
D ocument a M at h. 463

Uni modular Covers of M ul t iples of Pol yt opes

Winfried Br uns and Joseph Gubeladze 1

Received: November 11, 2001

Revised: December 4, 2002

Communi cated by GÄunter M . Ziegler

Ab st ra ct . Let P be a d-dimensional lattice polytope. We show
that there exists a natur al number cd, only depending on d, such that
the multiples cP have a unimodular cover for every natur al number
c ¸ cd. Actually, an explicit upper bound for cd is provided, together
with an analogous result for unimodular covers of rational cones.
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1. St at ement of res ul t s

All polytopesand conesconsidered in this paper are assumed to be convex. A
polytope P ½ Rd is called a lattice polytope, or integral polytope, if its vertices
belong to the standard lattice Zd. For a (not necessarily integral) polytope
P ½ Rd and a real number c ¸ 0 we let cP denote the image of P under
the dilatation with factor c and center at the origin O 2 Rd. A polytope of
dimension e is called an e-polytope.
A simplex ¢ is a polytope whose vertices v0; : : : ; ve are a± nely independent
(so that e = dim ¢ ). The multiplic ity ¹ (¢ ) of a lattice simplex is the index of
the subgroup U generated by the vectors v1 ¡ v0; : : : ; ve ¡ v0 in the smallest
direct summand of Zd containing U, or, in other words, the order of the torsion
subgroup of Zd=U. A simplex of multiplicit y 1 is called unimodular. If ¢ ½ Rd

has the full dimension d, then ¹ (¢ ) = d! vol(¢ ), where vol is the Euclidean
volume. The union of all unimodular d-simplices inside a d-polytope P is
denoted by UC(P).
In this paper we investigate for which multiples cP of a lattice d-polytope one
can guarantee that cP = UC(cP). To this end we let cpol

d denote the in¯m um
of the natur al numbers c such that c0P = UC(c0P) for all lattice d-polytopes

1The second autho r was supported by the Deutsche Forschungsgemeinschaft.
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P and all natur al numbers c0 ¸ c. A priori, it is not excluded that cpol
d = 1

and, to the best of our knowledge, it has not beenknown up till now whether
cpol

d is ¯nite except for the casesd = 1; 2; 3: cpol
1 = cpol

2 = 1 and cpol
3 = 2, where

the ¯r st equation is tr ivial, the second is a crucial step in the derivation of
Pick's theorem, and a proof of the thir d can be found in Kantor and Sarkaria
[KS]. Previous results in this direction were obtained by Lagarias and Ziegler
(Berkeley 1997, unpublished).
Themain result of this paper is the following upper bound, positively answering
Problem 4 in [BGT2]:

T heorem 1.1. For all natural numbers d > 1 one has

cpol
d · O

¡
d5¢

µ
3
2

¶
§p

d¡ 1
¨

(d¡ 1)

:

Theorem 1.1 is proved by passage to cones, for which we establish a similar
result on covers by unimodular subcones (T heorem 1.3 below). This result,
while interesting of its own, implies Theorem 1.1 and has the advantage of
being amenable to a proof by induction on d.
We now explain some notation and terminology. The convex hull of a set
X ½ Rd is denoted by conv(X ), and A®(X ) is its a± ne hull. Moreover,
R+ = f x 2 R : x ¸ 0g and Z+ = Z \ R+ .
A lattice simplex is called empty if its vertices are the only lattice points in
it. Every unimodular simplex is empty, but the opposite implication is false in
dimensions ¸ 3. (In dimension 2 empty simplices are unimodular.)
A cone (without further predicates) is a subsetof Rd that is closedunder linear
combinations with coe±cients in R+ . All cones considered in this paper are
assumed to be polyhedral, rational and pointed (i. e. not to contain an a± ne
line); in particular they are generated by ¯nitely many rational vectors. For
such a cone C the semigroup C \ Zd has a unique ¯nite minimal set of gener-
ators, called the Hilbert basis and denoted by Hilb(C). The extreme (integral)
generators of a rational cone C ½ Rd are, by de¯nitio n, the generators of the
semigroups l \ Zd ¼ Z+ where l runs thr ough the edges of C. The extreme
integral generators of C are members of Hilb(C). We de¯ne ¢ C to be the
convex hull of O and the extreme integral generators of C.
A cone C is simplic ial if it has a linearly independent system of generators.
Thus C is simplicial if and only if ¢ C is a simplex. We say that C is empty
simplic ial if ¢ C is an empty simplex. The multiplic ity of a simplicial cone is
¹ (¢ C ). If ¢ is a lattice simplex with vertex O, then the multiplicit y of the
cone R+ ¢ divides ¹ (¢ ). This follows easily from the fact that each non-zero
vertex of ¢ is an integral multiple of an extreme integral generator of R+ ¢ .
A unimodular cone C ½ Rd is a rational simplicial cone for which ¢ C is a
unimodular simplex. Equivalently we could require that C is simplicial and its
extreme integral generators generate a direct summand of Zd. A unimodular
cover of an arbitr ary rational cone C is a ¯nite system of unimodular cones
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whoseunion is C. A unimodular trian gulation of a cone is de¯ned in the usual
way { it is a unimodular cover whosemember conescoincide along faces.
In additio n to the cones C with apex in the origin O, as just intr oduced, we
will sometimeshave to deal with setsof the form v + C where v 2 Rd. We call
v + C a cone with apex v.
We de¯ne ccone

d to be the in¯m um of all natur al numbers c such that every
rational d-dimensional cone C ½ Rd admits a unimodular cover C =

