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Abstract. Let P be a d-dimensimal lattice polytope. We show
that there exists a natur al number cq4, only depending on d, such that
the multiples cP have a unimodular cover for every natural number
C, Cg. Actually, an explicit upper bound for cq4 is provided, together
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with an analogous result for unimodular covers of rational cones.
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1. Statement of results

All polyto pesand conesconsidered in this paper are assunmed to be convex. A
polytope P ¥4 RY is called a lattice polytope, or integral polytope, if its vertices
belong to the standard lattice Z%. For a (not necesstily integral) polytope
P % RY and a red number c , O we let cP dende the image of P under
the dilatation with factor ¢ and certer at the origin O 2 RY. A polytope of
dimensia e is caled an e-polytope.

direct summand of Z% containing U, or, in other words, the order of the torsion
subgoup of Z9=U. A simplex of multiplicit y 1 is caled unimodular. If ¢ % RY
has the full dimensian d, then 1 (¢ ) = d!vol(¢ ), where val is the Euclidean
volume. The union of all unimodular d-simplices inside a d-polytope P is
denaed by UC(P).

In this paper we investigate for which multiples cP of a lattice d-polytope one
can guarantee that cP = UC(cP). To this end we let &° dendte the inm um
of the natural numbers ¢ such that ¢c® = UC(c%P) for all lattice d-polytopes

1The second author was supported by the Deutsche Forschungsgemeinschaft.
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464 Winfried Br uns and Joseph Gubeladze

P and all natural numbers c®, c. A priori, it is not excluded that cﬁo' =1
and, to the best of our knowledge, it has not beenknown up till now whether
& is Tite exceptfor the casesd = 1;2;3: &° = &° = 1and & = 2, where
the r st equaion is trivial, the secand is a crucial step in the derivation of
Pick's theorem, and a proof of the third can be found in Kantor and Sarkaria
[@]. Previous results in this direction were obtained by Lagarias and Ziegler
(Berkeley 1997, unpublished).

Themain result of this paper is the following upper bound, positiv ely answering
Problem 4 in [BGT:

Theorem 1.1. For all natural numbers d > 1 one has

o i 5¢H 3ﬂ §pdi71 (di 1)

y - 0Od > :
Theaem @ is proved by passaje to cones, for which we establish a similar
result on covers by unimodular subcones (T heaem E below). This result,
while interesting of its own, implies Theaem @ and has the advantage of
being amenable to a proof by induction on d.
We now explain some notation and terminology. The convex hull of a set
X % RY is dendged by conv(X), and A®X) is its a+ ne hull. Moreover,
R, =fx2R:x, Ogand Z, = Z\ R..
A lattice simplex is caled empty if its vertices are the only lattice points in
it. Every unimodular simplex is empty, but the opposite implication is falsein
dimensims, 3. (In dimensian 2 empty simplices are unimodular.)
A cone (without further predicaes) is a subsetof RY that is closedunder linear
combinations with coezcients in R, . All cones considered in this paper are
assuned to be polyhedral, rational and pointed (i. e. not to contain an at ne
line); in particular they are genemted by Tnitely many rational vectors. For
such a cone C the senigroup C\ Z9 has a unique "hite minimal set of gener
ators, called the Hilbert basis and denaed by Hilb(C). The extreme (integral)
generators of a rational cone C % RY are, by de nitio n, the generators of the
semigroups |\ Z9 ¥, Z, where | runs through the edgesof C. The extreme
integral genemtors of C are members of Hilb(C). We de'ne ¢ ¢ to be the
convex hull of O and the extreme integral generators of C.
A cone C is simplicial if it has a linearly independert system of genemators.
Thus C is simplicial if and only if ¢ ¢ is a simplex. We say that C is empty
simplicial if ¢ ¢ is an empty simplex. The multiplicity of a simplicial cone is
1(¢ ). If ¢ is alattice simplex with vertex O, then the multiplicit y of the
cone R, ¢ divides ! (¢ ). This follows easily from the fact that each non-zero
vertex of ¢ is an integral multiple of an extreme integral generator of R, ¢ .
A unimodular cone C % RY is a rational simplicial cone for which ¢ ¢ is a
unimodular simplex. Equivalently we could require that C is simplicial and its
extreme integral genermators generate a direct summand of Z9. A unimodular
cover of an arbitr ary rational cone C is a nite system of unimodular cones
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Unimodular Covers of Multiples of Pol yt opes 465

