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Abstract. We study invariants of Calabi-Yau varieties in posi-
tive characteristic, especially the height of the Artin-Mazur formal
group. We illustrate these results by Calabi-Yau varieties of Fermat
and Kummer type.
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1. Introduction

The large measure of attention that complex Calabi-Yau varieties drew in re-
cent years stands in marked contrast to the limited attention for their coun-
terparts in positive characteristic. Nevertheless, we think these varieties de-
serve a greater interest, especially since the special nature of these varieties
lends itself well for excursions into the largely unexplored territory of varieties

in positive characteristic. In this paper we mean by a Calabi-Yau variety a
smooth complete variety of dimensionn over a “eld with dim H'(X;Ox) =0

of Calabi-Yau varieties in characteristic p > 0, especially the heighth of the
Artin-Mazur formal group for which we prove the estimate h - h%"i 1 + 1 if

h 6 1 . We show how this invariant is related to the cohomology of sheaves of
closed forms.

It is well-known that K3 surfaces do not possess non-zero global 1-forms. The
analogous statement about the existence of globai-forms with i = 1 and

i = nj 1 on an-dimensional Calabi-Yau variety is not known and might
well be false in positive characteristic. We show that for a Calabi-Yauvariety
of dimension, 3 over an algebraically closed eldk of characteristic p > 0
with no non-zero global 1-forms there is ngp-torsion in the Picard variety and
Pic=pPic is isomorphic to NS=pN S with NS the N&ron-Severi group ofX . If in
addition X does not have a non-zero global 2-form thetNS=pNS- ¢k maps
injectively into H(X; - ). This yields the estimate %- h%? for the Picard
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98 G. van der Geer, T. Katsura

number. We also study Calabi-Yau varieties of Fermat type and of Kummer
type to illustrate the results.

2. The Height of a Calabi-Yau Variety

The most conspicuous invariant of a Calabi-Yau variety X of dimension n
in characteristic p > 0 is its height. There are several ways to dene it, using
crystalline cohomology or formal groups. In the latter setting one considerghe
functor Fy : Art | Ab de ned on the category of local Artinian k-algebras
with residue “eld k by

Fx (S)=KerfHL(X £ S;Gm) i HL(X Gm)a:

According to a theorem of Artin and Mazur [2], for a Calabi-Yau variety X and
r = n this functor is representable by a smooth formal group @ of dimension 1
with tangent spaceH " (X; O x ). Formal groups of dimension 1 in characteristic
p > 0 are classi ed up to isomorphism by their heighth which is a natural
number, 1or1l . Inthe former case h 6 1 ) the formal group is p-divisible,
while in the latter case the formal group is isomorphic to the additive formal
group G,.

For a non-singular complete variety X over an algebraically closed “eld k
of characteristic p > 0 we let W, Ox be the sheaf of Witt rings of length
m, which is coherent as a sheaf of rings. It has three operatorf, V and

RFV = p. The cohomology groupsH ' (X; W, Ox ) with the maps induced by
R form a projective system of "nitely generated Wy, (k)-modules. The projec-
tive limit is the cohomology group H'(X; WOy ). Note that this need not be
a nitely generated W (k)-module. It has semi-linear operatorsF and V.

Let X be a Calabi-Yau manifold of dimensionn. The vanishing of the groups
Hi(X;Ox) for i 6 0;n and the exact sequence

HI(X;WOx) = 0. We also see that restriction R : Wy, Ox ! W 10x
induces a surjective mapH"(X; W Ox) ! H"(X;Wn; 10x) with kernel
H"(X;Ox). The fact that F and R commute implies that if the induced map
F:H"(X;WnpOx) ! H"(X;WqOyx) vanishes thenF : H"(X;W;Ox) !
H"(X; W;Ox ) vanishes fori <m too. It also follows that H"(X; WOy ) is a
k-vector space fori<m .

It is known by Artin-Mazur [2] that the Dieudonn® module of the formal group
©x iIsH"(X;WOyx ) with WOy the sheaf of Witt vectors of Ox . This implies
the following result, cf. [3] where we proved this for K3-surfaces. We omit the
proof which is similar to that for K3 surfaces.
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On the Height of Calabi-Yau Varieties ... 99

Theorem 2.1 For a Calabi-Yau manifold X of dimension n we have the fol-
lowing characterization of the height:

h(©x)=minfi, 1:[F :H"(W;Ox)! H"(W;Ox)] 60g:
We now connect this with de Rham cohomology. Serre introduced in [14] a
map D; : W;(Ox)! - % of sheaves in the following way:
Di(aoiay; e 1) = af | ldag+ i1+ afl Xday 2 + day; 1
It satis es Dj+1 V = Dj, and Serre showed that this induces an injective map
of sheaves of additive groups
Di : W;Ox =FW,Ox ! - %: (1)
The exact sequence 0 W,;Ox i!F W;Ox i  W;Ox=FW;Ox ! 0 gives rise
to an isomorphism
H" 1(W;0x =FW,Ox ) 2 Ker[F : H"(W;Ox) ! H"(W;Ox): )
Proposition 2.2 If h6 1 then the induced map
Di tHM Y(X;W;Ox =FW;Ox ) ! H" *(X; - %)
is injective, and dimlm D; = minfi;h j 1g.
Proof. We give a proof for the reader's convenience. Take an atne open cov-

ering fU;g of X. Assuming someD- is not injective, we let * be the smallest
natural number such that D- is not injective on H"i (W-Ox =FW-Ox ). Let