S k
j = 1 Cj

for which
Hilb(Cj ) ½ c¢ C j 2 [1; k]:

Remark 1.2. We will often usethat a cone C can be tr iangulated into empty
simplicial conesC0 such that ¢ C 0 ½ ¢ C . In fact, one ¯r st tr iangulates C into
simplicial conesgenerated by extreme generators of C. After this step one can
assume that C is simplicial with extreme generators v1; : : : ; vd. If ¢ C is not
empty, then we usestellar subdivision along a ray thr ough some v 2 ¢ C \ Zd,
v 6= 0; v1; : : : ; vd, and for each of the resulting conesC0 the simplex ¢ C 0 has a
smaller number of integral vectors than ¢ C . In proving a bound on ccone

d it is
therefore enough to consider empty simplicial cones.
Similarly one tr iangulates every lattice polytope into empty simplices.

Results on ccone
d seemto be known only in dimensions · 3. Since the empty

simplicial cones in dimension 2 are exactly the unimodular 2-cones (by a well
known descriptio n of Hilbert basesin dimension 2, seeRemark 4.2) we have
ccone

2 = 1. Moreover, it follows from a theorem of Seb}o [S1] that ccone
3 = 2.

In fact Seb}o has shown that a 3-dimensional cone C can be tr iangulated into
unimodular cones generated by elements of Hilb(C) and that Hilb(C) ½ (d ¡
1)¢ C in all dimensions d (seeRemark 1.4(f )).
We can now formulate the main result for unimodular covers of rational cones:

T heorem 1.3. For all d ¸ 2 one has

ccone
d ·

l p
d ¡ 1

m
(d ¡ 1)

d(d + 1)
2

µ
3
2

¶
§p

d¡ 1
¨

(d¡ 1) ¡ 2

:

Remark 1.4. (a) We have proved in [BGT1, Theorem 1.3.1] that there is a
natur al number cP for a lattice polytope P ½ Rd such that cP = UC(cP)
whenever c ¸ cP , c 2 N. However, neither did the proof in [BGT1] provide an
explicit bound for cP , nor was it clear that the numbers cP can be uniformly
bounded with respect to all d-dimensional polytopes. The proof we present
below is an essentia l extension of that of [BGT1, Theorem 1.3.1].
(b) It has been proved in [KKMS , Theorem 4, Ch. I I I] that for every lattice
polytope P there exists a natur al number c such that cP admits even a regular
tr iangulation into unimodular simplices. This implies that c0cP also admits
such a tr iangulation for c0 2 N. However, the question whether there exists a
natur al number ctrian g

P such that the multiples c0P admit unimodular tr iangula-
tions for all c0 ¸ ctrian g

P remains open. In particular, the existenceof a uniform
bound ctrian g

d (independent of P) remains open.

D ocument a M at hemat ica 7 (2002) 463{ 480



466 Winfried Br uns and Joseph Gubeladze

(c) The main di± culty in deriving better estimates for cpol
d lies in the funda-

mental openproblem of an e®ectivedescriptio n of the empty lattice d-simplices;
seeHaaseand Ziegler [HZ] and Seb}o [S2] and the referencestherein.
(d) A chance for improving the upper bound in Theorem 1.1 to, say, a poly-
nomial function in d would be provided by an algorithm for resolving toric
singularities which is faster then the standard one used in the proof of Theo-
rem 4.1 below. Only there exponentia l terms enter our arguments.
(e) A lattice polytope P ½ Rd which is covered by unimodular simplices is
normal, i. e. the additiv e subsemigroup

SP =
X

x 2 P \ Zd

Z+ (x; 1) ½ Zd+ 1

is normal and, moreover, gp(SP ) = Zd+ 1. (T he normalit y of SP is equivalent
to the normalit y of the K -algebra K [SP ] for a ¯eld K .) However, there are
normal lattice polytopesin dimension ¸ 5 which are not unimodularly covered
[BG]. On the other hand, if dim P = d then cP is normal for arbitr ary c ¸ d¡ 1
[BGT1, Theorem 1.3.3(a)] (and gp(ScP ) = Zd+ 1, as is easily seen). The exam-
ple found in [BG] is far from being of type cP with c > 1 and, correspondingly,
we raise the following question: is cpol

d = d ¡ 1 for all natur al numbers d > 1?
As mentioned above, the answer is `yes' for d = 2; 3, but we cannot provide
further evidencefor a positive answer.
(f ) Suppose C1; : : : ; Ck form a unimodular cover of C. Then Hilb(C1) [ ¢¢¢[
Hilb(Ck ) generates C \ Zd. Therefore Hilb(C) ½ Hilb(C1) [ ¢¢¢[ Hilb(Ck ), and
so Hilb(C) setsa lower bound to the sizeof Hilb(C1) [ ¢¢¢[ Hilb(Ck ) relativ e
to ¢ C . For d ¸ 3 there exist cones C such that Hilb(C) is not contained in
(d ¡ 2)¢ C (seeEwald and Wessels[EW]), and so one must have ccone

d ¸ d ¡ 1.
On the other hand, d¡ 1 is the best lower bound for ccone

d that can be obtained
by this argument sinceHilb(C) ½ (d ¡ 1)¢ C for all conesC. We may assume
that C is empty simplicial by Remark 1.2, and for an empty simplicial cone C
we have

Hilb(C) ½ ¤ C n (v1 + ¢¢¢+ vd ¡ ¢ C ) ½ (d ¡ 1)¢ C

where
(i) v1; : : : ; vd are the extreme integral generators of C,

(ii) ¤ C is the semi-open parallelotope spanned by v1; : : : ; vd, that is,

¤ C = f »1v1 + ¢¢¢+ »dvd : »1; : : : ; »d 2 [0; 1)g:

Acknowledgement. We thank the refereesfor their careful reading of the paper.
It led to a number of improvements in the exposition, and helped us to correct
an error in the ¯r st version of Lemma 4.1.

