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Abstract. Jansenand HeY{ correcting an ealier paper of Dou-
glas and Kroll { have derived a (pseudo)relativistic eneigy expres-
sion which is very successfulin descibing heary atoms. It is an ap-
proximate no-pair Hamilto nian in the Furry picture. We shaw that
their enemgy in the one-particle Coulomb case,and thus the resulting
self-adjoint Hamilto nian and its spectrum, is bounded from below for
®Z - 1.006.

2000 Mathematics Subject Classi cation: 81Q10, 81V 45

1 Int roduction

The enemy of relativistic electrons in the electric "eld of a nucleus of charge
Zeis descibed by the Dirac Operator

D- = ®¢-r +mc? | — 1)
I ¥

with ° = Ze? and ®, the four Dirac matrices. The constant m is the mass
of the electron, c is the velocity of light, and ~ is the rationalized Planck
constant which we both take equd to one by a suitable choice of units. This
operator descibes both electrons and positrons. In low enermgy processesas,
e.g, in quantum chemistry, there occur, however, only electrons. Brown and
Ravenhdl [2] proposedto project the positrons out and to usethe electronic
degeesof freedan only. They originally took the electrons and positrons given
by the freeDirac operator Dg. Later it was obserwved that it might be suitable
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168 R. Br ummelhuis , H. Siedent op, and Edgardo St ockmeyer

to de ne electrons directly by their external eld (Furry picture). (SeeSuder
[17] for a review.) T his strategy, however, meetsimmediate dix culties, since
the projection A(o;l y(D-) is much harder to nd for positive ° than for ° = 0.
To handle this problem Douglas and Kr oll [4] usedan approximate Foldy-W out-
huysentransform to decauple the positive and negativ e spectral subspaces of
D-. Their approximation is pertur bativ e of secand order in the coupling con-
stant °. Jansen and He%4[11] | correcting a sign mistake in [4] | wrote
down pseudorelativistic one- and multi-particle operators to descibe the en-
ergy which were successfullyusedto descibe heavy relativistic atoms (see,e.g,
[12)).

This derivation yields the operator (see[11], Equation (17))

HE' = "e+ E+ %[W;O]; )
where
p
ep) =  pP+m3 ©)
E = A(V+RVR)A; (4)
O = TA[R;VI]A; (5)
e+ m'
Alp) = ®2¥W (6)
— P .
. — O(p:p) .
WEPY = o e ©

(Note that wewrite p for jpj.) HereV is the external potential which in the case
at hand is the Coulomb potential, and in con g uration spaceit is multiplica tion
by i °=jX.

This operator { which acts on four spinors { is then sandwiched by the projec-
tion onto the r st two components, namely (1+ ~)=2. Theresulting upper left
corner matrix operator J- : C} (R®)- C2! L?%(R%- C?is

Jo = Bo + °2K = ej (°=(2¥2)K + °%K: 9)

with

(e(p) + m)(e(p%) + m) + (p ¢¥)(p°¢%)
- (20)
n(Pipi p32n(p?)
where n(p) := (2e(p)(e(p) + m))*72, i.e., B- is the Brown-Ravenhal operator
[2]. (Seealso Bethe and Sdpeter[1] and Evans et al. [9]).
The last summand in (9) is given by the kernel
Z

K(p;p?) =i % dp®twW (p; p°9P (0% 0% + P(p; p®YW (P01 (1)

K(p;p?) =
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Rela tivistic One-Elec tron At oms 169

with

C o _ Zatp(e(p) + m) (e(p) + m)¥¢ gp°
P(pip) = 2/n(pjpi pI2n(p9) 12
d
o o_ PEP .
WP = e (13)

Introducing b(p) := p=n(p) and a(p) := ((e(p) + m)=2e(p))*? we get more
explicitly

K (p; p%
1 Z o 1 H 1 1 1

= ———— dp® :
2247 % ipi VI pT ep) + e e(p) + e(p)
(! p 64 (1 po €39 (P)A(P")?BPT i (1 p 0% (! poo €% H(P) X a(p")a(p")
+ a(P)b(p®)a(p) i (! poo 639 (! po 6% a(p)b(p®Ja(p®Ib(p%) : (14)
(For later usewe name the expressim in the T st line of the integrand in (14)

C and the four terms in the square bracket Ty;:::; T4.)
The corresponding enemy in a state u 2 C¢ (R%) - C?is

J (u) := (u;J-u) = B(u) + °?(u; Ku) (15)

with
Z Z Z

o

B(u)=  dpe(p)iu(p)i®i dp  dplu(p)°K (p;PYu(p  (16)
R3 R3 R3

It is the quadratic form J which is our prime interest.