,,,,, i v 1 W-Ox ) represent a non-
zero element ofH "i 1(W-Ox =FW- Ox ) such that D~ (®) is zero in H"i 1(- %).
Then there exists elements! ; = =i, , iNi( U, \ 121\ Uj,, ,;- %) such
that

¥ 1
5 (f D)y diogf 1) = *
j=0 j

i

By applying the inverse Cartier operator we get an equation
xr oo A o X
(fI(J))p"d|ng|(J)+dcl(): ~
j=0 j

|
J

for certain functions fl(‘) and di®erential forms !y, with C(&,) = !,,.

Since ® is an non-zero element ofH"i 1(W-Oyx =FW- Oy ), the element ~ =
In view of (2) for i = *~ + 1 the element = gives a non-zero element™ of
H"(W-41 Ox) such that F(T) = 0 in H"(W-,; Ox ). Take the element ® in
H " (W- Oy ) which corresponds to the element® under the isomorphism (2) for
i = . Then we haveF(® =0in H"(W-Ox),and R (® 6 0in H"(X;Ox)
by the assumption on". Therefore, we haveR (7) 6 0in H"(X;Ox ), and the
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nius map is zero onH " (W-,; Ox ). Repeating this argument, we conclude that
the Frobenius map is zero onH"(W;Oy ) for any i > 0 and this contradicts
the assumptionh 6 1 .

Corollary 2.3. If the height h of an n-dimensional Calabi-Yau variety X is
not 1 thenh- dimH" (- 1)+1.

Definition 2.4 A Calabi-Yau manifold X is called rigid if
dimH" X(X;-%)=0.

Please note that the tangent sheaf £ is the dual of - % , hence by the triviality
of the canonical bundle it is isomorphic to - § 1. Therefore, by Serre duality
the space of in nitesimal deformationsH *(X; £ x ) is isomorphic to the dual of
HPE(X - %)

Corollary 2.5. The height of a rigid Calabi-Yau manifold X is either 1 or
1.

3. Cohomology Groups of Calabi-Yau Varieties

Let X be a Calabi-Yau variety of dimensionn over k. The existence of Frobe-
nius provides the de Rham cohomology with a very rich structure from which
we can read o® characteristiqp properties. If F : X | X (P s the relative
Frobenius operator then the Cartier operator C gives an isomorphism

_ . i A
HY (Fo- ><=k)"]><;d—closed'erXI Fo ke

(p) i _Jil i i
of sheaves orX 'P). We generalize the sheaved- ' ~ and X: d-closedby setting
(cf. [6])

Bo-k =(0); Br-k=d¥% Bmua-k=CliBn-k):
and
Zo-% =- % Zik =- ]x; d-closed Zm+x =Ker(dC™):

Note that we have the inclusions
0=Bo-% %B1-% %::1:%By-% Y
Ve Zm-d VetV Zy- Y e Zo- o =- 4
and that we have an exact sequence

0! Zma-% i Zm-b € L1 0

Alternatively, the sheaves Bm—j>< and Zm—j>< can be viewed as locally free
subsheaves off ™).- § on X ("), Duality for the "nite morphism F™ implies
that for every j 0 there is a perfect pairing of Oy (,m)-modules Fi"- 4 -

5

Fo-%0 4 - % m given by (®7) 7! C™(®” 7). This induces perfect
pairings of Oy (xm)-modules
Bm'jx - F- ?(i j=Zm' ?(ij Do xoem
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On the Height of Calabi-Yau Varieties ... 101

and

Zm-% - B3 =B L - om)
Now we have an isomorphismF[" - Jx =Zm- Jx 2 Bm- jx+1 induced by the map
d. Going back to the interpretation of the By - 4 as sheaves orX we nd in
this way for 1 - j - n and m > 0 perfect pairings

Bm-L - Bm- X011 -0 (- 1) 70 CM(1 A )
We Trst note another interpretation for B - % : the injective map of sheaves
of additive groups D : Wi (Ox )=FWr (Ox) ! - % induces an isomorphism
D : W (Ox )=FWin (Ox) # Bm- x: €

We write h'(X; i ) for dim H'(X; i ). Note that duality implies h'(Bp- %)=
h"i {(Bm- %)
Proposition 3.1 We haveh' (X;B - Y)=0unlessi=nori=nj 1 If
i=nj lori=nwe have

; minfm;hj 1g ifhé 1

hl B - 1y =

Bm-s)= ifh=1.
Proof. The statement about h"i 1(Bp,- % ) follows from (3) and the character-
ization of the height given in Section 2. The other statements follow from the
long exact sequence associated with the short exact sequence

010 x {10 x % doxi ©
and the exact sequence
0! Bp! Bmui Bi! O (4)

The details can safely be left to the reader. This concludes the proof.