whoseunion is C. A unimodular trian gulation of a cone is de ned in the usud
way { it is a unimodular cover whose member cones coincide along faces.
In addition to the cones C with apex in the origin O, as just intr oduced, we
will sometimeshave to ded with setsof the form v+ C wherev 2 RY. We call
v+ C a cone with apex v.
We de ne ¢i°"® to be the in mum of all natural numbers ¢ suc th§ every
rational d-dimensimal cone C % RY admits a unimodular cover C = ]!‘:1 Ci
for which

Hilb(Cj) %2c¢ ¢ | 2 [1;K]:

Remark 1.2. We will often usethat a cone C can be triangulated into empty
simplicial conesCPsud that ¢ co % ¢ . In fact, one T st triangulates C into
simplicial conesgenerated by extreme generators of C. After this step one can
assune that C is simplicial with extreme generators vqi;:::;vq. If ¢ ¢ is not

smaller number of integral vectorsthan ¢ ¢. In proving a bound on ¢;°"® it is
therefare enaugh to consider empty simplicial cones.
Similarly one triangulates every lattice polytope into empty simplices.

Results on ¢°"® seemto be known only in dimensims - 3. Sincethe empty
simplicial conesin dimensian 2 are exactly the unimodular 2-cones (by a well
known desciiption of Hilbert basesin dimensian 2, seeRemark @) we have
&one = 1. Moreover, it follows from a theorem of Sehy [ that o = 2.
In fact Seld has shown that a 3-dimensianal cone C can be triangulated into
unimodular conesgenerated by elements of Hilb(C) and that Hilb(C) % (d
1)¢ ¢ in all dimensins d (seeRemark @(f)).

We can now formulate the main result for unimodular covers of rational cones:

Theorem 1.3. For all d, 2 one has

e -
I m HoTP@T (i ni2
gre- Pt @ p49 Y3 :

Remark 1.4. (a) We have proved in [BGTJ, Theaem 1.3.1] that there is a
natural number cp for a lattice polytope P % RY such that cP = UC(cP)
whenewer ¢, cp, c2 N. However, neither did the proof in provide an
explicit bound for ¢cp, nor was it clear that the numbers cp can be uniformly
bounded with respect to all d-dimensimal polytopes. The proof we presert
below is an essetial extensian of that of [BGTJ, Thearem 1.3.1].

(b) It has beenproved in [KKMS], Theaem 4, Ch. 111] that for every lattice
polytope P there exists a natur al number ¢ such that cP admits even a regular
triangulation into unimodular simplices. This implies that c%P also admits
sudh a triangulation for c®2 N. However, the question whether there exists a

natur al number cb?" 9 such that the multiples ¢ admit unimodular triangula-

tions for all ¢, c@" 9 remains open. In particular, the existenceof a uniform

bound ¢ ¢ (independert of P) remains open.
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(c) The main dix culty in deriving better estimates for cg"' lies in the funda-
mental open problem of an e®ective desciptio n of the empty lattice d-simplices;
seeHaase and Ziegler [@] and Seb} [@] and the referencestherein.

(d) A chance for improving the upper bound in Thedem@ to, say, a poly-
nomial function in d would be provided by an algorithm for resdving toric
singularities which is faster then the standard one usedin the proof of Theo
rem@ below. Only there exponertial terms enter our argumernts.

(e) A lattice polytope P ¥ RY which is covered by unimodular simplices is
normal, i. e. the additive subser)r(hgroup

Sp = Z. (X 1) Yoz9+1
x2P\ zd

is normal and, moreover, gp(Sp) = Z9* 1. (The normality of Sp is equivalent
to the normality of the K -algebra K[Sp] for a eld K.) However, there are
normal lattice polytopesin dimensian, 5 which are not unimodularly covered
[BG!!. On the other hand, if dim P = dthen cP is normal for arbitrary c, dj 1
[BGT1, Theaem 1.3.3(a)] (and gp(Scp) = Z9*1, asis easily seen). The exam-
ple found in [BQ] is far from being of type cP with ¢ > 1 and, correspondingly,
we raise the following question: is & = di 1 for all natural numbersd > 1?
As mertioned above, the answer is “yes' for d = 2;3, but we cannot provide
further evidencefor a positive answer.