El)'hroughout the paper we will usethe following constants °. := 4%(Y% + 4
| YA+ 247 16)=(YFi 4)?), °B = 2=(¥&2+ 2=Y), and d- := 1j °| 4 2(3+
2)°2. Our goal is to show

Theorem 1. For all nonnegative masses m the following holds

1. If © 2 [0;°¢] then J is bounded from bellow, i.e., there exist a constant
c2 R such that for all u2 c} (R%- C?

J (u), i cmkuk?:

2. If ° > °¢, then J (u) is unbounded from below.

3. 1f ° 2[0;°8] then
J (u) , domkuk?:

Note that °. ¥4 1:006077340. Because°®° = ®Z where ® is the Sanmerfeld
“ne structure constant which has the physica value of about 1=137 and Z
is the atomic number, this allows for the treament of all known elements.
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170 R. Br ummelhuis , H. Siedent op, and Edgardo St ockmeyer

It also means that the method is applicable for all ® where the Coulomb-

Dirac operator can be de ned in a natur al way thr ough form methods (Nenciu
[15]). | Note, in particular, that the enemy is bounded from below, even if

°c > ° > 1 although the pertur bative derivation of the symmetric operator

HE“ is questionable in this case.

We would like to remark that the lower bound can most likely be improved
for positive masses. In fact, we conjecture that the enemy is positive for all

sub-ciitical °. Howevwer, this is outside the sce of this work.

Accading to Friedrichs our theorem has the following immediate consequence:

Corollar y 1. The symmetric operator J- hasa unique self-adjoint extension
whoge form domain contains C} (R%) - C2 for ° 2 [0;°].

In fact for © < °, sincethe potential turns out to be form bounded with
relative bound lessthan one, the self-adjoint operator de ned has form domain
H1?2(R%) - C2.

The structure of the paper is as follow: in Section 2 using sphelical symme-
try we decanposethe operator in angular momentum channels. In Section 3
we prove the positivit y of the masslessoperators. Since these operators are
homogeneaus under dilation an obvious tool to useis the Mellin transfam, a
method that previously has beenused with succesgo obtain tight estimates
on critical coupling constant (see,e.g, [3]). In Section 4 we nd that the di®er
encebetweenthe masslessand the massive operator is bounded. Finally, some
useful identities are given in the Appendix.

2 Partial Wave Anal ysis of the Ener gy

To obtain a sharp estimate for the potential energy we decanposethe operator
asdirect sumon invariant subspaes. Becauseof the rotational symmetry of the
problem one might suspect that the angular momenta are consewved quantities.
Indeed, as a somewhat lengthy calculation shows, the total angular momentum
J = 3(x£ p+ ¥) commutes with H®". In fact we can largely follow a strategy
carried out by Hardekopf and Suder [9] and Evans et al. [5] in samewhat
simpler contexts.

We begn by obsewing that those of the spheiical spinors

80q 1
I+s+m
%%q mYl;mi %(I )X s= 1
l+si my () 2
2(+s) 'm+ LV
- I;m;s(! ) = 0 ) Tos m+1 2 1 (17)
i arge2 g 1) .
Bag U2 Ami et TR szl
|+s+m+lY l(')
’ 2(1+s)+ 2 "|I:m+ 5 ’
with | = 0;1;2:and m = j 1§ 3;:;0+ 4, that do not vanish, form an

orthonormal basisof L?(S?)- C2. Here Y, are normalized spheiical harmonics
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Rela tivistic One-Elec tron At oms 171

on the unit sphere S? (see,e.g, [14], p. 421) with the convertion that Y« = O,

if jkj > . We dende the corresponding index sethy I, i.e., | = f(I;m;s)jl 2
No;m=ilj 2501+ 2;5=83;-ms 6 0g. Thusany u2 L?(R%) - C2 can
be written as X
u(p) = p' lfl:m;s(p)' tm:s(! p) (18)
(I)m;s)21

where p = jpj, ! , = p=p, and
X Z, z

ifim:s(P)idp= R31'U(|0)j2d|o:

(ms)21 9

We now remind the reader that the expansion of the Coulomb potential in
spheilical harmonics is given by

1 R X
ipi P32 pp°

where g (x) := Qi((x + 1=x)=2); Q, are Legendre functions of the secad kind,
ie.,