The natural inclusions Bi- | -1 andz;-. | -1 of sheaves of groups on
X induce homomorphisms

HYBi-L)! HY-1) and HY(Zi-%)! HY-L)
whose images are denoted by Irhl 1(B;- . ) and ImH(Z;- . ). Note that we
have a non-degenerate cup product pairing

i tHPYEAXG - %) - HAEOG - )T HY(X - %) 2 ke
Lemma 3.2. The imagesim H"i 1(B;- ) and ImH(Z;- % !) are orthogonal
to each other for the pairingh; i.

Proof. From the de nitions it follows that for elements ®2 H"i (B;- 1) and
T2HYZ- 1) we have C'(®” 7) = 0. The long exact sequence associated
to

0! By-§ ! Z3-% 0 -% 10 (5)
together with the fact that H"(Z;- § )= H"(- %) fori, O implies that C acts
without kernel on H" (- § ). This proves the required orthogonality.
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Lemma 3.3 If h6 1 we havedimImH?(X;Z;- % 1) =dim H(- } 1)i i for
O-i- hj 1L

Proof. If the height h = 1 then we have H" }(B;- % ) = 0 by (4) and moreover
the vanishing of H' (X; d- " 1) and the exact sequence

0! Ziw-0ity z-01fC gnity o (6)
imply that Im HY(X;Z;- % %) = HY(X;-% Y fori, 1. For2. h< 1,
we know by Proposition 2.2 that ImH" 1{(X;B- %) Y% H" (X;- %) is of
dimension minfi;h | 1g. The exact sequence (6) gives an exact sequence

k I| Hl(Zi+1' Qi l) ii?iﬂ Hl(zi_ ;i 1) Il Kk
from which we deduce that either dimA;.; (HY(Zj41 - ;‘(‘ l)) =
dimHY(Zi- %' %) + 1 or dim Ay (HY(Zisa- 3 1) = dim HY(Zi- {1 1). By
induction dimimH(Z;- %' %) is at least dimH?(- 4 ') j i. On the other
hand, by Proposition 3:1 we have dimInH(Z;- 3 1) - dimH(- 7 1) i for
i- hj 1.
Lemma 3.4. If X is a Calabi-Yau manifold of dimensionn with h = 1 then

(IMH"L(X;Bi- %))7 =Im HY(Z;- § 1):

Proof. We prove this by induction on i. By the exact sequence (5) we have
dimH'(X;d- §i 1y =1 for i = 0;1. Thus, by the exact sequence (6) we see
that the di®erence dimImH(Z;- " 1) dimImH(Z;,; - "i 1) is equal to O or
1, and we have an exact sequence

HYZia- "1 Y 1% HYZ- " € B o Y

Assume that ImH"i 1(Bj, ;-1) 6 ImH"(B;-1) for j - i and
ImH" 1(B;- 1) =Im H"I }(Bj;; - 1). By Lemma 3.2,

ImHY(Z;; 1- ") % ImH(Z;- " 1Y)
and ImH(z;, ;- "1 1) 6 ImH(Z;- " 1) for j - i. Suppose InH1(Z;-"i 1) 6
ImH(Zis1- "'1).  The natural homomorphism A : H(Zj-"1) !
H(z;- "i 1) is not surjective. Since H(d- %' ') 2 k, we see thatdC'
H(z;-"i 1)1 HY(d- 3 b) is surjective and we factor it as

HYZi- " HAE Y R Y

SincedC' is surjective, d is not the zero map onCi(H(Z;- "i 1)). Therefore,
we have A

C'(HY(zi- "' 1) M H(Z1- "1 1):
Take an atne open covering ofX , and take any Cech cocycleC'(") = fC'("jk)g
of C'(H(z;- " 1)) with respect to this atne open covering. Take any element

3 2 H" 1(B;- 1). Then there exists an element® such that C'(¥) = 3. We
consider the image of the elemenC'(") ~ 3 in H"(X; - § ). Then, we have

C'(9r2=C'(ANCM=C(~
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On the Height of Calabi-Yau Varieties ... 103

Since IMH" 1(Byi- 1) =Im H" }(B;- 1), the image of*in H"i 1(- 1) is con-
tained in IMH"i Y(B;- 1). AsImH?(Z;- "i 1)) is orthogonal to ImH"i 1(B;- 1),
we see that ~ ¥is zero inH " (X; - § ), and we haveC' (" ) =0in H"(X; - }).
Therefore, we see that the image o€' (H(Z;- "i 1)) in H(- % 1) is orthogonal
to ImH" 1(B;- 1) and we have

C'(HY(Zi- " h) %2 ImH" 1(Bi- 1)? %2 ImHY(Z;- "1 1) %2 ImHY(Z,- "1 D);
a contradiction. Hence, we have InH1(Z;- "i 1) = Im HY(Z;j+, - "' 2).
Collecting results we get the following theorem.

