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Ab st ra ct . Jansen and He¼{ correcting an earlier paper of Dou-
glas and Kr oll { have derived a (pseudo-)relativistic energy expres-
sion which is very successfulin describing heavy atoms. It is an ap-
proximate no-pair Hamilto nian in the Furry pictur e. We show that
their energy in the one-particle Coulomb case,and thus the resulting
self-adjoint Hamilto nian and its spectrum, is bounded from below for
®Z · 1:006.
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1 Int r oduc t ion

The energy of relativistic electrons in the electric ¯eld of a nucleus of charge
Z e is described by the Dirac Operator

D ° = c® ¢
~
i

r + mc2¯ ¡
°
jxj

(1)

with ° = Z e2 and ®; ¯ the four Dirac matr ices. The constant m is the mass
of the electron, c is the velocity of light, and ~ is the rationalized Planck
constant which we both take equal to one by a suitable choice of units. This
operator describes both electrons and positrons. In low energy processesas,
e.g., in quantum chemistry, there occur, however, only electrons. Brown and
Ravenhall [2] proposed to project the positrons out and to use the electronic
degreesof freedom only. They originally took the electrons and positrons given
by the freeDirac operator D0. Later it was observed that it might be suitable
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to de¯ne electrons directly by their external ¯eld (Furry pictur e). (SeeSucher
[17] for a review.) This strategy, however, meets immediate di± culties, since
the projection Â(0 ;1 ) (D ° ) is much harder to ¯nd for positive ° than for ° = 0.
To handle this problem Douglasand Kr oll [4] usedan approximate Foldy-Wout-
huysen tr ansform to decouple the positive and negativ e spectral subspacesof
D ° . Their approximation is pertur bativ e of second order in the coupling con-
stant ° . Jansen and He¼[11] | correcting a sign mistake in [4] | wrote
down pseudo-relativistic one- and multi-pa rticle operators to describe the en-
ergy which were successfullyusedto describe heavy relativistic atoms (see,e.g.,
[12]).
This derivation yields the operator (see[11], Equation (17))

H ext
D = ¯ e+ E +

1
2

[W; O] ; (2)

where

e(p) :=
p

p2 + m2; (3)

E := A(V + RVR)A; (4)

O := ¯ A[R; V ]A; (5)

A(p) :=
µ

e(p) + m
2e(p)

¶ 1
2

; (6)

R(p) :=
®¢p

e(p) + m
; (7)

W (p; p0) = ¯
O(p; p0)

e(p) + e(p0)
: (8)

(Note that we write p for jpj.) Here V is the external potentia l which in the case
at hand is the Coulomb potentia l, and in con¯g uration spaceit is multiplica tion
by ¡ ° =jxj.
This operator { which acts on four spinors { is then sandwiched by the projec-
tion onto the ¯r st two components, namely (1 + ¯ )=2. The resulting upper left
corner matr ix operator J° : C1

0 (R3) ­ C2 ! L 2(R3) ­ C2 is

J° := B ° + ° 2 ~K = e¡ (° =(2¼2))K + ° 2 ~K : (9)

with

K (p; p0) =
(e(p) + m)(e(p0) + m) + (p ¢¾)(p0¢¾)

n(p)jp ¡ p0j2n(p0)
(10)

where n(p) := (2e(p)(e(p) + m)) 1=2, i.e., B ° is the Brown-Ravenhall operator
[2]. (Seealso Bethe and Salpeter[1] and Evans et al. [5]).
The last summand in (9) is given by the kernel

~K (p; p0) = ¡
1
2

Z
dp00[W (p; p00)P(p00; p0) + P(p; p00)W (p00; p0)] (11)
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with

P(p; p0) =
¾¢p(e(p0) + m) ¡ (e(p) + m)¾¢ gp0

2¼2n(p)jp ¡ p0j2n(p0)
(12)

and

W (p; p0) =
P(p; p0)

e(p) + e(p0)
: (13)

Intr oducing b(p) := p=n(p) and a(p) := ((e(p) + m)=2e(p)) 1=2 we get more
explicitly

~K (p; p0)

=
1

2(2¼2)2

Z
dp00 1

jp ¡ p00j2jp00¡ p0j2

µ
1

e(p) + e(p00)
+

1
e(p00) + e(p0)