Hilb (Cy) generates C\ Z9. Therefare Hilb(C) ¥ Hilb(Cy) [ ¢4 Hilb(Cy), and
so Hilb(C) setsa lower bound to the sizeof Hilb(C1) [ ¢¢¢[ Hilb(Cy) relative
to ¢ c. For d, 3there exist conesC sud that Hilb(C) is not contained in
(di 2)¢ ¢ (seeEwald and WesselJEW]), and so one must have ¢&&"¢ , di 1.
On the other hand, dj 1 is the bestlower bound for c;°"® that can be obtained
by this argument sinceHilb(C) %2(dj 1)¢ ¢ for all conesC. We may assure
that C is empty simplicial by Remark Q and for an empty simplicial cone C
we have
Hllb(C) Yoo n(v1 + CCC+ vy € C) 1/2(d| 1)¢ c

where

Acknowledgement. We thank the refereesfor their careful reading of the paper.
It led to a number of improvements in the exposition, and helped usto correct
an error in the T st version of Lemma f.1.

2. Slope independenc e

By [0;1]9 = f(z1;:::;24) j O - z1;:::;24 - 1g we dende the standard unit
d-cube. Consider the system of simplices

¢, %[0;1]% %2 Sq;
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(i) xj+1 di®ersfrom x; only in the ¥{i + 1)st coordinate and X;+ 1;,+1) = 1
fori 2 [0;dj 1].
Then ¢ 38y, is a unimodular triangulation of [0; 1] with additional good
properties , Section 2.3]. The simplices ¢ 5 and their integral parallel
translates triangulate the ertir e space RY into a+ ne Weyl chambers of type
Ag4. Theinduced triangulations of the integral multiples of the simplex

are studied in grea detail in [KKMS], Ch. 111]. All we need here is the very
existenceof thesetriangulations. In particular, the integral parallel tr anslates
of the simplices ¢ 5, cover (actually, triangulate) the cone

R. e + Ry (e + &) + ¢0¢+ R, (e + ¢CC+ e4) ¥4 RY

into unimodular simplices.
Supposewe are given a red linear form

width(P), is de ned to be the Euclidean distance betweenthe two extreme
hyperplanesthat are parallel to the hyperplane a; X; + ¢¢¢+ a4X4 = 0 and
intersect P. Since [0;1]¢ is inscribed in a spher of radius = d=2, we have
widthe(¢ 3) -~ d whatever the linear form ® and the permutation ¥%are. We
arrive at

Pr oposit ion 2.1. All integral parall«i] translates of ¢ 5, %2 Sy, that intersect
a hyperplane H are contained in the  d-neighlborhood of H.

In the following we will have to consider simplices that are unimodular with
respect to an a+ ne sublattice of RY di®erent from Z9. Sud lattices are sets
xe
L=vo+  Z(Vii Vo)
i=1
where vg;:::;Ve, € - d, are at nely independert vectors. (Note that L is

xe
Le =wo+  Z(wij Wo):

i=0
Let L be an at ne lattice. A simplex ¢ is called L-unimodular if L = L¢ , and
the union of all L-unimodular simplices inside a polytope P % RY is denaed
by UC_ (P). For simplicity we setUC¢ (P) = UC,, (P).
Let ¢ % ¢ %be (not necessaly integral) d-simplicesin RY such that the origin
O 2 RY is a common vertex and the two simplicial conesspannedby ¢ and ¢ ©
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at O arethe same. Thefollowing lemma saysthat the L ¢ -unimodularly covered
areain a multiple c¢ © c2 N, approximates c¢ ° with a precisin independert
of ¢ % The precisim is therefore independert of the \ slope” of the facets of ¢

and ¢ % opposite to O. The lemma will be critical both in the passaje to cones
(Section B) and in the treament of the conesthemselves (Section f).