Theorem 3.5 If X is a Calabi-Yau variety of dimensionn and heighth then
fori- hj 1we have

IMH" Y(X;Bi- x)” =ImHY(X;Z;- {1 1):
One reason for our interest in the spaces IH(X;Z ;- §i 1) comes from the
fact that they play a role as tangent spaces to strata in the moduli space as in
the analogous case of K3 surfaces, cf. [3]. We intend to come back to this in a
later paper.

4. Picard groups

We suppose thatX is a Calabi-Yau variety of dimensionn , 3. We have the
following result for the space of regular 1-forms.

Proposition  4.1. All global 1-forms are inde nitely closed: for i , O we have
HO(X;Zi- %)= HO(X; - £). The action of the Cartier operator on this space
is semi-simple.

Proof. Since the sheave®;- % have non non-zero cohomology in degree 0 and
1 the exact sequence

o! Bi-1¢1 z-ii -i1 o
implies dimH?%(Z;- ) = dim H°(- ). Since the natural map H%(Z;- %) !
HO(- %) is injective, we have H%(Z;- ) = HO°(- ¥). The second assertion
follows from HO(B;- L) =0.
It is well known that for a p' *-linear semi-simple homomorphism, on a nite-
dimensional vector spaceV the map , j idy is surjective. This means that we
have a basis of logarithmic di®erential formsC! =1 .

Corollary 4.2 If id denotes the identity homomorphism orH°(X; - %) the
map Cj id: HO(X;-%)! HO(X;- %) is surjective.

Proposition 4.3, Suppose thatX is a smooth complete variety for which all
global 1-forms are closed and such thaC gives a bijectionH%(X;Z - %)
HO(X; - £). Then we have an isomorphism

HO(X; - %) 2 Pic(X)[p] - z k:
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Proof. Let L be a line bundle representing an elementl{] of order p in Pic(X).
Then there exists a rational function g 2 k(X )" such that (g) = pD, whereD
is a divisor corresponding toL. One observes now by a local calculation that
dg=gis a regular 1-form and thus de nes an element oH °(X; - % ). Conversely,
if I is a global regular 1-form withC! = ! then! can be represented locally as
d;=f; with respect to some open covef U;g. From the relation of;=f; = d; =f;
we seedlog(fi=f;) = 0 and this implies d(f;=f;) = 0. Hence we see that
fi=f; = A} form some 1-cocycle A; g. This cocycle denes a torsion element
of order p of Pic(X). These two maps are each others inverse and the result
follows.

We are using the notation Pic(X) (resp. NS(X)) for the Picard group (resp.
N®ron-Severi group) ofX . If L is a line bundle with transition functions ff; g
then dlogf; represents the rst Chern class ofL. In this way we can de ne a
homomorphism

"1iPie(X) 1 HYZi- %) [L17'a(L)= fdy=fg
which obviously factors through Pic(X )=pPic(X).

Proposition 4.4, The homomorphism '3 : Pic(X)=pPic(X) |
HL(X;Z - L) is injective.

Proof. We take an atne open coveringfU;g. Suppose that there exists an
element L] such that ' 1([L]) = 0. Then there exists a d-closed regular 1-form
I'i on an atne open setU; such that of; =f; = !;§ !; on Ui\ U; and we
have dj =f; = C(!;)i C(!). Therefore, we have!j j C(!j)="!ii C(!)
on Ui\ U;. This shows that there exists an regular 1-form! on X such that
I =1;j C('i) on U;. By Corollary 4:2, there exists an element °2 HO(- %)

such that (C i id)! °= 1. Replacing!; + ! °by ! ;, we have

dy=fy =150 !
with C(!) = !;. Then, there exists an regular functionf; on U; such that
I'i = dfj=f;. So we havedlogf; = dlog(f;=f;). Therefore, there exists a

regular function ' j on U; \ U; such that fy = (f;=f;)’ ,’j . Thus [L] is a p-th
power. We conclude that' ; : Pic(X)=pPic(X) ! HZ(Z;- %) is injective.

Proposition ~ 4.5. The natural homomorphismH?(Z;- 1) ! H3g (X) is in-
jective.

Proof. Let fU;g be an atne open covering ofX. A Cech cocyclef! j g in
HY(Z1- %) is mapped tof (0;! j ;0)gin H3g (X). Suppose this element is zero
in H3g (X). Then there exist elements €fij g;f!ig) with f3 2 i( Ui\ U;;0x)
and!; 2 j( U;- %) such that

fjkifik+fij=0 !ijzdij+!ji Iy dly=0:
Since ffj; g gives an element ofH(Ox ) and H1(Ox) = 0, there exists an
elementff;g such that f; = f; § f; on Ui\ U;. Therefore, we have! ; =

(Fj +15)i (ki +15). Sinced(d; +!;) =0, we conclude that f! ; g is zero in
HY(Z1- %).
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The results above imply the following theorem.

Theorem 4.6. The natural homomorphism Pic(X )=pPic(X) { HZ2g (X) is
injective.