2. Slope independenc e

By [0; 1]d = f (z1; : : : ; zd) j 0 · z1; : : : ; zd · 1g we denote the standard unit
d-cube. Consider the system of simplices

¢ ¾ ½ [0; 1]d; ¾2 Sd;
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where Sd is the permutation group of f 1; : : : ; dg, and ¢ ¾ is de¯ned as follows:
(i) ¢ ¾ = conv(x0; x1; : : : ; xd),

(ii) x0 = O and xd = (1; : : : ; 1),
(iii) x i + 1 di®ers from x i only in the ¾(i + 1)st coordinate and x i + 1;¾( i + 1) = 1

for i 2 [0; d ¡ 1].
Then f ¢ ¾g¾2 Sd is a unimodular tr iangulation of [0; 1]d with additio nal good
properties [BGT1, Section 2.3]. The simplices ¢ ¾ and their integral parallel
tr anslates tr iangulate the entir e space Rd into a± ne Weyl chambers of type
Ad. The induced tr iangulations of the integral multiples of the simplex

conv(O; e1; e1 + e2; : : : ; e1 + ¢¢¢+ edg ½ Rd

are studied in great detail in [KKMS , Ch. I I I]. All we need here is the very
existenceof thesetr iangulations. In particular, the integral parallel tr anslates
of the simplices ¢ ¾ cover (actually, tr iangulate) the cone

R+ e1 + R+ (e1 + e2) + ¢¢¢+ R+ (e1 + ¢¢¢+ ed) ¼ Rd
+

into unimodular simplices.
Supposewe are given a real linear form

®(X 1; : : : ; X d) = a1X 1 + ¢¢¢+ adX d 6= 0:

The width of a polytope P ½ Rd in direction (a1; : : : ; ad), denoted by
width ®(P), is de¯ned to be the Euclidean distance between the two extreme
hyperplanes that are parallel to the hyperplane a1X 1 + ¢¢¢+ adX d = 0 and
intersect P. Since [0; 1]d is inscribed in a sphere of radius

p
d=2, we have

width ®(¢ ¾) ·
p

d whatever the linear form ® and the permutation ¾are. We
arrive at

Pr opos it ion 2.1. All integral parallel translates of ¢ ¾, ¾2 Sd, that intersect
a hyperplane H are contained in the

p
d-neighborhood of H .

In the following we will have to consider simplices that are unimodular with
respect to an a± ne sublattice of Rd di®erent from Zd. Such lattices are sets

L = v0 +
eX

i = 1

Z(vi ¡ v0)

where v0; : : : ; ve, e · d, are a± nely independent vectors. (Note that L is
independent of the enumeration of the vectors v0; : : : ; vd.) An e-simplex ¢ =
conv(w0; : : : ; we) de¯nes the lattice

L ¢ = w0 +
eX

i = 0

Z(wi ¡ w0):

Let L be an a± ne lattice. A simplex ¢ is called L -unimodular if L = L ¢ , and
the union of all L -unimodular simplices inside a polytope P ½ Rd is denoted
by UCL (P). For simplicit y we set UC¢ (P) = UCL ¢ (P).
Let ¢ ½ ¢ 0 be (not necessarily integral) d-simplices in Rd such that the origin
O 2 Rd is a common vertex and the two simplicial conesspanned by ¢ and ¢ 0
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at O are the same. Thefollowing lemma says that the L ¢ -unimodularly covered
area in a multiple c¢ 0, c 2 N, approximates c¢ 0 with a precision independent
of ¢ 0. The precision is therefore independent of the \ slope" of the facets of ¢
and ¢ 0 opposite to O. The lemma will be critica l both in the passage to cones
(Section 3) and in the tr eatment of the conesthemselves(Section 6).

Lemma 2.2. For all d-simplices ¢ ½ ¢ 0 having O as a common vertex at which
they span the same cone, all real numbers " , 0 < " < 1, and c ¸

p
d=" one has

(c ¡ "c)¢ 0 ½ UC¢ (c¢ 0):

Proof. Let v1; : : : ; vd be the vertices of ¢ di®erent from O, and let wi , i 2 [1; d]
be the vertex of ¢ 0 on the ray R+ vi . By a rearrangement of the indiceswe can
achieve that

jw1j
jv1j

¸
jw2j
jv2j

¸ ¢¢¢¸
jwd j
jvd j

¸ 1:

where j j denotes Euclidean norm. Moreover, the assertion of the lemma is
invariant under linear tr ansformations of Rd. Therefore we can assume that

¢ = conv(O; e1; e1 + e2; : : : ; e1 + ¢¢¢+ ed):

Then L ¢ = Zd. The ratios above are also invariant under linear tr ansforma-
tions. Thus

jw1j
je1j

¸
jw2j

je1 + e2j
¸ ¢¢¢¸

jwd j
je1 + ¢¢¢+ ed j

¸ 1:

Now Lemma 2.4 below shows that the distance h from O to the a± ne hyper-
plane H thr ough w1; : : : ; wd is at least 1.
By Proposition 2.1, the subset

(c¢ 0) n Up
d(cH) ½ c¢ 0

is covered by integral parallel tr anslates of the simplices ¢ ¾, ¾2 Sd that are
contained in c¢ . (U±(M ) is the ±-neighborhood of M .) In particular,

(1) (c¢ 0) n Up
d(cH) ½ UC¢ (c¢ 0):

Therefore we have
¡
1¡ "

¢
c¢ 0 ½

µ
1¡

p
d

c

¶
c¢ 0 ½

µ
1¡

p
d

ch

¶
c¢ 0 =

ch ¡
p

d
ch

c¢ 0 = (c¢ 0)nUp
d(cH);

and the lemma follows from (1). ¤

Remark 2.3. One can derive an analogous result using the tr ivial tiling of
Rd

+ by the integral parallel tr anslates of [0; 1]d and the fact that [0; 1]d itself
is unimodularly covered. The argument would then get simpli¯ed, but the
estimate obtained is c ¸ d=" , and thus worsethan c ¸

p
d=" .

We have formulated the Lemma 2.2 only for full dimensional simplices, but it
holds for simplices of smaller dimension as well: one simply choosesall data
relativ e to the a± ne subspace generated by ¢ 0.
Above we have usedthe following
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Lemma 2.4. Let e1; : : : ; ed be the canonical basis of Rd and set wi = ¸ i (e1 +
¢¢¢+ ei ) where ¸ 1 ¸ ¢¢¢ ¸ ¸ d > 0. Then the a±n e hyperplane H through
w1; : : : ; wd intersects the set Q = ¸ d(e1 + ¢¢¢+ ed) ¡ Rd

+ only in the boundary
@Q. In partic ular the Euclidean distance from O to H is ¸ ¸ d.

Proof. The hyperplane H is given by the equation

1
¸ 1

X 1 +
µ

1
¸ 2

¡
1
¸ 1

¶
X 2 + ¢¢¢+

µ
1
¸ d

¡
1

¸ d¡ 1

¶
X d = 1:

The linear form ® on the left hand side has non-negativ e coe±cients and wd 2
H. Thus a point whose coordinates are strictly smaller than ¸ d cannot be
contained in H . ¤

3. Passage t o cones

In this section we want to relate the bounds for cpol
d and ccone

d . This allows us
to derive Theorem 1.1 from Theorem 1.3.

Pr opos it ion 3.1. Let d be a natural number. Then cpol
d is ¯ nite if and only if

ccone
d is ¯ nite, and, moreover,

(2) ccone
d · cpol

d ·
p

d(d + 1)ccone
d :

Proof. Supposethat cpol
d is ¯nite. Then the left inequalit y is easily obtained by

considering the multiples of the polytope ¢ C for a cone C: the conesspanned
by thoseunimodular simplices in a multiple of ¢ C that contain O as a vertex
constitute a unimodular cover of C.
Now suppose that ccone

d is ¯nite. For the right inequalit y we ¯r st tr iangulate
a polytope P into lattice simplices. Then it is enough to consider a lattice
d-simplex ¢ ½ Rd with vertices v0; : : : ; vd.
Set c0 = ccone

d . For each i there exists a unimodular cover (D i j ) of the corner
cone Ci of ¢ with respect to the vertex vi such that c0¢ ¡ c0vi contains ¢ D i j

for all j . Thus the simplices ¢ D i j + c0vi cover the corner of c0¢ at c0vi , that
is, their union contains a neighborhood of c0vi in c0¢ .
We replace ¢ by c0¢ and can assume that each corner of ¢ has a cover by
unimodular simplices. It remains to show that the multiples c00¢ are unimod-
ularly covered for every number c00¸

p
d(d + 1) for which c00P is an integral

polytope.
Let

! =
1

d + 1
(v0 + ¢¢¢+ vd)

be the barycenter of ¢ . We de¯ne the subsimplex ¢ i ½ ¢ as follows: ¢ i is
the homothetic image of ¢ with respect to the center vi so that ! lies on the
facet of ¢ i opposite to vi . In dimension 2 this is illustr ated by Figure 1. The
factor of the homothety that tr ansforms ¢ into ¢ i is d=(d + 1). In particular,
the simplices ¢ i are pairwise congruent. It is also clear that

(3)
d[

i = 0

¢ i = ¢ :
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v0

v2

v1

¢ 0

¢
C0

!

Figure 1.

The construction of ! and the subsimplices¢ i commutes with taking multiples
of ¢ . It is therefore enough to show that c00¢ i ½ UC(c00¢ ) for all i . In order
to simplify the useof dilatations we move vi to O by a parallel tr anslation.
In the casein which vi = O the simplicesc00¢ and c00¢ i are the unions of their
intersections with the conesD i j . This observation reducesthe critica l inclusion
c00¢ i ½ c00¢ to

c00(¢ i \ D i j ) ½ c00(¢ \ D i j )

for all j . But now we are in the situation of Lemma 2.2, with the unimodular
simplex ¢ D i j in the role of the ¢ of 2.2 and ¢ \ D i j in that of ¢ 0. For
" = 1=(d + 1) we have c00¸

p
d=" and so

c00(¢ i \ D i j ) = c00 d
d + 1

(¢ \ D i j ) = c00(1 ¡ " )(¢ \ D i j ) ½ UC(¢ \ D i j );

as desired. ¤

At this point we can deduceTheorem 1.1 from Theorem 1.3. In fact, using the
bound for ccone

d given in Theorem 1.3 we obtain

cpol
d ·

p
d(d + 1)ccone

d

·
p

d(d + 1)
l p

d ¡ 1
m

(d ¡ 1)
d(d + 1)

2

µ
3
2

¶
§p

d¡ 1
¨

(d¡ 1) ¡ 2

· O
¡
d5¢

µ
3
2

¶
§p

d¡ 1
¨

(d¡ 1)

;

as desired. (T he left inequalit y in (2) has only beenstated for completeness;it
will not be usedlater on.)