Lemma 2.2. For all d-simplices ¢ % ¢ ®having O asa common vgt_ex at which
they span the same cone, all real numbers ", 0< "< 1, andc, d=" one has

(ci "c)¢ 9% UC, (ct 9:

be the vertex of ¢ ®on the ray R. v;. By arearangement of the indiceswe can
achieve that o o
Wil IWal g IWal
V1) V2] JVd
where j j denaes Euclidean norm. Moreover, the assetion of the lemma is
invariant under linear tr ansfarmations of RY. Therefore we can assune that

1

ThenLs = Z9. The ratios above are also invariant under linear tr ansforma-
tions. Thus

wi  jwaj jwai

jelf T jert et 7 jer+ GCC+ eg)
Now Lemma @ below shows that the distance h from O to the at ne hyper-

By Proposition 2.1, the subset
(c¢ Y nUp5(cH) Y2ct ©

is covered by integral parallel translates of the simplices ¢ 3, %2 Sy that are
contained in c¢ . (U+(M) is the +-neighborhood of M .) In particular,

(1) (c¢ Y nUP 4(cH) 2 UC, (ct 9:
Therefore we havep q o D
. v — M — _
oW 0, d" o, d o_chi d_,
- . 4a . 4a — _ b_ .
Li"ee®% 1 —— %% 1j - ¢ o (c¢ YnUP 4(cH);
and the lemma follows from ([). o

Remark 2.3. One can derive an analogous result using the trivial tiling of
RY by the integral parallel translates of [0;1]% and the fact that [0;1]¢ itself
is unimodularly covered. The argument would then ge_t simpli ed, but the
estimate obtained is ¢, d=', and thusworsethanc, = d=".

We have formulated the Lemma E only for full dimensimal simplices, but it
holds for simplices of smaller dimensian as well: one simply choosesall data
relative to the a+ ne subspae generated by ¢ °

Above we have usedthe following
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@. In particular the Euclidean distance from O to H is , | 4.

Proof. The hyperplane H is given by the eqﬁlaion

il
1 1 1 1 1
—X1+ — i — X+ ¢+ —
s 1 5 2 51 > d sdi 1

The linear form ® on the left hand side has non-negativ e coex cierts and wy 2

H. Thus a point whose coordinates are strictly smaller than , 4 cannot be

contained in H. o

Xq=1

3. Passage t o cones

In this section we want to relate the bounds for ¢}° and c§°". This allows us
to derive Theaem [L.g from Theaem[L3.

Pr oposit ion 3.1. Let d be a natural number. Then ¢° is "nite if and only if
c°"e is " nite, and, moreover,

@ e @ Vs e

Proof. Supposethat cg"' is nite. Thenthe left inequdlity is easily obtained by
considering the multiples of the polytope ¢ ¢ for a cone C: the conesspanned
by thoseunimodular simplicesin a multiple of ¢ ¢ that contain O as a vertex
constitute a unimodular cover of C.

Now supposethat ¢;°"¢ is nite. For the right inequdity we r st triangulate
a polytope P into lattice simplices. Then it is enough to consider a lattice

Setc®= ¢°"®. For each i there exists a unimodular cover (Dj;) of the corner
cone C; of ¢ with respect to the vertex v; suc that ¢ ; c%; contains ¢ Di
for all j. Thus the simplices ¢ p,; + c%; cover the corner of c% at c%;, that
is, their union contains a neighborhood of c%; in ¢ .

We replace ¢ by ¢ and can assune that each corner of ¢ has a cover by
unimodular simplices. It remains to sqsw that the multiples c°¢ are unimod-

ularly covered for every number ¢c®, = d(d+ 1) for which c®P is an integral
polyto pe.
Let 1
g+ 1(vo + ¢CC+ vg)

be the barycerter of ¢ . We de ne the subsimplex ¢; % ¢ as follows: ¢; is
the homothetic image of ¢ with respect to the certer v; sothat ! lies on the
facet of ¢ ; opposite to v;. In dimensim 2 this is illustr ated by Figure |j| The
factor of the homothety that transfoms ¢ into ¢ ; is d<d+ 1). In particular,
the simplices ¢ ; are pairwise congruert. It is also clear that

d
(3) [ ¢i =C:

i=0
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V2

¢o !