Let us point out at this point that for a Calabi-Yau manifold X the Picard group
Pic(X) is reduced and coincides with the N§ron-Severi groutNS(X ) because
NS(X) = Pic( X )=Pic®(X ) and Pic°(X ) vanishes because ofH 1(X;Ox ) = 0.
Lemma 4.7. For a Calabi-Yau manifold X of dimensionn , 3 with non non-
zero globall-forms Pic(X) has no p-torsion.

Proof. Take an a+ne open coveringfU;g of X. Assumeff; g represents an
element L] 2 Pic(X) which is p-torsion. Then, there exist regular functions
fi 2 HO(U;; O ) such that fi}’ = fi=f;. The df;=f; on U; glue together to yield
a regular 1-form! on X. SinceH%(X; - %) =0, we see! =0, i.e.,, d; = 0.
Therefore, there exist regular functionsg 2 H°(U;; 0% ) such that f; = ¢f.
Hence, we haveff; g » 0 and we see that PicK ) has no p-torsion.
Lemma 4.8 Let X be a Calabi-Yau manifold X of dimensionn ; 3 with no
non-zero global2-forms. Then, the homomorphism

Pic(X)=pPic(X) #  H(- k)
dened by ff; g 7! f &y =f;j g is injective.
Proof. By the assumption H(X; - 2) = 0 we have Ho(X;d- %) = 0. There-
fore, from the exact sequence

0! Z;-% i - d-% ! o

1

X
we deduce a natural injectionH(Z3- %) # H(- ). So the result follows
from Lemma 4.4.

ad
i

Theorem 4.9. Let X be a Calabi-Yau manifold X of dimensionn , 3 with

HO(X; - )=0 for i =1;2. Then the natural homomorphism
NS(X)=pNS(X)- ¢, ki H(- %)= Hi(X)

is injective and the Picard number satis'es¥- dimy H(- %).

Proof. Suppose that this homomorphism is not injective. Then with respect

to a suitable atne open coveringf U; g there exist elementsf f ifo)g representing
non-zero elements inNS(X )=pN S(X ), such that

ad{ )=t =0 in H1(- &)
0=1
for suitable a. 2 k. We take such elements with the minimal*. We may assume

a; =1 and we havea;=g 2 F, fori 6 j. By Lemma 4.8, we have , 2. There
exists!; 2 H(U;;- %) such that
a°di}0)=fi§0) =it 1)

01
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on Ui\ Uj. There exists an element! +2 H(U;;- &) such that C(~) = !;.
Therefore, taking the Cartier inverse, we have

aodi](O):fi](O) +dgp =+ h
°0=1
with @ 2 k, & = a, and suitabledg; 2 H°(U;\ Uj;dOx ). Sincefd{ '=f{"g
is a cocycle, we see thafdg; g 2 H*(X;dOx ). SinceH!(X;dOx) =0, there
exists an elementdg 2 H°(U;; dOx ) such that dg; = dg j dg. Therefore, we
have

e V=f{") = (41 dg)i (i dg): @)
0=1
Subtracting (2) from (1) we get a non-trivial linear relation with a smaller " in
H1(- L), a contradiction.
Remark. In the case of a K3 surfaceX the natural homomorphism

NS(X)=pNS(X)- ¢, ki H3g (X)

is not injective if X is supersingular in the sense of Shioda. Ogus showed that
the kernel can be used for describing the moduli of supersingular K3 surfaces,
cf. Ogus[10]. So the situation is completely di®erent in dimension 3.

5. Fermat Calabi-Yau manifolds

Again pis a prime number andm a positive integer which is prime top. Let f
be a smallest power ofp such that p ©~ 1 mod m and put q= p’. We denote
by F4 a nite eld of cardinality g. We consider the Fermat variety X [, (p) over
Fq de ned by

Xq+ XM+ i+ XM, =0
in projective spaceP'*! of dimensionr + 1. The zeta function of X[, over Fq
was calculated by A. Weil (cf. [18]). The result is:

P(T)G D" !
0 @i @i gTD)::(@i gT)’
where P(T) = ~g(1i j(®T) with the product taken over a set of vectors ®
and j (®) is a Jacobi sum de ned as follows. Consider the set

Z(Xp=Fq;T) =

r+1 . -

P
Amr = f(agjar;:iiasg) 2272 j O<aj<m; L 0(modm)g;

An we de ne

J@®=(i 1" ANV AV
where the summation runs overv; 2 F; with 1+ v+ :::+ vi4y =0. Thus
the j (®)'s are eigenvalues of the Frobenius map oveF, on the "-adic §tale
cohomology groupH g (X[,; Q).
Now, let 3 = exp(2¥i=m) be a primitive m-th root of unity, and K = Q(3)
the corresponding cyclotomic “eld with Galois group G = Gal( K=Q). For an
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elementt 2 (Z=mZ)" we let % be the automorphism ofK dened by 2 7! 3t,
The correspondence $ % de nes an isomorphism £=mZ)° 2 G and we shall
identify G with (Z=mZzZ)" by this isomorphism. We de ne a subgroupH of
orderf of GbyH =fp modm j 0- j<f g

G=H with g = jG=Hj, and put

X X1

Ay (®) = [ haj=mi];

t2H j=1
where [] (resp. hai) means the integral part (resp. the fractional part) of a
rational number a.
Choose a prime idealP in K lying over p; it has norm N(P) = pf = q. If P;
denotes the prime idealP #1 we have the prime decomposition ) = P1 ¢ ¢ ¢P
in K and Stickelberger's theorem tells us that

%
(@)= p®e;
i=1
wheretj® = (tjap;:::;tiar+1 ). For the details we refer to Lang[7] or Shioda-
Katsura[16].
Now we restrict our attention to Fermat Calabi-Yau manifolds X/, (p) with
m=r+2.