Q(p:p%YI;m (! p)VI;m (! po) (19)

I=0m=j |

R
Q2) =3, 5Pt (20)

where the P, are Legendre polynomials. [SeeStegun [16] for the notation and
sane properties of these specid functions.]
Inserting the expansion (18) and (19) into (15) yields

X

J(u) = Jis(frim:s)
(Im;s)21
with
Z, o212 -
Jis(f) = e(p)if (p)j%dpi Y f (p)ki;s (p; PIf (p)dpdp®
’ ozp oz,
+ 02 . dp ) dp¥ (P)Ki:s (p;POF (P9 (21)
and 0) 0 Oq 0
(e(p?) + m)g (5)(e(p) + m) + pg+2s(5)p
(%) = p P
Ki:s (P P) NS0 (22
and
Z, vl 1

0 1 .\ 1
e(p) + e(p®y  e(p®) + e(pY

13 ﬂo 042 . P ﬁo 0§ (0
0 251590+ 25( o BPIA(P $20(pY) i 9+ 25( 599 (5 (PP Ya(p*a(pd)

1
Ris(p;p% = 217 . dp’

+a (290 ()amnE2a® | 6(29a. 2(P)a@bpNaEIne) (23
0009 Lo nqpo()mzs 0 p)b(p)a(p)b(p’) :
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The Legendre functions of the secand kind appea here for exactly the same
reasons as in the treamernt of the Sdrédinger equéion for the hydrogen atom
in momentum space (Flégge [6], Problem 77).] To obtain (21), we also usethat
("p - 1ms(p) = i - 1+25m;; s(! p) (See,e.g, Greiner[8], p. 171, (12)). The
operators h;.s de ned by the sesquilinea form (21) via the equation (f ; h;sf) =
J|.s(f) arereducingthe operator H®* on the corresponding angular momentum
subspaes.

3 The Massless Operators and Their Posit ivit y

To proceed,we will r st consider the masslessoperators. The lower bound in
the massive casewill be a corollary of the positivit y of the masslessone. The
enemy in angular momentum channel (I; m; s) in the masslesscasecan be read
of from (14) and is given by

Zl Zl
Jis(f) = Bis(f) + °? i dp . dp¥ (p)Ri:s (p; PO (P (24)

with

By (f

"2(1) .z, z, O o

— H 2 .

= pif (p)j“dpi W dp ; dp¥ (p) Q(F’)+ q+2s(@) f(p9) (25)
and

21 00“ 1 1 T

1
Ris(p;p?) = 87 dp Wo"‘ P00+ o
' p P p, p®
Q+Zs(p_0(;)Q+25(F)I q+25(p_OCQQ(E)
00 00 »
+a(a( )i a(za.a(l) + (26)

Using the simpli ca tions of Appendix A, Formulae (57) and (59) we get

Z, H
1 dpo 00 00
fs i) = gz oo AGRACT) T aeaaly)

p pOO p p001-I
i Q(p_O&q+ZS(E)+ Q+2S(D_OO)Q+ZS(F) S (@0

Sincethe operator in question is homogeneaus of degee minus one we Mellin
transform (seeAppendix B) the quadratic form ".s. If we write this form as a

functional Jlf*s of the Mellin transformed radial functions f #, we get
4 _ _
2- 1

¢ dtf* (t+i=2) F*(t) (29

3
pigC  pinC 17
I 19 =B 1"+ 35 &

i1
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where Bﬁs is the Brown-Ravenhdl enemy in angular momentum channel (l; s)
in Mellin spece,i.e.,
Z,4 ,h i
Bls(@) = dtjg(t+ =2 1i S(M(D)+ Visas(t) (29)

il

with

h

r— .i|+1' it¢
2 : 17
Vit = pd (i =)= S id (30)

27 begiit

(seeTix [19] [note also the factor P 2=which is di®erert from Tix's original
formula]) and

3

F?(t) = P o, q (ti i=2)i q(ti i=2) . (31)

Formulae (29), (30), and (31) are obtained from (24), (25), and (27) using the
fact that the occurring integrals can be read as a Mellin convolution which is
tur ned by the Mellin transform into a product (seeAppendix B, Formulae (61)
and (63)).

Note that V; is the Coulomb potential after Fourier transform, partial wave
analysis, and Mellin transform.