4. Bounding t oric res olut ions

Let C be a simplicial rational d-cone. The following lemma gives an upper
bound for the number of steps in the standard procedure to equivariantly re-
solve the toric singularit y Spec(k[Zd \ C]) (see[F, Section 2.6] and [O, Section
1.5] for the background). It dependson d and the multiplicit y of ¢ C . Exponen-
tia l factors enter our estimates only at this place. Therefore any improvement
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of the toric resolutio n bound would critica lly a®ect the order of magnitude of
the estimates of cpol

d and ccone
d .

T heorem 4.1. Every rational simplic ial d-cone C ½ Rd, d ¸ 3, admits a
unimodular trian gulation C = D 1 [ ¢¢¢[ DT such that

Hilb(D t ) ½
µ

d
2

µ
3
2

¶ ¹ (¢ C ) ¡ 2¶
¢ C ; t 2 [1; T]:

Proof. Weusethe sequencehk , k ¸ ¡ (d¡ 2), of real numbersde¯ned recursively
as follows:

hk = 1; k · 1; h2 =
d
2

; hk =
1
2

(hk ¡ 1 + ¢¢¢+ hk ¡ d); k ¸ 3:

One seeseasily that this sequenceis increasing, and that

hk =
1
2

hk ¡ 1 +
1
2

(hk ¡ 2 + ¢¢¢+ hk ¡ d¡ 1) ¡
1
2

hk ¡ d¡ 1 =
3
2

hk ¡ 1 ¡
1
2

hk ¡ d¡ 1

·
d
2

µ
3
2

¶ k ¡ 2

for all k ¸ 2.
Let v1; : : : ; vd be the extreme integral generators of C and denote by ¤ C the
semi-open parallelotope

©
z j z = »1v1 + ¢¢¢+ »dvd; 0 · »1; : : : ; »d < 1

ª
½ Rd:

The cone C is unimodular if and only if

¤ C \ Zd = f Og:

If C is unimodular then the bound given in the theorem is satis¯ed (note that
d ¸ 3). Otherwise we choosea non-zero lattice point, say w, from ¤ C ,

w = »i 1 vi 1 + ¢¢¢+ »i k vi k ; 0 < »i j < 1:

We can assume that w is in (d=2)¢ C . If not, then we replace w by

(4) vi 1 + ¢¢¢+ vi k ¡ w:

The cone C is tr iangulated into the simplicial d-cones

Cj = R+ v1 + ¢¢¢+ R+ vi j ¡ 1 + R+ w + R+ vi j + 1 + ¢¢¢+ R+ vd; j = 1; : : : ; k:

Call theseconesthe second generation cones, C itself being of ¯ rst generation.
(T he construction of the cones Cj is called stellar subdivision with respect to
w.)
For the second generation coneswe have ¹ (¢ C i ) < ¹ (¢ C ) becausethe volumes
of the corresponding parallelotopesare in the same relation. Therefore we are
done if ¹ (¢ C ) = 2.
If ¹ (¢ C ) ¸ 3, we generate the (k + 1)st generation conesby successively sub-
dividing the kth generation non-unimodular cones. It is clear that we obtain
a tr iangulation of C if we use each vector produced to subdivide all kth gen-
eration cones to which it belongs. Figure 2 shows a typical situation after 2
generations of subdivision in the cross-section of a 3-cone.
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Figure 2.

If C00 is a next generation cone produced from a cone C0, then ¹ (¢ C 00) <
¹ (¢ C 0), and it is clear that there exists g · ¹ (¢ C ) for which all cones of
generation g are unimodular.
We claim that each vector w(k ) subdividing a (k ¡ 1)st generation cone C (k ¡ 1)

is in
hk ¢ C :

For k = 2 this has beenshown already. Soassume that k ¸ 3. Note that all the
extreme generators u1; : : : ; ud of C(k ¡ 1) either belong to the original vectors
v1; : : : ; vd or were created in di®erent generations. By induction we therefore
have

ui 2 ht i ¢ C ; t1; : : : ; td pairwise di®erent :
Using the tr ick (4) if necessary, one can achieve that

w(k ) 2 c¢ C ; c ·
1
2

(ht 1 + ¢¢¢+ ht d ):

Sincethe sequence(hi ) is increasing,

c ·
1
2

(hk ¡ 1 + ¢¢¢+ hk ¡ d) = hk : ¤

Remark 4.2. (a) In dimension d = 2 the algorithm constructs a tr iangulation
into unimodular conesD t with Hilb(D t ) ½ ¢ C .
(b) For d = 3 one has Seb}o's [S1] result Hilb(D t ) ½ 2¢ C . It needsa rather
tr icky argument for the choice of w.

5. Corner covers

Let C be a rational cone and v one of its extreme generators. We say that a
systemf Cj gk

j = 1 of subconesCj ½ C covers the corner of C at v if v 2 Hilb(Cj )

for all j and the union
S k

j = 1 Cj contains a neighborhood of v in C.