Theorem 5.1 Assumer , 2. Let © be the Artin-Mazur formal group of the

r-dimensional Calabi-Yau variety X = X/,, (p). The heighth of © is equal
to either 1 or 1 . Moreover, h=1 ifand only if p~ 1 (mod r +2).

Before we give the proof of this theorem we state a technical lemma.

Lemma 5.2. Under the notation above, assume{P Jr:i ha; =(r +2)i] = 0 with
t2 (Z=(r+2)Z)". Thena =titin (Z=(r+2)Z)" forall j =0;1;:::;r +1.

Proof. Sincet 2 (Z=(r+2)Z)", we havehta; =(r+2)i, 1=(r+2). Suppose there
exists an indexi such that ta; 6'|.;l, (modr +2). Then we have the inequality
ha;=(r+2)i, 2=(r+2)andthus [} hay=(r+2)i, 1, which contradicts the
assumption. So we havea; © 1 (modr+2)and g ~ tilforj=1;:::;r+1.

Sinceapg+ a; + :::+ a4 ~ 0 (modr +2), we concludeay = ti 1.

Proof of the theorem. The Dieudonn® moduleD (©") of ©" is isomorphic to

H"(X; WOy ). We denote by Q(W) the quotient "eld of the Witt ring W (k)
of k. Then, if h< 1 , we have

h=dimguw)H " (X;WOx) - w ) QW):
and by lllusie [6] we know we have
HT(X;WOx ) - w QW) 2 Hiis (X) - QW)
According to Artin-Mazur [2], the slopes of H .. (X) - Q(W) are given by

cris

(ordp g)=f and the (ordpj (®))=f. Hence, the heighth is equal to the number
of j (®) such that Ay (®) <f .
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First, assumep ~ 1 (modr +2), i.e. f = 1. Then H = hli and Ay (®) <
f =1 implies Ay (®) = 0. Therefore, by Lemma 5.2, we haveg; = 1 for all
j =0;1;:::;r +1 and there is only one®, namely ® = (1;1;:::; 1), such that
ordp j (®) = 0. So we concludeh = 1 in this case.

Secondly, assumep 6° 1 (modr + 2). By de nition, we have f , 2. We
pow prgve that there exists no ® such that Ay (®) < f . SupposeAy (®) =

onl J':i haj=(r +2)i] <f . Then there exists an elementt 2 H such that

pt
[ Jr:i hta; =(r +2)i] = 0. By Lemma 5.2 we have® = (ti 1;ti 1;:::5ti 1), For
t°2 H \|/Dvith t°6 t we have [ [T h%i 1=5(r +2)i] 6 0. Therefore the inequality
yields [ Jr:i h% 1=(r +2)i]=1for t°2 H, t°6 t. SinceAy (1®) = Ay (®) for
any t 2 H, by a translation by t, we may assume® = (1;1;:::;1), i.e.,, t = 1.
Moreover, we can take a representative of® 2 H such that 0 <t%<r +2.
Then,

X1 )1 X1

1= nY%'=(r+2)i]=[ n%r+2)i]=[ t5(r+2)]
j=1 j=1 j=1
=[(r + ) t%(r +2)]

and we get 1- (r + 1)t%(r +2) < 2. By this inequality, we seet® = 2.
Therefore, we haveH = f1;2g. SinceH is a subgroup of =(r +2)Z)", we
see that 2~ 1 modr + 2. Therefore, we haver = 1, which contradicts our
assumption.

Hence there exists no® such that ordpj (®) < 1 and we concludeh = 1 in
this case. This completes the proof of the theorem.

For K3 surfaces we have two notions of supersingularity. We generalize these
to higher dimensions.

Definition 5.3, A Calabi-Yau manifold X of dimensionr is said to be of
additive Artin-Mazur type (‘supersingular in the sense of Artin') if the height
of Artin-Mazur formal group associated with H" (X;Ox ) is equal to 1 .

Definition ~ 5.4. A non-singular complete algebraic variety X of dimensionr
is said to befully rigged (‘supersingular in the sense of Shioda') if all the even
degree §tale cohomology groups are spanned by algebraic cycles.

By the theorem above, we know that the Fermat Calabi-Yau manifolds are of
additive Artin-Mazur type if and only if p6° 1 modm with m=r +2. Asto
being fully rigged we have the following theorem.

Theorem 5.5 (Shioda-Katsura [16]) Assumem , 4, (p;m) =1 andr is
even. Then the Fermat variety X[, (p) is fully rigged if and only if there exists
a positive integer® such thatp” ~j 1 mod m.