3.1 Positivit y of the Br own-Ravenhall Ener gy

To warm up for the minimization of J,% we start with Bf; only. To this end
we T st note

Lemma 1. We hawe
Vie1(t) - Vi 1(0) - Vi(0): (32

Note, that this is similar to Lemma 2 in [5].

Proof. First note that qp, o, @::: which follows from the integral represen-
tation in [21], Chapter XV, Section 32, p. 334. This implies

- - Z — Z
- -1 =t Cpdp— 1 T d
oa(ti =27=p== 4P T B aa)
2Y_ o p Y4 o p
P50 q(p)?
which implies the lemma. O

Theorem 2. For allu2 C} (R® - C?2 and m= Owehawe B, 0if and only
if ° . °B.
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174 R. Br ummelhuis , H. Siedent op, and Edgardo St ockmeyer

Proof. Note that

Ya 2
Vi) + Vis2e(t) - Vo(0) + V2(0) = 5+ 7 (34)
Thus 7 1 , u LM ” Zﬂﬂ
# j + i=2)j i = =t =
Bis(9) . » dtjg(t+i=2)j" 1j > 271, (35)
which implies that the enemy is nonnegativeif ° - 2=(¥#2+ 2=Y). O

We remark that Theaem 2 was proved by Evans et al. [5]. Howewer, sinceg

can belocdized at t = 0, our method shows that Inequality (35) is sharp, i.e.,

the presen proof shows also the sharpnessof ° 2, a result of Hundertmark et

al. [10] obtained by di®erent means.

Since| accading to Tix [19] | the di®erenceof the massive and massless
Brown-Ravenhdl operators is bounded, Theaem 2 shows also that the eneigy

in the massiwe caseis bounded from below under the same condition on ° as

in the masslesscase.

3.2 The Jansen-Hess Ener gy

We now wish to trea the full relativistic energy accarding to Jansenand HeYas
givenin (28) through (31). From theseequaionsiit is obvious that the enemy
is positive, if the coupling constant ° doesnot exceed’ g, sincethe additio nal
enemy term is non-negative. Howewer, as can be expected, the critical coupling
constant is in fact bigger, i.e. we want to prove Theaem 1 in the masslessase.

Lemma 2. Forallu2 C} (R®)- C2, m=0,and° - °c; wehawe (u;J u), O.
Moreover, if ° > °., then J is not boundead from bellow.

Proof. We write the enemgy density in Mellin space as given in Equations (28)
through (31) as

o 02
Js() = i S0+ Vieas(0) + 5 (M0 i Vs 2s(1)) % (36)

Asin the caseof the Brown-Ravenhdl enegy we want to show that j .5 attains
its minimum for | = Qand t = O.

First we note, that j;.s(t) = ji+2s; s(t) which means that we can restrict the
following to s = 1=2, i.e., t0 j|.1=.

Next we show that it is monotone decreasingin |I. For ° - 4=Y4we have

0 11 W0 11 SV 11 ZUO1 gVez() -
1+ EVI+1(t)i Zvl(t)l ZV|+2(t)
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where use successiely (64), (32), Lemma 6 in Appendix C, and the positivit y
of the V. Inequadlity (37) is { after multiplication by °((V|(t) i Vi+2(1))=2 {
identical with the desired monotonicity inequadlity

Jie12=2(1) L J1a=2(0): (38)

For later purposeswe note that functionsj,.;-, are symmetric about the origin.
Next we will show that the enemgy density has its absdute minimum at the
origin: to this end we simply show that the derivativ e of jo.1=, iS nonnegative
on the positive axis, if ° - 2=(¥#2+ 2=Y%) which is bigger than 4=% Since

z 1

No® i Vi - (@001 ) = Vo) Vi) = 2 2
0 X 2 Lp
we have o
1+ (VD) i Vi) - 0 (39)
and obviously we have
1S () - o (40)

Thus the derivativ e of the enemy jo.1=, IS

8120 = Sl VD T VD * S(Vo(®) | VAO)VD) | V)]
= SEVEO 1+ 500 i Va(O)] + VT 1i 5(%() i Va)lg, 0 (41)

sinceVy and V; are symmetrically decreasing about the origin (see Appendix
C).
Finally, the polynomial

°“1/4 Zﬂ °2u1/4_ 21]2

ig1= =1i — —+ = + — -
jou=2(@) =10 5 S+ * 5 S0y,
is nonnecative for °© - °. as de ned in the hypothesis. Thus, we have

Jis(t), jo1=2(0), O

4 Lower Bound on the Ener gy According to Jansen and HeV%

To distinguish the massive and the masslesexpressims we will indicate in this
section the dependencetheir on the massm by a superscript m, if it seens
appropriate.