¶

£
(! p ¢¾) (! p0 ¢¾) b(p)a(p00)2b(p0) ¡ (! p ¢¾) (! p00 ¢¾) b(p)b(p00)a(p00)a(p0)

+ a(p)b(p00)2a(p0) ¡ (! p00 ¢¾) (! p0 ¢¾) a(p)b(p00)a(p00)b(p0)
¤
: (14)

(For later usewe name the expression in the ¯r st line of the integrand in (14)
C and the four terms in the square bracket T1; :::; T4.)
The corresponding energy in a state u 2 C1

0 (R3) ­ C2 is

J (u) := (u; J° u) = B(u) + ° 2(u; ~K u) (15)

with

B(u) =
Z

R3
dpe(p)ju(p)j2 ¡

°
2¼2

Z

R3
dp

Z

R3
dp0u(p)¤K (p; p0)u(p0) (16)

It is the quadratic form J which is our prime interest.
Throughout the paper we will use the following constants ° c := 4¼(¼2 + 4 ¡p

¡ ¼4 + 24¼2 ¡ 16)=(¼2 ¡ 4)2), ° B
c := 2=(¼=2+ 2=¼), and d° := 1¡ ° ¡ 4

p
2(3+p

2)° 2. Our goal is to show

T heorem 1. For all nonnegative masses m the following holds:

1. If ° 2 [0; ° c] then J is bounded from bellow, i.e., there exist a constant
c 2 R such that for all u 2 C1

0 (R3) ­ C2

J (u) ¸ ¡ cmkuk2:

2. If ° > ° c, then J (u) is unbounded from below.

3. If ° 2 [0; ° B
c ] then

J (u) ¸ d° mkuk2:

Note that ° c ¼ 1:006077340. Because ° = ®Z where ® is the Sommerfeld
¯ne structure constant which has the physical value of about 1=137 and Z
is the atomic number, this allows for the tr eatment of all known elements.
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It also means that the method is applicable for all ®Z where the Coulomb-
Dirac operator can be de¯ned in a natur al way thr ough form methods (Nenciu
[15]). | Note, in particular, that the energy is bounded from below, even if
° c > ° > 1 although the pertur bativ e derivation of the symmetric operator
H ext

D is questionable in this case.
We would like to remark that the lower bound can most likely be improved
for positive masses. In fact, we conjecture that the energy is positive for all
sub-critica l ° . However, this is outside the scope of this work.
According to Friedrichs our theorem has the following immediate consequence:

Cor ollar y 1. The symmetric operator J° hasa unique self-adjoin t extension
whose form domain contains C1

0 (R3) ­ C2 for ° 2 [0; ° c].

In fact for ° < ° c, since the potentia l tur ns out to be form bounded with
relativ e bound lessthan one, the self-adjoint operator de¯ned has form domain
H 1=2(R3) ­ C2.
The structure of the paper is as follow: in Section 2 using spherical symme-
tr y we decompose the operator in angular momentum channels. In Section 3
we prove the positivit y of the masslessoperators. Since these operators are
homogeneous under dilation an obvious tool to use is the Mellin tr ansform, a
method that previously has been used with successto obtain tight estimates
on critica l coupling constant (see,e.g., [3]). In Section 4 we ¯nd that the di®er-
encebetweenthe masslessand the massive operator is bounded. Finally, some
useful identities are given in the Appendix.

2 Par t ial Wave Anal ysis of t he Ener gy

To obtain a sharp estimate for the potentia l energy we decomposethe operator
asdirect sumon invariant subspaces.Becauseof the rotational symmetry of the
problem one might suspect that the angular momenta are conserved quantities.
Indeed, as a somewhat lengthy calculation shows, the total angular momentum
J = 1

2 (x£ p+ ¾) commutes with H ext . In fact we can largely follow a strategy
carried out by Hardekopf and Sucher [9] and Evans et al. [5] in somewhat
simpler contexts.
We begin by observing that thoseof the spherical spinors

­ l ;m ;s (! ) :=

8
>>>>>>>><

>>>>>>>>:

0

B
@

q
l + s+ m
2( l + s) Y

l ;m ¡ 1
2

(! )
q

l + s¡ m
2( l + s) Y

l ;m + 1
2

(! )

1

C
A s = 1

2

0

B
@

¡
q

l + s¡ m + 1
2( l + s)+ 2 Y

l ;m ¡ 1
2

(! )
q

l + s+ m + 1
2( l + s)+ 2 Y

l ;m + 1
2

(! )

1

C
A s = ¡ 1

2

(17)

with l = 0; 1; 2; ::: and m = ¡ l ¡ 1
2 ; :::; l + 1

2 , that do not vanish, form an
orthonormal basisof L 2(S2) ­ C2. Here Yl ;k are normalized spherical harmonics
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on the unit sphere S2 (see,e.g., [14], p. 421) with the convention that Yl ;k = 0,
if jkj > l . We denote the corresponding index set by I , i.e., I := f (l ; m; s)jl 2
N0; m = ¡ l ¡ 1

2 ; :::; l + 1
2 ; s = § 1

2 ; ­ l ;m ;s 6= 0g. Thus any u 2 L 2(R3) ­ C2 can
be written as

u(p) =
X

( l ;m ;s)2 I

p¡ 1f l ;m ;s (p)­ l ;m ;s (! p) (18)

where p = jpj, ! p = p=p, and

X

( l ;m ;s)2 I

Z 1

0
jf l ;m ;s (p)j2dp =

Z

R3
ju(p)j2dp:

We now remind the reader that the expansion of the Coulomb potentia l in
spherical harmonics is given by

1
jp ¡ p0j2

=
2¼
pp0

1X

l = 0

lX

m = ¡ l

ql (p=p0)Yl ;m (! p)Y l ;m (! p0) (19)

where ql (x) := Ql ((x + 1=x)=2); Ql are Legendre functions of the second kind,
i.e.,

Ql (z) = 1
2

R1
¡ 1

P l ( t )
z¡ t dt (20)

where the Pl are Legendre polynomials. [SeeStegun [16] for the notation and
some properties of thesespecial functions.]
Inserting the expansion (18) and (19) into (15) yields

J (u) =
X

( l ;m ;s)2 I

J l ;s (f l ;m ;s )

with

J l ;s (f ) :=
Z 1

0
e(p)jf (p)j2dp¡

°
¼

Z 1

0

Z 1

0
f (p)kl ;s (p;p0)f (p)dpdp0

+ ° 2
Z 1

0
dp

Z 1

0
dp0f (p)~kl ;s (p;p0)f (p0) (21)

and

kl ;s (p0; p) =
(e(p0) + m)ql (

p0

p )(e(p) + m) + p0ql + 2s( p0

p )p

n(p0)n(p)
(22)

and

~kl ;s (p;p0) =
1

2¼2

Z 1

0
dp00

µ
1

e(p) + e(p00)
+

1
e(p00) + e(p0)

¶

·
ql + 2s(

p
p00)ql + 2s(

p0

p00)b(p)a(p00)2b(p0) ¡ ql + 2s(
p
p00)ql (

p00

p0 )b(p)b(p00)a(p00)a(p0)

+ ql (
p
p00)ql (

p0

p00)a(p)b(p00)2a(p0) ¡ ql (
p
p00)ql + 2s(

p00

p0 )a(p)b(p00)a(p00)b(p0)
¸

: (23)
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The Legendre functions of the second kind appear here for exactly the same
reasons as in the tr eatment of the SchrÄodinger equation for the hydrogen atom
in momentum space(FlÄugge [6], Problem 77).] To obtain (21), we also usethat
(! p ¢¾)­ l ;m ;s (! p) = ¡ ­ l + 2s;m ;¡ s(! p) (see,e.g., Greiner [8], p. 171, (12)). The
operators hl ;s de¯ned by the sesquilinear form (21) via the equation (f ; hl ;s f ) =
J l ;s (f ) arereducingthe operator H ext on the corresponding angular momentum
subspaces.