M. Artin conjectured that a K3 surface X is supersingular in the sense of
Artin if and only if X is supersingular in the sense of Shioda. He also showed
that \if part" holds. In the case of the Fermat K3 surface, i.e, X 2(p), by the
two theorems above, we see, as is well-known, that the Artin conjecture holds.
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However, in the case of everr , 4, the above two theorems imply that this
straightforward generalization of the Artin conjecture to higher dimension does
not hold.

6. Kummer Calabi-Yau manifolds

Let A be an abelian variety of dimensionn , 2 de ned over an algebraically
closed "eld of characteristicp > 0, and G be a "nite group which acts on A
faithfully. Assume that the order of G is prime to p, and that the quotient
variety A=G has a resolution which is a Calabi-Yau manifoldX. We call X a
Kummer Calabi-Yau manifold. We denote by %: A |  A=G the projection,
and by ° : X {  A=G the resolution.

Theorem 6.1 Under the assumptions above the Artin-Mazur formal group
©% is isomorphic to the Artin-Mazur formal group ©j, .

Proof. Since the order ofG is prime to p, the singularities of A=G are rational,
and we haveR'°;Ox =0 for i , 1. So by the Leray spectral sequence we have
H"(A=G;Oa=c ) 2 H"(X;Ox) 2 kandH"i }(A=G;Oa=c ) 2 H" }(X;0x) 2

0. It follows that the Artin-Mazur formal group © ,_; is pro-representable by
a formal Lie group of dimension 1 (cf. Artin-Mazur[2]). Since the tangent
spaceH " (A=G;Op-¢ ) of ©)_; is naturally isomorphic to the tangent space
H"(X;Ox ) of ©% as above, the natural homomorphism from @_; to ©f is
non-trivial. One-dimensional formal groups are classi ed by their height and
between formal groups of di®erent height there are no non-trivial homomor-
phisms . So the height of @_; is equal to that of ©F and we thus see that
©,_c and ©} are isomorphic.

Since the order of G is prime to p, there is a non-trivial trace map
from H"(A;O0a) to H"(A=G;Op=g ). Therefore, ¥4 : H"(A=G;Op=g ) i
H"(A;Oa) is an isomorphism. Therefore, as above we see that the height of
©,_; is equal to the height of €}, and that ©% is isomorphic to €. Q.e.d.
Though the following lemma might be well-known to specialists we give hera
proof for the reader's convenience.

Lemma 6.2. Let A be an abelian variety of dimensiomn , 2 and p-rank f (A).
The heighth of the Artin-Mazur formal group ©a of A is as follows:

(1) h=1 if A is ordinary, i.e., f(A) = n,

2 h=2iff(A)=nj 1,

3 h=1 iff(A)- nj 2
Proof. We denote byH ' (A) the i-th cristalline cohomology of A and as usual
by H¢is (A)p; +1; the additive group of elements inH s (A) whose slopes are
in the interval [ ;" + 1. By the general theory in lllusie [6], we have

H (AW (0n)) - w QW) 2 (His (A) - w Q(W))jo;1p

with Q(W) the quotient eld of W. The theory of Dieudonn§ modules implies

h = dim Q(W) D(@A) =dim Q(W) Hn(A,W(OA)) -w Q(W) if h<1;
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and dimgw)D(©a) =0 if h= 1. We know the slopes ofH 1 (A) for each
case. Since we have
H Qris (A) 2 ANH clris (A);

counting the number of slopes in [01] of Hf, (A) gives the result.

Corollary 6.3. Let X be a Kummer Calabi-Yau manifold of dimensionn
obtained from an abelian variety A as above. Then the height of the Artin-
Mazur formal group ©5 is equal to either 1, 2 orl .

Example 6.4. Assumep , 3. Let A be an abelian surface andf the map
A! A sendinga 2 A toits inverse j a 2 A. We denote by Km (A) the
Kummer surface of A, i.e., the minimal resolution of A=Hfi. Then ©ﬁm (A) is

isomorphic to ©3.

Example 6.5. Assumep, 5, andlet! be a primitive third root of unity. Let
E be a non-singular complete model of the elliptic curve de ned byy? = x3+1,
and let %be an automorphism ofE de'ned by x 7! Ix; y 7!'y. We setA = E3
and put %= ¥%£ %E ¥ The minimal resolution X of A=t# is a Calabi-Yau
manifold, and the Artin-Mazur formal group © ¥ is isomorphic to G} .

Let ! be a complex number with positive imaginary part, andL = Z + Z!
be a lattice in the complex numbersC. From here on, we consider an elliptic
curve E = C=L, and we assume thatE has a model de ned over an algebraic
number eld K. Then A = E £ E £ E is an abelian threefold, and we let
G p Autk (E) be a nite group which faithfully acts on A. We assume that
G has only isolated "xed points on A and that the quotient variety A=G has
a crepant resolution® : X ! A=G de ned over K, [12]. We denote byYithe
projection A ! A=G. For a prime p of K, we denote by X the reduction
modulo p of X.