Thegoal of this section isto shav Theaem 1 for the massiwe case. We proceed
by ernunciating the following lemmata.
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Lemma 3 (T ix [18, 20]). Forallu2 C} (R®- C2m, O,and° - °B then
B(u), m(i °):

Lemma 4 (Tix [19]). The expression jB™(u) j B°(u)j is bounded for u 2
Cd (R® - C2.

Lemma 5. For all m, Oand for all u2 C} (R®) - C2 we hawe
K™ (u) i KO(U)j - mdkuk? (42)
whee d := P 2(12+ 257%),

We note that the r st part of Thearem 1 follows from Lemmata 2, 4, and 5.
The third part is a consequenceof Lemmata 3 and 5.

Proof. First we remark that
supfjd ™(u) i J °(u)jj kuk = 1g= m supfjd *(u) i J °(u)jj kuk = 1g:

Thenit is enough to start bounding j(u; Ktu) i (u; K°u)j: By the mean value
theorem we have

iKY pd i Ko(ppdi- . iD( ppdi (43)

for same! 2 (0;,) where, 2 (0;1) is a deformation parameter and D (%; p; p9
is the derivative of K™ (p; p°) with respectto . Computing the derivativ e yields
= -

iDE pipdj = — dp®F (3 p;p*pd)- (44)

with
F opp2pY

u 1
_ 1 @ @T1+ i+ Ty)

where C and Ty;:::; T4 are de ned right below (14). Note that a(p)? - 1 and
b(p)? - 1=2, i.e., by the denition Ty;:::; T4 - 1=2. Furthermore we note that
@ = i, 1
@ E@9ipi p"[‘?fjpooi P2

& p %P 45

1 1 T

(EM + EQEYEM)  (E(PY + E(ME(M

First wetreat %(Tﬁ i+ T4). Weget using the above estimates on T thr ough
T4 and (46)

(46)

2 1 H1 1‘"

— - - +
Ppi pOf2jp%; pY2 p+ p%  po%+ po
(47)

%(Tl + ok Ta) (% P p%pd—
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Next we trea C@T:**T4) Tq this end we note

@ - P 2E(p) 2
@(p) EM® E@+. 4 (48)
and s
“® - E@+, 1.
@ (IO) BE(MDS 2 (49)
Thus
M(H p; P P9j
% 1 Koy p THy 5, T
+ = (50)

- _ + 4+ —
“jpi p°Fjp®% pJ2 p+p® p%+ p°  p  p® p°
We now bound the integral operator K*j K© by a multiplication operator:
First pick ® 2 R. Thenwe have | using the symmetry of F(%; p;p°p9 in p
and p° for “xed p®|
Z VA :
dp® dp  dpu(p)*F (% pip”pYu(p’)-
z z Z @
dp®  dpju(p)j? dp° o IFCp PPl (51)

Ly

j(u (Kt KOu)j =

where we usedthe Sdwarz inequdity in the measure dpdp®in the last step for
“xed p° Now using the estimates (47) and (50) and colecting similar terms
yields

Z Z Z -
. . 1 . . —p-
. 1. 0 . 2 00 0_PMP
J(uy (|'<~ | K )u)J 25:2(21£)2 dpju(p)] dpA dp po |
1 oy 1 1 3 25+6 3

: : + N (7
jpi p°9?jp%% P2 p+ p%  p%+ po  p po  po (52)

where we claim the last line to be bounded by 32(12 + 2°=2)v4, i.e.,

. R ¢ . . -
j(u (K KOuwj- 2 dpju(p)j*(12+ 2°7%): (53)
To shaw the above bound we brea the integral into threeparts
| = z dpooZ dp()“pﬂ@ 1 Hoyg L1 f 1
' PO ipi POp%% P2 p+ p%0 pP%+ p° p’
Z Z L Te H 1
100.=  gp® gp? P 1 1 + 1 1. (54)
PO, ipi P°9Ap®%%i pg2 p+ p%  poO+ po_ poo
Z Z L Te M 1
%= dp® d® P L t .t L
PO jpi POp%% P42 p+ p% pP%+ p® p°
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We will also usethe following integral (see[13], p.124)

z o Tidvega . il
o 1 1 i( 52 i —5=)
= dp- _ = 12 2 = _2 .
() R pJei piZ p & i2i %)l %) 9

where e is an (arbitr ary) unit vector in R® and ~ 2 (1;3). We obsewe that
each of the integrals in (54) do not depend on the value of p (what becanes
evidert after substitution of p®! pp®and p®°! pp®. So picking p = 1 and
doing p°! p°pin each integral in (54) we nd

