _ f Oy 21 (7F)= 00 i (77)- g
square integrable
7 regular or invarian t
61 o f Oy 50 (71)-0
and distinguished
61 7 invarian t but fo (m1)- .6 (r2)- g
Mog o:d (1)~ ,0Myg 5id (T2)
not distinguished 2£ 2 22
TABLE 4
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