Lemma 5.1. Suppose that ccone
d¡ 1 < 1 , and let C be a simplic ial rational d-cone

with extreme generators v1; : : : ; vd.
(a) Then there is a system of unimodular subcones C1; : : : ; Ck ½ C coverin g

the corner of C at v1 such that Hilb(C1); : : : ; Hilb(Ck ) ½ (ccone
d¡ 1 + 1)¢ C .
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(b) Moreover, each element w 6= v1 of a Hilbert basis of Cj , j 2 [1; k], has
a representation w = »1v1 + ¢¢¢+ »dvd with »1 < 1.

Proof. For simplicit y of notation we set c = ccone
d¡ 1 . Let C0 be the cone generated

by wi = vi ¡ v1, i 2 [2; d], and let V be the vector subspaceof Rd generated by
the wi . We consider the linear map ¼: Rd ! V given by ¼(v1) = 0, ¼(vi ) = wi

for i > 0, and endow V with a lattice structure by setting L = ¼(Zd). (One
has L = Zd \ V if and only if Zd = Zv1 + (Zd \ V ).) Note that v1; z2; : : : ; zd

with zj 2 Zd form a Z-basis of Zd if and only if ¼(z2); : : : ; ¼(zd) are a Z-basis
of L . This holds sinceZv1 = Zd \ Rv1, and explains the unimodularit y of the
conesCj constructed below.
Note that wi 2 L for all i . Therefore ¢ C 0 ½ conv(O; w2; : : : ; wd). The cone
C0 has a unimodular covering (with respect to L ) by conesC0

j , j 2 [1; k], with
Hilb(C0

j ) ½ c¢ C 0. We \ lift" the vectors x 2 Hilb(C0
j ) to elements ~x 2 C as

follows. Let x = ®2w2 + ¢¢¢+ ®dwd (with ®i 2 Q+ ). Then there exists a unique
integer n ¸ 0 such that

~x := nv1 + x = nv1 + ®2(v2 ¡ v1) + ¢¢¢+ ®d(vd ¡ v1)

= ®1v1 + ®2v2 + ¢¢¢+ ®dvd

with 0 · ®1 < 1. (SeeFigure 3.) If x 2 c¢ C 0 ½ c¢conv(O; w2; : : : ; wd), then
~x 2 (c+ 1)¢ C .

v1

v2

w2 x

~x

Figure 3.

We now de¯ne Cj as the cone generated by v1 and the vectors ~x where x 2
Hilb(C0

j ). It only remains to show that the Cj cover a neighborhood of v1 in
C. To this end we intersectC with the a± ne hyperplane H thr ough v1; : : : ; vd.
It is enough that a neighborhood of v1 in C \ H is contained in C1 [ ¢¢¢[ Ck .
For each j 2 [1; k] the coordinate tr ansformation from the basis w2; : : : ; wd of
V to the basisx2; : : : ; xd with f x2; : : : ; xdg = Hilb(C0

j ) de¯nes a linear operator
on Rd¡ 1. Let M j be its k k1 norm.
Moreover, let N j be the maximum of the numbers n i , i 2 [2; d] de¯ned by the
equation ~x i = ni v1 + x i as above. Choose" with

0 < " ·
1

(d ¡ 1)M j N j
; j 2 [1; k]:
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and consider

y = v1 + ¯ 2w2 + ¢¢¢+ ¯ dwd; 0 · ¯ i < ":

Sincethe C0
j cover C0, one has ¯ 2w2 + ¢¢¢+ ¯ dwd 2 C0

j for some j , and therefore

y = v1 + ° 2x2 + ¢¢¢+ ° dxd;

where f x2; : : : ; xdg = Hilb(C0
j ) and 0 · ° i · M j " for i 2 [2; d]. Then

y =
µ

1 ¡
dX

i = 2

ni ° i

¶
v1 + ° 2 ~x2 + ¢¢¢+ ° d ~xd

and
dX

i = 2

ni ° i · (d ¡ 1)N j M j " · 1;

whence
¡
1 ¡

P d
i = 2 ni ° i

¢
¸ 0 and y 2 Cj , as desired. ¤

6. T he bound f or cones

Before we embark on the proof of Theorem 1.3, we single out a technical step.
Let f v1; : : : ; vdg ½ Rd be a linearly independent subset. Consider the hyper-
plane

H = A®(O; v1 + (d ¡ 1)v2; v1 + (d ¡ 1)v3; : : : ; v1 + (d ¡ 1)vd) ½ Rd

It cuts a simplex ± o®the simplex conv(v1; : : : ; vd) sothat v1 2 ±. Let © denote
the closure of

R+ ±n
¡ ¡

(1 + R+ )v1 + R+ e2 + ¢¢¢+ R+ vd
¢

[ ¢
¢

½ Rd:

where ¢ = conv(O; v1; : : : ; vd). SeeFigure 4 for the cased = 2. The polytope

3v2

3v1

v2

v1

H

©
±

3¢

Figure 4.

©0 = ¡
1

d ¡ 1
v1 +

d
d ¡ 1

©
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is the homothetic image of the polytope © under the dilatation with factor
d=(d ¡ 1) and center v1. We will needthat

(5) ©0 ½ (d + 1)¢ :

The easy proof is left to the reader.