3 T he M assles s Opera t ors and T heir Pos it ivit y

To proceed,we will ¯r st consider the masslessoperators. The lower bound in
the massive casewill be a corollary of the positivit y of the masslessone. The
energy in angular momentum channel (l ; m; s) in the masslesscasecan be read
of from (14) and is given by

J l ;s (f ) := Bl ;s (f ) + ° 2
Z 1

0
dp

Z 1

0
dp0f (p)~kl ;s (p;p0)f (p0) (24)

with

Bl ;s (f )

=
Z 1

0
pjf (p)j2dp¡

°
2¼

Z 1

0
dp

Z 1

0
dp0f (p)

µ
ql (

p
p0) + ql + 2s(

p
p0)

¶
f (p0) (25)

and

~kl ;s (p;p0) =
1

8¼2

Z 1

0
dp00

µ
1

p + p00+
1

p00+ p0

¶

·
ql + 2s(

p
p00)ql + 2s(

p00

p0 ) ¡ ql + 2s(
p
p00)ql (

p00

p0 )

+ ql (
p
p00)ql (

p00

p0 ) ¡ ql (
p
p00)ql + 2s(

p00

p0 )
¸

: (26)

Using the simpli¯ca tions of Appendix A, Formulae (57) and (59) we get

~kl ;s (p;p0) =
1

8¼2

Z 1

0

dp00

p00

µ
ql (

p
p00)ql (

p00

p0 ) ¡ ql + 2s(
p
p00)ql (

p00

p0 )

¡ ql (
p
p00)ql + 2s(

p00

p0 ) + ql + 2s(
p
p00)ql + 2s(

p00

p0 )
¶

: (27)

Since the operator in question is homogeneous of degreeminus one we Mellin
tr ansform (seeAppendix B) the quadratic form " l ;s . If we write this form as a
functional J #

l ;s of the Mellin tr ansformed radial functions f # , we get

J #
l ;s

¡
f # ¢

= B#
l ;s

¡
f # ¢

+
1
2

³ °
2¼

´ 2
Z 1

¡ 1
dt

¯
¯f # (t + i=2)

¯
¯2

F # (t) (28)
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where B#
l ;s is the Brown-Ravenhall energy in angular momentum channel (l ; s)

in Mellin space, i.e.,

B#
l ;s (g) :=

Z 1

¡ 1
dt jg (t + i=2)j2

h
1 ¡

°
2

(Vl (t) + Vl + 2s(t))
i

(29)

with

Vl (t) =

r
2
¼

q#
l (t ¡ i=2) =

1
2

¯
¯
¯
¯
¯
¡

¡
l + 1¡ i t

2

¢

¡
¡

l + 2¡ i t
2

¢

¯
¯
¯
¯
¯

2

(30)

(seeTix [19] [note also the factor
p

2=¼which is di®erent from Tix's original
formula]) and

F # (t) =
p

2¼
³

q#
l (t ¡ i=2) ¡ q#

l + 2s(t ¡ i=2)
´ 2

: (31)

Formulae (29), (30), and (31) are obtained from (24), (25), and (27) using the
fact that the occurring integrals can be read as a Mellin convolutio n which is
tur ned by the Mellin tr ansform into a product (seeAppendix B, Formulae (61)
and (63)).
Note that Vl is the Coulomb potentia l after Fourier tr ansform, partia l wave
analysis, and Mellin tr ansform.

3.1 Posit ivit y of t he Br own-Ra venhall Ener gy

To warm up for the minimization of J #
l ;s we start with B#

l ;s only. To this end
we ¯r st note

Lemma 1. We have
Vl + 1(t) · Vl + 1(0) · Vl (0): (32)

Note, that this is similar to Lemma 2 in [5].

Proof. First note that q0 ¸ q1 ¸ q2::: which follows from the integral represen-
tation in [21], Chapter XV, Section 32, p. 334. This implies

¯
¯
¯q#

l + 1(t ¡ i=2)
¯
¯
¯ =

1
p

2¼

¯
¯
¯
¯

Z 1

0
ql + 1(p)p¡ i t dp

p

¯
¯
¯
¯ ·

1
p

2¼

Z 1

0
ql + 1(p)

dp
p

·
1

p
2¼

Z 1

0
ql (p)

dp
p

;
(33)

which implies the lemma.