Example 6.6. [K. Ueno [17]] Assume thatE is an elliptic curve de ned over
Q having complex multiplication ¥: E ! E by a primitive third root of unity.
Then G = Z=3Z = ¥ acts diagonally onA = E2. A crepant resolution of A=G
gives a rigid Calabi-Yau manifold de ned over Q. For a prime numberp, 5
the reduction modulo p of A is the abelian threefold given in Example 6.5.

Theorem 6.7. Let X be a Calabi-Yau obtained as crepant resolution oA=G
as above. Assume moreover thaX is rigid. Then the elliptic curve E has
complex multiplication and the intermediate Jacobian ofX is isogenous toE.

Corollary 6.8. Under the assumptions as in the theorem, we take a prime
p of good reduction for X and let X be the reduction of X modulo p. Then
the height of the formal group©y is either 1 or 1 . Itis 1 if and only if
the reduction of the intermediate Jacobian variety ofX at p is a supersingular
elliptic curve.

Example 6.9. We consider the reductionX modulo p of the variety X in the
Example 6.6. We assume the characteristic of the residue "eld gb is not equal
to 2 and 3. Then the heighth(©4 ) = 1 if and only if the reduction modulo p

Documenta Mathematica 8 (2003) 97{113



On the Height of Calabi-Yau Varieties ... 111

of the intermediate Jacobian of X is a supersingular elliptic curve, and this is
the case if and only ifp”~ 2 (mod 3).

Before we prove the theorem we introduce some notation. We have a natural
identi cation Hy(E;Z)= Z + Z!. Fixing a non-zero regular di®erential form
" on E determines a regular three formp]” ~ p3" * p3” =- A on A. We have
a natural homomorphism

H3(X;Z)! H3R(X)! H3(X;0x):

If X is rigid, the corresponding quotient H 3(X; O x )=H3(X; Z) gives the inter-
mediate Jacobian ofX . Since dime H3(X; Oy ) = 1, the intermediate Jacobian
of X is isomorphic to an elliptic curve.

We can de ne the period map with respect to —A:Z

Ya :Ha(X;2Z2){} C ° 7! - Al

By Poincarg duality we can identify ¥a with the natural projection H3(X; Z) !
H3(X;C) ! H3(X;0x) = C (cf. Shioda [15], for instance.) There exists a
regular 3-form - x on X such that- o = (°i *+%°- x . We can de ne¥x with
respect to - x for the Calabi-Yau manifold X as well.

In order to describe the structure of the intermediate Jacobian of X we look
at the period map of an abelian threefold, following the method in Shioda [15]
(also see Mumford [8]). Choose a basis;, u, of H{(E; R). This determines a
C-basisH;(E;R)- r C = Hi(E;C). If g fori =1;2;3 is the standard basis
of C3 then uy; 1 = & and uy = le; for i = 1;2;3 form a basis ofH;(A; Z)
and A = C3=M with M the lattice generated by uy;:::;us. The dual basis is
denoted by v;. The basis ofH1(A; Z) determines a canonical basis/; * V) ™ v
of H3(A; Z). The natural homomorphism

pa tH3(A;Z) 1 H3R(A)] H3A0x)2C:

is an element of Homg (H3(A; C);C) and can be considered as an element of
H3(A; C) and is given by

Pa = det(ui; uj ;U )V A VA VK
i<j<k
Therefore the image ofpa in C is spanned by the complex numbers 1! , ! 2
and! 3 over Z.
We now give the proof of Theorem 6.7. LetS be the set of non-free points of
the action of G on A. Then the restriction of %to AnS is §tale onA=G n¥%{(S).
Since S is of codimension 3 inA, we have the following diagram:

H3(A;Z) 2 H3AnS;2) P H3A0a)2C
#Ya # (Yajans)a # Y
H3(A=G;Z) 2 H3(A=Gn%S);Z) T° HB3(A=G;Oaq)2 C
#2 #o®
H3(X; 2) P H3(X;0x)2 C:
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The vertical arrows on the right hand side give an identi cation of H3(A; Oa)
and H3(X; O ). Becausep does not divide the order ofG we see thatH 3(A; Q)
maps surjectively to H3(A=G; Q) = H3(A; Q)¢, hence the image oH 3(A; Z)
is commensurable withH 3(X; Z).

Now Im pyx is a lattice in C, and Imp,p is a lattice in C as well. We know
that Im pa is generated by 1,! , ! 2 and ! 3 and thus ! is a quadratic number
and the intermediate Jacobian has complex multiplication by Q(! ). Hence the
intermediate Jacobian C=Im px of X is isogenous toE.

7. Questions

We close with two natural basic questions that suggest themselves.

Is there a function f (n) such that a Calabi-Yau variety in characteristic p >
0 of dimension n lifts to characteristic 0 if p > f (n)? Note that Hirokado
constructed a non-liftable Calabi-Yau threefold in characteristic 3, see [5] (se
also [13]).

Can a Calabi-Yau variety of dimension 3 in positive characteristic havenon-zero
regular 1-forms or regular 2-forms?
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