Proof of Theorem 1.3. We want to prove the inequalit y

(6) ccone
d ·

l p
d ¡ 1

m
(d ¡ 1)

d(d + 1)
2

µ
3
2

¶
§p

d¡ 1
¨

(d¡ 1) ¡ 2

for all d ¸ 2 by induction on d.
The inequalit y holds for d = 2 since ccone

2 = 1 (see the remarks preceding
Theorem 1.3 in Section 1), and the right hand side above is 2 for d = 2. By
induction we can assume that (6) has beenshown for all dimensions < d. We
set

° =
§p

d ¡ 1
¨
(d ¡ 1) and · = °

d(d + 1)
2

µ
3
2

¶ ° ¡ 2

:

As pointed out in Remark 1.2, we can right away assume that C is empty
simplicial with extreme generators v1; : : : ; vd.

Outlin e. The following arguments are subdivided into four major steps. The
¯r st thr ee of them are very similar to their analogues in the proof of Propo-
sition 3.1. In Step 1 we cover the d-cone C by d + 1 smaller cones each of
which is bounded by the hyperplane that passesthr ough the barycenter of
conv(v1; : : : ; vd) and is parallel to the facet of conv(v1; : : : ; vd) opposite of vi ,
i = 1; : : : ; d. We summarize this step in Claim A below.
In Step2 Lemma 5.1 is applied for the construction of unimodular corner covers.
Claim B states that it is enough to cover the subconesof C `in direction' of the
conesforming the corner cover.
In Step 3 we extend the corner cover far enough into C. Lemma 2.2 allows
us to do this within a suitable multiple of ¢ C . The most di± cult part of the
proof is to contr ol the sizeof all vectors involved.
However, Lemma 2.2 is applied to simplices ¡ = conv(w1; : : : ; we) where
w1; : : : ; we span a unimodular cone of dimension e · d. The conesover the uni-
modular simplices covering c¡ have multiplicit y dividing c, and possibly equal
to c. Neverthelesswe obtain a cover of C by coneswith bounded multiplicities.
So we can apply Theorem 4.1 in Step 4 to obtain a unimodular cover.

St ep 1. The facet conv(v1; : : : ; vd) of ¢ C is denoted by ¡ 0. (We usethe letter
¡ for (d¡ 1)-dimensional simplices,and ¢ for d-dimensional ones.) For i 2 [1; d]
we put

H i = A®(O; vi + (d¡ 1)v1; : : : ; vi + (d¡ 1)vi ¡ 1; vi + (d¡ 1)vi + 1; : : : ; vi + (d¡ 1)vd)

and
¡ i = conv

¡
vi ; ¡ 0 \ H i

¢
:
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Observe that v1 + ¢¢¢+ vd 2 H i . In particular, the hyperplanes H i , i 2 [1; d]
contain the barycenter of ¡ 0, i. e. (1=d)(v1 + ¢¢¢+ vd). In fact, H i is the vector
subspaceof dimension d¡ 1 thr ough the barycenter of ¡ 0 that is parallel to the
facet of ¡ 0 opposite to vi . Clearly, we have the representation

S d
i = 1 ¡ i = ¡ 0,

similar to (3) in Section 3. In particular, each of the ¡ i is homothetic to ¡ 0

with factor (d ¡ 1)=d.
To prove (6) it is enough to show the following

Claim A. For each index i 2 [1; d] there exists a system of unimodular cones

Ci 1; : : : ; Ci k i ½ C

such that Hilb(Ci j ) ½ · ¢ C , j 2 [1; ki ], and ¡ i ½
S k i

j = 1 Ci j .

The step from the original claim to the reduction expressedby Claim A seems
rather small { we have only covered the cross-section ¡ 0 by the ¡ i , and state
that it is enough to cover each ¡ i by unimodular subcones. The essentia l point
is that these subcones need not be contained in the cone spanned by ¡ i , but
just in C. This givesus the freedom to start with a corner cover at vi and to
extend it far enough into C, namely beyond H i . This is made more precisein
the next step.

St ep 2. To prove Claim A it is enough to tr eat the casei = 1. The induction
hypothesis implies ccone

d¡ 1 · · ¡ 1 because the right hand side of the inequalit y
(6) is a strictly increasing function of d. Thus Lemma 5.1 provides a systemof
unimodular conesC1; : : : ; Ck ½ C covering the corner of C at v1 such that

(7) Hilb(Cj ) n f v1; : : : ; vdg ½
¡
· ¢ C

¢
n ¢ C ; j 2 [1; k]:

Here we usethe emptinessof ¢ C { it guaranteesthat Hilb(Cj ) \ (¢ C n¡ 0) = ;
which is crucial for the inclusion (9) in Step 3.
With a suitable enumeration f vj 1; : : : ; vj dg = Hilb(Cj ), j 2 [1; k] we have
v11 = v21 = ¢¢¢= vk1 = v1 and

(8) 0 · (vj l )v1 < 1; j 2 [1; k]; l 2 [2; d];

where (¡ )v1 is the ¯r st coordinate of an element of Rd with respect to the basis
v1; : : : ; vd of Rd (seeLemma 5.1(b)).
Now we formulate preciselywhat it means to extend the corner cover beyond
the hyperplane H 1. Fix an index j 2 [1; k] and let D ½ Rd denote the simplicial
d-cone determined by the following conditio ns:

(i) Cj ½ D,
(ii) the facets of D contain thosefacets of Cj that passthr ough O and v1,
(iii) the remaining facet of D is in H 1.