T heorem 2. For all u 2 C1
0 (R3) ­ C2 and m = 0 we have B ¸ 0 if and only

if ° · ° B
c .
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Proof. Note that

Vl (t) + Vl + 2s(t) · V0(0) + V1(0) =
¼
2

+
2
¼

: (34)

Thus

B#
l ;s (g) ¸

Z 1

¡ 1
dt jg (t + i=2)j2

µ
1 ¡

°
2

µ
¼
2

+
2
¼

¶¶
(35)

which implies that the energy is nonnegativ e if ° · 2=(¼=2 + 2=¼).

We remark that Theorem 2 was proved by Evans et al. [5]. However, since g
can be localized at t = 0, our method shows that Inequalit y (35) is sharp, i.e.,
the present proof shows also the sharpnessof ° B

c , a result of Hundertmark et
al. [10] obtained by di®erent means.
Since | according to Tix [19] | the di®erenceof the massive and massless
Brown-Ravenhall operators is bounded, Theorem 2 shows also that the energy
in the massive case is bounded from below under the same conditio n on ° as
in the masslesscase.

3.2 T he Jansen-Hes s Ener gy

We now wish to tr eat the full relativistic energy according to Jansenand He¼as
given in (28) thr ough (31). From theseequations it is obvious that the energy
is positive, if the coupling constant ° doesnot exceed° B

c , sincethe additio nal
energy term is non-negativ e. However, as can be expected, the critica l coupling
constant is in fact bigger, i.e. we want to prove Theorem 1 in the masslesscase.

Lemma 2. For all u 2 C1
0 (R3) ­ C2, m = 0, and ° · ° c we have (u; J u) ¸ 0.

Moreover, if ° > ° c, then J is not bounded from bellow.

Proof. We write the energy density in Mellin space as given in Equations (28)
thr ough (31) as

j l ;s (t) := 1 ¡
°
2

(Vl (t) + Vl + 2s(t)) +
° 2

8
(Vl (t) ¡ Vl + 2s(t))2: (36)

As in the caseof the Brown-Ravenhall energy we want to show that j l ;s atta ins
its minimum for l = 0 and t = 0.
First we note, that j l ;s (t) = j l + 2s;¡ s(t) which means that we can restrict the
following to s = 1=2, i.e., to j l ;1=2.
Next we show that it is monotone decreasing in l . For ° · 4=¼we have

0 · 1 ¡
°
2

V0(0) · 1 ¡
°
2

Vl (t) · 1 ¡
°
4

Vl (t) ¡
°
4

Vl + 2(t)

· 1 +
°
2

Vl + 1(t) ¡
°
4

Vl (t) ¡
°
4

Vl + 2(t)
(37)

D ocument a M at hemat ica 7 (2002) 167{ 182



Rela t ivis t ic One-Elec t r on At oms 175

where usesuccessively (64), (32), Lemma 6 in Appendix C, and the positivit y
of the Vl . Inequalit y (37) is { after multiplica tion by ° ((Vl (t) ¡ Vl + 2(t))=2 {
identical with the desired monotonicit y inequalit y

j l + 1;1=2(t) ¸ j l ;1=2(t): (38)

For later purposeswe note that functions j l ;1=2 are symmetric about the origin.
Next we will show that the energy density has its absolute minimum at the
origin: to this end we simply show that the derivativ e of j 0;1=2 is nonnegativ e
on the positive axis, if ° · 2=(¼=2 + 2=¼) which is bigger than 4=¼. Since

jV0(t) ¡ V1(t)j ·
Z 1

0
(q0(x) ¡ q1(x))

dx
x

= V0(0) ¡ V1(0) =
¼
2

¡
2
¼

we have
¡ 1 +

°
2

(V0(t) ¡ V1(t)) · 0 (39)

and obviously we have

¡ 1 ¡
°
2

(V0(t) ¡ V1(t)) · 0: (40)

Thus the derivativ e of the energy j 0;1=2 is

j 0
0;1=2(t) =

°
2

[¡ V 0
0 (t) ¡ V 0

1 (t) +
°
2

(V0(t) ¡ V1(t))( V 0
0 (t) ¡ V 0

1 (t))]