Vo Vi

Figure 1.

The construction of ! and the subsimplices ¢ ; commutes with taking multiples
of ¢ . It is therefore enaugh to shaw that c®® ; % UC(c®® ) for all i. In order
to simplify the useof dilatations we move v; to O by a parallel translation.
In the casein which v; = O the simplicesc®® and c®® ; are the unions of their
intersections with the conesD;; . T his obsewation reducesthe critical inclusion
A A% to
C0?¢ i\ Dij) 1/2C0?¢ \ Dij)
for all j. But now we are in the situation of Lemma P.3, with the unimodular
simplex ¢ p,; in the role of the ¢ of @ and ¢ \ Djj in that of ¢ % For
"= 1=(d+ 1) we have ¢®, " d=" and so
d

e i\ Dy) = 5

as desired. o

(¢ \ Dijj)=cLi ")(¢ \ Djj) %L UC(¢ \ Dij);

At this point we can deduceTheaem[L.1 from Theaem [L.3. In fact, using the
bound for "¢ given in Theaem [L.3 we obtain

Cgol . pa(d+ 1)Cgone

| m K 'ﬂ§pﬁ(d- 1) 2
p_ i i
dd+1) "di 1 (i 1)d(d2+ b g

5 .
_— T7P87 (@1
. Old5 § .
2 7
as desired. (T he left inequdity in (E) has only beenstated for completeness;it
will not be usedlater on.)

4, Bounding toric resolut ions

Let C be a simplicial rational d-cone. The following lemma gives an upper
bound for the number of stepsin the standard procedure to equivariantly re-
sdve the toric singularity Speck[Z%\ C]) (see[E, Section 2.6] and [g Sectin
1.5] for the background). It dependson d and the multiplicit y of ¢ . Exponen-
tial factors enter our estimates only at this place. Therefore any improvement
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of the toric resdution bound would critically a®ectthe order of magnitude of
the estimates of ¢, and cS°"e.

Theorem 4.1. Every rational simplicial d-cone C % RY, d , 3, admits a
unimodular trian gulation C = D; [ ¢¢¢[ Dy such that
B KT oy 2f

Hilb (Dy) %

5

Cc; t2[LTY]

NI
NI w

Proof. Weusethe sequenceng, k , i (dj 2), of red numbersde ned recursively

as follows:

1
hy=1, k- 1 h, = g; hg = é(hki 1+ CCC+ hki d); k, 3

5

B

One seeseasily that this sequencss increasing, and that

hg = %hki 1+ :—Zl(hk; 2+ G0+ hy; g; 1) i %hk; di1= ghkj 1i %hki di 1
du3ﬂki 2
2 2
for all k, 2.
Let vi1;:::;vq be the extreme integral genemators of C and denae by = ¢ the

sem-open p%allelotope a
Zjz= mvi+ 000+ mvg; 0. »;iiiim< 1 %RY:
The cone C is unimodular if and only if
ac\ z%=fOg:

If C is unimodular then the bound givenin the theoremis satis ed (note that
d, 3). Otherwise we choosea non-zero lattice point, say w, from @ ¢,

W=y, Vi, + 08¢+ v 0< oy < L

We can assune that w is in (d=2)¢ ¢. If not, then we replacew by

(4) Vi, + 00C+ v, w:
The cone C is triangulated into the simplicial d-cones
Cj = Revi+ 00C+ Ryvij; 1+ Rew+ Rivj g+ 600+ Rovg; | = Lok

Call theseconesthe second generation cones, C itself being of “rst generation.
(T he construction of the conesC; is called stellar subdivision with respect to
w.)

For the secand generation coneswe have! (¢ ¢,) < * (¢ ¢) becausethe volumes
of the corresponding parallelotopesare in the same relation. Therefore we are
doneif 1 (¢ ¢c) = 2

If 1(¢c), 3, wegenerte the (k+ 1)st genertion conesby successiely sub-
dividing the kth genemtion non-unimodular cones. It is clea that we obtain
a triangulation of C if we useeach vector producedto subdivide all kth gen-
eration conesto which it belongs. FigureE shows a typical situation after 2
genemtions of subdivision in the cross-sectim of a 3-cone.
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Figure 2.