Figure 5 describesthe situation in the cross-section ¡ 0 of C.
By considering all possible values j = 1; : : : ; k, it becomes clear that to prove
Claim A it is enough to prove
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D
H 1

v1

¡ 0

C2

C1

Figure 5.

Claim B. There exists a system of unimodular cones D 1; : : : ; DT ½ C such
that

Hilb(D t ) ½ · ¢ C ; t 2 [1; T] and D ½
T[

t = 1

D t :

St ep 3. For simplicit y of notation we put ¢ = ¢ C j , H = H 1. (Recall that
¢ is of dimension d, spanned by O and the extreme integral generators of Cj .)
The vertices of ¢ , di®erent from O and v1 are denoted by w2; : : : ; wd in such
a way that there exists i 0, 1 · i 0 · d, for which

(i) w2; : : : ; wi 0 2 D n H (`bad' vertices, on the same side of H as v1),
(ii) wi 0 + 1; : : : wd 2 Cj n D (`good' vertices, beyond or on H),

neither i 0 = 1 nor i 0 = d being excluded. (X is the closure of X ½ Rd with
respect to the Euclidean topology.) In the situation of Figure 5 the cone C2

has two bad vertices, whereas C1 has one good and one bad vertex. (Of course,
we seeonly the intersection points of the cross-section ¡ 0 with the rays from
O thr ough the vertices.)
If all vertices are good, there is nothing to prove sinceD ½ Cj in this case. So
assume that there are bad vertices, i. e. i 0 ¸ 2. We now show that the bad
vertices are caught in a compact set whose size with respect to ¢ C depends
only on d, and this fact makesthe whole proof work.
Consider the (d ¡ 1)-dimensional cone

E = v1 + R+ (w2 ¡ v1) + ¢¢¢+ R+ (wd ¡ v1):

In other words, E is the (d ¡ 1)-dimensional cone with apex v1 spanned by
the facet conv(v1; w2; : : : ; wd) of ¢ opposite to O. It is crucial in the fol-
lowing that the simplex conv(v1; w2; : : : ; wd) is unimodular (with respect to
Zd \ A®(v1; w2; : : : ; wd)), as follows from the unimodularit y of Cj .
Due to the inequalit y (8) the hyperplane H cuts a (d¡ 1)-dimensional (possibly
non-lattice) simplex o® the cone E. We denote this simplex by ¡. Figure 6
illustr ates the situation by a vertical cross-section of the cone C.
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Cj

H

D n Cj

E

C n D

¢ C

wi

¡
v1

R+ v1

R+ v2 + ¢¢¢+ R+ vd

Figure 6.

By (7) and (8) we have

¡ ½ © = R+ ¡ 1 n
¡
(v1 + C) [ ¢ C

¢
:

Let # be the dilatation with center v1 and factor d=(d ¡ 1). Then by (5) we
have the inclusion

(9) #(¡) ½ (d + 1)¢ C :

One should note that this inclusion has two aspects: ¯r st it shows that ¡ is
not too big with respect to ¢ C . Second, it guaranteesthat there is some ³ > 0
only depending on d, namely ³ = 1=(d¡ 1), such that the dilatation with factor
1 + ³ and center v1 keeps¡ inside C. If ³ dependedon C, there would be no
contr ol on the factor c intr oduced below.
Let § 1 = conv(v1; w2; : : : ; wi 0 ) and § 2 be the smallest face of ¡ that contains
§ 1. Theseare d0-dimensional simplices, d0 = i 0 ¡ 1. Note that § 2 ½ #(§ 2).
We want to apply Lemma 2.2 to the pair

° v1 + (§ 1 ¡ v1) ½ ° v1 + (§ 2 ¡ v1):

of simplices with the common vertex ° v1. The lattice of reference for the
unimodular covering is

L = L ° v1 + (§ 1 ¡ v1 ) = ° v1 +
i 0X

j = 2

Z(wj ¡ v1):

Set

" =
1
d

and c =
d

d ¡ 1
° =

l p
d ¡ 1

m
d:
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Since d0 · d ¡ 1, Lemma 2.2 (after the parallel tr anslation of the common
vertex to O and then back to ° v1) and (9) imply

(10) ° § 2 ½ UCL
¡
° #(§ 2)

¢
½ ° (d + 1)¢ C :

St ep 4. Consider the i 0-dimensional simplicesspanned by O and the unimod-
ular (i 0 ¡ 1)-simplicesappearing in (10). Their multiplicities with respect to the
i 0-rank lattice ZL § 1 are all equal to ° , since§ 1, a face of conv(v1; w2; : : : ; wd)
is unimodular and, thus, we have unimodular simplices ¾ on height ° . The
conesR+ ¾have multiplicit y dividing ° . Therefore, by Lemma 4.1 we conclude
that the i 0-cone R+ § 2 is in the union ±1 [ ¢¢¢[ ±T of unimodular (with respect
to the lattice ZL § 1 ) conessuch that

Hilb(±1); : : : ; Hilb(±T ) ½
µ

d
2

µ
3
2

¶ ° ¡ 2¶
¢ R+ § 2

½
µ

d
2

µ
3
2

¶ ° ¡ 2¶
° (d + 1)¢ C = · ¢ C :

In view of the unimodularit y of conv(v1; w2; : : : ; wd), the subgroup ZL § 1 is a
direct summand of Zd. It follows that

D t = ±t + R+ wi 0 + 1 + ¢¢¢+ R+ wd; t 2 [1; T];

is the desired system of unimodular cones. ¤
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