Z Z u 9 Y A
I = dp® dp° 1 e 1 p” £t - 2(®)%
PP jui p°92ju®% pg2 1+ pP0 1+ p0 ’
Z Z u o e Y A
|00: deO de 1 1 1 + 1
PP jui p°92jud% pg2 1+ p%  pR1+ p9
(@)% + (@) ( ®+ 1);
z(% (u)(ﬂ® ) Y A
1= dp® dp° 1 1 1 + 1
PP jui p°92juo% p92  pA1+ p°  pPO{L+ P
- 2( ®+ 1)%
(56)

We choose® = 3=2 and using (55) we obtain the same bound for each integral,
namely 32¥4. Equation (53) proves Lemma 5 and follows by using the latter
bound in (52). O

A Some Useful Int egral Ident it ies

Supposef (x) = f (1=x) and supposef (x)=(1+ x) isintegrable on (0;1 ). Then

Zl Zl 1
f (x) f (x) 1 f (x)
= — = — — 7 7
, 1+de . X dx 2, x dx (57)
To shaw (57) we split the r st integral

ZlOI—Xf(x) Lo Mt (x) - —Zld—xf(x)
0 X 1Z+x LoX, 1+x X .

todx td td ! dx

= 7f (X) i

0 0= Wi S0 (69

1

where we usedthe invarianceunder inversion of f for the r st and thir d equdity.
Next we wish to simplify the kernel j;.s. To this end we useagain the abbrevi-
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. i Lt _
ation g(x) ;= Q 3 x+ 3 asin (26). We claim

| (p; )
f 1 dpooH D poo D poo Tu poo p20 l
Z Wu Q(p_oc)om(ﬁ) + Om(p—OO)Q(E)ﬂ D+ p00+ 000+ O (59)
1 gp P po0

p pOO
poo Ci(pfoc)om(ﬁ) + q“(pioo)q(ﬁ)
To prove this we take the integral with the complete T st factor times the
r st summand of the secad factor {we name |:{ and the integral over the
complete r st factor timesthe secand summand of the secand factor, I,. In I
we substitute p®°! pp”°whereas in 1, we substitute p®! p%° This yields
using (57)

Zl " I-l ﬂ
1 dOO 0
L(pip) = 11+ 12= 3 % a (") o %b
N °p11 H g ol ,
+ on (pg p"o@ ta - o (%9 + o p"g a(p®y : (60)

Undoing the substitutio ns yields the desired result.

B The Mellin Trans form

The Mellin transfarm is a unitary map from L?(R*) to L2(R) given by the

formula
z 1

1 1
f#(s) = P s f(p)p' 27 *dp:

1

The Mellin convolutio n of two function f and g is de ned as

Z, u v
t29m= f P g (61)
0 q q

If f 2 C¢ (R"), then f# extendsto an ertir e function, and we have
(p®f)* (s) = 7 (s + i®): (62

We also have
(F 20) (8= " ZA* ()¢ (9): (63)

Both, (62) and (63), can be veri ed by direct computation.
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C Some Properties Related to the Partial Wave Anal ysis of t he
Coulom b pot ential in Mellin Space

We 1 st remark the follow propernty on the di®ernceof V, and Vi 5.
Lemma 6. For | = 0;1;2;::: and t 2 R we hawe Vi1 »(t) < Vi (t).

Proof. From the de nitio n of V; in (30) we seethat the claim is equivalent to

— '|+12-it¢:2 5 '|+32- i 02
_i '|+22-it“'—>—i '|+42-it"—'

This, howewer, can be easily veri ed using the functional equdion j( x + 1) =
Xi( x) of the Gamma function in the numerator and denaminator of the right
hand sidewith x = (I+ 1j it)=2and x = (I + 2 it)=2. O

From the de nitio n of the V, and from Formulae 8.332.2 and 8.333.3 in [7] one
“nds Vp and V; in terms of the hyperbalic tangent and cotangert:

Tg(¥4=2)
t

t
1+ 1t2

Moreover, both of thesefunctions are decreasing symmetricly about the origin.

(64)

Vo(t)

Vi (1) Ctg(v4=2): (65)
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