=
°
2

f V 0
0 (t)[¡ 1 +

°
2

(V0(t) ¡ V1(t))] + V 0
1 (t)[¡ 1 ¡

°
2

(V0(t) ¡ V1(t))]g ¸ 0; (41)

since V0 and V1 are symmetrically decreasing about the origin (seeAppendix
C).
Finally, the polynomial

j 0;1=2(0) = 1 ¡
°
2

µ
¼
2

+
2
¼

¶
+

° 2

8

µ
¼
2

¡
2
¼

¶ 2

is nonnegativ e for ° · ° c as de¯ned in the hypothesis. Thus, we have

j l ;s (t) ¸ j 0;1=2(0) ¸ 0:

4 Lower Bound on t he Ener gy According t o Jansen and He¼

To distinguish the massive and the masslessexpressions we will indicate in this
section the dependencetheir on the mass m by a superscript m, if it seems
appropriate.
The goal of this section is to show Theorem 1 for the massive case. We proceed
by enunciating the following lemmata.
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Lemma 3 (T ix [18, 20]). For all u 2 C1
0 (R3) ­ C2,m ¸ 0, and ° · ° B

c then

B(u) ¸ m(1 ¡ ° ):

Lemma 4 (T ix [19]). The expression jBm (u) ¡ B0(u)j is bounded for u 2
C1

0 (R3) ­ C2.

Lemma 5. For all m ¸ 0 and for all u 2 C1
0 (R3) ­ C2 we have

j ~K m (u) ¡ ~K 0(u)j · mdkuk2 (42)

where d :=
p

2(12 + 25=2).

We note that the ¯r st part of Theorem 1 follows from Lemmata 2, 4, and 5.
The thir d part is a consequenceof Lemmata 3 and 5.

Proof. First we remark that

supf jJ m (u) ¡ J 0(u)j j kuk = 1g = m supf jJ 1(u) ¡ J 0(u)j j kuk = 1g:

Then it is enough to start bounding j(u; ~K 1u) ¡ (u; ~K 0u)j: By the mean value
theorem we have

j ~K 1(p; p0) ¡ ~K 0(p; p0)j · ¸ jD (¹; p; p0)j (43)

for some ¹ 2 (0; ¸ ) where ¸ 2 (0; 1) is a deformation parameter and D(¹; p; p0)
is the derivativ e of ~K ¹ (p; p0) with respect to ¹ . Computing the derivativ e yields

jD (¹; p; p0)j =

¯
¯
¯
¯

Z
dp00F (¹; p; p00; p0)

¯
¯
¯
¯ (44)

with

F (¹; p; p00; p0)

:=
1

2(2¼2)2

µ
@C
@̧

(T1 + ::: + T4) + C
@(T1 + ::: + T4)

@̧

¶
(¹; p; p00; p0) (45)

where C and T1; :::; T4 are de¯ned right below (14). Note that a(p)2 · 1 and
b(p)2 · 1=2, i.e., by the de¯nitio n T1; :::; T4 · 1=2. Furthermore we note that

@C
@̧

=
¡ ¸

E(p00)
1

jp ¡ p00j2jp00¡ p0j2
µ

1
(E(p) + E(p00))E (p)

+
1

(E(p00) + E(p0))E (p0)

¶
: (46)

First we tr eat @C
@̧ (T1 + :::+ T4). We get using the above estimates on T1 thr ough

T4 and (46)
¯
¯
¯
¯
@C
@̧

(T1 + ::: + T4)( ¹; p; p00; p0)

¯
¯
¯
¯ ·

2
p00

1
jp ¡ p00j2jp00¡ p0j2

µ
1

p + p00+
1

p00+ p0

¶

(47)
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Next we tr eat C @(T1 + ::: + T4 )
@̧ . To this end we note

¯
¯
¯
¯
@a
@̧

(p)

¯
¯
¯
¯ =

p2

4E(p)3

s
2E(p)

E(p) + ¸
·

p
2

4p
(48)

and ¯
¯
¯
¯
@b
@̧

(p)

¯
¯
¯
¯ = p

s
E(p) + ¸
8E(p)5 ·

1
2p

: (49)

Thus

jC
@(T1 + ::: + T4)