If C%is a next genemtion cone produced from a cone C° then 1 (¢ co) <
1(¢ co), and it is clear that there exists g - *(¢ ¢) for which all cones of
genemtion g are unimodular.

We claim that each vector w(K) subdividing a (ki 1)st genertion cone C(ki 1)
is in

hk Cc:
For k = 2 this hasbeenshown already. Soassunethat k , 3. Note that all the
extreme genertors uy;:::;ug of Cki D either belong to the original vectors

ui 2 hy, ¢c; t1;:::;ty pairwise di®erert:
Using the trick () if necessey, one can achieve that
1
w2 ¢t ¢ c- E(h“ + ¢0¢+ hy,):
Sincethe sequenceg(h;) is increasing,
C- %(hki 1+ ¢¢C+ hki d) = hy: o]

Remark 4.2. (a) In dimension d = 2 the algorithm constructs a triangulation
into unimodular conesD; with Hilb(D¢) %2¢ ¢.

(b) For d = 3 one has Seld's [Q} result Hilb(D¢) % 2¢ ¢. It needsa rather
tricky argument for the choice of w.

5. Corner covers

Let C be a rational cone and v one of its extreme generators. We sagy that a
systemf C; gjk=1 of subconesC; Y% C covers the corner of C at vif v 2 Hilb(C;)

for all j and the union };1 C; contains a neighborhood of v in C.

Lemma 5.1. Suppose that ¢"F < 1, and let C be a simplicial rational d-cone

Documenta Mat hematica 7 (2002) 463{480



Unimodular Covers of Multiples of Pol yt opes 473

(b) Moreover, each element w 6 v, of a Hilbert basis of C;, j 2 [1;k], has

a representation w = » vy + ¢CC+ »qvg with » < 1.
Proof. For simplicity of notation wesetc = ci2"f. Let C°be the cone generated
by wi = vi i va,i 2 [2;d], and let V bethe vector subspae of RY genemted by
the w;. We consider the linear map ¥%: RY 1V givenby ¥{v;) = 0, Y{v;) = w;
for i > 0, and endow V with a lattice structure by setting L = ¥(Z9). (One

of L. This holds sinceZv, = Z9\ Rv;, and explains the unimodularity of the
conesC; constructed below.

CP has a unimodular covering (with respectto L) by conesC]-O, j 2 [1;k], with
HiIb(CJ-O) % ¢t co. We \lift" the vectors x 2 HiIb(Cjo) to elements x 2 C as
follows. Let x = ®,w; + ¢C¢+ ®ywy (with ®& 2 Q. ). Thenthere existsa unique
integer n , 0 such that

=NV + X = nvp+ ®(va i Vi) + 60C+ ®y(va i Vi)
= ®vy + ®V, + C0C+ ®yvy

%2 (c+ 1)¢ .

Figure 3.

We now de ne C; as the cone genemated by v; and the vectors x where x 2
HiIb(CJ-O). It only remains to show that the C; cover a neighborhood of vy in

on RY 1. Let M; beits k k; norm.
Moreover, let N; be the maximum of the numbers n;, i 2 [2;d] de ned by the
equdion % = njvy + X; as above. Choose" with

1

o<". — -
(di l)Mij

j 2 [1;K]:
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and consider
y= Vit oW+ G0C+  gwy; 0- <™
Sincethe C? cover C° one has aw,+ 66+ gwq 2 C for samej, and therefore
y = Vi + %oXp + G0+ °gXy;

where fx,;:::;XqQ = HiIb(CJ-O) and0- °; - M;" fori 2 [2;d]. Then

H xd 1
y= 1j Ni®i Vi+ °2% + COC+ °gxg
i=2
and
xd
ni° - (di 1)Nj|\/|j"- 1;
i=2
i, Py ¢ .
whence 1i _,n;° , Oandy2 Cj, asdesired. o

6. The bound for cones

Before we embark on the proof of Theaem E we single out a technical step.

the closure of 3 ¢ ¢
Retn' '(1+ Ry )Vi+ Rie+ 600+ Rovg [ ¢ %RY:

where ¢ = conv(O;Vvq;:::;Vqg). SeeFigureror the cased = 2. The polytope
3v1
H
3¢
Vi
©
+
Vo 3va
Figure 4.
1 d
0_ . +
=i dij 1V1 dij 1©
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is the homothetic image of the polytope © under the dilatation with factor
d=d;j 1) and certer v;. We will needthat

(5) v (d+ 1)¢ :

The easy proof is left to the reader.

Proof of Theorem [L.3. We want to prove the inequdity

| m HoTPaT (o vz
©) gre- Pai1 @i RS

for all d, 2 by induction on d.

The inequdity holds for d = 2 since ¢c§°"¢ = 1 (seethe remarks preceding
Theaem [L.3 in Section fI), and the right hand side above is 2 for d = 2. By
induction we can assume that (B) has beenshawn for all dimensins < d. We

set
) TR
§7 i
=@ 1 @iy and =MD

As pointed out in Remark E we can right away assune that C is empty

Outline. The following argumernts are subdivided into four major steps. The
“r st three of them are very similar to their analoguesin the proof of Propo-
sition @ In Step 1 we cover the d-cone C by d + 1 smaller cones each of
which is bounded by the hyperplane that passesthrough the barycernter of

i = 1;:::;d. We summarize this step in Claim A below.

In Step2 Lemma5.1is applied for the construction of unimodular corner covers.
Claim B statesthat it is enaugh to cover the subconesof C “in direction' of the
conesforming the corner cover.

In Step 3 we extend the corner cover far enaugh into C. Lemma E allows
us to do this within a suitable multiple of ¢ ¢. The most di+ cult part of the
proof is to control the sizeof all vectors involved.

modular simplices covering ¢j have multiplicit y dividing c, and possibly equd
to c. Newverthelesswe obtain a cover of C by coneswith bounded multiplicities.
Sowe can apply Thedem@ in Step 4 to obtain a unimodular cover.

i for (dj 1)-dimensianal simplices,and ¢ for d-dimensiaal ones.) For i 2 [1;d]
we put

and ¢

ii= conV'vi;io\ Hi :
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Observe that vy + ¢¢¢+ vy 2 H;. In particular, the hyperplanesH;, i 2 [1;d]
contain the barycerter of j g, i. €. (1=d)(v1 + ¢¢¢+ vq4). In fact, H; is the vector
subspace of dimensian dj 1 through the barycerter of j ¢ that is garallel to the
facet of j o opposite to v;. Clearly, we have the represenation ?:11 i = io,
similar to (E) in Section E In particular, each of the j; is homothetic to j o
with factor (dj 1)=d.

To prove (B) it is encugh to show the following

Claim A. For each index i 2 [1;d] there exists a system of unimodular cones

Sy

sudh that Hilb(Ci;) %2-¢ ¢, 2 [1;ki], and j; %
T he step from the original claim to the reduction expressedby Claim A seens
rather small { we have only covered the cross-sectim j o by the j i, and state
that it is enaugh to cover each j ; by unimodular subcones. The essetial point
is that these subcones need not be contained in the cone spanned by j i, but
just in C. This givesus the freedan to start with a corner cover at v; and to
extend it far enaugh into C, namely beyond H;. This is made more precisein
the next step.

Step 2. To prove Claim A it is enaugh to trea the casei = 1. The induction
hypothesisimplies ¢?"F - - | 1 becausethe right hand side of the inequality
(E) is a strictly increasing function of d. Thus Lemma@ provides a system of

¢
@) Hilb(Cj)an]_;:::;Vdg]/Zl'¢C ntc; j 2Lk

Here we usethe emptinessof ¢ ¢ { it guaranteesthat Hilb(Cj)\ (¢ c njo) = ;
which is crucial for the inclusion (E) in Step 3.

Vi1 = Vo1 = €6C= v = vq and
(8) O (viv, <1 j2[LKk] 12[2d]

where (j )y, isthe T st coordinate of an element of RY with respect to the basis
vi;ii:;vg of RY (seeLemma B.4(b)).
Now we formulate preciselywhat it means to extend the corner cover beyond
the hyperplane H ;. Fix anindexj 2 [1;k] and let D % RY denae the simplicial
d-cone determined by the following conditio ns:

(i) C »%D,

(i) the facetsof D contain thosefacets of C; that passthrough O and vy,

(iii) the remaining facet of D isin Hj.