@̧
(¹; p; p00; p0)j

·
3

23=2

1
jp ¡ p00j2jp00¡ p0j2

µ
1

p + p00+
1

p00+ p0

¶ µ
1
p

+
2
p00+

1
p0

¶
: (50)

We now bound the integral operator ~K 1 ¡ ~K 0 by a multiplica tion operator:
First pick ® 2 R. Then we have | using the symmetry of F (¹; p; p00; p0) in p
and p0 for ¯xed p00|

j(u; ( ~K 1 ¡ ~K 0)u)j =

¯
¯
¯
¯

Z
dp00

Z
dp

Z
dp0u(p)¤F (¹; p; p00; p0)u(p0)

¯
¯
¯
¯

·
Z

dp00
Z

dpju(p)j2
Z

dp0

¯
¯
¯
¯

p
p0

¯
¯
¯
¯

®

jF (¹; p; p00; p0)j (51)

where we usedthe Schwarz inequalit y in the measure dpdp0 in the last step for
¯xed p00. Now using the estimates (47) and (50) and collecting similar terms
yields

j(u; ( ~K 1 ¡ ~K 0)u)j ·
1

25=2(2¼2)2

Z
dpju(p)j2

Z
dp00

Z
dp0

¯
¯
¯
¯

p
p0

¯
¯
¯
¯

®

1
jp ¡ p00j2jp00¡ p0j2

µ
1

p + p00+
1

p00+ p0

¶ Ã
3
p

+
2

5
2 + 6
p00 +

3
p0

!

(52)

where we claim the last line to be bounded by 32(12 + 25=2)¼4, i.e.,

j(u; ( ~K 1 ¡ ~K 0)u)j ·
p

2
Z

dpju(p)j2(12 + 25=2): (53)

To show the above bound we break the integral into thr eeparts

I :=
Z

dp00
Z

dp0
µ

p
p0

¶ ® 1
jp ¡ p00j2jp00¡ p0j2

µ
1

p + p00+
1

p00+ p0

¶
1
p

;

I 00:=
Z

dp00
Z

dp0
µ

p
p0

¶ ® 1
jp ¡ p00j2jp00¡ p0j2

µ
1

p + p00+
1

p00+ p0

¶
1
p00;

I 0 :=
Z

dp00
Z

dp0
µ

p
p0

¶ ® 1
jp ¡ p00j2jp00¡ p0j2

µ
1

p + p00+
1

p00+ p0

¶
1
p0:

(54)
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We will also usethe following integral (see[13], p.124)

¨( ¯ ) :=
Z

R3
dp

1
je¡ pj2

1
p¯ = ¼2 ¡( ¯ ¡ 1

2 )¡(1 ¡ ¯ ¡ 1
2 )

¡(2 ¡ ¯
2 )¡( ¯

2 )
; (55)

where e is an (arbitr ary) unit vector in R3 and ¯ 2 (1; 3). We observe that
each of the integrals in (54) do not depend on the value of p (what becomes
evident after substitutio n of p0 ! pp0 and p00 ! pp00). So picking p = 1 and
doing p0 ! p00p0 in each integral in (54) we ¯nd

I =
Z

dp00
Z

dp0
µ

1
p0p00

¶ ® 1
ju ¡ p00j2ju00¡ p0j2

½
p00

1 + p00+
1

1 + p0

¾
· 2¨( ®)2;

I 00=
Z

dp00
Z

dp0
µ

1
p0p00

¶ ® 1
ju ¡ p00j2ju00¡ p0j2

½
1

1 + p00+
1

p00(1 + p0)

¾

· ¨( ®)2 + ¨( ®)¨( ®+ 1);

I 0 =
Z

dp00
Z

dp0
µ

1
p0p00

¶ ® 1
ju ¡ p00j2ju00¡ p0j2

½
1

p0(1 + p00)
+

1
p0p00(1 + p0)

¾

· 2¨( ®+ 1)2;
(56)

We choose® = 3=2 and using (55) we obtain the same bound for each integral,
namely 32¼4. Equation (53) proves Lemma 5 and follows by using the latter
bound in (52).