Figure E descibesthe situation in the cross-sectim j o of C.
Claim A it is encugh to prove
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C>

S\

C:

Vi

Figure 5.

that
. [
Hilb(Dy) %2-¢¢c; t2[1;T] and DY Dy:
t=1

Step 3. For simplicity of notation we put ¢ = ¢¢,, H = H;. (Recdl that
¢ is of dimensia d, spanned by O and the extreme integral generators of C;.)

(i) Wi,+1;:::wg 2 Cj nD (‘good' vertices, beyond or on H),

neither ip = 1 nor ip = d being excluded. (X is the closure of X % RY with
respect to the Euclidean topology.) In the situation of Figure f the cone C;
has two bad vertices, whereas C; has one good and one bad vertex. (Of course,
we seeonly the intersection points of the cross-sectim j ¢ with the rays from
O through the vertices.)

If all vertices are good, there is nothing to prove sinceD % C; in this case. So
assurne that there are bad vertices, i. e.ig, 2. We now show that the bad
vertices are caught in a compact set whose size with respect to ¢ ¢ depends
only on d, and this fact makesthe whole proof work.

Considerthe (dj 1)-dimensianal cone

E=vi+ Ri(Waij vp)+ €8¢+ Ry (Wg i V1):

In other words, E is the (dj 1)-dimensinal cone with apex v; spanned by
the facet conv(vy;wy;:::;wq) of ¢ opposite to O. It is crucial in the fol-

Dueto the inequadlity (E) the hyperplaneH cutsa(dj 1)-dimensimal (possibly
non-lattice) simplex o® the cone E. We denae this simplex by j. FigureE
illustr ates the situation by a vertical cross-sectim of the cone C.
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R+ v1 G D nGC;

Vi CnD

Wi

S R+ v + ¢CC+ R4 vy

Figure 6.

By () and (B) we have
¢

i %20= R+i1ni(vl+ C)[ ¢c :
Let # be the dilatation with certer v; and factor d=(dj 1). Then by (f) we
have the inclusion
©) #(j) v2(d+ )¢ c:

One shauld note that this inclusion has two aspects: r st it shows that j is
not too big with respectto ¢ ¢. Secmd, it guaranteesthat thereis same3 > 0
only depending on d, namely 3 = 1=(d;j 1), sud that the dilatation with factor
1+ 3 and center v; keepsj inside C. If @ dependedon C, there would be no
contr ol on the factor c intr oduced below.

§1. Theseare d>-dimensimal simplices,d’= igj 1. Note that §, Y2 #(8 ).
We want to apply Lemma E to the pair

°vit+ (81i vi) 2°vi+ (820 Vi):

of simplices with the common vertex °v;. The lattice of reference for the
unimodular covering is
Xo
L= L°v1+(§11v1): °vy + Z(Wj i Vl):

Set
} and C_L Ip i m.
d Tdj 1 '
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Sinced® - dj 1, Lemma E (after the parallel translation of the common
vertex to O and then back to °v;) and (B) imply

(10) °§,1%UC, °#(8,) %°(d+ 1)t ¢:

St ep 4. Consider the ip-dimensianal simplices spanned by O and the unimod-
ular (igj 1)-simplicesappearing in (@). T heir multiplicities with respectto the

is unimodular and, thus, we have unimodular simplices ¥:0on height °. The
conesR; ¥shave multiplicit y dividing °. Therefare, by Lemma @ we conclude
that the ig-cone R. 8§ is in the union [ ¢¢¢] +r of unimodular (with respect
to the lattice ZLg,) conessud that

3 d“ 3ﬂ°1 21[
Hilb (£1);:::; Hilb (%) % 5 3 CRr, s,
(VRRTR P |
d 3 '
]/2 E é °(d+l)¢cz-¢c:
In view of the unimodularity of conv(vy;wz;:::;wq), the subgoup ZLsg, is a

direct summand of Z9. It follows that
Dt =& + R+Wi0+1+ ¢ee+ R, Wq; t2 [1,T],

is the desired system of unimodular cones. o
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