A Some Useful Int egral Ident it ies

Supposef (x) = f (1=x) and supposef (x)=(1+ x) is integrable on (0; 1 ). Then

Z 1

0

f (x)
1 + x

dx =
Z 1

0

f (x)
x

dx =
1
2

Z 1

0

f (x)
x

dx (57)

To show (57) we split the ¯r st integral

Z 1

0

dx
x

f (x)
x

1 + x
+

Z 1

1

dx
x

f (x)
x

1 + x
=

Z 1

0

dx
x

f (x)

=
Z 1

0

dx
x

f (x) ¡
Z 1

1

dx
x

f (x) =
Z 1

0

dx
x

f (x) ¡
Z 1

0

dx
x

f (x): (58)

whereweusedthe invarianceunder inversion of f for the ¯r st and thir d equalit y.
Next we wish to simplify the kernel j l ;s . To this end we useagain the abbrevi-
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ation ql (x) := Ql
¡

1
2

¡
x + 1

x

¢¢
as in (26). We claim

I (p;p0)

:=
Z 1

0

dp00

p00

µ
ql (

p
p00)qm (

p00

p0 ) + qm (
p
p00)ql (

p00

p0 )
¶ µ

p00

p + p00+
p00

p00+ p0

¶
(59)

=
Z 1

0

dp00

p00

µ
ql (

p
p00)qm (

p00

p0 ) + qm (
p
p00)ql (

p00

p0 )
¶

To prove this we take the integral with the complete ¯r st factor tim es the
¯r st summand of the second factor { we name I 1{ and the integral over the
complete ¯r st factor tim esthe second summand of the second factor, I 2. In I 1

we substitute p00 ! pp00 whereas in I 2 we substitute p00 ! p0p00. This yields
using (57)

I (p;p0) = I 1 + I 2 =
1
2

Z 1

0

dp00

p00

·
ql (p00) qm

µ
p00p
p0

¶

+ qm (p00)ql

µ
p00p

p0

¶
+ ql

µ
p00p0

p

¶
qm (p00) + qm

µ
p00p

0

p

¶
ql (p00)

¸
: (60)

Undoing the substitutio ns yields the desired result.

B T he M ellin T rans f orm

The Mellin tr ansform is a unitary map from L 2(R+ ) to L 2(R) given by the
formula

f # (s) :=
1

p
2¼

Z 1

0
f (p)p¡ 1

2 ¡ i sdp:

The Mellin convolutio n of two function f and g is de¯ned as

(f ? g)(p) =
Z 1

0
f

µ
p
q

¶
g(q)

dq
q

: (61)

If f 2 C1
0 (R+ ), then f # extends to an entir e function, and we have

(p®f )# (s) = f # (s + i®): (62)

We also have

(f ? g)# (s) =
p

2¼f # (s)g# (s): (63)

Both, (62) and (63), can be veri¯ed by direct computation.
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C Some Pr oper t ies Rela t ed t o t he Par t ial Wave Anal ysis of t he
Coulom b pot ent ial in M ellin Space

We ¯r st remark the follow property on the di®erenceof Vl and Vl + 2.

Lemma 6. For l = 0; 1; 2; ::: and t 2 R we have Vl + 2(t) < Vl (t).

Proof. From the de¯nitio n of Vl in (30) we seethat the claim is equivalent to
¯
¯
¯
¯
¯
¡

¡
l + 1¡ i t

2

¢

¡
¡

l + 2¡ i t
2

¢

¯
¯
¯
¯
¯

2

>

¯
¯
¯
¯
¯
¡

¡
l + 3¡ i t

2

¢

¡
¡

l + 4¡ i t
2

¢

¯
¯
¯
¯
¯

2

:

This, however, can be easily veri¯ed using the functional equation ¡( x + 1) =
x¡( x) of the Gamma function in the numerator and denominator of the right
hand side with x = (l + 1 ¡ it )=2 and x = (l + 2 ¡ it )=2.

From the de¯nitio n of the Vl and from Formulae 8.332.2 and 8.333.3 in [7] one
¯nds V0 and V1 in terms of the hyperbolic tangent and cotangent:

V0(t) =
Tg(¼t=2)

t
(64)

V1(t) =
t

1 + t2 Ctg(¼t=2): (65)

Moreover, both of thesefunctions are decreasing symmetricly about the origin.
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